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Abstract

Adhesion and, its interplay with friction, is central in several engineering applications involving soft contacts. Recently,
there has been an incredible push towards a better understanding on how the apparent contact area evolves when a shear
load is applied to an adhesive soft contact, both experimentally and theoretically. Although soft materials are well-known to
exhibit rate-dependent properties, there is still a lack of understanding in how the loading rate could affect the contact area
shrinking. Indeed, most of the experiments involving a sphere-flat contact have been conducted at a fixed loading rate, and,
so far, analytical models have assumed a constant work of adhesion, independent on the peeling velocity. Here, by using
linear elastic fracture mechanics, an analytical model is derived for the contact of a rigid sphere on a soft adhesive substrate,
which is aimed at elucidating the effect that a rate-dependent work of adhesion has on the contact area shrinking. The model
results show that contact area reduction is very sensitive to the loading rate, with slower loading rates promoting a stronger
shrinking, which seems in agreement with Literature results. Furthermore it is shown that rate effects enhance the apparent

interfacial toughness, i.e. more energy is needed to drive the system from full stick up to gross sliding.

Keywords Adhesion - Soft matter - Contact area - Friction

1 Introduction

Adhesion is a flourishing area of tribology, which is central
in both science and technology [1]. Thanks to evolution,
Nature has developed several high efficient systems capa-
ble to control interfacial adhesion, as common experience
proves when geckos, lizards and, in general, insects climb
vertical walls or run on ceilings. Exploiting van der Walls
forces in an efficient manner, is a primary scientific and tech-
nological task, particularly when it interferes with friction,
as this has a tremendous impact on cutting edge technologies
under development, such as soft robots [2], developing an
artificial sense of touch [3], human-robot interactions [4],
pressure-sensitive adhesives [5—7], grippers [8]. Recently,
several authors have been working on the effect that a shear
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force has on the reduction of contact area in a sphere-flat soft
contact. According to the most recent contributions there
are certainly two effects at play: (i) one is related to large
deformations [9-11], (ii) the other related to the weakening
effect that friction has on adhesion due to the mixed-mode
type of loading the contact area is subjected to when a shear-
ing load is applied [12—15]. Although a definite answer on
the interaction between the two mechanisms is still lacking,
using finite element simulations with coupled large defor-
mation, adhesion and friction, Mergel et al. ([10], see their
Fig. 13c) have shown that both effects (i) and (ii) are at play
and concur to the reduction of contact area, with adhesion
being determinant at low normal loads, while large defor-
mations being more important for larger normal loads. Here
we will restrict our attention to the range of lighter normal
loads, where exploiting Linear Elastic Fracture Mechanics
(LEFM) concepts, the contact area can be regarded as an
external crack subjected to mixed-mode loading.

The basic idea of using LEFM for adhesive compliant
bodies in contact, dates back to the seminal work of John-
son, Kendall and Roberts ([16], JKR in the following), who
studied the normal contact of rubber (or gelatin) spheres.
Savkoor and Briggs [12] further developed the work of
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Johnson et al. [16] to account for the possibility of a shear-
ing load, which determines on the contact periphery mixed-
mode loading conditions. When compared with experiments,
Savkoor and Briggs model [12] predicted a stronger reduc-
tion of contact area with respect to the one observed. Later
on, various authors have contributed in extending the work
of Savkoor and Briggs [12] and, in light of a better agree-
ment with experiments, have introduced a phenomenological
function, which accounted for the dependence of the interfa-
cial toughness on the phase angle y = arctan (KH /K, ), being
Ky and K| the Stress Intensity Factors respectively in mode
II and mode I [13-15, 17-26]. The latter approach has some
tradition in the fracture mechanics Literature and is sup-
ported by experimental evidences [27, 28], nevertheless it
does not clarify the physical reasons behind the increase of
interfacial toughness with the phase angle y.

Recently McMeeking et al. [15] have attempted a physi-
cally based interpretation of the experimental evidences.
They have considered the possibility that, while the slip
penetrates the contact area, the strain energy stored in inter-
facial defects such as dislocations or similar (see discussion
in [18]), can be released, hence participating in the fracture
process (i.e. weakening adhesion). Hence, only the revers-
ible part (“G;"”) of the overall mode II energy release rate
Gy, should be accounted when writing the Griffith energy
balance
G +Gy' =w, (D
where G is the mode I energy release rate, Gi" = aGy
being @ a dimensionless shear-index that is postulated to be
a constant and w the work of adhesion (or surface energy).
Ciavarella and Papangelo [24] have estimated the parameter
a from different sets of experimental results available in Lit-
erature (particularly from: [12, 19, 21, 29]), while Peng et al.
[26] have measured a for both compliant and stiff spheres.
Ciavarella and Papangelo [24] have found that « remained
almost constant within a given experiment, suggesting that
this may be an inherent property of the interface, but it
seemed to be strongly dependent on the loading rate, when
different experimental results were compared each other (see
their Fig. 7).

Clearly experiments are challenging to run and most of
the Literature results have been performed at a fixed load-
ing rate within the same experiment, mostly trying to mimic
the quasi-static loading conditions. Although, marked dif-
ferences appear when one compares the experimental work
of different authors. For example Savkoor and Briggs [12]
applied the tangential load step-wise, with each step approxi-
mately equal to ~ 2.5 mN and with 1 min pause between one
step and the other. Waters and Guduru [19] imposed the tan-
gential load through a motorized stage actuated at a constant
velocity of 0.5 pm/s, Sahli et al. [21] and Mergel et al. [29]
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applied the tangential load through a loading arm actuated at
100 pm/s while Peng et al. [26] actuated the tangential stage
at about 2 pm/s. Clearly, adhesion measurements are very
sensitive to details and it is difficult to compare results from
different test rigs. Nevertheless Ciavarella and Papangelo
[24] have shown that the parameter @ seems to scale as a
power law with the velocity at which the tangential loading
stage is actuated. !

Although relevant steps forward have been made on the
modeling side, the previously mentioned models have barely
considered the effect that the tangential loading rate has on
the contact area reduction, with the only exception of Waters
and Guduru [19] who briefly discussed possible implica-
tions. Nevertheless, soft materials are well-known to exhibit
rate-dependent behavior and it is widely accepted that the
interfacial toughness shows a power law dependence on the
peeling velocity v, as firstly proposed by Gent and Schultz
(30]

Vp n
w=w0[1+<70> ], 2)

where wy is the adiabatic (or thermodynamic or Dupré) work
of adhesion in the limit of v, — 0, V, = (ka'})_1 is a refer-
ence velocity, k is a constant, a; is the WLF [31] shift factor
that allows to compare viscoelastic data taken at different
temperature and z is an exponent commonly in a range from
0.1 to 0.9 for realistic materials.

In what follows, the model of Ciavarella and Papangelo
[24] will be extended to account for a velocity dependent
work of adhesion in the form of the Gent and Schultz law
[Eq. (2)]. Hence, the presented model is solely based on
linear elastic fracture mechanics and rate effects are limited
to assuming a rate-dependent work of adhesion in the form
of Eq. (2), while the study of the effect of substrate viscoe-
lasticity is left to a further analysis.

2 Theoretical Model
2.1 Dimensional Formulation

Let us consider a rigid sphere of radius R squeezed against a
linear elastic soft half-space by a normal force P and sheared
by a tangential force T (see Fig. 1). For soft materials we
expect short-range adhesion, hence in the normal direction
the classical JKR model is considered. In the tangential
direction we assume that, as the shear force 7 is increased,
slip starts to penetrate within the contact circle, determining
a slip annulus b < r < a, where r is the radial coordinate,

! The parameter « is referred as A in [24].
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Fig. 1 a Sketch of the contact
problem considered. A rigid
sphere is pressed and sheared on P
a soft elastic half-space. b The
periphery of the contact area is (b) Fracture modes combination
subjected to mixed-mode frac- rigid I+111

ture loading. The shaded inner sphere
circle of radius b represents the soft
stick region, while the contact elastic
area has radius a substrate 1+

(a) Sketch of the problem considered

(Fig. 1b). As suggested by experimental observations [25,
32, 33], within the slip annulus a uniform constant shear
traction 7, is assumed, which resultant equilibrates the exter-

a is the contact radius and b is the radius of the stick zone 2
of b b 1 (b
T =2t4a"| = 1—(—) + cos (—) . @)
a a a

Using the r@ults in [15], Ciavarella and Papangelo [24] have

nal force T. ;
h that 6 b d, tly, funct f th
From the classical JKR theory, the mode I energy release shown . at 0o €an be expressed, exacty, as a function ot the
. tangential load T as
rate is
- T 2-v) T* T
2 - —
1 AE*a® b9 = dq, h<_> - ST ) ®
= b < w " > : 3) M T ) T 200 =) 8ageEra® \ Ty

. 5. ] ] ] where EO’LEFM is the averaged slip at the contact periphery in
where E* = E/(1 — v)~ is the plain strain elastic modulus of the LEFM limit, Ty = 747 a? and W(T /Ty is @ parametric
the substrate, with E the Young’s modulus and v the Poisson ..o tive function (see [24] for further details).
ratio. In the tangential direction, using the equivalent of a Using Eq. (1) the Griffith energy balance gives
Dugdale crack in mode II and the definition of a, the revers-
ible mode II energy release rate is 1 < AE* a3

2
< T
87E*a>\ 3R _P> + aTO(SO,LEFMh<m> =w. (9

If the work of adhesion does not depend on the peeling
velocity and is equal to its adiabatic value (w = wy), Eq. (9)
coincides with the model presented in [24]. Instead, accord-
ing to the Gent and Schultz law (2), here it is assumed that

_ _ 2
8y = %<2 V)Ea< 1- <é> cos™! <é> + b_ 1>. w is a function of the peeling velocity
a a

G = aGy = aryd,, )

where 50 is the total slip averaged at the contact periphery
[34]

a\l—-v/E*
5 —_9a_ _dadlT _ _da,
, O vy = @ ara ark (10)
Furthermore, from Savkoor PhD thesis [34] the tangen- )
tial load T and the tangential remote displacement D are ~ where ¢ is the time, T = dT'/dt is the tangential loading rate

respectively and the minus sign accounts that for increasing 7 the contact
- patch shrinks (da/dr < 0 for T > 0).? Finally, using Eqs. (2),
_2-vi /i _ (é) 6)  (8).(9), (10), the Griffith equilibrium condition gives
1 —vE* al’

d v, 4\ 172 T 1 i
a_ (2 p_=4 +—( _V>aT2h — 1\ (11)
dT T 3R 2 1 -V Tfu]l 87[a3E*W0

2 One may also express the peeling velocity as a function of
D = dD/dt. For this case, we have derived the governing differential
equation in “Appendix”.
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which is a first order differential equation that can be solved
using as initial condition a contact radius that satisfies the
JKR model under O tangential load, i.e.

* 3
P= 4§Ra — 1/ 8nd3E*w,.

From Eq. (9) one can obtain the equivalent work of adhesion

We =W (1 + L<—d—aT>n> - g(2_ V) r h<i>
e 0 vi\ dr 2\1—v/8za3E* \ Ty

13)

Notice that, as w, increases with the loading rate 7, the con-

tact area is expected to shrink faster for low loading rates.

This is in agreement with the analysis of Ciavarella and

Papangelo [24] that suggests a is a decreasing function of

the loading rate, i.e. a stronger reduction should be obtained
in quasi-static conditions.

12)

2.2 Dimensionless Formulation

Let us introduce the following dimensionless quantities

w Rw,

W0 D P I~ T 0 TR (14)
W, = = ) P=— T = - Ty = 20

wo Rw, Voéwo 2w,

The differential equation (11) reduces to

~ 1/n

di _ 1) (5 4=\ a(2=v\,( T \|_L _
| (GERS o G R
(15)

With the above notation the JKR equilibrium equation gives

P= 353 — V8@, (16)
while the equivalent surface energy is
~ n _ =) ~

wo= (14 (-527) ) -3 ol -

daT 2\l —v/8xa* \ Ty,
or, using Eq. (15), simply
~ ~ 4~3>2 1

= P — —Aa .

Ve [( 3" ] 87 an

where @ is the contact radius at a given 7. For T=0,7is
equal to the JKR value and w, = 1, while for T > 0, @ will
be less than the JKR value, hence W, < 1.

@ Springer

Fig.2 a Contact area A as a function of the tangential load T for
n=20.5 and different loading rates log,,7 =[-2,-1,...,3]. The
purple dashed line is obtained imposing a constant work of adhe-
sion (w = WO), but using a = 0.6637 (and not & = 1 as in the rate-
dependent model [Eq. (15)]). For the latter curve please refer to
Sect. 3.3. b As in panel a, but with a fixed loading rate log,, 7 =0
and n =[0.1,0.3,0.5,0.7,0.9]. In both panels the other parameters are
'70 =1, a =1, and P =0. The dot-dashed black curve, corresponds
to the Quasi-STatiC (QSTC) limit, where w = w,,, while the dashed
gray line represents the critical condition of incipient gross sliding
T = 7,A (Color figure online)

3 Results
3.1 Contact Area Shrinking

In what follows, we will focus on the effects that a rate-
dependent work of adhesion has on the reduction of contact
area under increasing tangential load. As for the discussion
above, unless differently stated, we will set @ = 1. For a
fixed set of the system parameters, reducing o would give
qualitatively similar results except for a smaller reduction
of the contact area® (the smaller a the smaller G available
in the fracture process). Furthermore, our attention will be

3 We neglect here the unlikely case of having @ < 0.
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Fig. 3_a Equivalent surface energy W, as a function of the tangential
load T for the curves in Fig. 2a (n = 0.5, log,, T = [-2,-1,...,3]). b
Equivalent adhesive energy w,  at the point of incipient gross sliding
as a function of the loading rate T for n =1[0.1,0.25,0.5,0.75,0.9].
(Inset) Work of adhesion # as a function of the peeling velocity v, for
n = 0.2 (solid curve) and n = 0.8 dashed curve

restricted to the case of small normal loads, as to avoid non-
linear effects due to large deformations, hence, in the follow-
ing, unless differently stated, we will set P=0.

Let us first investigate the reduction of contact area as a
function of the tangential load T. Figure 2a shows the vari-
ation of contact area A = 73* as a function of the tangential
load T for n=0.5, 7, = 1 and different loading rates
log,, T= [-2,—1,...,3] (solid curves). Increasing the tan-
gential load T the contact area shrinks, more rapidly as the
loading rate reduces. The dot-dashed black curve, corre-
sponds to the Quasi-STatiC (QSTC) limit, where w=wy,
while the dashed gray line represents the condition T= TOA
i.e. the state of incipient gross sliding. Panel (b) sheds a light
on the effect of the exponent n on the contact area reduction
at a fixed loading rate 7" _r It is shown that n has a strong
effect on the rate at which the contact area shrinks, in par-
ticular larger n leads to a stronger reduction of the contact

25

AJKR
200 1,=[0.5,1,2] e ]

1000 105

Fig.4 The ratio

T../7, as a function of T for n=0.5 and varying
%, =1[0.5,1,2].

area. This can be easily understood by looking at how the
equivalent energy w, varies during the shrinking process.
Figure 3a shows the equivalent adhesive energy W, as a
function of the tangential load T for the curves in Fig. 2a
(n=0.5,log,,T =[-2,~-1,...,3]). For vanishing tangen-
tial load T all the curves start at w, = 1, i.e. from the JKR
solution. While the tangential load is increased, the equiv-
alent adhesive energy diminishes up to the critical condi-
tion of incipient gross sliding, to which we refer as W, .
The limit curve for the equivalent adhesion energy in the
instant of incipient gross sliding w, ., (long dashe(li lz)lack

€,s8
line) can be easily obtained substituting @ = <”l?> into
0

Eq. (17). Figure 3a shows that the curves for W, (solid
curves) are bounded by the QSTC limit (short dashed
black line), which gives the fastest reduction of the equiva-
lent surface energy, and the limit case of infinite loading
rate (horizontal dot-dashed line), where W, remains con-
stant, as the contact area does not have time to shrink.

To gain a better understanding of the effect of the load-
ing rate on the contact area shrinking, it is useful to show
how the equivalent surface energy at the instant of incipi-
ent gross sliding W,  varies as a function of the loading
rate and of the exponent n. Figure 3b shows w,  versus 7

for n =[0.1,0.25,0.5,0.75,0.9]. First notice that all the

curves start from the QSTC value at low 7 and tend to 1

at high loading rates. It is shown that all the curves inter-
sectat T ~ 10. In particular for T < 10 asmall exponent n
gives a higher equivalent surface energy, while for T3> 10
a small exponent n gives a lower equivalent surface energy.
This depends on the shape of the Gent and Schultz law (2).
Indeed, the inset shows the dimensionless work of adhe-
sion w as a function of the dimensionless peeling velocity

@ Springer
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Vp = vp/V0 for n = 0.2 (solid curve) and n = 0.8 (dashed
curve). Clearly, in the range of Vp < 1, a smaller exponent
gives a larger adhesive energy, hence, when the peeling
process starts with a low peeling velocity (v, < 1), a
slower reduction of the contact area is obtained (see
Fig. 2b).

Finally Fig. 4 shows the contact area at incipient gross
sliding Aw as a function of the loading rate ~ for n=0.5and

varying 7, = [0.5, 1, 2] (solid curves). The dot dashed black
lines stand for ZSS for QSTC loading, while the upper limit
at high loading rates is the JKR contact area. For high load-
ing rates all the curves tend to the JKR contact area, regard-
less of the shearing strength 7, while the QSTC limit is
strongly influenced by 7,. As one may expect, the larger 7,
the larger the reduction of the contact area that can be
achieved in the QSTC conditions.

3.2 Rate-Dependent Toughening of the Interface

Here the toughening effect that a rate-dependent work of
adhesion has on the contact interface is investigated. To
allow for a quantitative comparison, it is convenient to
determine the amount of mechanical energy E, that has to
be spent to drive the system from full-stick to the state of
incipient gross sliding. The energy E, spent in the transition
can be computed as

Dy 0o dD<Z) -
Etz/ TdD:/ T(b) > db, (18)
0 1

db

Q-v) noa -
(1-v) E*
of incipient gross sliding and we have highlighted that the

tangential load T and displacement D are function of
b =b/a. Using Eq. (6) to obtain the derivative dD/db and
substituting the latter into Eq. (18) one obtains in dimension-

less form
1 =52 + cos™! (Z) )Z

N _ (B
E= 2(?_—:)%?/0 Vi-n
(19)

where E, = E,&%/(woR?). In general, the reduction rate of
the contact radius @ will be governed by the differential
equation (15), hence it will not be a trivial function of b.
Nevertheless Eq. (15) suggests that for very high loading
rates dﬁ/dT — 0, hence, in the transition from sticking to
sliding, the contact radius will not have time to shrink and
will remain approximately constant and equal to its JKR
value, i.e. d@ ~ @i This allows to determine an upper-
bound for the transition energy Et (in the limit of very
high loading rate) that is

where Dy, = is the remote displacement at the state

,max
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Fig.5 Tangential load versus the dimensionless -tangential remote

displacement D for different loading rates log,, 7 = [-2,—1,...,3]
and n = 0.5,7, = 1. Same parameters as in Fig. 2a

il 4 2 ~Q~3

Et,max = (” - 5)(1 _ > To%KR" (20)

For the curves plotted in Fig. 2a, Fig. 5 shows the dimen-
sionless tangential load y Versus the dimensionless tangential
remote displacement D= c_ for different loading rates

log10 =[-2,-1,...,3]and n = 0.5,7, = 1. All the curves
start linearly from the origin, as in the very beginning the
contact radius remains almost constant, and bend horizon-
tally when the contact area shrinks markedly. A larger load-
ing rates leads to a larger tangential force and displacement
at 1nc1plent gross sliding, which from Eqgs. (6), (7) is
= = 5. As the energy E spent in the transition from

~(2-v

ss
o\ 1o

full-stick to gross sliding is the area underneath the loading
curve, it is evident that high loading rates make the interface
tougher.

In order to quantitatively compare the toughening effect
introduced by a rate-dependent work of adhesion, Fig. 6a
plots the energy Et as a function of the loading rate for
n = 0.5and 7, = [0.5, 1,2]. First note that INEt increases with
the interfacial shear strength 7, with a sigmoidal shape that
starts off at low loading rate from the QSTC value E... and

~ gstc
increases up to E ., at hlgh ~ (both limits are shown as

dashed black lines). Figure 6b shows that the ratio E, /E

gste
is strongly affected by = F and is larger for higher 7. This

suggests possible new avenues of research for tough inter-
faces in soft materials, where the loading rate may play a
fundamental role.

3.3 Scaling of the Shear-Index a
As we have reviewed in the Introduction, few experimental

data are available in Literature to compare with, as different
experimentalists have used different protocols of actuation
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Fig.6 a The energy El asa 1000 10

function of the loading rate 7 (a) (b)

forn = 0.5and %, = [0.5, 1, 2], 500! ©=[0.5,1.2]

Dashed black lines refer to the 50

QSTC and the high loading [ 7T

rate limits [Eq. (20)]. b For o

the curve in panel a, janel b _ ®
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of the tangential loading stage. Nevertheless, collecting the
data available, Ciavarella and Papangelo [24] have shown
that the shear-index a is expected to scale as a power law
with the velocity v, at which the tangential loading arm is
actuated—more precisely they found a oc v;*8. In line with
Waters and Guduru analysis [19], Ciavarella and Papangelo
[24] speculated that this scaling may be compatible with
rate-dependent effects, which were absent in their model.
Although a quantitative comparison with experimental
results is not possible for lacking information, we here
attempt to derive what would be the scaling of the shear-
index awith the loading rate 7&, if one would neglect the rate

dependence of the work of adhesion on the peeling velocity,
as indeed most of the authors have done so far. Using
w = w,, from Eq. (9) one obtains in dimensionless form

4 ~\ 2
85 — (4 - P)
oy = - Q1)

which can be exploited to determine how a;, depends on 7

Hence, the objective, is to determine which ag would better
fit the result obtained with a rate-dependent model [Eq.
(15)], @ versus T curve, if one assumes the work of adhesion
is constant (w = wy). To this end we fixed a given exponent
n =[0.2,0.3,0.4,0.5,0.8], then solved the differential equa-
tion (15) to obtain the curve & versus 7' and determined Qg
imposing that Eq. (21) is satisfied at T = 7. We have verified
that the scaling of a;, with the loading rate is not influenced
by this arbitrary choice of T. For the curve @ versus T
obtained with the rate-dependent model [Eq. (15)] in Fig. 2a
corresponding to T=10" (blue solid line), with the above
procedure, one obtains that it can be approximately fitted by
a model with constant work of adhesion (w = Wo) but using
ag, = 0.6637 (and not @ = 1 as in the rate-dependent model),
which gives the purple dashed line shown in Fig. 2a.

Figure 7 shows the results obtained for the exponents
n=1[0.2,0.3,0.4,0.5,0.8]. At low loading rates all the
curves tend to a5 = 1, i.e. in QSTC conditions rate effects
can be neglected and both the elastic and the rate-depend-
ent models give the same shear-index (a« = ag, ). It has been
shown before that larger 7 leads to a smaller reduction of

the contact area, hence ay, starts to decrease as a power
. -1
law. For all the exponents considered we found ay, F

which slope is quite close to the “—0.8” reported in [24].
The mechanism behind is clear: to favor a slower reduction
of the contact area ag, decreases, i.e. it decreases the
reversible part of the mode II energy release available in
the fracture process. In light of recent experimental meas-
urements/estimation of the shear-index « [24, 26] and to
achieve a better understanding of the physical meaning of
the shear-index a, it is of utmost importance to discern
between rate-dependent effects and the irreversible

10 ‘

n=[0.2,0.3,0.4,0.5,0.8]

102 10

#

Fig.7 Shear-index ay obtained fitting the rate-dependent model
results’ (a versus T curves) with an elastic model with con-
stant work of adhesion, as a function of the loading rate T for
n=1[0.2,0.3,0.4,0.5,0.8]
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processes happening at the interface. Notice that, in this
analysis we have neglected bulk effects (we used the
relaxed modulus of the viscoelastic material
E, = E(w = 0), being w the excitation frequency), hence
the results presented should be relied on for not too high
peeling velocity.

4 Conclusions

In this manuscript the contact between a rigid sphere,
pressed against a elastic soft substrate and sheared by a tan-
gential force, has been considered. The effect that a velocity
dependent work of adhesion (in the form of the Gent and
Schultz law) has on the reduction of the contact area, have
been studied and discussed. It has been shown that the tan-
gential loading rate has a strong impact on the rate at which
the contact area shrinks, in particular stronger reduction is
predicted for QSTC loading conditions, while at a high tan-
gential loading rate, the contact circle does not have time to
shrink and the contact area remains almost constant, equal
to its JKR value. Furthermore, a high loading rate makes
the interface tougher, in the sense that more energy has to
be spent to drive the system form full stick to the condi-
tion of incipient gross sliding. The toughening effect can be
quite strong, particularly for high interface shear strength.
Finally, following recent emphases on measuring the shear-
index «a, it has been shown that neglecting the dependence
of the work of adhesion on the peeling velocity, may lead to
and erroneous estimate of a, which may appear to scale as a
power law of the loading rate. This is in agreement with the
estimate of Ciavarella and Papangelo [24]. Nevertheless, a
quantitative comparison with experimental results was out
of reach as, commonly, sphere-flat shear experiments have
been conducted at a fixed loading rate, hiding possible rate-
dependent effects. With the current emphasis in assessing if
the shear-index « is a property of the interface [15, 24, 26]
or just a “fitting” parameter with a blurry physical meaning,
it is of utmost importance for experimentalists to investigate
more on the effect that the loading velocity has on the con-
tact area shrinking and to discern rate effects from the irre-
versible processes happening at the interface, which should
be captured by a. In this respect, it is hoped that the present
model would be of help.

Appendix

In the main text, we have expressed the peeling velocity as a
function of the loading rate T = dT'/d¢, which is the rate of
change of the tangential load with respect to time, measured
in ST units in (N/s). It may be useful, for further analysis, to
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express the peeling velocity as a function of the imposed
velocity at which the remote tangential displacement is
applied, i.e. D = dD/dt measured in SI units in (m/s). The
peeling velocity is then

da dadD  da;

)
dDdr  dD (22)

y =4
P dr

where the minus sign accounts that for increasing D the con-
tact patch shrinks (da/dr < 0 for D > 0). From Savkoor [34]
the total slip averaged at the contact periphery is

5, = 2Dg<l_)), 23)

T

where D = D/D;,, and g(B) is the function

B V1-D +Dsin™! <B> —1 o
g(D) = — .

D

Using Egs. (1), (2), (3), (4), (22), (23), (24), the Griffith
equilibrium condition gives

1/n
v w3 2

d_a=_ —U + <4Ea —P) +16aE*a3rng<L> -1

dD D 8xE*a’w, 3R Dy

which is a first order differential equation that can be solved
using as initial condition a contact radius that satisfies the
JKR equation.
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