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Abstract

This paper deals with U-statistics of Poisson processes and multiple Wiener-Itô in-
tegrals on the Poisson space. Via sharp bounds on the cumulants for both classes
of random variables, moderate deviation principles, concentration inequalities and
normal approximation bounds with Cramér correction are derived. It is argued that
the results obtained in this way are in a sense best possible and cannot be improved
systematically. Applications in stochastic geometry and to functionals of Ornstein-
Uhlenbeck-Lévy processes are investigated.
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1 Introduction

Probabilistic limit theorems for functionals of Poisson processes were intensively
studied over the past decades. Starting with the seminal work [34], this field of research
got a particular new drive. In that paper, Malliavin calculus for Poisson processes was
combined for the first time with Stein’s method for normal approximation to deduce new
central limit theorems with explicit error bounds. Previously, this connection had been
established and exploited for functionals of Gaussian processes and has led to a large
number of exciting new developments, see e.g. the monograph [32] for an excellent
introduction. As an example we mention the celebrated fourth moment theorem, which
states that a sequence of random variables living inside a fixed Wiener chaos and having
unit variance converges in distribution to a standard Gaussian random variable if and
only if their fourth moments converge to 3, the fourth moment of the standard Gaussian
distribution. For the Poisson space, which we consider throughout this paper, a fourth
moment theorem in the same spirit as well as some refinements were established in
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Moderate deviations on Poisson chaos

[11, 12, 13]. Indeed, for a sequence of random variables (Fn)n∈N living inside a fixed
Poisson chaos, so-called multiple Wiener-Itô integrals, such that E[F 2

n ] = 1 for each
n ∈ N one has that

Fn
d−→ N ∼ N (0, 1) if E[F 4

n ]→ 3,

as n→∞. This can equivalently be rephrased by saying that

Fn
d−→ N ∼ N (0, 1) if cum4(Fn)→ 0,

as n → ∞, where cum4(Fn) := E[F 4
n ]− 3 stands for the fourth cumulant of Fn. In case

that the sequence (F 4
n)n∈N is uniformly integrable also the reverse direction of this

implication is true.
Poisson functionals, i.e. random variables depending only on a Poisson process, play

a crucial role in stochastic geometry, where one frequently studies random structures
constructed from an underlying Poisson process. For such situations the Malliavin-Stein
method is a very useful approach that has been extensively employed over the last years
(see e.g. the volume of survey articles [33]). Although multiple Wiener-Itô integrals
are very important and interesting objects, statistics of interest in stochastic geometry
are usually sums of multiple Wiener-Itô integrals and not single ones as considered in
the fourth moment theorem above. However, many of them are so-called U-statistics
of Poisson processes. Since these Poisson U-statistics can be written as finite sums of
multiple Wiener-Itô integrals, they are closely related to multiple Wiener-Itô integrals
and very well suited for the Malliavin-Stein approach. This technique was used in e.g.
[8, 19, 24, 25, 29, 36, 39, 44] to derive general normal approximation results for Poisson
U-statistics, which were applied to different situations such as

(i) geometric random graphs [8, 24, 25, 39, 40],

(ii) intersection and flat processes [5, 20, 22, 29, 39, 45],

(iii) random simplicial complexes [1, 9],

(iv) the statistical analysis of spherical Poisson fields [6, 7].

We also point to the works [3, 4] for the study of concentration bounds for U-statistics of
Poisson processes. For a survey on Poisson U-statistics we refer to [26].

The present paper is focussed on refinements of the central limit theorem for multiple
Wiener-Itô integrals and U-statistics of Poisson processes. For finite sums of such random
variables we study the validity of the Gaussian tail behaviour on scales beyond the one
of the central limit theorem. We do this by proving moderate deviation principles (MDPs)
as well as concentration inequalities and normal approximation bounds with Cramér
correction.

Our proofs rely on the so-called method of cumulants, which requires fine estimates
on the cumulants of all orders. It is well known that such bounds encode much infor-
mation about the fine probabilistic behaviour of the involved random variables, see the
monograph [41]. In particular, sharp bounds on cumulants lead to moderate deviation
principles, see [14]. For more details on the method of cumulants we also refer to the
recent survey [15]. In order to control the cumulants, so-called product formulas for
the moments and cumulants of multiple Wiener-Itô integrals are needed. In the present
article we improve existing results in this direction (see e.g. [29, 35, 47]) by deriving
such bounds under weaker (and partially even optimal) integrability assumptions. These
findings are of independent interest.

Our work can be regarded as a continuation of our previous article [46], where we
studied similar questions for multiple stochastic integrals on the Wiener space, that is,
stochastic integrals with respect to Gaussian processes. On the Wiener space it has
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Moderate deviations on Poisson chaos

been shown in [46] that all cumulants of a multiple stochastic integral are bounded in
terms of the fourth cumulant. Roughly speaking, this can be seen as a consequence of
the hypercontractivity property on the Wiener space. Since no such property is available
for Poisson processes, a similar bound for the cumulants in terms of only the fourth one
cannot be expected for the classes of random variables we consider. This together with
the much more involved combinatorial structure of the product formulas for multiple
stochastic integrals on the Poisson space makes the derivation of cumulant estimates for
U-statistics and multiple stochastic integrals a challenging problem, which is tackled
in the present text. It is one of the main features that our results will turn out to be
best possible. In fact, we shall identify a range of scales on which general finite sums
of Poisson U-statistics and general finite sums of multiple Wiener-Itô integrals satisfy a
MDP and we construct examples of such functionals that cannot satisfy a similar MDP
beyond this range of scales. We highlight that this is in sharp contrast to the situation
studied in [46], where such an example could not be found so far. This in turn led to a
range of scalings for which we could not answer in [46] whether or not a MDP is valid
for a general sequence of multiple stochastic integrals.

Our general findings for multiple Wiener-Itô integrals and Poisson U-statistics will
be illustrated by means of three examples. We start by specialising our estimates to
U-statistics having a fixed kernel. As an application we consider the intersection process
of order q generated by a Poisson process of k-dimensional totally geodesic submanifolds
in a d-dimensional standard space of constant curvature κ ∈ {−1, 0, 1}. More specifically,
we consider the d− q(d− k)-dimensional Riemannian volume associated with such an
intersection process within a fixed observation window. This naturally connects to
the recent line of research in non-Euclidean stochastic geometry. As a second model
we investigate the random geometric graph in which two points of a homogeneous
Poisson process within some convex body in Rd are connected by an edge, provided their
Euclidean distance does not exceed some given threshold. The Poisson functional we
consider is a linear combination of classical subgraph counting statistics. Finally we
study the Ornstein-Uhlenbeck process generated by a Poisson process in space and time.
More precisely, our focus lies on the quadratic variation functional of this stochastic
process, which admits a representation as a sum of Wiener-Itô integrals of order one
and two.

This paper is organised as follows. After introducing some preliminaries and notation
in Section 2, we present and discuss our main results in Section 3. We consider moderate
deviations for multiple Wiener-Itô integrals and Poisson U-statistics in Subsection 3.1,
while Subsection 3.2 deals with product formulas, which are essential ingredients of our
proofs. Section 4 is devoted to applications, before the proofs are given in Sections 5, 6
and 7.

2 Preliminaries

2.1 Poisson processes and multiple Wiener-Itô integrals

Let (X,X ) be a measurable space, which is supplied with a σ-finite measure µ. A
random counting measure η on X is called a Poisson process with intensity measure µ,
provided that

i) for all B ∈ X , η(B) is a (possibly degenerate) Poisson distributed random variable
with mean µ(B),

ii) the random variables η(B1), . . . , η(Bn) are independent for all pairwise disjoint
B1, . . . , Bn ∈ X , n ∈ N.

For q, r ∈ N we let Lr(µq) be the space of measurable functions f : Xq → R with the
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property that |f |r is integrable with respect to µq, the q-fold product measure of the
underlying measure µ. Moreover, we shall denote by Lrs(µ

q) the subspace of symmetric
functions, that is, functions f ∈ Lr(µq) that are invariant with respect to arbitrary
permutations of their arguments.

For a counting measure ξ on X and m ∈ N let us define the measure ξ(m) on Xm by

ξ(m)( · ) :=

∫
X

· · ·
∫
X

1((x1, . . . , xm) ∈ · )
(
ξ −

m−1∑
i=1

δxi

)
(dxm)

(
ξ −

m−2∑
i=1

δxi

)
(dxm−1) · · ·

× (ξ − δx1)(dx2)ξ(dx1) ,

where δx stands for the Dirac measure at x ∈ X. For f ∈ L1
s(µ

q) we define the pathwise
multiple stochastic integral Iq(f) of f with respect to the (compensated) Poisson process
η by

Iq(f) :=
∑
J⊂[q]

(−1)q−|J|
∫
X|J|

∫
Xq−|J|

f(x1, . . . , xq)µ
q−|J|(dxJc) η

(|J|)(dxJ)

with [q] := {1, . . . , q}, xJ :=(xj : j ∈ J) and where |J | stands for the cardinality of J (for
J = [q] we interpret the inner integral as f(x1, . . . , xq)). The q-fold Wiener-Itô integral of
f ∈ L2

s(µ
q) is defined as the limit of (Iq(fn))n∈N in the space of square integrable random

variables, where (fn)n∈N is a sequence of simple symmetric functions approximating f
in L2

s(µ
q). We recall that E[Iq(f)] = 0 and that

E[Iq1(f1)Iq2(f2)] = q1!1(q1 = q2) 〈f1, f2〉L2(µq1 ),

where q1, q2 ∈ N, f1 ∈ L2
s(µ

q1), f2 ∈ L2
s(µ

q2) and 〈 · , · 〉L2(µq1 ) denotes the usual scalar
product in L2(µq1). In particular, if a random variable has the form F := Iq1(f1) + . . .+

Iqk(fk) with k ∈ N, distinct q1, . . . , qk ∈ N and fi ∈ L2
s(µ

qi), i ∈ {1, . . . , k}, we have that
EF = 0 and that the variance of F is given by

VarF = q1!‖f1‖2L2(µq1 ) + . . .+ qk!‖fk‖2L2(µqk ) . (2.1)

Let us also remark that the collection of all random variables of the form Iq(f) with
f ∈ L2

s(µ
q) is called the qth Poisson chaos (with respect to the measure µ).

We refer to [28] for background material concerning Poisson processes and a detailed
construction of the multiple Wiener-Itô integral.

2.2 Poisson U-statistics

As in the previous section, let (X,X ) be a measurable space and η be a Poisson
process on X with σ-finite intensity measure µ. A Poisson U-statistic is a random variable
of the form

S :=
∑

(x1,...,xq)∈ηq6=

f(x1, . . . , xq),

where q ∈ N, ηq6= stands for the set of all q-tuples of distinct points of η and f ∈ L1
s(µ

q).
Since we sum over all permutations of any combination of q distinct points of η, we can
assume without loss of generality that f is symmetric. We denote q as order and refer
to f as the kernel of S. The previous definition covers most of the relevant situations.
However, our general framework even allows situations where the Poisson process is not
given by its atoms, cf. [28, Section 12.3]. In this case, we mean by a Poisson U-statistic
of order q a functional of the type

S :=

∫
Xq
f(x1, . . . , xq) η

(q)(d(x1, . . . , xq)) .
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In the sequel we always use the notation with the sum since we believe that it is more
intuitive and is the typical situation for most of our examples.

The Poisson U-statistic S is square integrable if and only if∫
Xi

(∫
Xq−i

f(y1, . . . , yi, x1, . . . , xq−i)µ
q−i(d(x1, . . . , xq−i))

)2

µi(d(y1, . . . , yi)) <∞ (2.2)

for all i ∈ {0, . . . , q} (see [28, Proposition 12.12] and [39, Section 3]). For i = 0 and i = q

this means that f ∈ L1
s(µ

q) and f ∈ L2
s(µ

q), respectively. If (2.2) is satisfied, the functions
fi : Xi → R, i ∈ {1, . . . , q}, given by

fi(y1, . . . , yi) :=

(
q

i

)∫
Xq−i

f(y1, . . . , yi, x1, . . . , xq−i)µ
q−i(d(x1, . . . , xq−i)), (2.3)

are square integrable. In [39, Section 3] it is shown that a square integrable Poisson
U-statistic S has the representation

S = ES +

q∑
i=1

Ii(fi), (2.4)

and that its variance is given by

VarS =

q∑
i=1

i!‖fi‖2L2(µi) , (2.5)

compare with (2.1). The decomposition (2.4) is called the Wiener-Itô chaos expansion of S.
We emphasise that any square-integrable Poisson functional F , i.e. any random variable
depending on a Poisson process only, has a representation as a sum of its expectation
and (possibly infinitely many) multiple Wiener-Itô integrals. In other words, (2.4) says
that square-integrable Poisson U-statistics have a finite Wiener-Itô chaos expansion. On
the other hand, in [39, Theorem 3.6] it is shown that any square-integrable Poisson
functional with a finite Wiener-Itô chaos expansion having integrable kernels fi, which,
by the square-integrability of the Poisson functional, are automatically square-integrable,
can be written as a sum of finitely many Poisson U-statistics and a constant.

2.3 The method of cumulants

In this section we present what is called the method of cumulants. We start with the
definition of cumulants and by setting up the notation. For real-valued random variables
X1, . . . , Xm, m ∈ N, the joint characteristic function ϕX1,...,Xm : Rm → C is given by

ϕX1,...,Xm(t1, . . . , tm) := E exp

(
i

m∑
i=1

tiXi

)
,

where i is the imaginary unit. The joint cumulant of X1, . . . , Xm is then defined as

cum(X1, . . . , Xm) := (−i)m ∂m

∂t1 . . . ∂tm
logϕX1,...,Xm(t1, . . . , tm)

∣∣∣
t1=...=tm=0

.

In the following we consider random variables that have finite moments of all orders.
This implies that all joint cumulants of these random variables are well defined. Note
that the joint cumulants are linear in each coordinate. For a real-valued random variable
X and m ∈ N we shall write cumm(X):= cum(X, . . . ,X) for the mth cumulant of X.

Before we can summarise the main elements of the method of cumulants, we provide
the definition of a moderate deviation principle. Let us recall from [10] that a sequence
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(Pn)n∈N of probability measures on a topological space Z with σ-field Z satisfies a
large deviation principle with speed sn →∞ and good rate function I if the level sets
{z∈ Z : I(z) ≤ a} are compact for all 0 ≤ a <∞ and if for all A ∈ Z ,

− inf
z∈int(A)

I(z) ≤ lim inf
n→∞

s−1
n logPn(A) ≤ lim sup

n→∞
s−1
n logPn(A) ≤ − inf

z∈cl(A)
I(z) ,

where int(A) and cl(A) stand for the interior and the closure of A, respectively. Moreover,
a sequence (Xn)n∈N of random variables satisfies a LDP if their distributions do. We
will speak about a moderate deviation principle (MDP) instead of a LDP if the scaling of
the involved random variables is between that of a law of large numbers and that of a
central limit theorem.

Now, let (Xn)n∈N be a sequence of square-integrable random variables, γ ≥ 0 be a
constant and (∆n)n∈N be a positive real-valued sequence. To keep the presentation of
our results more transparent, we introduce the following shorthand notation and say
that (Xn)n∈N satisfies

• MDP(γ, (∆n)n∈N) if for any positive real-valued sequence (an)n∈N with

lim
n→∞

an =∞ and lim
n→∞

an

∆
1/(1+2γ)
n

= 0

the re-scaled random variables (a−1
n (Xn − EXn)/

√
VarXn)n∈N satisfy a moderate

deviation principle (MDP) with speed a2
n and good rate function I(z) = z2/2 ,

• CI(γ, (∆n)n∈N) if the Bernstein-type concentration inequality

P(|Xn − EXn| ≥ z
√

VarXn) ≤ 2 exp

(
−1

4
min

{ z2

21+γ
, (z∆n)1/(1+γ)

})
holds for all n ∈ N and z ≥ 0,

• NACC(γ, (∆n)n∈N) if a normal approximation bound with Cramér correction holds,
that is, if there exist constants c0, c1, c2 > 0 only depending on γ such that for all
n ∈ N and z ∈ [0, c0∆

1/(1+2γ)
n ],

P(Xn − EXn ≥ z
√

VarXn) = eL
+
n,z (1− Φ(z))

(
1 + c1θ

+
n,z

1 + z

∆
1/(1+2γ)
n

)
and

P(Xn − EXn ≤ −z
√

VarXn) = eL
−
n,z (1− Φ(z))

(
1 + c1θ

−
n,z

1 + z

∆
1/(1+2γ)
n

)
with θ+

n,z, θ
−
n,z ∈ [−1, 1] and L+

n,z, L
−
n,z ∈ (−c2z3/∆

1/(1+2γ)
n , c2z

3/∆
1/(1+2γ)
n ), where Φ

is the distribution function of a standard Gaussian random variable.

The main tool for proving our results are sharp estimates for cumulants and their
implications. The next proposition is our main device. It collects findings taken from the
monograph [41], the paper [14] and the survey article [15] (see also [46, Lemma 11]).
It summarises fine probabilistic estimates, which are available under certain natural
bounds on cumulants.

Proposition 2.1 (MDP, CI and NACC under cumulant bounds). Let (Xn)n∈N be a sequence
of real-valued random variables such that E[Xn] = 0, E[X2

n] = 1 and E[|Xn|m] < ∞ for
all m ≥ 3. Suppose that there exist a constant γ ≥ 0 and a positive real-valued sequence
(∆n)n∈N such that

| cumm(Xn)| ≤ (m!)1+γ

∆m−2
n

(2.6)

for all m ≥ 3 and n ∈ N. Then (Xn)n∈N satisfies MDP(γ, (∆n)n∈N), CI(γ, (∆n)n∈N) and
NACC(γ, (∆n)n∈N).
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Figure 1: An element of Π(3, 2, 1).

Remark 2.2. The cumulant bound (2.6) immediately implies a central limit theorem for
the random variables (Xn)n∈N, as soon as ∆n → ∞, if we let n → ∞. In addition, it
also delivers a bound for the speed of convergence in terms of the Kolmogorov distance
defined as the sup-norm of the difference of the distribution function of Xn and that of
a standard Gaussian random variable, see e.g. [41, Corollary 2.1]. However, since this
leads for all the random variables we consider in this paper to rates that are weaker
than those already available in the existing literature, we have decided not to pursue
this direction in this text.

2.4 Partitions

Let m ∈ N and let q1, . . . , qm ∈ N. We define N0 := 0, N`:=
∑`
i=1 qi, ` ∈ {1, . . . ,m},

and N := Nm, and put J` := {N`−1 + 1, . . . , N`}, ` ∈ {1, . . . ,m}. A partition σ of [N ] :=

{1, . . . , N} is a collection {B1, . . . , Bk} of 1 ≤ k ≤ N pairwise disjoint non-empty sets,
called blocks, such that B1 ∪ . . . ∪Bk = [N ]. The number k of blocks of σ is denoted by
|σ|. By Π(q1, . . . , qm) we denote the set of all partitions σ such that |B ∩ J`| ≤ 1 for all
` ∈ {1, . . . ,m} and B ∈ σ.

It is instructive to graphically represent a partition σ ∈ Π(q1, . . . , qm) as follows. We
imagine the q1 + . . .+qm elements of {1, . . . , q1 + . . .+qm} arranged in an array of m rows,
where the numbers 1, . . . , q1 (i.e. the elements of J1) form the first row, q1 + 1, . . . , q1+q2

(i.e. the elements of J2) the second row and so on. The blocks of the partition σ are then
indicated by closed curves, where all elements encircled by the same curve belong to
the same block of σ, see Figure 1.

Every partition σ ∈ Π(q1, . . . , qm) induces a partition σ∗ of {1, . . . ,m} in the following
way: i, j ∈ {1, . . . ,m} are in the same block of σ∗ whenever there is a block B ∈ σ

such that |B ∩ Ji| = 1 and |B ∩ Jj | = 1. Let Π̃(q1, . . . , qm) be the set of all partitions
σ ∈ Π(q1, . . . , qm) such that |σ∗| = 1. We remark that the partitions in Π(q1, . . . , qm)

and Π̃(q1, . . . , qm) are known as non-flat and connected non-flat, respectively, see e.g.
[35, Chapter 4]. By Π≥2(q1, . . . , qm) and Π̃≥2(q1, . . . , qm) we denote the sets of all σ ∈
Π(q1, . . . , qm) and of all σ ∈ Π̃(q1, . . . , qm) such that |B| ≥ 2 for all B ∈ σ. Finally, we
introduce the set Π(q1, . . . , qm) of all partitions σ ∈ Π(q1, . . . , qm) such that for each
` ∈ {1, . . . ,m} there exists a block B ∈ σ with |B| ≥ 2 and B ∩ J` 6= ∅. In other words, in
each row in the graphical representation of σ there exists at least one element, which
belongs to some block B ∈ σ with |B| ≥ 2. In case that q1 = . . . = qm = q we write Πm(q),
Π̃m(q), Πm

≥2(q), Π̃m
≥2(q) and Π

m
(q) instead of Π(q1, . . . , qm), Π̃(q1, . . . , qm), Π≥2(q1, . . . , qm),

Π̃≥2(q1, . . . , qm) and Π(q1, . . . , qm), respectively.

For functions f (`) : Xq` → R, ` ∈ {1, . . . ,m}, we define their tensor product ⊗m`=1f
(`) :

XN → R by

(⊗m`=1f
(`))(x1, . . . , xN ) :=

m∏
`=1

f (`)(xN`−1+1, . . . , xN`) .
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For σ ∈ Π(q1, . . . , qm) the function (⊗m`=1f
(`))σ : X|σ| → R is obtained by replacing in

(⊗m`=1f
(`)) all variables that belong to the same block of σ by a new common variable.

Note that this way (⊗m`=1f
(`))σ is only defined up to permutations of its arguments. Since

in what follows we always integrate with respect to all arguments of (⊗m`=1f
(`))σ, this

does not cause problems.

3 Main results

3.1 Moderate deviation estimates

We are now prepared to present the main results of this paper. They show that finite
sums of multiple stochastic integrals on the Poisson space as well as finite sums of Poisson
U-statistics satisfy MDP(γ, (∆n)n∈N), CI(γ, (∆n)n∈N) as well as NACC(γ, (∆n)n∈N),
and we determine the parameters γ and (∆n)n∈N in both situations. In fact, it will turn
out later that the parameter γ we obtain cannot be improved systematically. In the next
two theorems we implicitly assume that all occurring integrals are well defined. We start
with the result for multiple Wiener-Itô integrals.

Theorem 3.1 (MDP, CI and NACC for multiple integrals). Let (ηn)n∈N be a family of Pois-

son processes over σ-finite measure spaces ((Xn,Xn, µn))n∈N and let f (i)
n ∈ L2

s(µ
qi
n ), i ∈

{1, . . . , k}, n ∈ N, with distinct q1, . . . , qk ∈ N and k ∈ N be such that
∑k
i=1 ‖f

(i)
n ‖2L2(µ

qi
n )

>

0 for all n ∈ N. Define q := max{q1, . . . , qk} and let Yn :=
∑k
i=1 Iqi(f

(i)
n ) for n ∈ N.

Assume that there is a positive real-valued sequence (αn)n∈N such that, for any n ∈ N,

(VarYn)−m/2
∣∣∣∣ ∫
X
|σ|
n

(⊗m`=1f
(i`)
n )σ dµ|σ|n

∣∣∣∣ ≤ αm−2
n (3.1)

for all σ ∈ Π̃≥2(qi1 , . . . , qim), i1, . . . , im ∈ {1, . . . , k} and m ≥ 3. Then (Yn)n∈N satisfies
MDP(q − 1, (cq,kα

−1
n )n∈N), CI(q − 1, (cq,kα

−1
n )n∈N) and NACC(q − 1, (cq,kα

−1
n )n∈N) with

cq,k := 1/(kqq)3.

We can compare the assumptions of Theorem 3.1 with those of the corresponding
result for multiple Wiener-Itô integrals on the Wiener space proved in [46]. In the latter
case, it was sufficient to impose a condition on the fourth cumulant only in order to
bound all higher-order cumulants and to deduce MDP, CI and NACC. In contrast, our
condition (3.1) (and also the condition (3.2) in case of Poisson U-statistics below) impose
restrictions to all cumulants of order m ≥ 3 simultaneously. In view of the complicated
combinatorial structure and in view of the absent hypercontractivity property on the
Poisson space, this is unavoidable by our method, which is based on sharp cumulant
bounds.

Next, we shall discuss a version of Theorem 3.1 for sums of Poisson U-statistics.

Theorem 3.2 (MDP, CI and NACC for Poisson U-statistics). Let (ηn)n∈N be a family of

Poisson processes over σ-finite measure spaces ((Xn,Xn, µn))n∈N and let f (i)
n : Xqi

n → R,
i ∈ {1, . . . , k}, n ∈ N, with distinct q1, . . . , qk ∈ N and k ∈ N, be measurable and

satisfy (2.2) and
∑k
i=1 ‖f

(i)
n ‖2L2(µ

qi
n )

> 0 for all n ∈ N. Define q := max{q1, . . . , qk} and the

random variables

Zn :=

k∑
i=1

S(i)
n with S(i)

n :=
∑

(x1,...,xqi )∈η
qi
n, 6=

f (i)
n (x1, . . . , xqi), i ∈ {1, . . . , k},

for n ∈ N. Assume that there is a positive real-valued sequence (βn)n∈N such that, for
any n ∈ N,

(VarZn)−m/2
∣∣∣∣ ∫
X
|σ|
n

(⊗m`=1f
(i`)
n )σ dµ|σ|n

∣∣∣∣ ≤ βm−2
n (3.2)
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for all σ ∈ Π̃(qi1 , . . . , qim), i1, . . . , im ∈ {1, . . . , k} and m ≥ 3. Then (Zn)n∈N satisfies
MDP(q − 1, (cq,kβ

−1
n )n∈N), CI(q − 1, (cq,kβ

−1
n )n∈N) and NACC(q − 1, (cq,kβ

−1
n )n∈N) with

cq,k := 1/(kqq)3.

Remark 3.3. The assumption
∑k
i=1 ‖f

(i)
n ‖2L2(µ

qi
n )

> 0 for all n ∈ N in Theorems 3.1

and 3.2 ensures that, for all n ∈ N, VarYn > 0 and VarZn > 0, respectively. Indeed,
by (2.1), we have

VarYn =

k∑
i=1

qi!‖f (i)
n ‖2L2(µ

qi
n )
≥

k∑
i=1

‖f (i)
n ‖2L2(µ

qi
n )

> 0.

In case of Zn there exists a unique in ∈ {1, . . . , k} such that qin = max{q1, . . . , qk :

‖f (i)
n ‖2L2(µ

qi
n )

> 0}. From (2.4) we deduce that the qin -th kernel of the chaos expansion of

Zn is f (in)
n , whence, by (2.1), VarZn ≥ qin !‖f (in)

n ‖2
L2(µ

qin
n )

> 0.

Remark 3.4. Moderate deviation principles and also concentration inequalities are well
known in the case of ‘classical’ U-statistics based on fixed numbers of i.i.d. random
variables, see e.g. [18] and [31]. Although the classical U-statistics and the Poisson
U-statistics we consider are close in the L2-sense by a result of Dynkin and Mandelbaum
[16], this is not sufficient to push the classical results to the Poisson case since we
investigate U-statistics on an exponential scale. In addition we remark that – in sharp
contrast to typical assumptions imposed on classical U-statistics – the random variables
Yn and Zn considered in Theorem 3.1 and 3.2 satisfy E[esYn ] = E[esZn ] =∞ for any s > 0,

provided that f (i)
n ≥ 0 for all i ∈ {1, . . . , k} and that for some i ∈ {1, . . . , k}, qi ≥ 2 and

‖f (i)
n ‖L2(µ

qi
n ) > 0 (see [29, Corollary 2]).

Theorem 3.1 and Theorem 3.2 imply a moderate deviation principle for a range of
scales (an)n∈N ‘close’ to that in the related central limit theorem, which in turn would
correspond to the choice an = 1 for all n ∈ N. We shall now discuss whether or not it is
possible in general to enlarge this range of scales. To this end we use a simple example
based on a sum of independent and identically distributed random variables. Let us
denote for q ∈ {0, 1, 2, . . .} by Hq the qth Poisson-Charlier polynomial for the Poisson
distribution with parameter 1. This family of orthogonal polynomials is recursively
defined by

H0(x) := 1 and Hq+1(x) := xHq(x− 1)−Hq(x) , x ∈ R,

for integers q ≥ 0, see e.g. [35, Equation (10.0.2)]. For example,

H1(x) = x− 1,

H2(x) = x2 − 3x+ 1,

H3(x) = x3 − 6x2 + 8x− 1,

H4(x) = x4 − 10x3 + 29x2 − 24x+ 1.

In particular, Hq is a polynomial of degree q with leading coefficient equal to 1.

Theorem 3.5. Fix q ∈ N and let (Zk)k∈N be a sequence of independent and Poisson
distributed random variables with parameter 1. For each n ∈ N define Sn :=

∑n
k=1Hq(Zk)

and let (an)n∈N be a sequence of positive real numbers such that limn→∞ an = ∞ and
limn→∞ an/

√
n = 0.

a) Assume that
lim
n→∞

a−2+1/q
n n1/(2q) log(an

√
n) =∞.

Then the sequence of random variables
(

Sn
an
√
nq!

)
n∈N satisfies a MDP with speed a2

n

and good rate function I(z) = z2/2.
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b) Assume that
lim
n→∞

a−2+1/q
n n1/(2q) log(an

√
n) <∞.

Then, the sequence of random variables
(

Sn
an
√
nq!

)
n∈N cannot satisfy a MDP with

a good rate function I(z) satisfying I(z) > 0 for z 6= 0 and with I(z) → ∞, as
z → ±∞.

To discuss the relation between Theorem 3.5, which is not derived by the method
of cumulants but by findings from [2, 17] for sums of i.i.d. random variables, and
Theorem 3.1, we let η be a Poisson process over a σ-finite measure space (X,X , µ)

and Z1 be a Poisson random variable with parameter 1. Then, for every q ∈ N and
every B ∈ X with µ(B) = 1 we have that the random variable Hq(Z1) and the multiple
Wiener-Itô integral Iq(gB) with gB(z1, . . . , zq) := 1⊗qB (z1, . . . , zq) := 1B(z1) · · ·1B(zq) are
identically distributed, see [35, Proposition 10.0.2]. Thus, for each n ∈ N, Sn has
the same distribution as Iq(fn) with fn :=

∑n
i=1 gBi with pairwise disjoint measurable

subsets (Bi)i∈N of X with µ(Bi) = 1 for all i ∈ N. For m ∈ N with m ≥ 3 and σ ∈ Π̃m
≥2(q),

we obtain∫
X|σ|

(⊗m`=1fn)σ dµ|σ| =

n∑
i1,...,im=1

∫
X|σ|

(⊗m`=1gBi` )σ dµ|σ| =

n∑
i=1

∫
X|σ|

(⊗m`=1gBi)σ dµ|σ| = n,

where we used the construction of the (gBi)i∈N, the pairwise disjointness of (Bi)i∈N and
µ(Bi) = 1 for i ∈ N. Consequently, the random variables (Sn/

√
nq!)n∈N satisfy (3.1) with

αn := 1√
n

. So, Theorem 3.1 implies that if (an)n∈N is a sequence of positive real numbers
such that

lim
n→∞

an =∞ and lim
n→∞

an

α
−1/(2q−1)
n

= lim
n→∞

an
n1/(4q−2)

= 0, (3.3)

then the sequence of random variables (Sn/(an
√
nq!))n∈N satisfies a MDP with speed

a2
n and good rate function I(z) = z2/2. However, the growth condition on an we just

obtained by means of the method of cumulants coincides up to subpolynomial factors
with the optimal one from Theorem 3.5, which in turn is based on a different method.
Indeed, it is easy to verify that the condition of a) in Theorem 3.5 is satisfied in case
of (3.3), while the condition of b) holds if

lim
n→∞

an
nε+1/(4q−2)

=∞

for some ε > 0. In other words this means that the polynomial order of the range of
scalings in Theorem 3.1 and, thus, presumably also in Theorem 3.2 cannot be improved
systematically. On the other hand, this does not necessarily exclude the possibility that
for special choices of functions fn the MDP might hold beyond this range of scales.

We also note in this context that such an optimality result is not available for se-
quences of multiple stochastic integrals on a Wiener space. In fact, it has been argued in
[46] that there exists a non-trivial interval of scales an for which it is not clear whether
or not a moderate deviation principle is satisfied in general. We find it rather remarkable
that despite the much more involved combinatorial nature of stochastic integrals on
Poisson spaces, such a gap does not exist in this set-up.

3.2 Product formulas

One of the main devices for deriving sharp bounds on cumulants of multiple stochastic
integrals and Poisson U-statistics are explicit combinatorial formulas for the (joint)
cumulants of such random variables. The moment and cumulant formulas provided in
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this section are known, but we were able to derive them under weaker – sometimes
even minimal – integrability assumptions in comparison with the existing literature. We
consider the same framework as in Section 2.

Theorem 3.6 (Moment and cumulant formulas for stochastic integrals). Let m ∈ N, let
m̃ ∈ N with m̃ ≥ m be even and let f (`) ∈ L2

s(µ
q`) with q` ∈ N, ` ∈ {1, . . . ,m}, be such

that ∫
X|σ|
|(⊗m̃`=1f

(i))σ|dµ|σ| <∞, σ ∈ Πm̃
≥2(qi), i ∈ {1, . . . ,m}, (3.4)∫

X|σ|

∣∣(⊗m`=1f
(`))σ

∣∣dµ|σ| <∞, σ ∈ Π≥2(q1, . . . , qm) . (3.5)

Then,

E
[ m∏
`=1

Iq`(f
(`))
]

=
∑

σ∈Π≥2(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ| ,

cum(Iq1(f (1)), . . . , Iqm(f (m))) =
∑

σ∈Π̃≥2(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ| .

Formulas as those for the moments and cumulants in the previous theorem are known
as product or diagram formulas in the literature. This line of research for the Poisson
case goes back to the work [47]. There as well as in [28, 29, 35, 43] such formulas were
derived under stronger integrability assumptions. For m even and f (1) = . . . = f (m), (3.4)
and (3.5) only require that the integrals appearing on the right-hand side of the moment
formula exist as finite numbers, whence one can regard the integrability assumptions as
minimal. The related but different problem of not only computing the expectation but
the whole chaos expansion of a product of multiple Wiener-Itô integrals is studied, for
example, in [12, 27, 35, 47].

Next, we present corresponding moment and a cumulant formulas for Poisson U-
statistics.

Theorem 3.7 (Moment and cumulant formulas for Poisson U-statistics). Let m ∈ N, let
m̃ ∈ N with m̃ ≥ m be even and let f (`) ∈ L1

s(µ
q`) with q` ∈ N, ` ∈ {1, . . . ,m}, be such

that ∫
X|σ|
|(⊗m̃`=1f

(i))σ|dµ|σ| <∞, σ ∈ Π
m̃

(qi), i ∈ {1, . . . ,m}, (3.6)∫
X|σ|

∣∣(⊗m`=1f
(`))σ

∣∣dµ|σ| <∞, σ ∈ Π(q1, . . . , qm) . (3.7)

Then, for S` :=
∑

(x1,...,xq` )∈η
q`
6=
f (`)(x1, . . . , xq`), ` ∈ {1, . . . ,m},

E
[ m∏
`=1

(S` − ES`)
]

=
∑

σ∈Π(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ| ,

cum(S1, . . . , Sm) =
∑

σ∈Π̃(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ| .

Note that the difference between the formulas for the joint moments and cumulants
of multiple Wiener-Itô integrals in Theorem 3.6 and those in Theorem 3.7 for Poisson U-
statistics is the appearance of different sets of partitions one has to sum over. We remark
that the formulas in Theorem 3.7 generalise [28, Proposition 12.13], [29, Corollary 1]
and [43, Corollary 3.5].
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4 Applications

4.1 U-statistics with fixed kernel and k-geodesic processes

We start our collection of applications by considering Poisson U-statistics whose
kernel function does not depend on the intensity parameter of the underlying Poisson
process.

Corollary 4.1. Let (X,X , µ) be a probability space, let (tn)n∈N be a sequence of real
numbers satisfying tn ≥ 1 and tn →∞, as n→∞, and let f : Xq → R for some q ∈ N be
measurable and such that ‖f‖∞ := sup{|f(x)| : x ∈ Xq} <∞ and

vf := q2

∫
X

(∫
Xq−1

f(x, x1, . . . , xq−1)µq−1(d(x1, . . . , xq−1))

)2

µ(dx) > 0 . (4.1)

For each n ∈ N, let ηn be a Poisson process on X with intensity measure tnµ. Then the
sequence (Sn)n∈N given by

Sn :=
∑

(x1,...,xq)∈ηqn, 6=

f(x1, . . . , xq)

satisfies MDP(q − 1, (τn)n∈N), CI(q − 1, (τn)n∈N) and NACC(q − 1, (τn)n∈N) with τn :=√
tn/(q

3q max{(‖f‖∞/
√
vf )3, ‖f‖∞/

√
vf}).

The previous corollary can be applied, for example, to Poisson hyperplane or Poisson
k-flat processes in Rd, one of the principal models considered in stochastic geometry, cf.
[42]. Following [5, 20, 21, 23] we treat this model in greater generality and denote for
d ≥ 2 and κ ∈ {−1, 0, 1} by Md

κ the d-dimensional standard space of constant curvature
κ. As a model for Md

1 we can take the d-dimensional unit sphere Sd ⊂ Rd+1, for Md
0 the

d-dimensional Euclidean space Rd and for Md
−1 the Beltrami-Klein model in the interior

Bd := {x = (x1, . . . , xd) ∈ Rd : x2
1 + . . .+ x2

d < 1} of the d-dimensional unit ball, see [38,
Chapter 6]. For k ∈ {1, . . . , d− 1} a k-geodesic of Md

κ is a totally geodesic k-dimensional
submanifold of Md

κ and by Aκ(d, k) we indicate the space of k-geodesics in Md
κ. In the

language of our model spaces, the elements of A1(d, k) arise as intersections of Sd with
(k + 1)-dimensional linear subspaces of Rd+1, A0(d, k) is the space of k-dimensional
affine subspaces of Rd and each k-geodesic in the Beltrami-Klein model for Md

−1 is the
non-empty intersection of Bd with an element from A0(d, k). The spaces Aκ(d, k) carry
natural measures µdk,κ which are invariant under the action of the full isometry group of

Md
κ and are unique up to a multiplicative factor. Since Md

1 is a compact space, we can
take for µdk,1 the invariant probability measure, whereas for µdk,0 we choose the same

normalisation as in [42] and for µdk,−1 the normalisation as in [20].

Next, we fix a Borel set W ⊂ Md
κ such that ck,κ,W := µk,κ({E ∈ Aκ(d, k) : E ∩W 6=

∅}) ∈ (0,∞) and denote by µdk,κ,W the restriction of c−1
k,κ,Wµ

d
k,κ to {E ∈ Aκ(d, k) : E ∩W 6=

∅}. Now, let (tn)n∈N be a sequence such that tn ≥ 1 for any n ∈ N and tn →∞, as n→∞,
and for each n ∈ N, let ηn = ηk,κ,W,n be a Poisson process on Aκ(d, k) with intensity
measure tnµ

d
k,κ,W . In the classical Euclidean case κ = 0, ηn is called a Poisson k-flat

process and we refer to [42] for further details and background material concerning such
processes and their most fundamental properties. Spherical and hyperbolic processes of
k-geodesics were only recently studied in detail in [20, 21, 23] for k = d− 1 and in [5]
for general k, respectively.

Assume now that 2k ≥ d and let q ∈ N be such that d− q(d− k) ≥ 0. The intersection
process of order q induced by ηn arises by considering the intersections of any q pairwise
different k-flats from ηn. This intersection is almost surely either empty or an element of
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Aκ(d, d−q(d−k)), see [5, Lemma 2.2]. Now, for each n ∈ N define the Poisson U-statistic

Sn :=
1

q!

∑
(E1,...,Eq)∈ηqn, 6=

Hd−q(d−k)
κ (E1 ∩ . . . ∩ Eq ∩W )

of order q with fixed kernel Hd−q(d−k)
κ ( · ∩W )/q!, where Hd−q(d−k)

κ denotes the (d− q(d−
k))-dimensional Hausdorff measure with respect to the Riemannian metric in Md

κ. In
other words, Sn is the total (d− q(d− k))-volume of the trace of the intersection process
of order q induced by ηn within W .

The U-statistics (Sn)n∈N satisfy the assumptions of Corollary 4.1 with explicitly
known constants in (4.1), see [29, Section 6] for the Euclidean case κ = 0 and [5]
for general κ (in fact, the constant vf is implicit in [5, Proposition 3.1]) and ‖f‖∞ =

max{Hd−q(d−k)(F∩W ) : F ∈ Aκ(d, d−q(d−k))} <∞. Thus, Corollary 4.1 yields moderate
deviation principles, concentration inequalities as well as a normal approximation bound
with Cramér correction in this situation.

4.2 Subgraph counts in random geometric graphs

Let (tn)n∈N be a positive real-valued sequence such that tn →∞, as n→∞, and let
(rn)n∈N be a positive real-valued sequence. Further, we fix a compact convex set W ⊂ Rd
with interior points and let, for each n ∈ N, ηn be a Poisson process whose intensity
measure µn is tn times the restriction of the Lebesgue measure to W . Based on this data,
we construct the random geometric graph RGG(ηn, rn) by taking the points of ηn as the
vertices of the graph and by connecting two distinct points by an edge whenever their
(Euclidean) distance is strictly positive and does not exceed the given threshold rn.

We are interested in the subgraph counting statistics associated with the random
geometric graph. To define them, let G be a fixed connected graph with q vertices, and
for x1, . . . , xq ∈W we let f=(x1, . . . , xq;G, rn) be 1/q! times the indicator that the random
geometric graph RGG({x1, . . . , xq}, rn) is isomorphic to G, while f⊂(x1, . . . , xq;G, rn) is
1/q! times the number of subgraphs of RGG({x1, . . . , xq}, rn) that are isomorphic to G.
The subgraph counting statistics are given by

S♦n (G) :=
∑

(x1,...,xq)∈ηqn, 6=

f♦(x1, . . . , xq;G, rn) , ♦ ∈ {=,⊂}.

Here, S=
n (G) and S⊂n (G) are the numbers of induced and non-induced copies of G in

RGG(ηn, rn). For example, if G is the graph with three vertices and two edges, three
vertices connected by three edges in RGG(ηn, rn) are counted thrice in S⊂n (G) but do
not to contribute to S=

n (G). From Theorem 3.2 we can deduce the following result.

Corollary 4.2. For k ∈ N, a1, . . . , ak ∈ R\{0}, ♦1, . . . ,♦k ∈ {=,⊂} and connected graphs
G1, . . . , Gk such that Gi has qi vertices for i ∈ {1, . . . , k}, let Sn :=

∑k
i=1 aiS

♦i
n (Gi), and

define p := min{q1, . . . , qk}, q := max{q1, . . . , qk} and a := max{|a1|, . . . , |ak|}. Assume
that tn →∞, as n→∞, and that there is a constant v > 0 such that

VarSn ≥ vmax{t2q−1
n (κdr

d
n)2q−2, tpn(κdr

d
n)p−1} , n ∈ N . (4.2)

Then the sequence (Sn)n∈N satisfies MDP(q − 1, (τn)n∈N), CI(q − 1, (τn)n∈N) and
NACC(q − 1, (τn)n∈N) with τn given by

τn :=

√
vtn min{1, tnκdrdn}p−1

(kqq)3 max{a, a3 Vol(W )/v}
, n ∈ N .

Our concentration inequality for the subgraph counting statistic is not the first one in
this direction that appeared in the literature. More precisely, for a fixed connected graph
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G with q ≥ 2 vertices, it was shown in [4, Theorem 1.1] that, essentially, the subgraph
counting statistic S⊂n (G) satisfies a concentration inequality of the form

P(|S⊂n (G)− ES⊂n (G)| ≥ z) ≤ 2 exp(−cd,qz1/q) , z ≥ 0 ,

where cd,q ∈ (0,∞) is a constant that only depends on the space dimension d as well as
on the vertex number q of G. We emphasise that our Corollary 4.2 yields a result of a
similar nature and especially shows the same exponent 1/q for z (for the special case of
the edge counting statistic corresponding to the choice q = 2 we refer to [3, 40] and the
discussions therein). On the other hand, our framework allows to deal simultaneously
with a finite number of graphs and also leads to moderate deviation principles and
normal approximation bounds with Cramér correction, which have no counterparts in
the existing literature.

Remark 4.3. The assumption on the existence of a strictly positive constant v > 0

in the lower variance bound (4.2) for Sn is always satisfied if we choose k = 1 and
♦1 = ‘⊂’. For ♦1 = ‘=’ we additionally need to assume that G1 is feasible in the sense
that P(RGG({X1, . . . , Xq1}, r) is isomorphic to G1) > 0 for some r > 0 and independent
random pointsX1, . . . , Xq1 uniformly distributed onW , cf. [37, Chapter 3] for a discussion
of the latter concept. This follows, for example, from the results in [37, Chapter 3.3]
and especially from the remark after Proposition 3.7 there. On the other hand, if k ≥ 2

the assumption seems unavoidable and does not need to be satisfied in general. For
example, if k = 2 and if we take G1 = G2 = G for some connected graph G (on q ≥ 2

vertices) as well as a1 = −a2, then Sn is identically zero with probability one and so (4.2)
is satisfied only with v = 0.

Remark 4.4. A generalisation of random geometric graphs is the random connection
model, where similarly to the Erdős-Rényi random graph it is decided independently
for each pair of points of the underlying Poisson process if they are connected by an
edge, but the probability of an edge depends on the relative spatial position of the
vertices. In the recent preprint [30], for subgraph counts of random connection models
cumulant bounds are derived in order to establish rates of convergence for the normal
approximation in Kolmogorov distance. Although the random geometric graph is a
special case of the random connection model, the cumulant estimates required for our
Corollary 4.2 do not follow directly from the findings of [30], since this paper works
with rescalings of a fixed connection function, which does not cover the situation of
Corollary 4.2 with the two parameters t and rt. However, the moment and cumulant
formulas for subgraph counts in [30] are very similar to our general formulas for Poisson
U-statistics, since subgraph counts can be seen as U-statistics of a Poisson process with
an additional randomisation coming from drawing edges randomly. In particular, the
same classes of partitions are used. The lower bound in our Proposition 6.1 implies that
the exponent r in Lemma 2.6 of [30] is in fact optimal.

4.3 Quadratic functionals of Ornstein-Uhlenbeck Lévy processes

Let η be a Poisson process on R ×R with intensity measure µ := λ ⊗ ν, where λ is
the Lebesgue measure on R and ν is a σ-finite measure on R with

∫
R
u2 ν(du) = 1. We

denote by η̂ the compensated Poisson process η − µ. For a fixed parameter % > 0 the
Ornstein-Uhlenbeck Lévy process (Ut)t∈R is given as the stochastic integral

Ut :=
√

2%

∫
(−∞,t]×R

ue−%(t−x) η̂(d(x, u))

with respect to η̂. We are interested in the behaviour of the quadratic functionals

Q(T ) :=

∫ T

0

U2
t dt, T ≥ 0 .
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A central limit theorem for Q(T ) with a rate of convergence has been obtained in [34]
in terms of the Wasserstein distance and in terms of the Kolmogorov distance in [19].
Our next result adds a moderate deviation principle, a concentration inequality as well
as a normal approximation bound with Cramér correction. To formulate it, define the
constant cν :=

∫∞
−∞ u4 ν(du).

Corollary 4.5. Let (Tn)n∈N be a positive real-valued sequence such that Tn > 1/%

and Tn → ∞, as n → ∞, and assume that there exists a constant M ≥ 1 such
that

∫∞
−∞ |u|

m ν(du) ≤ Mm for all m ∈ N. Then the sequence (Q(Tn))n∈N satisfies
MDP(1, (τn)n∈N), CI(1, (τn)n∈N) and NACC(1, (τn)n∈N) with (τn)n∈N given by

τn :=
1

512
min

{
1,

cν
(
Tn − 1/%

)
(4M4)2 max{1, 2/%}2(Tn + 1/(2%))

} √
cν
(
Tn − 1/%

)
4M4 max{1, 2/%}

.

5 Proofs: product formulas

The proof of Theorem 3.6 is prepared by the following lemma. Since the measure µ
was assumed to be σ-finite, there exists a sequence (An)n∈N of measurable subsets of X
with An ⊆ An+1 and µ(An) <∞ for n ∈ N satisfying

⋃
n∈NAn = X. Now, for a function

f : Xq → R with q ∈ N and n ∈ N define its truncation fn : Xq → R by

fn(x) := 1Aqn(x)1[−n,n](f(x))f(x), x ∈ Xq. (5.1)

Lemma 5.1. Fix an even number m ∈ N and f ∈ L2
s(µ

q) for some q ∈ N. Assume that∫
X|σ|
|(⊗m`=1f)σ|dµ|σ| <∞ (5.2)

for all σ ∈ Πm
≥2(q). Then lim

n→∞
EIq(f − fn)m = 0 and

lim
n→∞

EIq(fn)m = EIq(f)m =
∑

σ∈Πm≥2
(q)

∫
X|σ|

(⊗m`=1f)σ dµ|σ| <∞.

Proof. We note that the sequence of functions (fn)n∈N satisfies the following properties:

• each fn is bounded and has support of finite µ-measure,

• fn converges to f as n→∞ µ-almost everywhere,

• |fn| ≤ |f |.

By the dominated convergence theorem, it follows that ‖f − fn‖2L2(µq) → 0, as n → ∞.
Now, let ε > 0 and use Chebychev’s inequality to see that

P(|Iq(f)− Iq(fn)| ≥ ε) = P(|Iq(f − fn)| ≥ ε) ≤ EIq(f − fn)2

ε2
=
q!‖f − fn‖2L2(µq)

ε2
,

where the last expression tends to 0, as n → ∞. Hence, Iq(fn) converges to Iq(f) in
probability and in distribution, as n→∞. Thus,

EIq(f)m ≤ lim inf
n→∞

EIq(fn)m

by the Portmanteau theorem. Note that the expression EIq(f)m on the left-hand side is
in fact well defined since we have assumed m to be even. To EIq(fn)m we can now apply
[29, Theorem 1] which yields

EIq(f)m ≤ lim inf
n→∞

∑
σ∈Πm≥2

(q)

∫
X|σ|

(⊗m`=1fn)σ dµ|σ| =
∑

σ∈Πm≥2
(q)

∫
X|σ|

(⊗m`=1f)σ dµ|σ|,
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where the last step is verified by the dominated convergence theorem, which is applicable
due to (5.2). Consequently, replacing f by f − fn, we obtain

EIq(f − fn)m ≤
∑

σ∈Πm≥2
(q)

∫
X|σ|

(⊗m`=1(f − fn))σ dµ|σ|

for all n ∈ N. Once again by the dominated convergence theorem and (5.2) the right-hand
side tends to 0, as n→∞. This proves the first assertion.

On the other hand, using the reverse triangle inequality we see that

|(EIq(f)m)1/m − (EIq(fn)m)1/m| ≤ (EIq(f − fn)m)1/m.

Thus, by the convergence of the right-hand side to zero and by [29, Theorem 1],

EIq(f)m = lim
n→∞

EIq(fn)m

= lim
n→∞

∑
σ∈Πm≥2

(q)

∫
X|σ|

(⊗m`=1fn)σ dµ|σ|

=
∑

σ∈Πm≥2
(q)

∫
X|σ|

(⊗m`=1f)σ dµ|σ|,

where the last step follows once more by the dominated convergence theorem. This
completes the argument.

Proof of Theorem 3.6. For each ` ∈ {1, . . . ,m} and n ∈ N define the function f
(`)
n as

in (5.1). Then, using [29, Theorem 1] in the first and the dominated convergence
theorem, which is applicable due to (3.5), in the second step, we have that

lim
n→∞

E
[ m∏
`=1

Iq`(f
(`)
n )
]

= lim
n→∞

∑
σ∈Π≥2(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`)
n )σ dµ|σ|

=
∑

σ∈Π≥2(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ|.

From Lemma 5.1, whose assumption is satisfied by (3.4), one deduces that, for ` ∈
{1, . . . ,m},

lim
n→∞

EIq`(f
(`) − f (`)

n )m̃ = 0 and lim
n→∞

EIq`(f
(`)
n )m̃ = EIq`(f

(`))m̃ <∞. (5.3)

Thus, using Hölder’s inequality, we find that

lim
n→∞

∣∣∣E[ m∏
`=1

Iq`(f
(`))
]
− E

[ m∏
`=1

Iq`(f
(`)
n )
]∣∣∣

≤ lim
n→∞

m∑
`=1

E

∣∣∣ `−1∏
j=1

Iqj (f
(j))× Iq`(f (`) − f (`)

n )×
m∏

j=`+1

Iqj (f
(j)
n )
∣∣∣

≤ lim
n→∞

m∑
`=1

`−1∏
j=1

(E|Iqj (f (j))m|)1/m × (E|Iq`(f (`) − f (`)
n )m|)1/m ×

m∏
j=`+1

(E|Iqj (f (j)
n )m|)1/m

≤ lim
n→∞

m∑
`=1

`−1∏
j=1

(EIqj (f
(j))m̃)1/m̃ × (EIq`(f

(`) − f (`)
n )m̃)1/m̃ ×

m∏
j=`+1

(EIqj (f
(j)
n )m̃)1/m̃,
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Figure 2: Illustration of the mapping Θ5,3,1
3,2,1 : Π(3, 2, 1)→ Π(5, 3, 1).

where in the last step we used that m̃ ≥ m is even. By (5.3), the two products ranging
over j ∈ {1, . . . , `− 1} and j ∈ {`+ 1, . . . ,m}, respectively, converge to finite constants,

while the middle term (EIq`(f
(`) − f (`)

n )m̃)1/m̃ tends to zero, as n→∞. This completes
the proof of the first part of Theorem 3.6.

The formula for the joint cumulants eventually follows from this exactly as in the
proof of Theorem 1 in [29].

As a preparation for the proof of Theorem 3.7 we need to introduce an operation on
partitions. Fix integers m ≥ 1, q1, . . . , qm, j1, . . . , jm ≥ 1 with j1 ≤ q1, . . . , jm ≤ qm. First,
define τ q1,...,qmj1,...,jm

: {1, . . . , j1 + . . .+ jm} → {1, . . . , q1 + . . .+ qm} by putting

τ q1,...,qmj1,...,jm
(u) :=

k−1∑
i=1

qi + rk if u =

k−1∑
i=1

ji + rk, rk ≤ jk for some k ∈ {1, . . . ,m}.

Then we define the mapping Θq1,...,qm
j1,...,jm

: Π(j1, . . . , jm)→ Π(q1, . . . , qm), which assigns to a
partition π = {B1, . . . , Bv} ∈ Π(j1, . . . , jm) with v ≥ 1 blocks the partition

Θq1,...,qm
j1,...,jm

(π) := {τ(B1), . . . , τ(Bv)} ∪
⋃

z∈{1,...,q1+...+qm}
z/∈∪vw=1τ(Bw)

{{z}}, τ := τ q1,...,qmj1,...,jm
.

Let us explain the mechanism behind Θq1,...,qm
j1,...,jm

. The partition σ := Θq1,...,qm
j1,...,jm

(π) ∈
Π(q1, . . . , qm) arises from π ∈ Π(j1, . . . , jm) by first adding to the first row corresponding
to the graphical representation of π the elements j1 + 1, . . . , q1, each of which becomes
an individual block of σ. In the second row corresponding to π we first shift the labels of
the elements there by q1 − j1 and then add the elements q1 + j1 + 1, . . . , q1 + q2, which
again become new individual blocks of σ. In the third row the elements are shifted by
q1 − j1 + q2 − j2 and then new elements q1 + q2 + j3 + 1, . . . , q1 + q2 + q3 are added as
individual blocks etc. The procedure is illustrated in Figure 2 by an example.

Proof of Theorem 3.7. Fix i ∈ {1, . . . ,m}. Applying (2.4) to the Poisson U-statistic Si we
have that

Si − ESi =

qi∑
j=1

Ij(f
(i)
j ) (5.4)

with functions f (i)
j : Xj → R given by

f
(i)
j (x1, . . . , xj) :=

(
qi
j

)∫
Xqi−j

f (i)(x1, . . . , xj , xj+1, . . . , xqi)µ
qi−j(d(xj+1, . . . , xqi))

for j ∈ {1, . . . , qi}. By (3.6) and since m̃ is even, we have that f (i)
j ∈ L2

s(µ
j) for each

j ∈ {1, . . . , qi} and that f (i)
j satisfies (3.4). Indeed, for every π ∈ Πm̃

≥2(j) one has that∫
X|π|
|(⊗m̃`=1f

(i)
j )π|dµ|π| ≤

(
qi
j

)m̃ ∫
X|σ|
|(⊗m̃`=1f

(i))σ|dµ|σ|,
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where we applied the definition of f (i)
j , used the triangle inequality and put σ :=

Θqi,...,qi
j,...,j (π) ∈ Π

m̃
(qi). Similarly, we have for j` ∈ {1, . . . , q`} with ` ∈ {1, . . . ,m} and

π ∈ Π≥2(j1, . . . , jm) that∫
X|π|
|(⊗m`=1f

(`)
j`

)π|dµ|π| ≤
m∏
`=1

(
q`
j`

)∫
X|σ|
|(⊗m`=1f

(`))σ|dµ|σ|

for σ := Θq1,...,qm
j1,...,jm

(π) ∈ Π(q1, . . . , qm). Thus, the functions f
(`)
j`

, ` ∈ {1, . . . ,m}, also
satisfy (3.5) due to (3.7).

We can now repeatedly apply Theorem 3.6 to (5.4) to conclude that

E
[ m∏
`=1

(S` − ES`)
]

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

E
[ m∏
`=1

Ij`(f
(`)
j`

)
]

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

∑
π∈Π≥2(j1,...,jm)

∫
X|π|

(⊗m`=1f
(`)
j`

)π dµ|π|

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

( m∏
`=1

(
q`
j`

))
×

∑
π∈Π≥2(j1,...,jm)

∫
X
|Θq1,...,qm
j1,...,jm

(π)|
(⊗m`=1f

(`))Θ
q1,...,qm
j1,...,jm

(π) dµ|Θ
q1,...,qm
j1,...,jm

(π)|.

Next, we note that Θq1,...,qm
j1,...,jm

(π) has q`−j` singleton blocks at the end of row ` ∈ {1, . . . ,m}
in the representing diagram. Moreover, the prefactor

∏m
`=1

(
q`
j`

)
is precisely the number

of possibilities to choose q` − j` singletons in each row ` ∈ {1, . . . ,m} of a diagram
corresponding to a partition in Π(q1, . . . , qm). This together with the symmetry of the
functions f (1), . . . , f (m) implies that( m∏

`=1

(
q`
j`

)) ∑
π∈Π≥2(j1,...,jm)

∫
X
|Θq1,...,qm
j1,...,jm

(π)|
(⊗m`=1f

(`))Θ
q1,...,qm
j1,...,jm

(π) dµ|Θ
q1,...,qm
j1,...,jm

(π)|

=
∑

σ∈Π(q1,...,qm)
σ has q1 − j1 singletons in row 1

···
σ has qm − jm singletons in row m

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ|.

Thus,

E
[ m∏
`=1

(S` − ES`)
]

=
∑

σ∈Π(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ|,

proving the first part of the theorem.
For the second part we use (5.4), multilinearity of joint cumulants and apply Theo-

rem 3.6 to see that

cum(S1, . . . , Sm)

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

cum(Ij1(f
(1)
j1

), . . . , Ijm(f
(m)
jm

))

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

∑
π∈Π̃≥2(j1,...,jm)

∫
X|π|

(⊗m`=1f
(`)
j`

)π dµ|π|
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=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

( m∏
`=1

(
q`
j`

))
×

∑
π∈Π̃≥2(j1,...,jm)

∫
X
|Θq1,...,qm
j1,...,jm

(π)|
(⊗m`=1f

(`))Θ
q1,...,qm
j1,...,jm

(π) dµ|Θ
q1,...,qm
j1,...,jm

(π)|

=
∑

1≤j1≤q1

· · ·
∑

1≤jm≤qm

∑
σ∈Π̃(q1,...,qm)

σ has q1 − j1 singletons in row 1
···

σ has qm − jm singletons in row m

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ|

=
∑

σ∈Π̃(q1,...,qm)

∫
X|σ|

(⊗m`=1f
(`))σ dµ|σ| ,

where we used the same arguments as above. This completes the proof.

6 Proofs: moderate deviation estimates

The first aim of this section is to upper bound the right-hand sides of the cumulant
formulas in Theorems 3.6 and 3.7 in such a way that Proposition 2.1 can be applied. For
that purpose, the following estimates are going to be important. Recall the definitions of
the classes Πm(q) and Π̃m

≥2(q) of partitions from Subsection 2.4.

Proposition 6.1. For any q ≥ 2 one has

|Πm(q)| ≤ qqm(m!)q , m ∈ N . (6.1)

Moreover, there are no constants c > 0 and γ ∈ (0, q) such that

|Π̃m
≥2(q)| ≤ cm(m!)γ , m ∈ N . (6.2)

Proof. We can construct each partition σ ∈ Πm+1(q) by taking a partition σ̂ ∈ Πm(q)

and deciding for each i ∈ {qm + 1, . . . , q(m + 1)} whether it joins an existing block or
forms a new block on its own. Since σ̂ has at most qm blocks, we obtain from a partition
σ̂ ∈ Πm(q) at most (qm+ 1)q new partitions. This implies the inequality

|Πm+1(q)| ≤ (qm+ 1)q|Πm(q)| ≤ qq(m+ 1)q|Πm(q)| .

Putting C := max{|Π1(q)|, qq}, this yields |Πm(q)| ≤ Cm(m!)q for m ∈ N by iteration.
Because of |Π1(q)| = 1, this is (6.1).

In order to show the second part, we prove that for any γ̃ ∈ (0, q) there exists a
constant ĉ > 0 such that

lim sup
m→∞

|Π̃m
≥2(q)|

ĉm(m!)γ̃
> 1 . (6.3)

This in turn implies (6.2) by the following consideration. Assume that γ ∈ (0, q) and c > 0

satisfy (6.2). For γ̃ := (γ + q)/2 there is a constant ĉ > 0 such that

1 < lim sup
m→∞

|Π̃m
≥2(q)|

ĉm(m!)γ̃
= lim sup

m→∞

|Π̃m
≥2(q)|

cm(m!)γ(ĉ/c)m(m!)γ̃−γ
.

Since, by construction, (ĉ/c)m(m!)γ̃−γ →∞, as m→∞, this means that

lim sup
m→∞

|Π̃m
≥2(q)|

cm(m!)γ
> 1 ,

which contradicts (6.2).
So, let us prove (6.3) for a given γ̃ ∈ (0, q). Let k, u ∈ N with k even and put m = uk.

In this situation we can construct partitions σ ∈ Π̃uk
≥2(q) in the following way:
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1) We group {1 + (`− 1)q : ` ∈ {1, . . . , uk}} into u blocks of size k.

2) Now, we order these blocks as follows:
{qi(1)

1 + 1, . . . , qi
(1)
k + 1}, . . . , {qi(u)

1 + 1, . . . , qi
(u)
k + 1} with i(1)

1 < i
(2)
1 < . . . < i

(u)
1 and

i
(`)
1 < i

(`)
2 < . . . < i

(`)
k for ` ∈ {1, . . . , u}. Next, we add the blocks {qi(`)1 +2, qi

(`+1)
k +2},

` ∈ {1, . . . , u− 1}, and {qi(u)
1 + 2, qi

(1)
k + 2}. Then we form blocks of size k − 2 from

the remaining elements of {2 + (`− 1)q : ` ∈ {1, . . . , uk}} in an arbitrary way.

3) For any j ∈ {3, . . . , q} we group {j + (`− 1)q : ` ∈ {1, . . . , uk}} into u blocks of size
k.

Note that σ ∈ Πuk
≥2(q) since, by construction, σ is non-flat and all its blocks contain at

least two elements. In addition, steps 1) and 2) are sufficient to ensure that σ is also
connected and, thus, belongs to Π̃uk

≥2(q).
According to steps 1)–3) there are

(uk)!

u!(k!)u
· ((k − 2)u)!

u!((k − 2)!)u
·
(

(uk)!

u!(k!)u

)q−2

possibilities to form such partitions σ ∈ Π̃uk
≥2(q). It is easy to verify that

((k − 2)u)!

u!((k − 2)!)u
≥ ((k − 2)u)!

u!(k!)u
≥ (uk)!

u!(k!)u(2u)!
(

uk
(k−2)u

) ≥ (uk)!

u!(k!)u(2u)!2uk
,

whence

|Π̃uk
≥2(q)| ≥ ((uk)!)q

(k!)uq(u!)q(2u)!2uk
≥ ((uk)!)γ̃

(2(k!)q/k)uk
((uk)!)q−γ̃

(u!(2u)!)q
.

Since (uk)! ≥ ((2u)!)k/2 for all u ∈ N and all even k ∈ N, we can choose an even k0 ∈ N
such that

((uk0)!)q−γ̃

(u!(2u)!)q
> 1 for all u ∈ N .

Consequently, we have that

lim sup
u→∞

|Π̃uk0

≥2 (q)|
((uk0)!)γ̃(2(k0!)q/k0)−uk0

> 1 ,

which yields (6.3) and completes the proof.

Proof of Theorem 3.1. We let Yn be as in the statement of the theorem and fix m ≥ 3.
Then,∣∣∣ cumm

( Yn√
VarYn

)∣∣∣ =
1

(VarYn)m/2
| cum(Yn, . . . , Yn)|

≤ 1

(VarYn)m/2

∑
(i1,...,im)∈[k]m

| cum(Iqi1 (f (i1)
n ), . . . , Iqim (f (im)

n ))| ,

where we used the definition of cumm( · ) in terms of a joint cumulant and then applied
the multilinearity of the latter together with the triangle inequality. Next, we apply the
cumulant formula in Theorem 3.6 to deduce that

| cum(Iqi1 (f (i1)
n ), . . . , Iqim (f (im)

n ))| ≤ |Π̃≥2(qi1 , . . . , qim)|

× sup
σ∈Π̃≥2(qi1 ,...,qim )

∣∣∣ ∫
X|σ|

(⊗m`=1f
(i`)
n )σ dµ|σ|

∣∣∣ .
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Recalling q = max{q1, . . . , qk}, we see that according to the first part of Proposition 6.1,
we have

|Π̃≥2(qi1 , . . . , qim)| ≤ |Πm(q)| ≤ qqm(m!)q , (6.4)

while the assumption (3.1) of the theorem ensures that

sup
σ∈Π̃≥2(qi1 ,...,qim )

1

(VarYn)m/2

∣∣∣ ∫
X|σ|

(⊗m`=1f
(i`)
n )σ dµ|σ|

∣∣∣ ≤ αm−2
n .

Putting the previous estimates together leads to the bound∣∣∣ cumm

( Yn√
VarYn

)∣∣∣ ≤ qqm(m!)qαm−2
n km ≤ (m!)q (q3qk3αn)m−2

for all n ∈ N and m ≥ 3. Thus, the statements of the theorem follow from Proposition 2.1.

Proof of Theorem 3.2. The argument is very similar to the one for Theorem 3.1. Basically,
the only change is that now one uses the cumulant formula in Theorem 3.7 instead of
the one in Theorem 3.6 and assumption (3.2) instead of (3.1). We leave the details to the
reader.

Remark 6.2. Note that the second part of Proposition 6.1 implies that one cannot
achieve a smaller exponent than q at m! in (6.4). This means that the choice γ = q − 1 in
the cumulant bound (2.6) cannot be improved systematically. Thus, Theorem 3.1 is the
best result one can obtain by the method of cumulants. This agrees with the discussion
next to Theorem 3.5, which shows that Theorem 3.1 yields for the situation considered
in Theorem 3.5 up to subpolynomial factors the optimal range of scales for the MDP.

Also the monograph [41] discusses cumulant bounds for multiple stochastic integrals
with respect to compensated Poisson processes in Chapter 5.2. However, it appears that
the estimate for the number of the involved partitions there is not correct. As discussed
above the exponent at m! cannot be smaller than q, while the exponent q/2 was used in
[41].

Proof of Theorem 3.5. We start by noting that EHq(Z1) = 0 and VarHq(Z1) = q!, and
hence ESn = 0 and VarSn = nq!. So, according to [2, Theorem 2.11] (see also [17,
Theorem 2.2]) the sequence of random variables (Sn/(an

√
nq!))n∈N satisfies a MDP with

speed a2
n and a good rate function I with I(z) > 0 for z 6= 0 and I(z)→∞, as z → ±∞,

if and only if

lim sup
n→∞

1

a2
n

(
log n+ logP

(
|Hq(Z1)| > an

√
nq!
))

= −∞. (6.5)

In addition, if condition (6.5) is satisfied, then the MDP holds with the good rate function
I(z) = z2/2.

To analyse the probability in (6.5), we start by observing that, for sufficiently large x,
1
2x

q ≤ |Hq(x)| ≤ 2xq and hence, for sufficiently large n, we have that

P
(
Zq1 > 2an

√
nq!
)
≤ P

(
|Hq(Z1)| > an

√
nq!
)
≤ P

(
Zq1 >

1

2
an
√
nq!
)
.

Moreover, for sufficiently large m ∈ N, one has that the Poisson random variable Z1

satisfies P(Z1 ≥ m) ≤ 2P(Z1 = m). Thus, we obtain

P
(
Z1 =

⌈(
2an
√
nq!
)1/q ⌉

+ 1
)
≤ P

(
|Hq(Z1)| > an

√
nq!
)
≤ 2P

(
Z1 =

⌊(1

2
an
√
nq!
)1/q ⌋)
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for sufficiently large n. Next, the elementary inequality (m/2)m/2 ≤ m! ≤ mm and

P(Z1 = m) = e−1

m! imply that

−2m logm ≤ −m logm− 1 ≤ logP(Z1 = m) ≤ −m
2

(logm− log 2)− 1 ≤ −m
4

logm

for large enough m ∈ N. It follows that

−2
(⌈(

2an
√
nq!
)1/q ⌉

+ 1
)

log
(⌈(

2an
√
nq!
)1/q ⌉

+ 1
)

≤ logP
(
|Hq(Z1)| > an

√
nq!
)

≤ log 2− 1

4

⌊(1

2
an
√
nq!
)1/q ⌋

log
⌊(1

2
an
√
nq!
)1/q ⌋

for large enough n ∈ N. The left- and the right-hand side in the previous chain of
inequalities asymptotically behave like constant multiples of

−a1/q
n n1/(2q) log(an

√
n),

as n→∞. Clearly, this expression asymptotically dominates the summand log n in (6.5)
by our assumption that an → ∞, as n → ∞. This means that there exist constants
cq, Cq ∈ (0,∞) depending only on q such that

− cq lim sup
n→∞

a−2+1/q
n n1/(2q) log(an

√
n)

≤ lim sup
n→∞

1

a2
n

(
log n+ logP

(
|Hq(Z1)| > an

√
nq!
))

≤ −Cq lim sup
n→∞

a−2+1/q
n n1/(2q) log(an

√
n).

Especially, if the sequence (an)n∈N satisfies the conditions in part a), both the left-hand
and the right-hand side are −∞. On the other hand, the left- and the right-hand side
tend to constants under the condition of part b). So, the necessary and sufficient
condition (6.5) for a MDP for a sequence of independent and identically distributed
random variables completes the argument.

7 Proofs: applications

Proof of Corollary 4.1. It follows from (2.3) and (2.5) that VarSn ≥ vf t2q−1
n (see also [39,

Theorem 5.2]). Together with the assumptions on µn and f this yields that, for all m ∈ N
with m ≥ 3 and σ ∈ Π̃m(q),

1

(VarSn)m/2

∣∣∣∣ ∫
X|σ|

(⊗m`=1f)σ dµ|σ|n

∣∣∣∣ ≤ t
|σ|
n ‖f‖m∞

(vf t
2q−1
n )m/2

.

Since |σ| ≤ (q − 1)m+ 1 and tn ≥ 1, the right-hand side is bounded by

t1−m/2n

(
‖f‖∞√
vf

)m
≤ t−(m−2)/2

n max{(‖f‖∞/
√
vf )3, ‖f‖∞/

√
vf}m−2 .

Now the statement follows from Theorem 3.2.

Proof of Corollary 4.2. For a connected graph G with vertices 1, . . . , q̃ and ♦ ∈ {=,⊂}
we have that

f♦(x1, . . . , xq̃;G, rn) (7.1)

≤ 1

q̃!

∑
%∈Per(q̃)

1{x%(i) ↔ x%(j) in RGG({x1, . . . , xq̃}, rn) if i↔ j in G for all i, j ∈ {1, . . . , q̃}}
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for x1, . . . , xq̃ ∈W , where↔ denotes an edge between two vertices and Per(q̃) is the set
of permutations of 1, . . . , q̃. In the following let m ∈ N with m ≥ 3, i1, . . . , im ∈ {1, . . . , k}
and σ ∈ Π̃(i1, . . . , im). Then, by applying (7.1) to the factors in the product of functions,
we have that ∣∣∣∣ ∫

W

(⊗m`=1f♦i` ( · ;Gi` , rn))σ dµ|σ|n

∣∣∣∣ ≤ t|σ|n Vol(W )(κdr
d
n)|σ|−1.

Here, we have used that since σ ∈ Π̃(i1, . . . , im), for each choice of permutations
%1, . . . , %m coming from (7.1) the points x1, . . . , x|σ| form a particular connected ran-
dom geometric graph with distance threshold rn, where it is completely determined
which points are connected by edges. Hence, successive integration leads to the bound
above. Thereby, the factorials in the denominator and the numbers of permutations
cancel out.

Together with our variance assumption (4.2) we obtain that∣∣∣ ∫W (⊗m`=1ai`f♦i` ( · ;Gi` , rn))σ dµ
|σ|
n

∣∣∣
(VarSn)m/2

≤ t
|σ|
n am Vol(W )(κdr

d
n)|σ|−1

vm/2 max{t2q−1
n (κdrdn)2q−2, tpn(κdrdn)p−1}m/2

.

Next we consider the cases κdtnrdn ≥ 1 and κdtnrdn < 1 separately. If κdtnrdn ≥ 1, because
of |σ| ≤ m(q − 1) + 1 we have that∣∣∣ ∫W (⊗m`=1ai`f♦i` ( · ;Gi` , rn))σ dµ

|σ|
n

∣∣∣
(VarSn)m/2

≤ t
m(q−1)+1
n am Vol(W )(κdr

d
n)m(q−1)

vm/2t
mq−m/2
n (κdrdn)m(q−1)

=
t
1−m/2
n am Vol(W )

vm/2

≤ max{1, a2 Vol(W )/v}m−2(a/
√
vtn)m−2 .

Similarly, if κdtnrdn < 1, we obtain that∣∣∣ ∫W (⊗m`=1ai`f♦i` ( · ;Gi` , rn))σ dµ
|σ|
n

∣∣∣
(VarSn)m/2

≤ tpna
m Vol(W )(κdr

d
n)p−1

vm/2t
mp/2
n (κdrdn)m(p−1)/2

=
am Vol(W )

vm/2t
(m−2)p/2
n (κdrdn)(m−2)(p−1)/2

≤ max{1, a2 Vol(W )/v}m−2(a/
√
vtpn(κdrdn)p−1)m−2 ,

where we used that |σ| ≥ p. Now, the result follows from Theorem 3.2 with f
(i)
n :=

aif♦i(·;Gi, rn) for i ∈ {1, . . . , k}.

Proof of Corollary 4.5. It follows from the proof of the central limit theorem for Q(Tn),
[34, Theorem 7.2], that Q(Tn) can be re-written as a sum of a first- and a second-order
Wiener-Itô integral. More precisely, we have that

Q(Tn) = E[Q(Tn)] + I1(f (1)
n ) + I2(f (2)

n )

with the functions f (1)
n : R×R→ R and f (2)

n : (R×R)2 → R given by

f (1)
n ((x, u)) := u2f̃ (1)

n (x) and f (2)
n ((x1, u1), (x2, u2)) := u1u2f̃

(2)
n (x1, x2) ,
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where

f̃ (1)
n (x) := 1{x ∈ (−∞, Tn]}

(
e2%x(1− e−2%Tn)1{x ≤ 0}

+ e2%x(e−2%x − e−2%Tn)1{x > 0}
)
,

f̃ (2)
n (x1, x2) := 1{x1, x2 ∈ (−∞, Tn]}

(
e%(x1+x2)(1− e−2%Tn)1{max{x1, x2} ≤ 0}

+ e%(x1+x2)(e−2%max{x1,x2} − e−2%Tn)1{max{x1, x2} > 0}
)
.

Note that f̃ (1)
n and f̃ (2)

n are both non-negative and satisfy the estimates

f̃ (1)
n (x) ≤ 1{x ∈ (−∞, Tn]}min{e2%x, 1} (7.2)

and
f̃ (2)
n (x1, x2) ≤ 1{x1, x2 ∈ (−∞, Tn]} e−%|x1−x2| e2%min{max{x1,x2},0} . (7.3)

In what follows, we let m ≥ 3, i1, . . . , im ∈ {1, 2} and σ ∈ Π̃≥2(i1, . . . , im). Then, we obtain∣∣∣∣ ∫
((−∞,Tn]×R)|σ|

(⊗m`=1f
(i`)
n )σ dµ|σ|

∣∣∣∣
≤
∫
R|σ|

|σ|∏
j=1

(|uj |mj + u
2mj
j ) ν|σ|(d(u1, . . . , u|σ|))

∫
(−∞,Tn]|σ|

(⊗m`=1f̃
(i`)
n )σ dλ|σ| ,

where we denote by mj the cardinality of the jth block of σ. Since
∑|σ|
j=1mj =

∑m
`=1 i` ≤

2m and |σ| ≤ 1
2

∑m
`=1 i` ≤ m, it follows from the assumptions on ν that

∫
R|σ|

|σ|∏
j=1

(|uj |mj + u
2mj
j ) ν|σ|(d(u1, . . . , u|σ|)) ≤

|σ|∏
j=1

(Mmj +M2mj ) ≤ 2mM4m .

For j ∈ {1, . . . , |σ|} the estimates (7.2) and (7.3) lead to∫
(−∞,Tn]|σ|

1{xi ≤ xj , i ∈ {1, . . . , |σ|}}(⊗m`=1f̃
(i`)
n )σ(x1, . . . , x|σ|)λ

|σ|(d(x1, . . . , x|σ|))

≤
(

2

∫ ∞
0

e−%s ds

)|σ|−1 ∫ Tn

−∞
emin{2%t,0} dt = (%/2)1−|σ|(Tn + 1/(2%)) .

Moreover, according to (2.1) we have that

VarQ(Tn) = ‖f (1)
n ‖2L2(µ1) + 2‖f (2)

n ‖2L2(µ2) ≥ ‖f
(1)
n ‖2L2(µ1) ,

which leads to the lower variance bound

VarQ(Tn) ≥
∫

(−∞,Tn]×R
f (1)
n (x, u)2 µ(d(x, u)) ≥

∫ ∞
−∞

u4 ν(du)

∫ Tn

0

(
1− e−2%(Tn−x)

)2
dx

≥
∫ ∞
−∞

u4 ν(du)

∫ Tn

0

1− 2e−2%(Tn−x) dx

= cν
(
Tn − (1− e−2%Tn)/%

)
≥ cν

(
Tn − 1/%

)
.

Note that 1 ≤ |σ| ≤ m+ 1. Altogether we see that

1

(VarQ(Tn))m/2

∣∣∣∣ ∫
((−∞,Tn]×R)|σ|

(⊗m`=1f
(i`)
n )σ dµ|σ|

∣∣∣∣
≤ (2M4)m(%/2)1−|σ||σ| Tn + 1/(2%)

(cν
(
Tn − 1/%

)
)m/2
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≤ (2M4)m max{1, 2/%}m2m
Tn + 1/(2%)

(cν
(
Tn − 1/%

)
)m/2

≤ (4M4)m max{1, 2/%}m Tn + 1/(2%)

(cν
(
Tn − 1/%

)
)m/2

≤ (4M4)2 max{1, 2/%}2 Tn + 1/(2%)

cν
(
Tn − 1/%

)(4M4 max{1, 2/%}√
cν
(
Tn − 1/%

) )m−2

≤ max

{
1, (4M4)2 max{1, 2/%}2 Tn + 1/(2%)

cν
(
Tn − 1/%

)}m−2
(

4M4 max{1, 2/%}√
cν
(
Tn − 1/%

)
)m−2

.

Thus, Theorem 3.1 can be applied to complete the proof.
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