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Abstract

We study the 2-Dimensional Vector Bin Packing Problem (2VBP), a generalization of classic
Bin Packing that is widely applicable in resource allocation and scheduling. In 2VBP we are given
a set of items, where each item is associated with a two-dimensional volume vector. The objective
is to partition the items into a minimal number of subsets (bins), such that the total volume of
items in each subset is at most 1 in each dimension.

We give an asymptotic (% + 5)—appr0ximation for the problem, thus improving upon the best
known asymptotic ratio of (1 + In % + 5) ~ 1.406 due to Bansal, Elid§ and Khan [2]. Our algorithm
applies a novel RoundéRound approach which iteratively solves a configuration LP relaxation for
the residual instance and samples a small number of configurations based on the solution for the
configuration LP. For the analysis we derive an iteration-dependent upper bound on the solution
size for the configuration LP, which holds with high probability. To facilitate the analysis, we
introduce key structural properties of 2VBP instances, leveraging the recent fractional grouping
technique of Fairstein et al. [12].
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1 Introduction

BIN PAckING (BP) is one of the most fundamental problems in combinatorial optimization. In BP
we are given a set of items of different sizes that need to be packed in a minimum number of bins of
unit capacities. The extensive study of Bin Packing since the early 1970’s has had a great impact on
the design and analysis of approximation algorithms. In this work we study a generalization of BP,
where the items to be packed as well as bin capacities are given as two-dimensional vectors.

The input for the 2-DIMENSIONAL VECTOR BIN PACKING PROBLEM (2VBP) is a pair (I,v),
where [ is a set of n items and v : I — [0,1]2 is a two-dimensional volume function. A solution for
the problem is a collection of subsets of items Si,..., S, C I such that v(Sy) = > ;g v(i) < (1,1)
forall 1 <b<m and UZrL:1 Sy = IEl The size of the solution is m. Our objective is to find a solution
of minimal size.

Apart from its theoretical significance, 2VBP is widely applicable in load balancing, cutting stock
and multidimensional resource allocation in the cloud setting. A simple example is the allocation
of computing services (items) to a minimal number of identical servers (bins), where each service
requires the use of both CPU and memory. A set of services allocated to a single server may not
exceed the available memory and CPU capacity of the server. This yields an instance of 2VBP. For
other applications, see, e.g, [21], 23] 18] 27, 24].

Let OPT(Z) be the value of an optimal solution for an instance Z of a minimization problem P
(see the standard definition, e.g., in [25]). As in the Bin Packing problem, we distinguish between
absolute and asymptotic approximation. For a > 1, we say that A is an absolute a-approximation
algorithm for P if given an instance Z of P A returns a solution of value at most o - OPT(Z). A is
an asymptotic a-approximation algorithm for P if, for any instance Z, it returns a solution of value
at most aOPT(Z) + o(OPT(Z)). If, for any fixed ¢ > 0, there is an asymptotic a-approximation
algorithm where o« = 1 4 ¢, then P admits an asymptotic polynomial-time approximation scheme
(APTAS). We study randomized approximation algorithms for 2VBP. We say that A is a random
asymptotic a-approximation algorithm for a minimization problem P if, for any instance Z, A returns
a solution of value at most «OPT(Z) + o(OPT(Z)) with constant probability.

In [19] Ray showed that there is no APTAS for 2VBP, assuming P # NPB In the same work
[19], Ray also showed the problem does not admit an asymptotic approximation ratio better than %,
assuming P # NP. The best known asymptotic ratio for 2VBP prior to this work is 1+41In %—l—e ~ 1.406
for any € > 0, due to Bansal, Elids and Khan [2]. Our main result is an improved asymptotic
approximation ratio for the problem.

Theorem 1.1. For any € > 0 there is a polynomial-time random asymptotic (% + 6)—approximation
for 2VBP.

The bound in Theorem [l is achieved by an algorithm that applies our novel RoundéRound
approach. The key idea is to iteratively obtain a fractional solution for a configuration LP relaxation
of the (residual) problem, and use it to randomly sample a small part of the (integral) solution for
the given instance. The analysis of the algorithm focuses on deriving an iteration-dependent bound
on the size of an optimal solution for the configuration LP.

1.1 Related Work

The 2-Dimensional Vector Bin Packing Problem is commonly studied through the lens of the d-
DIMENSIONAL VECTOR BIN PACKING PROBLEM (d-VBP), in which the volume of each item is a
d-dimensional vector. Formally, for d € Ny, the input for d-VBP is a pair (I,v) where [ is the set
of items, and v : I — [0,1]%. As in 2VBP, a solution is a collection of subset Si,...,S,, C I such
that Uy, Sp = I and v;(Sp) = 3", ve(i) < 1forall 1 <b<mandt € {1,...,d}. The size of the
solution is m, and the objective is to find a solution of minimal size.

The one dimensional case (1-VBP) is the classic Bin Packing problem. A simple reduction from
PARTITION shows there is no a-approximation for Bin Packing with a < %, assuming P # NP (see,
e.g., Chapter 9 in [25]). This motivates the study of asymptotic approximations for the problem. The

"We say that (a1, a2) < (b1,b2) if a1 < b1 and as < ba.
2Ray’s result addresses an oversight in an earlier proof of Woeginger [26].



first APTAS for Bin Packing was proposed by Fernandez de la Vega and Lueker [9], who introduced
the linear grouping technique. The paper [16] gives an approximation algorithm that uses at most
OPT + O(log?(OPT)) bins, where OPT is the size of the optimal solution for the instance. Recently,
Hoberg and Rothvofl [15] obtained a polynomial-time algorithm that returns a solution of size OPT +
O(log(OPT)). For comprehensive surveys of known results for BP see, e.g., [7, [10].

For d > 2, an asymptotic approximation ratio arbitrarily close to d can be easily obtained via
a reduction to Bin Packing. The first non-trivial approximation for d-VBP was an asymptotic (1 +
O(Ind))-ratio due to [3]. This result was later improved in [I] to 1 4+ Ind + e. The paper [2] improves
the bound for d =2 to 1+1n % +¢,and ford > 3 to 1.5+1n (%) +¢, for any € > 0. Recently, Sandeep
[20] showed there is no asymptotic o(log d)-approximation for d-VBP (we refer the reader to [20] for
the formal statement of the result). For other results see the excellent survey on multidimensional bin
packing problems of [6].

Bansal, Caprara and Sviridenko introduced in [I] a powerful randomized rounding based framework
called Roundé&Approx. The framework was used to obtain an asymptotic (1 + In d + ¢)-approximation
for d-VBP, for any fixed d > 2. The technique uses a configuraiton LP relaxation of the problem along
with a subset oblivious approximation algorithm. An approximate solution for the configuration LP is
interpreted as a distribution over the configurations of the instance (subsets S C I for which v(S) < 1
for every t € {1,...,d}). This distribution is used to independently sample a subset of configurations;
items which do not belong to any of the sampled configurations are packed using the subset oblivious
algorithm. The properties of the subset oblivious algorithm combined with a concentration bound of
McDiarmid [I7] are used to obtain the approximation guarantee. RoundéApprox is the key framework
used to obtain the best approximation algorithms for 2-D geometric Bin Packing and for Vector Bin
Packing prior to this work.

The asymptotic (1 + ln% + e)-approximation of [2] for 2VBP is derived through an intricate
combination of components in the Round&Approx framework with multibudgeted matching [4], along
with reduction of the number of distinct volume vectors for the items. This reduction is achieved
by applying linear grouping in one dimension and simple rounding of item volumes to multiples of a
constant in the other dimension. Since rounding is preformed over an optimal solution, the algorithm
in practice guesses (enumerates) properties of this rounding. This results in a fairly complex algorithm.
During the work on this paper we encountered a flaw in the analysis given in [2]19 We propose (in
Section [43]) a more sophisticated rounding technique that enables to resolve the issue for d = 2, albeit
the fix is non-trivial.

Our rounding technique relies on a fractional version of the linear grouping technique applied
in [2]. The fractional grouping technique was introduced in [12] for solving optimization problems
under multiple knapsack constraints. The technique defines a partition of a set of items into groups
based on a solution for a configuration LP relaxation of the problem at hand.

1.2 The Algorithm

Given a 2VBP instance (I,v), a configuration is a subset C' C I of items such that v(C) < (1,1) = 14
Let C(i) € {0, 1} indicate whether item i appears in C'. We use C to denote the set of all configurations.
That is, C = {C C I | v(C) < (1,1)}. We use a variant of the standard configuration LP, which given
a demand d € [0,1] of items is defined as follows:

LP(d): min Z Zc
cec
Viel: > Fc- Ci) = di (1)
cec
vC eC: To >0

Each of the variables Z¢ represents a (fractional) selection of the configuration C, where the first
constraints ensure that each item i € I is covered according to its demand d;. We use OPT(d) to

denote the value of an optimal solution for LP(d). Our algorithms always use an integral demand

3Specifically, in page 1575 the inequality before the words “Thus by Lemma 6.1,” does not hold.
4We use the notation 1 = (1,...,1) and 0 = (0,...,0).



vector d € {0,1}!, while the analysis considers fractional demand vectors. It is well known that there
is a PTAS for LP(d) with integral demand vectors [I].

For any vector € [0,1]° we associate a distribution over the configurations C. We say that a
random configuration R € C is distributed by Z (and use the notation R ~ z) if for every C' € C
Pr(R=C) =22, where z = ||| = > (¢ T

We assume our instances adhere to a specific structure. Given 0 > 0, we say that an item i € [ is
d-huge if v1(i) > 1 — 9§ and va(i) > 1 —§. The 6-HUGE FREE 2-DIMENSIONAL VECTOR BIN PACKING
PROBLEM (9-2VBP) is the special case of 2VBP in which there are no é-huge items, and additionally
v(i) € (0,1]? for every i € I. Solving our problem on é-huge free instances incurs only a small increase
in the approximation ratio, as stated in the next lemma.

Lemma 1.2. For any o > 1 and § € (0,0.1), if there is a random asymptotic a-approximation for
0-2VBP then there is a random asymptotic (o + 46)-approzimation for 2VBP.

The claim follows by noting that each huge item can be packed in a separate bin. This incurs only
a small overhead to the packing size (we omit the details).

Our algorithm consists of two phases, the second of which is given in Algorithm [[I We note that
Round&Round has a polynomial running time (we assume 0 is fixed), and that it returns a solution
for the 2VBP instance (Sp,v). The distinction between I and Sy will be used later by our algorithm
for 2VBP (see Algorithms (). For a set of items S C I, we denote by 15 € {0,1}! an indicator vector
in which entries corresponding to i € S are equal to ‘1’, and all other entries are equal to ‘0’

Algorithm 1: Round&Round
Parameters: 0 < § < 0.1, « = —In (1 — §) and k = [In;_4(5)], where 1 € N.
Input : A 6-2VBP instance (I,v), Sp C I
for j=1,...,k do
Find a (1 4 §%)-approximate solution 27 for LP(1g,_,) and let z; = ||| be its value.

N =

Independently sample p; = [az;] configurations C{, e ,C’gj where CZ ~ 7 for all
ted{l,....pj}.

Update S; <+ S;_1\ < i Cg).

5 end

Pack Sy into configurations C7, ..., C}. using First-Fit

Return (Ule{c{,...,cgj}) U{CY,.... T},

w

N

[=2]

~

Step [ of Algorithm [ uses classic First-Fit to pack the remaining items (see Section [2 for more
details).

In the analysis we show that p* is negligible in comparison to OPT(I,v). Thus, the solution
generated by Algorithm [1is comprised predominately of configurations which are randomly sampled
according to solutions for the configuration LP. Furthermore, the algorithm repeatedly solves the
configuration LP, each time using the set S; consisting of the items not covered in previous iterations.
This stands in contrast to algorithms associated with the Round&Approx framework (e.g., [1L 2])
which solve the configuration LP once and utilize a subset oblivious algorithm (or a variant of such
algorithm) to generate a significant part of the solution following the random sampling stage.

The analysis of Algorithm [ relies on an iteration dependent bound on OPTy(1s;) which holds
with high probability. We use a classification of items and configurations into categories. We say that
an item ¢ € I is d-large if v1(7) > § or ve(i) > § and use L to denote the set of all d-large items (9 is
commonly known by context). It can be easily shown that [C N L| < 2-6~! for all C € C. For every
2<h<2 61 we define

Ch={CeC|v(CNL)>(1—-61—-06) and |CNL|=h}. (2)

®Similarly, for a set of configurations C’ € C, we use the indicator vector 1o/ € {0, 1}C in which entries corresponding
to C' € C' are equal to ‘1’.



Let Cp = C\ (Uii;l Ch> be the set of all remaining configurations. As we assume that (I,v) is an

instance of §-2VBP (i.e., no d-huge items), it follows that for every C' € Cy either v;(CNL) <1—§
orvp(CNL)<1-6.

For vectors 7,z € [0,1°, -2 = 3. Zc - Zc is the dot product of Z and 2. It can be shown that
if z* € [0,1]¢ is a solution for LP(1g,) then, ignoring negligible factors and with high probability, the
solution returned by Algorithm [ is of size at most

201
_ h+1 _ 3 -
Fdey+ Yy @ 1, < 5 - . (3)
h=2
This implies that, given the input Sy = I and by taking z* which corresponds to an optimal solution,
Algorithm [ yields an asymptotic approximation ratio which is arbitrarily close to % While we do

not include a proof of (@), the proof can be derived by modifying the proof of Lemma [B.7] and using
Lemma B10

Our analysis relies on structural properties of 2VBP instances (inspired by properties presented
in [2]) by which configurations in Cy are “easy” (when selected by z*) and configuration in C \ Cy are
“difficult”. Intuitively, from the viewpoint of Round&Round, a configuration C' € C \ Cy becomes easy
at iteration j if C' N L € S;, as in this case C'N S € Cp. Our analysis exploits this intuition via the
notion of touched and untouched configurations (see the formal definition in Section B2)). In contrast,
the algorithm of [2] converts configurations in C \ Cy to configurations in Cy using a process which
inflates the number of configurations in the solution. This inflation harms the approximation ratio
(we elaborate on that in Section [L3]).

The bound in (3]) suggests that the most “difficult” configurations in z* are those in Co; indeed, if
we have an optimal solution containing no configuration in Cy then we can obtain an approximation
ratio of %. On the other hand, if an optimal (integral) solution contains only configurations in Co
then a nearly optimal solution can be easily constructed using matching. As a solution may contain
both configurations in Co and in C \ Cy, we use a sophisticated combination of a matching polytope
and a configuration LP, along with the depended sampling technique of [4]. In the execution of our
algorithm Match&Round, the solution for the resulting LP is (conceptually) partitioned into two parts:
one which contains the configurations in Cs and handled using matching techniques, and another which
contains the remaining configurations that is handled by Round&Round.

We define the d-matching graph G = (L, E) of (I,v) as the graph in which the set of vertices
consists of the d-large items, and E = {{i1,ia} C L | {i1,i2} € C2}. We use Pyp(G) to denote the
matching polytope of G. We refer the reader to [22] for a formal definition of the matching polytope.
Given Z € [0, 1]¢, we define the projection of Z on E as the vector p € RE, where p, = Y cec st. ecc TC-
Let £(z) = p. We note that for any C' € C there is at most a single edge e € E such that e C C.

The Matching Configuration LP of the instance is the following optimization problem.

MLP: min > i
ceC
Viel: Y de-Cli)=1 )
cec

£(@) € Pm(G)
vC eC: To >0

The Matching Configuration LP is a restriction of LP(1;) in which we also require that £(z) is
in the matching polytope Pa(G). Observe that if Si,...,S,, is a solution for (I,v) in which the
sets Si,...,Sm, are disjoint then the vector # € {0,1}, defined by Zs, = 1 for b € [m] and Z¢ = 0
for any other C' € C, is a feasible solution for MLP. This holds since {e € E | 3b € [m]: e C S} is a
matching in the graph G.

Similar to the configuration LP, MLP can be approximated as well. The input for the MLP-
problem is a §-2VBP instance (I,v). A solution is a vector & € RS, which satisfies the constraints
in (@). The objective is to find a solution Z such that ||Z|| = Y rcc Z¢ is minimized.



Lemma 1.3. For any 0 € (0,0.1) there is a PTAS for the MLP-problem.

As Pp(G) is defined using a non-polynomial number of constraints, both MLP and its dual have
non-polynomial number of variables and a non-polynomial number of constraints. Thus, the standard
method for solving configuration LPs using an approximate separation oracle for the dual program
fails (the method can be traced back to [16]), and more sophisticated tools are required to obtain a
PTAS. The proof of Lemma is given in Section

Given z such that 3 = £(z) € Py(G) and a parameter v > 0, we use an algorithm of [4] to
generate a random matching M. Let M = SampleMatching(3,7). We note that SampleMatching is
a polynomial-time algorithm. The algorithm guarantees that Pr(e € M) = (1 — v)3, and provides
Chernoff-like concentration bounds for M (see Lemma B.I8] for details).

The pseudocode of Match&Round, our algorithm for 2VBP, is given in Algorithm 2 We note that
Match&Round is a polynomial-time algorithm which returns a solution for the instance (I, v).

Algorithm 2: Match&Round

Parameters: 0 < § < 0.1, where ! € N.
Input : A 6-2VBP instance (I, v)
1 Find a (1 + 6%)-approximate solution z° for MLP.
2 M < SampleMatching (£(z"), 6*), and set So < I\ (Upepq€)-
3 Run Algorithm [l on the instance (I,v) with Sy and the parameter §. Denote the returned
solution by D1, ..., Dy,.
4 Return M U{Dy,..., Dy}

Our main result follows from the next lemma.

Lemma 1.4. For any 6 € (0,0.1) Algorithm[3 is a random asymptotic (3 + O(0))-approzimation for
0-2VBP.

Using Lemmas [[L4] and we have the statement of Theorem EI:I]E We use the standard notation
of A for the minimum of two vectors element-wise The analysis of Algorithm [2] relies on a partition
of the solution z° obtained in Step Elinto its two “matching” and “fractional” components: z° A 1,
and 7% A leye,- We show that (w.h.p and ignoring negligible factors) [M| < 2" - 1¢,. Furthemore,
we exploit the fact that z° A Le\e, does not select configurations from Cy to show that the number
of configurations returned by Round&Round (when invoked in Step B] of Algorithm [2)) is bounded by
% A Ieve, + % - 2" - 1¢, (with constant probability and ignoring negligible factors).

1.3 Technical Contribution

Our Round&Round approach suggests a novel framework for solving covering problems. While the
elegant Roundé Approx framework relies on solving an LP relaxation of a given instance once, and
then sampling configurations until each item is covered with some constant probability, our framework
solves the LP iteratively, using a relatively small number of samples of configurations in each iteration.
The remaining (uncovered) items are then packed using a simple greedy algorithm (i.e., First-Fit).
The crux of the analysis is to show the decrease in the optimal solution size for the remaining instance
along this process. We show the usefulness of this approach for improving the bound of [2] for 2VBP.
To this end, we use in the analysis new ideas and techniques on which we elaborate below.

A main tool in the analysis of [2] is an implicit structural lemma which relies on the notion of
slackness. A configuration C' has d-slack if v1(C) < 1 — 0, or v2(C) < 1 —§. The authors of [2]
consider a subset S C [ of items and a packing Aq,..., A,, of S in m bins, where A; has §-slack for
all 1 < b < m. They show that, with high probability, if a random set @ C S satisfies Pr(i € Q) = 8
for all 7 € S and Chernofi-like concentration bounds, then ) can be packed in ~fm bins.

5The idea to use matching algorithms is inspired by [2]. However, matching plays somewhat different roles in the two
algorithms. In particular, the MLP is introduced in this work.

"To simplify the presentation we do not optimize the constants.

8That is, for 7' = (71,...,7;) and 7 = (7%, ..., 77), (F* A72); = min{7}, 77} for every 1 <i < k.



The analysis of [2] heavily relies on the property that any optimal solution for 2VBP, given by
Aq,...,AopT, can be converted to another solution Ci,...,C), where each configuration either has
0-slack or contains a tight pair of itemsE Subsequently, the structural property can be used with
the subset of configurations among C1, ..., Ck which have J-slack. The authors show how to cleverly
inflate such an optimal solution into one consisting of k = 1.50PT configurations.

The RoundéRound approach allows us to reduce the overhead incurred by the inflation step. We
say that a configuration C' € C is touched in iteration j of Round&Round if the total volume of
uncovered' large items in C' in some dimension is at most 1 — 5[] Intuitively, for such configurations
we can skip the inflation step used by [2]. This enables to tighten the bound on the number of
bins used for the solution. This also reflects the core idea behind RoundéRound, in which as the
sampling process (Step [ of Algorithm [I]) progresses, the remaining instance “becomes easier”. Due
to dependencies, implementing this approach requires an intricate calculation, in which we lower bound
the probability that a configuration C' € C becomes touched by some iteration. As a consequence, the
analysis requires a variant of the structural lemma in which configurations are fractionally selected in
accordance to the lower bound. Furthermore, whereas [2] used an integral solution (4q,..., Aopr) as
a reference point for the analysis, our analysis uses the non-matching part of z° (that is, z° A ]1(2\(22)
as reference. As such, the limitations of the structural lemma of [2], allowing it to tackle integral
solutions, render it too weak for our setting.

To overcome the above-mentioned difficulties we introduce a fractional version of the structural
lemma of [2] (see Definition 2] and Lemma [2Z2]). Denote by C* the set of all multi-configurations,
i.e., configurations C' which may contain multiple copies, C'(i) > 0, of any item i € I (see the precise
definition in Section B). Let A € [0,1]" be a vector such that any C € supp(A) has d-slack['] and
denote by @; = Y cc- Ac - C(i) the total (fractional) coverage of item i by A, for any i € I. We show
that if d € [0,1)! is a random demand vector such that E[d;] < w;, and d satisfies some concentration
bounds, then OPT(d) < B||A|l. To this end, we replace the classical linear grouping used in [2] (in
one dimension of an item) by a fractional grouping technique introduced in [12] (see the details in

Section []).

1.4 Organization

In Section 2] we give some definitions and notation, as well as the key structural properties of 2VBP
instances used in our analysis. Section [3l gives the analysis of Match&Round, along with a proof of its
approximation guarantee, as stated in Lemma [T.4

In Section M we prove Lemma 2.2 our main Structural Lemma. Section B gives the proofs of
two structural properties used to obtain configurations with d-slack (stated as Lemmas 24 and 2.7]).
Finally, in Section [6] we show that MLP admits a PTAS (stated as Lemma [[.3]).

2 Preliminaries

We extend the definition of configuration to allow multiple occurrences of items. Let (I, v) be a 2VBP
instance. A multi-set over I is a function C' : I — N. For ¢ € I we say that i € C'if C(i) > 0. A
multi-configuration is a multi-set C' over I such that v(C) = >, ; C(i) - v(i) < (1,1). We use C* to
denote the set of all multi-configurations. We identify the set C' C I with the multi-set C” in which
C'(i) = C(i).

Given z € [0,1]¢ (z € [0,1]¢7) the coverage of Z is the vector § € [0, 1] define by §; = > .0 Z-C (i)
(Ji = Y cecr Te - C(i)) for every i € 1. We say that § € [0,1] is small items integral if y; € {0,1} for
any i € I\ L. Similarly, we say that z € [0,1]¢ (z € [0,1]¢") is small items integral if its coverage is
small items integral.

Recall that OPT(, v) is the minimal solution size for the instance (I,v). Also, given @ € R’ define
the tolerance of @ by tol(d) = max {d ;.0 s { C € C}. Intuitively, the vector u associates with each
item i € I some weight, u; tol(z) is the maximal total weight of any configuration C' w.r.t. @. Our
analysis relies on the existence of Linear Structures.

A pair of items 41,42 € L is tight if v({i1,i2}) > (1 — 4,1 — §).
19Recall that uncovered items are included in Sj.

HAn item i € I is large if vi (i) > & or va(i) > 4.

12We define supp(z) = {C € C | Z¢ > 0}.



Definition 2.1 (Linear Structure). Let 6, K > 0, (I,v) be a §-2VBP instance, A € [0,1]°" and
w € [0,1])1 be the coverage of X\. A (8, K)-linear structure of A is S C RL, where |S| < K, and S
satisfies the following property. For any small items integral vector zZ € [0,1]1 and B € [65, 1] such
that supp(z) C supp(w) and

1
VueS: Z-ESﬁ-w-ﬂ—Fﬁ-OPT(I,v)-toI(ﬁ), (5)

it holds that OPT(2) < 8- (14 1068) - | A| + K + 8% OPT(Z,v).

Intuitively, a linear structure implies that if a demand vector Z satisfies a ‘small’ number of con-
straints w.r.t 8 (K is a constant, as defined in Lemma [2.2]) then we obtain a decrease in OPTf(Z2) by
factor of 3. While linear structures do not necessarily exist for arbitrary vectors A, we show that such
structures exist for vectors which only select configurations with slack. We say that C' € C* has §-slack
in dimension d € {1,2} if v4(C') <1 — 0. We say that C' € C* has §-slack if there is d € {1,2} such
that C has é-slack in dimension d. Finally, we say A € [0,1]¢ is with d-slack if for any C' € supp(\)
it holds that C has d-slack.

Lemma 2.2 (Structural Lemma). Let (I,v) be a 6-2VBP instance, where § € (0,0.1), and 5~ € N,
There is a set S* C RL, such that |S*| < ¢(8) - |L|*, where ¢(8) = exp (672°), which satisfies the
following property For any small items integral X € [0,1]¢" with §-slack, there is a (8,(6))-linear
structure S of X where for all u € S: if supp(a) N L # () then @ € S*.

The proof of the lemma (given in Section M) uses some of the structural properties shown in [2],
along with the recent concept of fractional grouping, adopted from [12]. While the set S* does not
limit the number of structures which may be generated by the lemma, it limits the set of vectors these
structures may use. This property is crucial for our analysis.

To show the existence of linear structure we often need to convert an arbitrary configuration to a
vector A with a slack. To this end, we use the following definition and lemmas.

Definition 2.3. Given C € C and ¢ > 1, we say that A € [0, 1]C* is a -relaxation of C if the
following conditions hold:

1. X is with §-slack.
2 A < v
3. Y creer Acr - C'(i) = C(i) for everyi € I.

Lemma 2.4. Let § € (0,0.1) s.t. 5~ € N, then for any C € Cy there is a (1 + 45)-relazation of C.
Lemma 2.5. Let 6 € (0,0.1). For any 2 < h <25~! and C € C}, There is an %—Telal‘atz’on of C.
Lemma 2.6. Let 6 € (0,0.1) and C € C such that v(C) < (9,9), then there is a 46-relazation of C.

The proofs of Lemmas 24 25, and are given in Section Bl Some of the statements and
techniques used in the proofs can be viewed as variants of Lemma 5.3 in [2].

We use algorithm First-Fit in several places. The input for the algorithm is a 2VBP instance (I, v)
and a subset of items S C I. Throughout its execution First-Fit maintains a set Aq,..., A, C S
of configurations, and iterates over the items in S. For each item ¢ € S First-Fit examines the
configurations sequentially until it finds a configuration A; to which 7 can be added without violating
the volume constraints. If no such configuration exists, First-Fit adds a new configuration A,,+1 = {i}.
The next lemma follows from a simple analysis of First-Fit for BP (see, e.g., Chapter 9 of [25]), by
taking for each item i € I in the 2VBP instance 01 (i) = 02(:) = max{v;(i),v2(i)}, and considering the
problem in a single dimension.

Lemma 2.7. Given a 2VBP instance (I,v) and a subset of items S C I, First-F'it returns a packing
of S in at most 2 - (v1(S) + va(S)) + 1 bins.

3 Throughout the paper, for 2 € R, exp(z) = €%, where e = 2.718.. is the base of the natural logarithm.



3 Analysis

In this section we give the analysis of Algorithm 2l Throughout this section we assume the §-2VBP
instance (/,v) and § € (0,0.1) are fixed. Thus, notations such as p;, S; C7, and M refer to the
corresponding variables in the execution of Algorithm 2], with (I, v) as its input and § as the parameter.
We also use ¢(8§) = exp(6~2°) as in Lemma and OPT = OPT(I,v). We commonly use k =
n;_s(6)] <672

In Section B.I] we define the probabilistic space and prove some basic properties. The core of
the analysis is in Section which bounds the number of configuration sampled by Round&Round.
Section gives the proof Lemma [[[4l The analysis involves the use of several concentration bounds
whose proofs are simple yet technical. To avoid diversion from the main flow of the analysis, we defer
the proofs of the concentration bounds to Section 3.4l

3.1 Probability Space and Properties

We start with a formal definition of the probability space generated by the algorithm, denoted by
(Q,F,Pr). Observe that p; < [az;] < [(=In(1 —6)) (1 +6*)OPT]| < OPT for all j € [k], as § <
0.1 W.lo.g assume that in each iteration Algorithm [ samples OPT configurations C7,...,Cpy

independently according to Z7 and ignores configurations ng FRPRR ,C(J)PT.‘ Furthermore, we may

assume that € is finite. Define the random variables Py = Sy and P; = (CY,. .. ,CéPT) for j € [k].
Let F; = o(Py, P1,...,Pj) be the o-algebra of the random variables Fy, Pp,...,P;. We also define
F_1={0,9}. Tt follows that F_1 C Fy C F; C ... C Fp.

We use conditional expectations and probabilities given the o-algebra F;. We refer the reader
to standard textbooks on probability (e.g., [5]) for the formal definitions. Intuitively, E [X|F;] is the
expectation of X given the sample outcomes upto iteration j, and as such depends on the outcomes
of the first j iterations.

The parameter « is set so the probability of ¢ € S; decreases exponentially with j, as shown in
the next lemma. Given a boolean expression D, we define 1p € {0,1}, where 1p = 1 if D is true and
1p = 0 otherwise. If D is random so is 1p.

Lemma 3.1. For any j € [k] and i € I it holds that Pr (i € S; | Fj—1) < (1 —9) - Lies;_;-

Proof. We can write

Pr (]liesj‘]:jfl) = ]liEijl - Pr (Vf S pj T ¢ Cg ‘ .7:]',1) == ]]-Z'GS]',1 . HPT (Z ¢ Cg ‘ .7:]',1)
(=1

]]-Z'GS];1

P;
~ ) < lies,_, -exp (—a) = Lies;,_, - (1 = 9).
J

= ]]-Z‘Eijl <1 -

The first equality holds by the definition of S;, and the second holds since C’{ Yoy Cg]. are conditionally
independent given F;_; (note that p; is F,_j-measurable). The third equality holds since #/ is a
solution to LP(Lg;_,). The inequality uses p; > az;j and (1 — %)x < exp(—1) for z > 1. O

Recall that p* is the number of configurations used by First-Fit in Step [0 of Algorithm [ By
Lemma B1] it follows that E[vy(Sk) +v2(Sk)] < (1 —0)*(vi(I) +v2(1)) < 2-5OPT, and by Lemma 2.7
we have E[p*] < 460PT + 1. The next lemma uses a concentration bound to show that, with high
probability, p* does not significantly deviate from its expectation.

Lemma 3.2. With probability at least 1 — 62 - exp (—57 . OPT) it holds that p* < 16-6 - OPT + 1.

The proof of Lemma is given in Section [3.4]
Observe that E[|M]] = (1 — %) -2°- 1¢, . We use the concentration bounds of [4] to show that
w.h.p |[M] is close to its expectation.

Lemma 3.3. It holds that M| < 2° - 1¢, 4 6° - OPT with probability at least 1 — exp (—6'° - OPT).

MFor any k € R we define [k] = {j e N | 1< j <k}



The proof of the lemma is given in Section B.4]
The size of the solution returned by Algorithm Plis |[M| + Z§:1 p;j + p*. As Lemmas and

give upper bounds for |[M| and p*, it remains to derive a bound on 25:1 pj, the total number of
configurations sampled by Round&Round.

3.2 Analysis of Round&Round

Our analysis relies on the key notion of untouched configurations. We define the set of untouched
configurations at iteration j € {0,1,...,k} by

Ui={CeC|CNSj¢C}={CeClvCnS;NL)>(1-051-0)}.

Since Sp 2 S1 2 ... D Sk, it follows that Uy D Uy 2 ... D Uy. We denote by Ty = C\ Uy the initial set
of touched configurations, and by T; = U;_1 \ U; the configurations that become touched in iteration
J, for j € [k]. Observe that Cy C Tp. We refine the sets U; and T} by defining U;;, = U; N Cj, and
Tjn=T;NCy for any j € {0,1,...,k} and 0 < h<2-6"%

Intuitively, we view configurations in Cy as “easy” in comparison to configurations in C \ Cp which
are more difficult. This distinction stems from fact that we can only construct linear structure for
configurations with slack (Lemma [2.2]), and since we can attain slack for configuration in Cy with
negligible overhead (Lemma [Z4)). As such, the configurations in U; can be viewed as configurations
which “remain difficult” after iteration j, and the configurations in 7} are the configurations which
“become easy” in iteration j.

Observe that

k k—1 k-1
S o<k +a(l+6%)Y OPTy(1s) < k+(1+20)8 > OPTy(1s,), (6)
j=1 =0 7=0

where the first inequality uses p; = [az;] < (1 + 6?)OPTy(1g,) + 1, and the second inequality uses
a(l +62%) < (1+26)6. In the following we derive an upper bound on 52?;3 OPTy(1s;). By (@) this
would imply a bound on 25:1 pj, the number of configurations sampled by Round&Round.

Recall that z° is the solution for MLP found in Step B of Algorithm Bl We define z* € [0,1]¢ by

VO eC: Th= > 7.
C'elp\Ca s.t. C'NL=C

Informally, Z* can be viewed as selecting all the configurations in Uy \ Cz as in z°, and then discarding
the small items. Since U is Fyp-measurable and z° is F_;-measurable, it follows that z* is Fo-
measurable. It can be easily verified that z* - 1¢, = z0 - 1y,, for every 3 < h < 2- 6~ and
z* - 1¢, = z* - 1¢, = 0. Furthermore, for any C' € supp(z*) it holds that C' C Sy N L.

Let 7* € [0,1]! be the coverage of z*. It follows that supp(g*) C SoN L. We note that our definition
of * does not include the coverage of items by configurations in Ty U Cy in Z°. The coverage of these
items is given by 1; — ¢*. In the analysis we consider these coverage vectors separately, using the
inequality

k—1 k—1 k—1
3 OPTy(Ls,) <6 Y OPTs(Ls, Ay*)+38» OPT (Ls, A (1 —5%)) . (7)
j=0 j=0 j=0

The configurations in supp(z*) are the configuration which remain “difficult” after the sampling
of M, and thus y* represents the coverage of items by these difficult configurations. The remaining
configurations are either in Ty or in Co; as the configuration in 7y are “easy”, we use them to compensate
for items which were not selected by the matching M. Due to a technical limitation of linear structures
we eliminate the small items from g*.

Our analysis relies on the following application of linear structures in conjunction with Lemma [B.1]
and concentration bound.



Lemma 3.4. For j € {0,1,...,k}, let X € [0,1]° be an Fj-measurable random vector, w be the
coverage of A, S be an Fj-measurable random (8, p(8))-linear structure of A, and d € [0,1]1 be a small
items integral F;-measurable random demand vector. Then,

Vi<r<k: OPTf(dAlg,) < (1—0)""7(1+100)|A] +¢(5) + 6'°OPT,

with probability at least & — o(8)? - exp <—%), where
- 1
E=Pr <sz €S: (Ig; Nd)-u<w-u+ A11(0) -OPT-toI(ﬂ)) . (8)

~ The proof of the lemma is given in Section B.4l Note that by Lemma Bl we have that E[(Ls, A
d)-u|F;] <(1—0)"7(ls, Ad)-u for any & € S. The proof of the lemma uses a concentration

bound to show that with high probability (1s, Ad)-u < (1—6)""7 - (Lg; Ad) - u; the linear structure

is used to bound OPTy(1g; A d), assuming the event in (8) occurs. We proceed to bound separately
52?;3 OPTy(1s; Ay*) (see Lemma[3.7]) and 52?;01 OPTy (1s, A (L7 — %)) (see LemmaBI0). The
bound on ¢ Z;:ol OPTy(1s; Ay*) is derived using the next lemmas.

Lemma 3.5. With probability at least 1 — 60 exp (—550 . OPT) it holds that
V2<h<2-67', jelkl: |E[z*-1g, | Fjoa] — 2" 1, | <60 OPT. (9)

The proof, given in Section [34] is a simple application of a concentration bound.

Lemma 3.6. There exists v : (0,0.1) — Ry, independent of the instance (I,v) and §, such that
V2<h<2-6' jek]: 71y, > (1-6)" 7" 1y, — 60 OPT or OPTy(Ls,) < u(9),

with probability at least 1 — 610 - exp (—550 . OPT).

a-zj+1
The lemma follows from the inequality Pr(C € Uj | Fj-1) > Lloeu,_,, - <1 - ﬁ) " which

zj
follows from Lemma B] the observation that (1 — %)QIZJFI — (1 —6)" as z — 00, and Lemma

The dependence on p in the lemma arises as the observation holds only if z is sufficiently large. The
proof is given in Section B4l Henceforth, we use p to denote the function in Lemma B.6l

Lemma 3.7. Assuming OPT > §739 (¢(8) + pu(6)), with probability at least 1 — ¢*(3) - exp (— P >

©25(0)
it holds that
k—1

5> OPTy(Ls, Ay*) <
j=0

2" Iyg\e, +30- 6 - OPT.

[SCRIEN

Proof. For every j € [k] we define &/ € [0,1]!, the touched demand of iteration j, as the coverage of
" A\ 1g,. This is the coverage of items in configurations that become touched in iteration j, given by

Jg :ZCeTj z& - C(i) for all i € 1. For every i € I and r € {0,1,...,k — 1} we have

gD =" C0) =YY w0l =Y ah-Ci),
j=1

ceC j=1CeTy CeU,

where the last equality follows from supp(z*) N7y = 0 (by the definition of *). Hence, Z* A 1y, is a
solution for LP <g* — i czj>, and thus OPT <g* — i czj> < z* - 1y,. It follows that for every
ref{0,1,... k- 1},

OPTf(y* Alg,) < Y OPTy (& Alg,)+OPT <y* —Zdj) <> OPTy (& Alg,)+2*-1y,. (10)
j=1

Jj=1 Jj=1

10



We use Lemma [3.4] to bound the term OPT; (Jj A lsr)- To this end, we construct a vector
N € [0,1]" for every j € [k]. For any 2 < h < 2-51 and C € Cp, let 5 be a L -relaxation of C.
The existence of 3¢ is guaranteed by Lemma We define

vielkl: M= Y @b (Pr(CeTy| Fjo1)—d-leev, ) 7°, (11)
CeC\Co

and let @/ be the coverage of M. Since U j—1 is Fj_1-measurable, it follows that M is Fj_1-measurable
(and thus also Fj-measurable). Furthermore, since ¥ is with d-slack for every C € C \ Cy, it follows
that A is with é-slack for every j € [k].

Now, for every i € L and j € [k], we have

E|d - Lics,

jfl} =K [Z Loer; - Lies; - T¢r - C(i) ‘ -7:]'1]

ceC
—E| Y (Loer, - Leer,  Ligs, ) -3 - CG) | Fja (12)
CeC\Co
=¥ <Pr(C €T | Fj_1)—E [L%RCEUJ.A | fHD N el
CeC\Co

The second equality uses T; N Cp = @ for j > 1, and the third equality uses leer,ligs, = Llceu,_, -
Logu, - Ligs; = Lleoeu;, - Ligs, for any configuration C' such that ¢« € C. By Lemma BI we have

E []l@'¢sj]lCer_1 ‘fj_l] > 6 1cey;_, for any C' € C and ¢ € C' N L. Furthermore, since 5¢
relaxation of C, we have that C(i) = Y ccer 75 - C'(i). By incorporating these into (I2)), we have

E|d Lies, | 1| < Y @b (Pr(CeTy | Fio)=6-Teen, ) - Y 98- C'(0)

CEC\CO CIEC* (13)
=Y C6) > w3 (Pr(CeTy | Fim) =6 leeu, ) Fa = Y C'(i)- N =]
Crect CeC\Co crecr

for every i € L and j € [k]. Also, for any i € I\ L and j € [k], it holds that E [CZ{ ics, | fj_l] -

0< w{, as supp(y*) C L and gy* is the coverage of z*. )
By Lemma 22 there is a (6, ¢(8))-linear structure S; of M for any j € [k].

Claim 3.8. For any j € [k] it holds that

B ~ OPT OPT
Pr <Vﬂ c Sj . (]]'S]' A d]) - < E [(:H-Sj A dj) .U | ]:];1] + —3011(5) . t0|(ﬂ)> > 1—%0(5)-exp <_9025(6)>

The proof of Claim B.§] (giveP in Section [3.4]) follows from an application of a concentration bound
. By (@), it holds that E [ - (d’ A ]lsj) ‘fj_l] < @-w for any j € [k] and u € S;; therefore,

oprPT
p!1(6)
~pr <Va €8 : (Is AP)-a<E[(Ls, A D) -a|F;_] +

Pr(Vuesj: (I, Nd')-a<w -u+

-toI(u)) >

OPT - tol(u)
©1(6)

The last inequality is by Claim Thus, by Lemma [34], with probability at least

1—Fk-p(d) - exp G%) — k() - exp G%) =10 (0) e G%) ’

it holds that

)1 - (25,

©*(0)

Vjielk], j<r<k: OPT;(d Alg,) < (1—0)"7(1L+100)||N| + ¢(6) + §""OPT.  (14)

11



We henceforth assume that (I4]), as well as the statements of Lemmas and [3.6] hold.
For every j € [k],

Wl= 3 2t (Pr(CeTy| Fia) =b-Tcer, ) I5°]
CeC\Co

2:.6~1 h
Z Z J_TE (PI’(CG T] | ]:jfl) -9 ]]-CGUjfl) : h—1
h=2 CeCy,

2:671

IN

j.h { }—jfl] —6-z" ]lUj—l,h) (15)

< Z H_1 ((1 —0)z" - Ly, i — - ]lUj,h) +0°% - OPT.

The first inequality holds since 7% is an %—relaxation of C for any C' € Cp, the second inequality is

by Lemma [B.5] and the last inequality uses T}, = Uj—11 \ Uj p-
Combining () and ([H) with OPT > §=30¢(4), we have

—. —1
OPT; (&' A 1s,) s 22'5 h . . 7
14100 == h=2 h_1 (1 —d)z"- Ly, oy — " ]lUM) +0'OPT

for every j € [k] and j < r < k. Using the last inequality and (I0)), we obtain

_ r 6L
OPT(j* A 1g,) 5 o 22 h ., » - 5
1+ 1086 = — (L=oy h—2 h—1 (A =d)z" 1y, , —2" 1y,,) + 2" 1y, + 6°OPT

J=1
2.6-1
h roox _x x 5
h=2
2.6-1 1
- h—1 ((1 —0)" - z* ]on,h -z ]lUr,h) +(1=9)"z"- 1y, + S°0OPT
h=2

for every » € {0,1,...,k — 1}. Observe that OPT;(y* A 1s,) < OPTy(1s,) < OPTy(Lg;) for any
1 < j <r; thus, if OPT(Lg;) < p(6) < 6°°OPT for some j € [k], then for every r > j it holds that
OPT(y* A 1g,) < 6*°OPT . Using the above inequality and Lemma 3.6, we have

—1
OPT; (7" Als,) _ "o~ (1-0)" —(1L—§)"
s A s) 3 (1-9) M Lo, , + (1= 8)'&* - 1y, + 6*OPT,
h=2

(
1+ 106 h—1

12



Thus,

3y 525 OPTy(1s, A"

1+105
k—126— . .
-8 - (o -
Sé’ — T .1U0’h+5.2(1_5)1x 1y, + $30PT
§j=0 h=2
_52§2x*.1uoh 1—(1—=8F 1— (1= s 1-(1-8F e sopt
s k-1 \1-(0-9) 1-(1-0) 1-(1—9s) ©+ "o
2672 _
z* - 1y, 1-6Y\  _, .
SZ?Q‘T)*‘CU -1y, +6°OPT
h=2
252
h+1
+ 20 1y, + 6°OPT + 6[|z*|.
h=3

The second inequality holds since (1 — 6)¥ < § and (1 — 6)* > 1 — §h. The last inequality uses
- 1y, = 2° - 1y, for h > 3, and z* - 1¢, = 0 by the definition of Z*. Since [|7*| < [|z°]] <
(14 6?)OPT < 1.01 - OPT, we have

k—1 2.2

) Z OPTy(1s, AJ*) <
=0 h=3

Bl 4
;Lr 71y, +30+ 8- OPT < 5 +° - gy, +303 - OPT,

as in the statement of the lemma. As we assumed that (I4]) and the statements of Lemmas 3.5 and
hold, it follows the above inequality holds with probability at least

OPT>_

1— S03(5) - exp <_m 9.510 exp (_550 . OPT) >1-— S04(5) -exp <_ oprPT )
P

»?(9)
O

Define ™ as the coverage of 20 A 1¢,; that is, gM = Yoo, & - C(i) for all i € I. To obtain a
bound on ¢ Z;:é OPTy (1s, A (17 — %)), we use the next lemma.

Lemma 3.9. For any i € I it holds that Pr(i ¢ So) = (1 — d*)gM if i € L, and Pr(i ¢ Sp) = 0
otherwise.

Proof. Let G = (L, E) be the §-matching graph of the instance. We use N (i) to denote the set of
neighbors of 7 € L . Since M is a matching, for every i € L it holds that L;¢g, = Zi’EN(i) Liiinem-
Therefore for any ¢ € L it holds that

Pr(i ¢ So) = El[Licso) = Y E[Igmyenm] =0 =64 > > 7
P'EN (i) i'eN(i) CeCq s.t. {i,i’}CC
=(1-0" > L =(1—6%-gM.
CeCq

The third equality holds since Pr(e € M) = (1—6%) Y cce, o4 ecC z2,. Also, for any i € I\ L it holds
that ¢ & (J.c €5 thus, i € Sp, ie., Pr(i ¢ Sp) = 0. O

We now derive an upper bound for 52?;& OPTy (1s; A (17 —§%)).

Lemma 3.10. Assuming OPT > 6 30p(8), with probability at least 1—exp < %g(};) + ¢%(8) - In OPT>
it holds that
k—1

6y OPT; (Ls; A(1r - 7")) <
=0

1
70 . Ire, + 3 |IM| + 505 - (OPT 4 |[M|).

wl»-b-
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Proof. Similar to the proof of Lemma [B7, we use in the proof Lemma B4l To this end, we construct
a vector A that is used to derive a linear structure S. Subsequently, we show that A and S admit the
conditions of Lemma 3.4 w.r.t the demand vector 1g, A (17 — y*).

For any 2 < h < 2-6~! and C € C, let 7 be an %—relaxation of C, and for any C € Cqy let
7% be a (1 + 46)-relaxation of C. Furthermore, for any C' € C such that v(C) < (4,0) let 7€ be a
46-relaxation of C. The existence of these relaxations is guaranteed by Lemmas 24 5 and

Define B
A=Y g Ly Y 36+ Y
i€l CETo\CQ CeUgUCs

where L¢3y € [0,1]°" = 2 such that z;, = 1, and zg = 0 for C € C*\ {{i}}. Observe that Cy C Tp
by definition; thus, v(C' \ L) < (4,9) for every C' € Uy U Ca. That is, A is well defined. Since the
instance does not contain d-huge items it follows that 1y is with d-slack. Hence, A is with &-slack
as well. As Ty and Uy are Fo-measurable, it follows that A is Fp-measurable. Let w be the coverage
of A and define d = 1g, A (1 — 7*). Observe that we may have w; > 0 (i.e., i € supp(w)) for items
already selected by the matching, that is, items in L\ Sy. The coverage of these items can intuitively
be viewed as a placeholder for items i € L N Sy for which w; < d;.
For any ¢ € I\ L it holds that

=Y A Cli)y= > @-Cl)+ Y. z%-03)

CceC* CETO\CQ C;EUOUCQ (16)
=D 6 C) = 1= Lies,(1 — 7)) = di
ceC

The forth equality holds as z° is a solution for MLP. The fifth equality holds since y; = 0 for all
i € I'\ L and by Lemma In particular, it follows that @w and A are small items integral and
w; —d; =0 for any i € I\ L.

For any ¢ € L, we have

di=Tlics, | 1= Y @%-C(i)

CGUo\CQ
= Lics, — (1= Ligs,) Y. & C()
Celp\C2
=Lies,— »_ T0-C{)— Y Ligs, Loev, 7 C(i)
CelUp\C2 CeC\Co
= Tics, — »_ - C(),
CGUo\CQ

where the the forth equality holds since for every C' € C such that i € C, if i ¢ Sy then C' ¢ Uy. Thus,
for every i € L,

w—di =8 gM > 2l 06— | Lies, - Y. @k C()
CETO\CQ CeUp\Ca

=5t gM+ > 2 ) - Ties, (17)
CeC\C2

=0t M+ 1= M - Lics,
= ]]'i¢50 - (1 - 64) g‘Z/VIa
where the third equality holds since

1=>"20-Cliy= > zo-Cli)+ Y ap-Cli)= > z-C6)+yM.

cec CEC\Ca Cecs CEeC\Cs
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By ([I4), (I'7) and Lemma [B9] it holds that E[w;] = E[d;] for every i € I.
Using the concentration bounds for SampleMatching, as given in [4], we can show that with high
probability @ - d < u - w for every u € Rlzo-

Claim 3.11. For any u € Rlzo it holds that

Pr (d. u>w-u+ SD?F(?) -toI(u)) < exp <_%>

The proof of Claim B.I1lis given in Section B.41

Let 8* C RL, be the set defined in Lemma 22l Also, by Lemma 2] there exists a (6, ¢())-linear
structure S of X such that for any @ € S which satisfies supp(@) N L # 0 it holds that @ € S*. Observe
that S* is non-random while S is an Fy-measurable random set, as \ is Fo-measurable.

Claim [B.IT] requires that the vector @ € Réo is deterministic, and thus we cannot directly use the
claim with a random vector @ € S. We use the set S* to circumvent this issue. Observe that for any
u €S, ifsupp(a) N L = () then d - @ = w - w by ([{0), and if supp(@) # () then @ € S*. Thus,

- oprPT - OPT
Pr ( Vi cd-u<w-u “tol(w) | >Pr(VueS*: d-u<w-u - tol(u
r(VueS d-u<w u+@11(5) to(u))_ r(VueS d-u<w u+(p11(5) to(u)>
OPT opPT
>1_|S*|. o Y« o= . .
>1— |57 exp< 8025(5)>_1 exp( 3025(5)+80(6) anPT>

The second inequality is by the union bound and Claim BI1l The third inequality holds since |S*| <
©(0) - |L|* < p(8)-2%-57*-OPT* as OPT > g|L| Therefore, by Lemma B.4] it holds that

VO<j<k: OPTy(Lg, A(l;—7%)) < (1—¢&)(1+108)|A]| +¢(6) + 6°OPT (18)

with probability at least

OPT OPT OPT
1—exp <_@T@ + ¢(9) -anPT) —©?(8) -exp <_¢T@> >1—exp <_¢T®) + ©2(6) -anPT) .

We henceforth assume that (I8]) holds.
We note that

2.6~

_ h
Al <6t 1p g™+ ) — 2% Lg, + (1+40) - 2% L, + 4] 2°||
h=3
4 128 )
<5l 2045 > @ 1g, + 106 - OPT,
h=3
where the second inequality uses
Lp-gM =) gM=> > 2-Cli)=> 2-2<2-2° 1¢, <2-(1+5°)OPT.
el 1€l CeCs CeCo
It also holds that
2.571
Z - ]]'TO,h = Z QEOC “leoer, < Z EOC Z Léso
h=3 CEC\Co\Ca CEC\Co\C2  i€CNL
<Y Ligs, p, T C6) <D Ligs, <2+ M.
el CeC\Ca el
Plugging the above inequality into (I9]), we obtain
N 4 _0 1
Al <52 Tgpe, + 5 - |M|+10-6- OPT, (20)
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By ([I8) and (20]), we have
k—1 ‘ B
5> OPTy (Lg, AL —5) <6 ) ((1— &)1+ 108) Al + ¢(8) + 5'°OPT)
j=0
< (14 108)||A|| + 6*OPT

T
L

<.
Il
o

4 1
< (1 +109) <3 20 Ige, + 3 |M] + 100 - OPT> + 650PT

4 1

<30T S RN 3+ [M[ +506(0PT + [M]),

where the second inequality uses OPT > 6 3p(d), and the last inequality holds since [|z°| <
1.01 - OPT. As we assumed (I8]) holds, the above inequality holds with probability at least 1 —

exp < %E(};) +©2(d) - In OPT)7 as stated in the lemma. 0

3.3 Asymptotic Approximation Ratio

Proof of Lemma [1.4] Note that we may assume OPT is larger than any function which depends on §
(but not on the instance). Assume the statements of Lemmas [3.2] B3] B7 and BI0 hold. This occurs
with probability at least

1—-62-exp(—8"-OPT) —exp(—6'0-OPT) - (8)-exp (—%) —exp (—% +©2(8) - In OPT)
¥ 2

er—l

assuming OPT is sufficiently large.
We also assume OPT > 6730 (¢(d) + u(8)). By Lemmas B7 and B0, we have

k—1
ij<k+(1+25520PTf Ls,)
j=1 7=0
k—1 k—1
<k+(1420) (6 OPT;(Ls, Ag*)+3Y OPTs(Lg, A (L —3"))
Jj=0 j=0
<k+(1+20) 37 -]lUO\C2+305OPT+§-x -]lTO\CQ+§-|M|+506(OPT+|M|)
4 1
<k+(1+20) <§-x0-]1¢\52+—-]M]+805(OPT+]M!)>
_4

T 110\02 + — | M|+ 905(OPT + | M]|).

W

The first inequality uses (IEI) and the last inequality assumes OPT > % The number of configurations
returned by the algorithm (assuming the statement of the lemmas hold) is

k
4 1
M+ pj+p" < IM|+ . 20 1o, + 5+ M|+ 905(0PT + | M]) + 1660PT + 1
j=1

IN

4
- 1ee, + 1105 - OPT + <§ + 905) M|

IN

IN IN
Q| W~ . .

4
7% 1ec, + 1105 - OPT + <§ + 905) (2% 1¢, + 6°OPT)
+ 905> 1Z°|] + 11060PT + 905°0OPT
4
3+ 2505) OPT

where the last inequality uses ||Z]|° < (1 + §2)OPT.
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3.4 Concentration

In this section we give the missing proofs of Sections Bl and

Let A be an arbitrary set, m € Ny and f: A™ — R. For any 1 > 0, we say that f is of n-bounded
difference if for any z,7’ € A™ and r € [m] such that Z, = &) for all £ € [m] \ {r} (i.e.,  and Z’ differ
only in the r-th entry) it holds that |f(Z) — f(Z)] < n. The following result is due to [17].

Lemma 3.12 (McDiarmid). Given a finite arbitrary set A, m € Ny and n > 0, let f : A™ — R be
a function of n-bounded difference. Also, let X1, ..., X, € A be independent random variables. Then
for any t >0,

2-t?
Pr(f (X Xn) = B (K )] > 6 S 0xp (- 225
To motivate our next lemma, consider the following example arising in our setting. Recall that T
is the set of conﬁgurations in Cj, that become touched in iteration j, where j € [k] and 2 < h < 2-671,
For Z € [0,1]¢ define the random variable L7, - &, which indicates the total (fractlonal) number of

bins assigned to Tj j; according to Z. We can write this random variable as a function of Cl, e COPT
For any U C C and p € [OPT] define fy, : COPT 5 R by

fU,p(Cl’ cee ’COPT Z ]]‘CﬂLl"‘l Uee[p] Cz) #0 Ic.
CeU

Then it can be verified that 1r,, -7 = g(C{, o ,Cg)PT) where g = fy,_, ;- However, we cannot
use Lemma to show that 1r,, - ~ E[T} j, - ] with high probability, since the random variables
C’{, . Cg)PT are not independent, and the function ¢ is random.

Nontheless, we note that at the end of iteration j—1 (Step [l of Algorithm [) the values of U;_; and
p; are known (while p; was not computed yet, its value does not depend on future random samples);
thus, the function g = Ju;_1,p; 18 known at iteration j of the algorithm. Furthermore, the random
variables Cl, e COPT are independent (by definition) assuming we have the random samples of the
first (j h 1) iterations. Therefore, we expect Lemma to hold in this setting. More formally,
since CY,. .. COPT are conditionally mdependen given .7:] 1, and ¢ is a random function that is
Fj_1-measurable, we expect that g(C{, . C(])PT) Elg (C’f, . Cé)PT)U:]*l] This is formalized in
the next lemma.

Lemma 3.13 (Generalized McDiarmid). Given a finite arbitrary set A, m € Ny andn > 0, let D be a
finite family of n-bounded difference functions from A™ to R. Let (2, F,Pr) be a probability space for
which § is finite, G C F a o-algebra, and g € D a G-measurable random function (i.e., g : Q@ — D with
{we Q] glw) eU} €@ for every U C D). Then, for a sequence of random variables Xy, ..., Xy, € A
which are conditionally independent given G, and any t > 0,

2 - t?
Pr(g(X1,.. ., Xim) = Elg(X1,..., Xin)|G) > ) < exp <_m-n2> '

Lemma B.13] can be derived from Lemma B.12] using standard arguments from probability theory
(we omit the details). We use Lemma [B.I3] to prove the following technical result.

Lemma 3.14. Let j € {0,1,...,k—1} and t > 0. Also, let u € Rlzo be an Fj-measurable random
vector. Then,

opT

Proof. Let A be the set of all possible values the random vector @ can take (formally, A = {u(w) | w €
2}). Since € is finite it holds that A is also finite.
For any S C I, p € [OPT] and a € A define fg 5 : COPT 5 R by

212
Pr(u-1g,., —(1—6)a-1g, >t-tol(a)) <exp <— ! )

1 a —
fspa(C1,...,Copt) = {tol(a) RN (SeN) tol(a) # 0
i) ) ) O

otherwise

15See, e.g., in [5] for a formal definition of conditional independence.
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Also, define D = {fs,a | S CI,p € [OPT],a € A}. It can be easily verified that D is finite.

Let fspa € D, (C1,...,Copt), (C1,...,Chpr) € COPT and r € [OPT] such that C; = C} for
every ¢ € [OPT]\ {r}. If tol(a) = 0 or > p then |fs,4a(C1,...,Copr) = fs,0,a(C1,...,ChHpr)| = 0.
Otherwise, let T = Uge[p]\{r} Cp = Uze[p}\{r} Cé. Then

fspa(Ch,...,Copt) = fs5,a(Cl,...,Copr) a(Isvme, — Lsvrycr)

tol(a)

1 ) _
~ |tol(a) 2 @ 2 i

i€(SNCL\(CUT) i€(SNC)\(CLUT)

1 _ _
t0|((l) - max Z a;, Z a;
1

IN

1€(SNCL)\(CrUT) 1e(SNCy)\(CLUT)

The second equality holds as S\ T\ C. \ (S\T\CJ) = (SUC))\ (C, UT) and symmetrically
S\T\C/\(S\T\C,)=(SUC,)\ (C,.UT). Thus fs,, 4 is of 1-bounded difference.

Define a random function g = fg; y;.,a- Since Sj, pj+1 and @ are Fj-measurable it follows that g
is Fj-measurable. By the definition of g we have

tol(a) - g(C™,...,CL5) =u-1 =a-1g,,,.

SAUZE ot
Furthermore,
_ i+1 i+1 _
Eftol(@) - g(CY™, .., Copr) | Fy] = Ela- Ls,., | )

= u-Prii € Sj | Fj) <(1-6)> - Lies, = (1—06)-a- 1g,,
el el

where the inequality is by Lemma 3.1l Therefore,
Pr(a-1g,41— (1 —6)u-1g;, >t-tol(u))
<Pr(g(C{*,....Copn) —Elg(CI™, ... G | F)] > t)

2. t2
=P\ ~Gpr )

where the last inequality is by Lemma B.13] O

We use Lemma [3.14] to show the following.

Lemma 3.15. Let j € {0,1,...,k—1} and t > 0. Also, let u € Rlzo be an Fj-measurable random
vector. Then,

. 2.64.42
Pr(3re[j,k)NN: @-1g — (1 —0)"7 -u-1g, >t-tol(q)) <62 exp (—W>
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Proof. We note that

Pr(3Irejk]lNN: a-1g, —(1-6)"7 u-1g, >t-tol(a))

=Pr (are J k] NN Zr: (@-1g, —(1=6)-a-1g, ) (1—8)">t-tol(a)

r=j+1

<Pr<3re [+ LENN Lej+1,r]NN: (u-]lsf—(l—é)-u-]lsg_l)-(1—5)7"_£>Tij_-tol(u))
<Pr<

t
dlej+1,klNN: u-]lgz—(l—5)-ﬂ-]lsl1>%-to|(ﬂ)>

T

t
< Pr (u-]lsz—(l—(S)-u-]lSe_l > E-tol(u))
1=5+1

()2
sk-exp (‘ 2O;kT) )

2.0%.¢2
< —2 - .
= eXp( OPT >

The first inequality holds since if a sum of n variables is greater than 71" there most be a variable with
value greater than % The forth inequality is by Lemma [3.14] and the last inequality uses k < §—2.
O

We can now proceed to the proofs of Lemmas B.2] and 3.4l

Proof of Lemma Define @ € [0, 1)/ by @; = v1(i)4v2(i). For any C € C it holds that >, @; =
v1(C) + v2(C) < 2, therefore tol(u) < 2. Furthermore, there is partition Q1,...,Qopt of I such that
Q¢ is a configuration for each ¢ € [OPT], therefore

OPT
i-lg, <@-1;= Y u-lg, <OPT-tol() <2-OPT. (21)
(=1

Recall that p* is the number of configuration used by First-Fit in Step [6lof Algorithm [l Using Lemma
2.7 we have

Pr(p* > 16-(5-OPT+1) SPI‘(Ul(Sk)—i-UQ(Sk) > 8-5-OPT)
<Pr(@-1g, >8-0-OPT)
gPr(a-]lsk—(1—5)"“-11-]150>6-6-OPT>

<Pr(3Ire0,kjNN: @ -1g, —(1—9)"-u-1g, > tol(u)-d- OPT)
<62 exp <_2-54-52 -OPT2>

- OoPT

<672 exp (—57 . OPT) .

The third inequality uses @I)) and (1 — 6)¥ < §. The fifth inequality is by Lemma Hence,

Pr(p* <16-6-OPT+1) > 1—62-exp(—07 - OPT). O
Proof of Lemma B4l Let S = {a',...,al?@®I} where @’ is an Fj-measurable random vector for
every 1 < £ < |@(d)] (in case |S| < |¢(6)| the same vector may appear several times in @', . .., al?(®]),
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As Sis a (9, ¢(9)) linear structure it holds that
Pr(Vr € [j,k]NN: OPT;(dA1g) < (1—8)"7(1+108)|All + ¢(6) + 6'° - OPT)

> Pr <Vr e kNN, L€ [p®)]: (1s, Ad)-a" <(1—08)"7 w-a°+ % -toI(z‘/))

L opr. tol (@)

@1(6)
Vee[p(©)], rejk]NN: (Ls, Ad)-a" < (1—0)"7(Is, Ad)-a+

Ve € [p(0)] : (Ig, Ad) - <w-a +
> Pr

L(5)]
Z <3re 7, ]ﬂN:(]lST/\d)-uz>(1—5)rj-(]lgj/\d)-uz—i—%-tol(ug))

| V

OPT

> & p(6) 67 exp |~

oPT
> & —?(0) - ——
> ¢ —¢°(9) eXP( 3025(5)>
The fourth equality follows from the union bound and the definition of £ in (§). The fifth inequality
is by Lemma O

The following technical lemma will be used to prove Lemma
Lemma 3.16. Let j € [k] and2 < h <2-6"L. Then

PrOE [z 1g,, | Fjoa] — 2% 1g,, | > 62 OPT> < 2-exp (-6 OPT).
Proof. Let V C [0,1]¢ be all the values Z* can take (formally, V = {z*(w) | w € Q}) Since (2 is finite,
it follows that V is finite as well. Furthermore, since Y. cc0 Tt - C(i) < Y oee Te - C(i) = 1 for every
i € I, it follows that ) .. Zc - C(i) <1 for every z € V and i € I.

For any U C C, p € [OPT] and z € V define fy 3 : COPT 5 R by

Ju0 (C1y-,Copr) =3 Liceys | on(Up_, crnnzoy = D ¢ Len(Ue, c)nwso-
ceu
Define D = {fu,z | U CC, p € [OPT], z € V}. It follows that D is a finite set.
Let fu,z € D, (C1,...,Copr), (C1,...,Chpp) € COFPT, and r € [OPT] such that C;, = Cj for
every £ € [OPT]|\ {r}. If r > p then |fy,z(C1,...,Copr) — fu,z(C1,...,Copr)| = 0. Otherwise, let
T = Usepp gy Cr = Useppp yry Cp- It holds that

fupz(C1,...,Copr) = fu,pz(Ci,...,Copr)

= |z (Lgcev | cnuenizoy — Lceu | cnucnnrzoy)|

= Z Tc - ]lCm(TUC;)mthi) ) HCmCmL;é(ZJ - Z el ]lCm(TUCr)mthi) ’ ]lCmC;mL;A(i)
ceu ceu

< max { Z Zc - Lonruen)ne=0 - Loncrnr0s Z zc - Lonrue,)n=o - ]lCﬂC;mL;é(i)}

ceu ceu
< max { Z To - Lone,ni0s Z Ic - HCmc;mL;A@} :
cec cec
Furthermore,
Y wc-loncna < Y @ Y, Cl)= Y > 2c-CH)<|CNL <267,
cec Ccec  ieC,nL ieC,NL CeC
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and by a symmetric argument ) - Zc - Loncrnozn < 2- 6~1. Thus,

fupa(Cry-..,Copr) = fu,pa(Cls. .., Chpr)| <257

That is, all the functions in D are of (26~1)-bounded difference.
Define g = fu,_, ,,p;,z+- Since Uj_1, pj and T* are Fj_1-measurable, we have that g is a F;_1-
measurable random function. For every C' € C it holds that C' € T}, if and only if C' € U;_y, and

CN LN (Usepy ) # 0. Thus,

¥ % =%
g(C’l, ce COPT) x {CEUJ ol Cﬂ(U/ C’J>OL7£@} =X - ]]'Tj,h‘
Therefore,
% —% 20
PrOE [z* - 1g,, | Fjoa] —2*-1g,, | > 670 OPT>
- Pr<(E (9(C, .+ Chpr) | Fia] = 9. .,chT)( > §%. OPT>
=Pr <E [g(c{, oy CLor) ‘ fj_l] —g(C],...,CLpp) > 6% OPT>
+Pr (E [_g(c{, o Chor) ‘ fj_l] +g(C],...,Chpp) > 620 OPT)
where the inequality is by Lemma O

The proof of Lemma follows directly from Lemma

Proof of Lemma By the union bound, we have

Pr (w €lk], 2<h<2.67": ‘IE [z g, | Fjoa] =2 1y, | <02 OPT)
2.5t
>1-> > Pr< ‘ z*-1r,, | Fjo] —2° - 1g,,| > 6% OPT>
jE[k] h=2
>1—k-2-6"-2 exp (=6 OPT)
>1— 619 exp(—6°" - OPT),
where the second inequality is by Lemma and the last inequality uses k < 6 2. U

We use Lemma to prove Lemma
1— ﬁ) [—2zIn(l—e)]

z

Proof of Lemma For every € € (0,0.1) and h € N, it holds that lim, (
h\[—zIn(1—e)]

(1-— €)h thus, there is M, ; > 1 such that for every z > M, it holds that (1 ) >
(1—e)"—e?0. Define yu : (0,0.1) — Ry by p(e) = max {M.p, | h € [2,2- 71| NN} foreverya € (0,0.1).
Note that since the maximum is taken over a finite set of numbers, each greater than one, it follows
that u(e) € (1,00) for every e € (0,0.1).
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Assume the event in (@) occurs. Let j € [k] and 2 < h < 267!. For any C € Cj, it holds that

Pr(C € Uij.n | -/T"j—l) = ]lCer_l’h -Pr <V€ € [pj] : CZ NCNL=10 ‘ -/T"j—l)

iy 2 In(1-9)]
—1 1 D crecTon Loinenn0 ’
- CGUJ',Lh . - 2

J

(22)

h ) [—z;-In(1-0)]

> ]]-CGUjflyh . (1 - Z_
J

= ]]-OPTf(]lsjfl)>M(6) leev; <(1 —8)" — 520) .

The first inequality holds since

SETRIVINED SERD SRZUED Ol SEREURY

Cc’eC Cc’eC ieCNL ieCNL C'eC

for every C” € C. The last inequality in ([22) holds since z; > OPTy(1s;_,) and by the definition of .
We therefore have

]]'Uj,h : 'f* = lUj—l,h N j* — ]]_Tj,h . .f'*
> 1y, ,, 3 —E[lg,, -7° | Fj_1] — 0% - OPT
=E[1y,, -@" | Fj-1] - 6% - OPT
> 1oPTy(1s, ,)>u(®) " Lvy1s - 7" <(1 _ ) - 520) _ 50, OPT
> Lopry(is, )ou(e) " 100, -7 (1= 0)" =41 OPT.

The first inequality is due to (@), the second inequality follows from (22]), and the last inequality uses
1y, ,, - 2" < [|[z*]] < [|z°]] < 20PT. Overall, we showed that

Vi€lk, 2<h<2:67': Ly, 7 2 lopr,as, )o@ Loy, 2 (1-0)" =89 OPT. (23)
Claim 3.17. For any 2 <h <2-6"! and j € {0,1,...,k} it holds that
1y, > (1=0)" 7% 1y, —j- 6" OPT or OPTy(Ls,) < u(5).

Proof. Fix 2 < h <2-6~!. We show the claim by induction over j.

Base case: For j = 0 it clearly holds that z* - 1y, , > (1 — S)hO . z* . 1y, —0-0 - OPT.
Induction step: Assume the induction hypothesis holds for j — 1. If OPT;(1s;) < u(d) then the
statement holds for j. Otherwise, OPT(1s;) > u(d) and therefore OPTf(1s,_,) > OPTy(1g;) >
w1(6). By the induction hypothesis, we have

1y, ., > 1 -0z 1y, — (j - 1)- 6" OPT. (24)
Therefore,
" Lo, 2 Lopry(us, )>u@)  Loj_un T - (1= 5)" — 5. OPT
=1y,_,, - (1-0)" =6 OPT
> (1-6) ((1 — MUY By, — (—1) - 619 OPT) —§19. OPT
> (1-6)"7 7" 1y,, —j- 6 OPT.
The first inequality is by (23]), and the second inequality is by (24]). J

By Claim B.I7, for any j € [k] and 2 < h < 2.2 either OPT(1g,) < pu(d) or

o ly, > (1= 2" 1y, —j -6 -OPT > (1-6)"/ - 2" 1y,, — 6" - OPT,

as required (the last inequality uses j < k < §=2). Since we assumed (@) occurs, this property holds
with probability at least 1 — 6719 - exp(—46°° - OPT) by Lemma O
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We now proceed to the proof of Claim B8 We use the same notation as in the proof of Lemma [B.7]
where the claim is stated.

Proof of Claim [B.8. As in the proof of Lemma BI6} let V C [0,1]¢ be all the values Z* can take
(formally, V = {z*(w) | w € Q}). It follows that > .o Zc - C(i) < 1 for every i € I and z € V. Also,
let A C RL be the set of all values the vectors in S; can take (formally, A = {a | 3w € Q: @ € S;(w)})
As Q is finite, it follows that V and A are finite.

Forany U CC,SCI,z €V, pec|[OPT]and u € A, we define fy sz pa COPT 5 R by

toI Z e N(Ueepp) Ce)NLA#0 Z ]li‘fUze[p] Cy * Ui tol(u) # 0
fu,5z,pa(C1,...,Copr) = ieons

0 otherwise

Let D ={fuszpu|UCC, SCI, zCV, pec[OPT], uc A}. It follows that D is finite.

Let fuszpa € D, (C1,...,Copt), (C1,...,Chpr) € COFPT and r € [OPT] such that Cy = C for
every £ € [OPT|\{r}. Iftol(a) = 0 or r > pthen | fu,5z,a(C1,-..,CopT) — fU,5,5,0,a(Cls- -, Chpr)| =
0. Otherwise, let T'= e (3 Cr = U i3 Cr- Then

fU,S@mﬂ(Clv <o 7COPT) - fU,S,a’c,p,ﬂ(CL <o 706PT)

1 x U T _
= % > Zo-lenauenize - Y, Ligrue, % — Y Zo - lepauennzzo - Y Ligroc, -
ceu i€C\S ceUu 1€C\S
1 Pl —
~ tol(a) Z Z Zc @i - (Ienrue,)nco - Ligrue, — Len@ruennnzo - Lieruc:)
CeU ieC\S
1 —_ —
< tol() ’ Z Z ro i “lCﬂ(TuCr)ﬂLsé@ ‘Ligrue, — Lonruen)nre - Lieruc:,
CeU ieC\S
1 —_ —
= tol(@) > > zo-ui (Toncruenize + Licc,uey)
CelUieC\S
1
< - 2100 CLUC)NL#AD * TC Zul — Z ; - Zxc Ofi
tol(u tOI U
CceU ieC 1€CrUC!. CeU
1
< ctol(@) -4 .61
< i) ol(u) - toI ZECTZUC/ Uy
: 1
<464 ——2-tol(a)
tol ()
<472,

where the fourth inequality uses

Z Len(crue,)nnzs - To < Z Z To-O(i) < Z 1<4-6L.

ceUu ie(CruC’)NL CeC 1€(CrUCl)NL

We conclude that all the functions in D are of §~2-bounded difference.

Recall S; is a (4, ¢(8))-linear structure of M. Since N is F;_j-measurable, it follows that S; is
also F;_j-measurable. As in the proof of Lemma B4l we denote S; = {a!, ..., al¥D]} where @ is an
Fj_1-measurable random vector for every 1 < s < |¢(d)] (in case |S;j| < [¢(d)] the same vector may
appear several times in @', . ﬁL‘P(5)J)

For every s € [p(9)] deﬁne a random function g* = fu,_, s, 1z p;as- Since Uj_1, Sj_1, T*, p; and
u® are all F;_q-measurable, it follows that g is F;_i-measurable as well. Furthermore,

=S\ . SV ] . T
tol(z®) - g°(C1, ... COPT Z Ter- ]lC’ﬂ<Ul€[ )mLﬂ) Z ]li¢Uee[p-] ci Ui
CeUj—y i€C\Sj—1 !

=Y Lies, @ Y 76 Cl) = Y Lies, -7 - & = (15, A D) -

i€l CET; iel
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where the second equality follows from the definition of d/. Thus, for any s € [¢(8)] it holds that

- = OPT
Pr <(]15j Ad)-a® > B[ (¢ Alg,) | Fj-1] + o118 -toI(u))
rd , s , OPT
=Pr <g (C{, .. ’C(])PT) > E [g (C{, A ’C(])PT) ‘ .7:];1] + m)
2
2. OPT
<¥,11(5)) < oxp <_ OPT ) ’

~ §~4.0PT ©25(9)

< exp

where the last inequality is by Lemma [B.131
Thus, using the union bound we have that

. . OPT
Pr <sz €8;: (g, Ad)-u < Efu-(d Alg,) | Fjoa] + oTT8) -toI(ﬂ))

L¢(6)] I o OPT )
>1-— Pr (]lsj ANd)-u® > E [u . (dj A ]lsj) | fj_l] + @T@ - tol ()

O

It remains to prove LemmaB.3 and ClaimBIIl We use G = (L, E) to denote the §-matching graph
of (I,v), and Py (G) to denote the matching polytope of G. Both proofs rely on the concentration
bounds of SampleMatching given below.

Lemma 3.18 ([]). Let 8 € P\(G) and v > 0. Also, denote M = SampleMatching(3,~). Then M
is a matching and for any a € [0,1]F the following holds:

1. Pr(e€ M) = (1 —7)f. for any e € E.

2. For any £ <E Y, cpqde] and e > 0, it holds that Pr (3 cpae < (1 —¢)-§) <exp (— :

axs
po| &
O'I\D
)
N——

3. For any € > E Y, c v Ge] and e > 0, it holds that Pr (3 .cpq@e > (1+¢)-&) <exp (—5'20'7).

Proof of Lemma As M = SampleMatching(£(z°), 6*), it follows that
E(M[] =) Prleec M)=(1-6") ) &E@)=0-6)-> Y  22=01-6") 1 2°
eck ecl ecE CeC s.t. ecC

If 1c, - #° = 0 then |[M| = 0 and the statement of the lemma holds. Otherwise, by Lemma .18

2.0PT
Pr (JM| > 1¢, - 2° + 6% - OPT) = Pr <|M| > 1, - 30 - <1+%>)
Co
52 - OPT

1
2

2
) ) < exp (—510 . OPT) ,

where the last inequality uses 1, - 2° < (14 62)OPT < 20PT. Therefore,

Pr (M| < 1, -2°+6%- OPT) > 1 —exp (—6' - OPT).
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Proof of Claim [B.111 We use the same notation as in the proof of Lemma [3.10] where the claim is
stated. If tol(z) = 0 the claim trivially holds. Thus, we may assume that tol(a) # 0.
Observe that

ot dei S (- d) 1= 3 (Ligsy — (1 - S i [Z Lis, u] ,
iel icL icL icL
where the second equality is by (I8) and (IT), and the last equality is by Lemma Furthermore,
D Ligsy = ), (W )
ieL {i1,i2}eM

Thus,

i€l
u,l—l—ﬁiQ Z Uiy + Ujy OoPT ( )
= = ST 25
{zl,m}eM tol( u) iy tol(a) ol ()
2
1 w;, + U; OPT
{i1,ia}eM onu 9011() 2{11722}6/\/‘ ;:)I(u)l2

The first inequality is by Lemma B.I8 observe that M C E C C, therefore % < 1 for any

{i1,i2} € E. The last inequality uses

El Y % g%‘g&‘l-OPT.
{i1,i2}EM ° (u)

It is implicitly assumed in ([25]) that E [ z{il,iQ}eM “;Iﬂ] £0. In case E [ z{u,zz}eM u;r(ru)zz] _

Uiy U
0, we have > ¢ i1epm i =0, and

. PT i, + Ui i, + T PT
Pr(@asweat Srowl@) =P 3 fothecp| Y el S

11 = = 11
2100) W2 el W2 e | )
OPT OPT
=P — =0< e
r<0< <P”(5)> O—GXP< <P25(5)>

4 Proof of the Structural Lemma

In this section we give the proof of Lemma 2. Let § € (0,0.1) such that ! € N, and let (I,v) be a
J-2VBP instance. As in Section Bl we use OPT = OPT(/,v).
We first need to construct the set S* C Rlzo- The construction is technical. Its components will

become clearer below. The terms =<4, I ; , h and d defined as part of the construction of &* are also
used in the construction of the linear structure S.

Let =* be an arbitrary total order over I. For d € {1,2} we define a total order =4 on I by i1 *= is
if and only if vg(i1) > vg(iz) or (vg(i1) = va(iz) and i; =* i3). Let h = §~2. For any d € {1,2} and
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J € [2h] we define a set Iy; = {Z €L | % (1) <wgi) < % ]} The construction of the linear

structure S implicitly rounds the volume in dimension d of items in Iy ; to j- %, and applies fractional
grouping to round the volume of the items in the dimension other than d, i.e., d=3—d. Forde {1,2}
define S = {]l{z‘eld,j o =i <5 a2} ‘ JjE€2h],q1,92 € L}. The set S contains an indicator vector
for every possible group which may be generated by the fractional grouping for Iy ;. Finally, the set
S* is defined by S* = {a* Aw? | @' € Sf, u? € S5}. Observe that [S*| < |Sf| - [S;] < (2h- ]L\2)2 =
675 - |LI* < p(8) - [LI".

Let A € [0,1]°" be a small items integral vector with d-slack, and let @ € [0,1)! be the coverage of
A. In Section Bl we construct the linear structure S of A, and in Section we show the structure
indeed satisfies the requirements in Definition 2.1l The construction and proof of correctness rely on
a technical refinement lemma whose proof is given in Section

4.1 Construction of S

Our construction uses a partition of X into two parts: A and A2, such that for any d € {1,2} and
C € supp(\?) it holds that C' has é-slack in dimension d. Formally, we define ' € [0,1]¢" by

Ao C has §-slack in dimension 1

vCeCr: A= { ,
0  otherwise

Also, we define A\? € [0,1]°" by A2 = X — AL, Indeed, as X is with d-slack, for every d € {1,2} and

C € supp(\?), it holds that C has d-slack in dimension d. For d € {1,2} let w? be the coverage of \°.

As mentioned above, for each d € {1,2} we implicitly give a rounding scheme for the large items,

in which the volume in dimension d of all items in ¢ € I;; is rounded up to j - % The slack

of configurations in supp(A) is used to compensate for the possible volume increase. In the other
dimension, d, we apply fractional grouping, defined as follows.

Definition 4.1. Let E # () be an arbitrary finite set, 5 € [0,1]¥, = be a total ordefd over E and
& € Ny. A partition Gy, ...,Gr of E is a {-fractional grouping w.r.t 4 and = if the following conditions
hold:

1. For every 1 </{ly </ly <7, € Gy, and iz € Gy, it holds that i1 > 2.

2. For every ¢ € [T — 1] it holds that 1g, -7 > @
3. For every £ € [T] it holds that 1g, -7 < ”%” +1.

The proof of the next lemma utilizes arguments from [12].

Lemma 4.2. For any finite set E # () , 7 € [0,1]%, a total order = over E and ¢ € N, there is a
&-fractional grouping G1,...,G+ of B w.r.t 5 and > for which T < .

Proof. If % = 0 then the partition Gy = F is a &-fractional grouping. We henceforth assume % # 0.
W.lo.g assume £ = {1,2,...,v} = [v] and a = b if and only if @ < b. Define a sequence (g¢)p2,
by go = 0, and g = min {e €E ‘ P @} U {rv}. Also, define 7 = min{¢ € N | ¢y = v}.
Since ||7]| > 0, it follows that (g;);_, is monotonically increasing.
We define Gy = {e€ E | qo—1 <e<q} = [q] \ [q—1] for ¢ € [r]. As ¢ = 0, ¢ = v and
(9¢)7—, is monotonically increasing, it follows that Gi,...,G is a partition of E. Clearly, for any
1<t <ty <71,11 € Gy, and s € Gy, it holds that i1 < gy, < qu,—1 < 72 thus i1 > 9.

Let ¢ € [r]. By the definition of g, it holds that (j‘:qlz_1+1 Fr < @ Hence, as 74, < 1, it also

holds that 1¢, -7 = ZeEG’e Ye = Yoo t Zgl;q;ﬂrl Ve = @ +1
Let ¢ € [t —1]. Then ¢y # v and ¢, = min{e cF ‘ Z?:qg_l—f—l g > ”%”} Therefore, 1g, -7 =

T oV ~ > 1l
ZEEGg Ye = 2 e=q,_,+1 Ve > € -

16We refer the reader to Appendix B.2 of [§] for a formal definition of total order.
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Thus, we showed that G, ..., G, is a {-fractional grouping of E w.r.t 4 and >. It also holds that

HvH:Z%:iZ%zSZ% iﬁ (r -yl

eckE (=1 ecGy (=1 ecGy /=1

=]

m‘
m‘

Hence, 7 —1 < &, and as both 7 and £ are integral it follows that 7 < ¢. This completes the proof. [J

For any d € {1,2} and j € [2h] define a vector 5%/ € [0,1]/4s by "yid’j = w for i € I;;. By
Lemma 2 for any d € {1,2} and j € [2h] such that I;; # ( there is an h-fractional group-
ing <G?’j>zdd of Iy; wrt 7 47 and the total order =g with 74; < h. For d € {1,2} let G4 =

{(,0) | j € [2n], 14; # 0 and £ € [r4;]}. It follows that Gi,Ga C [2h] x [h] and thus |Gy, |Ga| < 2674
Our objective is to add to the structure S vectors @ to ensure that if z € [0, 1] satisfies (Iﬂ) then
we can decompose Z A 1, to z', 2% € [0,1]! such that Z2A 17 = z' 4 2% and z¢- i Sp-w Gd]

for any d € {1 2} and (j,¢) € G4. This can be intuitively interpreted as a decrease in demand for
items in G, d.j by a factor of ﬁ As we have a rounding scheme for each dimension, an item i € L
may belong to two groups G ;- one from the scheme for dimension 1 and another from the scheme
of dimension 2. We therefore add into S vectors which represent the intersection of each pair of such
groups, and therefore impose a decrease in demand by a factor of 3 for each intersection.

Formally, our linear structure will contain the set Sjarge defined below.

Slarge = {]lGé’jl A ]]-G?JQ
1 2

(1, 02) € G, (jala) € gz} | (26)

In Section we show that if Sjaee € S and 2 satisfies (@) then we can find the decomposition zl
and 22 as mentloned above. Furthermore, to show the correctness of the structure we (1mpllcltly) use
a shifting argument (see, e.g., [9]) in which items in G 4 take the place of items in G

We use the rounding schemes for the large items to define a type for each conﬁguratlon. We then
fractionally associate each small item ¢ € I \ L with the various types, and use this association as
a basis for the linear structure. For d € {1,2}, the d-type of a multi-configuration C' € C*, denoted
by T4(C), is the vector £ € NY% defined by tGo = ZZEG(Z,J' C(i) for any (j,€) € Gg. That is, Z(;

is the number of items in C' which belong to Gd J. Since the set Gd’j contains only large items, it
follows that #; ) < 26~ L Let Ty = {Td )| C e C*} be the set of all p0881b1e d-types. It follows that

74 € {0,1,...,2-671}9%, and therefore [Ty < (1+2-671) 207 < exp(679).
The small item association of d € {1,2} and the d-type # € Ty is the vector a®* € [0,1]! defined by

att = 3 A - C(d), (27)
cecr st.THC)=t

for i € I'\ L and d?’f =0 for ¢ € L. Intuitively d?i

of type t in A%

For d € {1,2} define v € [0,1)F by 0 = vy(i) for all i € I. Also, we use ® to denote element-wise
multiplication of two vectors. That is, for a,b € R! let aeb = ¢, where ¢ = a; - b; for every i € I. The
next lemma will be useful towards adding more vectors to the linear structure.

is the fraction of ¢ € I'\ L selected by configurations

Lemma 4.3 (Small Items Refinement). Let a € [0,1)! such that supp(a) C I\ L, d € {1,2} and
qg €N, qg>4. Given g € [%,1}, there are subsets Hy,...,Hy C I\ L such that for any Q@ C I\ L
satisfying

V1<j<gq: H]lQﬂHj‘d‘T)dHgBH]lHj‘@‘T)dH

(CnH)|Cect, (28)

there is a set X C @Q which admits the following properties.

1. ||ix eae (2" +9%)|| < 28.OPT + 2¢4.
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2. H]].Q\XO@O@dH S,B-d'@d.

We refer to Hy, ..., Hy as the refinement of a and q in dimension d.

Indeed, the condition in (28]) is essentially a variant of (&). Lemma plays a central role in
showing the correctness of the structure S. (see the proof of Lemma [9]). We defer the proof of
Lemma to Section ) )

We select ¢ = [exp (671°)]. For any d,d’ € {1,2} and ¢ € Ty let Hf’t’d/,...,Hg’t’d/ be the
refinement of @' and ¢ in dimension d’. We use the small items association and its refinement to
define additional vectors.

Ssma]] - {lHd’t’d/ [ ] dd7t ° @d, ‘ d, d, S {172}7 EG 7-d7 j € [q]} .
J

Finally, the structure is & = Sjarge U Ssmall-
4.2 Correctness

We first observe that
S| = |Starge| + |Ssman| < |G1] + G2 +2 - g+ (|T1] + |T2]) < exp(6-) = ©(9).

Let u € S such that supp(a) N L # 0, then @ € Siarge. Therefore, by ([26) there is (ji,¢1) € G1 and
(jo,¥2) € Gy such that u = 11 AL 24, By Definition BT, for d € {1,2} there are ¢¢,¢§ € I, such
) L1 L2
that GZM ={iely;, | qf =512y q3}; thus, ]lGZ,jd € S;. It follows that u = ]le,ljl A ]lGZj2 e S*.
d

Let B € [6°,1] and z € [0, 1]/ such that Z is small items integral, supp(z) C supp(w), and

1
©10(6)

To verify that S is a (6, ¢(8)) linear structure, it remains to show that OPTf(z) < (1 + 106) - || A]| +
©(0) + 610 OPT(1,v).
We first generate two vectors z' and z2 such that Z A 17 and 2% - 1

VieS: z-a<pB-w-u+

-OPT - tol(u) (29)

G < Buw? - ]lGZz,j for every
d € {1,2} and (j,¢) € G4. Each item ¢ € L belongs to groups szl and GZ”. The demand z; of ¢
is partitioned between z' and z? with the same proportion that w' and w? contributed to the total
demand of items in G;;jl N GZ”. Specifically, for d € {1,2}, define z¢ € [0, 1] by

1 15, AT 24 ik
. . . 1,51 2,72 _ _d _ Gh sz
V(j1, 1) € Gr, (J2,02) € Go, 1 € GM NG Nsupp(2) : Z i
<1GZJ'1 VAN ]le]é) - W

and z; = 0 for any other i € I. Observe that since supp(z) C supp(w) we never get in ([B0) a division
by zero. Since for every i € L there is a unique (ji,¢1) € Gi and a unique (j2,f2) € Gz such that
i€ Gzﬁ N GZJQ, it follows that z A 1 = 2! + z2. For every d € {1,2} and (j,¢) € G, it holds that

. . @
) <]]_G?] VAN ]].GZ;J/> w

5 . ]1GZJ = Z Z 7
<]lGZl,j A ]lG(i;j/>

(30)

1 pr R j 1,5 "W
(J',¢)€G z‘eG}i’JﬂGf}Jlﬂsur)p(?) v

G

- > ((1e0: 7108 ) 2) :
o _
1 i ANL ;.0 )@
(47,0)€G,; s-t. <]1Gd’j/\]1GdAj’>'w7éo < G'(ZJ qhi >
¢ o

el
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Since ]le,j A lci;j/ €S, by m)

_ _ OPT
<1GZJ’ VAN ]]_Gj;j/> Z2<p (]]_Gzl,j VAN ]]_GZ’;J-/> -+ @10(5) - tol <1GZJ’ AN ]]_GZ’;J-/>

2-071
< 1 .,a; AL 4.0 ) W -OPT.
<4 (100 Mgge )+ gy 0

The second inequality holds since there are at most 26! large items in a configuration. Plugging (32))
into (BI)) we have

(32)

d _
z ]]-G?,J

IA
A~
o)
A~
=
Q
IS8
>
=
Q
I8
~
g
)
€|
=
2| =
>0
5
=
~__
A~
=
IS8
>
=
R
~
I
2

¢ z;. ‘ _
1 d,'/\]]. ’-/) s w
(37,4)€G; s-t. <1G(Z’j /\]].Gj;j/> -w#0 < G, J G’?,’J
d 5"
< > B (]1(;3,1- A nGj;j,> o + gy OPT
(j/j/)Egcz s.t. <1G(Z’j A]lGZi;j,> - w#0
i, 0°
<B-1 . a4; W -OPT
_5 GZ’J w + <p10(5) 0) )
(33)
where the second inequality holds since [G;| < 2-6~%.
Therefore, for every d € {1,2} there is a vector 7¢ € [0, 1]’ such that, for any (4,¢) € Gq,
<2d—77d> -]lGZ,j §max{ﬁ-]lG21,j-wd—2,O}, (34)

for every i € I it holds that r? < z cand |7 < (2 + 10 -OPT) - |Gy <675+ 51011 OPT. Hence,
g (5) (9)

~ ~ _ —11 _ . _
OPT;(r?) < ||7d|| < 67° + ij)OPT, as > e T ]l{l} is a solution for LP(7%).

For any d € {1,2}, let Fy = U cpon st (] 1)6% G be the set of all items that belong to a first

group in one of the fractional groupings G G dj By (34),
(gd_fd).]lpdg Z (Zd—Fd)‘]].G;i,j < Z max{ﬁ-]lcz,j-wd—Q,O}
j€[2h] s.t. (4,1)€Gq JE2h] s.t. (4,1)€Gq
]]'Id .t ﬁ)d ’[I)d . ]]_L —
< :J — <92.8.6-I)\
<5 ¥ g <o g5 ¥

JE[2k] s.t. (4,1)€G4

where the third inequality is by Definition B.I] and the last inequality follows drom h = 62 and

Yoal=Y MY Cl)< Yy M2 =267

ieL cec i€l cecx
Define Q =supp(z2) \L={i € I\ L | z; = 1} and
7= 3 (- Atng) +1o (35)
de{1,2}
Then,
OPT;(z) < Y <OPTf ) + OPT,((z4 — ) A Jle)) +OPT; (7)
de{l 2} (36)
5 11
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We proceed to derive an upper bound on OPT(y), which in turn implies an upper bound on OPT¢(Z).

Given d € {1,2} we define the d-size of (j,/) € G4, denoted s¢(j, £) € [0,1]2, by s%(j,¢) = %j and

sg = min{v;(i) | i € G?’j}. The value s%(j,¢) can be viewed a the rounded volume of items in Gzl’j.

The next lemma gives the basis for our shifting argument.
Lemma 4.4. Let d € {1,2}, (j,£) € Gg and i € G37. If € # 1 then v(i) < s%(j, £ — 1).

Proof. As i € G4 C 14, it follows that vy(i) < & - j = s%(j,¢ — 1). Furthermore, v;(i') > v:(i) for
¢ »J 2 d d

A b d
every i’ € G‘Z’_]l as (G?,’] );7’;1 is an h-fractional grouping w.r.t to the relation = ;. Hence,

v;(i) < min {vd(i') | € Ggfl} = 54,0 - 1).

O

We extend the definition of size to d-types by s%(f) = > (.0€6, LG -5%(j,€) for any d € {1,2} and
teTy,.

Lemma 4.5. Let d € {1,2} and C € C* with A}, > 0. Then 3", .p\; v(i) - C(i) <1 — s (TYC)).

Proof. For any i € L such that C(¢) > 0 there is a unique (j,¢) € G4 for which i € Gg’j. Thus,

> -ClE) =D v(i)-Cli) = > v(i) - Cli) =v(C) = > > w(i)-C(i). (37)

iel\L iel icL (5,:0€94 i

Therefore, we have

> wali) - Ci) =va(C) = D Y wali) - Ci)

i€l\L (4:6)€9a e

c15- Y % <s§(j,€)—%2>.0(i)

(j7z)€gd iEG?’j

S YD I (I RCU R Sl eIt

(j7z)€gd ieG(Z’j (jvé)egd ieG?’j
‘ 62 .
=1-0- Z T((ij,ﬁ)(c) <5405, 0) + > Z -C (i)
(j,Z)Egd €L

< 1—s3(TUC)).

The first equality is by (7). The first inequality holds as C has d-slack in dimension d since A% > 0,

and since vg(i) > %( j—1) for any i € G?’j C I;;. The last inequality holds as there are at most 20!
large items in a multi-configuration. Similarly,

> uy(i)-ClH)y =vi(C) = D D (i) - C(i)

i€l\L (:4)€G4 icG
<1— ) ) s4.0-Ca)
(3:)€Ga ieqhI (39)
=1- > T{,(0)- 550, 0)
(3,£)€Gq

<1-s4TUC)).

The first equality follows from (1) and the first inequality is by the definition of sg( J,0). The statement
of the lemma follows from (38) and (39)). O
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For any d € {1,2} and t € 7y, the prevalence of type t is na(t) = > cecr 4. T4(0)=1 A4, Informally,

n4(f) is the number of configurations of type # selected by A\%. Also, define xq(f) = [B-nq(f)] +2-67!
for any d € {1,2} and t € T;. We construct a solution of LP(7) in which there are r4(t) configurations
with large items of total size at most s%(f). For the assignment of large items we use the next lemma.

Lemma 4.6. There are vectors % € [0,1]° for d € {1,2} and t € Ty such that

1. For any d € {1,2} the coverage of 3zt Ka(t) - zht s (24 =7) AL\,

2. For any d € {1,2} and t € Ty it holds that ||z%!|| = 1.

3. For any d € {1,2}, t € Ty and C € supp(z™), it holds that v(C) < s%(t).

The proof of Lemma [0l relies on the following combinatorial claim (we omit the proof).
Claim 4.7. Let E be an arbitrary finite set, £ € Ny and 7 € [0, %}E such that ||¥]| < 1. Then there
exists a random set K C E such that |K| < & and Pr(e € K) =& -4, for every e € E.

Proof of Lemma[{-0 Let d € {1,2} and for any (j,¢) € Gy, define p(; ¢ = Zte% t.0) - #a(t). Then

d_p
pje) =261 For any (j,{) € Gg and i € G| %7 such that £ # 1 define p; = :( erl) < g1
For every (j,¢) € Gg with £ # 1 it holds that

_ _ w? - 17, .
Piie—1) = Z tio—1y - ka(t) > B Z tge—1) - mat) = ﬁlG‘}’_jl w? > h -

teTy teTy

> max {ﬂ . ?I}d . ]]_G,zl,j — 1, O} > (Ed — fd) . ]]_G,zl,j.
The second and third inequalities hold since Gil’j Yo ,Gifj is an h-fractional grouping of I;;. The
last inequality is by (34). Therefore ), cqbibi < 1.
4

Fix t € Tg, and for any (j,£) € Ggq with £ # 1 let K, C Gzl’j be a random set such that

Kiinl < %01y and Pr(i € Ki;p) = £i0 1) - pi for every i € G, The random sets K, exist
(5,0) (7,0-1) (7,0) (7,0-1) ¢ (7,0)

by Claim [£71 Furthermore, we may assume the random sets (K(M)) ()G, 141 2TC independent.

Define R = U, s)eg, s+. 021 K(j.e) and ng = Pr(R = C) for all C € C*. Tt follows that [|Z%!| =
> ceccr Pr(R = C) = 1. Observe that

R < D wEgy) < > e - sUG 0= 1) < s7(D).

(G,0)€Ga s.t. #1 (G£)€Gq st. (41

The second inequality holds since |K(; | < #(;,—1) and for every i € K, it holds that v(i) <
s%(j,£ — 1) by Lemma Thus, for every C € supp(z®!) we have that v(C) < s%(f). Finally, for
every i € supp ((2% — 7%) A ]lL\Fd) there is (j,¢) € Gq with £ # 1 such that i € G|, 4] Hence,

AT : . 7 — 7
To - Ci) =Pri € R) =1(-1)  —— . (40)
cec P(j,-1)

Let @' be the coverage of > ;7 ra(t) - 74, By construction, we have @, = 0 for any i € I such
that i & supp ((z% — %) A lL\Fd) For any i € supp ((2% — 7%) A ]lL\Fd), it holds that

£ . T Zy — T _ _
w :ZZﬁd(ﬂ'f%t'c(i):Zﬁd(a't(jx—n'p _ =zt - 7d,

cecieT, T, (3,6-1)

where the second equality is by (@0), and the last equality is by the definition of p; ). O
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Recall that @ = supp(z) \ L. The assignment of items in @ relies on integrality properties of
polytopes. Define M = exp(—6~?) - OPT + exp(6~!!) and

B={(dtm)]|de{1,2}, f€ Ty, me [ra(D)]}U[M].

We consider B as a set of bins, and define a polytope

Zﬂz‘,b =1 VieQ
beB
P =2 jiel0,19xF %N’z (dim) V() <1 —s () vd € {1,2}, t € Ta, m € [ra(?)] (41)
> fiim - v(i) <1 Ym € M
ieqQ

The entry ji;; in P represents a fractional assignment of an item ¢ € @ to bin b. The first constraint
in (4I)) represents the requirement that each item is fully assigned, and the remaining constraints
represent a volume limit for each bin.

The following is a well known integrality property of P (see, e.g., [2]).

Lemma 4.8. Let i be a vertex of P. Then |[{i€ Q| Ibe B: 0<f;p <1} <2-|B|
Before we use Lemma .8, we need to show that P has a vertex.

Lemma 4.9. P # (.

dt

Proof. 1deally, we would like to define fi; (47 m) = ) for any i € Q, d € {1,2}, t € Tz and m €
[ka(t)]. Using @9) we can show that >, fli (a,f,m) - var (i) is not significantly larger than 1 — s 4(f);
however, we cannot show it is smaller (or equal) to 1 — s%(f). Thus, the suggested vector [ may not
satisfy the propertles in (). We use Lemma [£.3] to overcome this difficulty. Specifically, we define
B (dfm) = (3 for items ¢ € @ \ X; \ Xo, where the sets X; and X5 are obtained via Lemma [

The value of fli m 1S subsequently increased for i € X7 U X5 to ensure the first constraint in (41]) holds.
Property [l of Lemma [£3] is used to show that ZZGQ fim - v(i) < 1, and property [ of the lemma is

used to show that ZZEQ Hi (d,m) - V(i ) <1 — s%(t). We now proceed to the formal proof.

Recall that Hf’g’d,, e ,Hg’g’dl is the refinement of a®* and ¢ = [exp(é‘loﬂ in dimension d’. For
every d,d € {1,2}, t € Ty and j € [¢] it holds that

_ 1 7o
- t 7d d,t,d
<O gare o I+ o OPT max{vd/(Hj no) ( Ce c} .

The equality follows from the definition of ). The first inequality follows from (29) and 1 Hd Ll egdle

7% € Syman € S. The second inequality holds as @ is small items integral and suppi( ) - supp( J\L.
Thus, by Lemma 3] for every d,d’ € {1,2}, t € Ty and j € [q] there is a set X&td" C () such that

[1acw oo @ +5?) H OPT+205 and |1 yusw oa®eu?|| < p-at ot (a2)

Define i € [0, 1]9*F by

i . d,t,1 d,t,2
iz = 70 €€ VITAX
0 otherwise
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for every i € Q, d € {1,2}, t € Ty and m € [k4(t)]. Also, for every i € Q and m € [M] define

: ZexdtluthQ
T -

de{1,2} teTy

Next, we show that g € P. For every i € @ it holds that

Zﬂi,b_ Z Z Z 5 ,(d,t,m) + Z Hi.m

beB def{1,2} teTq mE[f@d(f)] me[M]

= Q \ Xd,f,l \Xd,f,2
- > X3 Z =

defr2yicry \ M - %5 i e Xbtly xdt2 de{1,2} teT,

”'E

where the fourth inequality follows from (27]).
For every d,d € {1,2}, t € Ty we have

a5 = 3 ua(i) S X CG) = > MY wa(i) - CG)

iel\L Ccecr st THC)=t cec* st THC)=L i€I\L

< Y A (1-sid) = (1-sh®) - nald),

cecr st T4O)=t

where the first equality is by ([27) and the inequality is by Lemma Thus, for every m € [kq(t)] we
have

_d,t . —dt =d
) o al og(i) _ patt vt _ B (1 s§(D) na(d .
E Hi (dt,m) * V! (i) = E ra(d) < ra(d) < ra(®) <1—sg(D),

i€Q IEQ\X E 1\ X T2

where the first inequality is by (42]).
Finally, for every m € [M] and d’ € {1,2} we have

‘ ZethIUthQ
E :U'zm Ud/ § Ud/ E 5

1€Q 1€Q de{1,2} teTy

<37 2 3 (s oa® oo+ Lyurs 0a o 7))
de{1,2} ie Ty

% Z Z (%-OPT+4q5> <1

where the second inequality is by (@) and the last inequality holds since | 73| < exp(69), ¢ > exp(6—10)
and M = exp(—0~?) - OPT + exp(6~'1). Thus, i € P, i.e., P # (). O

We now have the tools to prove the following.
Lemma 4.10. OPT(y) < (1+86)|B| +1

Proof. Let ii* be a vertex of P, and let Q; = {1 € Q | 3b € B : j;, = 1}. By Lemma g it
holds that |Q \ Q1| < 2|B|. As @ C I\ L, it follows that the items of @ \ Q; can be packed into
46]Q \ Qr| +1 < 86| B| + 1 bins using First-Fit (Lemma 2.7)). Thus, OPT(1g\g,) < 80|B| + 1.

For every b € B define C, = {i € Q | jij = 1}. It follows that Q; = U,cp Cp- Recall that 2%
are the Vectors deﬁned in Lemma @8l For every (d,f,m) € B\ [M] define a vector ¥%“™ € [0,1] by

_d.t, ~dyt,
'YCungt = xC for any C' € supp(z? ), and 5"

definition of P, it holds that v(Cyz,,) <1 —s d(t), and by Lemma [L.6] for every C € supp(z®?) it
holds that v(C) < s%(%); thus, C UCyj,, € C, and %™ is well defined. Also, for any m € [M] define
5™ € [0,1]¢ by ¢ =1land 4@ =0 for C € C\ {Cp}.

= 0 for any other configuration C’ € C. By the
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Define 2 = Y, 5 7". We show that Z is a solution for LP <Zde{1 2 ((z4 =7 A Iovr,) + ]lQI).
For ¢ € L we have

Y g Ci) =3 e-Cl)= 35 35 3 3 -Cl)= > 3 wald-ag-Cl)

ceC beB de{1,2} teTyg me[rq(t)] de{1,2} teTy
= > <(zd — ) A lL\Fd) .
de{1,2}

The second equality holds by the definition of 4% and since the sets Cj, do not contain large items.
The last equality is by Lemma .6l For any i € @ there is a unique b € B such that i € (. Thus,
Y cec e C(i) = Y e Ve - C(i) = 1. Therefore, Z is a solution for the linear program. As [|3°|| =1
for every b € B, it follows that ||z|| = B. Thus,

OPTy [ 3 (=) Alng,) + 1o, | <zl =B
de{1,2}

and by the definition of 3 (B5]) we have

OPT;(g) = OPTy [ 3= (== i) Alpyp,) +1g, | + OPTs(1g\g,) < (1+86)|B| + 1.
de{1,2}

Observe that
|B| = Z Z ka(t) + M = Z Z [B14(t)] +2671) + exp(—67) - OPT + exp(6— 1)
de{1,2} teTy de{1,2} teTy
< BIA A+ (ITil + [ T2]) - (1 +267") + exp(=67") - OPT + exp(6~ )
< Bl + exp(=5~7) - OPT + exp(6~*2).

The first inequality holds since > ;o7 n4(t) = [A?]|, and the second inequality uses |T4| < exp(67°).
By the above, Lemma [0l and (B6]), we have

. 201
OPT(2) < (1-+80)|Bl + 1+ 208X + 20" + g OPT
_ _9 ~12 A\ 5 207

< B(1 + 108)||A]| + exp(6—2Y) 4 6'°OPT,

where the last inequality uses ¢ = exp(6-2"). Thus, we showed that S is a linear structure, which
completes the proof of Lemma 2.2 O

4.3 Refinement for Small Items

Proof of Lemma [4.3k Define (i) = zdgg for any i € I. W.l.o.g assume that I\L = {1,2,...,s} = [s]
d

for some s € N, and (1) <r(2) <...<r(s).

Ifa- (o' +0%) < 5OPT + 2¢4 define Hy = I\ L and H; =0 for j € {2,...,q}. Let Q C I\ L and
% < 8 < 1 which satisfies [28). We can select X = I'\ L. It follows that |[1g y eaev?| =0< g-a-v*
and |[Ix ea e (171 + )| =a- (o' +2%) < 16OPT + 2¢d. This shows the lemma holds in case
a- (v + %) § -zOPT + 2¢6. We henceforth assume that

1
a- (o' +v%) > ?OPT + 2¢0. (43)
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Define hg = 0 and

h; = min {z € [s]

(@niy) - @ +2% Z%-(_l-(l_}l—F’l_)Q)} Vi € [q] (44)
Observe that the set over which the minimum is taken is non-empty for all j € [¢]. Hence, h; is well
defined. Define Hj = {i € [s] | hj—1 <i < hj} = [hj] \ [hj—1] for j € [q].

Let @ C I\ L and - < 8 < 1 which satisfy [28)). For every j € [¢] and C' € C it holds that
Ud(CﬂHj) <1 and

Ud(CﬂHj) = Z Ud(i) = Z UJ(Z) . T(Z) < T(hj) Z UJ(Z) < V“(hj).

Q=

iEC’ﬁHj iECﬂHj ’iECmHJ‘
Thus, vq(C' N Hj) < min{1,7(h;)}. We conclude that
Vielq: max{vg(CNH;)|CeClC}<min{l, r(hy)} (45)
We use in our proof the following inequality (that we prove later).
‘ o 1 . 1
Vi€ g\ {1} : H]lHj oG e vdH > gmln{l,r(hj_l)} . ?OPT, (46)

For every j € [q] define
B; = max{(), 1lgnm, e aev?|| — B|1g, .a.gdn} .

It follows from (28] and (@3] that
OPT . oPT
B; < p: -max {vg(C N Hj) | C €C} <min{r(h;),1} - 5
For every j € [g] \ {1} we define a set X; C QN H;. If 1oy, eaevl|+B_1—B; < B I Lg, e ei?
then we define X; = (. Otherwise, we define X; to be a minimal subset of @ N H; such that
|1gnm\x, ®ae 9| + Bj—1— B < B- |1g @ae v?||. Observe that

- . OPT _
ILonm,\(Qnm,) ®ae v + Bj—1 — B; < Bj—1 < min{l, 71} = < |1y, eae v,
where the last inequality follows from 3 > % and (@G). Hence, there exists X; # 0. As the set is

minimal, it follows that there is z; € X such that [[1x \(,,y®ae || < Bjo1 < OqP5T. Thus,

H]lXJ'\{mj} eae @CZH = Z a; - Ud(i) = Z a; - l;d((;)) < Z a; - rz);jl)l)

i€X;\{z;} i€X;\{z;} i€X;\{z;}
Ly rpy0aed? . PT(I PT(I
_ X\ ey I B min{r; 11} 0 g,v) L0 g,v)
r(hj-1) r(hj-1) = r(hj-1) q q
where the first inequality holds as X; C Hj.
Define X = (H,NQ) U UgZQ X;. It follows that
q—1
Ig\x - a- v = Z 1T@\x)nm; - a0
j=1
q—1
= [T @uynm a0 =B+ (H]l(Q\X)ﬂHj a0 + By — /Bj) + By-1
j=2
q—1
<BY Ly -a- vt + By
j=1
Ck OPT(I,v)
<B) |1g, -a - 9% + min{r(hg_1),1} - T’
j=1

2l =p-a- o

IN
sy
'MQ
QI

<
Il
-

H]]‘Hj ’
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The first equality holds as supp(a) C | icld] Hj. The first inequality follows from the definitions of 31
and X; (for j € {2,...,¢ —1}). The last inequality follows from g > % and (40]).

Note that |1, -a- (0! +2?) || < @ < %. Thus,

1x eLae (@' +0*)| <|lLn, a- (o' +° ||+ZH]1X a- (v +2°) |

2.0PT PT
OPT 4.2 O—+25 <—OPT+26q
q

IN

It remains to show that (@8] holds. For every j € [g], we have

i, eae (@' + 0% =L, e ae (@' + %) |1y, eae (0" + %)

: ._1

>2a. (vt L —a. (0t +02) -2
q q
I

=~a- (o' +0%) —26
1/1

> = <—20PT+25q> — 25
q\q
1

:q—30PT(I,v).

The first inquality follows from (44]) and vy (i) + vo(i) < 26 for all i € I\ L. The second inequality
follows from (3). Additionally, for j € [¢] \ {1} we have

[1g, 0ae (o' +7%)| = [T, odoT)dH + |1 g, o(zo@dH
=L, eae |+ > a-v,i)
i€H;
:H]lH.oaovdH—i—Zal ,
i€H; (48)
< H]lH,oaov | + Zaz
i€H; a
:H]le.C_L.’L_)d||'<1—|— ! >
’ r(hj—1))’
where the inequality follows from r(1) < r(2) <... < r(p). Using 1) and @S], we get
Vi€ [q)\ {1} |1y, eaev?| > (1+ L) Lopr > ! in{1,7;_1} LopT
: edeD — C—= —min{l, 71} —
J q Hj = T(hj—l) q3 =9 sy lj—1 q3 ’

where the inequality follows from (1 + xil)fl > L min{1,2} for every x > 0. Inequality (@) follows
from the last inequality. O

5 Existence of i)-Relaxations

In this section we prove Lemmas [2.4] and That is, we show how to obtain relaxations for
various configurations.
Proof of Lemma 2.4t Let S C C'\ L be a minimal set such that either v1(C'\ S) < 1 -4 or
v2(C'\ §) < 1—4. That is, for any ¢ € S it holds that v (C'\ (S\ {¢})) > (1 — 4,1 —d). Such a set
exists since C' € Cg.

In the following we show that v(S) < (26,20). Assume, by way of contradiction, that vy (S) > 26
or v3(S) > 20. Then S # () and there is i € S. W.Lo.g assume v1(S) > 25. Then v1(S \ {i}) > 0 as
all the items in S are small, and ¢ € S. Therefore,

oL (C\ (S\{i}) = vi(C) —ur(S\ {i}) <134,
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contradicting the definition of S. Thus, v(S) < (24,20).
€S
Define C1 = C'\ S and Cy € C* by Cs(i) = {g l ZS for i € I, where k = |3(671 —1)|. Observe
i
that Cy has d-slack by the definition of S. Additionally,

v1(Co) < w1 (S) -k <20k <20 - %(5*1 —-1)<1-4,

thus C is a multi-configuration with a §-slack.

Define A € [0,1]°" by Ay, =1, A, = % and A\c» = 0 for C' € C\ {C1,Cs}. Clearly, for any C’ € C*
such that Acv > 0 it holds that C’ has d-slack. Thus, X has a é-slack.

For any ¢ € C'\ S we have

_ 1
> A Cli) = Ch(i) + = - Coi) =1+ 0 =1.
Cc’ec* K

For any 7 € S it holds that

1 1
Z)\C/- '201(')—1-—-02(1'):04-—-%;:1
K K
Ccrec*
For any ¢ € I\ C' it holds that
N , 1
Z)\C/- :Cl()+—02(2):0+—0:0
Ccrec* : :
Since 67! € N, we have k > (67! —1) — 2 = 267! — 1. Therefore,
A= D" Aer=Ag, + A T LI <1440

where the last inequality holds as § < 0.1

We showed that )\ is a (1 + 49)-relaxation of C'. This completes the proof of the lemma.
Proof of Lemma Let CNL = {iy,...,in}. Define h configurations C1,...,Cp by Cp = C'\ {u}
for1<¢<h-—1and C, =CnNL\{ip}. It can be easily shown that Cy,...,C} are configurations.
Define A € [0, 1] by

_ A C'=Cyforsome 1 <(<h
Aor = ) .
0 otherwise

For any 1 < ¢ < h it holds that i, is large; thus, there is dy € {1,2} such that vg,(i;) > . Therefore,

Udz(CZ) < Udz(c \ {”}) = Udz(c) - Udz(if) <1l-o.

That is, all the configurations C1,. .., Cy have d-slack. Thus, for any C’ € C* with Acv > 0 it holds
that C’ has d-slack. Hence, A\ has a d-slack.
For any i € C'N L there is 1 < ¢ < h such that ¢ = iy. Thus,

Yo=Yty G- Tk

CcreC* =1 €[h]\

<.

For any i € C'\ L it holds that ¢ € Cy for all 1 < ¢ < h — 1; thus,

h
) 1

crec*



For any i € I\ C we have i & C; for all £ € [h]. Therefore,

h
Z 5\0/ . C/(i) = Z ﬁ . Cj(i) = 0.

C’eC* j=1
Finally,
i h
A= D" A => A, = 1
C’ec* (=1
Thus, we showed that \ is a %—relaxation of C. U

e C - .
A . where k = [1671] and X € [0,1]°
0 otherwise

by Acv = L and Ap = 0 for any D € C*\ {C'}. Observe that

Proof of Lemma [2.6t Define C’ € C* by C'(i) = {

1 1 1
N = N O = k- < |Zs5 M .5<(2.51 < 2 <06<1—
v1(C") gvl(z) C'(i) =k vl(C)_L(S —‘ 5_(2 0 —|—1> 5_2+5_O6_1 0,

el

where the last two inequalities follow from § € (0,0.1). Thus C’ has d-slack and hence A is with
o-slack.

For any i € C' it holds that > e Ap - D(i) = Acv - C'(i) = 1 -k = 1. Also, for any i € I\ C it
holds that - pcee Ap - D(i) = A¢r - C'(i) = 0. Finally

Thus ) is a 46-relaxation of C, as required.

6 Solving the Matching-LP

In this section we present a PTAS for the MLP problem, thus proving Lemma Let 6 € (0,0.1)
and € € (0,0.1). Our objective is to obtain a polynomial time (1 + O(e))-approximation for §-MLP.
Towards this end, we use a result of Grotschel, Lovasz, and Schrijver [14] which describes the ellipsoid
method via separation oracles. A separation oracle for a polytop P C R" gets a point £ € R™ as an
input and either determines that Z € P or finds ¢ € R such that Z-¢ < §- ¢ for any § € P. That
is, it finds an hyperplane which separates between z and the polytope P. Given a separation oracle,
the ellipsoid method either determines that P = () or finds £ € P in polynomial time in n. As a
consequence, if P = ) then the execution of the ellipsoid is comprised of invocations of the separation
oracle that always result in a separating hyperplane. If P # () then at least one of the calls to the
separation oracle results in x € P.

We use an approximate variant of the separation oracle which is commonly used to solved linear
programs similar to () (see, e.g, [16]). In the classic setting, the ellipsoid method is executed with the
dual of the original linear program, as this program has a polynomial number of variables. For example,
the dual linear program of (Il) has || variables. This approach cannot be directly implemented for
MLP since the number of variables in both primal and dual linear programs is non-polynomial in the
0-2VBP instance (I,v), due to the number of linear constraints required to represent the matching
polytop. This difficulty is overcome through projections of polytopes in vector space of non-polynomial
dimension into polytopes with a polynomial dimension. A similar approach was recently used in [I1].

Throughout this section we define multiple mathematical optimization problems. We use OPT(P)
to denote the value of the optimal solution to the problem P. To avoid notational overhead, we assume
the input 6-2VBP instance (I,v) is fixed throughout this section, and omit is from the input of the
algorithms. We use G = (L, E) to denote the d-matching graph of (I,v) as defined in Section [[.2] and
Py (G) as the matching polytope of G. Recall £ is the projection function defined in Section
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We first simplify our problem. We can relax the requirement ). Zc - C(i) = 1 in @) and use
inequality instead. That is,

rMLP : min Z To
ceC
Viel: > ze-Cli) =1 (49)
ceC
£(x) € Pm(G)
vC eC: To >0

It can be easily shown that the optimum of () and (49]) are equivalent, and furthermore, that a
solution for ([@J]) can be easily converted to a solution for [@]) of the same or lower value.

Our objective is to find a variant of ([9) in which the set C is replaced by a polynomial size set
D C C, while approximately preserving the optimal value. Towards this end we use the following
family of polytopes.

z € REy, 7 € Pu(G)
E(x) <y

(50)
Viel: Y z¢-C(i)>1

Given D C C, with a slight abuse of notation we refer to a vector € RZ, as a vector in RS, where
Tc = 0 for every C € C\ D. This ensures the term £(Z) is well defined. Since Pp(G) is downward
closed it follows that rMLP is equivalent to the problem of finding (z,y) € P(C) such that ||z|| is
minimalll] For D € € we define the rMLP(D) problem as the problem of finding (z,y) € P(D) such
that ||z|| is minimal. It follows that OPT(rMLP (D)) > OPT(rMLP) for any D C C.

We use P(D) to define a family of additional polytopes in R.

VDCC,heRsg: Q(D,h)={yeR” |IzeRE,: (z,9) € P(D) and ||Z| < h} (51)

It thus follows that Q(D,h) # ( if and only if OPT(rMLP(D)) < h. Furthermore, Q(D,h) is a
polytope in a vector space of polynomial size. We use the ellipsoid method to determine if Q(C,h) =0
for various values of h. The separation oracle first checks if § € Pyp(G), and otherwise finds a
separating hyperplane using a separation oracle for the matching polytope. If § € Py(G) we use the
following linear program, which depends on § € Py(G) and D C C, to obtain a separating hyperplane.

PRIMAL(7,D)  min >z
ceD
Viel: > zc-C(i)>1
CeD (52)
Vee E: Z o < e
CeS(e)nD

vCel: ¢ >0

where for every e € E we define its superset of configurations as S(e) = {C € C | e C C}. Using this
notation is holds that (£(Z)), = > ceg(e) Zc. It follows that § € Q(D, h) if and only if § € Pa(G)
and OPT(PRIMAL(g, D)) < h.

Recall the set Cy is defined in ([2l). For any C' € C it holds that C' € Cy if and only if there is
e € E such that C' € S(e). We use this observation to derive the dual of PRIMAL(y, D), which is the

7 A polytope P C RY, is downward closed if for any z € P and § € RY, such that y < Z it holds that y € P.
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following linear program.

DUAL(7,D)  max SN =Y Be e

el ecl
VC e D\ Cy: Zj\iﬁl

e’

_ (53)

VecE, CeSe)nD: > N<1+8

e’
Viel: A >0
Veec E: Be>0

Observe that the feasible region of DUAL(y, D) is independent of y. That is, for any D C C we
can define

\V/CGD\C2: Zj\lgl
N 5 eC
R(D) =< (\,B) e RL, x RZ < : (54)
T Vee B, ces(nD: SN <144,
1eC

Then DUAL(y, D) is the problem of finding (\

,B) € R(D) for which >;c; \i =Y.z Be  Ye is maximal.
We use the following relation between R(D)

and Q(D, h) to generate separating hyperplanes.

Lemma 6.1. For any h € Rxo, § € Q(C,h) and (X, B) € R(C) it holds that

> A= Be-ge <h.

el ecE

Proof. As y € Q(C,h) it follows that OPT(DUAL(y,C)) = OPT(PRIMAL(y,C)) < h. Thus, as

(X, B) € R(C) we have

S"X =Y Be 5. < OPT(DUAL(y,C)) < h.
icl eck
0

Let M* be a maximum matching in the graph G. Since each of the vertices in a matching polytope
is a (integral) matching, it holds that

Vg e Pr(@): g < M (55)

eck

Since for every e € M* it holds that e € Cy and therefore v;(e) > (1 —0), for every solution z of rMLP

we have
Y xe =) zo-vi(C)= )z Y vi(i)-Ci)
ceC ceC ceC el
=S @) S ze- ) = w2 3 vile) > (1 - )M,
iel cecC iel ee M*
Hence

OPT(rMLP) > (1 — §)|M*|.
We combine Lemma with the following lemma, which we prove later in this section.

Lemma 6.2. There is a polynomial time algorithm Ellipsoid_R which given § € Ppm(G) and h >
(1 = §)|M*| returns one of the following.

o A subset D C C such that |D| polynomial in the input size and OPT(DUAL(y,D)) < (1 +¢) h.

o A point (X, ) € R(C) such that > ;c; Ni — > e Be - Ye > h.
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Algorithm 3: Q_separator
Input: g€ Rgo, h > (1—248)M*.

1 If § ¢ Py(G) then find a separating hyperplane between g and Py(G) and return it.

2 Run Ellipsoid_R (Lemma [6.2]) with § and h as it inputs.

3 if Ellipsoid_R returned (X, 3) € R(C) such that > ;c; N\i — > .cp Be - Ye > h then

4 ‘ return Y .. A\i — > cp Be - Ze = h as a separating hyperplane.

5 else

6 ‘ notify the ellipsoid algorithm to abort, and return the set D C C returned by Ellipsoid_R.
7 end

We use the algorithm Ellipsoid_R from Lemma to derive a separation oracle for Q(C,h). The
pseudo code of the oracle is given in Algorhtm Bl We note there is a polynomial time separation oracle
for the matching polytope (see, e.g, [22]), thus Step Bl can be implemented in polynomial time. While
the algorithm does not formally qualifies as a separation oracle, it provides the following guarantee.

Lemma 6.3. Given §j € Rgo and h > (1 = §)|M*|, Algorithm[3 does one of the following.
e Returns a separating hyperplane between Q(C,h) and y.

e Notifies the ellipsoid to abort and returns D C C of polynomial cardinality such that
OPT(DUAL(y,D)) < (1 +¢)h. In this case it must hold that § € Py (G).

Proof. If y ¢ Pyr(G) the algorithm finds a separating hyperplane between y and Py(G). As Q(C,h) C
Pr(G) this hyperplane also separates between g and Q(C, h).

If the invocation to Ellipsoid_R returns (A, ) € R(C) such that > ;c; Ai — > .cp Be - Je > h, then
Y ici Ni— Y ec BerZe = his a separating hyperplane between g and Q(C, h) by Lemmal6.Il Otherwise,
by Lemma [6.2] the invocation to Ellipsoid_R returns a subset D C C of polynomial cardinality such that
OPT(DUAL(y,D)) < (1 +¢) h. It follows that in this case Algorithm [ notifies the ellipsoid to abort
and returns D. O

Algorithm [] utilizes Q_separator as a separator oracle. The algorithm may return a vector € Rgo
for some D C C. Recall we interpret such a vector as a vector in RC as well.

Algorithm 4: Ellipsoid_Q
Input: h > (1 —0)|M*|
1 Run the ellipsoid method with Q_separator (and h) as the separation oracle

2 if the ellipsoid retured that the polytope is empty then

3 Return OPT(rMLP) > h

4 else

5 This case can only happens if the Q_separator notified the ellipsoid to abort and returned
aset D CC.

6 Find an optimal solution (', ") for rMLP(D) and return &’

7 end

Lemma 6.4. Algorithm [{] is a polynomial time algorithm which either determines that
OPT(rMLP) > h or finds a solution T’ for tMLP with ||Z'|| < (1 + ¢)h.

Proof. Observe that the execution of the ellipsoid is polynomial. Furthermore, if the algorithm solves
rMLP(D) in Step [l then by Lemma we have that |D| is polynomial, and hence rMLP(D) can
be solved in polynomial time (as there is a separation oracle for £(z) € Py(G), and the number of
variables and additional constraints is polynomial).

By Lemma [6.3] if the ellipsoid asserts that the polytope is empty it holds that all the invocations
to Q_separator returned a separating hyper plane, thus this is a valid execution of the ellipsoid with a
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separation oracle for Q(C, h). Hence Q(C, h) = () which implies that OPT(rMLP) = OPT(rMLP(C)) >
h due to (&IJ).

Otherwise, it must hold that the execution of the ellipsoid method has been aborted by Q_separator
at some iteration. Let § € Py(G) be the value of § used in the call to Q_separator in this iteration,
let D C C be the subset of configurations found by Q_separator, and let (Z’,7') € P(D) be the solution
found in Step Bl It holds that ||Z'|| < OPT(PRIMAL(y, D)) = OPT(DUAL(y, D)) < (1 +¢) h where
the last inequality is by Lemma Since (Z',y’) € P(D) it holds that £(Z') < ¢’ € Py (G), hence
E(7") € Py(G). From the same reason we also have > o ¢ - C(i) > 1 for all ¢ € I. Thus, it holds
that Z’ is a solution for rMLP of value at most (1 + €)h.

]

Algorithm 5: Matching-LP

1 Run a binary search over the range (¢,u) = ((1 — J)|M*|,|I|), where in each iteration
Ellipsoid_Q(h) is called with h = £%. If Ellipsoid_Q returned that OPT(rMLP) > h update
¢ = h. If Ellipsoid_Q returned a solution z update Z to be the best solution and u = h.
repeat the process until u — ¢ < €.

2 If u # |I| return the best solution found, otherwise return a vector z € {0, 1}¢ where Ty =1
for every i € I and ¢ = 0 for any other C' € C.

Our algorithm for 6-rMLP, given in Algorithm [B uses Ellipsoid_Q to guide a binary search.

Proof of Lemma We show that Algorithm [l is a polynomial time (1 4 3¢)-approximation al-
gorithm for rMLP. This immediately implies a PTAS for the MLP problem due to the connection
between MLP and rMLP.

By Lemma it holds that OPT(rMLP) > ¢ throughout the binary search, and that if u # |I|
then the best solution found Z satisfies ||z|| < (1 + &)u throughout the execution of the binary search.
Thus, it holds that by the end of its execution, the algorithm returns a solution z such that

|Z] < (1+e)u<(1+e)(l+e) < (14¢e)(OPT(rMLP) +¢) < (1 + 3e)OPT(rMLP),

where the last inequality holds since OPT(rMLP) > 1 (otherwise I = () and Z = 0 is an optimal
solution).

O

We are left to provide the proof for Lemma Similarly to Ellipsoid_Q, the ellipsoid method is
used with an approximate separation oracle. The ellipsoid method is used with polytopes from the
following family of polytopes, which we define for every h > 0, § € Py(G) and D C C.

R(6,5,D) = {(x 3 eRD) | Y A=Y B 5> e} (56)

el ecE

To derive a separation oracle for R(h,y,D) we use a PTAS for 2-DIMENSIONAL KNAPSACK
(2DK) [13]. Using the terminology already defined in this paper, the input for 2DK is a 2VBP
instance (S, v), a profits vector p € Rio and a two dimensional budget b € R2>0. The objective is to
find a subset W C S of items such that v(W) = >,y v(i) < b and p(W) = >,y pi is maximal. We
use (S,v,p,b) to denote a 2DK instance. We also allow p € ]R;O where S C T'. The separation oracle
is given in Algorithm Bl The pseudo code uses Ng[j] = {i € L | {i,j} € E} U{j} to denote the closed
neighborhood of j € L in the §-matching graph G.

As in the case of Q_separator, it holds that R_separator has properties similar to those of a separation

oracle.

Lemma 6.5. Algorithm [@ is a polynomial time algorithm which given (X, B) € R x R, 5 € Py(G)
and ¢ > (1 — )| M*|, does one of the following.
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Algorithm 6: R_separator
Input: (\,3) € R x RF 5 € Py(G) and £ > (1 — §)|M*|.

1IfY . i — Y ecE Be - e < £ then return it as the separating hyperplane.

2 Find a (1 — §)-approximate solution W for the 2DK instance (I \ L,v, A\, 1). If >,y Ay > 1

return W as a separating hyperplane.

3 foreach j € L do

Find a (1 — §)-approximate solution W for the 2DK instance (I \ Ng[j],v, A, 1 —v(j)). If
ZieWU{j} Ai > 1 return W U {j} as a separating hyperplane.

5 end

6 foreach e € F' do

Find a (1 — §)-approximate solution W for the 2DK instance (I'\ L,v,\,1 —v(e)). If
Y icwue Ai > 14 fe return W U e as a separating hyperplane.

8 end
9 Notify the ellipsoid method to abort and return ((1 — %) A, B') where . = min{2, 3.} for
every e € E.

e Returns a separating hyperplane between R({,%,C) and (X, B).
e Notifies the ellipsoid to abort and returns (X, B') € R ((1 - %) ¢,7,C).

Proof. Since there is a PTAS for 2DK [13] it immediately follows that Algorithm [6l runs in polynomial
time.

IfY s i — Y oecE Be Yo < ¢ then the algorithm returns this inequality as a separating hyperplane
in Step [l This inequality indeed serves as a separating hyperplane by the definition of R(¢,y,C)
in (B6). Thus, we can assume that » . ; i — Y oecE Be - Je > L for the remaining part of the proof.

If the algorithm returns a set W in Step Bl then it holds that W C I'\ L and v(W) < 1 as a
solution for 2DK. Thus, W € C \ C2 and the inequality ),y i > 1 defines a separating hyperplane
due to (B6l) and ([B4). Thus, we can assume that the algorithm did not return a set in Step 2] for the
remainder of the proof. This implies that the optimal solution for the 2DK instance (I'\ L, v, \, 1) has
value of at most (1 — %)_1. Since every C € C such that C C I'\ L is a solution for (I \ L,v,\,1) it
follows that .

VO eC, CCI\L: Z&g@—f) . (57)
icC 8

Consider the case in which the algorithm returns the set W U {j} in Step @ It holds that v(W U
{H < v(W)+v(j) < 1—v(j)+v(j) = 1 as W is a solution for the 2DK instance (I\Ng[j], v, X, 1—v(4)).
Thus WU{j} € C. Assume towards a contradiction that WU {j} € Co. Thus there is j/ € W N L such
that (4,7') € E and we can conclude W N N[j] # 0, contradiction the definition of W. It therefore

holds that W U {j} € C\ Ca. Since } ey ;3 A > 1 the configuration W U {j} defines a separating
hyperplane due to (56]) and (B4).

Hence, we can assume that the algorithm did not return a separating hyperplane in Step Ml for the
remainder of the proof. Let C' € C\ Co. If C C I'\ L then it holds that Y, . A; < (1 — %)71 by (&1)).
Otherwise there is 7* € C'N L. Consider the iteration of the loop in Step Blin which j = j* and let W
be the set found in this iteration in Step @ It holds that C'\ {j} is a solution for the 2DK instance
(I\ Ngljl,v,\,1 = v(j)), thus > .cpp N = (1= %) doicc\{j} \;. Since the algorithm did not return
W U{j} it also holds that >,y 3 \; < 1. Therefore,

Sh=xn+ Y Xing+<1—§>_125\ig(1—§)_l 3y 5\¢§<1—§>_1.
ieC 1€C\{j} 1EW i j

Thus, we have

VO €C\Cy: ing(ug)*l. (58)
ieC
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Next, we consider the case in which the algorithms returns a the set W Ue in Step [ It holds that
v(WU{e}) =v(W)+uv(e) <1—v(e)+v(e) =1 since W is a solution for (I'\ L,v,A,1—v(e)), hence
W Ue e C. It follows that W U {e} € S(e). Since > ;e Ai > 1+ Be it follows that W U e defines a
separating hyperplane between (A, ) and R(¢,y,C) (due to (B4) and (B4)).

We can therefore assume that the algorithm does not return a set in Step [[lthroughout its execution.
Let e* € E and C € S(e*), and consider the iteration of the loop in Step [l in which e = e*. Tt holds
that C'\ e C I\ L (otherwise it must be that vg(C) > 1 for some d € {1,2}) and v(C \ e) < 1 —v(e),
thus C'\ e is a solution for the 2DK instance (I'\ L,v,A,1—wv(e)). Let W be the approximate solution
found for (I'\ L,v,\,1—wv(e)), it thus holds that >, Ai > (1 — £) dicC\e Ae. Also, since we assume
the algorithm does not return a set in Step [0 it holds that ZiGWUeS\ < 1+ .. Therefore, it holds
that

Sa=Y+ > n<d N +<1——) ZA <(1_—) ' 3 Xig<1—§)71(1+ﬁe).

ieC i€e i€C\e i€e 1€WUe
Let e = {j1,j2}. Then it holds that {j1},{j2},C \ e € C\ Ca. Therefore, by (58)), we have
- _ _ ey —1
SN A A+ Y /\,~§3(1+§> .
ieC ieC\e
The above can be summarized into the following inequality,

vee B, CeSle): Y A< (1- —)_1 (1+min{5,2}) = (1 - f)_l A+3).  (59)

ieC 8

By (8) and (G3) it holds that ((1—£) A,

3 (-5 T

icl

-2)- (ZM—Z@Q-%) —=> A
el ecE ecE

) (Th-Taen)-ixn

g
( el eckl
€ e /
> (1-5) =315
£
= (1-3)¢
The first inequality holds since 3, = min{j, 2}, the second inequality uses Y cpJe < |[M*| < Tgé
due to (BH). Thus, ((1-§)X,B) e R((1-5)¢.5,C).

) € R(C). Furthermore, it holds that
eck
l

Algorithm [0 uses the ellipsoid method with R_separator as the separation oracle.

Proof of Lemma Note that Ellipsoid_R runs in polynomial time and furthermore it holds that
¢ > h > (1-0)|M*|, thus R_separator is used with parameters that match the conditions of Lemma 6.5

Consider the execution of Algorithm [7 If the ellipsoid returns that the polytope is empty, then
all the separation hyperplanes returned by Ellipsoid_R are also separation hyperplanes with respect to
the polytope R(¢, 7, D), thus it must hold that R(¢, 7, D) = (). This implies that OPT(DUAL(y, D)) <
l = < (1+4¢)h . Since the execution of the ellipsoid is of polynomial time, it follows that |D| is

also polynomlal
If the ellipsoid was aborted, then by Lemma [65] it holds that (), 3) € ((1 — %) l, g,C). By (B6l) we
have that (), 3) € R(C) and

ZX—Z@‘%—(“‘)E—( —g)l%wb.

el e€eFE 4

135
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Algorithm 7: Ellipsoid_R

1

Input: § € Py(G) and h > (1 — §)|M*|
Run the ellipsoid method with R_separator as the separation oracle where R_separator is used

_h_
-
%

with ¢ and ¢ =

2 if the ellipsoid retured that the polytope is empty then

3 Define D as set of configurations which were returned by R_separator as a separating
hyperplaines throughout the execution of the ellipsoid. Return D.

4 else

5 This only happens if R_separator aborted the ellipsoid and returned
(\,B) € ((1 — %) K,Q,C). Return (), 3).

6 end
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