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Abstract

Near-field radiative heat transfer is the increased heat flux be-
tween closely spaced bodies. It is caused by thermal photons
tunneling the gap between the bodies and can surpass the black-
body radiation limit by orders of magnitude. This thesis ana-
lyzes aspects of near-field heat flux. In particular, we look at
the effects of hyperbolic media and hyperbolic metamaterials –
materials with extreme anisotropy. Metamaterials are artificial
structures which, concerning electromagnetic radiation, resem-
ble homogeneous materials.
First, we find that thermal radiation inside hyperbolic media is
very strong and radiative heat fluxes can be larger than solid heat
fluxes, which are sustained by phonons and electrons instead of
photons, even at room temperature. The spectral distribution
and temperature dependences of radiation inside hyperbolic me-
dia are fundamentally different from Planck’s blackbody coun-
terparts. Second, the near-field heat flux between hyperbolic
media is particularly strong and the penetration depth of the
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radiation into the media is large compared with materials using
other mechanisms to achieve a strong near-field effect. Third,
a new technique to measure near-field radiative heat fluxes is
presented. Our dynamic technique is more convenient than con-
ventional steady-state techniques and allowed us to measure heat
fluxes 16 times above the blackbody value at a gap of around
150 nm.
The scientific and technical insights of this thesis should help
realizing thermal management and energy harvesting systems
based on near-field effects and hyperbolic metamaterials.
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Chapter 1

Introduction and
background

Metamaterials promise interesting applications in optics by uti-
lizing new phenomena [1]. They are nanostructured materials
and their variety and quality are improving due to advancing
nanofabrication techniques. Metamaterials can have properties
unseen in nature and thus exhibit new phenomena like negative
refraction. One type of metamaterials are hyperbolic metamate-
rials (HMMs) [2,3]. HMMs are extremely anisotropic and possess
a very large density of electromagnetic states.

This thesis analyzes the effects of HMMs on thermal radiation.
In particular, we look at the radiative heat transfer inside HMMs
and the near-field heat flux between HMMs. The near-field ef-
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2 Introduction and background

fect is the increase of radiative heat flux when the distance of
the bodies exchanging heat becomes less than a few microme-
ters [4, 5]. The physical origin is tunneling of thermal photons.
Although solid conduction is usually dominant around room
temperature, radiation can be non-negligible in nanostructures
due to the near-field effect. Understanding and managing near-
field heat fluxes gains more and more importance in nowadays
nanoelectronics. Furthermore, the effect may allow improving
thermophotovoltaic (TPV) systems [6].

The near-field effect has been verified experimentally [7–9]. How-
ever, it remains very challenging to observe the strong or extreme
near field where heat fluxes surpass the blackbody heat flux by
orders of magnitude. The variety of experiments extends only
to few different geometries and is far from the variety of solid
conductivity measurement techniques. New near-field measur-
ing methods could simplify practical measurements and allow
novel characterizations e. g. of dynamic processes.

1.1 Near-field radiative heat transfer

Heat can be transported via conduction, convection and radia-
tion [10, 11]. The key properties of thermal radiation are com-
prised in Max Planck’s blackbody theory [11, 12] which is sum-
marized at the beginning of Chapter 3. Together with Kirch-
hoff’s law (of thermal radiation) which says that emissivity of a
body is equal to its absorptivity [10, 11] the blackbody theory
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allows to solve most thermal radiation problems. Only the ab-
sorptivity and the wave propagation must be calculated which
are pure electrodynamic problems [13, 14] that can be solved
numerically or sometimes even analytically.

In recent years, nanoscale radiative heat transfer has attracted
a lot of attention because of Polder and van Hove’s prediction
on the possibility to observe heat fluxes at subwavelength dis-
tances which are several orders of magnitude larger than those
obtained by the blackbody theory [4, 5, 15]. This behavior is
not predictable with the blackbody theory and Kirchhoff’s law.
Theoretical investigations focus on mechanisms leading to par-
ticularly strong near-field heat fluxes, e. g. surface [16] and hy-
perbolic modes [17,18] which are further analyzed in Chapter 4.
Moreover, numerical techniques are developed to be able to make
predictions for complex geometries [19].
Recent experimental results have confirmed the theoretical pre-
dictions [7–9,20,21]. Both hot and cold body temperatures and
the power flow are measured once the experimental system has
reached a steady-state. Almost all experiments feature a tip-
plane [8,20], a sphere-plane [9] or a plane-plane geometry [7,21].
More information on near-field experiments is available in Chap-
ter 5.

Let us now have a closer look at the near-field effect. Fig. 1.1a
shows a hotter and a colder body separated by a uniform vac-
uum gap of width l. They exchange heat via electromagnetic
radiation.
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In the far field, when l is larger than the thermal wavelengths,
the heat flux can only depend on l due to a viewing effect. That
is the finite-sized cold body catches only a particular solid angle
of the radiation emitted by the finite-sized hot body. With in-
creasing l the solid angle decreases and the heat flux goes down.
The wavelength of maximal thermal radiation at room temper-
ature of T = 300 K is around 10 µm. This is the approximate
boundary between far and near field.

(a) (b)

Figure 1.1: Radiative heat transfer in the near field. (a) A hot
and a cold body at distance l exchange heat via electromagnetic
radiation. Propagating waves transport heat over arbitrary dis-
tances. Evanescent waves decay exponentially away from the
surface and can only transport energy over very short distances.
(b) Heat transfer coefficient (HTC) H0 in a uniform vacuum gap
of width l at T = 300 K. The hot and cold halfspaces are identi-
cal and consist of bulk Ge or bulk GaN. The HTC is normalized
to the HTC between blackbodies HBB.
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In the near field things change. To see that the heat flux between
two identical halfspaces separated by a vacuum gap l is plotted
in Fig. 1.1b. Actually the heat transfer coefficient (HTC) H0

– the heat flux normalized to the temperature difference of hot
and cold body – normalized to the HTC between blackbodies
HBB is plotted. HBB does not depend on the gap size l. The
halfspaces are germanium (Ge) or gallium nitride (GaN). De-
tails on the calculation and the optical properties are provided
in Section 4.2.
Halfspaces show no viewing effect and thus the heat flux is con-
stant for larger l. It is below the blackbody value because as
absorptivity is limited to [0, 1] so is the emissivity. And the
emissivity is the ratio of emitted radiation vs. blackbody radia-
tion (and in general frequency and direction dependent). Thus,
no body can emit or absorb more than a blackbody.
With decreasing l the heat flux increases and surpasses the black-
body limit. It can then saturate to a rather small value as for
the case of Ge, or continue increasing to values several orders of
magnitude above the blackbody limit as for GaN. The reasons
for these characteristics will be discussed in Section 4.2.

Despite its complexity concerning analytical, numerical and ex-
perimental treatment, the explanation for the near-field effect
is rather simple [4, 5]. Vacuum supports different kinds of elec-
tromagnetic modes [13]: propagating and evanescent modes [4],
illustrated in Fig. 1.1a. Propagating modes are waves transport-
ing energy over large distances. They can be represented by
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plane waves with purely real wavevectors k. Evanescent modes
are typically observed at interfaces and have fields decaying ex-
ponentially away from the interface. The normal k-vector com-
ponent becomes imaginary. A simple example is total internal
reflection [14]. Due to boundary conditions the fields in the opti-
cally thinner medium are not zero but decay exponentially away
from the interface [14].
In the far field only propagating modes contribute to the radia-
tive heat transfer. The evanescent waves decay so fast that they
do not reach from one body to the other body. The blackbody
uses all propagating modes the most effective way, which is why
it sets an upper limit. When the distance l becomes small the
evanescent waves do reach the other body and allow energy to
be transported across the gap. Quantum mechanically thermal
photons tunnel through the gap. The smaller the gap l the bet-
ter and the more evanescent modes can transport the heat. The
origin of frustrated total internal reflection is the same [22].

The increased radiative heat transfer in the near-field regime
might be used for different applications [4,5]. Examples are near-
field imaging [20, 23–25], touchless cooling [26, 27], nanoscale
thermal management by heat flux rectification [28–30], ampli-
fication [31] and storage [32, 33], and near-field thermophoto-
voltaics (nTPV) [7, 34–38].

Thermal far-field emission can be measured and information on
the emitting material / structure extracted from the spectra.
However, the spatial resolution is limited to roughly half the
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free space wavelength by diffraction [13]. When a nanosize tip is
brought close to the surface of a hot body the thermal near field
is scattered into the far field where it can be measured [20, 25].
This way the spatial resolution is increased. Furthermore, in-
formation only contained in the near field can be obtained. An
example would be the existence of surface modes, which we will
discuss in the context of near-field heat transfer. A similar idea
is to illuminate the sample from outside (and scatter with a tip)
instead of heating it [24]. Measuring the heat flux from sample
to tip can also provide valuable information about a sample sur-
face [8, 23].
Good thermal management is crucial for nowadays nanoelec-
tronics. The integrated components become smaller and smaller
and produce more and more heat. Most of the thermal manage-
ment is realized with solid-state conduction. Nevertheless, with
decreasing size radiation gains importance because of the near-
field effect. In addition, some effects like rectification [28–30]
can be better realized using radiative or even near-field radia-
tive concepts [5].

Finally, nTPV is a special type of thermophotovoltaics (TPV).
TPV is similar to photovoltaics but the radiation is provided
by a thermal emitter not by the sun [6, 39]. Different to photo-
voltaics, TPV systems are not limited by the Shockley–Queisser
limit [40]. The emitter can be optimized to emit radiation only
at frequencies slightly above the band gap of the photovoltaic
cell [41]. The energy to heat the emitter can be waste heat or
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solar radiation, resulting in wast heat recovery or solar TPV.
For TPV / nTPV applications it is desirable to have large heat
fluxes which are quasi-monochromatic at the band gap frequency
of the thermophotovoltaic cell. Thus, output power of TPV
devices could be increased with the help of the near-field ef-
fect [4,5,7,35–37]. Alternatively, the operation temperature can
be reduced without losing output power, hence diminishing ther-
mal stability problems. As we will see, spectral control of the
near-field heat flux is also possible to some degree. So nTPV
efficiencies may become very large.

1.2 Hyperbolic materials and metamate-
rials

Hyperbolic media (HMs) are, in the first place, optically aniso-
tropic media, more precisely they are uniaxial [2,3]. We restrict
ourselves to nonmagnetic hyperbolic media which is the typical
case [2, 3] and assume without loss of generality that the op-
tical axis is oriented in z-direction (‖-direction). The relative
permittivity tensor ε then reads

ε =


ε⊥ 0 0
0 ε⊥ 0
0 0 ε‖

 . (1.1)

Within such uniaxial materials so-called ordinary modes (OMs)
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and extraordinary modes (EMs) (sometimes also called s- and
p-polarized modes) exist and satisfy the dispersion relations [42]

k2
⊥
ε⊥

+
k2
‖
ε⊥

= ω2

c2 , (OM) (1.2)

k2
⊥
ε‖

+
k2
‖
ε⊥

= ω2

c2 , (EM) (1.3)

where k⊥ = |k⊥| (k‖) is the wavevector component perpendicular
(parallel) to the optical axis. ω is the angular frequency and c

the vacuum speed of light.

First, we notice that OMs do not sense the anisotropy of the
material because the electric field is perpendicular to the optical
axis [42]. The isofrequency contour – the set of all real k-vectors

k =
(

k⊥
k‖

)
=


kx

ky

k‖

 (1.4)

satisfying (1.2) for a fixed ω – is a sphere if ε⊥ > 0 or empty oth-
erwise. Isofrequency contours display only propagating modes
with real k. Evanescent modes are ignored.

In usual dielectric uniaxial media the principal constants ε⊥ and
ε‖ are both positive and the isofrequency surfaces of EMs defined
by relation (1.3) are ellipsoids, as illustrated in Fig. 1.2a. In the
isotropic case, ε‖ = ε⊥, the ellipsoids reduce to spheres as for
OMs.
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On the other hand, when {ε‖ < 0 and ε⊥ > 0} or {ε‖ > 0 and
ε⊥ < 0} the isofrequency surfaces of the EMs are two- or one-
sheeted hyperboloids [2, 43], see Fig. 1.2. Thus the name “hy-
perbolic” medium (HM). The first class of such uniaxial media
is called hyperbolic medium of type I while the second one HM
of type II [43]. So hyperbolic materials are extremely anisotropic
materials with dielectric (positive permittivity) and metallic (neg-
ative permittivity) behavior at the same time.

(a) (b) (c)

Figure 1.2: Isofrequency contours of extraordinary modes in uni-
axial media. (a) Dielectric materials, ε⊥ > 0 and ε‖ > 0, feature
an ellipsoid of revolution (spheroid), (b) type I hyperbolic ma-
terials, ε⊥ > 0 and ε‖ < 0, feature a hyperboloid of revolution
of two sheets (elliptic hyperboloid), (c) type II hyperbolic mate-
rials, ε⊥ < 0 and ε‖ > 0, feature a hyperboloid of revolution of
one sheet (hyperbolic hyperboloid).

Of course both ε⊥ and ε‖ can also be negative. In such uni-
axial metallic-like materials no propagating modes exist. With
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“metallic” we refer to the optical property of having negative per-
mittivity which is typical for metals in the visible and infrared
(i. e. for frequencies below the metal’s plasma frequency [44]).
But other non-metal materials, like the phonon-polaritonic ma-
terials gallium nitride (GaN) and silicon carbide (SiC) [45, 46],
can exhibit a negative permittivity as well.

HMs do exist in nature [3,47,48]. But these materials are hyper-
bolic only in limited and non-adjustable frequency ranges. Early
known examples are calcite (CaCO3) and hexagonal boron ni-
tride (hBN) [3, 47]. More recently, materials were found which
exhibit hyperbolic behavior in all kinds of spectral regions in-
cluding the visible and near-infrared [47].

Initially, the hyperbolic characteristic has been obtained with
metamaterials [43]. Metamaterials are structures with feature
sizes much smaller than the wavelength [1]. Electromagnetic
waves behave like in a homogeneous medium, however, a ho-
mogeneous medium with unique properties rarely or not at all
found in nature [1]. A famous example are metamaterials with
a negative effective refractive index [1].
Hyperbolic metamaterials (HMMs) can be realized with two
types of structures [3, 47]. Both types are visualized in Fig. 1.3.
On the one hand, multilayer HMMs (mHMMs) are periodic mul-
tilayer structures with alternating dielectric and metallic lay-
ers [49–51]. On the other hand, nanowire HMMs (wHMMs)
consist of a periodic arrangement of metallic wires immersed
into a dielectric host medium [52,53].
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According to the effective medium theory (EMT) [1,54,55], the
effective permittivity of a mHMM is given by [42,54]

ε⊥ = fmεm + (1− fm) εd, (1.5)

ε‖ =
(
fm
εm

+ (1− fm)
εd

)−1
= εmεd

(1− fm) εm + fmεd
(1.6)

and for a wHMM it is given by [54]

ε⊥ = εd
(1 + fm) εm + (1− fm) εd
(1− fm) εm + (1 + fm) εd

, (1.7)

ε‖ = fmεm + (1− fm) εd, (1.8)

where fm is the volume filling fraction of the “metallic” com-
ponent. εd (εm) is the permittivity of the isotropic dielectric
(metallic) filling material.

EMT gives reliable results if the unit-cell size Λ of the underly-
ing structure is much smaller than the effective wavelength [55–
57]. Remember, the dominant free space wavelength of thermal
blackbody radiation is about 10 µm at room temperature 300 K.
Consequently, nanometer sized HMMs should behave as effective
media. But the wavelength inside the HMM is 2π

k with k = |k|.
And as we have seen, the k-vector can take on very large values.
For larger k-vectors it is therefore expected that the EMT pro-
vides inaccurate results.
To exemplify this, Fig. 1.3c shows the isofrequency contour of
a multilayer structure with the parameters given in the figure
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(a)

(b) (c)

Figure 1.3: Hyperbolic metamaterials (HMMs) and their isofre-
quency contours. The schematics show (a) a layer HMM and (b)
a wire HMM. The isofrequency contours (c) of hyperbolic modes
of a bilayer HMM and the corresponding effective HMM agree
well for small k values but differ for larger values. The assumed
permittivities of the layers are 2 and -1, the angular frequency
ω ≈ 188.4 · 1012 s−1. The periodicity is Λ = 200 nm with equal
layer thicknesses. Thus, the effective permittivities are ε⊥ = 0.5
and ε‖ = −4. The maximal k‖ of the layer HMM is k‖,max = π

Λ
and is also marked.

caption. The contour of the effective medium is a hyperbola. In-
side the real multilayer Bloch waves exist [58], the dispersion of
which is plotted. For the calculation the transfer-matrix method
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(TMM) is used, see Section 2.2. For smaller k the EMT is in good
agreement with the real isofrequency contour. But for larger k
both differ and the real one reaches the limit π

Λ at the edge of
the first Brillouin zone.

The existence of a maximal wavenumber, kmax, is the most im-
portant characteristic that the EMT misses [2,3,55,57]. It limits
the number of propagating modes to a finite value and thus has
significant consequences, as we will see in this thesis. For an
ideal HM kmax is infinite so that the density of electromagnetic
states (DOS) diverges [59, 60]. However, for any real structure
kmax is a finite quantity. Still the DOS of HMMs is much larger
than the one of dielectrics [2, 3].

If Λ denotes the unit-cell size of our HM (Fig. 1.3) then k‖,max =
π
Λ or k⊥,max = π

Λ depending on the concrete structure. For ex-
ample, for a multilayer structure with layers perpendicular to
the ‖-axis the edge of the first Brillouin zone gives k‖,max = π

Λ ,
whereas for a nanowire structure with nanowires along the ‖-axis
the edge of the first Brillouin zone gives k⊥,max = π

Λ .
In natural HMs there might be different length scales which de-
termine their hyperbolic behavior. Nonetheless, we think that
it is reasonable to assume that the main length scale is again
given by the unit-cell size which is in this case determined by
the interatomic spacing, i. e. Λ ≈ 1 Å = 0.1 nm.
If no further information is available or tedious calculations should
be avoided, independent of the structure both maximum wave-
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numbers are approximately related by

k2
⊥,max
ε‖

+
k2
‖,max
ε⊥

= ω2

c2 , (1.9)

and because k⊥/‖,max � ω
c the relation simplifies to k⊥,max ≈√∣∣∣ ε‖ε⊥ ∣∣∣k‖,max.

Note that like natural HMs HMMs are also hyperbolic only in
certain frequency regions. Further, Kramers–Kronig relations
forbid negative permittivities without dissipation [14, 44]. So
real HMs / HMMs are characterized by the real parts of the
permittivities having opposite signs, <(ε⊥)<(ε‖) < 0.

The effect of the huge density of states on thermal (near-field)
radiation inside and between HMs / HMMs will be discussed
in this thesis. But HMMs can be utilized for more applica-
tions [2, 3].
HMMs can show negative refraction [49,52]. To understand this
one has to remember that the energy is generally propagating
not in the direction of k, as in vacuum, but in the direction of the
group velocity cg = ∇kω(k) [14]. cg is by definition perpendicu-
lar to the isofrequency surface and for large wavenumbers inside
HMMs it is even nearly perpendicular to k. Using negative re-
fraction spatial filters and planar lenses can be realized [2, 3].
An extension of the idea are hyperlenses [61]. Normally, imag-
ing with light is limited by diffraction. The reason is that the
k-values of the imaging (propagating) modes are limited to ω

c (or
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a single-digit multiple thereof depending on the refractive index
of the lenses). Larger Fourier components, which are a charac-
teristic of very small nanostructures, correspond to evanescent
modes and are not contributing to the far field [61]. The idea
of the hyperlens is to transform the evanescent modes to prop-
agating modes. This is done e. g. with a curved HMM brought
in close proximity to the object. Inside the HMM the high-k
modes are not evanescent but propagating. Due to the curva-
ture they magnify the object attributes from the smaller inner
surface of the curved HMM, where the object is situated, to the
larger outer surface. With the increased surface in real space the
k-vectors in reciprocal space are decreased, till they correspond
to modes propagating in air and can be further imaged [2,3,61].
The previous concepts rely on the different directions of k and
cg for hyperbolic modes. Nevertheless, also the enormous DOS
of HMMs can be employed e. g. to enhance spontaneous emis-
sion [50, 55, 56]. The dependence of emitted power on the envi-
ronment into which is emitted is known as Purcell effect [2,3,55,
56]. The more modes exist the more is emitted. The enhance-
ment leads to a reduction of the lifetime / increase of the decay
rate of fluorescent molecules [2, 3, 50].

1.3 Thesis outline

After the introduction, the thesis starts with the calculation of
thermal radiation properties, in particular the heat flux and the
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energy density. For that fluctuational electrodynamics [62] is
combined with the fluctuation-dissipation theorems [63]. This
approach is widely used and, different from blackbody theory
plus Kirchhoff’s law, can predict effects like near-field heat trans-
fer. For the calculations Green’s functions [64] are required
and multilayers can be treated numerically with the help of the
transfer-matrix method (TMM) [42] which is briefly introduced.

Chapter 3 analyzes thermal radiation inside hyperbolic media.
First, an idealized lossless and dispersionless HM is investigated
to obtain the properties of “hyperbolic blackbody” radiation.
It is compared to Planck’s blackbody radiation which is ther-
mal radiation in vacuum or air. Second, more realistic HMs
are considered and the radiative heat flux compared with solid
conduction. Except for the last Section 3.2.3, the HMs in this
chapter are assumed to be lossless because treating losses is very
complicated, as we will see during the derivation.
At the beginning of Chapter 4 we take a brief look at the far-field
thermal emission characteristics of HMMs. Then, the near-field
radiative heat transfer is discussed. Particular attention is paid
to two mechanisms yielding strong heat fluxes: surface modes
and hyperbolic modes. Finally, we show that the penetration
depth of near-field heat flux into the colder body is very differ-
ent for these two kinds of modes.
An experimental verification of the near-field effect is presented
in Chapter 5. For that a new, dynamic measuring technique is
developed. It measures the temperature transient as a response
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to a step input power function and extracts the gap conductance
from the transients. Gaps as small as ≈ 150 nm are realized over
cm2-sized areas and near-field heat fluxes ≈ 16 times higher than
the blackbody limit are measured.
The thesis concludes with a summary and an outlook.

The work presented here has been carried out at the Institute
of Optical and Electronic Materials at Hamburg University of
Technology (TUHH). Besides group members, valued colleagues
Svend-Age Biehs and Maria Tschikin from Carl von Ossietzky
University in Oldenburg, Germany, Philippe Ben-Abdallah from
Institut d’Optique, CNRS in Palaiseau, France, Sean Molesky
and Zubin Jacob from University of Alberta in Edmonton, Cana-
da, and Michael Störmer from Helmholtz–Zentrum Geesthacht
in Geesthacht, Germany, who we cooperated with, contributed
to the work.
Results from this thesis have already been published and con-
tent of this thesis is copied from our publications [41,65–68] and
its supplemental information. Reproduced with permission from
Appl. Phys. Lett. 104, 121903 (2014), J. Quant. Spectrosc. Ra-
diat. Transf. 158, 17 (2015), Phys. Rev. Lett. 115, 174301 (2015),
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Chapter 2

Thermal radiation
calculations

This chapter provides the mathematical and physical background
for the calculations of thermal radiation. All formulas later used
to analyze the radiation inside and in vicinity of hyperbolic me-
dia are derived here. The results together with illustrative ex-
amples are discussed in the next chapters.

We restrict ourselves to nonmagnetic uniaxial media [42] with

19
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the optical axis oriented in z-direction (‖-direction):

ε =


ε⊥ 0 0
0 ε⊥ 0
0 0 ε‖

 , (2.1)

µ =


1 0 0
0 1 0
0 0 1

 = 1. (2.2)

ε and µ are the relative permittivity and permeability tensors.
Furthermore, nonlocal and nonlinear effects are ignored.

The fundamental framework for the calculations of thermal radi-
ation is fluctuational electrodynamics [15,62]. The idea is rather
simple: As usual, the electrodynamics is governed by Maxwell’s
equations [13,14]

∇×E = iωB−M = iωµ0µH−M (2.3)

∇×H = −iωD + J = −iωε0εE + J. (2.4)

We use the e−iωt time dependence here. However, the electric
current sources J (and possible magnetic current sources M)
are stochastic, fluctuating sources instead of deterministic ones,
resulting from fluctuations on a microscopical scale. Thus, the
fields created by the sources are also fluctuating. We focus on
thermal fluctuations as we want to analyze thermal radiation.
Other fluctuations are e. g. zero-point fluctuations [69] which
cause Casimir forces even at zero temperature.
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As there is no preferred direction the ensemble averages of all
quantities 〈J〉, 〈E〉 etc. is 0. The correlation of sources is given by
the fluctuation-dissipation theorem of the second kind and the
correlation of fields at thermal equilibrium by the fluctuation-
dissipation theorem of the first kind [62,63].
Knowing the source properties and the electrodynamic behavior
we can calculate average values for the energy density and the
power flux which are then the thermal energy density and the
radiative heat flux [70]. The next sections follow this approach
and derive the energy density and heat flux for a few particular
setups comprising hyperbolic media.

An important tool for the calculations are Green’s functions [13,
64]. They relate the fields to the sources. Whether the sources
and fields are deterministic or fluctuating plays no role, Green’s
functions are universal and will be used extensively.

This chapter starts with introducing some mathematical and
physical notations, followed by a short introduction to the trans-
fer-matrix method (TMM) in Section 2.2. This numerical tech-
nique allows calculating the electromagnetic fields inside a mul-
tilayer system. Then, Green’s functions for some setups are ob-
tained. The setups are a homogeneous uniaxial medium, an in-
terface between a uniaxial medium halfspace and a vacuum half-
space, and a more general layered system. The Green’s functions
are needed for the computation of the radiative thermal energy
density U and radiative heat flux Φ in the mentioned setups.
But first, the general expressions for U and Φ are derived.
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The formulas for Φ for the different setups are the main results
of this chapter. Inside hyperbolic media also the energy density
and the related density of states loom large.

2.1 Notations

Before starting with the calculations a few conventions and math-
ematical relationships are presented. Furthermore, the symbols
for physical quantities and abbreviations are given.

Vectors are defined as column vectors and have x-, y- and z-
components, e. g.

a =


ax

ay

az

 . (2.5)

The components of a matrix are depicted as Alm = (A)lm (l,m =
x, y, z) where

A =


Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz

 . (2.6)

The following mathematical symbols and operations will be used
throughout the thesis:

i: imaginary unit, i2 = −1.
el: unit vector of Cartesian coordinate system (l = x, y, z).
1: unit dyad or identity matrix.
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δlm: Kronecker delta, δlm =

1 if l = m

0 if l 6= m
.

ξlmn: Levi-Civita symbol,

ξlmn =


+1 if (l,m, n) is even permutation of (1, 2, 3)/(x, y, z)

−1 if (l,m, n) is uneven permutation of ...

0 if l = m or l = n or m = n

.

<(◦): real part of a scalar / vector / matrix.
=(◦): imaginary part of a scalar / vector / matrix.
(◦)∗: complex conjugate of a scalar / vector / matrix.
(◦)−1: inverse of a scalar / matrix.
(◦)H : conjugate transpose of a vector / matrix.
(◦)T : transpose of a vector / matrix.
|◦|: absolute value of a scalar or Euclidean norm of a vector,
|a| =

√
aHa.

‖◦‖:absolute value of a real scalar or Euclidean norm of a real
vector, ‖a‖ =

√
aTa.

With complex numbers this is strictly speaking not an ab-
solute value / Euclidean norm but just an operation.

arg(◦): argument of a complex number z, arg
(
|z|eiϕ) = ϕ.

sgn(◦): sign function, sgn(x) = x/|x|.
diag(◦): diagonal matrix with elements given in brackets.
Tr(◦): trace of a matrix, Tr(A) = ∑

lAll.
(◦)!: factorial, x! = ∏x

l=1 l (x ∈ N), 0! = 1.
expm(◦): matrix exponential, expm(Z) = ∑∞

l=0
1
l!Z

l.
Γ(◦): gamma function, Γ(z) =

∫∞
0 xz−1e−xdx (<(z) > 0).
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ζ(◦): Riemann zeta function, ζ(z) = ∑∞
l=1

1
lz .

〈◦〉: ensemble average (or expected value) of a stochastic quan-
tity.

(◦) · (◦): scalar product of two real vectors,
a · b = aTb = ∑∑

l,m δlmalbm = Tr(abT ).
With complex vectors this is strictly speaking not a
scalar product but just an operation.

(◦)× (◦): cross product of two vectors,
a × b = ∑∑∑

l=x,y,z
m=x,y,z
n=x,y,z

ξlmnelambn.

(◦)⊗ (◦): tensor product, for vectors a ⊗ b = abT .
∇: gradient operator, ∇ =

(
∂
∂x ,

∂
∂y ,

∂
∂z

)T
.

∇ · (◦): divergence of a vector field. Applied to matrices the op-
eration is performed column wise yielding a row vector.

∇× (◦): curl of a vector field. Applied to matrices the opera-
tion is performed column wise yielding a matrix.

The physical constants and symbols in this thesis are:

c: vacuum speed of light, c ≈ 299792458 m s−1.
µ0: vacuum permeability, µ0 = 4π · 10−7 V s A−1 m−1.
ε0: vacuum permittivity,

ε0 = 1
c2µ0
≈ 8.854188 · 10−12 A s V−1 m−1.

~: reduced Planck constant, ~ ≈ 1.0545718 · 10−34 J s.
kB: Boltzmann constant, kB ≈ 1.38064852 · 10−23 J K−1.
σB: Stefan–Boltzmann constant,

σB = π2k4
B

60~3c2 ≈ 5.6704 · 10−8 W m−2 K−4.



2.1. Notations 25

f : temporal frequency.
ω: temporal angular frequency, ω ≡ 2πf .
T : absolute temperature.

Finally, here is a summary of abbreviations introduces through-
out the thesis:

1D: 1-dimensional.
2D: 2-dimensional.
BB: blackbody.
DOS: density of states.
EM (pl. EMs): extraordinary mode.
EMT: effective medium theory.
ENZ: epsilon-near-zero.
FDTD: finite-difference time-domain (method).
HM (pl. HMs): hyperbolic medium.
HMM (pl. HMMs): hyperbolic metamaterial.
HTC (pl. HTCs): heat transfer coefficient.
LDOS: local density of states.
mHMM: multilayer HMM.
MIR: mid infrared.
NIR: near infrared.
nTPV: near-field thermophotovoltaic(s).
OM (pl. OMs): ordinary mode.
PD (pl. PDs): penetration depth.
sHTC (pl. sHTCs): spectral heat transfer coefficient.
TMM:transfer-matrix method.
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TPS: transient plane source.
TPV: thermophotovoltaic(s).
UM (pl. UMs): uniaxial medium.
wHMM: nanowire HMM.

2.2 Transfer-matrix method

The transfer-matrix method (TMM) is a numerical technique to
calculate the electromagnetic fields in a multilayer system [42,
58]. The method works with plane, monochromatic waves. All
other possible electromagnetic solutions can be expanded into
plane waves if necessary.
In each layer there is a forward and a backward running wave,
as shown in Fig. 2.1. Multiple for- or backward traveling waves
coming from multiple reflections can be summed up to a single
wave. The waves can be characterized by the tangential field,
in case of p-polarized light it is the solely tangential magnetic
field H. The electric field can be easily concluded knowing ω

and the tangential component of the wavevector k⊥ which is
consistent in all layers and basically represents the propagation
angle w. r. t. the z-axis. For s-polarization one would choose the
solely tangential electric field E not H.

Following Fig. 2.1, the TMM combines the fields representing
the two waves at different z-positions via matrices. E. g. the
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Figure 2.1: Visualization of the transfer-matrix method (TMM).
Matrices combine fields of forward (subscript “f”) and backward
(subscript “b”) propagating waves at different positions in a lay-
ered system. The layer thicknesses are lj . The dashed arrow
shows the orientations of the optical axes of the uniaxial mate-
rials (UMs) which are all along the z-axis.

fields at both ends of layer j with thickness lj are combined by

Πj =
(

e−ikz,j lj 0
0 eikz,j lj

)
. (2.7)

Replacing lj by another distance one can access any location
inside the layer. kz,j is the longitudinal wavevector component
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in layer j [42]

ks
z,j =

√
ω2

c2 ε⊥,j − k
2
⊥, (2.8)

kp
z,j =

√
ω2

c2 ε⊥,j − k
2
⊥
ε⊥,j
ε‖,j

. (2.9)

The superscripts s and p stand for the s- and p-polarization and
we assumed the optical axes of all layer media to be oriented
along the z-direction.

When the layers in Fig. 2.1 constitute the metallic and dielectric
layers of a HMM the assumption of anisotropy is superfluous,
as most layer materials are isotropic. Nevertheless, it should
be noted that HMMs can also be realized with anisotropic con-
stituents. However, the layers in Fig. 2.1 can be natural HMs or
HMMs treated as effective media as well. In which case the uni-
axiality is needed. An example of a layered structure with itself
hyperbolic layers are hypercrystals. They combine HMs with
dielectrics or metals and obtain structure properties comprising
features of both HMs and photonic crystals [71].

The matrix

Γj,j+1 = 1
tj,j+1

(
1 rj,j+1

rj,j+1 1

)
(2.10)

combines the fields at both sides of the interface between layers
j and j + 1 and ensures continuity of tangential electric and
magnetic fields. The reflection and transmission coefficients from
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layer j to j + 1 are

rs
j,j+1 =

µj+1k
s
z,j − µjks

z,j+1
µj+1ks

z,j + µjks
z,j+1

, (2.11)

rp
j,j+1 =

ε⊥,j+1k
p
z,j − ε⊥,jk

p
z,j+1

ε⊥,j+1k
p
z,j + ε⊥,jk

p
z,j+1

, (2.12)

t
s/p
j,j+1 = 1 + r

s/p
j,j+1. (2.13)

The relative permeabilities of the (magnetically isotropic) layers
µj , seen in Eq. (2.11), are in our cases all 1 as mentioned before.

With the matrices for the inside of a layer Πj and the interface
between two layers Γj,j+1 the fields at two arbitrary locations
in a multilayer stack can be combined by a single matrix. This
single matrix is simply the product of the individual matrices.
Now, either the fields of both waves are known at one z-position.
Then the fields at any other location can be obtained via mul-
tiplication with the corresponding matrix (or its inverse). Or
the fields of two waves are known, however at different posi-
tions. Then, still the unknown fields at the two spots can be
calculated. There are two equations with two unknowns and the
matrix elements are the coefficients in the equations.

A particularly important combination of both cases is the reflec-
tion from a multilayer. Imagine a stack of N layers where layers
1 and N are actually halfspaces. The matrix connecting the
fields in the two halfspaces (more precisely at their boundaries)
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is

Γ1,N = Γ1,2

N−1∏
j=2

ΠjΓj,j+1. (2.14)

If a plane wave incident from halfspace 1 hits the structure there
will be a total reflected wave. With a normalized incident field
strength 1 and no incident wave from the other side, the math-
ematical connection of fields looks as(

1
r1,N

)
= Γ1,N

(
t1,N

0

)
. (2.15)

Consequently, the total transmission and reflection coefficients
of the layered structure are

t1,N = 1
[Γ1,N ]11

, (2.16)

r1,N = [Γ1,N ]21 t1,N =
[Γ1,N ]21
[Γ1,N ]11

. (2.17)

From here on, one can calculate the normalized fields at any po-
sition by multiplying the corresponding matrix by

(
t1,N 0

)T
,

or the inverse of the matrix governing the other part of the mul-
tilayer by

(
1 r1,N

)T
.

For further reading and the derivations of the presented formu-
las, please refer to Ref. [58]. It also shows how periodic mul-
tilayers in which Bloch waves propagate can be treated with
TMM. Note that the TMM and the formulas are not limited to
propagating waves. Evanescent and lossy waves are covered as
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well, and thus, the materials can be lossless or lossy dielectrics
or metals.

2.3 Green’s functions in presence of uni-
axial media

Green’s functions G allow obtaining the electric and magnetic
fields at any location for any source distribution via [64]

E(r) = iωµ0

∫∫∫
V

GEE(r, r′)J(r′) d3r′

+ iωε0
∫∫∫
V

GEH(r, r′)M(r′) d3r′,
(2.18)

H(r) = iωµ0

∫∫∫
V

GHE(r, r′)J(r′) d3r′

+ iωε0
∫∫∫
V

GHH(r, r′)M(r′) d3r′.
(2.19)

Basically, Green’s functions are the fields (at any observation
point r) for a point source at r′. V is the volume of the considered
structure containing the source currents. There are four Green’s
functions connecting electric and magnetic current sources to
electric and magnetic fields.

We will have a look at Green’s functions for three different set-
ups, illustrated in Fig. 2.2. The first one is a homogeneous uni-
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axial medium which can be simply dielectric or else hyperbolic.
The second setup limits the uniaxial medium to a halfspace.
The other half of the space is simply vacuum. Finally, we look
at Green’s functions for a general multilayer stack.

(a) (b)

(c)

Figure 2.2: Illustration of the setups for which Green’s func-
tions are evaluated. (a) homogeneous uniaxial medium (UM),
(b) halfspaces of UM and vacuum with the source in the UM,
(c) multilayer stack of N uniaxial media (UM 1 and N are half-
spaces). The dashed arrows show the orientations of the optical
axes of the UMs which are all along the z-axis.
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2.3.1 Green’s functions in homogeneous uniaxial
media

The electric and magnetic Green’s dyadic functions for a uniaxial
medium can be written as [72]

GEE(r, r′) =
[
c2

ω2ε⊥
∇⊗∇+ ε‖ε

−1
]
ge(r− r′)− F(r− r′)

(2.20)
and

GHH(r, r′) =
[
c2

ω2∇⊗∇+ ε⊥1

]
go(r− r′)+ε⊥F(r− r′). (2.21)

The scalar Green’s functions for the ordinary and extraordinary
modes are given by (x ≡ r− r′)

go/e(x) = 1
4π

ei ω
c

√
ε⊥xo/e

xo/e
, (2.22)

where

x2
e =

ε‖
ε⊥

(x×e‖)2 +(x ·e‖)2 and x2
o = x2 := |x|2. (2.23)

Here e‖ is the unit vector parallel to the optical axis, i. e. in our
case e‖ = ez.

Moreover, we can split the dyad F into its extraordinary and



34 Thermal radiation calculations

ordinary part [72]

F(x) = ε‖Fe(x)− Fo(x) (2.24)

where

Fe(x) =
∞∫∫∫
−∞

eik·x

k · ε · k− ω2

c2 ε⊥ε‖

(k× e‖)⊗ (k× e‖)
(k× e‖)2

d3k

(2π)3

(2.25)
and

Fo(x) =
∞∫∫∫
−∞

eik·x

k2 − ω2

c2 ε⊥

(k× e‖)⊗ (k× e‖)
(k× e‖)2

d3k

(2π)3 . (2.26)

These expressions can now be brought into a form which is
much more convenient for further calculations. To this end, we
make a Fourier expansion of the scalar Green’s functions (by
Fourier transforming the differential equations governing go/e,
see Ref. [72]):

ge(x) = ε⊥

∞∫∫∫
−∞

eik·x

k · ε · k− ω2

c2 ε⊥ε‖

d3k

(2π)3

= ε⊥
ε‖

∞∫∫
−∞

eik⊥·x⊥
∞∫
−∞

eik‖x‖

(k‖ − ke
‖)(k‖ + ke

‖)
dk‖
2π

d2k⊥
(2π)2 ,

(2.27)
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go(x) =
∞∫∫∫
−∞

eik·x

k2 − ω2

c2 ε⊥

d3k

(2π)3

=
∞∫∫
−∞

eik⊥·x⊥
∞∫
−∞

eik‖x‖

(k‖ − ko
‖)(k‖ + ko

‖)
dk‖
2π

d2k⊥
(2π)2 .

(2.28)

Taking the poles for outgoing solutions into account in the residue
theorem we can integrate over k‖ and express the scalar Green’s
functions as

ge(x) = ε⊥
ε‖

∞∫∫
−∞

eik⊥·x⊥ ieike
‖|x‖|

2ke
‖

d2k⊥
(2π)2 ≡

ε⊥
ε‖
Îe, (2.29)

go(x) =
∞∫∫
−∞

eik⊥·x⊥ ieiko
‖|x‖|

2ko
‖

d2k⊥
(2π)2 ≡ Îo, (2.30)

introducing the integral operators

Îe =
∞∫∫
−∞

d2k⊥
(2π)2 eik⊥·x⊥ ieike

‖|x‖|

2ke
‖

, (2.31)

Îo =
∞∫∫
−∞

d2k⊥
(2π)2 eik⊥·x⊥ ieiko

‖|x‖|

2ko
‖

, (2.32)

where the components of the wavevectors parallel to the optical
axis are defined as

ke
‖ =

√
ω2

c2 ε⊥ − k
2
⊥
ε⊥
ε‖

and ko
‖ =

√
ω2

c2 ε⊥ − k
2
⊥. (2.33)
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We have used the quantities x‖ = e‖ · x = z − z′ and x⊥ =
x − x‖e‖. k⊥ =

(
kx ky 0

)T
is the part of the wavevector

perpendicular to e‖ and k2
⊥ = ‖k⊥‖2 = k2

x+k2
y. Outgoing waves

are propagating away from the source. The sign of ke/o
‖ must be

chosen such that the plane wave ∝ eik‖x‖ propagates in positive
x‖-direction (because this is the direction away from the source).
“Propagation” refers to the energy flow, not the phase which can
propagate in a different direction.

Now, we further introduce a polarization basis by defining

ae/o
s ≡

ke/o × e‖∥∥∥ke/o × e‖
∥∥∥ = 1

k⊥


ky

−kx
0

 (2.34)

and

ae/o
p ≡ ae/o

s × ke/o∥∥∥ae/o
s × ke/o

∥∥∥ = 1
k⊥ke/o


∓kxke/o

‖

∓kyke/o
‖

k2
⊥

 (2.35)

where it is assumed that ke/o
‖ is real. This basis accompanied by

the wavevector

ke/o =


kx

ky

±ke/o
‖

 (2.36)

with ke/o2 =
∥∥∥ke/o

∥∥∥2
= k

e/o
‖

2
+ k2
⊥ forms a complete orthogonal
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basis for real ke/o
‖ with the completeness relation

ae/o
s ⊗ ae/o

s + ae/o
p ⊗ ae/o

p + ke/o ⊗ ke/o

ke/o2 = 1. (2.37)

The undetermined signs in ke/o and ae/o
p are chosen depending

on the observation point. The first choice is for x‖ > 0, the half-
space in which waves propagate in positive x‖-direction (thus
k‖-component of ke/o must be positive); the second choice for
x‖ < 0, the halfspace in which waves propagate in negative x‖-
direction (thus k‖-component must be negative).
If the wavevector component k‖ becomes complex, as in dissipa-
tive media or for evanescent modes, the above introduced vectors
ae/o

p and ke/o are not orthogonal to each other anymore (ae/o
s re-

mains orthogonal to both). However, relation (2.37) remains
valid and the vectors still form a basis.

From the definition of ae/o
s it follows that ae

s = ao
s ≡ as and that

(independent of k‖)

(k× e‖)⊗ (k× e‖)
(k× e‖)2 = as ⊗ as. (2.38)

This last relation allows us to rewrite the dyad F. We find the
expressions

Fe = 1
ε‖
Îe [as ⊗ as] , (2.39)

Fo = Îo [as ⊗ as] . (2.40)
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Finally, using the expansions for ge and go together with the def-
inition of the polarization bases and the completeness relation,
we can bring the electric and magnetic Green’s dyad in the final
form. We obtain

GEE = GEE
o +GEE

e

= Îo [as ⊗ as] + Îe
[
ae

p ⊗ ae
p +Bke ⊗ ke + Ce‖ ⊗ e‖

] (2.41)

and

GHH = GHH
o +GHH

e = Îo
[
ε⊥ao

p ⊗ ao
p

]
+ Îe [ε⊥as ⊗ as] (2.42)

introducing the anisotropy coefficients

B ≡
ω2

c2 ε‖ − ke2

ke2 ω2

c2 ε‖
and C ≡ ε⊥

ε‖
− 1. (2.43)

Remembering the definition of the Î operators Green’s functions
(2.41) and (2.42) are represented here as a superposition of or-
dinary and extraordinary plane monochromatic waves.

Note, that due to the second derivation in Eqs. (2.20) and (2.21)
with respect to x‖ the nabla operator ∇ not only provides an
ike/o but we additionally obtain the two singular terms [73]

GEE
sing = 1

ε‖

c2

ω2 Îe
[
2ike
‖

]
e‖ ⊗ e‖δ(x‖)

= − 1
ε‖

c2

ω2 e‖ ⊗ e‖δ(x),
(2.44)
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GHH
sing = c2

ω2 Îo
[
2iko
‖

]
e‖ ⊗ e‖δ(x‖)

= − c
2

ω2 e‖ ⊗ e‖δ(x),
(2.45)

where we have introduced the Dirac delta function

δ(x) ≡
∞∫∫∫
−∞

e±ik·x d3k

(2π)3 . (2.46)

For the calculation of the heat flux these terms do not contribute
since in this case x 6= 0 (i. e. r 6= r′) as will be seen later. On
the other hand, these terms do also not contribute to the density
of states when neglecting losses, since in this case these terms
are purely real. Therefore, we will neglect these terms in the
following.

With the expressions for the electric and magnetic Green’s dyad
and ke/o × ae/o

p = ke/oas it can be easily proven that

GHH = − c
2

ω2∇×G
EE ×∇′. (2.47)

Remembering Maxwell’s equations the hybrid Green’s functions
are found to be [72]

GHE = 1
iωµ0

∇×GEE, (2.48)

GEH = −1
iωε0

ε−1∇×GHH. (2.49)

As can be seen later, GEH is not needed for the materials under
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consideration, so we focus on GHE here. However, GEH can be
calculated the same way and due to reciprocity GEH(r, r′) =
µ0
ε0
GHET (r, r′) holds [72].

We find

GHE = GHE
o +GHE

e

= Îo
ωµ0

[(ko × as)⊗ as] + Îe
ωµ0

[
(ke × ae

p)⊗ ae
p

+B(ke × ke)⊗ ke + C(ke × e‖)⊗ e‖
]

= Îo
ωµ0

[
−koao

p ⊗ as
]

+ Îe
ωµ0

[
keas ⊗ ae

p + Ck⊥as ⊗ e‖
]
.

(2.50)

Obviously, for an electric source the electric field of ordinary
modes is polarized along as and the magnetic field of ordinary
modes along ao

p. However, although the magnetic field of ex-
traordinary modes is polarized along as their electric field is not
polarized purely in ae

p-direction but has also components in ke-
direction. Indeed, in uniaxial, nonmagnetic materials only for
ordinary modes electric fields E / D, magnetic fields H / B
and wavevector ko form an orthogonal set of vectors (orthog-
onal assuming real k). For extraordinary modes only electric
displacement field D, magnetic fields H / B and wavevector ke

are orthogonal which can be seen from the corresponding Green’s
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function

GDE = GDE
o +GDE

e = ε0εGEE = ε0Îo [ε⊥as ⊗ as]

+ ε0Îe

[
ke2

ε‖
ω2

c2

ae
p ⊗

(
diag(ε‖, ε‖, ε⊥)ae

p

)] (2.51)

or directly from Maxwell’s equations.
Furthermore, by definition E, H and (complex) Poynting vector
S = 1

2E × H∗ are also orthogonal. For extraordinary modes
neither E and D nor S and ke are parallel but point in different
directions.

As a final remark, let us look at the polarization state. Propa-
gating modes in a lossless medium have real wavevectors ke/o. as

and ae/o
p are also real. Electric and magnetic fields are linearly

polarized and in-phase.
When ke/o becomes complex, as for evanescent modes or in dis-
sipative materials, the situation changes. as is still real. So E of
ordinary modes and H of extraordinary modes are linearly polar-
ized. But because ae/o

p is complex, electric field of extraordinary
modes and magnetic field of ordinary modes are elliptically po-
larized.
The modes used here have solely real tangential wavevectors
k⊥. It is as if they are excited by light impinging from a loss-
less medium on an interface with the uniaxial medium under
consideration. They should not be confused with modes which
have a ke/o that can be split into a real direction and a complex
amplitude. Such modes represent a different basis with different
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properties. E. g. in the isotropic case E and H are both linearly
polarized but not in-phase.

As will be seen later, the setups under consideration are all 1-
dimensional and infinitely extended in the transverse direction.
Hence, all problems exhibit a translational symmetry in trans-
verse direction and modes with real transverse wavevectors k⊥
are a rational choice for our mode basis. Complex k⊥ lead to
different field amplitudes along the transverse direction which is
difficult to interpret in a system with translational symmetry.
So our choice of basis is not only a consequence of the derivation
but will allow a physical interpretation of the thermal radiation
equations.

Please notice that we use the names “ordinary” and “extraor-
dinary” for the two fundamental polarization states throughout
the thesis independent of the material, to keep it consistent.
For isotropic materials the states are usually called “s- and p-
polarized” instead. For lossy materials some people could expect
another mode basis (with complex k⊥) when talking of ordinary
and extraordinary modes.

2.3.2 Green’s functions for uniaxial medium–vacuum
halfspaces

To calculate the emission from a uniaxial halfspace we need
Green’s functions GEE and GHE for the setup shown in Fig. 2.2b.
We restrict ourselves to sources in the uniaxial medium (r′‖ =
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z′ < 0) and are interested only in the fields in the vacuum
(r‖ = z > 0).
The emitted waves, derived in the previous section, are now par-
tially reflected and partially transmitted at the z = 0 interface.
The tangential wavevector k⊥ and of course the frequency are
preserved. Green’s functions become (only for r′‖ < 0 and r‖ > 0)

GEE
vac(r, r′) = GEE

o,vac +GEE
e,vac = Îo,vac [tsas ⊗ as]

+ Îe,vac
ω/c

[
tpkeavac

p ⊗ ae
p + tpCk⊥avac

p ⊗ e‖
] (2.52)

and

GHE
vac(r, r′) = GHE

o,vac +GHE
e,vac = Îo,vac

cµ0

[
−tsavac

p ⊗ as
]

+ Îe,vac
ωµ0

[
tpkeas ⊗ ae

p + tpCk⊥as ⊗ e‖
]
,

(2.53)

where the Î operators must be redefined to

Îe,vac =
∞∫∫
−∞

d2k⊥
(2π)2 eik⊥·x⊥ ie−ike

‖r
′
‖ eikvac

‖ r‖

2ke
‖

, (2.54)

Îo,vac =
∞∫∫
−∞

d2k⊥
(2π)2 eik⊥·x⊥ ie−iko

‖r
′
‖ eikvac

‖ r‖

2ko
‖

, (2.55)
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and a new ap

avac
p ≡ as × kvac

‖as × kvac‖
= c

k⊥ω


−kxkvac

‖
−kykvac

‖
k2
⊥

 (2.56)

as well as the component of the wavevector parallel to the optical
axis / z-axis in the vacuum

kvac
‖ =

√
ω2

c2 − k
2
⊥ (2.57)

are introduced. We further used the fact that kvac = ‖kvac‖ = ω
c

and

GHE
vac = 1

iωµ0
∇×GEE

vac, (2.58)

GEE
vac = −1

iωε0
∇×GHE

vac. (2.59)

The derivation of Gvac is fairly simple. The field that is solely
tangential – E for ordinary modes and H for extraordinary
modes – remains solely tangential in all layers. It must only be
modified by the transmission coefficient ts/p which is depicted in
Eqs. (2.11)–(2.13) and the propagation in the vacuum must be
taken into account in the Îvac. The remaining fields are calcu-
lated via (2.58) and (2.59) which are basically Maxwell’s equa-
tions in vacuum.
In the vacuum the fields are polarized as expected. For s-polar-
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ization E is along as and H along avac
p , for p-polarization it’s

vice versa. Whereas the left vectors in the tensor products in
Gvac become vectors from the vacuum (or more generally from
the observed medium), the right vectors remain vectors from in-
side the uniaxial medium (or more generally from the emitting
medium). This is no surprise as the right vectors are later mul-
tiplied by the source and the source orientation in the emitting
medium is crucial. The left vectors represent the polarization in
the observation medium and thus, are adjusted to it.

2.3.3 Green’s functions for multilayer systems

Extending the setup to a multilayer stack works similar to the
introduction of an interface. Assume the emitter is still located
in the left halfspace (r′‖ = z′ < 0) the boundary of which is at
z = 0. And the observation is in one of the layers (r‖ = z >

0). Green’s functions are derived and look similar to (2.52) and
(2.53) except for two differences.

First, the observation medium is not vacuum but the medium of
observed layer j. Therefore, the wavevector components parallel
to the optical axis / z-axis are now

ke
‖,j =

√
ω2

c2 ε⊥,j − k
2
⊥
ε⊥,j
ε‖,j

and ko
‖,j =

√
ω2

c2 ε⊥,j − k
2
⊥. (2.60)

Similarly ae/o
p,j must be introduced which replace avac

p .
Second, in addition to the forward (in positive z-direction) prop-
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agating wave, there is a backward propagating wave whose ke/o
‖,j

component has the opposite sign. The amplitudes of these waves
are not altered by transmission coefficients ts/p but by four co-
efficients, two for ordinary / s-polarized modes and two for ex-
traordinary /p-polarized ones, each time one for the forward and
one for the backward wave. The normalized coefficients can be
calculated numerically with the TMM, as explained at the end
of Section 2.2. Related methods like the numerically more stable
scattering-matrix method [74] can be used as well. Or for simple
geometries the coefficients can be calculated analytically.

We refrain from writing down the equations for G as the ap-
proach is clear, albeit writing down all equations is cumbersome.
The situation is alike when the emitter is located in one of the
layers with finite thickness, as shown in Fig. 2.2c, and not in
the halfspace. The only difference is: In each observation layer
there will be two pairs of forward and backward propagating
waves [74]. One pair comes from the wave emitted from the
source in positive direction and one from the wave emitted in
negative direction. When the emitter is located in the left half-
space, the wave emitted to the left will never reach and thus
influence the multilayers. This is why in this case there is only
one forward and backward wave in each layers. Again, the nor-
malized amplitudes can be calculated e. g. with the TMM, where
each pair is treated separately. For more details and equations
we refer the reader to Ref. [74].
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2.4 Thermal energy density, density of
states and thermal power flow

2.4.1 Energy density and density of states

From Poynting’s theorem [13]

−∇ · (E×H) = E · ∂D
∂t

+ H · ∂B
∂t

+ J ·E (2.61)

the rate of change of the energy density U inside an anisotropic
medium is given by [13]

∂U

∂t
= ∂UE

∂t
+ ∂UH

∂t
= E · ∂D

∂t
+ H · ∂B

∂t
. (2.62)

Following the reasoning of Ref. [75] we concentrate on the elec-
tric part (the magnetic part can be treated analogously) and
integrate it over time to obtain the energy density. Using the
Fourier representations

E(t) =
∞∫
−∞

E(ω)e−iωtdω
2π , (2.63)

D(t) =
∞∫
−∞

D(ω)e−iωtdω
2π (2.64)
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with respect to time we have (Einstein’s summation convention)

UE =
t∫

−∞

∞∫∫
−∞

Eα(ω)(−iω′)Dα(ω′)e−i(ω+ω′)t′ dω′
2π

dω
2π dt′, (2.65)

assuming that the fields at t = −∞ vanish so that the energy
density also vanishes, i. e. U(t = −∞) = 0. The time integration
can be carried out and using the relation D(ω) = ε0ε(ω)E(ω)
the expression for the energy density can be brought into the
form

UE = ε0
2

∞∫∫
−∞

[
Eα(ω)εαβ(ω′)Eβ(ω′)ω′

ω + ω′

+ Eα(ω)εαβ(ω′)Eβ(ω′)ω′
ω + ω′

]
e−i(ω+ω′)tdω′

2π
dω
2π

= ε0
2

∞∫∫
−∞

[
−
Eα(ω)ε∗αβ(ω′)E∗β(ω′)ω′

ω − ω′

+ E∗α(ω′)εαβ(ω)Eβ(ω)ω
ω − ω′

]
e−i(ω−ω′)tdω′

2π
dω
2π

(2.66)

Here the following property was used: Since E(t) is real its
Fourier transform obeys the relation E(−ω) = E∗(ω). The same
holds for ε and Green’s functions G.

Now, since we are interested in the properties of the thermal
electric field in equilibrium, we can make use of the fluctuation-
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dissipation theorem (of the first kind) [63]〈
Eα(r, ω)E∗β(r′, ω′)

〉
= 4πωµ0Ũ(ω, T )δ(ω − ω′)=

(
GEE
αβ (r, r′;ω)

) (2.67)

where GEE is the electrical Green’s dyadic, and

Ũ(ω, T ) = ~ω
2 coth

( ~ω
2kBT

)
(2.68)

is the mean energy of a harmonic oscillator in thermal equilib-
rium at temperature T including zero-point fluctuations [69]. It
is common and in many cases allowed to neglect the small zero-
point energy and use the term

U(ω, T ) = Ũ(ω, T )− ~ω
2 = ~ω

e
~ω

kBT − 1
(2.69)

instead of Ũ . However, this should only be done when no integra-
tion over negative frequencies is performed any more. Otherwise
one loses the property of Ũ being an even function of ω and ob-
tains wrong results.
The fluctuation-dissipation theorem (2.67) comprises the fact
that fields at different frequencies are uncorrelated. This is be-
cause thermal fluctuations are (wide-sense) stationary stochastic
processes, so as one would assume they don’t change their prop-
erties over time.

Now we make the assumption that we have no losses at the obser-
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vation point r, i. e. the permittivity tensor has real components.
Losses at other locations are allowed and influence Green’s func-
tions. A discussion about energy density at locations with losses
can be found at the end of this subsection. By means of rela-
tion (2.67) we can determine the ensemble mean of the electrical
energy density in equilibrium. We obtain

〈
UE(r)

〉
= 1

2

∞∫
−∞

lim
ω′→ω

εαβ(ω)ω − εαβ(ω′)ω′
ω − ω′

· 2ω
c2 Ũ(ω, T )=

(
GEE
αβ (r, r;ω)

) dω
2π .

(2.70)

Note that the transpose of Green’s dyadic is given byGEET (r, r′) =
GEE(r′, r) = GEE(r, r′) [64,72].

Finally, we arrive at (neglecting the zero-point energy)

〈
UE
〉

=
∞∫
0

2ω
c2

d (εαβ(ω)ω)
dω U(ω, T )=

(
GEE
αβ (r, r;ω)

) dω
2π . (2.71)

Similarly for the magnetic part we find

〈
UH
〉

=
∞∫
0

2ω
c2

d (µαβ(ω)ω)
dω U(ω, T )=

(
GHH
αβ (r, r;ω)

) dω
2π .

(2.72)
The integration has been restricted to solely positive frequencies
as the whole integrand is a real, even function.
In the following we refrain from always writing expected value
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〈◦〉 of a quantity. Nevertheless, the reader should remember that
we deal with fluctuating quantities and present their expected
values. From these expressions for U we can now read off the
spectral energy density of the fields in thermal equilibrium as

u(r;ω) = ω

πc2U(ω, T )
[d (εαβ(ω)ω)

dω =
(
GEE
αβ (r, r;ω)

)
+ d (µαβ(ω)ω)

dω =
(
GHH
αβ (r, r;ω)

)]
.

(2.73)

If we define the local density of states (LDOS) D(r, ω) by the
relation [76]

u(r;ω) = U(ω, T )D(r, ω), (2.74)

i. e.

U =
∞∫
0

u(r;ω) dω =
∞∫
0

U(ω, T )D(r, ω) dω, (2.75)

we find

D(ω) = ω

πc2

[d (εαβ(ω)ω)
dω =

(
GEE
αβ (r, r;ω)

)
+ d (µαβ(ω)ω)

dω =
(
GHH
αβ (r, r;ω)

)]
.

(2.76)

Or since GEE(r, r) and GHH(r, r) are symmetric

D(ω) = ω

πc2=Tr
[d (εω)

dω GEE(r, r;ω)

+ d (µω)
dω GHH(r, r;ω)

]
.

(2.77)
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This relation holds for any anisotropic medium without dissipa-
tion. For dispersionless anisotropic materials this relation can
be further simplified to

D(ω) = ω

πc2=Tr
[
εGEE(r, r;ω) + µGHH(r, r;ω)

]
. (2.78)

In the limit of an isotropic body this trace formula reduces to
the well-known trace formula for the local density of states [76].

At the end, let us comment on materials with dissipation. The
applied assumption of negligible losses only holds for the mate-
rial at the observation point r. At other locations losses will of
course influence Green’s functions, however, do not impact the
validity of the presented formalism. Even more, there must be
some losses in the system to emit thermal radiation. Though,
the losses can be arbitrary small. Besides that, when we talk of
no losses we only refer to the spectral regions of interest, namely
the near, mid and parts of the far infrared. In regions irrelevant
for thermal radiation dissipation can exist, in principle allowing
normal dispersion even in the infrared [14].
Defining the energy density inside a lossy medium is compli-
cated for several reasons. Poynting’s theorem (2.61) relates three
quantities: the power flux E×H, the energy density and the dis-
sipated heat. Energy density and dissipation are encoded in the
complex ε. Unfortunately, in general it is impossible to sepa-
rately express the energy density and the evolved heat as func-
tions of (complex) permittivity [77]. But energy density without
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dissipation is what we are looking for.
Next, in thermal equilibrium the total dissipated heat should
vanish. Dissipation is compensated by emission [75]. To model
the emission one would need to introduce fluctuating sources, as
done in the following subsection. As will be shown, these sources
are point sources. The fields and thus the energy density diverge
at point sources, which are located in the lossy medium.
By employing particular models for the material behavior one
can avoid the problems and calculate an energy density [75].
Here, we keep the materials universal and refrain from dealing
with the complicated problem of energy density inside dissipa-
tive materials. Admittedly, the restriction to lossless materials
is problematic when analyzing HMs or HMMs which feature at
least some dissipation. Nonetheless, our study of energy densi-
ties inside idealized lossless HMs in Chapter 3 is an important
step towards the understanding of thermal radiation inside real
HMs.

2.4.2 Power flow

Deriving the general formula for the radiative heat flux is very
similar to the derivation of the thermal energy density.
In Poynting’s theorem (2.61) there appears the term ∇·(E×H).
Thus, one can consider

S = E×H (2.79)
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as the power flux. S is called Poynting vector [13].

Using the Fourier representation of E(t) (2.63) and H(t) (equiv-
alent equation) we arrive at the expression

S =
∞∫∫
−∞

E(ω)×H(ω′)e−i(ω+ω′)tdω′
2π

dω
2π . (2.80)

Furthermore, we know that since we consider nonmagnetic mate-
rials the fluctuating thermal fields E and H are produced solely
by fluctuating electric currents J:

E(r;ω) = iωµ0

∫∫∫
V

GEE(r, r′;ω)J(r′;ω) d3r′, (2.81)

H(r;ω) = iωµ0

∫∫∫
V

GHE(r, r′;ω)J(r′;ω) d3r′. (2.82)

This yields

S(r; t) = µ2
0

∞∫∫
−∞

∫∫∫
V

∫∫∫
V

e−i(ω−ω′)tωω′
[
GEE(r, r′;ω)J(r′;ω)

]
×
[
GHE∗(r, r′′;ω′)J∗(r′′;ω′)

]
d3r′′d3r′

dω′
2π

dω
2π

(2.83)

where we have used the Fourier transform property J(−ω) =
J∗(ω) and same for G.

Before we can make use of the fluctuation-dissipation theorem
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(of the second kind) [62,70]〈
Jα(r, ω)J∗β(r′, ω′)

〉
= 4πωε0Ũ(ω, T )δ(ω − ω′)= [εαβ(ω)] δ(r− r′),

(2.84)

we have to assume that the emitting parts of the system are held
in local thermal equilibrium at a given temperature T . Moreover,
we define the heat flux of interest Φ, and its spectral counterpart
φ(ω), as the power flux along the optical axis / z-axis and rewrite
it as

Φ =
〈
S‖
〉

= 〈Sz〉 =
∞∫
0

φ(ω) dω

= µ2
0

∞∫∫
−∞

∫∫∫
V

∫∫∫
V

ωω′e−i(ω−ω′)tξαβz

〈(
GEE(r, r′;ω)J(r′;ω)

)
α(

GHE∗(r, r′′;ω′)J∗(r′′;ω′)
)
β

〉
d3r′′d3r′

dω′
2π

dω
2π

= µ2
0

∞∫∫
−∞

∫∫∫
V

∫∫∫
V

ωω′e−i(ω−ω′)tξαβz
〈
GEE
αγ (r, r′;ω)Jγ(r′;ω)

GHE
βη
∗(r, r′′;ω′)J∗η (r′′;ω′)

〉
d3r′′d3r′

dω′
2π

dω
2π .

(2.85)

The fluctuation-dissipation theorem (2.84) comprises not only
the fact that the sources at different frequencies are uncorre-
lated, which is due to the stationarity of the thermal processes,
but that sources at different locations are uncorrelated as well.
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That is a direct consequence of locality. Locality which man-
ifests itself as ε and µ being independent of the wavevector k
means: A reaction of the material to a field at one location does
not influence the reaction at another location. In such a medium
the thermal fluctuations at different spots cannot influence each
other. Furthermore, the spatial non-correlation means that the
sources are point-like sources. Watch out, here we are talking
about the sources. The fields can be correlated as fields at dif-
ferent locations can be created by the same source.
There is a fluctuation-dissipation theorem (of the second kind)
for magnetic sources [63,70]〈

Mα(r, ω)M∗β(r′, ω′)
〉

= 4πωµ0Ũ(ω, T )δ(ω − ω′)= [µαβ(ω)] δ(r− r′).
(2.86)

But because we take µ = 1 and thus =(µ) = 0, it only tells us
that there are no magnetic sources, as stated above. (If there
are, magnetic and electric sources are uncorrelated [70].)

Now, the fluctuation-dissipation theorem (2.84) simplifies the
heat flux expression to

Φ =
∞∫
−∞

2ω3µ0
c2 Ũ(ω, T )

∫∫∫
V

ξαβzG
EE
αγ (r, r′;ω)

= [εγη(ω)]GHE
βη
∗(r, r′;ω) d3r′

dω
2π .

(2.87)

We assumed that the emitting volume is in local thermal equi-
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librium at temperature T . As can be checked easily the Fourier
transform property G(−ω) = G∗(ω) is valid for the whole inte-
grand. That allows us to eliminate the integration over negative
frequencies (neglecting the zero-point energy)

Φ = 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∫∫∫
V

ξαβzG
EE
αγ (r, r′;ω)

= [εγη(ω)]GHE
βη
∗(r, r′;ω) d3r′

dω
2π

= 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∫∫∫
V

ξαβz

(
GEE(r, r′;ω)

= [ε(ω)]GHEH(r, r′;ω)
)
αβ

d3r′
dω
2π

(2.88)

providing a general expression for the heat flux.

Now, we limit the emitting part of the structure to the half-
space z′ < 0 and determine the heat flux along the z-axis at a
position z ≥ 0. Further simplifications are possible if we write
Green’s functions as spatial Fourier transforms with respect to
the coordinates perpendicular to the optical axis:

G(r, r′) =
∞∫∫
−∞

G(r, z′,k′⊥)e−ik′⊥·r
′
⊥

d2k′⊥
(2π)2 , (2.89)
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as we have done in Section 2.3. Then we obtain

Φ = 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

0∫
−∞

∞∫∫
−∞

ξαβz

(∞∫∫
−∞

∞∫∫
−∞

GEE(r, z′,k′⊥;ω)= [ε(ω)]GHEH(r, z′,k′′⊥;ω)

e−i(k′⊥−k′′⊥)·r′⊥
d2k′′⊥
(2π)2

d2k′⊥
(2π)2

)
αβ

d2r′⊥dz′dω2π

= 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

0∫
−∞

ξαβz

(∞∫∫
−∞

∞∫∫
−∞

GEE(r, z′,k′⊥;ω)= [ε(ω)]GHEH(r, z′,k′′⊥;ω)

(2π)2δ
(
k′⊥ − k′′⊥

) d2k′′⊥
(2π)2

d2k′⊥
(2π)2

)
αβ

dz′dω2π

= 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

0∫
−∞

∞∫∫
−∞

ξαβz

(
GEE(r, z′,k′⊥;ω)

= [ε(ω)]GHEH(r, z′,k′⊥;ω)
)
αβ

d2k′⊥
(2π)2 dz′dω2π

(2.90)

using the Dirac delta identity

∞∫∫
−∞

e±ik′⊥·r
′
⊥ d2r′⊥ = (2π)2δ

(
k′⊥
)
. (2.91)

Finally, we make use of the rotational symmetry (around the
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optical axis) of the problems under consideration

Φ = 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∞∫∫
−∞

0∫
−∞

ξαβz

(
GEE(r, z′,k′⊥;ω)

= [ε(ω)]GHEH(r, z′,k′⊥;ω)
)
αβ

dz′ d
2k′⊥

(2π)2
dω
2π

= 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∞∫
0

0∫
−∞

ξαβz

(
GEE(r, z′, k′⊥;ω)

= [ε(ω)]GHEH(r, z′, k′⊥;ω)
)
αβ

dz′k′⊥
dk′⊥
2π

dω
2π .

(2.92)

Note that for deriving Eq. (2.92) no material restrictions have
been assumed. So this expression is valid for dissipative and
dispersive materials.

2.5 Thermal radiation inside uniaxial ma-
terials

2.5.1 Energy density and density of states

The thermal energy density inside a lossless uniaxial medium
(UM) will be derived in this section. To this end, the medium
is put in a cavity with opaque walls at constant temperature
T [11], as shown in Fig. 2.3b. The cavity acts as a heat bath.
In thermal equilibrium the radiations absorbed and emitted by
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the cavity compensate each other, the fields become equilibrated
and the energy density inside the UM is constant.
The cavity can show locally different energy densities. First,
there can be evanescent waves reaching from the cavity walls
into the UM. Second, there can be interferences creating res-
onator modes. To avoid these cavity effects we let the size of
the cavity approach infinity. That resembles the situation in
Fig. 2.3a where the whole space is filled with the homogeneous
UM.

(a) (b)

Figure 2.3: Illustration of the setups for which the thermal en-
ergy density U inside uniaxial media is evaluated. (a) homoge-
neous uniaxial medium (UM) at temperature T , (b) large cavity
at temperature T filled with UM. Both setups (a) and (b) yield
the same energy density.

Alternatively to the cavity walls in the infinite, one can also
imagine a situation with no cavity. A perfect lossless space will
show no thermal radiation as without absorption there is also no
emission. However, even the smallest dissipation, as it is present
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in every material, changes the situation. Introducing dissipation
and letting it approach zero yield the same energy density as the
infinite cavity [76].
The limit formation reduces to finding the limit of Green’s func-
tions as losses approach zero. As they are continuous w. r. t.
permittivity we simply use Green’s dyadics for the lossless bulk
uniaxial medium.

For lossless and nonmagnetic uniaxial media, using the mate-
rial properties from Eqs. (2.1) and (2.2) and Green’s functions
derived in Section 2.3.1, we find for the ordinary modes

Tr
[
GHH

o (r, r′, ω)
]

= Tr
[
εGEE

o (r, r′, ω)
]

= ε⊥go(r, r′, ω) = ε⊥Îo,
(2.93)

Tr
[ dε

dωG
EE
o (r, r′, ω)

]
= dε⊥

dω go(r, r′, ω) = dε⊥
dω Îo (2.94)

and for the extraordinary modes

Tr
[
GHH

e (r, r′, ω)
]

= Tr
[
εGEE

e (r, r′, ω)
]

= ε‖ge(r, r′, ω) = ε⊥Îe,
(2.95)

Tr
[ dε

dωG
EE
e (r, r′, ω)

]
= dε⊥

dω Îe −
d(ε⊥/ε‖)

dω Îe
k2
⊥

ω2/c2 , (2.96)

where Îe/o are given in Eqs. (2.31) and (2.32). The frequency
derivative d(εω)

dω in the expression for the density of states (2.77)
is expanded to ε + ω dε

dω using the product rule. Please be re-
minded of our no loss assumption which strongly restricts the
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dispersion dε
dω due to Kramers–Kronig relations [14]. But as ex-

plained previously we will still have a look at energy density
inside (hypothetic) lossless, dispersive HMs in Section 3.2.1, a
vital step towards real HMs.
Here the following properties were utilized:

Tr [as ⊗ as] = 1, (2.97)

Tr [εas ⊗ as] = ε⊥, (2.98)

Tr
[
ao

p ⊗ ao
p

]
= 1, (2.99)

Tr
[
εae

p ⊗ ae
p

]
=
ε⊥k

e
‖

2 + ε‖k
2
⊥

ke2 , (2.100)

Tr [εke ⊗ ke] = ε⊥k
2
⊥ + ε‖k

e
‖

2, (2.101)

Tr
[
εe‖ ⊗ e‖

]
= ε‖, (2.102)

Tr
[ dε

dωas ⊗ as

]
= dε⊥

dω , (2.103)

Tr
[ dε

dωae
p ⊗ ae

p

]
=

dε⊥
dω k

e
‖

2 + dε‖
dω k

2
⊥

ke2 , (2.104)

Tr
[ dε

dωke ⊗ ke
]

= dε⊥
dω k

2
⊥ +

dε‖
dω k

e
‖

2, (2.105)

Tr
[ dε

dωe‖ ⊗ e‖
]

=
dε‖
dω . (2.106)

Furthermore, it is important to note that in lossless materi-
als k

e/o
‖ is either purely real which corresponds to propagat-

ing modes or purely imaginary which corresponds to evanes-
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cent modes. Except for the last term in Eq. (2.96) all depen-
dences look similar. The upcoming calculations will however
demonstrate that because for hyperbolic materials ordinary and
extraordinary modes are fundamentally different their contribu-
tions to the density of states are too.

Combining everything in the limit r′ → r we obtain the density
of ordinary states (using

dko
‖

dk⊥ = −k⊥
ko
‖

):

Do(ω) = ω

πc2=Tr
[
εGEE

o (r, r;ω) + ω
dε

dωG
EE
o (r, r;ω)

+GHH
o (r, r;ω)

]
= ω

πc2=
[
2ε⊥Îo

]
+ ω2

πc2=
[dε⊥

dω Îo

]
= ω

πc2

(
2ε⊥ + ω

dε⊥
dω

)
=
[
Îo
]

= ω

πc2

(
2ε⊥ + ω

dε⊥
dω

)
=

∞∫∫
−∞

i
2ko
‖

d2k⊥
(2π)2


= ω

πc2

(
2ε⊥ + ω

dε⊥
dω

) ∫
ko
‖∈R

k⊥
2ko
‖

dk⊥
2π

= ω

πc2

(
ε⊥ + ω

2
dε⊥
dω

) ∫
ko
‖∈R

dko
‖

2π .

(2.107)

Thanks to the anisotropy the extraordinary modes have an ad-
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ditional term (using
dke
‖

dk⊥ = − ε⊥
ε‖

k⊥
ke
‖

):

De(ω) = ω

πc2=Tr
[
εGEE

e (r, r;ω) + ω
dε

dωG
EE
e (r, r;ω)

+GHH
e (r, r;ω)

]
= ω

πc2=
[
2ε⊥Îe

]
+ ω2

πc2=
[

dε⊥
dω Îe −

d(ε⊥/ε‖)
dω Îe

k2
⊥

ω2/c2

]

= ω

πc2

(
2ε⊥ + ω

dε⊥
dω

)
=
[
Îe
]

− ω2

πc2
d(ε⊥/ε‖)

dω =
[
Îe

k2
⊥

ω2/c2

]

= ω

πc2

(
2ε⊥ + ω

dε⊥
dω

) ∫
ke
‖∈R

k⊥
2ke
‖

dk⊥
2π

− ω2

πc2
d(ε⊥/ε‖)

dω

∫
ke
‖∈R

k⊥
2ke
‖

k2
⊥

ω2/c2
dk⊥
2π

= ± ω

πc2

(
ε⊥ + ω

2
dε⊥
dω

)
ε‖
ε⊥

∫
ke
‖∈R

dke
‖

2π

∓ ω2

2πc2
d(ε⊥/ε‖)

dω
ε‖
ε⊥

∫
ke
‖∈R

(
ε‖ −

ε‖
ε⊥

ke
‖

2

ω2/c2

) dke
‖

2π
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= ± ω

πc2

(
ε‖ + ω

2
dε‖
dω

) ∫
ke
‖∈R

dke
‖

2π

∓ ω2

2πc2
d(ε‖/ε⊥)

dω

∫
ke
‖∈R

ke
‖

2

ω2/c2

dke
‖

2π .
(2.108)

When the bounds of integration are given by ke/o
‖ ∈ R it means

the integration shall be performed from the lowest to the highest
positive value of the integral variable satisfying this condition.
The sign in Eq. (2.108) will be chosen according to the dispersion
of the uniaxial medium. Here, the density of states (DOS) is
identical to the local density of states (LDOS), it means it does
not depend on location r.

The above formulas reveal an interesting feature. Evanescent
modes (with imaginary k

e/o
‖ ) do not contribute to the thermal

energy density in the lossless limit. This is not surprising con-
sidering the following explanation: In the lossless limit the fluc-
tuating current sources are infinitely weak. However, there are
infinitely many of them since we analyze a bulk material without
boundaries. Infinitely many propagating modes with infinitely
small intensities add up to a finite value at the observation po-
sition. Evanescent modes decay exponentially such that only a
limited number of sources contribute to the energy at the obser-
vation point. A finite number of infinitely weak modes has zero
contribution. This is true for all analyzed cases.
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Dielectric uniaxial media

For dielectric media with ε⊥ > 0 and ε‖ > 0 the largest normal
wavevector ke/o

‖ for propagating modes is ω
c

√
ε⊥, so that we have

Do
D(ω) = ω

πc2

(
ε⊥ + ω

2
dε⊥
dω

) ∫
ko
‖∈R

dko
‖

2π

= ω

πc2

(
ε⊥ + ω

2
dε⊥
dω

) ω
c

√
ε⊥∫

0

dko
‖

2π

= ω2

π2c3

(
ε⊥ + ω

2
dε⊥
dω

) √
ε⊥
2 ,

(2.109)

and similarly

De
D(ω) = ω

πc2

(
ε‖ + ω

2
dε‖
dω

) ∫
ke
‖∈R

dke
‖

2π

− ω2

2πc2
d(ε‖/ε⊥)

dω

∫
ke
‖∈R

ke
‖

2

ω2/c2

dke
‖

2π

= ω

πc2

(
ε‖ + ω

2
dε‖
dω

) ω
c

√
ε⊥∫

0

dke
‖

2π

− ω2

2πc2
d(ε‖/ε⊥)

dω

ω
c

√
ε⊥∫

0

ke
‖

2

ω2/c2

dke
‖

2π
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= ω2

π2c3

(
ε‖ + ω

2
dε‖
dω − ε⊥

ω

6
d(ε‖/ε⊥)

dω

) √
ε⊥
2

= ω2

π2c3

(
ε‖ + ω

3
dε‖
dω +

ε‖
ε⊥

ω

6
dε⊥
dω

) √
ε⊥
2 .

(2.110)

In the dispersionless case the formulas further reduce to

Do
D(ω) = ω2

π2c3
ε⊥
√
ε⊥

2 (2.111)

and
De

D(ω) = ω2

π2c3
ε‖
√
ε⊥

2 . (2.112)

These are the expressions for the density of states of dielectric
uniaxial media which were already derived by Eckhardt [78], for
instance.
Note that in case of normal dispersion (dε⊥

dω > 0, dε‖
dω > 0) the

density of states is always positive and is increased due to the
dispersion. Anomalous dispersion is discussed in Section 3.2.

Setting ε⊥ = ε‖ = 1 yields the well-known vacuum density of
states

Ds
BB(ω) = Dp

BB(ω) = ω2

2π2c3 . (2.113)

Instead of ordinary and extraordinary modes we rather talk
about s- and p-polarization. Multiplied by U(ω, T ), it gives
Planck’s blackbody spectral energy density [10–12,14].
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Metallic media

A lossless metallic medium with ε⊥ < 0 and ε‖ < 0 supports
no propagating modes at all. As evanescent modes do not con-
tribute to the densities of states, they vanish

Do
M(ω) = De

M(ω) = 0. (2.114)

Hyperbolic media of type I

For type I hyperbolic media the permittivities are ε‖ < 0 and
ε⊥ > 0. For such a medium the ordinary modes behave as in a
dielectric medium (ko

‖ is a real number and ko
‖ ∈ [0, ωc

√
ε⊥] for

k⊥ ∈ [0, ωc
√
ε⊥]), so that

Do
I (ω) = Do

D(ω) = ω2

π2c3

(
ε⊥ + ω

2
dε⊥
dω

) √
ε⊥
2 . (2.115)

On the other hand, for the extraordinary modes ke
‖ is a real

number for any k⊥ ∈ [0,∞]. Therefore, to get a finite solution
we introduce a cutoff wavenumber k⊥,max or k‖,max, as discussed
in Section 1.2, connected via

k‖,max =
√
ω2

c2 ε⊥ − k
2
⊥,max

ε⊥
ε‖
. (2.116)
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The density of extraordinary modes is

De
I (ω) = − ω

πc2

(
ε‖ + ω

2
dε‖
dω

) ∫
ke
‖∈R

dke
‖

2π

+ ω2

2πc2
d(ε‖/ε⊥)

dω

∫
ke
‖∈R

ke
‖

2

ω2/c2

dke
‖

2π

= − ω

πc2

(
ε‖ + ω

2
dε‖
dω

) k‖,max∫
ω
c

√
ε⊥

dke
‖

2π

+ ω2

2πc2
d(ε‖/ε⊥)

dω

k‖,max∫
ω
c

√
ε⊥

ke
‖

2

ω2/c2

dke
‖

2π

= ω

π2c2

(
|ε‖| −

ω

2
dε‖
dω + ω

6
d(ε‖/ε⊥)

dω
k2
‖,max
ω2/c2

)
k‖,max

2

− ω2

π2c3

(
|ε‖| −

ω

2
dε‖
dω + ε⊥

ω

6
d(ε‖/ε⊥)

dω

) √
ε⊥
2

= ω

π2c2

[
|ε‖|
2 + ω

12
dε‖
dω

(
k‖,max√
ε⊥ω/c

+ 2
)(

k‖,max√
ε⊥ω/c

− 1
)

+
|ε‖|
ε⊥

ω

12
dε⊥
dω

(
k2
‖,max

ε⊥ω2/c2 +
k‖,max√
ε⊥ω/c

+ 1
)]

(
k‖,max −

ω

c

√
ε⊥

)
.

(2.117)

The last representation makes clear that in case of normal dis-
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persion (dε⊥
dω > 0, dε‖

dω > 0) the density of states is always positive
and is increased due to the dispersion because k‖,max >

ω
c

√
ε⊥.

Without dispersion the density of states is given by

Do
I (ω) = ω2

π2c3
ε⊥
√
ε⊥

2 , (2.118)

De
I (ω) = ω

π2c2
|ε‖|
2

(
k‖,max −

ω

c

√
ε⊥

)
. (2.119)

Hyperbolic media of type II

For type II hyperbolic media the permittivities are ε‖ > 0 and
ε⊥ < 0. For such a medium ko

‖ has a vanishing real part for
all k⊥ ∈ [0,∞]. This means that there exist no propagating
ordinary modes. It follows that

Do
II(ω) = Do

M(ω) = 0. (2.120)

Since ke
‖ is a real number for any k⊥ ∈ [ωc

√
ε‖,∞] we again intro-

duce a cutoff wavenumber k‖,max and obtain for extraordinary
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modes

De
II(ω) = ω

πc2

(
ε‖ + ω

2
dε‖
dω

) ∫
ke
‖∈R

dke
‖

2π

− ω2

2πc2
d(ε‖/ε⊥)

dω

∫
ke
‖∈R

ke
‖

2

ω2/c2

dke
‖

2π

= ω

πc2

(
ε‖ + ω

2
dε‖
dω

) k‖,max∫
0

dke
‖

2π

− ω2

2πc2
d(ε‖/ε⊥)

dω

k‖,max∫
0

ke
‖

2

ω2/c2

dke
‖

2π

= ω

π2c2

(
ε‖ + ω

2
dε‖
dω −

ω

6
d(ε‖/ε⊥)

dω
k2
‖,max
ω2/c2

)
k‖,max

2

= ω

π2c2

[
ε‖
2 + ω

12
dε‖
dω

(
k2
‖,max

|ε⊥|ω2/c2 + 3
)

+
ε‖
|ε⊥|

ω

12
dε⊥
dω

k2
‖,max

|ε⊥|ω2/c2

]
k‖,max.

(2.121)

Again, in case of normal dispersion (dε⊥
dω > 0, dε‖

dω > 0) the
density of states is always positive and is increased due to the
dispersion because k‖,max > 0.
For completeness let us notice that in this case the outgoing
waves, introduced in Section 2.3 to obtain Eqs. (2.31) and (2.32),
actually possess negative ke

‖. Hence, after performing a simple
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ke
‖ = −ke

‖ substitution, an additional minus in the equation for
De

II was introduced.

Finally, with vanishing dispersion

De
II(ω) = ω

π2c2
ε‖
2 k‖,max. (2.122)

In the typical hyperbolic cases where k‖,max � ω
c

√
|ε⊥| the k3

‖,max
terms dominate and the total spectral density of states is dom-
inated by its extraordinary part and becomes proportional to
k3
‖,max [59, 60]:

De
I (ω) ≈ De

II(ω) ≈
k3
‖,max
12π2

1
|ε⊥|2

(
|ε⊥|

dε‖
dω + |ε‖|

dε⊥
dω

)

=
k3
‖,max
12π2

∣∣∣∣ ε‖ε⊥
∣∣∣∣
(

1
|ε‖|

dε‖
dω + 1

|ε⊥|
dε⊥
dω

)
.

(2.123)

If no dispersion is present the approximation reads

De
I (ω) ≈ De

II(ω) = ω

π2c2
ε‖
2 k‖,max. (2.124)

Here, the spectral density of states is linear in frequency and
linear in k‖,max or k⊥,max ≈ k‖,max

√∣∣∣ ε‖ε⊥ ∣∣∣ resp.

In Appendix A.1 we show, with the example of a type II hyper-
bolic medium, that the density of states can also be derived via
simple mode counting in k-space. This is another way to obtain
the results for the DOS without using fluctuational electrody-
namics.
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2.5.2 Power flow

Like for the calculation of the energy density / density of states,
instead of considering a cavity emitting via an opening into a ma-
terial identical to the filling material as in Fig. 2.4b, we consider
a homogeneous, infinitely extended medium. In that case the to-
tal heat flux would be 0 at all positions because there are equally
strong fluxes in forward and backward direction. Therefore, we
limit the emitting part to the halfspace z′ < 0 and determine
the heat flux along the optical axis at a position z ≥ 0. This
situation is shown in Fig. 2.4a and equivalent to the cavity case
when boundary and size effects are not present.

Now, we come to the concrete uniaxial medium whose Green’s
functions were presented in Section 2.3.1. Note that the form of
Green’s dyadics in Eqs. (2.41) and (2.50) is exactly as desired in
Eq. (2.89), so we can easily continue our calculation of the heat
flux. Inserting the dyadics in Eq. (2.92) yields

Φ = 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∞∫
0

0∫
−∞

ξαβz

(
GEE(r, z′, k⊥;ω)

= [ε(ω)]GHEH(r, z′, k⊥;ω)
)
αβ

dz′k⊥
dk⊥
2π

dω
2π
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(a) (b)

Figure 2.4: Illustration of the setups for which the thermal power
flux Φ inside uniaxial media is evaluated. (a) homogeneous uni-
axial medium (UM) with a halfspace at temperature T and the
other one at T = 0 K, (b) large cavity at temperature T filled
with UM and emitting via an opening into the UM. The dashed
arrow shows the orientation of the optical axis of the UM which
is along the z-axis. Both setups (a) and (b) yield the same power
flux.

= 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∞∫
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])

αβ

dz′k⊥
dk⊥
2π

dω
2π
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= <
∞∫
0

ω2

c2 U(ω, T )
∞∫
0

ξαβz

(
=[ε⊥] e−2=[ko

‖]z

2=[ko
‖]|ko
‖|2

[
−ko∗as ⊗ ao

p
∗
]

+ =[ε⊥] e−2=[ke
‖]z

2=[ke
‖]|ke
‖|2
[
ke∗ |k

e
‖|

2 + k2
⊥

|ke|2
ae

p ⊗ as

+ iBk⊥2=[ke
‖]ke ⊗ as + Ck⊥e‖ ⊗ as + C∗

k2
⊥
ke ae

p ⊗ as

+BC∗k⊥k
e
‖k

e ⊗ as + |C|2k⊥e‖ ⊗ as

]
+ =[ε‖ − ε⊥] e−2=[ke

‖]z

2=[ke
‖]|ke
‖|2[

k2
⊥
ke ae

p ⊗ as +Bke
‖k⊥ke ⊗ as + Ck⊥e‖ ⊗ as + C∗

k2
⊥
ke ae

p ⊗ as

+BC∗k⊥k
e
‖k

e ⊗ as + |C|2k⊥e‖ ⊗ as

])
αβ

k⊥
dk⊥
2π

dω
2π .

(2.125)

The heat flux along the optical axis (z-direction) is searched for,
so only the xy and yx-components of the matrices are needed.
With the relations

(
as ⊗ ao

p
∗
)
xy
−
(
as ⊗ ao

p
∗
)
yx

= −
ko
‖
∗

ko∗ , (2.126)(
ae

p ⊗ as
)
xy
−
(
ae

p ⊗ as
)
yx

=
ke
‖
ke , (2.127)

(ke ⊗ as)xy − (ke ⊗ as)yx = −k⊥, (2.128)(
e‖ ⊗ as

)
xy
−
(
e‖ ⊗ as

)
yx

= 0 (2.129)
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and

<[ke
‖]2=[ke

‖] = 1
2i
(
ke
‖

2 − ke
‖

2∗
)

= =
[
ke
‖

2
]

= ω2

c2 =[ε⊥]− k2
⊥=

[
ε⊥
ε‖

]
,

(2.130)

<[ko
‖]2=[ko

‖] = 1
2i
(
ko
‖

2 − ko
‖

2∗
)

= =
[
ko
‖

2
]

= ω2

c2 =[ε⊥] (2.131)

we obtain

Φ = <
∞∫
0

ω2

c2 U(ω, T )
∞∫
0

(
<[ko
‖]
c2

ω2
e−2=[ko

‖]z
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‖|2
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‖
∗
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=[ε⊥]<[ke
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ω2
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ε‖
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‖]z
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‖|2

[ |ke
‖|
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⊥

|ke|2
ke∗ke

‖
ke

− iBk2
⊥2=[ke

‖] + C∗
k2
⊥k

e
‖

ke2 −BC
∗k2
⊥k

e
‖

]
+

=[ε‖ − ε⊥]<[ke
‖]

ω2

c2 =[ε⊥]− k2
⊥=

[
ε⊥
ε‖

]
e−2=[ke

‖]z

|ke
‖|2

[k2
⊥k

e
‖

ke2 −Bk
e
‖k

2
⊥ + C∗

k2
⊥k

e
‖

ke2 −BC
∗k2
⊥k

e
‖

])
k⊥

dk⊥
2π

dω
2π
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= <
∞∫
0

ω2

c2 U(ω, T )
∞∫
0

(
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‖]
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ω2
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‖]z

|ko
‖|2

ko
‖
∗

+
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c2 − k2
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⊥
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ke∗ke

‖
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⊥2=[ke

‖] + C∗
k2
⊥k

e
‖

ke2 −BC
∗k2
⊥k

e
‖ +

(
=[ε‖]
=[ε⊥] − 1

)
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k2
⊥k

e
‖

ke2 −Bk
2
⊥k

e
‖ + C∗

k2
⊥k

e
‖

ke2 −BC
∗k2
⊥k

e
‖
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k⊥

dk⊥
2π
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2π .

(2.132)

Substituting

B = 1
ke2 −

c2

ω2ε‖
, C = ε⊥

ε‖
− 1, (2.133)

=
[
ε⊥
ε‖

]
=
=[ε⊥ε∗‖]
|ε‖|2

=
=[ε⊥]<[ε‖]−<[ε⊥]=[ε‖]

|ε‖|2
, (2.134)

<
[
ke∗ke

‖
ke

]
=
<
[
(ke
‖

2∗ + k2
⊥)ke

‖

]
|ke|2

=
|ke
‖|

2 + k2
⊥

|ke|2
<[ke
‖], (2.135)

=
[
ke
‖

2
]

= ω2

c2 =[ε⊥]− k2
⊥=

[
ε⊥
ε‖

]

= ω2

c2 =[ε⊥]− k2
⊥
=[ε⊥]<[ε‖]−<[ε⊥]=[ε‖]

|ε‖|2
,

(2.136)
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(
|ke
‖|

2 + k2
⊥

)2
− |ke|4 =

(
|ke
‖|

2 + k2
⊥

)2
−
∣∣∣ke
‖

2 + k2
⊥

∣∣∣2
= 2k2

⊥

(
|ke
‖|

2 −<[ke
‖

2]
) (2.137)

and further simplifying results in

Φ =
∞∫
0

ω2

c2 U(ω, T )
∞∫
0
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⊥
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⊥

ω2/c2
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⊥

)2
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+
2k2
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c2 |ε‖|
2=[ke

‖
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⊥
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1
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=
∞∫
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∞∫
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∞∫
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⊥
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ω4
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|ε‖|2

})
k⊥

dk⊥
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=
∞∫
0

U(ω, T )
∞∫
0

(<[ko
‖]2
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‖|2
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⊥
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|ke|4
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⊥

ω2/c2
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⊥
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|ε‖|22k2
⊥

(
|ke
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⊥
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=[ε‖]
|ε‖|2

=[ke
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(2.138)

In the isotropic case where ε‖ = ε⊥ and thus ke2 = ω2

c2 ε⊥ the
formula significantly simplifies to

Φ =
∞∫
0

U(ω, T )
∞∫
0

(<[ko
‖]2

|ko
‖|2

e−2=[ko
‖]z

+
<[ke
‖]2

|ke
‖|2

e−2=[ke
‖]z

(|ke
‖|

2 + k2
⊥)2

ω4

c4 |ε⊥|2

)
k⊥

dk⊥
2π

dω
2π .

(2.139)

Interestingly, we see an extra term for the extraordinary modes
in expression (2.139) which has no ordinary counterpart. Even
in the isotropic case where ke

‖ = ko
‖ ordinary and extraordinary

modes contribute differently to the heat flux. In this case there
is actually no optical axis. Yet, we take the heat flux direction as
an outstanding ‖-axis and use it to define the two fundamental
polarization states, usually called s- and p-polarized instead of
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ordinary and extraordinary.
The reason for the extra term is the different polarization states.
As discussed in Section 2.3.1 we employ a mode basis with real
k⊥ which fits to our translationally symmetric problems. The
electric field of s-polarized (ordinary) modes is linearly polarized
whereas for p-polarized (extraordinary) modes it is elliptically
polarized. The sources of thermal radiation are electric ones and
they excite the different polarizations differently. When losses
vanish the situation changes. Evanescent modes with imaginary
k

e/o
‖ do not contribute to the heat flux. S- and p-polarized propa-

gating modes with real ke/o
‖ contribute equally because the extra

term
(ke
‖

2+k2
⊥)2

ω4
c4 ε

2
⊥

becomes 1.

So far the calculation was performed for a general nonmagnetic
uniaxial material. Hereinafter, we want to look at lossless mate-
rials. We do that because we want to follow the same route with
the power flow as with the energy density. Moreover, handling
thermal power flows inside lossy materials is similarly compli-
cated as handling energy densities. There is no fundamental
problem with defining the power flux but it diverges if no addi-
tional restrictions are introduced. The explanation for that is all
modes contribute to the heat flow and there are infinitely many
of them. On the other side, with vanishing losses a clear differ-
entiation between propagating and evanescent modes is possible
and only propagating modes transport heat – as expected and
proved below. And the density of propagating modes is always
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limited, restricting the radiative heat flux to finite values.

To get the heat flux in lossless materials we have to find the
limit as the imaginary parts of the permittivities approach 0
equally fast (=[ε‖],=[ε⊥] → 0 and =[ε‖]

=[ε⊥] → a = const.). In that
case ke/o

‖ becomes purely real or purely imaginary. As seen in
Eq. (2.138) purely imaginary ke/o

‖ do not contribute to the heat
flux. Physically it means only propagating modes with real ke/o

‖
support the radiative heat flux, no evanescent modes. So limiting
the integration to ke/o

‖ ∈ R makes the heat flux in lossless media

Φ =
∞∫
0

U(ω, T )
( ∫
ko
‖∈R

ko
‖

2

ko
‖

2k⊥
dk⊥
2π +

∫
ke
‖∈R

ke
‖

2

ke
‖

2

{(ke
‖

2 + k2
⊥)2

ke4

+

k2
⊥

ω2/c2
ε‖−ε⊥a
ε2‖

1− k2
⊥

ω2/c2
ε‖−ε⊥a
ε2‖

2k2
⊥(ke

‖
2 − ke

‖
2)

ke4

}
k⊥

dk⊥
2π

)dω
2π

=
∞∫
0

U(ω, T )
( ∫
ko
‖∈R

k⊥
dk⊥
2π +

∫
ke
‖∈R

k⊥
dk⊥
2π

)dω
2π .

(2.140)

The bounds of integration can be determined very easily using
Eq. (2.33).

The integral kernels (integrands without the always appearing
U(ω, T ) k⊥

(2π)2 term) can be interpreted as transmission coeffi-
cients or transmission probabilities [22, 79]. In the lossless case,
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it is one for all propagating modes inside the uniaxial medium
(ko/e
‖ is purely real) and zero (ko/e

‖ is purely imaginary) other-
wise. Hence, the heat flux is the larger the more propagating
transversal modes are supported by the medium [22,79].

Dispersion influences the heat flux via material properties (per-
mittivities) varying with frequency. But it does not manifest
itself in an own dε

dω term as for the density of states. The in-
tegral over k⊥ is the area of the isofrequency contour projected
onto the plane normal to the direction of heat flux (‖-direction).
Therefore, the spectral heat flux is proportional to the projection
area [80]. Appendix A.2 features a simple, graphical derivation.

Dielectric uniaxial media

In the anisotropic dielectric case, ε‖ > 0 and ε⊥ > 0, the k⊥
leading to real ke/o

‖ is in the interval [0, ωc
√
ε⊥] for ordinary modes

and in [0, ωc
√
ε‖] for extraordinary modes.

So the radiative heat flux by ordinary modes is

Φo
D =

∞∫
0

U(ω, T )

ω
c

√
ε⊥∫

0

k⊥
dk⊥
2π

dω
2π

=
∞∫
0

U(ω, T ) ε⊥8π2
ω2

c2 dω

(2.141)
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and by extraordinary modes

Φe
D =

∞∫
0

U(ω, T )

ω
c
√
ε‖∫

0

k⊥
dk⊥
2π

dω
2π

=
∞∫
0

U(ω, T )
ε‖

8π2
ω2

c2 dω.

(2.142)

With ε⊥ = ε‖ = 1 we obtain Planck’s blackbody law [11]

Φs
BB = Φp

BB =
∞∫
0

U(ω, T ) ω2

8π2c2 dω. (2.143)

Instead of ordinary and extraordinary modes we rather talk
about s- and p-polarization here.

Metallic media

A lossless metallic medium (ε⊥ < 0 and ε‖ < 0) supports no
propagating modes. As evanescent modes do not contribute to
the heat fluxes, they vanish

Φo
M = Φe

M = 0. (2.144)
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Hyperbolic media of type I

For type I hyperbolic media the permittivities are ε‖ < 0 and
ε⊥ > 0. As in the dielectric case the ordinary heat flux is

Φo
I = Φo

D =
∞∫
0

U(ω, T ) ε⊥8π2
ω2

c2 dω. (2.145)

However, the extraordinary modes possess real parallel k-vector
components even for much larger k⊥. The cutoff k⊥,max, already
introduced during the derivation of the energy density, limits the
number of propagating modes resulting in

Φe
I =

∞∫
0

U(ω, T )
k⊥,max∫

0

k⊥
dk⊥
2π

dω
2π

=
∞∫
0

U(ω, T ) 1
8π2k

2
⊥,max dω.

(2.146)

Hyperbolic media of type II

Finally, for the hyperbolic type II case with ε‖ > 0 and ε⊥ < 0
no propagating ordinary modes with real ko

‖ exist making the
heat flux

Φo
II = Φo

M = 0. (2.147)
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For the extraordinary modes we again use a cutoff and obtain

Φe
II =

∞∫
0

U(ω, T )
k⊥,max∫
ω
c
√
ε‖

k⊥
dk⊥
2π

dω
2π

=
∞∫
0

U(ω, T ) 1
8π2

(
k2
⊥,max −

ω2

c2 ε‖

)
dω.

(2.148)

In the typical hyperbolic cases k⊥,max � ω
c

√
|ε‖| holds. The heat

flux is dominated by extraordinary modes and approximately

Φe
II ≈ Φe

I =
∞∫
0

U(ω, T ) 1
8π2k

2
⊥,max dω. (2.149)

Here, the spectral heat flux is quadratic in k⊥,max or k‖,max ≈

k⊥,max

√∣∣∣ ε⊥ε‖ ∣∣∣ resp. and not directly dependent on frequency (only
via dispersion and thermal occupation of states U(ω, T )).

We have checked in Appendix A.1, with the example of a type
II hyperbolic medium, that the same results can be obtained by
calculating the energy flow using the density of states together
with the group velocity. So also the heat flux can be obtained
without using fluctuational electrodynamics.
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2.6 Radiative heat flux in vacuum

After having derived the thermal energy density and heat flux
inside uniaxial media, in particular inside hyperbolic media –
the results will be analyzed and discussed in Chapter 3 – we
look at the radiative heat flux inside vacuum. Two setups are
considered: First, a halfspace emitting into vacuum. Second,
two halfspaces separated by a uniform vacuum gap exchanging
heat through the gap.

2.6.1 Thermal emission into vacuum

The setup under consideration is presented in Fig. 2.5. A uniax-
ial medium halfspace at temperature T emits into vacuum. As
for all configurations, the optical axis of the medium is oriented
along the z-axis and orthogonal to the interface.

The procedure to derive the heat flux is the same as in Sec-
tion 2.5.2. The only difference are Green’s functions. Now, we
have to take the ones introduced in Section 2.3.2.
So the heat flux in the vacuum is

Φvac = 2<
∞∫
0

2ω3µ0
c2 U(ω, T )

∞∫
0

0∫
−∞

ξαβz

(
GEE

vac(r, z′, k⊥;ω)

= [ε(ω)]GHE
vac

H(r, z′, k⊥;ω)
)
αβ

dz′k⊥
dk⊥
2π

dω
2π



2.6. Radiative heat flux in vacuum 89

Figure 2.5: Illustration of the setup for which the thermal power
flux into vacuum Φvac is evaluated. Halfspace of uniaxial medium
(UM) at temperature T emits into vacuum. The dashed arrow
shows the orientation of the optical axis of the UM which is along
the z-axis.
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The heat flux along the z-direction is searched for, so only the
xy and yx-components of the matrices are needed. With the
relations

(
as ⊗ avac

p
∗
)
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−
(
as ⊗ avac

p
∗
)
yx

= −
kvac
‖
∗

ω/c
, (2.151)

(
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)
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−
(
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p ⊗ as
)
yx

=
kvac
‖
ω/c

(2.152)

and Eq. (2.131) we obtain
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As vacuum is non-dissipative we notice that evanescent modes
do not contribute to the heat flux because <[kvac

‖ ] = 0. So we
can restrict the integration to modes propagating in vacuum and
substitute the anisotropy coefficient C from (2.43)
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(2.154)
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Substituting
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gives us
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Now, we note that propagating modes in vacuum are charac-
terized by k⊥ ∈ [0, ωc ]. Further, the reflectivity at the vacuum–
uniaxial medium interface

Rs/p = | − rs/p|2 = |rs/p|2 = 1− αs/p (2.157)

is independent of whether light is incident from vacuum or the
medium. All the power which is not reflected is absorbed. αs/p

is the absorptivity.



94 Thermal radiation calculations

Employing
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the thermal power radiated into vacuum by a uniaxial medium
becomes

Φvac =
∑
j=s,p
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(2.160)

(2.160) is a well-known result. It combines Planck’s law of black-
body radiation with Kirchhoff’s law of thermal radiation which
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says that emissivity of a body is equal to its absorptivity [10,11].
The equation (2.160) is even more general. It holds for any half-
space which is homogeneous along the interface plane (xy-plane);
although the integration over k⊥ should in general be replaced
by a double integral over all k⊥. So it could e. g. be a layered
halfspace.
The physics behind Kirchhoff’s law is reciprocity [81]. Emission
and absorption are reciprocal processes and should be similar in
a system when this is reciprocal. Often derivations of Kirchhoff’s
law are based on thermodynamic balances instead of reciprocity.
However, in non-reciprocal systems the laws of thermodynamics
lead to violation of Kirchhoff’s law [82]. Other, more general
“Kirchhoff’s laws” can be derived [83].

2.6.2 Radiative heat flux through vacuum gap

The last setup under investigation is shown in Fig. 2.6. A half-
space 1 consisting of a uniaxial medium at temperature T is
separated by a uniform vacuum gap from a halfspace 2 at 0 K.
The gap size is l.

To calculate the heat flux across the vacuum gap we can follow
the same procedure as in our two previous cases. In contrast
to the emission into a vacuum halfspace, in the gap there is
an additional backward “traveling” wave, as explained in Sec-
tion 2.3.3. “Traveling” is put in quotation marks as the waves
can be evanescent and not really traveling in that case. Alter-
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Figure 2.6: Illustration of the setup for which the thermal power
flux through a vacuum gap Φgap is evaluated. Halfspace of uni-
axial medium (UM) 1 at temperature T separated by a vacuum
gap from a second halfspace of UM 2 at T = 0 K. The sep-
aration or gap size is l. In addition, the heat flux inside the
second halfspace ΦHS2(z) is displayed. The dashed arrows show
the orientation of the optical axes of the UMs which are along
the z-axis.

natively, one can calculate the heat flux in uniaxial medium 2
directly at the interface (z = 0). Since there are no surface
currents or charges, the heat flux is continuous across material
interfaces. Both approaches yield the same heat flux.

Let r
s/p
i be the reflection coefficient at the vacuum–uniaxial

medium i interface for s- or p-polarization respectively. The
formulas required to calculate them are Eqs. (2.11) and (2.12).
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The heat flux in the vacuum gap is [4, 5, 15]

Φgap =
∑
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(2.161)

The heat flux has two contributions. First, the propagating
modes, characterized by k⊥ ∈ [0, ωc ] and real kvac

‖ , contribute
similarly as in the single interface case in Section 2.6.1. Half-
space 1 emits with the emissivity

(
1− |rj1|2

)
and halfspace 2 ab-

sorbs with absorptivity
(
1− |rj2|2

)
. The denominator accounts

for Fabry-Pérot interferences in the gap.
Second, evanescent modes with k⊥ > ω

c and imaginary kvac
‖ con-

tribute too. As we learned in Section 2.6.1, evanescent modes
usually don’t transport energy in the direction of their exponen-
tial decay. Nonetheless, in the gap there are forward and back-
ward “traveling” evanescent modes. Their interference causes
power flows in the direction of decay. In quantum theory one
says photons tunnel the gap. The smaller the gap l the more
effective the tunneling and the larger the heat flux, exemplified
by the term e−2|kvac

‖ |l.
The exponential decay e−2|kvac

‖ |l introduces a cutoff which, for
small l, is kcut

⊥ ≈ |kvac, cut
‖ | ∝ 1

l . If there are no other, previous
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cutoff mechanisms the spectral heat flux scales with kcut
⊥

2 ∝ 1
l2 .

Eventually, the total heat flux also scales ∝ 1
l2 [22].

Equation (2.161) is also not restricted to uniaxial media half-
spaces but holds for any halfspaces which are homogeneous along
the interface plane (xy-plane); although the integration over k⊥
should in general be replaced by a double integral over all k⊥.
So we can calculate the radiative heat flux between e. g. layered
halfspaces. The interaction of a halfspace to the outer vacuum,
including its emission, is fully described by the reflection coeffi-
cients.

With the vacuum–homogeneous medium 2 interface at z = 0 the
heat flux inside medium 2 reads

ΦHS2 =
∑
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∞∫
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(2.162)

The normal wavevector components in medium 2 are

ks
‖ =

√
ω2

c2 ε⊥,2 − k
2
⊥ (2.163)
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for ordinary modes (s-polarized in the vacuum) and

kp
‖ =

√
ω2

c2 ε⊥,2 − k
2
⊥
ε⊥,2
ε‖,2

(2.164)

for extraordinary modes (p-polarized in the vacuum).

The derivation of the heat flux formula (2.162) can be done the
same way as before. A more skilful way is to note that the heat
flux is continuous in the medium and at interfaces and that the
fields of the plane waves we use as our basis exhibit a ∝ eiks/p

‖ z

z-dependence. Consequently, at the z = 0 interface the heat flux
is identical to the heat flux in the vacuum gap and the power
afterwards decreases ∝ e−2=[ks/p

‖ ]z.

Expressions for the heat flux in an arbitrary layered system con-
sisting of isotropic materials can be found e. g. in Refs. [66, 74].
The extension to uniaxial media is straight forward.

The radiation channels for the heat are reciprocal because the
systems we look at are so too. This can also be seen nicely from
the gap heat flux expression (2.161). As a consequence, when
the right halfspace 2 emits and the left one receives the direction
of thermal radiation is reversed and the modes / channels are
filled with photons according to U(ω, T2) not U(ω, T1).
Usually both halfspaces have non-zero temperatures and the ef-
fective heat flux is still calculated with the formulas (2.140),
(2.161), (2.162), only U(ω, T ) is replaces by U(ω, T1)−U(ω, T2).
The heat transfer coefficient (HTC) H, and its spectral counter-
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part h(ω), is defined as the effective heat flux normalized to the
temperature difference

H =
∞∫
0

h(ω) dω ≡ dΦ
dT =

∞∫
0

dφ(ω)
dT dω

=
∞∫
0

dU(ω, T )
dT · · · dω2π .

(2.165)

The temperature difference dT is assumed to be small. The
differentiated Bose–Einstein term reads

dU(ω, T )
dT = d

dT
~ω

e
~ω

kBT − 1
= ~2ω2

kBT 2
e

~ω
kBT(

e
~ω

kBT − 1
)2 . (2.166)



Chapter 3

Thermal radiation inside
hyperbolic media

At the beginning of the 20th century Max Planck derived his
famous law describing the spectral distribution of energy of a
blackbody (BB) by introducing the concept of quantum of light,
laying so the foundation of quantum physics [12]. Let us first
summarize the properties of blackbody radiation which is the
benchmark for any thermal radiation.

The internal energy density of blackbody radiation for both
principal polarization states (abbreviated by s and p) is given

101
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by [10,11]

U
s/p
BB =

∞∫
0

D
s/p
BB(ω)U(ω, T ) dω =

∞∫
0

ω2

2π2c3
~ω

e
~ω

kBT − 1
dω

= 1
2π2

(kBT )4

(~c)3

∞∫
0

Ω3

eΩ − 1 dΩ = 1
2
π2

15
(kBT )4

(~c)3 .

(3.1)

The density of states (DOS) Ds/p
BB was taken from Eq. (2.113).

The spectral energy density is simply u
s/p
BB = UDs/p

BB . Appen-
dix C.3 contains information on how this and upcoming integra-
tions are carried out.

With the help of the DOS we can determine more thermody-
namic potentials of the photon gas inside the material under
investigation. E. g. the free energy [84] per unit volume is, for a
blackbody, given by

F
s/p
BB =

∞∫
0

D
s/p
BB(ω)F(ω, T ) dω

=
∞∫
0

ω2

2π2c3kBT ln
(

1− e−
~ω

kBT

)
dω

= 1
2π2

(kBT )4

(~c)3
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0

Ω2 ln
(
1− e−Ω

)
dΩ
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= −1
3

1
2π2

(kBT )4

(~c)3

∞∫
0

Ω3

eΩ − 1 dΩ

= −1
3

1
2
π2

15
(kBT )4

(~c)3 = −1
3U

s/p
BB ,

(3.2)

where F(ω, T ) = kBT ln
(

1− e−
~ω

kBT

)
is a direct result of the

relation (assuming no change in volume) [84]

U = −T 2∂(F/T )
∂T

and thus U = −T 2∂(F/T )
∂T

. (3.3)

Finally, from the internal and free energy we can also determine
the entropy per unit volume by S = U−F

T [84]. Clearly, by means
of these expressions we can derive any thermodynamic property
of the photon gas inside a large cavity as the pressure P ∝ U , the
photonic heat capacity (at constant volume) CV = ∂U

∂T , etc. [84].

Wien’s displacement law [11] tells us the frequency ωmax, resp.
wavelength λmax, at which the energy distribution function has
its maximum. The connection between frequency and wave-
length dependence is u(ω)dω = u(λ)dλ. A numerical calculation
for which normalized frequency Ω = ~ω

kBT
the integrand in (3.1)

reaches its maximum reveals [10,11]

~ωmax, BB
kBT

= Ωmax, BB ≈ 2.821 or 2πlc
λmax, BB

≈ 4.965. (3.4)
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Here, we have introduced the thermal coherence length [85]

lc ≡
~c
kBT

. (3.5)

At a temperature of 300 K the coherence length is lc ≈ 7.63 µm,
Wien’s wavelength is λmax, BB ≈ 9.66 µm and Wien’s frequency
ωmax, BB ≈ 111 · 1012 s−1. The frequency / wavelength at which
the blackbody heat flux has its maximum is the same as for the
BB energy density. As the coherence length is on the order of one
wavelength thermal blackbody radiation is said to be incoherent,
meaning it does not show any interference effects.

Integrating Eq. (2.143) provides Stefan–Boltzmann’s law [11]

Φs/p
BB =

∞∫
0

ω2

8π2c2U(ω, T ) dω = c

4

∞∫
0

ω2

2π2c3
~ω

e
~ω

kBT − 1
dω

= c

4U
s/p
BB = 1

2
π2

60
(kBT )4

~3c2 = 1
2σBT

4.

(3.6)

In this chapter we will first look at thermal radiation inside loss-
less, nondispersive hyperbolic media (HM). In such an idealized
medium – a “hyperbolic blackbody” – all thermodynamic quan-
tities can be calculated analytically. As will be shown, the radi-
ation properties are fundamentally different from the “classical”
blackbody properties. Then, a more realistic example of a dis-
persive HM is analyzed and its solid vs. radiative heat fluxes are
compared. Finally, Section 3.2.3 outlines some thoughts on the
radiative thermal conductivity of HMs.
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Note that sometimes radiative heat flux inside HMs is referred to
as a special kind of near-field heat flux. Usually this is incorrect.
It is only correct if evanescent modes contribute to the heat flux
which is only possible over very short distances.
Further note that blackbody radiation is not the radiation inside
a black, thus (very) lossy, material or body. But it is the radi-
ation inside a cavity (see Section 2.5.1) or emitted by a black,
thus non-reflecting, body (see Section 2.5.2 or Section 2.6.1 with
αs/p = 1). The “classical” blackbody assumes the cavity is evac-
uated or the black body emits into vacuum respectively. The
“hyperbolic blackbody” assumes a cavity filled with a HM or
emission into a HM.
Following Eqs. (2.11) and (2.12) lossy dielectric materials, which
appear black to the human eye, partly reflect incident radiation.
So they are rather gray (or imperfectly black) than perfectly
black. Therefore, such a “black” body does not emit blackbody
radiation but a little less depending on its emissivity. As we
learned previously, determining the properties of thermal radi-
ation inside lossy materials is very complicated. As a starting
point one could look at the radiation inside lossless dielectrics.
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3.1 Thermal radiation inside nondispersive
hyperbolic media

An ideal HM is nondissipative and nondispersive. Although such
materials cannot exist because they violate Kramers–Kronig re-
lations [14, 44], their analysis is rather simple and they reveal
important properties. Therefore, we look at such ideal HMs in
this section. Analogous to the classical BB we call the ideal
HMs “hyperbolic blackbodies”. The “classical” in classical BB
does of course not refer to classical physics which, different from
quantum physics, ignores quantization effects but simply refers
to Planck’s theory which is nowadays more than 100 years old.
The density of states and the heat flux inside uniaxial media have
been derived in Section 2.5. These results are summarized and
discussed. In addition, further thermal properties are studied.

3.1.1 Energy density and density of states

In dielectric anisotropic media the DOS Do
D for the ordinary

modes (OMs) and De
D for the extraordinary modes (EMs) are

given by the expressions

Do
D(ω) = ω2

π2c3
ε⊥
√
ε⊥

2 = Ds
BBε⊥

√
ε⊥, (3.7)

De
D(ω) = ω2

π2c3
ε‖
√
ε⊥

2 = Dp
BBε‖
√
ε⊥, (3.8)
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which where already derived by Eckhardt [78], for instance. On
the other hand, in the hyperbolic case we obtain

Do
I (ω) = ω2

π2c3
ε⊥
√
ε⊥

2 = Do
D = Ds

BBε⊥
√
ε⊥, (3.9)

De
I (ω) = ω

π2c2
|ε‖|
2

(
k‖,max −

ω

c

√
ε⊥

)
= ω

π2c2
|ε‖|
2

(√
k2
⊥,max

ε⊥
|ε‖|

+ ω2

c2 ε⊥ −
ω

c

√
ε⊥

) (3.10)

and

Do
II(ω) = 0, (3.11)

De
II(ω) = ω

π2c2
ε‖
2 k‖,max

= ω

π2c2
ε‖
2

√
k2
⊥,max

|ε⊥|
ε‖
− ω2

c2 |ε⊥|,
(3.12)

for type I and type II HMs, respectively.
Note that we have introduced cutoff wavenumbers k‖,max and
k⊥,max respectively, which are denoted by kmax whenever a dif-
ferentiation is not necessary. kmax can be a function of fre-
quency even for nondispersive media and is determined by the
real (atomic or meta) structure of the medium. For an ideal
HM kmax is infinite so that the DOS diverges as was pointed
out previously [59, 60]. However, for any real structure kmax is
a finite quantity (see Section 1.2). For hyperbolic metamateri-
als (HMMs) it is mainly determined by the unit-cell size of the
meta structure. Note further that the DOS of the EMs of type
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I and type II HMs coincide for k‖,max � ω
c

√
|ε⊥|, respectively

k⊥,max � ω
c

√
|ε‖|, and are given by

De
I ≈ De

II ≈
ω

π2c2
ε‖
2 k‖,max ≈

ω

π2c2

√
|ε⊥ε‖|
2 k⊥,max. (3.13)

Apparently, the DOS is linear in ω and linear in kmax. If kmax

would be proportional to ω
c we would retrieve the usual quadratic

behavior of the DOS with respect to frequency. We want to
emphasize that the approximate expression of the DOS for a non-
ideal dispersive material given in Refs. [59,60] is proportional to
k3

max, which is a consequence of the dispersive nature of the
medium and is examined in the next section.

Let us first have a look at the expressions for the energy density
inside an ordinary uniaxial material. In this case we obtain

Uo
D = ε⊥

√
ε⊥

2
π2

15
(kBT )4

(~c)3 = U s
BBε⊥

√
ε⊥, (3.14)

U e
D =

ε‖
√
ε⊥

2
π2

15
(kBT )4

(~c)3 = Up
BBε‖
√
ε⊥. (3.15)

Therefore, when ε⊥ = ε‖ = 1 we recover the classical BB result.
The relations between the internal energy, the free energy and
the entropy have the familiar forms

F
o/e
D = −1

3U
o/e
D and S

o/e
D = 4

3
U

o/e
D
T

. (3.16)

Note that these relations are the same as for a usual BB be-
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cause the DOS of the field inside a dielectric uniaxial medium is
proportional to ω2.

On the contrary, in type I and type II HMs we have seen that the
DOS of the EMs is linear in ω as in a 2-dimensional photon gas
in vacuum. It follows that the relations between the thermody-
namic properties of the photon gas are radically different in that
case. Indeed, we obtain (assuming no frequency dependence of
kmax)

U e
II =

∞∫
0

De
IIU dω =

∞∫
0

ω

π2c2
ε‖
2 k‖,max

~ω

e
~ω

kBT − 1
dω

=
ε‖

2π2k‖,max
(kBT )3

(~c)2

∞∫
0

Ω2

eΩ − 1 dΩ

= ε‖
ζ(3)
π2 k‖,max

(kBT )3

(~c)2 ,

(3.17)

U e
I = |U e

II| − |U e
D|

= |ε‖|
ζ(3)
π2 k‖,max

(kBT )3

(~c)2 −
|ε‖|
√
ε⊥

2
π2

15
(kBT )4

(~c)3

(3.18)

and with k‖,max � ω
c

√
|ε⊥| (k⊥,max � ω

c

√
|ε‖|) and k‖,max �

kBT
~c
√
|ε⊥| approximately

U e
I ≈ U e

II = |ε‖|
ζ(3)
π2 k‖,max

(kBT )3

(~c)2

≈
√
|ε‖ε⊥|

ζ(3)
π2 k⊥,max

(kBT )3

(~c)2

(3.19)
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The zeta function value is ζ(3) ≈ 1.202. Furthermore, we find

F e
I/II ≈ −

1
2U

e
I/II and Se

I/II ≈
3
2
U e

I/II
T

. (3.20)

Hence, U and F are proportional to T 3 and not anymore to T 4.
S is proportional to T 2 and not T 3. This result is a direct con-
sequence of the linear dependence of the electromagnetic DOS
inside HMs with respect to ω.
Naturally, for the OMs we find

Uo
I = Uo

D and Uo
II = 0. (3.21)

Note that for type II HMs the internal energy of the OMs is
zero, since there are no OMs in such a material. The internal
energy of the OMs in a type I HM is just the same as in a
dielectric uniaxial medium. Hence, the relations between the
thermodynamic potentials are the same as in a dielectric uniaxial
medium. However, in typical HMs the maximal wavevector is
much larger than the vacuum wavevector kmax � ω

c making the
material properties dominated by EMs.

Another consequence of the linearity of the DOS with respect to
ω inside a HM is a spectral shift of Wien’s frequency ωmax (resp.
wavelength λmax) at which the energy distribution function has
its maximum. For both type I and type II HMs we find after
a straightforward analysis of the integrand in (3.17) that this
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maximum is reached when (again assuming large kmax)

~ωmax, HM
kBT

= Ωmax, HM ≈ 1.595 or 2πlc
λmax, HM

≈ 3.921 (3.22)

whereas for a usual BB ~ωmax, BB
kBT

≈ 2.821 and 2πlc
λmax, BB

≈ 4.965.
Hence, we see that Wien’s frequency is shifted toward smaller
values and the vacuum wavelength to larger values.

Figure 3.1: Comparison of the spectral energy density u =
uo + ue of a classical blackbody (BB) vs. a “hyperbolic black-
body”, assuming |ε⊥ε‖| = 1, k⊥,max = π

Λ with Λ = 50 nm and
T = 300 K. The hyperbolic BB energy density is completely
dominated by extraordinary modes. The dashed straight lines
show the asymptotic behavior in ω and ω2 of the hyperbolic and
classical BB spectrum. The arrows indicate Wien’s frequencies
ωmax in both cases. [From Ref. [67], Copyright 2015 American
Physical Society.]
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In Fig. 3.1 the spectral energy densities u(ω) = D(ω)U(ω, T ) of
a “classical” BB, as derived by Planck, and of an ideal HM (“hy-
perbolic blackbody”) are plotted. First, with reasonable assump-
tions the hyperbolic BB exhibits an orders of magnitude larger
thermal energy density. How many orders depends on kmax. The
larger kmax the larger u(ω). Second, at small frequencies where
the quantization of light is irrelevant (~ω � kBT ), and thus the
energy per mode U(ω, T ) ≈ kBT , we see the linear vs. quadratic
frequency dependence of the DOS. Once the quantization be-
comes significant (~ω � kBT ), U(ω, T ) and the energy density
decline exponentially. Third, we see that indeed the frequency
at which u is maximal is shifted towards smaller values for the
hyperbolic BB.

Noticing the spectral properties, the temperature dependences of
the total energy densities are easy to understand. The amplitude
of the spectral energy density scales ∝ U(ω, T ) ∝ T at smaller
frequencies. Then, the Bose–Einstein term U(ω, T ) introduces a
(smooth) spectral cutoff, or in other words an effective integra-
tion limit, with a cutoff frequency ∝ T . If the integration limit
shifts ∝ T the integral of a linear function scales with T 2 (hyper-
bolic BB), of a square function with T 3 (classical BB). Together
with the linearly scaling amplitude (at smaller frequencies) we
get the T 3 vs. T 4 dependences.

It is now interesting to compare the internal energy of the EMs
in a HM with that of a classical BB. From expressions (3.1) and
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(3.19) we immediately get

U e
I/II
Up

BB
≈
√
|ε‖ε⊥|

30
π4 ζ(3)k⊥,maxlc. (3.23)

If Λ denotes the unit-cell size of our HM then k‖,max = π
Λ or

k⊥,max = π
Λ depending on the concrete structure. However, inde-

pendent of the structure both maximum wavevectors are related
by k⊥,max ≈

√∣∣∣ ε‖ε⊥ ∣∣∣k‖,max so that we generally have

U e
I/II
Up

BB
∝ lc

Λ . (3.24)

At a temperature of 300 K the coherence length is lc ≈ 7.6 µm,
while the period of realistic HMMs is typically larger than Λ ≈
10 nm (see Refs. [50, 51] for instance). In natural HMs [47] the
main length scale is determined by the interatomic spacing, i. e.
Λ ≈ 1 Å. Albeit, nonlocality can increase the length scale at
which HMs exhibit metallic properties (in one or two directions)
to the nanometer range [86, 87]. Nonlocality is a spatial disper-
sion manifesting itself in a k-dependent permittivity ε [87] which
approaches the vacuum value as the spatial variation k increases.
Hence, the internal energy of thermal radiation inside a HM can
be 3 (Λ ≈ 10 nm) to 5 (Λ ≈ 1 Å) orders of magnitude larger than
that of a perfect BB. The same is of course also true for the free
energy and the entropy. This result suggests that the radiative
heat flux inside a HM is dramatically enhanced compared to that
of a classical BB.
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3.1.2 Power flow

The expressions for the mean Poynting vector inside a dielectric
uniaxial material are

Φo
D =

∞∫
0

ε⊥
8π2

ω2

c2 U(ω, T ) dω

= ε⊥
2
π2

60
(kBT )4

~3c2 = ε⊥
2 σBT

4 = Φs
BBε⊥,

(3.25)

Φe
D =

∞∫
0

ε‖
8π2

ω2

c2 U(ω, T ) dω

=
ε‖
2
π2

60
(kBT )4

~3c2 =
ε‖
2 σBT

4 = Φp
BBε‖.

(3.26)

The underlying setup, depicted in Fig. 2.4a, is a halfspace at
temperature T emitting into a second, identical halfspace at 0 K.

When ε⊥ = ε‖ = 1 we find again the usual BB result, i. e. Stefan–
Boltzmann’s law. On the other hand, inside a uniaxial material
(as inside an isotropic material) with ε⊥ > 1 and ε‖ > 1 the
radiative heat flux is larger than the BB value, which is a well-
known fact [88,89].

In the case of HMs these results radically change. Before seeing
this, let us first consider the OMs. For Φo

I we find of course the
same relation as for the dielectric anisotropic material Φo

I = Φo
D,

whereas as a consequence that there do not exist any propagating
OMs in a type II HM we find Φo

II = 0.
On the contrary, for the EMs we find (assuming no frequency
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dependence of k⊥,max)

Φe
I =

∞∫
0

k2
⊥,max
8π2 U(ω, T ) dω

=
k2
⊥,max
8π2

(kBT )2

~

∞∫
0

Ω
eΩ − 1 dΩ = 1

48k
2
⊥,max

(kBT )2

~
,

(3.27)

Φe
II = Φe

I − Φe
D =

∞∫
0

1
8π2

(
k2
⊥,max −

ω2

c2 ε‖

)
U(ω, T ) dω

= 1
48k

2
⊥,max

(kBT )2

~
−
ε‖
2
π2

60
(kBT )4

~3c2 .

(3.28)

Hence, when k⊥,max � kBT
~c

√
|ε‖| we have

Φe
II ≈ Φe

I = 1
48k

2
⊥,max

(kBT )2

~
≈ 1

48

∣∣∣∣ ε‖ε⊥
∣∣∣∣ k2
‖,max

(kBT )2

~
. (3.29)

In this case, we see that the heat flux is proportional to T 2 and
not anymore to T 4 as in the “classical” Stefan–Boltzmann law.
The total and spectral heat flux are also proportional to k2

⊥,max,
which is due to the fact that the heat flux scales like the area
of the projection of the isofrequency surface in k-space [80] (see
Appendix A.2), or like the number of transversal modes [22,79],
respectively. Note that the above limit is also the upper limit of
heat radiation between two hyperbolic materials separated by a
vacuum gap [18], when we assume the cutoff kmax is caused by
the finite gap size l, kmax ∝ 1

l , and not by the (meta)material
properties.
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Figure 3.2: Comparison of the spectral heat flux φ = φo +φe of a
classical blackbody (BB) vs. a “hyperbolic blackbody”, assuming
k⊥,max = π

Λ with Λ = 50 nm and T = 300 K. The hyperbolic BB
heat flux is completely dominated by extraordinary modes. The
dashed straight lines show the asymptotic behavior in 1 and ω2

of the hyperbolic and classical BB spectrum.

In Fig. 3.2 we plot the spectral heat flux of a classical and a
hyperbolic BB. The BB heat flux φBB resembles uBB because
φBB = c

4uBB. The hyperbolic BB heat flux φI/II is different from
its energy density uI/II. Again, with reasonable assumptions the
hyperbolic BB exhibits an orders of magnitude larger thermal
power flow. The difference between hyperbolic and classic BB
is even larger than for the energy density and the dependence
on kmax stronger. At small frequencies where the quantization
of light is irrelevant (~ω � kBT ) we see that φI/II is constant
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over frequency whereas the classical BB shows the quadratic fre-
quency dependence. Once the quantization becomes significant
(~ω � kBT ), U(ω, T ) and the heat flux decline exponentially.
The frequency at which φ is maximal is 0 for the hyperbolic BB,
so shifted to an even smaller frequency than for u.

The T 4 temperature dependence of the total heat flux for the
classical BB can be understood identically to its energy density.
The T 2 dependence for the hyperbolic BB follows the same ex-
planation. The integration limit shifts ∝ T and the integral of a
constant function thus scales with T . Together with the linearly
scaling amplitude we get the T 2 dependence.

Comparing the radiative heat fluxes, we find

Φe
I/II

Φp
BB
≈ 5

2π2 (k⊥,maxlc)2 ∝
(
lc
Λ

)2
. (3.30)

Thus, the normalized heat flux is proportional to (k⊥,maxlc)2.
We have seen before in Eq. (3.23) that the ratio of the energy
density of a HM and that of a BB is only linear in k⊥,maxlc.
This is quite astonishing, since for HMMs with a unit cell size
Λ of 10 nm and for natural HMs with a unit-cell size Λ ≈ 1 Å
we can now expect a hyperbolic BB heat flux 6 to 10 orders of
magnitude larger than that of a usual BB at T = 300 K. At
cryogenic temperatures lc becomes very large so that this ratio
can become even much larger.

To summarize, Table 3.1 contrasts the important thermal radi-
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ation properties of a classical BB and a hyperbolic BB.

classical
blackbody

“hyperbolic
blackbody”

density of
states D(ω) ∝

(
ω
c

)2 ∝ ω
c kmax

spectral heat
flux φ(ω) ∝

(
ω
c

)2 U(ω, T ) ∝ k2
⊥,maxU(ω, T )

energy density U ∝ T 4 ∝ kmaxT
3

heat flux Φ ∝ T 4 ∝ k2
⊥,maxT

2

~ωmax
kBT

≈ 2.821 ≈ 1.595
2πlc
λmax

≈ 4.965 ≈ 3.921

entropy S = 4
3
U
T ∝ T

3 ≈ 3
2
U
T ∝ kmaxT

2

Table 3.1: Comparison of the thermal radiation properties of a
classical blackbody (BB) vs. a “hyperbolic blackbody”. The clas-
sical BB has the properties described by Max Planck et al. The
hyperbolic BB is an idealized (lossless, nondispersive) hyperbolic
medium.

For dielectric anisotropic media we have seen that the thermo-
dynamic properties of the photon gas inside such media are very
similar to that of a classical BB. On the other hand, when these
media are hyperbolic, the spectral energy distribution of radia-
tion radically differs from that predicted by Planck and is shifted
towards frequencies smaller than Wien’s frequency. We have also
shown that in contrast to Stefan–Boltzmann’s law, the heat flux
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radiated by these media depends quadratically on their temper-
ature. Nevertheless, the magnitude of heat flux carried by these
media can be several orders of magnitude larger than the flux
radiated by a classical BB.

For completeness let us mention that dielectric and metallic ma-
terials also possess a kmax beyond which they cannot be po-
larized and alter their properties (due to nonlocality they be-
come vacuum-like [86]). But these kmax correspond to atomic
distances and have no effect on thermal radiation. Because of
the Bose–Einstein cutoff the radiation is limited to a maximal
frequency with a vacuum wavenumber corresponding to approx-
imately Wien’s wavelength λmax, BB. So for wavenumbers on the
scale of kmax not to be spectrally cut off, the temperature has
to be well above several 10 000 K. Under such extreme temper-
atures our assumption of a solid material is not justified any
more and a different approach is needed. HMs, on the other
hand, feature high-k modes even at low frequencies – below the
Bose–Einstein cutoff – and hence, the radiation properties de-
pend on kmax.

3.2 Thermal radiation inside dispersive hy-
perbolic media

Before we look at the properties of thermal radiation inside more
realistic, dispersive HMs, a few words should be mentioned on
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anomalous dispersion.

The density of ordinary modes in the case ε⊥ > 0 has been
derived in Eq. (2.109). During the derivation one has to choose
whether to take the positive or negative (real) values for ko

‖ for
the forward “propagating” or outgoing waves (ko

‖ ∈ [0, ωc
√
ε⊥] or

ko
‖ ∈ [0,−ω

c

√
ε⊥]), as discussed in Section 2.3.1.

From the group velocity in ‖-direction

co
g,‖(ω, ko

‖) = ∂ω

∂ko
‖

=
(
∂ko
‖

∂ω

)−1

=

 ∂

∂ω

√
ω2

c2 ε⊥ − k
2
⊥

−1

=
2
√

ω2

c2 ε⊥ − k2
⊥

1
c2

d(ω2ε⊥)
dω

=
c2ko
‖

ω
(
ε⊥ + ω

2
dε⊥
dω

) ,
(3.31)

we find that for a plane wave ∝ eiko
‖x‖ to propagate in positive

x‖-direction, so co
g,‖ > 0, the sign of ko

‖ must be chosen according
to

sgn(ko
‖) = sgn

(
ε⊥ + ω

2
dε⊥
dω

)
. (3.32)

On the other hand, starting with a plane ordinary wave with

Eo(ω,ko) = Ê0aseik⊥·x⊥eiko
‖x‖ (3.33)
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and

Ho(ω,ko) = 1
iωµ0

∇×Eo = Ê0
ωµ0

ko × aseik⊥·x⊥eiko
‖x‖

= − Ê0
ωµ0

koao
peik⊥·x⊥eiko

‖x‖

(3.34)

the Poynting vector is

So(ω,ko) = 1
2<(Eo ×Ho∗)

= <
(
−|Ê0|2

2ωµ0
ko∗as × ao

p
∗e−2=(ko

‖)x‖
)

= <(ko∗) |Ê0|2

2ωµ0
e−2=(ko

‖)x‖ .

(3.35)

Now, a wave ∝ eiko
‖x‖ propagating in positive x‖-direction must

possess the property So
‖ > 0 and the sign of ko

‖ is chosen by

<(ko
‖) = <(ko

‖
∗) > 0. (3.36)

When ε⊥ + ω
2

dε⊥
dω > 0, particularly in the case of normal disper-

sion where dε⊥
dω > 0, the results of both approaches are identical

and the positive, real ko
‖ are chosen. However, for anomalous

dispersion (dε⊥
dω < 0) the sign can be unclear and the DOS of

ordinary modes, indicated in Eq. (2.109), can become negative.
Related phenomena that can occur in absorptive or gain me-
dia showing anomalous dispersion are superluminal and nega-
tive group velocities [90, 91]. The apparently controversy can
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be resolved by noticing that anomalous dispersion is accompa-
nied by absorption [14], typically a Drude–Lorentz peak, making
losses non-negligible anymore. The theory must be adjusted to
take into account the losses. When gain is used to compensate
for the losses [90] non-thermal energy is supplied to the system,
again making it necessary to adjust the theory. An analysis of
extraordinary modes reveals similar features. We refrain from
analyzing absorptive HMs with anomalous dispersion and focus
our attention on lossless HMs with normal dispersion.

To analyze more realistic systems we select an exemplary HM
and first assume both permittivity components to be describable
by a single Drude–Lorentz resonance [44,92]:

ε‖/⊥(ω) = ε∞,‖/⊥
ω2

LO,‖/⊥ − ω
2 − iωcol,‖/⊥ω

ω2
TO,‖/⊥ − ω2 − iωcol,‖/⊥ω

= ε∞,‖/⊥ + ε∞,‖/⊥
ω2

LO,‖/⊥ − ω
2
TO,‖/⊥

ω2
TO,‖/⊥ − ω2 − iωcol,‖/⊥ω

.

(3.37)

The Drude–Lorentz model is very general and resembles the
Drude model by setting ωTO = 0 [44]. The permittivity of most
materials can be described by a Drude–Lorentz model, at least
in limited frequency ranges. A hyperbolic metamaterial consist-
ing of a Drude–Lorentz medium and a simple dielectric (with
constant permittivity) has effective Drude–Lorentz permittivi-
ties like (3.37) because the Drude–Lorentz characteristic is pre-
served under the mixing rule of effective medium theory (EMT).



3.2. Thermal radiation inside dispersive HMs 123

Appendix C.1 provides the proof and the formulas.
We restrict our discussion to single resonances because multiple
ones have no influence on the fundamental properties, only re-
peat them at different frequencies. The derivatives needed for
the energy density calculations are

dε‖/⊥
dω = ε∞,‖/⊥

(
ω2

LO,‖/⊥ − ω
2
TO,‖/⊥

) (
2ω + iωcol,‖/⊥

)
(
ω2

TO,‖/⊥ − ω2 − iωcol,‖/⊥ω
)2

=

(
ε‖/⊥ − ε∞,‖/⊥

) (
2ω + iωcol,‖/⊥

)
ω2

TO,‖/⊥ − ω2 − iωcol,‖/⊥ω

=

(
ε‖/⊥ − ε∞,‖/⊥

)2 (
2ω + iωcol,‖/⊥

)
ε∞,‖/⊥

(
ω2

LO,‖/⊥ − ω
2
TO,‖/⊥

) .

(3.38)

Fig. 3.3 shows the permittivities of the example under consid-
eration. The corresponding parameters are ε∞,‖ = 8, ωLO,‖ =
141 · 1012 s−1, ωTO,‖ = 115.8 · 1012 s−1, ωcol,‖ = 1.52 · 1012 s−1,
ε∞,⊥ = 10.7, ωLO,⊥ = 115.8 ·1012 s−1, ωTO,⊥ = 106 ·1012 s−1 and
ωcol,⊥ = 1.52 · 1012 s−1. Without losses ωTO is a pole of the per-
mittivity. Losses (ωcol > 0) smear out this pole. The real part of
the permittivity still changes its sign from + to − in a pole-like
manner, while the imaginary part features a peak around ωTO.
ωLO is a zero, respectively the frequency at which the real part
becomes positive again.

This exemplary material corresponds to a layered metamaterial
consisting of gallium nitride (GaN) and germanium (Ge) with
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Figure 3.3: Effective permittivities of layered GaN–Ge hyper-
bolic metamaterial. A filling factor of 50% is assumed. Both per-
mittivities, parallel and orthogonal to the metamaterial’s optical
axis, feature a Drude-Lorentz resonance. The spectral ranges
with type I or II hyperbolic dispersion are highlighted in color.

50% filling factor. The optical response of GaN is in the in-
frared dominated by optical phonons so that the relative per-
mittivity of GaN can be described by a Drude–Lorentz model
with εGaN

∞ = 5.35, ωGaN
LO = 141 · 1012 s−1, ωGaN

TO = 106 · 1012 s−1,
ωGaN

col = 1.52 · 1012 s−1 [45]. It is important to notice that inside
the reststrahlen band of GaN (ωTO < ω < ωLO) the (real part
of the) permittivity is negative. The permittivity of Ge is in
the infrared to very good approximation dispersionless having a
value of εGe = 16 [93]. The 50% filling factor ensures that type
I and type II hyperbolic frequency ranges are adjacent to each



3.2. Thermal radiation inside dispersive HMs 125

other (cf. Fig. 3.3) and not separated by a dielectric or metallic
region in between. The optical axis of the effective HM is per-
pendicular to the layer interfaces. Both materials as well as the
HM are nonmagnetic.
Our HM has one spectral range with type I and one with type II
hyperbolic dispersion, highlighted in color in Fig. 3.3. Frequen-
cies with anomalous dispersion at which, moreover, the losses
are large (=(ε) even larger than |<(ε)|) are not considered in the
calculations. At the remaining frequencies the small imaginary
part of the permittivities is ignored.

To assess the effect of the dispersion we compare the dispersive
HM with two nondispersive HMs. A type I HM with ε⊥ = 5.41,
ε‖ = −25.13 and a type II HM with ε⊥ = −18.45, ε‖ = 66.19.
These are the mean values of the dispersive permittivities in
the type I hyperbolic spectral range or type II hyperbolic spec-
tral range, respectively. In all cases, the maximal wavevector
is k‖,max = π

50 nm , representing a layered structure with a 50 nm
periodicity. k⊥,max is calculated via Eq. (1.9) for each HM indi-
vidually.

In the following, we will normalize the quantities under consid-
eration to the respective classical BB values. The classical BB
is well understood and its properties have been discussed in the
previous section. The idea is to see how differently the HM
behaves w. r. t. the BB. Assuming no temperature dependence
of the optical properties, the normalized spectral properties are
even independent of T because the T dependence cancels out
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during the normalization. Whenever we simply talk about black-
body we of course mean the classical BB.
Whenever the integration over frequency cannot be performed
analytically we perform it numerically in MATLAB (by Math-
Works).

3.2.1 Energy density and density of states

As we have seen in Section 2.5.1, dispersion adds further terms
to the DOS. E. g. for OMs the DOS is

Do
D(ω) = Do

I (ω) = ω2

π2c3
ε⊥
√
ε⊥

2 + ω2

π2c3

√
ε⊥
2

ω

2
dε⊥
dω . (3.39)

So we cannot only distinguish contributions from ordinary and
extraordinary modes but also “nondispersive” (only implicitly
dispersive terms in DOS without dε

dω ) and “dispersive” (explicitly
dispersive dε

dω terms) contributions. The nondispersive contribu-
tions are still subject to permittivity changes over frequency,
so strictly speaking also (implicitly) dispersive. “Nondispersive
contributions” should be viewed as just a name for the DOS
parts without dε

dω .
The DOS for all the different uniaxial materials can be found in
Section 2.5.1. We just want to emphasize that the DOS of HMs
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has a dispersive extraordinary contribution

De
I ≈ De

II ≈
k3
‖,max
12π2

∣∣∣∣ ε‖ε⊥
∣∣∣∣
(

1
|ε‖|

dε‖
dω + 1

|ε⊥|
dε⊥
dω

)

≈
k3
⊥,max
12π2

√√√√∣∣∣∣∣ε⊥ε‖
∣∣∣∣∣
(

1
|ε‖|

dε‖
dω + 1

|ε⊥|
dε⊥
dω

)
,

(3.40)

which is assumed to dominate the DOS DI(ω) and DII(ω) be-
cause kmax is large. Consequently, the total density of states is
proportional to k3

max [59, 60].

Fig. 3.4 illustrates that in the hyperbolic frequency ranges the
nondispersive extraordinary DOS contribution is already stronger
than the OM contributions. It is also larger than the DOS at
non-hyperbolic frequencies. But dispersion further increases the
DOS by several orders of magnitude, making the dispersive ex-
traordinary part the dominant one. The approximation (3.40)
which takes only this part into account is agreeing very well with
the exact calculations. Because kmax is so large, the k3

max pro-
portionality of the dispersive part makes it so much larger than
the nondispersive part ∝ kmax.
The DOS inside the nondispersive HMs is around the mean value
of the nondispersive extraordinary contribution inside the dis-
persive HM in the hyperbolic bands. The DOS inside nondis-
persive HMs is ∝ ω, the (classical) blackbody DOS ∝ ω2, such
that the ratio is decreasing with ∝ 1

ω .

The total thermal energy density U is obtained by multiplying
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(a) (b)

Figure 3.4: Density of states (DOS) D inside exemplary HM,
with k‖,max = π

50 nm , normalized to blackbody. (a) shows the
contributions of ordinary and extraordinary modes to the DOS
inside the dispersive HM. Further, nondispersive and dispersive
contributions are distinguished. Although the nondisperive hy-
perbolic (extraordinary) part already dominates over the ordi-
nary parts dispersion significantly increases the DOS in the hy-
perbolic bands. (b) compares the three materials: dispersive
HM, type I and type II nondispersive HMs. In addition, the ap-
proximation (3.40) for the dispersive case is also plotted, agree-
ing very well with the exact curve. The dispersive HM has a
much larger DOS in the hyperbolic bands than the nondisper-
sive HMs.

the DOS by U(ω, T ) and integrating over frequency. As shown in
Fig. 3.5, the thermal energy density is dominated by extraordi-
nary modes, more precisely the dispersive part of them, because
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(a) (b)

Figure 3.5: Thermal energy density U inside exemplary HM,
with k‖,max = π

50 nm , normalized to blackbody for different tem-
peratures. (a) shows the contributions of ordinary and extraor-
dinary modes to the energy density inside the dispersive HM.
Further, nondispersive and dispersive contributions are distin-
guished. The energy density is dominated by the dispersive ex-
traordinary part. (b) compares the three materials: dispersive
HM, type I and type II nondispersive HMs. The dispersive HM
features an energy density orders of magnitude larger.

the DOS and thus the spectral energy density are much larger
in the hyperbolic bands than at other frequencies. Even at high
temperatures T at which the BB energy density has its maxi-
mum at a significantly larger frequency, where the HM is not
hyperbolic anymore, the energy density is still dominated by the
dispersive hyperbolic modes.
However, with higher temperatures the increase above the BB
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value becomes smaller. The hyperbolic bands are just popu-
lated by more photons ∝ U(ω, T ) ∝ T , whereas the blackbody
does not only populate the smaller frequency modes more ∝ T ,
but also populates before unpopulated higher frequency modes
because the cutoff of the Bose–Einstein statistic U(ω, T ) shifts,
yielding the known T 4 dependence explained in the previous
section. The normalized energy density decreases almost ∝ 1

T 3 ,
actually a little bit less fast because the HM not only gains en-
ergy due to stronger occupation of hyperbolic modes but also
some due to the shifted cutoff.
Towards smaller temperatures the normalized energy density
reaches a maximum and decreases afterwards. The decrease is
caused by the Bose–Einstein cutoff cutting a part of the hy-
perbolic region and therefore reducing the enormous amount of
hyperbolic energy.
For nondispersive HMs we know the temperature dependence
to be ∝ T 3. The ratio is decreasing ∝ 1

T as seen in Fig. 3.5b.
The nondispersive HMs feature an overall thermal energy den-
sity close to the sum of nondispersive parts of the dispersive
HM. The extraordinary and ordinary nondispersive parts of en-
ergy density inside the dispersive HM are not many orders of
magnitude apart. In the hyperbolic regions the EMs possess
much more energy than the OMs, but in the dielectric regions
both types of modes are contributing similarly and quite much
since the permittivities are high. So nondispersive extraordinary
modes are not outranking the ordinary ones so much.



3.2. Thermal radiation inside dispersive HMs 131

3.2.2 Power flow

The radiative heat flux has no dε
dω terms. So dispersion only man-

ifests itself as spectrally dependent optical properties. A simple
explanation can be deduced from the formulas in Appendix A.2.
The DOS and thus the spectral energy density is proportional
to the area of the isofrequency contour divided by the group
velocity cg. Frequency derivatives are part of cg. In particu-
lar, normal dispersion dε

dω > 0 decreases cg and thus increases
the DOS. The spectral heat flux is then obtained by multiply-
ing the energy density by cg (more precisely the cg-component
in the heat flux direction) [10]. This way, the frequency deriva-
tives cancel out and the heat flux becomes proportional to the
(projected) isofrequency area [80,94].

As in the dispersionless case, the spectral heat flux supported
by EMs with hyperbolic dispersion is

φe
II(ω) ≈ φe

I(ω) =
k2
⊥,max
8π2 U(ω, T ) ≈

∣∣∣∣ ε‖ε⊥
∣∣∣∣ k2
‖,max
8π2 U(ω, T ). (3.41)

k⊥,max generally depends on ω. The respective spectral heat
transfer coefficient (sHTC) is

he
II(ω) ≈ he

I(ω) = dφe
I

dT =
k2
⊥,max
8π2

dU(ω, T )
dT

≈
∣∣∣∣ ε‖ε⊥

∣∣∣∣ k2
‖,max
8π2

dU(ω, T )
dT .

(3.42)
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In the previous section we have looked at the heat flux inside
HMs and have made the comparison to blackbody radiation.
The commonly known properties of BB radiation are for a setup
where a black (perfectly absorbing) body thermally emits into
free space. The hyperbolic counterpart is a black body emitting
into a HM / a free hyperbolic space. (Among non-transmitting,
“black” means non-reflecting. To realize perfect optical match-
ing and avoid reflections we assumed the emitting bodies / half-
spaces to consist of the same material as the space into which is
emitted; cf. Fig. 2.4a.) Alternatively, two black reservoirs, one
of which at 0 K, exchanging heat resemble the emission into free
space. The reservoir at 0 K basically mirrors a free space.
For real hyperbolic materials a setup of two matched reservoirs
of (slightly) different temperatures separated by the HM (cf.
Fig. 3.8) is more interesting. The heat flux can be normalized
by the temperature difference leaving a quantity characteristic
of the heat transport capability of the HM at a mean tempera-
ture T . Hence, we now switch from (spectral) heat fluxes to the
transfer coefficients sHTC and HTC instead.

The sHTC h inside our exemplary media are shown in Fig. 3.6.
In the hyperbolic bands the spectral heat flux is orders of mag-
nitude larger compared to the dielectric bands. Furthermore, in
these bands the heat flux is entirely dominated by the extraordi-
nary modes, which exhibit the hyperbolic isofrequency contours.
The ordinary modes feature dielectric or metallic behavior and
are irrelevant. The approximation (3.42) which takes only the
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(a) (b)

Figure 3.6: Spectral heat transfer coefficient (sHTC) h inside
exemplary HM, with k‖,max = π

50 nm , normalized to blackbody.
(a) shows the contributions of ordinary and extraordinary modes
to the heat flux inside the dispersive HM. In the hyperbolic bands
the heat flux is dominated by extraordinary hyperbolic modes.
(b) compares the three materials: dispersive HM, type I and type
II nondispersive HMs. In addition, the approximation (3.42) for
the dispersive case is also plotted, agreeing very well with the
exact curve. The nondisperive HMs feature a heat flux close to
the mean value of the dispersive HM in the hyperbolic bands.

EMs into account is agreeing very well with the exact calcula-
tions.
The heat flux inside the nondispersive HMs is around the mean
value inside the dispersive HM in the hyperbolic bands. The
spectral heat flux inside nondispersive HMs is ∝ U(ω, T ), the
BB heat flux ∝ ω2U(ω, T ), such that the ratio is decreasing
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with ∝ 1
ω2 . Same holds for the sHTC.

(a) (b)

Figure 3.7: Heat transfer coefficient (HTC) H inside exemplary
HM, with k‖,max = π

50 nm , normalized to blackbody for differ-
ent temperatures. (a) shows the contributions of ordinary and
extraordinary modes to the heat flux inside the dispersive HM.
The heat flux is dominated by extraordinary modes because they
exhibit hyperbolic dispersion at which the heat flux is orders of
magnitude larger than in non-hyperbolic frequency ranges. (b)
compares the three materials: dispersive HM, type I and type II
nondispersive HMs. The nondisperive HMs feature a larger heat
flux because they are hyperbolic throughout the whole spectral
region.

Since the spectral heat flux in the hyperbolic bands is much
larger than at other frequencies, the total heat flux H is ex-
pected to be dominated by extraordinary modes. Fig. 3.7 con-
firms this conclusion. Even at high temperatures at which the
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BB heat flux has its maximum at a significantly larger frequency,
where the HM is not hyperbolic anymore, the heat flux is still
dominated by the hyperbolic modes. This is because the spec-
tral heat flux in the hyperbolic region is increased from ∝ ω2 in
BB to ∝ k2

max, whereas the DOS is only increased from ∝ ω2

to ∝ ωkmax. So extraordinary modes are outranking the ordi-
nary ones much more than the nondispersive EMs outrank the
nondispersive OMs in the energy density. Comparing Fig. 3.6a
to Fig. 3.4a clearly demonstrates this.
With higher temperatures the increase above the blackbody value
becomes smaller. Similar to the energy density, the hyperbolic
bands are just populated by more photons ∝ U(ω, T ) ∝ T ,
whereas the BB does not only populate the smaller frequency
modes more, but also populates before unpopulated higher fre-
quency modes giving the T 4 dependence. The normalized heat
flux decreases almost ∝ 1

T 3 . Same 1
T 3 proportionality holds for

the normalized heat transfer coefficient (HTC).
Towards smaller temperatures the normalized heat flux reaches
a maximum and decreases afterwards. The decrease is caused
by the Bose–Einstein cutoff cutting a part of the hyperbolic re-
gion and therefore reducing the enormous amount of hyperbolic
energy flow, again similar to the energy density.
For nondispersive HMs we even know the temperature depen-
dence to be ∝ T 2 (∝ T for the HTC), for blackbodies it’s ∝ T 4

(∝ T 3 for the HTC). The ratio is decreasing ∝ 1
T 2 as seen in

Fig. 3.7b. The nondispersive HMs feature an overall larger heat
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flux because their hyperbolic bands are infinite throughout the
whole spectral range and not limited to some frequencies.

Note, that our results on thermal radiation inside HMs are quite
different from the results obtained in Ref. [95]. There, the heat
flux was found to be ∝ k4

max and very sensitive to the dispersion
in the HM, dε

dω . A derivation is missing. Ref. [96] calculates a
radiative thermal conductivity of a layered HMM at which we
take a brief look in the next section.

In summary, although, just like a hyperbolic BB, realistic HMs
contain a huge amount of thermal radiation they show somewhat
different behavior. The DOS and energy density are strongly in-
creased over the hyperbolic BB because of the dispersion. But
this does not apply for the heat flux. A realistic HM conducts
less heat due to the limited hyperbolic frequency range. To max-
imize the heat flux one has to maximize the spectral region with
hyperbolic dispersion.

Let us now consider a numerical example for the heat flux be-
tween two reservoirs connected by our exemplary HM, as shown
in Fig. 3.8. The reservoirs have the temperatures T = 300 K
and T + ∆T with a small temperature difference ∆T � T and
consist of the same HM. Similar configurations were studied in
Refs. [95–97]. Here, we want to determine the radiative heat
flux by using our theory for HMs. As there is only a single
HM involved and therefore both reservoir–layer interfaces are
optically non-existent, we can directly use our derived formulas,
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neglecting absorption in the middle layer.

Figure 3.8: Illustration of setup for which radiative heat transfer
between two hyperbolic reservoirs ∆Φ separated by an interme-
diate hyperbolic layer of thickness l is evaluated. In order to have
a perfect coupling between the reservoirs and the intermediate
layer we assume that the reservoirs consist of the same HM as
the intermediate layer. One reservoir is at temperature T + ∆T ,
the other one at T with ∆T � T . The dashed arrows show the
orientation of the optical axes of the HMs which are along the
z-axis.

The blackbody HTC is

HBB = dΦBB
dT = d

dT σBT
4 = 4σBT

3 = 4ΦBB
T

. (3.43)

At 300 K it is HBB ≈ 6.124 W m−2 K−1.
The normalized HTC of the HM is shown in Fig. 3.7. Its absolute
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value at 300 K (and k‖,max = π
50 nm) is

∆ΦHM
∆T ≈ dΦHM

dT = HHM ≈ 1.29 · 105 W
m2 K

. (3.44)

With our hyperbolic BB we can easily estimate a maximal heat
transfer coefficient of

He
I ≈ He

II ≈
d

dT
k2
⊥,max
48~ (kBT )2 =

k2
⊥,max
24~ k2

BT (3.45)

for hyperbolic materials. Assuming for convenience that on av-
erage

√∣∣∣ ε‖ε⊥ ∣∣∣ ≈ 1 we have k⊥,max ≈ k‖,max. Then

He
I ≈ He

II ≈ 8.9 · 104 W
m2 K

(3.46)

at T = 300 K. The HTC for our dispersive HM is larger just be-
cause

∣∣∣ ε‖ε⊥ ∣∣∣ > 1. With average permittivities the hyperbolic BB
(nondispersive HM) features a larger HTC than the dispersive
HM (cf. Fig. 3.7).
Of course, if one used a normal dielectric material instead of
a hyperbolic material as the intermediate structure, the corre-
sponding Stefan–Boltzmann law for normal dielectrics should be
used to determine the maximum contribution of the radiative
modes. Furthermore, since in such a case there is a mismatch
between the reservoirs and the intermediate structure there can
also be a contribution by evanescent waves which has to be added
(like in the case of near-field heat flux through a vacuum gap,
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see Section 4.2).

It is interesting to compare the radiative heat flux to the solid
heat conduction by phonons and electrons inside the hyper-
bolic multilayer structure. At ambient temperature, the ther-
mal conductivity of each unit layer is κGaN ≈ 120 W m−1 K−1

and κGe ≈ 60 W m−1 K−1 [45, 46]. The inverse of the effective
thermal conductivity of the HM (along the optical axis / per-
pendicular to the layer interfaces) is the weighted sum of inverse
conductivities of both materials. This is due to the fact that
the multilayer structure represents a series connection of ther-
mal resistances and, as a consequence, the effective resistance
is the weighted sum of the resistances of both materials. The
weighting factors are the filling factors, here 0.5. The effective
conductivity is κHM ≈ 80 W m−1 K−1. Interfacial thermal resis-
tances (Kapitza resistances) are neglected and would make the
overall conductance smaller [98].

Now, let us assume that the thickness of the intermediate hyper-
bolic multilayer is l = 200 nm so that we have four periods with
periodicity Λ = 50 nm. The choice of l is crucial. On the one
hand, radiative heat flux is independent of the distance between
the reservoirs, expect for interference and tunneling (near-field)
effects which we excluded via our setup. Conduction, on the
other hand, depends on the temperature gradient and thus on
the distance l. l = 200 nm ensures that the intermediate HMM
consists of several layers but its absorption is not too large to
completely invalidate our no dissipation assumption.
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The heat transfer coefficient by heat conduction through our
hyperbolic multilayer structure of l = 200 nm is about

Hcond = κHM
l
≈ 4 · 108 W

m2 K
. (3.47)

The conduction dominates the heat flux by three orders of mag-
nitude but radiation is very strong compared to a blackbody and
makes a non-vanishing contribution.
If less conductive materials like silicon dioxide (SiO2) are chosen
and interface resistances are non-negligible, the effective solid
conductivity can become < 1 W m−1 K−1 [96]. The solid HTC
is then on the order of Hcond ≈ 106 W m−2 K−1. With a reduced
HMM periodicity of Λ = 10 nm we get a radiative HTC on the
same order of magnitude, HHM ≈ 106 W m−2 K−1. Therefore, a
hyperbolic material can theoretically have a radiative heat flux
very close to heat conduction or even larger, even at ambient
temperatures, depending on the material system and the thick-
ness l of the intermediate layer.
We want to emphasize that in Ref. [96] a radiative conductivity
of about 0.03 W m−1 K−1 was found for a doped InGaAs–AlInAs
HMM and 0.004 W m−1 K−1 for a doped Si–SiO2 HMM. These
values are similar to our estimation for GaN–Ge which is about
0.026 W m−1 K−1.

To recapitulate, our analysis revealed that the magnitude of ra-
diative heat flux carried by hyperbolic media can be several or-
ders of magnitude larger than the flux radiated by a classical
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BB or dielectric and may even exceed the heat flux carried by
conduction in superlattices.
An application of this remarkable property could be to place a
HM / HMM between emitter and photovoltaic cell in a TPV
system. Similar to near-field TPV such TPV would utilize the
increased radiative heat flux to increase output power or decrease
operation temperature. The HMM provides also additional spec-
tral control. The solid heat flux is parasitic and a drawback of
this concept.

3.2.3 Thermal conductivity in hyperbolic materials

Let’s look back at a situation like in Fig. 3.8. Two thermal
reservoirs at different temperatures separated by a distance l

are connected by a medium. When the intermediate medium
is (approximately) lossless it acts as a radiation channel. The
optical properties of medium and reservoirs determine how well
the channel allows heat to go from one reservoir to the other. For
larger l near-field and interference effects vanish, the reservoirs
“see” each other over arbitrary distances and the radiative heat
flux depends on the reservoir temperatures but not on l.

In practical situations, however, hyperbolic media or metamate-
rials are always accompanied by losses. Radiation cannot trans-
port heat over arbitrary distances but is emitted, absorbed and
re-emitted. Consequently, the heat flux does not only depend
on the temperature difference between two reservoir but also on
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their distance, or in other words on the temperature gradient.
The microscopic explanation is identical to the one for solid heat
conduction. Electrons and phonons can only move a short dis-
tance, the mean free path d [10, 44], between interactions with
the lattice or each other, typically few 10 nm. Same holds for
photons in an absorptive medium. They travel a distance d be-
fore they are absorbed, although, depending on the absorption,
the distance can be much larger. The heat flux is governed by
the temperature difference between two points separated by d,
and therefore by the temperature gradient.
So the question arises: What is the radiative thermal conductiv-
ity of (lossy) HMs [95,96]?

The previous discussion leads on to the idea that the conductiv-
ity is obtained by simply multiplying the HTC with the mean
free path d. If d depends on frequency or k-vector, which it
generally does, the multiplication must be performed before the
integration. If we assume the losses are so weak that they only
lead to a damping but otherwise do not (significantly) change
the electromagnetic modes, we can take our equation for the
heat flux in lossless uniaxial media (2.140) and expand it by the
mean propagation distance of photons d. We obtain the radia-
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tive thermal conductivity

κ =
∞∫
0

dU(ω, T )
dT

( ∫
prop. ord. modes

do(ω, k⊥)k⊥
dk⊥
2π

+
∫

prop. extraord. modes

de(ω, k⊥)k⊥
dk⊥
2π

)dω
2π .

(3.48)

The integration boundaries basically remain the same as in the
lossless case, but because strictly speaking propagating as well
as evanescent modes now have a complex k‖ we renamed them.
The idea is that photons are transporting the thermal energy
by the distance d. Or for a given temperature gradient, the
temperature difference determining the heat flux is the product
of the gradient and d.
The equation (3.48) is identical with one derived via Boltzmann
transport theory in Ref. [96] for a layered HMM consisting of a
Drude metal and a dielectric with constant permittivity. Only
the mean propagation distance d is expressed there as vgτ , group
velocity times mean photon lifetime. Remembering that the
power flow scales ∝ e−2=(k‖)z, we propose the more simple ansatz

de/o = 1
2=
(
k

e/o
‖

) . (3.49)

It fits into the mathematical expression, thus requiring no addi-
tional computation effort, and is not limited to materials with
particular optical properties like in Ref. [96]. There, the con-
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ductivity is also found to be proportional to the inverse of the
structure period and accordingly ∝ kmax. In HMMs de ∝ 1

k⊥
for

large k⊥ (hyperbolic) modes and the conductivity (3.48) indeed
becomes ∝ kmax when hyperbolic modes dominate the heat flux.

However, there is a problem with the proposed radiative thermal
conductivity, in particular when dissipation is weak. Eqs. (2.140)
and (3.48) assume a halfspace at homogeneous temperature.
With losses included the radiation at an observation point is
effectively emitted from a slab of thickness d. The assumption
of weak material dissipation implies that the propagation dis-
tance of photons d is large. It means for the formula (3.48) to be
correct the temperature of the thick slab must be (almost) ho-
mogeneous. But due to solid conduction it is unlikely to obtain
a situation with an (almost) homogeneous temperature over a
large distance d.

A possible resolution can be the utilization of a numerical ap-
proach. There is a distinct interaction of radiative and conduc-
tive heat transfer. An analytic solution of the coupled equations
governing radiation and conduction does not exist. So a numer-
ical approach could be to divide the material into small layers
of homogeneous temperature. Conductive heat flux is approx-
imated by taking the quotients of temperature difference and
layer thickness as the needed gradients. Radiative heat flux can
be calculated as presented in Chapter 2 but with emitting slabs
instead of a halfspace [74]. The location of the heat flux z, which
similar to Eq. (2.138) is in the heat flux equations, allows de-
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termining how much radiative energy is going into which layer.
Iterative calculations will lead to a steady state, for which a
radiative conductivity can then be defined.

It will be interesting to see whether experiments can confirm the
prediction that in HMs radiative heat flux can be as large as solid
heat flux. Experimentally distinguishing the contributions may
unfortunately be complicated. The HTC of dispersive HMs is
(in first order) independent of mean temperature (see discussion
in Section 3.2.2), so is the solid heat flux. Thus, a differentiation
via the temperature dependence will probably not be possible.
Other techniques must be thought of. E. g. if properties can
be changed in a way that one contribution, radiation or solid
conduction, is effected but not the other one it will be possible
to extract the properties from a series of measurements.



Chapter 4

Near-field radiative heat
flux and its penetration
depth in hyperbolic
media

Theoretically, it is well-known for a long time that heat radi-
ation at the nanoscale can surpass the blackbody limit by or-
ders of magnitude [4, 5, 15]. More recently, this super-Planckian
property has been confirmed experimentally [9, 20, 21]. The un-
derlying mechanisms resulting in elevated radiative heat fluxes
are nowadays well understood. In particular, surface phonon
polaritons can enhance the radiative heat flux by several orders

146
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of magnitude [16] due to the very large number of contributing
modes [22]. However, it has been shown very recently that also
hyperbolic modes can lead to an enormous increase in the ra-
diative heat flux [17, 18, 97] which can be even larger than that
caused by surface modes [18].

This effect of enhanced near-field thermal radiation has sev-
eral possible applications [4, 5] such as touchless cooling [26,
27] and near-field imaging [20, 23, 24] for instance. But prob-
ably one of the most discussed is near-field thermophotovoltaics
(nTPV) which exploits the near-field enhancement effect for in-
creasing the output power and the efficiency of thermophoto-
voltaics (TPV) devices [7,34,35,37]. Structures using hyperbolic
materials for nTPV were proposed recently [97,99].

Surface modes are supported by many different materials, like
metals and polar materials. On the other hand, hyperbolic
modes only exist in very few natural materials like calcite and
tetradymites [3, 47]. But it is possible to fabricate hyperbolic
metamaterials (HMMs) which support hyperbolic modes. These
HMMs can be constructed by combining metals or metal-like
materials with dielectrics in subwavelength structures [1,2]. The
main advantage of the hyperbolic modes with respect to the
surface modes is that they are propagating inside the hyperbolic
medium [2], whereas the surface modes are bound to the surface
of the material which is one of the bottlenecks of nTPV [37].

In Section 4.2 the near-field radiative heat transfer due to sur-
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face and hyperbolic modes is analyzed and explained. It should
provide a foundation for the reader for the later discussion.
The purpose of Section 4.3 is to analyze the penetration depth
(PD) of thermal photons [100, 101] resulting from the heat ex-
change between two bodies close to each other. This quantity
is very important for possible nTPV applications. It defines the
effective thickness of the layer in which electron-hole pairs can
be generated. As we shall see later, for surface mode dominated
heat fluxes the PD is well below the gap width l and scales
linearly with l [100]. It is e. g. only a few ten nanometers for
l = 100 nm and mostly independent of the strength of material
losses. But also for cooling applications larger PDs are prefer-
able because photons transport heat much faster than phonons.
Furthermore, it is better to have a larger volume where the heat
is absorbed to avoid local overheating.

But before we come to the near field we have a brief look at the
far-field thermal emission of hyperbolic metamaterials in the first
section of this chapter. It turns out that HMM structures can
have a band-edge emission characteristic which is desirable for
(far-field) TPV; albeit the hyperbolicity itself is irrelevant here.

Different from the previous chapter, we now look at the heat flux
in vacuum (and its penetration into materials), not inside HMs.
In this chapter, we do not impose any restrictions to the emitting
bodies / materials, especially no assumption of vanishing dissi-
pation. In principle, some dissipation is even required for ther-
mal radiation to be emitted. But because our emitting bodies
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are halfspaces infinitely small losses are sufficient. So whenever
lossless materials are discussed it is assumed that their non-zero
losses approach 0.

4.1 Far-field thermal emission from hyper-
bolic media

Despite their fascinating properties concerning internal as well
as near-field thermal radiation, HMMs can have a band-edge like
far-field emission [41, 102]. The origin and consequences of this
emission characteristic are summarized in this section.

The characteristics are depicted in Fig. 4.1. The analyzed HMM
is a stack of alternating tungsten (W) and hafnium dioxide (HfO2)
layers, as illustrated in the inset of Fig. 4.1a. The tungsten
permittivity is taken from Ref. [93] and resembles the permit-
tivity of a Drude model [44]. The hafnia permittivity is well
approximated by εHfO2 = 3.88 [41]. The layer thicknesses are
ΛW = 20 nm and ΛHfO2 = 100 nm.

The effective permittivity in Fig. 4.1a shows a transition from
positive (real part of) ε⊥ at shorter wavelengths to negative
ε⊥ at longer wavelengths. The wavelength of the transition is
the epsilon-near-zero (ENZ) wavelength [102]. So the W–HfO2
HMM has a transition from dielectric to metallic optical behav-
ior in the near infrared. Actually, at longer wavelengths the
metamaterial is hyperbolic but as we will see the hyperbolicity
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(a) (b)

Figure 4.1: Effective permittivities and absorptivity of W–HfO2
hyperbolic metamaterial. The tungsten filling factor is 1

6 and
the periodicity Λ = 120 nm. (a) shows the effective permittivi-
ties together with the epsilon-near-zero (ENZ) wavelength. The
inset is a schematic image of the metamaterial. (b) is a map
of the absorptivity for different wavelenghts and angles of inci-
dence. It is the absorptivity averaged over s-and p-polarization
and assumes the top layer is HfO2. [(b) adapted from Ref. [41].]

is irrelevant.

The behavior translates to the absorptivity of the metamaterial.
Metallic optical properties are characterized by high reflectivity
and thus low absorptivity. A lossy dielectric, on the other side,
typically reflects little and absorbs a lot. Exactly these features
are observed in Fig. 4.1b. The calculations are performed using
the transfer-matrix method and assuming the top layer to be
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HfO2. The medium from which light impinge on the HMM is
vacuum and the HMM is thick enough to ensure no transmis-
sion. The band-edge is approximately at the ENZ wavelength.
Although the HMM is anisotropic the absorption is mainly deter-
mined by the optical constant along the layers ε⊥. S-polarized
light does not sense the anisotropy at all but a medium with
permittivity ε⊥. P-polarized light does sense the anisotropy but
(especially for smaller incidence angles) the electric field in the
vacuum is oriented mainly in the ⊥-direction. However, the
anisotropy flattens the angular dependence and keeps the ab-
sorptivity high in the dielectric region till about 70◦. Hyper-
bolic modes are irrelevant here because they have such large k⊥
that they are mismatched to the small k⊥ modes in vacuum and
therefore cannot be excited from the outside nor radiated into
vacuum.

Kirchhoff’s law of thermal radiation says that emissivity of a
body is equal to its absorptivity [10, 11] (see Section 2.6.1). So
we can expect the HMM to have a band-edge emissivity. Such
a characteristic is very interesting for thermophotovoltaics [6].
The TPV cell, the receiver in a TPV system, employs a semi-
conductor. Wavelengths above the semiconductor band gap are
not absorbed. To increase efficiency such wavelengths should not
be emitted at all [41, 102]. Hence, a HMM could efficiently act
as the selective thermal emitter.
It has also the advantage of being tunable. The ENZ wavelength
can be adjusted to the semiconductor band gap via the filling
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factors. After all, metamaterials can exhibit optical resonances
or special features in the near infrared where most natural ma-
terials do not do that [41].
Experiments have confirmed the expected properties [41, 103]
but high temperature stability of the nanostructures remains a
critical issue.

4.2 Near-field heat flux between hyperbolic
media

Let us consider two halfspaces at slightly different temperatures
T + ∆T and T with ∆T � T separated by a homogeneous
vacuum gap with the width l, as illustrated in Fig. 4.2. The
halfspaces consist of homogeneous, isotropic or uniaxial mate-
rials, or multilayer structures with optical axes parallel to the
surface normal.
The assumption of homogeneous temperatures in the two half-
spaces is well justified because even the increased near-field heat
conduction through the gap is much smaller than the solid con-
duction inside the halfspaces.
In some cases, like in a TPV setup, the assumption ∆T � T is
not justified. Then, the heat flux for the concrete temperatures
instead of the HTC at a mean temperature T has to be calcu-
lated. The difference between heat flux and HTC is minimal
and we will work with the normalized quantity, the HTC, as it
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is less dependent on adjustable parameters like the temperature
difference.

Figure 4.2: Illustration of setup for which radiative heat transfer
between two reservoirs Φ0 separated by a vacuum gap of thick-
ness l is evaluated. One reservoir is at temperature T + ∆T , the
other one at T with ∆T � T . The reservoirs can be uniaxial
media (UM) but also multilayer structures. In addition, the heat
flux inside the second halfspace Φ(z) is displayed. The dashed
arrows show the orientation of the optical axes of the UMs which
are along the z-axis.

Then the radiative heat flux through the gap is, according to
Eq. (2.161), given by Φ0 = H0∆T where the heat transfer coef-
ficient (HTC) is

H0 =
∑
j=s,p

∞∫
0

hj0(ω)dω
2π , (4.1)
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introducing the spectral heat transfer coefficient (sHTC)

hj0(ω) = dU(ω, T )
dT

∞∫
0

T j(ω, k⊥)k⊥
dk⊥
2π . (4.2)

The energy transmission coefficient T j for s- and p-polarized
waves is given by

T j(ω, k⊥; l) =



(1−|rj
1|

2)(1−|rj
2|

2)∣∣∣1−rj
1r

j
2e

i2kvac
‖ l
∣∣∣2 k⊥ <

ω
c

4=[rj
1]=[rj

2]e
−2|kvac

‖ |l∣∣∣1−rj
1r

j
2e
−2|kvac

‖ |l
∣∣∣2 k⊥ >

ω
c

, (4.3)

where rs
i and rp

i are the Fresnel coefficients for reflection of s-
and p-polarized light at the halfspace i. For more information
please refer to Section 2.6.2. T is a unitless number between 0
and 1 representing the quality of the radiation channel from one
halfspace to the other [18, 22, 79]. Its expressions are different
for propagating and evanescent waves in the vacuum.

In the following, we consider the heat exchange by thermal ra-
diation for the three different fundamental structures depicted
in Fig. 4.3: (a) two halfspaces consisting of a bulk material, (b)
two multilayer HMM (mHMM) halfspaces, and (c) two nanowire
HMM (wHMM) halfspaces.

Let us first have a look at the radiative heat flux in the gap
and the near-field effect. We consider four systems where hot
and cold halfspaces are always identical: (i) bulk germanium
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(a) (b) (c)

Figure 4.3: Systems to be analyzed. Two identical halfspaces of
(a) bulk materials, of (b) layer HMMs and of (c) wire HMMs
separated by a vacuum gap. The layer HMMs are modeled as
effective media or full multilayers, the wire HMMs as effective
media. The gap width is l.

(Ge), (ii) bulk gallium nitride (GaN) both resembling case (a),
(iii) multilayer HMM (mHMM) composed of GaN–Ge bilayers
and treated as an effective medium, and (iv) mHMM composed
of GaN–Ge bilayers with the top layer being Ge. The last two
systems have a period of Λ = 5 nm with a filling factor of 50%
and correspond to case (b). The fundamental features of wire
HMMs (wHMMs) are identical to those of mHMMs. For a bet-
ter overview we skip the wHMMs in this section but return to
them when studying the penetration depth.
Ge is a lossless dielectric with a permittivity of εGe = 16 in the
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mid infrared [93]. The relative permittivity of GaN can be de-
scribed by a Drude–Lorentz model and features a negative (real
part of the) permittivity in the angular frequency spectral range
106 − 141 · 1012 s−1. The resulting HMM is hyperbolic in the
same spectral range with one type I and one type II hyperbolic
range. Check Section 3.2 for the parameters and the effective
permittivity. Both materials as well as the HMM are nonmag-
netic.

The HTCs at T = 300 K are presented in Fig. 4.4a. They are nor-
malized to the blackbody HTC HBB ≈ 6.124 W m−2 K−1 which
is independent of the gap l. The integrations are performed nu-
merically in MATLAB (by MathWorks). Fig. 4.4b illustrates the
contributions of the different modes to the heat flux [22].

In the far-field regime, so for large l, only modes propagating
in the gap can contribute. They are limited to k⊥ < ω

c . For
blackbodies the transmission coefficient T is 1 for all propagat-
ing modes (and 0 for all other modes). For real systems T is
smaller because of reflections at the interfaces. The heat flux is
thus below the blackbody heat flux and cannot surpass it.
Towards smaller gaps Ge shows an increase to a value 16 times
above the blackbody value. This behavior is well explained re-
membering the radiative heat flux inside (approximately) lossless
materials. It is supported by propagating modes solely. Those
modes propagating inside Ge are characterized by k⊥ < ω

c

√
εGe.

At the gap frustrated total internal reflection occurs [22]. So,
different from total internal reflection [14], a part of the energy
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(a) (b)

Figure 4.4: (a) Heat transfer coefficient (HTC) H0 in the vacuum
gap at T = 300 K for the systems: bulk Ge, bulk GaN, GaN–
Ge layer HMM treated as effective medium, GaN–Ge multilayer
HMM with Ge top layer. The period of the HMMs is Λ = 5 nm
and the filling factor 50%. The HTC is normalized to the HTC
between blackbodies HBB. (b) Illustration of contributions of
different modes to the heat flux. The plane of k-vectors parallel
to the interfaces, k⊥-plane, is shown. The shaded area shows the
modes contributing to the heat flux. The red arrow and its value
constitute the radius of the shaded area. For better visualization
the drawings are not to scale.

is not reflected back into the halfspace where it comes from but
is transmitted across the gap. Ideally, all propagating and frus-
trated modes exhibit a transmission coefficient of 1, which is
indeed the case for l → 0. The spectral heat flux is increased
by √εGe

2 = εGe = 16 above the blackbody [22] and, in lack of
dispersion, so is the total heat flux.
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For a uniaxial dielectric the radius shown in Fig. 4.4b is either
ω
c

√
ε⊥ or ω

c
√
ε‖ depending on the polarization. Hyperbolic dis-

persion as well as surface modes are only observed for p-polarized
light.

The effective HMM and the GaN show an increase towards
smaller gaps proportional to 1

l2 [22]. The HMM supports hy-
perbolic modes and GaN surface modes. We will soon take a
closer look at these modes. But we already know that they are
modes with very large wavevectors. Only the non-zero gap size
introduces a k⊥ cutoff ∝ 1

l , see Section 2.6.2, hence the 1
l2 heat

flux dependence.
Effective medium theory (EMT) gives reliable results if the unit-
cell size of the underlying structure is much smaller than the
wavelength. In the far-field regime the dominant wavelength is
the thermal wavelength which is about 10 µm at 300 K. In the
near-field regime, the contribution of the evanescent waves sets
another constraint to the applicability of the effective descrip-
tion. As a rule of thumb, the effective description gives reliable
results for distances l larger than the unit-cell size Λ [57, 104].
For smaller distances, it tends to overestimate the hyperbolic
heat flux contribution [104,105].
Eventually, as expected, the real multilayer HMM resembles the
effective HMM for larger gaps but for very small l starts to devi-
ate from the 1

l2 dependence and to saturate. For large k-vectors
the dispersion relations of effective and real HMM differ and in
particular the multilayer has a cutoff kmax for modes propagat-
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ing inside the HMM. When the gap becomes too small the factor
limiting the modal contributions to heat flux is not the cutoff
due to the gap size but due to kmax. Although we neglected a
possible kmax for the effective HMM, it should be noted that,
as discussed in Section 1.2, all HMMs and also natural HMs
will show a kmax. And even surface modes cannot take on ar-
bitrary large k-vectors e. g. due to nonlocal effects [86, 87]. The
k-values can be too large for a material to be polarized and thus
to sustain metallic properties which are, on the other side, a re-
quirement for surface modes. However, these kmax correspond
to atomic distances and are hardly visible for gaps larger than a
few nanometers [86].

A deeper understanding of surface and hyperbolic mode medi-
tated heat flux can be obtained from Figs. 4.5 and 4.6. They
show the energy transmission coefficient T and the sHTC for
bulk GaN and the GaN–Ge layer HMM at a gap of l = 10 nm
when surface and hyperbolic modes dominate the heat flux.

Inside the reststrahlen band (ωTO < ω < ωLO) 106−141·1012 s−1

where GaN has a negative (real part of the) permittivity it sup-
ports surface modes, more precisely surface phonon polaritons.
The resonance is around 136 · 1012 s−1 where < (εGaN) = −1.
Appendix C.2 derives the dispersion relation of surface modes
and provides more insight.
The heat flux is caused by surface modes on both sides of the gap
coupling and thus creating an efficient radiation channel through
the gap [16, 106]. The coupling can be symmetric or antisym-
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(a) (b)

Figure 4.5: Energy transmission coefficient T of p-polarized ra-
diation through the vacuum gap for the systems: (a) bulk GaN
and (b) a GaN–Ge layer HMM treated as effective medium. The
filling factor of the HMM is 50%. The gap size is l = 10 nm.

metric, depending on the permittivity value. For permittivities
(with real part) smaller -1, i. e. for the lower-frequency branch,
the coupling is symmetric; for permittivities between -1 and 0,
i. e. for the higher-frequency branch, the coupling is antisym-
metric [4, 5]. The red, large heat flux lines in Fig. 4.5a coin-
cide with the dispersion relation of coupled surface modes. The
heat flux is maximal at the resonance around 136 · 1012 s−1, see
Fig. 4.6a, because it features the highest k⊥-values and therefore
the largest area of contributing modes in the k⊥-plane. Surface
modes are only observed in p-polarization (see Appendix C.2).
For s-polarization, as they do not support any bulk or surface
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(a) (b)

Figure 4.6: Spectral heat transfer coefficient (sHTC) in the vac-
uum gap h0 for the systems: (a) bulk GaN and (b) a GaN–Ge
layer HMM. The period of the HMM is Λ = 5 nm and the filling
factor 50%. The gap size is l = 10 nm. Results for the effec-
tive HMM and the real multilayers are plotted. The sHTC is
normalized to the sHTC between blackbodies hBB.

modes, metallic properties (negative permittivity) lead to very
small heat fluxes.
Surface modes allow heat transfer with extremely large k⊥. This
may be surprising since, as discussed in Section 2.6.2, the e−2|kvac

‖ |l

term in the transmission coefficient (4.3) introduces a cutoff.
This is indeed the case but surface modes are characterized by
the denominator of T approaching 0, a kind of a resonant behav-
ior [107]. Hence, the exponential damping can be partly com-
pensated for and the cutoff sets in only at very large k⊥. The
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cutoff towards high wavenumbers is always smooth, not sharp.

Hyperbolic modes, on the other side, are broadband w. r. t. the
wavevectors. They are not thin lines in the ω-k⊥-plane but whole
areas. Thermal photons propagating inside the HMM tunnel
the vacuum gap where they cannot propagate due to their large
k⊥ [18, 38, 108]. Hyperbolic modes are, in fact, frustrated total
internal reflection modes; however, with much larger k⊥ than
the frustrated modes of dielectric media.
Type II hyperbolic modes feature a region of small k⊥ with no
propagating modes. This translates into a small T there. In the
type I range all modes with k⊥ from 0 till the cutoff contribute
to the heat flux. Different from surface modes hyperbolic modes
do not exhibit the behavior of the denominator of T approaching
0 and are cut off at smaller k⊥.

We already discussed the heat flux between real HMMs with Ge
top layer in comparison to effective HMMs, seen in Fig. 4.6b.
The multilayer displays a smaller heat flux. How much smaller
depends on the ration of gap size l and HMM periodicity Λ.
When GaN is the top layer things change. Concerning the hy-
perbolic modes actually nothing changes. But because GaN
supports surface modes the HMM with GaN top layer does so
too [57, 104]. Hyperbolic and surface modes overlap making it
impossible to clearly distinguish them. But the peak in Fig. 4.6b
around 138 · 1012 s−1 is clearly caused by surface modes. Note
that because the top layer has a finite thickness the dispersion
relation of these surface modes is different from the one for bulk
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GaN [107].

If only one of the two bodies exchanging heat support high-k
modes the near-field heat flux is significantly reduced and also
its spectral distribution altered [35, 105]. Only if both sides
support modes at the same frequency ω and the same tangen-
tial wavevector k⊥ those modes will couple across the gap effi-
ciently and transport a lot of heat via radiation [36,105]. These
high-k modes don’t have to have the same physical origin, al-
though same kinds of modes (e. g. surface modes) match the
best [36,105].

4.3 Penetration depth of near-field heat
flux in hyperbolic media

After discussing the near-field heat flux through the vacuum gap
we turn to its penetration into the colder halfspace, as depicted
in Fig. 4.2.

In the following, we consider the heat exchange by thermal ra-
diation for the three different structures depicted in Fig. 4.3:
(a) two gallium nitride (GaN) halfspaces, (b) two multilayer
HMM (mHMM) halfspaces composed of GaN–Ge bilayers, and
(c) two nanowire HMM (wHMM) halfspaces consisting of GaN
nanowires immersed in a Ge host.
In order to describe the optical response of the structures (b)
and (c) we use effective medium theory (EMT), more precisely
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Eqs. (1.5)–(1.8). We choose fGaN = 50% for the mHMM and
fGaN = 30% for the wHMM filling factor. The 50% for the
mHMM ensure that type I and type II hyperbolic spectral ranges
are adjacent to each other (cf. Fig. 3.3) – not separated by a di-
electric or metallic region in between – and as wide as possible.
The 30% for the wHMM also maximize the width of the hyper-
bolic regions while remaining small enough for the EMT to be
applicable [54]. z is the direction perpendicular to the surfaces.
Note that although we call the structures (b) and (c) HMMs,
they are hyperbolic only in certain frequency ranges. For the
mHMM the range is 106 − 141 · 1012 s−1 and for the wHMM it
is 106− 121 · 1012 s−1 (with a small non-hyperbolic region from
111− 112 · 1012 s−1).

Now, we want to define the penetration depth (PD) or attenu-
ation length δ of the thermal radiation into the colder medium.
To this end, we need to determine the heat flux or the heat
transfer coefficient inside the colder medium. It is already clear
that due to the rotational symmetry of the problem the heat
flux is along the z-direction (‖-direction) only. Furthermore, the
components of the electric and magnetic fields parallel to the
interfaces are continuous which implies that the z-component of
the Poynting vector is continuous at the interface as well. Fi-
nally, we know that the intensity of a plane wave with a given
frequency ω and tangential wavevector k⊥ impinging on a semi-
infinite uniaxial medium (with the optical axis along the surface
normal) is damped by a factor e−2=(kj

‖)z, where kj‖ is the polariza-
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tion dependent wavevector component along z-direction, i. e. the
direction of propagation of the heat flux. Hence, from Eq. (4.2)
giving the spectral heat transfer coefficient inside the vacuum
gap and in particular at the interface of the absorbing medium,
we can easily deduce the sHTC inside the colder medium. We
obtain

hj(ω; z) = dU(ω, T )
dT

∞∫
0

T j(ω, k⊥)e−2=(kj
‖)zk⊥

dk⊥
2π (4.4)

assuming the vacuum–cold medium interface is located at z = 0
(see Fig. 4.2). More information on the derivation is given in
Section 2.6.2. By replacing hj0 by hj in Eq. (4.1) we obtain the
heat transfer coefficient H(z) inside the colder medium. The
z-component of the wavevector is in our case given by

ks
‖ =

√
ω2

c2 ε⊥ − k
2
⊥ (4.5)

for s-polarized waves (ordinary waves) and by

kp
‖ =

√
ω2

c2 ε⊥ − k
2
⊥
ε⊥
ε‖

(4.6)

for p-polarized waves (extraordinary waves). The ε⊥/‖ are the
(effective) permittivities of the halfspace. Obviously, the aniso-
tropy makes itself felt through the p-polarized waves.

The PD δ is now defined such that it determines the distance at
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which the heat transfer coefficient H has dropped to 1/e of its
value inside the vacuum gap, i. e.

H(δ) = H(0)
e = H0

e . (4.7)

In a similar way we define the spectral PD δ(ω) as the distance
at which the spectral heat transfer coefficient h = hs + hp drops
to 1/e, i. e.

h(ω; δ(ω)) = h(ω; 0)
e = h0(ω)

e = hs
0(ω) + hp

0(ω)
e . (4.8)

It is worth noting that the penetration depth of radiative heat
flux is naturally related to the PD of the intensity of electromag-
netic plane waves δj(ω, k⊥) = 1

2=(kj
‖)

(j = s,p).

Before discussing the total PD for the different systems (a)–(c),
we present in Fig. 4.7 the sHTC h0(ω) and the spectral PD δ(ω)
for the different structures choosing l = 10 nm and T = 300 K. It
can be seen in Fig. 4.7a that the heat flux between bulk GaN has
a large, narrow peak at the surface mode frequencies as expected
in this case [16]. For the two HMMs in Figs. 4.7b and 4.7c, the
heat flux is strong in the broad frequency bands where hyperbolic
modes exist. For the mHMM in Fig. 4.7b both bands touch each
other which is due to the choice of fGaN = 0.5 resulting in a broad
plateau for the sHTC and the spectral PD. For the wHMM in
Fig. 4.7c both bands are separated by a small, non-hyperbolic
region (when choosing fGaN = 1

3 instead of fGaN = 0.3 both
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bands would touch as well). That is the reason for the small dip
in the middle of the plateau of the sHTC.

(a) (b) (c)

Figure 4.7: Spectral thermal penetration depth δ(ω) (solid lines)
and spectral heat transfer coefficients (sHTC) in the vacuum gap
h0 (dashed lines) for (a) bulk GaN, (b) GaN–Ge layer HMMs
and (c) GaN–Ge wire HMMs. The sHTC is normalized to the
sHTC between blackbodies hBB. The gap width is l = 10 nm.
For the HMMs the spectral ranges with type I or II hyperbolic
dispersion are highlighted in color. [From Ref. [65], Copyright
2014 AIP Publishing LLC.]

For all structures, the spectral PD decreases when the sHTC
increases [100, 101, 109]. This is not surprising if Eq. (4.6) is
recalled. The larger k⊥ the larger is the imaginary part of (as-
suming k⊥ � ω

c )

kp
‖ ≈ ik⊥

√
ε⊥
ε‖
, (4.9)
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namely

=
(
kp
‖

)
≈ k⊥<

(√
ε⊥
ε‖

)

≈ k⊥

√
|ε⊥|
|ε‖|

cos
(

arg(ε⊥)− arg(ε‖)
2

)
.

(4.10)

And the large heat fluxes are caused by p-polarized, high k⊥

modes. Note that the opposite behavior in sHTC and spectral
PD is a general trend we observe, not a strict monotonicity.
We have small damping inside the anisotropic material if arg(ε⊥)−
arg(ε‖) ≈ ±π or if |ε⊥| � |ε‖|. In particular, inside a hy-
perbolic material where <(ε⊥)<(ε‖) < 0 the condition on the
phases can be fulfilled if the imaginary parts of the permittivi-
ties perpendicular and parallel to the optical axis are small, i. e.
if =(ε⊥) � |<(ε⊥)| and =(ε‖) �

∣∣∣<(ε‖)
∣∣∣. In a lossless case the

term
√

ε⊥
ε‖

is just an imaginary number and the modes are not
damped at all.
But for GaN =

(
kp
‖

)
≈ k⊥ and damping is always observed in-

dependent of losses. So the thermal photons are absorbed at the
surface even when the dissipation is very weak. This comes from
the fact that surface mode photons can propagate long distances
along the surface and be eventually absorbed without penetrat-
ing deep into the material.
Comparing the results in Fig. 4.7 for the different structures
(a)–(c) it becomes apparent that the PD in the HMMs can have
values as small as the PD in GaN at the peak frequency of the
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sHTC. However, considering the whole hyperbolic region δ(ω)
can for the HMMs also have values which are one or even two
orders of magnitude larger than the corresponding value for bulk
GaN. By optimizing the HMMs to have smaller absorption this
difference in PD can be made even larger.

In Fig. 4.8a the total HTC for the three systems and addition-
ally between two bulk Ge halfspaces is shown. It is normalized to
the HTC between two blackbodies. In accordance with the last
Section 4.2, the HMMs and GaN show the well-known 1

l2 depen-
dence in the near field. The relative heat flux of Ge approaches
the value εGe = 16, because the heat transfer is sustained only
by frustrated total internal reflection modes which contribute by
photon tunneling. Since we have neglected losses for Ge, its PD
is infinite. Of course, real Ge has losses due to imperfections but
the PD δ can still be very large. As can be observed in Fig. 4.8a,
the wHMM has a relatively weak heat transfer coefficient com-
pared to bulk GaN and the mHMM. However, we have checked
that by replacing Ge with some dielectric having a lower refrac-
tion index one can make the hyperbolic band much broader and
thus enhance the near-field heat flux significantly [18].

Finally, the total PD δ is depicted in Fig. 4.8b. In the far field
and the intermediate region it is more or less constant for all
materials. The higher the filling factor of GaN, the more lossy
is the effective material and the shorter the penetration. To get
an approximate boundary between the region dominated by hy-
perbolic modes and the region dominated by propagating and
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(a) (b)

Figure 4.8: (a) Heat transfer coefficient (HTC) in the vacuum
gap H0 and (b) thermal penetration depth δ at T = 300 K for
the systems: bulk GaN, GaN–Ge layer HMM, GaN–Ge wire
HMM, and bulk Ge. The HTC is normalized to the HTC be-
tween blackbodies HBB. [From Ref. [65], Copyright 2014 AIP
Publishing LLC.]

normal frustrated modes we calculated the distance l at which
50% of the total heat flux is due to hyperbolic modes. This
distance is 115 nm for the mHMM and 44 nm for the wHMM
– so approximately given by the start of the 1

l2 dependence of
the HTC. The spectral heat flux is generally much broader (e. g.
the full width at half maximum range is 46 − 212 · 1012 s−1 for
blackbody heat flux at 300 K) than the hyperbolic bands such
that they only dominate in the near field on which our focus lies.
In this strong near-field regime where the surface or hyperbolic
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modes dominate the heat flux for GaN and the HMMs, δ drops
dramatically. This behavior can be understood by the fact that
with smaller l modes with k⊥ on the order of 1

l dominate the
thermal radiation, so that =(kp

‖ ) ∝ k⊥ ∝ 1
l and hence the PD

becomes approximately proportional to l. Most importantly, in
the intermediate regime the PD in the HMMs can be two to three
orders of magnitude larger than in GaN and in the strong near-
field regime it can be more than one order of magnitude larger
than in GaN. Hence, our numerical results suggest that hyper-
bolic materials are preferable to phonon-polaritonic media when
larger near-field PDs are needed as in the case of nTPV [37].

In a real GaN–Ge multilayer the extinction of the heat flux is
not uniform. In the lossless Ge layers the heat flux is constant.
In the lossy GaN layers the absorption is so strong that the ab-
sorption averaged over GaN and Ge layers equals the absorption
of the effective HMM [66]. This is true as long as the EMT is
applicable.
Following Section 4.2, as the EMT fails it overestimates the heat
flux because it assumes the existence of high k⊥ modes which
are actually cut off. For the PD the effect is reverse. Smaller k⊥
modes means smaller heat flux but larger penetration depths for
the real structure. There is a tendency of opposite trends for the
thermal heat flux and the attenuation length, i. e. large attenua-
tion lengths are accompanied by relatively small heat fluxes and
vice versa.
When GaN is the top HMM layer hyperbolic and surface modes
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mix. The surface-mode mediated heat flux decays very rapidly,
as typical for surface modes. The hyperbolic-mode mediated
heat flux behaves as explained previously. Depending on the
strengths of both fluxes the PD of the total flux can be smaller
or larger.
A deeper discussion on the penetration of radiative heat flux into
real multilayers is presented in Ref. [66].

It should be mentioned that the structures presented here are
not directly applicable to nTPV systems. Here, we report on
the general property of hyperbolic modes supporting large pen-
etration depths of near-field heat flux. For nTPV applications,
the materials should produce hyperbolic regions in the near in-
frared where photovoltaic cells are available. Furthermore, the
hyperbolicity and the cell functionality – separation of created
free charges resulting in a usable voltage – must be combined.
The ratio of photons creating free charges and photons absorbed
in the metal just heating the receiver is crucial for the system
efficiency. Concrete systems and the variety of nTPV aspects
are left for further studies.

In conclusion, we have shown with concrete examples that the
PD of thermal photons in the near-field regime can be much
larger for materials or systems supporting hyperbolic modes than
for materials supporting surface modes. The reason is the dif-
ferent nature of those modes. In addition, there is a trade-off
between large heat fluxes and large PDs. It seems achieving both
simultaneously is very complicated.
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Although having a broad frequency band for nanoscale heat
radiation seems to be disadvantageous for nTPV, this disad-
vantage is compensated by a striking property of hyperbolic
modes: Hyperbolic modes are propagating modes inside the hy-
perbolic metamaterials and therefore the penetration depth is
much larger than for surface modes. Hence, the effective layer
on which electron-hole pairs are generated can be orders of mag-
nitude larger than for surface-mode driven heat transfer. And
thus, HMMs could be used to overcome the tricky problem of the
saturation in hole-electron pair concentration close to the sur-
face in nTPV devices. They could also be exploited to develop
efficient heat removal systems which are able to extract the huge
density of energy confined at the surface of hot bodies.



Chapter 5

Dynamic measurement
of near-field radiative
heat transfer

As we previously learned, in the far field the electromagnetic
radiation emitted by a hot body is limited to the well-known
blackbody distribution. However, the blackbody theory is only
valid when the characteristic dimensions of the body are signif-
icantly greater than the wavelength of maximal thermal radia-
tion, ≈ 10 µm at 300 K. When bodies at different temperatures
do not satisfy this criterion, then the radiative heat flux may
display drastically different characteristics. Particularly, if the
separation distance is smaller than the maximum wavelength
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the radiative heat flux can be orders of magnitude greater than
the blackbody limit. We discussed this phenomenon, known as
near-field radiative heat transfer [4, 5, 15], in Chapter 4.

Given its importance as a generalization of Kirchhoff’s law of
thermal radiation, near-field radiative heat transfer has gar-
nered considerable scientific interest, spanning computational
aspects [15, 19, 22], the effect of surface [16, 100] and hyperbolic
modes [17,18,65,97,99], and potential applications [5,7,20,26,28].
A number of experiments demonstrating the near-field effect in
different geometries have also been reported, each with their
own merits and drawbacks. Tip–plane [8,20,23,25,110–112] and
sphere–plane [9, 27, 108, 113–116] geometries allow for surface
mapping and precise distance control, but suffer from compli-
cated data analysis. Plane–plane experiments offer the advan-
tage of simple interpretation and large, easily detectable, heat
fluxes [7,21,26,117–123], however, these experiments are compli-
cated by the need to create uniform sub-micrometer gaps. Other
geometries combine advantages of these geometries, but suffer
from their own challenges, such as elaborate microfabrication of
samples [124,125].

While the details of these experiments are widely varied, they
are tied by a single, dominant, operational paradigm: One side
is heated with constant power, and the other is kept at con-
stant lower temperature. The temperatures on hot and cold
sides, along with heat power flux, are then measured once the
system has reached a steady (stationary) state, and from these
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quantities the near-field heat conductance – radiative heat power
flux normalized to the temperature difference – is determined.
That is, these experiments are all performed under stationary or
steady-state conditions, where by “stationary” we refer to non-
time-varying systems. “Steady-state” measurement techniques
allow variations at one frequency (and its harmonics), thus in-
clude “stationary” measurements, but forbid the measurement of
any transient effects. In other words, “stationary” and “steady-
state” measurement signals have a discrete, not continuous, fre-
quency spectrum. In some of the near-field experiments the gap
size [7,20,25,110,116,122] or the heating power [111,116,122] is
modulated to improve sensitivity. Yet even in these cases, mea-
surements are conducted only once steady-state conditions have
been achieved, and the measured quantities directly determine
the gap conductance.

In theory, this is the simplest (most straight forward and indis-
putable) method of measuring the power transferred by thermal
radiation. However in practice, there is a number of drawbacks:

(I) All other resistances and losses between the sensors must be
carefully approximated or eliminated before the radiative
gap conductance can be measured.

(II) The sensors and heaters / coolers must be built into the
system. This requires sample accessibility from both sides
of the gap where thermal heat transfer is taking place, and
good contacting. Often, additional micro- / nanofabrication
steps are utilized for that.
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(III) The time for an object to thermalize is proportional to D2

α ,
with D standing for the largest characteristic length, and α
the thermal diffusivity. If a sample has any characteristic
dimensions on the centimeter scale then it can quickly be-
come very time consuming – several minutes to several tens
of minutes to even hours – to wait for thermal transients to
decay substantially.

In this chapter, we report a dynamic near-field radiative heat
transfer measurement procedure based on the transient plane
source (TPS) technique [126, 127] that substantially alleviates
these functional concerns. Notably, the approach requires no
specialized sample preparation or microfabrication steps. We
present experimental data showing the viability of our method
using centimeter sized samples consisting of two optical glass
disks separated by gaps varying from 7 µm down to 150 nm.
This data agrees well with expected theoretical values and marks
the highest radiative thermal conductance enhancement – up to
16 times greater than the blackbody limit – reported for such
macroscopic samples. Further, our method requires only one side
of the sample to be contacted, and provides additional informa-
tion about the thermal dynamics of the sample not measurable
with stationary approaches. Conceivably, it also allows for the
resolution of thermal conductance at multiple gaps; and pro-
vides a vital step towards analyzing and implementing systems
making use of dynamic thermal effects in the near field.
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5.1 Sample preparation and characteriza-
tion

5.1.1 Sample preparation

For our near-field measurements we have used interferometric
quality disks (double surface polished optical flats from Laser
2000) with 20 mm diameter and 5 mm thickness as samples. Two
types of optical flats were tested: BK7 glass with a specified
surface flatness of λ/10 and fused silica glass with λ/20 peak-to-
valley flatness for smaller gaps (λ = 633 nm).
The gap between the lower disk (substrate) and upper disk (su-
perstrate) is maintained by silica spheres serving as spacers,
similar to Ref. [21]. The particles (monodisperse particles for
research purposes from microParticles GmbH) with mean di-
ameters of 7.38 µm, 4.64 µm, 2.79 µm, 1.3 µm, 755 nm, 500 nm,
304 nm, 143 nm and polydispersity less than 5% ensure suffi-
ciently uniform gaps. Silica is chosen for its good mechanical
and thermal stability.

Gaps were created using the following procedure: First, the glass
disks are thoroughly cleaned. After ultrasonication in acetone,
and then isopropanol, the flats are rinsed with deionized water.
Next, the disks are placed in a 60 ◦C bath of water and 2% glass
cleaning concentrate (Hellmanex III from Hellma Analytics) and
rinsed again. Finally, the disks are blown dry with nitrogen.

An aqueous suspension is then prepared with the micro particles
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such that in statistical average three 1 µl drops will contain the
desired amount of particles. Three such drops are placed on one
disk (the substrate). Using a hot plate the water then is evap-
orated leaving only the particles on the upper surface. Finally,
the second disk (the superstrate) is carefully placed on top of
the substrate.
The particles cover approximately 10−3% of the ≈ 314 mm2 gap
area. Tables B.1 and B.2 in Appendix B.1 present the expected
number of particles for each measurement. The actual number is
subject to statistical variations. Assuming mechanical properties
of bulk fused silica, the deformation of the spheres is calculated
to be less than 1%. Even with reduced mechanical properties,
as expected for untreated as-synthesized particles [128], sphere
deformation is likely limited to a few percent of the radius.
The smaller, 300 nm and 150 nm gaps pose a particular challenge
for realization and measurement. One of problems is clustering
of the particles, the number of which increases with decreasing
gap size (cf. Table B.1) making clustering more likely. Hence,
clustering is a small gaps problem. Although our general ap-
proach for smaller gaps is the same as for larger gaps, additional
measures must have been taken which are listed in Appendix B.3.

As we will see, the substrate–gap–superstrate setup must be con-
tacted only on the lower side. Thus, the spacer concentration can
be reduced compared to conventional steady-state techniques as
the upper load is less and the probability to destroy the spacers
during setting up is lower. Additionally, the open upper disk
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allows e. g. simple, optical in-situ gap measurements without ac-
cess difficulties [119,120].

5.1.2 Gap size measurement

To verify the existence and determine the size of the gap be-
tween the disks we measure the reflectivity of the substrate–gap–
superstrate setup with a UV/Vis/NIR spectrometer (LAMBDA
1050 spectrophotometer + URA module from PerkinElmer). The
reflectivity features result from Fabry–Pérot interference in the
gap, with a periodicity characteristic of the gap size. This al-
lows the gap size to be determined to high precision [119, 120].
The spectral range is limited to the near ultraviolet, visible and
near infrared where the glasses are transparent. The concrete
wavelength range depends on the gap size and the glass type.
We used a wavelength resolution of 5 nm.

Measured and simulated reflectivity are plotted in Fig. 5.1. The
calculation is based on a simple, multiple reflections assumption
and given by

Rgap setup = R+ T 2Rgap + T 2RR2
gap + T 2RT 2

gap. (5.1)

R and T = 1−R are the reflectivity and transmission at the air–
glass interfaces. Reflectivity is obtained by taking the absolute
values squared of the reflection coefficients provided by equations
(2.11) and (2.12) or the well-known Fresnel equations. Note that
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(a) (b)

Figure 5.1: Reflectivity of substrate–gap–superstrate setup
Rgap setup with BK7 disks and 2.79 µm particles used as gap
spacers. Besides the measured reflectivity also the calculated
one is shown assuming (a) a gap size of 2.754 µm fitting the re-
flectivity the best and (b) a gap size representing the upper limit
of the gap size error margin which turns out to be ±19 nm. The
angle of incidence is 8◦, the light is unpolarized. The periodicity
of the Fabry–Pérot interference in the gap is very sensitive to the
gap size leading to very precise gap size determination. [From
Ref. [68].]

reflectivity and transmission of light coming from the air at an
angle of incidence of ϕ = 8◦ and of light coming from the glass
at the respective, refracted angle of incidence are identical. Gap
reflectivity and transmission are given by Rgap = 1 − Tgap and
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the Fabry–Pérot expression

Tgap = T 2

1 +R2 − 2R cos
(
ω
c 2l cosϕ

) . (5.2)

l is the gap size. There is no Fabry–Pérot interference observed
from the disk due to the large disk thickness of 5 mm. As directly
seen from (5.1) the reflectivity of the gap setup takes into account
up to two light interactions with the gap. We checked that taking
into account more interactions has practically no more effect on
the calculated Rgap setup.

To determine the gap size we first define the fitting error as the
sum (over discrete measurement wavelengths) of squared differ-
ences between measured and calculated reflectivity. The fitted
gap size is the one minimizing the error. The uncertainty region
is the gap size range which yields errors smaller than two times
the minimal error. The factor two is chosen by us to ensure a
reliable but not too large error margin.
Fig. 5.1 shows the measured reflectivity for a gap created with
2.79 µm particles and two calculated reflectivities, one assuming
the fitted gap size and one assuming the gap size correspond-
ing to the upper uncertainty limit. As the figure depicts, the
Fabry–Pérot features are very sensitive to the gap size. Even
small deviations from the optimal value make measured and sim-
ulated reflectivities different, and therefore, the gap size fitting
uncertainty is small. As the gap size is measured within a small
area at one position, an additional deviation of two times λ/10
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or λ/20 (peak-to-valley deviation of glass disks at λ = 633 nm)
is always included in the gap uncertainty to account for possible
sample non-planarity.

Small variations in the gap size across the 5 × 5 mm2 mea-
surement area result in locally different Fabry–Pérot patterns.
These different patterns have slightly different periodicities pro-
portional to the inverse of the gap size (rememberR vs. wavenum-
ber ω

c shows a unique period whereas R vs. wavelength shows
an increasing period). The averaging over the measurement area
results in an averaging over the Fabry–Pérot periods and thus,
in an averaging over the inverse of the gap size. So (1 / ob-
tained gap size) equals the average of (1 / gap size). In the
transition region from far-field to strong near-field heat transfer,
where most of our measurement points lie, the heat flux approx-
imately scales with the inverse of the gap size (cf. Section 4.2).
Consequently, the measured average heat flux is the heat flux
at average inverse gap size; these are both quantities that we
measure [121].

Any significant non-uniformity of the gap, and thus locally shifted
interference patterns, results in the disappearance of the pattern
in the measurement. Strongly non-uniform gaps can even be
identified with the naked eye because they show an interference
color line pattern. Furthermore, the upper disk is floating on
the lower one because there is almost no friction, especially at
larger gaps. If there are locations where the two samples are
touching, e. g. because the spacers were destroyed there, we will
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easily identify them since they cause friction and thus, lose their
floating property. This and the interference color line patterns
moreover allow us to make sure that after mounting the samples
the gap is still intact.

5.2 Dynamic measuring technique

The basis of our measurement technique is the transient plane
source (TPS) method, commonly used in the determination of
bulk thermal parameters [126,127]. In this approach, a thin disk
consisting of a nickel double spiral embedded in Kapton [129] in-
sulation, acts both as a heat source and temperature sensor. To
perform a measurement, the sensor/heater is brought into con-
tact with the material under investigation, and a step power
input function is applied. The temperature transient is then
recorded by measuring the changing resistive load of the sen-
sor/heater which is a function of temperature. The transient
depends on the heat conductance of the environment with which
the sensor/heater is in contact.

The thermal properties, including any potential boundary ef-
fects, of the surrounding material influence the shape of this
temperature transient. As each bulk thermal characteristic af-
fects heat transport in a distinct way, the transient contains
enough information to simultaneously extract thermal conduc-
tivity and diffusivity without knowledge of the specific heat ca-
pacity [126,127]. (Our measurements have been conducted using
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a commercially available TPS 2500 S from Hot Disk AB, and
a Kapton sensor/heater of 19.8 mm diameter provided by this
same company.) To our knowledge, the here presented work is
the first extension of the TPS technique to near-field measure-
ments.

Once the gap setup is prepared and the gap size measured,
the setup is placed onto the TPS sensor/heater. To improve
the thermal contact 1 ml of a vacuum suitable thermal paste
(Apiezon L Grease from M&I Materials Ltd) is applied between
sensor/heater and substrate. The setup is lying on a thermal in-
sulator (Vacupor from Morgan Advanced Materials Porextherm,
conductivity at 1 mbar ≈ 5 mW m−1 K−1) and a piece of alu-
minum foil is placed between sensor/heater and insulator to re-
duce thermal losses via conduction and radiation. The setting is
visualized in Fig. 5.2.
To mitigate both convective and conductive heat flow from the
boundaries, the whole setup is then placed in a vacuum chamber
reaching a pressure of approximately 10−5 mbar. The glass disks
lie freely on the sensor/heater, with only the upper disk touching
two nylon screws of a sample holder. (Without the holder the
upper disk would slide away as friction is extremely low.) The
thermal conduction through the screws adds to the side radia-
tion losses. But since nylon is low conducting and due to the
very small contact force the contact resistance is high, the effect
of the screws is assumed to be negligible.

Two measurements are performed. First, the temperature tran-
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Figure 5.2: Schematic of experimental setup. (a) Two optical
glass disks 20 mm in diameter (substrate and superstrate), sep-
arated by micro/nano particle spacers, are placed on the TPS
sensor/heater. After the transient has been recorded the upper
disk is removed, keeping the remaining setup unchanged, and
a reference measurement (b) is made. For easier visualization
particles size and TPS sensor/heater thickness are shown not
to scale. The inset illustrates the situations at the gap / sub-
strate top. The heat flux from hot substrate to cold superstrate
through a gap with small size l (left) is larger than far-field ra-
diation from the substrate top (right). For thermal radiation
around room temperature the glass disks are opaque. [From
Ref. [68].]

sient of the gap setup is measured without modification. This
setup is called the gap sample. Next, the superstrate is carefully
taken away such that the rest of the setup remains otherwise
unchanged, Fig. 5.2. This second measurement serves as a ref-
erence, thus, this setup is called the reference sample. For both
measurements, a power input of 40 mW is applied to the sen-
sor/heater for 640 s. In Fig. 5.4 two examples of measured gap
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transients for gap sizes of 315 nm and 2.75 µm are shown for BK7
and for fused silica along with their reference transients. When
the glass superstrate is present, near-field radiative heat transfer
allows additional heat to escape the substrate, lowering its tem-
perature at constant heating power (Fig. 5.2 inset). The smaller
the gap the stronger this effect is. Note that the transients begin
to differ significantly only once the heat front originating from
the sensor/heater has reached the upper surface of the substrate,
confirming the validity of the reference.

5.3 Modeling and fitting

As the measurement is dynamic, the thermal conductance of the
gap cannot be read out directly. Rather, this information must
be extracted from the shape of the transient by a fitting proce-
dure. To accomplish this fitting, we utilize two models: a simple
1-dimensional (1D) stack and a more comprehensive, hence com-
plex, 2-dimensional (2D) finite-difference-time-domain (FDTD)
gaped cylinder [130,131]. The underlying assumptions of the 1D
model, 1-dimensionality and linear response, are verified by the
2D FDTD model.

5.3.1 1-dimensional model

The framework of the 1D model is illustrated in Fig. 5.3. The
glass disks serving as substrates and superstrates are divided into
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N layers, each with a thermal capacity mc1/2,j , and a relative
temperature ∆T 1/2,j with respect to the thermal equilibrium
temperature T0 = 294 K (±1 K). N − 1 resistances R1/2,j sepa-
rate these layers, comprising the thermal resistivity of the disks.
Additionally, the TPS sensor/heater has a capacity mcsen and
temperature ∆T sen and the gap as well as the sensor/heater–
substrate contact are represented as resistances Rgap and Rc.

At t = 0 heat with a power of Pin = 40 mW is applied to the
sensor/heater. As time progresses, this input power to the sen-
sor/heater is countered by conductive and radiative losses to the
base and radiative losses to free space. We model these addi-
tional effects as the conductance hsen and emissivities ε, assum-
ing linear dependence on ∆T . The validity of this assumption
rests on the fact that ∆T is small compared to T0, and is one
of the reasons a small input power is used. The sensor/heater
is only a few tens of microns thick in total, and so losses to its
sides are neglected.

The 1D model provides an analytic solution for the layer tem-
peratures as a function of time, including the sensor/heater tem-
perature. To obtain the temperatures, we first consider the heat
equation for each individual layer (heat capacity mc). Each
equation has the form

d∆T
dt = 1

mc

d∆Q
dt = 1

mc
Pin,total (5.3)

where ∆Q is the thermal energy of the layer relative to the initial
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Figure 5.3: Illustration of the 1-dimensional (1D) model. The
model consists of alternating layers of thermal capacities mc
at absolute temperature ∆T + T0 and thermal resistances R.
The system is initially in thermal equilibrium at temperature T0
(∆T = 0). At time t = 0 a thermal power of Pin = 40 mW is
applied to the TPS sensor/heater. The system loses energy via
conduction and radiation to the bottom Psen and via radiation
to the top Ptop and the sides P1/2,j . [From Ref. [68].]

equilibrium. For a layer j in the middle of the sample, the total
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input power is

Pin,total 1/2,j =
∆T 1/2,j−1 −∆T 1/2,j

R1/2,j−1

+
∆T 1/2,j+1 −∆T 1/2,j

R1/2,j
− ε1/2,jA1/2,jσB4T 3

0 ∆T 1/2,j .

(5.4)

Similar expressions can be found for the outer sample layers and
the sensor/heater layer. The equations (5.3) for all capacity
layers, combined with the expressions for the input power (5.4),
yield a system of linear differential equations

d
dt∆T(t) = M ·∆T(t) + Pin, (5.5)

with initial condition

∆T(t = 0) = 0. (5.6)

We collected all temperatures in one vector

∆T =
(
∆T sen ∆T 1,1 · · · ∆T 2,N

)T
. (5.7)

The Pin vector is

Pin =
(

Pin
mcsen

0 · · · 0
)T

(5.8)
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and the tridiagonal M matrix has the entries

M1,1 = −1 + hsenAsenRc
Rcmcsen

,

M1,2 = 1
Rcmcsen

,

M2,1 = 1
Rcmc1,1

,

M2,2 = −Rc +R1,1 + ε1,1A1,1σB4T 3
0RcR1,1

RcR1,1mc1,1
,

M2,3 = 1
R1,1mc1,1

,

Mj+1,j = 1
R1,j−1mc1,j

,

Mj+1,j+1 = −R1,j−1 +R1,j + ε1,jA1,jσB4T 3
0R1,j−1R1,j

R1,j−1R1,jmc1,j
,

Mj+1,j+2 = 1
R1,jmc1,j

,

MN+1,N = 1
R1,N−1mc1,N

,

MN+1,N+1 = −R1,N−1 +Rgap + ε1,NA1,NσB4T 3
0R1,N−1Rgap

R1,N−1Rgapmc1,N
,

MN+1,N+2 = 1
Rgapmc1,N

,

MN+2,N+1 = 1
Rgapmc2,1

,

MN+2,N+2 = −Rgap +R2,1 + ε2,1A2,1σB4T 3
0RgapR2,1

RgapR2,1mc2,1
,
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MN+2,N+3 = 1
R2,1mc2,1

,

MN+j+1,N+j = 1
R2,j−1mc2,j

,

MN+j+1,N+j+1 = −R2,j−1 +R2,j + ε2,jA2,jσB4T 3
0R2,j−1R2,j

R2,j−1R2,jmc2,j
,

MN+j+1,N+j+2 = 1
R2,jmc2,j

,

M2N+1,2N = 1
R2,N−1mc2,N

,

M2N+1,2N+1 = −1 + (ε2,NA2,N + εtopAtop)σB4T 3
0R2,N−1

R2,N−1mc2,N
.

(5.9)

The solution to this system of linear differential equations is

∆T(t) = expm (Mt) M−1Pin −M−1Pin. (5.10)

Here expm(◦) is the matrix exponential. The model and the cor-
responding equations for the reference measurements with only
one glass flat are analog to the gap model.

We divided the total thermal capacity of one glass disk into
N = 10 equal capacity layers and the total thermal resistance
into N − 1 = 9 equal resistance layers. Accordingly, the lat-
eral surface area is also divided into N = 10 equal areas A1/2,j .
Finer discretization, accompanied by larger N , does not further
improve the accuracy of simulation results, however, would in-
crease computation time.
Glass disks and TPS sensor/heater have a diameter of 20 mm.
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The disks are 5 mm thick. One BK7 disk weighs mBK7 = 3.92 g
and fused silica disk mFS = 3.46 g. For our modeling we employ
a specific capacity of cBK7 = 0.82 J g−1 K−1 and a conductivity
of λBK7 = 1.11 W m−1 K−1 for BK7. For fused silica the values
are cFS = 0.755 J g−1 K−1 and λFS = 1.38 W m−1 K−1. They are
taken from the respective datasheets [132, 133] and agree with
independent measurements (performed with TPS 2500 S from
Hot Disk AB). Only the specific capacities are slightly modi-
fied by a few percent compared to the datasheets to improve
fitting. Such variations are not unusual and depend on man-
ufacturing procedures, glass composition, etc. Resistances are
calculated via R1/2,j = 5 mm

(N−1)λπ(10 mm)2 . The sensor/heater ca-
pacity is mcsen = 85 mJ K−1 which is increased above the value
provided by the sensor/heater manufacturer to account for the
thermal paste.

The fitting procedure proceeds as follows: First, we fit the refer-
ence sample measurements; determining the contact resistance
Rc, top emissivity εtop, side emissivity εside (we assume all side
emissivities to be equal ε1/2,j = εside(∀j)), and sensor/heater
loss conductance hsen. εtop and εside are identical for all BK7
references and all fused silica references. Rc and hsen vary from
measurement to measurement as the sensor/heater–substrate
contact is intrinsically variable due to varying thickness and
morphology of the thermal paste layer used to contact the sen-
sor/heater to the glass disk and due to small differences in the
position where the sensor/heater lies on the insulator.
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The fitted figures are εtop = εside = 0.85 for BK7 and εtop =
εside = 0.89 for fused silica. Note that these fits were compared
against absorptivity measurements from a Fourier Transform
Spectrometer (FTIR) (VERTEX 70 from Bruker) and found to
be in agreement, see Fig. B.2 in Appendix B.2. (In principle
the top and side emissivities can be different due to different
roughness.) Fitted Rc values were found to range from 5 to
11 K W−1, while sensor/heater loss conductance hsen was found
to vary from 0.3 to 5.5 W m−2 K−1 (below the blackbody heat
flux of 5.76 W m−2 K−1 at 294 K). Considering all the possible
variations from measurement to measurement, some mentioned
above, the large ranges of Rc and hsen are reasonable. These
fluctuations pose no problem to the measuring technique as their
influence is taken into account. Only changes from gap to refer-
ence measurement are problematic and will be discussed next.

Next, the gap sample measurement is fit using only one param-
eter, the gap resistance Rgap. Fitted Rgap values ranged from
35.2 K W−1 for the smallest gap to 605 K W−1 for the largest
gap. Fitted curves together with the measured ones are shown
exemplarily for a 315 nm and a 2.75 µm gap in Fig. 5.4. Fits and
measurements agree very well.

We note that the two step fitting procedure for this model is well
justified by the similarity of the reference and gap measurements;
which ensures no changes of other parameters between gap and
reference measurement. Only the sensor/heater loss parameter
hsen might vary due to the change in weight. We estimated from
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(a) (b)

Figure 5.4: Measured and fitted temperature transients. Sen-
sor/heater temperatures ∆T sen over time for an input power
Pin = 40 mW switched on at t = 0. Before (t < 0), the system
was in thermal equilibrium at T0 = 294 K. The samples are com-
posed of (a) fused silica and (b) BK7 glass disks. The measured
gap is (a) 315 nm or (b) 2.75 µm, respectively. When near-field
heat transfer is present (gap sample measurement) additional
heat escapes the substrate, lowering its temperature relative to
the reference sample measurement, during which only far-field
radiation is present. The smaller the gap the stronger the cool-
ing of the substrate and the larger the separation of gap and
reference transients. The optical properties of the glasses are
only minorly different, see Appendix B.2, such that they do not
significantly influence the heat flux. The fitted 1D model curves
agree very well with the measured ones. [From Ref. [68].]

the largest gap measurement – where gap heat flux and far-field
emission are almost identical – that hsen does not change by more
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than 10% of the blackbody heat flux. Rc could theoretically also
vary due to the change in weight but it is proportional to the
initial temperature increase of the sensor/heater during the first
few seconds which turned out to be stable. So changes in Rc are
negligible.

Qualitatively, the transient behavior can be described as follows:
In the first few seconds the sensor/heater heats up to few hun-
dred millikelvin above the ambient environment. This increased
temperature is necessary for the heat to begin to mainly flow into
the substrate (or the insulating base) instead of increasing the
sensor/heater temperature. It looks like a temperature needed
to bridge the contact resistance Rc, although the behavior is of
course linear and the temperature increase scales with the input
power. Because the thermal mass of the sensor/heater, mcsen,
is small the temperature increases quickly. The larger Rc is,
the larger this initial temperature increase of the sensor/heater
needs to be such that almost all the input power flows into the
substrate. Note that as Rc � 1

hsenAsen
sensor/heater losses are

irrelevant for these dynamics.
After this initial heating has occurred, the heat front begins mov-
ing from the bottom to the top of the substrate. This middle
time span captures the bulk thermal properties of the sample.
Separation between the two measurements begins as soon as the
heat front has reached the top of the substrate. For reference
sample measurements and gap sample measurements employing
large gaps, in which case the upper disk practically keeps its
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initial temperature, the remaining dynamic is then governed by
the sensor/heater and substrate heating up together while los-
ing heat at the sensor/heater, the substrate side and the top /
gap. The large thermal mass of the disks makes this dynamic
significantly slower. Any changes to the top emissivity or gap
conductance alter the shape of this portion of the transient. For
smaller gaps, the near-field heat flux is large enough to allow the
superstrate disk to heat up significantly, producing dramatic al-
terations to the shape of the transient curve.

In principle, all the variables can be obtained directly from the
gap measurement without the need for a reference. Following
the above description, unique identification is possible as each
parameter influence the transient in a different way. E. g. Rc
is proportional to the initial steep temperature increase in the
first few seconds, whereas Rgap start to influence the transient
only after some time, the time the two curves in Fig. 5.4 start
to deviate.
However, in our particular setup, the sensor/heater losses hsen

and gap conductance 1
Rgap

have a similar effect on the transient;
and while differentiation is theoretically possible, due to the de-
layed influence of the gap conductance vs. the non-delayed influ-
ence of the sensor/heater losses, it is not practical. An improved
design with a better, e. g. active, thermal insulation may re-
duce hsen to negligibly small values and render the problem void.
Similarly, sensor/heater losses hsen and side losses εside have a
combined effect, not distinguishable in practice. However, a dif-
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ferentiation is not needed to obtain the gap heat flux. Neverthe-
less, the two-step gap–reference measurement procedure outlined
above provides extra information without introducing new un-
knowns, and increases both the certainty and accuracy of the
fitted results.

5.3.2 2-dimensional model

The 1D model makes two major simplifications, the applicability
of which must be checked. Namely, the model neglects any ra-
dial temperature gradients / heat fluxes, and linearizes emitted
radiation with respect to ∆T . To check that the effect of these
assumptions is small, we utilized a 2-dimensional (2D) finite-
difference time-domain (FDTD) model [130]. A 3rd dimension
is not necessary as the system is rotationally symmetric.

The 2D model consists of three material domains stacked ver-
tically, with identical diameters but possibly different heights.
The lowest material domain represents the TPS sensor/heater.
Its diffusivity and conductivity are adjusted to yield a low heat
capacity and negligible inner temperature gradients. The upper
two domains represent the substrate and superstrate. Separating
the three regions are two thermal resistances / conductances rep-
resenting possible gaps (linear in temperature difference). The
lower inter-block resistance determines the contact resistance of
the substrate and sensor/heater, and the upper resistance the
conductivity of the gap. The reference setup is modeled by ad-
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justing the upper block heights and shorting the upper inter-
block resistance, such that the upper two blocks appear as a
single domain.

Heat flux is applied uniformly at bottom boundary of the low-
est domain. At exterior boundaries, each domain is assumed to
radiate based on its emissivity. The thermal radiation is mod-
eled properly proportional to (∆T + T0)4−T 4

0 or linearized pro-
portional to 4T 3

0 ∆T . Inside the material domains the FDTD
scheme is employed following the Crank–Nicholson method [130]
in cylindrical coordinates. The cell equations are analogues to
those given by Dawson et al. [131] except for the added radiative
heat loss at boundary elements.

Thermal transients simulated with the 2D model show only mi-
nor differences compared with the 1-dimensional method. In
Fig. 5.5 calculated temperature profiles for both the gap and
reference sample setups are displayed. Two things are observed.
First, although small radial changes are visible, the heat is mainly
flowing in axial direction, resembling a 1-dimensional situation.
Second, the temperature differences between the hotter core and
cooler exterior boundary amounts to only few 100 mK even for
long simulation times. It means the inner sample resistance over-
all has no big influence on the thermal dynamics. The reason
for this agreement comes from the nearly 1-dimensional charac-
ter of the system we have considered. The sensor/heater covers
the whole sample cross section, and so heat flows mainly in axial
direction.



200 Dynamic measurement of near-field heat transfer

(a) (b)

Figure 5.5: Temperature distribution (∆T distribution) in (a)
the gap sample setup and (b) the reference sample setup at
t = 600 s. Both setups are rotationally symmetric and thus,
simulations and illustrations show only the axial and radial di-
mensions. The sensor/heater, seen as the low homogeneously
colored slab, is assumed to be 0.25 mm thick and have negligible
inner resistance. These 2-dimensional simulations are based on
the parameters obtained from the fit of the 300 nm gap mea-
surements. The white and respectively red arrows indicate the
direction and strength of the heat flux, which is proportional
to the negative temperature gradient. Despite the large side
emissivity of εside = 0.89 the heat flows predominantly in axial
direction. [From Ref. [68].]

Slightly larger differences are observed in the switch from linear
to non-linear emission, but these too are found to be mostly
inconsequential. Specifically, the introduction of non-linearity is
found to increases the emitted power and, thus, decreases the
sensor/heater temperature, check Fig. 5.6. This effect is most
pronounced at larger temperatures. Yet, overall linearization
has also only a weak influence on the transients. Although the
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2D model is slightly more accurate, we generate our results with
the 1D model because of its exact (analytic) solution and its
advantageous computation time.

(a) (b)

Figure 5.6: Simulated temperature transients. The simulations
are based on the parameters obtained from the fit of the 300 nm
gap measurements. For both, 1- and 2-dimensional models, the
same parameters are used. The 2D model simulations assume
(a) a nonlinear, T 4 emission (including nonlinear sensor/heater
losses) and (b) a linearized emission as in the 1D model. In
the linearized emission case (b) both models agree very well.
Accounting for the radial inner sample resistance practically does
not change the transients. The nonlinear emission is stronger
than the linearized one leading to slightly weaker heating up, as
seen in (a). [From Ref. [68].]
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5.4 Measurement results

Fig. 5.7 shows the heat transfer coefficient (HTC) H normal-
ized to the blackbody HTC HBB = 5.76 W m−2 K−1 (at 294 K)
for different gap sizes. Each of the points corresponds to one
measurement where H = 1

Rgapπ(1 cm)2 . The error margin in the
horizontal axis corresponds to the error in the determination
of the gap size (see Section 5.1.2). The relative gap size error
increases for the smaller gaps.

The vertical error margins in Fig. 5.7 represent our measurement
inaccuracy and combine the effects from fitting procedure and
parameter changes between gap and reference measurements.
The uncertainty for each measurement is the quadrature of an
up to 8% fitting uncertainty, and a 10% variation accounting for
possible changes in the sensor/heater losses hsen between gap
and reference measurement. The individual contributions are
not summed up but the square root of the sum of their squares is
taken (root sum square). This leads to an estimated inaccuracy
of up to ±13%.
For the 150 nm gap the resistance between the substrate and
superstrate becomes comparable to the disks’ inner resistance.
Consequently, the influence of this variable on the transient is
weaker than for larger gaps and the variation accounting for
possible changes in sensor/heater losses becomes 20% instead of
10%. Additional details are provided in Appendix B.3.

To confirm the reproducibility of the measured results we re-
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Figure 5.7: Gap dependent heat flux. Comparison of theoretical
and measured radiative heat transfer coefficients (HTC) H ver-
sus gap size, normalized by the blackbody result HBB. Colored
areas represent the possible range of theoretical heat flux due
to uncertainties in the samples’ optical properties. All measure-
ments contain a small contribution by solid thermal conduction
through the spacers; check the text and Appendix B.1. Gap
size error margins (horizontal) are small for large gaps and thus
hardly visible underneath the symbols. Overall strong agreement
is observed between theory and experiment. [From Ref. [68].]

peated measurements for the fused silica optical flats with 1.3 µm
gap. In addition, the number of deposited microspheres (spacers)
was systematically decreased in five measurements to determine
the influence of the heat conduction through the microspheres
on the apparent radiative HTC. Also, the measurement with the
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smallest number of particles was repeated four times to check the
reproducibility. For additional details see Appendix B.1. These
series of measurements exhibited no clear trend of the heat flux
and a standard deviation of 7.5% which is within the measure-
ment accuracy.

The theoretical areas are calculated using the well-known in-
tegral expression for the near-field heat flux between two half-
spaces, as derived in Section 2.6.2 and discussed in Section 4.2.
Since transmission through our disks is zero (in the mid in-
frared), we can utilize this simple, two homogeneous halfspaces
setup for our calculations and don’t need to worry about the fi-
nite thickness of the disks. All media are nonmagnetic. The
thermal transients with their seconds-range or even minutes-
range dynamics are slow and we can utilize the stationary theory
of near-field heat transfer.
As the optical properties of our samples are known only within a
given margin of uncertainty the theoretical HTC is represented
as an area, rather than single line. The optical properties used
are examined in Appendix B.2. Independent of the inaccuracy,
we find both glasses to have a spectral region in the mid infrared
with negative (real part of the) permittivity and thus support-
ing surface modes which we discussed in the context of near-field
heat transfer in Section 4.2.

The measured HTCs are observed to be in good agreement with
the theoretically predicted range of near-field heat transfer. With
decreasing gap size the HTC predictably increases due to the
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increasing contribution of evanescent modes [4, 5]. Besides con-
firming our dynamic measurement approach, the measurements
themselves are notable. The recorded near-field heat flux ≈ 16
times above the blackbody for the 150 nm gap is presently the
largest recorded radiative enhancement for centimeter sized sam-
ples at ambient temperatures. At the smallest gap size the sur-
face modes [16,100], supported by our fused silica samples, create
a significantly larger enhancement of the heat flux as compared
to purely dielectric samples [123]. Employing the mean optical
properties from Appendix B.2, at the smallest gap surface modes
are calculated to sustain around 77% of the total radiative heat
flux. We also note that the creation of a gap as small as 150 nm
over macroscopic cross sections has previously been reported in
only one other experiment [123], where only an 8.4 heat flux
enhancement over blackbody was demonstrated.

For larger gaps a small systematic overestimation of the HTC is
observed. We attribute this ≈ 20% offset to the solid conduc-
tion through the supporting microspheres. Their contribution
to the total gap conductance consists of a series of resistances,
namely the inner sphere resistance and the two contact resis-
tances. While the inner resistance decreases towards zero the
smaller the spheres become, the contact resistances may vary but
will no vanish. Therefore, the particles’ contribution is reduced
at smaller gap sizes because the solid conductance approaches
a constant value, the contact conductance, and the radiative
conductance approaches square of inverse gap size dependency.
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However, it should be noted that the HTC is unequivocally dom-
inated by radiation for all investigated gap sizes. Appendix B.1
details the solid thermal conduction through the spacers.

5.5 Discussion of new dynamic technique

The additional information contained in any dynamic or tran-
sient approach is both a strength and weakness compared to
steady-state measurement techniques. Fundamentally, the mea-
surement is not direct, and the desired parameters are only ob-
tained by iteratively solving an inverse problem. Even for a
relatively simple system, like the one we have considered, this
introduces the need to carefully consider issues like numerical
accuracy, initial values for system parameters, and generally in-
creases the complexity of data analysis.

In return, the strict conditions that are required for a stationary
measurement are relaxed. Steady-state measurements require
at least three sensors: one sensor for measuring the temperature
on each side of the gap, and additional flux sensor for measuring
either the heating or cooling power. (Note that the flux sensor
may be incorporated as part of the temperature sensor as it is
in the TPS method.) Crucially, there must be only one unde-
termined thermal resistance between these sensors. If it is not
possible to isolate the near-field radiative heat transfer in this
way, then prior to measurement all other heat conduction path-
ways must be properly modeled before any measurements can
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be made.
Comparatively, in a transient approach the influence of a resis-
tance varies relative to its position from the sensor/heater. The
further away from the sensor/heater it is, the later its influence
starts. This segregation of effects based on their temporal influ-
ence range has three primary benefits. First, it allows the gap
resistance to be distinguished from other (parasitic) resistances
in the system from collected data (a posteriori). Second, it al-
lows the sensor/heater to be moved away from gap, separating
and protecting the gap which is probed from (influences of) the
measuring setup. Third, it allows for the simultaneous deter-
mination of solid state thermal characteristics that must be as-
sumed in steady-state measurements, and would allow for more
than one gap resistance to be determined in a possible multi-gap
setup [31]. As mentioned in the chapter introduction, there may
also be significant differences in the time needed to perform an
individual measurement. For a dynamic measurement the char-
acteristic duration is determined by the distance that must be
traveled by the thermal wave front before the influence of the
unknown parameter begins to affect the shape of the transient.

In some experiments, to isolate the near-field heat flux from
other parasitic heat fluxes, the gap size has been modulated
with a constant frequency and only the heat flux varying with
the same frequency has been analyzed [7, 20, 25, 110, 116, 122].
Further, analogues of 3ω measuring method have also been pur-
sued [111, 116, 122]. These are certainly counterparts to the re-
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ported technique, but they are not dynamic in sense that mea-
surement remains steady-state. At present, no analogues of the
dynamic laser flash, transient line or plane source methods used
routinely in measuring solid thermal properties exist for near-
field heat transfer measurements.

For academic settings, particularly if all the other thermal char-
acteristics of a given sample are known, these advantages are
clearly minimized. Generally, samples are very small and can be
carefully designed with multiple micro- / nanofabrication steps.
Nevertheless, as near-field technologies develop it is highly likely
that this will not remain the case. Under even slightly different
circumstances, the comparative ability of a dynamic approach to
quickly and reliably characterize a variety of samples and reduce
design complexity could become critically important. These con-
siderations extend to any transient technique, and the method
we have presented here could, for example, be adjusted to a
laser flash system. It is also worth noting that dynamic mea-
surements are a vital step towards analyzing and implementing
systems which make use of dynamic effects which, by definition,
cannot be investigated by steady-state measurements.

In summary, we have developed a new, dynamic near-field ra-
diative heat transfer measuring method, the first of its kind for
this application. Using gap and reference sample types employ-
ing two different glass materials and gaps varying from 7 µm to
150 nm we have experimentally confirmed the ability of the ap-
proach to accurately measure near-field thermal radiative heat
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transfer. For the 150 nm gap the measured heat flux is as large as
≈ 16 times above the blackbody. Advantages of this method in-
clude simple and precise referencing, the lack of required micro- /
nanofabrication, and the ability to temporally resolve the influ-
ence of various thermal parameters; which helps to distinguish
the gap conduction from other effects like interface resistances.
The method can also easily be modified and extended. Our re-
sults bring to light so far neglected transient measurement tech-
niques, and open the door for the investigation of dynamic ra-
diative effects.



Chapter 6

Conclusions and outlook

The broader topic of this thesis is thermal radiation. In partic-
ular, we have looked at the phenomenon of near-field radiative
heat transfer and at the effects of hyperbolic metamaterials on
thermal radiation.
The near-field effect is scientifically interesting because it can
feature characteristics which are very unusual for thermal radia-
tion. The heat fluxes can be orders of magnitude larger than the
blackbody heat flux. Furthermore, it can be spectrally narrow-
band. But also practically the effect takes on greater signifi-
cance. It may allow new applications or increase application
efficiencies, like spectral imaging or thermal rectification. Near-
field heat transfer is also something that must be handled in the
miniaturization of electronics, sensors etc.
Metamaterials can possess unique optical properties which be-
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come attractive in theory and for utilization. HMMs are ex-
tremely anisotropic leading to negative refraction and lensing
applications. For thermal radiation the gigantic density of elec-
tromagnetic states of HMMs is the crucial aspect.

First, we observed that thermal radiation inside hyperbolic me-
dia has very different properties compared to a blackbody emit-
ting into vacuum or more generally into a dielectric. In the ideal
“hyperbolic blackbody” the spectral heat flux scales proportional
to the maximal wavevector squared k2

max instead of the free space
wavevector squared

(
ω
c

)2, as for the normal blackbody. Conse-
quently, the total heat flux scales ∝ k2

maxT
2 instead of ∝ T 4.

A dispersive HM has only a limited hyperbolic spectral range.
The heat flux depends on the position of the Bose–Einstein cut-
off which prevents modes at frequencies above a cutoff frequency
(∝ T ) to be thermally populated. However, as long as the hy-
perbolic range is not completely cut off properties remain very
different from a blackbody. Nevertheless, in both cases the heat
flux inside HMs is orders of magnitude higher than blackbody
heat flux. Similar characteristics hold for other thermal quanti-
ties like the energy density.

Because the radiative heat flux is so large inside HMs it can
theoretically even at room temperature surpass the solid heat
flux. This is rarely observed and when done so the realization is
typically based on strongly reducing the solid flux rather than
increasing the radiation. Whenever large radiative heat fluxes
are required HMs / HMMs could be the right choice.
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Experimental verification of the theoretical predictions is still
missing. Besides, the impact of dissipation on the heat flux and
the radiative heat conductivity must be looked at in detail. Once
these issues are understood studies could focus on applying the
characteristics e. g. in TPV systems.

The second issue we looked at is the penetration depth of near-
field heat fluxes into HMMs. Near-field radiative heat fluxes
are particularly large when the bodies exchanging heat support
many high-k modes. These modes can be surface or hyperbolic
modes. When it comes to the penetration into the bodies, sur-
face and hyperbolic modes behave very differently due to their
different nature. Surface modes are bound to the surface whereas
hyperbolic modes are propagating in the bulk. Therefore, along
with large near-field heat fluxes HMs and HMMs provide large
penetration depths of the same.

This is potentially important for nTPV systems. On the one
hand, a photovoltaic cell which does not support high-k modes
deteriorates the performance improvement due to the near-field
effect. On the other hand, a photovoltaic cell that supports high-
k modes must convert the huge radiation into electricity. Oth-
erwise the whole idea of near-field TPV makes no sense. And a
deep penetration into the cell is essential for the conversion.
Our investigation is just the first step towards a potential hy-
perbolic photovoltaic cell. A concrete concept how to combine
hyperbolicity with photovoltaic effect must be developed before
a cell can be realized.
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The above two topics, heat transfer inside HMs and penetration
depth of near-field heat flux into HMs, are closely related. Both
deal with radiative heat fluxes inside HMs. Only the origins
of the heat fluxes are different. So scientific results in one topic
could benefit the other one, or efforts can be combined to further
investigate the physics and applications of thermal radiation in
HMs / HMMs.

Moreover, we have had a brief look at the far-field thermal emis-
sion characteristics of HMMs. If designed properly they can ex-
hibit a band-edge emissivity and thus serve as a selective emitter
in a high-efficiency TPV system. This characteristic has already
been demonstrated experimentally. However, for high-efficiency
TPV operation temperatures above 1500 K are required. Ther-
mal stability of HMMs at such high temperatures remains an
unsolved challenge.

On the one hand, smaller HMM periods better satisfy the effec-
tive medium approach, increase the cutoff wavenumber kmax and
are beneficial for realizing large heat fluxes. On the other hand,
when layers or wires become too small the optical properties of
the constituent media can change, especially of metals [51]. Such
changes must be taken into account when designing HMMs for
whatever purpose.
The physical principles limiting the density of propagating modes
inside natural HMs (by a kmax?) are not clearly understood yet.
Although it is known that material cannot be polarized when the
spatial oscillation period is smaller than an atom – so without
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doubt there is a limitation – it is not known which mechanisms
exactly lead to it and how it can be described. Spatial disper-
sion (nonlocality) is one possibility. Whether the cutoff is hard
or rather smooth and which values it assumes must be studied.

Finally, we developed a dynamic near-field radiative heat trans-
fer measurement technique. We measured heat fluxes up to 16
times larger than blackbody radiation across cm2-sized cross sec-
tions. The gaps ranged from above 7 µm down to around 150 nm.
Measured heat fluxes agree with theoretical predictions, confirm-
ing the validity of our technique.
The main advantage of our measurement method in comparison
with conventional steady-state methods is its practicability. A
measurement is fast and easy to setup up. It also provides addi-
tional information e. g. about parasitic resistances which would
otherwise needed to be identified or treated separately.

The dynamic method can be used in the future to measure near-
field heat fluxes between different materials or structures. Al-
though the number of near-field experiments has increased in
the past few years, many theoretical predictions still lack an ex-
perimental verification.
Measuring the dynamic properties of near-field radiative heat
transfer is another possible continuation. The samples will prob-
ably be miniaturized to reduce thermal mass and our technique
has to be adjusted to that. But there are no fundamental prob-
lems within sight. In the spirit of this work, more adaptations
of dynamic thermal measurement techniques like laser flash to
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near-field measurements are desirable.

The fundamental understanding of thermal radiation – Planck’s
blackbody theory – is now more than 100 years old. Yet, we
have seen that there are many phenomena which are not un-
derstood or verified up to the present. Our increasing use of
nanostructures make it necessary to consider or even utilize ef-
fects like near-field radiative heat transfer. New optical prop-
erties realized by metamaterials are reflected in unique thermal
radiation properties. This thesis should make a contribution to
the progress towards near-field based thermal systems.



Appendix A

Thermal properties
derived from mode
counting

A.1 Density of states and heat flux

Similar to the derivation of the mode density in vacuum [10],
we consider a cubic volume V = L3 filled with the lossless mate-
rial to investigate. Taking periodic boundary conditions (perfect
electric or magnetic boundaries can be taken as well), only dis-
crete k-vectors fulfill them. The components of these discrete
k-vectors differ by 2π

L , such that one mode occupies the volume
Vk,mode = (2π

L )3 in k-space.
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The number of modes in the frequency interval [ω, ω + dω] is
given by the k-space volume enclosed between the two isofre-
quency (ω = const.) contours at ω and ω+dω, |dVk| (Fig. A.1b),
divided by Vk,mode. The same result is obtained by calculating
the k-space volume enclosed by the isofrequency contour at ω,
Vk (Fig. A.1a), and taking the derivative w. r. t. ω (and dividing
by Vk,mode):

D(ω)V dω = |dVk|
Vk,mode

= 1
Vk,mode

∣∣∣∣dVkdω

∣∣∣∣ dω. (A.1)

The spectral mode density D(ω) is then given by

D(ω) = 1
V

1
Vk,mode

∣∣∣∣dVkdω

∣∣∣∣ = 1
(2π)3

∣∣∣∣dVkdω

∣∣∣∣ . (A.2)

The dispersion relation of extraordinary modes [42] is according
to Eq. (2.33)

k2
⊥
ε‖

+
ke
‖

2

ε⊥
= ω2

c2 . (A.3)

It describes different isofrequency curves in k-space. Here, we
exemplarily consider the hyperbolic type II case with ε‖ > 0 and
ε⊥ < 0. The results for the other two cases {ε‖ > 0 and ε⊥ > 0}
and {ε‖ < 0 and ε⊥ > 0}, as well as for the ordinary modes
which behave like in an isotropic medium with permittivity ε⊥,
can be found with the same procedure. In the anisotropic metal
case (ε‖ < 0 and ε⊥ < 0) no propagating modes exist and mode
density and heat flux are 0.
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(a) (b)

Figure A.1: Isofrequency contours in k-space of a type II hy-
perbolic medium. (a) shows a contour at ω and the enclosed
volume Vk. (b) shows two contour at ω and ω+ dω and the vol-
ume dVk between them. Both volumes can be used to calculate
the density of states D(ω).

Fig. A.1 shows the isofrequency curve for the case under con-
sideration. The k-space volume enclosed by the contour is in-
finite. However, in reality the k-vectors of propagating modes
are always limited [2] limiting the volume to a finite value. If
the maximal parallel k-vector component is given by k‖,max =√

ω2

c2 ε⊥ − k2
⊥,max

ε⊥
ε‖

the mode density is

De
II(ω) = 1

(2π)3

∣∣∣∣dVkdω

∣∣∣∣ = 1
(2π)3

∣∣∣∣∣∣∣
d

dω

k‖,max∫
−k‖,max

πk2
⊥ dke

‖

∣∣∣∣∣∣∣
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where we introduced the wavevector resolved spectral mode den-
sityD(ω, k‖). Similarly, the energy density is u(ω, k‖) = U(ω, T )·
D(ω, k‖).
Note that mathematically the change of the mode volume with
respect to frequency can be positive or negative. However, it is
the absolute value that provides the mode density. This holds
even for every k‖ making it necessary to take the absolute value
of the integrand not the whole integral.
With normal dispersion (dε⊥

dω > 0, dε‖
dω > 0) the integration yields

for the spectral density of states

De
II(ω) = ω

π2c2

[
ε‖
2 + ω

12
dε‖
dω

(
k2
‖,max

|ε⊥|ω2/c2 + 3
)

+
ε‖
|ε⊥|

ω

12
dε⊥
dω

k2
‖,max

|ε⊥|ω2/c2

]
k‖,max,

(A.5)
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consistent with Eq. (2.121) which has been derived via fluctu-
ational electrodynamics.

To determine the energy flux the group velocity is needed. It is
calculated from the gradient of the frequency w. r. t. the wavevec-
tor [14]

cg = ∇kω(k). (A.6)

For the energy flux along the optical axis only the corresponding
component of the group velocity is required. It is

ce
g,‖(ω, ke

‖) = ∂ω

∂ke
‖

=
(
∂ke
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∂ω

)−1
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∂
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(A.7)

The thermal energy flux of each mode is connected to its energy
density via cg [10,13]. To get the spectral flux along the optical
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axis one has to integrate over the modes

φ(ω) = 1
2

∫
u(ω, k‖)|cg,‖(ω, k‖)|dk‖

= 1
2U(ω, T )

∫
D(ω, k‖)|cg,‖(ω, k‖)|dk‖

(A.8)

The factor 1
2 comes from the fact that for every mode there exists

another mode that propagates exactly in the opposite direction,
such that only half of the modes contribute to the energy flux
in the particular direction. For the same reason we take the
absolute value of cg,‖(ω, k‖) thus guaranteeing a positive value
of φ(ω).

Finally, the heat flux of extraordinary modes for the hyperbolic
type II case thus is

φe
II(ω) = 1

2U(ω, T )
k‖,max∫

0

2ke
‖

(2π)2
ε‖
|ε⊥|

dke
‖
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8π2
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k2
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= U(ω, T ) 1
8π2

(
k2
⊥,max −

ω2

c2 ε‖

)
.

(A.9)

Our previous result in Eq. (2.148) indicates the same.

It can be seen that the results obtained from simple mode count-
ing are the same as derived with fluctuational electrodynamics.
The mode counting approach is certainly much simpler and can
be nicely visualized in k-space. Nonetheless, fluctuational elec-
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trodynamics is more general and allows treating effects by evanes-
cent modes, interfaces and basically all non-quantum effects.

A.2 Graphical derivation of heat flux for-
mula

There exists a simple, graphical way to derive the heat flux in-
side a lossless medium. The way is presented in this section.
Required quantities are illustrated in Fig. A.2. The shape of
the isofrequency contours can be arbitrary, Fig. A.2 exemplarily
employs the isofrequency contours of type I hyperbolic modes.

Figure A.2: Two exemplary isofrequency contours in k-space,
one at frequency ω, one at ω + dω. A zoom shows a region
where the two curves are quasi linear and parallel. In addition,
the displacements dk, dk⊥, dk‖, the angle α and the area dAk
are introduced.
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First, we rewrite the wavevector resolved spectral mode density

D(ω, k⊥) = D(ω, k‖) = 1
(2π)3

∣∣∣∣dVkdω

∣∣∣∣ = 1
(2π)3
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(2π)3
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|cg|

.

(A.10)

Then, we rewrite the wavevector resolved spectral heat flux

φ(ω, k⊥) = U(ω, T )D(ω, k⊥)|cg,‖(ω, k⊥)|

= U(ω, T )
(2π)3 dAk
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= U(ω, T )
(2π)3

dAk|dk|
dω

dω
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= U(ω, T )
(2π)3 cos(α)dAk.

(A.11)

The term cos(α)dAk is the projection of the isofrequency contour
area dAk onto the plane normal to the direction of heat flux (‖-
direction). The spectral heat flux

φ(ω) = U(ω, T )
2π

∫∫
k(ω)

cos(α)dAk
(2π)2 = U(ω, T )

2π
Aproj
k

(2π)2

= U(ω, T )
2π

∫∫
k‖∈R

d2k⊥
(2π)2

(A.12)

is the integration over the whole isofrequency contour area and
proportional to the area of the projected isofrequency curve
Aproj
k [80, 94]. The last representation in (A.12) makes the con-

nection to Eq. (2.140) which has been derived via fluctuational
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electrodynamics.

Note that here dk⊥, dk‖ are not the components of dk but they
are connected via the norm of the group velocity

|cg| =
dω
|dk| =

∣∣∣∣∣∣
 dω

dk⊥
dω
dk‖

∣∣∣∣∣∣ . (A.13)

The presented approach can be extended to 2- and 1-dimensional
systems and the proportionality to the projected isofrequency
contour holds for arbitrary shaped contours. On the downside,
this approach is limited to homogeneous materials and not ap-
plicable e. g. for the heat flux in a vacuum gap.



Appendix B

Additional information
on the near-field
measurements

B.1 Number of spacers and their contri-
bution to the heat flux

To create and maintain the vacuum gaps between glass disks we
utilize silica particles as spacers. Although this is a rather simple
and stable method, it has the disadvantage of introducing solid
thermal conduction through the spacers which adds up to the
radiative heat flux. This effect is estimated in this section.

225
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Tables B.1 and B.2 display the expected numbers of particles
used for the experiments. The given number of particles is the
value expected from amount and concentration of the particle
suspension used. The actual number is subject to statistical
variations. The particle coverage or surface coverage of the
≈ 314 mm2 large gap area, defined as Nparticle

d2
particle
d2

disk
with the

disk diameter ddisk = 20 mm, is slightly below 10−5. Since the
silica disks are a bit lighter than the BK7 ones less particles
are used when working with the silica disks, proportional to the
sample weights.
To estimate an upper limit on the heat flux via solid conduction
we assumed silica cylinders instead of spheres with conductivity
λSiO2 = 1.3 W m−1 K−1 and neglected contact resistances. The
conduction through the cylinders is given in Tables B.1 and B.2
in absolute values as well as normalized to the theoretical radia-
tive heat flux. Table B.1 shows the data of the measurements
presented in Section 5.4 in Fig. 5.7. Table B.2 shows the data
of the repetitive measurements with a 1.3 µm gap. Besides vary-
ing the number of particles we also performed four measurement
with 400 particles to check not only the influence of particles
and but also the reproducibility of our measurements.

Although the solid conduction seems relatively high, the cylin-
der assumption is definitely overestimating the effect. Spheres
are conducting less than cylinders due to smaller contact area.
Additionally, there are contact resistances at the particle–disk
interfaces adding to the total thermal resistance [98]. And be-
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BK7

7.38 56 8 1.35 4.75 28%
4.64 142 8 2.15 5.33 40%
2.79 394 8 3.57 6.63 54%
1.3 1814 8 7.66 10.2 75%

0.755 5377 8 13.19 14.27 92%
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se

d
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ic
a 1.3 1601 7 6.76 10.42 65%

0.755 4746 7 11.65 15.42 76%
0.5 10822 7 17.59 22.56 78%

0.304 9758 2 9.64 41.52 23%
0.143 138250 7 64.25 141.35 45%

Table B.1: Number of particles used as spacers and their max-
imal contribution to the heat flux via solid conduction. The
table represents the measurements with different gaps. To es-
timate an upper limit on the heat flux via solid conduction we
assumed silica cylinders instead of spheres and neglected contact
resistances. [From Ref. [68].]

cause the particles are not perfectly monodisperse and the disks
not perfectly flat, the number of particles actually being in con-
tact with the superstrate is less than the total number. Overall,
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1.3

1601 6.8 6.76

10.42

65%
1300 5.5 5.49 53%
1000 4.2 4.23 41%
700 3 2.96 28%
400 1.7 1.69 16%

Table B.2: Number of particles used as spacers and their max-
imal contribution to the heat flux via solid conduction. Same
as Table B.1 but for the repetitive measurements with a 1.3 µm
gap. [From Ref. [68].]

we can be certain that the thermal conduction through the gap
which we measure is dominated by radiation. The effect of solid
conduction can be also estimated from heat flux measurements.
The solid conduction through spacers is a reasonable explanation
for the small, positive offset of the measured, larger gaps HTCs
w. r. t. the theoretical, purely radiative HTCs, seen in Fig. 5.7
(Section 5.4).

The repetitive measurements with decreasing number of spacers,
presented in Fig. B.1, show no clear trend. This, together with
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Figure B.1: Particle dependent heat flux. Heat transfer coeffi-
cient (HTC) H0 from thermal radiation theory and from exper-
iments versus nominal number of particles for repetitive mea-
surements with fused silica and a 1.3 µm gap. The HTC H0 is
normalized to the HTC between blackbodies HBB. The grey
band representing the theoretical radiative HTC includes fluctu-
ations and measurement uncertainties of the gap size, as well as
the uncertainty of the optical properties of our fused silica. The
error bars contain the fitting uncertainty (for these measure-
ments up to 5%) and possible changes of sensor/heater losses
(leading up to a 10% error). The dashed line is the mean value
of the 8 measurements. The standard deviation is ≈ 7.5%. The
slightly higher measured values are probably caused by conduc-
tion through the spheres used as spacers for the gap. [From
Ref. [68].]

the fact that the gap setup is still mechanically stable even with



230 Additional information on the near-field measurements

much less particles, indicates that indeed the number of particles
in contact with lower and upper disks, or in other word actually
holding the superstrate, is less than the total number and not
varying too much while we varied the total number. Only these
particles increase the heat flux by solid conduction.
All in all, the mean gap conductivities of the eight measure-
ments with fused silica and a 1.3 µm gap vary by ±7.5% around
the mean value. This is our measurement reproducibility. The
variation is probably mainly due to the measurement inaccuracy
and due to real variations of the gap heat flux. The gap heat
flux fluctuations come from variations in gap size, and thus in ra-
diative heat flux (≈ 9%), and from variations of solid heat flux
through the spacers. The number of particles in contact with
both glass disks varies statistically, as properties like contact re-
sistances do, too. Consequently, the solid conduction through
them changes. Further reasons can be small variations in gap
uniformity and small variations in equilibrium temperature T0.

The uncertainty of the fitting procedure is typically around ±2%
but can go up to 8%. Finally, the variation in sensor/heater
losses from gap to reference measurement (we estimated a max-
imum of 10% of blackbody HTC) translates into an error up to
10%. Similar to the standard deviation of the sum of stochastic
variables, the individual contributions are not summed up but
the square root of the sum of their squares is taken (root sum
square). This leads to an inaccuracy of up to ±13% which we
take as our error margin.
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The mean gap conductivity of the eight measurements with fused
silica and a 1.3 µm gap is offset by ≈ 20% above the expected
value from thermal radiation only. We attribute this offset to
solid conductivity through the spacers. The solid conductance
is inversely proportional to the sum of a constant term, repre-
senting the contact resistances between spheres and disks, and
a term proportional to the gap size, representing the resistance
through spheres (the surface coverage is independent of gap size).
At small gap sizes the solid conductance should approach a con-
stant value. Thus, the relative effect of solid conductivity should
diminish as soon as the thermal radiation contribution starts to
increase at smaller gap sizes, and consequently the relative share
of solid conduction in the total heat flux decreases. Exactly this
behavior is observed in Fig. 5.7 (Section 5.4).
Moreover, the measured HTCs are normalized to the blackbody
HTC at the initial equilibrium temperature T0. In the exper-
iment, the mean temperature at the gap will be fractionally
higher, so that the true blackbody normalization factor should
correspondingly be slightly larger. The smaller the HTC is, the
larger this effect will be. Note that the normalized theory curves
are rather insensitive to changes in T0.
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B.2 Optical properties of BK7 and fused
silica glass

Since we measure the radiative heat flux at room temperature
most of the thermal radiation is in the mid infrared (MIR),
around 10 µm free space wavelength. To obtain the optical prop-
erties of our BK7 and fused silica samples in the MIR, we first
looked at literature values for fused silica [93]. The frequency de-
pendent relative permittivity of fused silica can be well described
by a Drude–Lorentz model [44,92] with three resonances

ε(ω) = ε∞ +
3∑
j=1

Aj (2πfj)2

(2πfj)2 − ω2 − i2πfcol,jω
. (B.1)

The parameters are: ε∞ = 2.01, A1 = 1.071, A2 = 0.113, A3 =
0.77, f1 = 13.52 THz, f2 = 23.83 THz, f3 = 31.92 THz, fcol,1 =
1.43 THz, fcol,2 = 2 THz, fcol,3 = 2 THz. The permittivity is
plotted in Fig. B.3b (“literature”).

Second, we adjusted the parameters to better fit the reflectiv-
ity measured with a Fourier transform infrared spectrometer
(FTIR) (VERTEX 70 from Bruker). For BK7 we also assumed
the same Drude–Lorentz model because there are no literature
data for the MIR. Fig. B.2 depicts measured and fitted reflectiv-
ities which coincide fairly well.

The parameters obtained from fitting the reflectivity are for
BK7: ε∞ = 2.25 (±0.18), A1 = 0.796 (±0.122), A2 = 0.028,
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(a) (b)

Figure B.2: Measured and fitted reflectivity of (a) BK7 and (b)
fused silica samples. The angle of incidence is 15◦, the light is
unpolarized. For the permittivity of BK7 and of fused silica we
assumed a Drude–Lorentz model with three resonances causing
the three peaks in reflection; the middle peak is very weak. [From
Ref. [68].]

A3 = 0.741 (±0.076), f1 = 13.9 THz (±0.6 THz), f2 = 23.8 THz,
f3 = 30.2 THz (±0.6 THz), fcol,1 = 2.9 THz (±0.7 THz), fcol,2 =
2 THz, fcol,3 = 3 THz (±0.5 THz).
And for fused silica: ε∞ = 2.1 (±0.36), A1 = 0.805 (±0.169),
A2 = 0.063, A3 = 0.575 (±0.134), f1 = 13.6 THz (±0.5 THz),
f2 = 24 THz, f3 = 32.3 THz (±1 THz), fcol,1 = 0.8 THz (±0.5 THz),
fcol,2 = 1.4 THz, fcol,3 = 1.2 THz (±0.9 THz).
The corresponding relative permittivities can be seen in Fig. B.3.
The values in brackets represent the uncertainty margins of the
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fits. The second of the three resonances is very weak and rea-
sonable changes in its parameters have practically no effect. For
this reason we skip the corresponding uncertainty margins.

(a) (b)

Figure B.3: Relative permittivity of (a) BK7 and (b) fused
silica obtained from fitting the reflectivity. In both cases a
Drude–Lorentz model with three resonances is applied. Fused
silica shows the stronger resonances. Additionally, literature
values [93] approximated by a Drude–Lorentz model with three
resonances are plotted for fused silica. Our measurements in-
dicate that the resonances of our silica disks are stronger than
expected. Both glasses have at least one region with negative
(real part of the) permittivity. [From Ref. [68].]

The silica resonances are stronger than expected from literature,
and much stronger than the BK7 resonances. However, both
materials feature at least one region with negative (real part of
the) permittivity and thus support surface modes in a spectral
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range where they significantly contribute to the near-field heat
flux [16, 100]. Both theory and measurements exhibit negligibly
small transmission. It can therefore not be used to characterize
the materials.

B.3 300 nm and 150 nm gaps

The deep sub-micrometer small gaps pose a particular challenge.
Realizing as well as confirming them is accompanied by addi-
tional effort. Here, we provide the important aspects associated
with our experiments with 300 nm and 150 nm gaps. 150 nm
gaps are the smallest gaps realized in a macroscopic plane–plane
geometry up to now [123].

The main issues for realizing small gaps by the spacer method
are to overcome clustering of particles and to avoid larger dust /
grime particles in the gap. The clustering tends to form multi-
layers of particles and, therefore, increases the gap by approxi-
mately an integer multiple of the particle size. Additionally, this
clustering may also induce inclined gaps, if the numbers of lay-
ers are unequal between the supporting points. Remember, we
place three drops of particle solution on our disks. On the other
hand, a large number of spacer particles is required to mechani-
cally hold the superstrate. Unwanted dust or grime will lead to
unpredictable and uncontrollable gaps.
For avoiding the unwanted dust / grime particles in the gap,
we performed the cleaning procedure twice. Furthermore, we
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used fresh samples to ensure there are no surface damages due
to previous experiments.

We solved the clustering problem by two separate approaches.
First, we reduced the particle concentration, and thus the possi-
bility of cluster formation. For the 300 nm gap the total number
of particles is three times less than usual (cf. Table B.1). Also,
we used three 2.5 µl instead of 1 µl drops which allowed us to
further reduce the concentration of particles in the suspension.
Second, for the 150 nm gap we accepted the clustering in the
first place and reduced the gap distance by applying a small ver-
tical force while rotating the upper disk, to destroy the clusters
but not the particles. For the second approach the gap distance
is measured at six different spots, aligned in a cross, with the
UV/Vis/NIR spectrometer and a wavelength range from 195 nm
to 1500 nm. After the first three spots we turned the sample by
90◦ horizontally around its center point for measuring the last
three spots. With the six spots, we were able to capture the
inclination of the plane–plane geometry and provide a gap size
averaged over the whole sample area. This is of particular im-
portance for creating the 150 nm gap, since an inclination cannot
be identified by a visible interference pattern, as it is the case
for gap sizes larger than 300 nm.
The inclination is reduced by applying a small vertical force at
the largest gap spot and rotating the superstrate, resulting in a
shear force which separates the cluster. Applying a force to de-
stroy the cluster only seems convenient, as long as the amount
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of particles forming the clusters is low compared to the total
amount of particles, because otherwise many particles would be
destroyed, due to the high necessary force. We confirmed this by
investigating the particle distribution with a scanning electron
microscope (SEM). For that, we prepared object slides with par-
ticles on it, under the same conditions as we prepared the sample
disks, but omitting the upper disk. As a matter of fact, for the
particle concentrations we used, the amount of particles form-
ing a multilayer cluster is low compared to the total amount of
particles.

Finally, we want to discuss the uncertainty of the 150 nm gap
HTC measurement. It is larger than all other uncertainties.
The reason for that is illustrated in Fig. B.4. The figure shows
simulated transients for different gap conductances. Whereas
for smaller gap conductances a change by a factor of two sig-
nificantly alters the temperature transient, for larger gap HTCs
above 16HBB the transient becomes less sensitive and finally sat-
urates to a curve independent of the gap heat flux. This happens
when the gap resistance gets in the range of the disk resistance
(fused silica disk conductance corresponds to ≈ 48HBB). It’s
clear that a very small disk resistance practically doesn’t influ-
ence the total system resistance and hence the system behavior.
With an expected gap heat flux of approx. 18 to 32 times the
blackbody value, the 150 nm gap is our only measurement in the
saturating region.

This measurement difficulty is not particular to our transient
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Figure B.4: Simulated temperature transients for different gap
conductances. The simulations are based on the fused silica
parameters and Rc = 8 K W−1, hsen = 2.88 W m−2 K−1. The
gap conductance H is varied from 50% of the HTC between
two blackbodies, HBB = 5.76 W m−2 K−1, to 64 times the value.
Transients of the reference setup are not shown. Whereas for
smaller gap conductances a change by a factor of two signif-
icantly alters the temperature transient, for larger gap HTCs
above 16HBB the transient becomes less sensitive and finally
saturates to a curve independent of the gap heat flux. [From
Ref. [68].]

method. In steady state one measures the total resistance. The
smaller the portion of gap resistance in total resistance, the less
accurate the measurements become, till the gap resistance com-
pletely disappears in the resistance measurement inaccuracy.
The problem can be avoided by employing thinner and better
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conducting samples.



Appendix C

Physical and
mathematical relations

C.1 Effective permittivity of layered struc-
tures

Assume a periodically layered metamaterial consists of two ma-
terials 1 and 2. Further assume the permittivity of material 1,
ε1, is given by a Drude–Lorentz model [44,92]

ε1(ω) = ε∞,1
ω2

LO,1 − ω2 − iωcol,1ω

ω2
TO,1 − ω2 − iωcol,1ω

= ε∞,1 + ε∞,1
ω2

LO,1 − ω2
TO,1

ω2
TO,1 − ω2 − iωcol,1ω

(C.1)

240
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and the permittivity of material 2, ε2, is constant, as for many
dielectrics. The filling factors are f1 and f2 = 1− f1.

The effective permittivities of the metamaterial are [42] (see
Eqs. (1.5) and (1.6))

ε⊥(ω) = f1ε1 + f2ε2

= f2ε2 + f1ε∞,1 + f1ε∞,1
ω2

LO,1 − ω2
TO,1

ω2
TO,1 − ω2 − iωcol,1ω

!= ε∞,⊥ + ε∞,⊥
ω2

LO,⊥ − ω2
TO,⊥

ω2
TO,⊥ − ω2 − iωcol,⊥ω

(C.2)

and

ε‖(ω) = 1
f1/ε1 + f2/ε2

= ε1ε2
f1ε2 + f2ε1

=
ε2ε∞,1

(
ω2

LO,1 − ω2 − iωcol,1ω
)

f1ε2(ω2
TO,1−ω

2−iωcol,1ω)
+f2ε∞,1(ω2

LO,1−ω
2−iωcol,1ω)

=
ε2ε∞,1

f1ε2+f2ε∞,1

(
ω2

LO,1 − ω2 − iωcol,1ω
)

f1ε2ω2
TO,1+f2ε∞,1ω2

LO,1
f1ε2+f2ε∞,1

− ω2 − iωcol,1ω

!= ε∞,‖
ω2

LO,‖ − ω
2 − iωcol,‖ω

ω2
TO,‖ − ω2 − iωcol,‖ω

,

(C.3)

so again Drude–Lorentz permittivities with the effective param-



242 Physical and mathematical relations

eters

ε∞,⊥ = f1ε∞,1 + f2ε2, (C.4)

ωLO,⊥ =

√√√√f1ε∞,1ω2
LO,1 + f2ε2ω2

TO,1
f1ε∞,1 + f2ε2

, (C.5)

ωTO,⊥ = ωTO,1, (C.6)

ωcol,⊥ = ωcol,1, (C.7)

ε∞,‖ = ε2ε∞,1
f1ε2 + f2ε∞,1

, (C.8)

ωLO,‖ = ωLO,1, (C.9)

ωTO,‖ =

√√√√f1ε2ω2
TO,1 + f2ε∞,1ω2

LO,1
f1ε2 + f2ε∞,1

, (C.10)

ωcol,‖ = ωcol,1. (C.11)

C.2 Dispersion relation of surface waves

Surface waves are particular solutions of Maxwell’s equations at
an interface between two materials [134]. We want to derive
the dispersion relation of surface waves. To do so, we assume
an interface at z = 0 separating two isotropic halfspaces, one
dielectric with permittivity εd at z > 0 and one metallic with
permittivity εm at z < 0.
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The magnetic field of p-polarized surface waves is

Hp(ω,k) =

Ĥ0aseik⊥·r⊥e−ikm
‖ z z < 0

Ĥ0aseik⊥·r⊥eikd
‖z z ≥ 0

. (C.12)

Amplitude Ĥ0, tangential wavevector k⊥ and polarization as are
identical on both sides of the interface to ensure continuity of the
magnetic field. It looks like plane waves propagating away from
the interface. But surface waves are characterized by propaga-
tion along the interface and exponential decay away from it. So
we look for solutions with <(k⊥)� =(k⊥) and =(k‖)� <(k‖).
In the lossless case k⊥ is real and both k‖ imaginary.
The electric field is

Ep(ω,k) = − 1
iωε0ε

∇×Hp

=


Ĥ0

ωε0εm
kmam

p eik⊥·r⊥e−ikm
‖ z z < 0

Ĥ0
ωε0εd

kdad
peik⊥·r⊥eikd

‖z z > 0

(C.13)

with

am
p = 1

km as ×

 k⊥
−km
‖

 = 1
k⊥km


kxk

m
‖

kyk
m
‖

k2
⊥

 , (C.14)

ad
p = 1

kd as ×

k⊥
kd
‖

 = 1
k⊥kd


−kxkd

‖
−kykd

‖
k2
⊥

 (C.15)
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and km/d2 = k
m/d
‖

2
+k2
⊥. Continuity of tangential E-field implies

km
‖
εm

= −
kd
‖
εd
. (C.16)

Because both k
m/d
‖ represent the ‖ wavevector component of a

plane wave “traveling” in positive ‖-direction (cf. Section 2.3.1),
Eq. (C.16) can only be fulfilled if the (real parts of the) permit-
tivities have opposite signs. For that reason we talked about a
metal and a dielectric from the beginning, although the metal
can be any material showing optically metallic behavior (neg-
ative permittivity). S-polarized surface waves require perme-
abilities with opposite signs which is rarely the case and not
considered here.

Together with the dispersion relations inside the two materials

km/d2 = k
m/d
‖

2
+ k2
⊥ = ω2

c2 εm/d, (C.17)

we obtain the dispersion relation of surface modes [134]

km
‖

2

ε2m
=
kd
‖

2

ε2d
⇐⇒ ε2d

ω2

c2 εm − ε
2
dk

2
⊥ = ε2m

ω2

c2 εd − ε
2
mk

2
⊥

=⇒ k2
⊥ = ω2

c2
εmεd
εm + εd

.

(C.18)

Surface modes exist as long as εm ≤ −εd. At the frequency at
which εm = −εd – if the dielectric halfspace is vacuum at which
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εm = −1 – the surface wave is resonant and k⊥ → ∞. Losses
make k⊥ complex and finite. Then, the resonance frequency is
the frequency at which the real parts of the permittivities cancel
each other.

C.3 Mathematical relations

When integrating the spectral energy density or spectral heat
flux to obtain the total quantities, the following relation is uti-
lized (<(n) > 0)

∞∫
0

Ωn

eΩ − 1 dΩ = Γ(n+ 1)ζ(n+ 1), (C.19)

where Γ(z) is the gamma function and ζ(z) the Riemann zeta
function. For n ∈ N the relation simplifies to

∞∫
0

Ωn

eΩ − 1 dΩ = n!ζ(n+ 1). (C.20)

Furthermore, certain values of the zeta function are known:

ζ(2) = π2

6 and ζ(4) = π4

90 . (C.21)
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