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Elastocapillarity in nanopores: Sorption strain from the actions of surface tension and surface stress
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Adsorption-induced deformation of porous materials is the generation of strains in a solid due to its
interaction with adsorbing fluids. The theoretical description of adsorption-induced deformation often relies
on the so-called solvation pressure, the normal component of a pressure tensor in the liquid adsorbed in the
pore. Recent measurements of adsorption-induced strains in two dimensions require a description that allows
for the deformation to be anisotropic. Here, we present such a description. We refrain from using the solvation
pressure concept and instead base the discussion on a phenomenological description of coupled mechanics and
adsorption that has well-established links to continuum mechanics. We find that our approach captures all relevant
features of anisotropic sorption strain; the approach thus provides a useful alternative to the solvation pressure
concept. We derive analytical expressions for the stress-strain relations in a model porous material with an array
of parallel channel-like pores of high aspect ratio (length/width). These relations include separate terms from
the liquid pressure, from the surface stress at the liquid-solid interface, and from a spreading tension at the
solid-liquid-vapor triple line. Surface stress and liquid pressure contribute to the strains along and normal to
the pore axis in a qualitatively different manner. The underlying discussion of capillary forces sheds light on the
variation of the surface stress during adsorption and capillary condensation.
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I. INTRODUCTION

Stress and strain are generated in porous solids when matter
adsorbs on the pore surfaces [1]. The solid may be in contact
with gas, where the vapor pressure of the adsorbate controls the
adsorption process. Alternatively, the solid may be in contact
with a solution containing the adsorbing species in the form
of dissolved molecules or ions, in which case a chemical or
electric potential controls the adsorption. In simple scenarios
the fluid (vapor or solution) extends uniformly from the outside
of the porous solid into the pore space. The solid is then loaded
by the combination of the hydrostatic pressure of the fluid
and by capillary forces that act along the pore walls. More
complex scenarios are found during capillary condensation of
undersaturated vapors [2] and imbibition of wetting liquids
[3–9] as well as forced intrusion of nonwetting liquids [10,11].
Here, menisci form between the outer fluid and the liquid
in pore space. This leads to a mechanical loading scenario
in which part of the solid surface is loaded by the pressure
in the liquid, while simultaneously capillary traction forces
act at the liquid-solid-vapor triple lines and the liquid-solid
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interfaces experience surface stress. The coupling of liquid
capillarity and solid elasticity is here similar or even more
complex as encountered in planar wetting geometries [12–16]
or for droplet spreading on flexible fibers and wires [13,17,18]
upon liquid-vapor coexistence.

The strains in each of the above situations have practical
implications, for instance in the context of sensing and actu-
ation. Such examples include a porous polymer, responding
with significant strain when water or acetone vapors adsorb on
its surface [19]; an actuating device made of a microcantilever
with a layer of mesoporous silica deposited on one of its sides,
strain induced by adsorption of water vapor on the silica walls
causes bending of the cantilever [20,21]. Another actuating
device was synthesized in a form of an artificial pine cone,
made of porous silica, which is able to mimic the behavior of
its natural prototype: adsorption-induced deformation makes
the ovuliferous scales of the cone move with the change of
humidity [22].

Nanoporous materials saturated with gas or electrolyte
provide a striking example where the fluid is uniform and
menisci absent. Nanoporous gold permeated by gas can act
as an actuator driven by changes in the partial pressure of
adsorbing species in the gas [23]. Sorption from gas, and
specifically the sorption-induced expansion of coal, is also sig-
nificant for geology and the exploitation of fossil fuels [24–26].
Nanoporous carbons [27–29] and metals [30–33] permeated
by electrolyte react to electric signals by reversible strain.
The porous metal also exhibits the inverse effect, namely, the
generation of electric signals in response to external load [34].
Thus, the coupling between mechanics and (electro)chemistry
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at pore surfaces may even induce piezoelectricity classically a
prerogative of ceramics in metals [35].

First measurements of adsorption-induced strains were
reported by Meehan [36] and Bangham and co-workers [37]
for various gases on charcoal. Experiments on mesoporous
Vycor glass [38,39] and zeolites [40,41] followed. In recent
years, adsorption-induced deformation was measured for many
novel synthetic materials: microporous and mesoporous car-
bons [42–44], mesoporous silica [45–48], mesoporous silicon
[49,50], metal-organic frameworks [51,52]. Electrosorption
phenomena in porous solids were first reported by Beck [53].
Later work used cantilever bending studies and planar surfaces
to precisely quantify the underlying electrocapillary coupling
effects [54–58], which are applied in modern nanoporous metal
actuation schemes [59].

Theoretical studies of adsorption-induced deformation have
presented various thermodynamic models based on macro-
scopic [60,61] and microscopic [62,63] descriptions as well
as mechanical models [50,64,65]. Atomistic simulation of the
deformation of porous solids by capillary forces provides a test
bed for such theories [66,67].

Although using different experimental methods, typically
experimental works report a single measure for the strain.
The same applies to most of the theoretical considerations.
Deformation of disordered materials can often be considered
isotropic. Yet, as the deformation varies the volumes of the
solid and of the pore space independently, a single scalar strain
value may not appropriately describe the deformation. This has
been demonstrated by experiments on nanoporous metals [68]
and by atomistic simulation [66,69]. Ordered materials with
microstructural anisotropy may require an even more complex
description. In 2015 two experiments reported adsorption-
induced strains for porous materials with anisotropic structure
performed in two different directions [70,71]. Balzer et al.
[70] reported the measurements of strains in hierarchical
silica monoliths, composed of long struts with channel-like
mesopores oriented along the struts. Using in situ small-angle
x-ray scattering (SAXS) they measured the strain of the pores
normal to the pore walls, and using dilatometry they measured
the strain of the monolithic sample, related to the deformation
both normal to and along the pore walls. Grosman et al.
[71,72] studied the strains in mesoporous silicon membranes.
Similar to the silica samples from Balzer et al., this material
has an array of channel-like parallel pores. Strains normal to
the pore walls and along the pore walls were measured by
dilatometry. Both of these works showed a difference between
the strains normal to the pore walls and along the pore walls.
This stimulated the development of a three-dimensional (3D)
model of adsorption-induced deformation for such systems,
which is the focus of the current paper.

Theory can approach adsorption-induced stresses at the
pore walls in two alternative ways. The first one is based on
the so-called solvation pressure. In the field of solid mechanics,
pressure is a scalar quantity, defined as − 1

3 of the trace of a
stress tensor. In that field, bulk fluids at rest are uniform and are
understood to be distinguished by their hydrostatic stress state.
Yet, molecular fluids can be inhomogeneous in the regions
adjacent to a solid surface, and this entails nonhydrostatic stress
states. Their discussion involves what is often referred to as a
pressure tensor [73,74], and the solvation pressure is defined as

a normal component of this quantity [75]. Thus, the adsorption-
induced deformation phenomenon is typically described in
terms of one scalar pressure variable. The second approach is
based on the surface stress at the solid surface. This approach
considers the fluid as uniform and hydrostatic, while account-
ing for the interactions in the interfacial regions in terms of a 2D
surface which exhibits tangential stress. On curved surfaces,
the tangential stress entails a normal stress component. One
of us has shown recently that the two approaches to local
stress states can be consistent in the case of non-site-specific
adsorption [76]. Yet, there is ample experimental evidence
for the relevance of site-specific adsorption and of associated
changes in the surface stress. The two approaches, solvation
pressure versus surface stress, appear to remain separate and
possibly even mutually exclusive when it comes to those more
general adsorption scenarios. Furthermore, their consequences
for adsorption-induced strains during capillary condensation
have not been compared so far.

Here, we explore in how far the deformation of porous solids
in the various stages of capillary condensation can be described
by the concept of surface stress, and we compare the results
to predictions based on the concept of solvation pressure. We
explicitly consider both adsorption scenarios, site-specific and
non-site-specific. Closed-form expressions are obtained for
the stress-strain relations in a model porous material with an
array of parallel channel-like pores in the limit of high aspect
ratio. The results include separate terms from the fluid pressure
and from the surface stress at the fluid-solid interface and
the liquid-solid-vapor triple lines after capillary condensation.
These terms contribute to the strains along the pore axis and
normal to the pore axis in a qualitatively different fashion.
Based on the stress-strain relations, we calculate the pore-load
moduli corresponding to the strains normal to and along the
pore walls. The normal pore-load modulus is close to that of a
2D model [50], while the parallel pore-load modulus, which is
beyond that of the 2D model, has a noticeably different value.
Our results establish the description in terms of surface stress
as a valid approach to analyzing the deformation of porous
solids during capillary condensation.

II. PORE-FILLING REGIMES

Our discussion starts out with the brief introduction of the
three regimes of the pore filling and capillary condensation
process, as schematically illustrated in Fig. 1. We consider a
solid matrix, containing cylindrical pores, in contact with the
vapor (V) of the adsorbate. We consider mesoporous materials,
i.e., the pore sizes in our discussion are in the range above 2 nm,
so that the macroscopic concepts of liquid films and capillary
condensation can be used. The pressure p of the vapor is
controlled and provides the experimental control variable that
governs the process of pore filling. This pressure controls the
chemical potential μ of the adsorbate and can be parametrized
by μ. We consider an initial state (Fig. 1I) with p = 0, so that
the pore walls are clean, and we investigate the evolution of
the system as p is gradually increased.

Increasing p will initially result in the adsorption of sub-
monolayer quantities on the pore walls (Fig. 1II). This is
followed by the formation of a thicker layer that may comprise
few molecular monolayers (Fig. 1III). Up to this point, the net
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FIG. 1. Schematic illustration of pore-filling regimes. Back-
ground image: adsorption isotherm of adsorbed/condensed amount
N of matter versus reduced pressure p/p0. Schematics show pore
filling regimes, starting with the clean surfaces (I) and progressing
through adsorption of a partial (II) and then complete (III) monolayer,
capillary condensation (IV), and (V) approach to saturation. Labels
denote the phases and interfaces: B, solid bulk; V, vapor; L, liquid;
W, pore wall; M, meniscus. The data are taken from Ref. [77] for
nitrogen adsorption on mesoporous silica.

quantity of adsorbed matter scales with the area of pore surface.
Further increase of p triggers capillary condensation, that is,
the onset of filling of the pore with liquid (Fig. 1IV). Once this
process is complete, the net amount of absorbed matter scales
with the volume of the pores. The condensate is separated from
the vapor by a concave meniscus. As the pressure is further
increased, the meniscus approaches a planar configuration,
while the pores approach saturation (Fig. 1V). These processes
lead to an adsorption isotherm with two distinct regions,
separated by a capillary condensation point. Typically the
capillary evaporation during the desorption process takes place
at the lower vapor pressure than the capillary condensation. The
sorption isotherm then has a hysteresis loop, as exemplified in
Fig. 1. Detailed discussion of the hysteresis can be found in
the recent reviews [78–80].

III. INTERFACES AND CAPILLARY TERMS

The relevant interfaces in our problem are first, the meniscus
(M) that separates the liquid (L) in the pores from the vapor (V),
and second the pore walls (W), that is, the interface between
the solid bulk (B) and the vapor (in the adsorption regime)
or the liquid (in the capillary condensation and approach to
saturation regimes). Each of these interfaces is associated with
a surface tension (i.e., an excess energy per area of surface) γ

and we designate the three surface tensions by γ LV, γ BV, γ BL.
In fluids, the specific excess free energy or surface tension

is inherently linked to the pressure via the Young-Laplace
equation: across a fluid-fluid interface with a mean curvature
κ , the pressure jumps by 2κγ . It is important to note that this
equation applies to the meniscus but does not apply to the
interface between the solid and the fluid. Here, the effect of the
interface on the mechanics is governed by the surface stress S.

For an in-depth discussion of the distinction between γ

and S, the reader is referred to Ref. [81]. In brief, the surface
tension quantifies the work which is done against the surface
when atoms are added to it at constant atomic structure; this
deformation mode is characteristic of the surface of a liquid.
By contrast, the surface stress refers to the work done when
elastically deforming the surface, keeping the number of atoms
constant but changing their spacing. This characterizes the
elastic deformation of the surface of a solid. The surface stress
has the same units and similar numerical magnitude as the
surface tension, yet its mathematical representation differs:
whereas the surface tension may be described by a scalar,
the surface stress describes a directional stress in the tangent
plane of the surface and thus requires a representation as a
second-rank tensor. The surface-stress state may be anisotropic
in the plane. Furthermore, whereas stability criteria constrain
the surface tension to positive values, the entries of the surface-
stress tensor may be of either sign.

For the problem at hand, γ is the relevant parameter
when the meniscus is deformed since this process changes
the number of atoms in the liquid’s surface. By contrast,
elastic deformation of the solid matrix changes the interatomic
spacing in the pore walls, thereby working against S.

IV. CONSTITUTIVE STATEMENTS

A. Free energy

This section briefly introduces a phenomenological thermo-
dynamics description of surface mechanics and of its coupling
to adsorption. More details can be found in Ref. [34]. We start
out with an expression for the net free energy of the porous
solid. We take the solid as an elastic substrate and the liquid
as an incompressible fluid. The energetics of the bulk phases
are represented by free-energy densities (per volume V ), �B

for the solid and �L for the liquid, and by the superficial
free-energy densitiesψ (per areaAof surface). The free-energy
densities are defined so that the net free energy F obeys

F =
∫

B
�BdV +

∫
W

ψWdA + �̂LV̂ L + ψ̂MÂM, (1)

where the subscripts denote the respective regions. The equa-
tion is based on the notion that the fluid is uniform, whereas
the solid will in general contain gradients in stress and strain
and it may be bordered by interfaces with different fluids.

Discussion of the mechanics of the solid surface is consider-
ably simplified by the use of “Lagrangian” coordinates, where
V and A are measured not in the actual, strained state of the
solid (“Eulerian” coordinates), but in a strain-free reference
configuration [81,82]. The alternative use of Lagrangian or
Eulerian coordinates is routine in solid mechanics in three
dimensions, where it underlies the distinction between Cauchy
and second Piola-Kirchhoff stress measures (see for instance
the textbook by Bonet and Wood [83]). The generalization of
this concept to surfaces, which underlies a standard approach
to surface mechanics [84,85], is adopted here. In particular,
therefore, the densities �B and ψW are defined as energy
in the actual state, per volume or per area of surface in the
undeformed state. The “hatted” quantities in Eq. (1), ψ̂M and
ÂM, refer entirely to the fluid. Here, the concepts of strain and

086002-3



GOR, HUBER, AND WEISSMÜLLER PHYSICAL REVIEW MATERIALS 2, 086002 (2018)

of reference configuration are not appropriate, and densities are
referred to volume V̂ and area Â in the actual configuration.

Quite generally, throughout this work, the hat denotes
quantities measured in actual (laboratory) coordinates. This
convention is also relevant when defining the superficial excess
� of the adsorbate. � is defined as the excess, per referential
area, of the actual amount of adsorbate in the system over the
amount in the same volume of pore if there was no surface.
For instance, if the pore wall is completely wetted, then the net
amount of adsorbate in the system is

N = ρ̂0V̂
L + �ABL . (2)

At this point, we introduce the parameter L, which translates
between areas of surface measured in referential and laboratory
coordinates, respectively (see Ref. [34] for details):

L = Â/A = 1 + e. (3)

The area-strain parameter e denotes the relative variation in
surface area (in laboratory coordinates) by elastic strain of the
underlying bulk. The superficial densities transform as ψ =
Lψ̂ , � = L�̂.

We restrict attention to isothermal processes and take �B =
�B(E) as the constitutive assumption for the (Helmholtz-type)
free-energy density function of the solid. E denotes the strain
tensor. The fundamental equation for � is then

d�B = S : dE (4)

with S the stress tensor [86].
As the liquid is assumed incompressible, we can take (for

isothermal processes)

�̂L = �̂L
0 = constant, (5)

ψ̂M = ψ̂M
0 = constant . (6)

Contrary to the liquid-vapor interface, the energy of the
surfaces of the solid can vary as a function of the strain in the
substrate. Furthermore, the ψ will depend on �. The consider-
ations so far are consistent with constitutive and fundamental
equations for the surfaces of the solid in the form [34]

ψW = ψW(�,E) , (7)

dψW = μd� + S : dE, (8)

with μ the chemical potential of the adsorbate, S the surface
stress, and E the tangential strain tensor, a projection of the
strain E in the regions of bulk near the interface into the local
tangent plane.

Henceforth, we shall simplify the discussion by assuming
all surfaces to be isotropic in the plane. Then,S = fPwith f a
scalar surface-stress parameter and P a unit tensor in the local
tangent plane. The constitutive and fundamental equations then
simplify to

ψW = ψW(�, e), (9)

dψW = μd� + f de, (10)

respectively. Here f = 1
2 Tr S is a scalar surface-stress vari-

able.

The state functions for the free-energy density of the solid
surfaces ψ (�, e) are related to the surface tensions γ (μ, e) by
Legendre transforms such as

γ (μ, e) = ψ (�, e) − μ�, (11)

dγ = −� dμ + f de. (12)

Equation (12) is a generalized Gibbs adsorption equation that
applies to solid surfaces (and is here written for isothermal
processes). For the fluid-fluid interface at the meniscus we
have, consistent with our assumptions, simply γ M = ψM =
constant.

A consequence of the above considerations is that elastic
deformation at constant referential area (constant number
of surface atoms) changes the net surface free energy of a
uniform section of surface by Adψ = Af de. By contrast, if
the referential area of the section of surface is changed by
varying its number of surface atoms at constant strain, then the
change in free energy is ψ dA or γ dA, depending on whether
� or μ are held constant.

The distinction between Eq. (12) and the Shuttleworth equa-
tion [87], f = ∂γ /∂e versus f = γ̂ + ∂γ̂ /∂e, is discussed in
detail in Ref. [81]. The two equations are equivalent and they
describe the same physics. Their formal dissimilarity is simply
the consequence of the different reference frames, Lagrangian
versus Eulerian. Yet, the discussion of surface stress, for in-
stance by analysis of thermodynamic derivatives, is drastically
simplified when working with Eq. (12). In a field that is riddled
with dubious statements [81], the superior conceptional clarity
of that latter formulation must be considered a decisive asset,
which motivates our preference for Lagrangian coordinates.

B. Adsorption: Site specific versus incommensurate

Adsorption processes may, in a simplified picture, be distin-
guished as either site specific or nonspecific (incommensurate).
The distinction is of relevance since we shall argue that the
coupling between elastic strain of the solid surface and the
superficial excess or chemical potential of the adsorbate differs
fundamentally between the two modes of adsorption.

Atoms or molecules adsorbing at a surface typically tend to
attach to specific sites, and solid surfaces may be characterized
by their density �site of sites per area. When the interaction
of the adsorbate with the surface is sufficiently attractive,
the specific adsorption may dominate in the early stages of
adsorption [88,89]. For metal surfaces, the adsorption of a
second metal, of small ions such as protons, inorganic anions,
or of organic molecules that are functionalized by thiol or
amine groups provide examples [90,91].

As the coverage �/�site approaches unity, the available sites
for specific adsorption become exhausted. This is one instance
where a commensurate-incommensurate transition may occur
[88]. The incommensurate layer is distinguished by its lack
of registry with the solid: the amount of excess in this layer
depends on the adsorbate chemical potential and on the solution
chemistry of a possible solvent, but will (ideally) not depend
on details of the crystallography of the surface.

The underpotential deposition of Bi on Au from electrolyte
[92,93] and the adsorption of Kr [88,94] on planar graphite are
prominent examples of such commensurate-incommensurate
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transitions. More generally, electrode surfaces in interfacial
electrochemistry exhibit (site-) specifically adsorbed ions in
their inner Helmholtz layer and a diffuse (and incommen-
surate) cloud of solvated ions in the outer Helmholtz layer
[95]. Amorphous surfaces naturally favor short-range ordered
interfacial layers. Examples are the pore-wall adsorbed amor-
phous monolayers of simple van der Waals liquids, such as
argon, oxygen, and nitrogen [2,96–99], water [100], and linear
hydrocarbons [101] in nanoporous amorphous silica as well as
a variety of polymeric systems in nanoporous anodic aluminum
oxide substrates [102]. Liquids, most prominently water, can
also form ordered interfacial layers near the interface with a
crystal surface [103]. The first molecular layer of a liquid may
be commensurate with the solid [88,104], while the absence
of shear stress in the bulk liquid forbids a commensurate
structure in the more bulklike regions of a liquid away from the
interface. Since we are motivated by an example of adsorption
on amorphous silica surface, we focus on the incommensurate
phases.

C. Equations of state: Solid-vapor surface tension

When the pressure in the vapor and, along with it, the
chemical potential of the adsorbate are increased, the surface
tensions, surface free-energy densities, and surface stresses
of the interfaces of the solid with liquid and vapor vary. We
shall now discuss these variations, starting out with the surface
tension.

The change of the surface tension �γ of the solid-vapor
interface due to adsorption may be obtained by integrating the
Gibbs adsorption equation (12) [105]:

�γ BV = −
∫ μ

−∞
�(μ̃)dμ̃. (13)

For extremely small pores, corrections due to curvature may
apply. Yet, as it was shown in Ref. [61], these corrections
may be ignored except for a small vicinity of the capillary
condensation point.

Explicitly evaluating the integral in Eq. (13) requires an
adsorption isotherm in the form � = �(μ). Following Ref. [76]
we here focus on the Brunauer-Emmett-Teller (BET) isotherm
[106], which is one of the most widely used theories for
multilayer adsorption of fluids on solid surfaces. The BET
adsorption isotherm is given by

�(p/p0) = �m
Cp/p0

(1 − p/p0)[1 + (C − 1)p/p0]
, (14)

where � is the amount of fluid adsorbed per unit area of the
solid adsorbent, p is the adsorbate vapor pressure, p0 is the
pressure of the saturated vapor, and �m and C are the only two
parameters of the model: the capacity of the monolayer and
the BET constant. The vapor pressures p and p0 relate to the
chemical potential as

μ = μ0 + RgT ln
p

p0
, (15)

with μ0 the chemical potential of the saturated vapor and Rg

the gas constant.
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p/p0

0.0

0.5

1.0

1.5

2.0

ε
×

10
4

adsorption
desorption

FIG. 2. Experimental adsorption-induced strain ε versus the re-
duced pressure p/p0. Measurement by in situ dilatometry for hierar-
chical mesoporous silica during nitrogen adsorption [77].

With Eq. (14), the Gibbs adsorption equation [Eq. (13)] is
here conveniently integrated. Using Eq. (15), we obtain

�γ BV = −RgT �m ln

[
1 + (C − 1)p/p0

1 − p/p0

]
. (16)

This expression determines the change of the solid-vapor
surface tension in the region prior to the capillary condensation.

D. Equations of state: Solid-liquid surface tension

As exemplified in Fig. 2, experimental sorption strain
data exhibit discontinuity during capillary condensation and
evaporation. Similar discontinuities have been reported for
the strain isotherms on many mesoporous materials [1]. This
observation must be related to discontinuities in surface ten-
sion, surface stress, and in the pressure in the pore space.
Theory predictions for these discontinuities are shown below in
Fig. 6(b). Discussing the magnitude of the strain discontinuities
therefore requires, specifically, information on the surface
tension of the solid-liquid interface. One might be tempted to
integrate Eq. (13) up to μ = μ0 and identify the result with
the above-mentioned quantity. However, phenomenological
thermodynamics provides no basis for this approach. This
is obvious notably when one inspects the definition of the
integration variable �. For the solid-vapor interface, � is an
excess of adsorbate over the clean solid surface adjacent to
vacuum and, as such, always positive. For BET adsorption, �

at finite p can amount to several molecular monolayers. By
contrast, � for the liquid-vapor interface is an excess of matter
over the interface in contact with a perfectly homogeneous
fluid. That excess, for instance representative of liquid lay-
ering near the interface, may be small or even negative. The
discontinuity in � illustrates that the integration in Eq. (13)
cannot be carried continuously through the interfacial phase
transformation between solid-vapor and solid-liquid.

Unlike the excess in matter, the local molecular structure
in the immediate vicinity of the interface is expected to be
quite similar for the thick adsorbate layer at μ < μ0 and for
the interface between the bulk fluid and the solid at μ = μ0.
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FIG. 3. Changes �ψ and �γ of the surface free-energy density
and surface tension, respectively, for the BET adsorption isotherm.
Also shown is the difference, namely the product μ� of μ, the
chemical potential, and �, the specific excess in adsorbate. Dashed
line: linear extrapolation of �ψ based on the slope at p/p0 = 0.5.
Based on parameters for nitrogen adsorption on silica (see Sec. VI).

Since the free-energy density is governed by the local atomic
configurations, we may then take the free-energy densities to
be similar as well. This suggests that

ψBL|μ=μ0 ≈ ψBV|μ=μ0 . (17)

In view of Eqs. (11) and (13), we may therefore write for the
surface tension

γ BL|μ=μ0 ≈ ψBV|μ→μ0 − μ0�
BL|μ=μ0 . (18)

Capillary condensation implies solid-liquid interfaces at chem-
ical potentials μ < μ0; here,

γ BL|μ<μ0 ≈ ψBV|μ→μ0 − μ0�
BL|μ=μ0 −

∫ μ

μ0

�BL(μ̃)dμ̃.

(19)

We now explore the above estimate for the example of the
BET isotherm [Eq. (14)]. That isotherm is valid only at low
p: � diverges at p/p0 → 1, and so does �ψ , precluding an
extrapolation in the sense of Eq. (18). Yet, the BET ψBV has
an extended region of nearly linear variation with p (Fig. 3),
and we here extrapolate this region linearly from p/p0 = 0.5
to p/p0 = 1.0. Accounting for Eq. (16) and for ψ = γ + μ�

we find for the extrapolated ψ at p = p0

�ψBV|μ=μ0 ≈ −RgT �m

[
ln (C + 1) + 4C(C + 2) ln 2

(1 + C)2

]
.

(20)

Inasmuch as μ0 can, without lack of generality, be defined
as the zero value of the chemical potential for the isothermal
processes considered here, Eq. (20) also provides an estimate
for (the incommensurate part of) γ BL at p = p0. With BET
parameters for nitrogen adsorption on silica (see Sec. VI
below), one then obtains �γ BL|μ=μ0 = −50.4 mN/m. This
agrees with the −50 mN/m that result from the calculation of

�γ BL based on the integration of the exponential disjoining
pressure isotherm [77]. Apparently, the extrapolation captures
at least roughly the energetics of the solid-liquid interface.

E. Equations of state: Surface stress

Since the surface stress is not a thermodynamic potential,
its variation with the state variables � or μ is not restricted
by an adsorption equation of similarly fundamental character
as Eq. (12) for γ . Our discussion of equations of state for f

accounts for empirical observations and simple models.
Early stage. Experimental studies of surface-stress variation

during specific adsorption of ions from electrolyte indicate
a roughly linear correlation, which can be quantified by an
electrocapillary coupling parameter ς that is characteristic of
the combination of solid surface and adsorbing ion [107,108].
The coupling between surface stress and adsorbate coverage
may be understood as a consequence of changes in the electron
density in the bonding regions between the surface atoms and
of out-of-plane relaxation in the outermost atomic layers of
the solid [109]. Electrocapillary coupling coefficients for metal
surfaces in contact with electrolyte are often quite similar to
those with gas [110]. Thus, it appears natural to approximate
the surface-stress variation in the early stages of pore filling
at not too high coverage (for instance, up to one molecular
monolayer) by a linear variation with coverage:

f BV = f0 + ζ�. (21)

Here, f0 and ζ denote the surface stress of the clean solid
surface and a coupling parameter for adsorption from vapor,
respectively. If the surface-stress change per adsorbate were
identical for adsorption from vapor and for electrosorption,
then ζ was related to the electrocapillary coupling parameter
ς by ζ = −zFς [110]. In other words, the typical experimental
values of ς , in the order of −1 to −2 V for negatively
charged (valency z < 0) species [110,111], would translate
into ζ = −1 to −2 eV/atom. With typical site densities at solid
surfaces in the order of 10 to 20 sites/nm2, a full monolayer
of adsorbate may then change the surface-stress magnitude by
several N/m. Experiment indeed supports such large changes
[23]. This effect is quite significant and may not, a priori,
be neglected. Site-specific adsorption typically makes f more
negative [93,107,108], but the opposite effect, increasing f

during adsorption, has also been reported [112,113].
Advanced stage. When the coverage exceeds one mono-

layer, the mechanism and magnitude of the chemomechanical
coupling at the surface must be expected to change. As we
have argued above, a not unrealistic scenario is that the second
and higher layers of adsorbate are incommensurate with the
surface. We now show that this scenario leads naturally to
a variant of Bangham’s law for the surface-stress variation,
which generalizes the classic Bangham’s law that has been
discussed in the context of deformation of microporous mate-
rials [76].

We assume that the net specific excess in adsorbate � can
be decomposed into contributions from the two modes, site
specific (�S) and incommensurate (�I). Site-specific adsorp-
tion is distinguished by an explicit dependence of the surface
free energy on strain, which takes account of the fact that
changing the bond lengths in the substrate will, in general,
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change adsorption enthalpies [113,114]. Thus, the contribution
of this “inner” layer to the net surface free-energy density may
be represented by the fundamental equation ψS = ψS(�S, e).
By contrast, the contribution of an incommensurate layer to
the surface free energy will not explicitly depend on the state
of strain of the surface. It is therefore natural to represent
the energetics of this layer in laboratory coordinates and to
assume that ψ̂I = ψ̂I(�̂I ). We may then write for the net surface
free-energy density of the pore walls

ψ = ψS + Lψ̂I = ψS(�S, e) + (1 + e)ψ̂I(�̂I ). (22)

Experiments of pore filling probe the surface stress on the
conditions of controlled (through the fixed vapor pressure)
chemical potential of the adsorbate. When exploring the
consequences of Eq. (22) for f , we therefore need to consider
variations of free energy with e at constant μ. This requires
discussing γ , which is the appropriate Legendre transform of
ψ . We write the transform as

γ (μ, e) = ψ (�, e) − μ�

= ψS(�S, e) − μ�S + (1 + e)(ψ̂I(�̂I ) − μ�̂I )

= γS(μ, e) + (1 + e)γ̂I(μ). (23)

Taking the strain derivative at constant chemical potential,
accounting for the fact that f is only interesting at essentially
zero strain, and identifying the derivative of the first term with
f0 from the equations above results in

f BV = dγ

de

∣∣∣∣
μ

= dγS

de

∣∣∣∣
μ

+ γ̂I(μ), (24)

which makes use of γ = γS + (1 + e)γ̂I [Eq. (23)]. In view of
the adsorption equation (13), one thus obtains

f BV = f0 + ζ�S(μ) −
∫ μ

−∞
�̂I(μ̃)dμ̃. (25)

Equation (25) naturally reconciles the empirical observation of
an approximately linear variation of f with � during specific
adsorption, as in the early stages of pore filling, with the
prediction of Bangham’s law that f varies as γ̂ in later stages of
pore filling. Note that the adsorbate molecules on specific sites
and in the incommensurate layer both contribute to changing
the surface stress, yet differently and separately. Note also that
γ̂I is only that part of the surface tension that comes from
adsorption in the incommensurate layer.

Approach to saturation stage. An approximate discussion
of surface stress of the solid-liquid interface f BL may be based
on the considerations of the solid-liquid surface tension γ BL

[see Eq. (19) in Sec. IV B]. Similarly to Eq. (25), but using the
reference state at μ0, we have the following equation for the
surface stress of the solid-liquid interface:

f BL ≈ f0 + ζ�max
S + �ψBV|μ=μ0 −

∫ μ

μ0

�̂BL
I (μ̃)dμ̃. (26)

F. Equilibrium conditions

A variational approach to energy minimization can be based
on Eq. (1) with the superficial free-energy density of Eq. (7),
postulating for the open system (exchange of components,

amount Ni , with the environment) at equilibrium that

δF = μδN. (27)

Our problem requires the consideration of two distinct types
of equilibrium conditions: First, equilibria relating to elastic
deformation, and specifically elastic deformation of the solid
in which no atomic bonds are broken or new bonds formed, and
in which the referential area of all surfaces or interfaces remains
invariant. Second, equilibria in which the referential areas of
the surfaces are allowed to vary. We treat these equilibria
separately and start out with the second case.

Equilibria in which the referential surface area changes:
fluid. In the present context, this concerns the meniscus, where
exchange of matter between fluid and gas changes the fluid
volume and, thereby, its surface area. The equations of state
for the chemical potential in the vapor [Eq. (15)] and in
the incompressible liquid μ = μ0 + �LP L imply the Kelvin-
Laplace equation [115] that relates the pressure P L in the liquid
to the vapor pressure p in the gas above the meniscus through

P L = RgT

�L
ln

(
p

p0

)
, (28)

where �L is the molar volume in the liquid.
Equilibria in which the referential surface area changes:

solid. Once the fluid has equilibrated (see above), one may take
the position and the shape of the fluid meniscus as constant
in the laboratory frame and consider the following variation
that exclusively involves the solid: Let us apply a rigid-body
displacement, by the small distance δz, of the region of solid
underneath the meniscus [Fig. 4(a)]. Specifically, we take the
displacement to be in the tangent plane of the solid surface,
perpendicular to the triple line, and directed inward, into
the fluid. The amount of wetted area of the solid surface,
measured, as above, in (referential) coordinates of the solid,
changes by δA = mδz where m is the line length of the
meniscus. The variation does the work (work of spreading)
δW = +mδz(γ BV − γ BL). At equilibrium, this work must be
compensated by work against opposing stresses. Since the
fluid configuration is stationary, the fluid does not contribute.
Instead, and in the absence of external traction forces on
the solid, compensating stresses in the solid are required.
This condition needs to be accounted for in the analysis of
equilibrium.

A perfectly analogous argument considers a variation where
the solid remains stationary in the laboratory frame and the
meniscus moves along the atoms of the solid surface [Fig. 4(a)].
This process again changes the wetted referential area and,
thereby, the net free energy. At equilibrium, pressure in the
fluid is required for compensating this energy change. Thereby,
the pressure in the fluid is linked to the forces acting to displace
the triple line relative to the atoms of the solid surface.

The above considerations require that a line force is intro-
duced, which acts in the plane of the interface, normal to the
triple line and proportional to the line length. The associated
line tension (force per length of triple line), which might be
termed a “spreading tension,” has the magnitude

λ = γ BL − γ BV. (29)
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FIG. 4. Spreading of the liquid and the associated stresses. (a)
Schematic representation of tangential rigid-body displacements of a
section of solid (circles: atoms of the solid) relative to the meniscus.
In the laboratory frame, elastic strain of the pore walls will displace
the solid, pressure change in the liquid will displace the meniscus.
Colored circles highlight atoms that changed their state from dry
to wetted after the displacement. The change of state reduces the
net surface energy, requiring compensating work terms in the solid
and in the liquid. A traction force, the spreading tension λ, thus
acts at the triple line, tending to pull the solid into the liquid. This
action is balanced by stress in the solid and by pressure in the liquid.
(b) Location of the compensating stresses in partly wetted solids of
different configuration as labeled in the figure. Dry or wet regions of
the solid end up stressed, depending on where the counterforces act.

In a configuration that favors wetting (γ BV > γ BL) [3,4], one
has λ < 0 and the spreading tension tends to pull the solid into
the liquid. Weijs et al. [14,15] have highlighted the relevance
of this force by pointing out that it is responsible for a stress
in the nonwetted section of a sheet or rod that is suspended
from above and partly immersed in a liquid. Figure 4(b) shows
this configuration, along with variants. The figure emphasizes
that the stressed regions may be underneath either, the dry or
the wetted part of the solid surface, depending on where the
counter forces act.

For the configuration considered below, the partially wetted
circular pore of radius r , it is the solid underneath the wetted
pore walls that experiences the stress [Fig. 4(b)]. Furthermore,
with attention to the liquid, it is noted that the net force due

to the spreading tension along the entire triple line is 2πrλ.
Since that force needs to be compensated by the pressure P L

acting over the cross section πr2 of the pore, one finds that the
spreading tension is related to the pressure in the fluid by

λ = − r

2
P L . (30)

Purely elastic equilibria with constant surface areas. The
equilibrium condition for the stress in the bulk is

divS = 0, (31)

whereas the local equilibrium at the surface, loaded by a fluid
at pressure P L, in the absence of external load satisfies the
Gurtin-Murdoch condition [34,84,85]

S · n + divSS + LP Ln = 0, (32)

with divS the surface divergence operator and n the local
outer (as seen from the solid) surface normal. This condition
specifies the normal stress component at the surface. Note that
strains are small so that we may here consider L = 1 as an
excellent approximation.

The remaining stress components are constrained by the
mean stress condition of Ref. [116]. Assuming once more the
absence of external load, this balance equation reads as∫

B
S dV +

∫
S
S dA = 0. (33)

Here, S denotes the entire surface of the solid, including the
pore walls and the outer surface in contact with the vapor.
The impact of the outer surface is typically negligible for the
problem at hand. An extended form of Eq. (33) is useful here
[117]. Assume that the traction everywhere on the surface of the
solid can be written as T0 · n, with T0 a constant tensor. Then,∫

B
(S − T0)dV +

∫
S
S dA = 0. (34)

This result will be useful when analyzing the consequences
of the pressure in the fluid for the strain of the solid: The fluid
pressure acts selectively on the pore walls, not on the outer
surface, and for cylindrical pores this effectively introduces
an anisotropy in the loading.

Local stress concentrations at the triple line. The con-
siderations above focus on stresses and tractions that entail
long-range strains and that, thereby, affect the macroscopic
deformation of the porous solid. Previous studies [14,15] have
highlighted that there are also significant local stress and strain
concentrations at the solid-liquid-vapor triple line, which are
at least partly caused by jumps in surface stress across the line
and by the normal component of the traction exerted by the
meniscus. These local phenomena, which are not included in
our analysis, may contribute significantly to the deformation
of membranes with short and thick pores. Yet, it is readily seen
that their impact on the macroscopic sorption strain may be
neglected when attention is restricted to the limit of long narrow
pores. Our discussion henceforth focuses on that limiting case.

The integral, over the ring-shaped triple line, of the normal
component of the triple-line traction vanishes. Saint-Venant’s
principle [118] then implies that the resulting stress field must
vanish at distances larger than the pore diameter. In other
words, the stress field is local and its contributions to the mean
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strain are small in the limit of long narrow pores. The impact of
the surface stresses on the mean stress is rigorously accounted
for by Eq. (33); this implies that surface stress jumps at triple
lines can have no consequence for the mean strain.

We conclude that the local stress concentrations that are
demonstrated by the atomistic simulations of Ref. [14], though
compatible with our considerations, are not relevant for sorp-
tion strain in long narrow pores.

V. ARRAY OF PARALLEL CYLINDRICAL PORES WITH
HIGH ASPECT RATIO

A. Geometry

As an idealized geometry, we consider a planar sheet
(membrane) of thickness l with a hexagonal array of pores
penetrating through the entire thickness of the sheet, and we
restrict attention to pores that are much longer than they
are wide. Many mesoporous materials exhibit this type of
geometry: templated porous silica [119–122] and carbons
[123,124], porous alumina [125,126] and titania [120,127], and
porous silicon [50,128,129]. The pore (inner) radius is r , and
the pore spacing is such that the porosity (the void volume
fraction) is φ. This gives the specific surface area (area per
volume of solid)

α = 2

r

√
φ

1 − φ
. (35)

To good approximation we may analyze a simplified ge-
ometry, where the representative volume element (RVE) is a
cylindrical tube with inner radius r and with the outer radius
R adjusted so that φ matches the actual porous membrane
[50,66]. This requires that

R = r√
φ

. (36)

B. Boundary conditions

We consider the following:
(1) The outer surfaces of the membrane can displace freely

and are free of traction forces; no capillary forces act there.
(2) The pores are filled with a fluid at pressure P L; that

pressure acts on the pore wall.
(3) The filling is almost complete, but a very small under-

filling allows for the menisci to slide freely up and down along
the pore walls when the solid is elastically deformed [130].

(4) An isotropic surface stress acts at the pore walls.
This scenario leads to the following boundary conditions

(with n a radial unit vector):
(i) The outer surface of the RVE must be free of stress:

S · n = 0 radial, outer surface. (37)

(ii) Equation (32) implies here for the radial stress compo-
nent in the solid right underneath the pore wall:

n · S · n = 1

r
f − P L radial, inner surface. (38)

(iii) The pressure in the liquid acts on the pore walls but
not on the outer surface of the porous membrane. This is
embodied in the traction T0n with T0 = −P LQ, where Q is
a unit tensor in the plane of the sheet, Q = ex ⊗ ey with ex

and ey orthonormal in-plane unit vectors. By using this notion
with the generalized capillary equation (34), and denoting by
a an axial unit vector, one would obtain a condition for the
axial stress in the form 〈a · S · a〉(1 − φ)/φ = −2f/r . Yet, this
expression ignores line forces and, specifically, the spreading
tension. That quantity imposes an axial stress that acts over and
on top of the one due to f , yet that scales with the geometry
in the same way. In the above axial stress condition, one may
therefore replace f by f + λ. When accounting for Eq. (30),
one thus obtains for the axial stress balance

〈a · S · a〉1 − φ

φ
= −2

r
f + P L axial. (39)

The most remarkable aspect of the above is that the surface
tension of the meniscus, which determines the pressure in the
fluid, enters the boundary conditions in a different way than
the surface stress. This is apparent when comparing Eqs. (38)
and (39).

C. Displacement field and solutions

The displacement field that satisfies Eq. (31) and that re-
produces the cylindrical symmetry is here ur = c1ρ + c2/ρ in
the radial direction and uz = c3z axially, with the cj constants
(j = 1, 2, 3) and ρ, z position coordinates in radial and axial
directions, respectively [66]. We compute the corresponding
stress field by assuming isotropic elasticity with Young’s
modulus Y and Poisson’s ratio ν. Solving for the boundary
conditions (38) and (39) results in expressions for the cj ,
which then allow to compute the displacements and strains
in mechanical equilibrium.

D. Relevant measures for deformation

We consider the following measures for the deformation of
the porous membrane:

(i) The out-of-plane (plane of the membrane) strain, par-
allel to the pores, can be measured by dilatometry or by
diffraction. This strain is simply

ε‖ = a · E · a. (40)

(ii) The macroscopic in-plane strain, as measured for
instance by dilatometry or by the displacement of a Bragg
reflection of the pore lattice as measured in small-angle
scattering, is defined as

ε⊥ = 1

R
u|ρ=R · n. (41)

(iii) Finally, the mean in-plane strain, as measured for
instance by the displacement of an in-plane Bragg reflection
of the atomic crystal lattice of a crystalline membrane, is given
by

ε⊥mean = 〈n · E · n〉solid, (42)

where the brackets denote averaging over all positions in the
solid.

Consistent with our assumption of isotropy in the plane, n in
Eqs. (41) and (42) may assume any arbitrary in-plane direction.
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E. Solutions for the deformations

The boundary conditions of Sec. V B can readily be solved
for the measures of deformation of Sec. V C. Here are the
solutions:

ε‖ = φ

Y (1 − φ)

(
−2f

r
(1 − ν) + P L(1 − 2ν)

)
, (43)

ε⊥ = φ

Y (1 − φ)

(
−2f

r
(1 − ν) + P L(2 − ν)

)
, (44)

ε⊥mean = φ

Y (1 − φ)

(
−f

r
(1 − 3ν) + P L(1 − 2ν)

)
. (45)

In the absence of surface stress, Eq. (44) gives the expression
derived in the two-dimensional case (neglecting the Poisson’s
ratio effects), Eq. (3) in Ref. [50].

Equations (43) and (44) can be also compared to the strains
in axial and radial directions predicted by Balzer et al. [77]
using the solvation pressure approach. Note that the approach
of Balzer et al. requires separate derivation before and after
capillary condensation. After capillary condensation, the axial
strain is given by Eqs. (15) and (13b) in Ref. [77] and the
normal strain is given by Eqs. (14) and (10b) in Ref. [77]. These
expressions are exactly equivalent to our Eqs. (44) and (43),
respectively. Balzer’s expressions for strains before capillary
condensation, given by their Eqs. (15) and (13a) (axial) and
(14) and (10b) (normal), differ from our results. In Sec. VI we
show the comparison for the numerical results.

F. Pore-load moduli

To quantify the elastic response of a porous material to the
pressure in the pores, Prass et al. introduced the notion of
pore-load modulus M as a ratio of the fluid pressure in the pore
to the measured strain of the porous material [45]. Considering
the two-dimensional model of porous material with parallel
channel-like pores filled with a capillary condensate, Ref. [50]
derived the analytical expression for the pore-load modulus
[their Eq. (4)]:

M = Y

2(1 − ν2)

1 − φ

φ
. (46)

Reference [50] considered only strain normal to the pore walls,
therefore, Eq. (46) describes the normal pore-load modulus.
Within the presented 3D model one can introduce two different
pore-load moduli: M⊥ and M‖, corresponding to normal and
tangential strains. Equations (44) and (43) give

M⊥ = Y

(2 − ν)

1 − φ

φ
, (47)

M‖ = Y

(1 − 2ν)

1 − φ

φ
. (48)

These two pore-load moduli are noticeably different, the
difference between them as a function of Poisson’s ratio is
shown in Fig. 5. This figure also shows the difference between
the normal pore-load modulus derived in the 3D model and the
pore-load modulus calculated for the 2D model in Ref. [50].
The relative difference (M⊥ − M )/M⊥ does not exceed 7%.

It is emphasized that the total deformation exhibits con-
tributions that stem from surface stress and that are not
represented by the pore-load moduli of Eqs. (47) and (48). In
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FIG. 5. Comparison of three different pore-load moduli derived
in this paper: the moduli for filled pore M⊥ corresponding to strains
normal to the pore walls [Eq. (47)], M‖ along the pore walls [Eq. (48)],
and the modulus M ′ [Eq. (49)] for the deformation in the film region.
We also plot the pore-load modulus derived in Ref. [50] for the
2D model. The moduli are normalized by Young’s modulus Y and
porosity is assumed φ = 0.5.

fact, the solid acts as if an (effective) pressure P acted already
before the onset of capillary condensation; this pressure varies
with the amount of adsorbate. These extra deformations may
be accounted for by (effective) pore-load moduli for the
deformation of the pores due to surface stress. These terms,
which are analogous to the ones introduced above, are relevant
throughout the entire regime of pore filling, including the
stages before capillary condensation. Contact to the above
notation can be made by taking the quantity P̃ = f/r as an
“effective pressure parameter” (not to be confused with any
physical pressure). For the moduli related to the deformation
normal and along the pore walls we then obtain

M ′ ≡ P̃

ε‖
= P̃

ε⊥
= Y

2(1 − ν)

1 − φ

φ
. (49)

Figure 5 shows the difference between the pore-load mod-
ulus M ′ before the capillary condensation and the moduli M⊥
and M‖ after the capillary condensation. While the difference
between M ′ and M⊥ is relatively small, the modulus M‖ is
significantly different from the former two. The ratio M‖/M⊥
exceeds a factor of 2 and increases with Poisson’s ratio.
Small difference between the pore-load modulus before the
capillary condensation and the modulus M⊥ after the capillary
condensation justifies the approximation of a constant pore-
load modulus within the whole range of vapor pressures 0 �
p/p0 � 1 used in our previous works [46,61,76].

VI. SORPTION STRAINS: NUMERICAL EXAMPLE AND
COMPARISON TO SOLVATION PRESSURE APPROACH

With an eye on illustration, we now inspect a numerical
example for the strain variation during pore filling, as predicted
by our Eqs. (43)–(45). We choose an example for which a
detailed analysis by the theory of solvation pressure has been
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reported, namely, nitrogen adsorption on mesoporous silica
[77]. This will allow us to compare the two theory approaches.

The parameters in Ref. [77] were matched to experiment.
We here adopt the same parameters when applicable. Addition-
ally, our analysis requires BET parameters which were reported
in the reference. They were obtained by fitting Eq. (14) to
the nitrogen adsorption data in the region 0.05 � p/p0 � 0.5.
The numerical values were as follows: φ = 0.34, Y = 92.0
GPa, ν = 0.2, �L = 3.465 × 10−5 m3/mol, pore size 4.7 nm
(r = 2.35 nm), BET constant C = 135, BET surface area
SBET = 191 m2/g, and monolayer capacity �m = 1.025 ×
10−5 mol/m2 [131].

Since the adsorption coupling parameter ζ is not known for
this system, we start out by ignoring specific adsorption and so
treat the process as entirely incommensurate, with ζ = 0. This
is consistent with our use of the BET adsorption isotherm. Site-
specific adsorption will be discussed at the end of the present
section. All relevant equations contain a term f0/r , and again
a numerical value (here, f0) is not known. Yet, the resulting
strain contributions do not vary during pore filling and so may
be subtracted as constants from the strain values at all p. We can
thus ignore the f0-related terms consistently by setting f0 = 0.
Finally, the change of the solid-liquid surface stress f BL with
the chemical potential for the filled pore, which is given by
the last term in the right-hand side of Eq. (26), is expected
much smaller than the change of the surface stress f BV before
the capillary condensation [132]. Therefore, we neglected that
change and represented f BL/r as a horizontal line in Fig. 6(b).
Figure 6 shows the results for the adsorption-induced strains,
which will now be discussed.

We first consider the strains after the capillary condensation.
In the example of Fig. 6, these strains are governed solely by the
fluid pressure, which is given by the Kelvin-Laplace equation
(28). That equation gives P L = 0 as the maximum pressure
in the liquid at the saturation point (p = p0). In the approach
to saturation, P L is negative. If a solid body were completely
immersed in a fluid at P L < 0, it would isotropically expand.
However, the condensate here exerts the pressure only in
the pores, and this leads here to compression. Note also the
anisotropic strain, as embodied in our Eqs. (43) and (44). This
exemplifies the difference of the pore-load moduli of Eqs. (47)
and (48). The anisotropy in this example results exclusively
from the interaction of the solid with the loads from the fluid
and from the spreading tension; it is not related to surface stress.
Note also that the mean strain varies considerably less than the
macroscopic in-plane and out-of-plane strains.

Next, we discuss the strains in the regime preceding conden-
sation. Here, we combine Eqs. (43)–(45) for the strains with
Eq. (25) for the surface stress. As can be seen in Fig. 6, the mean
strain variation is again small. By contrast, the macroscopic
strains vary considerably.

A noteworthy feature of our example is the strain variation
during the phase transformation: as condensation sets in, the
in-plane as well as out-of-plane strains are both discontinuous,
yet the jumps can go in different directions. Figure 6 shows
the out-of-plane strain jumping to positive (expansion parallel
to the pores), whereas the in-plane strain jumps to negative
(contraction in the plane of the film). This prediction is a natural
consequence of our model assumptions and specifically of our

FIG. 6. Predictions of our analysis for the variation of capillary
forces and strains with relative vapor pressure p/p0: strains from
Eqs. (43), (44), and (45). Material parameters are matched to nonspe-
cific adsorption of nitrogen on porous silica (see text). Discontinuities
in graphs indicate capillary condensation, here by assumption at
p/p0 = 0.5. (a) Variations �γ and �ψ in surface tension and in
surface free-energy density of the bulk-vapor or bulk-liquid interface.
(b) Pressure P L in the liquid and the effective pressure term P eff =
−2f/r . Note that P L is governed by the liquid-vapor surface tension
at the meniscus whereas P eff is governed by the surface stress at the
solid-fluid interface. (c) The macroscopic strains ε‖ (parallel to the
pore axis) and ε⊥ (normal to the pore axis), and the volume-average
strain ε⊥mean (also normal to the pore axis).
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FIG. 7. Sorption strains versus reduced vapor pressure p/p0,
comparing predictions based on surface stress to those based on
solvation pressure. Lines: surface-stress-based analysis of this work;
results for out-of-plane (parallel to the pore axis ε‖) and in-plane
(ε⊥) strains [Eqs. (43) and (44)], as indicated by labels. Symbols:
analogous results based on solvation pressure approach [77]. Param-
eters of both data sets are matched to nitrogen adsorption at 77 K in
mesoporous silica.

discussion of Bangham-type behavior of the surface stress; that
discussion leads to Eqs. (25) and (26).

It is of interest to compare our results to those obtained
from the analysis based on the concept of solvation pressure.
To this end, Fig. 7 shows the present sorption strain data
(based on the concept of surface stress) along with the results
of calculations from Ref. [77]. First, the two approaches
provide qualitatively similar results in the adsorption regime.
Second, the results for the regime of partial pore filling agree
precisely. Third, both approaches predict substantial strain
discontinuities, of comparable magnitude, during capillary
condensation or evaporation. The above-mentioned agreement
implies that the analysis of the mechanics of the solid and
the two approaches are fully consistent. This is in particular
clear in the regime of partial pore filling, where the loading is
by the pressure in the fluid, which is simply predicted by the
Kelvin-Laplace equation and so takes identical values in both
approaches. Note that our approach does not predict the vapor
pressure of capillary condensation or capillary evaporation. We
took those points from the experimental data: for condensation
pc = 0.63 and for evaporation pe = 0.5 [77].

With respect to the adsorption regime, at vapor pressures
below condensation, the two approaches differ quantitatively,
yet there are no apparent qualitative differences. In view of the
considerable uncertainty in comparing theory to experiment,
we propose that each of the two approaches is equally com-
patible with the available experimental observations. Note that
we do not attempt to compare the predictions of our approach
directly to the experimental strain data of Ref. [77] (which are
reproduced in Fig. 2 above). As pointed out by those authors,
their strain data represent a weighted sum of ε‖ and ε⊥. Since
the relative contributions of the two strains are not known, a
direct comparison of the experiment to any one of the two
strains of our theory is not meaningful.

Recall that the present approach bases the sorption strain
in that regime on its analysis of the surface-stress variation
during adsorption of an incommensurate phase, using the BET
isotherm as a conservative approximation to the physics of
adsorption. The adsorbate is treated as a classic hydrostatic
fluid, excluding the anisotropic stress states that underlie the
solvation pressure approach. Apparently, such stress states are
not necessary for explaining the experimental observations. By
contrast, it requires the explicit consideration of the effective
forces associated with the migration of the triple line along
the solid surface, and of the associated stresses in the solid.
This led to our concept of a spreading tension at the line. The
spreading tension again depends only on classic properties of
the solid-fluid interface, namely, on the difference between the
surface tensions.

In summary, the agreement between the two separate
approaches in Fig. 7 demonstrates that the strains ε‖ and ε⊥ can
be obtained simply by combining the adsorption isotherm with
the notions of surface stress and of spreading tension, without
involving the concepts of disjoining or solvation pressures.

How will site-specific adsorption affect the observations?
As discussed above, this question is most relevant in the early
stages of adsorption. Here, since the pores are still dry, the
strains of Eqs. (43)–(45) are governed by f as the capil-
lary parameter. Specifically, we consider the limit p/p0 →
0, retaining the assumption of a BET adsorption isotherm
[Eq. (14)]. The same result is obtained with a Langmuir
isotherm. The surface-stress variation of Eq. (25) here takes
the forms

f = f0 + p

p0
C�mζ adsorption coupling, (50)

f = f0 − p

p0
C�mRgT incommensurate (51)

for site-specific and incommensurate adsorption, respectively.
The magnitudes of the respective coefficients ζ or −RgT are
expected to be quite different:

(i) For Bangham-type behavior (incommensurate adsor-
bate layer), at the temperature (77 K) of our example, we have
−RgT ≈ −6.6 meV.

(ii) For site-specific adsorption with strong bonds, the
value of ζ is in the order of ±1 eV, 100-fold larger (see Sec.
IVE above). Furthermore, and contrary to RgT , the adsorption
coupling parameter ζ can take either sign.

(iii) Even van der Waals bonded adsorbates can have a
comparatively large ζ : electronic structure density functional
theory values suggest ζ = −64 and −69 mV, respectively, for
CH4 and CO2 on graphene [133]. Here again, the adsorption
coupling brings a much (here, tenfold) larger initial slope of
strain versus partial pressure than Bangham-type behavior.

Since the surface materials parameters C and �m of
Eqs. (50) and (51) can be measured independently from sorp-
tion isotherms, measurements of the deformation of porous
solids can be analyzed to yield the adsorption coupling pa-
rameter ζ . Aside from the quantitative difference, namely
initially weaker coupling for Bangham-type surface-stress
variation, there are also qualitative signatures that afford a
discrimination between the two types of coupling: the explicit
linear temperature dependence of the Bangham-type behavior
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of Eq. (51) is missing in the adsorption-coupling behavior
of Eq. (50). Temperature-dependent studies may thus be
particularly suitable for separating the contributions of the
respective phenomena.

VII. DISCUSSION AND CONCLUSIONS

We have presented a theory of adsorption-induced defor-
mation of porous materials with parallel channel-like pores
of high aspect ratio (length/width). The theory accounts ex-
plicitly for the pressure in the fluid, for the surface stress
at the fluid-solid interface, and for line forces acting at the
solid-liquid vapor interface. The strains along and normal to
the pore axis differ for the present geometry. Our closed-
form stress-strain relations are based on a combination of
phenomenological thermodynamics and surface mechanics.
Electrosorption phenomena and actuation or sensing studies
with nanoporous metals provide instances where this approach
is successful and established. Our study does not aim to
predict the condensation point or the adsorption isotherm. Yet,
given a specific adsorption isotherm, we aim to analyze the
sorption strains, exploring their directionality and establishing
consistency with a classical phenomenological description.

Many previous studies of sorption strain invoke a “pressure
tensor” which acts in an extended region of the fluid near the
interface. By contrast, our approach considers the interface of
an elastic solid with a classic fluid that supports no shear stress
and that is, thus, at hydrostatic pressure. All nonhydrostatic
effects at the interface, which is represented as a 2D manifold in
our approach, are accounted for by its surface stress. We show
that the phenomenology of sorption strain is indeed reproduced
in this more conventional picture. In fact, our stress-strain
relations predict the adsorption-induced deformation in the
whole region of vapor pressures from p = 0 (dry solid surface)
to p = p0 (filled pores at saturation).

A crucial element of our approach is the analysis of the
variation of the surface stress with the vapor pressure. We
decompose the adsorption into site-specific (commensurate)
and nonspecific (incommensurate) parts. We naturally find
that the incommensurate part behaves according to Bangham’s
law: its contribution to the change in surface stress equals its
contribution to the change in surface tension (excess energy per
area). One of us had previously pointed out that Bangham’s
law is indeed well justified for non-site-specific adsorption
[76], e.g., nitrogen adsorption on amorphous silica. Yet, our
analysis also shows that total change in surface stress contains
a second part, which relates to specific adsorption. This part is
entirely independent of the variation of the surface tension with
chemical potential. Experiments, most recently in the context
of actuation with nanoporous solids, demonstrate that this part
can be large and that there are many experimental situations
where it is the dominant part of the surface-stress variation.

We discuss a numerical example for isotherms of strain as
the function of relative vapor pressure. We list three measures
of strains: macroscopic strain in the directions parallel and
normal to the pore walls, and average strain in the latter
direction. These strains can be different. It is emphasized that
the anisotropy of the strain emerges even though all interfacial
stresses in our analysis, and specifically the surface stress, are
isotropic in the plane of the interface. The directionality of

the strains results exclusively from the anisotropic geometry
of the microstructure, with pore channels aligned in one
specific direction. Our results for the strains are consistent
with observations for adsorption in mesoporous materials with
channel-like pores, as they were reported both by dilatometric
measurements [50,70,71] and by in situ x-ray diffraction
[45,46,51,70,134].

In the approach to saturation, our results also suggest
different pore-load moduli in the directions normal and parallel
to the pore walls. In the direction normal to the pore walls, the
difference between the strains before and after the capillary
condensation does not exceed 50% (at ν → 0.5), and for
silica (ν = 0.17) it is only about 10%. This justifies the
approximation of a constant pore-load modulus within the
whole range of vapor pressures used in the previous work by
one of the present authors [46,61,76]. For the strain along the
pores, the difference is noticeably higher: at ν = 0 it is a factor
of 2 and for ν = 0.4 it is already a factor of 6.

In conclusion, our work reconciles experimental obser-
vations of anisotropic strain during adsorption and capillary
condensation in porous solids with a description by phe-
nomenological thermodynamics and surface mechanics as it is
widely used in the field of materials science. With regard to real
nanoporous media it will be particularly interesting to study the
filling-fraction-dependent mechanical loading upon capillary
condensation in terms of the adsorption/desorption hysteresis.
Given the importance of the strain fields at menisci triple
lines the distinct distribution of liquid between adsorption and
desorption, i.e., many small liquid bridges upon adsorption,
much less menisci because of a coarsening of the material will
result in distinct loading situations [135,136].
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APPENDIX: DERIVATION OF EQ. (34)

Equation (33) of the main text gives a mean stress condition
that applies to solids with surface stress in the absence of
external load. Here, we extend this relation to a more general
loading state. The result is given as Eq. (34) in the main text.

For the purpose of the derivation we focus on the solid phase
B alone; the fluid in the pore space is considered exclusively
inasmuch as it can apply traction forces to the pore walls. We
here denote by S the entire surface of the solid. For the special
case of a membrane, S includes not only the pore walls (W
in the main text) but also all the planar outer surfaces. The
latter are ignored in the main text since they do not noticeably
contribute to the specific problem considered there.

We admit the special loading state in which the solid,
everywhere on its surface S, experiences a traction (load per
area) t that can be derived from the constant tensor T0 via
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t = T0 · n. As above, n denotes the local outer surface normal.
Here, we keep T0 general, but in Sec. V B of the main text we
introduce a specific choice that reproduces both the loading
of the pore walls by a pressure in the fluid during capillary
condensation and at the same time the vanishing load on the
outer surfaces of the membrane.

We restrict attention to linear elasticity, where the super-
position principle of elasticity holds. We can thus separately
consider the equilibrium of the bulk with (i) the surface stress
and (ii) the load due to the pressure in the fluid. The former is
described by Eq. (33), and the latter will now be derived.

We apply the principle of virtual work in order to derive a
condition for mechanical equilibrium. This approach exploits
the following statement: For all kinematically admissible small
displacement fields w(x) around the equilibrium configuration
(where x is a position variable), the net free energy change δF

in the solid, due to the action of the displacements against the
stresses in the equilibrium state, must equal the net work δW

done against the environment:

δF = δW. (A1)

Since this statement holds for arbitrary w(x), we can consider
specifically the virtual displacement field

w(x) = δE0 · x (A2)

with δE0 a constant and small but otherwise arbitrary strain
tensor.

We first evaluate δF. To this end, we express the variation
in net free energy F of the solid phase as

δF =
∫

B
δ�BdV =

∫
B

S : δE0dV. (A3)

Even though we allow for the stress at equilibrium S(x) to be
nonuniform in B, our choice of w(x) as derived from a constant
strain allows to move the strain outside the integral, so that the
bulk contribution to the virtual work emerges as

δF = δE0 :
∫

B
S dV. (A4)

Let us now evaluate δW , which is simply the work done
against the traction forces:

δW =
∫

S
t · wSdA =

∫
S

(T0 · n) · wSdA, (A5)

with wS the displacement on S. We transform the right-hand
side of this equation by means of the tensor identity

(T0 · n) · wS = T0 : (wS ⊗ n) (A6)

and we then substitute w from Eq. (A2). The symbol ⊗ denotes
the Kronecker product. Since the constant T0 can be moved out
of the integral, the combined Eqs. (A2), (A5), and (A6) lead to

δW = T0 :
∫

S
(δE0 · xS) ⊗ n dA (A7)

with xS a position on S. Next, we convert this equation by
using a divergence law (Sec. 2.4.2 in Ref. [83]), which here
takes the form

∫
S

(δE0 · xS) ⊗ n dA =
∫

B
∇(δE0 · x)dV. (A8)

The kernel of the integral on the right-hand side is simply the
constant δE0, which can again be moved out of the integral.
This yields the desired expression for the traction work in the
simple form

δW = T0 : δE0VB, (A9)

where VB is the volume of B.
We can now evaluate the equilibrium condition by equating

Eqs. (A4) and (A9). Since δE0 is an arbitrary constant tensor
this yields

0 =
∫

B
(S − T0)dV. (A10)

In other words, if a solid of arbitrary shape and arbitrary
microstructure is subject to tractions t that, everywhere on its
surface, obey t = T0 · n, then the volume average of the stress
in the solid is T0.

In view of the superposition principle, the above result can
be added to Eq. (33). The result is Eq. (34) of the main text. That
equation generalizes the mean stress condition of Ref. [116],
Eq. (33) of the main text, to a more general loading state at the
outer surface.
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