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1 | INTRODUCTION

The so-called fundamental lemma proposed by Willems et al. in 2005! is at the core of manifold research efforts on
data-driven control.*> Its main insight is that the trajectories of any controllable LTI system can be described without
explicit parametrization or derivation of a state-space model. Instead, all finite-length input-output trajectories of LTI
systems are shown lying in the column space of a Hankel matrix constructed from recorded input-output data. Provided
persistency of excitation holds, this data-driven system representation is exact for deterministic LTI systems, that is, it is
exact in the absence of measurement noise or process disturbances.

The use of Willems’ fundamental lemma for predictive control dates back to the work by Yang and Li,® while later it has
been popularized by Coulson et al.? Data-driven predictive control schemes are promising for different applications.”-!
So far available results on formal properties, for example, distributional robustness,'? recursive feasibility, and stability,*
are restricted to deterministic LTI systems with and without measurement noise. Besides measurement noise, however,
stochastic process disturbances might also directly affect the dynamics. In the present paper, we aim to extend deter-
ministic data-driven predictive control towards stochastic LTI systems affected by possibly unbounded additive process
disturbances. To this end, we combine two lines of research, that is, we rely on transferring known model-based results
for stochastic predictive control to the data-driven setting. In turn, the data-driven system description is approached via
a stochastic extension to the fundamental lemma, which we proposed in an earlier paper.>
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In stochastic predictive control one major challenge is the propagation of uncertainties through system dynamics.!3-1

Polynomial chaos expansion (PCE) is a computationally tractable method for uncertainty propagation in Markovian
and non-Markovian settings. Its core idea is based on the observation that, under mild assumptions, random variables
can be regarded as elements of an £2 probability space. Hence they admit representations in appropriately chosen
polynomial bases, see the monograph by Sullivan'® for a general introduction. Moreover, PCE is established in sys-
tems and control, see the work by Fagiano et al.!” and others.!82° It also allows for efficient computation of statistical
moments.?!

Another challenging problem in stochastic predictive control is to establish recursive feasibility of the underlying opti-
mal control problem (OCP). Early works rely on the boundedness of the disturbances to establish recursive feasibility.>2*
For process disturbances with unbounded support the underlying OCP can become infeasible in case of large disturbance
realizations. Therefore, backup strategies to recover feasibility are of interest: Cannon et al.2* achieve feasibility by solving
an alternative OCP that minimizes the constraint violation; while Farina et al.2%?7 solve the original OCP with a modified
feasible initial condition.

In a recent paper,” we combine the PCE approach to uncertainty propagation with a data-driven non-parametric sys-
tem representation via the fundamental lemma. Specifically, therein we present a stochastic variant of the fundamental
lemma which uses PCE to achieve non-parametric system representation and uncertainty propagation for stochastic LTI
systems subject to additive Gaussian or non-Gaussian process disturbances. The stochastic fundamental lemma enables
propagating uncertainty induced by process disturbances through system dynamics and predicting the statistical distri-
butions of outputs over finite horizons given the distributions of inputs and disturbances. This is accomplished without
explicitly identifying a model of the underlying system. Based on the stochastic fundamental lemma, we present an intu-
itive structure for stochastic data-driven predictive control with promising numerical results.> However, therein we do not
provide any formal analysis of the closed-loop properties. In an alternative route towards data-driven stochastic control,
Kerz et al.?® exploit the deterministic fundamental lemma to stochastic predictive control with a tube-based approach.
That is, they predict the nominal part of state trajectories by the fundamental lemma while handle the uncertainties by
tightening constraints offline.

This paper proposes a data-driven predictive control scheme for stochastic LTI systems subject to possibly unbounded
additive process disturbances with feasibility guarantees. Our main contribution are sufficient conditions for stability and
recursive feasibility of the proposed data-driven predictive control algorithm.

The remainder of the paper is structured as follows: Section 2 details settings of the considered stochastic predic-
tive control problem and preliminaries on the data-driven representation of stochastic LTI systems. Section 3 presents
the main results, that is, based on the data-driven reformulation of the stochastic OCP we analyse the closed-loop prop-
erties of the proposed control scheme. Section 4 considers two numerical examples; the paper ends with conclusions
in Section 5.

Notation

LetZ : o r—11 = L2(Q, F, u; R"™) be a vector-valued random variables and £2(Q, F, u; R™) is the underlying probability
space. We denote by E[Z], V [Z], £[Z], and z = Z(w) € R™ its mean, variance, covariance, and realization, respectively.
Moreover, for a given set Z C R"z, we denote the probabilityof Z € Z as P [Z € Z] . The vectorization of a sequence {Z }Ifz‘ol
is written as Zyo 71 = [Z),Z], ... ,Z;_,1" € R"T. The PCE coefficient sequence of {Z}/~] is denoted by 7 : Ijpr—1; —
R",j € N. Similarly, we write the vectorization of {zk}lfz‘g and {z’]-{ li_é as zp,r—1; and Z{O,T—l]‘ Throughout the paper, we
denote the identity matrix of size [ by I; and ||x||é = x" Qx. For any matrix Q € R™™ with columns ¢', ... ,q™, we use

colsp(Q) = span ({g*, ... ,q™}).

2 | PRELIMINARIES

Next, we introduce the considered setting of stochastic LTI systems, recall known results for model-based stochastic MPC,
and then revisit the polynomial chaos framework for uncertainty propagation. Finally, we recapitulate the non-parametric
description of stochastic LTI systems via a stochastic extension to the fundamental lemma.
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2.1 | Stochastic LTI systems
We consider stochastic discrete-time LTI systems of the form
Xit1 = AXic + BUg + Wi,  Xo =Xini, k€N 1)

with state X € £2(Q, Fi, u; R™), input Uy € £2(Q, Fi, u; R™) and process disturbances Wy € £2(Q, F, u; R™), k € N,
where Q is the sample space, F is a o-algebra, F = (Fy)ken is a stochastic filtration, and  is the considered probability mea-
sure. The consideration of £2 random variables implies that their expectation and covariance are finite. In the underlying
filtered probability space £L2(Q, 7, F, u), the c-algebra contains all available historical information, or more precisely,

FoCh C..CF. 2

Let [F be the smallest filtration that the stochastic process X is adapted to, that is, Fx = o(Xj, i < k), where ¢(X;,i < k)
denotes the o-algebra generated by X;, i < k. For more details on filtrations we refer to the book of Fristedt and Gray.
Likewise, the stochastic input Uy is also modelled as a stochastic process that is adapted to the filtration F, that is, U
may only depend on the information available up to time k, that is, X, X1, ..., Xi. Note that the influence of the process
disturbances W;, i < k is implicitly included via the state recursion (1).

Throughout the paper, the underlying probability distribution of the initial condition Xj,; are assumed to be known,
and we consider Wy, k € N to be zero-mean identical independently distributed (i.i.d.) random variables with known
distributions.

Remark 1 (Realization dynamics). For a specific uncertainty outcome w € Q, the realization of W is writ-
ten as wy = Wi(w). Likewise, we denote state and input realizations as x; = Xi(®) and uy = Ux(w) for k € N,
respectively.

Moreover, given a specific initial condition xp; = Xini(w) with @ € Q, and a sequence of disturbance
realizations wy, k € N, the stochastic system (1) induces the realization dynamics

X1 = AX + Bug +wy,  Xo =Xini, k€N (3)

which are satisfied by state, input, and disturbance realization sequences.

Assumption 1 (Standing assumptions). Consider the stochastic LTI system (1) and its realization dynamics
(3), we assume (A, B) is a controllable pair, and we suppose that the matrices A, B as well as the disturbance
realizations wy, are unknown, while past state realizations x; and input realizations u; are assumed to be
known/measured.

2.2 | Model-based stochastic OCP with terminal constraints

Next, we recall a conceptual framework for stochastic model-based MPC proposed by Farina et al.?® and others.?>-*° This
scheme serves as a blueprint for our further contributions, that is, the data-driven design of stochastic MPC.

At time instant k, given the probabilistic initial condition Xy and i.i.d. zero-mean disturbances W;,i € Ik ksn—17, WeE
consider the following OCP with horizon N € N

k+N-1
Comin [l + 1UelE] + E [ Keowiel3] (42)
Xi+1|k€£2tg(:‘.1:;1§ix), i=k
Ui‘keL2(§l,f‘,u;]R”u)
subject to Xink = AXjjk + BUy + Wi, Xige = Xk Vi € Lk k+N-1]> (4b)
P [Xi”{ S X] >1l—g, P [Uilk S U] >1—¢y, Vi e H[k,k+N_1], (4¢)
E [Xevi] € Xe, 2 [Xinpe] < T (4d)
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where Z;i, Z € {X, U, W} denotes the random variables at i € I x+n-1) predicted at time step k. We consider a quadratic
mean value cost function (4a) with positive semi-definite Q = QT = STS > 0, positive definite R = R" and P = PT > 0. We
require detectability of (4, S). Specifically, P € R™*" is chosen as the unique positive definite solution to the Discrete-time
Algebraic Riccati Equation (DARE)

ATPA—P—-(A"PB)R+B'PB)"{(B'TPA)+ Q=0 (52)
and the corresponding feedback K € R™*"
K = —(R+B"PB)"'BTPA. (5b)
The feedback K can also be computed via the following optimization problem3!-*2

min  trace(QP + K'RKP) (62)

PeRM*Mx | KeRMuXMx

subjectto P>1,, (A+BK)P(A+BK)' —P+1I, <0. (6b)

The above OCP (4) entails the stochastic system dynamics in (4b) with X as its initial condition. Notice that X} is
modelled as a random variable. As we will see in Section 3.2, this gives additional flexibility to address recursive feasibility
of the OCP. Additionally, we consider chance constraints for the states and the inputs in (4¢c), and the underlying sets
X € R™and U C R™ are assumed to be closed. Moreover, 1 — €, and 1 — ¢, specify the probabilities with which the—joint
in the state dimension but individual in time—chance constraints shall be satisfied. However, notice that—depending
on the considered disturbance distribution and the system constraints—the joint consideration of chance constraints for
states and inputs may jeopardize feasibility of the OCP.

Similar to Farina et al.,*® we consider terminal constraints (4d) on the mean and covariance of Xy, k. This ensures the
recursive feasibility of the OCP, cf. Section 3.2. Precisely, we consider the terminal region X; C R" satisfying the following
assumption similar to deterministic MPC.33

Assumption 2 (Terminal ingredients). Consider a random variable X € £*(Q, F, u; R") with mean E [X] €
R"™ and covariance X [X] € R™*". There exists a closed set X; C X and 0 € int(Xy) such that the following
conditions hold

(i) forall E[X] e X; C R™, (A +BK)E[X] € X;,
(i) for all X satisfying E [X] € X, Z[X] <T,cf. (4d),P[X € X] >1—¢,and P [KX € U] > 1 —¢, hold.

The main difference to the standard assumption of deterministic MPC is that the feedback control input KX is not
required to satisfy the input constraints U strictly but only in a probabilistic sense. We note that this assumption can be
satisfied choosing a sufficiently small y > 0 in X¢ = {x € X| ||x||§, < y}. The constraint on the covariance of the terminal
state Xp.nix in (4d), that is, the inequality Z[X] < T, is considered element-wise. Moreover, the matrix I' € R"*" is a
positive definite and symmetric solution to the Lyapunov equation

(A+BK)I(A+BK)' -T+% =0, 7

where £ is an upperbound on X[W]e& R™*%. We remark that (7) is related to the of the covariance
dynamics.?6

The optimal input sequence to (4) is denoted as [Uljlk, Uk*+1|k,- - U;+N_1|k]. It is a trajectory of random variables.
Hence, conceptually the MPC feedback law acting on the random-variable dynamics (1) use the first predicted input
Ul:lk € LX(Q, F, u; R™). However, it is worth to be remarked that in applications one is not controlling (1) but rather the
realization dynamics (3). Hence, we postpone the necessary discussion of how to compute the deterministic feedback to
Section 3.2 . We refer to Farina et al.?® for the model-based analysis of closed-loop properties and see Lorenzen et al.>* for

a stochastic MPC scheme without terminal ingredients.
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TABLE 1 Correspondence of random variables and underlying orthogonal polynomials.

Distribution Support Orthogonal basis {¢/ };Zo Argument &(w)
Gaussian (—c0, 00) Hermite N(0,1)
Uniform [a, b] Legendre U(-1,1])
Beta [a, b] Jacobi B(a, p,[-1,1])
Gamma (0, ) Laguerre I'(a, g, (0, 0))

2.3 | Polynomial chaos expansion of stochastic LTI systems

After the recap of model-based stochastic predictive control, we now turn towards the computational aspects. To this end,
we recall the fundamentals of applying PCE to the stochastic system (1). PCE as such dates back to Norbert Wiener®> and
a general introduction can be found in the book of Sullivan.®

The core idea of PCE is that any £2 random variable can be expressed in a suitable polynomial basis. To this end,
consider an orthogonal polynomial basis {¢/ }Ji‘io which spans £2(Q, F, u; R), that is,

(¢, ) = /Q ¢ ()P (@)du(w) = (¢, ¢/),

where 67 is the Kronecker delta. The PCE of a real-valued random variable Z € £3(Q, F, u; R) with respect to the basis
(P} is
Jj=0

2= Y29 with 7 = L8 ®)
~ (. )
where 7 € R is called the j-th PCE coefficient.

In numerical implementations the PCE series has to be terminated after a finite number of terms which may lead to
truncation errors. For details on truncation errors and error propagation we refer to Field and Grigoriu®*® and to Miihlp-
fordt et al.>” Fortunately, random variables that follow some widely used distributions admit exact finite-dimensional
PCEs with only two terms in suitable polynomial bases. For Gaussian random variables Hermite polynomials are prefer-
able. For other distributions, we refer to Table 1 for the usual basis choices that allow exact PCEs.383° Notice that one uses
specific random-variable arguments & € L2(Q, F, u; R™) with & : Q — R™ for different polynomial bases, cf. Table 1.

A vector-valued random variable Z € £2(Q, F, u; R™) is said to admitting an exact finite-dimensional PCE with L
terms if

L-1

z=Y72y ©)
=0
where the j-th PCE coefficient of Z € £%(Q, F, u; R":) reads
, T
4= [Zu 20 .. anJ] ,

Moreover, zV is the j-th PCE coefficient of the component Z* of Z. We remark that with a finite-dimensional PCE, the
expected value, variance, and covariance of Z can be efficiently calculated from its PCE coefficients?!

L-1 L-1
EZ1=2" , VIiZl= Y (2)X¢.¢) Z(2Zl= Y 7P, ). (10)
J=1 j=1

Based on the knowledge of the distributions of Xj,; and of all i.i.d. W, k € N we make the following assumption.
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6 Wl LEY PAN ET AL.

Assumption 3 (Exactness of PCE series).

(i) The initial condition Xj,; of (1) and all i.i.d. Wy, k € N admit exact PCEs with finite dimensions L, and L,,, that
is,

L1 L1
Xini = ZXJ%, Wi = Zw’q&’k.
j=0 j=0

(ii) The i.i.d. disturbances W} are zero mean for all k € N and their (co-)variance is bounded from above by a
non-negative definite matrix $ e R%*": that is,

L,-1 o X
EWd=wl=0, I[Wil= Y ww'(¢.¢)<5, an
j=1

where ‘<’ holds element-wise.

Note that the bases {d)’k }jL;“O_ Uof W at different time instants k are structurally identical but the realizations used as
arguments of the basis functions {4)’,;(@) }jLZWO_ 1,
by the subscript (-)g.

We remark that the satisfaction of Assumption 3(i) requires an appropriate choice of the polynomial basis. As
mentioned above, the distributions listed in Table 1 admit exact and finite PCEs with only two terms in the chosen
bases. Moreover, for arbitrary £2 random variables one can construct appropriate orthogonal basis functions by the
Gram-Schmidt process.*’ Conceptually, for Z € L2(Q, F, u; R), a straightforward choice is the orthogonal basis with
¢° = 1and ¢! = Z — E[Z] which implies the exact and finite PCE z° = E[Z] and z! = 1.

Furthermore, assuming finite PCEs for Xj,; and for all i.i.d. Wi, k € N we recall a result which appeared previously in
Pan et al.’> and which is based on the work of Miihlpfordt et al.”

that is, £(w), at different time instants k differ. Hence we distinguish them

Lemma 1 (Exact uncertainty propagation via PCE). Consider the stochastic LTI system (1) and let
Assumption 3 (i) hold. For a finite prediction horizon N € N*, suppose the inputs Uy, k € Lo n-1) admit exact

finite-dimensional PCEs with at most L terms in basis {¢/ jLz‘Ol , Where L is given by

L=L.+N(,—-1) € N, (12a)

and the finite-dimensional basis {¢/ ].L=‘01 reads

) = (LA A A o AL ), (12b)
with 1= ¢Y(w) = ¢)(w) for k €Tyn-1) and w € Q. Then, the states Xy, k € Iy also admit exact
finite-dimensional PCEs with at most L terms in the basis (12).

The previous lemma implies that as the prediction N grows, the required PCE dimension in (12a) increases linearly.
The reason is that the realizations of W}, are independent at each time instant k < N — 1. Yet, in the context of predic-
tive control, we usually consider a fixed and finite prediction horizon N. Hence the finite-dimensional polynomial basis
(12b) enables exact propagation of the uncertainties. Naturally, the exactness of the propagation is meant in the usual
£? equivalence sense. To this end, we first replace all random variables of (1) with their PCE coefficients with respect to
the considered basis. Then we perform a Galerkin projection onto the basis functions ¢/, j € Ijo_1;. With given initial
conditions X]i‘ni for j € Ijo -1 this yields

X :AXII;JFB‘IIFLWII;’ X =%

- e J €lor-1, k€ Ljon-1). (13)

Remark 2 (Expression of filtered stochastic processes with PCE). With the polynomial basis given in (12b),
the causality/non-antipacitivity of the filtration (2) implies that the PCE coefficients of the inputs satisfy

U]k =0,Yj € I, k@, -1.2-11> Yk € Ton-11, (14a)

85U80| 7 SuoWIWoD /e 3|qedldde aup Aqg peusenob afe ssjpire YO 8sn Jo Sajni 10} Areiqi]8uljuQ 481 UO (SUONIPUOD-PUR-SWBI/LOD A3 1M Afe1q 1 BU1|UO//SANY) SUORIPUOD pue Swils | 8y} 88S *[720Z/20/7T] Uo Akiqiauljuo A8|iM ‘UsIps A 8udsIuoIR [T - XeYiol|qig BinqueH BIseAIIN 8yasiuyoe | Aq ZT89°0Ul/Z00T OT/I0p/wod" A8 1M Arelq 1 jpul|uo//Sdny wolj pepeojumod ‘0 ‘6£2T660T



PAN ET AL. Wl LEY 7

We remark that the causality of X trivially holds when (14a) is imposed on systems dynamics (13), that is

X, =0,Yj € Iy 4kt -ni-11, Vk € Ton-1), (14b)

see also the discussion by Ou et al.*!

We conclude the introduction of uncertainty propagation via PCE with a simple example illustrating how Lemma 1,
the PCE coefficients dynamics (13), and the causality condition (14) work.

Example 1 (PCE coefficient dynamics). Consider the system X1 = Xj + Uy + Wj. Suppose at each time
step k, we consider the stochastic input Uy = —0.5X} to satisfy the filtration (2) and Wi, =0+ 1 - ¢, then
for the initial condition Xjy; = Xy = 1 + ¢, the PCEs of all predicted random variables for state, input, and
disturbance read

U() =-0.5- OSdJX WO b d)o X1 =0.5 + 05¢x + d)()
U; = —0.25 - 0.25¢, — 0.5¢¢ Wi=¢:1 X5 =0.254+0.25¢, + 0.5¢¢ + ¢1
N-1
Un_1 = -0.5XN_1 Wn-1 = dn-1 Xy = 0.5V + 0'5N¢x + Z(O~5)N_k_1¢k~
k=0

Observe that the random variables U n-17, Wion-1], and X[o N7 can be represented in the finite-dimensional
polynomial basis {¢/ }jL:‘O1 ={1,¢x, ¢, ... ,pn_1} With Ly = L, =2 and L = N + 2, and the PCE coefficients
for all basis functions ¢/, j € Ijo1_1;, follow the dynamics (13). Note that the causality condition (14) is also
satisfied. Finally, we remark that, while in principle one could choose any arbitrary basis for Uy—which then
implies that the corresponding direction has to be included in {¢/ }J.Lz‘ol—the linear nature of (1) suggests to
express Uy in the basis induced by Wy, and Xjp;.

2.4 | Data-driven representation of stochastic LTI systems

The previous subsections have recalled model-based stochastic MPC and the basics of polynomial chaos. However, as
the goal of this paper is the analysis of data-driven stochastic MPC, we now turn towards data-driven representations of
stochastic LTI systems as proposed in our previous paper.’

Therein, we have shown that the state and input trajectories—either for random variables (1), PCE coefficients (13), or
the realizations (3)—can be represented in non-parametric fashion using recorded state, input, disturbance realizations
trajectories.* This insight, which is formalized as a stochastic variant of the fundamental lemma,> extends the classical
result of Willems et al.! The underlying key observation is that the dynamics of random variables (1), PCE coefficients
(13), and realizations (3) share the same system matrices (4, [B I, ]).

At this point, we first assume that the past disturbance realizations are available, that is, they are a posteriori
measurable. We comment on the estimation of unmeasured disturbance realizations in Section 3 below.

Definition 1 (Persistency of excitation!). Let T, N € N*. A sequence of real-valued inputs ujo r_1; is said to
be persistently exciting of order N if the Hankel matrix

Up u - Ur-n
. 251 U -+ UT-N41
Hy(ap,r-17) =
Un-1 Un - - Ur—1

is of full row rank.

Consider the stochastic LTI system (1), the PCE-coefficient dynamics (13), and the realization dynamics (3). The
corresponding trajectory tuples are (X,U,W)o1_1}, (X, U, w)’[0 r—1p J € Ijo1-15, and (X,u,W)[o r—1] respectively.
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8 Wl LEY PAN ET AL.

Lemma 2 (Fundamental lemma for stochastic LTI systems). Let Assumption 1 and Assumption 3 (i) hold.
Consider the stochastic LTI system (1), its corresponding dynamics of PCE coefficients (13), and the realiza-
tions (3). Given a T-length realization trajectory tuple (x,u,w)[o.r—1; of (3). Let (u,w)|o.7_1) be persistently exciting
of order ny + N. Then the following statements hold:

(1) (%, @, W)oN-1) is a state-input-disturbance realization trajectory tuple of (3) of length N if and only if there exists
g € RT-N+! such that

Hn(Zjo,r-11)8 = Zlo.N-1] (15a)

holds for all (z,%) € {(x, %), (u, &), (W, W)}.
(ii) Forallj € ljor-1;, X 1, W?’IO’N_I] is a state-input-disturbance PCE coefficient trajectory tuple of (13) of length N
if and only if there exists g € RT-N*1 such that

Hn(Zjo.r-1)g = Z{O,N_lj (15b)

holds for all (z,%) € {(x,%), (u, @), w,W)} and all j € Ijo 1.
(iii) (X, U, W)oN-1; is a state-input-disturbance random variable trajectory tuple of (1) of length N if and only if there
exists G € L2(Q, F, u; RT-N+1y such that

Hn(Zj0,7-1))G = Zjo N-1) (15¢)
holds for all (z, Z) € {(x,X), (u, U), (w, W)}.

Assertion (i) follows from the proof of the deterministic fundamental lemma theorem 1 by Willems et al.! The proof
is originally given in the behavioral language, while De Persis et al.? use state-space concepts. Assertion (ii) is presented
in Corollary 2 of Pan et al.’> in the input-output setting and Assertion (iii) follows from Lemma 4 of the same paper.

We see that Lemma 2 cannot be applied to reformulate OCP (4) directly, since in (4) we predict a state trajectory of
length N + 1 while the input-disturbance trajectories are of length N. The reason is the N-th input and disturbance are
not considered neither in objective nor in the constraints. Therefore, we extend the statement (iii) of Lemma 2 as follows:

Lemma 3 (Hankel matrix representation for state-feedback MPC). Let Assumptions 1 and 3 (i) hold.
Consider a input-disturbance realization tuple (w,w)o.r—1; and its corresponding state trajectory xyo.1) of (3).
Let (uw)o.r-1) be persistently exciting of order ny + N + 1. Then Xon is a corresponding state trajectory of
(U, W)on-1) WrL (1) if and only if there exists G € L2(Q, F, u; RT-N*1) such that

Hy1(Xpo,17) Xion)
Hy(uor-1) |G =| Upon-1) |- (16)
Hn(wpo,r-17) Wion-1]

Proof. Consider appending (u,w)jor—1; With arbitrary ur and wy, we see the new realization trajectory
(w,wW)o.7) is at least persistently exciting of order n, + N + 1 by assumption. Then, by Statement (iii) of
Lemma 2, there exists G € £2(Q, F, u; RT-M+1) such that

Hy1(Xpo,17) Xo.N]
Hy+1(upo,r) |G =] Upony |- @17
Hy 1 (Wio,77) Wion]

By separating the rows of the Hankel matrix in (17) that are corresponding to Uy and Wy

Hn1(Xpo.17) XioN
Hn(upo,r-17) Upon-1)
Hi(unr) |G=| Uy
Hn(Wio,r-11) Wion-1]
| Ha(Wivr) | i Wy |
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We conclude with (16) by removing rows Hi(up,r)) and H;(wWpy 7)) to avoid representation of Un
and Wy. n

The statements (i) and (ii) in Lemma 2 can also be extended similarly. We conclude this section with a brief remark
on how past disturbance realizations can be estimated.

Remark 3 (Estimation of past process disturbance realizations). The current discussion is based on the
knowledge of the past disturbance realizations. It is useful for the case when the disturbances are measured a
posteriori. For unmeasured disturbances, one may use the recorded state-input trajectories X7 and u 7_1)
to approximate the past disturbance realizations by

(i) the maximum likelihood estimate

T-1
Wio,r-1] = argmin — Z log pw (wy), (18a)
Wio,r-1) k=0
H ! H
subject to (M (xp1,77) — Hi (Wior—11)) [ Ir — lHl ((z[O,T—l]))] lHl ((z[o,T—l]ﬂ — 0. (18b)
1 [0,T-1] 1 [0,T-1]

where py, denotes the probability density function of W,
(ii) or the least-squares estimate

Wio,r-1] = arg min Wy, - Wior—1j, subject to (18b).
Wio,r-1)

It implies

HyWgo-1) = Hy (xum) | Ir My (Xq0.7-11) My (Xq0.7-11) . (19)
Hi (ugo,r-1)) Hi (ugo,r-1))

We remark that for Gaussian disturbances (18) and (19) are equivalent. However, for uniformly distributed
disturbances—since the maximum likelihood estimate (18) does not admit a unique solution due to the
constant probability density function—one rather considers (19). For further details on the disturbance esti-
mation, see Reference 5. Moreover, one can show that any estimated disturbance sequence satisfying (18b)
implicitly determines an LTI system with (4, B).> This means that the Hankel matrix representations, that
is, the results of Lemmas 2 and 3, also hold for the the state-input-disturbance trajectories with estimated
disturbances.

3 | DATA-DRIVEN STOCHASTIC PREDICTIVE CONTROL

Now, we are ready to turn towards the main topic of the paper, that is, data-driven stochastic MPC. First, we present the
data-driven counterpart of OCP (4). Then, we propose a data-driven predictive control scheme with the analysis of its
closed-loop properties.

3.1 | Data-driven stochastic OCP via PCE

In the following, consider vI%L-11 = [v0T v1T . vL~1T]T as the vectorization of PCE coefficients over PCE dimensions.
Let Assumption 3 (i) hold. Consider the availability of realization trajectories X ], 0,71, and wyo,r—1; of (1). Suppose
that (w,w)jo,r-1; is persistently exciting of order N + n, + 1. As before, the PCEs with L € N* dimensional polynomial

basis are determined by (12) and PCE coefficients )_(LO’L_” and WEO’L_H, i € [jxk+n-1) are given. Then, the data-driven
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© L wiLey
reformulation of OCP (4) using PCE reads
—[0,L-1 . . k+N— L— . .
W= L Te " Byto C Ikl + N 2, &) + Ty 1, (8, 1)
Mek+NKES ; (20a)
Wl0L-11  pnyNL

Uk k+N-1]]k
gl0.L-11cR(T-N+DL

%,
Hn1X0,17)
subject to IerLaNI L v € Tho o (200)
Hn(ago,r-17) ul[k,k+N—l]|k
Hn(Wio,r-11) Wi keN-1]

Z( l|k)2<¢j’ ¢]> € X’ ullk i O'(ﬁu) Z( L|k)2<¢i’ ¢1> € U’ Vie ]I[k,k+N—1] (200)

Xy £ 0(€x)

L-1
0 j T _
Xeenii € X ZXJk+N|kX}k+N|k<¢]’ ¢)<T, (20d)
j=1
w, =0, V) €l i-,-n.L-1- (20€)
- iT iT iT jiT iT T
Wwhere X][k+1 k+N1lk (X]k+1|k’xlk+2|k’ ’X]k+N k) and u][kk+N 1k (u]klk’u]k+1|k’ ’u]k+N—1|k) :

As shown in (20b) OCP (20), we utilize (15b) in Lemma 2 to describe future PCE coefficients for states and inputs with
the recorded realization data X0 1}, Wo,7-1], Wio,7-1}, and the knowledge of future PCE coefficients of the disturbances.
Observe that the Hankel matrix Hy.1(Xjo,77) is used to predict PCE coefficients of the states from k to k + N, and thus
(u,w)(o,7—1] is required to be persistently exciting of order n, + N + 1, see Lemma 3.

The chance constraint reformulation from (4c) to (20c) is standard and follows Farina et al.?® Especially, for Gaus-
sian random variables (4c) and (20c) are equivalent when ¢ is chosen according to the Gaussian cumulative distribution
function, cf. Theorem 2.1 of Calafiore et al.*> Moreover, a conservative choice for all distributions is 6(¢;) = /(2 — &;)/ &z,
z € {x,u}. The transformation of the terminal constraints (4d) to (20d) follows from the properties of finite PCE in (10).
In addition, the causality condition (14a) is considered explicitly in (20e).

The following result summarises the conditions for the equivalence of the model-based OCP (4) and its data-driven
counterpart (20). It is a direct consequence of Theorem 1 of Pan et al.

Corollary 1 (Equivalence of stochastic OCPs). Consider the stochastic OCP (4) with random variables in a
filtered probability space fulfilling (2) and the data-driven reformulation (20) of OCP (4). Let Assumptions 1 and
3 hold. Suppose that the L € N* dimensional polynomial basis is determined by (12) and realization trajectories
X[0.17> U[o.7-1] and Wio 7-1], With (u,w)[o,7-1) persistently exciting of order N + 1 + ny, are known.

Moreover, if the chance constraints are box constraints, that is, Z = (z,z] for Z € {X, U} and the reformu-

lation of chance constraints (4c) to (20c) is exact, then (4) < (20), that is, for any optimal solution X+1|k, Usz

for i € Ty xn-17 to (4) there exists a gl®F-1* € RT-N*DL guch that XE:)-flkl] * ul[f]f U gl0L=1lx i e T ano1g
L-1_j*x L-1 i
is an optimal solution to (20) and vice versa. In particular, it holds thatX+1|k Z} 0 X}z+1|k¢] i Z u’llkqb’,

i € Ljkx+N-1) is an optimal solution to (4).

Remark 4 (Comparison to model-based formulation). We remark OCP (20) is also equivalent to its
model-based counterpart by replacing (20b) with the PCE coefficient dynamics (13), see Theorem 1 of Pan
et al.’> Hence, if one considers nominal settings (i.e., data-driven stochastic MPC with exact disturbance mea-
surements is pitted against model-based stochastic MPC with exact models), the model-based scheme gives
the very same solution while being computationally more efficient. However, if one considers that the model
is uncertain, for example,

= A®)X + B@O)U + W

and the parameter © is modelled, for example, via PCE (such that its realization stays constant over the entire
horizon),** then the proposed scheme has the clear advantage of being conceptually much simpler. In our
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setting, the proposed approach reduces the burden of combining PCE for ® with the ones for X, U, W by
instead resorting to the data-driven fundamental lemma which implies to use PCE for X, U, and W. We refer
to more detailed discussions by Faulwasser et al.**

Remark 5 (Data-driven design of terminal ingredients). In the model-based OCP (4) the terminal ingredients
K, P, and T are constructed using knowledge of A and B, see (6) and (7). Next, we utilize the recorded states
Xjo,77 and inputs uj r_;; combined with the estimated disturbance trajectory wyo r_1; to compute the terminal
ingredients without knowledge of A and B. Suppose (u,w)jo,r_1j is persistently exciting of order more than
ny + 1, then there exists a matrix H € RT*" that relates the data Xj0,17> Wjo,7—1], and Wyo 7_1) to a given feedback
K € R"™*" and to (A4, B) with

H, (X[O,T—ll) o= I, and (Hl (X[I,T]) - M, (W[O,T—l])) H=A+BK.
M, (ugo.r-1)) K

Equation (21) has been proposed by Dorfler et al.>? as an extension to Theorem 2 of De Perisis et al.? including
additive process disturbances.
In the following, we use

MH = (H (xp.n) = Ha (Wor-n)) H

as the data-driven counterpart of A + BK. Then, we have the following data-driven problem to obtain H and K

min  trace (QP + K'RKP)
PeRMxXNx gkeRMuXnx

HERTX”X
subjectto (21), P>1I,, MHPH'M'-P+1I, <O.

Its convex reformulation reads®?

min trace (QH; (Xqo,r-17) X2) + trace (X;)

X R XZERTan

>0,

Hy (xi00-11) X5 — I MX. X, R:H; (wry) X
subject to 1( [0,T 1]) P 2 ] - 0. l 1 1( [0.T 1]) 2

* H, (X[O,T—ll) X> * H, (X[o,T—u) Xo
. -1 -1
with K = Hl (u[o’T_l]) Xz (H1 (X[O,T—l]) Xz) and H = Xz (H1 (X[O,T—l]) Xz) .
Similarly, we obtain the data-driven formulation of the Lyapunov Equation (7) to compute I'

MHTH™MT —-T+%=0.

Further, with K and H we have the following discrete-time Lyapunov equation to determine P

P—-H'"M"PMH -K'RK = Q.

Remark 6 (Numerical implementation with regularization). Observe that small inaccuracies or disturbances
in the initial condition caused by numerical error might jeopardize the feasibility of OCP (20). To overcome
this issue, we add a slack variable ¢ € R™*L in (20b), that is,

i’l'{ +d
HN+1(X[0,TJ) j
= | LNk i e Ty,
Hy(ap,r-17) u][k,k+N—1]|k
o] I

where ¢ denotes the j-th column of ¢ in this equation. Consequently, the penalty term f]|c||; is included in
the objective function with f > 0. The use of slack variables is widely considered in deterministic data-driven
predictive control, for example, one-norm penalization® and two-norm penalization.*

WILEY——2

(1)

(23a)

(23b)

(24a)

(24b)
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Remark 7 (Numerical implementation with multiple-shooting). The basis construction for exact PCEs in
Lemma 1 indicates that the dimension of the basis (12) grows linearly as N increases. Moreover, the number
of the rows of the Hankel matrix in the equality constraint (20b) of OCP (20) is (2n, + n,)N + n,. Hence,
the number of the decision variables in OCP (20) grows quadratically with the prediction horizon N. Ou
et al.*® consider a segmented prediction horizon composed of shorter intervals. Furthermore, the consecutive
solution pieces are coupled with continuity constraints only matching the first two moments, which leads to a
substantial reduction of the dimension of PCE basis and of the number of decision variables. We remark that
the idea of segmenting the whole predicition horizon resembles the classic concept of multiple shooting;*
refer to O’'Dwyer et al.*” for the first implementation of multiple shooting in data-driven control.

3.2 | Data-driven stochastic predictive control algorithm

Now, we propose a data-driven stochastic predictive control scheme based on (20). Importantly, we will give recur-
sive feasibility guarantees. The basic idea is to consider an alternative feasibility-guaranteeing initial condition in case
(4) is infeasible with the current state realization as its initial condition. For the underlying conceptual framework in
model-based stochastic predict control, we refer to Farina et al.?

With the current state measurement X, one can set the initial condition X;CO =1 in oCP (20) as

§2 = X, ;‘;]k =0, Vj/ S H[I,L—l]' (25)

However, in this case, for process disturbances Wy with infinite support, OCP (20) can be infeasible, for example, in case
of avery large disturbance realization wi_;. Thus, we provide a backup choice of the initial condition based on the optimal
solution of the previous OCP solved.

Lemma 4 (Recursive feasibility). Let Assumptions 1, 2, and 3 hold. Suppose that at time instant k — 1,
OCP (20) is constructed with a L € N* dimensional polynomial basis {¢/ }.L‘1 determined by (12). If OCP (20) is

feasible at time instant k — 1 with initial condition X[OL Ue R” L then OCP (20) constructed with L' = L + L,,
1 dimensional polynomial basis {¢/ }j=0 = {{¢}~ =0 ' ¢]k+N 1 } is feasible with the initial condition
X, = X];ﬁc—l»vj €lpr-1, X = 0% € Iy, (26)

where x’k| ., are the prediction of the PCE coefficients for X with respect to the optimal solution at time instant

Proof. Similar to the arguments in the proof of recursive feasibility for deterministic MPC, we construct a
shifted version of the last optimal solution as a candidate solution for the current OCP. In terms of PCE
coefficients we obtain

k+N-2 __ * k+N-2 ~j *
for j € lior-1y : {lI]l|k} i {u]uk 1} e u]k+N—1|k KX;C+N 1k-1 (27a)
k+N-1 * Vk+N-1 & _ *
{Xllk} i {Xluk Vick i X’k+N|k MHX}k+N k-1’ (27b)
for j &€l : {ulzlk}km '=0, (% zlk}k+N '=0, 5‘11;+N|k = Wiy (27¢)

Here we remark that MH is the data-driven counterpart of (A + BK) as shown in (21). Observe that by con-
sidering X k+NJk = MHXin- 1jk=1 + Win-1 for the shifted trajectory, the basis of Wk+N 1 should be appended
to the orlglnal basis. That is, we construct a polynomial basis {¢/ }L 1= (¢ }j o {¢’k+N X JLl } with L' =
L+L,

To the end of feasibility of (27) in OCP (20), we first set x’klk as the initial condition )_c" which is equiva-
lent to (26). Furthermore, with respect to the terminal constraints (20d), we see by Assumptlon 2, X

MHX 2:1\1 1kt € Xeholds since x*

state, we have

k Nk =

k+N ko1 € Xt. Moreover, for the constraint on the covariance of the terminal
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Algorithm 1. Stochastic data-driven predictive control algorithm with OCP (20)

Input: T, N, L,,, g < 0, Vy « 400,k < 0

Data collection and pre-processing:

Sample uy € U, k € Ijp.7—1; randomly for up r_;

Apply up r-1; to System 1, record X0 1

Estimate wy 7_1) by (18) or (19)

If (u, w)( 71 is persistently of exciting of order less than N + n, + 1, go to Step 1, else go to Step 5
Determine P, K, G, I" by (23) and (24) with u r_1), X[o,r) and the estimated wjo r_1;

Construct (20) with X[0,77> W0,T-1] and Wio,T-1] and P, r

AN AN - e

Online optimization:

1: Measure or estimate x;,
VII\‘,1 «— +00, VIE’I «— +00
Measured initial condition: L « 1 + N(L,, — 1), )‘(2 “— X, i’; « 0,Vj" € I3 11}, solve (20)
if (20) is feasible and V* < J; thenq < 0
else backup initial condition:
LeLi+(N+q)Lyw—1),9<q+1
ilz; - xi{’l’;_l,Vj € Tjo..-1, solve (20) and update V2
end if
Vi < min {V, Vp}
10: Apply uzl, cf. (30) to system (1), update Ji,; and XJIZH V) € o1
11: k< k+1,gotoStep1

14

R AN A

r-1
X eene] = Zf(]k+N|k)~(]k—:-N|k<¢j’ ¢)
=1

L-1 L,~1
_ B joxT TasT/ 0 4 fxd T j j
- ZMHX]k+N—1|k—1X]k+N—1|k—1H M <¢]’¢]> + ZWJWI <¢lk+N—1’¢1k+N—1>
Jj=1 Jj=1

-1 L,-1
ok kT o o . .
=MH <ijk+N—1|k—1X]k+N—1|k—1<¢]’ ¢}>> H'M' + ZWIWJT <¢,k+N—1’ ¢lk+N—1> :
J=1 J=1

Furthermore, exploiting the terminal covariance constraint (4d) at time instant k—1 and the finite
(co-)variance property (11) of Wy,ny—1 We have

- (4d),(11) “
S [Rinie] = MHE [X* ] H' M +5[Wgnal < MHTH'MT+$2T.

k+N-1]k—-1
Note the last equality holds by the definition of I" in (7). Consequently, we conclude that at time instant k,
OCP (20) with polynomial basis { d;i}jL:'gl is feasible with (26) as its initial condition and (27) is a feasible
solution. u

Now, combining with the results of previous sections, we propose a data-driven stochastic predictive control algorithm
based on OCP (20) as summarized in Algorithm 1. Note that in the data collection and pre-processing phase, random
inputs up r—1; are generated to obtain X 17, and to estimate wyo 7_1;. They are also used to calculate terminal ingredients
as detailed in Remarks 3-5, respectively. For the sake of sampling efficiency, we note that one might obtain wj r_1; via
closed-loop experiments, 349

For the online optimization phase, we first assume OCP (20) is feasible with the measured initial condition (25) at time
instant k = 0. Then, we update polynomial bases and initial conditions for each time instant k € N*, in Steps 3-8. Pre-
cisely, inspired by the work of Farina et al.,?® we propose a selection strategy between the measured initial condition (25)
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and the backup initial condition (26). Henceforth, we denote the optimal value functions (20a) evaluated with the mea-
sured initial condition (25), respectively, with the backup initial condition (26) as V' and V]'\’]; they are initialized to be
+o0 at time instant k. In addition, we denote the cost by evaluating the shifted trajectories solution (27) in the objective
(20a) as Jy. First, we consider the measured initial condition (25).

In case of OCP (20) is feasible and V' < Ji, we accept the optimal solutions. Otherwise, we turn to the backup initial
condition (26). Doing so, OCP (20) is ensured to be feasible as shown in Lemma 4 and V}\’] < Ji holds due to optimality.
Consequently, the proposed selection strategy of initial conditions implies the following

Vnk=min{V,Vy} <Jr, keN (28)
where Vi denotes the optimal cost of (20) after the selection of initial conditions at current time instant k.

In addition, as shown in Lemma 4, the choice of backup initial condition leads to a change of polynomial basis.
Remark 8 (Polynomial bases in closed loop). At time instant k, the polynomial basis of OCP (20) is
constructed

(i) in case of the measured initial condition (25), as

L,-1

ji\L— j w

{d)]}]: - {1 {¢} }] 1 ’-."{(b}k+N—1}j=1 }9 (29&)
withL=1+N(L,-1)and Ly = 1,

(ii) and in case of the backup initial condition (26) consecutively g € N* times,

¢ =11, {qu A ,{df}] ERE (AN i § (29b)

411

withL=1+ (N+q)Ly,—1)and Ly =1+ q(Ly — 1).

Note that if the controller selects backup initial conditions from time instant k—q+1 to k consecu-

tively, the ba31s keeps the orlglnal polynomials {1, {qb’k Jdi | ¢’k _gtN— | } and new polynomials

{{¢’k q+N J 1 Lo {¢’k+N 4 } are appended in the end. Moreover, the polynomial basis {¢/, } 1 of Xy is
{¢’k i R {(,b;c ) }w1th Ly =1+ q(L,, — 1), which also indicates X is related to the lastqprocess
disturbances Wj_q - Wk 1
After selecting initial conditions and solving OCP (20), we note that the solution to (20) gives the PCE coefficients of
the first predicted input W for J € Ijo.,) which can not be applied to the system (3). To determine the feedback uil to be

klk
applied to the realization dynamics (3), consider

Z u Bh(@). (30)

Note that u’ka = O holdsforj € ]I[L .-11 due to the causality condition (20e). The realizations of polynomials { ¢§<(0)) }jLz"l_1 =

{{r—q(®) }] ; .. A q’)k(a))}j L { ¢k+1(w)} W } are fitted a posteriori using the knowledge of the past g disturbance
realizations. Spemﬁcally, we evaluate

2
q

L,-1

_ min 2 Wi — Zw’q&’k_i(w) ) (31)
#_j@eRiely grieln 1,1 =1 =

Notice that (31) requires measuring/obtaining disturbance realizations. In the case of unmeasured disturbances, we

. . . .. H _ . .
estimate wi_; online by appending (ui-1,xx—1) to the offline input-state data [Hl ((:;[O’T ”)] in (19). That is, we
1 [0,T-1]
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Hy (Xjor-11)  Xk-1

and take the last element of the estimated disturbances
H, (u[O,T—l]) Ug—1

employ (19) with respect to the data matrix

as wi_1.>

We see that the feedback (30) takes the initial conditions in PCE coefficients and the past g disturbance realizations
into account. Thus, it still reflects the information of the current state realization when the backup initial conditions are
chosen; while Farina et al.?® neglect the current state measurement in this case. While applying the feedback uil to the
realization system (3), we construct the shifted trajectories (27) based on the current optimal solutions to update Jy,; and

X]l:;n PES Io..-1; for next time instant k + 1. Hence, due to the selection of initial conditions, the proposed predictive

control scheme becomes a dynamic feedback strategy with Jy,; and X]I:Mk’ Vj € Ijo,-1) as internal memory states of the
controller.

3.3 | Closed-loop dynamics and properties

Now, we formulate the following closed-loop dynamics resulting from the application of Algorithm 1 with a specific initial
state xiy; and a disturbance sequence wy, k € N

Xier1 = Axg + Bui‘ + Wk, Xo=Xmni, keEN. (32a)

Moreover, we obtain the sequence of optimal value functions Vi x € R, k € N with respect to the OCP (20) evaluated with
the selected initial condition in the closed loop.

Similarly, with a probabilistic initial state X; = Xj,; and the stochastic process disturbances Wy, we have the
closed-loop dynamics in random variables,

Xir1 = AXy + BUS + Wi, Xo =Xini» k€N, (32b)

where conceptually the realization of U;l, U;l(w) = ug. In other words, (32a) is a realization of (32b) for the uncertainty
outcome w € Q. Similarly, the closed-loop evolution of the optimal value function Vyy, k € N can be regarded as the
realization of the underlying random variable Yy, € £2(Q, F, u; R) such that Vi, = Vyi(w) for all k € N.

The following proposition establishes recursive feasibility and an asymptotic average cost of the proposed data-driven
stochastic predictive control method based on Algorithm 1 and OCP (20).

Theorem 1 (Recursive feasibility and average cost bound). Consider the closed-loop dynamics (32) deter-
mined by the data-driven stochastic predictive control method based on Algorithm 1 and OCP (20). Let Assump-

tions 1, 2, and 3 hold. Consider xj,; as a realization of Xi,;. Suppose at time instant k = 0, OCP (20) is feasible

with the initial condition Xg = Xini, x{) =0,Vj € Ijor-13 with L =1+ N(L,, — 1) dimensional polynomial basis as
described in (29a), then

(i) OCP (20) is feasible at time instant k € N with the selected initial condition )?ECO’L_H and updated L dimensional

polynomial basis as shown in (29).
(ii) Moreover, OCP (20) at consecutive time instants satisfies

E [Vwin = Vel < =B |IXl3 + 10 1] + (33)

with a = trace(Z[W]P).
(iii) Inaddition, the average asymptotic cost of the proposed data-driven stochastic predictive control method is bounded
from above by a € R*,

k-1
1 2 clyj2
Jim ¢ 2V (10 + 1071 < o (34)
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Proof. First, the statement on recursive feasibility, that is, Statement (i), directly follows from Lemma 4. Then,
with the selection strategy proposed in Algorithm 1, we have condition (28) be satisfied. By applying it to the
left hand side of (33), we have

VNie1t = Ve STk — Vg

L-1 /k+N-1 -1
=2< D0 (I3 + I3 ) + I I + KT 13 + IME lenp> (@, )+ Zu ol (s Bl )

j= i=k+1
k+N-1 A ‘
- Z < IRIZ + el + Y (I + e i2) + 1 k+N|kle> (@)
i=k+1

_ -1
:2} 1% M3 — | ufklknR x'k:jv'k(HTMTpMH P+Q+KTRK) i | () + Z” k+N||P<¢]z;+N’¢]L+N>-

=0 due to (24b)

Thus, we have

Vi = Vi < 2 (=IRIE = I3 ) (0. @) + 2 W, { B B )

J=0

for the selected initial condition )_(I[CO’L_” at time instant k. Generalizing the above to all uncertain outcomes of
(32b), we have
E [Vwis = Vaal < =E [IXel3 + 1UZ 13| +E [IWio3]

Since Wy are i.i.d for k € N, we have E [|| Wi,y ||2] = trace(S[W]P).
Furthermore, following the typical argument in stochastic MPC,? we see that (33) implies

k1
1 1 1
0 < Jim e (B [Vive = Viva]) < Jim e 3, (B [103 + 0PI + B [1Ween 1)
With a = limy_ o + ) “E [lIWinlI2] = trace(S[W]P) statement (iii) follows. n

The average asymptotic cost bound in (34) provides a notion of stability and convergence for the stochastic closed-loop
dynamics.?*?> We remark that, due to possible very large disturbance realizations, the convergence (34) does not hold for
one specific realization of the closed-loop dynamics (32a). Rather it holds for the random-variable closed-loop dynamics
(32b) with its average stage cost evaluated at the current time instant. It remains to illustrate the average asymptotic cost
bound (34) and the closed-loop properties of the proposed data-driven stochastic predictive control method in the next
section.

4 | SIMULATION EXAMPLES

In this section, we consider two examples to illustrate the efficacy and the closed-loop properties of the proposed
data-driven predictive control schemes, cf. Algorithm 1. In the first (scalar) example, we consider two cases with differ-
ent distributions of the initial state and the process disturbances under the assumption of exactly measured disturbances.
The second example considers a batch reactor system with two inputs and four states. Therein, we compare three vari-
ants of Algorithm 1, that is, data-driven variants with measured/estimated disturbances and a model-based variant with
a model identified from the input-state data.
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4.1 | Scalar dynamics
We consider the following scalar stochastic system

X1 =2X + U + Wy, Xo =X, keN. (35)

This scalar system is originally used in Griine*® and then in Ou et al.*!

In OCP (20) we consider to stabilize the system (35) with the prediction horizon N = 25 and the penalty matrices Q =
R = 1. The chance constraints (4c) are chosenas P[X € X] <1 —-¢,and P[U € U] €1 — ¢, withX =[-2,2], U = [-3, 3]
and e, = ¢, = 0.1. Two different settings of the initial state and process disturbance are investigated:

1. Case 1: uniformly distributed X;,; ~ 1°(0,2) and Gaussian distributed W), ~ N'(0,0.1?)
2. Case 2: beta distributed Xjn; ~ (0.5, 0.5) and uniformly distributed W) ~ U°(-0.173,0.173).

Note both of the initial states have compact supports and satisfy the state chance constraint. Moreover, the two dis-
tributions of disturbance have zero-means and the same variance, that is, V[W}] = 0.01. The above settings ensure the
feasibility at time instant k = 0 and consequently also the recursive feasibility, cf the input policy of Algorithm 1.

Next, following the data collection and pre-processing phase of Algorithm 1 we choose T = 100 and record
state-input-disturbance measurements of system (35) for both cases. Note the chosen (u,w)jor_1) are ensured to be per-
sistently of exciting of order more than N + n, + 1 = 27. In addition, we assume disturbance realizations are exactly
measurable here.

Then, with the recorded data we construct the Hankel matrices in (20b) and get P = 4.236,K = —1.618 and I" = 0.0117
for the terminal ingredients by solving (23) and (24). In the online optimization phase, we consider that we have the exact
measurement of the current state x;, k € N and update the initial conditions as well as the polynomial basis accordingly
with respect to Algorithm 1 and (29).

Case 1: Uniformly distributed initial state and Gaussian distributed disturbance

Suppose the initial state Xi,; follows uniform distribution 1/'(0, 2) and the process disturbance Wy, is Gaussian N'(0,0.1%)
for all k € N. Then, by choosing o(ey) and o(¢,) appropriately according to the Gaussian cumulative distribution func-
tion, we obtain equivalent data-driven chance constraints (20c) with o(ex) = o(g,,) = 1.645 for €, = €, = 0.1. Additionally,
referring to Table 1, Assumption 3 holds with L,, = 2 when a Hermite polynomial basis is chosen for Wj. Note that we
have different polynomial bases for OCPs at different time instants k, cf. Equation (29). For the OCPs that follow (25), that
is, directly use measured x;, as initial condition, the polynomial basis are in L = N(L,, — 1) + 1 = 26 terms with L, = 1, cf.
Lemma 1. In contrast, for the OCPs with backup initial conditions (26), L, is equal to the number of steps when backup
initial conditions are selected consecutively, that is, g in (29).

With 10 realizations of the disturbance sequence and initial state, the left subplots of Figure 1A display the corre-
sponding closed-loop realization trajectories of system (35) driven by Algorithm 1. We see that the realizations of states
and inputs rarely violate the system constraints and thus indicate the recursive feasibility. Moreover, the state real-
izations stay in a neighborhood of the origin after the first approaching phase. Figure 1A depicts the averages of the
state and input realization trajectories as well as the average asymptotic cost for a total of 1000 samplings. We denote
£ =1073- %22:0(1) E) ||xl.’"||f2 + ||ul.m||12€] as the statistical estimation of the average asymptotic cost in (34) with (-)™ as
the m-th sample trajectory. Then, as shown in Figure 1A, the stability in the notion of average asymptotic cost bound (34)
is clearly illustrated. Furthermore, the realization trajectories of state and input are depicted in the x — u plane in right
subplot of Figure 1A for all of the samples. As one can see, the trajectories are centred at the line u = Kx, which suggests
the chance constraints are seldom activated when we solve OCP (20) at each time instant for case 1. An intuitive explana-
tion for this phenomenon is that the Gaussian distributed disturbance has a small variance and zero mean and therefore,
the chance constraints are satisfied with rather high probability for the input policy u = Kx. Additionally, the evolution
of the normalized histograms of the state realizations at time instant k = 0, 5, 10, 15, 20 is shown in Figure 2A, where the
vertical axis refers to probability density. It can be seen that the distribution of X keeps stationary over time after the first
approaching stage.
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FIGURE 1 Ten different closed-loop data-driven MPC realizations and the average of 1000 realizations for three cases. (A) Case 1.
(B) Case 2. (C) Case 2 with W), ~ 1/(0.346,0.346).

Case 2: Beta distributed initial state and uniformly distributed disturbance

Suppose the initial state Xj; follows beta distribution /3(0.5,0.5) and the process disturbance Wy is uniformly distributed
as U°(—0.173,0.173) for all k € N. In terms of a conservative choice, we obtain o(ey) = 6(e,) = 1/(2—0.1)/0.1 = 4.359
for chance constraints (20c) with &, = ¢, = 0.1. Similarly, referring to Table 1, the uniformly distributed W} admits an
exact PCE description with L,, = 2 in the basis of Legendre polynomials. Therefore, we conclude the same choice of L
as Section 4.1. For the above settings, the stability in the sense of the average of realizations and distribution is clearly
shown in Figures 1B and 2B. Note the chance constraints are more likely to be activated comparing to case 1 due to the
conservative formulation of chance constraints when disturbance is uniformly distributed. Therefore, in the right subplot
of Figure 1B, more deviations from the line u = Kx are observed for the realization trajectories of state and input in the
X — u plane.

Furthermore, we increase the uncertainty of the process disturbance by doubling its support, that is, Wy ~
1°(0.346,0.346) and V[Wj] = 0.04. Hence, the chance constraints are more likely to be activated and we obtain the
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FIGURE 2 Histograms of the state from 1000 closed-loop realizations for two cases. (A) Case 1. (B) Case 2.

solutions for 1000 samplings as shown in Figure 1C. Note that in the right subplot, the realization trajectories of state and
input that are more widely distributed around the feedback law u = Kx are observed.
4.2 | Batch reactor example

As a second example, we consider a discretized batch reactor system used by De Persis and Tesi.? The system matrices
which serve as simulated reality are

1178 0.001 0.511 —0.403 0.004 —0.087
_|-0.051 0661 -0.011 0.061 o467 0.001
| 0076 0335 0560 0382 | 10213 -0235]

0 0335 0089 0849 0213 —0.016

We consider stabilizing the system at the origin with the prediction horizon N = 10 and the penalty matrices Q = I,,_and
R = I, . We suppose that the i.i.d. disturbances W} follow a Gaussian distribution with zero mean and covariance Xy =
1074 I, Let U’ denote the i-th component of U. We impose the chance constraint (4c) on Ul with P[U! € U] <1 — g,
U = [-2,2] and ¢, = 0.1. Correspondingly, we find o(g,) = 1.645 according to the standard normal table. Moreover, we
specify the terminal region Xt in (20d) as X¢ = {x € X[||x||2 < 1072}

We remark that the least-square estimate (19) of the past disturbance realizations implicitly specify an LTI system with

+
~oa " ]
[AB] =H; (X[LT]) lHi Ez[[(;i T];] ’ h

where x(o 7} and uyg 7_1) are the recorded state-input trajectories as specified in Remark 3.
In the following, we compare three variants of Algorithm 1:

1. Algorithm 1 with exactly measured disturbances

2. Algorithm 1 with disturbances estimated from (19)

3. Algorithm 1 with identified model, that is, we replace the non-parametric system representation (20b) in OCP (20) by
the PCE coefficient dynamics (13) with the identified A and B from (36).

In the offline data collection phase, we generate the data, that is, Xjo 7 and uj r_1), to estimate the disturbances wig r_1;
in Variant 2, to identify A and B in Variant 3, and to determine the terminal ingredients for all variants. Since the system
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TABLE 2 Comparison of the computation times in julia and the closed loop costs for 10 closed-loop realizations.
Computation time Closed-loop cost
Variant Mean [s] SD [s] Mean [—] SD [—]
1 8.03 3.98 276.7121 142.9663
2 8.45 3.64 276.7104 142.9650
3 1.93 0.86 276.7118 142.9636
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FIGURE 3 Closed-loop trajectories of the batch reactor example with Gaussian disturbances for Variants 1-3. Initial condition
Xini = [—2.64, —1.53, —1.87, —4.92]T. Red-solid line: Variant 1; blue-solid line with circle marker: Variant 2; black-dashed line: Variant 3.

to be controlled is open-loop unstable, we first apply 20 random samples uy from U°(—1, 1) to system (3). Then, we use
the recorded state-input trajectory to estimate the 20 disturbances by (19). With the estimated/measured disturbances,
we determine a feedback K from (23) to pre-stabilize the system for further data collection. We continue to sample 980
inputs with u; = Kx; + v, and v, sampled from (1, 1)? to estimate disturbances by (19) for Variant 2 and to identify A
and B by (36) for Variant 3. Finally, we use the first 120 measured inputs, states, and measured/estimated disturbances to
construct Hankel matrices for Variants 1 and 2. The terminal ingredients K, P and I of Variants 1 and 2 are determined
from (23) and (24) with measured or estimated disturbances, respectively, and Variant 3 uses the same as Variant 2.
Considering 10 initial conditions Xi,; sampled from 1/(-5, 5)* and 10 sequences of disturbance realizations, we com-
pute the closed-loop responses of Variants 1-3 for 30 time steps. Moreover, we record the computation time of performing
Algorithm 1 for each step and evaluate the closed-loop costs J° = Ziio ||xk||?2 + ||ui1||12e for the resulting closed-loop tra-
jectories. Table 2 summarizes the mean and the Standard Deviation (SD) of the computation time per step and of the
closed-loop costs for the three variants. As illustrated in Table 2, the difference of the resulting closed-loop costs is minus-
cule for this specific example. However, Variant 3 with estimated system matrices requires much less computation time
than the data-driven variants which illustrates the need to develop tailored numerical schemes. One possible approach
is to truncate the PCE series. In an illustrative example, [Section V.B]® we considered a truncation of PCEs from dimen-
sion L = 31 to L = 4, which halves the computation time with a closed-loop performance loss of 4.38%. However, we note
that the rigorous analysis of closed-loop robustness with respect to truncated PCEs is still open. In addition, the compu-
tation effort can be reduced via multiple shooting reformulation*> and preconditioning of the Hankel matrices. Since the
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FIGURE 4 Histogram of X! from 500 closed-loop realizations for the batch reactor example.

numerical aspects are beyond the scope of this paper, we leave the design of tailored numerical schemes with robustness
guarantees for future work.

Specifically, Figure 3A depicts the input and system state response trajectories for the three variants of Algorithm 1
with respect to xi,; = [—2.64, —1.53,—1.87, —4.92]". As one can see, the response trajectories are almost identical. In addi-
tion, Figure 3B shows the closed-loop evolutions of the infinity norm of resulting slack variable ||c||, for Variants 1 and 2.
In line with Remark 6, the slack variable c is with negligible magnitude and only serves the purpose of the numerical
feasibility of (20b).

Finally, we sample a total of 500 sequences of disturbance realizations and initial conditions from U°(-5, 5)*. Then we
compute the corresponding closed-loop responses of Variant 1. The time evolution of the (normalized) histograms of the
state realizations x! at k = 0, 5,10, 15, 20, 25, 30 is shown in Figure 4, where the vertical axis refers to the (approximated)
probability density of X*. As one can see, the proposed control scheme achieves a narrow distribution of X! around 0.

5 | CONCLUSION AND OUTLOOK

This paper has presented a data-driven stochastic predictive control scheme for stochastic LTI systems with general
zero-mean process disturbances, which uses past state, input, and disturbance realization trajectories to predict future
PCE coefficients. This enables a formulation of the predictive control problem with data-driven uncertainty quantification
and propagation via polynomial chaos expansions. Moreover, we considered terminal constraints on the mean value and
covariance of the terminal state. Combined with the idea of using backup initial conditions, we proposed a data-driven
stochastic predictive control approach the admits recursive feasibility guarantee an asymptotic average cost bound. The
simulation results have illustrated the efficacy and closed-loop properties of the proposed scheme. Future work should
consider (i) the design and analysis of data-driven stochastic output-feedback predictive control,’ (ii) truncation or approx-
imation strategies of the polynomial basis with robustness guarantee, for example, relying on sparse PCEs>? or on active
subspaces,”? (iii) the robustness analysis with respect to errors in the estimation of past disturbance realizations, and (iv)
the real-world application with tailored numerical algorithms.

ACKNOWLEDGMENTS

The authors acknowledge funding by TU Dortmund University, Germany. Ruchuan Ou acknowledges funding by the
German Federal Ministry of Education and Research (BMBF) in the course of the 6GEM Research Hub under grant
16KISK038. Open Access funding enabled and organized by Projekt DEAL.

CONFLICT OF INTEREST STATEMENT
The authors declare no potential conflict of interests.

85U80| 7 SuoWIWoD /e 3|qedldde aup Aqg peusenob afe ssjpire YO 8sn Jo Sajni 10} Areiqi]8uljuQ 481 UO (SUONIPUOD-PUR-SWBI/LOD A3 1M Afe1q 1 BU1|UO//SANY) SUORIPUOD pue Swils | 8y} 88S *[720Z/20/7T] Uo Akiqiauljuo A8|iM ‘UsIps A 8udsIuoIR [T - XeYiol|qig BinqueH BIseAIIN 8yasiuyoe | Aq ZT89°0Ul/Z00T OT/I0p/wod" A8 1M Arelq 1 jpul|uo//Sdny wolj pepeojumod ‘0 ‘6£2T660T



22 Wl LEY PAN ET AL.

DATA AVAILABILITY STATEMENT
The data that support the findings of this study are available from the corresponding author upon reasonable request.

ENDNOTES

*The results of Pan et al.’ are formulated in the input-output setting and hence they are readily translated to the case of state feedback considered

here.
fIn a follow-up to this paper we provide first results in this direction.>!
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