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Summary

This work is concerned with cooperative control strategies for large groups of autonomous
mobile agents such as Unmanned Aerial Vehicles (UAVs), wheeled mobile robots or Au-
tonomous Underwater Vehicles (AUVs). As observed in swarms of animals, here it is
assumed that agents exchange information with their neighbors according to a given com-
munication topology that can be represented by an undirected or directed graph. The
focus is on distributed control schemes that can be implemented based on locally avail-
able information only. Analysis and synthesis conditions are developed for stability of
the network and for performance in the sense of the induced `2 norm; the complexity of
solving these problems is independent of the network size.

The synthesis of distributed control schemes is based on dynamic models of agents that
are assumed to be subject to non-holonomic constraints. While this excludes Linear Time-
Invariant (LTI) agent models, it has been shown that modeling non-holonomic agents as
Linear Parameter-Varying (LPV) systems enables the design of efficient gain-scheduled
controllers. This approach is extended here to the design of distributed locally gain-
scheduled control schemes for networks of autonomous agents.

Two cooperative control problems are studied in particular that both involve an underly-
ing consensus protocol: the formation control problem and the flocking control problem.
Concerning the formation control problem, the use of information flow filters for networks
of LPV agents is investigated, and two contributions of this thesis are: (i) an extension of
the information flow filter approach that allows direct feedback of transmitted agent data
into the consensus protocol, and (ii) the simultaneous design and optimization of local
controllers and network filter for stability and performance in the presence of obstacles
and disturbances.

As for the flocking control problem, which is based on the Reynolds rules of cohesion,
separation and alignment, the focus is again on the interaction between the dynamics of
the information flow in the network and the local agent dynamics. As for the formation
control problem, a two-layered network architecture is developed with a flocking filter at
the top that generates reference trajectories, and local tracking control of agent dynamics
at the bottom. The approach is demonstrated on realistic nonlinear LPV models of AUVs.

Results proposed in this thesis are illustrated in simulated mission control scenarios such as
source seeking and level curve tracking, and also experimentally on a group of autonomous
micro-quadcopters.
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Abstract

This thesis considers cooperative control of non-holonomic autonomous agents which are
modeled as linear parameter-varying (LPV) systems. Two approaches are considered.
First, the formation control approach; here a coupled information flow filter is presented
that enables feedback of local agent data into the consensus protocol. Moreover, a si-
multaneous design and optimization of filter and local controller is proposed. Secondly,
extension of flocking control to LPV agents. A separation in design is achieved by de-
signing a flocking filter that receives data from and provides reference trajectories to local
agents. This approach is illustrated with source seeking and level curve tracking scenarios.

Kurze Zusammenfassung

Diese Arbeit untersucht kooperative Regelstrategien für nicht-holonome, autonome Agen-
ten, die als linear parametervariierende (LPV) Systeme modelliert werden. Es werden
zwei verschiedene Ansätze untersucht. Zum einen die Formationsregelung; hierfür wird
ein gekoppelter Information Flow Filter vorgestellt, der Feedback von lokalen Agenten
in das Konsensprotokoll erlaubt. Weiterhin wird eine Methode für den simultanen Ent-
wurf von Filter und lokalen Reglern entwickelt. Zum anderen wird eine Flocking-basierte
Regelung betrachtet und für LPV-Agenten erweitert. Hier wird eine Separation im Ent-
wurf vorgestellt, in der ein Flocking-Filter entworfen wird, der Daten von lokalen Agenten
empfängt und für diese Referenztrajektorien generiert. Diese Methode wird illustriert an-
hand von Source-Seeking und Level-Curve-Tracking Szenarien.
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Chapter 1

Introduction

Detailed scientific research has been conducted on groups of biological creatures in nature,
such as the collaborative division of labor between ant colonies, parades of fish schools,
formation of bird groups, and cooperative hunting of herds. Considerable data obser-
vation and research has shown that the overall intelligent behavior and actions can be
achieved through local or regional communication and cooperation between the individu-
als, although the individual’s ability in the group is quite limited [Anderson et al., 2001,
Garnier et al., 2007]. Without the centralized control from the outside world and internal
global information exchange, these groups can show the overall complex behavior, such as
maintaining formation, escaping natural enemies, collaborative attacks, and finding food,
only through the information exchange with the surrounding individuals. Inspired by this
natural collective behavior, the Multi-Agent Systems (MAS) appear to be a promising
field of research and technical applications.

1.1 Multi-Agent Systems

In the past three decades, in particular, applications of control of multiple vehicles have
received increasing attention because of the advantages that can be obtained when a single
complicated vehicle is equivalently replaced by many simpler ones. In this attempt, two
main categories are commonly adopted for approaching control of multiple vehicles: a
centralized control approach and a distributed control approach. The centralized control
approach essentially assumes that a central station is available and powerful to control
a group of vehicles. It can be seen as a direct extension of the well-known single vehicle
control philosophy and strategy in which each vehicle in the group communicates only with
the central station and its actions are based on the commands from the central station.
In contrast, although it is far more complex in structure and organization, the distributed
control approach does not require a central station for control. The main objective is
to have the whole group of vehicles working in a cooperative fashion where information
sharing among vehicles plays a central role. Based on applications and situations, both
approaches are considered to be practical; however, the distributed control approach is
believed to be widely recognized and appreciated because of better performance, especially
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2 1.1. Multi-Agent Systems

with physical constraints like limited resources, limited wireless communication ranges,
and applicability for a large number of agents. Some excellent surveys for recent progress
on distributed multi-agent coordination and networked systems can be found in [Chen
and Ren, 2019, Li and Tan, 2019, Knorn et al., 2015, Oh et al., 2015, Ren and Cao, 2010].

1.1.1 Consensus: brief discussion

Consensus in MAS is defined as reaching an agreement regarding a certain quantity of
interest which depends on the state of all agents in a group [Olfati-Saber et al., 2007].
The consensus problem plays the main role in distributed control of MAS. It has wide
applications in formation control, flocking control, and sensor network design. According
to [Li and Tan, 2019], research on consensus problems passes through three stages:

1. Simulation studies.

2. Theoretical research.

3. Development and applications.

In the simulation stage, one of the early successful approaches was proposed by [Reynolds,
1987], where simulation of the collective behavior of natural groups was performed, and
an agent in a group was called the Boid model. In [Vicsek et al., 1995], a classical model,
called Vicsek model, describing the phase shift of self-driven particles was presented based
on the Boid model.

The second stage involves theoretical studies. In [Jadbabaie et al., 2003], a theoretical
explanation of the Vicsek model was presented based on graph theory. In [Olfati-Saber
and Murray, 2004], a MAS of integrator agents was investigated and analyzed based on
graph theory, and the relation between convergence rate and graph algebraic connectivity
in the consensus problem of time delay was presented.

Most research on the consensus problem considers the case where the agents are governed
by first order dynamics [Cao et al., 2008, Wang and Chen, 2002, Yu et al., 2009b], where
agents are controlled to agree on positions. Nevertheless, the second order consensus
problem has become to be recognized as an interesting topic of research [Hong et al.,
2006, 2008, Ren and Beard, 2008] where each agent is governed by second order dynamics,
and the second order consensus problem is then to reach an agreement among a group of
agents governed by second order dynamics in the position and velocity. The consensus
problem of double integrator MAS is analyzed in [Ren and Beard, 2005], and the main
result was that the communication graph including the directed spanning tree is important
for asymptotic stability of the group. In this sense, necessary and sufficient conditions
for second order consensus is derived in [Yu et al., 2010], while incorporating nonlinear
dynamics in second order consensus is analyzed in [Yu et al., 2009a]. Investigation of
second order consensus in lossy network is presented in [Cui et al., 2016].

Because graph theory is an important tool in theoretical analysis of consensus, more
concern is directed to investigate consensus issues, and at this stage, a lot of work has



Chapter 1. Introduction 3

been done to enhance consensus protocols, convergence, and application prospects. In
this direction, some work in weighting strategies to improve convergence in MAS of first
integrator agents are presented in [Xiao and Boyd, 2004, Hao and Barooah, 2012, Mirali
and Werner, 2017, Mirali et al., 2017], whereas the consensus problem in the presence
of packet dropouts is studied in [Wang et al., 2010, Vaidya et al., 2012]. A weighted
memory protocol is applied to the group of first order integrator MAS to achieved better
convergence in presence of packet losses in [Datar et al., 2018].

1.1.2 Formation Control: overview and classifications

Formation control, which is one of the most active research topics within the field of
cooperative control systems, aims to force multiple vehicles to achieve a predetermined
geometric shape. A key problem in formation control is how to stabilize and maintain a
geometrical formation shape in a distributed manner. Therefore, one seeks to design a
suitable controller to ensure that a group of vehicles move in an ordered manner along a
desired reference trajectory or path while avoiding collisions with obstacles or other agents.
In [Balch and Arkin, 1998], three different formation forms (line, diamond, wedge) and two
reference techniques (leader reference, unit center) were compared. Controlling a group
of spacecrafts with three different approaches, which are explained later, are considered
in [Beard et al., 2001]. In [Fax and Murray, 2004], two main approaches were considered
for homogeneous LTI modeled vehicles. The stability analysis was considered for SISO
systems and based on decomposition, and the Nyquist criteria. Necessary and sufficient
conditions on communication graphs for stabilizing the formation of nonholonomic vehicles
are investigated in [Lin et al., 2005].

A local gradient based formation control law is designed to stabilize a group of robots
to a target formation in [Krick et al., 2008]. Kinematic unicycle models are used in
formation control to develop rotating geometric shapes around some targets in [Marshall
et al., 2006]. More discussions regarding such type of synchronization problems can be
found in [Sepulchre et al., 2007]. Investigating communication constraints in a formation
control problem is presented in [Sepulchre et al., 2008]. Adding or removing vehicles from
the network while maintaining information graph rigidity was explored in [Eren et al.,
2002]. Based on the graph theory concepts, authors in [Olfati-Saber and Murray, 2002]
showed how to create a large rigid network by combination of rigid smaller networks.
In [Summers et al., 2011], a combination of leader-follower strategy and co-leaders was
proposed to design a decentralized control law, in which each agent executes its control
using only the relative position measurements. Most of these studies are based on agents
which are considered as single-integrator, double-integrator, or LTI systems, and when
agents are subject to nonholonomic constraints, modeling them as LPV systems shows
a realistic behavior when moving in a swarm. Some early approaches that deal with
the formation control problem with LPV agents are presented in [Gonzalez et al., 2015,
Cisneros et al., 2016].

Based on the previous overview, the formation control problem can be categorized based
on different aspects, such as sensing capability and interaction topology [Oh et al., 2015],
and the formation control problem can be classified into
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• Position-based formation control: Here, vehicles are required to commonly have a
global coordinate system. Sensors can measure the absolute positions with respect
to the global coordinate system. The desired formation is determined by the desired
absolute positions for the vehicles. In this case, interactions among the vehicles can
be introduced for control performance enhancement or for addressing additional
objectives like maintaining the formation shape.

• Displacement-based formation control: This requires vehicles in the group to have
their own local coordinate system, and knowledge regarding the origin of the global
coordinate system is not necessary. In this case, each vehicle is equipped with
sensors that can measure the relative displacements or its neighbors, which implies
interaction existence. The geometric formation to be achieved is determined by the
relative displacement among vehicles, and each vehicle in the group controls the
relative displacement with its neighbor.

• Distance-based formation control: Here, each vehicle in the group has its own lo-
cal coordinate system and is equipped with sensors that can measure the relative
distance with respect to its neighbors, which also implies interaction among vehi-
cles. Orientation of the vehicle local coordinate system is not required, unlike the
displacement-based approach; thus, vehicles do not need to have a common sense
of orientation. The required geometric shape is achieved by controlling the relative
distance among vehicles.

From the above presentation, it is concluded that higher sensing capability allows lower
interaction among vehicles. Another method of classification based on the requirement of
whether or not formations are time-varying is given as follows [Ren and Cao, 2010, Oh
et al., 2015],

• Formation producing problems e.g. [Ren and Cao, 2010, Fax and Murray, 2004]:
Here, vehicles are required to achieve a certain predetermined geometric shape,
which is performed by designing distributed controllers based on the matrix theory,
graph theory, Lyapunov theory,. . . etc.

• Formation tracking problems e.g. [Péni et al., 2004, Gonzalez et al., 2015]: Here,
vehicles are required to track a prescribed reference trajectory forming a geomet-
ric shape. Such problems have been investigated through matrix theory, potential
function based controller design, Lyapunov theory,. . . etc.

Formation control can also be classified into leader-follower, behavioral, and virtual struc-
ture approaches [Scharf et al., 2004, Beard et al., 2001]:

• Leader-follower formation: In this case, at least one vehicle is considered to be a
leader which tracks a predetermined trajectory, and the other vehicles are followers
which are at prescribed relative distances from the leader [Consolini et al., 2008].
The leader in this case may be a real or a virtual one.
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• Behavioral formation: In this case, in addition to forming a geometric shape, many
desired behaviors are required like cohesion, collision avoidance, obstacle avoid-
ance,. . . etc [Barogh et al., 2015].

• Virtual structure formation: In this approach, a vehicle formation is considered to
be a single object. The desired motion of this object is given. The desired motions
of vehicles are determined from that of the virtual object [Low, 2014].

Depending on whether or not the desired formation shapes are explicitly prescribed, one
may also classify formation control problems as follows [Oh et al., 2015],

• Morphous formation: The desired formation shapes are explicitly determined by
assigning vehicle positions, relative distances, and/or positions among vehicles.

• Amorphous formation: Without any predetermined formations, the geometric shapes
are formed based on the behaviors among vehicles in the group, such as cohesion
and collision avoidance. Amorphous formation is related to behavioral formation
discussed above.

1.1.3 Flocking Control: brief survey

In the previous discussion, formation control is based on a first order consensus protocol,
which is mainly based on (relative) positions. One step further is flocking control, which
is considered as a nonlinear type of the second order consensus protocol which depends
on not only positions but also velocities of vehicles in a group. Flocking is a collective
behavior of a group of interacting, self-organized vehicles with a common group objective.
One of first models that attempted to investigate this behavior was proposed in [Reynolds,
1987], in which the three main flocking rules are presented, known as Reynolds rules:

• Cohesion: stay close to nearby neighbors;

• Separation: avoid collisions with nearby neighbors;

• Alignment: match velocity with nearby neighbors.

Following Reynolds’ model, many attempts have been made to describe the collective
behavior mathematically [Vicsek et al., 1995, Shimoyama et al., 1996, Toner and Tu, 1998,
Mogilner and Edelstein-Keshet, 1999]. In addition to the proposed models, other flocking
algorithms have been proposed. Most of them are based on artificial potential fields
to represent the first two rules of cohesion and separation, and the velocity alignment
rule is simply represented as a velocity consensus protocol. In [Leonard and Fiorelli,
2001], a framework for collective motion control of vehicles was proposed modeled as a
double-integrator system based on artificial potential functions and virtual leader(s). The
artificial potential functions present the interaction among vehicles to maintain a certain
offset. The task of the virtual leader(s) is to provide reference points that affect the
motion of the vehicles in the group via additional potential functions.
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In [Tanner et al., 2003a,b], the authors assumed that the relative position and velocity
interaction topologies may be nonidentical. They presented a gradient-based control
low combined with a velocity consensus term, which represent cohesion/ separation and
alignment, respectively, and analyzed the stability under fixed topologies and switching
interaction topology.

In [Olfati-Saber, 2006], different flocking algorithms are proposed based on the Reynolds
rules. Underlying vehicles are considered as double integrators. In addition to the usage
of the nonlinear potential function and velocity consensus protocol, the obstacle avoid-
ance scheme is proposed. Through the proposed algorithms, the stability of the whole
network is guaranteed and the error of relative distances between vehicles converges to
zero asymptotically. In addition, the vehicle velocities converge to a common vector, and
no collisions occur.

Following this work, different issues were studied, such as preserving network connectivity
[Zavlanos et al., 2007, Jia and Wang, 2014], and several protocols have been developed like
multi-target flocking [Luo et al., 2010], in which the whole group is divided into sub-groups
to achieve different missions. The theoretical framework for flocking with time-varying
velocity virtual leaders is presented in [Su et al., 2009b, Wen et al., 2012]. In [Zhao et al.,
2017], a leader-follower flocking protocol is studied where the leader’s dynamics and states
are not available to the whole flock. A hybrid event-triggered flocking control scheme is
presented in [Yu et al., 2016], where position information is transmitted continuously and
velocities are used at discrete time instants, based on an event-trigger mechanism.

Different applications applying flocking rules include source seeking and level curve track-
ing using glowworm optimization techniques [Krishnanand and Ghose, 2009, Turgeman
and Werner, 2018] . In addition, most existing flocking algorithms depend on information
regarding both the relative position and the relative velocity. However, in practice, limited
equipment and sensors are considered; thus, some work have formulated flocking based
on the position, such as [Su et al., 2009a], to have the advantage of decreasing equipment
cost and network traffic.

1.2 Problem Description

We consider cooperative control can be divided into two layers, the abstraction layer
that represents the network dynamics and the physical layer which represents agents’
dynamics. So, the MAS is dealt in this thesis mainly from point of view of interaction
between these two layers. In this sense, this interaction is studied in two main approaches,
formation control of LPV-agents and flocking control of LPV-agents. In formation control
approach, a group of LPV-modeled agents can exchange information through Information
Flow Filter (IFF), which is first presented in [Fax and Murray, 2004] and the task is to
extend the IFF application to a network of LPV agents and achieve a certain geometric
shape with better cooperative behavior among agents by simultaneous and coupled design
of both agent LPV controller and IFF.

As a degree of flexibility, flocking rules are applied to a swarm of LPV-agents in complex
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missions like source seeking scenario and level curve/ surface monitoring. Extension of the
information flow idea from formation control, (first order consensus), to flocking control,
(second order consensus), is considered in a coupled interaction between abstraction and
physical layers. Task of all agents is to find equilibrium around source/ multiple sources
or to move along a certain concentration level. In each problem, agents can exchange
information with their neighbours and the coupled interaction between the two layers
improves the cooperative behavior of the swarm to achieve a mission. In all scenarios,
it is assumed that agents are equipped with suitable sensors and has the computation
capability to achieve the required task. So, we consider the following problems:

• LPV modeling and control of autonomous underwater vehicle: Consider
a complex, twelve state nonlinear autonomous underwater vehicle actuated by four
propellers, find the LPV representation of such dynamics and design an LPV output
feedback controller.

• Interaction of information and physical layers in formation control prob-
lem: Consider a group of N identical agents, each of which is modeled as a discrete-
time LPV system, exchanging information through a communication topology, find
a distributed LPV formation controller with fully populated model matrices, i.e.
there is coupling through the off-diagonal blocks of the controller between network
dynamics and local agent dynamics.

• Interaction of information and physical layers in flocking control problem:
Consider a group of N identical agents, each of which is modeled as a continuous-
time LPV system, design a flocking filter and local LPV controller that allow the
group to reach a required mission of:

– Source seeking Problem: where agents are required to reach equilibrium at
the source of certain pollution.

– Level Surface/ Curve Monitoring Problem: where agents are required
not to reach a source but to move along certain concentration level of such
pollution.

1.3 Scope and Contribution

In order to solve the aforementioned problems, two main approaches are considered. In
the first approach, a coupled information flow architecture is proposed to improve the co-
operative behaviour among agents in a network where a distributed controller can receive
both formation error and tracking error, and provides the reference to be tracked and the
required tracking control effort, and extends the application of IFF from networks of LTI
systems to nonlinear agents in LPV form. Secondly, a coupled flocking loop architecture is
proposed in which a flocking filter receives realistic data and generates virtual references
to local agents to achieve a required mission.

In both cases, representing agents as LPV models is considered and two LPV models are
developed, one is an LPV representation of a dynamic unicycle and the other is modeling
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a realistic underwater vehicle as an LPV model. Thesis contributions can be summarized
in the following points:

1. Cascaded control structure of AUVs: modeling the underwater vehicle as an
LPV agent leads to an efficient gain scheduled controller. In this sense, the AUV
under simulation studies in this work is modeled as LPV agent using Taylor series
expansion, which results in decoupling the agent dynamics into inner dynamics that
represents the orientations and its rates, and outer dynamics that represents the
position and linear velocity [Attallah et al., 2020]. So, it enables to design inner and
outer LPV output feedback controllers and this is presented in Chapter 3.

2. Distributed coupled information flow scheme: to solve the interaction be-
tween information and physical layers in formation control problem, the contribu-
tion is twofold. First, extend the application of information flow filter from LTI
agents to LPV modeled ones. Second, modification is applied such that a coupled
architecture is proposed in which the distributed coupled controller receives the for-
mation error and tracking error and provides the local agent the corresponding local
control effort and virtual reference to be tracked [Attallah and Werner, 2020]. These
results are mainly presented in Corollary 4.1 and Theorem 4.2 in Chapter 4.

3. Distributed source seeking algorithms: to solve the source seeking problem,
flocking control is investigated. The contribution in this direction is to propose a
coupled flocking control loop architecture based on extension of IFF from formation
control to flocking control application, in which the the whole architecture consists of
main levels, the virtual network, flocking filter, that receives real data and provides
references to be tracked to the physical level that represents the agents. In this case,
agent dynamics is represented in LPV form and network dynamics represent the
flocking behaviour where flocking rules are applied. In addition, the source seeking
problem can be solved by navigational feedback control that depends on scalar field
gradient and Hessian that are assumed available at agents’ location [Attallah et al.,
2020]. These results are presented in Proposition 5.1 and Theorem 5.1 in Chapter
5.

4. Distributed level surface/curve monitoring: under the above assumption for
scalar field gradient and Hessian availability, and based on the coupled flocking con-
trol architecture, a navigational feedback control law is proposed to solve a level
surface/ curve monitoring problem. The flocking filter is responsible for processing
the data and providing virtual references to LPV local agents to achieve this mis-
sion. These results are presented in Proposition 5.3 based on coupled flocking loop
stability in Theorem 5.1 in Chapter 5.

5. Mission achievement under scalar field gradient and Hessian estimation:
estimation scheme for scalar field gradient and hessian calculation is proposed to
get rid of the assumption of scalar filed gradient and Hessian availability at agents’
location. The estimation process is based on least squares estimation. According to
the required mission in coupled flocking architecture, Algorithm 2 and Algorithm
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3 in Chapter 5 provide a suitable navigational feedback control law based on the
estimated gradient and Hessian.

1.4 Thesis Structure

This thesis is structured as follows. Chapter 2 introduces some important facts and
definitions regarding graph theory, which is key to the cooperative control field of research,
and some basic aspects related to linear-parameter varying control, in particular, the
design and synthesis of the output feedback controller.

In Chapter 3, LPV modeling and control of the dynamic unicycle, which is considered
to be a generic model for nonholonomic agents like ground vehicles, space-rockets, fixed-
wing unmanned aerial vehicles, and unmanned underwater vehicles. In addition, LPV
modeling and control of autonomous underwater vehicles is used for three dimensional
realistic and complex missions.

The information flow in formation control of the LPV-modeled agent problem is investi-
gated in Chapter 4. Analysis results and sufficient conditions for (robust) stability with
guaranteed performance of the network of LPV nonholonomic agents are detailed.

In Chapter 5, for more realistic and complex missions like source seeking and level surface
monitoring, flocking control is used as a realistic flexible approach to control the swarm
of realistic underwater agents modeled as LPV agents. The coupled architecture is shown
to achieve a given mission. An estimation scheme is proposed to calculate the gradient
and Hessian for a scalar field.

Finally, Chapter 6 draws the conclusions and outlines directions for future developments.
The chapters of the thesis are organized in such a way that each of them builds upon its
predecessors. Hence, for a thorough understanding of the matter, it is recommended that
one reads them in the presented order. Nevertheless, readers interested in different aspects
of this work might find it useful to concentrate only on particular chapters. Figure 1.1
shows two possible paths through this thesis. For readers interested in formation control
of the swarm of LPV-modeled agents, a blue track is recommend. In contrast, for flocking
control of such swarms, readers should refer to the red track.



10 1.4. Thesis Structure

.

Preliminaries
Chapter 2

? ?

and Control
Agent LPV Modeling

Chapter 3

AAU���

LPV Agents
Formation Control of

Chapter 4

-

LPV Agents
Flocking Control of

Chapter 5

�

Outlook
Conclusions and

Chapter 6

Figure 1.1: Reading tracks. (−) Formation Control Track, (−) Flocking Control Track







Chapter 2

Preliminaries

Notation

It is convenient to introduce some of the notations in advance. The fields of real numbers,
positive integers, and complex numbers are denoted by R,N and C respectively. Complex
units are denoted as j, while scalar and vector variables are denoted by lower-case letters;
upper-case letters are used for matrices. Furthermore, In denotes an n×n identity matrix;
0 will denote a zero matrix with the appropriate dimensions. The sets of n×m real and
complex matrices are denoted by Rn×m and Cn×m.

For a matrix X, its transpose is denoted by XT , its pseudo-inverse is denoted by X†. The
element in row i and column j of a matrix X is denoted by xij, and element i of a vector
q will be denoted by qi. Furthermore, a set of n × n symmetric matrices is denoted by
Sn×n, and S � 0 (S � 0) will denote that S is a symmetric positive definite (positive
semi-definite) matrix.

The Kronecker product will be denoted by ⊗. For a matrix Y , the notation Ŷ will be used
to denote Ŷ = IN⊗Y where N will be clear from the context, whereas Y(m) = Y ⊗Im. To
represent blkdiag

(
Z(ρ1), . . . , Z(ρN)

)
, a shorthand notion of Z̄(ρ) is used. The L2-norm

of a continuous-time signal x(t) is denoted by ‖x(t)‖L2 and is defined as

‖x(t)‖L2 =
(∫ ∞

0

x(t)2dt
) 1

2

and the `2-norm of the discrete-time signal x(k) = [x1(k), . . . , xn(k)]T ∈ Cn is denoted by
‖x(k)‖`2 and defined as

‖x(k)‖`2 =
( n∑
i=1

|xi(k)|2
) 1

2

The induced L2-norm of the LPV system Tzr(ρ) with continuous time input signal r(t),
output signal z(t), and scheduling parameter vector ρ ∈ P ⊂ Rnρ is defined as

‖Tzr(ρ)‖L2 = sup
ρ∈P

sup
‖r‖L2

6=0

‖z‖L2

‖r‖L2

,

13
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For the discrete-time LPV system, the `2-norm is used with discrete input signal r(k),
output signal z(k), and scheduling parameter vector θ ∈ Pθ ⊂ Rnθ and is defined as

‖Tzr(θ)‖`2 = sup
θ∈Pθ

sup
‖r‖`2 6=0

‖z‖`2
‖r‖`2

2.1 Facts about Graph Theory

In an MAS, information exchange plays a vital role in achieving the group mission. This
can be done by either through wireless communication where the agents can broadcast
their information or through sensing capabilities where the agent can calculate data of the
neighbors based on the sensed information from e.g. radar, ultrasonic sensors, or cam-
eras. Based on how information is exchanged among agents, communication- or sensing-
topology terms are used [Popov, 2012].

Graph theory has become an important tool in the field of cooperative control systems,
because the information exchange among agents can be modeled as a graph. Some im-
portant concepts and results related to graph theory that are important in this thesis are
provided; otherwise, the reader can refer to [Mesbahi and Egerstedt, 2010].

A graph G = (V , E) is defined as a combination of a set of nodes V = {v1, . . . , vN}, N ∈ N
and a set of edges E ⊂ V ×V . In the interaction graph of a MAS, the nodes represent the
agents and the edges represent the communication links. This means, for each existing
edge (vi, vj), the head node vi is receiving data from node vj. For each node vi , the
neighbor set is defined as

Ni = {vj|(vi, vj) ∈ E , i 6= j} ⊂ V

The cardinality |Ni| denotes the number of elements in Ni . A graph G is called an
undirected graph if and only if (vi, vj) ∈ E ⇐⇒ (vj, vi) ∈ E i.e. the information
exchange is always bi-directional. Otherwise, it is called a directed graph, Figure 2.1.

z z
z
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�
�
��	

@
@
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�

undirected

z z
z

�
�
���

-@
@
@@I
@
@
@@R

directed

Figure 2.1: Undirected and directed graphs examples

In a directed graph G, a sequence of edges (vi, vh1), (vh1 , vh2), . . . , (vhk , vj), which starts
from vertex vj and ends at vertex vi, is called a directed path from vj to vi. A vertex vj
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is called globally reachable if there exists a directed path from vj to every other vertex.
A graph is said to have a spanning tree if it has at least one globally reachable vertex.
If every vertex is globally reachable, then the graph is strongly connected (or simply
connected for undirected graphs).

The adjacency matrix A0= [a0
ij] ∈ RN×N of the graph is defined as

a0
ij =

{
1 if (i, j) ∈ E
0 if (i, j) /∈ E

and a degree matrix D0=diag(d1, . . . , dN) where di =
∑N

j=1 a
0
ij, i = 1, . . . , N . Based on

that, the Laplacian matrix is defined as L0= D0−A0. The second smallest eigenvalue λ2

of the Laplacian is known as the algebraic connectivity of a graph [Fiedler, 1973]. If the
graph (G) is connected and undirected, then the eigenvalues of its Laplacian L0 satisfy
0 = λ1 ≤ λ2 ≤ . . . λN and the algebraic connectivity,

λ2 = min
z⊥1

zTLz
‖z‖2

In addition, if a new graph Gnew is produced by adding undirected edges to an undi-
rected graph (G) with the same vertices, then λ2(L0(G)) ≤ λ2(L0(Gnew)). The normalized
Laplacian matrix L= [lij] of a graph is defined as follows:

lij =


1 if i = j and |Ni| 6= 0
− 1
|Ni| if j ∈ Ni

0 otherwise

(2.1)

It is known that based on its construction, each row sum of L is equal to 0. Accordingly,
the vector 1 = [1, . . . , 1]T ∈ RN is the right eigenvector of L associated with the eigenvalue
λ1 = 0. Using Gershgorin’s circle theorem, it can be shown that all eigenvalues of L are
contained in the closed Perron disk P defined as

P = {z ∈ C| |z − 1| ≤ 1}

and the remaining eigenvalues λ2, · · · , λN are non-zero, if the graph is strongly connected.
From L = I−A, it can be inferred that the eigenvalues of the adjacency matrix are located
in the closed unit disk, U= {z ∈ C| |z| ≤ 1}. In addition, the zero eigenvalue of L
corresponds to eigenvalue 1 of A, such that A has the right eigenvector 1 associated with
the eigenvalue 1 [Popov, 2012, Bartels, 2019].

Example 2.1. Consider an MAS with 6 agents and the topology shown below.

This topology is described by a graph G(V , E) which is directed, has no leader, and has a
set of vertices

V = {1, 2, 3, 4, 5, 6}
and edge set

E = {(1, 5), (2, 5), (2, 6), (3, 1), (3, 4), (4, 3), (4, 6), (5, 1), (5, 3), (6, 2), (6, 3)}
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Figure 2.2: Graph example

For i = 5, the following hold: N5 = {1, 3}, |N5| = 2. The normalized Laplacian matrix
of the graph is given as follows:

L =


1 0 0 0 −1 0
0 1 0 0 0 −1
0 0 1 −1

3
−1
3

−1
3

0 0 −1 1 0 0
−1
2

−1
2

0 0 1 0
0 −1

2
0 −1

2
0 1



with corresponding eigenvalues,

λi ∈ {0, 1.4358, 1.7782± j0.2844, 0.5039± j0.1801}

The eigenvalues (marked in blue) together with the Perron disk are shown in Figure 2.3.
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Figure 2.3: Normalized Laplacian eigenvalues
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2.2 Linear Parameter-Varying Systems

Commonly in the literature [Slotine et al., 1991, Khalil, 2002], a class of nonlinear time-
invarient systems is described in the following form:

ẋ(t) = f(x(t), u(t))

y(t) = g(x(t), u(t))
(2.2)

where x ∈ Rnx , u ∈ Rnu and y ∈ Rny . The functions f : Rnx × Rnu → Rnx and
g : Rnx × Rnu → Rny are continuously differentiable functions and satisfy a Lipschitz
condition. If it is possible to represent the nonlinear system (2.2) in the form of

ẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t)

y(t) = C(ρ(t))x(t) +D(ρ(t))u(t)
(2.3)

where ρ is a time-varying vector of scheduling variables that may depend on x(t), and u(t),
and A(·), B(·), C(·) and D (·) are continuous functions of ρ, then system (2.3) is called a
quasi-linear-parameter-varying system [Shamma and Athans, 1990, Hoffmann and Werner,
2014]. This class can be used to represent general nonlinear systems in the LPV form and
makes it possible to introduce modern linear synthesis techniques into a nonlinear design.

The scheduling vector ρ is usually assumed to be unknown a priori but to be measurable
online, and it takes values in a known compact set P ⊂ Rnρ . To model the nonlinear
system to be a quasi-LPV system, the scheduling variables are allowed to depend on the
system state and input variables. Consequently, a set P cannot be assumed to be known
a priori but has to be constructed when analyzing the stability and performance. We
define a set

FP = {ρ(t) ∈ C1(R+,Rnρ)| ρ(t) ∈ P ∀t ≥ 0} (2.4)

where FP is a subset of a signal space of admissible scheduling trajectories. If the LPV
system does not only depend on the values of the scheduling vector ρ(t) but also on the
rate of change ρ̇(t) such that

|ρ̇i| ≤ χ̄i ∀t ≥ 0, i = 1, . . . , nρ

and χ= [χ1 . . . χnρ ]
T , and we define the set,

X = {χ ∈ Rnρ| |χi| ≤ χ̄i, i = 1, . . . , nρ} (2.5)

then, the set of scheduling trajectories (2.4) can be re-defined as

FXP = {ρ(t) ∈ C1(R+,Rnρ)| ρ(t) ∈ P , ρ̇(t) ∈ X ∀t ≥ 0} (2.6)

which satisfies the constraints of scheduling parameters and their rates of change. An
LPV model is then constructed from a given nonlinear state space model using different
techniques. The most common employed techniques to transform a nonlinear system into
the LPV form are discussed in [Kwiatkowski, 2008, Tóth, 2010, Abbas, 2010, Lovera et al.,
2013].
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Local Modeling Method

The Jacobian linearization approach has been widely employed in the literature, e.g.
[Reberga et al., 2005], to create a family of LTI models, using the first-order Jacobian
linearization of (2.2) with respect to a set of equilibrium points, and the interpolation
between them provides the LPV model, which is linear in the inputs and states.

δẋ = A(ρ)δx+B(ρ)δu

δy = C(ρ)δx+D(ρ)δu
(2.7)

where δx = x − x0, δu = u − u0, and δy = y − y0 and x0, u0, y0 are the steady-state
equilibrium points. The resulting model is a local approximation of the dynamics of
the nonlinear plant around this set of equilibrium points. This implies that the LPV
trajectories are limited to a subset of actual trajectories of the nonlinear system exactly
at equilibrium.

Global Modeling Method: velocity-based linearization

A generalized approach proposed by [Leith and Leithead, 1998c,b,a] is the velocity-based
linearization which provides a general method for transforming systems into the LPV/
quasi-LPV form. The velocity-based algorithms are developed for wide applications to
control unmanned vehicles [Leith and Leithead, 2001], turbofan engines [DeCastro, 2007],
and robotic arms using nonlinear model predictive control [Cisneros and Werner, 2021].
In contrast to the Jacobian linearization method, the velocity-based analysis and design
framework associates a linear system with every operating point of a nonlinear system,
not just the equilibrium operating points [Kaminer et al., 1995, Halás et al., 2003]. In
this approach, the LPV model can be obtained by time differentiation of (2.7), and the
perturbation quantities are no longer required to remain in the vicinity of the interpolation
point; thus, the LPV states are identical to the actual system state derivatives:

δẍ = A(ρ)ẋ+B(ρ)u̇

ẏ = C(ρ)ẋ+D(ρ)u̇
(2.8)

with a new state vector ξ = [ẋT yT ]T . The main advantage of this method is that the
equilibrium state terms present in (2.7) disappear because of differentiation. This method
has some shortcomings, such as a higher dimension state vector, nx+ny, which may result
in computational troubles if the number of system outputs is large. In addition, if the
model has an additional disturbance input, the structure of the controller will depend
on its rate, as the measured disturbance inputs to the LPV models are brought in as a
derivative. In addition, if the inputs to this derivative are liable to noise or biasing, this
will lead to uncertainties in amplifications with damaging effects [DeCastro, 2007].

Another method is to directly convert the continuous-time nonlinear model in (2.2) into a
quasi-LPV in the form of (2.3): The main principle of this method is that virtual schedul-
ing parameters are assigned to each nonlinear function element of the resulting matrix
functions A(·), B(·), C(·), D(·) in (2.3). In spite of its ad-hoc nature, this method results
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in a quasi-LPV model which exactly represents the corresponding nonlinear one, and its
efficiency has been demonstrated in many applications, e.g. [Abbas et al., 2009]. The
main problems of this approach are non-uniqueness and overbounding, and the number
of scheduling parameters can increase rapidly with system order.

2.3 State Space Representation of LPV Systems

An LPV system can be represented in different forms: gridding [Wu, 1995] where the
operating envelop is divided into a grid of operating points and both plant model and
controller are obtained by suitable interpolation within the grid, polytopic representation
[Apkarian et al., 1995] where the models depend on the parameters affinely, or LFT form
[Apkarian and Gahinet, 1995] where uncertainties and model parameters are considered,
and the results are nominal generalized plants and uncertain blocks.

2.3.1 Polytopic Representation

The LPV system (2.3) is called a polytopic LPV model if it satisfies two conditions:

1. The set P is a polytope, i.e. it can be expressed as a convex hull

P = Co {ρ1, ρ2, . . . , ρn} (2.9)

where the ρi ∈ Rnρ are the vertices of the polytope and n is the number of vertices.
The representation (2.9) implies that

P =

{
ρ ∈ Rnρ | ρ =

n∑
i=1

αiρi,

n∑
i=1

αi = 1, αi ≥ 0, i = 1, . . . , n

}

The coefficients αi are referred to as convex coordinates. A typical occurrence of
a polytopic set of parameters is a hyperrectangle, which arises when the individual
parameters ρi are known to be confined to intervals ρ

i
≤ ρi ≤ ρ̄i, i = 1, . . . , n.

2. The model (2.3) depends affinely on the parameter vector ρ. In this case, the set of
admissible LTI systems that is generated when ρ in (2.3) ranges over the polytope
P is itself a polytope, i.e. it can be represented by

[
A(ρ(t)) B(ρ(t))
C(ρ(t)) D(ρ(t))

]
=

[
A0 B0

C0 D0

]
+

n∑
i=1

ρi

[
Ai Bi

Ci Di

]
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2.3.2 LFT-LPV Representation

The LPV system (2.3) can be represented as an LFT-LPV system, see Figure 2.4, if it
can be represented in the form

ẋ = Ax+B∆q∆ +Bu

p∆ = C∆x+D∆∆q∆ +D∆uu

y = Cx+Du∆q∆ +Du

q∆ = ∆(ρ(t))p∆, ρ(t) ∈ FP

(2.10)

where q∆ ∈ Rnq∆ , p∆ ∈ Rnp∆ denote the parameter channel of the system. The parameter
ρ(t) is restricted to a set of admissible trajectories FP , and the parameter block ∆(ρ(t)) ∈
C0 (Rnδ ,Rnq∆×np∆ ) is a continuous matrix-valued function of the LFT parameter vector
ρ(t).

A
[
B∆ B

][
C∆

C

] [
D∆∆ D∆u

Du∆ D

]
∆

- -

-

�

u y

p∆ q∆

Figure 2.4: LFT-LPV system representation

2.4 LPV Controller Design and Synthesis

Several approaches have been proposed previously to design gain scheduled controllers
for LPV systems. Most of these approaches are state-space-based and are extensions of
H∞ optimal control of LTI systems to LPV systems based on linear matrix inequality
optimization for the design and synthesis of the gain scheduled controller [Wu, 1995,
Gahinet and Apkarian, 1994]. The obtained performance is usually in terms of the induced
L2-norm for continuous time systems [Wu et al., 1996] or `2-norm for discrete-time systems
[De Caigny et al., 2012]. The two main categories of LPV controller design and synthesis
are as follows:

1. Parameter independent Lyapunov function method, which is conservative but nu-
merically cheap, which makes it attractive for practical implementation.

2. Parameter dependent Lyapunov function method, which offers a less conservative
synthesis tools; however, it suffers from numerical complexity.

In this thesis, the output feedback LPV controller design and synthesis are considered for
continuous-time systems and discrete-time ones.
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2.4.1 Continuous-time LPV System Stability and Performance

The LPV system (2.3) can be augmented with a performance channel to yield a generalized
plant G(ρ) defined as  ẋ

z
e

 =

 A(ρ) B1(ρ) B2(ρ)
C1(ρ) 0 D12(ρ)
C2(ρ) D21(ρ) 0

 x
r
u

 (2.11)

where we assume C1(ρ) =
[
CT

11(ρ) CT
12(ρ)

]T
, B1(ρ) =

[
B11(ρ) B12(ρ)

]
, D12 =[

0 I
]
, D21 =

[
0 I

]T
, x∈ Rnx , r∈ Rnr , u∈ Rnu , z∈ Rnz , and e∈ Rne . This structure

of a system plant G(ρ) assumes that D11 = 0 and both D12 and D21 are full column rank
∀ρ ∈ P . For case of D11 6= 0, a loop transformation can be considered [Wu, 1995].

Consider an LPV controller K(ρ) of the form[
ẋC
u

]
=

[
AC(ρ) BC(ρ)
CC(ρ) DC(ρ)

] [
xC
e

]
(2.12)

where xC∈ RnxC . The controller depends linearly on the measurement e and has arbitrary
dependence on the (measurable) parameter vector ρ. The closed-loop interconnection of
G(ρ) and K(ρ) is given by a Linear Fraction Transformation (LFT) and is denoted by
Fl(G(ρ), C(ρ)), see Figure 2.5. A state space model is[

ẋcl
z

]
=

[
Acl(ρ) Bcl(ρ)
Ccl(ρ) Dcl(ρ)

] [
xcl
r

]
, (2.13)

K(ρ)

G(ρ)

-
r

-

u

-
z

e

�

Figure 2.5: Feedback interconnection of generalized plant and controller

where xcl∈ Rnxcl where nxcl = nx + nxC . The objective is to synthesize a controller
K(ρ) which minimizes the closed-loop induced L2 gain from the performance input r to
performance output z, i.e. that solves

min
K(ρ)
‖Fl (G(ρ), K(ρ))‖L2

(2.14)

The following theorem provides a sufficient condition that forms the basis for output
feedback LPV controller design based on the dependent Lyapunov function method [Wu,
1995].
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Theorem 2.1. The parameter-dependent output feedback problem is solvable if and only if
there exists P (ρ), Q(ρ) ∈ C1(Rnρ ,Snxcl×nxcl ) such that ρ ∈ P and the following conditions
are satisfied:

P (ρ) > 0, Q(ρ) > 0[
P (ρ) 1

γ
I

1
γ
I Q(ρ)

]
≥ 0QĀ(ρ)T + Ā(ρ)Q−

∑nρ
i=1

(
± χ̄i ∂P∂ρi

)
−B2(ρ)B2(ρ)T QC11(ρ)T 1

γ
B1(ρ)

C11(ρ)TQ −I 0
B1(ρ)T 0 −I

 < 0 (2.15)

Ã(ρ)TP + PÃ(ρ)−
∑nρ

i=1

(
± χ̄i ∂Q∂ρi

)
− C2(ρ)TC2(ρ) PB11(ρ) 1

γ
C1(ρ)T

B11(ρ)TP −I 0
C1(ρ) 0 −I

 < 0

where Ā(ρ) := A(ρ)−B2(ρ)C12(ρ) and Ã(ρ) := A(ρ)−B12(ρ)C2(ρ).

Proof. see, [Wu, 1995]

To construct the LPV controller K(ρ), the following auxiliary variables are defined:

F (ρ) = −
(
BT

2 (ρ)P−1 + C12(ρ)
)

L(ρ) = −
(
Q−1C2(ρ) +B12(ρ)

)
H(ρ, ρ̇) = −

(
P−1AF + ATFP

−1 +

nρ∑
i=1

ρ̇i
∂P−1

∂ρi
+ CT

FCF − γ−2P−1B1B
T
1 P
−1
)

X(ρ) = Q− γ−2P−1 > 0

M(ρ, ρ̇) = H(ρ, ρ̇)− γ−2(QL(ρ)D21 +X(ρ)B1)BT
1 P
−1

(2.16)

where
AF (ρ) = A(ρ) +B2(ρ)F (ρ), CF (ρ) = C1(ρ) +D12F (ρ)

The LPV output feedback controller is obtained from

AC(ρ) = A+B2F (ρ) +X−1(ρ)QL(ρ)C2 − γ−2X−1(ρ)M(ρ, ρ̇)

BC(ρ) = −X−1(ρ)QL(ρ)

CC(ρ) = F (ρ)

DC(ρ) = 0.

(2.17)

2.4.2 Discrete-time LPV System Stability and Performance

Consider a discrete-time LPV system G(θ(k)),x(k + 1)
z(k)
e(k)

 =

A(θ(k)) Br(θ(k)) Bu(θ(k))
Cz(θ(k)) Dzr(θ(k)) Dzu(θ(k))
Ce(θ(k)) Der(θ(k)) 0

x(k)
r(k)
u(k)

 (2.18)
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where x(k) ∈ Rn, r(k) ∈ Rnr , u(k) ∈ Rnu , z(k) ∈ Rnz and e(k) ∈ Rne and

θ = [θ1, . . . , θnθ ]
T ∈ Pθ ∈ Rnθ

Consider a discrete-time output feedback LPV controller K(θ(k)),[
xC(k + 1)
u(k)

]
=

[
AC(θ(k)) BC(θ(k))
CC(θ(k)) DC(θ(k))

] [
xC(k)
e(k)

]
(2.19)

where xC ∈ RnxC . The feedback interconnection between the controller (2.19) and the
system plant (2.18) results in the closed loop system:[

xcl(k + 1)
z(k)

]
=

[
Acl(θ(k)) Bcl(θ(k))
Ccl(θ(k)) Dcl(θ(k))

] [
xcl(k)
r(k)

]
(2.20)

The stability and guaranteed `2 performance of the closed loop system (2.20) are summa-
rized using the following theorem:

Theorem 2.2. The LPV system (2.20) is stable and has `2-gain less than γ if there exist
symmetric matrices P (θ) and Q(θ) such that

P (θ) Acl(θ(k))Q(θ(k)) Bcl(θ(k)) 0

? −P (θ(k)) +QT (θ(k)) +Q(θ(k)) 0 QT (θ(k))CT
cl(θ(k))

? ? γI DT
cl(θ(k))

? ? ? γI


> 0 (2.21)

holds ∀θ(k) ∈ Pθ.

Proof. see, [de Souza et al., 2006]

In literature, numerous approaches deal with the discrete-time LPV controller synthesis
[De Caigny et al., 2012, de Souza et al., 2006]. For a polytopic LPV model representation, a
controller K(θ) can be constructed based on the following assumptions of [Ali and Werner,
2011],

Assumption 1. The matrix A(θ) is affine on the scheduling parameter θ.

Assumption 2. Bu(θ), Ce(θ), Dzu(θ), Der(θ) are parameter independent.

If assumption (2) is not satisfied, a pre- or post-filter can be used. The following algorithm
is used based on the previous assumptions:
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Algorithm 1: Discrete-time LPV controller synthesis for polytopic models

Step 1: Solve the optimization problem,

min
Ui,Vi,Wi,Xi,Pxi ,Pyi ,Pzi ,N,J,S

γ

s.t.


Pxi Pyi AJi +BuWi A+BuXiCe Be +BuXiDer 0
? Pzi Ui NiA+ ViCe NiBr + V Der 0
? ? Ji + JTi − Pxi I + STi − Pyi 0 JTi C

T
z +W T

i D
T
zu

? ? ? Ni +NT
i − Pzi 0 CT

z + CT
e X

T
i D

T
zu

? ? ? ? I DT
zr +DT

erX
T
i D

T
zu

? ? ? ? ? γI

 > 0

holds,∀i = 1, . . . , nθ.

Step 2: Find [
ACi BCi

CCi DCi

]
, ∀i = 1, . . . , nθ

such that[
Ui Vi
Wi Xi

]
=

[
Ri NiBu

0 I

] [
ACi BCi

CCi DCi

] [
Li 0
CyiJi I

]
+

[
Ni

0

]
A
[
Ji 0

]
Si = NiJi +RiLi

Step 3: Construct the LPV controller K(θ) where[
AC(θ) BC(θ)
CC(θ) DC(θ)

]
=

nθ∑
i=1

[
ACi BCi

CCi DCi

]
θi







Chapter 3

Agent LPV Modeling and Control

In an MAS, a single agent can be modeled as a single or double integrator using simple
dynamics. In addition, they can be represented as LTI models. For nonlinear dynamics,
simple models of nonholonomic agents can be used like kinematic or dynamic unicycles
that describe the movement of realistic robots [Chen et al., 2004], fixed-wing aircrafts
[Lugo-Cárdenas et al., 2017],. . . etc. In addition, the realistic nonlinear models of such
complex agents can be used. In this sense, LPV modeling leads to efficient gain scheduled
control schemes. In this chapter, a dynamic unicycle moving in a plan and realistic model
of an autonomous underwater vehicle are represented as the quasi-LPV models, and the
gain scheduled controllers are designed and synthesized based on LPV gridding techniques.

3.1 Dynamic Unicycle

The dynamic unicycle models cover the nonholonomic constraints in a simple way which
can describe the movement of many vehicles. A state space representation of their Equa-
tions of Motion (EoMs) is given by

q̇x
q̇y
ψ̇
v̇n
ω̇

 =


0 0 0 cosψ 0
0 0 0 sinψ 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0



qx
qy
ψ
vn
ω

+


0 0
0 0
0 0
1
m

0
0 1

Iz


[
f
τψ

]

y =

[
1 0 0 0 0
0 1 0 0 0

]
qx
qy
ψ
vn
ω


(3.1)

where (qx,qy) is the center of gravity (c.g.) position of the dynamic unicycle in the xy-
plane, ψ∈ [0, 2π) is the yaw angle with respect to the x-axis, and vn and ω are the linear
and angular velocities. m is the mass of the dynamic unicycle, and Iz is the moment of
inertia. f is the thrusting force, and τψ is the yaw torque, Figure 3.1.

27
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x

y

x̃ỹ

ψ

d

vnvt

ω

ψ

(qx, qy)

Figure 3.1: Dynamic Unicycle

3.1.1 Dynamic Unicycle: LPV modeling

To obtain an LPV model of a dynamic unicycle, we first apply a translation of c.g. to the
handle point (marked in red) at a small distance d ahead with coordinates[

qxd
qyd

]
=

[
qx
qy

]
+ d

[
cosψ
sinψ

]
. (3.2)

Its dynamics are obtained by taking the time derivative of equation (3.2),

q̇xd = q̇x − dω sinψ = vn cosψ − vt sinψ

q̇yd = q̇x + dω cosψ = vn sinψ + vt cosψ

ψ̇ =
vt
d

v̇n =
f

m

v̇t = d
τ

Iz

(3.3)

where vt = dω is the tangential velocity of the handle point, and its normal velocity is vn
because of rigid body properties. One method to obtain an LPV model is to choose the
trigonometric functions as scheduling parameters; however, this will lead to a conservative
solution. To overcome this, a Counter Clockwise (CCW) orthogonal transformation is
applied to transform the system from xy-coordinates to the x̃ỹ-coordinate system [Lawton
et al., 2003, Cortés and Egerstedt, 2017, Gonzalez et al., 2015]. This can be done using
the orthonormal transformation matrix

Rψ =

[
cosψ sinψ
− sinψ cosψ

]
and [

q̃xd
q̃yd

]
= Rψ

[
qxd
qyd

]
. (3.4)
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Starting from equation (3.2) and multiplying from the right by Rψ,

qxd cosψ + qyd sinψ = qx cosψ + qy sinψ + d(cos2 ψ + sin2 ψ)

−qxd sinψ + qyd cosψ = −qx sinψ + qy cosψ + d(− sinψ cosψ + cosψ sinψ)
(3.5)

which leads to
q̃xd = qx cosψ + qy sinψ + d

q̃yd = −qx sinψ + qy cosψ.
(3.6)

Take the time derivative,

˙̃qxd = q̇x cosψ − qxψ̇ sinψ + q̇y sinψ + qyψ̇ cosψ

˙̃qyd = −q̇x sinψ − qxψ̇ cosψ + q̇y cosψ − qyψ̇ sinψ
(3.7)

and substitute from equation (3.1) for q̇x and q̇y in equation (3.7) to obtain

˙̃qxd = vn + ψ̇(−qx sinψ + qy cosψ)

˙̃qyd = −vn cosψ sinψ + vn sinψ cosψ − ψ̇(qx cosψ + qy sinψ)
(3.8)

Finally, substitute from equation (3.6) in equation (3.8) and use ψ̇ = ω = vt
d

to get

˙̃qxd = vn +
vt
d
q̃yd

˙̃qyd = −vt
d

(q̃xd − d).
(3.9)

A quasi-LPV model of the dynamic unicycle is then given as follows:
˙̃qxd
˙̃qyd
v̇n
v̇t

 =


0 vt

d
1 0

−vt
d

0 0 1
0 0 0 0
0 0 0 0



q̃xd
q̃yd
vn
vt

+


0 0
0 0
1
m

0
0 d

Iz

[ fτψ
]

ỹ =

[
1 0 0 0
0 1 0 0

]
q̃xd
q̃yd
vn
vt


(3.10)

It has only one scheduling parameter ρ = vt. d 6= 0 guarantees controllability of the
system for frozen parameters. A discrete-time quasi-LPV model is obtained by Euler
discretization with sampling time Ts, and with scheduling parameter θ(k) = vt(k),

q̃xd(k + 1)
q̃yd(k + 1)
vn(k + 1)
vt(k + 1)

 =


1 Ts

d
vt(k) Ts 0

−Ts
d
vt(k) 1 0 Ts
0 0 1 0
0 0 0 1



q̃xd(k)
q̃yd(k)
vn(k)
vt(k)

+


0 0
0 0

Ts
1
m

0
0 Ts

d
Iz

[ fτψ
]

ỹ(k) =

[
1 0 0 0
0 1 0 0

]
q̃xd(k)
q̃yd(k)
vn(k)
vt(k)


(3.11)

A three-dimensional equivalent quasi-LPV model for a dynamic unicycle moving in three-
dimensional space, is provided in Appendix B.
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3.1.2 Dynamic Unicycle: LPV controller design

A continuous-time output feedback LPV controller K(ρ) is designed and synthesized using
Theorem 2.1, and to meet the conditions of the generalized plant structure in (2.11), loop
transformation is considered, which is automatically performed when using LPVtools
[Hjartarson et al., 2015]. Closed loop reference tracking is shown in Figure 3.2 with added
performance channel z and shaping filters, Ws and Wks, for shaping sensitivity and control
sensitivity, respectively. This approach aims at shaping the sensitivity using a low-pass
filter that enforces integral action in the loop. In addition, the cut-off frequency of this
filter dictates the closed-loop bandwidth while limiting control action using another high
pass filter that constrains the control action at low frequencies and enforces roll-off at
high frequencies.

K(ρ) G(ρ)

Ws

Wks

R−1
ψRψ

- - - - - -

6
���� ss

- -

s
- -

-

r

-

uẽe ỹ y

z

Figure 3.2: Reference tracking loop for dynamic unicycle

To form the generalized plant P (ρ), both orthonormal transforming blocks are pulled
out from the loop, Figure 3.3. The closed loop remains the same under orthonormal
transformation, and the generalized plant is shown in Figure 3.4.

K(ρ) G(ρ)

Ws

Wks

R−1
ψRψ

- - - - - -

6

m rr

- -

r
- -

-

r

-

uẽr̃ ỹ y

z

Figure 3.3: Loop after pulling the orthonormal blocks out
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Wks

- G(ρ) -���� -s

-

s

-

-

-

-

?

r̃

-u ỹ ẽ

z

P (ρ)

Figure 3.4: Generalized plant for the dynamic unicycle

The closed loop performance is given by γ = 0.8455. The tuned shaping filters are

Ws =
0.8s+ 10−1

s+ 10−4
, Wks =

0.7s+ 10

s+ 104
(3.12)

The controller implementation is shown in Figure 3.5, and Figure 3.6 shows the sigma
plots of loop shaping for parameter range ρ = [−1 1] . A trajectory tracking simulation
for the dynamic unicycle is shown in Figure 3.7, and the orientation during the trajectory
is shown in Figure 3.8.

Controller

K(ρ)
(3.1)

Dynamic Unicycle
R−1
ψ

- - - -����?
-

d

[
cosψ
sinψ

]
- -

6
���� sr

-

ue y

Figure 3.5: Closed loop with controller implementation

.kifsd

In Figure 3.9 , simulation results with different speeds are shown. In these cases, the
maximum required speed is limited to ≤ 1.25 m/sec. Furthermore, the tracking error in
the different cases for the same track shape is shown in Figure 3.10.
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Figure 3.6: Sensitivity and control sensitivity sigma plots, closed loop sensitivity/control
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Figure 3.8: Orientation of the dynamic unicycle during the trajectory

0 50 100 150 200

T [sec]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

V
e
lo

c
it
y

case 1

case 2

case 3

Figure 3.9: Linear velocity of dynamic unicycle
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Figure 3.10: Tracking error during trajectory

3.2 Autonomous Underwater Vehicle

Another model for unmanned vehicles considered in this context is an autonomous under-
water vehicle. The general nonlinear dynamics of an autonomous under water vehicle are
formulated in [Fossen, 2011] in North-East-Down inertial coordinates {I} with orthonor-
mal vectors {iN , iE, iD} and in body-fixed coordinates {B} with orthonormal vectors
{xB, yB, zB} centered at body center of gravity see Figure 3.2.

iN

θ

iE

ψ

iD

φ

Figure 3.11: Hippocampus [Duecker et al., 2018] with inertial and body coordinates
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Position and orientation are combined into the vector η = [qx qy qz φ θ ψ]T , and linear
and angular velocities are combined into the vector ν = [vxB vyB vzB ωxB ωyB ωzB ]T . The
dynamics of the AUV is controlled by four propellers that produce the thrust force and
moments, which are combined into the vector τ = [f 0 0 τφ τθ τψ]T . A nonlinear state
space model is then given as[

η̇

ν̇

]
=

[
0 J(η)

−M−1G(η) −M−1(C(ν) +D(ν))

][
η

ν

]
+

[
0

M−1

]
τ, (3.13)

This nonlinear model is adapted for the experimental Hippocampus vehicle [Duecker et al.,
2018], where J(η) = blkdiag(Rφθψ, Tφθψ) is a block diagonal matrix of the rotational tensor
Rφθψ and the angular velocity transformation tensor Tφθψ such that

Rφθψ =

 cψcθ −sψcφ + cψsθsφ sψsφ + cψcφsθ

sψcθ cψcφ + sφsθsψ −cψsφ + sθsψcφ

−sθ cθsφ cθcφ



Tφθψ =

 1 sφtθ cφtθ

0 cφ −sφ
0 sφ/cθ cφ/cθ


where c·, s·, t· denotes cos(·), sin(·), tan(·), respectively. G(η) represents the hydrostatic
load and is defined as

G(η) = diag
(

0, 0, 0, zgmgcθsinc(φ), zgmgsinc(θ), 0
)

where m is the AUV mass and g the gravitational acceleration; M = MRB + MA is the
inertia matrix due to rigid body MRB and added mass due to hydrodynamic loads MA,
where

MRB = diag(m,m,m, Ix, Iy, Iz)

MA = −diag(Xv̇xB
, Yv̇yB , Zv̇zB , Kω̇xB

,Mω̇yB
, Nω̇zB

).

Ix,Iy, and Iz are the moments of inertia around the different axes, and D(ν) is the damping
matrix. Here,

D(ν) = −diag(X|vxB ||vxB |, Y|vyB ||vyB |, Z|vzB ||vzB |, K|ωxB ||ωxB |,M|ωyB ||ωyB |, N|ωzB ||ωzB |)

and C(ν) is the Coriolis matrix. The parameters of the Hippocampus model are identified
based on experimental measurements and are shown in Table 3.1 [Duecker et al., 2018].
Because of the symmetric shape of the Hippocampus and low speed operation environment
(vxBmax = 1.5m/sec), some coupling hydrodynamic parameters have been removed. The
buoyancy force is acting on the Hippocampus in a point at a distance of zg above its center
of gravity, which results in an inverse moment if it rotates around its longitudinal body
axis xB; thus, the roll angle φ is maintained at nearly zero.



36 3.2. Autonomous Underwater Vehicle

Table 3.1: Hippocampus parameters

Parameter Value Parameter Value
m 1.43kg X|vxB | −4.56kg/m

Ix 0.00241kgm2 Y|vyB | = Z|vzB | −17.36kg/m

Iy 0.01072kgm2 K|ωxB | −0.0028kgm2

Iz 0.01072kgm2 M|ωyB | = N|ωzB | −0.0476kgm2

Xv̇xB
−1.11kg Kω̇xB

−0.0018kgm2

Yv̇yB = Zv̇yB −2.80kg Mω̇yB
= Nω̇zB

−0.0095kgm2

3.2.1 AUV: LPV modeling

Quasi-LPV representations of nonlinear systems are not unique, and the selection of
scheduling parameters affects both the synthesis complexity and performance [Kwiatkowski
et al., 2006]. One approach is a Taylor series expansion for trigonometric functions which
allows the selection of the angle itself as a scheduling parameter instead of a trigonomet-
ric function [Hoffmann, 2016]. As a trade-off between model accuracy and complexity, a
second order Taylor expansion is selected. One can approximate the rotational tensors by

Rφθψ ≈


1− ψ2

2
− θ2

2
+ θ2ψ2

4
−ψ + ψ3

6
θ − θψ2

2
− θ3

6
+ θ3ψ2

12

ψ − ψθ2

2
− ψ3

6
+ θ2ψ3

12
1− ψ2

2
ψθ − ψθ3

6
− θψ3

6
+ θ3ψ3

36

−θ + θ3

6
0 1− θ2

2

 ;

Tφθψ ≈

1 0 θ + θ3

3

0 1 0

0 0 1− θ2

2

 .
In addition,

G(η) ≈ diag
(

0, 0, 0, zgmg(1− θ2

2
), zgmg(θ − θ3

6
), 0
)
.

A closer look at the approximated nonlinear equations shows that terms like
ψ2vxB

2
,
ψθ3vzB

6
, ...

contain products of state variables, and one can decide which variable will be used as the
state and which one as the scheduling parameter. To obtain a model with the most cou-
pling information possible, these terms can be divided equally between the state variables
as

ψ2vxB
2

=
ψ2

4
vxB +

vxBψ

4
ψ.

Higher order terms like
θ3ψ2zxB

12
,
θ2ψ3vxB

12
, . . . are not divided due to their low contribution.

The resulting model shows that the position dynamics depend on the orientation states
and the thrust force. This makes it possible to decompose the whole system into a
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position subsystem Gout with state vector ζout = [qx qy qz vxB vyB vzB ]T , position control
input vector τout = [f θ ψ]T , output vector y = [qx qy qz]

T and a scheduling parameter
vector ρout = [θ ψ vxB vyB vzB ]T ; and an orientation subsystem Gin with state vector
ζin = [φ θ ψ ωxB ωyB ωzB ]T , orientation control input vector τin = [τφ τθ τψ]T , and its
scheduling parameter vector ρin = [θ ωxB ωyB ωzB ]T . The resulting open loop quasi-LPV
subsystems are represented in equations (3.14)-(3.15).

Gout : ζ̇out =



0 1− ψ2

4
− θ2

4
+ θ2ψ2

4
−ψ

2
+ ψ3

6
θ
2
− θψ2

2
− θ3

6
+ θ3ψ2

12

0 ψ
2
− ψθ2

2
− ψ3

6
+ θ2ψ3

12
1− ψ2

4
ψθ
3
− ψθ3

6
− θψ3

6
+ θ3ψ3

36

0 − θ
2

+ θ3

6
0 1− θ2

4

0
−X|vxB ||vxB |
m−Xv̇xB

0 0

0 0
−Y|vyB ||vyB |
m−Yv̇yB

0

0 0 0
−Z|vzB ||vzB |
m−Zv̇zB


ζout

+



0 −uθ
4

+ w
2

−uψ
4
− v

2

0 wψ
3

u
2
− vψ

4
+ wθ

3

0 −u
2

−wθ
4

1
m−Xv̇xB

0 0

0 0 0

0 0 0


τout

(3.14)

Gin : ζ̇in =



0 0 0 1 0 θ + θ3

3

0 0 0 0 1 0

0 0 0 0 0 1− θ2

2

zgmg(1− θ2

2 ) 0 0
−K|ωxB ||ωxB |
Ix−Kω̇xB

0 0

0 zgmg(θ − θ3

6 ) 0 0
−M|ωyB ||ωyB |
Iy−Mω̇yB

0

0 0 0 0 0
−N|ωzB ||ωzB |
Iz−Nω̇zB


ζin

+



0 0 0

0 0 0

0 0 0

1
Ix−Kω̇xB

0 0

0 1
Iy−Mω̇yB

0

0 0 1
Iz−Nω̇zB


τin

(3.15)
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3.2.2 AUV: control loop design

Based on the cascaded structure, Figure 3.12, the inner and outer LPV controllers are
designed and synthesized for an autonomous underwater vehicle.

-
rd m

-
-

eout
Kout(ρout)

-
f

θd, ψd

-
-
rin m

-
-
ein

Kin(ρin)
τin
-Gin(ρin) -

θ, ψ

-
φd = 0

6

-
Gout(ρout) -

6

y

Figure 3.12: Cascaded tracking loop for the AUV

Both inner Kin(ρin) and outer Kout(ρout) controllers are designed based on the well-known
S/KS approach, taking into account that the inner closed-loop bandwidth is chosen to be
much faster than the outer closed-loop bandwidth. For the inner loop, shaping filters

W in
s = 0.8

s+ 75

s+ 0.3
, W in

ks = 103 s+ 1517

s+ 1.011× 107
. (3.16)

are used to shape the sensitivity and control sensitivity, see Figure 3.13. corresponding
to the required closed-loop bandwidth ωins , required controller bandwidth ωinks, sensitivity
upper bound M in

s , control sensitivity upper bound M in
ks , and arbitrary constants cins , c

in
ks

are used as tuning knobs for achieving satisfactory performance.

-
τin

Gin -����− -
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- W in
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-
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?

Figure 3.13: LPV S/KS loop shaping inner loop generalized plant
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The design of the outer loop controller is based on the preceding inner loop design with
shaping filters:

W out
s = 0.8

s+ 0.75

s+ 0.0015
, W out

ks = 103 s+ 60.3

s+ 60.3× 105
. (3.17)

- Gclin

-
Gout

-

-
τout

-����− -
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?

rd

- W out
s

-

-
zout

- W out
ks

-

Figure 3.14: LPV S/KS loop shaping outer loop generalized plant

In cascaded design, the shaping filters are tuned using genetic algorithms, which achieve
an inner closed-loop bandwidth ωin = 163 rad/sec and a performance index γin = 4.133
and for the outer loop, a closed-loop bandwidth ωout = 1.02 rad/sec and the overall
performance γ = γout = 2.6031. Sigma plots of the sensitivity and control sensitivity are
shown in Figure 3.15.

Simulation of a single underwater vehicle tracking a spiral trajectory with a radius of 3 m
is shown in Figure 3.16. The simulation was carried out with the plant model (3.14),(3.14).
The tracking errors when moving with different speeds of nearly 1.2 m/sec, 0.6 m/sec
and 0.3 m/sec are shown Figure 3.17. In the first case, the tracking error is relatively
high compared with that at low speeds.
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Figure 3.16: Tracking spiral trajectory, − for AUV path and − for reference trajectory
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Chapter 4

Formation Control of LPV Agents

A distributed formation control scheme is proposed for a network of identical nonholo-
nomic agents modeled as linear parameter-varying (LPV) systems. The design problem is
formulated in the framework of discrete-time LPV control solved by a gridding technique.
The agents exchange information through a communication graph which is time-invariant.
In the robust design, only the minimum and maximum eigenvalues of the graph Laplacian
are considered. A decomposition approach is employed which makes it possible to solve a
synthesis problem that has the size of a single agent, regardless of the number of agents.
The results presented here extend previous work on information flow through a group of
LTI agents to LPV agents [Popov and Werner, 2012, Pilz et al., 2011, Bartels and Werner,
2014]. Moreover, a novel control architecture is used to synthesize the distributed con-
trol scheme and the information flow filter simultaneously, while allowing feedback from
agents into the information flow dynamics. The design guarantees (marginal) stability
and overall `2 performance of the closed-loop system. The simulation results illustrate the
practicality and benefits of the proposed extended information flow scheme by applying
it to a network of dynamic unicycles.

4.1 Information Flow in Multi-Agent Systems

The idea of an information flow filter is proposed for LTI agents to improve the cooperative
behavior in MAS in [Fax and Murray, 2004], Figure 4.1. Each agent i in the network is
equipped with a stabilizing controller K that provides a control signal ut to the agent
G, network filter R, and prediction filter H. Agents can communicate through a graph
Laplacian L and adjacency matrix A. The rule is based on agent position yi and its
predicted position wi in addition to filtered data pi from the network; the agent can take
its new position in the formation. The analysis results are based on the assumption that
an information flow filter F = R

1−R is marginally stable and strictly proper; then, a filter
H = 1 − R can be obtained directly, which enables the separation in design for local
controller on one hand and filters for each agent in the network. On the other hand,
the framework is shown for LTI agents with the Nyquist criteria design method which is
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44 4.1. Information Flow in Multi-Agent Systems

used for Single-Input-Single-Output (SISO) agents, assuming decoupled filters for each
dimension when agents are moving in 2 or 3 dimensional space.

In such diagram, the relative formation error is filtered through filter R and added to
the output of predictor filter H which is given to the controller K to produce a suitable
control effort to the agent to adapt its position in the formation [Fax and Murray, 2004].
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Figure 4.1: Information flow in a multi-agent system [Fax and Murray, 2004]

Following the same assumptions proposed in [Fax and Murray, 2004], previous studies
[Pilz et al., 2011, Bartels and Werner, 2014] present a systematic way of designing both
the local controller and filters for LTI agents based on µ-synthesis techniques. In this
case, the whole network is separated into two loops, Figure 4.2, abstraction level that
represents the virtual network loop and physical layer that represents the local tracking
loop.
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Figure 4.2: Information Flow in network (Separation Principle) [Pilz et al., 2011]

A major feature of this approach, from the viewpoint of controller design, is that informa-
tion flow filter F and the controller K are designed independently. Thus, the controller
is independent of the information flow filter and topology uncertainties and thus can be
designed using standard methods. Unlike the heuristic approach of designing the filter in
[Fax and Murray, 2004] which is realistic only for SISO systems, the µ-synthesis technique
is proposed to design a filter, Figure 4.3, that guarantee robust stability of the MAS for an
arbitrary number of agents and arbitrary communication topologies [Popov and Werner,
2012, Pilz et al., 2011].

Theorem 4.1. Given a controller K that stabilizes G and a filter F , a MAS is stable for
any number of agents N and for any communication topology if there exists an invertible
matrix D ∈ Rm×m such that ‖DTvzδD−1‖∞ < 1, where Tvzδ is the closed-loop transfer
function from wi to zδi.

Proof. [Popov and Werner, 2012, Pilz et al., 2011]
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Figure 4.3: Robust filter design loop [Pilz et al., 2011]

4.2 Coupled Information Flow in Network of LPV

Agents

When designing a filter and controller separately, extension to the LPV systems is easily
achieved by designing a local LPV controller for a physical layer and a robust LTI filter for
the network loop. However, the disadvantage is that the network level is not aware of what
happens at the agent level, which remains in addition to the nonholonomic constraints
which are not reflected in the virtual network dynamics.

In this section, coupling between the physical layer and network level is achieved through
a coupling controller KC(ρ). In this case, the controller inputs are the formation error
efi and the tracking error eti ; the controller output is the filter output (virtual reference
signal) pi and the local control input uti , Figure 4.4.
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Ḡ(ρ) j-- ?
-

ut et

j- -
?

- Ĵ -
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Figure 4.4: Closed loop coupled architecture
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In the proposed coupled architecture, the agent model is augmented with different shaping
filters, Wf , Wt, Wut, to penalize the formation error, tracking error, and local agent
control effort, respectively. A low-pass filter J is used as pre-filter and is chosen to have
a sufficiently high bandwidth to avoid direct feedthrough through the generalized plant
from its control input to measured output, which would lead to difficulties in the design
procedure. For a group of N agents moving in space Rm, each agent is equipped with
filters with the following state space representation:

xαi(k + 1) = Aαxαi(k) +Bαuαi
yαi(k) = Cαxαi(k) +Dαuαi

(4.1)

where the subscript α stands for f, t, and ut. The filter J is

xJi(k + 1) = AJxJi(k) +BJuJi
yJi(k) = CJxJi(k)

(4.2)

The LPV representation of each agent is of the form

xgi(k + 1) = Ag(ρi)xgi(k) +Bg(ρi)uti
ygi(k) = Cgxgi(k)

(4.3)

and the LPV output feedback controller has state space realization

xCi(k + 1) = AC(ρi)xCi(k) +BC(ρi)ei(k)

ui(k) = CC(ρi)xCi(k) +DC(ρi)ei(k)
(4.4)

4.3 Coupled-Architecture Stability Analysis

To simplify the stability analysis of the proposed scheme, we ignore the shaping filters
and assume that the LPV agents are scheduled homogeneously i.e. ρi = ρj for all agents
i and j. The state space representation of the overall network plant of N agents moving
in m-dimensional space is,[

xg(k + 1)
xJ(k + 1)

]
=

[
Âg(ρ) 0

0 ÂJ

] [
xg(k)
xJ(k)

]
+

[
0
0

]
r(k) +

[
0 B̂g(ρ)

B̂J 0

] [
p(k)
ut(k)

]
[
ef (k)
et(k)

]
=

[
0 −L(m)ĈJ
−Ĉg ĈJ

] [
xg(k)
xJ(k)

]
+

[
L(m)

0

]
r(k) +

[
0 0
0 0

] [
p(k)
ut(k)

] (4.5)

which can be written in compact form,

x(k + 1) = Â(ρ)x(k) + B̂u(ρ)u(k)

e(k) = C̆ex(k) + D̆er(k)
(4.6)

The state space representation of the LPV controller K̂C(ρ) is

xC(k + 1) = ÂC(ρ)xC(k) + B̂C(ρ)e(k)

u(k) = ĈC(ρ)xC(k) + D̂C(ρ)e(k)
(4.7)
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The closed loop system is[
x(k + 1)
xC(k + 1)

]
=

[
Â(ρ) + B̂u(ρ)D̂C(ρ)C̆e B̂u(ρ)ĈC(ρ)

B̂C(ρ)C̆e ÂC

] [
x(k)
xC(k)

]
+

[
B̆u(ρ)D̂C(ρ)D̆e

B̂C(ρ)D̆e

]
r(k)

(4.8)
with output equation

y =
[
Ĉg 0

] [ x(k)
xC(k)

]
(4.9)

where xcl(k) = [x(k)T xC(k)T ]T ∈ Rnxcl , r(k) ∈ Rnr , and y ∈ Rny . By using a suitable
state-permuting similarity transformation Π, the closed loop permuted-system can be
written in compact form as follows:

ζ(k + 1) = AF (ρ)ζ(k) +BF (ρ)r(k)

y = CF ζ(k)
(4.10)

where ζ(k) =
[
x1(k)T xC1(k)T . . . xN(k)T xCN (k)T

]T
,

AF (ρ) = IN ⊗ AdF (ρ) + L ⊗ AcF (ρ)

BF (ρ) = IN ⊗Bd
F (ρ) + L ⊗Bc

F (ρ)

CF = IN ⊗ Cd
F + L ⊗ Cc

F

(4.11)

and

AdF (ρ) =


A(ρ) +Bu(ρ)DC(ρ)

[
0 0
−Cg CJ

]
Bu(ρ)CC(ρ)

BC(ρ)

[
0 0
−Cg CJ

]
AC(ρ)

 ,

AcF (ρ) =


Bu(ρ)DC(ρ)

[
0 −CJ
0 0

]
0

BC(ρ)

[
0 −CJ
0 0

]
0

,

Bd
F (ρ) =

[
0
0

]
, Bc

F (ρ) =


Bu(ρ)DC(ρ)

[
Im
0

]

BC(ρ)

[
Im
0

]
 ,

Cd
F =

[
Cg 0

]
, Cc

F =
[
0 0

]
,

A(ρ) =

[
Ag(ρ) 0

0 AJ

]
, Bu(ρ) =

[
0 Bg(ρ)
BJ 0

]
.
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Moreover, if L is diagonalizable and Z−1LZ = Λ, where Λ= diag(λ1, . . . , λN), and ex-
tending the decoupling transformation of decomposable systems [Massioni and Verhaegen,
2009, Hoffmann et al., 2013] to LPV systems, yields

ÃF (ρ) = IN ⊗ AdF (ρ) + Λ⊗ AcF (ρ)

B̃F (ρ) = Λ⊗Bc
F (ρ)

C̃F = IN ⊗ Cd
F

(4.12)

where AF (ρ) = Z(nxcl )
ÃF (ρ)Z−1

(nxcl )
, BF (ρ) = Z(nxcl )

B̃F (ρ)Z−1
(nr)

, CF = Z(ny)C̃FZ
−1
(nxcl )

substitute in model (4.10),

Z−1
(nxcl )

ζ(k + 1) = ÃF (ρ)Z−1
(nxcl )

ζ(k) + B̃F (ρ)Z−1
(nr)

r(k)

Z−1
(ny)y = C̃FZ

−1
(nxcl )

ζ(k).
(4.13)

Define new signals, ζ̃(k) = Z−1
(nxcl )

ζ(k), r̃(k) = Z−1
(nr)

r(k), and ỹ(k) = Z−1
(ny)y(k),

ζ̃(k + 1) = ÃF (ρ)ζ̃(k) + B̃F (ρ)r̃(k)

ỹ = C̃F ζ̃(k)
(4.14)

which is a diagonal system of N modal closed loop subsystems, each parameterized by
λi, i = 1, . . . , N , which is of the form

[
x̃i(k + 1)
x̃Ci(k + 1)

]
=


A(ρ) +Bu(ρ)DC(ρ)

[
0 −λiCJ
−Cg CJ

]
Bu(ρ)CC(ρ)

BC(ρ)

[
0 −λiCJ
−Cg CJ

]
AC(ρ)


[
x̃i(k)
x̃Ci(k)

]

+


λiBu(ρ)DC(ρ)

[
Im
0

]

λiBC(ρ)

[
Im
0

]
 r̃i(k)

ỹi =
[
Cg 0

] [ x̃i(k)
x̃Ci(k)

]
(4.15)

with i = 1, . . . , N . The following corollary summarizes the stability results.

Corollary 4.1. The LPV controller (4.4) stabilizes the network of LPV agents if it sta-
bilizes the modal subsystems,

x̃i(k + 1) = A(ρ)x̃i(k) +Bu(ρ)ui(k)

ei(k) = Ce(λi)x̃i(k) +De(λi)r̃i(k)
(4.16)

simultaneously for λ2 and λN .
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For controller design and synthesis, shaping filters are added to the modal subsystem,
Figure 4.5. A state space model of the modal subsystem generalized plant is


x̃Pi(k + 1)

x̃zi(k)

efi(k)
eti(k)

 =



Ag(ρ) 0 0 0 0
0 AJ 0 0 0
0 −λiBfCJ Af 0 0

−BtCg BtCJ 0 At 0
0 0 0 0 Aut

0
0

λiBJ
0
0

0 Bg(ρ)
BJ 0
0 0
0 0
0 But

0 −λiDfCJ Cf 0 0
−DtCg DtCJ 0 Ct 0

0 0 0 0 Cut
0 −λiCJ 0 0 0
−Cg CJ 0 0 0

λiDf

0
0

0 0
0 0
0 Dut

λiIm
0

0 0
0 0




x̃Pi(k)

r̃i(k)

pi(k)
uti(k)



(4.17)

which can be written in form,

x̃Pi(k + 1) = AP (ρ, λi)x̃i(k) +BPr(λi)r̃i(k) +BPu(ρ)ui(k)

z̃i(k) = Cz(λi)x̃i(k) +Dzr(λi)r̃i(k) +Dzuui(k)

vi(k) = Cv(λi)x̃i(k) +Dvr(λi)r̃i(k)

(4.18)

The modal subsystem (4.17) is affine in the uncertain parameter λi. The uncertain para-
meter λi, via the relationship λi = 1 + δi, can be replaced by the uncertain parameter δi
such that |δi| ≤ 1, based on the properties of the normalized graph Laplacian defined in
Chapter 2. This can be used when solving the robust performance problem.
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Figure 4.5: Closed loop modal subsystem with performance channel
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The following result summarizes the above discussion and can be used to design a dis-
tributed controller with guaranteed performance.

Theorem 4.2. The LPV controller (4.4) stabilizes the network of LPV agents and achieves
performance bound 1

κ(Z)
‖T̃‖`2 ≤ ‖T‖`2 ≤ κ(Z)‖T̃‖`2 if it stabilizes the modal subsystem

(4.17) with performance ‖T̃‖`2 simultaneously for λ2 and λN , where κ(Z) is the condi-
tion number of the diagonalizing transformation matrix Z, and T̃ is the closed loop modal
subsystem.

Proof. Starting with the whole closed-loop LPV network shown in Fig. 4.4 with shaping
filters augmented, we apply a suitable state-permutation matrix Π such that ΠTΠ = I,
which groups in the closed-loop state vector; the states of each agent and its performance
states together with the states of its associated controller. In addition, under the assump-
tion that the graph Laplacian L is diagonalizable, we obtain a transformed system with
block diagonal model matrices. Thus, the transformed network decomposes into N modal
subsystems, each of the form

[
x̃Pi(k + 1)
x̃Ci(k + 1)

]
=

AP (ρ, λi) +BPu(ρ)DC(ρ)Cv(λi) BPu(ρ)CC(ρ)

BC(ρ)Cv(λi) AC(ρ)

[x̃Pi(k)
x̃Ci(k)

]

+

BPr(λi) +BPu(ρ)DC(ρ)Dvr(λi)

BC(ρ)Dvr(λi)

 r̃i(k)

ỹi = [Cg 0]

[
x̃Pi(k)
x̃Ci(k)

]
(4.19)

Thus, the stability of the whole network is equivalent to the stability of each subsystem
(4.19). Note that the modal subsystems are identical up to the Laplacian eigenvalues λi
and that the model matrices depend affinely on λi. The modal subsystem performance is
obtained by

‖T̃‖`2 = max
i
‖T̃i‖`2

and the original network performance is bounded by

1

κ(Z)
‖T̃‖`2 ≤ ‖T‖`2 ≤ κ(Z)‖T̃‖`2

because the block-diagonalizing transformation also transforms the input and output sig-
nal of the performance channel.

This theorem shows that one can use mixed-sensitivity loop shaping to tune the dis-
tributed formation control scheme for good performance. The synthesis of a controller
that can guarantee stability and achieve `2 performance is shown in [De Caigny et al.,
2012]. For tightening the performance bound, one can scale the transformation matrix Z
to minimize its condition number, see [Eichler and Werner, 2013].
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4.4 Application to swarm of dynamic unicycles

To illustrate the practicality and the benefits of the proposed approach, a leader-follower
protocol is considered for a group of N = 15 agents in the presence of obstacles and
is compared with the separated architecture. Each agent is modeled as discrete time
LPV dynamic unicycles (3.11) moving in a plane (m = 2). In this scenario, the agents
communicate through the directed communication graph, which is shown in Figure 4.6.
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ĴJ
J
J
J]








�






�

J
J
J
ĴJ
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ĴJ
J
J
J]








� J
J
J
ĴJ
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Ĵ








�






�

J
J
J
J]

-�






�






�

J
J
J
ĴJ
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Figure 4.6: Interaction graph

This graph is represented by the normalized graph Laplacian L with second smallest
(Fiedler) eigenvalue λ2 = 0.0821, and maximum eigenvalue λmax = 1.5.
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In case of the separate-architecture approach, a robust filter is obtained based on algo-
rithms shown in [Pilz et al., 2011] using the shaping filter

Wf =
0.8− 0.7z−1

1− z−1
I2 (4.21)

with performance index γF = 1.4509, and the filter is

F =
0.1182 + 1.821× 10−5z−1

1− z−1
I2 (4.22)

For the agent level, the Ag(ρ) matrix of the quasi-LPV dynamic unicycle is parameter
dependent, and the dependence is affine in only one parameter vt(k); in addition, Bg and
Cg are parameter independent. Therefore, assumptions in [Ali and Werner, 2011] are
satisfied and the LPV controller can be designed for the agent model using dilated LMI’s.
Shaping filters for sensitivity Wt and control sensitivity Wut are chosen as follows:

Wt =
0.001(1 + z−1)

1− 0.999z−1
I2, Wut =

0.13(1− z−1)

1− 0.71z−1
I2 (4.23)

The resulting controller interpolates between the two vertices and the obtained perfor-
mance index γg = 1.3079. A polytopic discrete-time LPV controller is then synthesized,
as shown in Chapter 2. In case of the coupled-architecture approach, a full order discrete
time LPV controller is designed based on Algorithm 1 using shaping filters to penalize
the formation error, tracking error, and local control effort simultaneously.

Wf =
0.002

1− z−1
I2, Wt =

0.0021(1 + z−1)

1− 0.9998z−1
I2, Wut =

0.39(1− z−1)

1− 0.6z−1
I2 (4.24)

A filter J = 0.6321
1−0.3679z−1 I2 is used and the performance index of the closed loop modal

subsystem is γc = 2.82. This performance is the one achievable for the network controller;
the difference from the lower performance of the local agent controller is due to the need
for the agents to interact. In both scenarios (see Figure 4.7 and Figure 4.8) the leader
is marked in green and its task is to move the swarm followers in a certain path while
they are in a certain formation. The leader is considered to be virtual, to have the same
dynamics as the followers, and to be equipped with the same local controller as in the
separated architecture.

The virtual leader can penetrate obstacles, whereas the followers have to avoid them;
this fact is used to illustrate the different behavior of formation control without coupling
between the network and agent dynamics on one hand and the formation control as
proposed here. The follower agents are assumed to be equipped with sensors to detect
obstacles and with a collision avoidance scheme based on a potential field that generates
a repulsive force when an agent approaches an obstacle. In both cases, agents start at
the same initial positions and attain a formation that is then driven by a leader along
a trajectory. This is shown in Figure 4.7 for formation control without coupling and in
Figure 4.8 with the proposed coupled-loop.
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Figure 4.7: Simulation for separated-architecture

The agents achieve consensus in orientation when they are in an obstacle-free area. Along
their journey, some followers (the black ones) detect the presence of obstacles. In the case
of separated-loop design, Figure 4.7, the blue followers do not react to their neighbors eva-
sive maneuvers when moving near obstacles. In contrast, in the coupled-loop approach,
Figure 4.8, the blue followers react to their neighbors’ evasive motions. Also, the network
stability is robust against the external disturbances where heterogeneous scheduling ap-
pears due to differences in lateral velocities for agents subject to obstacles. Otherwise, all
agents are scheduled homogeneously.

Comparing the trajectories of the agents for both approaches clearly shows that agents
with coupled control design react in a cooperative manner, when obstacles are encoun-
tered. In contrast, in the separate-loop design, there is no real cooperative behavior.
Figure 4.9 shows the `2-norm of the formation error for both design approaches. It shows
that the coupled-architecture design gives better performance especially when agents are
avoiding obstacles.
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Figure 4.8: Simulation for proposed coupled-architecture

Figure 4.9: `2-norm of formation error for both approaches







Chapter 5

Flocking Control of LPV Agents

A distributed flocking control scheme is presented in this chapter for a swarm of nonholo-
nomic vehicles modeled as LPV systems. The vehicles are assumed to perform tasks that
arise when exploring scalar fields on Rm, which may represent, e.g. concentration levels
of a toxic substance in air or water. Complex missions like source seeking, level surface
tracking, and level surface monitoring are considered. First, we make the somewhat unre-
alistic assumption that agents can sense gradients and Hessian information of the scalar
field at their current position. However, at the end of this chapter, a gradient/ Hessian
estimation scheme is presented to achieve the same missions. The control architecture of
each vehicle is structured into two modules: a flocking filter which represents a virtual
layer of the network, and a local tracking controller for vehicles on the physical layer. The
flocking filter receives data from neighboring vehicles and generates a reference signal. An
LPV tracking controller for the vehicles and a network flocking filter that stabilizes the
whole network are designed. Simulated mission scenarios with swarms of autonomous
underwater vehicles demonstrate the practicality of the proposed approach.

5.1 Flocking Algorithms in Multi-Agent Systems

In this section, flocking algorithms are reviewed. Consider N agents moving in m-
dimensional space (where m = 2 or m = 3); the dynamics of each agent can be described
as

q̇i = pi

ṗi = ui, i = 1, 2, . . . , N
(5.1)

where qi, pi ∈ Rm are the position and velocity of an agent i in the flock, respectively, and

ui ∈ Rm is the control input for this agent. In addition, we define q =
[
qT1 qT2 . . . qTN

]T
and p=

[
pT1 pT2 . . . pTN

]T
. Each agent has a limited sensing range r, and the neighbor

set of agent i is defined as

Ni = {j : ‖qi − qj‖ ≤ r, j = 1, 2, . . . , N, j 6= i}, (5.2)

57
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where ‖ · ‖ is the Euclidean norm. A flocking protocol is defined as [Olfati-Saber, 2006]

ui = −
∑
j∈Ni

∇qiψα(‖qi − qj‖σ) +
∑
j∈Ni

aij(q)(pj − pi) + cpi + uγi (5.3)

The first term defines the cohesion and collision avoidance among agents and is based on a
smooth collective potential function V (q) which is the main flocking interaction potential
field,

V (q) =
N∑
i=1

∑
j∈Ni

ψα(‖qj − qi‖σ) (5.4)

where ‖z‖σ is defined as

‖z‖σ =
1

ε
(
√

1 + ε‖z‖2 − 1), ε > 0 (5.5)

and the function ψα : R+ → R+ is a non-negative smooth pairwise potential function that
reaches its minimum when the distance between the agents i and j reaches the desired
value ‖d‖σ; and d ≤ r. The flocking interaction potential field works as a repulsive field
when the relative distance between the agents i and j is less than ‖d‖σ and attractive
field when ‖d‖σ ≤ ‖qi − qj‖σ ≤ ‖r‖σ, Figure 5.1.
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Figure 5.1: Attractive-Repulsive flocking interaction potential field

In some cases, this field is required to be repulsive like in surface tracking and distribution
mission, and this is achieved by setting d = r, Figure 5.2.
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Figure 5.2: Repulsive flocking interaction potential field

The second term in (5.3) represents velocity matching in the flock, where the adjacency
matrix A(q) =

[
aij(q)

]
is defined by

aij(q) =

{
0 i = j

ρh
(‖qj−qi‖σ
‖r‖σ

)
i 6= j

(5.6)

Here, ρh(z) is a bump function with parameter h ∈ (0, 1); it is defined as

ρh(z) =


1 z ∈ [0, h)
1
2
(1 + cos

(
π z−h

1−h)
)

z ∈ [h, 1]

0 otherwise

(5.7)

Assumption 3. ∃cV > 0 such that the flocking interaction potential field V (q) : Rm → R
satisfies the Lipschitz condition

‖∇V (q)−∇V (q̃)‖ ≤ cV ‖q − q̃‖ ∀q, q̃ ∈ Rm

The constant c, in (5.3), represents damping, and the last term uγ is the navigational
feedback. The dynamics of the γ-agent represent the group objective, which is defined as

q̇r = pr

ṗr = ur = f(qr, pr),
(5.8)
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where
[
qTr pTr

]T
is the state vector of the γ-agent. If the γ-agent is static or linear (when

a swarm is required to reach a fixed target point or move on a line, respectively), the
navigational feedback is [Olfati-Saber, 2006]

uγi = −c1(qi − qr)− c2(pi − pr), c1, c2 > 0. (5.9)

For nonlinear (dynamic) γ-agents, where the swarm is required to move with time-varying
velocity, a navigational feedback control law was proposed [Su et al., 2009b] as

uγi = −c1(qi − qr)− c2(pi − pr) + f(qr, pr), c1, c2 > 0. (5.10)

In both [Olfati-Saber, 2006, Su et al., 2009b], a detailed stability analysis is presented for
flocking of double integrator agents with static/dynamic γ-agents.

5.2 γ-Agent Dynamics

As the γ-agent plays the main role in flocking missions, different control laws for γ-
agent dynamics are presented according to the required task. The tasks presented in
this chapter are source seeking scenarios, in which the maximum concentration of a toxic
substance has to be found. In addition, concentration tracking for source localization
may not required but reaching a certain concentration value is the goal; this is known as
level curve/surface tracking. Finally, concentration monitoring is performed, where the
agents have to move along a level surface with the required velocity; it is known as level
curve/surface monitoring.

In such missions, the polluted area can be represented by a scalar field Ψ(q): Rm → R,
which is an unknown smooth scalar function that is twice continuously differentiable and
assumed to have an isolated global maximum Ψmax located at qs ∈ Rm. In this chapter,
the following assumptions are made:

Assumption 4. ∃cΨ > 0 such that

‖∇Ψ(q)−∇Ψ(q̃)‖ ≤ cΨ‖q − q̃‖ ∀q, q̃ ∈ Rm

Assumption 5. The scalar field Ψ(q) is time invariant and twice differentiable. Further-
more, there exists a bounded set B ⊂ Rm where ‖∇Ψ(q)‖ 6= 0.

Remark 5.1. The following problems are converted into a minimization problem by in-
verting the sign of the scalar field Ψ(q).

5.2.1 Source Seeking

For the source seeking scenario, the following control law is considered:

ur = −µ1∇Ψ(qr)− β1∇2Ψ(qr)pr, µ1, β1 > 0. (5.11)

The following proposition establishes the stability of the γ-agent dynamics under this
control law.
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Proposition 5.1. The γ-agent under control law (5.11) reaches the source of the field
Ψ(qr) from any initial location if ∇2Ψ(qr) � 0 ∀ µ1, β1 > 0.

Proof. Define the concentration error eψ = Ψ(qr) − Ψmax; the dynamics (5.8) is trans-
formed to the equivalent dynamics of

ėψ = ∇Ψ(qr)
T q̇r = ∇eTψpr

ṗr = −µ1∇eψ − β1∇2eψpr, µ1 > 0, β1 > 0
(5.12)

Now, consider the Lyapunov function candidate

V (eψ, pr) =
µ1

2
e2
ψ +

1

2
pTr pr (5.13)

where V (eψ, pr) ≥ 0, and V (eψ, pr) = 0 ⇐⇒ eψ = 0 and pr = 0. Taking the derivative
w.r.t. time yields

V̇ (eψ, pr) = µ1eψ∇eTψ q̇r + pTr ṗr

= µ1eψ∇eTψpr + pTr

(
− µ1eψ∇eψ − β1∇2eψpr

)
= −β1p

T
r∇2eψpr ≤ 0 ⇐= ∇2eψ � 0.

(5.14)

Asymptotic stability can then be shown using LaSalle’s invariance principle [Slotine et al.,
1991]. Let Ω be the set of all points where V̇ (eψ, pr) = 0, which is true ⇐⇒ pr = 0, i.e.

Ω = {[eψ, pTr ]T ∈ Rm+1| V̇ (eψ, pr) = 0} = {[eψ ∈ R, pTr = 0]T}

Now, from (5.12), pr = 0 implies that ṗr = −µ1eψ∇eψ , which is nonzero when eψ 6= 0, i.e.,
the field maximum is not reached. Hence, it cannot get stuck at a point other than eψ = 0.
Because [eψ, p

T
r ]T = [0, 0]T is an equilibrium point of system (5.12), the largest invariant

set M ∈ Ω contains only one point, namely [eψ, e
T
p ]T = [0, 0]T . Then, the equilibrium

point is asymptotically stable ∀µ1, β1 > 0.

The γ-agent dynamics to be used for reaching the source Ψmax is then

q̇r = pr

ṗr = −µ1∇Ψ(qr)− β1∇2Ψ(qr)pr
(5.15)

5.2.2 Level Curve/Surface Tracking

For level curve/surface tracking, consider the control law for the γ-agent

ur = −µ2

(
Ψ(qr)−Ψref

)
∇Ψ(qr)− β2∇2Ψ(qr)pr, µ2, β2 > 0. (5.16)

The following proposition establishes the stability of the γ-agent dynamics under this
control law.
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Proposition 5.2. The γ-agent under control law (5.16) reaches the level set corresponding
to Ψref from any initial location if ∇2Ψ(qr) � 0 ∀ µ2, β2 > 0.

Proof. Define the concentration error eψ = Ψ(qr) − Ψref ; the dynamics (5.8) is trans-
formed to the equivalent dynamics of

ėψ = ∇Ψ(qr)
T q̇r = ∇eTψpr

ṗr = −µ2eψ∇eψ − β2∇2eψpr, µ2 > 0, β2 > 0.
(5.17)

Now, consider the Lyapunov function candidate

V (eψ, pr) =
µ2

2
e2
ψ +

1

2
pTr pr (5.18)

where V (eψ, pr) ≥ 0 and V (eψ, pr) = 0 ⇐⇒ eψ = 0 and pr = 0. Taking the derivative
w.r.t. time yields

V̇ (eψ, pr) = µ2eψ∇eTψ q̇r + pTr ṗr

= µ2eψ∇eTψpr + pTr

(
− µ2eψ∇eψ − β2∇2eψpr

)
= −β2p

T
r∇2eψpr ≤ 0 ⇐= ∇2eψ � 0

(5.19)

The asymptotic stability can then be shown using LaSalle’s invariance principle [Slotine
et al., 1991]. Let Ω be the set of all points where V̇ (eψ, pr) = 0, which is true iff pr = 0,
i.e.

Ω = {[eψ, pTr ]T ∈ Rm+1|V̇ (eψ, pr) = 0} = {[eψ ∈ R, pTr = 0]T}

Now, from (5.17), pr = 0 implies that ṗr = −µ2eψ∇eψ , which is nonzero when eψ 6= 0.
Hence, it cannot get stuck at a point other than eψ = 0. Because [eψ, p

T
r ]T = [0, 0]T is

an equilibrium point of system (5.17), the largest invariant set M ∈ Ω contains only one
point, namely [eψ, e

T
p ]T = [0, 0]T . Then, the equilibrium point is globally asymptotically

stable.

The γ-agent dynamics to be used for reaching the concentration level Ψref is then

q̇r = pr

ṗr = −µ2

(
Ψ(qr)−Ψref

)
∇Ψ(qr)− β2∇2Ψ(qr)pr

(5.20)

5.2.3 Level Curve/Surface Monitoring

For level curve/surface monitoring, consider the control law

ur = −µ3

(
Ψ(qr)−Ψref

)
∇Ψ(qr)− β3

(
pr − pref

)
+ ṗref , µ3, β3 > 0 (5.21)

where Ψref is the specified concentration level, pref = αR ∇Ψ(qr)
‖∇Ψ(qr)‖ , α is the required speed,

and R is an orthonormal matrix such that R∇Ψ(qr) ⊥ ∇Ψ(qr). The following proposition
establishes the stability of a γ-agent that describes the motion along the level surface with
the given velocity.
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Proposition 5.3. A γ-agent under the control law (5.21) will reach a specified level
surface corresponding to Ψref starting from any initial locations and moves along it with
the required velocity pref ∀ µ3, β3 > 0.

Proof. Define the error in concentration measurement eψ and error in velocity ep as

eψ = Ψ(qr)−Ψref

ep = pr − pref
(5.22)

The error dynamics are

ėψ = ∇Ψ(qr)
T q̇r

= ∇Ψ(qr)
Tpr = ∇Ψ(qr)

T (ep + pref ) = ∇Ψ(qr)
T ep + α∇Ψ(qr)

TR
∇Ψ(qr)

‖∇Ψ(qr)‖
= ∇Ψ(qr)

T ep = ∇eTψep
ėp = ṗr − ṗref = ur − ṗref = −µ3eψ∇eψ − β3ep, µ3 > 0, β3 > 0

(5.23)

Now, consider the Lyapunov function candidate

V (e) =
µ3

2
e2
ψ +

1

2
eTp ep (5.24)

where e =
[
eψ eTp

]T
, V (e) > 0 and V (e) = 0 ⇐⇒ e = 0. Taking the derivative of V (e)

w.r.t. time yields

V̇ (e) = µ3eψėψ + eTp ėp

= µ3eψ∇eTψep + eTp
(
− µ3eψ∇eψ − β3ep

)
= −β3e

T
p ep ≤ 0

(5.25)

To use LaSalle’s invariance principle to prove the asymptotic stability of (5.23) [Slotine
et al., 1991], let Ω be the set of all points where V̇ (e) = 0 (which is true iff ep = 0), i.e.

Ω = {e ∈ Rm+1|V̇ (e) = 0} = {[eψ ∈ R, eTp = 0]T}.

Now from (5.23), ep = 0 implies that ėp = −µ3eψ∇eψ , which is nonzero when eψ 6= 0.
Hence, it cannot get stuck at a point other than eψ = 0. Because [eψ, e

T
p ]T = [0, 0]T is

an equilibrium point of system (5.23), the largest invariant set M ∈ Ω contains only one
point, namely [eψ, e

T
p ]T = [0, 0]T . Then, the equilibrium point is globally asymptotically

stable.

The nonlinear dynamics of a γ-agent for moving on a level surface/curve corresponding
to Ψref with velocity pref is then

q̇r = pr

ṗr = −µ3

(
Ψ(qr)−Ψref

)
∇Ψ(qr)− β3

(
pr − pref

)
+ ṗref

(5.26)
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5.3 Flocking of LPV Agents

In this section, a two-layered control architecture for a network of LPV agents is presented,
see Figure 5.3. A virtual layer consists of a flocking filter and represents the dynamics of
the information flow in the network; a second layer represents the dynamics of physical
agents. Both layers are interacting; the flocking filter receives the positions x and velocities
v of physical agents and calculates the references p and q, based on the mission to be
performed. In this approach, the physical layer can represent the nonholonomic agents
modeled as LPV systems. The local tracking controllers for the agents and the flocking
filter are designed and analyzed separately. The overall coupled network dynamics can
be written as

q̇ = p

ṗ = −∇V (x)− (L(m)(x) + cI)v + uγ(x, v) = U(x, v)

ż = Ācl(ρ)z + B̄cl(ρ)q, z = [xT vT ]T
(5.27)

Flocking Filter Augmented Agents

- U(x, v) -
ṗ

1
s

- 1
s

-
qp

Ḡcl(ρ) -

[
x
v

]

Figure 5.3: Two-layer control architecture loop.

A stability analysis of the proposed architecture was presented in [Attallah et al., 2020],
in which stable local closed loop-dynamics is achieved for agents, and the flocking filter is
analyzed to guarantee stability in the sense of Lyapunov, i.e., the boundedness of agents’
trajectories. The main result is formulated in the following theorem.

Theorem 5.1. For a network of LPV agents, under Assumptions 3-5 and if the LPV
controller K(ρ) stablizes the LPV plant G(ρ) such that ‖Fl

(
G(ρ), K(ρ)

)
‖L2 ≤ γ, then the

flocking filter will provide The bounded references for all initial conditions if

c >
(

(cV + cΨ) + (‖L(m)‖+ cΨ + c)
)
γ.

Proof. [Datar, 2019, Attallah et al., 2020], see Appendix A
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5.3.1 Simulation Scenarios

Simulation results illustrate the practicality and benefits of the proposed flocking archi-
tecture scheme when applied it to a network of realistic AUVs that are equipped with
LPV local controllers as shown in Chapter 3. The polluted space is represented by a
scalar field Ψ(q) : R3 → R, with its source located at qs ∈ R3.

Ψ(q) = κ[qT − qTs ]T [q − qs], κ ∈ R+ (5.28)

Mission I: Source Seeking Scenario

In the first mission, a swarm of 20 AUVs is considered which is collaborating to find the
source of a three dimensional underwater pollution represented by a scalar field located
at qs = [1 8 5]T and the parameter κ = 1. The flocking filter is designed such that
the flocking filed V (q) is designed to be attractive-repulsive and reaches its minimum at
‖d‖σ = 1m, r = 1.2d, with parameters ε = 0.1, h = 0.2 and µ1 = 1, β1 = 0.01. Agents
start from random initial positions and move through the field up to its origin which
represents the source, Figure 5.4.

Figure 5.4: 3D source seeking with 20 AUVs. Link

In addition, the evolution of the algebraic connectivity λ2 of the resulting interaction
graph is shown in Figure 5.5.

https://drive.google.com/file/d/1F65QlkZH75dYButEulHi9NNn6McGv6wc/view? usp=sharing
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Figure 5.5: Evolution of λ2 for Laplacian graph of AUVs.

Mission II: Level surface tracking and distribution

In this mission, a group of 20 LPV underwater vehicles with γ-agent dynamics (5.20)
will reach the level surface and distribute themselves on it. The field parameters are κ =
0.1, qs = [30 40 10]T and Ψref = 4.9. The flocking filter parameters are ε = 0.1, h = 0.9,
and c1 = 15, c2 = 7.75 and µ2, β2 are chosen to be 8, 50, respectively. Agents start from
random initial positions, and because they are equipped with a repulsive field, they can
distribute themselves on the surface, Figure 5.6.

In this scenario, the flocking filter is designed such that the flocking interaction field
V (q) is selected to be pairwise attractive-repulsive in the first part of the mission with
d = 4m, r = 6m where they are required to track a certain concentration Ψref . Then,
it is switched to repulsive field once they reach the concentration surface; thus, they
can distribute themselves while staying on the required concentration; this is achieved by
setting d = r = 6m. Evolution of the algebraic connectivity λ2 of the resulting interaction
graph is shown in Figure 5.7.
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.

Figure 5.6: Agents distributing themselves on the level surface Link

https://drive.google.com/open?id=1bBRHU_hfu431kw_7Pk4SWow1RqFQWOoy
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Figure 5.7: Network connectivity λ2 in the level surface tracking mission

One can observe that as agents start to approach the level surface, new links among
them are generated and the network connectivity increases until they reach the required
concentration surface. Because of switching from the attraction-repulsion field into a
repulsion one, some links are broken which leads to a drop in the network connectivity
as shown in Figure 5.7, and agents start to distribute themselves over the surface with
newly produced links.

Mission III: Level surface monitoring

In this scenario, a group of 20 LPV underwater vehicles are required to achieve the mission
described in γ-agent dynamics (5.26). The scalar field parameters are κ = 0.01, qs =
[30 30 8]T and Ψref = 3.6. The flocking filter parameters are chosen to be d = 2 m, r =
1.2d, ε = 0.1, h = 0.2 and c1 = 2, c2 = 5, µ3 = 3, β3 = 7. Agents start from random
initial positions; they reach the level surface and move as a flock with required speed
α = 0.65m/sec and with

R =

0 −1 0
1 0 0
0 0 0


which is in a direction perpendicular to the gradient and parallel to the horizontal plan
in the CCW direction, see Figure 5.8. In Figure 5.9, the network connectivity evolution
is shown.
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.

Figure 5.8: Agents flocking along the level surface Link

https://drive.google.com/open?id=1gJQ39ijR4N1rzctNMYzyZXRp47Gy78U-
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Figure 5.9: Network connectivity λ2 in the level surface monitoring mission

5.4 Flocking under Gradient and Hessian Estimation

Unlike in the previous section, the field gradient and Hessian are now estimated at each
agent’s position based on the relative information from its neighborhood. Each agent i in
the swarm can measure the field concentration Ψ(qi) at its position qi. Because Ψ(qi) is
twice continuously differentiable, it can be approximated by Taylor series:

Ψ(qj)=Ψ(qi)+(qj−qi)T∇Ψ(qi)+
1

2
(qj−qi)T∇2Ψ(qi)(qj−qi) + . . . (5.29)

where j ∈ Ni denotes the neighborhood for agent i. For each agent i, it is possible to
compute the relative position between agent i and its neighbors j and by neglecting the
higher order terms in (5.29); this can be written in a compact form as

∆i = ΦiΘi (5.30)

where the relative concentration measurement vector ∆i ∈ R|Ni| is

∆i =

 Ψ(q1)−Ψ(qi)
...

Ψ(q|Ni|)−Ψ(qi)

 ,
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and if the agents are moving in a plane (m = 2), then the data matrix Φi ∈ R|Ni|×5 is

Φi =

 qx1 − qxi qy1 − qyi 1
2
(qx1 − qxi)2 (qx1 − qxi)(qy1 − qyi) 1

2
(qy1 − qyi)2

...
...

...
...

...
qx|Ni| − qxi qy|Ni| − qyi

1
2
(qx|Ni| − qxi)

2 (qx|Ni| − qxi)(qy|Ni| − qyi)
1
2
(qy|Ni| − qyi)

2

 ,
and the parameter vector Θi ∈ R5

Θi =
[
∇xΨ̂(qi) ∇yΨ̂(qi) ∇xxΨ̂(qi) ∇xyΨ̂(qi) ∇yyΨ̂(qi)

]T
The estimation problem can be solved by minimizing ‖∆i − ΦiΘi‖2; then, the vector of
the estimated parameters Θi can be obtained by

Θi = Φ†i∆i (5.31)

where Φ†i = (ΦT
i Φi)

−1ΦT
i . To obtain a solution, the matrix Φi must be the full column

rank (rank(Φi)= 5 in R2 and rank(Φi)= 9 in R3). The data matrix Φi is full rank if and
only if agent i and its neighbors j are non-collinear; i.e., they do not collapse in a plane
(m = 3), in a line (m = 2), or in a point (m = 1). Because Φi ∈ R|Ni|×5 when moving
in a plane, this requires that |Ni| ≥ 5 and Φi ∈ R|Ni|×9 when agents moving in three
dimensional space, then |Ni| ≥ 9. The minimum number of agents to estimate the field
gradient and Hessian is 3 agents (m = 1), 6 agents (m = 2), and 10 agents (m = 3).
Another efficient approach to obtain a solution for the over-determined system (5.30),
based on the previous discussion, by the singular value decomposition of data matrix
Φi = UiΣiV

T
i and computing the parameter vector is as follows [Strang, 2006]:

Θi = ViΣ
†
iU

T
i ∆i, Σ†i = (ΣT

i Σi)
−1ΣT

i (5.32)

The following algorithm summarizes the flocking process:

Algorithm 2: Flocking under gradient and Hessian estimation in Rm

Step 1: For each agent-i, i = 1, . . . , N
measure and transmit xi, vi, Ψ(xi)
collect neighbors j ∈ Ni data xj, vj, Ψ(xj)

Step 2: if |Ni| ≥ Nmin calculate Θi based on (5.31) or (5.32), else set Θi = 0

Step 3: Given ∇Ψ̂(xi), ∇2Ψ̂(xi), calculate uγi based on required mission

When the number of agents is not sufficient to estimate both the gradient and Hessian,
the problem is simplified to estimate only the field gradient, and the Hessian matrix in
the control law can be replaced by identity. The system of equations that collect all data
described in (5.29), after assuming nonlinear terms are bounded and can be neglected,
can be written in compact form as

∆̄i = Φ̄iΘ̄i (5.33)
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where ∆̄i ∈ R|Ni|, Φ̄i ∈ R|Ni|×m and Θ̄i ∈ Rm. The solution ‖∆̄i − Φ̄iΘ̄i‖2 is given by

Θ̄i = Φ̄†i∆̄i (5.34)

where Φ̄†i = (Φ̄T
i Φ̄i)

−1Φ̄T
i . The inverse of (Φ̄T

i Φ̄i) exists if the column rank of Φ̄i = m
which requires |Ni| ≥ m [Rosero Garćıa, 2017]. In addition, the over-determined system
(5.33) can be solved using the singular value decomposition approach:

Θ̄i = V̄iΣ̄
†
i Ū

T
i ∆̄i, Σ̄†i = (Σ̄T

i Σ̄i)
−1Σ̄T

i (5.35)

Algorithm 3: Flocking under gradient estimation in Rm

Step 1: For each agent-i, i = 1, . . . , N
measure and transmit xi, vi, Ψ(xi)
collect neighbors j ∈ Ni data xj, vj, Ψ(xj)

Step 2: if |Ni| ≥ m, calculate Θ̄i based on (5.34) or (5.35), else set Θ̄i = 0

Step 3: Given ∇Ψ̂(xi), calculate uγi based on required mission

5.4.1 Simulation Scenarios

The potential of cooperative control is illustrated in the following missions, as with an
abundance of available information and sensors for each agent, agents can exchange their
information to achieve a target in a certain mission. In particular, in source seeking and
level curve monitoring, agents exchange the concentration measurements and their states
to estimate the gradient and the Hessian of the scalar field to achieve the corresponding
target. In contrast, in case of no exchange of data, each agent has to collect lots of
measurements to calculate the required data, and then, go which is time consuming and
less efficient, and leads to the requirement of more power and sensors. In each of the
following missions, a group of N = 10 LPV dynamic unicycles described in (3.10) is
cooperating in a polluted area while applying flocking rules.

Mission IV: source seeking

In such missions, agents are required to find the origin (maximum) of the unknown field
Ψ(q) and each agent is equipped with a single sensor to measure the field concentration
at its center of gravity; its position and velocity are available. The pollution is descried
using a scalar field Ψ(q) : R2 → R,

Ψ(q) = 10e
−0.1

(
( qx−50

20
)2+(

qy−50

20
)2

)
(5.36)

with the source located at qs = [50 50]T . First, the flocking control loop under gradient
estimation only (Algorithm 3) and the scalar field, which is noise-free, is applied. A
simulation of the source seeking scenario is shown in Figure 5.10.
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Figure 5.10: Source seeking flocking with LPV agents.

Figure 5.11 shows the velocity of each agent starting from zero initial velocities, and the
agents move with the same velocity during the journey. When they reach the source, the
velocities become zero.

Figure 5.11: Agents’ velocities during the mission.
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Figure 5.12 shows a comparison between the estimated gradient for an arbitrary agent
and true gradient, which indicates that the estimated gradient approximation leads to a
very similar values to the true gradient.
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Figure 5.12: ∇xΨ vs. ∇yΨ components’ estimated gradient for an arbitrary agent

Another scenario, where when the polluted area has multiple sources and is represented
by a non-convex scalar field

Ψ(q) = 9e−0.01(qx+3)2−0.01(qy−12)2

+ 9e−0.02(qx−17)2−0.02(qy−5)2

(5.37)

with sources located at qs1 = [−3 12]T and qs2 = [17 5]T . Agents are located in small
groups in random places. They are able to locate the sources according to their initial
positions, Figure 5.13. The velocity plot is shown in Figure 5.14. The spikes in velocities
reflect the combination of subgroups and changing directions while starting the mission,
but all velocities converge to zero once the agents find the sources.
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Figure 5.13: Multiple source seeking flocking with LPV agents.
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Figure 5.14: Velocities during the journey.
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To test the performance of the estimation algorithm, the scalar field is corrupted by spatial
white Gaussian noise with zero mean and variance 1. The signal to noise ratio is 20dB
in the case of a single source and 5dB for multiple sources. Agents start from the same
initial conditions and can find the source(s), Figure 5.15, Figure 5.17. The velocity curves
are shown in Figure 5.16 and Figure 5.18

Figure 5.15: Source seeking flocking with LPV agents.

Figure 5.16: Velocities during the journey.
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Figure 5.17: Multiple source seeking flocking with LPV agents.

Figure 5.18: Velocities during the journey.

.
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Mission V: level curve monitoring

In this scenario, agents are not required to access the source location. However, they
should move along a certain concentration value which is represented by the level curve
Ψ(q) = Ψref and can move with speed α along the curve. In this case, agents apply
(Algorithm 2) to estimate both the field gradient and Hessian. To get a better estimation
scheme, each agent must receive at least five different measurements to estimate both
the gradient and Hessian. Instead of having at least five neighbors for agent-i in such a
case, an alternative is that each agent has two sensors, one on the tip and one at the tail.
Thus, this reduces the five neighbors to only two and the available measurements are six
measurements to estimate the agent-i’s center of the gradient and Hessian of the gravity
field. A simulation of the flock of 10 LPV dynamic unicycles, moving along level curve
Ψref = 9 with required speed α = 0.7 m/sec, is shown in Figure 5.19, while the agents’
velocities during the journey are shown in Figure 5.20
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Figure 5.19: Level curve tracking with a flock of LPV agents.
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Figure 5.20: Velocities during level curve tracking mission.

5.5 Flocking Loop Test Experiment

This section shows experimental results obtained in the scope of the flocking loop al-
gorithm. The goal of this work is to validate the proposed coupled flocking loop with
application of source seeking and level curve monitoring scenarios experimentally. Agents
have their stabilizing controllers, and the flocking loop itself is tested with application
scenarios.

5.5.1 Experiment Platform

The platform considered in this work is based on multiple quadcopters as mobile agents,
which collaborate to achieve a certain mission. The crazyflie 2.1 is an open-source ex-
perimental platform of a nano-quadcopter from Bitcraze, allowing modifications to the
firmware of both microcontrollers of its double-MCU architecture, an nRF51 radio chip,
and an STM32 which runs the main firmware, Figure 5.211.

The platform uses an indoor positioning system based on the Decawave DWM1000 chip
called Loco-Positioning System (LPS), developed by Bitcraze. LPS is a radio-based system
consisting of multiple stationary radio modules with known positions (anchors), and a
mobile radio module (tag) attached to each mobile robot. At each corner of a 3m ×

1More information, see https://wiki.bitcraze.io and https://www.bitcraze.io

https://wiki.bitcraze.io
https://www.bitcraze.io
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Figure 5.21: Crazyflie 2.1.

4m area, two Loco positioning anchors are placed at different heights. The anchors are
configured with their positions. To determine the positions, each crazyflie uses the method
of Time Difference Of Arrival (TDOA), according to which, the tag uses the time difference
between the arrival of packet from a master anchor and those of other anchors. As a
result, for each anchor, the difference of the distances between this anchor and the master
anchor can be computed, which results in a hyperbola of possible tag locations. The
tag location is determined as the intersection of the hyperbolas determined for different
anchors. Because the anchors are configured to send synchronous messages, and are based
on the different times at which these messages are received, the position can be locally
estimated on the crayzflie.

The firmware was modified to allow peer-to-peer communication, and each crazyflie broad-
casts its message along with an ID that identifies the sender uniquely and a time stamp.
A heuristic approach of adjusting to the slowest clock is used to address the problem of
clock drift [Paulsen, 2018]. Data for logging purposes are broadcast, which are logged by
a computer. The computer serves only to send a start command and then passively log
the data for later analysis [Paulsen, 2019, Datar et al., 2020].

5.5.2 Flocking Control Experiments

For mission scenarios, we used 3 quad-copters; the scalar field Ψ(q) has the source location
at qs = [2 1.5]T and is represented by

Ψ(q) = (qx − 2)2 + 2(qy − 1.5)2

It is stored on-board but only queried to get the field strength at the current location.
The necessary information of position and velocity is communicated to establish a flock
and the field strength at the current position to compute the navigational feedback term
uγi . In each scenario, the solid dot (•) represents the initial position, while the symbol
(×) shows the position end.
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Source Seeking Experiment

The quad-copters are located initially at [3.1 2]T , [1.05 2.4]T and [2.65 1.22]T . For the first
20 sec, they are turned on and achieve an altitude of 0.5 m; then, they are turned into the
coupled flocking loop, where the planar source seeking mission is achieved. Figure 5.22
shows the path of quad-copters during the mission. At the source, agents have an offset
distance of approximately 0.35 m due to the flocking rules. The velocity components of
each quad-copter are shown in Figure 5.23.

Level Curve Monitoring Experiment

Another scenario of level curve monitoring is tested in a second experiment. Quad-rotors
are placed at [2.6 2.4]T , [3.6 0.15]T and [0.25 0.75]T . They are required to find the level
curve of Ψref = 1, and they are required to move along it with speed of α = 0.4 m/sec.
Figure 5.24 shows the path of the quad-copters, and the velocity components of each
quad-copter are shown in Figure 5.25.
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Chapter 6

Conclusions and Outlook

6.1 Conclusions

This thesis studies the interaction between the information flow dynamics that repre-
sent the virtual network and the physical dynamics that represent the agent dynamics
which is given in LPV form. In this context, different control approaches have been in-
vestigated and analyzed to provide robust stability of the multi-agent system. One of
the main aspects of this thesis is to apply the formation control and flocking control to
nonholonomic agents represented in LPV form. Modeling nonholonomic agents as LPV
models leads to efficient gain scheduled controllers. To apply different cooperative control
schemes, a generic model of a dynamic unicycle is used; in addition, modeling of a real-
istic autonomous underwater vehicle as an LPV model is presented to provide realistic
simulation for three-dimensional complex missions.

In the formation control approach, the information flow architecture is investigated and
enhanced. The extension from LTI to LPV-modeled agents shows the power and appli-
cability of the information flow scheme. A coupled architecture is proposed in which a
distributed controller processes the data flow among the agents. A comparative simu-
lation study between the separated architecture and the proposed coupled architecture
shows the advantages of the cooperative behavior among agents in the swarm, and com-
bining the network filter and tracking controller in a one-step design over the separated
architecture especially when agents are subject to obstacles or external disturbances.

In case of flocking control, a two-layer coupled architecture is presented. The first layer is
the virtual layer which represents the flocking dynamics, and the second layer represents
the real agents. By this architecture, the agents’ dynamics can be represented as closed
loop LPV models. The flocking layer receives data and provides references based on
flocking rules and required mission to be tracked by the agents.

Because the flocking layer plays the main role in mission design, it is considered as the main
processor of the control loop. Different control laws are presented for source seeking and
level surface/curve monitoring. Application of three-dimensional underwater pollution
and swarms of autonomous underwater vehicles to locate the source of such pollution is
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presented. Another application for level surface monitoring is shown to demonstrate the
efficacy of this architecture to achieve complex missions. In both case, scalar field gradient
and Hessian are assumed to be available to local agents at their current positions.

In contrast to this latter assumption, an estimation scheme is presented where each agent
can exchange field concentrations with its neighbors and is equipped with suitable pro-
cessors to estimate both the scalar field gradient and Hessian. Simulation results show
that LPV agents can successfully achieve the required missions.

6.2 Outlook

A number of relevant problems exist that are not covered in this thesis and may be
attractive for further research. These topics can be classified in two main categories:

1. Control system approaches: like model predictive control, game theory in MAS
would require much higher local computational power in agents, and event-triggered
control which is motivated by limited communication bandwidth in wireless net-
works.

2. Communication in control system approaches: like communication delays,
packet dropouts, switching topology and weighting strategies.

In addition to the aforementioned directions, other approaches include dealing with het-
erogeneous systems and combinations of two or more approaches like the Model-Predictive-
Event-Trigger Control (MPETC) scheme with application to LTI and LPV agents, com-
munication delays or packet dropouts with event-triggered schemes.







Appendix A

Additional Material

Kronecker Product

The operator ⊗ denotes the Kronecker product i.e., with X = [xij] ∈ CnX×mX , xij ∈ C
and Y = [yij] ∈ CnY ×mY , yij ∈ C , then

X ⊗ Y =

 x11Y · · · x1mXY
...

. . .
...

xnX1Y · · · xnXmXY

 (A.1)

System Decomposition

Given a pattern matrix P ∈ RN×N and a matrix M ∈ RNp×Nq, the matrix M is called
decomposable (with respect to P ) if there exist matrices Md,M c ∈ Rp×q such that

M = IN ⊗Md + P ⊗M c

Note that this definition implies that a matrix M ∈ Rk×l can only be decomposable w.r.t.
P ∈ RN×N if k and l are integer multiples of N .

Lemma A.1. Given a diagonalisable pattern matrix P ∈ RN×N and a matrix Z ∈ RN×N

such that det Z 6= 0 and Z−1PZ = Λ, where Λ is diagonal. Then for any matrix M ∈
RNp×Nq that is decomposable w.r.t. P, i.e. for which there exist Md and M c such that

M = IN ⊗Md + P ⊗M c

then,
Z−1

(p)MZ(q) = IN ⊗Md + Λ⊗M c

Definition A.1. [Hoffmann et al., 2013] Given L ∈ RN×N , M(θ) : RNnθ → RNp×Nq

is called decomposable, if ∃Md (θi) ,M
c(ρ) ∈ Rp×q with appropriate dimensions p, q,∀θ ∈

Rnθ , such that
M(θ) = M̄d(θi) + L⊗M c(ρ)
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Definition A.2. [Hoffmann et al., 2013] Matrices M(θ), with θi 6= θj are called hetero-
geneous decomposable matrices, whereas matrices M(ρ), with θi = ρ for all i are called
homogeneous decomposable matrices.

Lyapunov Stability

Lyapunov stability theory plays a central role in system theory, as it provides sufficient
conditions for the stability of arbitrary system, including non-linear systems. For this
reason, here a brief summary is given. Consider an unforced nonlinear system

ẋ(t) = f(x(t)) (A.2)

with an equilibrium state x̄ fulfilling f(x̄) = 0.

Definition A.3. An equilibrium x̄ is

• stable if for every ε > 0 there exists a δ(ε) > 0 such that

|x(0)− x̄| < δ ⇒ |x(t)− x̄| < ε ∀t ≥ 0

• locally attractive if there exists an η > 0 such that

|x(0)− x̄| < η ⇒ lim
t→∞

x(t) = x̄

• globally attractive if limt→∞ x(t) = x̄ is provided for all x(0), i.e. η =∞

• locally/globally asymptotically stable if it is stable and locally/globally attractive:

∀ε > 0 ∃δ(ε) > 0 such that

|x(0)− x̄| < δ ⇒ |x(t)− x̄| < ε ∀t ≥ 0
limt→∞ x(t) = x̄

Based on these definitions, we have the following theorem:

Theorem A.1. Given the system ẋ(t) = f(x(t)) and a continuously differentiable func-
tion V : Rm → R with V (0) = 0, the equilibrium f(x̄ = 0) = 0 is

• stable, if

– V (x) > 0 ∀x ∈ Rm\{0}
– V̇ (x(t)) ≤ 0 ∀x(t) ∈ Rm

• locally asymptotically stable, if

– V (x) > 0 ∀x ∈ Rm\{0}
– V̇ (x(t)) < 0 ∀x(t) ∈ Rm\{0}
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• globally asymptotically stable, if

– V (x) > 0 ∀x ∈ Rm\{0}

– V̇ (x(t)) < 0 ∀x(t) ∈ Rm\{0}

– V (x)→∞ as ‖x‖ → ∞

A function V (x) that fulfills the conditions given in theorem A.1 is called a Lyapunov
function. The forgoing argument shows that if in a domain about the origin, a Lyapunov
function whose derivative along the system trajectories is negative semi-definite, no tra-
jectory can stay identically at points where V̇ (x) = 0, except at the origin, then the origin
is asymptotically stable. This argument follows from the LaSalle’s Invariance Principle
which is applicable to autonomous systems of the form

ẋ = f(x), f(0) = 0

Theorem A.2. Let V (x) : Rm → R and its time derivative V̇ (x) be negative semidefinite.
Let Ω be the union of all trajectories where

Ω = {x ∈ Rm|V̇ (x) = 0}

if there exist M ∈ Ω such that M contains no other trajectory other than x = 0, then the
origin 0 is asymptotically stable.

Proof of Theorem 5.1

Consider a group of N LPV agents operating in an area on which a scalar field Ψ(q) has
been defined. The flocking dynamics described in (5.27) can be written as

q̇ = p

ṗ = −∇W (q − eq)−H(x)(p− ep)
(A.3)

where eq = x− q, ep = v − p, this can be written as

q̇ = p

ṗ = −∇W (q)−H(x)(p) + d
(A.4)

where

d = ∇W (q)−∇W (q − eq) +H(x)ep. (A.5)

Consider the following bounds:

‖∇W (q)−∇W (q − eq)‖ = ‖∇V (q)−∇V (q − eq) +∇Ψ(q)−∇Ψ(q − eq)‖
≤ ‖∇V (q)−∇V (q − eq)‖+ ‖∇Ψ(q)−∇Ψ(q − eq)‖
≤ cV ‖eq‖+ cΨ‖eq‖ ≤ α1‖eq‖

(A.6)
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where α1 = cV + cΨ, and

‖Hep‖ = ‖L(m)ep +∇2Ψep + cep‖
≤ ‖L(m)ep‖+ ‖∇2Ψep‖+ c‖ep‖
≤ (‖L(m)‖+ cΨ + c)‖ep‖ ≤ α2‖ep‖

(A.7)

where α2 = (‖L(m)‖+ cΨ + c). This gives us the following point-wise in time bound on

‖d(t)‖ ≤ α1‖eq(t)‖+ α2‖ep(t)‖ ∀t
‖d(t)‖2 ≤ α2

1‖eq(t)‖2 + α2
2‖ep(t)‖2 + 2α1α2‖eq(t)‖‖ep(t)‖ ∀t.

Integrating over time, we obtain ∀T

‖dT‖2
L2
≤ α2

1‖(eq)T‖2
L2

+ α2
2‖(ep)T‖2

L2
+ 2α1α2‖(eq)T‖L2‖(ep)T‖L2

≤ (α2
1γ

2 + α2
2γ

2 + 2α1α2γ
2)‖pt‖2

L2

≤ (α1 + α2)2γ2‖pt‖2
L2
.

Consider the energy function E : R+ → R+ defined as

E(t) := W (q(t)) +
1

2
pTp. (A.8)

Differentiating with respect to time, we obtain

Ė(t) = ∇W (q)Tp+ ṗTp

= ∇W (q)Tp−∇W (q)Tp− pTH(x)p+ dTp

= −pTH(x)p+ dTp.

(A.9)

Integrating on both sides, we have ∀T > 0

E(T ) = E(0)−
∫ T

0

p(τ)TH(x(τ))p(τ)dτ +

∫ T

0

d(τ)Tp(τ)dτ

= E(0)−
∫ T

0

pTL(m)pdτ −
∫ T

0

pT∇2Ψpdτ − c
∫ T

0

pTpdτ +

∫ T

0

dTpdτ

≤ E(0)− c
∫ T

0

pTpdτ +

∫ T

0

dTpdτ

≤ E(0)− c‖pT‖2
L2

+ 〈dT , pT 〉
≤ E(0)− c‖pT‖2

L2
+ ‖dT‖‖pT‖

≤ E(0)− c‖pT‖2
L2

+ (α1 + α2)γ‖pT‖2
L2

≤ E(0)− (c− (α1 + α2)γ)‖pT‖2
L2
.

(A.10)

From the conditions of the Theorem 5.1, we have c > (α1 + α2)γ, which implies E(T ) ≤
E(0). Therefore,

0 ≤ Ψ(q(T )) ≤ E(0) ∀T > 0 (A.11)

which proves the boundedness of trajectories because the level sets of Ψ(q) are bounded
by assumption.
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Even though the Laplacian L(m) is state dependent (and therefore time varying), an up-
per bound on ‖L(m)‖ can be obtained using the maximum degree of an agent which can
be calculated for planar graphs(R2) to be 6 and can be estimated for agents living in R3

[Olfati-Saber, 2006]. This can be used for verifying the condition on c as per Theorem 5.1.
FP χ̄XFXPWsWksG(ρ)K(ρ)vXBvYBvZBωXBωYBωZBRφθψTφθψG(η)MRBMAGinGoutFJWfWutWtcρhqsΨmaxµβακhε
ηνD(ν)σblkdiag





Appendix B

3D Dynamic Unicycle

A fixed-wing unmanned aerial vehicle model, Figure B.1, can be modeled as a three-
dimensional dynamic unicycle with corresponding model,

q̇x = v cos θ cosψ

q̇y = v cos θ sinψ

q̇z = v sin θ

θ̇ = ωθ

ψ̇ = ωψ

v̇ =
1

m
f

ω̇ψ =
1

Iz
τψ

ω̇θ =
1

Iy
τθ

(B.1)

where (qx, qy, qz) is the UAV c.g. position in the three dimensional space. The angles θ
and ψ are the pitch and yaw angles, v is the UAV velocity, ωψ and ωθ are the yaw rate
and pitch rate. The constants m, Iz, Iy are mass and moments of inertia around vertical
and lateral axes. The UAV has control inputs of thrusting force f , yaw torque τψ and
pitch torque τθ.

To obtain the LPV model of such UAV, the same procedure in section 3.1 is used by
introducing a new point at an appropriate small distance d ahead of UAV c.g.

The coordinates of this point are given byqxdqyd
qzd

 =

qxqy
qz

+ d

cos θ cosψ
cos θ sinψ

sin θ

 (B.2)

A coordinate transformation on the body frame is represented by the orthonormal matrix
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x

z

y

x̃

ỹ

z̃

ψ

θ

d

ψ ωψ
θ

v ωθ

(qx, qy, qz)

Figure B.1: Fixed-wing UAV

Rθψ,

Rθψ =

 cos θ cosψ cos θ sinψ sin θ
− sinψ cosψ 0

− sin θ cosψ sin θ sinψ cos θ


and, x̃dỹd

z̃d

 = Rθψ

qxdqyd
qzd


where (x̃d, ỹd, z̃d) is the position at d in the x̃ỹz̃-frame. Applying this transformation to
(B.2), we have x̃dỹd

z̃d

 =

qxd cos θ cosψ + qyd cos θ sinψ + qzd sin θ + d
−qxd sinψ + qyd cosψ

−qxd sin θ cosψ − qyd sin θ sinψ + qzd cos θ

 , (B.3)

and taking the time derivative yields ˙̃xd
˙̃yd
˙̃zd

 =

v + ωθz̃d + ωψỹd cos θ
−ωψx̃d + dωψ cos θ

v sin θ

 . (B.4)

Note the following,

• A nonholonomic vehicle moves only in the direction of its orientation, and it is
assumed to be a rigid body, so vx̃ = v and vz̃ = v sin θ.

• ωψ =
vỹ
d

and ωθ = vz̃
d
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Based on previous considerations, the UAV model is

˙̃xd
˙̃yd
˙̃zd

v̇x̃

v̇ỹ

v̇z̃


=



0
vỹ
d

cos θ vz̃
d

1 0 0

−vỹ
d

0 0 0 cos θ 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0





x̃d

ỹd

z̃d

vx̃

vỹ

vz̃


+



0 0 0

0 0 0

0 0 0

1 0 0

0 d 0

0 0 d




f
m
τψ
Iz
τθ
Iy

 (B.5)

and one choice of a varying parameter vector is ρ =
[
vỹ vz̃ θ

]T
.





Appendix C

Nomenclature

Abbreviations

AUVs Autonomous Underwater Vehicles
c.g. center of gravity
CCW Counter Clockwise
EoMs Equations of Motion
IFF Information Flow Filter
LFT Linear Fraction Transformation
LPS Loco-Positioning System
LPV Linear Parameter-Varying
LTI Linear Time-Invariant
MAS Multi-Agent Systems
MPETC Model-Predictive-Event-Trigger Control
SISO Single-Input-Single-Output
TDOA Time Difference Of Arrival
UAVs Unmanned Aerial Vehicles

Symbols

A0 unscaled adjacency matrix
A normalized adjacency matrix
A state matrix
α speed, flocking agent type, arbitrary constant
B input matrix
B Body frame
β scalar constant
blkdiag block diagonal matrix of input matrices
C output matrix
c scalar constant
D0 unscaled degree matrix
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102 Symbols

diag diagonal matrix of input elements
D feed-through matrix
d distance
D(ν) AUV damping matrix
E set of graph edges
e error
ε scalar constant
η AUV position and orientation state
FP scheduling trajectories set
f thrust force or function
FXP scheduling trajectories set
F information flow filter
G graph
g gravitational acceleration or function
γ induced `2- or L2-gain, flocking agent type
G(ρ) LPV plant model
G(η) hydrostatic load
Gin scheduled AUV attitude loop dynamics
Gout scheduled AUV position loop dynamics
h scalar constant
Iz moment of inertia
I inertial frame
Ix moment of inertia
Iy moment of inertia
J filter
K(ρ) LPV controller
κ scalar constant
L0 unscaled Laplacian matrix
L normalized Laplacian matrix
λ eigenvalue of matrix
Λ diagonal matrix
m agent mass or space dimension
MRB inertia matrix
MA added mass
µ scalar constant
N number of agents in a swarm
Ni set of neighbours of agent-i
ν AUV linear and angular velocities state vector
ω angular velocity or complex number imaginary

part
ωXB roll rate
ωYB pitch rate
ωZB yaw rate
P closed Perron disk
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ψ yaw angle
φ roll angle
p velocity vector or virtual reference
Ψ(q) scalar field
Ψmax source concentration value
qx x position in space
qy y position in space
qz z position in space
qs source position
r reference signal, communication range
ρ scheduling vector (continuous-time)
Rφθψ rotational tensor
ρh bump function
σ complex number real part or defined function
θ discrete-time scheduling vector or pitch angle
τψ yaw torque
Ts sampling time
τφ roll torque
τθ pitch torque
Tφθψ velocity transformation tensor
U closed unit disk
u control input
V set of graph vertices
vn (longitudinal) linear velocity
vt lateral velocity
vXB longitudinal velocity
vYB lateral velocity
vZB vertical velocity
Ws shaping filter
Wks shaping filter
Wf shaping filter
Wut shaping filter
Wt shaping filter
χ scheduling parameter rate vector
x open-loop system state vector
xC controller state vector
xcl closed-loop system state vector
χ̄ scheduling parameter rate upper bound
X scheduling trajectories rate set
z performance output, z-domain
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