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ARTICLE INFO ABSTRACT
Keywords: In finite element analysis, mesh refinement is typically employed to improve accuracy by increas-
Adaptive mesh refinement ing spatial resolution in regions with steep solution gradients. This study presents an adaptive

Finite element method
Phase-field method
Dynamic fracture
Damping effects

mesh refinement technique for dynamic fracture simulation based on the phase-field method. A
multi-level node distance function is introduced using the phase-field variable to control mesh
density. As damage evolves, the nodal spacing is adaptively refined according to the prescribed
maximum spacing; whenever the computed distance exceeds this threshold, a new field node is
introduced at the element center, ensuring the mesh evolves consistently with crack propagation.
In addition, material damping effects are incorporated into the phase-field formulation to capture
realistic dynamic fracture responses. Time integration is investigated using the Newmark scheme,
the generalized-a method, and the backward implicit approach. The results indicate that, while
the first two schemes are commonly applied, the backward implicit method provides superior
stability in dynamic simulations. Furthermore, a staggered solution strategy is proposed in which
both displacement and phase-field variables are iteratively and consistently updated within each
solution step. The effectiveness of the proposed methodology is demonstrated through three nu-
merical examples. The responses of elastic energy, kinetic energy, and energy dissipated by crack
propagation are evaluated, together with the effects of material damping. The results confirm
that the presented approach significantly improves computational efficiency while preserving ac-
curacy and exhibits robust convergence behavior in highly dynamic fracture simulations.

1. Introduction

Fracture is one of the most prevalent failure mechanisms in engineering materials and structures, making it a subject of extensive
research since the foundational studies of [1]. As highlighted in [2], fracture inherently involves dynamic processes at some scale due
to the nature of bond rupture, which is why dynamic fracture is a fundamental aspect of fracture mechanics. In practice, dynamic
fracture plays a crucial role in various scenarios, such as impact damage in automobiles, aircraft windshields, etc. The analysis of
dynamic fracture relies on the principles of fracture mechanics, where inertial effects become significant. These effects may result
from either rapidly applied external loads or fast crack propagation, where the crack velocity approaches the material’s Rayleigh
wave speed and may reach several thousand meters per second, even under quasi-static loading conditions. Since analytical solutions
are only available for a limited set of simplified cases, researchers frequently rely on experimental and computational approaches
to gain deeper insight into dynamic fracture phenomena. While experiments provide valuable data, they are often expensive and

* Corresponding author.
E-mail addresses: hossein.saberi@tuhh.de (H. Saberi), alexander.duester@tuhh.de (A. Diister).

https://doi.org/10.1016/j.cma.2025.118642

Received 22 September 2025; Received in revised form 7 November 2025; Accepted 1 December 2025

Available online 16 December 2025

0045-7825/© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/cma
https://www.elsevier.com/locate/cma
https://orcid.org/0009-0009-0404-977X

$\alpha $


$\alpha $


$C^0-$


$\mathbf {b}$


$\mathbf {t}$
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\begin {align}\begin {aligned} \boldsymbol {\varepsilon } &= \boldsymbol {\varepsilon }^+ + \boldsymbol {\varepsilon }^-, \quad \boldsymbol {\varepsilon }^+ = \sum _{i=1}^{3} \left \langle \varepsilon ^i \right \rangle _+ \, \mathbf {n}^i \otimes \mathbf {n}^i, \quad \boldsymbol {\varepsilon }^- = \sum _{i=1}^{3} \left \langle \varepsilon ^i \right \rangle _- \, \mathbf {n}^i \otimes \mathbf {n}^i, \end {aligned} \tag {4} \label {Xeqn4}\end {align}
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\begin {align}\Psi ^k(\dot {\bm {u}})=\int _{\Omega } \psi ^k(\dot {\bm {u}}) \, d\Omega = \frac {1}{2} \int _{\Omega } \rho \, \dot {\bm {u}} \cdot \dot {\bm {u}} \, d\Omega , \tag {5} \label {Xeqn5}\end {align}
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$\dot {\bm {u}} = d\bm {u}/dt$


\begin {align}\delta L(\delta \bm {u}, d)= \int _{\Omega } \boldsymbol {\sigma } : \delta \boldsymbol {\varepsilon } \, d\Omega + \int _{\Omega } \rho \ \bm {\ddot {{u}}} \cdot \delta {\bm {u}} \, d\Omega - \int _{\Omega } \bm {b} \cdot \delta \bm {u} \, d\Omega - \int _{\Gamma _t} \bm {t} \cdot \delta \bm {u} \, dS = 0, \tag {6} \label {Xeqn6}\end {align}


\begin {align}\delta L(\bm {u}, \delta d)= \frac {G_c}{\ell _0} \int _{\Omega } \left ( d \cdot \delta d + \ell _0^2 \nabla d \cdot \nabla \delta d \right ) \, d\Omega - \int _{\Omega } 2(1 - d) \delta d \, \psi _0^+ \, d\Omega = 0, \tag {7} \label {Xeqn7}\end {align}
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$\ddot {\bm {u}} = d^2 \bm {u} / dt^2$


$\boldsymbol {\sigma } = \frac {\partial \psi }{\partial \boldsymbol {\varepsilon }} = \frac {\partial }{\partial \boldsymbol {\varepsilon }} \left ( g(d) \psi _0^+(\boldsymbol {\varepsilon }) + \psi _0^-(\boldsymbol {\varepsilon }) \right ) = g(d) \frac {\partial \psi _0^+(\boldsymbol {\varepsilon })}{\partial \boldsymbol {\varepsilon }} + \frac {\partial \psi _0^-(\boldsymbol {\varepsilon })}{\partial \boldsymbol {\varepsilon }}$


$\mathcal {H}_i(\mathbf {x}) = \max _{i \geq 1} \left \{ \mathcal {H}_{i-1}(\mathbf {x}),\, \Psi _e^+(\boldsymbol {\varepsilon }(\bm {u})) \right \}, \mathcal {H}_0 = 0$
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\begin {align}\bm {u} = \bm {N}_{\bm {u}} \bm {u}^e, \qquad d = \bm {N}_d \bm {d}^e, \tag {8}\end {align}


\begin {equation*}\bm {N}_{\bm {u}} = [\bm {N}_{\bm {u}}^1 \quad \bm {N}_{\bm {u}}^2 \quad \ldots \quad \bm {N}_{\bm {u}}^m], \qquad \bm {N}_{\bm {u}}^i= \begin {bmatrix} N^i & 0 \\ 0 & N^i \end {bmatrix},\end {equation*}
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\begin {align}&\boldsymbol {\varepsilon } = \bm {B_u} \bm {u}^e, \qquad \bm {B_u} = [\bm {B}_{\bm {u}}^1 \quad \bm {B}_{\bm {u}}^2 \quad \ldots \quad \bm {B}_{\bm {u}}^m], \qquad \bm {B}_{\bm {u}}^i = \begin {bmatrix} N^i_{,x} & 0 \\ \\ 0 & N^i_{,y} \\ \\ N^i_{,y} & N^i_{,x} \end {bmatrix}, \tag {9}\\ &\nabla d = \bm {B}_d \bm {d}^e, \quad \bm {B}_d = [\bm {B}_d^1 \quad \bm {B}_d^2 \quad \dots \quad \bm {B}_d^m], \quad \bm {B}_d^i = [N^i_{,x} \quad N^i_{,y}]^T, \tag {10}\end {align}


$N^i_{,x}$


$N^i_{,y}$


$x$


$y$


\begin {align}\bm {M} \ddot {\bm {u}} + \bm {C}_{d} \, \dot {\bm {u}} + \bm {\Lambda }(\bm {u}, d) = \bm {F}_{\bm {u}}, \tag {11}\end {align}


\begin {equation*}\bm {M} = \mathcal {A}_{e=1}^{n_{\text {elem}}} \bm {M}^e, \quad \bm {M}^e = \int _{\Omega ^e} \rho (\bm {N_{u}})^T \bm {N_{u}} \, dV,\end {equation*}


\begin {equation*}\bm {C}_{d}= \mathcal {A}_{e=1}^{n_{\text {elem}}} \bm {C}_{d}^e, \quad \bm {C}_{d}^e = \alpha \bm {M}^e + \beta \bm {K_u}^e,\end {equation*}


\begin {equation*}\bm {\Lambda }= \mathcal {A}_{e=1}^{n_{\text {elem}}} \bm {\Lambda }^e, \quad \bm {\Lambda }^e = \int _{\Omega ^e} \left (\bm {B}_{\bm {u}}\right )^T \boldsymbol {\sigma } \,dV,\end {equation*}
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\begin {align}\bm {R}_d(\bm {u}, d)=\bm {K}_d\bm {d} - \bm {F}_d, \tag {12}\end {align}
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$\alpha $


$\alpha $


$n$


$\dot {\bm {u}}_{n}=\frac {\bm {u}_{n}-\bm {u}_{n-1}}{\Delta t}$


$\ddot {\bm {u}}_{n}=\frac {\dot {\bm {u}}_{n}-\dot {\bm {u}}_{n-1}}{\Delta t} \rightarrow \ddot {\bm {u}}_{n}=\frac {\bm {u}_{n}-2\bm {u}_{n-1}+\bm {u}_{n-2}}{\Delta t^{2}}$


\begin {align}\bm {R_u}(\bm {u}, d)=\tilde {\bm {K}}_{\bm {u}} \bm {u}_n - \tilde {\bm {F}}_{\bm {u}}=\bm {0} \tag {13}\end {align}


$t^n$


\begin {equation*}\tilde {\bm {K}}_{\bm {u}} = \left ( \frac {1}{\Delta t} \right )^2 \bm {M} + \left ( \frac {1}{\Delta t} \right ) \bm {C}_{d} + \bm {K}_{\bm {u}},\end {equation*}


\begin {equation*}\tilde {\bm {F}}_{\bm {u}} = \bm {F}_{\bm {u}} + \bm {M} \left ( \frac {1}{\Delta t} \right )^2 [2\bm {u}_{n-1} - \bm {u}_{n-2}] + \left ( \frac {1}{\Delta t} \right ) \bm {C}_{d} \bm {u}_{n-1}.\end {equation*}


$\bm {K}_{\bm {u}} = \frac {\partial \boldsymbol {\Lambda }(\bm {u}_n, d_n)}{\partial \bm {u}_n} = \mathcal {A}_{e=1}^{n_{\text {elem}}} \bm {K}_{\bm {u}}^{e}(\bm {u}_n, d_n)$


$\bm {K}_{\bm {u}}^{e}(\bm {u}_n, d_n) = \int _{\Omega ^e} \left (\bm {B}_{\bm {u}}\right )^T \bm {C}(\bm {u}_n, d_n) \, \bm {B}_{\bm {u}} \, dV$


$\bm {{C}}$


${\mathcal {C}} = \frac {\partial ^2 \psi }{\partial \boldsymbol {\varepsilon }^2} = \frac {\partial ^2}{\partial \boldsymbol {\varepsilon }^2} \left ( g(d) \psi _0^+(\boldsymbol {\varepsilon }) + \psi _0^-(\boldsymbol {\varepsilon }) \right ) = g(d) \frac {\partial ^2 \psi _0^+(\boldsymbol {\varepsilon })}{\partial \boldsymbol {\varepsilon }^2} + \frac {\partial ^2 \psi _0^-(\boldsymbol {\varepsilon })}{\partial \boldsymbol {\varepsilon }^2}$


\begin {align}-\bm {\bm {R}} = \begin {bmatrix} \vspace {0.1cm} -\bm {R}_{\bm {u}}(\bm {u}_n^{k},\bm {d}_n^{k}) \\ -\bm {R}_d(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} = \begin {bmatrix} \vspace {0.1cm} \bm {K}_{\bm {uu}}(\bm {u}_n^{k},\bm {d}_n^{k}) & \bm {K}_{\bm {u}d}(\bm {u}_n^{k},\bm {d}_n^{k}) \\ \bm {K}_{d\bm {u}}(\bm {u}_n^{k},\bm {d}_n^{k}) & \bm {K}_{dd}(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} \begin {bmatrix} \Delta \bm {u}^k \\ \Delta \bm {d}^k \end {bmatrix}, \quad \bm {K}_{\alpha \beta } = \frac {\partial \bm {R}_{\alpha }}{\partial \beta }, \quad \alpha , \beta \in \{\bm {u}, {d}\}, \tag {14}\end {align}


$n^\text {th}$


$k+1^\text {th}$


${\bm {u}}_n^{k+1}={\bm {u}}_n^k+\Delta {\bm {u}}_n^k$


${\bm {d}}_n^{k+1}={\bm {d}}_n^{k}+\Delta {\bm {d}}_n^k$


\begin {align}-\bm {\bm {R}} = \begin {bmatrix} \vspace {0.1cm} -\bm {R}_{\bm {u}}(\bm {u}_n^{k},\bm {d}_n^{k}) \\ -\bm {R}_d(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} = \begin {bmatrix} \vspace {0.1cm} \bm {K}_{\bm {uu}}(\bm {u}_n^{k},\bm {d}_n^{k}) & \bm {0} \\ \bm {0} & \bm {K}_{dd}(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} \begin {bmatrix} \Delta \bm {u}^k \\ \Delta \bm {d}^k \end {bmatrix}, \tag {15}\end {align}


\begin {align}-\bm {\bm {R}} = \begin {bmatrix} \vspace {0.1cm} -\bm {R}_{\bm {u}}(\bm {u}_n^{k},\bm {d}_n^{k+1}) \\ -\bm {R}_d(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} = \begin {bmatrix} \vspace {0.1cm} \bm {K}_{\bm {uu}}(\bm {u}_n^{k},\bm {d}_n^{k+1}) & \bm {0} \\ \bm {0} & \bm {K}_{dd}(\bm {u}_n^{k},\bm {d}_n^{k}) \end {bmatrix} \begin {bmatrix} \Delta \bm {u}^k \\ \Delta \bm {d}^k \end {bmatrix}, \tag {16}\end {align}


\begin {align}-\bm {\bm {R}} = \begin {bmatrix} \vspace {0.1cm} -\bm {R}_{\bm {u}}(\bm {u}_n^{k},\bm {d}_n^{k=0}) \\ -\bm {R}_d(\bm {u}_n^{k=0},\bm {d}_n^{k}) \end {bmatrix} = \begin {bmatrix} \vspace {0.1cm} \bm {K}_{\bm {uu}}(\bm {u}_n^{k},\bm {d}_n^{k=0}) & \bm {0} \\ \bm {0} & \bm {K}_{dd}(\bm {u}_n^{k=0},\bm {d}_n^{k}) \end {bmatrix} \begin {bmatrix} \Delta \bm {u}^k \\ \Delta \bm {d}^k \end {bmatrix}. \tag {17}\end {align}


\begin {align}L_i = \frac {2 \times \pi \times r_{\mathrm {mean}}^i}{n'} \tag {18} \label {Xeqn8}\end {align}


$r^{i}_{\mathrm {mean}}$


$i^{\mathrm {th}}$


$n'$


\begin {align}L^{\mathrm {max}}(d^{i}) = \begin {cases} L_{1}^{\mathrm {max}} & \text {for } d_{1} \leq d^{i} \leq 1 \\ L_{2}^{\mathrm {max}} & \text {for } d_{2} \leq d^{i} < d_{1} \\ L_{3}^{\mathrm {max}} & \text {for } d_{3} \leq d^{i} < d_{2} \end {cases}, \quad \begin {array}{c} d_{1} \geq d_{2} \geq d_{3} \\ L_{1}^{\mathrm {max}} \leq L_{2}^{\mathrm {max}} \leq L_{3}^{\mathrm {max}} \end {array} \tag {19} \label {Xeqn9}\end {align}


$L^{\mathrm {max}}$


$d^{i}$


$d^{i}$


$\ell _0$


$\Delta t = h / v_R$


$h$


$v_R$


$1\times 10^{-7}$


$5\times 10^{-8}$


$2.5\times 10^{-8}$


$1\times 10^{-8}$


$1.25\times 10^{-8}$


$\rho = \SI {2450}{\kg \per \cubic \meter }$


$E = \SI {32}{\GPa }$


$\nu = 0.2$


$t = \SI {1}{\mm }$


$G_c = \SI {3}{\J \per \square \meter }$


$\omega = \SI {1.73e5}{\radian \per \second }$


$\beta = 0$


$C_d = \alpha M$


$\alpha = 2\xi _1 \omega _1$


$3$


$\mathrm {%}$


$6$


$\mathrm {%}$


$\alpha $


$\SI {1e4}{\per \second }$


$\SI {2e4}{\per \second }$


$L_{1}^{\mathrm {max}} = 0.7\ell _0$


$L_{2}^{\mathrm {max}}= 1.2\ell _0$


$L_{3}^{\mathrm {max}} = 3\ell _0$


$|u_y|$


$\varepsilon _y$


$t = 54~\mu \text {s}$


$d_1$


$d_2$


$\| \bm {R_u} \|_2$


$\| \bm {R}_d \|_2$


$\Delta t_{1} = \SI {0.025}{\micro \second }$


$L_{1}^{\max } = 0.7\ell _0$


$L_{2}^{\max } = 1.5\ell _0$


$L_{3}^{\max } = 3\ell _0$


$d_{1} = 0.5$


$d_{2} = 0.2$


$d_{3} = 0.1$


\begin {align*}v = \begin {cases} \dfrac {t}{t_0}\,v_0 & t \leq t_0 \\ v_0 & t > t_0 \end {cases}\end {align*}


$v_0 = \SI {16.5}{\meter \per \second }$


$t_0 = \SI {1}{\micro \second }$


$\rho = \SI {8000}{\kilogram \per \cubic \meter }$


$E = \SI {190}{\giga \pascal }$


$\nu = 0.3$


$G_c = \SI {2.213e4}{\joule \per \square \meter }$


$\ell _0 = \SI {3.9e-1}{\milli \meter }$


$\Delta t = \SI {0.01}{\micro \second }$


$L_1^{\max } = 0.7\ell _0$


$L_2^{\max } = 1.5\ell _0$


$L_3^{\max } = 3\ell _0$


$d_1 = 0.5$


$d_2 = 0.2$


$d_{3} = 0.1$


$^{\circ }$


$^{\circ }$


$^{\circ }$

https://orcid.org/0000-0002-2162-3675
mailto:hossein.saberi@tuhh.de
mailto:alexander.duester@tuhh.de
https://doi.org/10.1016/j.cma.2025.118642
https://doi.org/10.1016/j.cma.2025.118642
http://creativecommons.org/licenses/by/4.0/

H. Saberi and A. Diister Computer Methods in Applied Mechanics and Engineering 450 (2026) 118642

time-intensive [3]. Numerical simulations serve as a complementary tool, offering detailed insights into spatial and temporal scales
that are otherwise challenging or impossible to observe experimentally. Despite significant progress, several challenges persist in this
area: (i) establishing effective formulations and numerical strategies to accurately capture crack initiation, propagation, and interac-
tion in porous materials; (ii) enhancing computational efficiency to facilitate large-scale engineering applications; and (iii) designing
advanced numerical schemes capable of handling complex geometries, including structures with irregularly distributed pores [4].
In order to address these challenges, various numerical approaches have been developed over the past decades to simulate dynamic
crack propagation. These approaches can be broadly divided into three main types: discrete, continuous, and hybrid methods. Several
well-established theories have been developed for discrete approaches, including the discrete element method [5-7], cohesive zone
models [8-10], peridynamics [11-14], and the extended finite element method (XFEM) [15,16], all of which allow displacement
discontinuities along the fracture surface. In contrast, continuous approaches ensure displacement continuity throughout the domain
while representing fracture through a gradual stress reduction, typically modeled using softening material laws. Among these, con-
tinuum damage mechanics is one of the most widely adopted frameworks for continuous fracture modeling [17]. To leverage the
strengths of both discrete and continuous methods, various hybrid techniques have been introduced.

From a computational standpoint, many of the aforementioned approaches face challenges when handling complex crack patterns,
such as branching, which complicates numerical implementation and often limits their applicability to simpler crack geometries.
A promising alternative is the variational fracture approach [18,19], commonly referred to as the phase-field method. Variational
phase-field fracture models (PFMs) extend Griffith’s linear elastic fracture mechanics (LEFM) while sharing numerical similarities with
continuum damage mechanics (CDM) [20,21]. These models offer several benefits associated with CDM, including the elimination of
the need for explicit crack tracking, the absence of ad hoc dynamic branching criteria, and relatively straightforward implementation
into standard C°— continuous finite elements, specially when compared to discontinuous fracture models. The phase-field method
is well-established and has been proven effective in modeling experimental data. Hug et al. [22] employed a modified phase-field
method within the finite cell method (FCM) to simulate impacted fractures of the proximal humerus. The results demonstrated that
PFM accurately predicts the force-strain response, failure loads, and fracture path, closely matching experimental observations, with
a maximum relative error of only 3.8 % in failure loads. In another study, Hug et al. [23] employed distinct phase-field variables to
model the combination of Mode I (tensile) and Mode II (shear) fractures in rocks. The model accurately simulates the crack patterns
seen in double-edge notched Brazilian disk tests performed on Pfraundorfer Dolostone and Solnhofen Limestone.

Borden et al. [24] extended the quasi-static phase-field model of Miehe et al. [19] to dynamic fracture by formulating the La-
grangian in terms of displacements and the phase-field variable. Their analytical studies showed that the length-scale parameter
governs the critical stress for crack nucleation. Using NURBS and T-spline basis functions, they compared monolithic and staggered
schemes for flexible implicit or explicit time integration. Schliiter et al. [25] developed a dynamic phase-field model for brittle frac-
ture based on Hamilton’s principle, enabling simulation of crack initiation and branching due to stress waves. However, the method
requires extremely fine meshes over the entire domain, making computations expensive. Nguyen and Wu [26] proposed a phase-field
regularized cohesive zone model (PFCZM) for dynamic and quasi-brittle fracture. The model captures branching and fragmentation
without crack tracking but remains computationally costly due to fine mesh requirements. Geelen et al. [27] extended a cohesive
phase-field/gradient damage formulation to dynamic fracture using a regularized linear fracture energy and non-polynomial degrada-
tion functions. An augmented Lagrangian-based staggered scheme ensured efficiency, though convergence and parameter calibration
remain open issues. Zhou et al. [28] introduced a phase-field model for fluid-driven dynamic fracture in poroelastic media, combining
Biot’s theory with phase-field regularization. While accurate and robust, it is computationally intensive and limited to homogeneous
media. Ren et al. [29] developed an explicit dynamic phase-field model that alleviates convergence issues and simplifies stiffness
computations compared to implicit schemes.

De Lorenzis and Gerasimov [30] reviewed the main computational challenges in phase-field modeling of brittle fracture, particu-
larly the treatment of irreversibility and the iterative solution of non-convex minimization problems. They emphasized that adaptive
mesh refinement (AMR) is a practical strategy for improving computational efficiency. While higher-order phase-field formulations
can also reduce computation time [31], adaptivity remains the most widely used approach due to its simplicity and robustness for
complex crack patterns. Patil et al. [32] developed the Adaptive Multiscale Phase-Field Method (AMPFM), which drastically reduces
computational cost through a hierarchical coarse-to-fine mesh structure. However, its reliance on structured meshes limits its flexi-
bility for complex geometries compared with general unstructured AMR schemes. Li et al. [33], and Si et al. [34] proposed adaptive
isogeometric and hybrid FEM frameworks for dynamic brittle fracture, demonstrating the advantages of adaptivity in both quasi-static
and dynamic regimes. Jin et al. [35] introduced a monolithic phase-field framework combining the limited-memory BFGS (L-BFGS)
optimization method with AMR to overcome convergence issues of Newton-based solvers and enhance efficiency. Fine meshes are
confined to crack regions, while hanging-node constraints are algebraically enforced to preserve conformity. Despite its accuracy,
the approach remains computationally demanding due to constraint handling and multi-level refinement. Pandey [36] proposed an
element-level hierarchical AMR strategy for the phase-field regularized cohesive zone model (PFCZM), refining the mesh adaptively
near crack tips using multiple error indicators. The method eliminates hanging nodes and supports both structured and unstruc-
tured meshes, but still faces significant computational overhead from element-level refinement and indicator evaluation. Greco et
al. [37] investigated low- and high-order phase-field models for dynamic brittle fracture, showing that fourth-order formulations
enable coarser meshes and larger time steps without loss of accuracy. Building on this, Li et al. [4] proposed a fourth-order adaptive
isogeometric phase-field model for dynamic fracture, which alleviates mesh-size constraints but exhibits oscillations likely due to
convergence issues.

The main novelty of this study lies in extending our previously developed multi-level adaptive mesh strategy [38] to dynamic
fracture problems for the first time. In this approach, FEM analysis is initially conducted on a coarse mesh. As the crack propagates,
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new field nodes are progressively added to regions where finer meshes are required, reducing the node spacing accordingly. We also
present a formulation incorporating damping effects in phase-field fracture problems and conduct a comprehensive analysis of the
energy responses.

The paper is structured as follows: Section 2 presents the formulation of the phase-field method for dynamic crack propaga-
tion. Section 3 presents a detailed adaptive scheme and its numerical implementation. A comprehensive analysis of dynamic crack
branching is given in Section 4. Finally, key findings are discussed in Section 5.

2. Phase-field model and its discretization
2.1. Governing equations

An initially fractured domain is subjected to body forces b and tractions t as shown in Fig. 1. The energy functional corresponding
to a cracked domain assuming small deformations is expressed as:

L:/u/k(u)d9+/y/e(e,d)dﬂ+/ chF—/b~udQ—/t~udS, (@)
Q Q r Q r

c 1
in which the linear strain tensor ¢ is defined as e = (Vu + Vu”) /2, u represents the displacement field, and d denotes the phase-field
variable. The kinetic energy density and the elastic strain energy density are denoted by y*(u) and y°(¢, d), respectively.
The fracture energy can be approximated by a regularization [39] as:

/ G dl' ~ ZG; / (d*+£3Vd - Vd)dQ, 2
T, 0Ja

where V(-) represents the gradient operator, G, is the material fracture toughness, and ¢, represents a length scale parameter that
determines the crack width.

To ensure that stress degradation occurs solely under tensile conditions, the strain tensor is split into its tensile (positive) and
compressive (negative) components. The elastic energy is derived from the positive (1//(;r ) and negative (y;) components of the strain
tensor, which are defined via a spectral decomposition of the strain [19]:

we(e,d) = g(d)yy (e) + v (),

@3)
Vi (©) = ST + uTel2], wy () = 2(Tre)? + uTrel(e)?],
3 3
e=¢t +¢, €+=Z<6i>+ni®ni’ 8—=Z<£i>7ni®ni’ 4
i=1 i=1

where (x), = (x + |x|)/2 and eigenvalues and eigenvectors of the strain tensor are denoted by &' and n’, respectively. Tr(-) represents
the trace operator, 4 and y are the Lamé constants. Additionally, g(d) = (1 — d)?> + x denotes the degradation function [40] in which
k is a small numerical parameter introduced to maintain the well-posedness of the stiffness matrix.

The kinetic energy reads:

\P"(u):/wk(u)dsz:l/pu-udg, (5)
Q 2 Jo

in which the material density and velocity are denoted by p and i = du/dt, respectively.
The variation of Eq. (1) yields:

5L(6u,d)=/o-:5£d9+/pii~5ud9—/b~5ud9—/t~5udS=0, (6)
Q Q Q T,

t

o)

Fig. 1. Cracked body and boundary conditions.
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G
SL(u,8d) = 7/ (d~5d+fgw~v5d)dsz—/2(1—d)adu/gdsz:o, %)
0JQ Q

. . . NG) dy (g)
where the acceleration it and the stress tensor ¢ are defined as it = d?u/dt* and ¢ = ';—“’ = :—g (g(a!)y/(;r (GRS (8) = g(d)% + %,

€
respectively.
To impose the condition of damage irreversibility, the history function has been introduced as H;(x)=

max;s {H,-_,(x), lPj(e(u))}, H, =0, as discussed in Ref [19].

2.2. Spatial discretization

In this section, the spatial discretization of the above equations in a two-dimensional setting is presented. The field displacement
variable u and field damage variable d are approximated by

u= N,u, d = N,d°, (8)
;[N 0
— 1 2 —
N,=[N, N2 .. NM, N;_[O N,],
ur
u® = [uel’T u;T ufnT]T’ u:" - |: 'y:| ,
u;
i
N _[Nl NZ Nm] de_[de de dE]T
d = ’ — 2 mi

where N’ denotes the shape function associated with the i’ node and m denotes the number of field nodes. Moreover, the gradients
are evaluated by the following expressions:

N0

£= Buue’ B, = [Blll Bi BZ], B:l =| 0 ny s 9
Ni N
Y X

Vd=B,d, B,;=I[B) B, .. BjJ, B,=[N NI, (10)

where the terms N’ and N ’y correspond to the partial derivatives in the directions of the global coordinates x and y, respectively.
Inserting this ansatz into the variational formulation and considering the damping effects leads to the semi-discrete equation of
motion:

Mii+Cyu+A(u,d)=F,, an
M=AZmMe, M =/ p(N)' N, dV,

Qe
Cy=AZNCy, Co=aM®+ K,

A= AlmAe, A =/ (B,) cav,

F,=A'"Ff, F;°= /Qe(Nu)deV+/r(Nu)TtdS,
t

in which A(u, d) is the vector of internal forces, K, = %, and o denotes the Cauchy stresses in Voigt notation.
Modal damping ratios are typically calculated using the classical Rayleigh damping assumption, in which a linear combination
of the mass and stiffness matrices defines the damping matrix C, = aM + fK,,. The natural frequencies of the structure are obtained

by solving the eigenvalue problem (K, — ®*M)¢ = 0, where w is the natural frequency and ¢ is the mode shape (eigenvector). The
modal damping ratio ¢, for the n™ mode is then computed using the relation ¢, = %( wl + ﬁco,,).

Furthermore, the discretization of the crack evolution equation is expressed by the following equation:

R,(u.d)=K,d - F,, (12)

G
K, =A™mKS, K= / [(2H + 7;>(Nd)TN,, + G/O(Bd)TBd]dV,

Qe

Fd=/ 2H(N)HTdV.
Qt’
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2.3. Temporal discretization

In this study, the backward implicit (backward Euler) method is adopted due to its strong numerical stability and reliability
in solving stiff and nonlinear problems. Compared to explicit methods such as forward Euler, which may diverge under certain
conditions, the backward Euler scheme remains stable even with large time steps and provides robust convergence [41]. Moreover,
its L-stability enables it to efficiently suppress rapid transients in a single time step, making it particularly useful when the goal is not
to resolve fast dynamics in detail, but rather to damp them effectively without reducing the time step [42]. In contrast, the trapezoidal
rule (Newmark’s constant average acceleration scheme), although unconditionally stable and energy-conserving in linear dynamics,
fails to eliminate initial transients effectively, causing oscillations to persist over multiple steps [42]. While it offers high accuracy
among second-order implicit methods [43], it may become unstable in nonlinear analyses when large time steps are used [43,44].
Similarly, the generalized-a method, despite being designed to introduce algorithmic damping, may lead to undesired oscillations
in the intermediate-frequency range and even converge to spurious high-energy solutions in some nonlinear regimes [44]. In the
present work, both the generalized-« and Newmark methods were tested; however, convergence issues were encountered prior to
crack propagation, likely due to the nonlinear stiffness introduced by damage localization. In contrast, the backward Euler method
consistently converged, making it a more robust choice for the simulation of damage evolution.

The approximations of the velocity and acceleration at time step n are expressed by u, = %, and i, = % -, =
Uy =2y iy
Ar2
After substituting the above-mentioned expressions in Eq. (11),
R,(u,d)=K,u,—F,=0 (13)

is solved to compute the displacements at time steps " where
p 1 1
ko= (5 ) M+ (5 )Ca+ K
T \Ar MAVYI AT

F,=F,+ M(Ai)z[zun,1 —u, ]+ (ﬁ)Cdun,l.

Furthermore K, = W A"elemKe(u,,,d ) Ké(u,.d,) = [o. (B )TC(un,d,,)Bu dV, and C represents the elasticity tensor C =
? Pute)  Pure . . .
7‘2” = 662 ( (D (&) +w;(©) = g(d) -&— + —5— in Voigt notation.

In the monolithic approach, the Newton—Raphson algorithm can be utilized to solve the coupled system of governing equations
iteratively, as expressed follows:

r o [TRa@dD] [ K d) Ky d) [ "] K, =R e 14)
-R= = . K= =%, apelud),
~R @k dY| | K@k, dby Kk, dh | [Ad* P= 950 ¢ “

The displacement and phase-field variables at the n™ time step and k + 1" iteration are computed as u**' = u* + Au¥ and d**' =
d* + adk.

The non-convex nature of the functional (1) often causes the Newton-Raphson iterations to diverge, particularly during abrupt
crack propagation and in the post-peak loading regime. However, Eq. (1) remains convex with respect to each variable individually.
Therefore, the equations can be solved using an alternating approach, where one variable is fixed while the other is updated, and this
process is repeated iteratively [45]. Consequently, the coupled equations (12) and (13) can be solved using the staggered scheme as

follows:
[—R, @k, d*) K, (u, d) 0 K
—R= ( A . [A"k], (15)
| —R,(uf,dl) 0 K,k db)| |1Ad
It is noteworthy that equation (15) differs from the staggered equations of Miehe’s method [19]:
>—R uk dk+] K uk’dk+1 0 k
R I T R o [A“k], (16)
| —R @}, d)) 0 K,k d% | |Ad
and from Molnar s method [46]:
[-R, k. d"=0) K (uk, d¥=0) 0 k
“R= = k=0 gk [Auk]' az)
| —R, @™, dy) 0 K t=0,d"% | |Ad

As reported by several references [45,47,48], Miehe’s staggered method has a very low convergence rate. In dynamic simulations,
staggered schemes may require more iterations to achieve convergence than in quasi-static cases because of the higher complexity of
the problem. On the other hand, Molnar’s staggered method exhibits very good convergence [46]. However, our evaluations indicate
that, although Molnar’s method produces results comparable to Miehe’s method for certain static problems, it can significantly affect
the accuracy in dynamic problems, since the displacement variable is frozen in the phase-field equation and the phase variable is
frozen in the equilibrium equation at each step. In contrast, the analyses presented in Section 4 demonstrate that the method proposed
in Eq. (15) not only exhibits a reasonable convergence rate, but also improves accuracy by consistently accounting for the influence
of both the displacement and phase variables on both the equilibrium and phase-field equations throughout each step.
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3. Mesh-adaptive refinement strategy

In the simulation of crack propagation, achieving high accuracy demands a mesh with fine discretization near the crack. However,
using a uniformly fine mesh for the entire domain yields extremely high computational costs. A more efficient approach is to first
perform a preliminary analysis using a coarse mesh and then apply an adaptive strategy to refine the mesh only in critical regions,
particularly around the crack. In this study, we propose a multi-level gradually adaptive mesh refinement method to tackle fracture
problems using the phase-field approach. One of the critical challenges in adaptive mesh refinement techniques is to determine
appropriate refinement criteria that define both the location and the level of refinement. In the phase-field method, the location
of refinement can be determined automatically due to the fact that fracture is an intrinsic feature of the problem and progresses
naturally within the domain. To refine the mesh in regions where the crack propagates, the allowable distance between field nodes
can be determined based on the phase-field variable. This means that the refinement level is directly related to the extent of damage.
It is assumed that the field nodes of each element are evenly distributed on a circle around its center. The circumferential distance
between field nodes within an element can be approximated as follows:

)
Lv=2><7r><rmean 18)

i n

where ri _represents the mean radius of the i'h element and n’ the total number of field nodes associated with the respective element.

As an illustrative example, the method for calculating the circumferential distance of a 6-node element is depicted in Fig. 2.

o . P

) ith element with {
@ 6 field nodes ‘ —_— .

% i §
L; Tmean L;

Fig. 2. Element nodes uniformly distributed on the circle’s perimeter.

max,
LZ

d,<di < d,

Fig. 3. A schematic of the maximum distance between field nodes as a function of the damage level. It is assumed that the field nodes of each
element are distributed on the circle’s perimeter around its center point.

Fig. 4. An example of three levels of mesh refinement.
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Fig. 5. Flowchart of proposed method.

Based on this definition, a multi-level gradually adaptive mesh refinement strategy can be easily established. Now, different
refinement levels can be assigned based on the phase-field parameter. At each level, the mesh is progressively refined in regions
where fracture evolution is occurring, ensuring a balance between computational efficiency and accuracy. This hierarchical refinement
strategy enables efficient modeling of fracture propagation while minimizing unnecessary computational costs in less critical areas.
For instance, in a three-level refinement approach as shown in Fig. 3, the maximum allowable distance between field nodes is defined
as follows:

Ly ford; <d' <1
L™X(d') = LM ford, <d' <d,
LY fordy <d' <d,

dy>dy > dy

[Max < max o ymax (19)
1 -2 =73
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Fig. 6. a) The geometry and boundary conditions, b) Initial field nodes, c) Initial mesh with three-noded elements.
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Fig. 13. Energy responses (single notched plate).

1500 [ ——Scheme 2
——Scheme 4
1000 - l =
= \
& \
= \ I
> | |
.g | .
I
s ‘
500 |- | ‘ I ' 4
‘ |
I
{‘ ﬂ
|
A I O I S S S (R OO 1
0 1 2 3 4 5 6 7 8 9

Time (s) %107

Fig. 14. Crack velocity with and without damping (single notched plate).

where L™ represent the maximum circumferential nodal spacing corresponding to damage levels d'. The phase-field variable d’ is
evaluated at the midpoint of each element. The damage parameter is determined through the crack evolution equation. To define
the nodal spacing, the maximum allowable distance between nodes in the domain can be chosen as half of the phase-field length
scale ¢, as suggested in [19]. In intact regions, the mesh size is maintained at a predefined coarse level. In other regions, the mesh
is refined gradually across multiple levels according to the extent of damage. To ensure a proper nodal distribution in the damaged
zones, a new field node is introduced at the midpoint of an element whenever the nodal spacing exceeds the specified threshold.
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Fig. 21. Comparison between external work and summation of other energies (double notched plate).

For efficiency, field nodes are inserted only into the refinement region, while those on the boundaries remain fixed. Once the new
field nodes are introduced, the entire domain is re-meshed accordingly. The updated mesh is subsequently used to compute the field
variables, such as displacement and phase-field values, at the newly introduced nodes. Since mesh refinement introduces only new
nodes without altering the positions of existing ones, the unknown variables (displacement and phase-field values) at the existing
nodes are directly transferred from the old mesh to the new one. For the newly added nodes, the unknown variables are estimated
by interpolating the values of neighboring nodes, which, in this study, is performed by averaging the surrounding nodal values.
Therefore, since the unknown variables on the new mesh can be obtained rapidly, the associated computational cost of transferring
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Fig. 23. Crack velocity (double notched plate).

data during mesh refinement is negligible. A representative example of three-level mesh refinement and the corresponding flowchart
are presented in Figs. 4 and 5, respectively. The computational code was implemented in MATLAB. In our implementation, the history
field, evaluated at Gauss points rather than nodal points, is interpolated between refined and coarsened elements using MATLAB’s
standard interpolation function scatteredInterpolant, which employs a Delaunay triangulation-based linear interpolation scheme.

4. Numerical simulation

This section discusses the performance of the proposed method on various 2D problems. The first example is a dynamic crack
propagation problem, as considered by Ref[49]. The second example involves dynamic crack branching in a double-notched plate.
Finally, the last example examines crack propagation in the dynamic Kalthoff test. Linear three-noded triangular finite elements are
employed in all the examples presented.

The time step size was selected following the guideline Ar = h /vy to achieve accurate results, as suggested by Borden et al. [24]
, where h is the element size and vy is the Rayleigh wave speed in the material. For the first example, time steps of 1 x 1077 s and
5% 1078 s were used, while for the second example, which is geometrically similar but features a different notch configuration, the
time step was further reduced to 2.5 x 1078 s to ensure accuracy. For the third example, an even smaller time step of 1 x 108 s
was adopted, compared with 1.25 x 10~% s reported by Borden et al. [24]. No viscous damping term was included in the phase-field
equation, in accordance with the aforementioned reference.

In nonlinear time-history analyses, the use of the classical Rayleigh damping model, composed of mass-proportional and stiffness-
proportional components, has been shown to cause both physical and numerical problems when the stiffness-proportional term is
included. As discussed by Hall [50], when the damping matrix is based on the initial elastic stiffness, a reduction of structural stiffness
during softening or yielding phases may lead to unrealistically large damping forces compared to the actual restoring forces. This
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Fig. 25. Crack propagating in material without damping at final time step along with corresponding field nodes (Kalthoff test).
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Fig. 26. Crack propagating in material with damping at final time steps along with corresponding field nodes (Kalthoff test).

artificial amplification of damping forces can result in a non-conservative energy dissipation behavior. Moreover, Jehel et al. [51]
observed that when the tangent stiffness matrix is used, the continuous update of stiffness throughout the inelastic analysis can cause
convergence difficulties in solution algorithms. In our implementation, when the tangent stiffness-proportional term of Rayleigh
damping was considered, the tangent stiffness matrix to compute the damping matrix was frozen after several iterations in each
step. This treatment stabilized the solution process and ensured numerical convergence. However, we observed pronounced spatial
gradients of damping forces within the domain, particularly in the vicinity of cracks. In addition, an increase in elastic strain energy
compared with the undamped case was noted, which may suggest artificial energy input possibly arising from nonphysical damping
effects. To eliminate such undesirable behavior, the stiffness-proportional term was therefore omitted in the present study, and only
the mass-proportional component of Rayleigh damping was retained.

It is noticeable that the inclusion of Rayleigh damping incurs negligible computational cost per iteration, as it relies on the already
computed stiffness and mass matrices. The increased total run time that may be observed in the damping case is mainly due to the
reduced average crack propagation velocity, which requires a greater number of time steps to complete the fracture process. All
computations were performed using MATLAB on a workstation equipped with an AMD Ryzen 9 7950X processor (4.0-5.88 GHz) and
64 GB of RAM. The reported computational time corresponds to the wall-clock time.

4.1. Dynamic crack branching in a single-notched plate

In this example, we simulate a pre-notched rectangular plate subjected to dynamic tensile loading. The geometry and boundary
conditions are illustrated in Fig. 6a. The traction load applied to the top and bottom surfaces at the start of the simulation remains
constant throughout. All other surfaces have zero traction. Under this loading condition, crack branching is expected to occur. The
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Table 1
Parameters of different schemes.
Scheme  Timestep (us)  Length scale Damping d, d, dy Initial Final Total Staggered
1, (m) parameter a number of number of runtime method
s elements elements
1 0.1 5x107 0 0.5 0.1 0.05 3,296 16,704 8 h 53min Eq. (15)
2 0.05 5x107 0 0.5 0.1 0.05 3,296 17,246 17 h 46 min Eq. (15)
3 0.1 2.5x107* 0 0.5 0.1 0.05 3,296 30,656 41 h 40 min Eq. (15)
4 0.05 5x107 2x10* 0.5 0.1 0.05 3,296 12,870 10 h 16 min Eq. (15)
5 0.1 5x107 1x10* 0.5 0.1 0.05 3,296 15,568 8 h 46 min Eq. (15)
6 0.05 5x107* 0 0.5 0.1 0.05 3,296 19,382 11 h 5min Eq. (17)
7 0.1 5x107* 0 0.5 0.2 0.05 3,296 14,690 6 h 17 min Eq. (15)
8 0.1 5x107 0 0.7 0.1 0.05 3,296 15,580 8 h 1 min Eq. (15)
9 0.1 5x107 0 0.7 0.2 0.05 3,296 13,560 6 h 41 min Eq. (15)
10 0.05 5x10~4 0 All nodal spaces (L) 4,646 26,106 30 h 33min Eq. (15)
are reduced by 80 %
11 0.05 5x10~4 0 Fixed mesh with 32,422 32,422 122h Eq. (15)
2.5x10~* nodal spacing 13 min

in the expected crack
propagation region

model parameters are set as follows: density p = 2450kgm™=3, Young’s modulus E = 32 GPa, Poisson’s ratio v = 0.2, thickness r = 1 mm
and fracture toughness G, = 3] m~2. Plane strain conditions are assumed.

To calculate the natural frequencies of the problem, the top and bottom edges of the plate are fixed. The first natural frequency is
obtained by solving the generalized eigenvalue problem, yielding a result of @ = 1.73 x 10° rad s~!. Assuming Rayleigh damping with
p =0, the damping matrix is calculated as C; = aM, a = 2¢,w,. Assuming damping ratios of 3% and 6 % the coefficient « is taken
approximately as 1 x 10* s~! and 2 x 10* s~!, respectively. This value is assumed to remain constant throughout the analysis. The other
parameters for adaptive mesh refinement are L™ = 0.7¢,,, LT™ = 1.2¢,; and LT™ = 3. According to Table 1, 11 different schemes
are considered to solve this problem.

Figs. 7 and 8 illustrate the crack path without and with damping, respectively, along with the corresponding field nodes at different
time steps.

The distributions of displacement and strain in the y-direction, as well as the phase-field variable and the associated finite elements,
are depicted in Figure 9.

Fig. 10 shows the crack tip elements after approximately half of the crack has propagated. It can be observed that the elements
around the crack have progressively been refined in a systematic manner across three levels.

Numerical instabilities can lead to artificial energy generation, thereby violating energy conservation. Hence, verifying energy
balance provides a practical means to assess the stability of nonlinear computations [52]. A comparison between the external work
and the sum of elastic, kinetic, fracture, and (if considered) damping energies is presented in Fig. 11. As can be seen, the external
work closely matches the sum of the other energies.

Fig. 12 shows the elastic energies for different schemes. It can be observed that by including damping, the elastic energy in the
structure is significantly reduced. Additionally, the time required for the crack to fully propagate is increased. Moreover, the results
of Scheme 10, which employs adaptive meshing, are very close to those of Scheme 11, which uses a conventional finite element
method with a locally pre-refined mesh in the expected crack propagation region. According to Table 1, the computational time for
Scheme 10 is 30.5 h, compared to 122.2 h for Scheme 11. Moreover, Scheme 6, which follows the staggered approach of Eq. (17), i.e.,
Molnar’s method [46], exhibits a significant error due to freezing the variables at each step. In Molnér’s method [46], each time step
typically converges within 4 iterations, with an approximate total computation time of 11 h. In contrast, for Miehe’s staggered scheme
[19], the convergence rate significantly reduces after step 870, and even with 20 iterations per step, the solutions fail to converge.
Moreover, the sensitivity of the results to the adaptive mesh parameters (d, and d,) has been investigated in Figure 12b, showing
that a rational choice of these parameters yields acceptable results, and the variations between the outcomes are insignificant.

Fig. 13 shows the curves comparing the external work, the kinetic energy, and the energy dissipated by crack propagation and
damping. The external work energy in the damping case is lower than in the non-damping case, indicating that the average displace-
ment at the top and bottom boundaries has decreased in the presence of damping. Additionally, the reduction in energy dissipated
by crack propagation in the damping case can be attributed to both the shorter crack length and the absence of crack branching,
compared to the non-damping case. The comparison of kinetic energies in the damping and non-damping cases (Schemes 4 and 2),
reveals that the damping has had a significant impact on this energy, reducing it by approximately one third. The crack propagation
velocity is shown in Fig. 14. Generally, damping increases the time required for the crack to fully propagate.

Fig. 15 a) presents a comparison of the runtime in each step for Scheme 2 and Scheme 11, corresponding to the adaptive mesh and
fixed mesh approaches, respectively. It is observed that up to step 500, the runtime at each step for the adaptive mesh is negligible.
However, as the number of field nodes increases, the runtime increases as well. The noticeable fluctuations in runtime between
adjacent steps are attributed to the varying number of iterations required for convergence in each step. Additionally, the evolution
of the degrees of freedom at each step is illustrated in Fig. 15 b).
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Fig. 27. Crack tip’s elements (Kalthoff test).

The convergence behavior and the reduction of the 2-norm of the residuals between steps 1000 and 1050 are shown in Fig. 16.
The residual of the mechanical problem ||R,||, typically decreases from 1le4 to le-3 within 6 iterations, while the residual of the
phase-field problem || R, ||, reaches 1e-9. The number of staggered iterations for Schemes 2 and 4 are presented in Fig. 17.

4.2. Dynamic crack branching in a double-notched plate

In the second example, we evaluate the proposed method using a rectangular double-notched plate, as shown in Fig. 18. The time
step size is At; = 0.025 ps and the same material parameters as in the previous example are applied. The parameters for adaptive mesh
refinement are L™ = 0.7¢, L} = 1.5¢,, L} = 3¢, d; =0.5,d, =02, and d3 = 0.1.

Fig. 19 illustrates the crack evolution and the corresponding field nodes. Since the crack growth paths in the damped and undamped
cases are similar, only one case is reported. The cracks initiate at the end of the notches, then propagate through the matrix, eventually
forming complex branching patterns. The results also demonstrate that the proposed model effectively refines the mesh in regions
where crack propagation is expected.

The element refinement around the crack is shown in Fig. 20, where the elements are reduced in size in three stages, transitioning
from intact material to complete failure.

Fig. 21 shows a comparison between the external work and the sum of elastic, kinetic, fracture, and (if considered) damping
energies. The close agreement between these two curves demonstrates the stability of nonlinear computations.

The energy responses are shown in Fig. 22. It can be observed that, given the constant external force, the elastic and kinetic energies
are reduced in the damped case compared to the undamped ones. This reduction can be attributed to the decrease in displacements
and velocities at the nodes due to the presence of damping. As seen in Fig. 23, considering damping reduces the average crack growth
rate.

4.3. Dynamic Kalthoff test

In this example, the classic Kalthoff experiment is analyzed, where a specimen with symmetric pre-notches is impacted by a rapidly
moving projectile. A schematic representation of the geometry and boundary conditions is shown in Fig. 24. The applied velocity
boundary condition is defined as follows:

where vy = 16.5ms™! and ¢, = 1 us. The material parameters are set as follows: density p = 8000kg m~3, Young’s modulus E =
190 GPa, Poisson’s ratio v = 0.3, and fracture toughness G, = 2.213 x 10*Jm~2. The length scale and time step size are considered as
£o =3.9x 10~ mm and At = 0.01 ps. Plane strain conditions are assumed. The parameters for adaptive mesh refinement are L™ =
0.7¢, L™ = 1.5¢,, L™ =3¢, d; = 0.5, d, = 0.2, and d; = 0.1.

The crack growth paths in the undamped and damped cases along with the field nodes are shown in Figs. 25 and 26, respectively.
The crack growth angle in the undamped and damped cases is approximately 65.7° and 66.4°, respectively, which is close to the
experimental result of 70°. Moreover, the crack tip elements are depicted in Fig. 27.

As seen in Fig. 28, the external work and the sum of elastic, kinetic, fracture, and (if considered) damping energies are also very
close to each other in this example. Moreover, damping has increased the level of external force, which is reflected in the increase in
external work. The energy responses are presented in Fig. 29. Damping reduces the nodal velocities, leading to a decrease in kinetic
energy. On the other hand, damping increases the level of elastic energy.
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5. Conclusion

In this paper, we extend our previous work on static crack propagation to the dynamic case, incorporating structural damping
effects into the phase-field formulation for brittle fracture. Although phase-field modeling outperforms traditional fracture models in
several aspects, it incurs high computational costs due to the required mesh refinement in the damaged zone. A common approach to
mitigate this cost is to predefine localized mesh refinement in zones prone to crack propagation. However, even with prior knowledge
of the crack path, this method imposes a substantial computational burden before crack initiation. To address this challenge, we
applied an automatic adaptive mesh refinement technique for phase-field fracture modeling. The key challenge in adaptive meshing
is to determine the optimal location and level of refinement. Phase-field fracture, which evolves naturally within the domain, allows
for automatic identification of the refinement zones. A multi-level gradual mesh refinement strategy based on the damage field is
applied, where refinement is controlled by evaluating damage values and the field node distances at each step. A center point within
an element is classified as a new field node if the node distances in that element exceed the maximum allowable threshold, which
is adaptively adjusted based on damage. This method begins with an initial coarse mesh and gradually introduces field nodes as
the crack propagates, considerably reducing computational costs. Furthermore, we develop the adaptive phase-field formulation for
dynamic crack propagation, explicitly considering damping effects. In this framework, we analyze the energy responses, including
external work and other energy components such as kinetic energy, fracture energy, and elastic strain energy. The consistency of
the results with experimental observations and the balanced energy responses, confirms the accuracy, stability, and reliability of the
proposed approach.
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