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Abstract

Fictitious domain methods, such as the Finite Cell Method (FCM), allow for an efficient and accurate simulation of complex
eometries by utilizing higher-order shape functions and an unfitted discretization based on rectangular elements. Since the
esh does not conform to the geometry, cut elements arise that are intersected by domain boundaries. For optimal convergence

ates and the efficiency of the simulation in general, special integration schemes have to be used in such elements. In this
ontribution, the often used, robust octree-decomposition-based integration scheme is enhanced by a novel approach reducing
he computational effort when evaluating the discontinuous integrals. This is realized by introducing an additional step, in
hich the local integration mesh is simplified using data compression techniques leading to fewer integration domains/points.
n important advantage of the proposed method is that it can be added in a modular fashion to already existing codes. While

t inherits all desired properties of the octree-decomposition-based integration scheme, it significantly reduces the number of
ntegration points and has hardly any negative effect on the simulation accuracy. In this paper, the proposed integration scheme
s introduced in detail, and investigated by means of numerical examples in the context of 3D non-linear problems.

2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
http://creativecommons.org/licenses/by/4.0/).

eywords: Finite cell method; Embedded domain methods; Octree integration; Discontinuous integrals; Non-linear mechanics

1. Introduction

The finite cell method (FCM), being a combination of high-order shape functions [1,2] and the fictitious domain
pproach [3], enables an efficient and accurate simulation of geometrically complex structures [4,5]. Generally, the
nvestigated physical domain Ωphys (Fig. 1(a)) is embedded into a larger domain of simple shape Ωe (Fig. 1(b))
o facilitate the spatial discretization by means of Cartesian meshes (Fig. 1(c)). Appropriate Dirichlet (blue) and
eumann boundary conditions (red) are defined on the physical boundary ∂Ω . Consequently, the meshing procedure

is detached from the geometric features of the investigated domain, and thus, the often cumbersome and error-
prone discretization with geometry-conforming finite elements can be avoided. For extending the original problem
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Fig. 1. The key idea of the finite cell method. (For interpretation of the references to color in this figure legend, the reader is referred to
he web version of this article.)

ormulation from the physical domain Ωphys to the embedding domain Ωe, which also includes the fictitious domain
fict of zero stiffness, the discontinuous indicator function

α =

{
1 in Ωphys

0 in Ωfict
(1)

s defined. Provided that the embedded geometry is accurately taken into account during the integration phase,
xponential convergence rates are possible [6]. For further reading on the key concepts of the FCM, we refer to
efs. [2,7].

Note that in the research of fictitious/embedded domain methods, several approaches have emerged, that are based
n a similar idea. Such approaches are, e.g., the cut finite element method (CutFEM) [8–10], extended/generalized
EM (XFEM/GFEM) [11], Cartesian grid FEM (cgFEM) [12,13], fixed grid FEM (FGFEM) [14], unfitted
EM [15,16], and immersed boundary methods [17,18].

.1. State of the art

Since its development in 2007, the FCM has been extended in various ways and applied to several problems,
uch as geometrical non-linearities [19–21], elasto-plasticity [22–24], foamed materials [25,26], explicit and implicit
lastodynamics [27,28], thermoelasticity [29], biomechanics [30–32], piezoelectricity [33], homogenization [34,35],
hase field fracture [36], topology optimization [37] and contact problems [38]. The newest applications include
imulation of milling processes [39], geometries based on point cloud data structures [40], and functionally graded
aterials [41].
Although the FCM was originally formulated using high-order shape functions based on integrated Legendre

olynomials, today, there are several implementations exploiting other Ansatz spaces: In the Spectral Cell Method
SCM), Lagrangian shape functions based on the Gauss–Legendre–Lobatto (GLL) nodal distribution are used
42–44]. These shape functions are especially suitable for capturing high-frequency waves in the displacement
eld and allow for the application of mass lumping techniques. Therefore, the SCM is typically used for wave
ropagation problems. Multimaterial problems, where cut cells can contain more than one physical material, require
n efficient capturing of the material interfaces in the solution field. This can be achieved by local enrichment of the
nsatz space by additional shape functions that enable the C0-continuity of the displacement field within the cut

ells. This approach was adopted from the XFEM and successfully implemented and extended the FCM [45,46].
ther implementations are based on shape functions of higher differentiability across the cell boundaries using
URBS [47–49] and B-Splines [19,50]. Finally, rational shape functions over polygonal cells were also successfully

mplemented in the FCM [51,52].
2
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Due to the unfitted mesh, different cell types arise that have to be treated differently: Physical cells are fully
interior to Ωphys (gray cells in Fig. 1(c)) and fictitious cells are completely located in Ωfict (light gray cells in
Fig. 1(c)). While the former ones can be treated as standard finite elements, the latter ones have zero stiffness
and thus, these are removed from the simulation in the pre-processing phase. Finally, cut cells appear, which are
intersected by ∂Ω and are partially physical and fictitious (yellow cells in Fig. 1(c)). In fact, cut cells pose some
challenges in the FCM simulation pipeline regarding (i) the enforcement of boundary conditions, (ii) conditioning
of the discrete problem and (iii) and integration of the cut cell matrices. While for more information on (i) and (ii)
we refer to Refs. [5,11,19,47,48,53,54], respectively, the last issue constitutes the main focus of this article and will
be discussed in the following.

1.2. Integration of discontinuous functions

A key requirement for an accurate FCM simulation is the proper integration of the cut cell matrices, which
involves the computation of discontinuous integrals of the form I =

∫
Ωc αF dx. Since for such integrals, Gaussian

quadrature yields a severely deteriorated integration accuracy, in the FCM, more suitable numerical integration
schemes are required.

A main branch of the available approaches is based on the introduction of a local integration mesh (LIM),
such that the piece-wise continuous integrand is integrated over several sub-domains with reasonable accuracy.
In the remainder, the integration domains in the LIM will be referred to as (integration) sub-cells. The LIM-
based integration can be realized using quadtree/octree-decomposition techniques (QTD/OTD) yielding an unfitted
integration mesh with rectangular [5,22] or tetrahedral sub-cells [55,56], or by geometry conforming meshes using
distorted sub-cells with linear [12,57], high-order [58,59] or blending mapping functions [60,61]. While geometry
conforming meshes are known for higher integration accuracy and lower integration point count, they require explicit
finding of the intersecting boundary. The QTD/OTD-based adaptive integration scheme (discussed in more detail
in Section 2.3) is known for its robustness, however, it also results in a significant amount of integration points.
Thus, in the recent years, further approaches have emerged to evaluate discontinuous integrals of embedded domain
methods more efficiently.

Such an alternative integration scheme is seen in the recently emerging Moment Fitting (MF) approach, where
n each cut cell, a unique quadrature rule is derived. The objective is to obtain a set of integration points, whose
osition and weights are such, that the discontinuous nature of the integrand is already taken into account during
he numerical integration. Thus, a high integration accuracy with relatively low amount of integration points can
e achieved. MF generally involves the solution of a non-linear equation system (EQS) [62,63]. A linear EQS can
e obtained by pre-defining the position of the integration points either in the entire [64] or physical part of the
ntegration domain [65–67]. Unfortunately, for non-linear problems, the standard MF is not suitable as it leads
o a loss of stability of the Newton–Raphson iteration. A solution to this can be seen in the adaptive moment
tting approach, where the MF is applied individually in the cut sub-cells of a QTD/OTD [24]. Alternatively, a
ecomposition of each cut cell into additional material subdomains was introduced in Ref. [68], for dealing with
ore sophisticated material models such as multi-yield surface plasticity. Another method is to use non-negative
oment fitting quadrature rules that proved well for 1D/2D small strain elasto-plastic problems [69]. Finally, an

pplication of the MF to locally enriched material interfaces can be found in Ref. [70].
A different idea for integrating discontinuous functions over the cut cells is based on the equivalent polynomi-

ls [71,72] and equivalent Legendre polynomials [73] methods. These approaches are based on the replacement of
he discontinuous integrand by a continuous one with same integral value and thus, similarly to the MF, they enable
n integration over the entire cell without the need for space partitioning techniques.

Further methods are based on identifying the physical part of the cut cell Ω c
phys ⊂ Ω c over which the integrand

s continuous. Then, the integral over the n-dimensional Ω c
phys can be computed by n − 1 successive applications

f the Divergence Theorem, leading to a set of one-dimensional integrals [74]. However, analytical computation
f the required antiderivatives is often not possible or computationally not feasible. Instead, radial basis functions
an be used for discrete evaluations of the antiderivatives [75,76], or a pre-computation of the integrand as it was
nvestigated in the context of the FCM [77]. For a comparison of some of the methods mentioned above see the

ork by Abedian et al. [78]

3
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1.3. Motivation

The objective of our contribution is the development of an easy-to-implement and efficient integration scheme
or fictitious domain methods, which is also robustly usable for non-linear problems, where cut cell matrices
ave to be computed numerous times and stability of the Newton–Raphson iteration plays a crucial role. From
ection 1.2 it is clear, that there is a vast literature and ongoing research on different integration schemes
uitable for fictitious domain methods. The available approaches differ in their (i) accuracy, (ii) speed, (iii)
obustness, (iv) implementational complexity, (v) stability during Newton–Raphson iteration, (vi) assumptions
egarding the definition and dimensionality of the intersecting geometry (parametric, implicit, voxel, STL, etc.),
nd (vi) assumption of the integrand’s nature.

In our contribution, the adaptive integration scheme based on an Octree Decomposition (OTD) is in the focus; an
pproach that has emerged in the early years of the FCM [5,22,29,34], and is still widely used nowadays [40,41,50,
9,80]. The popularity of the OTD is due to its simple implementation, straightforward execution, and robustness,
ince it can handle arbitrary cut cases and supports most geometry description. Furthermore, since it does not require
n explicit search for the boundary, there are no additional iterations required during the procedure. The method
s explained in more detail in Section 2.3. Even if other methods are based on a different notion, they often rely
n an OTD, e.g., when computing the right-hand side of the moment fitting approach [68], or use it as a fallback
trategy if the initially intended integration algorithm fails [60,61]. Combinations exist as well, such as the adaptive
oment fitting, which relies on the OTD for being able to handle non-linear problems [24].
Although the OTD-based integration scheme has significant benefits, it has also its drawbacks, e.g., an exponen-

ially increasing number of sub-cells nsc with respect to the refinement level R. Thus, if a high integration accuracy
s required, a large amount of integration points will be generated, having a major impact on the computational
ime. For reducing the computational time, multiple methods have been proposed in the recent years, including
ubsequent decrease of quadrature order for smaller sub-cells [22,81], replacement of fictitious integration points
y a significantly lower set [22,81], extension by Boolean operations [82], and reusing/updating certain integration
oints while simulating milling processes [39]. Note that the above method can be combined with each other as
ell.
Another solution for decreasing the number of integration points was proposed by the authors in a 2D

etting [52,83], where the number of sub-cells resulting from the quadtree-decomposition (QTD) is reduced by
ransforming the sub-cells into an equivalent pixel-image to which standard image compression schemes can
e applied. Finally, the compressed image is transformed back to the local space of the cut cell, yielding a
ignificantly reduced set of sub-cells. This leads to reduced computational effort during the numerical integration
hile maintaining the same integration accuracy for piece-wise polynomial integrands. In this contribution, we

xtend the idea proposed in Refs. [52,83] to 3D problems, such that the LIM resulting from an OTD is translated
nto an equivalent voxel domain in which constant voxel regions can be merged using data compression techniques.
he proposed integration scheme, combined with the fictitious integration points reduction approach [22,81], is

ested in the context of non-linear mechanics with a Neo-Hookean material model and finite strains. Due to the
omputation of the discontinuous integrals in numerous load steps an efficient integration is especially required. The
umerical examples in this article not only show, that a significant amount of integration points can be saved using
he proposed method, but that it can handle highly complex geometries with ease as well. Finally, when investigating
on-linear problems in Section 4, the proposed method shows no loss of robustness during the Newton–Raphson
teration and despite the non-polynomial nature of the integrand, the overall simulation accuracy is also maintained.

. Non-linear analysis with the finite cell method

In the previous section, the key features of the FCM were already introduced. In this section, the governing
quations for materially and geometrically non-linear analysis are presented and adopted to the FCM. The idea of
arge deformation analysis using the FCM is illustrated in Fig. 2 for a two-dimensional case. Note that the fictitious

ells, which have been present in Fig. 1, are not depicted here, since they are not part of the simulation.

4
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Fig. 2. Simulation of large deformations using the finite cell method.

2.1. Kinematics and constitutive relations

Here, we will consider a hyperelastic material model including both material and geometrical non-linearities.
Let X and x = ϕ(X) denote the position vectors of a material point in the initial and current configurations.
Using the displacement vector u, the deformation map is defined as ϕ(X) = X + u(X). Furthermore, let
F = Grad(ϕ) = 1 + Grad(u) be the deformation gradient, where Grad(·) refers to the gradient operator w.r.t. X . In
his contribution, for simulating finite strains, we follow the total Lagrangian formulation. Without derivation, the
on-linear weak form of equilibrium in the initial configuration reads [19,84,85]

Gα
e =

∫
Ωe

α S · δE dV −

∫
Γ N

0

t̄ · δu dA = 0 , (2)

hich in the context of FCM, is formulated over Ωe. Thus, the standard weak form is extended by the indicator
unction α given in Eq. (1). The first term in Eq. (2) considers the internal virtual work, while the second term
orresponds to the virtual work of the external forces. For sake of simplicity, no body loads and inertia terms are
onsidered. Furthermore, δu refers to the variation of displacements, δE is the variation of the Green–Lagrange
train tensor, and t̄ is the applied traction on the surface ΓN

0 , as depicted in Fig. 2. The second Piola–Kirchhoff
stress tensor S is computed using the strain energy function W of the hyperelastic material model [86]

W =
µ

2
(tr (C) − 3) +

λ

4

(
J 2

− 1
)
−

(
λ

2
+ µ

)
ln (J ) . (3)

Here, λ and µ are the Lamé constants, C = FT F is the right Cauchy–Green tensor and J =
√

det (C). Thus, S
can be expressed as

S = 2
∂W

=
λ

(J 2
− 1)C−1

+ µ(1 − C−1) . (4)

∂C 2

5
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Note that Eq. (2), is highly non-linear and will be solved iteratively with the help of a Newton–Raphson scheme.
fter taking the directional derivative of Gα

e , the linearized weak form reads∫
Ωe

α
(

Grad(∆u) S · Grad(δu) + δE · C∆E
)

dV =

∫
Γ N

0

t̄ · δu dA −

∫
Ωe

α S · δE dV . (5)

where ∆u and ∆E define the increment of the displacement vector and the Green–Lagrange strain tensor,
respectively.

2.2. Discretization of the weak form in the initial configuration

The linearized weak form over Ωe in Eq. (5) can now be discretized in the initial configuration using a Cartesian
mesh consisting of nc finite cells, as depicted in Fig. 2. Each cell has its local coordinate system ξ = [ξ1, ξ2, ξ3]T

nd a set of n high-order shape functions {Nk(ξ )}n
k=1 based on integrated Legendre polynomials [87,88]. Due to

he Cartesian nature of the unfitted mesh, the mapping of a given cell from its local coordinates to the initial
onfiguration Qξ→X is linear in ξ . Consequently, Jξ→X = ∇ξ ⊗ Qξ→X is constant. The discretized problem results
n

K i
T(ui ) ∆ui+1

= Fi
int(u

i ) − λl Fext , (6)

here K i
T(ui ) refers to the global tangent stiffness matrix, furthermore, Fint and Fext correspond to the global

internal and external load vectors, respectively. The parameter λl defines a load factor at the load increment l. The
equation system in Eq. (6) is solved at every Newton–Raphson iteration i for obtaining ∆ui+1. The global quantities
in Eq. (6) are obtained by the assembly of the cell-specific local quantities following the standard Bubnov–Galerkin
approach. The tangential stiffness matrix kc,i

T , the internal load vector f c,i
int , and the external load vector f c,i

ext of the
cell c at the Newton iteration step i are defined as

kc,i
T =

∫
Ωc

α (BTCV B + GT SV G) dV, f c,i
int =

∫
Ωc

α GT SV dV, f c,i
ext =

∫
ΓN

0

NT t̄ dA. (7)

Here, CV and SV are the elasticity and second Piola–Kirchoff stress tensors in Voigt notation, respectively.
Furthermore, N is a matrix containing the shape functions, G corresponds to the discrete gradient operator and
B is the strain operator. Both G and B contain polynomials based on the partial derivatives of the shape functions
w.r.t. X , while B also contains terms related to Fc,i

= 1+Grad(uc,i ). The integrals given in Eq. (7) are formulated
in the initial configuration. Thus, for the computation of the cell matrices in the reference domain of the cells, the
change of integration coordinates and pullback of global derivatives have to be taken into account appropriately.
Note that due to the Cartesian mesh, det( Jξ→X ) is a constant, and computing global derivatives w.r.t. ξ only involves
a simple scaling procedure. Generally, kc,i

T and f c,i
int involve computing integrals I c of the form

I c
=

∫ 1

−1

∫ 1

−1

∫ 1

−1
α
(

Qξ→X (ξ )
)
F(ξ ) det( Jξ→X )  
F(ξ )

dξ1dξ2dξ3 , (8)

here F(ξ ) depends on the integrands of kc,i
T and f c,i

int . The function F(ξ ) is non-polynomial due to the hyperelastic
onstitutive model and the presence of C−1

= (FT F)−1 in Eq. (4). Furthermore, due to the multiplication by α,
he entire integrand F(ξ ) is also discontinuous along ∂Ω . In the following sub-section, the OTD-based integration
cheme often used in unfitted approaches is discussed for solving discontinuous integrals.

.3. Integration of the cut cells via octree-decomposition

As discussed in Section 1.2, there are numerous integration schemes that can be used for computing Eq. (8).
hey usually differ in their robustness, accuracy and complexity. Due to reasons discussed in Section 1.3, in our
ontribution, the adaptive integration scheme based on an octree-decomposition is in the focus. The procedure is
ased on introducing a local integration mesh with an octree structure in the cell (Fig. 3), which serves integration
urposes only and does not increase the total degrees of freedoms of the system. The straightforward execution of

he OTD relies on a recursive sub-division of a cut cell into eight sub-cells, which are again sub-divided into even

6
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Fig. 3. Flowchart of the OTD-based integration scheme. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 4. Mapping of a given sub-cell to the local space of its parent cell.

smaller sub-cells, if they are cut by the boundary ∂Ω . In the case of Fig. 3, the physical and fictitious domains
re separated by a spherical boundary. The procedure ends when a given refinement level Rmax is reached and

results in a set of cube-shaped sub-cells, which have decreased size and increased density towards ∂Ω . Whether
a given sub-cell is intersected can be easily evaluated for most geometry types (implicit, STL, CAD, voxel) by
finding two points within the sub-cell that belong to two different domains.1 Such a procedure is often referred to
as a point membership classification (PMC). Since neither the decomposition nor the integration over the sub-cell
requires explicitly finding the boundary, the OTD-based integration scheme can handle arbitrarily complex cut cases
as well. Just as finite cells, the sub-cells can be also classified as physical, fictitious or cut, as indicated by the gray,
light gray and yellow colors in Fig. 3, respectively.

Each sub-cell has its own local coordinate system {η1, η2, η3} and linear mapping function Qη→ξ for establishing
he relation to the {ξ1, ξ2, ξ3}-space of the parent cell, as depicted in Fig. 4.

ξ = Qη→ξ (η) =

⎡⎣ξ1 min
ξ2 min
ξ3 min

⎤⎦ +
1
2

⎡⎣hξ1 0 0
0 hξ2 0
0 0 hξ3

⎤⎦ ·

⎡⎣1 + η1
1 + η2
1 + η3

⎤⎦ (9)

In the above equation, ξ1 min, ξ2 min, and ξ3 min denote the coordinates of the highlighted corner ξmin of the sub-cell
n Fig. 4. Furthermore, hξ1 , hξ2 and hξ3 mark the side lengths of the sub-cell in the {ξ1, ξ2, ξ3}-space, where for the
ube-shaped sub-cells, hξ1 = hξ2 = hξ3 . After the OTD of the cell, the discontinuous integral over the cut cell given
n Eq. (8) is computed by integrating over the nsc sub-cells individually

I c
=

nsc∑
k=1

I sc
k , (10)

here the integral over the kth sub-cell is defined as

I sc
k =

∫ 1

−1

∫ 1

−1

∫ 1

−1
F

(
Q(k)

η→ξ (η)
)

det( J (k)
η→ξ ) dη1dη2dη3 . (11)

1 Of course, for certain geometry types, such as spheres, cylinders, ellipsoids, a cut case can be determined analytically as well.
7
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Due to the change of integration coordinates, when integrating over the sub-cells, both the geometry mapping
f the k th sub-cell Qη→ξ and the determinant of its Jacobian Jη→ξ must be taken into account. Following from
q. (9), the Jacobian is computed as

Jη→ξ = ∇η ⊗ Qη→ξ =
1
2

⎡⎣hξ1 0 0
0 hξ2 0
0 0 hξ3

⎤⎦ , (12)

hich contains constant values only. Consequently, det( Jη→ξ ) in Eq. (11) is also constant and can be excluded from
he integral. Generally, the integral in Eq. (11) is evaluated via Gaussian quadrature according to

I sc
k = det( J (k)

η→ξ )
nG∑
j=1

w j F
(

Q(k)
η→ξ (ηj )

)
, (13)

here nG is the total number of integration points within the sub-cell, while ηj ∈ [−1, 1] × [−1, 1] × [−1, 1] and
j are the position and weight of the j th integration point, respectively.
In this contribution, we follow the approach by Abedian et al. [22,81], for preventing ill-conditioning of the

roblem: First, a set of integration points according to a chosen quadrature rule is distributed within the entire cell.
hen, only the integration points lying in Ωfict are considered with the scaling factor α = 10−q . Thus, no fictitious
ub-cells are required, and ill-conditioning is avoided at the cell-level. For the numerical examples in Section 4,
= 5 is used.
In case of uncut sub-cells, a high integration accuracy can be achieved, if a sufficiently accurate quadrature rule

s chosen, and if F in Eq. (13) is a polynomial defined on the given sub-cell, even machine precision is possible.
n the other hand, if the given sub-cell is cut, meaning F is discontinuous, Gaussian quadrature cannot integrate

xactly. However, with sufficient refinement levels R, the cut sub-cells are relatively small and the integration error
s localized to a small domain.

. Compression of sub-cells

Although the OTD-based integration scheme has significant benefits, it has also its drawbacks, e.g., an
xponentially increasing number of sub-cells nsc with respect to the refinement level R. Thus, if a high integration
ccuracy is required, a large amount of integration points will be generated, having a major impact on the
omputational time. A solution to this phenomenon was already proposed by the authors in a 2D setting [52,83],
here the number of sub-cells resulting from the quadtree-decomposition (QTD) is reduced by transforming the

ub-cells into an equivalent pixel-image to which standard image compression schemes can be applied. Finally, the
ompressed image is transformed back into the local space of the cut cell, yielding a reduced set of sub-cells.

In the following, the procedure developed by Petö et al. [83] is extended to 3D problems, where in each cut
ell, the set of cube-shaped sub-cells S resulting from the OTD is converted to a new set SC consisting of fewer
ub-cells.2 The proposed compression scheme has the following benefits:

1. Due to the reduction of sub-cells, the time spent on computing the cell matrices is significantly lower. This
is especially beneficial in case of non-linear FCM analyses, where once a reduced set of integration points
is derived for a given mesh, it can be re-used in numerous load steps when computing the cell matrices in
Eq. (7). Note that if a re-meshing is needed during the simulation of finite strains problems, the OTD and
consequently, the compression of sub-cells have to be regenerated.

2. As depicted in Figs. 5 and 6, the compressed sub-cells are not cube-shaped anymore, but arbitrary block-
shaped, i.e., generally, hξ1 ̸= hξ2 ̸= hξ3 holds in Eq. (12). However, since the rectangular shape of the
sub-cells is still preserved, the mapping Qη→ξ remains linear and det( Jη→ξ ) in Eq. (11) is still constant.

3. Although the number of integration points is significantly reduced, according to our numerical tests in
Section 4, stability of the Newton–Raphson iteration in Eq. (6) during non-linear FCM analysis is still
preserved.3

2 Note that fewer does necessarily mean minimal. In a two dimensional case, besides performing the compression on a pixel image, an
pproach based on the Minimal Rectangular Decomposition theory also exists, that guarantees the fewest number of rectangular sub-cells

possible [83]. However, according to our knowledge, no method exists in 3D that would guarantee a minimal set of block-shaped sub-cells.
3 This is not necessarily the case for other methods that aim to reduce the number of integration points, such as the Moment Fitting,

which is only suitable for non-linear simulation if further measures are taken [24,68,69].
8
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Fig. 5. Flowchart of the compression process embedded in the integration procedure as an intermediate step.

Fig. 6. Mapping of a given sub-cell S ∈ SC to the local space of its parent cell.

4. Furthermore, since the compression is only applied to sub-cells above which the integrand is continuous,
i.e., sub-cells that are not intersected by ∂Ω , the integration accuracy is only marginally impacted and if the
integrand is in fact a polynomial, the integration accuracy is preserved.

5. Finally, the compression can be implemented as an intermediate step between the OTD and the integration
over the sub-cells (Fig. 3 vs. Fig. 5) and requires no change in an already existing code. Thus, it can be
easily added in a modular way to FCM software with OTD-based integration schemes.

3.1. Outline of the algorithm

In Fig. 5, a flowchart of the OTD-based integration scheme extended by the compression of sub-cells is depicted.
For reducing the number of sub-cells, an additional step is added to the integration pipeline of Fig. 3, which starts
by transforming the original set of sub-cells S to an equivalent set of voxels V consisting of n ×n ×n voxels using
a simple function T (S) = V . Then, the compression is performed in the voxel space C(V) = VC and the results
re transformed back by T −1(VC) = SC to obtain a new set of sub-cells with lower cardinality. In the following,
he procedure is explained in more detail.

.1.1. Voxel space
For a local octree mesh with refinement level R, an equivalent voxel domain V is defined consisting of n ×n ×n

oxels, where n = 2R, such that each leaf sub-cell corresponds to a single voxel in V ∈ V , that is defined by its
nique coordinates r = [r , r , r ] ∈ [1, n]×[1, n]×[1, n]. Each sub-cell S ∈ S marks a sub-set of voxels SV

⊂ V
x y z

9



M. Petö, W. Garhuom, F. Duvigneau et al. Computer Methods in Applied Mechanics and Engineering 401 (2022) 115565

r

s

3

i
A
E

w

a

3

b
d
R
e
ξ

b
a

R
d
t

Fig. 7. A single sub-cell S ∈ S and its equivalent voxel region SV
⊂ V characterized by rmin and rmax. For the OTD in this example,

R = 3 was chosen.

in the voxel space (see Fig. 7), which can be characterized by the minimum and maximum coordinates ri,min and
i,max in the i th direction, respectively, such that

SV
= {r ∈ N3

| ri ∈ [ri,min, ri,max], for i = x, y, z} . (14)

Corresponding to the different sub-cell types (physical, cut, fictitious), the voxels regions are assigned different
integer values (e.g. 1, −1, and 0), which can be chosen arbitrarily, however, they must be unique for the different
ub-cell types.

.1.2. Transformation
The transformation T (S) = V is realized by transforming each sub-cell separately by T (S) = SV , as depicted

in Fig. 7. Based on how the local octree mesh is stored, T can be implemented in different ways. If S contains the
nformation regarding its location in the octree data structure, the same information can be used to mark SV in V .
lternatively, if the sub-cells are saved by their coordinates in the {ξ1, ξ2, ξ3} coordinate system, ri,min and ri,max in
q. (14) for SV can be obtained by

ri,min = 2R−1 (
1 + ξi,min

)
+ 1 (15)

ri,max = 2R−1 (
1 + ξi,max

)
, (16)

here ξmin = [ξ1,min, ξ2,min, ξ3,min]T and ξmax = [ξ1,max, ξ2,max, ξ3,max]T denote the two corners that span S in the
ξ coordinate system (see Fig. 7). Using the above transformation, the point ξmin = [−1, −1, −1] corresponds to
rmin = [1, 1, 1] in the voxel space, and ξmax = [1, 1, 1] to rmax = [2R, 2R, 2R]. Due to their linearity, Eqs. (15)
nd (16) can be easily inverted, resulting in the necessary functions for T −1(SV

C ) = SC

ξi,min = 21−R(ri,min − 1) − 1 (17)
ξi,max = 21−Rri,max − 1 . (18)

.1.3. Compression
After transforming the set of sub-cells to an equivalent set of voxels, readily available compression schemes can

e applied to V to form large blocks of connected voxel regions with uniform voxel value. The compressed voxel
omain is indicated by VC. In our implementation, the compression is carried out in 3 consecutive stages using the
un length encoding (RLE), Image block representation (IBR) and Object block representation (OBR) algorithms,
xplained below. Finally, once the compression is completed, the new set of sub-cells in the local coordinate system
is obtained by SC = T −1(VC). Note that the sub-cells SC ∈ SC after the compression are no longer cube-shaped,

ut arbitrary blocks (see Fig. 5), nonetheless, they are still valid sub-cells and the integration can be performed with
constant determinant of Jη→ξ in Eq. (11).

un length encoding: In the first stage, the n3 voxels are compressed using the RLE algorithm which was originally
eveloped for reducing the number of pixels in 2D images [89,90]. Nonetheless, its extension from 2D pixel images

o 3D voxel regions is straightforward. Given a scanning direction dRLE ∈ {rx , ry, rz} in voxel coordinates (see

10
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Fig. 8. Visualization of the RLE and IBR compression steps based on the voxel domain in Fig. 5.

ig. 7), the RLE scans through all n2 voxel-chains in the chosen direction and creates merged blocks of voxels
aving the same value. While scanning a selected direction, one block is completed, if the next voxel exhibits a
ifferent value.

mage block representation: At the second stage, the merged voxel blocks resulting from the RLE are further
ompressed by the IBR algorithm [90,91]. For doing so, a secondary merging direction dIBR ∈ {rx , ry, rz} \ dRLE is
elected. Once an IBR-direction is chosen, the voxel domain can be divided into n layers all lying parallel to the
RLE-dIBR-plane. In each plane (being equivalent to a pixel image), the blocks resulting from the RLE are further
ompressed to form even larger domains. Two blocks are merged if (i) they have the same start and end positions
n the dRLE-direction and (ii) are neighbors in the dIBR-direction. An example for the IBR compression of a given
oxel layer and compression direction dRLE = ry and dIBR = rz is depicted in Fig. 8. Given that there are three
vailable directions for the RLE, and then two for the IBR, there is a total of six different options for the IBR (XY,
Z, YX, YZ, ZX, ZY), as indicated in Fig. 5.

bject block representation: Finally, at the third stage, the OBR4 is applied to further compress the planar blocks
esulting from the IBR. Given the directions of the RLE and IBR, there is only one direction left in which the
BR can be performed dOBR = {rx , ry, rz} \ {dRLE, dIBR}. If two planar blocks in adjacent dRLE-dIBR-layers have
verlapping corners in the dOBR-direction, the blocks can be merged. After choosing dRLE and dOBR, there is only one
vailable OBR-direction left. Thus, there are six available settings of how the OBR compression can be performed,
s indicated in Fig. 5.

.2. Performance

In this section, the performance of the RLE, IBR, and OBR compression schemes is discussed regarding
he reduction of integration points (Section 3.2.1), time requirement (Section 3.2.2) and integration accuracy
Section 3.2.3). The mentioned aspects are investigated using a simple problem based on a cubic domain Ωe =

0, 2] × [0, 2] × [0, 2] intersected by a spherical void region, whose center is located at [2, 2, 2] and has a radius
f r = 1.1. The domain Ωe, as well as the set of sub-cells before (S) and after the compression (SC) are
epicted in Fig. 9. In each sub-cell, 4×4×4 integration points are distributed for integrating the polynomial function

F = x4 y7z2. Since employing n integration points, the integration of polynomials up to the order of 2n − 1 is
xact. Integrals over the physical sub-cells should be computed within machine precision. Due to the fact that
ll-conditioning is not an issue for numerical volume estimation, all integration points lying in the fictitious domain
re neglected in the current example. The corresponding results for refinement levels R = 0–6 are depicted in
ig. 10.

4 Note that the name OBR is used in this paper to highlight the similarity to the IBR algorithm.
11
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w

Fig. 9. Example of a cubic domain intersected by a spherical hole region (a). The depicted physical sub-cells before and after the compression
(b)–(c) correspond to a refinement level of R = 5.

Fig. 10. Compression rates, relative time requirement, and integration accuracy for different refinement levels R and compression algorithms
when applied to the problem depicted in Fig. 9.

3.2.1. Compression rate
In the following, for quantifying the saving of integration points in a relative way, we define the compression

rate of the integration points as

λIP =

(
1 −

nIP(SC)
nIP(S)

)
· 100% , (19)

here nIP(·) expresses the number of integration points distributed in a given set of sub-cells. In that sense, λIP > 0
indicates a meaningful compression, λIP = 0 no compression, and λIP < 0 the undesired case, where the number
of integration points has actually increased after applying the compression scheme. Similarly, the compression rate
of the sub-cells λSC can be defined as well based on the number of sub-cells before and after the compression.
Observing Fig. 10(a), where both λIP and λSC are depicted for the given example, following observations can be
made:
12
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1. The RLE compression results in λIP < 0, i.e., instead of reducing the number of integration points, an increase
can be observed. Such a phenomenon in case of the RLE algorithm has been observed and discussed already
in Ref. [83] for a 2D setting. The negative compression rate can be seen in the fact, that the OTD itself is
also a compression scheme when applied to a voxel region, which obviously outperforms the RLE. Due to
the poor performance of the RLE compared to the OTD, it is not recommended to use it for merging of
sub-cells in the context of FCM. Nonetheless, the RLE algorithm is still needed, as it serves as a basis for
the IBR and OBR compression schemes (cf. Fig. 5).

2. Both the IBR and OBR compression schemes yield a significant compression, which grows with an increasing
refinement level R and converges to a stationary value around λIP = 35–45% in case of the current example.
Due to its superiority, the focus is kept on the OBR compression in the following sections.

3. Note that as discussed in Section 3.1, there are three possible settings for the RLE compression, six for the
IBR and six for the OBR. Generally, these all yield somewhat different compression rates and consequently,
three, six, and six different curves should be depicted in Fig. 10(a) for the RLE, IBR and OBR, respectively.
The reason for each compression scheme having only one curve is due to the symmetric nature of the chosen
example, where the same compression rates are obtained for a chosen algorithm, regardless of the sequence
of merging directions. More general cut cases are presented in Section 3.3.

3.2.2. Time requirement
The main goal of the compression is the reduction of the overall computational time of the FCM simulation.

How much time can be saved in total, depends on the relation between the time investment for performing the
compression tcomp and the time saving when computing the integrals over the reduced set of sub-cells tint.

Time investment: Since the compression requires voxel-checking operations only, where no iterations and solutions
of equation systems are needed, it poses marginal computational overhead when compared to the OTD algorithm
(tcomp ≪ tOTD), that has to be executed regardless of the compression. In case of the current example, the relative
additional time required for the compression τ = tcomp/tOTD ·100% is indeed negligible, especially for higher values
of R. This can be seen in Fig. 10(b), where three, six and six curves are depicted, representing the individual settings
for the RLE, IBR and OBR algorithms (Fig. 5), respectively. However, note that tcomp and tOTD depend on many
factors, such as the (i) chosen programming language, (ii) quality of the written code, (iii) parallelization of the
code and (iv) the algorithm for identifying cut sub-cells.

Time saving: The time spent on the integration tint is characterized by two factors, namely (i) the saving of
integration points expressed by λIP and (ii) computational complexity of the integrand. Regarding the complexity
of the integrand, the higher the computational effort for computing the integrals, the more likely that the time saved
during the integration outweighs the time spent on the compression. It was already shown in Refs. [52,83], that
even in the case of linear elastostatics, the overall simulation time can be reduced significantly. In case of non-linear
analysis, where the cell matrices in Eq. (7) have to be computed in numerous iteration steps using the same set
of integration points, the time saving is even more significant when the compression techniques are employed,
making the approach very suitable for such problems. In Sections 4.1.1 and 4.2.1 it is demonstrated that reduction
of computational time is almost identical to the reduction of integration points, and thus, a speed-up by 40 − 50%
can be achieved for the investigated examples.

3.2.3. Integration accuracy
The integral of F = x4 y7z2 over Ωphys is computed over each sub-cell via Gaussian quadrature according to

Eq. (13). A reference value for the integral is obtained analytically using the computer algebra system Mathematica:
Iref =

∫
Ωphys

F dx = 93.1213176993456. Assuming that a meaningful integration order is chosen, the accuracy of
numerically solving the integrals over the compressed sub-cells is characterized by the following three properties:

Target of compression: At each level of the OTD, the intersecting boundary is located, within the cut sub-cells.
Thus, the integrand over those sub-cells exhibits a strong discontinuity. Since Gaussian quadrature rules show a poor
accuracy for such integrands, the integration accuracy strongly depends on the (i) size of the cut sub-cells and (ii)
the integration order; or in other words: the integration point density. Since compressing the cut sub-cells leads to an
increase of their size and thus, to a decrease of the integration point density, such an approach is not recommended.

Of course, it is possible to increase the integration order in the compressed cut sub-cells to recover the accuracy,
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M. Petö, W. Garhuom, F. Duvigneau et al. Computer Methods in Applied Mechanics and Engineering 401 (2022) 115565
however, it contradicts the original goal of the compression, i.e., the reduction of integration points in the first place.
Therefore, only the physical and fictitious sub-cells are compressed, and if additionally the approach by Abedian
et al. [22,81] is used (see Section 2.3), the fictitious sub-cells are completely discarded and the compression is
applied only to the physical sub-cells.

Integrand F: Assuming that the above aspects regarding target of the compression and geometry mapping apply, two
cases can be distinguished regarding F in Eq. (10), when investigating the integration accuracy using compressed
sub-cells:

1. If F is a polynomial, an exact integration of the enlarged non-cut sub-cells is possible, regardless of their size,
provided that the right integration order is used (ni integration points for a polynomial order of pi ≤ 2ni − 1
in the i th direction). In that case, a significant compression can be performed without any loss of accuracy
when compared to the standard OTD. This can be observed for the given example in Fig. 10(c), where the
integration error eI = (1−I/Iref)×100% is depicted. Here, both the standard OTD and its compressed versions
yield the exact integration. Such a scenario applies when a standard FCM simulation of linear elasticity is
performed, as investigated by Petö et al. [83] in a 2D setting. In this paper, none of the simulations are
conducted in the context of linear elasticity. However, based on Ref. [83] and Fig. 10(c), it is evident that
the proposed integration scheme can be applied to 3D linear-elastic problems without any loss of accuracy.

2. If F is not a polynomial, Gaussian quadrature cannot integrate exactly, even if the given sub-cell is not cut and
the integrand is continuous. In that case, the integration quality depends on integration point density, which
is clearly decreased for the enlarged sub-cells after the compression, if the same integration order is used for
S and SC. Thus, a loss of integration accuracy is inevitable. An example for this is depicted in Fig. 11,
where the same problem is investigated as throughout this section, however, a non-polynomial function
F = sin(x) cos(3y) is chosen for the integrand. A reference value for the integral is obtained analytically using
again Mathematica: Iref =

∫
Ωphys

F dx = −0.3037447157087076. Although all six merging settings for the
OBR algorithm yield the same number of sub-cells (cf. Fig. 10(a)), the integration accuracy is not the same
anymore for the different settings (unlike in case of Fig. 10(c)). Instead, it strongly depends on the direction(s)
in which the sub-cells are lengthened (i.e. integration point density is decreased). Note that the compression
setting YZX yields a set of sub-cells with large lengthened blocks in y-direction, in which the integrand is
highly non-polynomial. On the other hand, the OBR setting XZY results in a much higher sub-cell density
in that critical direction. Also note that since F does not depend on z, large blocks in z-direction have no
effect on the integration accuracy. In this work, non-polynomial integrands are of special importance due to
the Neo-Hookean material behavior and large deformations. For realistic engineering problems, the integrand
is not given explicitly. Thus, it is not possible to tell a priori, which of the possible elongation directions
would minimize the integration error. However, according to our numerical experiments in Section 4, when
performing an entire non-linear FCM simulation, the loss of solution accuracy turns out to be negligible.

3.3. Different merging directions

Differing from the example given in Fig. 9, not all OBR settings yield the same number of sub-cells when
∂Ω has a more general topology. Thus, the question naturally arises, how different the compression ratios can
be, and whether it is meaningful to invest the computational time to find an optimal or close to optimal setting.
According to our numerical experiments, the compression rates for the six different OBR settings is fairly similar.
This can be seen in Fig. 13 for the examples depicted in Fig. 12 (for details regarding the used geometries see
Appendix A.1), and also in Table 2 of Section 4. Although a larger deviation between the different settings might
occur, this tends to happen for low values of R and the difference decreases with increasing refinement levels,
as depicted in Figs. 13(a) and 13(b). According to our numerical studies, it is assumed that the best compression
direction can be associated with the dominating dimension and topology of the boundary segment ∂Ω ∩ Ω c. Note
that in case of a rather complex cut scenario with no dominating cut direction, all settings yield very similar results,
as depicted in Fig. 13(c) for the case where multiple ellipsoids intersect the cell. Despite these findings, it is not
completely excluded, that larger variation of the compression rates for other cut cases might occur. Thus, instead
of uniformly using a pre-set compression setting in each cut cell, a direction finding algorithm could be employed

for suggesting a compression setting in each cell individually. The most straightforward option is to perform the
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c

Fig. 11. Influence of the sub-cell orientations on the accuracy when integrating the non-polynomial function F = sin(x) cos(3y) over the
domain defined at the beginning of Section 3.2.

Fig. 12. Examples of different cut scenarios. Top row: OTD sub-cells with intersecting geometries. Bottom row: physical sub-cells after
ompression. All examples are depicted for R = 5.
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Fig. 13. Reduction of the sub-cells arising from the OTD applied to the examples depicted in Fig. 12 with different refinement levels.

BR with all of its available settings and chose the one that yields the fewest amount of sub-cells. Based on our
ests, an OBR setting yields the highest reduction of sub-cells, if for the RLE in the first stage of the compression
cf. Fig. 5) the best setting among the three available compression directions is chosen. Thus, for finding the best
ompression setting for the OBR, we propose performing an initial RLE with its three settings, resulting in three
ifferent sets of merged sub-cells. Then, dRLE and dIBR for the OBR are chosen based on which directions does the
nitial RLE yield the fewest and second fewest sub-cells, respectively. As depicted in Fig. 13 by black circles, the
roposed approach predicts well an efficient OBR setting for the investigated examples and refinement levels. Note
hat the finding of the (absolute) best compression direction is not guaranteed (e.g. R = 3 in Fig. 13(c)), however,

in such cases the difference in λ-values is already marginal. In the following, we refer to OBR extended by the
proposed direction finding algorithm as autonomous OBR compression.

Remark: While it is possible to choose the compression settings such that λIP is the highest among the available
options, this task is not that straightforward when it comes to reducing the integration error. That is to say, to steer the
compression in such a way that it results in a set of sub-cells, such that the integration of the non-polynomial integral
suffers the least loss of accuracy (cf. Fig. 11). On the one hand, this would require more additional computational
effort, on the other hand, for most simulations, the integrand is not known a priori, but it is evaluated on each
integration point individually. Thus, this particular option is not available in the first place. Nonetheless, according
to the numerical simulations in Section 4, the loss of simulation accuracy is negligible, regardless of the sub-cell
orientation.

4. Numerical examples

In the current section, the performance and accuracy of the OTD-based integration scheme combined with the
OBR compression algorithm is investigated in the context of non-linear analysis via FCM. In all examples, the
non-linearity is due to the simulation of finite strains and Neo-Hookean material properties, defined by the Lamé
constants λ = 28.846 MPa and µ = 19.231 MPa. During the numerical integration procedure, in each sub-cell,
(p + 1)3 integration points are distributed according to the standard Gaussian quadrature rule, where p is the
polynomial degree of the Ansatz space. Furthermore, in all examples, fictitious integration points are discarded
and the contribution of Ωfict with α = 10−5 is realized as described at the end of Section 2.3. Thus, fictitious
sub-cells are not considered and only the physical sub-cells are merged. To this end, no re-meshing is simulated,
16



M. Petö, W. Garhuom, F. Duvigneau et al. Computer Methods in Applied Mechanics and Engineering 401 (2022) 115565

d
a
i
c
(
t
q

w
i

Fig. 14. Problem setup using different meshes. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

thus, the OTD and the merging of the sub-cells are carried out only once in each cell; the derived integration
points are reused in all load steps. In all investigated problems, the reduced set of integration points is computed
using Matlab and the simulations are conducted in AdhoC++ using higher-order hierarchic shape functions based on
integrated Legendre polynomials [92]. Note that the goal of the following studies is the investigation of the effect
of merged sub-cells on the simulation. For a comprehensive investigation of the upcoming problems, please visit
the references given in the appropriate sub-sections.

4.1. Plate with cylindrical hole

In the first example, a quarter of a rectangular perforated plate indicated by the red domain in Fig. 14(a) is
simulated for tensile (ū3 = 200 mm) and compressive loadings (ū3 = −16 mm) on the surfaces highlighted by blue.
The simulation domain Ωe is discretized by 10×10×1 finite cells with a polynomial order of p = 4, and an implicit

escription of the cylindrical hole is used (see Fig. 14(b)). Dirichlet boundary conditions on the simulation domain
re realized by taking the symmetry of the problem into account. For comparison purposes, the reference solution
s obtained by an overkill FEM simulation using 3200 elements and p = 4 as depicted in Fig. 14(c). To each cut
ell in the FCM mesh, an OTD with a refinement level of R = 4 is applied for deriving the local integration mesh
Fig. 15(a)), which is then compressed by the OBR algorithm according to Section 3. In the following sub-sections,
he reduction of integration points due to the compression as well as the simulation accuracy is discussed. For
uantifying the solution quality, the relative error in the strain energy is evaluated at each load step i

eΠ =
|Π ref

− Π FCM
|

Π ref · 100% , (20)

here Π is the total elastic strain energy of the system. Furthermore, for local error estimation, the relative error
n the stress component σ33 is used at the arbitrary point xA = [35, 5, 4] mm

eσ =
|σ ref

33 (xA) − σ FCM
33 (xA)|

|σ ref
33 (xA)|

· 100% . (21)
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Table 1
Reduction of integration points and computational time (excluding the time required for setting up the LIM) when using the
compressed octree with merged sub-cells.

Integration points Load case: tension Load case: compression

Integration schemes Phys. Fict. Reduct. Time Reduct. Time Reduct.

Octree 402915 760 – 1h 28 min 37 s – 11 min 10 s –
Compressed octree 193290 760 51.9% 42 min 56 s 51.5% 5 min 19 s 52.4%

Fig. 15. Physical sub-cells without and with compression (gray) and cut sub-cells (yellow) in the cut cells around the cylindrical hole (see
Fig. 14(b)). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

4.1.1. Compression rates
Due to the simple geometry, all six compression directions of the OBR algorithm reduce the number of integration

points by the same amount: λIP ≈ 52%, as given in Table 1. Despite all compression settings leading to the same
alue of λIP, the sets of physical sub-cells are not the same: For the current example, the compression directions
XYZ, XZY, YXZ} yield the sub-cells depicted in Fig. 15(b), while the settings {ZYX, ZXY, YZX} lead to the

sub-cells of Fig. 15(c). This will be of special importance in Section 4.1.2. The computation of the cut cell matrices
is responsible for a major part of the computational time, especially for non-linear problems, where Eq. (7) has
to be re-computed several times. In case of the current example, the overall simulation includes 400 load steps in
total for the tensile and 32 for the compression load case. Thus, when the reduced set of integration points is used,
which is derived in the pre-processing phase, the computational time can be significantly reduced. For the current
example, based on the wall-clock time requirement of the computation phase, a speed-up by approximately 52%
can be obtained, as indicated in Table 1. To this end, the time measurement includes the time requirement of the
entire solution (computation of cell matrices, assembly, Newton iteration) and post-processing stages in AdhoC++.
Note that the derivations of the octree and compressed octree are not included, since these are performed in Matlab,
whose time requirement cannot be fairly compared to that of C++. Nonetheless, as discussed in Section 3.2.2, the
compression step poses marginal additional computational overhead when compared to the OTD. Furthermore, since
the compression step is performed only once, while the reduced set of integration points is re-used in all load steps,

the time investment is easily amortized.
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Fig. 16. Relative error in the strain energy and stress for different load cases when compared to the FCM reference solution obtained using
TD without compression. For the error measures see Eqs. (20) and (21), respectively.

.1.2. Accuracy
Due to the used material model and simulated large deformations, the integrand in Eq. (8) over the cell is

on-polynomial. Thus, as described in Section 3.2.3, a reduction of integration points is expected to decrease the
ntegration accuracy in the physical sub-cells, while the loss of accuracy is dependent on the orientation of the
engthened sub-cells after the compression. This can be clearly observed in Fig. 16, in which the results of an FCM
imulation obtained by the compressed octree integration mesh are compared to the standard OTD-based FCM
imulation. Note that in Fig. 16, only the settings XZY and ZXY are investigated (cf. Section 4.1.1). For both of
hese cases, the errors are growing as the loading progresses. This can be explained by the increasing complexity
f the integrand for advanced load cases, rendering the decreased integration point density in the merged sub-cells
ess accurate.

However, for both load cases, the errors are relatively low (at most 10−2 % for eσ in Fig. 16(b)). In fact, when
the results are compared to an FEM reference solution, the loss of integration accuracy is negligible, and all the
tested integration schemes yield basically identical results, as depicted by the overlapping curves in Fig. 17. This is
due to the fact that the additional integration error caused by the compression is so small, that the overall simulation
error is dominated by other parameters, e.g., the discretization (element size and polynomial degree).

Finally, we point out, that despite the significant reduction of integration points, not only a sufficient integration
accuracy, but also the stability of Newton–Raphson iteration is maintained, which is crucial for non-linear
simulations (see Fig. 18).

4.2. Foam

In the second example, the proposed integration scheme is applied to a more complex porous geometry repre-
sented by a section of a foam structure subjected to compression loading by a displacement of ū3 = −1.2 mm [20,
93]. In this contribution, no self-contact is simulated. The embedded domain is discretized by 25×25×25 finite
cells, and the polynomial degrees of p = 2 and 3 are investigated. The computational mesh without fictitious cells
is depicted in Fig. 19(a). Unlike in the previous example, due to the highly complex geometry, the cut cells are
intersected by ∂Ω in various ways. In each of them, an OTD with R = 4 is performed and the resulting physical
sub-cells are merged by the OBR algorithm. For numerical integration, (p + 1)3 integration points are distributed
in the physical and cut sub-cells. A visual comparison of the physical sub-cells without and with compression is

depicted in Fig. 20.
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Fig. 17. Relative error in the strain energy and stress for different load cases when compared to the FEM reference solution. For the error
easures see Eqs. (20) and (21), respectively.

Fig. 18. Contour plots of the stress σ33 at the last load steps of the two simulated loading cases.

.2.1. Reduction of integration points
Note that due to the complexity of the given structure, it is not intuitive which composition of compression

irections yields the fewest integration points. In Fig. 19(b), the cut cells are colored according to the compression
etting that results in the smallest number of sub-cells. Individually choosing the best and worst compression settings
n each cell, we observe that the compression ratios are quite close (see Table 2) as already seen for R > 2 in

Section 3.3. It is then also obvious, that any pre-selected compression direction will yield a λIP-value that lies within
the bounds of λbest

IP and λworst
IP . Note that for such a complex structure, the compression rates are generally likely to be
ery similar, since a uniform compression direction may lead to sub-optimal results in some cells, while to optimal
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Fig. 19. Problem setup of a foam discretized by 25×25×25 cells. Fictitious cells are removed. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Fig. 20. Physical sub-cells without and with compression. The color coding indicates the different cells. (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this article.)

nes in others. Thus, for each setting, an average performance is obtained. In fact, choosing in each cell a random
ompression setting for the OBR yields very similar λ -values. Of course, the compression can be enhanced by
IP
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Table 2
Comparison of compression rates for different settings of the OBR algorithm.

Best Worst XYZ XZY YXZ YZX ZXY ZYX Rand. Auto.

λIP [%] (p = 2) 45.08 41.51 43.87 43.86 43.94 43.90 43.66 43.74 43.87 44.92
λIP [%] (p = 3) 45.05 41.48 43.84 43.83 43.91 43.86 43.63 43.71 43.84 44.89

Table 3
Reduction of computational time (excluding the time required for setting up the LIM) when using
the compressed LIM based on the autonomous OTD algorithm.

p = 2 p = 3

Integration schemes Time Reduct. Time Reduct.

Octree 1h 26 min 42 s – 4h 48 min 26 s –
Compressed octree 53 min 10 s 38.7% 2h 40 min 43 s 42.7%

the autonomous direction finding algorithm of Section 3.3, yielding even better results close to λbest
IP in case of the

current example.
When compared to the OTD without compression, merging the sub-cells by the autonomous OBR algorithm

posed only 0.021% additional computational time for generating the LIM in Matlab. Similar to the example in
ection 4.1, the reduced number of integration points can be re-used in several load steps, so that the relatively
mall time investment for the merged LIM becomes even more negligible. For the current example, 24 load
teps were used, and the simulation time could be reduced by approximately 38.7% and 42.7% for p = 2 and

p = 3, respectively, when using the integration points generated by the autonomous OTD algorithm (Table 3).
ince the numerical integration accounts for the most computational effort, the reduction of integration points and
omputational time are very close to each other.

emark to Fig. 19(b): Note that in certain cells, multiple settings exist that lead to the same number of sub-cells.
n Fig. 21, a histogram is depicted, visualizing the number of cells against the number of compression settings that
ield the lowest (green) and highest (red) amount of sub-cells within the individual cells. The histogram can be
nderstood as follows: For example, there are 860 cells, in which two of the six possible OBR settings resulted in
he smallest amount of sub-cells, while for 445 cells, all six OBR settings yielded the same amount of sub-cells.
n contrast, for 1845 cells there was only one setting that yielded the worst results (most sub-cells). Fig. 21 reveals
hat there are more ways to reach the best possible result than the worst results. Expressed quantitatively for the
iven example, among the six available OBR settings, on average, ∼3 settings yield best results in the individual
ells, while only ∼1 settings lead to the worst.

.2.2. Solution quality
In the previous sub-section, a significant reduction of integration points was presented when using the proposed

ntegration scheme. In this sub-section, the simulation accuracy is investigated for two different compression
trategies: Once, an arbitrarily chosen XYZ compression direction is used in each cell. In the second approach,
he compression direction is chosen individually in each cell based on the autonomous direction finding algorithm
iscussed in Section 3.3. Note that these settings not only correspond to different compression rates (Table 2), but
lso to different orientations of the enlarged sub-cells. In Fig. 22(a), the strain energy is depicted for both of the
nvestigated settings, as well as for the standard OTD. In fact, comparing the compressed octree to the standard non-
ompressed one (both in case of p = 2 and p = 3), it is evident that the stability and accuracy of the simulation
s maintained when using the reduced integration points. Unlike in case of the example in Section 4.1, for the
urrent problem, a reference solution via FEM is rather cumbersome to obtain due to the complex nature of the
eometry. Thus, the results are compared only to the standard OTD-based integration scheme. In good agreement
ith Fig. 22(a), eΠ in Fig. 22(b) depicts a marginal deviation from the original OTD. Here again, although an

ncreasing integration error can be observed as ū3 increases, it poses negligible loss of accuracy to the entire
imulation. This is in good agreement with results obtained in Section 4.1. Finally, the deformed foam in two

ifferent load steps is depicted in Fig. 23.
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Fig. 21. Number of compression directions that lead to the fewest (green) and most (red) sub-cells. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 22. Strain energy in different load steps using different polynomial degrees and integration schemes.

. Conclusion

In the present work, an efficient approach was introduced for reducing the numerical effort of computing
iscontinuous integrals over 3D domains via octree-based integration meshes. Following our previous work [83],
he proposed method is based on merging the physical sub-cells resulting from the octree-decomposition (OTD).
or doing so, the original sub-cells from the OTD are transformed into an equivalent voxel representation to which
ifferent compression algorithms can be applied. Among the proposed methods, the OBR approach is the most
ffective (Section 3). The proposed integration scheme has numerous benefits:

1. Due to its modular nature, the compression step can be easily added as an intermediate step between the OTD
and integration steps, without the need for major modifications in an already existing FCM code (Fig. 5).
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Fig. 23. Von Mises stress of the foam at different load steps using p = 2. For visualization, the FCM results are projected onto the STL
geometry.

2. Although the sub-cells are no longer cube-shaped after the compression, their regular shape is still maintained.
Thus, a linear geometry mapping with a constant Jacobian still applies and the complexity of the integrand
in Eq. (11) over the reduced set of sub-cells is not increased.

3. The compression is performed on an equivalent voxel domain and requires voxel-checking operations
only. Consequently, it poses minimal computational overhead when deriving the local integration mesh
(Section 3.2.2).

4. It is capable of reducing the number of the integration points by a significant amount, being about ∼40−50%
for the investigated examples.

5. Despite the significant reduction of the integration points, stability of the non-linear FCM analysis is still
maintained (Section 4) and the loss of accuracy is negligible. In case of 3D linear elastic problems (not
included in this paper), the exact same integration accuracy is expected as by the standard OTD, however,
with significantly less computational costs.

6. The proposed method is especially useful in case of non-linear problems, where the compression has to be
carried out only once for a given mesh to generate a reduced set of integration points, which can be then
re-used in several load steps and iteration. Thus, the time investment for performing the compression is even
more negligible when compared to the time saved during the numerical integration. Numerical examples in
Section 4 show, that similar to reduction of integration points, the computation time of the simulation could
be reduced by ∼40 − 50%.

7. Saving integration points becomes even more important when considering material models such as elasto-
plasticity, where for each integration point a radial return algorithm has to be performed.
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ppendix

.1. Geometries in Section 3.3

In the following, the geometric properties of the examples used in Fig. 12 are given. In all three cases, the cubic
omain is discretized by a single cell only.

llipsoid in Fig. 12(a): The cubic domain is spanned by the corners Xmin = [−1, −1, −1]T and Xmax = [1, 1, 1]T.
he intersecting ellipse is defined by the parameters

O = [0, 0.3, 1]T, r = [0.6, 1.3, 1]T, ϕ = [0, 0, 10]T , (22)

here Oi , ri and ϕi stand for the coordinates of its origin, semi-radii and rotation about the axis xi , respectively.

opcorn in Fig. 12(b): The cubic domain is spanned by the corners Xmin = [−1.2, −0.65, −0.8]T and Xmax =

−0.1, 0.45, 0.3]T. For the implicit definition of popcorn flake, see Ref. [94], where following settings are used:

O = [0, 0, 0]T, r0 = 0.6, σ = 0.2, A = 2 . (23)

ultiple ellipsoids in Fig. 12(c): The cubic domain is spanned by the corners Xmin = [−1, −1, −1]T and
Xmax = [1, 1, 1]T. For the definition of the four intersecting ellipsoids, the following settings are used:

O1 = [−0.25, −0.5, −0.85]T, r1 = [0.6, 0.75, 1.25]T, ϕ1 = [0, −20, 0]T (24)

O2 = [0.5, 0.75, −0.5]T, r2 = [0.5, 0.35, 1.25]T, ϕ2 = [10, 30, 0]T (25)

O3 = [0.75, −0.7, 0.6]T, r3 = [0.95, 0.65, 0.50]T, ϕ3 = [0, 20, 35]T (26)

O4 = [−0.5, 0.5, 0.8]T, r4 = [1, 0.40, 0.40]T ϕ4 = [0, 0, 20]T (27)
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