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Abstract
In this paper we generalize the automated multi–level substructuring method to certain
classes of nonlinear eigenvalue problems which can be partitioned into an essential linear and positive definite pencil and a small residual. The efficiency of the method is
demonstrated by numerical examples modeling damped vibrations of a structure with
nonproportional damping, a gyroscopic eigenproblem, and a rational eigenproblem
governing free vibrations of a fluid–solid structure.
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1 Introduction
In this paper we consider the nonlinear eigenvalue problem
T (λ)x = 0

(1)

where T (λ) ∈ Cn×n is a family of large and sparse matrices depending on a parameter
λ ∈ D ⊂ C. As in the linear case T (λ) = λB−A a parameter λ is called an eigenvalue
of T (·) if problem (1) has a nontrivial solution x 6= 0 which is called a corresponding
eigenvector.
Problems of this type arise in damped vibrations of structures, vibrations of rotating structures, stability of linear systems with retarded argument, lateral buckling
problems, vibrations of fluid-solid structures, or numerical simulation of quantum dot
heterostructures, to name just a few.
Over the last few years, a new method for huge linear eigenvalue problems
Kx = λM x
1

(2)

where K ∈ Cn×n and M ∈ Cn× are Hermitian and positive definite, known as Automated Multi–Level Substructuring (AMLS), has been developed by Bennighof and
co-authors, and has been applied to frequency response analysis of complex structures
[3, 4, 5, 6]. Here the large finite element model is recursively divided into very many
substructures on several levels based on the sparsity structure of the system matrices.
Assuming that the interior degrees of freedom of substructures depend quasistatically on the interface degrees of freedom, and modeling the deviation from quasistatic
dependence in terms of a small number of selected substructure eigenmodes the size
of the finite element model is reduced substantially yet yielding satisfactory accuracy
over a wide frequency range of interest. Recent studies ([15, 17, 22], e.g.) in vibroacoustic analysis of passenger car bodies where very large FE models with more than
six million degrees of freedom appear and several hundreds of eigenfrequencies and
eigenmodes are needed have shown that AMLS is considerably faster than Lanczos
type approaches.
From a mathematical point of view, AMLS is nothing else but a projection method
where the large problem under consideration is projected to a subspace spanned by a
small number of eigenmodes of undamped clamped substructures on several levels.
With respect to this basis the projection of the stiffness matrix K becomes diagonal,
and the mass matrix M is projected to a generalized arrowhead form.
In this presentation we discuss the generalization of AMLS to the nonlinear eigenvalue problem (1). To this end we identify an essential linear part of the nonlinear
eigenproblem, i.e. we rewrite problem (1) as
T (λ) = Kx − λM x + R(λ)x = 0

(3)

where K ∈ Cn×n and M ∈ Cn×n are Hermitian and positive definite matrices, and
R(λ) ∈ Rn×n is small. We construct the ansatz space for the projection by the AMLS
approach using the matrices K and M only, and apply all transformations and projections to the nonlinear part R(·) simultaneously. Thus, we obtain a nonlinear eigenproblem of the same type as (1) but of much smaller dimension which can be solved by
any appropriate method, i.e. by a dense solver if the projected problem is small, by linearization if the underlying problem is a polynomial eigenproblem, or by an iterative
projection method of Arnoldi [26] or Jacobi–Davidson type [27].
The efficiency of the method is demonstrated by three classes of problems, a gyroscopic eigenproblem modeling a rotating tire, a rational eigenvalue problem

2

Kx + ω M x −

p
X
j=1

1
∆Kj x = 0
1 + bj ω

(4)

modeling the damped vibrations of a structure with nonproportional damping where a
viscoelastic constitutive relation is assumed to describe the behavior of the material,
and a rational eigenvalue problem governing free vibrations of fluid–solid structure.
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Fig. 1: Substructure tree

2 AMLS for linear eigenproblems
In this section we summarize the Automated Multi-Level Substructuring (AMLS) method for the linear eigenvalue problem
Kx = λM x

(5)

which was developed by Bennighof and co-workers over the last few years [4, 6, 15],
who applied it to solve frequency response problems involving large and complex
models. Here, K is the stiffness matrix and M the mass matrix of a finite element
model of a structure.
Similarly as in the component mode synthesis (CMS) the structure is partitioned
into a small number of substructures based on the sparsity pattern of the system matrices, but more generally than in CMS these substructures in turn are substructured
on a number of levels yielding a tree topology for the substructures. Fig. 1 shows an
example were each substructure has at most two children.
We stress the fact that substructuring does not mean that it is obtained by a domain
decomposition of a real structure, but it is understood in a purely algebraic sense,
i.e. the dissection of the matrices can be derived by applying a graph partitioner like
CHACO [13] or METIS [16] to the matrix under consideration. However, because of
its pictographic nomenclature we will use terms like substructure or eigenmode from
frequency response problems when describing the AMLS method.
Substructures on the lowest level consist of a small number of degrees of freedom,
which are partitioned into two sets: interface degrees of freedom which are shared
with an adjacent substructure, and interior or local degrees of freedom which are only
connected to degrees of freedom in their own substructure. To demonstrate the AMLS
method we distinguish only between two substructures on the lowest level (corresponding to index sets I1 and I2 ), the interface between these substructures (with index set
I3 ) and the remaining degrees of freedom (index set I4 ). Partitioning the displacement vector x correspondingly and reordering the matrices K and M the eigenvalue
3

problem (5) obtains the following form
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To remove the off-diagonal blocks Kij , i = 1, 2, j = 3, 4 in K we apply the congruent
transformation with
T T KT y = λT T M T y, y = T −1 x
where
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Then problem (5) is equivalent to
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Taking advantage of the modal representation
Kjj Φj = Mjj Φj Ωj ,

ΦTj Mjj Φj = I,

j = 1, 2,

of the substructures under consideration, and applying the further congruent transformation by the block diagonal matrix T̃ = diag{Φ1 , Φ2 , I, I} we obtain the equivalent
eigenvalue problem
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where
M̂ij = ΦTi M̃ij , i = 1, 2, j = 3, 4.
These transformations are applied to all substructures on the finest level. The resulting
eigenproblem is a quasistatic-modal representation of the structure which is known as
Craigh-Bampton form in component mode synthesis method.
It is well known that the high frequency modes of the substructures do not influence the low frequency modes of the entire structure very much. Hence, similarly as
in the component mode synthesis method we can reduce the dimension of the eigenvalue problem (9) considerably if we delete rows and columns which correspond to
frequencies of the substructures exceeding a given cut-off frequency.
In a recent paper Bai and Lia [1] suggested a different choice of dropping rows
and columns based on a moment–matching analysis. Examples demonstrate that the
approximation properties can be improved slightly, usually however, the extra cost do
not pay. Moreover, its generalization to several levels is not obvious.
The resulting eigenproblem is the projection of problem (5) to the subspace spanned by all interface degrees of freedom and the kept modes of the substructures of the
finest substructuring. It obtains the same block form as problem (9), although the two
leading blocks are of much smaller dimension.
Once substructures on the lowest level have been transformed and projected they
are assembled to parent substructures on the next level. Again interface and local degrees of freedom are identified, and the substructure models are transformed similarly
as on the lowest level.
For instance, for the parent substructure consisting of the three leading block rows
and columns of (9) we remove the off-diagonal block K̃34 by a congruent transformation similar to (7) yielding
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Instead of solving the eigenvalue problem corresponding to the local degrees of freedom of the parent substructure under consideration
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we only take advantage of the eigenproblem of the diagonal block
K̃33 Φ3 = M̃33 Φ3 Ω3 , ΦT3 M̃33 Φ3 = I.
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(12)

Fig. 2: Transformed mass matrix
Applying the congruent transformation with T = diag{I, I, Φ3 , I} to problem (9),
and dropping all rows and columns in the third block if the corresponding eigenvalue
exceeds the cut-off frequency we further reduce the dimension of the eigenproblem.
Assembly to higher-level substructures, transformation to quasistatic-modal representation, and projection to subspaces spanned by modes of diagonal blocks not exceeding the cut-off frequency continues, until we arrive at an approximate model for
the entire structure. We end up with a projected eigenproblem
Ky = λMy,

(13)

where the stiffness matrix K has become diagonal, and the mass matrix is projected
to a matrix M the diagonal of which is the identity, and the only off-diagonal blocks
containing non-zero elements are the ones describing the coupling of the substructures
and its interfaces. Fig. 2 shows the structure of the resulting mass matrix.
Once the multi-level substructuring transformation of the problem (5) has been accomplished, the substructure modes can be collected in a matrix ΦAMLS , and if (λ, y) is
an eigenpair of the projected problem (13) then (λ, x) = (λ, ΦAMLS y) is an approximate
eigenpair of problem (5) called Ritz-pair.
The cost of performing the projection above consists of the cost of obtaining the
submatrices Φj of ΦAMLS , and transforming the substructure stiffness and mass matrices K and M . Notice that for every substructure only a partial eigenproblem has to be
solved, and only a small number of eigenpairs is needed. Moreover, the eigenproblems
are usually very small because most of the local degrees of freedom of a substructure
are local degrees of the substructures of the next lower level which form the current
substructure. Hence, the part of the substructure stiffness matrix corresponding to these degrees of freedom is already diagonal, and we only consider those local degrees of
6

freedom which did not have this property on the next lower level, i.e. those interface
degrees of freedom of the next lower level which are not interface degrees of freedom
on the current level.
Differently from the iterative projection methods like Lanczos, rational Krylov or
Jacobi–Davidson where approximations to the wanted eigenpairs are obtained from
projections of problem (5) to subspaces which are expanded in the course of the algorithm, AMLS is a one shot method, i.e. after having chosen a cut-off frequency or
another dropping rule the method produces one fixed subspace V and the corresponding projected eigenproblem. If the computed approximate eigenpairs turn out to be
not accurate enough there is no way to expand the subspace V reusing the projected
problem but one has to repeat the reduction with a higher cut-off frequency.
Bekas and Saad [2] identified the level-one version of AMLS as linearization of
a rational eigenproblem, which motivated them to suggest three modifications, a second order approximation, expanding the projection space by Krylov subspaces, and
a combination of these two modifications. For the multi-level substructuring method,
however, these modifications do not seem to be useful.
In a recent paper Yang et al. [29] considered the component mode synthesis method, and they obtained a simple heuristic for choosing spectral components from each
substructure suggesting to drop all eigenpairs (ω, φ) of substructures in the reduction
process such that
λ1
≤τ
ρ1 (ω) :=
ω − λ1
where λ1 is the smallest eigenvalue of the problem under consideration, and τ is a
given tolerance.
Taking advantage of a minmax characterization of eigenvalues of nonlinear eigenproblems in [10] we proved that this is an a priori bound to the smallest eigenvalue of
problem (5). More generally we proved the following theorem:
THEOREM 1 Let 0 < λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalues of problem (5),
and let
λ̃1 ≤ λ̃2 ≤ λ̃m < min ων ≤ λ̃m+1 ≤ . . .
ν=0,...,p

be the eigenvalues of the projected eigenproblem by AMLS with p levels of substructuring where on the ν-th level eigenvalues exceeding ων are neglected. Then it holds
Ã
!
p
(ν)
Y
λj
λ̃j − λj
≤
1+
− 1,
(ν)
λj
ω
−
λ
ν
ν=0
j

j = 1, . . . , m.

(14)

Numerical examples demonstrate that these a priori bounds overestimate the real
relative errors by a factor up to 102 . They suggest the following cut-off rule for frequencies: if one is interested to obtain the eigenvalues less than ω̂ with relative errors
not exceeding 1 % then a cut-off frequency 10ω̂ usually suffices.
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3 AMLS for nonlinear eigenproblems
In this section we consider the nonlinear eigenvalue problem
T (λ)x = 0

(15)

where T (λ) ∈ Cn×n is a large and sparse matrix depending on a parameter λ ∈ D ⊂
C. As in the linear case λ ∈ D is an eigenvalue of problem (15), if there exists a
nontrivial solution x 6= 0 of (15) which we call a corresponding eigenvector.
To generalize the AMLS method we identify an essential linear part of T (·), i.e. we
rewrite problem (15) as
Kx − λM x − R(λ)x = 0,
(16)
where K ∈ Cn×n and M ∈ Cn×n are Hermitian and positive definite matrices, and
R(λ) = K − λM − T (λ)

(17)

is a perturbation of the linear eigenproblem Kx = λM x, which is small in the eigenparameter set of interest.
Once the multi-level substructuring transformation of the linear pencil (K, M ) has
been accomplished with a given cut-off frequency we obtain a matrix ΦAMLS of substructure modes, and a projected eigenproblem
Ky = λMy

(18)

H
of much smaller dimension where K = ΦH
AMLS KΦAMLS and M = ΦAMLS M ΦAMLS .
This information can be used in two ways to solve the nonlinear eigenvalue problem
approximately: First, we may project the nonlinear eigenproblem (15) to the subspace
of Cn spanned by substructure modes which were kept in the AMLS reduction, i.e.
H
ΦH
AMLS T (λ)ΦAMLS y = Ky − λMy − ΦAMLS R(λ)ΦAMLS y = 0.

(19)

In particular this projection can be performed easily if the remainder R(λ) has the
form
p
X
fj (λ)Cj
R(λ) =
j=1

where fj (λ) are given complex functions and Cj ∈ Cn×n are given matrices, which
quite often have the same sparsity structure as the pencil (K, M ) or some other simple
structure. In this case the projection ΦH
AMLS R(λ)ΦAMLS could be determined simultaneously with the matrices K and M in the course of the AMLS reduction.
Secondly, we may determine Ritz pairs (λj , ΦAMLS yj ), j = 1, . . . , m of the linear
problem Kx = λM x corresponding to eigenvalues in the wanted region from the
projected problem (18), and project the nonlinear problem to the subspace spanned by
these Ritz vectors. Thus we get
X H T (λ)Xz = Λz − λz − X H R(λ)Xz = 0
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(20)

where Λ = diag{λ1 , . . . , λm } and X = (x1 , . . . , xm ).
Problem (20) is equivalent to the projection of problem (19) to the space spanned
by the eigenvectors y1 , . . . , ym of (18) corresponding to λ1 , . . . , λm . Hence, we can
expect, that the first approach will yield better approximations. Examples, however,
demonstrate that the loss of accuracy is often negligible.
In either case we arrive at a projected nonlinear eigenvalue problem of much smaller dimension which can be solved by a dense solver or an iterative projection method
depending on the dimension. The following subsections demonstrate how AMLS can
be applied to some classes of nonlinear eigenproblems successfully.

3.1 Gyroscopic problems
Consider the gyroscopic eigenvalue problem
Q(ω)x := Kx + iωGx − ω 2 M x = 0

(21)

governing eigenvibrations of rotating structures. Here K is the stiffness matrix modified by the presence of centripetal forces, M is the mass matrix, and G is the gyroscopic matrix stemming from the Coriolis force. Clearly, K and M are symmetric and
positive definite, and G is skew–symmetric.
For example, problem (21) arises when modeling noise of rolling tires which is
the major source of traffic noise for passenger cars at speed exceeding 60 km/h (cf.
[19, 20]). Due to the complicated interior structure of a belted tire the matrices K,
M and G of a sufficiently accurate FE model are very large and sparse. Moreover,
for the acoustic analysis many eigenpairs not necessarily at the end of the spectrum
are needed. Therefore, well-established sparse eigensolvers of Arnoldi type with shift
and invert techniques [18] for a linearization of problem (21) or iterative projection
methods for nonlinear eigenproblems [28] are very costly since LU factorizations of
complex valued matrices Q(ωj ) for several parameters ωj are required.
Since the influence of the gyroscopic matrix G on the eigenvalues of (21) is usually
not very high compared to the mass and stiffness matrix, it is reasonable to neglect the
linear term iωG when defining the essential linear eigenproblem Kx = ω 2 M x.
Since the sparsity pattern of G matches the ones of K and M one gets the reduced
model
Ky + iωGy − ω 2 My = 0,
(22)
when applying the AMLS reduction to Kx = ω 2 M x, and projecting the matrix G
simultaneously. Here the stiffness and mass matrix have the same structure as in the
linear case, and the gyroscopic matrix G is a skew-symmetric block matrix containing
diagonal blocks corresponding to the (reduced) substructures and interfaces, and only
off–diagonal blocks describing the coupling of a substructure and its interface contain
non–zero elements. Notice, that all projectors are real, and therefore the reduction can
be performed in real arithmetic.
9

If the dimension of problem (22) is very small, a method at hand is to consider the
linearization
¶
¶µ
¶
µ
¶µ
µ
ωy
M O
ωy
iG K
(23)
=ω
y
O K
y
K O
of problem (22) and to apply any dense solver.
For very large gyroscopic problems (for instance a realistic model of a rolling tire)
the dimension of the projected problem (22) will still be quite large. In this case (22)
can be solved by an iterative projection method taking advantage of the minmax characterization of its positive eigenvalues [23] or by a sparse solver of (23) like ARPACK
[18]. In both cases the solution requires complex arithmetic.
As a numerical example we consider a tire model with 39204 brick elements,
124992 degrees of freedom and 20 different material groups, rotating with 50 km/h.
Our aim is to determine approximations to the smallest 180 eigenvalues with relative
error less than 1% and the corresponding eigenvectors.
Linearizing problem (21) in the usual way
¶µ ¶
µ
¶µ ¶
µ
ωx
M O
ωx
−iG −K
(24)
=ω
x
O I
x
I
O
or by the Hermitian problem
¶µ ¶
µ
¶µ ¶
µ
ωx
M O
ωx
iG K
=ω
x
O K
x
K O

(25)

and applying the shift-and-invert Arnoldi method requires an LU factorization of Q(ω)
for every shift ω, which is a complex matrix. Determining the factorization by SuperLU [9] requires a memory of 6.04 GByte and a CPU time of 3910 seconds on one
PA-RISC (750 MHz) processor of an HP superdome.
Applying the nonlinear Arnoldi method [23] the preconditioners can be chosen as
real matrices K − ω 2 M , the LU factorization of which requires 2.7 GByte storage
and 1940 seconds with SuperLU, and 2.86 GByte storage and 1080 seconds with the
multi frontal solver MA57 of HSL [14]. Since the LU factorization has to be updated
several times a total CPU time of more than 12 hours results on one processor of the
superdome.
AMLS demands much less storage and the problem under consideration can be
solved on a personal computer, namely a Pentium 4 processor with 3.0 GHz and 1
GByte storage. With a cut-off frequency of ωc = 2 × 105 the problem is projected to a
gyroscopic eigenproblem (22) of dimension nc = 2697 requiring a CPU time of 1187
seconds. Solving the linearization (23) of the projected problem (22) by eigs (i.e. by
ARPACK) under MATLAB 7.0 requires another 166.1 seconds.
Figure 3 shows the relative errors of all 180 eigenvalues which are all less than
0.67%. Results from the nonlinear Arnoldi method are used as reference values.
Projecting problem (21) to the subspace spanned by the Ritz vectors corresponding
to eigenvalues of the linear problem
Ky = λMy
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2
not exceeding 1.5ωmax
where ωmax = 12000 is the maximal wanted eigenvalue one
gets a gyroscopic eigenproblem of dimension 262. The accuracy of the approximations to the 180 smallest eigenvalues of (21) is deteriorated only slightly. The maximum
relative error is raised only to 0.69%.
Numerically this can be done by solving problem (26) by a sparse linear solver
(eigs, e.g.), projecting problem (22) to the invariant subspace corresponding to the
chosen eigenvalues, and solving a linearization of the projected problem by a dense
solver. This way the computing cost is decreased to 30.5 seconds to solve (26), 5.2
seconds to obtain the projected problem, and 3.9 seconds to solve it.

3.2 Nonproportional damping
We consider a finite element model of a vibrating structure with nonproportional damping. Using a viscoelastic constitutive relation to describe the behavior of a material
in the equations of motions yields a rational eigenvalue problem for the case of free
vibrations [12]. A finite element model obtains the form
Ã
!
J
X
1
T (ω)x := ω 2 M + K −
(27)
∆Kj x = 0
1 + bj ω
j=1
where M is the consistent mass matrix, K is the stiffness matrix with the instantaneous elastic material parameters used in Hooke’s law, J denotes the number of
regions with different relaxation parameters bj , and ∆Kj is an assemblage of element
stiffness matrices over the region with the distinct relaxation constants. The real part
of an eigenvalue is the exponential rate with which the motion described by the corresponding eigenvector x decays. The imaginary part is the (damped) angular frequency
with which the motion described by x oscillates.
We consider the feeder clamp in Fig. 4 from the model library of FEMLAB [11]
which is clamped at its bottom. The instantaneous Young’s modulus is set to E =
11
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2.06 × 1011 , the instantaneous Poisson’s rate is ν = 0.3, and the density is set to ρ =
7800. For the nonproportional damping we use in addition the following parameters,
∆ν = 0.28, and ∆E = 6 × 1010 , and the relaxation constant is set to b = 1 × 10−3 .
Discretizing this problem by linear Lagrangian elements we obtained the rational
eigenproblem (27) of dimension 193617. For symmetry reasons we determined only
eigenvalues with negative imaginary part, and we computed 30 of them one after another with decreasing imaginary part. We solved this problem bei the nonlinear Arnoldi
method [26] where we preconditioned by an incomplete LU decomposition and accepted an eigenpair if the residual was less than 10−4 . This required a CPU time of
8309 seconds on an AMD Opteron Processor 248 x860 64 with 2.2 GHz and 4 GB
RAM under MATLAB 7.0.
Applying the AMLS method to the linear eigenvalue problem
Kx = λM x

(28)

with cut-off frequency λc = 1.2e7 and λc = 2.4e7, respectively, and applying the
transformations and projections to the matrix ∆K simultaneously, we obtained an
eigenvalue problem
µ
¶
1
2
ω M+K−
∆K y = 0
(29)
1 + bω
of dimension d1 = 1262 and d2 = 2808, which required 837 and 996 seconds, respectively.
Multiplying (29) by 1 + bω one gets a polynomial eigenvalue problem of degree 3
which is equivalent to the linearized eigenvalue problem
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ω y
O O bM
ω y
∆K − K −bK −M

of dimension 3dj , j ∈ {1, 2}. Approximations to the desired 30 eigenvalues of (27)
can be obtained from problem (30) by the MATLAB function eigs (i.e. by ARPACK)
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requiring 7.1 and 24.2 seconds, respectively. The maximum relative error is 2.1e − 3
for the projected problem of dimension 1262 and 9.1e−4 for the problem of dimension
2808. Fig. 5 shows the relative errors of the AMLS method for the linear eigenproblem
(28) marked by circles and the rational eigenproblem (27) marked by plus signs.
The solution time for the projected problem can be further reduced to 4.7 and 5.6
seconds, respectively, if we project problem (29) further to the space spanned by the
eigenvectors of the linear eigenproblem Ky = λMy corresponding to eigenvalues
not exceeding λc = 1.5|ω̃p |2 . This approach obviously is equivalent to determining
Ritz vectors of the linear problem Kx = λM x corresponding to eigenvalues not
exceeding λc and projecting problem (27) to the space spanned by these Ritz vectors.
The maximum relative error is raised only slightly to 9.3e − 4.

3.3 Vibrations of fluid-solid structures
We consider free vibrations of a tube bundle immersed in a slightly compressible
fluid under the following simplifying assumptions: The tubes are assumed to be rigid,
assembled in parallel inside the fluid, and elastically mounted in such a way that they
can vibrate transversally, but they can not move in the direction perpendicular to their
sections. The fluid is assumed to be contained in a cavity which is infinitely long,
and each tube is supported by an independent system of springs (which simulates the
specific elasticity of each tube). Due to these assumptions, three-dimensional effects
are neglected, and so the problem can be studied in any transversal section of the
cavity. Considering small vibrations of the fluid (and the tubes) around the state of
rest, it can also be assumed that the fluid is irrotational.
Mathematically this problem can be described in the following way (cf. [7, 8, 21]).
Let Ω ⊂ R2 (the section of the cavity) be an open bounded set with locally Lipschitz
continuous boundary Γ. We assume that there exists a family Ωj 6= ∅, j = 1, . . . , p,
(the sections of the tubes) of simply connected open sets such that Ω̄j ⊂ Ω for every
j, Ω̄j ∩ Ω̄i = ∅ for j 6= i, and each Ωj has a locally Lipschitz continuous boundary Γj .
13

S
With these notations we set Ω0 := Ω \ pj=1 Ω̄j . Then the boundary of Ω0 consists of
p + 1 connected components which are Γ and Γj , j = 1, . . . , p.
We denote by H 1 (Ω0 ) = {u ∈ L2 (Ω0 ) : ∇u ∈ L2 (Ω0 )2 } the standard Sobolev
space, and consider the subspace
Z
1
u(x) dx = 0}
H := {u ∈ H (Ω0 ) :
Ω0

equipped with the usual scalar product
Z
hu, vi := ∇u(x) · ∇v(x) dx.
Ω0

Then the eigenfrequencies and the eigenmodes of the fluid-solid structure are governed by the following variational eigenvalue problem (cf. [8])
Find λ ∈ R and u ∈ H such that for every v ∈ H
c

2

Z

∇u · ∇v dx = λ

Ω0

Z

Ω0

uv dx +

p
X
j=1

λρ0
kj − λmj

Z

Γj

un ds ·

Z

vn ds. (31)

Γj

Here u is the potential of the velocity of the fluid, c denotes the speed of sound in the
fluid, ρ0 is the specific density of the fluid, kj represents the stiffness constant of the
spring system supporting tube j, mj is the mass per unit length of the tube j, and n is
the outward unit normal on the boundary of Ω0 .
The eigenvalue problem is non–standard in two respects: The eigenparameter λ
appears in a rational way in the boundary conditions, and the boundary conditions
are nonlocal. Using methods from linear functional analysis Conca, Planchard and
Vanninathan [7, 8] proved that this problem has a countable set of eigenvalues which
are positive and real and which converge to infinity. To this end they transformed the
rational eigenproblem to a linear compact eigenproblem on a Hilbert space which is
nonselfadjoint but can be symmetrized easily. The same result follows more easily
from the fact that the eigenvalues of of problem (31) can be characterized as minmax
values of a Rayleigh functional [25].
In particular we consider the rational eigenvalue problem (31) where Ω is the ellipse
with center (0, 0) and length of semiaxes 8 and 4, and Ωj , j = 1, . . . , 9 are circles
with radius 0.3 and centers (−4, −2), (0, −2), (4, −2), (−5, 0), (0, 0), (5, 0), (−4, 2),
(0, 2) and (4, 2). We assume that c = 1, ρ0 = 1 and mj = 1 for all j. For the stiffness
constants kj we assume k1 = k2 = k3 = 1, k4 = k5 = k6 = 2, and k7 = k8 = k9 = 3.
Discretizing problem (31) by linear Lagrangian elements one gets a rational matrix
eigenvalue problem
T (λ)x := −Kx + λM x +

λ
λ
λ
C1 C1T x +
C2 C2T x +
C3 C3T x = 0 (32)
1−λ
2−λ
3−λ
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where K and M are symmetric and positive (semi-)definite, and Cj ∈ Rn×6 , j =
1, 2, 3, collects the contributions of the three groups of tubes in the nonlocal boundary
conditions. In our example the dimension is n = 143064.
Problem (32) has 18, 15, and 14 eigenvalues in the interval J1 = (0, 1), J2 = (1, 2),
and J3 = (2, 3), respectively, and a large number of eigenvalues in (3, ∞), 18 of
which are contained in J4 := (3, 5). In each of the intervals Jj the eigenvalues can
be characterized as minmax values of a Rayleigh functional [25], and they can be
determined one after the other by the nonlinear Arnoldi method [23]. Preconditioning
by the LU factorization of T (σ) for fixed σ ∈ Jj and starting with initial search
spaces according to [24] the Arnoldi method required 795 seconds to determine all
eigenvalues in [0, 5] on an AMD Opteron Processor 248 x86 64 with 2.2 GHz and 4
GB RAM under MATLAB 7.0.
The reduction of the problem by AMLS with the base problem Kx = λM x and a
cut-off frequency of 100 generated a rational eigenvalue problem
−Ky + λMy +

λ
λ
λ
C1 C1T y +
C2 C2T y +
C3 C3T y = 0
1−λ
2−λ
3−λ

(33)

of dimension 888. In principle this problem could be multiplied by (1−λ)(2−λ)(3−λ)
yielding a polynomial eigenvalue problem of degree 4. Linearization would result in a
linear eigenvalue problem of dimension 3552 which could be solved by a sparse solver
like ARPACK. However, since rank(Cj ) = 6, j = 1, 2, 3, the polynomial eigenproblem and its linearization have eigenvalues λ̃j = j, j = 1, 2, 3 each of multiplicity
882, which would impede the computation of the eigenvalues in the interval [0, 5].
Since the projected problem (33) inherits the symmetry properties of problem (32)
we solved it by the nonlinear Arnoldi method, which required 451.42 seconds for
reducing the base problem Kx = λM x by AMLS and transforming the matrices C1 ,
C2 , and C3 simultaneously, and 45.64 seconds for solving the projected problem (33)
by the nonlinear Arnoldi method. Hence, the total CPU time was 497.06 seconds. The
gain in computing time by the AMLS method for this 2 dimensional problem is not
as pronounced as in our previous examples since the matrices are less populated, and
the preconditioner in the nonlinear Arnoldi method requires much less storage and
arithmetic operations .
The relative errors are displayed as plus signs in Fig. 6. The maximum error is
0.063 which is quite large for a cut-off frequency being 20 times larger than the largest
wanted eigenvalue. This difficulty is caused by the fact that the rational eigenproblem
(32) is not just a small perturbation of the base problem Kx = λM x used in the
AMLS reduction (for instance, (32) has 18 eigenvalues in the interval [0, 1) whereas
the linear problem Kx = λM x has only 12). There are eigenvectors of problem (32)
which have large amplitudes close to some of the tubes which can not be approximated
well by the AMLS basis consisting of eigenmodes of interfaces and substructures. Fig.
7 and Fig. 8 show two of these eigenfunctions.
It is interesting to note that these eigenfunctions do not correspond to eigenvalues
which are close to a pole. Fig. 9 shows the eigenfunction corresponding to an eigen15
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Fig. 6: Relative errors for fluid–solid structure

Fig. 7: Eigenvector corresponding to λ13 = 0.7506

Fig. 8: Eigenvector corresponding to λ27 = 1.5988
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Fig. 9: Eigenvector corresponding to λ18 = 0.9585
value λ18 close to the pole σ1 = 1 which can be easily approximated by the base
vectors.
To improve the approximation properties of AMLS we complemented the 503 interface degrees of freedom on the coarsest level which were generated by METIS for
the base problem Kx = λM x by the 1728 components corresponding to nonzero row
entries of the matrix [C1 , C2 , C3 ]. Applying AMLS with the cut-off frequency 100 we
obtained a reduced problem of the type (33) of dimension 902 which we solved by
the nonlinear Arnoldi method. The maximum relative error was reduced to 0.0096.
The relative errors are displayed in Fig. 6 as circles. The total CPU time was 527.03
seconds, 480.89 for the AMLS reduction, and 46.14 seconds for the solution of the
reduced problem.
The alternative way of solving the nonlinear eigenproblem by projecting it to a
subspace spanned by a moderate number of Ritz vectors obtained from the AMLS
method for the linear base problem leads to bad approximations in this problem. For
instance, if problem (32) is projected to the space (of dimension 88) spanned by the
Ritz vectors corresponding to the Ritz values not exceeding 10 (the double of the
maximal wanted eigenvalue), the maximum relative error for the eigenvalues in the
interval [0, 1) is 0.15.

4 Conclusions
The Automated Multi-Level Substructuring method (AMLS) is known to be very efficient for huge linear definite eigenvalue problems Kx = λM x. Here the joint graph
of K and M is partitioned into many subgraphs on several levels, and the problem
is projected to a subspace spanned by eigenmodes of the matrices corresponding to
subgraphs and a hierarchy of interfaces.
In this paper we generalized this approach to nonlinear eigenvalue problems identifying a linear base problem and projecting the underlying problem to the subspace
17

generated by applying AMLS to the base problem.
The method works well for nonlinear problems which are small perturbations of
a linear definite problem. For problems where the nonlinearity is more pronounced
the AMLS method can be improved by complementing the interface degrees of freedom on the coarsest level by further degrees of freedom which are suitable to catch
the nonlinear behavior. Numerical methods from structural dynamics demonstrate the
efficiency of the method.
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