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In the current work, a fail-safe optimization of beam structures is carried out. This approach may provide
an insight into the robustness of lattice structures. The use of beam elements allows a commonly used
engineering approach for obtaining a fail-safe design to be applied. This consists of removing one beam
element at a time and optimizing the remaining structure. At the end of the process, the maximum beam
radii are used for the final design. This approach is computationally extremely expensive for lattice struc-
tures, as it requires one optimization per removed beam. In our contribution, we show that the design
obtained from this approach does not actually achieve the desired fail-safe behaviour. We therefore apply
a multi-model approach in which the fail-safe requirement is an optimization constraint. This is still com-
putationally demanding and therefore, methods for reducing the number of failure cases to be considered
within the optimization are discussed. Furthermore, the p-norm is applied to the stress constraints to
reduce the computational effort for the gradient calculation. Reduction of failure cases and use of the
p-norm have opposite effects on the conservatism of the result and therefore compensate each other
to some extent.
� 2019 Society for Computational Design and Engineering. Publishing Services by Elsevier. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The advances in additive layer manufacturing have affected not
only the application of topologically optimized structures but also
the use of lattice structures. By lattice structures, we mean struc-
tures that consist of a very large number of beam-like members,
often constructed from a repeated unit cell. Compared to solid
structures, lattice structures show better noise and crash absorp-
tion characteristics, and they are expected to be have a better
fail-safe behaviour. For certain airframe structures the certification
specifications for large aeroplanes, CS-25 (Certification
Specifications for Large Aeroplanes, 2012) require the design of a
‘‘multiple load path construction” and also require that ‘‘the aero-
plane may function safely with an element missing”. In other
words, these structures need to be fail-safe by being able to resist
the design load even if one load path fails. Lattice structures typi-
cally have many more load paths than solid structures, and there-
fore they are assumed to be closer to fail-safe than solid structures.
However, optimizing lattice structures without requiring them to
be fail-safe in the optimization cannot lead to a fail-safe design.
If an optimized design was fail-safe, it would not be an optimum
of the original optimization problem.

Topology optimization methods are typical methods for com-
puter aided design of lightweight structures. Interpolation
schemes in material penalization approaches (SIMP, RAMP)
(Sigmund & Maute, 2013) for topology optimization are physically
motivated, hence it is possible to find unit cells for a given volume
fraction (equal to the design variable) that represent the mechan-
ical material properties in the same way as the interpolation
scheme (Sigmund, 2000). The design of unit cells with a given set
of mechanical properties can also be achieved with material penal-
ization methods, (e.g. geometrical nonlinearities (Wang, Sigmund,
& Jensen, 2014) or stress constraints (Collet, Noël, Bruggi, &
Duysinx, 2018)). In practice, additively manufactured lightweight
structures are often filled up using a predefined lattice unit cell,
without considering any kind of interpolation scheme. These
bone-like structures are not necessarily optimal in terms of
mechanical properties (Sigmund, 1999), but they appear to fulfil
the fail-safe conditions. This statement must be investigated, since
structural failure is mainly driven by the maximum stress. Due to
stress concentrations at the lattice connections and a much lower
volume fraction, the maximum stresses appearing in lattice struc-
tures are clearly higher than in full material structures and the per-
tinence of each member may be even more important, due to the
high interdependencies that affect the overall load capacity. This
kind of lattice structure can be modelled with beam elements,
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Fig. 1. Stress evaluation points on a 2D beam element.
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making it easier to formulate a fail-safe requirement. Each beam
element is interpreted as a load path. If one element fails, the
remaining structure must be able to carry the load without exceed-
ing a maximum allowed stress level.

Considerations of fail-safe design during the optimization of
truss structures have already been addressed by Sun et al. in
1976 (Sun, Arora, & Haug, 1976). These authors applied stress,
buckling and displacement constraints for each failure case. Due
to the large number of constraints and the computational limits,
this approach is restricted to relatively small examples. For bigger
models, Sun et al. only consider a few failure cases at a time. Initial
ideas for considering fail-safe requirements in topology optimiza-
tion using solid isotropic material penalization (SIMP) are pre-
sented in Jansen, Lombaert, Schevenels, and Sigmund (2013) and
implemented in commercial software (Zhou & Fleury, 2016).
Instead of applying the fail-safe conditions as additional con-
straints of the optimization problem, as in Sun et al. (1976), the
objective function is formulated as the maximum compliance of
all subproblems, where each subproblem represents a failure case.
This formulation results in more robust designs, but it does not
guarantee that the resulting structure is fail-safe in terms of the
allowed stress. Considering stress constraints within the SIMP for-
mulation, (e.g. as suggested in Duysinx & Bendsøe (1998) could be
a way of incorporating the fail-safe requirement, but this would
further increase the computational costs, which are already very
demanding for this fail-safe approach.

It should be emphasized that the fail-safe requirement consid-
ered in this paper does not include the progressive failure due to
overloading. Therefore, the current work differs from studies on
analysis and optimization redundancy, e.g., (Grimmelt &
Schuëller, 1982; Murotsu, Shao, & Watanabe, 1994), where the
structure fails progressively by failure of each member or joint.
Similarly, the fail-safe optimization of bolt patterns given in
Serafinska, Özenç, and Kaliske (2017) considers crack propagation.

As highlighted by Zhou and Fleury (2016), fail-safe optimization
should not be confused with reliability-based or robust design
optimization (see, e.g., Schuëller & Valdebenito, 2010). Both
approaches may lead to similar results, but the underlying con-
cepts are very different. Robust design optimization requires the
embedding of a probabilistic analysis. Fail-safe design optimization
requires the definition of failure cases and corresponding con-
straints. It seems reasonable to combine these different concepts
(Cid Bengoa, Baldomir, Hernández, & Romera, 2018), in order to
provide more robust fail-safe designs.

In the current study, mass minimization of lattice structures
subject to stress constraints is carried out, where the lattice is
modelled with beam elements. An engineering approach which is
often used in practice is applied, to obtain a fail-safe structure. This
approach is not only computationally demanding, but also fails to
lead to the desired results. Therefore, a rigorous formulation of the
optimization with fail-safe requirements is used, and various pos-
sibilities for reducing the computational effort are discussed. For
beam structures it is much simpler to consider stress constraints
in the optimization than, for instance in topology optimization.
The authors ultimately draw conclusions that are also valid for
stress-constrained fail-safe optimizations in general.

2. Optimization of lattice structures with stress constraints

Consider the problem of finding the design with a minimum
weight for which the an allowable stress rref is not exceeded. Given
a finite element model of a lattice structure of n beam elements
e ¼ 1 . . .n, with circular cross sections defined by different radii
re, the sizing optimization problem is formulated by Eq. (1).
min
r

VðrÞ ¼ p diag rð Þr½ �T l
subject to
cjðrÞ ¼ �riðrÞ � rref 6 0 j ¼ 1 . . .nc

i ¼ 1 . . .nr
rmin 6 re 6 rmax e ¼ 1 . . .n

ð1Þ

Here, r; l 2 Rn are the vectors of beam radii and constant beam
lengths, where the vector of beam radii is the design vector. The
stresses ri rð Þ are compared to the allowable stress rref at nr stress
evaluation points. Since the stresses are bounded for positive as
well as for negative values, the number of constraints is nc ¼ 2nr.
This can be reduced to nc ¼ nr by limiting the square of the stress
value instead of limiting both the positive and negative values.

min
r

V rð Þ
s:t:
ci rð Þ ¼ ri rð Þ2 � r2

ref 6 0 i ¼ 1 . . .nr
rmin 6 re 6 rmax e ¼ 1 . . .n

ð2Þ

The optimization of beam structures can lead to the same sin-
gularity problem as reported for truss structures in Kirsch (1990)
and Cheng and Jiang (1992). However, in the current study, the
intention is to keep the lattice-type structure and not to remove
members. Therefore, none of the relaxation approaches as given
in Cheng and Guo (1997) and Duysinx and Bendsøe (1998) are
applied.

Using additive layer manufacturing, a huge variety of cross sec-
tions can be realized for the members. In the current paper, we
focus on circular sections.

2.1. Stress measure

For detecting critical states, the stresses are evaluated at four
points of a two-dimensional (Euler-Bernoulli) beam element (see
Fig. 1) resulting in nc ¼ nr ¼ 4n constraints for the optimization
problem.

The stresses in element e at the local position n; y (see Fig. 1) can
be evaluated based on the local, nodal deformations uloc

e :

re n; yð Þ ¼ EeB
T
e n; yð Þuloc

e ð3Þ
where Ee is the Young’s modulus of the element and the vector Be

describes the relation between strain and deformations.

Be n; yð Þ ¼ 1

l2

�l

6y 1� 2nð Þ
2ly 2� 3nð Þ

l
�6y 1� 2nð Þ
2ly 1� 3nð Þ

2
666666664

3
777777775

ð4Þ

For each element e, the stresses are evaluated at the corners
n ¼ 0;1 and y ¼ �re; re (red points in Fig. 1):
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re ¼

re 0; reð Þ
re 0;�reð Þ
re 1; reð Þ
re 1;�reð Þ

2
6664

3
7775 ð5Þ
2.2. Sensitivity analysis

Efficient, gradient-based optimization algorithms benefit from
analytical expressions for the gradients of the objective function
and the constraints. The gradient of the objective function
gradV 2 Rn is given by:

grad Vð Þ ¼ @V
@r

¼ 2pdiag rð Þl ð6Þ

The constraint gradient grad cð Þ 2 Rn�nr requires the derivatives
of the local element stresses given in Eq. (3):

@re n; yð Þ
@ri

¼ Ee
@BT

e n; yð Þ
@ri

uloc
e þ BT

e n; yð Þ @u
loc
e

@ri

 !
ð7Þ

The partial derivative of the strain deformation vector @Be=@ri at
the stress evaluation points is obtained by differentiation of Eq. (4)
and is equal to zero for i – e. Since the transformation matrix Te is
invariant with respect to the variable r, the derivative of the local
deformation vector is given by:

@uloc
e

@ri
¼ Te

@ue

@ri
ð8Þ

Differentiating the static FEM equation Ku ¼ F (Michaleris,
Tortorelli, & Vidal, 1994) leads to an expression for the gradient
of the global deformation vector.

K
@u
@ri

¼ @F
@ri

� @K
@ri

u
� �

ð9Þ

Since the external forces are invariant with respect to the ele-
ment radii, the term @F=@ri equals zero. The evaluation of this gra-
dient is computationally demanding, even if the stiffness matrix is
already factorized for the solution of u.

2.3. Solving the optimization problem

Approaches for a more efficient consideration of stresses, such
as the use of the p-norm or clustering of stress constraints (see,
e.g., Holmberg, Torstenfelt, & Klarbring, 2013) may lead to some-
what infeasible optimal designs. However, for evaluating the fail-
safe optimization approaches in subsequent sections, it is impor-
tant to fulfil the stress constraints as accurately as possible. Other-
wise, it would be difficult to determine whether an infeasible
design is obtained because of the fail-safe approach or due to the
inaccuracy caused by the use of the p-norm.

Since the optimization problems (1) and (2) are solved without
further measures for efficiency improvement, the problems involve
a very large number of constraints. Therefore, an interior point
Fig. 2. Example use case: (a) boundary conditions, (b) re
method (see, e.g., Nocedal & Wright, 2006) is used for solving the
optimization problems in the following.

2.4. Example use case

For example, a small 2D model with n ¼ 54 beam elements
(E ¼ 21;000; m ¼ 0:3) is used (see Fig. 2a). The length of a unit cell
is 10. The degrees of freedom on the left side are fixed, and a single
load (F ¼ 50) is applied on the bottom right corner. The start value
of the optimization for each radius is given by ri ¼ 0:5
(Vstart ¼ 350:50). The allowable range is chosen to be
10�4 6 ri 6 1, so that the maximum value is not reached in this
example. The maximum allowable stress is set to rref ¼ 300.

This basic example is solved within a few seconds. Fig. 2(b)
shows the reserve factor (RF ¼ rref=r) of the optimized, intact
model. The volume is reduced to V ¼ 30:93 (8:82% of the initial
volume) and the structure fulfils the stress constraints. We intro-
duce the term minimum remaining reserve factor (MRRF) as a mea-
sure for the redundancy of a beammember. The MRRF of element e
is the minimal RF of all elements for the case where element e is
deleted. In Fig. 2(c), each element of the optimal design is coloured
according to the MRRF. Most of the beams (coloured red/black) are
necessary, to guarantee the overall load capacity of the structure.

3. Optimization of fail-safe lattice structures

This section revisits various problem formulations, which are
supposed to provide an optimized, fail-safe design.

3.1. Engineering approach

The basic idea of the engineering approach for optimal fail-safe
design is to perform multiple optimizations of a lattice structure
and to take the maximum values of the resulting design variables
(Fig. 3). In each of optimization, one of the beam elements (one
load path) is removed (Fig. 4(a)), by setting its Young’s modulus
to a relatively low value. Removing one element is considered as
a failure case, and hence, the number of failure cases nFC is equal
to the number of elements n.

The optimal designs found for each failure case fulfil the con-
straints of the optimization problem: hence, the reserve factors
are greater than one. Based on engineering judgement, one might
assume that using the maximal radii obtained from optimizations
of all failure cases (Fig. 4(b)) provides a design that also fulfils the
requirement RF P 1 for all failure cases, and hence that this design
is fail-safe.

~r jð Þ ¼ min
r

V rð ÞEj � 0; j ¼ 1 . . .nFC

s:t:
ci rð Þ ¼ ri rð Þ2 � r2

ref 6 0 i ¼ 1 . . .nr
rmin 6 re 6 rmax e ¼ 1 . . .n
re ¼ max

j
~r jð Þ
e

ð10Þ
serve factor, (c) minimum remaining reserve factor.



Fig. 3. Engineering approach: taking the maximum radii of all optimizations.
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This approach requires nFC optimizations, and the number of
constraints nc ¼ nr in each of the simulations grows linearly with
the number of elements n. For the deletion of elements, the corre-
sponding modulus is reduced to E ¼ 1. Since every failure case is
considered, nFC ¼ n optimizations are performed. Each of these
optimizations is limited to 100 iterations.

Fig. 4(a) shows examples of optimum designs for four failure
cases. For each failure case, the stress constraints are fulfilled
(RF P 1). When determining the fail-safe design, following the
engineering approach described above and applying a failure case
to that design yields the reserve factors given in Fig. 4(b).

Even though the ‘‘optimized” design considered in Fig. 4(b) has
thicker members than those considered in Fig. 4(a), it does not ful-
fil the stress constraints for these failure cases. Obviously, taking
the maximal radii heavily impacts on the load distribution within
the structure. This finding is summarized by the MRRF of the ‘‘op-
timized” design, shown in Fig. 4(d). In contrast to the expectation,
the structure obtained by the engineering approach is not conser-
vative. It does not even fullfil the fail-safe condition.
3.2. Highly restricted approach

The requirement that a structure must be fail-safe can be for-
mulated rigorously as part of the optimization problem, which
then reads:

min
r

V rð Þ
s:t:
cij rð Þ ¼ r jð Þ

i rð Þ2 � r2
ref 6 0 i ¼ 1 . . .nr

Ej � 0 j ¼ 1 . . .nFC

rmin 6 re 6 rmax e ¼ 1 . . .n

ð11Þ

The constraint function cij rð Þ describes the requirement that the

stresses r jð Þ
i may not exceed the allowed value rref at each stress
evaluation point i and for each failure case j. In contrast to the
engineering approach, only one optimization, with nc ¼ nFC � nr
constraints, is performed, leading to a cubic growth in the con-
straint gradient with the number of elements (if nFC ¼ n). There-
fore, this approach is referred to as the highly restricted approach.
Since the constraint gradient has a high density, it cannot be stored
efficiently for bigger models. Furthermore, the number of neces-
sary FE solutions and stress evaluations per iteration is equal to
the number of failure cases. Hence, the computational effort is
mainly driven by the number of iterations for the optimization.
3.3. Results

Fig. 4 shows the reserve factors of the optimal designs obtained
by the engineering approach (b) and the highly restricted approach
(c) for four failure cases. The optimal design given by the highly
restricted approach fulfils the stress constraints in each case,
unlike the engineering approach. This finding is summarized in
the plots of the MRRF in Fig. 4(d) and (e).

Both procedures result in qualitatively different element radii,
even if the objective value (volume) is similar
(Veng ¼ 117:14; Vhighres ¼ 109:48). In contrast to the engineering
approach, the highly restricted approach is able to compensate
for the failure of each single element.
4. Reducing failure cases

The highly restricted approach for fail-safe optimization
requires an extremely large computational effort, due to the large
number of failure cases and the corresponding gradients which
require the solution of slightly different systems of equations and
an adjoint system for each stress constraint of each failure case.
This section discusses two approaches which aim to reduce the



Fig. 4. (a) Exemplar results of optimizations considering a certain failure case. Reserve factors for the same failure case of the optimized structure using (b) the engineering
approach and (c) the highly restricted approach and minimum remaining reserve factors (considering all failure cases) of the optimized structure using (d) the engineering
approach and (e) the highly restricted approach.
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number of failure cases to be considered, without losing the fail-
safe capability.

One possibility is to simply neglect the failure of certain ele-
ments which are expected to play a minor role in load bearing.
However, during an optimization, the radii of these elements will
be increased preferentially, and hence their importance for load
bearing will also change. The final result might therefore not be
fail-safe.

Another approach followed subsequently is to combine two or
more failure cases into one failure case. If the structure is opti-
mized such that it fulfils stress requirements in the absence of
two or more members, one might assume that it will also fulfil
these requirements in the absence of only one of those members.
This leads to the question of how to find the failure cases that
should be combined.

In the following, two different strategies for reducing computa-
tional effort by combining failure cases are discussed. The first
approach tries to combine elements which intuitively do not have
a bearing function if the corresponding one fails. The second
approach tries to combine failure cases based on the mechanical
behaviour of the structure in its initial state. In both strategies,
the failure cases to be combined are determined prior to the opti-
mization and the combinations are not updated during the itera-
tions. This is a very critical assumption for the second strategy,
since the interdependency between different members might
change rapidly during the optimization process.
4.1. Reduction based on truss model

If the lattice structure considered was a classical truss, i.e., no
moments were transferred at the nodes, removing a diagonal ele-
ment would cause that the connected diagonal element with the
same direction to no longer attract load. Even if moments are
transferred in the present structure, the elements are in fact mainly
loaded via axial loads. Therefore, it is a reasonable approach to
combine failure cases of elements based on the truss model as
shown in Fig. 5. For a structure constructed from a given unit cell,
the associated members are found simply based on geometry. A
more general approach is to run all failure cases as a truss model
and identify unloaded elements for each failure case.

For the example given in Section 2.4, the above given approach
reduces the number of failure cases by 16=54 � 30%. This strategy
does not work for all types of unit cells, as it is ultimately based on
the assumption of a truss-like behaviour, which is not valid in
general.

4.2. Reduction based on interdependency

In the current section, a more general reduction strategy is dis-
cussed. The basic idea is to find pairs of elements with low interde-
pendency. To identify interdependency, we consider the change of
stress in element j, if element i is removed. This is determined by
calculating all failure cases. Since the objective of reducing the



Fig. 5. Concept of reducing failure cases based on truss model.

Fig. 6. Minimum remaining reserve factor (remaining eight constraints per element
plus/minus, right 4 higher order constraints per element): (a) engineering approach,
(b) highly restricted approach, (c) reduced failure cases based on truss model and
(d) reduced failure cases based on interdependencies.
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failure cases is to avoid calculating them all, the interdependency
is determined only in advance of the optimization. Due to the
design updates within the optimization process, the interdepen-
dencies also change, but this fact is neglected by the current
approach, as otherwise there would be no computational benefit.

For determining failure case couples, one could start with the
two elements with the lowest interdependency, then continue
next two elements with the lowest interdependency and so on.
However, this procedure would result in couples with relatively
high interdependency at the end of the selection process. Instead,
a different procedure is suggested, which is outlined in the follow-
ing algorithm.

Algorithm for failure case reduction based on
interdependencies:

1. Determine the stresses of the initial configuration (before opti-
mization) in intact condition and for each failure case, i.e., each
beam element is removed once.

2. Determine the interdependency of all elements with each
other:
– Dij = change of stress in element j when element i is

removed.
– The obtained matrix with interdependencies is not symmet-

ric, but for the combined failure cases two elements will be
removed at the same time. Therefore, a unique measure for
the interdependency is required, which is chosen to be the
maximum of both interdependencies: Dsym

ij ¼ max Dij;Dji
� �

.
3. For each element i, determine the element j with the smallest

interdependency Dmin
i ¼ min Dsym

ij

� �
for j ¼ 1; . . . ;n and j– i.

4. Find the element i with the maximal minimal interdependency

Dmaxmin ¼ max Dmin
i

� �
for i ¼ 1; . . . ;n.

5. The element i found in 4 and the element j associated with i
found in 3 are chosen as a pair for which the failure cases are
considered at the same time.

6. Remove elements i and j from the matrix of interdependencies
and repeat, finding a pair from 3 onwards.

The procedure described above halves the number of failure
cases to be considered in the optimization.
4.3. Results

The strategies for reducing the number of failure cases
described in the previous sections are applied to the example given
in Section 2.4. Fig. 6 shows the optimized designs found by the
engineering approach and the highly restricted approach, both
without and with the two proposed strategies for reduction of
failure cases. For each approach, the results are given for eight
stress constraints per element (plus/minus) as given in (1) and
for four stress constraints per element (squared) as given in (2).
The results are furthermore summarized in Table 1.

The optimal designs given by the highly restricted approach as
well as those for the two reduction strategies are qualitatively sim-
ilar. The results, however, show that the optimizations with
reduced failure cases do not provide fail-safe designs. Note that
the optimized designs resulting from the use of reduction strate-
gies are feasible solutions of the corresponding problem. These
solutions retain MRRF P 1 in the absence of two elements, but in
some cases if only one of these elements is removed the MRRF is
smaller than one. This is obviously induced by the load distribution
caused by the optimization with respect to the given problem.

This finding means that neither approach presented in the
previous sections for reducing the numerical effort are not conser-
vative. Nevertheless, they provide better results than the engineer-
ing approach at lower computational cost.

An MRRF of around 0.8 where it should be 1.0 is, of course, a sig-
nificant deviation from the fail-safe condition. However, one root
cause of this large discrepancy is the model size. The larger the
model, i.e., the more elements built into the structure, the more
easily the structure will be able to compensate for the failure of
one member. To demonstrate this, a larger model needs to be



Table 1
Comparison of different approaches for fail-safe design optimization.

Approach (eight constraints per element plus/minus) Iterations Volume fraction MRRF Gradient size (MB)

Without fail-safe constraint 34 8.53% 0.01 0.19
Engineering approach – 33.38% 0.74 0.19
Highly restricted approach 28 31.23% 1 10.07
Highly restricted, reduced failure cases (truss model) 25 31.68% 0.92 5.97
Highly restricted, reduced failure cases (interdependencies) 28 30.76% 0.82 5.22

Approach (four higher order constraints per element)
Without fail-safe constraint 29 8.82% 0.02 0.09
Engineering approach – 33.76% 0.61 0.09
Highly restricted approach 27 31.53% 1 5.04
Highly restricted, reduced failure cases (truss model) 52 30.93% 0.79 2.99
Highly restricted, reduced failure cases (interdependencies) 100 30.61% 0.82 2.61
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considered. This is however difficult to demonstrate using the
highly restricted approach, since the required memory becomes
too large to be handled as soon as the model becomes slightly big-
ger. Therefore, the use of the p-norm for the fail-safe optimization
is introduced in the next section.

5. Stress constraints using p-norm

Instead of formulating the stress constraints for each stress
evaluation point, the maximum stress of a failure case can be con-
sidered. The optimization problem then reads:

min
r

V rð Þ
s:t:
cj rð Þ ¼ max

i
r jð Þ

i rð Þ
h i

� rref 6 0 i ¼ 1 . . .nr

Ej � 0 j ¼ 1 . . .nFC

rmin 6 re 6 rmax e ¼ 1 . . .n

ð12Þ

Since the maximum function is not differentiable, a commonly
used approach for considering stresses in optimizations is to use
the p-norm of all (Duysinx & Sigmund, 1998; Le, Norato, Bruns,
Ha, & Tortorelli, 2009) or a certain set of stress constraints
(Holmberg et al., 2013). The p-norm of a constraint vector c is given
by:

cPN ¼
Xnc
i¼1

cpi

 !1
p

6 max c ð13Þ

This expression converges to the maximum value in c when
p ! 1 and allows the use of gradient-based methods, since it is
differentiable. The choice of p is critical for the optimization
process (Zhou & Sigmund, 2017). Low values are too conserva-
tive, especially when there are large distinctions in the entries
of c. Values which are to high lead to highly non-convex
restrictions of the design domain, so that the optimization algo-
rithm is more likely to result in less-optimal local solutions.
Therefore p is often heuristically increased during the optimiza-
tion process.

Applying the p-norm to the stress constraint in Eq. (12) leads to:

cj ¼
Xnr
i¼1

r2p
i

 !1
p

� r2
ref ð14Þ

The derivative of the this constraint with respect to the stresses
is given by:

@cj
@ri

¼ 2
Xnr

k¼1
r2p

k

� �1
p�1

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
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The sensitivity with respect to the design variable re is obtained
by making use of Eqs. (7) and (9).
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The global B-vector Bi is equal to the product of T iBi (transfor-
mation matrix and local B-vector) sorted into the correct positions
based on the indices of the corresponding degrees of freedom. The
adjoint variable k is derived from the following system, which is
solved efficiently since K is already factorized for the solution of u.

Kk ¼ �Cr
Xnr
i¼1

r2p�1
i EiBi ð17Þ

In contrast to the previous problem formulations, there is only one
constraint left for each failure case, and therefore the calculation
time of the corresponding gradient is significantly shorter. Further-
more, the size of the equation system which has to be solved in the
interior point method is significantly reduced, since the overall size
of the fail-safe constraint is reduced from n2

FC � nr to nFC � nr.
Using the p-norm allows larger systems to be optimized as

shown in Fig. 7. Just as in the smaller model, the model is clamped
at the left edge and loaded at the lower right end, but it consists of
12 times six cells, leading to 450 elements and 498 degrees of free-
dom. For the optimization, p is initially set to 12 and increased to
24 after 100 iterations. For the approach using interdependencies
(see Section 4.2), they are recalculated after 100 iterations.

Since the p-norm only provides a lower-bound estimation of the
maximum stress, it is conservative, whereas the reduction of fail-
ure cases turns out to be non-conservative. The question that arises
is in how far both effects compensate each other when they are
combined. This question cannot be answered in general, as it
depends on the value of p and the model itself. For the considered
example, using the truss model-based reduction provides an MRRF
lower than 1.0, even when it is combined with the p-norm (see
Table 2 and Fig. 7). The combination of failure case reduction based
on interdependencies and p-norm results in a conservative design
with the lowest weight.

5.1. Computational effort

The computational effort for different optimization procedures
cannot be compared directly, since the number of iterations per



Table 3
Computational effort for the different optimization procedures depending on the number

Number of optimizations Constraint gradien

Sizing 1 ne � 4ne

Sizing, p-Norm 1 ne � 1
Engineering approach ne ne � 4ne

Engineering approach, p-Norm ne ne � 1
Highly restricted approach 1 ne � 4n2

e

Highly restricted approach, p-Norm 1 ne � 4ne

Fig. 7. Minimum remaining reserve factor for a larger model using the p-norm
approach, considering (a) classical sizing (no p-norm) (b) all failure cases, (c)
reduced failure cases based on truss model and (d) reduced failure cases based on
interdependencies.

Table 2
Fail-safe optimization results for larger model, using p-norm for maximum stress
estimation.

Approach Iterations Volume
fraction

MRRF

Sizing 91 3.43% 0.02
Highly restricted approach 200 9.58% 1.06
Reduced failure cases (truss model) 200 9.32% 0.87
Reduced failure cases (interdependencies) 200 9.31% 1.04

J.K. Lüdeker, B. Kriegesmann / Journal of Computational Design and Engineering 6 (2019) 260–268 267
optimization cannot be estimated a priori. Use of the engineering
approach requires multiple optimizations and therefore many
more iterations in total. The main issue in the highly restricted
approach is the rapidly increasing growth of the constraint gradi-
ent size depending on the number of elements. This procedure is
not practical, (e.g., 1e3 elements require 50 GB of memory storage)
without using the p-norm to assemble the constraints of each fail-
ure case. Using the p-norm usually extends the number of required
iterations. The only partially practical solution for fail-safe
medium-sized models appears to be the highly restricted approach
using the p-norm. An overview of the computational effort
required for the discussed approaches is given in Table 3.
6. Conclusions and outlook

In the current work, an optimization of lattice structures is pre-
sented in which each member is modelled as an individual beam
element with varying thickness. The optimization problem consid-
ered seeks to minimize the weight/volume under particular stress
constraints. This set-up is used to investigate how fail-safe require-
ments can be embedded in the optimization. As a reference, an
engineering approach for determining a fail-safe design is fol-
lowed. Though this approach intuitively seems to be conservative,
the designs obtained from this approach turn out not to be fail-
safe. A rigorous formulation of the fail-safe optimization, in which
the fail-safe requirement is considered as constraint, provides fail-
safe designs. However, this procedure is computationally very
demanding (which also true for the engineering approach). There-
fore, possibilities for reducing the number of constraints in the
optimization are investigated.

Two approaches are discussed, which reduce the number of fail-
ure cases by combining them. The optimal designs obtained from
these approaches are able to sustain load in the absence of two ele-
ments, but in some cases the MRRF is below 1.0 for these struc-
tures. Therefore, the approaches with combined failure cases do
not provide a fail-safe design, although the violation of this
requirement is smaller than for the engineering approach.

With increasing model size, the capability of compensating for
the failure of one element increases. Therefore, the violation of
the fail-safe requirement becomes smaller for larger structures.
However, also the need for efficiency improvement also increases
and one may wish to consider even more failure cases at the same
time.

When formulating the stress constraints in terms of maximum
stress and approximating this using the p-norm, the number of
constraints decreases and the adjoint method can be used for
determining derivatives. This improves the efficiency, but also
leads to overly conservative designs. Using the p-norm approach
for a reduced number of failure cases allows for compensation
the lack of conservatism of the failure case reduction and makes
use of the efficiency improvements of both measures. However,
there is no assurance that this combined approach is always
conservative.
of elements ne . Number of iterations is problem-dependent.

t size FE factorizations per iteration Solving factorized FE LGS per iteration

1 4ne

1 1
1 4ne

1 1
ne 4n2

e

ne 4ne
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The presented combination and reduction of failure cases may
also be applied to topology optimization of continuous structures.
Obviously, the approach presented by Jansen et al. (2013) becomes
faster if two patches are removed at the same time. For the selec-
tion of such pairs of patches, the procedure presented in Section 4.2
can be used. However, also the finding that the resulting optimal
structure may not be fail-safe may also apply to topologically opti-
mized structures.

These studies emphasize that the main question in fail-safe
design optimization is how to define the important failure cases,
and they also show that this question cannot be answered a priori
for more complex structures. Even reasoned strategies for neglect-
ing failure cases can be critical and may not provide fail-safe
designs. This complicates the reasoning for state-of-the-art fail-
safe optimization, which considers only a few simple failure cases,
or minimizes the maximum compliance of multiple models. Metal
parts may also start to yield, so that maximum stresses may not be
the critical limitation of the problem. In this case, it could be nec-
essary to include more advanced damage criteria in the optimiza-
tion, to provide a less conservative design and to fulfil fail-safe
requirements at the same time.
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