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Abstract
Diffusion-type problems in (nearly) unbounded domains play important roles in various fields of fluid dynamics, biology, and
materials science. The aim of this paper is to construct accurate absorbing boundary conditions (ABCs) suitable for classical
(local) as well as nonlocal peridynamic (PD) diffusion models. The main focus of the present study is on the PD diffusion
formulation. The majority of the PD diffusion models proposed so far are applied to bounded domains only. In this study,
we propose an effective way to handle unbounded domains both with PD and classical diffusion models. For the former, we
employ a meshfree discretization, whereas for the latter the finite element method (FEM) is employed. The proposed ABCs
are time-dependent and Dirichlet-type, making the approach easy to implement in the available models. The performance of
the approach, in terms of accuracy and stability, is illustrated by numerical examples in 1D, 2D, and 3D.

Keywords Peridynamic diffusion model · Absorbing boundary conditions · Nonlocal diffusion · Corrosion · Unbounded
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1 Introduction

Peridynamics (PD) is a recent nonlocal theory that has
received a widespread attention in computational mechan-
ics. It has been widely exploited to solve various problems
in mechanics and physics. The theory was originally intro-
duced by Silling [56] and Silling et al. [58] to handle material
failure in solid structures, which is not an easy task for the
classical continuum mechanics (CCM) theory. In fact, the
original formulation of PD introduces an equation of motion
in solid mechanics based on integro-differential equations
rather than on partial differential equations (PDEs) which
are undefined at discontinuities. Therefore, PD models are
effective tools inmodellingmaterial discontinuities, and they
consider fracture and damage as natural parts of the solution.
To this respect, many PD models have so far been proposed
and applied to a broad range of problems in solids includ-
ing fracture and crack propagation; to mention a few, see
[7,16,40,52,57,59,66] and for a comprehensive review one
may refer to [11,17].

In nonlocal continuum theories, the value of a physical
quantity at a given material point is influenced by quantities
within a finite neighborhood around that point; we refer to
such influences as nonlocal effects. PD models make use of
a characteristic length scale called horizon that determines
the region of the nonlocal interactions. Each material point
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establishes direct interactions with other points within its
neighborhood. The interactions are governed by a response
function that includes all the material constitutive informa-
tion. As the horizon shrinks and asymptotically approaches
zero, the interactions become local and the formulation
reduces to that of the classical local theory when suitable
regularity assumptions hold [19].

The focus of the present study is on diffusion-type prob-
lems. In fact, the solution of diffusion problems is of great
importance for engineering and physics applications con-
cerning heat andmass transfer. Themathematical description
of many phenomena from areas such as fluid dynamics,
chemistry, biology, information, environmental and materi-
als sciences is governed by diffusion-type equations. In this
regard, numerous numerical methods (based on the classical
local diffusion) have so far been employed, for example the
finite element method (FEM), the finite difference method
(FDM), the boundary element method (BEM), and mesh-
free methods (see, e.g., [4,6,25,31]). At the macroscale, most
diffusion processes can be described well by local models
based on Fourier’s law (heat conduction) as well as Fick’s
law (mass transport). However, at this scale, nonlocal effects
may play a crucial role; for instance, in the case of heat con-
duction with steep temperature gradients, stochastic jump
processes and anomalous diffusion are observed in hetero-
geneous environments [21,35,36,73]. Therefore, nonlocal
diffusion equations aswell as relatednumericalmethods have
received a considerable attention in the literature [29,35,42].
Recently, miniaturization of devices has providedmore cases
where the application of nonlocal models rather than local
ones is more appropriate [61,67].

Unfortunately, many of the nonlocal models are inappli-
cable for problems in which discontinuities (whether strong
or weak) in the system emerge, interact, and evolve. Ther-
mal cracking [5,33,65], hydraulic fracturing [43], and pitting
corrosion [28] are just a few examples, where part of the solu-
tion is governed by diffusion, and, at the same time, they are
subjected to the emergence of spontaneous discontinuities.

To address also such problems, PD is a promising
approach. The first PD diffusion model was developed by
Gerstle et al. [24] for electromigration that accounts for heat
conduction in a 1D body. Bobaru and Duangpanya proposed
a 1D PD heat conduction model in [9], and an extension of
their work to 2D bodies with evolving discontinuities is pre-
sented in [10]. In these cases, the interaction betweenmaterial
points is prescribed by a thermal response function, and the
spatial derivatives of temperature, involved in classical diffu-
sion equations, are replaced by spatial integrals of the thermal
response function. Zhao et al. [72] introduced a PDmodel for
transient advection-diffusionproblems.Themajority of these
models utilize the bond-based version of PD. For a mathe-
matical investigation into the generic forms of PD diffusion
models one can refer to the studies conducted in [18,60];

moreover, the first attempts to derive the state-based formu-
lation for thermal diffusion can be found in [42,46]. There is
still ongoing research on PD diffusion models [14,64].

More recently, the application of PD to corrosion prob-
lems has received a considerable attention [15,28,29,44].
Corrosion problems mainly involve a diffusion process in an
electrolyte/solid system coupled with a phase-change mech-
anism; this results in a moving interface problem. Treatment
of moving interfaces by local models is challenging since
the accurate position of the interface, where the flux con-
tinuity conditions (Stefan conditions) are satisfied, must be
traced over time [15,22]. The situation gets worse for cor-
rosion problems as the interfaces evolve and increase in
number in time. PD models are effective tools for treating
these problems since they simulate the evolution of the corro-
sion damage and material disintegration in a mathematically
consistent manner. Moreover, the Stefan conditions are nat-
urally satisfied by the PD solution [13]. PD modelling of
such problems only requires modifying the nonlocal inter-
actions between material points near the interfaces [13], and
the autonomous evolution of moving interfaces is a natural
part of the PD models.

All the aforementioned studies focus on the solution of
bounded-domain problems. In contrast, the solution of dif-
fusion-type problems in an infinite domain via both nonlocal
and localmodels is themain concern of the present study. The
application of unbounded-domain problems can be found
abundantly in different fields, including fluid dynamics, heat
conduction, biology, and finance [27,32]. Modelling dif-
fusion in unbounded domains finds application in many
practical problems regarding corrosion [12]. The main chal-
lenge in modelling diffusion-type problems in unbounded
domains lies in the infinity of the medium; however, the stan-
dard numerical methods, such as the FEM, are developed for
bounded-problem domains.

Artificial boundary methods (ABMs) are the most com-
mon way of coping with unbounded domains numerically
[53,71]. The idea in ABMs is first to truncate the unbounded
domain at an artificial boundary (or absorbing boundary)
at a certain distance from the region of interest. Then,
by constructing appropriate absorbing boundary conditions
(ABCs), applied to the artificial boundary, one can convert
the original problem into a bounded one. The exterior domain
and the region of interest are referred to as far field and near
field, respectively. One has to place the artificial boundary
so that the near field includes all the sources. The numeri-
cal accuracy and stability strongly depend on the design of
the ABCs. The reduced problem domain can reproduce the
original solution (within the interior region) provided that
accurate and reliable boundary conditions are imposed on the
artificial boundary. In the last three decades, the derivation
of ABCs, for local wave- and diffusion-type problems, has
been the subject of numerous studies, yielding, e.g., the high-
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order ABCs [26,69] and the perfectly matched layer (PML)
method [3,8]. However, the solution of nonlocal problems
in unbounded domains has received little attention, and it
is still an open subject of research [71]. In fact, construc-
tion of nonlocal ABCs is challenging since the interactions
are nonlocal; in addition, the nonlocal operators are gener-
ally associatedwith volume constrained boundary conditions
[2,18,46]. Some recent works in the literature regarding
new techniques for enabling PD models to face unbounded
domains can be found in [20,51,63,68] for 1D and 2D wave
and in [71] for 1D diffusion problems.

Herein, we propose a new strategy for constructing ABCs,
explicitly in the time domain for both the classical local
and the PD diffusion formulation. First, we construct the
ABCs for the classical local diffusion equation. Then, the
approach is extended and applied to a PD diffusion model.
The present study is inspired by two recent works conducted
in [38,53] about a new type of ABCs for scalar and elastic
wave propagation problems (hyperbolic PDEs) within the
classical continuum framework. Here, similar to many other
techniques, we truncate the unbounded domain at an artificial
boundary and restrict the computational domain. The solu-
tion of the interior domain is computed by a standard FEM
solver in the case of local diffusion and by a meshfree PD
solver in the case of nonlocal diffusion; moreover, for march-
ing in time, we make use of an explicit scheme. The ABCs
are derived from a simple collocation approach that is local
in time. The collocation employs a least-squares scheme over
a subdomain centred at nodes to which the ABCs must be
prescribed. The subdomain is referred to as cloud in the ter-
minology of meshless methods. The collocation approach is
simple and shares similarities with that of the meshless finite
point method (FPM) [37,41,49,50,54]. We approximate the
far field solution by a series of exponential basis functions
(EBFs) which satisfy the governing equation of diffusion.
EBFs are obtained as time-dependent fundamental solutions
(modes) based on which a semi-analytical solution of the far
field can be achieved. For this purpose, EBFs are adjusted
so that they can play the role of vanishing modes capable
of satisfying the corresponding conditions at infinity. The
modes align the flux towards the exterior domain and prevent
any unphysical reflection from the absorbing boundary. The
unknowncoefficients of the series canbe found in termsof the
nodal collocation values. In this way, the approximate solu-
tion provides Dirichlet ABCs for the corresponding nodes.
In the case of the FEM, the corresponding nodes are located
on the absorbing boundary, while in a PD model the cor-
responding nodes are located within a layer adjacent to the
absorbing boundary. This will be explained in detail later.

The proposed approach offers several appealing features.
First, the method does not interfere with the discretization
scheme of the near field, and it is simple to implement. Sec-
ond, as the method is local in time, it is free from Fourier

and Laplace transform procedures; this feature is especially
important for PD as, in this case, the calculation of the
kernel function from the Laplace transform is complicated
(due to the nonlocality) [71]. Third, the proposed ABCs are
Dirichlet-type, so they can be simply prescribed at the cor-
responding nodes. Fourth, the method neither requires any
spatial differentiation of the field variable nor any auxiliary
variables involved in many high-order ABCs methods [69].
In the nonlocal diffusion case, themodes are dependent on the
horizon. We shall show that they converge to the local modes
in the limit when the horizon approaches zero. The extension
of the presented approach to 3D problems is straightforward.
To the best of our knowledge, our contribution addresses for
the first time a PD model solved in an unbounded domain in
3D. In the section of numerical examples, we shall show that
the method has a proper level of accuracy and performs well
in the case of long-term calculations.

A brief outline of the rest of this paper is as follows. Sec-
tion 2 describes the governing equations and physics of the
problem, and it gives a brief overview of the PD formulation
for diffusion-type problems. In Sect. 3 theway of deriving the
fundamental solutions necessary for the far field solution is
explained. The solution strategy of the method is thoroughly
described in Sect. 4. The performance of themethod, in terms
of accuracy and stability, is investigated in Sect. 5. The final
conclusions made throughout the paper are summarized in
Sect. 6

2 Problem description

For simplicity, hereinafter we describe the problem for 2D
cases, although the explanations are extensible to 1D and 3D.

Let us consider a generic 2D unbounded domain � ⊂ R2

of diffusion as shown in Fig. 1a. The medium is assumed to
be isotropic, and it surrounds some physical objects (includ-
ing baffles and sources). The governing diffusion equation,
according to the classical local theory, for any point in the
unbounded domain is:

u̇(x, t) − χ2∇2u(x, t) = s(x, t), x ∈ �, t > 0, (1)

where u(x, t) is the concentration (the main field variable) of
the diffusing material at point x with coordinates x = 〈x, y〉
and at time t , χ2 is referred to as the diffusion coefficient,
s(x, t) is a given source function (for instance a heat source),
and ∇2 is the well-known Laplacian operator. Meanwhile,
u̇ = ∂u/∂t is the first time derivative of u. In fact, u is the
diffusive concentration that can represent different physical
quantities. For instance, u can represent the temperature in
heat conduction or the mass concentration in mass transport
such as the metal concentration in a corrosion problem. The
surface of baffles are governed by either Dirichlet or Neu-
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(a) (b)

Fig. 1 a A generic unbounded domain, b truncation of the exterior domain and representation of the computational domain

mann boundary conditions as follows:

u = u∗(x, t), x ∈ �D,

n · χ2∇u = q∗(x, t), x ∈ �N ,
(2)

in which u∗ is a function that gives the concentration values
prescribed at the Dirichlet boundary �D , n = 〈

nx , ny
〉
is an

outward unit vector normal to the surface, and q∗ is a function
that gives the values of the flux (the amount of concentration
entering through the surface per unit area during a unit time
interval) at the Neumann boundary �N . The domain can be
excited by an initial condition as follows:

u(x, 0) = u0(x), (3)

where u0 is a given function. In fact, u0 in (3) and s in (1)
are both compactly supported. Likewise, since the medium
is unbounded, the following condition holds:

lim‖x‖→∞ u(x, t) = 0, t > 0, (4)

which indicates that the concentration vanishes at infinity.
The main difficulty that arises out of the solution of (1)

is the infinity of the medium. One way of applying the stan-
dard numerical methods, such as the FEM, is to discretize a
very large portion of the unbounded domain�. However, this
strategy renders the approach inefficient and computationally
expensive. A remedy is to bound the domain and restrict the
computations to the region of interest. In thisway, the exterior
domain is truncated by an artificial boundary �∞, so-called
absorbing boundary, as shown in Fig. 1b. Therefore, � is
divided into a bounded domain �N (near field or computa-
tional domain) and an exterior domain �F = �/�N (far
field). �N is the region that includes all the physical objects.

�∞ is placed so that the entire support of the sources in (1)
is contained in �N . Accordingly, one may conclude that the
homogeneous counterpart of (1) for the exterior domain is:

u̇(x, t) − χ2∇2u(x, t) = 0, x ∈ �F , t > 0, (5)

and the medium is initially at rest.
Consequently, obtaining a well-posed problem in �N

requires imposing the so-called absorbing boundary condi-
tions (ABCs) on �∞, so that the effects of the far field are
captured and the bounded domain reproduces the solution
of the original problem. In this sense, the concentration (the
diffusive quantity in �N ) must be absorbed perfectly on �∞
and have a flux direction towards the exterior domain (no
unphysical flux back to the near field is permitted). In view
of (4), the flux should have a vanishing behaviour so that at
infinity the concentration reaches a zero state. In the present
work, we shall introduce a way, inspired by the study in
[53], to construct time-dependent ABCs fulfilling the afore-
mentioned requirements. The proposed method makes use
of fundamental solutions (modes) that satisfy the govern-
ing equation of the exterior domain, expressed in (5), upon
which Dirichlet ABCs are constructed. The way to construct
the modes, for both classical and PD diffusion, is explained
in Sect. 3, and the way of applying them to the far field solu-
tion is described in Sect. 4.2. Before that, in the following
subsection we review the PD diffusion formulation.

2.1 Overview of the peridynamic diffusion
formulation

In this section, the nonlocal formulation of PD for diffusion-
typeproblems is briefly explained.Onemay refer to [9,10] for
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Fig. 2 A generic unbounded domain of diffusion in PD; a schematic
representation of neighborhoods and the absorbing boundary layer

a comprehensive study on the derivation of the formulation
as well as the physical descriptions.

To construct the PDmodel, a region Hx (see Fig. 2) around
each point x of the domain is considered. Hx is referred to
as the neighborhood of x and is usually taken as a disk in 2D
(a ball in 3D) centred at x. A concentration value u(x, t) is
associated to the point x at time t . The neighborhood specifies
the region of points x′ with which the point x establishes
nonlocal interactions. In this way, each point is connected to
its neighboring points through pipe-like conductors,diffusion
bonds, which transfer the concentration among the points
(buckets). In the bond-based PD formulation, the transport
in ξ := x′ − x, the bond connecting x and x′, is independent
of the transport in other bonds. In the present study,we follow
the bond-based PD formulation.

The governing equation of diffusion in PD, the nonlocal
counterpart of (1), is given by [9,10]

u̇(x, t) −
∫

Hx

Jp(x′, x, t)dVx′ = s(x, t), x ∈ �, t > 0,

(6)

where Jp is the kernel of the integral operator or the concen-
tration flow density that takes the following form [72]:

Jp(x′, x, t) =
{
c(ξ)

u(x+ξ ,t)−u(x,t)
‖ξ‖p ‖ξ‖ ≤ δ,

0 ‖ξ‖ > δ,
(7)

where δ is the horizon (radius of the disk), p is an integer that
influences the shape of the kernel, usually taken equal to 0,
1, or 2 (the reader may refer to [14] for more details), and c

is known as the micro-diffusivity in PD. c can take different
forms and two popular ones are constant and linear [72]. The
constant micro-diffusivity is given by

c(ξ) =
{
c0 ‖ξ‖ ≤ δ,

0 ‖ξ‖ > δ,
(8)

which is independent of the bond length. In contrast, in the
linear form, themicro-diffusivity is linearly dependent on the
bond length and given by

c(ξ) =
{
c1
(
1 − ‖ξ‖

δ

)
‖ξ‖ ≤ δ,

0 ‖ξ‖ > δ.
(9)

The constants c0 and c1 can be related to the diffusion
coefficient,χ2. Away of correlating cwithχ2 is bymatching
the PD flux to that of the local diffusion as studied in [9];
we shall explain an alternative approach that ends up with
similar results in the subsequent section. These relations are
provided for different values of p in Table 1.Moreover, other
forms for themicro-diffusivity are possiblewhen considering
more general influence functions in PD [48]. It is worthwhile
to mention that (6) does not contain any spatial derivatives
of the field variable (see (7)). As a consequence, the PD
diffusion equation is valid in the whole domain including
discontinuous regions.

Similar to the explanation given for (5), the governing
equation of the far field in PD takes the following form:

u̇(x, t) −
∫

Hx

Jp(x′, x, t)dVx′ = 0, x ∈ �F , t > 0.

(10)

In PD models, the boundary conditions are usually imposed
in volumetric regions rather than on surfaces which is the
case for the local diffusion model (see Fig. 2). This is due
to the nonlocality of the kernel and the associated neighbor-
hood to each point. The common way of imposing Dirichlet
boundary conditions is by prescribing the value of the corre-
sponding boundary points [14]. However, for the Neumann
boundary condition, the rate of concentration flow, denoted
by Q̇, entering through the boundary surface should be first
calculated as follows:

Q̇(t) =
∫

�N

q∗(x, t)d�x, (11)

where �N is the surface to which the flux is applied. Then,
Q̇ must be appropriately distributed over the points in the
boundary region and appears as part of the source term
s(x, t) in (6). In fact, the effective way of imposing Neumann
boundary conditions requires a separate and comprehensive
discussion; for brevity, we refer the reader to the studies in
[14,42,62].
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Fig. 3 A schematic representation of the neighborhood associated to
node xi in the discretized form

It should be remarked here that for a comprehensive inves-
tigation into the rate of convergence of the nonlocal solution
to that of the classical solution, taking different forms of
micro-diffusivity and kernel functions, the reader may refer
to [14]. This topic is beyond the scope of the present study.

There are different ways to discretize a PD model [23].
In the present study, we pursue a common way of PD dis-
cretization given by a meshfree scheme introduced in [57].
This scheme is easy to implement and frequently used by
researchers. In this meshfree approach, the domain is dis-
cretized using a uniform grid with grid spacing�x as shown
in Fig. 3. The domain is represented by cells centred at the
nodes and hence a volume is associated to each node (length
�x in 1D, area (�x)2 in 2D, and volume (�x)3 in 3D). In
Fig. 3, the node xi interacts with all its family nodes x j within
its neighborhood Hxi . Moreover, the horizon is expressed as
δ = m�x , so that the value of m determines the number
of family nodes. Likewise, to compute the integral over each
neighborhood, we apply a one-point quadrature with quadra-
ture points given by the nodes and quadrature weights given
by the volumes of the intersections between the neighbor-
hood and the cells. The discertized form of the governing
equation in (6) can be then written as

u̇(xi , t) −
∑

j∈Fi

Jp(x j , xi , t)β(ξ i j )Vj = s(xi , t), (12)

where Fi is the set of family nodes of xi ; moreover, ξ i j :=
x j − xi , Vj is the associated volume to node x j , and β plays
the role of a correction function through which the actual
volume of x j covered by the neighborhood of xi can be deter-
mined. In the present study, we take β as recommended in
[70]. Related works employing corrections known as par-
tial volumes, which approximate the intersections between
neighbor cells and the neighborhood of a given point to use
as quadrature weights, have been presented in [45,47].

3 Fundamental solutions (modes)

The main purpose of this section is to find fundamental solu-
tions (modes) using exponential basis functions (EBFs) for
the governing equations of diffusion in the far field. First, we
attempt to find the modes for the local diffusion equation.
Let us considerψ(x, t) as a mode that satisfies the governing
Eq. (5). A general form of ψ can be written as

ψ(x, t) = exp(α · x + ωt), α = 〈
αx , αy

〉
, (13)

where (αx , αy, ω) ∈ R3 are three given parameters. To take
control over the direction of the diffusion flux, without loss
of generality, we make the following assumption:

〈
αx , αy

〉 = κ 〈cosφ, sin φ〉 , κ ∈ R, 0 ≤ φ < 2π, (14)

where κ affects themagnitude of the flux, whileφ determines
the flux direction and, for the time being, we assume that the
flux direction may be oriented towards any angle of the unit
circle.We shall discuss the proper selection of the parameters
later. Let us substitute ψ from (13) for u in (5); then we have

[
ω − χ2κ2(cos2 φ + sin2 φ)

]
exp(α · x + ωt) = 0. (15)

To reach a non-trivial solution, the expression in square
brackets must vanish (since exp(α · x + ωt) = 0), i.e.,

ω − χ2κ2(cos2 φ + sin2 φ) = 0, (16)

which reduces to:

ω = χ2κ2. (17)

This equation is referred to as the characteristic equation.
Replacing (17) into (13) leads to modes capable of con-
structing semi-analytical solutions for the local diffusion as
follows:

ψ(x, t) = exp
(
α · x + χ2κ2t

)
. (18)

A similar procedure is performed for PD. We again consider
a generic mode as in (13) to construct fundamental solutions
for the nonlocal diffusion equation. Let us assume p = 1 in
(7) and consider a constant micro-diffusivity. Then, insertion
of ψ into (10) leads to

ψ̇(x, t) −
∫

Hx

c0
ψ(x′, t) − ψ(x, t)

‖x′ − x‖ dVx′ = 0 (19)
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and in view of (13) using the change of variables ξ = x′ − x,
it can be rewritten as

(
ω − c0

∫

H

exp(α · ξ) − 1

‖ξ‖ dVξ

)
exp(α · x + ωt) = 0,

(20)

where H is the neighbohood around the origin. To obtain
a non-trivial solution, the expression inside the parentheses
must vanish. Therefore, the characteristic equation of PD (the
counterpart of (17)) can be obtained in the polar coordinate
system, ξ = r(cos θ, sin θ), as follows:

ω = c0

∫ 2π

0

∫ δ

0

[
exp(rη) − 1

]
drdθ, (21)

where η = α · 〈cos θ, sin θ〉. By replacing ω from (21)
into (13), the PD mode can be obtained. However, to make
the expression simpler and find the connection to the local
modes, we rewrite the expression in (21) taking a Taylor
expansion of the integrand with respect to rη and about 0, as
follows:

ω = c0

∫ 2π

0

∫ δ

0

(
rη

1! + r2η2

2! + r3η3

3! + r4η4

4! + . . .

)
drdθ,

(22)

which concludes:

ω = κ2(cos2 φ + sin2 φ)

6
c0πδ3

+ κ4(cos2 φ + sin2 φ)2

160
c0πδ5

+ κ6(cos2 φ + sin2 φ)3

8064
c0πδ7 + . . .

= c0π

(
κ2δ3

6
+ κ4δ5

160
+ κ6δ7

8064
. . .

)

,

(23)

and thus the nonlocal PD mode can be written as

ψ(x, t) = exp

[

α · x + c0π

(
κ2δ3

6
+ κ4δ5

160
+ . . .

)

t

]

.

(24)

A glance at the obtained modes in (18) and (24) reveals that
the difference is in the temporal parts. By replacing

c0 = 6χ2

πδ3
(25)

Table 1 The expressions for the constants c0 in (8) and c1 in (9), in
terms of χ2 and δ, for different choices of p for Jp in (7) in 1D, 2D,
and 3D

1D 2D 3D

J0 c0 = 3χ2

δ3
J0 c0 = 8χ2

πδ4
J1 c0 = 6χ2

πδ4

J1 c0 = 2χ2

δ2
J1 c0 = 6χ2

πδ3
J2 c0 = 9χ2

2πδ3

J0 c1 = 12χ2

δ3
J2 c0 = 4χ2

πδ2
J1 c1 = 30χ2

πδ4

J1 c1 = 6χ2

δ2
J0 c1 = 40χ2

πδ4
J2 c1 = 18χ2

πδ3

J1 c1 = 24χ2

πδ3

J2 c1 = 12χ2

πδ2

in (23), we have

ω = χ2κ2
(
1 + 3

80
(κδ)2 + 1

1344
(κδ)4 + . . .

)
. (26)

In the limit as κδ → 0, we obtain

ω → χ2κ2, (27)

which indicates that the nonlocal mode recovers the local one
provided that the micro-diffusivity is chosen appropriately in
terms of the diffusion coefficient χ2 and horizon δ.

In Table 1 the expressions of the micro-diffusivity con-
stants, in terms of the diffusion coefficient of the local
diffusion and the horizon, are presented for various kernels
in 1D, 2D, and 3D. The way of finding the 3D modes is
explained in Appendix A.

Remark 1 The modes are found so that the flux direction can
be adjusted easily. We shall benefit from this feature to con-
struct semi-analytical solutions for the far field (seeSect. 4.2).
From (24) it can be inferred that by taking higher-order terms
(inside the parentheses), i.e., keeping more terms from the
Taylor expansion in (22), the semi-analytical solution should
converge to the nonlocal solution and take more nonlocal
effects into account. However, since the absorbing boundary
is set far from the physical objects where the nonlocal effects
can play an important role, for example, at the tip of a crack,
even keeping only a few terms from the Taylor expansion,
e.g., making use of the local modes, can still result in a proper
approximation of the far field.

Now, let us consider a circular region, so-called cloud,
centred at a generic point x as shown in Fig. 4a. The cloud
is surrounded by an unbounded domain; moreover, a local
coordinate system is centred at the point x. In Sect. 4.2, we
approximate the far field solution through a series of modes
with a general form as in (18). In fact, the approximate solu-
tion must be obtained in terms of the values of the nodes
within the cloud of the node x. From (18), it can be inferred
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(a) (b) (c)

Fig. 4 a A generic cloud embedded in an unbounded domain; b the valid regions of φ in the unit circle to satisfy the infinity condition at angle θ∗
towards the first quadrant of the local coordinate system; and c the rotated valid regions of φ due to the change of θ∗

that a mode consists of a temporal part and a spatial part. One
may rewrite it in polar coordinates as follows:

ψ(r , θ, t) = exp [κr (cos θ cosφ + sin θ sin φ)]

× exp
(
χ2κ2t

)

= exp [κr cos(θ − φ)] exp
(
χ2κ2t

)
. (28)

To enforce the infinity condition in the direction θ∗, we sub-
stitute ψ for u in (4) and set θ = θ∗, to obtain

lim
r→∞ ψ(r , θ∗, t) = lim

r→∞ exp
[
κr cos(θ∗ − φ)

]

× exp
(
χ2κ2t

)
= 0. (29)

At a given time t > 0, provided that χ2κ2t < ∞, the infinity
condition is satisfied as long as the following condition is
met:

κ cos(θ∗ − φ) < 0. (30)

The condition (30) reduces to two different conditions
depending on the sign of κ and the value of θ∗ towards which
the infinity condition is of concern. For instance, for the first
quadrant of the local coordinate system, i.e., θ∗ ∈ [0, π/2),
the following conditions must be met so that the mode can
satisfy the condition (30) at the angle θ∗:

κ > 0 : π

2
+ θ∗ < φ <

3π

2
+ θ∗,

κ < 0 : 3π

2
+ θ∗ < φ < 2π + θ∗ ∪ θ∗ ≤ φ <

π

2
+ θ∗,

(31)

which indicates two halves of the unit circle as shown in
Fig. 4b. In other words, the semicircular regions illustrate the
permitted range of flux direction φ (based on the sign of κ)

through which the infinity condition at θ∗ is satisfied. The
interface between the two semicircles is perpendicular to the
direction of θ∗, and it rotates accordingly by changing the
value of θ∗ (see Fig. 4c).

Now let us assume that the infinity condition is always tak-
ing place in the first quadrant of the local coordinate system,
i.e., θ∗ ∈ [0, π/2). Let us consider �1 and �2 as two valid
regions of φ in the unit circle corresponding to θ∗ = 0 and
θ∗ = π/2, respectively. Consequently, to satisfy the condi-
tion at any angle in the first quadrant of the coordinate system,
φ must be chosen from the intersection of the regions, which
is:

�1 ∩ �2 =
{

π ≤ φ ≤ 3π/2 κ > 0,
0 ≤ φ ≤ π/2 κ < 0.

(32)

With respect to the obtained regions in (32), in Sect. 4.2 we
shall explain the proper application of themodes, the suitable
orientation of the local coordinate system, and the way of
patching the far field solution to that of the near field in a
discretized PD or FEM model.

4 The solution strategy

The first part of the solution strategy concerns the near
field approximation; in other words, employing a PD model
discretized with a meshfree method or a local governing
equation discretized by the FEM in space and proceeding
in time with an explicit time marching algorithm. The sec-
ond part, the main focus of the present study, corresponds
to the approximation of the far field and construction of the
ABCs.We assume that the absorbing boundary�∞ is a circle
(or a sphere in 3D) surrounding the domain of interest. The
details are explained in the following subsections.
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4.1 Near field

Let us discretize a generic domain with a PD grid or a FEM
mesh as shown in Fig. 5. The figure illustrates only a portion
of the discretized domain close to the absorbing boundary.
The nodes of the near field are indicated by black circles,
while the absorbing nodes are indicated by blue circles. As
can be seen in the figure, in the PD case the absorbing nodes
are distributed within a certain distance of the absorbing
boundary �∞; in contrast, in the FEM case only absorbing
nodes along that boundary are required. In both cases, the
domain is represented by a set of nodes xi , i = 1, 2, . . . ,
where xi = 〈xi , yi 〉 contains the Cartesian coordinates of the
node with respect to the global coordinate system. The time
is discretized into instants, as t0, t1, . . . , tn, tn+1, . . . . In the
present study, we take a constant time step �t = tn+1 − tn

for any n = 0, 1, . . . . Moreover, uni := u(xi , tn) denotes
the concentration value at the node xi at time instant tn =
t0 + n�t . The time marching is performed by means of
an explicit forward Euler time integration scheme. Having
known the nodal values of xi at time instant tn , i.e., uni and
its first time derivative u̇ni , the solver can proceed to the next
time instant as follows:

un+1
i = uni + �t u̇ni (33)

in which �t must be less than a critical value �tc obtained
as

�tc = CFL

(
�min

χ

)2

, (34)

where�min is theminimumPDgrid spacing or theminimum
element size in FEM in the spatial discretization, and CFL
stands for the well-known Courant-Friedrichs-Lewy condi-
tion (CFL is equal to 1/2, 1/4, and 1/8, respectively, for
1D, 2D, and 3D uniform discretizations). The value of u̇n+1

i
is calculated directly from the discretized form of the gov-

erning equation. The values of the absorbing nodes must be
updated at each time step by a strategy thoroughly described
in the subsequent section.

4.2 Far field

Inspired by the study in [53], an efficient updating technique
is devised for the absorbing nodes. In this way, at each time
instant, the far field solution (within a cloud around each
absorbing node) must be first constructed using the modes
introduced in Sect. 3 as the bases of the approximation. Then,
the approximate solution provides the value of the corre-
sponding absorbing node for the next time instant, and it can
be conveniently imposed to the node as a Dirichlet boundary
condition.

Figure 6 illustrates two generic cloudswith two differently
oriented local coordinate systems. In the figure, xi represents
an absorbing node to which a cloud denoted by �∞

i is asso-
ciated, and x j represents a neighboring node of the node xi .
From the figure, it can be inferred that the local coordinate
system is rotated by an angle τ (with respect to the global sys-
tem) so that the first quadrant of the local coordinate system
falls within the exterior domain and the bisection line of the
90◦ between the axes is normal to the absorbing boundary.
Within each cloud, we approximate the solution by u∞(x, t)
using a series of modes with a form obtained in (18) as fol-
lows:

u∞(x, t) =
∑

k

∑

l

ak,l exp
[
κl (x cosφk + y sin φk) + χ2κ2

l t
]
,

(35)

where ak,l are unknown coefficients of the approximation.
According to (32) as well as the orientation chosen for the
local coordinate system of the cloud, we choose φk from a

Fig. 5 A portion of a generic
solution domain, close to the
absorbing boundary, for a a PD
model with a meshfree
discretization, and b a FEM
model using quadrilateral
elements. (Color figure online)

(a) (b)
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Fig. 6 Two generic clouds with rotated local coordinate systems for
the far field approximation

set of equally spaced angles within the following interval:

φk ∈
[
0,

π

2

]
(36)

and we take κl from a set of equally spaced numbers with
negative values, within the following interval:

κl ∈ �κ [−1, 0) , �κ > 0. (37)

A logical way of choosing �κ will be discussed in Sect. 4.3.
Now the challenge is to find the unknown coefficients of
the approximation in (35) in terms of the nodal values of
the cloud. It should be pointed out that when the solver is
at the beginning of the nth time step, i.e., the time interval
between tn and tn+1, we reset the time and assume that the
approximation is valid for the local time interval [0,�t]. This
assumption is valid since here the approximation is local in
time. To this end, in viewof (35),we approximate the solution
at the time interval between tn and tn+1 as follows:

un∞(x, t̄) =
nb∑

b=1

qnbψb(x, t̄) = ψ(x, t̄)qn (38)

in which the series run over nb modes and qb are the corre-
sponding unknown coefficients; moreover, ψ and qn are:

ψ(x, t) = (
ψ1(x, t), ψ2(x, t), . . . , ψnb (x, t)

)
,

qn = (
qn1 , qn2 , . . . , qnnb

)T
.

(39)

At the beginning of the nth time step the nodal values of
the cloud �∞

i , associated to node xi as shown in Fig. 6 and

according to (38), can be collected in a vector as (recalling
that at the beginning of each step we set t̄ = 0):

Un =

⎛

⎜⎜⎜⎜⎜
⎝

uni
...

unj
...

⎞

⎟⎟⎟⎟⎟
⎠

=

⎛

⎜⎜⎜⎜
⎝

un∞(0, 0)
...

un∞(xi j , 0)
...

⎞

⎟⎟⎟⎟
⎠

=

⎡

⎢⎢⎢⎢
⎣

ψ(0, 0)
...

ψ(xi j , 0)
...

⎤

⎥⎥⎥⎥
⎦
qn = Mqn,

xi j = R(τ )(x j − xi ), x j ∈ �∞
i , (40)

where M stands for the moment matrix of the local colloca-
tion procedure, xi j denotes the local coordinates of x j , and
R is a rotation matrix defined as

R(τ ) :=
[
cos τ sin τ

− sin τ cos τ

]
(41)

for transformation from the global coordinate system to the
local one. By assuming that the number of nodes in the
cloud are less than the number of modes nb, one can find
the unknown coefficients of the approximation qn in terms
of the nodal values of the cloud Un as follows:

qn = M+Un (42)

in which the superscript “+” denotes theMoore-Penrose gen-
eralized inverse. By replacing qn in (38) by the expression
given in (42), one can write

un∞(x, t̄) = ψ(x, t̄)M+Un = N(x, t̄)Un, (43)

where N is a vector that contains the shape functions of the
approximation and its size is equal to the number of nodes
in the cloud. Equation (43) gives an approximation of the
solution of the cloud explicitly in time taking the effects of
the exterior domain to the near field into account.

According to (43), one can simply update the nodal value
of the absorbing node at the nth time step and proceed to the
time instant tn+1 as follows:

un+1
i = N(0,�t)Un = VUn (44)

in whichV is referred to as the updating vector of the absorb-
ing node; it should be recalled that the right-hand side of (44)
is known since the solver is using an explicit time marching
algorithm. In other words, (44) provides a Dirichlet ABC for
the absorbing node in terms of the nodal values of its cloud.

Remark 2 Since a constant value for �t is assumed and the
local time is reset at each time step, the updating vectorsV of
the absorbing nodes consist of constant values and thus they
can be calculated once at the beginning of the simulation.
This leads to a substantial reduction in the computational
cost of the approach.
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Remark 3 In 3D problems, �∞ is the surface of a truncat-
ing sphere in space. In this case, based on the discussion
in Appendix A, we assume that the first octant of the local
coordinate system falls within the exterior domain. In order
to achieve that, we rotate the local coordinate system so that
the unit vector 1/

√
3 〈1, 1, 1〉 becomes normal to the absorb-

ing boundary and points toward the exterior domain.

Remark 4 In the present study, as shown in Fig. 5a, the thick-
ness of the absorbing layer in the PD model is taken so that
the neighborhoods of points in the near field have a full cir-
cular shape in 2D (spherical shape in 3D). Taking a narrower
absorbing layer contributes to a well-known source of error
in PD models, referred to as skin- or surface-effect [34,55],
that may deteriorate the accuracy of the near field solution
(which is the main concern for the analyst). We shall show
this issue in the numerical examples.

In the subsequent section, some implementation aspects of
the present study are discussed.

4.3 Implementation

Since the proposed method is devised preserving the dis-
cretization scheme of the near field, it has a simple and
straightforward implementation. The main steps are dis-
cretizing the computational domain using a grid of nodes
(in PD) or a mesh of elements (in the FEM); specifying the
absorbing nodes; constructing the neighborhoods (only in
PD) as well as the clouds of the absorbing nodes; forming
thefinal systemof equations; calculating the updating vectors
of the clouds; and finally marching in time with the explicit
algorithm described earlier.

For both the PD and FEM cases, it is possible to con-
struct afinal systemof equations, basedon their discretization
schemes, as follows:

M̃U̇T + K̃UT = F̃, (45)

where M̃ and K̃ are the lumped mass and stiffness matrices
of the global system of equations, respectively, UT and U̇T

are two vectors collecting the nodal values and their first
time derivative in the global system, and F̃ is a vector of
known values. In the present study, the system of equations
for both the bounded-domain problem and the unbounded-
domain with ABCs problem is identical. However, for the
unbounded-domain problem an extra procedure to update
the nodal values of the absorbing nodes is required. One may
refer to Algorithm 1 to get more insight into the step-by-step
solution procedure of the present study. In the algorithm, d∞
refers to the radius of the clouds centred at the absorbing
nodes and t f is the final time instant of the solution.

As discussed earlier, we construct the modes taking φ and
κ from the intervals expressed in (36) and (37), respectively.

Algorithm 1 The step-by-step solution process.
1: Specify the computational domain
2: Discretize the computational domain using a PD grid (and construct

the corresponding neighborhoods) or a FEM mesh
3: Construct the matrices K̃ and M̃ and vector F̃ in (45)
4: Identify the absorbing nodes on �∞ or in �F
5: for all xi absorbing nodes do
6: Find nodes x j such that ‖x j − xi‖ ≤ d∞, i.e. the cloud �∞

i of xi
(see Fig. 6)

7: Determine the rotation matrix in (41)
8: Calculate and store V for �∞

i using (44) (see Remark. 2)
9: end for
10: Initialize U0

T from the initial conditions in (3) and compute U̇0
T

using (45)
11: n ← 1
12: repeat
13: t ← n�t
14: Calculate Un+1

T = Un
T + �tU̇n

T (see (33))
15: for all xi absorbing nodes do
16: Update Un+1

T ,i using (44)
17: end for
18: If needed, modify M̃, K̃, and F̃

19: Calculate U̇n+1
T = M̃−1

(
F̃ − K̃Un+1

T

)
using (45)

20: n ← n + 1
21: until t = t f

In fact, �κ is an influential parameter for the stability of
the numerical solution. This is due to the fact that it directly
influences the magnitude of the temporal part of the modes.
According to (29), the temporal part should be bounded so
that the satisfaction of the infinity condition can be guaran-
teed. Moreover, taking a large value for �κ may give rise
to exponentially big numbers for the moment matrix M in
(40) and contribute to significant numerical errors. To con-
fine the magnitude of the temporal part, we select �κ so that
the following condition is met (recalling that, at each time
step, t̄ = �t is plugged into (43)):

0 < χ2�κ2�t < 1. (46)

In view of (34), the following suitable range for �κ is
obtained:

0 < �κ <
1√

CFL�min
. (47)

We note that the collocation in each cloud must be taken over
a sufficiently large number of neighbouring nodes to ensure
a proper approximation of the far field solution. Based on our
experience the radius d∞ must be large enough so that the
cloud of each absorbing node in 1D, 2D, and 3D includes at
least 3, 5, and 7 neighbouring nodes, respectively. It should
be pointed out that d∞ determines solely the region of the
least-squares approximation and does not convey the range
of nonlocal interaction as done by δ.

In this study, for the sake of computer implementation
we have used the C++ programming language. To increase
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the performance of the developed code, the major parts
have been parallelized using OpenMP directives. The library
libkdtree has been employed for constructing the neigh-
borhoods and the clouds in a high-performance way; the
reader may refer to [39] for more details. In order to per-
form theMoore-Penrose generalized inverse in (42), we have
exploited the well-known library LAPACK [1].

5 Numerical examples

In this section the performance of the proposed method in
the solution of some problems is investigated. In the last two
examples, we apply the proposed method to a PD corrosion
problem. In this way, we demonstrate one of the appealing
applications of the method. The way of tackling corrosion
with PDcorresponds to the near field solution. To this respect,
we employ the PD model proposed in [29] for the near field
solution. One may refer to [13] for more details about the
parameters and the algorithms required to treat corrosion in
PD.

To scrutinize the performance of the method, in terms of
accuracy and stability, we define the energy of the solution
� at time t as follows:

�(t) :=
∫

�N

u2(x, t)dVx, t ≥ 0, (48)

where �N is the near field. In fact, � provides a quan-
tity to study the behaviour of the solution. In this sense,
the energy must be a non-increasing function of time. It
should be pointed out that in the first two examples, we
take the solution of an extremely large bounded domain with
homogeneous Neumann boundary conditions as the refer-
ence solution. The extended-domain solution can play the
role of a reference solution as long as the boundary region
of the extended domain is not perturbed and it remains at a
zero state of concentration. In all the examples, for the PD
model, we take p = 1 in the kernel of the integral operator
(7) and the micro-diffusivity c is assumed to be constant as
in (8).

It should be pointed out that all the examples are set up in
a dimensionless system; moreover, the chosen values for the
geometrical and physical parameters of the problems are not
motivated by any real physical application.

5.1 Example 1

The main goal of this example is to show the performance of
the proposed method in the case of a 1D unbounded problem
domain (−∞,∞). The diffusion parameter of the medium
is χ2 = 1. We consider the region (−30, 30) as the com-
putational domain �N . To validate the obtained results, the

Fig. 7 The concentration field obtained for the truncated domain and
the extended domain in Example 1, using the FEM solver

solution of an extended domain within�N is taken as the ref-
erence solution. The extended domain is (−150, 150). The
problem domain is excited by an initial concentration as fol-
lows:

u0(x) = exp(−4x2). (49)

We begin with the solution given by a FEM model using
linear 1D elements; then, we look into the solution of a PD
model. For both models we take an identical discretization
resolution in space and time. For the spatial discretiza-
tion, we take �x = 0.125 which results in 2401 and 481
nodes, respectively, for the extended domain and the trun-
cated domain (or computational domain). The solution for a
time duration t f = 250 is of concern; this duration is set so
that the concentration close to the boundaries of the extended
domain remains almost zero. The time step �t is set to be
0.001 and thus the calculations are performed over 250,000
time steps. In the FEM model, the ABCs are constructed by
placing only two clouds on the nodes positioned at x = −30
and x = 30. The local coordinate system of the cloud at
x = −30 is oriented so that its axis points towards the left
direction, whereas the one at x = 30 points towards the right
direction (similar to that of the global coordinate system).
The construction of the far field solution is carried out using
nb = 20 modes.

Figure 7 illustrates the concentration field obtained at
different time instants for the truncated domain and the
extended domain using the FEM solver. For a better com-
parison between the solutions, only the part of the reference
solution coinciding with the truncated domain is shown in
the figure. It can be inferred that the solution obtained by the
proposed method conforms to the reference solution very
well. Meanwhile, the solution of the truncated domain is
continued further up to t f = 4,000 and, as expected, the
concentration reaches a zero state. To get more insight into
the performance of the proposed method, the variation of

123



Computational Mechanics (2020) 66:773–793 785

Fig. 8 The variation of energy in Example 1, using the FEM solver

energy over time for the truncated domain with ABCs as
well as the extended domain is reported in Fig. 8. The energy
is calculated within the near field in both cases. The energy
is normalized with respect to the energy of the system at the
first time instant.Moreover, the normalized energy difference
between the solutions is defined as follows:

��/�0(t) = |�(t) − �ref(t)|
�ref(0)

, (50)

where �ref(t) is the energy of the reference solution at time
t . The results are reported in Fig. 9. In the same figure, for
the sake of comparison, we report the error when the trun-
cated domain is not equipped with the ABCs, but instead
homogeneous Neumann boundary conditions are imposed.
The results in Fig. 8 indicate that the energy dissipates from
the near field monotonically (d� < 0) having an excellent
match with the reference solution. As can be seen in Fig. 9,
the difference is very small as long as the truncated domain is
equipped with the ABCs, while this is not the case when the
homogeneous Neumann boundary conditions are employed
in which case the difference rapidly grows in time. It can be
concluded that the proposed ABCs are performing well and
no accountable spurious flux reflecting back to the near field
from the boundaries can be observed. As shown in Fig. 8, in
order to check the stability of the present approach, the energy
is calculated up to t f = 4,000 which results in 4 × 106 time
steps. It can be inferred that the method performs stably in
time and no instability due to long-term calculations takes
place.

In the second part of this example, we redone the proce-
dure with a PD solver. The horizon is taken as δ = 4�x and
to the absorbing nodes a cloud with d∞ = δ/2 is associated.
Based on the discussion in Remark 4, the absorbing layer
thickness is taken as δL = δ; the layer is wide enough so
that each neighborhood in the near field has a full integration
domain.

Fig. 9 The normalized energy difference ��/�0 in Example 1, using
the FEM solver with and without ABCs

Fig. 10 The concentration field obtained for the truncated domain and
the extended domain in Example 1, using the PD solver

Fig. 11 The variation of energy in Example 1, using the PD solver

The concentration field obtained for the truncated domain
and the extended domain using the PD solver at different
time instants is depicted in Fig. 10. Moreover, the variation
of energy versus the time step number, for both the truncated
domain and the extended domain, is reported in Fig. 11. Sim-
ilar to the FEM case, applying the proposed ABCs to the PD
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Fig. 12 The concentration field obtained for the truncated domain and
the extended domain at t = 250 in Example 1, using the PD solver with
different sizes of the absorbing layer

Fig. 13 The normalized energy difference��/�0 in Example 1, using
the PD solver and taking different sizes of the absorbing layer

solver culminates in accurate results with a very good agree-
ment, even at the energy level, with those of the reference
solution.

To investigate the effects of the absorbing layer thickness
δL on the accuracy of the truncated-domain solution, we redo
the simulationwith the PD solver taking different layer thick-
nesses equal to 3�x , 2�x , and �x . Figure 12 illustrates the
concentration field at t = 250 taking different values for δL .
The results indicate that taking a smaller value for δL , and
consequently increasing the surface effect, results in a lower
accuracy of the solution. It can be observed that themismatch
between the numerical solution and the reference solution is
more pronounced near the boundaries, which is consistent
with the discussion in Remark 4. In Fig. 13, the normal-
ize energy difference between the solutions of the truncated
domain, using different sizes of the absorbing layer, and the
reference solution is reported. As can be seen, the method
exhibits results with an appropriate level of accuracy pro-
vided that the absorbing layer is taken wide enough, i.e.,
δL ≥ 3�x .

Fig. 14 The initial concentration field in Example 2

5.2 Example 2

The purpose of this example is to scrutinize the performance
of the proposed method in the solution of a 2D corrosion
problem in an unbounded domain. This problem concerns
the corrosion of a metallic specimen (shown in Fig. 14)
surrounded by an unbounded electrolyte that leads to reduc-
tion of the solid material due to dissolution into the liquid
medium. In this example, the intact metal (the “HZG” 1 let-
terswith initial concentration value u0 = 2) is the initial solid
phase and the surrounding electrolyte (with initial concentra-
tion value u0 = 0) is the initial liquid phase of the problem
domain. During the corrosion process, due to the so-called
dissolution flux, the solid phase reduces and, consequently,
the dissolved material diffuses out into the electrolyte. The
whole process can be modelled by a PD diffusion solver. It
should be pointed out that the solution of such a problem
by the standard classical models is cumbersome since the
interfacial dissolution flux (between the phases) cannot be
defined easily in the framework of local diffusion [28]. This
roots from the fact that the concentration field is not smooth
at the corrosion front; therefore, capturing the existing jumps
(strong discontinuities) is not an easy task for the local mod-
els. Furthermore, in this example the solid phase consists of
sharp corners (weak discontinuities) which make the appli-
cation of the local models more complicated.

For the PD model, it is required to associate two micro-
diffusivity parameters cliq and cint. The latter is referred to as
the micro-dissolvability [30] and corresponds to the bonds
with one end in the solid phase and one end in the liq-
uid phase (interfacial bonds). The former corresponds to the
bonds whose endings are in the liquid phase. It is assumed
that no flux between two points in the solid phase occurs.
It is also necessary to define a threshold concentration usat

1 This is the acronym for Helmholtz-Zentrum Geesthacht.
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Fig. 15 The concentration field
at different time instants in
Example 2 for the reference
solution (left column) and the
solution of the truncated domain
(right column)
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Fig. 16 The gradient field of concentration obtained by the present method at different time instants in Example 2

that stands for the minimum concentration of the solid phase
during the dissolution. Once the dissolution process (diffu-
sion through the interfacial bonds) drops the concentration
of a solid point below usat, the point is regarded as a liquid
point afterwards. This phase-change results in autonomous
propagation of the dissolution front.

In this example it is assumed that δ = 0.04, usat = 0.8,
cliq = 7957.70, and cint = 795.77. As shown in Fig. 14, a
circular domain with a radius equal to 2 is considered for the
truncated domain. The domain is surrounded by an absorbing
layer with a thickness equal to the horizon δ. To each absorb-
ing node a cloud with a radius d∞ = δ/2 is associated. In
each cloud, the far field is approximated by nb = 55 modes.
For the sake of verification, the solution of an extended
circular domain with a radius equal to 10 is taken as the
reference solution. Homogeneous Neumann boundary con-
ditions are imposed on the boundary of the extended domain.
Both domains are discretized with the same grid spacing,
�x = 0.02; therefore, the calculations runs over 31,417
nodes for the truncated domain (including 2500 absorbing

nodes), while they run over 785,349 nodes for the extended
domain. To proceed in time, in both models an incremental
time step �t = 3.3 × 10−7 is applied.

In Fig. 15, the concentration level of metal captured by
the truncated domain using ABCs and the extended domain
at different time instants is presented. The regions with the
concentration level higher than 0.8 represent the solid phase
of the solution domain. The obtained results demonstrate that
the solution of the truncated domain resembles that of the
extended domain The metal concentration begins to diffuse
out and crosses the truncating boundary with a pattern very
similar to that of the reference solution. By t = 0.085 the
concentration level of the near field reaches almost a zero
state, which indicates that theABCs are performing properly.

Another way to demonstrate that the applied ABCs are
performing appropriately is to check the gradient field of
concentration. Contour plots of the gradient field of concen-
tration at different time instants are presented in Fig. 16. The
arrows show the direction of gradient vectors while the con-
tours indicate the magnitude. It should be pointed out that the

123



Computational Mechanics (2020) 66:773–793 789

Fig. 17 The normalized energy difference ��/�0 in Example 2 for
the truncated domain with and without ABCs

gradient values are calculated by using a simple finite differ-
ence approach. Since close to the truncating boundary all the
arrows are towards the exterior domain, it can be concluded
that the applied boundary conditions are performing suitably
in time.

To get a better understanding of the accuracy of the solu-
tion, the difference between the solution obtained for the
truncated domain and the extended domain, on the basis of
(50), is reported in Fig. 17. For comparison, in the same plot,
the results of the truncated domain with homogeneous Neu-
mann boundary conditions (when the domain is not equipped
with the absorbing layer) is shown. It can be concluded that
the difference between the solution of the truncated domain
and the extended domain is relatively small as long as the
absorbing layer is applied, while the solution of the trun-
cated domain diverges from the reference solution when the
absorbing layer is removed. To check the stability of the
solution, the variation of energy obtained by the truncated
domain and the extended domain is reported in Fig. 18. For
the truncated domain the calculations are run up to almost
7×106 time steps. It can be inferred that the absorbing bound-
ary layer is performing with a stable behaviour in time and
the energy dissipates monotonically from the computational
domain in a very good agreement with the reference solution.

5.3 Example 3

The goal of this example is to demonstrate that the pro-
posedmethod is applicable to 3D problems. For this purpose,
we simulate the dissolution process of a spherical metallic
specimen (with an initial concentration value u0 = 1) in an
unbounded domain occupied by an electrolyte (with an initial
concentration value u0 = 0).

As shown in Fig. 19, the initial solid phase has a radius
equal to 3.33 and the domain is truncated by a spherical
domain with a radius equal to 5. The required parameters of
the PD corrosion model are taken as δ = 0.2, usat = 0.8,

Fig. 18 The variation of energy in Example 2

Fig. 19 The initial concentration field in Example 3

cint = 795.77, and cliq = 7, 957.7. Similar to previous
examples, the thickness of the absorbing layer is equal to the
horizon δ and to each absorbing node a cloud with a radius
d∞ = δ/2 is assigned. In each cloud, the far field is approx-
imated by nb = 605 modes. The domain is discretized with
a grid spacing �x = δ/2, which results in 523,155 nodes
for the computational domain (including 60,374 absorb-
ing nodes). For marching in time, an incremental time step
�t = 3.33× 10−8 is used. Since construction of a reference
solution for this example requires an extremely large com-
putational domain, the solution is validated qualitatively.

Figure 20 illustrates the metal concentration level as well
as the gradient field of the solution at three different time
instants. Due to symmetry, we only show a portion of the
solution domain in the first octant of the global coordinate
system. From the concentration plots, it is clear that the solid
phase is gradually reducing in time and the corrosion front
is moving towards the centre of the sphere. Moreover, the
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Fig. 20 The concentration field (left column) and the gradient field (right column) within the first octant of the global coordinate system in
Example 3

123



Computational Mechanics (2020) 66:773–793 791

Fig. 21 The variation of energy in Example 3

results obtained for the gradient field indicates that the solid
concentration is diffusing out of the domain with a flux per-
pendicular to the truncating surface and towards the exterior
domain. It can be concluded that the absorbing layer is per-
forming properly. For further investigation, the variation of
energy in time is reported in Fig. 21. It can be inferred that
the energy is dissipating monotonically in time. The calcu-
lations were done up to more than 2 × 106 time steps. No
indication of instability was observed.

6 Conclusions

This paper proposes a new strategy for constructing absorb-
ing boundary conditions (ABCs) suitable for diffusion-type
problems in unbounded domains. A particular attention is
paid to develop the ABCs for a peridynamic (PD) diffusion
model. We develop the ABCs for both local and nonlocal
diffusion at the continuum level and we devise an appropri-
ate implementation of the method at the discrete level. The
method is applicable to availablemeshfree PDdiscretizations
for the nonlocal diffusion as well as the standard finite ele-
ment method (FEM) for the local diffusion equation. The
proposed ABCs are derived from exponential basis func-
tions (EBFs) which play the role of vanishing modes capable
of constructing semi-analytical solutions for the exterior
domain. The way of adjusting the EBFs for proper satis-
faction of the infinity condition is thoroughly discussed in
the paper. Following that, the far field solution is patched to
the near field one by prescribing accurate Dirichlet ABCs
obtained from the semi-analytical solution. Since the ABCs
are Dirichlet-type, the method is simple to implement and
free from any approximating differential operator. TheABCs
are developed explicitly in the time domain and thus the
method is free from any Fourier and Laplace transform
procedures. In fact, this feature is especially appealing for
the PD nonlocal diffusion equation, since the calculation of

the kernel function (involved in the corresponding nonlocal
operators) from the Laplace transform is cumbersome. The
performance of the method is studied through some exam-
ples, including a 3D corrosion problem. Our investigations
demonstrate that the method produces accurate results and
exhibits a stable behavior even in the case of long-term com-
putations.
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Appendix A Computation of modes in 3D

We discuss the way of finding the modes in 3D problems.
Let us take ψ as a generic 3D mode of the following form:

ψ(x, t) = exp(α · x + ωt), α = (αx , αy, αz), (51)

where (αx , αy, αz, ω) ∈ R4 and x = (x, y, z) in the Carte-
sian coordinate system. Similar to (14), without loss of
generality, we make the following assumption, to consider
all possible flux directions (here within a unit sphere):

(αx , αy, αz) = κ (cosφ1 sin φ2, sin φ1 sin φ2, cosφ2) ,

κ ∈ R, 0 ≤ φ1 < 2π, 0 ≤ φ2 < π.
(52)

Similar to the procedure in 2D, by replacing the above equa-
tion for α in (51) and pluggingψ into the governing equation
of the local diffusion (with 0 right-hand side) as well as tak-
ing the trivial solution aside, one can reach to the following
characteristic equation in 3D:

ω = χ2κ2
[
cos2 φ2 + sin2 φ2

(
cos2 φ1 + sin2 φ1

)]

= χ2κ2,

(53)
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which is the exact analogue of that in 2D in (17). Thus,
according to (51), ψ is given by

ψ(x, t) = exp
(
α · x + χ2κ2t

)
. (54)

To find the PD mode in 3D, for example by taking p = 1
for the kernel function in (7) and assuming a constant micro-
diffusivity c, one can proceed with a similar procedure to that
from (18) to (20) assuming a spherical shape for the neighbor-
hood. The characteristic equation of the nonlocal diffusion,
counterpart of (21) for 3D cases, in the spherical coordinate
system using ξ = r(cos θ sin ϕ, sin θ sin ϕ, cosϕ), can be
written as follows:

ω = c0

∫ π

0

∫ 2π

0

∫ δ

0

[
exp(rη) − 1

]
r sin ϕdrdθdϕ, (55)

where η = α · (cos θ sin ϕ, sin θ sin ϕ, cos ϕ). Now, similar
to the procedure for (22), rewriting the integrand of (55) by
taking a Taylor expansion with respect to rη and about 0
concludes:

ω = c0π

(
κ2δ4

6
+ κ4δ6

180
+ κ6δ8

10080
+ . . .

)
, (56)

and thus, by replacing ω from the above equation in (51), the
PD mode takes the following form:

ψ(x, t) = exp

(
α · x + c0π

(
κ2δ4

6
+ κ4δ6

180
+ . . .

)
t

)
.(57)

Similar to the procedure given in (25)–(27), assuming that in
the limit κδ → 0 the nonlocal mode recovers the local one,
the appropriate value for c0 can be found as:

c0 = 6χ2

πδ4
. (58)

References

1. Linear Algebra PACKage (LAPACK). http://netlib.org/lapack
2. Aksoylu B, Parks ML (2011) Variational theory and domain

decomposition for nonlocal problems. Appl Math Comput
217(14):6498–6515

3. Astaneh AV, Keith B, Demkowicz L (2019) On perfectly matched
layers for discontinuous Petrov–Galerkin methods. Comput Mech
63(6):1131–1145

4. Azis MI (2019) Standard-BEM solutions to two types of
anisotropic-diffusion convection reaction equations with variable
coefficients. Eng Anal Bound Elem 105:87–93

5. Bazazzadeh S, Mossaiby F, Shojaei A (2020) An adaptive thermo-
mechanical peridynamic model for fracture analysis in ceramics.
Eng Fract Mech 223:106708

6. Bazazzadeh S, Shojaei A, Zaccariotto M, Galvanetto U (2018)
Application of the peridynamic differential operator to the solu-
tion of sloshing problems in tanks. Eng Comput 36(1):45–83

7. Behzadinasab M, Foster JT (2019) The third sandia fracture
challenge: peridynamic blind prediction of ductile fracture charac-
terization in additively manufactured metal. Int J Fract 218:97–109

8. Berenger JP (1994) A perfectly matched layer for the absorption
of electromagnetic waves. J Comput Phys 114(2):185–200

9. Bobaru F, DuangpanyaM (2010) The peridynamic formulation for
transient heat conduction. Int J HeatMass Transf 53(19–20):4047–
4059

10. Bobaru F, Duangpanya M (2012) A peridynamic formulation for
transient heat conduction in bodies with evolving discontinuities.
J Comput Phys 231(7):2764–2785

11. Bobaru F, Foster JT, Geubelle PH, Silling SA (2016) Handbook of
Peridynamic Modeling. CRC Press, Boca Raton

12. Chaker V (1992) Corrosion forms and control for infrastructure.
ASTM, Philadelphia

13. Chen Z, Bobaru F (2015) Peridynamic modeling of pitting corro-
sion damage. J Mech Phys Solids 78:352–381

14. Chen Z, Bobaru F (2015) Selecting the kernel in a peridynamic
formulation: a study for transient heat diffusion. Comput Phys
Commun 197:51–60

15. De Meo D, Oterkus E (2017) Finite element implementation of a
peridynamic pitting corrosion damage model. Ocean Eng 135:76–
83

16. Diana V, Labuz JF, Biolzi L (2020) Simulating fracture in rock
using a micropolar peridynamic formulation. Eng Fract Mech
106985

17. Diehl P, PrudhommeS, LévesqueM (2019)A review of benchmark
experiments for the validation of peridynamics models. J Peridyn
Nonlocal Model 1(1):14–35

18. Du Q, Gunzburger M, Lehoucq RB, Zhou K (2012) Analysis and
approximation of nonlocal diffusion problems with volume con-
straints. SIAM Rev 54(4):667–696

19. DuQ,GunzburgerM, LehoucqRB, ZhouK (2013)Anonlocal vec-
tor calculus, nonlocal volume-constrained problems, and nonlocal
balance laws. Math Models Methods Appl Sci 23(03):493–540

20. Du Q, Han H, Zhang J, Zheng C (2018) Numerical solution of a
two-dimensional nonlocal wave equation on unbounded domains.
SIAM J Sci Comput 40(3):A1430–A1445

21. DuQ,HuangZ,LehoucqRB (2014)Nonlocal convection-diffusion
volume-constrained problems and jump processes. Discrete Con-
tinuous Dyn Syst Ser B 19(4)

22. Duddu R (2014) Numerical modeling of corrosion pit propagation
using the combined extended finite element and level set method.
Comput Mech 54(3):613–627

23. Emmrich E, Weckner O (2007) The peridynamic equation and its
spatial discretisation. Math Model Anal 12(1):17–27

24. Gerstle W, Silling S, Read D, Tewary V, Lehoucq R (2008) Peri-
dynamic simulation of electromigration. Comput Mater Continua
8(2):75–92

25. Gilbert RR, Grafenhorst M, Hartmann S, Yosibash Z (2019) Simu-
lating the temporal change of the active response of arteries by
finite elements with high-order time-integrators. Comput Mech
64(6):1669–1684

26. Givoli D (2004) High-order local non-reflecting boundary condi-
tions: a review. Wave Motion 39(4):319–326

27. Huang Q, Li D, Zhang J (2019) Numerical investigations of a class
of biological models on unbounded domain. Numer Math Theory
Methods Appl 12(1):169–186

28. Jafarzadeh S, Chen Z, Bobaru F (2019) Computational modeling
of pitting corrosion. Corros Rev 37(5):419–439

29. Jafarzadeh S, Chen Z, Li S, Bobaru F (2019) A peridynamic
mechano-chemical damage model for stress-assisted corrosion.
Electrochim Acta 323:134795

30. Jafarzadeh S, Chen Z, Zhao J, Bobaru F (2019) Pitting, lacy covers,
and pit merger in stainless steel: 3D peridynamic models. Corros
Sci 150:17–31

123

http://netlib.org/lapack


Computational Mechanics (2020) 66:773–793 793

31. JafarzadehS, LariosA,BobaruF (2020)Efficient solutions for non-
local diffusion problems via boundary-adapted spectral methods. J
Peridyn Nonlocal Model 2:85–110

32. Ji S, Yang Y, Pang G, Antoine X (2018) Accurate artificial bound-
ary conditions for the semi-discretized linear Schrödinger and heat
equations on rectangular domains. Comput PhysCommun 222:84–
93

33. Krüger M, Dittmann M, Aldakheel F, Härtel A, Wriggers P, Hesch
C (2020) Porous-ductile fracture in thermo-elasto-plastic solids
with contact applications. Comput Mech 65(4):941–966

34. LeQ, Bobaru F (2018) Surface corrections for peridynamicmodels
in elasticity and fracture. Comput Mech 61(4):499–518

35. Luciani J, Mora P, Virmont J (1983) Nonlocal heat transport due
to steep temperature gradients. Phys Rev Lett 51(18):1664

36. Metzler R, Klafter J (2000) The randomwalk’s guide to anomalous
diffusion: a fractional dynamics approach. Phys Rep 339(1):1–77

37. Mirfatah SM,BoroomandB, Soleimanifar E (2019)On the solution
of 3D problems in physics: from the geometry definition in CAD
to the solution by a meshless method. J Comput Phys 393:351–374

38. Mossaiby F, Shojaei A, Boroomand B, Zaccariotto M, Galvanetto
U (2020) Local Dirichlet-type absorbing boundary conditions for
transient elastic wave propagation problems. Comput Methods
Appl Mech Eng 362:112856

39. MossaibyF, ShojaeiA, ZaccariottoM,GalvanettoU (2017)Opencl
implementation of a high performance 3D peridynamic model on
graphics accelerators. Comput Math Appl 74(8):1856–1870

40. Ni T, Pesavento F, ZaccariottoM, Galvanetto U, Zhu QZ, Schrefler
BA (2020) Hybrid FEM and peridynamic simulation of hydraulic
fracture propagation in saturated porous media. Comput Methods
Appl Mech Eng 366:113101

41. Oñate E, Perazzo F, Miquel J (2001) A finite point method for
elasticity problems. Comput Struct 79(22–25):2151–2163

42. Oterkus S, Madenci E, Agwai A (2014) Peridynamic thermal dif-
fusion. J Comput Phys 265:71–96

43. Ouchi H, Katiyar A, York J, Foster JT, Sharma MM (2015) A
fully coupled porous flow and geomechanics model for fluid driven
cracks: a peridynamics approach. Comput Mech 55(3):561–576

44. Rokkam S, Gunzburger M, Brothers M, Phan N, Goel K (2019) A
nonlocal peridynamics modeling approach for corrosion damage
and crack propagation. Theoret Appl Fract Mech 101:373–387

45. Seleson P (2014) Improved one-point quadrature algorithms for
two-dimensional peridynamic models based on analytical calcula-
tions. Comput Methods Appl Mech Eng 282:184–217

46. Seleson P, Gunzburger M, Parks ML (2013) Interface problems in
nonlocal diffusion and sharp transitions between local and nonlocal
domains. Comput Methods Appl Mech Eng 266:185–204

47. Seleson P, Littlewood DJ (2016) Convergence studies in meshfree
peridynamic simulations. Comput Math Appl 71(11):2432–2448

48. Seleson P, Parks M (2011) On the role of the influence function in
the peridynamic theory. Int JMultiscale Comput Eng 9(6):689–706

49. Shojaei A, Boroomand B, Mossaiby F (2015) A simple mesh-
less method for challenging engineering problems. Eng Comput
(Swansea, Wales) 32(6):1567–1600

50. Shojaei A, Boroomand B, Soleimanifar E (2016) A meshless
method for unbounded acoustic problems. J Acoust Soc Am
139(5):2613–2623

51. Shojaei A, Galvanetto U, Rabczuk T, Jenabi A, Zaccariotto M
(2019) A generalized finite difference method based on the peri-
dynamic differential operator for the solution of problems in
bounded and unbounded domains. Comput Methods Appl Mech
Eng 343:100–126

52. Shojaei A, Mossaiby F, Zaccariotto M, Galvanetto U (2018) An
adaptivemulti-grid peridynamicmethod for dynamic fracture anal-
ysis. Int J Mech Sci 144:600–617

53. ShojaeiA,Mossaiby F, ZaccariottoM,GalvanettoU (2019)A local
collocationmethod to construct Dirichlet-type absorbing boundary

conditions for transient scalar wave propagation problems. Comput
Methods Appl Mech Eng 356:629–651

54. Shojaei A, Mudric T, Zaccariotto M, Galvanetto U (2016) A cou-
pled meshless finite point/peridynamic method for 2D dynamic
fracture analysis. Int J Mech Sci 119:419–431

55. Shojaei A, Zaccariotto M, Galvanetto U (2017) Coupling of 2D
discretized peridynamics with a meshless method based on clas-
sical elasticity using switching of nodal behaviour. Eng Comput
34(5):1334–1366

56. Silling SA (2000) Reformulation of elasticity theory for disconti-
nuities and long-range forces. J Mech Phys Solids 48(1):175–209

57. Silling SA, Askari E (2005) A meshfree method based on the
peridynamic model of solid mechanics. Comput Struct 83(17–
18):1526–1535

58. Silling SA, Epton M, Weckner O, Xu J, Askari E (2007) Peridy-
namic states and constitutive modeling. J Elast 88(2):151–184

59. Sun W, Fish J (2019) Superposition-based coupling of peridynam-
ics and finite element method. Comput Mech 64(1):231–248

60. Tian X, Du Q (2013) Analysis and comparison of different approx-
imations to nonlocal diffusion and linear peridynamic equations.
SIAM J Numer Anal 51(6):3458–3482

61. Tien CL, Chen G (1994) Challenges in microscale conductive and
radiative heat transfer. J Heat Transf 116(4):799–807

62. Wang J, HuW, ZhangX, PanW (2019)Modeling heat transfer sub-
ject to inhomogeneousNeumannboundary conditions by smoothed
particle hydrodynamics and peridynamics. Int J Heat Mass Transf
139:948–962

63. Wang L, Chen Y, Xu J, Wang J (2017) Transmitting bound-
ary conditions for 1D peridynamics. Int J Numer Meth Eng
110(4):379–400

64. Wang L, Xu J, Wang J (2018) A peridynamic framework and sim-
ulation of non-Fourier and nonlocal heat conduction. Int J Heat
Mass Transf 118:1284–1292

65. WangY,ZhouX,ZhangT (2019) Size effect of thermal shock crack
patterns in ceramics: Insights from a nonlocal numerical approach.
Mech Mater 137:103133

66. WangYT, ZhouXP,KouMM(2019) Three-dimensional numerical
study on the failure characteristics of intermittent fissures under
compressive-shear loads. Acta Geotech 14(4):1161–1193

67. Waseem A, Heuze T, Stainier L, Geers M, Kouznetsova V (2020)
Model reduction in computational homogenization for transient
heat conduction. Comput Mech 65(1):249–266

68. Wildman RA, Gazonas GA (2013) A perfectly matched layer for
peridynamics in two dimensions. J Mech Mater Struct 7(8):765–
781

69. Wu X, Zhang J (2011) High-order local absorbing boundary con-
ditions for heat equation in unbounded domains. J Comput Math
29(1):74–90

70. YuK,XinX,LeaseK (2011)Anewadaptive integrationmethod for
the peridynamic theory.Modell SimulMater Sci Eng 19(4):045003

71. ZhangW, Yang J, Zhang J, Du Q (2017) Artificial boundary condi-
tions for nonlocal heat equations on unbounded domain. Commun
Comput Phys 21(1):16–39

72. Zhao J, Chen Z,Mehrmashhadi J, Bobaru F (2018) Construction of
a peridynamic model for transient advection-diffusion problems.
Int J Heat Mass Transf 126:1253–1266

73. Zohdi T (2018) Construction of a rapid simulation design tool for
thermal responses to laser-induced feature patterns. Comput Mech
62(3):393–409

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

123


	Dirichlet absorbing boundary conditions for classical and peridynamic diffusion-type models
	Abstract
	1 Introduction
	2 Problem description
	2.1 Overview of the peridynamic diffusion formulation

	3 Fundamental solutions (modes)
	4 The solution strategy
	4.1 Near field
	4.2 Far field
	4.3 Implementation

	5 Numerical examples
	5.1 Example 1
	5.2 Example 2
	5.3 Example 3

	6 Conclusions
	Acknowledgements
	Appendix A Computation of modes in 3D
	References




