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m How to show that a decision problem is not algorithmically
Preface .
decidable??

m Rigorous formalism initialized by the work of David Hilbert
(1900) and Kurt Godel (1931).

m Turing machine captures the notion of computability (Alan
Turing, 1936)

m Several mathematical problems are known to be undecidable
(halting problem, word problems, string rewriting, solving
diophantine equations).

“The problem whether two natural numbers are relatively prime is
decidable by the Euclidean algorithm.
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Preface

Preliminaries Preface

Preface

These notes are a development of class notes for a two-hour lecture including a two-hour lab held for
second-year Bachelor students of Computer Science at the Hamburg University of Technology during the
last few years.

The course aims to present the basic results of computability theory, including well-known mathematical
models of computability such as the Turing machine, the unlimited register machine (URM) as well as
GOTO and LOOP programs, the principal classes of computational functions like the classes of primitive
recursive, recursive, and partial recursive functions, the famous Ackermann function and the Ackermann
class, the main theoretical concepts of computability such as Gédel numbering, universal functions,
parametrization, Kleene's normal form, Kleene's recursion theorem, the theorems of Rice, undecidable and
semidecidable (or recursively enumerable) sets, computable real numbers, Hilbert's tenth problem, and
last but not least several important undecidable word problems including those for semi-Thue systems,
semigroups, and Post correspondence systems.

The corresponding manuscript provides a more detailled representation of the topic including the
necessary mathematical background on semigroups and monoids, a brief introduction to the freely
available command-line program glu which has been developed for the interpretation of GOTO, LOOP
and URM programs, and a description of MapleTM code for the encoding of strings of natural numbers
and the Godel numbering of SGOTO programs.

The manuscript has partly grown out of notes taken by the author during his studies at the University of
Erlangen-Nuremberg. Therefore, | would like to express my thanks foremost to my teachers Martin
Becker! and Volker Strehl for their wonderful and inspiring lectures in this field. Moreover, | would like to
thank my colleague and friend Ralf Mdller for valuable comments. | am also grateful to my collaborators
Merve Nur Cakir, Mahwish Saleemi, Natalia Schmidt, and Robert Leppert for conducting the labs and
Wolfgang Brandt for valuable technical support. Finally, | would like to thank my students for their
attention, their stimulating questions, and their dedicated work.

The course took place in the first phase of the Corona pandemic and so we were forced to organize it as a
full online course. At the end | can say that it has been a nice experience to present the topic by Zoom
and explanatory videos. It appears that the participants were not fully unhappy with this situation. At the
end, I'd like to add that the exam was fully organized in electronic form.

v
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m Unlimited register machine (URM)
Comens m Primitive recursive functions

m Partial recursive functions

m Ackermann function

m Turing machine

m Acceptable programming systems

m Undecidability
m Word problems

*Starred material can be safely skipped.
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Unlimited Register Machine — Motivation

m URM introduced by Sheperdson and Sturgis (1963) as
abstract computing machine.

m URM captures the notion of computability.

m URM has infinitely many, uniquely addressable registers, each
of which holds a single natural number.

m URM programming (increment, decrement, composition,
iteration).

E.g., addition of two numbers via URM program (A1;.52)2.
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Unlimited Register Machine — Contents

States and state transformations

Syntax of URM programs
m Semantics of URM programs

m URM computable functions

Reading: Zimmermann, Chapter 1
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States and Transformations

States and Transformations — Contents

Hardware

State set and set of transformations
Increment and decrement
Composition

Powers and iteration
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m URM contains an infinite number of registers named

Ry, R1, Ro, R3,. ... (1)

States and
Transformations

m Each register stores a natural number, but only a finite
number of registers can have nonzero entries.

R|0O 1 2 3 4 5
w‘wo W] W2 W3 W4 Ws

Ry wo
R, w1
Ry w2
R3 w3
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States and
Transformations

W = (WQ,W]_,OJQ,OJ?,, ..

Q0 ={w:Ny— Ny | wis 0 almost everywhere},

where almost everywhere means all but a finite number.
m Almost everywhere captures the notion of finite memory.

m The elements of ) are denoted as sequences

),

where w,, = w(n) denotes the content of register R,,, n € Ny.

()

)

Ry wo
Ry w1
R> w2
4
K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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Proof.
%Z?;;’r‘ndations Denote the infinite sequence of prime numbers as
(p07p17p27p3,p47 .. ) = (2737 57 73 117 .. )
The mapping
Q- N:we [[ o (4)
finiite

is bijective, since each natural number factors uniquely into a
product of prime powers and the states are 0 almost everywhere,
which means that the products are finite; e.g.,

(0,5,4,0,2,0,...) — popipspIpip? ... = 3°5411%
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Partial function f: {1,2,3} — {a,b,c} has source set {1,2,3},
States and dom(f) = {273} and ran(f) = {a” b} y
Transformations
1 a
2 b
3 c
Partial means that dom(f) is a proper subset of the source set.
Note that total means that dom(f) equals the source set.
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m A partial function f : X — Y is a function f: X' — Y for

some subset X’ of Y.
States and . .
Transformations Then the domain dom(f) = X’ is a subset of the source set

X of f.

m A partial function f: X — Y is total if the domain equals
the source set, i.e., dom(f) = X.

Total functions are the functions in the usual sense (see
Calculus, Linear Algebra).

m The square-root function
f:Ng = Ng:z—+x

is partial, since dom(f) = {0,1,4,9,16,...} (perfect
squares), e.g., f(16) =4 but f(17) & No.
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m EQ)={f]f:9Q—Q, f partial} denotes the set of all
States and partial functions on .

Transformations
f € E() is a potential state transformation of the URM.

m Each partial function f € E(£) has domain
dom(f) = {w € Q| f(w) is defined} (5)
and range
ran(f) ={w' € Q| IweQ: flw)=w'}. (6)

m E.g., the square-root function f : Ny — Ny : © — /x has
dom(f) ={0,1,4,9,16,...} and ran(f) = No.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 17 / 444
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_ R The set of partial functions E(2) of an URM is uncountable.
Zimmermann 4
*
Proof
'Sl':zies?oir:ations m The real interval [0, 1) is uncountable.
m Represent each real number a € [0, 1) in binary format
a = 0.apajaz ..., a; € {0,1},7>0.
m  For each such number a = 0.agajas ..., define the function f, : 2 — € by setting
fa(w) = w’, where
wh =ap ®wn, n>0, (7)
such that ap, ® wn = wp ifap = 1and and ay, ® wy, = 0if ap, = 0.
m fq is well-defined, since a state w with 0's almost everywhere is mapped to a state w’ with 0’s
almost everywhere.
m  For different real numbers a = 0.agajag ... and b = 0.bgbybs . . ., the functions fq, and f3
are distinct. To see this, suppose a,, = 1 and b,, = O for some n > 0. Then for the state w
which is 1 at register R,, and 0 elsewhere, we have fq (w) = w and fj, (w) = 0, the zero state.
m E.g,let a =0.011000...and w = (2,3,4,5,0,0,...). Then
fa(w) = (0,3,4,0,0,0,...).
]
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The set of programs in any programming language over a finite
alphabet is countable.

States and
Transformations PrOOf

m Each program written in any programming language over an
alphabet ¥ = {0, ..., s} (keyboard alphabet) is a word in the
free monoid X*.

m The set X* is countable, since the mapping

LTp—1

¢: X > N:izg...xp1 —pp° -0,

is a bijection, where (pg, p1,p2,...) = (2,3,5,...) denotes the
infinite sequence of primes (see (4)), e.g.,

(2,0,3,1,0) — papipipsp] = 2°5°7.
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States and Transformations — Gaps

itatesfand . m There is a gap between the set of programs in a programming
ransformations .

language and the set of state transformations of an abstract
computing machine,

2T < |E@Q)].

m Continuum hypothesis says that there is no set whose
cardinality is strictly between that of the natural numbers and
the real numbers,

IX: |No| < |X|<|R]?
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States and Transformations — Equality
Let f,g € E(Q) be partial functions.
m Function equality f = g means

m dom(f) = dom(g) and
m for all w € dom(f), f(w) = g(w).

m [ € E(Q) total if dom(f) = 2 (source set).

Total functions are the functions in the usual sense (see Calculus,
Linear Algebra).

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 21 / 444



States and Transformations

Computability
Theory

K.-H

Zimmermann

States and Transformations — Increment

States and
Transformations Increment function aj, € E(S) for k-th register is the total function

ap Q1 — Q:wr W, where

P if n #£k,
Wn = { wr +1 otherwise, (8)

(Woy + vy Wl 1y Whey Wi 15 - - +) > (Woy - vy W1, We + 1, Whg1, -+ 1)

URM-programming primitive: Ak. )
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States and Transformations — Decrement

m Decrement function sy, € E()) for k-th register is the total
function s : @ = Q : w — W', where

] wy if n #£ k,
“n = { wr — 1 otherwise. ©)

(W0, -+« Wh—1, Wk Wi 15 - - -) = (W05 -+ -+, Wh—1, Wk =1, W1, .-

m Dyadic operation ~ : N2 — Ny denotes the asymmetric
difference,

L Jrx—y ifz>y,
rTTy= { 0 otherwise, (10)

eg,5=-3=2and5=-7=0.

URM-programming primitive: Sk. J
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Ry = {(w, f(w)) |w € dom(f)}. (11)

States and
Transformations

E.g., increment function ag, k € Ny, gives
Ry, = {(w, ') |we Qw' = (wo,..., w1, we+1,wgir1,...)}

m Two partial functions f,g € E(QQ) are equal if the
corresponding graphs R; and R, are equal as sets, i.e.,

dom(f) = dom(g) AVw € dom(f) : f(w) = g(w). (12)

m E.g, the square-root function f : Ny — Ny : z — /x has the
graph

Ry ={(0,0), (1,1),(4,2),(9,3), (16,4), (25,5),...}.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 24 [ 444
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States and Transformations — Composition

Composition of two partial functions f,g € E(Q) is a partial
function g o f with (inner function f and outer function g)

(9o f)w) =g(f(w)),
where w belongs to the domain of go f,

dom(go f) ={w e Q|w e dom(f) A f(w) € dom(g)}.

m If f and g are total, then g o f will be total.

m Composition is associative, i.e., for all f,g,h € E(Q),

folgoh)=(fog)oh.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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States and Transformations — Composition

States and Composition of increment functions ay and a;, k,1 € Np.

Transformations
m Case k =1:
(ag o ap)(w) = (wo, ..., wg +2,...).
m Case k # [ with k < [

(akoal)(w):(wo,...,wk—kl,...,wl—|—1,...).

URM-compound statement for composition g o f: Py; P,. J

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 26 / 444
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Powers of partial function f € E(Q) are inductively defined,

_Srtate?and : fO = ldQ, and fn+1 - f o fn7 ne NO' (16)
ransformations
In particular,
fl = f (¢] ldQ = f )
The setting

frt=f"of, neN,

is equally applicable, since composition is associative.

E.g., n-th power of increment function ag, k € Ny,

ap(w) = (wo, ..., Wk—1, Wk + Ny Wt1,...), n € Ny.
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States and States and Transformations — lteration

Transformations

m [teration of partial function f € E(Q) with initial state w € Q
gives the sequence of states

w, fW), fAw), FPw),.... (17)

m If f is total, each power f™ will be total and so all states
f™(w) in the sequence (18) are defined.
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States and Transformations — lteration (Tricky)

m Idea is to iterate the sequence of states

States and

Transformations w, fw), fA(w), fAw),.... (18)

until register Rj, becomes O.

m [teration of function f € E(Q) w.r.t. k-th register defines a
new function f** € E(Q) such that

m f*F(w) = f"(w) if register Ry is 0 in state f™(w) and
n > 0 is minimal.
m f**(w) =1 (undefined) if
m sequence (18) runs ad infinitum and Ry never
becomes 0, or
m sequence (18) aborts since f7(w) is undefined before
Ry could become 0.
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States and Transformations — lteration
States and . . .
Transformations m Implementation of iteration as while loop:

Require: w € Q
while w; > 0 do
w4+ f(w)
end while

m URM-compound statement for iteration f**: (Pj)k.

m Iteration can be considered as unlimited search process.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 30 / 444
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Bl In view of increment function f = ay and k-th register,
wk | w ifwy =0,
ay,;” (w) = therwi (19)
States and T otherwise.
Transformations ~

Take n-th power of increment function ag,
ap(w) = (wg, ..., Wg—1, W + N, Wk41,...), n € Ny.
Case wy, = 0:
(Woy ey Wk—1,0,Wk41,.-.) = (Woy vy We—1, 0, Wkt 1, - . .).
Case wy, # 0 (runs ad infinitum):

(wo, ey WE—1, Wk, Wk+1, - - )
— (wo,...,wk_l,wk—|—1,wn+1,...)
— (wo,...7wk,1,wk—|—2,wk+1,...)...
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Syntax and Semantics — Contents

m Alphabet

Syntax and
Semantics

m Syntax of URM programs

m Semantics of URM programs
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Semantics

Syntax — Alphabet
m Set of (decimal) numbers over the alphabet of digits
Syiter: a1 Y10 =140,1,...,9} is defined as
Z = (310 \ {0}) =, U Eno, (20)
e.g., 0, 10010, 20000, but not 0111 (no leading 0's).
m URM programs are words over the alphabet
EURM:{A7S7(7)7;}UZ' (21)
K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 33 / 444
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Inductive definition of the set of URM programs Purwm:

gyntax and m Increment: Ao € Pygrwm for each 0 € Z.

. m Decrement: So € Pygrwm for each o € Z.

m Composition: If P,Q € Pyrm, then P;Q € Pygrwm-

m [teration: If P € Pygrym and o € Z, then (P)o € Pyru.

n-fold composition of URM program P € Pygrw,

P"=P;P;...;P (ntimes), n>0. (22)

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 34 / 444
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Syntax — Example
Well-formed URM programs:

Sanie: = Al
m (A1)l
m (A1)2
m Al; (A1)l
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Syntax and Semantics

Semantics

Semantics of URM programs is a mapping
|- Purm — E(Q)
defined inductively as follows:
m Increment: |Ao| = a, for each o € Z.
m Decrement: |So| = s, for each o € Z.
m Composition: If P,Q € Pyrm, then |P; Q| =|Q| o |P].
m [teration: If P € Pyrym and o € Z, then |(P)o| = |P|*.

Interpretation of URM programs as functions in E(€2).

|(P)o| means that P is executed until register R, becomes zero. |
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Semantics — Example

Trace of addition program Py = (Al;52)2:

Syntax and Ry R1 R Rs Registers
Semantics 0 3 2 0 Init.

0 4 2 0 Al

0 4 1 0 S2

0 5 1 0 Al

0 5 0 0 S2

|Py]: Q — Qis given by

|P+| : (w07w13w23w37 ..

) = (wo, w1 +wa,0,ws, .. .).

K.-H. Zimmermann (TUHH)
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URM Computable Functions — Contents

m URM computability

Computable

Functions m Computation of functions
m Examples
m Normalization |
September 7, 2020 38 / 444
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URM Computable Functions — Computability

m Partial function f € E(Q) is URM computable if there is an
URM program P such that

|P[ = f. (23)
Computable
Functions

m Pyrwu is countable, while the set E(2) is not, i.e., there are
partial functions in E(£2) that are not URM computable.

m Fyrum denotes the class of all partial functions that are URM
computable.

m Tyrwm depicts the class of all total functions which are URM
computable. Then Torm C FURM-

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 39 / 444
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URM Computable Functions — Functions

m Calculation of function f : N& — Nj* by URM program
requires to load the registers with initial values and to read

out the result.
Computable . i
Functions m Define load function

ar :NE = Q: (x1,...,25) = (0,21,...,25,0,0,...) (24)
and result function

ﬂm : Q‘)Ngl : (wo,wl,wz,...,) — (wl,wg,...,wm). (25)
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URM Computable Functions — Functions

m Given URM program P and integers k, m € N, define the
partial function || P|/x,m : N§ — Ni* by the composition
[1Pllk,m = Bm © [P o ay. (26)

Computable
Functions

f = ||P||x.m loads argument = € N&, computes P, and
outputs the result f(x) € Nj".

m A function f : Nf — Np* is URM computable if there is an
URM program P such that

f = 1IPllk.m- (27)

v
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Compue URM Computable Functions — Add

L Addition of two natural numbers f1 : N2 — Ny : (z,y) — x +y is
e URM computable.
URM program
P, = (A1;52)2 (28)
Computable
Functions has the trace
Ry R, Rs Rs ... Registers
0 x y 0 ... Init.
0 z+1 Y 0 Al
0 z+1 y—1 0 S2
0 rz+2 y—1 0 Al
0 T +2 y—2 0 S2
0 z+y—1 1 0 S2
0 T4y 1 0o ... Al
0 z+y 0 0 ... S2
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Proof (Cont'd)
Thus |Py|: Q — Qs given by
|P+| : (wo,wl,o.)g,wg, .. ) — (wo,wl +(A)2,0,(A)3, .. ) (29)

Computable Hence,
Functions

[Py

21(z,y) = (B1o|Py|oaz)(z,y) (30)
= (B1o|P+])(0,2,y,0,0,...)
= B1(0,z +y,0,0,...)
= z+y.
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Computable

Functions

Computable Functions

URM Computable Functions — Difference
Asymmetric difference (9) is URM computable. )
URM program
P. = (51;52)2 (31)

has the trace

Ry Ry Rs Rs ... Registers

0 T y 0 ... Init.

0 z—y O 0 ... z2>y

0 0 0 0 ... z<y
and so yields the function

[1P=[l2,1(2,y) =2 =y, x,y€No. (32) |
44 / 444
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URM Computable Functions — Sign
Sign function sgn : Ny — Ny given by
1 ifx>0,
sgn(z) = { 0 otherwise, (33)

is URM computable.
Consider the trace

Ry R, Ry Rs Ry ... Registers

0 T 0 0 0 ... Init.

0 0 x z 0 (A2; A3;51)1

0 x x 0 0 ... (A1;53)3

0 T z—1 0 0o ... 52

0 sgn(z) O 0 0 (51;52)2
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URM Computable Functions — Cosign
Cosign function csg : Ng — Ny given by
1 ifz=0,
csg(w) = { 0 otherwise, (34)
is URM computable.
Note that
csg(x) =1 =sgn(x), =€ Np. (35)
Consider the trace
Ry R, Rs R3 Registers
0 z 0 0 Init.
0 sgn(z) 0 0 pgm sgn
0 0 sgn(z) O (A2;S1)1
0 1 sgn(z) O Al
0 1-sgn(x) 0 0 pgm —
46 / 444
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m P = (A1l)1 computes the monadic function f : Ng — Ny
given by (see (19))

0 ifz=0,
flz) = { 1 otherwise. (36)
Computable
Functions m P = Al; (A1)l provides the monadic function f; : Ng — Ny
which is nowhere defined:; i.e.,
fr(x) =1, =z €No. (37)

f4 is called the empty function.

m P = (S1)1 calculates the monadic zero-function
f : NO — No, i.e.,

f(z) =0, z€N,. (38)
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URM Computable Functions — Normalization
Let f : Nk — Ny be an URM computable function.

An URM program P with || P||x,1 = f is normal if for all inputs
(z1,...,71) € NE,

Computable

Functions (|P| ° ak)(xla o 7$k) _ (39)
0, f(x1,...,2%),0,0,...) if (z1,...,2x) € dom(f),
T otherwise.

A normal URM-program P computes a function f such that at the
end of computation, all registers R; with i # 1 are cleared.
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URM Computable Functions — Add
URM program for the addition of two numbers

Computable P+ = (Al, 52)2
Functions

is already normal, since

K.-H. Zimmermann (TUHH) Computability Theory

(IPyleaz)(z,y) = [P4[(0,2,y,0,0,...)
= (0,z+1,0,0,0,...).
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For each URM-computable function f : Nf — Ny there is a normal
URM-program P such that

|1Plr1 = f. (40)

v

Computable
Functions Proof.

Let @ be an URM-program such that ||Q||x,1 = f.

Suppose R, is the largest register that contains a non-zero value in
the final state of computation. Then the corresponding normal
URM-program is given by

P =Q;(50)0;(52)2;...;(So)o. (41)

Statement (Si)i sets the value of the i-th register to zero. O
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Skills
m Write and interpret an URM program

m Normalize an URM program
Skills

See the parser for URM programming.

K.-H. Zimmermann (TUHH) Computability Theory
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Primitive Recursive Functions
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Zimmermann

m Subclass of computable total functions f : N& — N
containing the arithmetic functions.

m Not contained are very fast growing total functions
(superpowers).

m Inductive definition (base functions, composition, primitive
recursion).

m LOOP programs as programming model for primitive recursive
functions.

E.g., addition of two numbers by primitive recursion:

f+($,0) = 7
frlwy+1) = (wori)(@y, fr(z,y)).
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Contents

Contents

Primitive Recursive Functions
m Definition of primitive recursive functions
m Peano structures
m Closure properties
m Primitive recursive sets

LOOP programs

Reading: Zimmermann, Chapter 2

K.-H. Zimmermann (TUHH) Computability Theory
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Contents L X i
Primitive Recursive Functions
m Primitive recursive functions form an important building block
on the way to an abstract formalization of computability.

m Most of the functions studied in arithmetics are primitive
recursive such as addition and multiplication.

m From the programming point of view, the primitive recursive
functions can be implemented via for loops (bounded search
process).
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Primitive
Recursive Primitive Recursive Functions — Contents

Functions

m Basic functions

Composition
m Primitive Recursion

m URM computability

K.-H. Zimmermann (TUHH) Computability Theory
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Primitive Recursive Functions — Basic Functions
The class of primitive recursive functions P is inductively defined.

Basic functions:

m O-adic constant function (constant 0)

(0) :—= Np:—0. (42)

m Monadic constant function

c(()l) :Ng = Ng:az—0. (43)
m Successor function
v:Ng—>Nog:x—x+1. (44)

m Projection functions forn > 1 and 1 < k < n,

(n) :Nj = No:(21,...,20) = T (45)
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Primitive Recursive Functions — Composition |

If g: N2 — N2 and h : NJ* — NE lie in P, the composition
f = (hog): NG — N (46)
lies in P, where for all x € NI,
f(x) = (hog)(x) = h(g()). (47)
Eg.,ifg= ﬂgn) and h = v, then
f=h(g(x)) =h(z1) =21 +1, xeNj. |

September 7, 2020
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Zimmermann If 917 . ,gm : NS’ — NO and h : Ngl —> N(k): ||e in 7), the
composition
Primitive
Recursive f == h‘(gla R ?gm) : N(TJL - Ng (48)

Functions

lies in P, where for all x € NI,

f(w) = h(gl(a:)7 s agm(w))' (49)

If m =1, then (see Composition I)

(h(g91))(x) = h(g1(z)) = (hog)(®), = ecNg. (50)

Eg.,h ifgi = 7r§"), go = ﬂgn) and h = +, then

f=h(g1(x),g2(x)) = h(x1,22) =21 + 22, x€Nj,n>2.

4
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Primitive Recursive Functions — Primitive Recursion

If g: Nj — Ny and h: Nyt — Ny lie in P, the primitive recursion
f=pr(g,h): Ng™' = N, (51)
lies in P, where for all x € Njj, y € Ny,
f(ma 0) = g(:c), (52)
fly+1) = hzy, f(2,y)). (53) |
Eg., ifg= c((Jl) and h=vo 7r§3) (n=1), then
f(IL',O) = g((L’) = 07
flz,y+1) = hz,y, f(z,y)
= wori)(@y, f(z,y))
= v(f(z,y) = f(z,y) + 1. )
K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 60 / 444



Primitive Recursive Functions

Computability
Theory

K-H

Zimmermann

Primitive Primitive Recursive Functions — Class P

Recursive

Functions The class of primitive recursive functions P contains the basic
functions and is closed under composition and primitive recursion
(Richard Dedekind, 1831-1916).

Well-definedness and uniqueness of function f = pr(g, k) defined
by primitive recursion can be established via Peano structures.
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Primitive Recursive Functions — Add
Addition is primitive recursive.

The addition function
fr N2 = Ny: (z,9) = x+y.

can be described by primitive recursion, i.e., for all z,y € Ny,

f+(2,0) = =
= (@),
frlzy+1) = fi(z,y)+1
= v(fi(z,9))

= (word)(z,y, f+(z,y))

and so fi = pr(g, h) with g = ng) =idy, and h=vo 7T:(33).

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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Primitive Recursive Functions — Totality

Primitive Each primitive recursive function is total.
Recursive
Functions

Proof (Sketch)
m The basic functions are total.

m Let f=h(g1,...,9m). By induction, the functions
g1, -,9m and h are total. Then it follows that the
composition f is total.

m Let f = pr(g,h). By induction, the functions g and h are
total. Then it follows that the function f is total. O
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Zimmermann Each primitive recursive function is URM computable.

Primitive Proof (Sketch)
Recursive
Functions

m The basic functions are URM computable.

m Let f =h(g1,...,9m). By induction, there are normal URM
programs P}, and Py, ..., P,  such that || Py, = h and

[Pyl =gi, 1 < i <m.
Then there is a normal URM program P such that
1Pl = f-

m Let f =pr(g,h). By induction, there are normal URM
programs P, and P}, such that || Py|l,,1 = ¢ and

[P llnt2,1 = he
Then there is a normal URM program P such that
[Pllnt1,1 = f- U
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m Tyrwm denotes the class of all total URM computable
functions. Since each primitive recursive function is total and
Primitive URM computable,

Recursive
Functions

P C TurM (54)

with A € Turm \ P (Ackermann function, superpower).

m FyruMm denotes the class of URM computable functions. Then
Turm C FurMm (55)

with fr = ||AL; (A1)1]]11 € Furm \ Torm (nowhere defined
function).

m Composition and primitive recursion can be defined for partial
functions as well.
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Peano Structures

Peano Structures

Peano Structures — Contents
m Semi-Peano structures
m Morphisms
m Peano structures
m Fundamental Lemma
m Uniqueness of Peano structures

m Primitive recursion (addition)

K.-H. Zimmermann (TUHH) Computability Theory
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Peano Structures — Semi-Peano

A semi-Peano structure is a triple
A= (A a,a),

Peano Structures where A is a non-empty set, « : A — A is an operation, and a € A
(distinguished element).

Examples

m (Np,v, zg) is a semi-Peano structure, where
v:Ng—=Nyg:n—n+1and zg € Np.

m (X*, 04,€) is a semi-Peano structure, where X is an alphabet,

04 1 X — X* : w — wa is the concatenation of a word w
with a fixed letter a € ¥, and € € ¥ (empty word).
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Zimmermann Let A= (A4,a,a) and B = (B, 3,b) be semi-Peano structures.

A mapping ¢ : A — B is a morphism if

m ¢ assigns the distinguished elements

Peano Structures ¢(a) = b7 (56)

®m ¢ commutes with the monadic operations,
fodp=doa, (57)
i.e., the following diagram is commutative:
A—2s> A

@ @

B—-p
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Peano Structures — Example

Consider the semi-Peano structures
(No,2,0) and (X%, 04,€), a €%,

where € denotes the empty word.

The mapping
¢35 = Ny:w— |w

which assigns to each word w € ¥* its length |w] is a morphism,
since

p(e) = lel =0

and for each w € ¥*,

P(og(w)) = p(wa) = |wa| = |w| + |a| = |w| + 1 = v(p(w)).

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 69 / 444



Peano Structures

Computability
Theory

K.-H
/iHlHH‘J mann
Peano Structures

A Peano structure is a semi-Peano structure A = (4, o, a) such
that

Peano Structures

m « is injective,

m a € ran(a), and

m A fulfills the induction axiom:

If T C A such that a € T and a(x) € T whenever
x €T, then T = A.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 7 444
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If A= (A, a,a)is a Peano structure, then

A={a"(a) | n € Np}.

Proof.
Let T = {a"(a) | n € Ny}.
m We have a = a%(a) € T

m Let x € T. Then = o™ (a) for some n > 0. Thus
a(z) = a(a(a)) = a"(a) € T.

Hence by the induction axiom, T' = A.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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Zimmermann If A= (A, «,a)is a Peano structure, then for all m,n € Ny,

m#n = a"(a)# a"(a). (59)

v

Proof.

Define T as the set of all elements a™(a) such that
a™(a) # o™ (a) for all n € Ny with n > m.

Peano Structures

m Suppose that a™(a) = a®(a) = a for some n > 0. Then
a € ran(«) contradicting the definition. Thus a € T'.

m Let x € T. Then x = o™ (a) for some m > 0. Suppose that
a(z) = a™(z) € T. Then there is a number n > m such
that a™*!(a) = a"*1(a). But « is injective and so
x = a™(a) = a"(a) contradicting the hypothesis for z. Thus

Hence by the induction axiom, T' = A. O

v
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Lo If A= (A, «,a)is a Peano structure and B = (B, 3,b) is a
semi-Peano structure, there is a unique morphism ¢ : A — B.

*Proof
We have A = {a™(a) | n € Ng}.

m Existence: Define ¢(a™(a)) = 8™ (b) for all n € Ny. Then
#(a) = ¢(a’(a)) = BY(b) = b. Moreover, let x € A. Then
x = a™(a) for some m € Ny and so
(¢ 0 a)(x) = ¢(a™F(a)) = pmT1(b) = B(B™ (D)) =
B(d(a™(a))) = (8o ¢)(x). Thus ¢ is a morphism.

m Uniqueness: Suppose there is another morphism ¢ : A — B.
Define T'={z € A| ¢(x) = (x)}. Then ¢(a) =b=1)(a)
and so a € T. Moreover, let x € T. Then ¢(a(x)) =
(¢oa)(zx) =(Bog)(x) = (Borp)(z) = (Yoa)(x) =1h(x(x))
and so a(z) € T. Hence by the induction axiom, T'= A and
so ¢ = . ]

Peano Structures

v
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Peano Structures — Guiseppe Peano, 1858-1932

(Ng,,0) is a Peano structure, where v : Ng = Ny :n—n+ 1.

Peano Structures

Since Ny = {0,2(0),2%(0),23(0), ...}, define

Then Ng ={0,1,2,3,...}.
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Peano Structures — Richard Dedekind (1831-1916)

Every Peano structure is isomorphic to (N, v, 0).

Peano Structures

Proof.

(No, v,0) is a Peano structure.

Let A= (A, ,a) and B = (B, 3,b) be Peano structures. By
the Fundamental Lemma, there are morphisms ¢ : A — B

and 1 : B — A. Since the composition of morphisms is also a
morphism, po¢p: A— A and ¢po : B — B are morphisms.

The identity mappings idg : A - A : z +— x and
idg : B — B : x — x are morphisms.

By the uniqueness of morphisms, 1) o ¢ =id4 and
potp=idp.

Hence, ¢ and ¢ are isomorphisms (bijective morphisms).
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Peano Structures

Peano Structures — Addition
There is a unique total function f : N2 — Ny such that for all
€,y € NO:

f+($70) = (60)

Proof

m (Np,r,0) is a Peano structure.

m Consider the semi-Peano structure (N, v, x), where x € No.

By the Fundamental Lemma, there is a unique morphism
fz : Ng = Np such that for all y € Ny,

fz(o) = x,
Loy+1) = (fron)y) "= (o fu)(y) = fuly) +

1.

v

Computability Theory September 7, 2020
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m Forall z,y € Ny,

fz (O) =
Peano Structures fw (y + 1) = fw (y) + 1

m Define the function f; : N2 — Ny by setting for all z,y € Ny,

f+(@,y) = fa(y).
Then for all z,y € Ny,

fe(z,0) = f.(0) ==,
fr(my+1) = faly+1) = fuly) +1= fr(z,y) + 1.

y
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Proof (Cont'd)

m For all z,y € Ny,
fr(@y) =z +y.

Indeed, by induction, for all z,y € Ny,

f+(2,0) = fo(0) ==

Peano Structures

and

frlwy+ ) =foly+ ) = foly) +1=2+y+ 1

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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Closure Properties — Contents
m Transformation of variables
m Parametrization

Closure.

ICbEILES m Definition by cases

m Bounded sum and product

m lteration

m Bounded minimalization
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Closure Properties

Transformation of Variables

1 n

Given ¢ = ( 6(1) ... é(n) ) : [n] — [m] with n,m > 1 and
total function f : Nij — No.
Transformation of variables is the function

f¢ : Ngb — NO : (xl, . ,(L’m) — f($¢(1), . ,x¢(n)), (62)

i€, Tg(1)s- -+, Tg(n) is a list of variables from xy,..., xp,.

Example

Let¢=(; g :13 le g):[5]—>[3].Then

fO(x1, 29, m3) = f(x0, 73,21, 21,T3).
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If f is primitive recursive, then f¢ is primitive recursive.

Proof.

Transformation of variables can be described by composition,
Closure
Properties

£ = S, (63)

i.e., for all z1,...,z,, € Ny,

f(wéy(nl)),...,W;Trz))(xl,...,xm) = f@g1),-- -+ To(n))
= f¢(x1,...,xm).
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Properties

Closure Properties

Transformation of Variables — Example
Two important special cases:
m Permutation of variables:
£ (z1,22) = f(22,21), (64)
1 2
where ¢ = ( 9 1 ) 2] = [2].
m ldentification of variables:
f¢ cxy = f(xn, 1), (65)
where g=( 1 2 )21 = (1]
1 1
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Properties

Closure Properties

Constant Functions

The k-adic constant function with value 7 € Ny is given by

cgk) Ny = No: (21,..., 1) i

(66)

) g i .
i primitive recursive.

Proof.
mIfk=0, CEO) =i océo).
mIfE>0, P =viocVorl® ie. forall @ e NE,

@ = ocy on?)(a)
= (o <”>< )

v (0) = i.
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Parametrization

Given total function f : Nj — Ny, integer m with 1 <m < n and
a=(a,...,an) € NJ".

Parametrization of f by a is the function

Closure fa, . Ng,fm s NO (67)

Properties

(1, Tpem) = f(@1, o B, Q1 e A)-

Example
If f:Nj — Ny and a = (101, 2020), then

fa(x17x27x3) = f($1,$2,x3, 101, 2020)
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Ammermann If f is primitive recursive, then f, is primitive recursive.
Proof.
Parametrization can be described by composition,
n—m n—m — —
glosure. fa = f(ﬂ'g )7"'771-1(7,7777, ),C((ITIL m);-~-7c((17; m))7 (68)
roperties
i.e., forall z1,...,z,_m € Ny,
n—m n—m — —
f(wg ), ... ,Wfkm )70((1711 moL. ,cfl’; m))(gcl, R C—
_ (n—m) (n—m)
= f(m s s T 3 @1y« ey @) (T1, - oy Tn—im)
= f(x1,  Tpem, A1,y Q)
= fa(T1,-- , Tpm).
DJ
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Definition by Cases

Define a total function f : Nf — Ny by case distinction,

Closure

Properties f N gl(w) If xr € A, (69)
g2(x) fxdA,
where A C N¥ and g1, g2 : N — Ny are total functions.
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L"Hn:v;r'_r{mum Let A g N]g
m A has the characteristic function
1 fzxecAd
. Nk . )
Xa:Ng = No: @ { 0 otherwise, (70)
Closure i.e., for all x € Nk,
Properties
zed — xa(@) =1 (71)

m A is primitive if x 4 is primitive recursive.
m If A C NE is primitive, then A = N} \ A is primitive, since
Xxa=1=xa (72)
is primitive recursive.
m Eg, N=Nj\ {0} is primitive, since xy = sgn (sign

function) is primitive recursive.
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If A C N is primitive and gy, g2 : NE — Ny are primitive recursive,
then f : N& — Ny is primitive recursive.

Proof.
We have

Closure
Properties

f=Mxa -91)+ (xa-92) (73)
Indeed, for each = € NE,
flx) = xa(@) gi(x) + xa(z) - g2(x).

If x € A, then f(x) = g1(x); otherwise, f(x) = ga2(x).

Moreover, f is a composition of primitive recursive functions and
thus primitive recursive. ]

v

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 88 / 444



Closure Properties

Computability
Theory

" Definition by Cases — Example

Zimmermann

Consider the function

2z ifz >0,

f:No—=No:ar { 3 otherwise.

Then
glrzs;)uerreties m A=N= NO \ {0} with XA = sgn,
m A= {0} with x4 =1 = sgn = csg,

-91:N0—>N0:x»—>2x,

g2 :Ng = Ng:z+— 3.

Thus for each =z € Ny,

flx) = xa(x)-g1(x) +xa(x) - g2(x)

) .
= sgn(z) -2z + csg(z) - 3.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 89 /



Closure Properties

Computability
Theory

K.-H
Bounded Sum and Product
Let f: Ng™' — Ny be a total function.

m Bounded sum of f

Y
Cl
Properties fo NG 5 Not (@yy) = Y f(m,i). (74)
=0
m Bounded product of f
Y
fi:NOTE S No : (2,9) — Hf(a:,z) (75)
=0
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Closure
Properties

Closure Properties

Bounded Sum and Product

If f is primitive recursive, then fx and fi1 are primitive recursive.

Proof.

The function f5 (case n = 1) satisfies
fg(:L‘,O) = f(x70)7
This is a primitive recursive scheme fx; = pr(g, k), where
g(@) = f(z,0),
Wy, fo(@,y) =+, 1wl v om) (@, y, fo(a,v)).

Similar for function fi1. O
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m ldentity function

f=7T§1)ZN0—>N02I’—>.’L‘

@bame is primitive recursive.

Properties

m Bounded sum fx (case n =0),

fe(0) = 0,
B = Ss0=3i="g = (V) vz

(binomial coefficient) is also primitive recursive.
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Zimmermann

m The function

1 ifz=0,

f:No—=No:xr { x otherwise,

is primitive recursive, since it is defined by cases,

Closure
Properties

f(x) =csg(z) -1 +sgn(z) -z, =z €N

m Bounded product f11 (case n = 0),

Y Y

HZ:y'? yeNOa

1=0 i=1

)
=
—~
=
Il
~
—~
~
S~—"
I

(factorial function) is also primitive recursive.
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Properties

Iteration
Given a total function f : Ny — Np.
m Powers of function f,
0 _: 1
Closure fP=idy, and f"tt=fof" n> (76)
In particular, f! = fo fO= foidy, = f.
m [teration of function f,
2
fie 1 Ng = No : (z,9) = f¥(2). (77)
Iteration can also be defined for multivariate functions. )
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Iteration

If f is primitive recursive, then fi; is primitive recursive.

Proof.

Closure Primitive recursive scheme for fi,

Properties

fit(xvo) = fo(x)zxv
fuolw,y+1) = fri@) = (fo fU)(2) = f(fulz.y))
= (fom)(@y, fulz,y)),

where fi, = pr(g, h) with g = 7r§1) =idy, and h = fo 7r§3). O
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Zimmermann

m Consider the primitive recursive function

f:Nyg = Ny:z— 2.
m lteration of function f,
g'zspuerfeﬁes fi : N2 = N : (2, y) = f¥(x) =2¢ -z,
since by induction

fit(z,0) = () =2 = 2%

and

fri (@) = (fo fU)(x)
F(fY(x)) = f(2V2) = 2" .

fit(xvy + 1)
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Closure Properties

Bounded Minimalization
Given total function f : NET! — Ny,

Bounded minimalization of f,

(9]

af :Ng*' = No: (@,9) = if(z,y), (78)
where for each (z,y) € N& T,
_ _ J if j=min{i |0<i<yA f(x,i) = 0} exist
af(a,y) = { y+1 otherwise
= smallest index 7 with 0 < 5 <y such that
f(x,5) = 0; otherwise y + 1.
Bounded search process. )
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K.-H Bounded Minimalization — Bounded Search Process

Zimmermann

Implementation of zf by for loop:

Require: = € NE, y € Ny
for i +— 0,y do
if f(z,i) = 0 then

Closure return 7

Properties end if
end for
return y +1

Kleene notation:

u(i < y)[f (@, i) =0 = af(z,y). (79)
"Smallest ¢ with 7 < y such that f(xz,i) =0."
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Properties

Closure Properties

Bounded Minimalization
If f is primitive recursive, then [z f is primitive recursive.

*Proof
By definition,
af(z,0) = sgn(f(x,0))

and

af(z,y) ifaf(e,y) <yor f(x,y+1)=0,

aflx,y+1) = { y+2 otherwise.

This defines a primitive recursive scheme for i f.

First Case

Two cases for uf(z,y+1) =7 <y+ 1

J<y fz,j) =0, ie, ff(z,y) =j <y
j=y+1 flz,y+1)=0ie, u(fy) =y +1.
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Zimmermann

Consider the asymmetric difference (10),

f(may):x_y7 $ay€N0-

Then
Closure ﬁf(xa y) - {

Properties

T if v <y,
y+ 1 otherwise,

since the search process seeking the smallest index j such that
fl@,j)=z=+j=0

is limited to the range 0 < j <.

Example
Af(3,5) =3 and fif(5,3) = 4.
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Closure
Properties

Closure Properties

Bounded Minimalization — *Integral Division

For integers m,n with m > n > 1, there are unique integers
q,7 > 0 such that

m=q-n+r AN 0<r<n-—1,
with quotient
qg=-=(m,n)
and remainder

r=m mod n.

Eg,6=3-24+0and7=3-2+1.
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" Bounded Minimalization — *Quotient (Tricky)
Z\H”HLHHJHH Let m Z n 2 1- Then

= (m,n) = xpn,m) -puli<m)m=i-n=0] (83
+ (esgoxp)(n,m) - {pu(i <m)m=i-n=0]=1}

where x p is the divisibility relation (93).
Two cases:

Closure
Properties

m If n divides m, then xp(n,m) =1 and
(i < m)[m =i-n = 0] provides the quotient =(m,n).
E.g.,if m=6and n =2, then pu(i <m)[m ~i-n=0] yields
i =3 and so +(6,2) = 3.

m Otherwise, xp(n,m) =0, i.e., csg(xp(n,m)) =1, and
w(i <m)[m =1i-n=0] =1 provides the quotient.
E.g.,if m=7and n=2, then u(i <m)[m =i-n=0] yields
i=4andso +(7,2) =4-1=3.

W
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Primitive Recursive Sets — Contents

Characteristic function

| ]
m Primitive recursive sets
— m Set closure
rimitive
Recursive Sets o B
m Divisibility relation
m Set of primes
'
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Primitive Recursive Sets

Primitive Sets

Let A C NE.
m A has the characteristic function
1 fzxeAd
‘NF S Ng:z— L 84
Xa - Ho 0 0 otherwise, (84)
i.e., for all z € NE,

zeAd < xa(@)=1 (85)

m A is primitive if x 4 is primitive recursive.
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Theory Primitive Recursive Sets — Example

K-H

Zimmermann

m Equality relation
R ={(z,y) e Ng |z =y} (86)

is primitive, since xr_(z,y) = csg(|z — y|) with
|z —y| = (x = y) + (y = x) is primitive recursive.

m Inequality relation
Recursve Sets Ry ={(z,y) eNg |z # y} (87)

is primitive, since xr_ (z,y) = 1 = xr_(x,y) is primitive
recursive.

m Smaller relation
Re ={(z,y) eNg | z <y} (88)

is primitive, since xg_(z,y) = sgn(y — x) is primitive
recursive.
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%H Primitive Recursive Sets - Set Closure

24D If A, B C NE are primitive, then AUB, ANB,and A =N} \ A
are primitive.

Proof.
We have

XAuB = 8810 (XA + XB), XAnB = XA XB, XA = g0 xa. (89)
Primitive
Recursive Sets

i.e., for each & € Nk,

xaup(x) = sgn(xa(z)+xs(z)), (90)
xanB(x) = xalz)-xs(®), (91)
xa(x) = csglxa(z)). (92)

The functions on the right-hand sides are compositions of primitive
recursive and so are also primitive recursive. ]

v
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Ty Primitive Recursive Sets — Divisibility
L e The divisibility relation
D = {(x,y) € N2 | = divides y} (93)
is primitive. )
Proof

m Divisibility relation (« divides y),
Primitive
Recursive Sets

zly <= Fz0<z<yAz-z=y] (94)

m Characteristic function of D,
xp(z,y) = (95)
SgIl[X:(IIZ : an) + X:(‘T : l)y) + .+ X:(IE : yay)]a

which is primitive recursive as a composition of primitive
recursive functions. Hence, D is primitive. O
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Primitive Recursive Sets — Factorization
K.-H . . . .
Zimmermann Consider the sequence of increasing primes

(p07p17p27p37p47 .. ) = (27375a7a lla . )

By the Fundamental Theorem of Arithmetic, each natural number
x > 1 can be uniquely written as a product of prime powers, i.e.,

Recursive Sets

r—1
Primitive T = H pzel’ (96)
=0

where eg,...,e._1 € Ng.

Write (x); = e; for each i € Ny, and put (0); = 0 for all i € Ny. J

E.g., 360 = 2332 - 5! and so (360)p = 3, (360); = 2, (360)2 =1
and (360); = 0 for all ¢ > 3.
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Primitive Recursive Sets

Primitive Recursive Sets — Set of Primes
The set of primes P is primitive.

Proof.
By definition,

x € Ny is prime iff x > 2 and i divides x implies i =1 or
i =u forall 1 < z.

Thus the characteristic function of P is
xp(0) =0, xp(1) =0, xpr(2)=1,
and for all z > 3,
xp(z) = osgxp(2,2)+xp(3,2) +...+ xp(z —1,2)],

which is a composition of primitive recursive functions. Thus xp is
primitive recursive by case distinction. Hence, P is primitive. ]

v

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 109 / 444



Primitive Recursive Sets

Computability . - .
Theory Primitive Recursive Sets

K-H

Zimmermann

The function p: Ny — Ny : ¢ — p; is primitive recursive.

Proof

m Consider the function

9(zy) = Ixr(z.9) xply) -1 (97)
_ 0 if z <y andy prime,

Primitive -

Recursive Sets

1 otherwise.

g is a composition of primitive recursive functions and so
primitive recursive.

m Take the function

h(z) =gz, 2!+ 1) = uly < 2!+ 1)[g(z,y) =0].  (98)

h is the bounded minimalization of a primitive recursive
function and so primitive recursive.
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Primitive Recursive Sets

Proof (Cont'd)

m We have h(z) =Tig(z, 2! + 1) = p(y < 2! +1)[g(2,y) = 0].

If p is prime, then h(p) is the smallest prime ¢ such that
g>pand g <pl+1.

Theorem of Euclid:

The i + 1-th prime p;1 is bounded by the i-th
prime p; in a way that

Pit1 <pi!+1, i>0.

Thus h(p;) = pit1-

Hence, the sequence of prime numbers is given by the
primitive recursive scheme

po=2 and pi1=h(p;), i >0. (99)
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Primitive Recursive Sets

The function p : N2 — Ny : (z,4) > (), is primitive recursive.

Proof.
We have

(@)i = ply < @)™ fa] = ply < 2)[xp (P}, x) = 0], (100)

i.e., (z); is the smallest value y such that p?*" fz, i.e., p! | 2 and
y+1 f . L]

v

E.g., 360 = 2332 - 5! and so (360)p = 3, (360); = 2, (360)2 =1
and (360); = 0 for all ¢ > 3.
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LOOP Programs — Contents

New programming primitives
m Inductive definition

m LOOP hierarchy

m Decrementation

LOOP Programs
m Equality with P

K.-H. Zimmermann (TUHH) Computability Theory
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LOOP Programs

m LOOP programming model provides an implementation of the
primitive recursive functions.

m LOOP programs have restricted loop variables.

m Loops are of the form (P; So)o, where the loop variable o
LOOP Programs does not appear in the program P (explicit control over the

loop).
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LOOP Programs — New Primitives

m For each URM program P and each ¢ € Z, the URM
program (P; So)o is denoted by

[P)o. (101)

E.g., [A1]2 = (A1;52)2 increments Ry exactly Ro times.

m [P]o is executed exactly R, times if o does not appear in P.
LOOP Programs

m URM program (So)o is denoted by
Zo. (102)

Zero setting of register R,.
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Theory LOOP Programs — Class Pr,oop(0)

Al Definition of class of LOOP-0 programs:

Zimmermann

m Primitives:

AU, Zo € PLOOP(O), <A

m Copy:
Clo,7) = Z1;20;,C(0;7) € PLoOP(0)

where o, 7 € Z, 0 A7, 0 A0 #£ T.

LOOP Programs

m Composition: If P,Q € Proop(o), then
P;Q € Proop(0)-

For each w € Q, w = C(o, 7)(w) is given by

0 ifn =0,
@n = Wa ifn=ocorn=r,

wn otherwise,
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K-H LOOP Programs — Class P1,00p(n+1)

N Suppose the class of LOOP-n programs Proop(n) has already
been defined.

Definition of class of LOOP-n + 1 programs:
m Inclusion: Each P € Proop(n) belongs to Proopn+1)-

m Composition: If P,Q € PLoop(n+1), then

P;Q € PLooP(nt1)- (107)

LOOP Programs

m lteration (restricted):

[Plo € Proop(n+1) (108)

where o € Z does not appear in P € PrLoop(n), €8,
[AI]Q = (Al; 52)2 S PLOOP(I)-
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LOOP Programs — Example
The addition of two numbers is given by the URM program

(A1;52)2
which by (101) corresponds to the LOOP-1 program

LOOP Programs

[A1]2.
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Theory
K.-H
HEATETT LOOP Programs — Example
So is not a LOOP program, but has an implementation as LOOP-1 program:
P-1 = C(1;3);[C(2;1); A2]3. (109)
Input z = 0O:
o 1 2 3 4 registers
0 0 0 0 0 init
0 0 0 0 O C(1;3)
0O 0 O 0 ©O end
Input z > 1
0 1 2 3 4 registers
LOOP Programs 0 x 0 0 0 init
0 T 0 T 0 C(1;3)
0 0 0 z 0 C(2;1)
0 0 1 x 0 A2
0 0 1 z—1 0 S3
0 1 2 T — 2 0
0 z—1 =z 0 0 end
v
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LOOP Programs — LOOP Hierarchy

m LOOP-n programs, n € N, form a strictly increasing
sequence

Proor() € Proor(1) € PrLoop2) C - -, (110)

since each LOOP-n program is a LOOP-n + 1 program and
there are LOOP-n 4 1 programs which are not LOOP-n.

LOOP Programs .
m Proop is the class of all LOOP programs,

Proop = U PLOOP(n)- (111)
n>0
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Zimmermann

m Function f : Nk — Ny is LOOP-n computable if there is a
LOOP-n program P such that

[Pk = f- (112)

® Fro0p(n) denotes the class of all LOOP-n computable
functions.

m Froop denotes the class of all LOOP computable functions,
LOOP Programs

Froor = | J Froor(m)- (113)

n>0

m If Pis a LOOP-n program and P’ the corresponding normal
program, then P’ is a LOOP-n program (see (41) and make
use of Zo).
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LOOP Programs — LOOP Hierarchy

m LOOP-n programs, n € Ny, form a strictly increasing
sequence

Proop() € Proop1) C Proor@) C -, (114)

m Thus the LOOP-n computable functions, n € Ny, form an
increasing sequence
LOOP Programs

Froop() € FLoor(1) € Froop) € ---- (115)

We will show that this sequence is strict (small Ackermann
functions).
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LOOP Programs

LOOP Programs

LOOP Programs — Main Result

The class of LOOP computable functions Froop is equal to the
class of primitive recursive functions P.

Proof (Sketch)

m P C Froop:

Show that the basic functions are LOOP computable, and the
class of LOOP computable functions is closed under
composition and primitive recursion.

m Froop CP:

Show that each LOOP computable function is primitive
recursive; use induction on the inductive definition of LOOP
programs. L]

4
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Skills

Specify and interpret a primitive recursive function

Define a function via Peano structure

Establish a primitive set

m Write and interpret a LOOP program

Skills
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Z\HHHLHHJHH

m Full class of computable functions capturing the notion of
computability.

m Contains the class of primitive recursive functions.

m GOTO programming as programming model for partial
recursive functions.

m Church’s thesis as working hypothesis for the programmer.

E.g., addition of two numbers by GOTO-2 program:

T(p2)

if 1 = 0 goto 9
x1 < x1 — 1
M(p1)

T (p2)

if 1 = 0 goto 8
x1 +—x1 — 1
D(p2)

goto O

OO~ U ks WN~O
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Contents

Partial Recursive Functions — Contents
m General definition
m GOTO programs and GOTO computable functions
m GOTO and URM programming

GOTO-2 programming

Church’s thesis

Reading: Zimmermann, Chapter 3
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Zimmermann Partial Recursive Functions — Inside

Ccniens m Partial recursive functions form a class of partial functions
that capture the notion of computability.

m Class of partial recursive functions equals the class of URM or
GOTO computable functions.

m GOTO programs will be used later for Godelization and
reduction processes.

m GOTO programming can be restricted to using two registers
only.

m Computability theory centers around Church's thesis, i.e., the
partial recursive functions formalize the notion of
computability.
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Partial Recursive

Functions Partial Recursive Functions — Contents

Minimalization

Class of partial recursive functions

Class of recursive functions

m URM computability

K.-H. Zimmermann (TUHH) Computability Theory
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Partial Recursive
Functions

Partial Recursive Functions

Partial Recursive Functions — Minimalization
Given partial function f : N*+1 — Nj.

(Unbounded) minimalization of f:

uf : NE = Ny (116)

with

uf@)={ 4

1 otherwise.

wf provides an unbounded search process seeking the smallest
y > 0 such that f(z,y) = 0.

if f(x,y) =0, f(x,7) # 0 defined for 0 < i < y,

(117

Bounded minimalization

7f yields a bounded search process seeking the smallest y > 0 with

y < z such that f(z,y) =0.
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Zimmermann Implementat|on of Mf by while IOOp

Partial Recursive Require: = € Nj
Functions y — _1
repeat
y+—y+1
z < f(z,y)
until z=0
return y

Kleene notation:

wylf(x,y) = 0] = pf(z). (118)
"Smallest y such that f(x,y) = 0." Compare with bounded
minimalization (79).
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m 4 f may be partial even if f is total.

Partial Recursive Eg, total fUnCtiOn

Functions

flzy)=(r+y) =3

yields partial function pf(z) with dom(uf) = {0,1,2,3} and
pf(0) = pf(1) = pf(2) = pnf(3)=0.
m uf may be total even if f is partial.

E.g., partial function (see asymmetric difference —)

_J -y fy<ua
flay) = { 0 otherwise,

provides total function pf(x) = 2 with dom(uf) = Ny.
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Partial Recursive Functions — Class R

Partial Recursive Class R of partial recursive functions is inductively defined:

Functions

m R contains the base functions.

m If partial functions g1,...,gm : N§ = Ny and h : Nj* = Ny
lie to R, the composite function
f="h(g1,- -, 9m): Nj = Ny lies in R.

If partial functions g : Nj — Ny and h: Nj*t2 — Ny are in R,
the primitive recursion f = pr(g,h) : Ng“ — Np isin R.

If partial function f : Nyt — Ny is in R, the partial function
uf Ny — Npisin R.
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K.-H Partial Recursive Functions — Class T

Zimmermann
m The recursive functions are the total partial recursive
functions.

Partial Recursive
Functions

m 7 is the class of recursive functions.

m Each recursive function is partial recursive and so
TCR (119)

with fr € R\ T (empty function), say fy = ||AL; (A1)1||k1-

m Each primitive recursive function is total and built up along
the same lines as R, and so

PCT (120)

with A € 7\ P (Ackermann function).
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K.-H
Zimmermann Each partial recursive function is URM computable.

Partial Recursive Proof (Sketch)

Functions

m The basic functions are URM computable.

m Let f=h(g1,...,9m). By induction, there are URM
programs Pj, and Py, , ..., P, such that ||Py|»,1 = h and
| Py lln.1 = giy 1 <4 < m. Then there is an URM program P
such that || P||,1 = f.

m Let f =pr(g,h). By induction, there are URM programs P,
and P, such that ||P||,,1 = g and || Py]||n+2,1 = h. Then
there is an URM program P such that || P||,41.1 = f-

m Let g = pf. By induction, there is an URM program Py such
that || Pf||n4+1,1 = f. Then there is an URM program P such
that [P = . 0

v
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GOTO Programs — Contents

GOTO Programs

m Syntax
m Semantics

m Residual-step function
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GOTO Programs

Computability .
Ty Syntax — Instructions

K-H Set of variables V = {z, | 0 € N}.

Zimmermann

Instructions of GOTO programs:

m Incrementation:
BV [Fiegems (I, < x5 +1,m), I,mé€Ny, z, €V, (121)

[ label and m next label.

m Decrementation:
I,z < 2o —1,m), I,méeNy, z, €V, (122)

[ label and m next label.

m Branching:

(I,if xo = 0,k,m), k,I,m €Ny, z, €V, (123)

[ label and k, m bifurcation labels.
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Zimmermann

m Each GOTO program is a finite sequence of GOTO
instructions

P =s0;51;...58¢, (124)

GOTO Programs

such that there is a unique instruction s; which has the label
A(s;) =0, 0 < i < ¢, and different instructions have distinct
labels, i.e., for all 0 < i < j <q, A(s;) # A(s;)-

m Pcoro denotes the class of all GOTO programs.

m For each GOTO program P, V(P) denotes the set of
variables occurring in P and L(P) = {A(s;) | 0<i < ¢}
provides the set of labels in P.

m A GOTO program P = sg;s1;...; 54 is called standard if the
i-th instruction s; has the label A(s;) =4, 0 <i <gq.
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GOTO Programs

GOTO Programs

GOTO Programs — Example
Standard GOTO program

P, = 50;51; 82

for the addition of two natural numbers:

L 0 if 29 =0
S1 1 x1<—x1+1
So & 2 Xo a9 — 1

V(Py) = {x1, 22} and L(Py) = {0,1,2}.

[\V]
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K.-H

Ammermann m Memory: variable z, is stored in register R,, o > 1.
m Instruction counter: register Ry.

m /nitialization: instruction counter is set to 0 such that the
COTO Pregzis execution starts with the instruction having label 0.

m Instructions:

m (l,z, < z, + 1,m) increments the content of register
R,.

m (I,z, + z, — 1,m) decrements the content of register
R, if it contains a number greater than zero.

m (I,if z, = 0,k,m) provides a jump to the statement
with label k if the content of register R, is 0; otherwise,
to the statement with label m.

m Termination: program halts if the instruction counter does
not correspond to an instruction label.
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Semantics

Mimicking the computation of GOTO programs by partial recursive
functions:

GOTO Programs

m Configuration

m Next configuration

One-step function

Multi-step function

m Runtime function

Residual-step function
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Semantics — Configuration
Given GOTO program

GOTO Programs

P =s0;815...58¢
with variables V(P) = {x1,...,zp}.

m Each n + I-tuple z = (20,21, ...,2,) € Ny is called a
configuration.

m In each configuration z = (2, 21, ..., 2,) of P,

m 2 is the content of the instruction counter,
m z; is the value of variable z;, 1 < ¢ <n.
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Computability . . .
Tiieary Semantics — Next Configuration

K-H In program P, configuration z = (20, 21, ..., 2,) transforms to

Zimmermann

configuration 2z’ = (2{, 2, ..., 2},) in one step, written

zkp 2, (125)

GOTO Programs if 29 is a label in P, say zg = A(s;) for some 0 < i < ¢, and

mif s; = (20,25 < 25 + 1,m),

2 =(m, 21, 20 1,26 + 1, 20415+ 2n), (126)
mif s, = (20,25 < 25 — 1,m),

2 =(m, 21, Z0-1,20 = 1, Zo41, - 2n)s (127)

m if s; = (20,1if 2, = 0,k,m),

ko2, z,) i 2o =0,
== { (m, z1,...,2,) otherwise. (128)
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GOTO Programs

GOTO Programs

S0 -
S1 ¢
SS9t

Semantics — Example
Standard GOTO program P :

0 if.’EQZO
1 Ty —x1+1
2 1‘2%11&71

3
2
0

Tracing the computation with initial values z; = 3 and x5 = 2:

(129)

zo = (0,3,2) 0  ifaze=0 31
21:(1,3,2) 1 1’1(*(]]14’1 2
Z2:(2,4,2) 2 Tog —x0 — 1 0
Z3:<0,4, 1) 0 if .TQZO 3 1
z4=(1,4,1) 1 Ty a1 +1 2 (130)
z5 =(2,5,1) 2 Lo ¢ Tg — 1 0
ze = (0,5,0) 0 ifzo =0 3 1
z7 = (37 57 0)
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*Semantics — One-Step Function

One-step function

GOTO Programs EP : N6L+1 — N6L+1
is defined as
2z if3z': zkp 2,
Ep:z— { z  otherwise. (131)

Ep is primitive recursive, it has as input z and an encoding of P
and outputs the next configuration (if any).
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*Semantics — Multi-Step Function
Multi-step function

GOTO Programs MP . N6L+2 N N61+1 . (Z,t) — E%(Z), (132)
i.e., forall z € NI and t € Ny,

Mp(z,t) = (EP o0...0 Ep)(z).

t times

Mp is obtained from one-step function Ep by iteration and so is
also primitive recursive.
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Computability

Theory *Semantics — Runtime Function
K Runtime function
Zimmermann ZP . N8+1 N NO
is given by
7 _ (n+1) t -
GOTO Programs P(z) - ‘LLt XL(P) 71'1 © EP)(Z) - 0 (133)
min{t € Np | (ﬂ§n+1) o EL)(z) &€ L(P)} if t exists,
0 otherwise,
where

Ep(2) = (20,---2n)

is the configuration after t steps and

(n+1) s AN
m (200 2n) = 2

is the label reached. If 2, € L(P), i.e., z, is not a program label,
the program terminates. Zp is (by minimalization) partial
recursive, since L(P) is finite and so x1py is primitive recursive.
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GOTO Programs

GOTO Programs

Semantics — Example

Standard GOTO program P,:

Tracing the computation with initial values z; = 3 and x5 = 2:

Z0
Z1

MP+((3 ’ )7 ):EIEJr

S0 -
S1 .
S9

(0,3,2)

0
1
2

Ep,(20) = (1,3,2)
Ep, (1) = (2,4,2)
Ep, (22) = (0,4,1)
Ep, (23) = (1,4,1)
Ep, (24) = (2,5,1)

Ep, (25
Ep, (26

)
)

0,5,0)

(
(3,5,0)

if$2:0 3 1
371(*.’171+1 2
To ¢ To— 1 0

if 9 =0 1
] +— 1 +1
xo +— xro — 1
if ko =0

x1 < x1 + 1
xo < x2 — 1

O N = O N =O
W o N Wo NNw
=

if xzg =0

(0,3,2) = (3,5,0) with 3 ¢ L(P4) and

K.-H. Zimmermann (TUHH)
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GOTO Programs

ST Semantics — Example
 K-H Standard GOTO program Py; (URM program (A1)1):
S0 : 0 ifx; =0 2 1
S1: 1 r1 +—x1 +1 0 (134)
GOTO Programs Tracing the computation with initial value z; = 0:
zo = (0,0) 0 ifz1=0 2 1
Z1 = (2a O)
Then Zp,, = 1.

Tracing the computation with initial value z; > 0:

zZ0 = (O,CEl) 0 if T = 0 2 1

21:(1,$1) 1 ifri+—a1+1 0

zo = (0,21 + 1) 0 ifx1 =0 2 1

z3:(1,x1+1) 1 ifr; a1 +1 0
Then Zp,, =1
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GOTO Programs

GOTO Programs

*Semantics — Residual-Step Function

Residual-step function
Rp : Ng™t — Ng*
given by

Mp(z,Zp(z)) if z € dom(Zp),

T otherwise, (135

RP(Z) = MP(Z,ZP(Z)) = {

is partial recursive.

If z € dom(Zp), then Zp(z) =t provides the number of steps P
performed until it terminates and then Mp(z,t) is the final
configuration reached.

Residual-step function Rp mimicks the execution of GOTO
program P.
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o Semantics — Example
Aimmermann Standard GOTO program P,:
S0 : 0 if x9 =0 3 1
S1 ¢ 1 X1 < X1 + 1 2
GOTO Programs S9 2 Tg < Tg — 1 0

z0 = (0,3,2) 0 if 23 =0 3 1
z1=EP+(z0)=(l,3,2) 1 1 +— 21+ 1 2
zo = Ep, (z1) = (2,4,2) 2 To < x0 — 1 0
z3 = Ep, (z2) = (0,4,1) 0 ifxg =0 3 1
z4:EP+(z3):(1,4,1) 1 zr1 +—x1 +1 2
zs:EP+(Z4):(2,5,1) 2 xo < x2 — 1 0
z6 = Bp, (25) = (0,5,0) 0 if 2p =0 3 1

z7 = Ep, (z6) = (3,5,0)

Mp, ((0,3,2),7) = B}, (0,3,2)

= (3,5,0) with 3 ¢ L(P),
Zp,(0,3,2) = 7 and Rp, (0,3,2) =

(3,5,0).

Tracing the computation with initial values z; = 3 and x5 = 2:
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K-H For each GOTO program P and k > 0, define the partial function

Zimmermann

[ Pllk,1 = Bro Rp o ay, (136)

where ay, : Nf — Ny loads the registers with arguments,

GOTO Programs

ag : (x1, 2, ..., xk) — (0,21, 22, ..., 2k,0,...,0) (137)
Rp is the residual-step function
Rp : Nptt — Not! (138)
and (1 : Ng+1 — Np reads out the result,
b1 (o, X1y, Tpn) — 21. (139)

n must be large enough to provide sufficient workspace for the
computation of P,

n > max{k, max{c | z, € V(P)}}. (140)
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Semantics — Example
Standard GOTO program P,:

GOTO Programs S0 - 0 if xo = 0 3 1
81 1 xr1 21+ 1 2
S9 2 To < To — 1 0

Computation of Py (n = 2):

[Pill2,1(3,2) = (BioRp, 0a2)(3,2) (141)
= (61 o RPJr)(Oa 3, 2)
= 61(375’0)7 by (130)a
5.
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GOTO Computable Functions — Contents
GOTO
Computable m GOTO computable functions

Functions

m URM computability implies GOTO computability
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GOTO Computable Functions

m Partial function f : NE — Ny is GOTO computable if there is
a GOTO program P that computes f in the sense that
GOTO by (136)

Computable
Functions

f=|IP|lk,1 = ProRpoay. (142)

m Fcoro denotes the class of all GOTO computable functions.

m T7coro depicts the class of all total GOTO computable
functions.
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GOTO Computable Functions

Each GOTO computable function is partial recursive.

@TE Proof.
Computable

Functions Let f: Nk — Ny be GOTO computable. Then by (142), there is a
GOTO program P such that

J=|Pllx1 = ProRpoay.

f is the composition of primitive recursive functions 31, ay and
partial recursive function Rp and so is also partial recursive. ]

v
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GOTO Computable Functions — Example
Standard GOTO program Py:

GOTO . .
Computable 0 if o = 0 3 1
Functions 1 Tl 1 + 1 9

2 $2(—$2—1 0

We have

| Pell2,i(z1,22) = 21 + 2.
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L= URM and GOTO Computable Functions
Each URM computable function is GOTO computable.

K.-H

Zimmermann

Proof

The idea is to translate each URM program P into a GOTO

program ¢(P) such that both compute the same function,
GOTO

B |Plle,s = [[¢(P)|lk,1, k€ No.

Let P be an URM program which does not make use of register Ry.
Write P as a string
P =1y11...74,

where each substring (token) 7; is of the form
"Ao”,"Sa", " (" or")o" with o € Z\ {0}.

Note that each opening parenthesis " (" has a unique closing
parenthesis " )o".
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GOTO Computable Functions

Companiey Proof (Cont'd)
K-H Replace each token 7; by a GOTO instruction s;:

Zimmermann

m If 7, =7A0”, put

$i=(i,2y — o + 1,0+ 1),

coro m if 7, ="50", set

Computable
Functions

$i=(i,2y + o — 1,0+ 1),

mifr="(" and 7, =)o

parenthesis, define

is the corresponding closing

si=(i,if 2, = 0,5+ 1,0+ 1),

m if 7, =")0” and 7; =7 (" is the associated opening
parenthesis, put

si=(,if xo = 0,14+ 1,5+ 1).
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Proof (Cont'd)

In this way, from the URM program (written as a sequence of
tokens)

P=mm...74
g?n-:pgjtable one obtains the GOTO program

Functions
O(P) = 505515 ...; Sq
which has the required property

[Pllk,1 = [[@(P)lk,1-
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GOTO Computable Functions

URM and GOTO Computable Functions — Example

The URM program
Py = (Al1;52)2

is given by the sequence of tokens
Py = 1y71 7273,

where
7—0 — 77(77, 7_1 — 77A1777 7_2 — 775277’ 7_3 — 77)277'

Translation yields the GOTO program

70 : L 0 ifzo =0 4 1
Tl - S1 ¢ 1 131(—2171—|—1 2
To : S9 2 LEQ(*:]CQ*l 3
T3 © ERE 3 if.’ﬂ2:0 4 1

Compare this program with the GOTO program for addition (129)
which has only three instructions.
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Church’s Thesis — Contents
m Big picture

Church'’s Thesis m Church’s thesis

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 162 / 444



Church’s Thesis

Computability
Theory

K-H Comparison of Function Classes - Big Picture

Zimmermann

Church’s Thesis P = -FLOOP

R = Furm = Fgoro = FcoTo2

T = Torm = TaoTo = Taoroz

Proof.
We have explicitely proved

Furm € Feoto, Fcoto € R,

By ring closure, all three classes are equal.

R € Furm-

K.-H. Zimmermann (TUHH) Computability Theory

September 7, 2020

163 / 444



Church’s Thesis

Computability
Theory

K-H

Zimmermann

Church’s Thesis

Each computable partial function in the intuitive sense is partial
recursive (Alonso Church, 1903-1995).

m  What does intuitive mean?
Just sit down and write an algorithm in your favorite programming language. Suppose it provides

Church’s Thesis a function f : Ng — Ng. Then by Church’s thesis, this function is partial recursive.

m  Church’s thesis characterizes the nature of computation and cannot be formally proved.
Nevertheless, it has reached universal acceptance.

m If the thesis could be disproved, the construction of a hyper-computer would be possible which
would be superior to say GOTO computation.

m  Church’s thesis is often practically used in the sense that if a partial function is intuitively

computable, it will be partial recursive. In this way, the thesis can lead to more intuitive and less
rigorous proofs.
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GOTO-2 Programs — Contents
m Encoding of URM states
m Basic GOTO-2 programs
m URM computability implies GOTO-2 computability

GOTO-2
Programs m Use of flow charts (diagrammatic representation of algorithm)
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GOTO-2 Programs — Inside

m GOTO-2 programs are GOTO programs with two variables x
and zs.

COTO2 m Goal is to simulate URM programs by GOTO-2 programs.

Programs
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e GOTO-2 Programs - Encoding of URM States

m URM has countable state set
QO ={w | w = (w;)ien, almost all entries 0}

by the bijection G : 2 — N given by

Programs

Gw) = [ » (143)
GOTO-2 finiite
where (po, p1,p2, - - .) is the sequence of primes.
m G is primitive recursive, since multiplication is primitive
recursive.
m Eg,ifw=1(0,2,3,0,50,0,...), then G(w) = pIp3p].
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Zimmermann

m Collection of functions
G, :Ng = Ny, i€ Ny,
given by
Gi(z) = (x);, (144)

OO where (z); is the exponent of p; in the (unique) prime
g factorization of z > 0.

m In particular, set G;(0) = 0 for all i € Ny.
m By (100), G; is primitive recursive, i € Np.

m Eg,ifw=1(0,2,3,0,50,0,...), then z = G(w) = pIp3p]
and so (2); =2, ()2 =3, ()4 =5.
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GOTO-2 Programs — Basic Programs
Consider three basis GOTO-2 programs:
[M(F)[(0,2) = (0,k-x), (145)
GOTO-2 1,z) if k divides z,
s IT(E)I(0,2) = { EO, zg otherwise. (147)
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ALl GOTO-2 Program M (k)

We have |M(k)|(0,2) = (0,k - ).

Implementation of M (k) by two consecutive loops:
m Initially, z; =0 and 29 = x.

m 1st loop: x5 is decremented, while in each decremention step,
x1 is incremented k times. After this loop, x1 = k- x and

GOTO-2 zg = 0:

Programs (A].k, S2)2

m 2nd loop: x5 is incremented and x; is decremented such that
upon termination, 1 = 0 and x5 = k - « (swapping states):

(S1; A2)1
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Zimmermann GOTO-2 Program D(k)

We have |D(k)|(0,k - z) = (0, z).

Implementation of D(k) by two consecutive loops:
m Initially, z1 =0 and zo = k - .

m 1st loop: xy is incremented, while x5 is decremented k times.
After this loop, 1 = z and x5 = 0:

Programs (A1; S2%)2

m 2nd loop: x5 is incremented and x; is decremented such that
upon termination, 1 = 0 and 2o = x (swapping states):

(S1; A2)1
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GOTO-2 Program — Main Result
For each URM program P, there exists a GOTO-2 program P with

the same semantics, i.e., for all states w,w’ € Q,

[Plw)=w" <= [P|(0,Gw)=(0,G(w)).  (148)

v

Progrores The assignment P — P will be established by making use of the

inductive definition of URM programs and flow diagrams to
simplify notation.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 172 / 444



Computability
Theory

K.-H

Zimmermann

GOTO-2
Programs

If w=(wo,...,ws-.
M (p;) maps (0, pg°

GOTO-2 Programs

GOTO-2 Program — Increment

Program Ai can be realized by the flow chart

.), then ' = (wo,...,w; +1,...), since
Wi wi+1

K.-H. Zimmermann (TUHH)

Computability Theory September 7, 2020

173 / 444



Computability

Theory GOTO-2 Programs — Decrement

GOTO-2 Programs

K-H Program Si is given by the flow diagram

Zimmermann

GOTO-2
Programs

K.-H. Zimmermann (TUHH)

If w= (wp,...

if(El:O

no

T+ a1 —1

yes

Computability Theory
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Zimmermann GOTO-2 Programs — Composition
Program P;; P> can be decipted by the flow chart

B

GOTO-2
Programs

o

Concatenation of GOTO-2 programs P; and P.
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GOTO-2 Programs

GOTO-2 Programs — lteration

Program (P)i can be represented by the flow diagram

i

!

if 1 =0

no

T, —x1—1

yes
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GOTO-2 Programs

Computability

Theory
Zimmatmiann GOTO-2 Programs — Example
URM program P, = (Al;52)2 translates into flow chart via
iteration:
T(pz) A].; S2
GOTO-2
Programs
ilezo no 171(*.’[3171
yes
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L"Hn:v;r'_r{mum Program A]‘; S2

M (p1)
T(p2)

GOTO-2

Programs

ifz; =0 no T 21— 1

yes
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GOTO-2 Programs

Example (Cont'd)
URM program P, = (Al;52)2 translates into GOTO-2

program P_:

© 00O Uik Wi+~ O

T(p2)

if xy =0goto 9
T, 21— 1

M (p1)

T(p2)

if ;1 =0 goto 8
Tl < 1 — 1
D(p2)

goto 0

K.-H. Zimmermann (TUHH)
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Ammermann GOTO-2 Programs — Proof (End)

m By inductive definition of URM programs, the assignment
P — P is well-defined.

m The computation of a function f: Nf — Np* by a GOTO-2
program requires to load the registers with the initial values
and to identify the result.

m Define primitive recursive functions &y : NE — N2,

GOTO-2
Programs

G (x1,...,2k) — (0,G(0, 21, ..., 2,0,...)) (149)
and B, : N2 — Nz,

(@,b) = (G1(), ..., G (D)). (150)

v
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GOTO-2 Programs — Proof (End)

Each URM program P is (semantically) equivalent to the
associated GOTO-2 program P in the sense that for all k,m € Ny:

T ef 3 “
||P||k,m = ||P||k:,m d: Bm ORﬁoalﬁ (151)

GOTO-2 _
Programs where R is the residual-step function of GOTO-2 program P.

O
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GOTO-2 Programs — Example
Standard GOTO program P,:

0 ifxo =0 3 1
1 r1 21+ 1 2
2 To — 19— 1 0
We have
[ Pill2a(z1, 22) = 21 + 2.
Computation by GOTO-2 program P
IPill21(21,22) = (BioRp, o ds)(w1,2)

= (BioRp, )0, 0" - p3?)

Bl(oapg 'pfl+x2)7
= x1+ X2.

by (130), (148),

Note that by (141), Rp+ (0,.’13‘1,.732) = (3,%1 + 1‘2,0).

K.-H. Zimmermann (TUHH) Computability Theory
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Skills

m Determine pf from partial recursive function f

Write and interpret a GOTO program
Compile URM program into GOTO program

Compile URM program into GOTO-2 program

Explicate Church’s thesis

Skills

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 183 / 444



Computability
Theory

K.-H

Zimmermann

Part V

Ackermann Function
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m Class of small Ackermann functions B,, : Ng — Ng, n > 0.

m Small Ackermann functions provide bound on the complexity
of LOOP programs and establish the LOOP hierarchy.

m Definition of Ackermann function is based on small
Ackermann functions.

m Ackermann function belongs to the class of fast-growing
functions (superpowers).

m E.g., tetration:

Ad,y) =22 -3
y+3
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Contents

Ackermann Function — Contents
m Small Ackermann functions
m Complexity of LOOP programs
m Ackermann function

m Superpowers

Reading: Zimmermann, Chapter 4
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Ackermann Function — Inside

Contents

m David Hilbert (1926) posed the problem whether all total
computable functions are primitive recursive or not.

m Wilhelm Ackermann (1928) introduced a function, which is
recursive but not primitive recursive.

Tetration
A4,n) = 212 +3)—-3, n>0,
A(4,00) = 2123-3=2%_3=13,
_ 2 _ 52t _

A(4,1) = 24%24-3=22 _3=65533,
A@4,2) = 2125-3=265536_3

2 565536
A(4,3) = 2126-3=2 -3,

R 265536
A(4,4) = 2427-3=2 -3
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Small Ackermann

Functions Small Ackermann Functions — Contents
m General definition

m Primitive recursiveness

Properties

m LOOP computability
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Small Ackermann Functions

Small Ackermann Functions — Definition
Sequence (By,)nen, of small Ackermann functions
B, : Ng = Ny (152)
is defined inductively:
1 if x =0,
By:z— < 2 if =1, (153)
r +2 otherwise,
and for each n > 0,
Bpi1:x+— Br(l), x € Ny, (154)
where BY = B, o...0 B, is the z-fold iteration of B,,.
~————
x
189 / 444
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Small Ackermann Functions — Primitive Recursiveness

Small Ackermann function B,,, n € Ny, is primitive recursive.

Small Ackermann o
Functions
Proof
The function By is defined by primitive case distinction:
v(x) if sgn(z) =0,
By(z) =< v(x) if sgn(z) =1 and sgn(z ~ 1) =0, (155)
(vov)(x) ifsgn(z=1)=1.

Then

Bo(x) = v(x) csg(w) +v(x)-[sgn(x) csg(a=1)]+v°(2) -sgn(w=1).

v
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Small Ackermann Functions

Proof (Cont'd)
If n > 1, B, is given by the primitive recursive scheme
B,(0) = 1, (156)
B,(x+1) = B,_1(Bn(z)), € Ny (157)
Note that B,,(0) = BY_;(1) = idy,(1) = 1 and
By (z+1) = ByT1(1) = Buo1(By_1 (1)) = Buo1(Bn(2))-
By induction, the small Ackermann functions are primitive
recursive. my
191 / 444
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For all z, n, p € Np:
Small Ackermann 1 ifx =0,
Functions Bi(x) = { 2 otherwise, (158)
Ba(z) = 2%, (159)
1 ifx =0,
Bs(2) = { 9B3(z—1) otherwise, (160)
z < Bp(z), (161)
By (z) < Bp(z+1), (162)
Bb(z) < BY(x), (163)
Bn(z) < Bpti(x), (164)
BP(z) < BP(z+1), (165)
BP(z) < BPfl(a), (166)
Bh(x) < BP, (v, (167)
2tle < BPFl(a), (168)
2B (@) < BLP'(@), n>1 (169)
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Computability 3
Theory Small Ackermann Functions — Growth

K.-H B,,+1 grows faster than any power of B,,, i.e., for all n and p,

Zimmermann

there exists zg € Ny such that for all z > xg,

Small Ackermann BZ(.’Z}) < Bn_l,_l(l'). (170)

Functions o

*Proof

m Let n = 0. For each number z > 2, Bf(z) = z + 2p.
On the other hand, by (158), for each 2 > 1, By (z) = 2z.
Put zg = 2p + 1. Then for each x > xo,

BE(z) = x4 2p < 2z = By(z).
m Let n > 0. First, let p = 0. Then for each z > 0,

BY(2) = & < Bu(x) < Busi (a)

by (161) and (164).

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 193 / 444



Small Ackermann Functions

Computability
Theory

KH Proof (Cont'd)
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Second, let p > 0 and assume that BP(x) < Bp41(z) holds for all
x > xp. Put 29 = 2 + 5. Then
SmaII.Ackermann
unctions Bit'(z) < BIYY(2-(z=2), x>5, by (165),
— BBz - 2))
(Bn(z =2)), by (167),
x

IN
o)
S
=

By (Bh(x = 2))
< B2(Busi(r=2)), by induction, z > x{ +2,
= Bi(B; (1)
= Bi(1)
= Bpti(z), z>2.
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Theory Small Ackermann Functions — LOOP Computability
K.-H For each n > 1, B,, is LOOP-n computable.

Zimmermann v

Proof

el A First, define the LOOP-1 program

Functions

P, = (0(1;2); C(1;3); Z1; A1; [Z1]3; [A1; A1]2. (171)

For each input x, the program evaluates as follows:

0 1 2 3 4 registers
0O 0 0 O init

0 = « 0 O

0 =z x = 0

0 0 = « O

0 1 « = O

o 1 0 0 0 . z=0end
0 2x 0 0 0 ... x#0end

By (158), the program satisfies || Py||1,1 = Bj.
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K.-H
Zimmermann Suppose there is a normal LOOP-n program P,, that computes B,,;

that is, || Py||1,1 = Bp, for n > 1. Put m = n(P,) + 1? and
consider the LOOP-n + 1 program

Small Ackermann
Functions

Poi1 = [Am]1; AL; [Py]m. (172)

Note that the register R,, is unused in the program P,,. The
program P, 1 computes B (1) as follows:

0 1 2 3 4 m registers
0 x 0 0 0 0 init
0 0 0 0 0 x
0 1 0 0 0 x
0 BX1) 0 0 0 0 end
Since By,11(x) = BX(1), we have ||Py41]1,1 = Bny1- O

“n(P) is the largest register used in program P.
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Complexity of LOOP Programs— Contents

Complexity
LOOP pgms

m Complexity
m Bound on LOOP computable functions
m Proper LOOP hierarchy

K.-H. Zimmermann (TUHH) Computability Theory
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Zimmermann

Function X : Proop — Ny assigns to each LOOP program a
measure of complexity:

AMAo) = 1, o €Ny, (173)
Complexit;
LOOP pgms NZo) = 1, oeN, (174)
MC(o;7)) = 1, o#7,0,7€ N, (175)
AMP;Q) = MP)+AQ), P,Q€Proop, (176)
AM[Plo) = MP)+2, Pe<Proop,o €Ny (177)
For each LOOP program P, the complexity measure \(P) is

where x( is the number of LOOP-0 subprograms of P and z; is
the number of iterations of P.
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Complexity of LOOP Programs — Example

Complexity LOOP program P = (C(1;3);[C(2;1); A2]3 has the complexity

LOOP pgms

AP) = MC(L:3) +M(C( )%ﬂ$

= 1+ANC(2:1);42) +
= 3+AMC© D+A(>
= 5.
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Complexity of LOOP Programs — Boundedness

Eg'g';fe:gis A k-adic total function f : N5 — Ny is said to be bounded by a
monadic total function g : Ny — Ny if for each « € N’g,
f(z) < g(max(z)), (179)

where max(z) = max{ri,...,zx} for x = (z1,...,z;) € NE.
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Zimmermann

For each x € NF,

f(@) < g(max(z)).

Complexity
LOOP pgms

m Addition function f : N2 — Ny : (z,y) — 2 +y is bounded by
the function g : Ng — N, : z +— 2z, since
x4y < 2max{x,y} for all z,y € Ny.

m Multiplication function f : N3 — Ny : (z,y) ~ 2y is bounded
by the function g : Ng — N, : 2 — 22, since
ry < max{x,y}? for all 2,y € Ny.

m Exponentiation function f: N3 — Ny : (z,y) — 2V is
bounded by the function g : Ny — N, :  — 2%, since
z¥ < max{z, y}™@{=v} for all 2,y € N.
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Complexity of LOOP Programs — Main Result

For each LOOP-n program P and each input € N& with

Complexity k 2 n(P),"
LOOP pgms

max (|| Plx(x)) < By (max()), (180)

i.e., the maximum value of P computed in the registers Ry,..., Ry
is bounded by the A(P)-th power of the n-th small Ackermann
function.

?n(P) is the largest register used in program P.
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*Proof

First, let P be a LOOP-0 program; that is, P = Py; Ps; .. -5 P,
— where P;, 1 < i <m, is a LOOP-0 operation: Ao, Zo or C(c,7).
omplexit

LOO';’ pgl)T/lS Then

IN

m + max(x)
A(P) 4+ max(x)

< By (max(a)),

max (|| P|[xx(®))

since the "worst-case” operation is incrementation (of the register
with the maximal initial value).
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Complexity LOOP pgms

Proof (Cont'd)
Suppose the assertion holds for LOOP-n programs.

Let P be a LOOP-n 4 1 program of the form P = @Q; R, where Q
and R are LOOP-n + 1 programs.

Then for k > max{n(Q),n(R)},

max (|| Q; Rl[x.x(z))

max (|| R[5k (|Qllx.x(z)))
B\ (max(| Q| & (x))), by induction,

B:L‘S_I? (B:;ES) (max(x))), by induction,

A(R)+A
BRI

AP
BT (max(x)).

IN

IN

(max(x))
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K-H

Zimmermann Let P be a LOOP-n + 1 program of the form P = [Q]o, where @
is a LOOP-n program.

Then for k > max{n(Q),o},

LO0P pems max(|[[Qlolkk(x)) = max(||Q;Sol7 ()
< max(|Q[i(@)) (181)
< B2 Q) (max(x)), by induction,
< Bi+1 *(max(z)), see (182),
= Bn(ﬂ (max(x)).

The last inequality follows from the assertion

Bi'(y) < BRA(y), z<y, 1>0, (182)

which can be proved by using the above properties of the small
Ackermann functions. 0

4
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LOOP Hierarchy — Main Result

For each n > 0, the class of LOOP-n functions is a proper subclass
of the class of LOOP-n + 1 functions.

v

Proof.

m The n-th small Ackermann function B,, is LOOP-n
computable.

m Suppose B, 11 is LOOP-n computable. Then by (180), there
is an integer m > 0 such that for all z € Ny,

Bnyi(z) < By'().

However, by (170), B,,+1 grows faster than any power of B,,.
Contradiction!

O

v
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KH Hierarchy of total computable functions (all inclusions are strict):
Zimmermann
T = Rrecursive
?
Complexity o
LOOP pgms P = ]:LOOP
FLOOP(n)
FLooP(0)
)
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Ackermann Function — Contents
m Definition

Hierarchy of parametrized functions

Ackermann
Function

Redefinition using small Ackermann functions
m Ackermann function is recursive but not primitive recursive

Hierarchy of computable total functions
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Ackermann Function — Definition

Ackermann function A : N2 — Ny is defined as

Ackermann A(()? y) =Y + 17 (183)
Function A(iC —+ ]_, 0) = A(x’ 1), (184)
Alz+1,y+1) = Az, Az + 1y)). (185)

Original definition by Wilhelm Ackermann (1928) had three
arguments; above definition by Rézsa Péter (1935).
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K.-H Ackermann function is a total function.

Zimmermann o

Proof.
m Lexicographic ordering on N2:

(z,9) =1ex (2,9) = ax>2'V(@=2"Ay>1y).

Ackermann
Function

m The evaluation of A(x,y) yields in each step (183-185) a
unique expression A(z’,y’) which is evaluated next, if any.

m Here (z,y) is lexicographically larger than (2/,¢'), i.e.,
(x4+1,0) >jex (x,1) and (z+ 1,y + 1) =1ex (x + 1,y).

m Thus the derivation provides a strictly decreasing chain of
pairs in N2.

m The lexicographic ordering on N2 is well-founded, i.e., there
are no infinitely decreasing chains. Hence, each derivation
must terminate. ]

v
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Ackermann Function — Example

A(1,2) = A(0,A(1,1))
= A(0, A(0, A(1,0)))
pckermam = A(0.A(0, A0, 1)))
= A0, A(0,2))
= A(0,3)
= 4.

Here

(1,2) >lex (17 1) >lex (170) >lex (07 1)

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 211 / 444



Ackermann Function

Computability
Theory

K-H

Zimmermann

Ackermann Function — Partial Recursiveness

Ackermann function is partial recursive.

Proof.

Ackermann m Ackermann function is a computable function in the intuitive
Function sense.

m Intuitive means that we have not given a definition in terms of
the construction of partial recursive functions (starting from
the base functions and using a finite number of compositions,
primitive recursions and minimalization).

m By Church’s thesis, the Ackermann function is partial
recursive (recursive, since total). O
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Ackermann Function — Hierarchy of Operations
Monadic functions A, : Ng — Ny : y — A(z,y), = € Np:
m Successor: Ao(y) =y+1=v(y+3) -3,

Ackermann | | Addition: Al(y) =Y —|— 2 = f+(2, Yy —|— 3) — 3,
Function
m Multiplication: As(y) =2y+3= f.(2,y+3) -3,
m Exponentiation: A3(y) = 2Y"3 — 3 = foxp(2,y +3) — 3,

2
m Tetration: A4(y) =22 3= fie(2,y +3) — 3.
y+3
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N *Proof
= Ao(y) = A0, y) =y + 1.
m A;(0) = A(1,0) = A(0,1) = 2. Suppose A;(y) =y + 2.
Then Ay(y+1)=A(1,y+1) = A(0,A(1,y)) =
ALy +1=(+1)+2
m A5(0) = A(2,0) = A(1,1) = 3. Suppose Az(y) =2y + 3.
Then Ay(y+1) = A2,y +1) = A(1,A(2,y)) =
A2y)+2=Q2y+3)+2=2(y+1)+3.
m A3(0) = A(3,0) = A(2,1) = 5. Suppose Az(y) =2¥+3 — 3.
Then Ag(y+ 1) = A,y + 1) = A2 A(3.y)) =
2. (2uF3 —3) 43 =20+D+3 _3
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Ackermann Function

*Proof (Cont'd)

m Ay (0) = A(4,0) = A(3,1) = 2* — 3 = 22" — 3. Suppose that

2
Ay(y) =2 3.
y+3
Then
As(y+1) = A(dy+1)=AB,A4,y)) =200+ _3
2
= 22 -3
—~—
(y+1)-3
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Computability

e Pointless Large Number Stuff?

K-H Ackermann function can be used as a benchmark of a compiler’s

Zimmermann

ability to optimize recursion (Ygne Sundblad, 1971).

m The computation of A(z,y) requires deep recursion, which
can provoke stack overflow; A is largely immune against
compiler optimization.

Ackermann m The function
Function f(y) = A(37y)

has A(3,y) + 12¥ — 2 function calls.?

m How large can y be taken such that the compiler is able to
compute f(y)?

m My Maple™ implemention works until y = 8. But f(9)
yields too many levels of recursion.

Compare this with the direct computation of A(3,y) = 2Y*3 — 3 by
a CAS.

“Wikipedia, 2020

———
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Ackermann Function — Redefinition

Combination of the small Ackermann functions into the dyadic

function A : N(z) — Np,

A(x,y) = B:(y),

z,y € Np.

(186)

4

By the properties of the small Ackermann functions, A is a total

computable function.

K.-H. Zimmermann (TUHH) Computability Theory
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Theory Ackermann Function — Redefinition
St Function A in (186) is given by the equations
Az +1,0) = 1, (188)
Alx+1,y+1) = A(z,A(x+1,y)). (189)
Ackermann
Function PrOOf.
We have
A0,y) = Bol(y),
A(x+1,0) = Byy1(0)=B%1) =1,
A(+1,y+1) = Byp(y+1) =By (1) = B.(BY(1))
= By(Biy1(y)) = B(A(x +1,y)
= A(z,A(x+1,y)).
DJ
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S Ackermann Function — Main Result

K.-H Ackermann function A is recursive but not primitive recursive.

Zimmermann =

Proof.

Suppose A is primitive recursive. Then A is LOOP-n computable
for some n > 0. By (180), there is an integer p > 0 such that for
all z,y € Ny,

Ackermann

Function A(z,y) < B (max{z,y}). (190)
By (170), there is a number yo > 0 such that for all y > yq,

BY(y) < Bn+1(y). (191)
Taking yo >n+1, x =n+1 and y > yo leads to a contradiction:

A(n+1,y) Bb(max{n +1,y}) = Br(y)  (192)

<
< Bni(y) = Aln +1,y).
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heory Computable Total Functions
~ K-H Hierarchy of total computable functions (all inclusions are strict):
Zimmermann
T = Rrecursive
|
P = Froopr
Ackermann
Function
FLOOP(n)
FLooP(0)
)
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Superpowers — Contents

Sequence of dyadic operations

m General definition

m Tetration and pentation
Superponers m *Infinite tetration

m Ackermann class and functional

m Representation of Ackermann function
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Superpowers

Superpowers — Inside

Tetration

Superpowers

Ackermann function is a classical example of a recursive
function, which is not primitive recursive.

Closed form of Ackermann function will be developed using
superpowers.

Superpowers were introduced by Donald Knuth (1976).

Knuth's superpower notation is based on the infinite sequence
of operators

+7'7T7T27T37~”7

where 1 denotes exponentiation.

at?n= a® . (193)
——
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Zimmermann

Consider the following sequence of dyadic functions,

a+n = a+1l+...41, (nl's),
a-n = a+a+...+a, (na's),
atn = a-a-...-a, (na's),
at?*n = atat...ta, (nds),
Superpowers CLTB n = aT2 CLT2 TZ a, (TL a's),

where all operations * are assumed to be right associative; i.e.,
axbxc=ax(bxc).

Exponentiation is not associative, since
21 (112)=211=2'=2and (211)12=212=22=4.
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Tphetorslty Superpowers — Definition
L"Hn:v;r'_r{mum u SuperpOWerS a Tm n are deflned indUCtiverl
1 _
at"n = atn
and for m > 2,
at™n = aft...Ttn
——
m
Superpowers = aTTaTTaTTa
m—1 m—1 m—1

a appears n-times

= atmlam 4l a, (nals).
m Evaluation by right associativity

at™n

= at" (@t a). ), (na's).

(194)

(195)

(196)
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Superpowers — Definition

m Definition of a 7™ n can be extended to include
m € {—2,—1,0} by setting

at™@n = n+1, (197)
at™n = a+n, (198)
at®n = a-n. (199)

Superpowers

m Definition (195) is only valid for m > 0, since e.g.
at™1'3=a+3
and

at™'3=a12@1?a)=at?(a+1)=a+2.
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Superpowers

Superpowers — Recursion

For all numbers m > —1 and n > 2,

at™n=at™tat™ (n-1). (200)

w

Proof.
We have

atn at™ tam Tt 4m e (na's),

= at™ t(atmt. M)
= at™ lat™ (n-1).
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LVYHIHH‘JHMHH'\
For all m > —1.

24m 9 = 4. (201)
Proof.
We have 21712=2+2=4.

Superpowers Suppose 2 1™ 2 = 4 holds for some m > —1. Then by (200),

24t 2 =9 4m (2 4mFL 1),
But 2 +™*1 1 = 2 and so by induction,

21t 2=24"2=4
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Zimmermann Tetration is the dyadic function

at?n= a . (202)

We have a 12 0 =1, a 12 1 = a, and by (200),

at?>(n+1)=at (at?n). (203)

Superpowers

For a = 2, the first few values are

2121 = 2,

2122 = 212=4,

2123 = 21(212)=214=16,

2124 = 21(21(212) =2116 = 65536,
2125 = 2165536~ 21072,
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Superpowers

Pentation
Pentation is the expression

a?®n, (204)

which is a power tower with n — 1 power towers given by tetration.
We have
2133 = 212 (21%22) =21 =65,536,
3193 = 31°(3173)
312 7,625,597, 848, 987,

where

3123 = 31(313)=37127
= 7,625,597,848,987 ~ 7,6 - 102

The number 3 12 3 is called tritri and is a power tower with
7,625,597,848,987 3's.
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Superpowers

*Infinite Tetration
Consider the infinite tetration of real numbers
@ =a (205)
for > 0 and its convergence to a number a.
Let £ > 0. The tetration limit
%"
. 1 1
exists for x € [, ez].
230 / 444
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Thirzarny *Infinite Tetration — Proof

K.-H The expression (205) has the form a = z®. For this, we consider the real-valued function f(t) = x? for
Zimmermann x > 0. The convergence lim¢_, 4 f(t) = f(a) means that

[f(t) = f(a)| < |t — al
with f(a) = a and t sufficiently close to a. Thus

F® ~ @) _
jt—al

By the mean value theorem, ,
Superpowers [f (& <1

for some & between ¢ and a. Since f’ is continuous, we must have
I (a)] < 1.
Moreover, f(t) = eln(mt) = etn(2) and so Flt) =et In() In(z) = f(t) In(x). Thus
f’(a) =2z%In(z) = aln(z) = In(z?) = In(a)

and therefore
In(a)] < 1.

This leads to a € [1/e, e]. But a = 2® and so © = a'/®. Hence = € [1/e®, el/ﬁ] as claimed.
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Theory *Tetration (Maple™)

Kl > plot( x~(x~(x"x)), x =

Zimmermann

Superpowers

K.-H. Zimmermann (TUHH)
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Ackermann Functional and Class

m Ackermann functional T is defined on the set of dyadic
functions f : N2 — Ny as follows,

L(f(m,n)) = f(m—1,f(mn—1)), mneN. (206)

m Ackermann class A is the set of all dyadic functions
f : N2 — Ny which are fixed points of the Ackermann
functional T for large enough values of m and n; i.e., there
are mg and ng such that for all m > mg and n > ng,

Superpowers

By (185), the Ackermann function belongs to the class A:

Am+1,n+1) = A(m, A(m + 1,n)).
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Ackermann Class — Boundaries

m Definition of function in Ackermann class requires boundary
conditions.

m Boundary conditions for the Ackermann function,

Superpowers
A(0,n) = n+1, n>0, (208)
A(m,0) = Am-1,1), m>1. (209)
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Superpowers

Superpowers
Ackermann Class — Superpowers
Consider the superpowers
fla,m,n) =a 1™ n.
Then by (200),

fla,m,n) = at™n=at"""'(a1™ (n—1))
= fla,m—1, f(a,m,n—1)).

For fixed a € Ny, define the dyadic function f, : N3 — Ny as

(210)

(211)

fa(m,n) = f(a,m,n). (212)
Then by (211),
fa(myn) = fo(lm—1, fo(m,n—1)). (213)
Hence, f. = f(a,-,-) belongs to the Ackermann class.
235 / 444
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Kl Let a, o, k, m and n be numbers with n +%k > 2 and m + o > 1.

Zimmermann

Then the dyadic function
fim,n)=at™ ™ (n+k)—k (214)

belongs to the Ackermann class for fixed values of a, «, and k.

Proof.
By (200),

Superpowers

fim,n) = at™™ (n+k)—k
= a7l (@™ (n+k—1)) -k
= at™ " (@1 (n—1+k)—k+k)—k
(flmn—1)+k)—k

fm =1, f(m,n—1)).

Tm 14+«
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Ackermann Class — Main Result

Ackermann function

A(m,n)=21""2(n+3) -3, m,ncN. (215)

w

Proof

SPEPETER m By (214), the function A(m,n) with a =2, a = —2, and
k = 3 belongs to the Ackermann class.

m Boundary condition A(0,n) =n + 1 for all n > 0 is satisfied,
since by definition

A(0,n)=21"2(n+3)-3=(Mn+4)-3=n+1.
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Proof (Cont'd)
m Boundary condition A(m,0) = A(m —1,1) for all m > 1 is
also fulfilled. To see this, the left-hand side gives by (200),
24m723-3=21""° (29772 2) -3,

while the right-hand side gives

Superpowers

24m=34 3.

Moreover, by (201), 2 1™~2 2 = 4 for each m > 1 and hence
the boundary condition holds.

O

v
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Ackermann Function — Example

By (215),
A(0,n) = 2172 (n+3)-3=n+3+1-3=n+1,
A(l,n) = 247 ' (n+3)-3=n+3+2-3=n+2,
Superpowers A(2, n) = 2 TO (n + 3) —-3= 2(77, + 3) —3=2n + 3,
AB,n) = 211 (n+3)—-3=2"" -3
A(d,n) = 212 (n+3)—3=a> -3
n+3
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LS Ackermann Function — Example

Tetration

A4,n) = 21 (n+3)—-3, n>0,

A(4,0) = 21?3-3=21(212)-3=2*-3=13,

A(4,1) = 2124-3=21(21(212))—3=22 —3 = 65533,

A(4,2) = 2125-3=21(21(21(212))) -3 =256 3,

B A(43) = 21°6-3=217(21(21(21(212)) -3

o 2265536 . 3

A4,4) = 2127-3=21(21(21(21(21(212)) -3
_ 22265536 3

The computation of A(4, 1) may already abort due to too many

levels of recursion. )
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Skills

Evaluation of small Ackermann function

Computation of complexity of LOOP program

Evaluation of Ackermann function for small values

Skills

m Evaluation and interpretation of superpowers for small values
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Part VI

Programming Systems
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Addition program P

has Godel number

p(Py)

sQ :

s9 :

Programming Systems — Motivation
m Entry point into the theory of computation.
m Godel numbering of partial recursive functions.

m Main theorems (parametrization, universal computation,
normalization of minimalization).

0 if zg =0 3 1
1 xr] 1 +1 2
2 xo — xo — 1 0

1,269, 420, 373, 033, 475, 160, 642, 134.
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Contents

Programming Systems — Contents

m Godel numbering of GOTO programs and partial recursive
functions

m Kleene's smn theorem (parametrization)
m Univeral functions

m Kleene's normal form

Reading: Zimmermann, Section 2.3 (Pairing Functions), Chapter 5
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FiieEny Godel Numbering — Contents

Cantor's pairing function

Godel Numbering

Godel numbering of N§

Godel numbering of GOTO programs

m Godel numbering of partial recursive functions

In mathematical logic, Godel numbering refers to a function that
assigns to each well-formed formula of some formal language a
unique natural number called its Gédel number (Kurt Godel,
1906-1978).

Maple™ demo software: cc-J-proc.mw (clickable worksheet) J
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Cantor's Pairing Function — Definition

Gédel Numbering m Each primitive recursive bijection f : N2 — Ny is called a
pairing function.

m Cantor’s pairing function o : N3 — Ny is defined as

oa(min) = (m+;+l>+m (216)

(m4+n)im+n+1)
2

As a consequence, Cartesian product N2 is denumerable since
Ny is denumerable.
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Godel Numbering
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Theory Proof.
Zimmermann m List the elements of N2 in form of a table:
(0,0) (0,1) (0,2) (0,3) (0,4  (0,5)---
Godel Numbering (1,0) - (1,1) < (1,2)" (1,3) - (1,4) <
(2,0) 4 (2,1) 4 (2,2) 4 (2,3) 4
(3,0) 4 (3,1) 4 (3.2) 4
(4,0) 4 (4,1) 4
(5,0) 4

m 09 provides a numbering of the elements N2 by running
through the anti-diagonals starting with (0,0). Hence, o2 is
bijective.
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K.-H
Zimmermann Cantor’s pairing function o5 is primitive recursive.

Godel Numbering PrOOf

m By (83), integral division function + is primitive recursive by
bounded minimalization.

m By the representation of the binomial coefficient,

@ =@:+«n—n-w>, "z

we have
oa(m,n) =+((m+n) - (m+n+1),2)+m.

Thus o3 is a composition of primitive recursive function and
hence also primitive recursive. O
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Godel Numbering
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Theory Cantor’s Pairing Function — Inverse
KeH There are the coordinate functions ko, 7 : Ny — Ny such that for
Zimmermann a” m,n E NO
Godel Numbering K2 (02 (m7 n)) = m, (217)
To(oa(m,n)) = mn, (218)
o2(k2(n), m2(n)) = (219)
Proof
Let n € Ng.
m There exists a number ¢t > 0 such that
1 1
Et(t—i—l) <n< §(t+1)(t+2). (220)
m Put
1
m=n— it(t—l—l). (221)
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Godel Numbering
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Theory Proof (Cont'd)
Am,t‘;,;,'j,-“,m,-‘ Put m=mn — %t(t +1)=n-— (t-;l).
m Then
Godel Numbering 1
m = n-— it(t +1)
1 1
< |+ D(E+2) - 1} — Lt(t—i— 1)} =t.
m Put
ko(n) =m and T7a(n)=t—m. (222)
m Then
02(k2(n), 72(n)) = o2(m,t —m)
t— 1
_ (m—l—( 2m)+>+m:n. -
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Cantor’s Pairing Function — Example
Let n = 17.

m Then

Godel Numbering

SHEH ) S1T< S+ 1)(E+2)
is satisfied by ¢ = 5, since 15 < 17 < 21.
m Putm=n—itt+1)=2
m Then k2(17) =m =2 and »(17) =t —m = 3.
m Check:

02(2,3) = <2+2H) t2= (g) Yo—17.  (223)

4
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Godel Numbering

Godel Numbering

Cantor’s Pairing Function

Coordinate functions ko and 7 are primitive recursive.

Proof.
Let n € Ng.

m The number ¢ in (220) can be obtained by bounded
minimalization.

m Thus ka(n) =n — 1t(t+1) and 72(n) =t — ko(n) are
compositions of primitive recursive functions and hence
primitive recursive.
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Godel Numbering

Godel Numbering of Nj

N denotes the union of all Cartesian products NE £>0,ie.,

Ny = (J NG (224)
>0

In particular, N§ = {€}, where ¢ is the empty string, and N} = Nj.
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K.-H
Zimmermann Deﬁne encoding

o :Nj — Ny (225)

Godel Numbering

using Cantor's pairing function oo : N3 — Ny, i.e., for all z € N};
and y € Ng,

ole) = 0, (226)
olz) = o02(0,7)+1, (227)
0'($,y) = 0'2(0'(%),:[/) +1. (228)

Second equation (227) is a special case of the third one (228),
since for each y € Ny,

o(e,y) = oa(o(e),y) +1=02(0,y) + 1 = o(y). (229)

o(x) is called the Gédel number of the string « € N.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 254 / 444



Computability
Theory

K.-H

Zimmermann

Godel Numbering

Godel Numbering

K.-H. Zimmermann (TUHH)

Godel Numbering of Nij — Example
We have
0(1,3) = o2(c(1),3)+1 (230)
= 09(02(0,1)+1,3)+1
= 0'2(2, 3) +1
17+ 1=18. )
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Godel Numbering of Nj

Encoding function o is well-defined.

Godel Numbering

Proof.
In each step of the evaluation of o, the length of the string
decreases by 1.

More concretely, by (228), the evaluation of o(x,y) is replaced by
the evalution of o(x), where z € N§ and y € Ny. O

v
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Kl Encoding function o is primitive recursive.

Zimmermann

Proof.

m For strings of length < 1, by (226)-(227), o is primitive
recursive, since oy is primitive recursive.

Godel Numbering

m Suppose o is primitive recursive for strings of length < ¢,
where ¢ > 1.

For strings of length £+ 1, by (228), o can be written as
composition of primitive recursive functions:?

+1 +1 +1
Ot =V o 02(0|N6(7r§ ). ,Wé )), 7r§+1 ))|Né“‘ (231)

By induction hypothesis, o is primitive recursive for strings of
length < ¢ and so the right-hand side is primitive recursive.
Ll

*o(x,y) = o2(o(x),y) + L.
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Zimmermann Encoding function o is bijective.

*
Godel Numbering PrOOf

Let A be the set of n € Ny such that there is a unique = € Nj
with () = n. Claim that A = Ny.

m 0 lies in A since o(e) =0 and o(x) > 0 for all z # ¢

m Let n > 0. Define
u==*ro(n—1) and v=rm(n—1). (232)

Then by (219), o2(u,v) = oa(ka(n — 1), 72(n — 1)) =n — 1.
By construction, k2(z) < z and 12(2) < z for all z € Ny.

Thus u = ka(n — 1) < n and hence u € A, i.e., there is
exactly one string € N such that o(x) = u.

Then o(x,v) = o2(o(x),v)) + 1 = o2(u,v) + 1 = n.
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Proof (Cont'd)

Suppose for some z,y € Njj and v,w € Ny,

Godel Numbering

o(x,v) =n=o(y,w).

Then by (228),
0-2(0-(1;)7 U) = UZ(U(y)7 ’LU)
But o5 is bijective and so o(x) = o(y) and v = w.
Since o(x) < m, by induction z = y.
Thus n € A and hence by the induction axiom, A = Nj. O
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Godel Numbering of N — Functions , 7

Cetal Nz Define the functions k, 7 : Ng — Ny such that for all n € Ng,
k(n) =ka(n=1) and 7(n)=m(n—=1), (233)
where ko, 79 form the inverse functions of o9, i.e.,
o2(ka(n),2(n)) =n, n € Ny. (234)
Marginal conditions:

k(1) =k(0)=0 and 7(1)=7(0) =0. (235)

v
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Zimmermann

Functions &, T are primitive recursive, and for each n > 1 there are
unique & € Njj and y € Ny with o(x,y) = n such that

Godel Numbering

k(n) =o(x) and 7(n)=y. (236)

v

Proof

m x and 7 are compositions of primitive recursive functions and
thus also primitive recursive.

m Let n > 1. Since o is bijective, there are unique € N§ and
y € Ny such that o(x,y) =n.
Thus by (228), o2(o(x),y) =n — 1.
But by (219), o2(ka(n — 1), 72(n — 1)) =n — 1.
Since o3 is bijective, ka(n — 1) = o(x) and o(n — 1) = y.
Hence x(n) = o(x) and 7(n) = y. O

v

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 261 / 444



Godel Numbering

ST Godel Numbering of N — String Length

KH A string & € Njj has length ¢ > 0 if £ is the smallest number such
e that
Godel Numbering RZ(U(m)) = O (237)
Proof

m For the empty string, k°(c(€)) = o(€) = 0, since k% = idy,.
] Letw:xl...xgeNé with £ > 1.
We have o(x) = n for some n > 1.

By (236), o(x1...2¢—1) = k(n), and by induction,
k'Y o (21 ... w0_1)) = 0, where £ — 1 is minimal with this
property. Thus

Ko@) = r'(n)=r""(k(n))
He_l(o(asl co.g—1)) =0

and £ is minimal with this property. O
e
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Godel Numbering of Njj — Example

Godel Numbering

Take a number = € Ny, i.e., a string of length 1.

Then by definition o(z) = n > 1. By (229),
o(x) =o(e,x)

and therefore by (236),

k'(n)=0(e)=0 and 7(n)==x.
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Godel Numbering

Godel Numbering

Godel Numbering of Nj — Length
The length function 1g : Ng — N given by

lg(n) = pt (Hz(n) =0) (238)

is primitive recursive.

Proof.

Since k is primitive recursive, k° is primitive recursive.
Minimalization is restricted as we have ¢ < n; i.e., the string is not
longer than the number it encodes.

£

In view of minimalization, the correct definition would be
f:N2 = Ny:(n,f)— x‘(n) and then
lg(n) = pl[f(n,£) =0]. O

By (237), lg assigns to each Gédel number n the length ¢ of the
string « with o(x) = n.
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The inverse value of n > 1 is given by
Godel Numbering O’il(n) = (T o Iiéil(’n), ..., TO li(n), T(n)) S Ng, (239)

where 1g(n) = .

Proof
Let z € No.

m Then o(x) =n > 1 and by (229), o(z) = o(0, z).
m Thus by (236),

k(n) =0 and 7(n)==x.

m Hence, 07 1(n) =z = 7(n).
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B Let z € N§, £ >1, and y € Ny
m Then o(x,y) =n>1.

= By (236),

Godel Numbering

k(n)=oc(x) and 7(n)=y.

Since x(n) < n, by induction x = o~ !(x(n)) is given by

((to /1671) k(n)),...,7(k(n)))

= (rox’(n),...,Tor(n)).
m Hence, (x,y) has the form

(o me(n), ...,T7ok(n),7(n))

as required. ]
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m Computation of length:
Godel Numbering K2(18) = k(k(18)) = k(k2(17)) = K(2) = Ka(1) = 0,

since by (223), 02(2,3) = 17 and so k2(17) = 2, and
k(2) = ka2(1) =0, since 02(0,1) =1 and so k(1) = 0.
Thus by (238), 1g(18) = 2.

m Computation of string:
7(18) = 12(17) = 3,
since 02(2,3) = 17 and so 75(17) = 3, and

7(k(18)) = 7(ka(17)) = 7(2) = 72(1) = 1,

since 02(0,1) =1 and so 7»(1) = 1.
Hence, o(1,3) = 18.

O Acd b R RRRRRrRrRrRrRREEE—BBE———SAMbA R A EEA—E—TE———E—E—€—€—EEC———CBBBB——BR——S
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Let P = sg;51;-..;Sm be a standard GOTO (SGOTO) program.

The [-th instruction s; has label [, 0 <[ < ¢, and is encoded by

Godel Numbering

3-0(i, k) if s, = (l,z; + z; + 1,k),
d(s))=1< 3-0(i,k)+1 if s =(,z; + 2, —1,k), (240)
3-o(i,k,m)+2 ifs=(,if x; =0,k,m).

o'(s;) is called the Gédel number of instruction s;, 0 <[ < m.

Function ¢’ is primitive recursive, since it is defined by primitive
case distinction and the functions involved are primitive recursive.

v
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Given the Godel number e = o'(s;) € Ny of I-th instruction s;.

Godel Numbering

m By division with remainder, write
e=3n+t, (241)

where n = +(e,3) and t = mod (e, 3).

m By (239), 071 (n) = (7(x(n)),7(n)) for increment and
decrement, and 0= (n) = (7(k%(n)), 7(k(n)), 7(n)) for
branching. Then by (240),

(l Tr(k(n)) & Tr(k(n)) T 1 T(n)) ift=0,
s = ({, ZTr(k(n)) < Tr(k(n)) — 7(n)) ift=1, (242)
(1,if ZTr(x2(n)) = 0, T(K(n)) T(n)) ift=2.
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Godel Numbering of GOTO Instructions — Example

(Gt il el Suppose e = 55 is the Godel number of [-th instruction s;.

m Write
55 =3-18+1
and so n = 18 and t = 1 (decrement).
= By (230),
o(1,3) = 18
and so

si=(l,x1 < x1 —1,3).
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SGOTO program P = sg; s1;...;Sm has the Godel number
p(P) = 0(0"(30). o/ (51). 0" (5): (243)
p: Pscoro — Ny is bijective and primitive recursive. J
Proof.

m Function p is bijective since o is bijective and the instructions
encoded by ¢’ are uniquely determined.

m Function p is a composition of primitive recursive functions
and thus also primitive recursive.
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Godel Numbering

Godel Numbering

Godel Numbering of GOTO Programs — Example
Consider the SGOTO program P, given by

S0 ¢ 0 ifo:O 3 1
S1: 1 r1—21+1 2
So ¢ 2 To — 19— 1 0

Encoding of instructions:

o'(s0) = 3-0(2,3,1)+2 = 1889,
a(s1) = 3-0(1,2) =39,
d'(s3) = 3-0(2,0)+1=46.

Encoding of program:

p(Py) = o(1889,39,46)
= 1,269,420, 373,033,475, 160, 642, 134.
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npwwmel  Godel Numbering of GOTO Programs — List
m P, denotes the SGOTO program P with Gédel number e.
m Godel numbering provides a list of all SGOTO programs

Py,Pi,Ps,.... (244)

m Conversely, each e € Ny can be uniquely assigned an SGOTO
program P such that p(P) = e (by the above procedure).
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Zimmermann Let n Z 0’

m The n-adic partial recursive function computing the SGOTO
program P, is

Godel Numbering

¢ = || Pelln,1- (245)

Then e is the Godel number or index of ¢£").
m The list of all SGOTO programs in (244) yields a list of all
n-adic partial recursive functions:

IR S (246)

This list contains many repetitions, since each n-adic partial
recursive function has infinitely many indices; e.g., add zero to
the result.
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Parametrization

Parametrization

m Parametrization theorem (smn theorem) is a cornerstone of
computability theory (Kleene, 1943)

m Refers to computable functions in which some arguments are
considered as parameters.

m Applications in reduction steps and recursion theory.
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Parametrization — Dyadic Case

Parametrization For each dyadic partial recursive function f : N2 — Ny, there is a
monadic primitive recursive function g such that for all x € Ny,

fla) =l (247)

i.e., for all z,y € Ny,

Fla,y) =6\ ().
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Parametrization

K.-H. Zimmermann (TUHH)

Parametrization

Proof

m Given SGOTO program P. = sg; s1; - -

m For each x € Ny, consider the following SGOTO program Q,:

||Pe||2’1 =f.

0 ifz1 =0
1 xo — xo +1
2 x1 +—x1 — 1
3 x1 +—x1 + 1
4 x1 +—x1 + 1
24+ x )] —xz1 +1
’
s
9
S1
S
m
VAN SN .ol
where P, = s4;87;...55),

.5 Sm With

1

Gk ONW

3+x

is the SGOTO program that is

derived from P, by replacing each occurring label j with

j+34+x, 0<j5<q.

Computability Theory
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Zinpeie m Milestones of the computation of Q:
0 Y 0 0 O init
__ 0 0 y 0 0 step 3
Parametrization O T y 0 O o step 3 +x
0 flz,y) . . . ... end
m Thus
1Qall11(y) = f(z,y), =,y € No.

m Take the function g : Ny — Ny defined by

g(l‘) :p(QfE)7 z € No,

i.e., g(x) is the Godel number of the program Q.. By (243),
this function is primitive recursive.

= f(x,) for each z € Ny. O

m Hence, gb;l(l) =Qz|l11

v
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Parametrization

Parametrization — Example
Consider the dyadic addition

f+:Ng%NO:(x,y)»—>x+y

and the corresponding SGOTO program P,

So - 0 if 2o =0 3 1
S1: 1 T a1+ 1 2
S9 : 2 To ¢+ To — 1 0
with
[Pyll2 = f.

Fixing the first argument to = = 3 yields the monadic function

f+(3,')INO—>N02y|—)3+y.
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Parametrization — Example (Cont'd)
SGOTO program Q3 computing f1(3,-):

Parametrization if T =0

To < To+1
T 21— 1
T 11 +1
$1(*$1+1
x4 21+1
if.’L‘QZO

T 21+ 1
To ¢ To—1

CO O Ul W N+~ O
S0 © O T O N W

The last three statements comprise P;.
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Parametrization — Example (Cont'd)

Milestones of the computation of Q3:

Parametrization

0 Y 0 0 O init
0 0 y 0 0 step 3
0 3 y 0 0 ... step 6
0 3+y . . . .. end

Let g(3) = p(Q3) denote the Godel number of Q5. Then

¢§,1(?3) = 1Qsll1,1 = f+(3,).
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B oider the dyadic addition
fr N2 = Ny: (z,y) > x+y
e and the corresponding URM program
Py = (A1;52)2,

e, [[Prllzg = f.
Fixing the first argument to « = 3 yields the monadic function

f+3,):Ng—=>Ny:y—3+y.
Consider the URM program

Py3 = (S51; A2)2; Al; A1; AL; Py
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Parametrization — Example (Cont'd)

Consider the URM program
Parametrization P+3 — (Sl’A2)27A17A17A1’P+

Milestones of the computation of P, j:

0 Y 0 0 0 init

0 0 y 0 0 reload y

0 3 y 0 0 ... generate x = 3
0 34y . . . ... addition

Godel number of P, 3 is obtained by converting into SGOTO
program (by tokenization) and then using (243).
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Parametrization — General Case

D i, For each pair m,n > 1, there is an m + 1-adic primitive recursive
function s, ,, such that for all e € Ny and = € N,

St () = ¢ (248)

Sm, n(e w

i.e., for all e € Ng, ¢ € Ny and y € N,

¢ém+n)(x’y) _ ¢(")

Sm,n

(e,x) (y)-

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 284 / 444



Parametrization

Computability
Theory

KH Proof (Similar to dyadic case)
m Take an SGOTO program P, = sq; $1; - - . ; Sm calculating the

function qbngr”), ie.,

Parametrization H-Pe||m+n,1 — ¢‘(8m+n)'

m For each ¢ € N[J*, extend P, to SGOTO program Q¢ :

0 Y 0 0 O init
0 0 y 0 0 reload y
0 T y 0 0 generate parameter x
0 ¢£m+n)(m, £7) I end
m Then

||Qe,a:||n,1(y) = ¢£m+n)(ﬂ’3”y)7 T € Ngn, Y < Ng
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Proof (Cont'd)

m We have

Parametrization

||Qe,m||n,l(y) = ¢gm+n)($7y>7 S Nanu y € Ng
m Consider the function s, , : NB"H — Ny defined by

Sm,n(ev 33) = p(Q@,E)v

i.e., Smn(e, @) is the Godel number of program Qc .
By (243), this function is primitive recursive.

m Hence, ¢\ = [|Qe,zlln1- 4

Sm,n(€,x)
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Zimmermann Another basic result of computability theory is the existence of a
computable function called universal function that is capable of
computing any other computable function (of the same arity).

iz Let n > 1. A universal function for n adic partial recursive
unction
functions is an n + 1-adic function wumv Ni+t — Ny such that
for all e € Ng,
(n) —
wumv( ) - (bgn)’ (249)

i.e., for all e € Ny and « € N7,

¢£’;L< z) = o (). (250)

Universal function 1/1 takes as input Godel number e and

univ
argument z in order to compute ¢>g”)(as).
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: : : (n)
For each arity n > 1, the universal function 1 ;.

partial recursive.

exists and is

Let e be a Godel number.

Universal
Function

m Find the SGOTO program P, by using the inverse of the
bijection (243).

m ldea is to mimick the computation of P, by universal function
(similar to mimicking of P. by partial recursive function in

Part 1V).

m Residual-step function Rp, as in (135) mimicks the execution
of P,.

m Then by (136), 7/’1(:13\;( ) =p1oRp, o, = ||Pe|ln1 exists

and is partial recursive.
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Universal Function — Example

Consider the addition function f; : N2 — Ny : (z,y) — = +y and
the corresponding SGOTO program Py :

prversal so: 0 ifay=0 3 1
S1 ¢ 1 xr1 < X1+ 1 2
So : 2 To 4 To — 1 0

m Associated Godel number

e = p(Py)=0(d'(s0),0'(s1),0'(s2))
1,269, 420, 373,033, 475, 160, 642, 134.
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Universal Function — Example (Cont'd)

m Universal function (bl(i)iv(e, -) mimicks the computation of

Universal P, = P, by multi-step function (132).
Function

m Runtime function (133) minimalizes the multi-step function
(i.e., number of steps) until a label £ is found which is not a
program label (here ¢ = 3).

m Residual-step function Rp, (135) then takes the number of
steps as given by the runtime function and (81 o Rp, o ) ()
outputs in register R; the result of the program execution.
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Normal Form

m Kleene set T' (1943) tells whether an SGOTO program will
halt when run with an input.

m Kleene's normal form implies that any partial recursive
function can be defined by using a single instance of
(unbounded) minimalization applied to a primitive recursive
function.

Normal Form

m In the context of programming, any program can be written
using a single while loop.
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Let n > 1. Extended Kleene set S,, C Nj*3 is given as

: K.-H
(e,x,z,t) €S, <= (251)
Xee) (M (M(e,we 1) =0 A 79 (M (e, ws, ) = 2,

where

Normal Form
mwy = (0,71,...,7,,0,...) € N§ initial configuration given by
starting label £ =0 and input © = (21,...,2,) € N{.

m M(e,wg,t) is the multi-step function executing P. with initial
configuration w, for ¢ steps.

[ w%k)(ﬁ, Y1,Y2,-..) = £ is the label of the current configuration.

m wgk)(& Y1,Y2,-..) = 41 is the value of (result) register R;.
m xrp)(f) =1if £ € L(F,) is a label of P, and 0 otherwise.

v
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Normal Form

Extended Kleene Set
(e,x,z,t) € S, iff program P, with input € Ny terminates after
t steps and the result of computation is z.

For each n > 1, the set S, is primitive. J

Proof.

All functions used to define the set .S,, are primitive recursive. In
particular, the characteristic function of L(P.) is primitive recursive
since the label set L(P,) is finite (next chapter). O
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Consider the addition function f; : N2 — Np : (z,y) — = +y and
the corresponding SGOTO program P :

S0 : 0 if 29 =0 3 1
S1: 1 Ty a1+ 1 2
So : 2 To 4 To — 1 0

Normal Form
m Associated Godel number

e = p(Py)=0(d'(s0),0'(s1),0'(s2))
1,269, 420, 373,033, 475, 160, 642, 134.

m Initial configuration (k = 3)

w=(0,z,y).
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Extended Kleene Set — Example (Cont'd)

Extended Kleene set S5 consists of all quadruples
(ev(xay)ax+yv3y+1)v xvyENOa

Normal Form Where
m e is the Godel number,
m (z,y) is the input,

m z =z + vy is the result of computation, and

m t =3y + 1 is the number of computational steps.
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Normal Form

Kleene Set
Let n > 1. Kleene set T,, C Ny 2 is given by

(e,z,y) €T, <= (e,x,k2(y),2(y)) € Sn. (252)

m Cantor pairing function o5 : N3 — Ny has inverse function
pair k2,7 : Ng = Ny, where

o5 (y) = (k2(y), 72(y)), vy € No, (253)

or equivalently,
oa(k2(y), 72(y)) =y, vy € No, (254)

m Component y encodes both, the result of computation
z = ka(y) and the number of steps t = 75(y).
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Normal Form

Normal Form

Kleene Set
For each n > 1, the set T, is primitive.

Proof.

We have

XT, (6, x,y) = X5, (67 T, kK2 (y)7 T2 (y))v
where the right-hand side is a composition of primitive recursive
functions as xg, is primitive recursive (since .S, is primitive) and
Ko, To are primitive recursive.
Hence, x1, is primitive recursive, i.e., T}, is primitive. O

v
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LVYHIHHLHH‘JHH

Consider the addition function f; : N2 — Np : (z,y) — = +y and
the corresponding SGOTO program P :

S0 : 0 if 29 =0 3 1
S1: 1 Ty a1+ 1 2
So : 2 To 4 To — 1 0

Normal Form
m Associated Godel number

e = p(Py)=0(d'(s0),0'(s1),0'(s2))
1,269, 420, 373,033, 475, 160, 642, 134.

m Initial configuration (k = 3)

w=(0,z,y).
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Normal Form

Normal Form

Kleene Set — Example (Cont'd)

Kleene set T, consists of all triples

(67 (xay)aw>7 $7y€N07
where

m ¢ is the Godel number,

(z,y) is the input,
a3 ' (w) = (2,1),

m z =z + y is the result of computation, and

m t =3y + 1 is the number of computational steps.
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i For all e € Ny and « € N?,

o0 (x) = ro(uylxr, (e, ®,y) = 1]). (255)

m 7, (e,x,y) = 1iff (e,x,y) € T, i.e., program P. with input
x yields output k2(y) in 72(y) steps.

Normal Form

m Unbounded minimalization uy[xr, (e, z,y) = 1] finds the
smallest y > 0 (if any) such that (e, x,y) € T,.

m If so, ka(y) = z yields the result of computation.

Consequence

By (255), any partial recursive function can be defined by using a
single instance of (unbounded) minimalization applied to a
primitive recursive function (since xr, is primitive recursive).

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 300 / 444




Skills

Computability
Theory

K-H

Zimmermann

Skills

Computation of functions o2, ko and 7

Computation of functions o, x and 7

Computation of Godel number of GOTO program

Specification of GOTO program Q. (parametrization)

Finding the Kleene sets S,, and T,
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Part VII

Turing Machine
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Turing Machine — Motivation
m Turing machine as first univeral computation machine.
m Understanding the behavior of a Turing machine.

m Busy beaver problem and its relation to superpowers.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020
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Contents

Turing Machine — Contents
m Machinery
m *Post-Turing machine
m *Turing computable functions

m Busy beaver

Reading: Zimmermann, Chapter 6

K.-H. Zimmermann (TUHH) Computability Theory
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Contents

Contents

Turing Machine — Inside

Turing machine has been described as a thought experiment

representing a computing machine (Alan Turing, 1912-1954).

Turing machine is a theoretical device that manipulates
symbols on a strip of tape according to a set of rules.

Turing machine is a device of universal computation.

Busy beaver problem is a prominent example of recreational
mathematics.
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Contents

"The Imitation Game” is a 2014 American historical drama based
on the biography of Alan Turing.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 306 / 444



Machinery

Computability
Theory

Machinery

Machinery

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 307 / 444



Machinery

Computability
Theory

K.-H Machinery — Overall Behaviour

Zimmermann

m Turing machine consists of infinite tape and associated
read/write (R/W) head connected to a control mechanism.

Machinery

m Tape is divided into denumerably many cells, each of which
containing a symbol from the tape alphabet.

m Tape alphabet contains special symbol "b" signifying that a
cell is blank or empty.

m Cells are scanned, one at a time, by R/W head which is able
to move in both directions or remain fixed.

m At any time instant, the machine will be in one of a finite
number of states.

m Behaviour of R/W head and change of machine’s state are
governed by present state and symbol in cell under scan.
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Machinery — Formal Definition

Turing machine is a quintuple M = (£, Q, 4, g0, qr),

Machinery

m finite alphabet X, called tape alphabet, contains distinguished
blank symbol b, subset X7 = X\ {b} is called input alphabet,

m finite set () of states,

m partial function §: Q@ X ¥ — @ x ¥ x {L, R, A} called
transition function,

m start state qo € Q,

m halt state qr € @ such that §(gr, o) is undefined for all o
in X.
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Machinery — Addendum

m Symbols L, R, and A are interpreted as left move, right
move, and no move, respectively.

Machinery

m Tape cells can be numbered by the set of integers Z.

m Tape content can be considered as mapping 7 : Z — X, where
7(%) is the content of cell z € Z.

m Tape contains blanks almost everywhere, i.e., only a finite
portion of the tape contains symbols from the input alphabet.

-3 -2 -1 0 1 2 3
T(=3) 7(=2) 7(=1) 7(0) (1) 7T(2) 7(3)
b 1 1 b 1 1 b
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K.-H
ZARIEDT m Configuration of Turing machine M consists of
m content of the tape,
Machinery m cell controlled by R/W head,
m state of the machine.

m Picture

q € Q (current state), arrow marking cell controlled by R/W
head. All cells to the left of a;, and to the right of a;, contain
the blank symbol.

m Shorthand notation of configuration

(@i - ai;_y,q, a4 - . aq).
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Machinery — Transitions
Machinery Transition 6(q,a) = (¢',a’, D) means

m machine is in state ¢ € @ and reads the symbol a € ¥ (in cell
under R/W head),

m replacesa € X by a’ € X,

m moves left (D = L), moves right (D = R), or doesn't move
(D =A),

m enters the state ¢’ € Q.
The R/W head is shifted and not the tape of cells.
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Machinery

Machinery

Machinery — Move Right
Configuration (uc, ¢, adv) with a,c,d € ¥, u,v € ¥*, ¢ € Q,
q # qr:

/l\
q
Move right: d(q,a) = (¢’,d’, R)
— wuw ¢ d d v —
,T
q/
New configuration (uca’,q’, dv).
313 / 444
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Machinery

Machinery

Machinery — Move Left

Configuration (uc, ¢, adv) with a,c,d € ¥, u,v € ¥*, ¢ € Q,

q # qr:
— u ¢ a d v —

Move left: 0(q,a) = (¢’,d’, L)

q
New configuration (u, ¢, ca’dv).
w
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Machinery

Machinery

Machinery — No Move

Configuration (uc, ¢, adv) with a,c,d € ¥, u,v € ¥*, ¢ € Q,

q # qr:
— u ¢ a d v —

< —

No move: §(q,a) = (¢’,a’, A)

—

~

LS}

New configuration (uc,q’, a’dv).
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Machinery — One-State Transition
achineny Configuration (uc, ¢, av) with a,c € &, u,v € ¥*, and q € Q,
q7 qr-
(uca’,q',v) ifd(q,a) =(¢,ad', R),
/

(u',q',v") = (u,q';ca’v) ifd(q,a) = (¢,a’, L), (256)
(ue,q',a'v) if 8(q,a) = (¢',ad, A).

is the configuration reached in one step. Write

(uc,q,av) = (v, ¢, v").
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77 m Input word x = 2122 ... 2, € X7.
Machinery m Initial configuration
— I1 X2 ... Ty —
T
do
m Computation is a sequence of configurations
(b,q0,®) F (u1,q1,v1) = (u2,q2,v2) ...
started with initial configuration.
m Computation terminates if the machine reaches the stop
state gp; output is given by the collection of symbols on the
tape.
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Turing machine M = (X, @, 6, qo, gr) with tape alphabet
¥ ={0,1,b}, state set @ = {qo, ¢1,¢r}, and transition function J:

Machinery

1/0,R

Transition 6(q,a) = (¢',a’, D) is indicated by

. a/a’,D .
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K.-H Computation provides bitwise complement of binary input word

Zimmermann

0011:

Machinery

(b, qo, 0011)

l_
l_
F
|_
l_

Turing automaton graph:
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Busy Beaver

Busy Beaver

(]

E
=z

[afafafafalafalaaaala]afafa
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Busy Beaver

Busy Beaver

Busy Beaver — Contents

Problem statement

Busy Beaver function

Small Busy Beavers
Correlation with superpowers

Rado’s result
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Busy Beaver

Busy Beaver

Busy Beaver Problem

m Busy beaver problem:

Construct a Turing machine with binary input

alphabet ¥ = {1,b} which halts after writing the
most 1’s on the tape when started from the blank

tape.

m Busy beaver is a Turing machine which solves the Busy
beaver problem.

m Busy beaver function T : N — N, where Y (n) is the
maximum number of 1's finally on the tape among all halting
two-symbol n-state Turing machines when started with the
blank tape.

m Maximum shifts function S : N — N, where S(n) is the
maximum number of moves (L or R) that can be made by any
halting two-symbol n-state Turing machine.
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Busy Beaver

By By For small values of n, the busy beaver function is known:
1) = 1,
T(Q) = )
T(3) = 6,
T4) = 13.

In all other cases only lower bounds have been established.
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Busy Beaver with One State

Busy Beaver

Busy beaver My = ({1,b},{q0,49r}, 9, o, qr) computes

(b, q0, b) F (b17qFa b)

b/1,R
start—>‘ / .

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 324 / 444



Busy Beaver

Computability
Theory

K-H

Zimmermann

Busy Beaver with Two States
The busy beaver M> = ({1,b},{qo,q1,9r}. 0,90, gr) computes

(ba q0, b)

Busy Beaver

F o (b1,q1,b) - (b, qo, 11b)
F (b, q1,b11b) - (b, qo, b111b)
F (b1, q1,1110) F (b11, gp, 110).

.._\ 1/1,R
start*>' —>

1/1 L
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Busy beaver M3 = ({17 b}a {qu q1,42; qF}a 67 qo, qF) computes

(b, qo,b) bl ,q1, ) (blb QQ,b) = (bl,QQ,blb)
b, o, 111b) = (b, go, b111b) + (b, qo, b1111b)

(
(0,
(b1, g1, 111b) - (b11, g1, 11b) F (b111, g1, 1b)
(
(

Busy Beaver

b1111,q1,b) - (b1111b, g2, b) b (b1111, o, b1b)
b111, gy, 1116)  (b11, o, 11116) F (b111, g, 1110).

T T T T T

1/1 R

b/lR b/b,R
start——=(10) Q (@)

11,R 1/1,L
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Busy Beaver

Busy Beaver Function — Superpowers
(Milton Green, 1964) For each number k > 2,

In particular,

vV V.V V V

Busy Beaver

T(2k) > 312 3. (257)

3193=3-3=09,

311 3=23%=27,

3123 =34 (313) =3 = 7625597484987,
3433 =342(3123)=3423% (tritri)
3113=313(31%3) (Ist Graham number).
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 K-H Busy Beaver Function — Rado's Result
Zimmermann

The busy beaver function T is not partial recursive (Tibor Rado,
1962).

Busy Beaver

Proof ldea

For any computable function f : Ny — Ng, T(n) > f(n) for all
sufficiently large n and hence Y is not computable.

The maximum shifts function S is not partial recursive. )

Proof.

There is a two-symbol n-state Turing machine M that writes Y(n)
1's on the tape and then halts. This Turing machine makes at least
T(n) moves. Thus S(n) > YT(n). Hence S is not computable. [

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 328 / 444



Skills

Computability
Theory

K.-H

Zimmermann

Suile Skills

m Writing and interpreting a Turing program
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Part VIII

Undecidability

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 330 / 444



Computability
Theory

- Undecidability — Motivation

m In computability theory, decision problems are yes-or-no
questions on an input set.

m Undecidable problem does not allow to construct a general
algorithm that always leads to a correct yes-or-no answer.

m Most prominent examples: halting problem, word problems in
formal language theory and algebra, Hilbert's tenth problem.

Self-reference (M.C. Escher, 1898-1972)
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contents Undecidability — Contents
m Undecidable sets

Semidecidable sets

Recursively enumerable sets

m Theorems of Rice and Rice-Shapiro

m Recursion theory

Reading: Zimmermann, Chapter 7
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Undecidable Sets

Decidable and Undecidable Sets
m Decidable sets
m Prototypical undecidable set

m Halting problem
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Let A C Nj.
Undecidable Sets m A is decidable if characteristic function x 4 is recursive, where

for all x € NI,

(258)

XA(x):{ 1 ifzeAd

0 otherwise,
i.e., characteristic function y 4 is total and computable.

m If A is decidable, the question " € A" can be decided by
computing x4 ().
m Algorithm for computing x 4 is a decision procedure for A.

m A is undecidable if A is not decidable (i.e., x4 is not
computable).
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If A, B C Nf are decidable, then decidable are

Undecidable Sets A, AUB, ANB,and A\ B=ANB. (259)
Proof.
For each x € N,
xa(x) = csgoxa(x), (260)
xaup(x) = sgno(xa(z)+xs(@)), (261)
xans(x) = xa(x)- xs(x), (262)
xa\s(®) = xa-xa®). (263)

The functions on the right-hand sides are compositions of recursive
functions and so are also recursive. O

v
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m Each finite set A C Ny is decidable, since

K-H

Zimmermann

Undecidable Sets xa(z) = sgn (Z x=(a, x)) , x €Ny, (264)

a€A

is a composition of primitive recursive functions and thus is
also primitive recursive.

E.g., if A={1,3,5}, then

xa(x) =sgn (x=(1,2) + x=(3,2) + x=(5,2)) for each

x € No.

m Empty set () is finite and so is decidable.

m N is decidable, since Ny = (), () is decidable and decidable
sets are closed under complement (259).

m Set of prime numbers P is decidable (chapter 2).
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m Consider the sequence of all monadic partial recursive
Undecidable Sets fUnCtiOnS

R R N (265)

where qSS) : Ng — Ny denotes the partial recursive function
computed by GOTO program P,, e € Ng.

m The set

K = {:z: ENg|ze domqsgl)} (266)

is undecidable, where x € dom qﬁg) means that program P,
with input z halts.
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K.-H Suppose K would be decidable; i.e., xx would be recursive.
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m Function f: Ny — Ny given by

Undecidable Sets - 0 If X g K,
flz) = { T otherwise, (267)

is partial recursive.

Indeed, if P is an URM program for x g, then
P;(A1)1
is an URM program for f; recall the progam (A1)1.

m Thus f is partial recursive and so qﬁgl) = f for some e € Nj.

m Diagonalization argument:

ecKeecdomol) o ecdom(f)oedK.

Contradiction. O
—
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Undecidable Sets Function f : Ny — Ny in (267) is not partial recursive.

m Function h : Ng — Ny defined by exchanging the cases in f:

0 fze K,
h(z) = { 1 otherwise, (268)

is partial recursive, since for each =z € Ny,

hz) = 0-¢"(x) (269)
= 0.9 (@, 2).
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Function h : Ny — Ny in (268) is partial recursive.

m Function 4’ : Ny — Ny related to h and given by

Nz ifzekK,
W (x) = { 1 otherwise, (270)

Undecidable Sets

is partial recursive, since for each x € Ny,

W(z) = x-sgn(él)(zx)+1) (271)
= @ -sg(el ), (@, 2) +1).

m Domain and range of partial recursive function h' are
undecidable sets, since

dom (R') = K =ran (1). (272)
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Ammermann m Now one undecidable set K is at hand (proved by

diagonalization).

Undecidable Sets m Any other set can be proved to be undecidable by using
reduction.

] LetAgnganngNé.

A is reducible to B if there is a recursive function
f:N& — N} such that

rcA < f(x)eB, zecNi (273)
Equivalently,
xa(®) = xp(f(x)), =eNg, (274)

i.e., if B is decidable, then A is decidable; or by
contraposition, if A is undecidable, then B is undecidable.
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Undecidable Sets ; . . )

m Halting problem is one of the famous undecidabilty results.

m Interpretation: Given program P and input x to P, it cannot
be decided generally whether P with input @ terminates or
continues to run forever.

m First proof for Turing machine by Alan Turing (1936).

m By Church’s thesis, halting problem is undecidable not only
for Turing machines but for any formalism capturing the
notion of computability.
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Undecidable Sets

Halting Problem
The set

H= {(&y) € Ng |y e d0m¢§ﬁl)}

is undecidable, where y € dom qs;l) means that program P, with

input y halts.

(275)

Proof.
Set K can be reduced to set H by the recursive mapping

Ny = N2z (2,2).
Indeed, for each 2 € Ny,
xx () = xu(r,z) = xu(f(z)).

Since K is undecidable, H is undecidable.
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Let a € Ny. The following sets are undecidable:

Undecidable Sets Cc = {x €N | o) = cg”} 7 (276)
B = {@yeN|oh =o}, (277)

T = {x €Ny | ¢V is total } (278)

I, = {x €Np|ac domqag)} : (279)

(280)

O, = {m eNglac ranqﬁg)},

(1)
0

where ¢y’ is the monadic zero function.

Proof by Theorem of Rice. )

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 344 / 444



Undecidable Sets

Computability

Theory Undecidable Sets

K.-H . . . . . .
Zimmermann Practical implications using the formalism of GOTO programs:

m The problem whether a GOTO program halts with a given
Ulndecaapielsers input is undecidable (set H).

m The problem whether a GOTO program computes a specific
function (here c(()l)) is undecidable (set C).

m The problem whether two GOTO programs are semantically
equivalent, i.e., exhibit the same input-output behaviour, is
undecidable (set E).

m The problem whether a GOTO program always halts is
undecidable (set T').

m The problem whether a GOTO program halts for a specific
input is undecidable (set I,).

m The problem whether a GOTO program halts and computes a
specific output is undecidable (set O,).
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Semidecidable Sets

Semidecidable Sets

Semidecidability
Partial decision procedure
Existential quantification

Function graph
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Semidecidable Sets
Let A C N§.

T m Informally, A is semidecidable if there is an algorithm such
that the set of input numbers for which the algorithm halts is

exactly the set of elements in A.

m A is semidecidable if the function f : Nj — Ny defined by

1 ifxeA,
flx) = { 1 otherwise, (281)

is partial recursive; f is the semicharacteristic function of A.

4
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Zimmermann

recursive function f such that

dom (f) = A. (282)

v

Semidecidable

U Proof

m Let A be semidecidable. Then the corresponding function f
given in (281) has the property that dom (f) = A.

m Let A be a subset of Njj for which there is a partial recursive
function h : Nj — Ny such that dom (h) = A. Then the

function f =vo c(()l) o h: Ny — Ny satisfies for each = € Nj:

flz) = { 1 ifxe A, (283)

1 otherwise.

f is partial recursive as it is the composition of partial
recursive functions, and is the semicharacteristic function of
A. Hence, A is semidecidable. O
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77 Let n > 1.

m Godel numbering of SGOTO programs yields an enumeration
of all n-adic partial recursive functions

Semidecidable
Sets

) gl plm (284)

where partial recursive function ¢£") : N§ — Ny is computed
by SGOTO program P,, i.e., ¢£") = || P.||n,1 for each e € Ny.

m By (282), we obtain an enumeration of all semidecidable
subsets of N{:

p{ . p™ p{m . (285)

where D™ = dom qﬁé"), e € Np.
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Semidecidable Sets

Semidecidable Sets — K
K= {a: | z € dom ¢§}>} is semidecidable.

Proof.
Function h : Ng — Ny in (268) defined by
0 ifze K,
hiz) = { 1 otherwise (286)

is partial recursive, since

h(w) =0 ¢ (@) =0 ${), (@, ).
Since K = dom (h), it follows from (282) that K is
semidecidable. O
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Semidecidable Sets

Semidecidable Sets — Halting Problem

=4(z,y) | y € dom ey’ ¢ is semidecidable.
H {( )yed ¢<1)}' idecidabl

Proof.

Universal function w has the property

univ

(1)( : (1)
e (y) ify€domey’, 087
¢unlv($ y) = { T otherwise. (287)
Since H = dom wgmv it follows from (282) that H is
semidecidable. 0
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Decidable Sets

Each decidable set is semidecidable.

Semidecidable

Sets Proof
Let A C Ni be decidable, i.e., its characteristic function x 4 is
recursive.

m Function g : N — Ny defined by

0 ifxeA,
1 otherwise,

g(@) = (csg 0 ya)(@) = {

is recursive, since it is the composition of recursive functions.

v

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 352 / 444



Semidecidable Sets

Computability
Theory

o Proof (Cont'd)

Zimmermann

m Let P be an URM program computing g, i.e., g = || P||n.1-
Then the URM program

Semidecidable

Sets P; (A1)l
computes the function (recall the program (A1)1)

0 ifxeA,
h(z) _{ 1 otherwise.

m Function h is partial recursive, since it can be computed by an
URM program.

m Since A = dom (h), it follows from (282) that A is
semidecidable. O
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Partial Decision Procedure
Let A C N{j be a semidecidable set.

Semidecidable

Sets m By (282), A = dom (f) for some partial recursive function
f:Nj — No.

m Let P be a GOTO program computing f, i.e., f = ||P|ln.1-
m Partial decision procedure for A:

m Start the program P with input « € Nj.
m If P halts, x € A. Otherwise, P will continue to run
forever (undefined case).
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A is decidable <= A and A semidecidable. (288)

4

Semidecidable

St Proof.

m Let A be decidable.
Then by (259), A is also decidable. But each decidable set is
semidecidable and so A and A are semidecidable.

m Let A and A be semidecidable.
Run the partial decision procedures for A and A in parallel.

For each € N[}, one of these procedures will halt in a finite
number of steps giving an answer to the decision procedure
for A.
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Complement of Halting Problem
The complement of the halting problem H given by the set

Semidecidable
Sets

H = {(a,y) €N | y ¢ dom () | (289)

is not semidecidable.

Proof.

Suppose H would be semidecidable. Since H is semidecidable, it
follows by (288) that H is decidable but it is not. O

v
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ZATIRENIT A set A is semidecidable iff there is a decidable set B such that

A=3yl(x,y) € Bl={z|Ty: (x,y) € B}. (290)

4

Semidecidable

SEE Proof
Let B C NI be decidable and A = 3y[(x,y) € B].

m Consider the function f : Nj — Ny given by

f(@)

pi(csg o xB)(w)

1yl(csg o xB)(x, y) = 0]
0 if (xz,y) € B for some y € Ny,
1 otherwise.

m This function is partial recursive with dom (f) = A. By (282),
A is semidecidable.

4
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Proof (Cont'd)
Let A C Nf be semidecidable.

Semidecidable

Sets m Then dom ¢£") = A for some e € Nj.

m Consider the Kleene set Ty, i.e., (e,x,y) € T,, iff SGOTO P,
with input @ halts with output k2 (y) in 72(y) steps;
alternatively consider gbgl)(:c) instead of P. with input x.

m T, is primitive (decidable).
m For each z € Ni}, we have « € A iff x € Jy[(e, z,y) € T,
where e is kept fixed. Hence, A = Jy[(e, z,y) € T,,]. O

y
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Zimmermann EXIStentlal Quant|f|cat|on — Examp'e

Consider the Kleene set T1, i.e., (e,x,y) € T} iff SGOTO P. with
input 2 halts with output k2(y) in 72(y) steps; alternatively

Semidecidable consider ¢£1)(33) instead of P, with input .

m T} is primitive (decidable).

u The semidecidable set K = {x | € dom ¢§1>} fulfills

K = 3y[(z,x,y) € T1]. (291)

m The semidecidable set H = {(x,y) | y € dom ¢§}>} satisfies

H = 3z[(z,y,2) € T1]- (292)

4
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Zimmermann

The set Zy = {x | ¢§}>(x) = 0} is semidecidable.

m Consider the extended Kleene set Sy, i.e., (e,z,y,t) € Sy iff
St SGOTO P. with input x halts with output y in ¢ steps;

e alternatively consider gbgl)(x) instead of P, with input z.

m S is primitive (decidable).
m The set Z; fulfills
Zy = 3t[(z,x,0,t) € 5]
and so is semi-decidable by (290).
m 7 is not decidable (Theorem of Rice).

m Complementary set Z, = {x | ¢§;1)(x) # O} cannot be
semidecidable by (288).
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Zimmermann If B is semidecidable, then

A =3yl(x,y) € B] (293)

Semidecidable is semidecidable.
Sets

Proof
Let B C Ny be semidecidable.

m By the above result, there is a decidable set C' C Ng” such
that B = 3z[(x,y, 2) € C].

m The search for a pair (y, z) with (x,y,2) € C can be replaced
by the search for a number u such that (z, k2(u), 72(u)) € C
by using the inverse pair k2, 75 of the Cantor pairing o5.

m Thus A = Ju(x, ka(u), 72(u)) € C] and hence A is
semidecidable by (290). O
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Semidecidable
Sets

Semidecidable Sets

Existential Quantification — Example

In view of Fermat's Last Theorem (around 1637), consider the set
F=3z3y3z[zyz 0N 2" +y" = 2"].
It can be written in the form
F =3t [031(t)o32(t)0o33(t) # 0 A 031 ()" + 032(8)™ = 033(8)"],

where o3 : Ng — Np is bijective and 031, 032,033 : Ng = Ng such
that

o3(z,y,2) = 02(02(2,y), 2
0'31(u) = K)Q(Hg(u
o32(u) = 1o(ka(u

os33(u) = 1o (u).

)

It is well-known (1994) that F' = {1,2} and so F is decidable.
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Aimmermann Each partial function f : N — Ny has a graph given by the
n + 1-adic relation

graph(f) = {(. f(2)) € Ng*' | @ € Np). (204)
Sets

If f: N} — Ny is partial recursive, then graph(f) is semidecidable.J
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Zimmermann Let f be partially recursive.

m Then there is a Gédel number e € Ny such that

— oM
Semidecidable f_qSe .

Sets

m By the extended Kleene set S,,, define the function
g(x, z) = pt(xs, (e,z,2,t) =1), x €Ny, ze Ny,

where (e, x, z,t) € S, iff program P, with input x ends after
t steps with output z, and e is kept fixed by
parametrization (67).

m Function g is partial recursive as it is given by minimalization
of the primitive recursive function xg, with parameter e.

m Since dom (g) = graph(f), it follows from (282) that
graph(f) is semidecidable. O
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Function Graph — Example
Semidecidable
Sets

Let e € Ng. The function ¢£}) : Ng — Ny is partial recursive and so
its function graph

graph(6() = { (z, 6V (2)) | = € No }

is semidecidable.
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Recursively Enumerable Sets
m Semidecidable sets can be equivalently described by r.e. sets.
m An r.e. set can be enumerated by a recursive function.

m Restriction to the case N with n = 1.
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Zimmermann For each n > 1, define primitive recursive bijection o, : Nj — Np.

m Forn=1,
o1 = idy,. (295)

m Forn>1,
On(X1y. ooy Tpn) = 02(0pn—1(Z1, ..., Tpn_1),Tn), (296)

where o5 : N2 — Ny is the Cantor pairing (216).

E.g., by (223),
0'3(273,4) = 0'2(02(2,3),4) - 0'2(].7, 4)
<17 +24 * 1> + 17 = 248.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 367 / 444



R.E. Sets

C tabilit; . .
heory Semidecidable Sets

K.-H Let A C Nf and oy, : Nj — Ny be a recursive bijection. Then A is

Zimmermann

semidecidable iff o, (A) is semidecidable.

Proof

m Let A C N be semidecidable, i.e., there is a partial recursive
function f : N} — Ny such that dom (f) = A. Then
g= foo;':Ny— Ny is partial recursive with
dom (g) = o, (A):

o—1
No 25 NP 55 Np,  dom (f) = A.
m Let 0,(A) C Ny be semideciable, i.e., there is a partial
recursive function g : Ng — Ny such that dom (g) = 0, (4).
Then f =goo, : Ng— Ny is partial recursive with

dom (f) = A:

N2 7% Nog -4 Ny,  dom (g) = 0, (A).
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R.E. Sets

Semidecidable Sets — Example

Halting problem H = {(x,y) | y € dom (15501)} is semidecidable with

H = dom Y

univ*

By the Cantor pairing o3 : N3 — Ny, the function

g:qp(l) 0051:N0—>N0

univ

is partial recursive with dom (g) = o2(H).
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Recursive Enumeration
Let A C Np.

A is recursively enumerable (r.e.) if A is empty or there is a
recursive function f : Ny — Ny such that

A =ran(f). (297)
Such a function f is an enumerator of A, i.e.,

A= {F(0), f(1), f(2),..}. (298)

4
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R.E. Sets

Recursive Enumeration

Let A C Ny be a nonempty r.e. set. There is an enumerator f of A
such that

fFO<f)<f2)<....

Proof

Define the monadic function f by minimalization and primitive
recursion:

f0) = pyly € A], (299)
fln+1) = pylye Any > f(n). (300)

Clearly, f is recursive, strictly monotonous and satisfies
ran (f) = A. O

4
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Main Theorem

m A is semidecidable.
m Aisre.

m There is an n-adic partial recursive function g with
A =ran(g).

For each set A C Ny and n > 1, the following are equivalent:

Proof will be established by ring closure.
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Zimmermann Let A # () be semidecidable.
= By (285), A = dom ¢!" with Gédel number e € Ny.

m Fix a € A and use the Kleene set T} to define the monadic
function

f :“{ ral) e R €0 g

where (e, y, z) € Ty iff program P, with input y yields the
output ko(z) after 1o(z) steps.

m This function is primitive recursive as it is defined by primitive
case distinction and parametrization fixing e (67); %2, T2 and
X1, are primitive recursive.

m Since the program P, computes S) and A = dom qsé”, it
follows that A = ran (f).
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Proof (Cont'd)

Let Aber.e., ie, A=0or A=ran(f) for some monadic
recursive function f.

m Define the partial recursive function g : Nij — Ny, where for
all x € N,

9(@) = f(on(x)) otherwise.

{T if A=10,

m It immediately follows that ran (g) = A.
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Proof (Cont'd)

m By (294), the graph of g,
G={(z.g(x) eNg™' |z €Ny},

is semidecidable.

m Since semidecidable sets are closed under existential
quantification (293), the set

A=3z... 3z, [(21,...,20,y) €G]

is semidecidable.

Let g be an n-adic partial recursive function with A = ran (g).
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m Semidecidable set K = {x | z € dom qﬁ&l)} is the domain of

the partial recursive function

g;l)(:r) if 2 € dom ¢,
otherwise.

o) = ity = { ¢

There exists a Godel number e € Ny such that h = ¢V,

m By (301), an enumerator of K is given by the recursive
function

fixe { ra(z) i (e, k2(z), 2(2)) € T,

a otherwise,

where a € K, i.e., program P, computes for inputs
x=0,1,2,... the outputs f(0), f(1), f(2),....
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Proof

m Let f and g be monadic partial recursive functions with
A =dom (f) and B=dom (g). Then f - g with
(f-9)(x) = f(x) - g(zx) is partial recursive with
dom (f-g) = ANB. By (282), ANB is r.e.

m Let A and B be non-empty sets with enumerators f and g,
resp.; i.e., A= {f(0),f(1),f(2),...} and

B ={g9(0),9(1),9(2),...}. Then
AU B = {h(0),h(1),h(2),...} with enumerator

. f(lz/2]) if zis even,
hewe { g(|z/2]) otherwise.

Here h(0) = f(0), k(1) = g(0), h(2) = f(1), h(3) = ¢(1) and
so on. Function h defined by cases is recursive and satisfies
ran(h) = AU B. O
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Theorems of Rice and of Rice-Shapiro

m Theorem of Rice states that for any non-trivial property of
partial recursive functions, there is no general and effective
method to decide whether a partial recursive function has this

Rice and property or not.
Rice-Shapiro

m A property of partial recursive functions is called trivial if it
holds for all partial recursive functions or for none of them.

m Theorem of Rice-Shapiro posed by Henry Gordon Rice and
proved by Norman Shapiro extends of the Theorem of Rice.

v
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R Theorem of Rice (1945)
Let C be a class of non-trivial monadic partial recursive functions,
ie.,
0#£ccrW. (302)
E}g:,g;‘jpim The corresponding index set
1(C) = {x €N | o) € c} (303)
is undecidable. )
Special case of Rice-Shapiro (proof below). J
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m Let f: Ny — Ny : z+— 2z be the doubling function and
C ={g| g is a doubling function} .

Theorem of Rice says that I(C) is undecidable; it cannot be
Rice and decided whether a given number is an index of a doubling
Rice-Shapiro function.

m Let P denote the set of primes and let
C = {f|dom(f) = P}.

Theorem of Rice implies that I(C) is undecidable; it cannot be
decided whether a given number is an index of a partial
recursive function whose domain is P.
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m Let f,g: Ny — Ny be functions.
f is an extension of g, written g C f, if

dom (g) € dom (f) A g(x) = f(z) for all € dom (g).(304)

Rice and m Relation C is an ordering relation on the set of all monadic
Rice-Shapiro .
. functions.
m Smallest element is the empty function f4 with dom (f4) = 0.
Maximal elements are the total functions (domain Ny).

mEg, f= ( 1234 ) is an extension of
2
5

25 2 3
e
9=\ 2

)
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N Finiteness
m Function g : Ng — Ny is finite if its domain is finite.
m Each finite function g is partial recursive, since
= _ . Np. 305
e g(.%') Z X,(.’L‘,a) g(a)a z € No ( )

Rice-Shapiro acdom (g)

X= is primitive recursive with x—(z,y) = (z ~y) + (y ~ x).

-E.g.,ifg(; g g g),then

g(x) = x=(2,1) - 2+ x=(2,2) - 5+ x=(2,3) - 2+ x=(z,4) - 3.

V.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 382 / 444



Rice and Rice-Shapiro

Computability
Theory

o Theorem of Rice-Shapiro (1956)

Zimmermann

Let C be a class of monadic partial recursive functions whose
corresponding index set

1(C) = {m €Ny | o) € c} (306)

is r.e.

Rice and

RiceShapie Then for each monadic partial recursive function f,

f el < 3Jglg €C finite g C f], (307)

i.e., each function f € C is an extension of a finite function g € C.

Proof ldea

Use contraposition: If the condition (307) is not met, then I(C) will
not be r.e.

v
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Rice and Rice-Shapiro

Computability *
Theory Proof

K.-H First, let f € C and assume that no finite function g which is extended by f lies in C. Take the r.e. set
Zimmermann K ={z | z € dom ¢:§El)}, let e be an index for K, and let P, be a GOTO program that computes

#1. Define the function

. 1),y
. T if Pe computes ¢¢ ' (z) in < t steps,
g:(=t { f(t) otheerwise. ‘ (308)

The function g is partial recursive. Thus by the smn theorem, there is a monadic recursive function s
such that

Rice and

Rice-Shapiro g(z,t) = ¢(st)z)(t), t,z € Ng. (309)

Hence, q&itl) C f for each z € Ng. Consider two cases:

m If z € K, the program P (z) halts after, say t( steps. Then

@ gy [T ifto <t
¢s(z)(t)7{ f(t) othgrwise. (310)

Thus ¢22) is finite and hence, by hypothesis, ¢Si) does not belong to C.

m If z € K, the program P (z) does not halt and so d)i?z) = f which implies that ¢il(l) ecC.

It follows that the function s reduces the non-recursively enumerable set K to the set I(C) and hence
the set I(C) is not r.e.
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Conversely, let f be a monadic partial recursive function that does not belong to C and let g be a finite
function in C with g C f. Define the function

O b 11

The function h is partial recursive. Thus by the smn theorem, there is a monadic recursive function s

Rice and such that

Rice-Shapiro
h(z,t) = ¢>Si)(t)y t,z € No. (312)

Consider two cases:

n Ifze K, (;bi?z) = f and so qbiti) & C.

. Ifz ¢ K, ¢§)z)(t) = g(t) for all t € dom (g) and 4521()2) is undefined elsewhere. Hence,
sl ec

s(z

It follows that the function s provides a reduction of the non-recursively enumerable set K to the set
I(C) and hence the set I(C) is not r.e. O
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Theorem of Rice-Shapiro — Example

Consider the set of total computable functions

T = {(bil) | ¢V total, x € No}. (313)
AR e ot
Tot = I(TW) = {x | o1 total} (314)

is not r.e., since each function f € T() is total and so cannot be
an extension of a finite function g € T finite functions are not
total.
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e Decidable and Undecidable Sets

Rice and
Rice-Shapiro

\

Tot K (re.) dec. K (—re)

The decidable sets are at the intersection of r.e. and non-r.e. sets.
Tot is not r.e. and its complement Tot is also not r.e. (see next).
— Arithmetical hierarchy.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020 387 / 444



Rice and Rice-Shapiro

Computability
Theory

. Total Computable Functions

Zimmermann

Tot is not r.e.

*Proof

Consider the dyadic function

x ifyekK,
1 otherwise.

Rice and h(x? y) = {

Rice-Shapiro

h is partial recursive, since
h(z,y) = -sgn(o{" (y) +1).

Thus there is an index e € Ny such that h = d)‘(f).
By the smn theorem (247), there is a primitive recursive function s
such that

h(z,y) = ¢ () = 6}, (@).
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Rice and
Rice-Shapiro

Rice and Rice-Shapiro

Proof (Cont'd)
We have
h(z,y) = 6@ (2,y) = ¢}, (@)-

Since e is fixed, write
1
gy(@) = 6, (@).

If y € K, then g, =idy, and if y € K, then g, = f+.
Thus if y € K, then g, € Tot and if y ¢ K, then g, & Tot.
Therefore, K is reduced to Tot and K is reduced to Tot.
Hence, Tot is not r.e., since K is not.
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Let C be a class of monadic partial recursive functions.
If I(C) is decidable, then C is trivial, i.e., C =0 or C = R,

Proof.

Let I(C) be decidable.
Rice and R
Rice-Shapiro m Then by (288), I(C) and I(C) are r.e.

m Thus we may assume that C contains the empty function f;.

m Since each monadic partial recursive function f is an
extension of f;, it follows from Rice-Shapiro that C = RW.

O

4

Theorem of Rice is a consequence of the Theorem of Rice—Shapiro.J
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Recursion Theory

Recursion Theory

Recursion Theory

Operators on the list of partial recursive functions.

Recursion theorems (Rodges, Kleene). For any recursive
function manipulating GOTO programs there is a GOTO
program which is semantically invariant under this
manipulation.

Quines as programming gimmick.

Halting problem revisited.

K.-H. Zimmermann (TUHH) Computability Theory September 7, 2020

301 / 444



Recursion Theory

Computability

Theory
- K-H
Operators
m For each partial recursive function f : Ny — Ny, define the
operator

® :( <1>> _>( (1) ) 315

7\ e€Ny ¢f(e) e€No ' (315)

Recursion Theory which maps the sequence of monadic partial recursive

functions <¢)£1)) to the image sequence (cbgcl(l))

eeNg

m If f(e) is undefined, set qbgcl()e) = f+ (empty function).

eGNol
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For each monadic recursive function f, there is an index e € Ny
such that

o = o (316)

Index e in (316) is called a fixed point of f. |

Recursion Theory

Corollary

For each monadic recursive function f, there is an index e € Ny
such that

De = Dy o), (317)

where D, = dom (b,(cl), k> 0.
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m Consider the function g : N2 — Ny defined by

g(z,y) = { ewan® ek

otherwise.
This function is partial recursive, since q’)( 6 (@) is defined
Recursion Theory for each z € K = {x | z € dom q&w } and
¢Y) ¢Y) 1
gay) =0\ @) sen(lh, (e,2) + 1.

m We can write for all z € Ny,

ARG
9@ = By
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m By the smn theorem (247), there is a primitive recursive
function s : Ny — Ny such that for all z € Ny,

g, )=o),
m Thus

B gy = () = D,

Recursion Theory

If f(qﬁggl)(m)) is undefined, s(x) will be the index of the empty
function.

m Since s is computable, there is an index m for s; i.e.,
s = ¢W). Putting & = m and e = g)(m) = s(m), we obtain

def. e (1 1 _ (1)
O “E 0y = ety = -
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Recursion Theorem — Example

m In view of the increment function v : Ng > Ng: 2z +— x + 1,
there is a number e > 0 such that

o0 = o2

m In view of the squaring function f : Ng — Ny :  — 22, there
is a number e > 0 such that

otV = o1y,

Recursion Theory

m In view of tetration A(4,-) : Ng — Ny : ¢ — A(4, ), there is
a number e > 0 such that

¢£1) = qz)f41()4,e)'
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Zimmermann There exists an index e € Ny such that

D. = {e}. (318)

m For each index e € Ny construct an SGOTO program P,
which halts with input e but otherwise runs forever.

m Define the function f : Ny — Ny with

f(e) = p(Pe),

where p(P) is the Godel number of SGOTO program P.
Since p is primitive recursive, f is primitive recursive.

Recursion Theory

m By the Recursion theorem (317), there exists an index e € Ny
such that

De = Df(e) = {6’}
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Recursion Theorem — Example

runs forever:

(0,if 1 = 0,5,1)  input 1 = 0, loop forever
(1,21 ¢ 21 — 1,2)
Recursion Theory (2,if 1 = 0,5 3) input x; = 1, loop forever
(
(
(

SGOTO program P, which halts with input x; = 2 but otherwise

319
3 T 21— 1 4) ( )
4,if z1 = 0,6, 5) input x; = 2, exit
5,21 < x1 4+ 1,5) input 21 > 2, loop forever
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M Recursion Theorem (Kleene, 1938)

K.-H For each dyadic partial recursive function f, there is an index

Zimmermann

e € Ny such that

oM = f(e,-). (320)

w

Proof

Let f be a dyadic partial recursive function.

m By the smn theorem (247), there is a primitive recursive
function s : Ng — Ny such that for all z € Ny,

Recursion Theory

m By the recursion theorem (316), there is an index e € Ny s.t.

1) _ (1)
(be —¢S(e)~

m Hence, for all y € Ny, f(e,y) = ¢i2)(y) = ¢él)(y). O

e —
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Recursion Theorem — Quines
Consider the projection function
7r§2) ‘N2 = Ny : (z,y) — 2.
By (320), there is an index e > 0 such that for all y € Ny,

o0 (y) =7 (e.y) = e.

Recursion Theory 1
Thus the function cﬁé ) outputs its own index when applied to any
input value. Such indices are called quines.

In programming, a quine is a computer program which takes no
input and produces a copy of its own source code as its only output
(Douglas Hofstadter, 1979).
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K.-H. Zimmermann (TUHH)

Recursion Theory

Quine in Language C

#include <stdio.h>
int main(){

char*s="#include <stdio.h>%cint main(){%cchar*s=Yc¥s¥c;%cprintf(s,10,10,34,s,34,10) ;retury

printf(s,10,10,34,s,34,10) ;return 0;}

Right end:

...;%cprintf(s,10,10,34,s,34,10) ;return 0;}";

o

Computability Theory
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S Recursion Theorem — Undecidability of H

K.-H Suppose the complement (289) of the halting problem

Zimmermann

H = {(w,y) €N | y € dom ")}

is semidecidable.

m By (282), there is a dyadic partial recursive function f such
that -
H = dom (f).
Recursion Theory

m By (320), there is an index e > 0 such that
qs((el) = f(67 )

m For each y € Ny: (e,y) € H iff (e,y) € dom (f), or
equivalently f(e,y) = él)(y) is defined, which means
(e,y) € H. Contradiction!

Thus H is not semidecidable and hence, by (288), H cannot be
decidable. O
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Skills

Skills

Skills
m Computability of a function, e.g. (268).
m Decidability of a set, e.g. (276).

m Existential quantification of a set, e.g. Zj.

Existence of fixed points, e.g. (318).

Recursive enumeration of a set, e.g. (313).
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Part IX

Word Problems
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m Investigation of word problems in formal language theory.
m String rewriting systems have an undedicable word problem.

m Notion of string rewriting coincides with the presentation of
semigroups.

String rewriting fractals (L-systems)
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Contents

Word Problems — Contents
m Semi-Thue Systems
m Thue Systems
m Semigroups
m *Post's Correspondence Problem

*Hilbert's 10th Problem

Reading: Zimmermann, Chapter 8
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Semi-Th . .
Systems Semi-Thue Systems — Inside

m String rewriting systems are historically called semi-Thue
systems.

m Introduced by Axel Thue (1914).

m Unsolvable word problem proved independently by Emil Post
and A.A. Markov Jr. (1947).
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Semi-Thue Systems

Semi-Thue Semi-Thue system (STS) is a pair (3, R), where

Systems

m X is an alphabet (i.e., non-empty finite set) and

m R C Xt x X7 is a dyadic relation on the non-empty strings
over X,

S+ =9\ {e}. (321)

Each element (u,v) € R is called a rewriting rule and is written as

U —R . (322)

W
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Semi-Thue Systems

STS — One-Step Rewriting
Given STS (3, R).

One-step rewriting relation is the dyadic relation
=pC Tt x 2t
such that for all s,¢ in X7,

s=pt = (323)

s = xuy, t = Tvy, u —g v for some z,y € ¥*, u,v € BT,

i.e., string s is rewritten by string t if substring u of s is replaced
by substring v of t by the rewriting rule u — g v.
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K-H

Zimmermann Given STS (Z,R)

Multi-steps rewriting or derivation is captured by the reflexive

geml—Thue transitive closure of = denoted by =j.
ystems

For any strings s,t € 1, s =g t iff

ms=tor
m there is a finite sequence sg, 51, . ., S oOf elements in 2T
such that
m S = 9,
S, =R Si+1 for 0<i<m-—1, and
m S, ="t

Let R C A x A be a relation. Put R® =id4 and R"*' = Ro R®
foralln>0. Then R* = Un>0 R™ is the reflexive transitive
closure of R. -
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Semi-Thue Systems

STS — Example

Consider the semi-Thue system (3, R) with alphabet ¥ = {a, b}
and rule set
R = {(ab,a), (ba,b)}.

The derivation

baab = bab, ba — g b,
=g ba, ab — R a,
=r b, ba — g b,
shows that
baab =g b.
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STS — Word Problem

T Given semi-Thue system (X, R) and two strings s,t € .
Systems

Decide whether or not
s=pt (324)

This problem is undecidable.

Proof

Reduce the halting problem for SGOTO-2 programs to this word
problem.
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STS — SGOTO-2 Programs

ST Given SGOTO-2 program consisting of n instructions,
Systems

P = s0;81;..-58n-1

m By definition, instruction s; has the label 4, 0 <i <n — 1.

m Assume the label n, called exit label, which does not address
an instruction, is the only label signifying termination.

Define STS (3, Rp) that simulates the behavior of SGOTO-2
program P.
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K.-H
Zimmermann m Configuration of the two-register machine is given by a triple

(J,2,), (325)

where j > 0 is the actual instruction number of SGOTO
program, x is the content of Ry and y is the content of Rs.

Semi-Thue
Systems

m Register content can be encoded in unary format,

T Y

—— ——
T=TL...L and j=TLL.. L. (326)

m Now each configuration of the two-register machine can be
written as a string

aZjyb (327)

over the alphabet ¥ = {a,0,0,1,2,...,n—1,n,L}.
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Configuration of two-register machine:

aL...LjL...Lb.

Semi-Thue
Systems

SGOTO-2 instructions are assigned appropriate rewriting rules:

GOTO-2 instructions |  Rewriting rules
(Jyx1 21+ 1,k) (J, Lk)
(j, w2 = 22+ 1,k) (J, kL)
(.771'1 leflak) (Lja )7 (aj7ak) (328)
(j,x2<—x2—17k) (]L k)v (]bakb)
(j,if @1 =0,k,1) (Lj, L1), (aj,ak)
(J,if 20 =0,k,1) (JL,1L), (4b,kb)
Moreover, there are two clean-up rewriting rules:
(Ln,n) and (anL,an). (329)
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Zimmermann SGOTO-2 program P given by
Semi-Thue (07 if T2 = 0, 37 1)

Systems (171'1 — I +1,2)
(271'2 — XTo — 1,0)

computes the addition of two numbers,
‘|P||2,1(x7y) :1'+y, $,y€N0~
Associated STS over ¥ = {a,b,0,1,2,3, L} has rewriting rules:

Instructions ‘ Rewriting rules

(0,if 29 =0,3,1) | (0OL,1L), (0b,3d),

(Lyzy <21+ 1,2) | (1, L2),

(2,29 < 29— 1,0) | (2L, ) (20,00),
(L3,3), (a3L,a3).
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Semi-Thue

Systems

Sample computation with initial register values 1 = 3 and x5 = 2:
SGOTO-2 instruction \ Configuration \ Derivation
(0,if 22 =0,3,1) (0,3,2) aLLLOLLb
(1,21 + 21+ 1,2) (1,3,2) aLLL1LLb
(2,9 + 22— 1,0) (2,4,2) aLLLL2LLb
(0,if 22 =0,3,1) (0,4,1) aLLLLOLb
(1,21 <21 +1,2) (1,4,1) aLLLL1Lb
(2,22 « z2 — 1,0) (2,5,1) aLLLLL2Lb
(0,if 29=0,3,1) (0,5,0) aLLLLLOb

(3,5,0) aLLLLL3b
aLLLL3b
aLLL3b
aLL3b
aL3b
a3b
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STS — One-Step Reduction

Semi-Thue Configuration (j, z,y) of SGOTO-2 program P with j < n leads to

Systems

successor configuration (k,u,v), i.e. by (125)

(J,z.y) Fp (K u,v), (330)
iff STS (3, Rp) provides the one-step derivation

aZjyb =g, aukvb. (331)

There is no other one-step rewriting rule in the STS applicable to
azjyb.
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Semi-Thue Systems

STS — Multi-Step Reduction

Configuration (j, z,y) of SGOTO-2 program P with j < n leads to
configuration (k,u,v), i.e. by (125)

sz, y) Fp (ks u,0), (332)

iff STS (3, Rp) yields the derivation

aZTjyb =g, aukvb. (333)

v
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STS — Termination

m When the SGOTO-2 program terminates, its final
configuration is of the form

(n,z,y)
where 1 is the exit label.
m This corresponds in the STS to the word
aznyb

which can be further rewritten according to the clean-up
rules (329):

aZngb =g, anb.

(334)

(335)

(336)

v
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The word problem for semi-Thue systems is undecidable.

Semi-Thue Proof
Systems :

m SGOTO-2 program P started in configuration (0, z,y) halts
iff in the corresponding STS

az0gh =g, anb. (337)

m This provides an effective reduction of the halting problem for
SGOTO-2 programs to the word problem for semi-Thue
systems (324).

m Halting problem for SGOTO-2 programs is undecidable
implies word problem for STS is undecidable.
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Thue Systems

Thue Systems

m Thue systems form a subclass of semi-Thue systems.

m Word problem for Thue systems is still undecidable.

m Thue systems correspond to presentations of semigroups.
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Thue system (TS) is an STS (X, R) whose relation R is symmetric,
ie.,

Thue Systems

U—RV = VR U (338)

4

In the TS (X, R), the reflexive transitive closure = p of the
one-step rewriting relation =g is also symmetric and hence an
equivalence relation on XV,

In the TS (X, R), we have for all strings s,t € X*,

s=>Rt = t=%s (339)

v
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Thue Systems — Word Problem
Given Thue system (X, R) and two strings s,t € 7.

Thue Systems

Decide whether or not

*
s =pt. (340)
This problem is undecidable.
v
Proof
Using Post's Lemma.
.
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Z\HHHLHHJHH leen STS (Z’ R)-
m Symmetric closure of rewriting relation R is the symmetric
relation
Thue Systems
R®) =RUR™,

where

R !'= {(v,u) | (u,v) € R}
is the inverse relation of R.

m R®) is the smallest symmetric relation containing R and
(2, R®)) is a Thue system.

. * . . . s .
m Relation =g is the reflexive transitive and symmetric
closure of = and hence an equivalence relation on XV,

(341)

(342)
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Thue Systems — Multi-Step Reduction

For any strings s,t € ©F, s = p.) t iff

Thue Systems

ms=tor

m there is a finite sequence sg, s1, ..., Sm, of elements in ©F
such that

m S = S,

B S; =R Si+1 OF Sj+1 =R S; for0<i<m-—1, and
m S, =t.
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Derivations in STS (X, R) and associated TS (X, R(*)) are related
as follows:

s=Rt = s=>hot, s telh, (343)

Thue Systems

since R C R,

But if in TS (3, R™)
S $R(s) t,

holds, then

neither s =g ¢t nor t =5 s

need to be valid in the STS (%, R).
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Zimmermann Consider STS (X, R) with alphabet ¥ = {a, b} and rule set

R = {(ab,a), (ba,b)}.

Thue Systems

m Associated TS (2, R(®)) has rule set

R = RU{(a,ab), (b,ba)}.

m In the STS, rewriting is strictly antitone leading to smaller
strings, i.e., if u = v and u # v, then |u| > |v], e.g.,

baab =g bab =g ba =R b.

m In the TS, baab = g bab = (s baba, but in the STS

neither  baab =5 baba nor  baba =g baab.
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Post's Lemma

Given SGOTO-2 program P with n instructions and exit label n.

Thue Systems

Let (X, Rp) be the corresponding semi-Thue system, and (Z,RES))
be the associated Thue system.

For each configuration (j, z,y) of P,

aZTjgb S>p, anb <  aTjyb :*>R<s) anb. (344)
P

Compare (344) with the general case (343). J
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m By (343), the direction from left-to-right is clear:

azjyb :*>Rp anb = aZjyb :*>R<S) anb.
P

Thue Systems

m Conversely, let (j, x,y) be a configuration of P and
axzjyb :*>R(5) anb.
P
Then there is a rewriting sequence in the TS:

wo = aTjyb SR W1 = L TR We = anb.  (345)

R -

Assume that the length ¢ of this derivation is minimal.
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o Suppose derivation (345) cannot be established by the STS.

Zimmermann

m Then the sequence (345) contains a reverse rewriting step

wp<:Rp Wp+1, nggq_l

Thue Systems

Choose the index p maximal with this property.

m Since there is no rewriting rule applicable to w, = anb, we
have p + 1 < q. This leads to the following situation:

Wp <Rp Wpt1 = Rp Wp+2- (346)

But by construction, there is at most one rule applicable to
the string wy,1 = aZjyb given by instruction s; and
configuration (j,x,y).

m Thus the words w,, and wy,42 must be identical and hence the
derivation (345) can be shortened by deleting the string w41
contradicting the (minimality) assumption. O

v
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Semigroups

Semigroups

m Thue systems give rise to semigroups in a natural way.

m Word problem for semigroups (and also groups) is
undecidable.

m Word problems are also encountered in abstract algebra.
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Semigroups

Semigroups
A semigroup is a pair (S, -), where
m S is a non-empty set and
m - :S xS — Sis adyadic operation such that the associative
property holds, i.e., for all a,b,c € S,
(@a-b)-c=a-(b-c). (347)
m A semigroup (.5, ) is commutative if for all a,b € S,
a-b="b-a. (348)
Reading: Zimmermann, Appendix A
Example
Let 3 be an alphabet. The pair (X7, ") is the semigroup of all
non-empty words over ¥ and - is the concatenation of words.
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Let (2, R®*)) be a Thue system.

K-H

Z\HHHLHHJHH
m Rewriting relation =) on ¥ is an equivalence relation.
m Two strings s,t € X1 are equivalent if

Semigroups 5= pe t. (349)
m Equivalence class of string s € ¥ 7T is the set of all strings in

T that can be derived from s by a finite number of rewriting
steps, i.e.,

[s] ={te 2T | s Spe th (350)

m Note that for all strings s, € X1, we have

s]=[t] < s3pot. (351)

v
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Quotient Set
Let (X, R®™)) be a Thue system.

Semigroups

m Quotient set of the equivalence relation is given by the set of
all equivalence classes,

S =S8(2,R®)) ={[s] | s € ©F}. (352)

W
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X Let (X, R*)) be a Thue system.

Zimmermann

Quotient set S = S(X, R(*)) forms a semigroup under the
operation

5] [f] = [st], s.te3t. (353)

4

Semigroups Proof

m Operation is well-defined.
Indeed, let [s] = [s] and [t] = [t], where s, s/, t,t' € BT,
Then by (351),

* *
S = Res) s’ and t = R(s) .

Thus
st $R(s) s't :*>R(s) st

and hence by (351),
[st] = [s't'].
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Semigroups

Proof (Cont'd)

m Operation is associative.

Indeed, let r,s,t € T,

[r] - ([s] - [t])

[r] - [st], by (353)
[r(st)], by (353)

(rs)t], T is associative
rs] - [t], by (353)

([r] - [s]) - [t], by (353).
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Semigroups

Semigroups — Presentation
Semigroup S = S(X, R®)) has a presentation in terms of
generators and relations,
S={a1,...,an | U1 =V1,..., Uy = Up), (354)
where
Y= {ala"'aan}
is the alphabet and
R = {(ulavl)a R (umvvm)}
is the rule set.
Reading: Zimmermann, Appendix A
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P Given Thue system (3, R(®)) with alphabet ¥ = {a, b} and rule set
RG) | where
R = {(ab,ba), (a, aa), (b, bbb)}
and so

R®) = {(ab,ba), (a,aa), (b, bbb), (ba,ab), (aa,a), (bbb, b)}.

Semigroups

m Semigroup S = S(X, R*)) has the presentation
S ={a,b|ab="ba,a = aa,b = bbd).
m Each word of ¥ has the form
a b L atepr,

where £ > 1 and at least one of the numbers
il, N ,ik,j1, N 7jk >0 is non-zero.
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As seen, each word of ¥ has the form

w=a*t ... a"* bk Fe.

Semigroups

m In view of the rule (ba, ab),
w = a't!
where 7,7 > 0 and i, j are not both zero.
m In view of the rules (aa,a) and (bbb, b),

w = a't?

where 0 <i<1,0<j<2and1,j are not both zero.
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Zimmermann As seen, each word of X1 can be transformed to

w=a't
where 0 <i<1,0<j<2andi,j are not both zero.

Semigroups m This leads to the semigroup

S = {la], [ab], [abb], [b], [b] }.

m Multiplication table of S:

| la] [ab] [abb] [o] _[bb]

[ || lal ~ [ab] ~[abb]  [ab] [abd]
[ab] || [ab] [abb] [ab] [abb] [ab]

[abb] || [abb] [ab] [abb] [ab] [abb]
(0] | labl [abb] [ab]  [bb] D]
(0] || [abb] [ab] [abb] [b]  [bb]
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Multiplication in semigroup S:
m [ab] - [ab] = [abb], since

[ab] - [ab] = [ab - ab] = [abab] and
[abab] = [abb] as

Semigroups

m [ab] - [abb] = [ab], since

[ab] - [abb] = [ab - abb] = [ababb] and
[ababb] = [ab] as

ba — g ab.

abab = ps) aabb = R abb.

ababb = R(s) aabbb = R(s) abbb = R() ab.

Multiplication is commutative because of the rules ab — g ba and
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Semigroups — Word Problem

Given semigroup (S, -) and two elements s,t € S.
Decide whether or not

s=t. (355)

This problem is undecidable.

Let (¥, R**)) be a Thue System, S = S(X, R(*)) be the
corresponding semigroup and s,t € X7
Decide whether or not

[s] = [¢]. (356)

v

Proof.

By (351), the word problem for Thue systems can be reduced to
word problem for semigroups. But the word problem for Thue
systems is undecidable and so is the word problem for

semigroups. ]
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Skills

Multi-step rewriting in semi-Thue system.

Representation of computation of SGOTO program by
derivation of associated semi-Thue system.

Multi-step rewriting in Thue system.

Symmetrizing semi-Thue system to provide Thue system.

Representation of Thue system as semigroup including
multiplication table.
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