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Abstract

We present a comprehensive study on the approximation power of NURBS and the significance of exact geometry in
tability analyses of shells. Pre-buckling analyses are carried out to estimate the critical load levels and the initial buckling
atterns. Various finite element solutions obtained with the commercial code ANSYS are compared with solutions from the
sogeometric version of the finite element method, using our in-house code NumPro. In some problem setups, the isogeometric
hell elements provide superior accuracy compared to standard (as opposed to isogeometric) shell finite elements, requiring
nly a fractional amount of degrees of freedom for the same level of accuracy. The present study systematically investigates
he sources of this superior accuracy of the isogeometric approach. In particular, hypotheses are tested concerning the influence
f exact geometry and smoothness of splines.
2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In recent years, an increased activity in the scientific field of formulations and discretization methods for shell
tructures can be observed, see for instance [1–9], among many others. The topic has received a major boost due
o the popularity of isogeometric analysis (IGA) [10], since smooth splines are particularly attractive in problems
or which the weak form has a variational index of 2 or larger, for instance, the classical Kirchhoff–Love (KL) thin
hell model.

Besides this, IGA provides highly promising results in many research areas of computational mechanics, for
nstance fluid mechanics, fluid structure interaction, structural dynamics and contact. It has also shown great potential
n the context of collocation methods. In some applications, IGA seems to be a serious alternative to traditional
nite element analysis (FEA) or even superior in terms of accuracy of the results, see for instance [11], among
thers. But the particular reasons for superior results of IGA in specific problems and aspects are not very well
tudied so far. Some contributions, like [12], indicate, that so-called k-refinement, retaining maximum smoothness
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of C p−1 in order elevation, may lead to superior accuracy compared to classical h- or p-refinement strategies known
rom FEA with C0-continuity. But maximum smoothness is not always beneficial. This is particularly the case in
roblems with very large gradients, as shown in [12], or when locking is pronounced, for instance in the analysis
f thin shell structures, as shown in [13–15], among others.

Another frequently mentioned key feature of IGA is the use of “exact” geometry from CAD for simulation in
ngineering. Besides possible savings in time due to simplified workflows and avoidance of (re-)meshing, a key
uestion is, whether better results can be achieved through better geometry. It may not be possible to provide a
eneral answer to this question, however, in the present work, we present a systematic study on the significance
f exact geometry in stability analyses of shells. Already in the introduction of the pioneering work of IGA in
005 [10] it is stated, that “The geometric approximation inherent in the mesh can lead to accuracy problems.
ne example of this is in thin shell analysis, which is notoriously sensitive to geometric imperfections”. Since this

ime, stability problems of shell structures employing IGA have not been studied very deeply and corresponding
iterature is rare. Recent contributions from Leonetti et al. [16] and Guo et al. [17] have to be mentioned. The former
ontribution deals with Koiter’s theory for buckling and initial post-buckling analyses of composite shells using an
sogeometric solid-shell formulation. The latter utilized an isogeometric thin shell KL formulation for the study of
onlinear stability analyses of shell structures. Both contributions mention the exact geometry of the discretization,
ut corresponding effects and implications are not studied in detail.

In the present work, we show for pre-buckling analyses of shells, that isogeometric shell formulations may
rovide superior accuracy compared to standard (as opposed to isogeometric) shell finite elements in detecting
oth critical load levels and physical buckling patterns. That is, isogeometric shell formulations may require only
fractional amount of degrees of freedom for the same level of accuracy obtained with a fine finite element mesh.
ut: What is the reason for these superior results? Is it due to a better approximation of the solution by smooth

plines compared to Lagrange/Hermite polynomials? Or is the better, i.e. “exact”, geometry within IGA the key
actor for the superior results? The aim of this contribution is to answer these questions in a systematic way. The
resent study does explicitly not cover the aspect of sensitivity to geometric imperfections, which would require
oth different analysis methods and different considerations.

The paper is organized as follows. Section 2 briefly introduces the definition of critical points and different types
f stability analyses. Section 3 provides comprehensive numerical case studies. Effects of solution approximation
nd geometry approximation are systematically separated. Finally, Section 4 concludes the achieved results and
ives an outlook on open issues and potential future developments.

. Critical points and stability

.1. Equilibrium path and tangent stiffness

This chapter gives a short review on static equilibrium paths, critical points and static stability. By definition, a
tatic equilibrium path is the locus of all points in an abstract space spanned by a load factor λ and the vector D
f degrees of freedom (DOF) for which internal forces Fint and external forces Fext are in static equilibrium,

Fint (D) = Fext (λ) = λF0. (1)

he notation refers to a discrete (or discretized) system and we restrict ourselves to situations, in which the vector of
nternal forces depends on the state vector (or displacement vector) D and the external forces exclusively depend on
he load factor λ, but not on the displacements. Formally, the condition of static equilibrium can also be expressed
s requiring the residual vector to vanish,

R(D, λ) = Fint(D) − Fext(λ) = 0. (2)

Fig. 1 shows the projection of this path into a plane, obtained for a selected displacement degree of freedom Di .
t is not necessarily identical to the actual system response for a quasi-static loading. Nevertheless, it is often also
eferred to as “load–displacement curve”. The branch of the equilibrium path starting at the origin is called primary
ath, whereas other paths branching off are called secondary paths. For systems with n DOF, an equilibrium path

n+1 2
an be plotted as the projection of a curve in R -dimensional space onto a curve in R .
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Fig. 1. Load–displacement diagram and critical points. B: Bifurcation point, L: Limit point.

Stability characteristics are mainly influenced by the stiffness of a structure. The tangent stiffness is defined
y the directional derivative of R with respect to the displacement vector D. In the given case of loads that are

independent of the deformation state, that is non-follower loads or dead loads, the derivative of Fext with respect to
D is zero and we obtain

KT =
∂R
∂D

=
∂Fint

∂D
. (3)

A common definition of stability says that a small perturbation of an equilibrium state does not lead to an excessive
dislocation or even the collapse of the structure. A definition of stability referring to the potential energy can be
found in [18], among others. Regarding the equilibrium path of conservative systems, the transition from stable to
unstable equilibrium occurs at critical points [19]. Consequently, the determination of critical points is of crucial
importance.

2.2. Classification of critical points

For the time being, we restrict ourselves to load cases with displacement independent (conservative) external
forces and load control (as opposed to displacement control or prescribed non-zero displacements). Critical points
are classified into limit points (L) and bifurcation points (B) (see Fig. 1). Bifurcation points are associated with the
term buckling whereas limit points are associated with snap-through phenomena. If the load is increased beyond a
limit point, the structure dynamically changes to the nearest stable equilibrium point for the same load-level. When
reaching a bifurcation point, the system switches to the secondary branch, which may mean immediate collapse but
can also be stable, if the secondary branch has a positive stiffness. Corresponding nonlinear analyses, however, are
not in the focus here. We merely seek to identify an approximation for the first critical point and the associated
buckling mode.

At critical points, the tangent stiffness matrix KT is singular, which results in a vanishing determinant

|KT| = 0. (4)

The stiffness matrix then has at least one zero eigenvalue κ = 0. The eigenvalue problem

(KT − κI)Φ = 0 κ=0
⇒ KTΦ = 0 (5)

provides the buckling vector Φ, which identifies the direction in which stiffness is zero. Eqs. (4) and (5) are valid
or both types of critical points. To distinguish between limit and bifurcation points, [20] considers the equilibrium
ath, expressed by the residual force R, as a function of the variables λ and D which in turn depends on a path

parameter s
R (D (s) , λ (s)) = 0. (6)

3



B. Oesterle, F. Geiger, D. Forster et al. Computer Methods in Applied Mechanics and Engineering 397 (2022) 115144

M
κ

2

i
n
e
d
f
a
l
b
c
T
t
p
s

s
t
t
d

Differentiating Eq. (6) w.r.t. s yields

∂R
∂s

=
∂R
∂D
KT

∂D
∂s

+
∂R
∂λ
F0

∂λ

∂s
= 0. (7)

ultiplying Eq. (7) from the left by the transpose of the eigenvector ΦT, which corresponds to the zero eigenvalue
= 0, results in

ΦTKT
∂D
∂s

+ ΦTF0
∂λ

∂s
= 0. (8)

At a critical point, that is ΦTKT = 0, as shown in Eq. (5), the left term of Eq. (8) vanishes. To satisfy Eq. (8),
either ΦTF0 or ∂λ

∂s has to vanish. In the latter case of vanishing ∂λ
∂s , the critical point is a limit point. The other case,

that is ΦTF0 = 0, indicates a bifurcation point. This means that, if the buckling vector (the critical mode shape) is
orthogonal to the external load, buckling occurs. The characteristics of critical points can be summarized as:

|KT| = 0 → critical point

{
ΦTF0 = 0 → bifurcation point (B)
ΦTF0 ̸= 0 → limit point (L)

(9)

.3. Stability analysis

In geometrically nonlinear problems, detection of critical points is usually performed by tracing equilibrium paths
n an incremental iterative manner. Corresponding path following or continuation methods have been described in
umerous contributions, see for instance [20–24], among many others. Depending on the characteristics of nonlinear
quilibrium paths, several different path following schemes can be utilized to trace it. Path following methods mainly
iffer in the controlled quantity and the corresponding constraint equation. Load control, displacement control (see
or instance [21] or [25]) and arc-length control (see for instance [22–24]) are important particular cases. While
n arc-length procedure may be capable of tracing any arbitrary path, other methods fail at certain points. At a
imit point, load controlled methods fail due to the fact that the load cannot be further increased. Post-critical
ehavior cannot be examined in this way. Displacement controlled methods fail if the controlled displacement
annot be increased locally. This phenomenon occurs if the equilibrium path has a vertical tangent (“snap-back”).
he previously mentioned contribution in the context of IGA by Guo et al. [17] utilizes the arc-length method for

he solution of nonlinear stability problems. Leonetti et al. [16] deal with Koiter’s theory for buckling and initial
ost-buckling analysis. There also exist methods for direct computation of critical points, also known as extended
ystems, see for instance [26], [27] and [28].

In the present contribution, the above mentioned concepts are not considered in more detail, since some types of
tability problems allow for simplified solution strategies. So-called pre-buckling analyses (PBA) may be utilized
o approximately identify critical points. By solving a generalized linear eigenvalue problem, the load factor and
he corresponding buckling modes can be predicted in a straightforward manner. The governing equations for the
ifferent types of PBA are derived in the following.

First, we recall that the tangent stiffness matrix KT can be decomposed into three parts,

KT = Ke +

nonlinear  
Ku + Kg . (10)

Ke is the linear elastic stiffness matrix, Ku denotes the initial displacement stiffness matrix (resulting from changing
geometry due to deformation) and Kg is the initial stress stiffness matrix or geometric stiffness matrix. The sum of
Ke and Ku is usually denoted as material part of the stiffness matrix.

The key assumption is that the nonlinear parts of KT depend approximately linearly on the load, represented by
the load factor λ. Formally, this can be expressed as a truncated series expansion of the stiffness matrix as

KT = KT|λ=0 +
∂KT

λ + H.O.T., (11)

∂λ
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∂KT

∂λ
=

∂Ku

∂λ
+

∂Kg

∂λ
=: KLIN

u + KLIN
g , (12)

here the superscript “LIN” indicates linearized quantities. The condition for critical points (5) then gives rise to
he generalized eigenvalue problem(

Ke + λ
(

KLIN
u + KLIN

g

))
Φ = 0. (13)

he accuracy of the results obtained from pre-buckling analysis depends on how well the assumption of the stiffness
epending linearly on the load is satisfied. It is mostly very good, if the equilibrium path up to the first critical
oint (the pre-buckling path) is approximately linear. This is often the case for bifurcation points, but rarely for
imit points. Neglecting the initial displacement matrix, Eq. (13) reduces to(

Ke + λKLIN
g

)
Φ = 0. (14)

n the literature, (14) is often denoted as classical pre-buckling analysis whereas Eq. (13) is referred to as linear
re-buckling analysis. For systems with zero deflection prior to buckling both equations yield identical results.
ndeed, for the systems considered in this study, the displacements at the critical points are very small such that
he effect from KLIN

u is negligible compared to the one from KLIN
g . In this case, both types of pre-buckling analyses

ield practically the same results. This is typical for bifurcation problems, as opposed to snap-through problems.
The linearized geometric stiffness of one finite element e can be computed as

kLIN
g,e =

∫
Ωe

∂2E
∂d∂d

: SLINdΩ , (15)

where Ωe is the domain occupied by the element and d is the vector of degrees of freedom on element level.
The second derivative of the Green–Lagrange strain with respect to the nodal degrees of freedom ∂2E

∂d∂d is constant
(independent of the displacements) and can be computed analytically. SLIN is the linearized second Piola–Kirchhoff
stress tensor, computed from the linearized Green Lagrange strain tensor ELIN via the material law. Technically, it
is obtained from a linear static analysis with λ = 1, see Wriggers [29]. Assembly of kLIN

g,e to the system matrix KLIN
g

follows the standard procedure.
An approximation of KLIN

u + KLIN
g can be obtained numerically from a forward difference step by performing a

linear analysis with a very small load factor λε,

KeDε = λεF0 → Dε, (16)

computing the tangent stiffness KT(Dε) and subtracting the elastic stiffness matrix provides an approximation of
the linearization as

KLIN
u + KLIN

g ≈
1
λε

(KT(Dε) − Ke) . (17)

his is how the linearized stiffness matrices have been obtained for the numerical computations in the case study
n Section 3. It has been checked that the results are identical for the reported number of digits to the results
btained with a classical prebuckling analysis using the exact linearization from Eq. (15). This means that indeed
he contribution from KLIN

u is negligible and the numerical derivative is accurate enough.
The lowest eigenvalue of Eq. (13) or Eq. (14), respectively, provides an approximation of the critical load

actor λcrit. Multiplying λcrit with the initial load F0 yields the critical load Fcrit, that is the buckling load. The
orresponding eigenvector Φcrit represents the critical buckling mode shape.

In most cases, the matrices KLIN
u and KLIN

g are not positive definite, which may be challenging for numerical
lgorithms. Thus, shifting techniques are required to solve the eigenvalue problems shown in Eqs. (13) and (14).

. Case studies

.1. Objective and analysis method

A frequently mentioned key feature of IGA is the use of “exact” geometry from CAD for computation. Besides
ossible savings in time due to simplified workflows and avoidance of (re-)meshing, a key question is, whether
5
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more accurate results can be achieved through more accurate geometry. The aim of this section is to identify the
influence of exact geometry representation in pre-buckling analyses of shells. The presented set of case studies aims
to systematically separate the effects of geometry approximation from effects of solution approximation. Solutions
obtained by isogeometric shell elements are compared with standard shell finite element solutions obtained with
the commercial software ANSYS 18.0.

In all case studies, loads are applied in the form of prescribed displacements along boundaries of the structure,
because this is the type of load typically applied in laboratory experiments. In this context, the load factor λ drives the
magnitude of the prescribed displacements instead of the related forces. The corresponding boundary value problems
can be reformulated to match the format of a standard load case with prescribed forces. Essentially, the vector of
external forces represents the support reactions in the mechanism that applies the prescribed displacements. It still
depends on λ, but it is not necessarily linear in λ. However, the notion of a critical load factor λcrit directly transfers
to this scenario and the methods for PBA described in the previous section are readily applicable. Moreover, for the
problems studied here, the characteristics of the pre-buckling path are such that the external forces are practically
proportional to λ.

3.2. Overview of structural models, discretization schemes and solution procedures

For the sake of comprehensibility, we give a detailed description of the employed element formulations and
solution procedures. Isogeometric analysis (IGA) proposed by Hughes et al. [10] is employed using NURBS
(Non-Uniform Rational B-Splines). We utilize the so-called k-refinement strategy for obtaining quadratic, cubic
and quartic discretizations with maximum C p−1-continuity within each patch. Various different isogeometric shell
ormulations could possibly be employed. However, for the static linear thin shell stability problems studied here,
he discrepancy between different shell models is small. In the context of material and geometrical nonlinearities,
s well as for dynamic problems, different isogeometric shell formulations suggest themselves for a comparative
tudy, also including the influence of locking. This, however, is out of the scope of the present paper.

Instead, we focus on one single isogeometric shell formulation, namely:

• IGA KL: an isogeometric Kirchhoff–Love (KL) shell formulation with numerical integration through the shell’s
thickness, as presented in [30], which should provide, for the chosen problem setups, practically identical
results as the isogeometric KL shell formulation from [2]. All discretizations contain at least quadratic, C1-
continuous NURBS shape functions within a patch. Multi-patch geometries are coupled via the bending strip
method from [31]. In the shell’s in-plane directions, we use a “full” integration scheme with p + 1 Gauss
points, where p is the polynomial degree of the shape functions. Two integration points in thickness direction
are used.

ll isogeometric shell analyses are performed in NumPro, the C++ based, object oriented in-house finite element
rogram of the Institute for Structural Mechanics at the University of Stuttgart. Linear buckling analyses according
o Eq. (13) are performed, where the sum of the linearized geometric and initial displacement stiffness is computed
umerically according to Eq. (17). The generalized eigenvalue problem, Eq. (13), is solved by the package
rpack++ [32,33]. The package offers a huge number of procedures to solve several types of large scale eigenvalue
roblems based on the “Implicitly Restarted Arnoldi Method” [34]. Particularly, we use the class for symmetric
eneralized eigenvalue problems referred to as “ARluSymGenEig” in combination with the “buckling mode”. This
ode employs a shifting technique to determine eigenvalues near a user defined shift value. Using this combination

f “class” and “mode” to solve a problem of the form (A − λB)Φ = 0, the Matrix A is required to be positive
emi-definite, whereas no further requirements for B apply. Thus, the algorithm is capable of handling non-positive
efinite or semi-definite matrices B.

The results obtained by IGA KL are compared with results obtained with the commercial finite element analysis
oftware ANSYS 18.0. Four different types of elements from ANSYS are used:

• SHELL63: a 4-node quadrilateral element of KL type, bi-linear Lagrange polynomials as shape functions for
the membrane part and a patch of 4 Discrete Kirchhoff Triangles (see [35–38]) for the bending part.
6
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Fig. 2. Exact cylinder subjected to axial compression (Dirichlet-type load): (a) problem setup, (b) analytical solution, (c) reference solution.

• SHELL181R: a 4-node quadrilateral element of Reissner–Mindlin (RM) type, reduced integration with
hourglass control to remove locking effects.

• SHELL181F: a 4-node quadrilateral element of RM type, full integration, incompatible modes and Assumed
Natural Strains to avoid locking, see [39,40].

• SHELL281: an 8-node quadrilateral serendipity element of RM type, quadratic shape functions, reduced
integration with 2x2 in-plane integration points.

ach finite element formulation uses three translational and three rotational degrees of freedom per node. SHELL281
ses quadratic shape functions and eight nodes per element. Thus, the initial geometry of curved structures
an be approximated more accurately than for the other elements. It is worth mentioning that the ANSYS
ocumentation [41] suggests the use of SHELL181 instead of SHELL63. Pre-buckling analysis in ANSYS requires
linear static analysis as a first step. Based on the results of the linear analysis, the linearized geometric stiffness
atrix is computed. The subsequent buckling analysis uses the Block Lanczos algorithm. An automated shift strategy
ith a user defined initial shift is employed. Especially for large problems the computation can be accelerated

ignificantly by choosing an initial shift close to the lowest eigenvalue. To our best knowledge ANSYS uses classical
re-buckling analysis given by Eq. (14).

.3. Cylindrical shell subject to axial compression

The first case study deals with stability analyses of a cylindrical shell subjected to axial compression, as shown
n Fig. 2(a) with all dimensions and material properties. With a slenderness ratio of R

t =
20
0.1 = 200 the shell can

be classified as a thin shell
( R

t ≥ 20
)
. Transverse shear strains may be neglected and KL type shell theory may be

used, since the expected differences of results obtained by KL and RM type shell elements are negligible.
A linear elastic material is assumed with Poisson’s ratio ν = 0.0 in order to avoid boundary layer effects that

ould obstruct the view on the effects under investigation. The axial compression is applied using a displacement
oundary condition in order to enforce the upper edge to remain a planar circle. The upper edge is fixed in horizontal
7
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Fig. 3. Axially compressed cylinder: convergence of the critical load factor over the number of DOF; left: whole range; right: zoom.

directions, the lower edge of the cylindrical shell is fixed in all three directions. All defined boundary conditions
are also shown in Fig. 2(a). For this type of loading, a regular checkerboard buckling pattern is expected.

The NURBS-based discretization consists of four coupled patches, representing the exact geometry of a cylinder.
n the classical finite element approach using the commercial software ANSYS, the cylindrical shell is discretized
sing the shell elements summarized in Section 3.2. Cylindrical surfaces are ruled surfaces. However, using linear
r quadratic polynomials as shape functions, it is not possible to obtain a discretization with exact geometry
epresentation. For the same element size, the quadratic shell element SHELL281 provides a better approximation
f the geometry than the linear elements SHELL181 and SHELL63. For increasing levels of mesh refinement,
ecreasing geometry errors are achieved.

Both an analytical reference solution and numerical reference solutions are used for comparison. The first
umerical “overkill” solution is obtained using SHELL281 and a fine mesh with about 1.1 · 106 DOF. The resulting

critical load factor λref = 860.4 and the corresponding mode shape are shown in Fig. 2(c). The second numerical
reference solution is computed using SHELL63 and a mesh with about 1.5 · 106 DOF. There is no difference in the
critical mode shape and only a slight difference in the critical load factor, which is about 860.3 for SHELL63. The
shape of the converged critical buckling mode shows 7 half waves in axial direction and 26 half waves or rather 13
full waves in hoop direction. An analytical verification is carried out using [42], which yields for this mode shape
a corresponding critical load factor of 866.0, as shown in Fig. 2(b). A small discrepancy between the analytical
solution and the experimental solution for the buckling load factors is observed. This deviation stems from buckles
fading out at both ends of the cylinder in the numerical solution, which is not captured by the analytical solution,
assuming a strictly periodic buckling pattern by construction.

Fig. 3 (left) shows the convergence of the critical load factor with respect to the number of DOF for the whole
range of investigated meshes. A zoom into the coarse mesh range is shown in Fig. 3 (right). Both figures show
significant differences in the approximation quality for the compared elements. Although computational effort is
of course not proportional to the number of degrees of freedom, some general conclusions can be drawn from
this diagram. First, as expected, higher order discretization schemes converge more quickly than lower order ones.
It is partly for this reason, that the results from the NURBS-based discretizations (IGA) are apparently superior
to the ones obtained with standard finite element discretizations. Especially the approximations using the bilinear
SHELL181 element and the SHELL63 element converge very slowly. However, both quadratic elements, that is
SHELL281 and IGA KL p=2, yield a comparable convergence behavior of the critical load factor.

In order to further study the difference in performance of the applied element formulations, we will now focus on
the buckling mode shapes. Fig. 4 shows the evolution of critical mode shapes, that is the eigenvectors associated with
the smallest eigenvalues, of all employed element types. For the standard finite element discretizations, very fine
meshes are needed to obtain the correct buckling mode shapes. Wrong modes are obtained even if the critical load
factors are already practically converged. For instance, a discretization with 362880 DOF using SHELL63 yields a
8
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Fig. 4. Axially compressed cylinder: critical mode shapes and corresponding critical load factors for different discretizations: evolution of
he mode shapes. The plots of the buckling modes are positioned approximately according to the logarithmic scale of the number of DOF.

ritical load factor of about 860, which is almost identical to the numerical reference solution, but a wrong buckling
ode. To represent the correct mode shape using SHELL63 or SHELL181R – the default version of SHELL181

n ANSYS – more than 500000 DOF are needed. Using the IGA KL element with p = 3, only about 3500 DOF
are necessary to predict the correct mode shape, although the critical load factor is not yet fully converged. This
is less than 1% of the total of DOF compared to SHELL63 and SHELL181R. Comparing the necessary DOF for
IGA KL p = 3 and SHELL181F, the fraction is about 2.5%. Compared to the quadratic shell element SHELL281,
the IGA KL p = 2 discretization requires 7.6% of DOF and the IGA KL p = 3 discretization requires 5% of DOF
to predict to correct buckling mode.

Although these numbers appear to be impressive, conclusions have to be drawn with care, as the formulations
differ in various aspects. For instance, the geometric stiffness matrices of KL and RM type elements have different
properties, which may have an influence on the numerical properties of the eigenvalue problem. Moreover, a typical
property of shell buckling problems is that there exist several critical points with almost identical critical load factors,
that is eigenvalues. Fig. 5 shows the five lowest eigenvalues and the 31st eigenvalue together with the corresponding
buckling modes, obtained with the first numerical reference solution using SHELL281. The first five eigenvalues
take on values between 860.4 and 862.2, which is a range of about 0.2%. The 31st eigenmode is shown because
it is similar to buckling modes that are found to be critical in several “coarse” mesh discretizations, as shown in
Fig. 4. With increasing refinement, it is likely that a change in order of the eigenmodes comes along with only a
small change of the eigenvalue. For instance, the critical mode shapes using SHELL181 and a discretization with
9
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Fig. 5. Axially compressed cylinder: smallest five eigenvalues and 31st eigenvalue with corresponding mode shapes; numerical reference
solution obtained with SHELL281.

Fig. 6. Flat plate subjected to compression (Dirichlet-type load): (a) problem setup, (b) reference solution.

0080 DOF yield this shape. The corresponding 31st eigenvalue is 866.3, which deviates only about 0.7% from the
eference value 860.4. This mode is only chosen exemplarily, other modes could be chosen and identified in Fig. 4.

Obviously, the change of the order within the eigenmodes plays a decisive role for these results. The question
aturally arises, whether in the coarser discretizations that provided the wrong buckling mode as the critical one,
he correct mode appears later, for instance along with the 2nd or 3rd (or any low count) eigenvalue. We therefore
xemplarily checked higher order mode shapes but found this hypothesis to be falsified. In some cases, the finest
iscretization that did not yet provide the correct mode as the first one, the correct mode appeared as higher order
ode. For instance, the correct mode was found corresponding to the 13th eigenvalue for the solution obtained by
HELL181R with 362880 DOF.

In the light of the results from this first case study, it is of paramount interest, to investigate the sources of
he superior accuracy of solutions obtained by IGA. In particular, the question arises, whether exact geometry
epresentation is the driving force for superior accuracy.

.4. Buckling of a flat panel

The aim of this and the following case study is to separate the effect of exact geometry representation from
he effects resulting from higher order and smoothness of the shape functions, that is the approximation power
f NURBS. Therefore, geometries are investigated that can be exactly represented by all investigated element
ormulations.

This is trivially possible for the simply supported flat plate shown in Fig. 6(a). The two lateral edges are free
long the Z -direction and fixed in transverse directions X and Y . The upper edge is fixed in X - and Y -directions

nd the load is applied using an inhomogeneous Dirichlet boundary condition in Z -direction, while the lower edge

10
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r

Fig. 7. Flat plate: convergence of the critical load factor (corresponding mode shape from reference solution shown right) over the number
of DOF.

Fig. 8. Flat plate: five smallest eigenvalues and corresponding mode shapes.

Fig. 9. Hyperbolic paraboloid subjected to compression (Dirichlet-type load): (a) problem setup, (b) reference solution in side view, (c)
eference solution in front view.
11
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Fig. 10. Hyperbolic paraboloid: five smallest eigenvalues and corresponding mode shapes.

Fig. 11. Hyperbolic paraboloid: critical mode shapes for slendernesses (a) 100, (b) 200 and (c) 300.

is fixed in all three directions. Also in this case, numerical reference solutions are computed using SHELL281 and
SHELL63 with fine meshes. The resulting mode shape and the corresponding converged critical load factors are
shown in Fig. 6(b).

Convergence of the critical load factor with respect to the number of DOF is shown in Fig. 7. The results
of the KL type shell elements slightly differ from the ones obtained with RM elements. With a slenderness of
H
t =

5
0.2 = 25, transverse shear effects play a more pronounced role than for the previous problem setup of the

cylinder (slenderness R
t = 200).

In contrast to the cylindrical shell problem, computation of the buckling modes yields correct results for all
lements and discretizations already for the coarsest meshes. Apparently, the problem is too simple. Fig. 8 shows
he five smallest eigenvalues for the reference solution and the corresponding mode shapes. The results are shown
or a simulation using SHELL281 with a mesh of 200 × 100 elements and 3.6 · 105 DOF. It can be seen that the
igenvalues differ significantly, such that a change of order of these clearly separated eigenmodes is very unlikely.
herefore, a more demanding problem setup is studied next.

.5. Hyperbolic paraboloid

Based on the hypothesis that curved geometries provide potentially more demanding setups than flat ones, a
hell with the shape of a hyperbolic paraboloid, as shown in Fig. 9, is considered next. This particular geometry
s chosen, because it can be exactly represented by bilinear finite elements. All boundary conditions are similar to

hose applied to the flat panel and are given in detail in Fig. 9.

12
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Fig. 12. Segmented cylinder: Approximation of circle, left: 16 segments, center: 52 segments, right: perfect circle.

However, also in this case, there is no significant difference in the results obtained using standard finite elements
nd NURBS-based discretizations (convergence curves are omitted for the sake of brevity). Fig. 10 shows the first
ve eigenvalues and eigenmodes for a discretization using SHELL281 with a mesh of 100 × 123 elements and

2.2 · 105 DOF. When considering the number of buckles, the order of the resulting eigenmodes seems counter
intuitive. Therefore, these results have been verified and confirmed by further mesh refinement. The background of
this phenomenon deserves further attention, but it is not investigated in this study, as it is only remotely related to the
scope of the present work, dealing with the more abstract topic of approximation power of discretization schemes.
The eigenvalues are indeed closer to each other than in the case of the flat panel, but still clearly separated such that
a change of order is not likely. Also the variation of the thickness and thus the slenderness did not yield qualitatively
different results. As shown in Fig. 11, the number of half-waves slightly increases with increasing slenderness, but
the complexity of the buckling pattern is not as pronounced as it is for the patterns observed in Section 3.3 for the
cylindrical shell problem. In summary, the studies with simple “exact geometries” in this and the previous section
remain inconclusive concerning the question towards significance of exact geometry.

3.6. Segmented cylinder

The idea of this last case study is to maintain the complexity of the cylindrical shell problem studied in
Section 3.3, while introducing intentional geometry errors, which are identical for all element types, discretization
schemes and levels of mesh refinement. This is accomplished by solving the problem of a segmented cylinder, as
described in the following. Fig. 12 exemplarily shows the plan view of three different segmentations of a circle,
building the base for the cylinder. An overview of the deviation of the segmented cylinder for the investigated
segmentations in comparison to the perfect cylinder with a circle as basis is shown in Table 1. The numbers of
segments are not randomly chosen. As we expect 26 half-waves in hoop direction, the segmentations with 26 and
52 represent attractive “offers” for obtaining the correct solution. The number of segments is then further increased
up to 120. The key idea of this case study is to keep the approximation error in the geometry – assuming the
perfect cylinder as reference – constant, while the number of DOF is increased by mesh refinement within each
flat segment. In the first part of this section, the segmented cylinder problem is investigated with the standard finite
element approach using ANSYS. In the second part, the problem is studied by IGA.

Standard finite element solution

As already described in Section 3.2, four different types of shell elements are used for the finite element solutions
in ANSYS. In contrast to Section 3.3, the geometry error is independent of the mesh. All other aspects of the problem
setup are identical to the cylindrical shell problem, as shown in Fig. 2. The cylinder with a radius of R = 20.0,
height H = 30.0 and thickness t = 0.1 is again subjected to a vertical displacement of D̂ = 1.0 · 10−4 on the

pper edge by an inhomogeneous Dirichlet boundary condition. The lower edge of the cylinder is fixed in all three

irections and Poisson’s ratio is zero.

13
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Fig. 13. Segmented cylinder: Occurrence of the correct buckling mode for the four different ANSYS elements. Number of segments for the
geometry approximation over number of DOF. Green dots indicate the correct buckling mode, red squares indicate a wrong buckling mode.

Table 1
Deviation segmented cylinder — perfect cylinder.

Number of segments 26 45 52 60 90 120
deviation of lateral surface in % 0.24 0.08 0.06 0.05 0.02 0.01
deviation of base area in % 0.97 0.32 0.24 0.18 0.08 0.05
14
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In this case study, we are primarily interested in the evolution of the predicted buckling mode. Convergence
tudies of the critical load factor have been performed as well, but they are not reported here, as they do not provide
dditional insight. The diagrams in Fig. 13 summarize the results for the buckling modes obtained by simulations
ith the four different types of shell elements from ANSYS. The occurrence of correct or wrong critical buckling
odes is shown in dependence of the number of segments and the number of DOF. Here, buckling modes of

he segmented shell are considered “correct”, if the number of halfwaves in hoop direction and the number of
alfwaves in axial direction comply with the reference solution for the perfect cylinder. Of course, for an actual
egmented shell, different modes may be correct, but the scenario here is to interpret the segmentation as a geometry
pproximation error, while aiming to solve the (perfect) cylindrical shell problem. In each of the four diagrams, red
quares represent wrong buckling mode shapes and green dots represent correct buckling modes. In the appendix,
he data for each number of segments, the corresponding number of DOF, the critical load factor λcrit and whether

the correct buckling mode occurred is shown in the form of multiple tables for the different ANSYS and IGA KL
elements. The results for the perfect cylindrical geometry, already shown in Fig. 4, are repeated in the top line of
each diagram, with the label ∞ indicating an infinite number of segments. In all cases, except for SHELL181R, an
approximation of the cylindrical geometry with 60 segments is sufficient to obtain the correct buckling mode. For
coarser segmentations, different (wrong) buckling modes are obtained, even for very fine meshes. This observation
indicates some threshold in geometry approximation, beyond which the geometry error is small enough to allow
convergence to the correct result.

For the KL type element SHELL63, more than 400000 degrees of freedom are necessary to obtain the correct
mode. For the RM type element SHELL281 some 80000 DOF are sufficient. The most interesting fact is, however,
that, independent of the element type, for finer segmentations the number of DOF needed to obtain the correct mode
does not decrease. This suggests the conclusion that better geometry approximation does not result in an improved
coarse mesh accuracy in view of the quality of the predicted buckling mode.

IGA solution

In the context of IGA, each segment is represented by one patch. Patch coupling is performed via the bending
strip method [31]. Since for the standard finite element approach the first correct results show up for 60 segments,
we use this particular geometry approximation for further investigations. Fig. 14 summarizes the results for the
buckling modes using IGA KL elements in dependence of the polynomial degree p and the number of DOF. As
before, correct buckling modes are represented by green dots, whereas red squares indicate wrong buckling modes.
Correct buckling modes are achieved in all cases in the range between 10000 and 20000 DOF. It may appear
counter-intuitive that the number of DOF needed to obtain the correct buckling mode increases with the polynomial
order. The reason is the fact that the C0-continuous edges in the segmented shell artificially increase the number
of DOF for higher order discretizations via knot repetition.

Qualitatively, however, the same results are achieved by IGA KL as for the exact cylinder problem. This
underlines that an exact representation of the geometry is not needed for these problem types and the superior
results of IGA are based on the high approximation power of smooth NURBS.

4. Summary and outlook

In this paper, we presented a comprehensive study on the approximation power of NURBS in the context of
isogeometric analysis and the significance of exact geometry in linear pre-buckling analyses of shells. Numerous
different finite element solutions obtained with the commercial software ANSYS were compared with solutions
obtained by isogeometric shell analysis. We observed superior accuracy of isogeometric shell analyses compared
to standard finite element analyses, particularly in detecting buckling modes.

One result is, that for the studied class of problems isogeometric shell formulations require only a fractional
amount of degrees of freedom for the same level of accuracy compared to standard finite elements. This effect
seems to be particularly pronounced if numerous critical points appear within a small range of load levels. This is,

for instance, the case for buckling of axially compressed cylinders.
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Fig. 14. Cylinder with 60 segments: Occurrence of the correct buckling mode for the IGA KL elements. Polynomial degree over number
f DOF. Green dots indicate the correct buckling mode, red squares indicate a wrong buckling mode.

For problems with clearly separated critical points, the results obtained with isogeometric analysis do not seem
o be superior to results obtained with standard finite elements.

Moreover, the sources of the observed superior accuracy obtained by isogeometric analysis have been investigated
ystematically. The problem setups were selected in a specific way in order to systematically separate the influence
f exact geometry from the influence of the shape functions. The numerical results indicate that the driving force
or superior accuracy of IGA over standard finite elements is the high approximation power of k-refined NURBS

rather than the exact geometry representation. By artificially introducing an intentional geometry error within the
segmented cylinder problem setup in both IGA and standard finite element analysis, we demonstrated that a certain
level of geometry approximation is sufficient to achieve correct buckling modes.

The studies in this paper are restricted to linear pre-buckling analyses of shells. The results suggest several
extensions and future research. Current investigations focus on nonlinear static and dynamic simulations and a
more detailed study on the effects of smoothness, polynomial degree and locking on the accuracy.
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Table 2
Cylindrical shell, SHELL63: Number of segments, associated number of DOF, critical load factor
λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

26 43680 420.4 no
93600 422.8 no
265200 424.3 no
374400 424.5 no
585000 424.7 no

45 43200 800.9 no
97200 825.6 no
270000 836.0 no
388800 837.3 no
567000 838.5 no

52 42120 815.5 no
93600 835.1 no
249600 850.7 no
374400 853.5 no
608400 855.5 no

60 43200 808.8 no
86400 838.6 no
252000 855.7 no
388800 858.5 no
514800 860.0 no
594000 860.3 yes
682560 860.2 yes
721440 860.3 yes

90 43200 807.0 no
97200 840.3 no
270000 857.5 no
388800 860.3 yes
517860 860.3 yes
567000 860.5 yes

120 43200 773.2 no
86400 838.1 no
237600 858.2 no
288000 856.9 no
345600 859.6 no
417600 859.3 no
450000 860.1 yes
493200 860.3 yes
648000 860.2 yes

∞ 5760 591.8 no
(exact) 10080 674.9 no

23040 763.3 no
40320 805.0 no
90720 837.5 no
142200 848.1 no
252000 856.0 no
362880 858.9 no
568800 860.2 yes
1451520 860.3 yes
17
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Table 3
Cylindrical shell, SHELL181R: Number of segments, associated number of DOF, critical load
factor λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

26 43680 440.6 no
93600 431.4 no
265200 425.5 no
374400 424.5 no
585000 423.5 no

45 43200 859.5 no
97200 851.7 no
270000 843.5 no
388800 841.7 no
567000 840.6 no

52 42120 871.4 no
93600 863.4 no
249600 859.5 no
374400 858.8 no
608400 857.8 no

60 43200 873.2 no
86400 866.6 no
252000 864.4 no
388800 863.9 no
594000 863.5 no

90 43200 868.6 no
97200 866.7 no
270000 866.4 no
388800 865.8 yes
414720 865.8 yes
517860 864.4 yes
567000 864.5 yes

120 43200 868.4 no
86400 865.9 no
237600 865.9 no
345600 865.9 no
417600 864.9 yes
450000 864.9 yes
493200 864.9 yes
648000 863.7 yes

∞ 5760 881.6 no
(exact) 10080 872.5 no

23040 868.3 no
40320 868.0 no
90720 868.3 no
142200 866.1 no
252000 865.8 no
362880 865.4 no
568800 864.8 yes
1451520 862.5 yes
18
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Table 4
Cylindrical shell, SHELL181F: Number of segments, associated number of DOF, critical load factor
λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

26 43680 436.6 no
93600 429.5 no
265200 424.8 no
374400 423.9 no
585000 423.2 no

45 43200 891.3 no
97200 861.6 no
270000 846.1 no
388800 843.5 no
567000 841.8 no

52 42120 910.7 no
93600 879.8 no
249600 864.9 no
374400 861.6 no
608400 859.2 no

60 43200 905.9 no
86400 885.2 no
252000 868.2 yes
311040 866.3 yes
388800 864.9 yes
493200 864.0 yes
594000 863.4 yes

90 43200 903.8 no
97200 879.8 yes
270000 867.4 yes
388800 865.3 yes
567000 864.1 yes

120 43200 890.8 no
86400 882.9 no
237600 870.5 yes
345600 866.4 yes
432000 864.5 yes
648000 863.4 yes

∞ 5760 1119.3 no
(exact) 10080 1006.1 no

23040 927.7 no
40320 901.4 no
90720 880.4 no
142200 873.9 yes
252000 868.3 yes
362880 866.1 yes
568800 864.2 yes
1451520 862.3 yes
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Table 5
Cylindrical shell, SHELL281: Number of segments, associated number of DOF, critical load factor
λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

26 28080 434.0 no
70200 421.2 no
131040 420.6 no
280800 420.3 no
795600 423.5 no

45 32400 863.4 no
72900 841.3 no
129600 837.5 no
291600 836.5 no
810000 836.5 no

52 29952 867.1 no
67392 859.6 no
126360 855.8 no
280800 854.7 no
748800 854.7 no

60 29160 870.8 no
66960 861.4 yes/noa

129600 859.4 yes
259200 858.9 yes
557280 858.9 yes
756000 858.9 yes

90 32400 871.2 no
68040 861.3 yes
129600 860.1 yes
291600 859.7 yes
557280 859.7 yes
810000 859.7 yes

120 43200 865.2 no
64800 861.9 yes
129600 859.9 yes
259200 859.9 yes
712800 859.8 yes

∞ 5832 875.8 no
(exact) 17280 865.1 no

30240 865.8 no
69120 861.9 yes
120960 860.8 yes
272160 860.5 yes
426600 860.4 yes
756000 860.4 yes
1088640 860.4 yes

aNumber of halfwaves in hoop direction is correct, in axial direction, the upper and lower most
halfwaves are not very well pronounced.
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Table 6
Cylindrical shell, IGA KL p = 2: Number of segments, associated number of DOF, critical load
factor λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

60 6120 897.7 no
11520 887.2 yes
15120 885.1 yes
33840 874.7 yes

∞ 3060 941.9 no
(exact) 5280 897.4 yes

11880 871.8 yes
20640 866.3 yes
31800 864.1 yes
46080 863.0 yes

Table 7
Cylindrical shell, IGA KL p = 3: Number of segments, associated number of DOF, critical load
factor λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

60 9720 873.4 no
13500 872.7 yes
17820 872.6 yes
23760 861.6 yes
30960 861.5 yes

∞ 3456 870.6 yes
(exact) 5796 862.2 yes

12648 860.8 yes
21648 860.7 yes
33048 860.7 yes

Table 8
Cylindrical shell, IGA KL p = 4: Number of segments, associated number of DOF, critical load
factor λcrit and indication whether the correct buckling mode occurred.

Segments DOF λcrit Correct mode

60 13680 860.9 yes
24480 860.8 yes

∞ 3876 861.9 yes
(exact) 6336 860.8 yes

13440 860.7 yes
20640 860.7 yes
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