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Abstract

This paper deals with U-statistics of Poisson processes and multiple Wiener-It6 in-
tegrals on the Poisson space. Via sharp bounds on the cumulants for both classes
of random variables, moderate deviation principles, concentration inequalities and
normal approximation bounds with Cramér correction are derived. It is argued that
the results obtained in this way are in a sense best possible and cannot be improved
systematically. Applications in stochastic geometry and to functionals of Ornstein-
Uhlenbeck-Lévy processes are investigated.
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1 Introduction

Probabilistic limit theorems for functionals of Poisson processes were intensively
studied over the past decades. Starting with the seminal work [34], this field of research
got a particular new drive. In that paper, Malliavin calculus for Poisson processes was
combined for the first time with Stein’s method for normal approximation to deduce new
central limit theorems with explicit error bounds. Previously, this connection had been
established and exploited for functionals of Gaussian processes and has led to a large
number of exciting new developments, see e.g. the monograph [32] for an excellent
introduction. As an example we mention the celebrated fourth moment theorem, which
states that a sequence of random variables living inside a fixed Wiener chaos and having
unit variance converges in distribution to a standard Gaussian random variable if and
only if their fourth moments converge to 3, the fourth moment of the standard Gaussian
distribution. For the Poisson space, which we consider throughout this paper, a fourth
moment theorem in the same spirit as well as some refinements were established in
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Moderate deviations on Poisson chaos

[11, 12, 13]. Indeed, for a sequence of random variables (F},),cn living inside a fixed
Poisson chaos, so-called multiple Wiener-Itd integrals, such that E[F?] = 1 for each
n € IN one has that

F, -5 N~N(0,1)  if E[FY -3,
as n — oo. This can equivalently be rephrased by saying that
F, % N~N(O,1)  if  cumy(F,) — 0,

as n — oo, where cumy(F,,) := E[F?] — 3 stands for the fourth cumulant of F,,. In case
that the sequence (F%),cn is uniformly integrable also the reverse direction of this
implication is true.

Poisson functionals, i.e. random variables depending only on a Poisson process, play
a crucial role in stochastic geometry, where one frequently studies random structures
constructed from an underlying Poisson process. For such situations the Malliavin-Stein
method is a very useful approach that has been extensively employed over the last years
(see e.g. the volume of survey articles [33]). Although multiple Wiener-It6 integrals
are very important and interesting objects, statistics of interest in stochastic geometry
are usually sums of multiple Wiener-It6 integrals and not single ones as considered in
the fourth moment theorem above. However, many of them are so-called U-statistics
of Poisson processes. Since these Poisson U-statistics can be written as finite sums of
multiple Wiener-I1to integrals, they are closely related to multiple Wiener-It6 integrals
and very well suited for the Malliavin-Stein approach. This technique was used in e.g.
[8, 19, 24, 25, 29, 36, 39, 44] to derive general normal approximation results for Poisson
U-statistics, which were applied to different situations such as

(i) geometric random graphs [8, 24, 25, 39, 40],

(ii) intersection and flat processes [5, 20, 22, 29, 39, 45],
(iii) random simplicial complexes [1, 9],
(iv) the statistical analysis of spherical Poisson fields [6, 7].

We also point to the works [3, 4] for the study of concentration bounds for U-statistics of
Poisson processes. For a survey on Poisson U-statistics we refer to [26].

The present paper is focussed on refinements of the central limit theorem for multiple
Wiener-It6 integrals and U-statistics of Poisson processes. For finite sums of such random
variables we study the validity of the Gaussian tail behaviour on scales beyond the one
of the central limit theorem. We do this by proving moderate deviation principles (MDPs)
as well as concentration inequalities and normal approximation bounds with Cramér
correction.

Our proofs rely on the so-called method of cumulants, which requires fine estimates
on the cumulants of all orders. It is well known that such bounds encode much infor-
mation about the fine probabilistic behaviour of the involved random variables, see the
monograph [41]. In particular, sharp bounds on cumulants lead to moderate deviation
principles, see [14]. For more details on the method of cumulants we also refer to the
recent survey [15]. In order to control the cumulants, so-called product formulas for
the moments and cumulants of multiple Wiener-It6 integrals are needed. In the present
article we improve existing results in this direction (see e.g. [29, 35, 47]) by deriving
such bounds under weaker (and partially even optimal) integrability assumptions. These
findings are of independent interest.

Our work can be regarded as a continuation of our previous article [46], where we
studied similar questions for multiple stochastic integrals on the Wiener space, that is,
stochastic integrals with respect to Gaussian processes. On the Wiener space it has
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been shown in [46] that all cumulants of a multiple stochastic integral are bounded in
terms of the fourth cumulant. Roughly speaking, this can be seen as a consequence of
the hypercontractivity property on the Wiener space. Since no such property is available
for Poisson processes, a similar bound for the cumulants in terms of only the fourth one
cannot be expected for the classes of random variables we consider. This together with
the much more involved combinatorial structure of the product formulas for multiple
stochastic integrals on the Poisson space makes the derivation of cumulant estimates for
U-statistics and multiple stochastic integrals a challenging problem, which is tackled
in the present text. It is one of the main features that our results will turn out to be
best possible. In fact, we shall identify a range of scales on which general finite sums
of Poisson U-statistics and general finite sums of multiple Wiener-It6 integrals satisfy a
MDP and we construct examples of such functionals that cannot satisfy a similar MDP
beyond this range of scales. We highlight that this is in sharp contrast to the situation
studied in [46], where such an example could not be found so far. This in turn led to a
range of scalings for which we could not answer in [46] whether or not a MDP is valid
for a general sequence of multiple stochastic integrals.

Our general findings for multiple Wiener-It6 integrals and Poisson U-statistics will
be illustrated by means of three examples. We start by specialising our estimates to
U-statistics having a fixed kernel. As an application we consider the intersection process
of order ¢ generated by a Poisson process of k-dimensional totally geodesic submanifolds
in a d-dimensional standard space of constant curvature x € {—1,0,1}. More specifically,
we consider the d — ¢(d — k)-dimensional Riemannian volume associated with such an
intersection process within a fixed observation window. This naturally connects to
the recent line of research in non-Euclidean stochastic geometry. As a second model
we investigate the random geometric graph in which two points of a homogeneous
Poisson process within some convex body in R¢ are connected by an edge, provided their
Euclidean distance does not exceed some given threshold. The Poisson functional we
consider is a linear combination of classical subgraph counting statistics. Finally we
study the Ornstein-Uhlenbeck process generated by a Poisson process in space and time.
More precisely, our focus lies on the quadratic variation functional of this stochastic
process, which admits a representation as a sum of Wiener-It0 integrals of order one
and two.

This paper is organised as follows. After introducing some preliminaries and notation
in Section 2, we present and discuss our main results in Section 3. We consider moderate
deviations for multiple Wiener-It6 integrals and Poisson U-statistics in Subsection 3.1,
while Subsection 3.2 deals with product formulas, which are essential ingredients of our
proofs. Section 4 is devoted to applications, before the proofs are given in Sections 5, 6
and 7.

2 Preliminaries

2.1 Poisson processes and multiple Wiener-It6 integrals

Let (X, X) be a measurable space, which is supplied with a o-finite measure pu. A
random counting measure n on X is called a Poisson process with intensity measure p,
provided that

i) for all B € X, n(B) is a (possibly degenerate) Poisson distributed random variable
with mean u(B),

ii) the random variables 7(By),...,n(B,) are independent for all pairwise disjoint
Bi,...,B, € X, neN.

For ¢,7 € IN we let L"(u9) be the space of measurable functions f : X9 — R with the
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property that |f|" is integrable with respect to p?, the g-fold product measure of the
underlying measure p. Moreover, we shall denote by L’ (u?) the subspace of symmetric
functions, that is, functions f € L"(u?) that are invariant with respect to arbitrary
permutations of their arguments.

For a counting measure £ on X and m € N let us define the measure £(™) on X" by

m—1 m—2
gtm)( / / (@1 mm) € 4) (€= Zézi)(dmm (¢- Z(S ) (dzp)
X (§ = 0g,)(da2)€(dy)

where §, stands for the Dirac measure at = € X. For f € L!(19) we define the pathwise
multiple stochastic integral I,(f) of f with respect to the (compensated) Poisson process
1 by
I,(f) = )= II\/ / :cl,...,a:q)uqfl'”(d:cjc) (D (dz )
xI71 Jxa-171

JC[q

with [¢] :={1,...,q}, z;:=(z; : j € J) and where |J| stands for the cardinality of J (for
J = [¢] we interpret the inner integral as f(xz1,...,xz4)). The g-fold Wiener-Ito integral of
f € L%(u?) is defined as the limit of (1,(f,))nen in the space of square integrable random
variables, where (f,)nen is a sequence of simple symmetric functions approximating f
in L2?(u9). We recall that E[I,(f)] = 0 and that

[y, (f1)lg,(f2)] = a1'1(q1 = q2) {f1, f2) L2 (ur),

where q1,¢2 € N, f1 € L2(u?), fo € L2(p%) and (-, - )12(,a) denotes the usual scalar
product in L?(u%). In particular, if a random variable has the form F := I, (f1) +... +
I, (fr) with k € IN, distinct ¢i,...,q € N and f; € L2(u%), i € {1,...,k}, we have that
EF = 0 and that the variance of F' is given by

Var F = q!| fill 32y + -+ a6 Fr 172 - 2.1)

Let us also remark that the collection of all random variables of the form I,(f) with
f € L%(u9) is called the ¢'" Poisson chaos (with respect to the measure y).

We refer to [28] for background material concerning Poisson processes and a detailed
construction of the multiple Wiener-It6 integral.

2.2 Poisson U-statistics

As in the previous section, let (X, X) be a measurable space and 7 be a Poisson
process on X with o-finite intensity measure u. A Poisson U-statistic is a random variable

of the form
S = E fx1, ... 2q),
(x1,-,2q)ENY

where ¢ € IN, n; stands for the set of all g-tuples of distinct points of  and f € Ll(u9).
Since we sum over all permutations of any combination of ¢ distinct points of , we can
assume without loss of generality that f is symmetric. We denote ¢ as order and refer
to f as the kernel of S. The previous definition covers most of the relevant situations.
However, our general framework even allows situations where the Poisson process is not
given by its atoms, cf. [28, Section 12.3]. In this case, we mean by a Poisson U-statistic
of order ¢ a functional of the type

flz1,...,2q) n(‘I)(d(acl, ce )
Xa
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In the sequel we always use the notation with the sum since we believe that it is more
intuitive and is the typical situation for most of our examples.
The Poisson U-statistic S is square integrable if and only if

2
/Xi (/X , f(ylv"'ayhxlw"axqfi) ,u'q_i(d(xlv"'axqi))) lj‘l(d(yhayl)) < o0 (22)

foralli € {0,...,q} (see [28, Proposition 12.12] and [39, Section 3]). Fori =0 and i = ¢
this means that f € L1(u9) and f € L2(u?), respectively. If (2.2) is satisfied, the functions
fi: Xt = R,i€{l,...,q}, given by

Fneeees)i= (1) [ Fn i o)), @3

7

are square integrable. In [39, Section 3] it is shown that a square integrable Poisson
U-statistic S has the representation

q
S=ES+> L), (2.4)
i=1
and that its variance is given by
q
Var S = ZZ'Hleiz(#b) 5 (25)
i=1

compare with (2.1). The decomposition (2.4) is called the Wiener-It6 chaos expansion of S.
We emphasise that any square-integrable Poisson functional F), i.e. any random variable
depending on a Poisson process only, has a representation as a sum of its expectation
and (possibly infinitely many) multiple Wiener-It0 integrals. In other words, (2.4) says
that square-integrable Poisson U-statistics have a finite Wiener-It6 chaos expansion. On
the other hand, in [39, Theorem 3.6] it is shown that any square-integrable Poisson
functional with a finite Wiener-It6 chaos expansion having integrable kernels f;, which,
by the square-integrability of the Poisson functional, are automatically square-integrable,
can be written as a sum of finitely many Poisson U-statistics and a constant.

2.3 The method of cumulants

In this section we present what is called the method of cumulants. We start with the
definition of cumulants and by setting up the notation. For real-valued random variables
X1,...,Xm, m € N, the joint characteristic function ¢x, . x, :R"™ — C is given by

m
(thm;Xm (tl, e ,ﬁm) = IEexp (iztle> ,
=1

where i is the imaginary unit. The joint cumulant of X3, ..., X,, is then defined as

m

Cum(X17 e 7Xm) = (_i)mm log %DXI,anvn (tl, ey tm)

m

t1=...=tm=0

In the following we consider random variables that have finite moments of all orders.
This implies that all joint cumulants of these random variables are well defined. Note
that the joint cumulants are linear in each coordinate. For a real-valued random variable
X and m € IN we shall write cum,,(X):=cum(X, ..., X) for the m*® cumulant of X.
Before we can summarise the main elements of the method of cumulants, we provide
the definition of a moderate deviation principle. Let us recall from [10] that a sequence
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(P, )nen of probability measures on a topological space Z with o-field & satisfies a
large deviation principle with speed s,, — oo and good rate function 7 if the level sets
{z€ Z :Z(z) < a} are compact for all 0 < a < oo and if for all A € &,
. . —1 . —1 .
zeilrrllt{A) I(z) < hggloréf s, logP,(A) < hTILn_>Solip s, logP,(A) < zelg(fA) I(z),

where int(A) and cl(A) stand for the interior and the closure of A, respectively. Moreover,
a sequence (X, )nen of random variables satisfies a LDP if their distributions do. We
will speak about a moderate deviation principle (MDP) instead of a LDP if the scaling of
the involved random variables is between that of a law of large numbers and that of a
central limit theorem.

Now, let (X,,)nen be a sequence of square-integrable random variables, v > 0 be a
constant and (A, ),en be a positive real-valued sequence. To keep the presentation of
our results more transparent, we introduce the following shorthand notation and say
that (X,,)nen satisfies

* MDP (v, (Ap)nen) if for any positive real-valued sequence (a,,)nen With

. : an
ad o =00 and ey
the re-scaled random variables (a,, (X, — EX,)/v/Var X,,),en satisfy a moderate
deviation principle (MDP) with speed a? and good rate function Z(z) = 22/2,
* CI(7, (An)nen) if the Bernstein-type concentration inequality

1 2
P(|X, —EX,| > zy/Var X,;) < 2exp (—4 min {QTTW (zAn)l/(lJr‘Y)})

holds foralln € N and z > 0,
* NACC(y, (Ap)nen) if a normal approximation bound with Cramér correction holds,
that is, if there exist constants cg, c1,co > 0 only depending on « such that for all

ne€Nand z € [0, oAy 727,

1+2 )

_ Lt +
P(X, — EX, > 2/Var X,,) = el (1 <I>(z))(1 + Clemz&/mzw)

and
. 1

P(X, — BX, < —2y/Var X,,) = el (1 - (=) (1+ clo;zﬁ)

with 6,0, . € [-1,1] and L;

_ 1/(142 1/(142
RN St oL, € (—0223/An/( + 7),02z3/An/( + 7)), where ¢
is the distribution function of a standard Gaussian random variable.

The main tool for proving our results are sharp estimates for cumulants and their
implications. The next proposition is our main device. It collects findings taken from the
monograph [41], the paper [14] and the survey article [15] (see also [46, Lemma 11]).
It summarises fine probabilistic estimates, which are available under certain natural
bounds on cumulants.
Proposition 2.1 (MDP, Cl and NACC under cumulant bounds). Let (X, )»en be a sequence
of real-valued random variables such that E[X,,] = 0, E[X?] = 1 and E[|X,,|™] < oo for
allm > 3. Suppose that there exist a constant v > 0 and a positive real-valued sequence
(A,)nen such that
(m) 7

|Cum7n(Xn)‘ < W
for allm > 3 and n € IN. Then (X,,)nen satisfies MDP (v, (A,)nen), CI(v, (Ap)ren) and
NACC(’% (An)nEIN)

(2.6)
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Figure 1: An element of I1(3, 2, 1).

Remark 2.2. The cumulant bound (2.6) immediately implies a central limit theorem for
the random variables (X, ),en, @s soon as A, — oo, if we let n — oco. In addition, it
also delivers a bound for the speed of convergence in terms of the Kolmogorov distance
defined as the sup-norm of the difference of the distribution function of X,, and that of
a standard Gaussian random variable, see e.g. [41, Corollary 2.1]. However, since this
leads for all the random variables we consider in this paper to rates that are weaker
than those already available in the existing literature, we have decided not to pursue
this direction in this text.

2.4 Partitions

Let m € IN and let ¢1,...,¢, € IN. We define Ny := 0, Ng:ZZle gi, L € {1,...,m},
and N := N,,, and put J; := {Ny—1 +1,..., N}, £ € {1,...,m}. A partition o of [N] :=
{1,..., N} is a collection {By,...,B;} of 1 <k < N pairwise disjoint non-empty sets,
called blocks, such that B; U... U By = [N]. The number k of blocks of ¢ is denoted by
|o|. By II(¢1, .. .,qm) we denote the set of all partitions ¢ such that |[BN.J,| <1 for all
te{l,...,m}and B € 0.

It is instructive to graphically represent a partition o € II(qy, ..., ¢») as follows. We
imagine the ¢; +. ..+ ¢, elements of {1,...,¢1 +...+¢, } arranged in an array of m rows,
where the numbers 1,...,q; (i.e. the elements of J;) form the first row, ¢1 + 1,...,q1+q2
(i.e. the elements of .J5) the second row and so on. The blocks of the partition ¢ are then
indicated by closed curves, where all elements encircled by the same curve belong to
the same block of o, see Figure 1.

Every partition o € II(qy, .. ., ¢ ) induces a partition o* of {1,...,m} in the following
way: i,7 € {1,...,m} are in the same block of ¢* whenever there is a block B € ¢
such that [BNJ;| = 1 and |[BNJ;| = 1. Let ﬁ(ql, ..., qm) be the set of all partitions
o € I(q,...,qm) such that |0*| = 1. We remark that the partitions in II(q1,. .., ¢n)
and ﬁ(ql, ...,qm) are known as non-flat and connected non-flat, respectively, see e.g.
[35, Chapter 4]. By II>a(¢1,...,4¢m) and ﬁzg(qh ...,qm) we denote the sets of all ¢ €
(q1,...,qm) and of all ¢ € II(qy, ... ,qn) such that |[B| > 2 for all B € ¢. Finally, we
introduce the set II(qy, ..., qy,) of all partitions o € II(qy,...,qn) such that for each
e {1,...,m} there exists a block B € ¢ with |B| > 2 and BN J; # @. In other words, in
each row in the graphical representation of ¢ there exists at least one element, which
belongs to some block B € o with |B| > 2. In case that ¢; = ... = ¢,,, = ¢ we write II"(q),
1™ (g), 11%5(q), 11T (¢) and Hm(q) instead of II(q1, ..., gm), IL(q1,- .-, qm), O>2(q1, .- -, qm),

ﬁzg(qh ...y qm) and I(q1, . . . , ¢ ), Tespectively.
For functions f() : X% — R, ¢ € {1,...,m}, we define their tensor product ®2”:1f(4) :
XY = R by

m
(®;“:1f(e))(x1’ s 7$N) = H f(e)(xNZ—l-‘rla s axNz) .
=1
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For o € (q,...,qm) the function (®2":1f(£))0 : Xl°l - R is obtained by replacing in
(@p,f (©)) all variables that belong to the same block of ¢ by a new common variable.
Note that this way (®}" , f “))g is only defined up to permutations of its arguments. Since
in what follows we always integrate with respect to all arguments of (&}, f (Z))g, this
does not cause problems.

3 Main results

3.1 Moderate deviation estimates

We are now prepared to present the main results of this paper. They show that finite

sums of multiple stochastic integrals on the Poisson space as well as finite sums of Poisson
U-statistics satisfy MDP (v, (An)nen), CI(7, (An)nen) as well as NACC(y, (An)nen),
and we determine the parameters v and (A, ),en in both situations. In fact, it will turn
out later that the parameter v we obtain cannot be improved systematically. In the next
two theorems we implicitly assume that all occurring integrals are well defined. We start
with the result for multiple Wiener-It6 integrals.
Theorem 3.1 (MDP, Cl and NACC for multiple integrals). Let (1, )nen be a family of Pois-
son processes over o-finite measure spaces ((X,,, Xy, fin))nen and let f,(f) € L%(u%),ie
{1,...,k}, n € N, with distinct ¢1, .. ., g € N and k € N be such that 3%, ||f,(li)\|iz(#gli) >
0 for all n € IN. Define ¢ := max{qi,...,q} and let Y, := Zle I ( ,(f)) for n € NIN.
Assume that there is a positive real-valued sequence (o, )nen such that, for anyn € NN,

(Var Yn)_m/2

/ @) dpl]!| < a7 (3.1)
x!e

for all o € W>a(qiy, .-G, ), i1, rim € {1,...,k} and m > 3. Then (Y,)en satisfies
MDP (g — 1, (¢g k0, nen), CL(g — 1, (cq ry nen) and NACC(q — 1, (cq x 0y, ) new) with
ek = 1/(kq)?.

We can compare the assumptions of Theorem 3.1 with those of the corresponding
result for multiple Wiener-Ito integrals on the Wiener space proved in [46]. In the latter
case, it was sufficient to impose a condition on the fourth cumulant only in order to
bound all higher-order cumulants and to deduce MDP, CI and NACC. In contrast, our
condition (3.1) (and also the condition (3.2) in case of Poisson U-statistics below) impose
restrictions to all cumulants of order m > 3 simultaneously. In view of the complicated
combinatorial structure and in view of the absent hypercontractivity property on the
Poisson space, this is unavoidable by our method, which is based on sharp cumulant
bounds.

Next, we shall discuss a version of Theorem 3.1 for sums of Poisson U-statistics.

Theorem 3.2 (MDP, Cl and NACC for Poisson U-statistics). Let (9, )nen be a family of
Poisson processes over o-finite measure spaces ((X,,, Xy, tin))nen and let f,(f) : X% - R,
i € {1,...,k}, n € N, with distinct ¢1,...,qx € N and k € N, be measurable and
satisfy (2.2) and Zle \fni)||2LQ(uz,i) > 0 for all n € N. Define q := max{qi,...,qx} and the
random variables

k
Zpi=>» SO with S .= > F (@, .. 2g,), i€{l,...,k},
i=1 (@150s@q; ) €M,
for n € IN. Assume that there is a positive real-valued sequence (3, )nen such that, for

anyn € NN,

(Var Z,,)~™/? < pm—2 (3.2)

JIC
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for all o € ﬁ(‘h‘u---a‘lim)z i1,---yim € {1,...,k} and m > 3. Then (Z,)nen satisfies
MDP(q — 1, (¢q 185, " Jnen), CI(q = 1, (cq 185 nen) and NACC(q — 1, (cq,k8;, " new) with
cq = 1/(kq?)*.

Remark 3.3. The assumption Zle ||f£i)||2LQ(Nqi) > 0 for all n € N in Theorems 3.1
and 3.2 ensures that, for alln € N, VarY,, > 76 and Var Z,, > 0, respectively. Indeed,
by (2.1), we have

k k
Vary,, = Zqﬂ”féz)“izw?j) > Z ||fr(Ll)||2Lz(#i;i) > 0.
i—1 i=1

In case of Z, there exists a unique i, € {1,...,k} such that ¢;, = max{q,...,qk :
R ||2LQ(#qi) > 0}. From (2.4) we deduce that the ¢;-th kernel of the chaos expansion of
Z, is f,(f”), whence, by (2.1), Var Z,, > qin!\|f7(f”)||2p(l i > 0.

Remark 3.4. Moderate deviation principles and also concentration inequalities are well
known in the case of ‘classical’ U-statistics based on fixed numbers of i.i.d. random
variables, see e.g. [18] and [31]. Although the classical U-statistics and the Poisson
U-statistics we consider are close in the L2-sense by a result of Dynkin and Mandelbaum
[16], this is not sufficient to push the classical results to the Poisson case since we
investigate U-statistics on an exponential scale. In addition we remark that — in sharp
contrast to typical assumptions imposed on classical U-statistics — the random variables
Y,, and Z,, considered in Theorem 3.1 and 3.2 satisfy E[e*¥"] = E[e*?"] = oo for any s > 0,
provided that f,(f) >0forallie {1,...,k} and that for some i € {1,...,k}, ¢; > 2 and
||f7(f)||L2(Hg;) > 0 (see [29, Corollary 2]).

Theorem 3.1 and Theorem 3.2 imply a moderate deviation principle for a range of
scales (a,)nen ‘close’ to that in the related central limit theorem, which in turn would
correspond to the choice a,, = 1 for all n € IN. We shall now discuss whether or not it is
possible in general to enlarge this range of scales. To this end we use a simple example
based on a sum of independent and identically distributed random variables. Let us
denote for ¢ € {0,1,2,...} by H, the ¢** Poisson-Charlier polynomial for the Poisson
distribution with parameter 1. This family of orthogonal polynomials is recursively
defined by

Ho(zr):=1 and Hypi(z) =aHy(x —1) — Hy(z), x € R,

for integers ¢ > 0, see e.g. [35, Equation (10.0.2)]. For example,

Hy(z) =2 -1,

Hy(z) = 2® — 32 + 1,

Hs(x) = 2% — 622 + 8z — 1,

Hy(x) = z* — 102 + 2927 — 24z + 1.

In particular, H, is a polynomial of degree g with leading coefficient equal to 1.
Theorem 3.5. Fix ¢ € IN and let (Zy)ren be a sequence of independent and Poisson

distributed random variables with parameter 1. For eachn € IN define S,, := >_;_, Hy(Zy)
and let (a,,)nen be a sequence of positive real numbers such that lim,,_, » a, = oo and

limy, 00 an/+/n = 0.

a) Assume that
lim a2t 2D Jog(a,/n) = co.

n— oo
Then the sequence of random variables (#Tq,)n cn satisfies a MDP with speed a?
and good rate function Z(z) = 22 /2.
EJP 29 (2024), paper 146. https://www.imstat.org/ejp
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b) Assume that
lim a2+ 2D log(a,+/n) < co.

n—oo

Then, the sequence of random variables (a S\}Lﬁ!)"en\] cannot satisfy a MDP with

a good rate function Z(z) satisfying Z(z) > 0 for z # 0 and with Z(z) — oo, as
z — %oo0.

To discuss the relation between Theorem 3.5, which is not derived by the method
of cumulants but by findings from [2, 17] for sums of i.i.d. random variables, and
Theorem 3.1, we let n be a Poisson process over a o-finite measure space (X, X, i)
and Z; be a Poisson random variable with parameter 1. Then, for every ¢ € IN and
every B € X with u(B) = 1 we have that the random variable H,(Z;) and the multiple
Wiener-1t6 integral I,(gp) with gp(21,...,2,) == 15%(21,...,24) := 1p(21) - --15(z,) are
identically distributed, see [35, Proposition 10.0.2]. Thus, for each n € NN, S, has
the same distribution as I,(f,) with f,, := Y., gp, with pairwise disjoint measurable
subsets (B;)ien of X with p(B;) =1 for all i € N. For m € IN withm >3 and o € ﬁ;”z(q),
we obtain -

/X\ \(®é 1) dal?! = Z /\ | (®i%198,,)0 )o dprl”! 72/ (®198,)0 dul?l = n,

Tl genny im=1

where we used the construction of the (¢p,);en, the pairwise disjointness of (B;);en and
u(B;) = 1 for i € IN. Consequently, the random variables (S, /v/nq!),cn satisfy (3.1) with
Q= ﬁ So, Theorem 3.1 implies that if (a,,)necn is a sequence of positive real numbers
such that

an, Qnp

=0, (3.3)

lim a, = o and lim = lim —————
n—oo " n—o0 Q;I/(Qq_l) n— oo nl/(4q 2)

then the sequence of random variables (S,,/(an,v/nq!))nen satisfies a MDP with speed
a? and good rate function Z(z) = 22/2. However, the growth condition on a, we just
obtained by means of the method of cumulants coincides up to subpolynomial factors
with the optimal one from Theorem 3.5, which in turn is based on a different method.
Indeed, it is easy to verify that the condition of a) in Theorem 3.5 is satisfied in case
of (3.3), while the condition of b) holds if

a
lim n

— 5 = 0
n—oo net1l/(4g—2)

for some ¢ > 0. In other words this means that the polynomial order of the range of
scalings in Theorem 3.1 and, thus, presumably also in Theorem 3.2 cannot be improved
systematically. On the other hand, this does not necessarily exclude the possibility that
for special choices of functions f,, the MDP might hold beyond this range of scales.

We also note in this context that such an optimality result is not available for se-
quences of multiple stochastic integrals on a Wiener space. In fact, it has been argued in
[46] that there exists a non-trivial interval of scales a,, for which it is not clear whether
or not a moderate deviation principle is satisfied in general. We find it rather remarkable
that despite the much more involved combinatorial nature of stochastic integrals on
Poisson spaces, such a gap does not exist in this set-up.

3.2 Product formulas

One of the main devices for deriving sharp bounds on cumulants of multiple stochastic
integrals and Poisson U-statistics are explicit combinatorial formulas for the (joint)
cumulants of such random variables. The moment and cumulant formulas provided in
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this section are known, but we were able to derive them under weaker — sometimes
even minimal - integrability assumptions in comparison with the existing literature. We
consider the same framework as in Section 2.

Theorem 3.6 (Moment and cumulant formulas for stochastic integrals). Let m € N, let
m € N with m > m be even and let f\*) € L?(u%) with ¢, € N, £ € {1,...,m}, be such
that

/ (@71 f D)o dull < 00, o € MTy(qi), i € {1,...,m}, (3.4)
Xlel -
/| | (@ fD)o| dull <00, 0 €Tsa(q1s- - qm). (3.5)
Xd
Then,
{H 0 (F) }_ / (@, f) dpll,
(=1 JEH>2(Q17 qm) Xlel
cam(Iy, (FV), ... I, (F)) = /X @), 0,

0€H>2((I1 sqm)

Formulas as those for the moments and cumulants in the previous theorem are known
as product or diagram formulas in the literature. This line of research for the Poisson
case goes back to the work [47]. There as well as in [28, 29, 35, 43] such formulas were
derived under stronger integrability assumptions. For m even and f(V) = ... = f("™), (3.4)
and (3.5) only require that the integrals appearing on the right-hand side of the moment
formula exist as finite numbers, whence one can regard the integrability assumptions as
minimal. The related but different problem of not only computing the expectation but
the whole chaos expansion of a product of multiple Wiener-It6 integrals is studied, for
example, in [12, 27, 35, 47].

Next, we present corresponding moment and a cumulant formulas for Poisson U-
statistics.

Theorem 3.7 (Moment and cumulant formulas for Poisson U-statistics). Let m € IN, let
m € IN with m > m be even and let f\*) € L} (u%) with ¢, € N, £ € {1,...,m}, be such
that

/ (T [ D)ol dpl?l < 00, o €T (qr), i € {1,...,m}, (3.6)

Xlel

/‘ | |(@F fO),| dulol < 00, o €Tigr,. .. qm)- (3.7)
XO‘

Then, for Sy =37, Jrag)en FO(z1,. . 2q,), LE{L,...,m},

E[ﬁ(SgESg)} = ¥ /}W v FO), dglel

G€I(q1,-.sqm)

cum(Sy, ..., Sp) = Z /H@) ) dplel
Xl

o€ll(qy,...

Note that the difference between the formulas for the joint moments and cumulants
of multiple Wiener-1t6 integrals in Theorem 3.6 and those in Theorem 3.7 for Poisson U-
statistics is the appearance of different sets of partitions one has to sum over. We remark
that the formulas in Theorem 3.7 generalise [28, Proposition 12.13], [29, Corollary 1]
and [43, Corollary 3.5].
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4 Applications

4.1 U-statistics with fixed kernel and k-geodesic processes

We start our collection of applications by considering Poisson U-statistics whose
kernel function does not depend on the intensity parameter of the underlying Poisson
process.

Corollary 4.1. Let (X, X, u) be a probability space, let (t,),cn be a sequence of real
numbers satisfying t, > 1 and t, — oo, asn — oo, and let f : X? — R for some q € IN be
measurable and such that | f||e := sup{|f(z)| : + € X?} < o0 and

2
vy = QQ/X (/qu f(a:,a:l,...,xq_l)uq1(d(x1,...,a:q_1))> p(dz) > 0. 4.1)

For each n € N, let n, be a Poisson process on X with intensity measure t,u. Then the
sequence (S, )nen given by

Sy = Z flx1,...,zq)

($1~~@q)€7lz.¢

satisfies MDP(q — 1, (T5)nen), CI(g — 1, (7n)new) and NACC(q — 1, (7n)nen) with 7, :=
Vin/ (@ max{(|fllco//T7)?, | flloc/ /07 })-

The previous corollary can be applied, for example, to Poisson hyperplane or Poisson
k-flat processes in R, one of the principal models considered in stochastic geometry, cf.
[42]. Following [5, 20, 21, 23] we treat this model in greater generality and denote for
d>2and k € {—1,0,1} by M? the d-dimensional standard space of constant curvature
k. As a model for M¢{ we can take the d-dimensional unit sphere $¢ C R*!, for M¢ the
d-dimensional Euclidean space R? and for IM?, the Beltrami-Klein model in the interior
B?:={x = (z1,...,24) € RY: 22 + ... + 22 < 1} of the d-dimensional unit ball, see [38,
Chapter 6]. For k € {1,...,d — 1} a k-geodesic of IM¢ is a totally geodesic k-dimensional
submanifold of M¢ and by A, (d, k) we indicate the space of k-geodesics in M<. In the
language of our model spaces, the elements of A;(d, k) arise as intersections of $¢ with
(k + 1)-dimensional linear subspaces of R?*!, Ay(d, k) is the space of k-dimensional
affine subspaces of R? and each k-geodesic in the Beltrami-Klein model for M?, is the
non-empty intersection of B? with an element from Ay(d, k). The spaces A, (d, k) carry
natural measures ugﬁ which are invariant under the action of the full isometry group of
]Mﬁ and are unique up to a multiplicative factor. Since ]M‘f is a compact space, we can
take for ,ui}l the invariant probability measure, whereas for Ng,o we choose the same
normalisation as in [42] and for ,ui,_l the normalisation as in [20].

Next, we fix a Borel set W C M¢ such that ¢y .w := pr({E € Ag(d, k) : ENW #
0}) € (0,00) and denote by i .y the restriction of ¢; . i . to {E € Au(d, k) : ENW #
0}. Now, let (¢,)nen be a sequence such that ¢, > 1 for any n € IN and ¢, — oo, as n — oo,
and for each n € NN, let n, = i, w,» be a Poisson process on A,(d, k) with intensity
measure tnﬂz,n,w- In the classical Euclidean case x = 0, 7, is called a Poisson k-flat
process and we refer to [42] for further details and background material concerning such
processes and their most fundamental properties. Spherical and hyperbolic processes of
k-geodesics were only recently studied in detail in [20, 21, 23] for kK = d — 1 and in [5]
for general k, respectively.

Assume now that 2k > d and let ¢ € IN be such that d — ¢(d — k) > 0. The intersection
process of order g induced by 7,, arises by considering the intersections of any ¢ pairwise
different k-flats from 7,,. This intersection is almost surely either empty or an element of

EJP 29 (2024), paper 146. https://www.imstat.org/ejp
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Ax(d,d—q(d—k)), see [5, Lemma 2.2]. Now, for each n € IN define the Poisson U-statistic

1 —g(d—
S, = p > HI=R (BN, NE,NW)
(El,...,Eq)EnZW#
of order ¢ with fixed kernel #; /™ (. N W) /q!, where e 7% denotes the (d — q(d —

k))-dimensional Hausdorff measure with respect to the Riemannian metric in IM¢. In
other words, S, is the total (d — ¢(d — k))-volume of the trace of the intersection process
of order ¢ induced by 7,, within W.

The U-statistics (S, )nen satisfy the assumptions of Corollary 4.1 with explicitly
known constants in (4.1), see [29, Section 6] for the Euclidean case x = 0 and [5]
for general « (in fact, the constant vy is implicit in [5, Proposition 3.1]) and || f||ec =
max{H4~1I=k)(FAW) : F € A,.(d,d—q(d—k))} < co. Thus, Corollary 4.1 yields moderate
deviation principles, concentration inequalities as well as a normal approximation bound
with Cramér correction in this situation.

4.2 Subgraph counts in random geometric graphs

Let (tn)nen be a positive real-valued sequence such that ¢, — oo, as n — oo, and let
(rn)nen be a positive real-valued sequence. Further, we fix a compact convex set W C R4
with interior points and let, for each n € N, 1, be a Poisson process whose intensity
measure ., is t,, times the restriction of the Lebesgue measure to WW. Based on this data,
we construct the random geometric graph RGG(#,,,r,) by taking the points of 7,, as the
vertices of the graph and by connecting two distinct points by an edge whenever their
(Euclidean) distance is strictly positive and does not exceed the given threshold r,,.

We are interested in the subgraph counting statistics associated with the random
geometric graph. To define them, let G be a fixed connected graph with ¢ vertices, and
forzq,...,2y € W welet f-(z1,...,24;G,7y,) be 1/¢! times the indicator that the random
geometric graph RGG({z1,..., 24}, 7y) is isomorphic to G, while fc(z1,...,24;G,7y) is
1/¢! times the number of subgraphs of RGG({z1,...,z4},r,) that are isomorphic to G.
The subgraph counting statistics are given by

59(G) == S folzrapGir), O e{=C}h

(@1,mg)En?

Here, S, (G) and SS(G) are the numbers of induced and non-induced copies of G in
RGG(ny,,r,). For example, if G is the graph with three vertices and two edges, three
vertices connected by three edges in RGG(n,,r,) are counted thrice in S5 (G) but do
not to contribute to S; (G). From Theorem 3.2 we can deduce the following result.
Corollary 4.2. Fork € N, ay, ..., a; € R\{0}, ¢1,...,Or € {=, C} and connected graphs
G1,...,Gy such that G; has q; vertices fori € {1,...,k}, let S,, := Zle a;S?(G;), and
define p := min{q1,...,qr}, ¢ := max{qi,...,q:} and a := max{|ay|,...,|ax|}. Assume
that t,, — 0o, as n — 0o, and that there is a constant v > 0 such that

Var S,, > vmax{t247  (kgrd)2172 P (rard )P~} nelN. (4.2)

n n

Then the sequence (S, )nen satisfies MDP(q — 1, (7)nen), CI(q¢ — 1, (70 )nen) and
NACC(q — 1, (7n)nen) with 7, given by

3 dlp—1
S Vot, min{1, t,kard} ’ —
(kq?)3 max{a, a3 Vol(W)/v}

Our concentration inequality for the subgraph counting statistic is not the first one in
this direction that appeared in the literature. More precisely, for a fixed connected graph
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G with ¢ > 2 vertices, it was shown in [4, Theorem 1.1] that, essentially, the subgraph
counting statistic S$(G) satisfies a concentration inequality of the form

P(|SS(G) — BSS(G)| > 2) < 2exp(—caq2'/7), z2>0,

where ¢q4 4, € (0,00) is a constant that only depends on the space dimension d as well as
on the vertex number ¢ of G. We emphasise that our Corollary 4.2 yields a result of a
similar nature and especially shows the same exponent 1/q for z (for the special case of
the edge counting statistic corresponding to the choice ¢ = 2 we refer to [3, 40] and the
discussions therein). On the other hand, our framework allows to deal simultaneously
with a finite number of graphs and also leads to moderate deviation principles and
normal approximation bounds with Cramér correction, which have no counterparts in
the existing literature.

Remark 4.3. The assumption on the existence of a strictly positive constant v > 0
in the lower variance bound (4.2) for S,, is always satisfied if we choose k£ = 1 and

{1 = ‘C’. For {; = ‘=" we additionally need to assume that G, is feasible in the sense
that P(RGG({X1,..., Xy, },7) is isomorphic to G1) > 0 for some r > 0 and independent
random points X1, ..., X, uniformly distributed on W, cf. [37, Chapter 3] for a discussion

of the latter concept. This follows, for example, from the results in [37, Chapter 3.3]
and especially from the remark after Proposition 3.7 there. On the other hand, if £ > 2
the assumption seems unavoidable and does not need to be satisfied in general. For
example, if £ = 2 and if we take G; = G5 = G for some connected graph G (on ¢ > 2
vertices) as well as a; = —as, then S, is identically zero with probability one and so (4.2)
is satisfied only with v = 0.

Remark 4.4. A generalisation of random geometric graphs is the random connection
model, where similarly to the Erdds-Rényi random graph it is decided independently
for each pair of points of the underlying Poisson process if they are connected by an
edge, but the probability of an edge depends on the relative spatial position of the
vertices. In the recent preprint [30], for subgraph counts of random connection models
cumulant bounds are derived in order to establish rates of convergence for the normal
approximation in Kolmogorov distance. Although the random geometric graph is a
special case of the random connection model, the cumulant estimates required for our
Corollary 4.2 do not follow directly from the findings of [30], since this paper works
with rescalings of a fixed connection function, which does not cover the situation of
Corollary 4.2 with the two parameters ¢t and ;. However, the moment and cumulant
formulas for subgraph counts in [30] are very similar to our general formulas for Poisson
U-statistics, since subgraph counts can be seen as U-statistics of a Poisson process with
an additional randomisation coming from drawing edges randomly. In particular, the
same classes of partitions are used. The lower bound in our Proposition 6.1 implies that
the exponent r in Lemma 2.6 of [30] is in fact optimal.

4.3 Quadratic functionals of Ornstein-Uhlenbeck Lévy processes

Let n be a Poisson process on R x R with intensity measure u := A ® v, where X is
the Lebesgue measure on R and v is a o-finite measure on R with fR u? v(du) = 1. We
denote by 7 the compensated Poisson process n — . For a fixed parameter ¢ > 0 the
Ornstein-Uhlenbeck Lévy process (U ):cr is given as the stochastic integral

Uy = /20 ue™ ) fi(d(z, u))
Ja

—o00,t| xR

with respect to 7. We are interested in the behaviour of the quadratic functionals

T
Q(T)::/ Uzdt, T>0.
0
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A central limit theorem for QQ(7T') with a rate of convergence has been obtained in [34]
in terms of the Wasserstein distance and in terms of the Kolmogorov distance in [19].
Our next result adds a moderate deviation principle, a concentration inequality as well
as a normal approximation bound with Cramér correction. To formulate it, define the
constant ¢, := [ ul v(du).

Corollary 4.5. Let (T,),cn be a positive real-valued sequence such that T,, > 1/p
and T,, — oo, as n — oo, and assume that there exists a constant M > 1 such
that [%_|u|™v(du) < M™ for all m € IN. Then the sequence (Q(T,))nen satisfies
MDP(1, (7n)nen), CI(1, (Th)nen) and NACC(1, (7)) nen) With (7,)nen given by

L . 1 CV(Tn — 1/@) cu(Tn - 1/9)
T g { *(AM Y2 max{1,2/0}2(T, + 1/(20)) } AM max{1,2/0}
5 Proofs: product formulas

The proof of Theorem 3.6 is prepared by the following lemma. Since the measure p
was assumed to be o-finite, there exists a sequence (A, ),en of measurable subsets of X
with A, € 4,41 and p(A,) < oo for n € IN satisfying (J,,.y An = X. Now, for a function
f X% — R with ¢ € N and n € IN define its truncation f, : X? — R by

fo(@) = 1ag (2) 1 ) (f (2)) f(2), 2 € XO. (5.1)

Lemma 5.1. Fix an even number m € IN and f € L?(u?) for some q € IN. Assume that

/xm (@71 f)o| dul?l < 0o (5.2)

for all o € 11Z,(q). Then lim El,(f — fn)™ =0 and

lim BL(F)" =EL(N" = 3 [ (@ fedd <oo.

n—oo
UEH”Z”2(q)
Proof. We note that the sequence of functions (f,,),en satisfies the following properties:

* each f, is bounded and has support of finite y-measure,
* f, converges to f as n — oo u-almost everywhere,

* ful <11
By the dominated convergence theorem, it follows that || f — an%z(#q) — 0, as n — oo.
Now, let € > 0 and use Chebychev’s inequality to see that
EL(f— fa)? allf - an%2(#q)

g2 B g2

P(1y(f) = I(fa)l = &) = P(o(f = fa)| Z €) <

)

where the last expression tends to 0, as n — co. Hence, I,(f,) converges to I,(f) in
probability and in distribution, as n — oco. Thus,

EL ()™ <liminf EL,(f,)™
n—00

by the Portmanteau theorem. Note that the expression EI,(f)™ on the left-hand side is
in fact well defined since we have assumed m to be even. To EI,(f,,)" we can now apply
[29, Theorem 1] which yields

EL,(f)™ < liminf Z /X‘d‘(®?@:1fn)o dulol = Z /Xla‘(@)ﬁlf)gdu“",

n—o00
(TEH*Z"’Z(q) JEH’Z"Q(q)
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where the last step is verified by the dominated convergence theorem, which is applicable
due to (5.2). Consequently, replacing f by f — f,, we obtain

EL(f - f)m < Y / (@1 (f — fu)o dul!

UEH"'

for all n € IN. Once again by the dominated convergence theorem and (5.2) the right-hand
side tends to 0, as n — oo. This proves the first assertion.

On the other hand, using the reverse triangle inequality we see that
(B (f)™)™ = (Bl (fa)™)V ™ < (BI(f = fa)™)V™
Thus, by the convergence of the right-hand side to zero and by [29, Theorem 1],

EL,(f)™ = lm EI(f,)™

n—o0

= lim (@71 fn)o dpl®!

LN DR NC AR
o€, (q)

= Y [ @mnea

UGH’” (q) Xlel

where the last step follows once more by the dominated convergence theorem. This
completes the argument. O

Proof of Theorem 3.6. For each ¢ € {1,...,m} and n € IN define the function £ as
in (5.1). Then, using [29, Theorem 1] in the first and the dominated convergence
theorem, which is applicable due to (3.5), in the second step, we have that

lim E[ I, (f® } = lim / ©)y, dyle!
n—o00 E q((f ) n—oo xleo ‘ _1f 'u
= GEH>2(1117 qm

/ (@7 ), dpdel.
Xlel

From Lemma 5.1, whose assumption is satisfied by (3.4), one deduces that, for ¢ €

{1,...,m},

lim BL,(fY — fO)" =0 and  lim EI,(f{")™ = BI,(f®)™ < c0.  (5.3)

n— oo n—00

O’GH>2(Q17 —qm)

Thus, using Holder’s inequality, we find that

i B[] 2,(79)] = B[ T] 2.4
(=1 =1
< lim ZE\HI L, (O = 50y x TT 1, (9]
J=t+1
m £—1 m .
< tim 3 TT (I, (PO )™ x (Bl (£ — fO) ) x T (B, (£ )
=1 j=1 J=0+1
m (-1 N N m o N
< tim 3 T8I, (FO)™)1™ x (BI,, (19 = £O)™ Y™ % T (BL, (£,
t=1j=1 Jj=t+1
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Figure 2: Illustration of the mapping @g‘;% :11(3,2,1) — T1(5,3, 1).

where in the last step we used that m > m is even. By (5.3), the two products ranging
overje{l,....£—1}and j € {{+1,...,m}, respectively, converge to finite constants,
while the middle term (EI,, (£ — £))™)1/™ tends to zero, as n — oo. This completes
the proof of the first part of Theorem 3.6.

The formula for the joint cumulants eventually follows from this exactly as in the
proof of Theorem 1 in [29]. O

As a preparation for the proof of Theorem 3.7 we need to introduce an operation on
partitions. Fix integers m > 1, q1, .-+, @m,J1,---,Jm > 1 With j1 < q¢1,...,Jm < ¢m. First,

define 7/ ! o {1, jr+ .o+ Jm} = {L,...,q1 + ... + ¢} by putting

k—1 k—1
Tf117"'_'_"ﬁ: (u) := Z g + 7% ifu= Zji + 1k, Tk < ji for some k € {1,...,m}.
i=1 i=1

Then we define the mapping ©% 4" : TI(j1, ..., jm) — (g1, ..., gm), which assigns to a
partition 7 = {By,...,B,} € (j1,. .., jm) with v > 1 blocks the partition

Ofim(m) = {r(B1),...,7(Bu)} U U & r=aliin
z€{1l,...,q1+...+qm}
2¢Uy—17(Buw)

Let us explain the mechanism behind ©%i". The partition ¢ := ©JI"(r) €
(¢, ., qmnm) arises from 7 € I1(j1, ..., jn) by first adding to the first row corresponding
to the graphical representation of 7 the elements j; 4+ 1,..., ¢, each of which becomes

an individual block of . In the second row corresponding to m we first shift the labels of
the elements there by ¢; — j; and then add the elements ¢; + j1 + 1,...,q1 + ¢2, which
again become new individual blocks of ¢. In the third row the elements are shifted by
q1 — j1 + g2 — j2 and then new elements ¢; +q2 + js + 1,...,q1 + q2 + q3 are added as
individual blocks etc. The procedure is illustrated in Figure 2 by an example.

Proof of Theorem 3.7. Fix i € {1,...,m}. Applying (2.4) to the Poisson U-statistic S; we
have that

qi
Si—ES; = > Li(£") (5.4)
j=1
with functions fj@ : X7 — R given by

i qi i i—j
5@y a) = (]) /xq.fj FO@r o mgwip, o wg) p T (A4, 7,)

for j € {1,...,¢;}. By (3.6) and since m is even, we have that f]@ € L%(y/) for each
je{l,...,¢} and that f]@ satisfies (3.4). Indeed, for every 7 € Hgg(j) one has that

m i ™ q; " m 7 o
/X‘ ‘|(®£:1f;7))ﬂ|du| < <j> /X‘ l\(®e:1f“)g\du' .
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where we applied the definition of f(i), used the triangle inequality and put o :=

—m

©f4i(m) € T (¢;). Similarly, we have for j, € {1,...,q/} with £ € {1,...,m} and
™ € HZQ(jl, R ,]m) that

) 7 1 mp(0) o]
[t < T (%) [ e

Je

for o := ©4 4" (r) € M(q,...,qm). Thus, the functions f;f), ¢ e {1,...,m}, also

~Jm

satisfy (3. 5) due to (3.7).
We can now repeatedly apply Theorem 3.6 to (5.4) to conclude that

m

E[H(Sg - Esg)}

{=1

> oY B[00

1<j1<q1 1<im<gm £=1

DD JC A ORT

1<j1<q1 1<)m <gm wE€M>2(j1,--,0m)

s (ﬁ(q.f))

- ¢
1<jii<qu 1<jm<gm £=1 J

(I1 wwwww am
X /X\eql _____ am ()| ®[ 1f )@‘11 ----- ‘Im.( )d[,l/l EAREE Jm (ﬂ-)‘.

..... im yeees,

Next, we note that @q‘:m:q”‘ (m) has ¢ — j, singleton blocks at the end of row ¢ € {1,...,m}
in the representing diagram. Moreover, the prefactor []” =1 (?ﬁ) is precisely the number
of possibilities to choose ¢; — j, singletons in each row ¢ € {1,...,m} of a diagram
corresponding to a partition in II(qy, . . ., ¢y). This together with the symmetry of the

functions f(M), ..., f(™) implies that

m
qe O‘Il vvvvv dm T
(H (je>> Z /\0‘11 """ am )| CHEYAY ))9“"”"-“"(#) dp! € ()]
=1

TEM 2 (f1sendm) o

- ) [ @),

UGH(‘h ----- qm)
o has g1 — j1 singletons in row 1

o has ¢, — jm singletons in row m

Thus,

E{Z—ln_l[l(SgESg)] = > /xl (@ f ®), dgl!,

o€T(q1,,qm)

proving the first part of the theorem.
For the second part we use (5.4), multilinearity of joint cumulants and apply Theo-
rem 3.6 to see that

cum(Si, ..., Sm)
_ Z Z cum(Ijl(fg)),. gm(f;:f)))

1<ii<qa 1<im<qm

=2 X > /H®“fj -l

1<i1<aq 1<jm <qm w€llss(j1,erjm)
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m
> 3 (1Y)
1<ji<q1 1<jm<gm £=1

m (e €5 ()
> /XI@}“ """ o (DE=1 ety dpp o

7€M 551y rdm)

DY 3 /X‘U‘(@ilfw))“d”lal

l<i=a 1<im<qm aeﬁ(‘llv“-a‘]m)
o has g1 — j1 singletons in row 1

o has ¢, — jm singletons in row m

DR R C AL

o€I(q1,.-,qm)

where we used the same arguments as above. This completes the proof. O

6 Proofs: moderate deviation estimates

The first aim of this section is to upper bound the right-hand sides of the cumulant
formulas in Theorems 3.6 and 3.7 in such a way that Proposition 2.1 can be applied. For
that purpose, the following estimates are going to be important. Recall the definitions of
the classes I1"(q) and 1:[7>"2(q) of partitions from Subsection 2.4.

Proposition 6.1. For any q > 2 one has

o™ (q)] < ¢ (m!))?, meN. (6.1)
Moreover, there are no constants ¢ > 0 and v € (0, ¢) such that

MZ(q)| < ™(ml),  meN. (6.2)

Proof. We can construct each partition o € II"™*!(q) by taking a partition 6 € II"™(q)
and deciding for each ¢ € {gm + 1,...,q(m + 1)} whether it joins an existing block or
forms a new block on its own. Since ¢ has at most gm blocks, we obtain from a partition
& € I1,,(q) at most (gm + 1)? new partitions. This implies the inequality

™ (g)] < (gm + D)™ ()] < g(m + 1)7I™ (q)] -

Putting C := max{|IT'(q)|, ¢?}, this yields |[II"™(q)| < C™(m!)? for m € IN by iteration.
Because of |[II'(q)| = 1, this is (6.1).

In order to show the second part, we prove that for any ¥ € (0,¢q) there exists a
constant ¢ > 0 such that ~
lim sup LI?Q (Q)J

m—oc T (m!)7

This in turn implies (6.2) by the following consideration. Assume that v € (0,¢) and ¢ > 0
satisfy (6.2). For 4 := (v + ¢)/2 there is a constant ¢ > 0 such that

n n
1 < lim sup 7[ 22((]” = lim sup | 22(q)|

m—oo CM(MN)T T e e (ml)Y(e/e)™(ml)i—7

>1. (6.3)

Since, by construction, (¢/¢)™(m!)7~7 — oo, as m — oo, this means that

I
lim sup M >1,
s 00 cm(m!)’y
which contradicts (6.2).
So, let us prove (6.3) for a given ¥ € (0,¢). Let k,u € N with k even and put m = uk.

In this situation we can construct partitions o € H’é’;(q) in the following way:
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1) We group {1+ (¢ —1)g: £ € {1,...,uk}} into u blocks of size k.
2) Now we order these blocks as follows

{qz +1,... ,ng) +1},.. {qz +1,... ,qz;u) + 1} with zg ) < 152) . < zg “ and
(e) < zy) . < z( ) for 0 € {1,...,u}. Next, we add the blocks {qz )42, qz(é+1)+2},
é e{l,...,u—1}, and {qz(u) +2 qz(l) + 2}. Then we form blocks of size k — 2 from

the remalmng elements of {2+ ({ —1)q: ¢ € {1,...,uk}} in an arbitrary way.

3) Forany j € {3,...,q} wegroup {j+ (£ —1)q: ¢ € {1,...,uk}} into u blocks of size
k.

Note that o € 114 (q) since, by construction, ¢ is non-flat and all its blocks contain at
least two elements. In addition, steps 1) and 2) are sufficient to ensure that o is also
connected and, thus, belongs to H“k 5(q).

According to steps 1)-3) there are

(uk)! (k= 2)u)! ( (uk)! )H
(k! ul (kv

possibilities to form such partitions o € ﬁg’;(q) It is easy to verify that

((k = 2)u)!

((k —2)uw)! (uk)! o (uk)!
ul((k —2))u

ul(R)™ =l (R (2u)!(,"),) (k)" (2u)12eh

>

whence (uk)1) (k))T ((uk)l)-
s (q)] > (K)wa (u!)a(2u)12uk = (Q(k!)Q/'k)“k (u!(Q;L)!)q

Since (uk)! > ((2u)!)*/? for all u € N and all even k € IN, we can choose an even ky € IN

such that }
((uko)) ™7

(ul(2u))7

Consequently, we have that

>1 for all ueN.

lim su |H“k0( )
ol (ko)) (2(ko!)a/%o) ko

>1,

which yields (6.3) and completes the proof. O

Proof of Theorem 3.1. We let Y,, be as in the statement of the theorem and fix m > 3.
Then,

Y, 1
m n = Y.,....Y,
e (=) | = vyl o )

1 . )
S v ol ) T, ()

where we used the definition of cum,,(-) in terms of a joint cumulant and then applied
the multilinearity of the latter together with the triangle inequality. Next, we apply the
cumulant formula in Theorem 3.6 to deduce that

| Cum(I‘In (-f(“))’ o I(Iim (fT(LZm)))| S |H22(qi15 R qlm)|
IR G SR
) Xlel

o€ o(qiy s s Gim

EJP 29 (2024), paper 146. https://www.imstat.org/ejp
Page 20/27


https://doi.org/10.1214/24-EJP1206
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Moderate deviations on Poisson chaos

Recalling ¢ = max{qu, ..., qxr}, we see that according to the first part of Proposition 6.1,
we have ~
M>2(4i,, - -5 i, )| < T ()| < ¢*" (M7, (6.4)

while the assumption (3.1) of the theorem ensures that
1 ; —2
swp | [ @R ] < o
U€ﬁ22((11:1 yeeesQipn ) (Var Y;L)m/Q Xlel ! !
Putting the previous estimates together leads to the bound

Y,
cum,, ( ———
‘ ( vVary,

for all n € IN and m > 3. Thus, the statements of the theorem follow from Proposition 2.1.
O

)‘ < g (m) % 2™ < (m)? (P a,) "2

Proof of Theorem 3.2. The argument is very similar to the one for Theorem 3.1. Basically,
the only change is that now one uses the cumulant formula in Theorem 3.7 instead of
the one in Theorem 3.6 and assumption (3.2) instead of (3.1). We leave the details to the
reader. O

Remark 6.2. Note that the second part of Proposition 6.1 implies that one cannot
achieve a smaller exponent than ¢ at m! in (6.4). This means that the choice y = ¢ — 1 in
the cumulant bound (2.6) cannot be improved systematically. Thus, Theorem 3.1 is the
best result one can obtain by the method of cumulants. This agrees with the discussion
next to Theorem 3.5, which shows that Theorem 3.1 yields for the situation considered
in Theorem 3.5 up to subpolynomial factors the optimal range of scales for the MDP.

Also the monograph [41] discusses cumulant bounds for multiple stochastic integrals
with respect to compensated Poisson processes in Chapter 5.2. However, it appears that
the estimate for the number of the involved partitions there is not correct. As discussed
above the exponent at m! cannot be smaller than ¢, while the exponent ¢/2 was used in
[41].

Proof of Theorem 3.5. We start by noting that EH,(Z;) = 0 and Var H,(Z;) = ¢!, and
hence ES,, = 0 and VarS,, = ng!. So, according to [2, Theorem 2.11] (see also [17,
Theorem 2.2]) the sequence of random variables (S,,/(anv/nq!))nen satisfies a MDP with
speed a2 and a good rate function Z with Z(z) > 0 for z # 0 and Z(z) — oo, as z — Fo0,
if and only if

hmsup%<logn+log]P(\Hq(Z1)| > an\/nq!)) = —o0. (6.5)
n—oo Qap

In addition, if condition (6.5) is satisfied, then the MDP holds with the good rate function
I(z) = 22/2.

To analyse the probability in (6.5), we start by observing that, for sufficiently large x,
129 < |Hy(z)| < 227 and hence, for sufficiently large n, we have that

P(Z{ > 2a,1/nq!) < P(|Hy(Z1)| > any/ng!) < IP(Zlq > %an\/nq!).

Moreover, for sufficiently large m € IN, one has that the Poisson random variable 7;
satisfies P(Z; > m) < 2P(Z; = m). Thus, we obtain

P(Z = [(20uv/ndl) /"] +1) < P(H,(2)] > an/na)) < 28 (2 = | (Ranv/na)) " |)
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for sufficiently large n. Next, the elementary inequality (m/2)™/? < m! < m™ and
P(Z;=m) = em;,l imply that

—2mlogm < —mlogm — 1 <logP(Z; =m) < f%(logmflogQ) -1< f%logm

for large enough m € IN. It follows that
~2([(2anv/na!)"" ] + 1) 10g ([ (2an/ng}) "] + 1)
< 1og P(|H,(Z1)| > an\/ng))
et | o) e (o) |

for large enough n € IN. The left- and the right-hand side in the previous chain of
inequalities asymptotically behave like constant multiples of

—al/"n"/CD log(a, /),

as n — oo. Clearly, this expression asymptotically dominates the summand logn in (6.5)
by our assumption that a, — 0o, as n — oo. This means that there exist constants
¢q, Cq € (0,00) depending only on ¢ such that

— ¢glimsup a2t/ 9/ CD log(a,/n)

n— oo

1
< limsupﬁ(logn +log P(|Hy(Z1)| > am/nq!))

n—oo
< —C, limsup a; 290 D og(a,,/n).
n—oo
Especially, if the sequence (a,),en satisfies the conditions in part a), both the left-hand
and the right-hand side are —co. On the other hand, the left- and the right-hand side
tend to constants under the condition of part b). So, the necessary and sufficient
condition (6.5) for a MDP for a sequence of independent and identically distributed
random variables completes the argument. O

7 Proofs: applications

Proof of Corollary 4.1. It follows from (2.3) and (2.5) that Var S,, > v;t29~! (see also [39,
Theorem 5.2]). Together with the assumptions on u, and f this yields that, for all m € IN
with m > 3 and ¢ € II"™(q),

eIl
(vptnt=tyms2

1
(Var S,,)m/2

/ (@7, F)o dul?!| <
xlel

Since |o| < (¢ — 1)m + 1 and ¢, > 1, the right-hand side is bounded by

e G BT (NN NN R

Now the statement follows from Theorem 3.2. O

Proof of Corollary 4.2. For a connected graph G with vertices 1,...,¢ and ¢ € {=,C}
we have that

f@(‘r17"',$q~;Garn) (71)
1 . e . .
<5 Z Hz,u) < 2oy iIn RGG({21,...,24},7,) ifi <> jin G foralli,j e {1,...,4}}
" 0€Per(q)
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for z1,...,25 € W, where <> denotes an edge between two vertices and Per(§) is the set
of permutations of 1,...,q. In the following let m € N with m > 3, iy,...,im € {1,...,k}
and o € ﬁ(il, ...,im). Then, by applying (7.1) to the factors in the product of functions,
we have that

‘/ (@71 fo, (3 Gigsmn))o Al | < 671 VOLW) ()71
w

Here, we have used that since o € ﬁ(z’l,...,im), for each choice of permutations
01,---,0m coming from (7.1) the points x1,...,7, form a particular connected ran-
dom geometric graph with distance threshold r,, where it is completely determined
which points are connected by edges. Hence, successive integration leads to the bound
above. Thereby, the factorials in the denominator and the numbers of permutations
cancel out.

Together with our variance assumption (4.2) we obtain that

‘ Jw (@ ai, fo., (-3 Gipyn))o ! B £l am Vol(W) (rgrd) 171 —1

(Var S,,)m/2 = om/2 max{tpd " (kard)2a-2, 5 (kgrd)p-1ym/2

d

¢ > 1, because

Next we consider the cases ﬁdtnr;f >1and ﬁdtnr;f < 1 separately. If kqt,r
of |o| < m(q — 1) + 1 we have that

‘ S (@Fyai, fo, (+5 Gy rn))o disy! § @ DHL gm o] (W) (g )m(a—D)
(Var S,,)™/2 T gm/2g 2 (g pd ymig=1)
L2 gm ol (W)
pm/2

< max{1,a® Vol(W)/v}" 2(a/\/vt,)" 2.

Similarly, if k4t,r¢ < 1, we obtain that

‘ Jur(@a0iufor, (45 Gira))o dyal o _tha™ Vol(W)(karg)P~*
(VarSn)m/2 - Um/Qt:’an/z(Kjd,r;il)m(p—l)/2
a™ Vol(W)

UnL/th(lm*mp/Q(K/drrdl)(m—Q)(p—l)/Q

< max{1,a® Vol(W)/v}" 2(a//vth (kqrd)p=1)" =2

where we used that |o| > p. Now, the result follows from Theorem 3.2 with f{ :=
a;fo, (3 Gi,rp) fori e {1,... k}. .

Proof of Corollary 4.5. It follows from the proof of the central limit theorem for Q(T,),
[34, Theorem 7.2], that Q(T;,) can be re-written as a sum of a first- and a second-order
Wiener-It0 integral. More precisely, we have that

Q(T) = E[Q(T)] + L(f{V) + L2(f)
with the functions fr(Ll) :R xR — R and féz) : (R x R)?> — R given by

fO((,w) =u?fV () and P (21, m), (w2, u2)) = ugua fL2 (21, 22)
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where
FiD(x) = 1{z € (—o0, Tu]} (" (1 — ™2™ 1{x < 0}
20 T 5 0))
F 3 (@1, 22) = a1, 29 € (—00, Ty ]} (e2@1772) (1 — e72¢T) 1 {max{ay, 22} < 0}

+ eg(zﬁ“)(eﬁgmax{ml’“} — eiQ@T")l{max{xl,xg} > 0}) .

Note that ﬁ(,,l) and fﬁ?) are both non-negative and satisfy the estimates

f(z) < 1{z € (—o0, T,,]} min{e?¢® 1} (7.2)

and 3
fT(LQ)(xl’mz) < 1{37171,2 c (_OO’Tn]}e—g\;cl—;cz\ 62gm1n{max{x1,x2},0} ) (7.3)
In what follows, we let m > 3, 4y,...,4,, € {1,2} and o € ﬁzg(il, ..,im). Then, we obtain

] / (@, £09), d!
((—o00,Ta] XR) 17!

o]

/]R\ \H fus 1™ +u2m1) G “\o\))/ (@7 f1)) g AN

00, Ty ]lel

where we denote by m; the cardinality of the jth block of ¢. Since Zla‘l mj =, i <

2m and |o] < 1 377" i¢ < m, it follows from the assumptions on v that

o]

/ H |U]|m7 + usz) IUl(d(ul’ .. u‘o_‘ S H Mmj + M2m_j) S 2mM4m ]
Rle e
For j € {1,...,|o|} the estimates (7.2) and (7.3) lead to

/( S o <ajie {1, o @7 f) 0 (21, 2p0) AN (d(21, L 210)))

0o |lo]—1 Ty, )
= <2/ ds) [ emntzen du (o) T, + 1/(20).
0

—0o0

Moreover, according to (2.1) we have that

Var Q(Tn) = |72y + 20521222y 2 IFD 172000y 5

which leads to the lower variance bound

oo

T,
Var Q(T},) 2/(_ - ]Rffll)(x,u)QM(d(x,u)) 2/ u? V(du)/o (1_6_29(Tn_$))2d$

— 00

oo Tn
> / ut V(du)/ 1 —2e2e(Tn=2) 4y
—oo 0
=c¢, (T, — (1 —e ™) /0) > ¢, (T,, — 1/0) .

Note that 1 < |o| < m + 1. Altogether we see that

/ (@71 15)), dule!
(—o0, Ta]xR)l7!
T, +1/(20)

(cv(Tn — 1/0) )™/

1
(Var Q(T,,))™/2

< (2M*)™(0/2)' o]
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T, +1/(20)
(co (T —1/0))™/?
T, +1/(20)
(co (T = 1/0))m/?
T, +1/(20) <4M4max{1,2/g})m_2

< (2M*Y)™ max{1,2/p}™2™

< (4M*Y)™max{1,2/0}™

< (4M*)? max{1,2/0}>

v (Tn=1/0) '\ Je, (T, — 1/0)
T +1/(20) \™ 2 (4M4 max{1,2/0}\ "
< 1nax{1,(4M4)2max{1,2/g}2ng} ( al )
e (Tn —1/0) v (T —1/0)
Thus, Theorem 3.1 can be applied to complete the proof. O
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