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Preface

Why do we need a formalization of the notion of algorithm or effective computation? In order to show
that a specific problem is algorithmically solvable, it is sufficient to provide an algorithm that solves it
in a sufficiently precise manner. However, in order to prove that a problem is in principle not solvable
by an algorithm, a rigorous formalism is necessary that allows mathematical proofs. The need for such
a formalism became apparent in the works of David Hilbert (1900) on the foundations of mathematics
and Kurt Godel (1931) on the incompleteness of elementary arithmetic.

The first investigations in the field were conducted by the logicians Alonzo Church, Stephen Kleene,
Emil Post, and Alan Turing in the early 1930s. They provided the foundation of computability theory
as a branch of theoretical computer science. The fundamental results established Turing computability
as the correct formalization of the informal idea of effective calculation. The results led to Church’s
thesis stating that ”everything computable is computable by a Turing machine”. The theory of com-
putability has grown rapidly from its beginning. Its questions and methods are penetrating many other
mathematical disciplines. Today, computability theory provides an important theoretical background
for logicians and computer scientists. Many mathematical problems are known to be undecidable such
as the word problem for groups, the halting problem, and Hilbert’s tenth problem.

This book is a development of class notes for a two-hour lecture including a one-hour lab held
for Bachelor students of Computer Science at the Hamburg University of Technology in the summer
term 2011. The aim of the course was to present the basic results of computability theory, including
mathematical models of computability (Turing machine, unlimited register machine, and LOOP and
GOTO programs), primitive recursive and partial recursive functions, Ackermann’s function, Godel
numbering, universal functions, smn theorem, Kleene’s normal form, undecidable sets, theorems of
Rice, and word problems. The manuscript partly follows the notes taken by the author during his
studies at the University of Erlangen-Nuremberg. I would like thank again my teachers Martin Becker!
and Volker Strehl for giving inspiring lectures in this field.

First of all, I would like to express my thanks to Ralf Moller for valuable comments. I am also grateful
to Mahwish Saleemi for conducting the lab and to Wolfgang Brandt for valuable technical support.
Finally, I thank my students for their attention, their stimulating questions, and their dedicated work.

Hamburg, Juli 2011 Karl-Heinz Zimmermann
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1

Register Machine

The register machine is an abstract computing machine that allows to make precise the notion of
computability. The unlimited register machine (URM) introduced by Sheperdson and Sturgis (1963)
consists of an infinite (unlimited) sequence of registers each capable of storing a natural number which
can be arbitrarily large. The registers can be manipulated by using simple instructions. This chapter
introduces the syntax and semantics of URMs and the class of URM computable functions.

1.1 States and State Transformations

An unlimited register machine (URM) contains an infinite number of registers
Ry, R1,Ro, Rs, . ... (1.1)
The state set of an URM is given as
2 ={w:Ny — Ny | wis 0 almost everywhere}. (1.2)
The elements of {2 are denoted as sequences
w = (wo, w1, ws, w3, - ..), (1.3)
where for each n € Ny, the component w,, = w(n) denotes the content of the register R,,.
Proposition 1.1. The set §2 is denumerable.

Proof. Let (po,p1,p2,.-.) denote the sequence of prime numbers. Due to the unique factorization of
integers into primes, the mapping
Q—>Nozw'—>Hp;""
i

is a bijection. a
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Let E(£2) denote the set of all partial functions from (2 to (2. Here partial means that for each
f € E(f2) and w € 2 there exists not necessarily a value f(w). Each partial function f € E({2) has a
domain

dom(f) = {w € 2] f(w) is defined} (1.4)
and a range
ran(f)={w' € 2| Iwe 2: f(w)=w'} (1.5)

Two partial functions f,g € E({2) are equal, written f = g, iff they have the same domain, i.e.,
dom(f) = dom(g), and for all arguments in the (common) domain, they coincide, i.e., for allw € dom(f),
f(w) = g(w). A partial function f € E(£2) is called total if dom(f) = £2. So a total function is a function
in the usual sense.

For instance, the increment function a, € E(§2) with respect to the kth register is given as ay :
w — ' where

o :{wn if n £k, (1.6)

" wi + 1 otherwise,

and the decrement function s € E({2) with respect to the kth register is defined as sj : w — w’ where

o {wn ifn #k, (1.7)

n wi — 1 otherwise.

The binary operation — on Ny denotes the asymmetric difference

- Jrz—yifz >y,
rTy= {0 otherwise. (1.8)

Both functions a; and s are total.
The graph of a partial function f € E({2) is given by the relation

Ry ={(w, f(w)) |w € dom(f)}. (1.9)

It follows that two partial functions f,g € E(f2) are equal iff the corresponding graphs Ry and R, are
equal as sets.

The composition of two partial functions f,g € E({2) is a partial function denoted by g o f defined
by

(g0 1)) = g(f(w), (1.10)
where w belongs to the domain of g o f given by
dom(go f) ={w € 2| w € dom(f) A f(w) € dom(g)}. (1.11)
If f and g are total functions in E({2), the composition g o f is also a total function.

Proposition 1.2. The set E({2) together with the binary operation of composition is a semigroup.
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The powers of a partial function f € E({2) are inductively defined as follows:
fO=idgo, and f"'=fof" neN,. (1.12)

In particular, f! = foidg = f.
Consider for each f € E(£2) and w € (2 the sequence

w = f(w), fH(w), fP(w),- - (1.13)
This sequence is finite if w ¢ dom(f7). For this, put
= o L) 3 s

The iteration of f € E({2) with respect to the nth register is the partial function f** € E({2)
defined as

frw) = frw), (1.15)

if there is an integer k > 0 with k < A(f,w) such that the content of the nth register is zero in f*(w),
but non-zero in f7(w) for each 0 < j < k. If no such integer k exists, the value of f*"(w) is taken to be
undefined (7). The computation of f*™ can be carried out by the while loop 1.1.

Algorithm 1.1 Computation of iteration f*".
Require: w € ?
while w,, > 0 do

w— f(w)

end while

1.2 Syntax of URM Programs

The set of all (decimal) numbers over the alphabet of digits X1g = {0,1,...,9} is defined as
Z = (Z10\ {0}) 21, U Zo. (1.16)

That is, a number is either the digit 0 or a non-empty word of digits that does not begin with 0.
The URM programs are words over the alphabet

YURM = {A,S,(J,;}UZ. (117)

Define the set of URM programs Pyrwm inductively as follows:

1. Ao € Pygrwm for each o € Z,
2. So € Pygrwm for each o € Z,
3. if P€ Pyrm and 0 € Z, (P)O’ € PurM,
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4. if P,Q € PurwMm, P;Q € Purm.

The programs Ao and So are called atomic, the program (P)o is denoted as the iteration of the program
P with respect to the register R, and the program P; (@ is called the composition of the programs P
and @. For each program P € Pygrym and each integer n > 0, define the n-fold composition of P as

P"=P;P;...; P (n times). (1.18)
The atomic programs and the iterations are called blocks. The set of blocks in Pygry is denoted by B.

Lemma 1.3. For each program P € Pygrm, there are uniquely determined blocks Py, ..., Py € B such
that
P=P;P;...; P

The separation symbol ”;” can be removed since it only increases readability. In this way, we obtain
the following

Proposition 1.4. The set Pyrwm together with the operation of concatenation is a subsemigroup of
E[J}RM which is freely generated by the set of blocks B.

Example 1.5. The URM program P = (A43; A4;S1)1; ((A1;.53)3;.52; (A0; A3;.54)4; (A4; S0)0)2 con-
sists of the blocks P; = (A3; A4; S1)1; and P>, = ((A1;53)3; 52; (A0; A3; 54)4; (A4;.50)0)2. ¢

1.3 Semantics of URM Programs

URM programs can be interpreted by the semigroup of transformations F(§2). The semantics of URM
programs is a mapping | - | : Pyrm — E(£2) defined inductively as follows:

1. |Ao| = a, for each o € Z,

2. |So| = s, for each o € Z,

3. if P € Pyrm and o € Z, |(P)o| = |P|*,
4. if P,Q € Purm, |P; Q| = Q| o |P|.

The semantics of blocks is defined by the first three items, and the last item indicates that the mapping
| - | is a morphism of semigroups.

Proposition 1.6. For each mapping ¢ : B — E({2), there is a unique semigroup homomorphism
¢ : Purm — E(£2) making the following diagram commutative:

Purm TE(Q)

e

B

This algebraic statement asserts that the semantics on blocks can be uniquely extended to the full set
of URM programs.

A partial function f € E({2) is called URM computable if there is an URM program P such that
|P| = f. Note that the class Pygrm is denumerable, while the set E(f2) is not. It follows that there are
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partial functions in E(f2) that are not URM computable. In the following, let Fyrm denote the class
of all partial URM computable functions and let 7yry depict the class of all total URM computable
functions. Clearly, 7urm C FuURM-

Arithmetic function can be computed by URM programs. To see this, observe that the computation
of a function f : N’g — N§* by an URM requires to load the registers with the initial values and to read
out the result. For this, define the total functions

ar :NE — 02 (x1,...,0%) — (0,21,...,21,0,0,...) (1.19)
and
Bm : 2 = NI* : (wo, w1, wa, ..., ) — (Wi, w2, ..., W) (1.20)

Given an URM program P and integers k,m € Ny, define the partial function || P||¢. : N& — Np* by
the composition

[Pl = Brm o | P o atg. (1.21)

A (partial) function f : Nk — N2 is called URM computable if there is an URM program P such that

f = 1IPllem- (1.22)

Examples 1.7. ¢ Addition of natural numbers is URM computable. To see this, consider the URM
program

P, = (A1;52)2. (1.23)

This program transforms the initial state (wy,) into the state (wg,w; + wa,0,ws,wy,...) and thus
realizes the function

[Pill21(z,y) =2z +y, =zy€N. (1.24)
e Multiplication of natural number is URM computable. To see this, consider the URM program
P. = (A43; A4; 51)1; ((A1; 53)3; 52; (A0; A3;.54)4; (A3;.50)0)2. (1.25)

The first block (A3; A4;S1)1 transforms the initial state (0,z,y,0,0,...) into (0,0, y,z,z,0,0,...).
Then the subprogram (A1;.53)3; S2; (A0; A3;.54)4; (A3; 5S0)0 is carried out y times adding the con-
tent of R3 to that of Ry and copying the content of Ry to Rs. This iteration provides the state
(0,zy,0,2,2,0,0,...). It follows that

||PH211($,y) =2y, x,yENO. (126)
e Asymmetric difference is URM computable. For this, consider the URM program

P- =(51;52)2. (1.27)

This program transforms the initial state (w,) into the state (wg,w; — wa, wa,ws, . ..) and thus yields
the URM computable function

P

|2,1(33,y) :37_?47 $>y€N0~ (128)
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e Consider the sign function sgn : Ng — Ny given by sgn(z) = 1 if z > 0 and sgn(z) = 0 if © = 0.
This function is URM computable since it is calculated by the URM program

Py = (A2; 51)1; (A1;(52)2)2. (1.29)

¢

Note that URM programs are translation invariant in the sense that if an URM program P
manipulates the registers R;,,...,R;,, there is an URM program that manipulates the registers

R 4n,--, Ri,+n. This program will be denoted by (P)[+n]. For instance, if P = (A1;52)2, (P)[+5] =
(A6; S7)7.

Let f: NE — Ny be an URM computable function. An URM program P with || P[5 = f is called
normal if for all (z1,...,7;) € N§,

(Poak)(xl, o ’xk) _ {%Oaf(xla s 79316)70707- . ) :)ft}(li;.;mse’xk) € dom(f)a (130)

A normal URM-program computes a function in such a way that whenever the computation ends the
register Ry contains the result while all other registers are set to zero.

Proposition 1.8. For each URM-computable function f : N’g — Ny there is a normal URM-program
P such that |P|lx1 = f.

Proof. Let @ be an URM-program such that ||Q||x,1 = f. Suppose o is the largest number of a register
that contains a non-zero value in the final state of computation. Then the corresponding normal URM-
program is given by

P = Q;(50)0;(S2)2;...;(So)o. (1.31)
O

Next, we present a non-URM computable function. For this, let Py, Py, Ps, ... be the sequence of all
URM programs listed according to length and lexicographic order (used as tie breaker). Consider the
function f : Ng — Ny defined as

0 otherwise.

f@)={1ﬁ”PMJ®):O’ (1.32)

Lemma 1.9. The function f is not URM computable.

Proof. Suppose f is URM computable. Then there is an URM program P, in the list such that || P, |11 =
f. But f is total and so ||P,||1,1(z) = f(z) for all x € Ny. Thus ||P,[]1,1(n) = f(n) contradicting the
definition of f. a

Finally, we introduce two programs that are useful for the transport or distribution of the contents of
registers. The first function reloads the content of register R; into k > 0 registers R;,, ..., R;, deleting
the content of R;. This is achieved by the URM program

R(i5 41, g2, - - - » gr) = (Aj1; Agas - - - Ajin; Si)i. (1.33)
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Indeed, the program transforms the initial state (w,) into the state (w},) where

wn—l-wi ifn (S {jlaj27"'aj/€}7

wh=4¢0 if n =i, (1.34)
Wn, otherwise.
The second function copies the content of register R;, ¢ > 0, into k& > 0 registers R;,, ..., R; where

the content of register R; is retained. Here the register Ry is used for distributing the value of R;. This
is achieved by the URM program

C(i;jlaj2a s 7jk:) = R(la O7j1aj2a s ajk:); R(07 Z) (135)
In fact, the program transforms the initial state (w,) into the state (w/,) where

wn+wi ifne{j17j27“‘7jk}a
;o wn—f—woifn:i,
=10 fn— 0, (1.36)

Wn, otherwise.
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Primitive Recursive Functions

The primitive recursion functions form an important building block on the way to a full formalization
of computability. They are formally defined using composition and primitive recursion as central oper-
ations. Most of the functions studied in arithmetics are primitive recursive such as the basic operations
of addition and multiplication. Indeed, it is difficult to devise a function that is total but not primitive
recursive. From the programming point of view, the primitive recursive functions can be implemented
using do-loops only.

2.1 Peano Structures

A semi-Peano structure is a triple A = (A, a, a) consisting of a non-empty set A, an unary operation
a:A— A, and an element a € A. Let A = (4,a,a) and B = (B, 3,b) be semi-Peano structures. A
mapping ¢ : A — B is called a morphism, written ¢ : A — B, if ¢ commutes with the unary operations,
ie., fo¢ = ¢oa, and correspondingly assigns the distinguished elements, i.e., ¢(a) = b.

A Peano structure is a semi-Peano structure A = (A, a, a) with the following properties:

e (« is injective,

e a¢ran(a), and

o A fulfills the induction aziom, i.e., if T C A such that a € T and a(x) € T whenever x € T, then
T = A.

Let v : Ny — Ny : n — n+ 1 be the successor function. The Peano structure given by the triple
(Np, v, 0) corresponds to the axioms postulated by the Italian mathematician Guiseppe Peano (1958-
1932).

Lemma 2.1. If A= (A, a,a) is a Peano structure, A = {a"(a) | n € Np}.

Proof. Let T = {a™(a) | n € Ng}. Then a = a%(a) € T and a(a™(a)) = a"*1(a) € T since a™(a) € T.
Thus by the induction axiom, T = A. O

Lemma 2.2. If A = (A,«a,a) is a Peano structure, then for all m,n € Ny, m # n implies o™ (a) #
a™(a).
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Proof. Define T as the set of all elements o™ (a) such that o (a) # a™(a) for all n > m.

First, suppose that a”(a) = a®(a) = a for some n > 0. Then a € ran(a) contradicting the definition.
It follows that a € T'.

Second, let z € T that is, z = a™(a) for some m > 0. Suppose that a(z) = a™*1(z) ¢ T. Then
there is a number n > m such that a™*1(a) = a""!(a). But « is injective and so a™(a) = a"(a)
contradicting the hypothesis. It follows that a(x) € T.

Thus the induction axiom implies that T'= A as required. O

These assertions lead to the fundamental Lemma for Peano structures.

Proposition 2.3. If A = (A, a,a) is a Peano structure and B = (B, 3,b) is a semi-Peano structure,
then there is a unique morphism ¢ : A — B

Proof. First, the existence of ¢ is shown. For this, define d)(a"( )) B™(b) for all n € Ny. The above
Lemmas imply that ¢ is a mapping. Moreover, ¢(a) = ¢(a’(a)) = 8°(b) = b. Finally, let x € A. Then
x = a™(a) for some m € Ny and so (¢ o a)(x) = p(a™H1(a)) = L (b) = B(B™(b)) = B(d(a™(a))) =

(B o @)(xz). Thus ¢ is a morphism.

Second, the uniqueness of ¢ is proved. Suppose there is another morphism ¢ : A — B. Define
T ={z € A| ¢(x) = ¢(x)}. First, ¢(a) = b = 9¥(a) and so a € T. Second, let © € T. Then
P(a(z)) = (poa)(x) = (Bog)(x) = (Bov)(z) = (¥oa)(z) = Y(a(r)) and so a(z) € T. By the

induction axiom, T'= A and so ¢ = . a

The fundamental Lemma immediately leads to a result of Richard Dedekind (1931-1916).

Corollary 2.4. There is one Peano structure up to isomorphism.

Proof. The statement to be proved is that if A = (4,«,a) and B = (B, 3,b) are Peano structures,
there are morphisms ¢ : A — B and 9 : B — A such that ¥ o ¢ = id4 and ¢ o ¢y = idp. Indeed, the
composition of morphisms is also a morphism. Thus ¢ o ¢ : A — A is a morphism. On the other hand,
the identity map ids : A — A : & — z is a morphism. Finally, by the fundamental Lemma, 1) o ¢ = id4
and similarly ¢ oty = idp. O

The fundamental Lemma can be applied to the basic Peano structure (Ng, v, 0) in order to recursively
define new functions.

Proposition 2.5. If (A, «,a) is a semi-Peano structure, there is a unique total function g : Ng — A
such that

1.¢9(0)=a
2.9(y+1) = alg(y)) for all y € No.

Example 2.6. There is a unique total function f; : N2 — Ny such that

1. f+(z,0) =z for all z € N,
2. fo(@y+1) =v(f+(z,y)) = f+(z,y) + 1 for all 7,y € No.

Indeed, consider the semi-Peano structure (Np,v,x). By the fundamental Lemma, there is a unique
total function f, : Ng — Ny such that

L. fw(()) =,
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2. fo(y+1) = v(fu(y)) = fu(y) + 1 for all y € N.

The function fy is obtained by putting fi(x,y) = f.(y) for all 2,y € Ny. By induction, it follows that
f+(z,y) =z +y for all x,y € Ng. Thus addition can be recursively defined. ¢

Proposition 2.7. If g : Nt — Ny and h : Ng” — Ny are total functions, there is a unique total
function f : NSH — Ny such that

f(x,0) = g(x), =N, (2.1)
and
flxy+1) =h(z,y, f(x,y), =N yeN. (2.2)

Proof. For each & € NE, consider the semi-Peano structure (N2, az,az), where a, = (0,g(x)) and
ag : N2 — N2 : (y,2) — (y+ 1,h(z,y,2)). By Proposition 2.7, there is a unique total function
fz : Ng — N2 such that

L. f2(0) = (0, 9(=)),

2. fa(y+1) = aa(y, f2(y)) = (y + 1, M=, y, f2(y))) for all y € No.
The projection mapping 7r§2) : N2 — Ny : (y,2) — 2 leads to the desired function f(zx,y) = 7152) o f=(y),
x € Nt and y € N, O

The function f given in (2.1) and (2.2) is said to be defined as the primitive recursion of the functions
g and h. The above example shows that the addition of two numbers is defined by primitive recursion.

2.2 Primitive Recursive Functions

The set of primitive recursive functions is inductively defined. For this, the basic functions are the
following:

1. The 0-ary constant function Cgo) :—Np:—0.

2. The unary constant function c(()l) Ng—Np:a2—0.
3. The successor function v: Ny — Ny :z+— x + 1.
4. The projection function W,(cn) :Njy — Ng: (21,...,2) — @, wheren > 1 and 1 < k < n.

Using these functions, more complex primitive recursive functions are recursively defined.

1. If g is a k-ary total function and hi,...,h; are n-ary total functions, the composition of g with
(h1,...,hg) is an n-ary function f = g(hq,...,h;) defined as
f(x) =g(hi(x),...,hi(x)), xecNE (2.3)

2. If g is a k-ary total function and h is a k + 2-ary total function, the primitive recursion of g with
his a k + l-ary function f = pr(g, h) given as

f(x,0)=g(x), =€ NIS, (2.4)
and

f@.y+1) =h(z,y, f(x,y), zeNjyeN. (2.5)
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The primitive recursive functions are given by the basic functions and those obtained from the basic
functions by applying the operations of composition and primitive recursion a finite number of times.
These functions were first studied by Richard Dedekind.

Proposition 2.8. Fach primitive recursive function is total.

Proof. The basic functions are total. Let f = g(hq,...,hi) be the composition of g with (hq,...,hg).
By induction, it can be assumed that the functions g, hq,...,hy are total. Then by definition, the
function f is also total.

Let f = pr(g,h) be the primitive recursion of g with h. By induction, it can be assumed that the
functions g and h are total. Then by definition, the function f is total, too. O

Examples 2.9. The basic functions of addition and multiplication are primitive recursive.

1. The function f; : N3 — Np : (z,y) — 2 + y given in Example 2.6 has the properties
a) fi(x,0) =idy,(x) = x for all € Ny and

b) fr(z,y +1) = vomy”)(@,y, f(2,9) = fr(a,y) + 1 for all 2,y € No.
2. Define the function f : N3 — Ny : (z,y) — xy inductively as follows:

a) f(z,0) =0 for all x € Ny and

b) f(z,y+1) = f(z,y) +z = fr(z, f(z,y)) for all z,y € Ny.
This leads to the primitive recursive scheme

a) f(z,0) = cél)(x) for all z € Ny and
b) f(z,y+1)= f+(7r§3),77§3))(x,y7f.(gc,y)) for all x,y € Np. ¢

Theorem 2.10. Each primitive recursive function is URM computable.

Proof. First, claim that each basic function is URM computable.

. For the 0-ary constant function define the URM program Péo) = A0; SO giving \|P(§O)| 01 = Cgo).
. For the unary constant function consider the URM program P(gl) = (S1)1 providing ||P(§1) lia= cél).

. For the successor function take the URM program Py; = Al yielding || Py1]/1,1 = v.

=W N =

. For the projection function W](qn), n > 1and 1 < k < n, define the URM program P, ) =
R(k;0); (S1)1; R(0; 1) showing that || Py, k|ln1 = 771(@”)'
Second, in view of the composition f = g(hy,...,hy), it can be assumed by induction that there

are normal URM programs P, and Py, ..., P, such that ||P||x1 = ¢ and || Py, ||m1 = hi, 1 <@ < k.
A normal URM program for the composite function f can be obtained as follows: For each 1 < i < k,

copy the values z1,...,z, into the registers R, x+2,..., Rontk+1,
compute the value h;(z1,...,x,) by using the registers Ry, 1x+2,- .., Rontk+; where j > 1,
reload the result h;(z1,...,z,) into R,4;.

reload the values in R, ; are reloaded into R;, 1 <i <k,
compute the function g(hy(x), ..., ht(x)).

To this end, for 1 <i <k, put

Qi=Clin+k+2);...;Cn,2n+k+1);(Pp,)[+n+k+1; R(n+k +2;n+ 1) (2.6)
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and set
Py =Qq;...;Qr; (S1)1;.. .5 (Sn)n; R(n + 151); ... s R(n + ks k); Py, (2.7)

It follows that || Pf|/n1 = f.

Third, in view of the primitive recursion f = pr(g, h), the computation of the function value f(x,y)
can be accomplished in y + 1 steps:
e compute f(x,0) = g(x), and
e for each 1 <14 <y, calculate f(x,i) = h(x,i —1, f(x,i —1)).
By induction, there are normal URM programs P, and P, such that ||P||x1 = g and || Py/k+2,1 = h.
Moreover, the registers Ri,..., Rxy1 contain the input values for the computation of f(x,y). The

register Rjyo is used as a counter and the URM programs (Py)[+k + 3] and (P,)[+k + 3] make use of
the registers Rj434;, where j > 0. Define

Pr=R(k+1;k+2);
C(L;k+4);...;0(k, 2k + 3);
(P, +3); (2.8)
(R(k+4;2k+5);C(L;k+4);...;C(k+ 1;2k + 4); (Pn)[+k + 3]; Ak + 1; Sk + 2)k + 2;
(SD1;...5(SE+ 1k +1;
R(k+4;1).

It follows that || P¢|lk+1,1 = f- O

The URM programs for composition and primitive recursion also make sense if the URM subpro-
grams used in the respective induction step are not primitive recursive. These ideas will be formalized
in the remaining part of the section.

Let g : N¥ — Ny and h; : N — Ny, 1 < i < k, be partial functions. The composition of g with
(h1,...,ht) is a partial function f, denoted by f = g(h1,...,hx), such that

k
dom(f)={x e N{ |z € ﬂ dom(h;) A (hi(), ..., ht(x)) € dom(g)} (2.9)
i=1
and
f@) =g(hi(z),... . hi(e)), =« € dom(f). (2.10)

The proof of the previous theorem provides the following result.

Proposition 2.11. The class of URM computable functions is closed under composition; that is, if
g: Nt — Ny and h; : NI — Ny, 1 < i < k, are URM computable, f = g(hy,...,hs) is URM
computable.

The situation is analogous for primitive recursion.

Proposition 2.12. Let g : N]g — Ng and h : ng+2 — Ny be partial functions. There is a unique function
f:NEFL & Ny such that
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1. (z,0) € dom(f) iff x € dom(g) for all x € N§,

2. (x,y + 1) € dom(f) iff (z,y) € dom(f) and (x,y, f(x,y)) € dom(h) for all x € NE, y € Ny,
3. f(x,0) = g(x) for all x € N§, and

4. flz,y +1) = h(z,y, f(z,y)) for all z € N§, y € No.

The proof makes use of the fundamental Lemma. The (partial) function f defined by g and h in the
proposition is denoted by f = pr(g, k) and said to be defined by primitive recursion of g and h.

Proposition 2.13. The class of URM computable functions is closed under primitive recursion; that
is, if g : N& — Ny and h : N§+2 — Ng are URM computable, f = pr(g,h) is URM computable.

Primitively Closed Function Classes

k
Let F be a class of functions, i.e., F C J;>, NéNO). The class F is called primitively closed if it contains
the basic functions c(() )7 c((jl)7 v, W](cn) 1 <k<n,n>1,and is closed under composition and primitive
recursion.
Let P denote the class of all primitive recursive functions, let Z7yry depict the class of all URM

computable total functions, and let 7 signify the class of all total functions.
Proposition 2.14. The classes P, Turm, and T are primitively closed.
In particular, the class P of primitive recursive functions is the smallest class of functions which is
primitively closed. Indeed, we have
k
P = ﬂ{]—' | F C U N(()NO),}' primitively closed}. (2.11)
k>0

The concept of primitive closure carries over to partial functions, since composition and primitive
recursion have been defined for partial functions as well. Let Fygrny denote the class of URM computable
functions and let F depict the class of all functions.

Proposition 2.15. The classes Fyrm and F are primitively closed.

The lattice of the introduced classes (under inclusion) is the following;:

N
AN

e

TurM

P

All inclusions are strict. Indeed, the strict inclusions 7yrm C Furm and 7 C F are obvious, while
the strict inclusions Tyrm € 7 and Fyrm C F follow by counting arguments. However, the strict
inclusion P C 7ygrwm is not so obvious. An example of a total URM computable function that is not
primitive recursive will be given later.
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2.3 Closure Properties

This section provides a small repository of recursive constructions for later use.

Transformation of Variables and Parametrization

Given a function f : N? — Ny and a mapping ¢ : [n] — [m]. The function f¢ obtained from f by
transformation of variables with respect to ¢ is defined as

f¢ . Ngl - No : ($1, ey xm) = f($¢(1), e ,1’¢(7l)). (212)
Proposition 2.16. If the function f is primitive recursive, the function f® is also primitive recursive.
Proof. Transformation of variables can be described by the composition
¢ _ (m) (m)
f —f(’lr(ﬁ(l),.‘.,’ﬂ'(b(n)). (2.13)
a

Examples 2.17. Three important special cases for 2-ary functions are the permutation of variables:
f? : (z,y) — (y,z), the adjunct of variables: f¢ : (z,y) — =, and the identification of variables:
[ (a,y) = (z,2). ¢

Let cgk) denote the k-ary constant function with value ¢ € Ny, i.e.,

cz(.k) :N’g — Np: (21,...,28) — 1. (2.14)

(k)

Proposition 2.18. The constant function c; ' is primitive recursive.

Proof. If k=0, CEO) =vio céo). Otherwise, cl(.k) =vio c(()l) ° W%k). O
Let f: Nj — Ny be a function. Take a positive integer m with m < n and a = (a1, ..., an) € NJ.

The function f, obtained from f by parametrization with respect to a is defined as
fa ' NgT™ = No: (@1, Zpem) — f(T1, -, Tnem, G1, - -+, Q). (2.15)
Proposition 2.19. If the function f is primitive recursive, the function fq is also primitive recursive.

Proof. Parametrization can be described by the composition

fa= f@™, L mlm dpmm) ey, (2.16)

s tn—m %ay s A

a
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Definition by Cases

Let h; : N’g — Np, 1 <4 < r, be total functions with the property that for each x € N’g there is a
unique index i € [r] such that h;(x) = 0. That is, the sets H; = {x € N§ | h;(x) = 0} form a partition
of the set N&. Moreover, let g; : NE — Ny, 1 < i < r, be total functions. Define the function

gi1(x) if x € Hy,
fiNg - Norxze Q: (2.17)
gr(z) if x € H,.
The function f is total and said to be defined by cases.

Proposition 2.20. If the above functions g; and h;, 1 <1i <r, are primitive recursive, the function f
is also primitive recursive.

Proof. In case of r = 2, the function f is given in prefix notation as follows:

f=+((g1,c88(h1)), (g2, csg(h2))). (2.18)
The general case follows by induction on r. a

Example 2.21. Let csg denote the cosign function, i.e., csg(x) = 0 if x > 0 and csg(z) = 1 if z = 0.
The mappings hy : & — x mod 2 and hs : & — csg(x mod 2) define a partition of the set Ny into the set
of even natural numbers and the set of odd natural numbers. Using this, a function defined by cases is
the following:

_ Jx/2 if  is even,
f@) = { (x+1)/2if x is odd. (2.19)
¢
Bounded Sum and Product
Let f: N’g“ — Ny be a total function. The bounded sum of f is the function
Y
Ef:N§+1HNO:(Ilw"?zkay)H f(zla"'axlwi) (220)
i=0
and the bounded product of f is the function
Yy
H.f : N§+1 - NO : (1’1,. .. ;xkay) = Hf(xla s 7xkai)' (221)
i=0

Proposition 2.22. If the function f is primitive recursive, the functions X f and II f are also primitive
recursive.
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Proof. The function X' f is given as

Yf(x,0) = f(z,0) and Xf(z,y+1)=2f(z,y)+ f(z,y+1). (2.22)
This corresponds to the primitive recursive scheme X f = pr(g, h), where g(x) = f(«,0) and h(x,y, z) =
+(f(z,v(y)), 2). The function II f can be similarly defined. O

Example 2.23. Take the function f : Ny — Ny defined by f(z) =1 if =0 and f(z) =z if z > 0.
This function is primitive recursive and thus the bounded product, IT f(z) = z!, x € Ny, is primitive
recursive. ¢

Bounded Minimalization

Let f: N'g“ — Ny be a total function. The bounded minimalization of f is the function

if :NgH = No : (@,y) — p(i < y)[f(2,4) = 0], (2.23)

where for each (z,y) € NFT1,

u(iﬁy)[f(as,i)zO]:{j if j =min{i |i <yA f(x,i) = 0} exists, (2.24)

y + 1 otherwise.
That is, the value Tif(x,y) provides the smallest index j with 0 < j < y such that f(x,j) = 0. If there

is no such index, the value is y + 1.

Proposition 2.24. If the function f is primitive recursive, the function if is also primitive recursive.

Proof. By definition,
af(x,0) = sgn(f(x,0)) (2.25)

and
nf(z,y) if of(x,y) <y,

af(xy+1)=qy+1 ifpf(z,y) =y+1and f(z,y+1) =0, (2.26)
y+2  otherwise.

Define the k + 2-ary functions

g1 @y2) s (@) ety
g2 (:c,y,z) =Y + 17 h2 : (.’I},y,Z) = ng(ziy) * sgn(f(:c,y + 1)) (227)
gs: (ZB,y,Z) =Y+ 27 h3 : (wvyvz) = ng(hl(wvyvz) * hg(m,y,z))‘

These functions are primitive recursive. Moreover, the functions hi, ho, and hz provide a partition of
Np. Thus by case distinction, the following function is primitive recursive:

91(-’B>y72) if h1($7yvz) =0,
g(wayVZ) = 92(%%2’) if hg(ac,y,z) = 07 (228)
93(5’57%2’) if h3(mayaz) =0.
Note that hi(x,y,f(x,y)) = 0 means ff(x,y)) < y and hao(x,y,mf(x,y)) = 0 is equivalent to

of(x,y)) =y+1and f(z,y+ 1)) = 0. It follows that the bounded minimalization zf corresponds to
the primitive recursive scheme fif = pr(s,g), where s : N& — Ny is defined by s(x) = sgn(f(z,0)). O
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Example 2.25. Consider the integral division function

lz/y] ify >0,

+:N(2)—>N0:(x,y)H{x ify—0 (2.29)

where the expression |z/y] means that |z/y] = z if y-z > 2 and z is minimal with this property. Thus
the value z can be provided by bounded minimalization. To this end, define the function f : N3 — N :
(2,y,2) — csg(y - z — x); that is,

_Joify-z>=x,
[y, 2) = { 1 otherwise. (2.30)
Applying bounded minimalization to f yields the primitive recursive function
_ [ smallest j < z with y-j > =z if j exists,
f(z,y,2) = { z+1 otherwise. (2.31)
Identification of variables provides the primitive recursive function
@mf) = (2,y) = Bf(z,y,2), (2.32)
which is given as
s _ [ smallest j <z withy-j>zify>1,
(mf) (@, y) = {x 1 ity =0 (2.33)

It follows that +(x,y) = (5f)'(z,y) — 1. Finally, the remainder of x modulo y is given by rem(x,y) =
y—x - +(x,y) and thus is also primitive recursive. ¢

Pairing Functions

A pairing function uniquely encodes pairs of natural numbers into single natural numbers. Each primi-
tive recursive bijection from N2 onto Ny is called a pairing function. In set theory, any pairing function
can be used to prove that the rational numbers have the same cardinality as the natural numbers. For
instance, the Cantor function Jo : N3 — Ny is defined as

Ja(m,n) = %(m +n)(m+n+1)+m. (2.34)

Proposition 2.26. The Cantor function Js is a pairing function.

Proof. Write the elements of NZ into a table:
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Write down the elements of this table by moving along the diagonals which go from north-east to
south-west; that is, write them in sequence (0,0), (0,1), (1,0), (0,2), (1,1), (2,0), (0,3), (1,2), (2,1), (3,0),
(4,0), and so on. There are k + 1 pairs (m,n) with m +n = k and thus the kth diagonal contains k + 1
elements, k > 1. Thus the pair (m,n) occurs at the position 1 + 2 + ...+ (m + n) + m, which equals
Jo(m,n). Finally, the integral division function gives f(m,n) = =((m,n)(m+n+1),2) +m, and so J,
is primitive recursive. O

The inverse of the Cantor function J; is given by coordinate functions Ks, Ly : Ng — Ny such that

J2_1(n) = (KQ(n)v LQ(”))v n € No. (235)
In order to define them, take n € Ny. Find a number s such that
1 1
is(s—i—l) <n< §(s+1)(8+2) (2.36)
and put
1
m=n— 55(5 +1). (2.37)

Then m < s, since m < $(s+1)(s +2) — 1 — £5(s + 1) = s. Finally, put
Ky(n)=m and La(n)=s—m. (2.38)
Proposition 2.27. The coordinate functions Ko and Lo are primitive recursive.

Proof. Let n € Ny. The corresponding number s in (2.36) can be determined by bounded minimaliza-
tion. Then by (2.37) and (2.38), Jo(K2(n), La(n)) = Jo(m,s —m) = 1s(s+1) — m = n and so (2.35)
follows. D

The Cantor function J» can be used to obtain bijections J,, : Nj — Ny for all n. For this, define
Ji to be the identity mapping and let Jo be the Cantor pairing function. If J,, is already given, define
Jnt1 as follows:

Jnt1(x1, -y Ty ng1) = o (T (21, -y @n), Tng1)- (2.39)
Proposition 2.28. The functions J,, are primitive recursive bijections.

Proof. The functions J; and Js are primitive recursive bijections. Suppose that J, is a primitive recur-
sive bijection. The function J,, 1 is given by the composition

Tnp1 = To(Tn (w0 w0y i)y (2.40)

and thus is primitive recursive.

Next, let Jpt1(x,y) = Jpt1(2’,y’), where z, &’ € Nj and y,y’ € No. Then Jo(J,(x),y) =
Jo(Jn(x'),y') and so J,(x) = J.(x') and y = y'), since Jo is one-to-one. Moreover, by induction,
J,, is one-to-one and thus & = &’. It follows that J,; is one-to-one.

Finally, let & € Ng. Then Jo(k) = (K, y) for some k', y € Ny, since J5 is onto. Moreover, by induction,
Jp, is onto and so J,(x) = k' for some x € Nj. Thus J,11(x,y) = Jo(Jn(x),y) = Jo(K,y) = k and
hence J, 1 is onto. O
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Proposition 2.29. The inverse of the function J, is composed of the coordinate functions Ko and Lo
as follows:

J Nk = (K3~ (k), Ly o Ky~ 2(k),..., Ly o Ko(k), La(k)), k€ Ny. (2.41)

The function J, 1 is primitive recursive.

Proof. The assertion (2.41) is clear for n = 2. Let n > 2 and let J,41(x,y) = k for some © € Nj
and y € Ng. Then k = Jo(Jp(x),y) = J2(K2(k), L2(k)). Thus J,(z) = Kz(k). By hypothesis, ¢ =
J YKo (k)) = (K3(k), Ly o K3~ '(k),..., Ly o Ko(k)) and so the result follows. Finally, the function

J,* is primitive recursive, since it is a composition of primitive recursive functions. g

Iteration
The powers of a function f : Ny — Ny are inductively defined as
f=idy, and f"t'=fof" n>0. (2.42)
The iteration of a function f : Ny — Ny is given by the function
9N = Ny : (2,9) - f(a). (2.43)

Example 2.30. Consider the function f : Ny — Ny : z — 2x. The iteration of f is the function
g: N2 — Ny given by g(z,y) = 2Y - 2. ¢

Proposition 2.31. If f is an unary primitive recursive function, the iteration of f is also primitive
recursive.

Proof. The iteration g of f follows the primitive recursive scheme

g(z,0) ==z (2.44)

and
g(x,y + 1) = f(g(x,y)) =fo ﬂ(s)(x,y,g@j,y)), z,y € Np. (245)
]

Iteration can also be defined for multivariate functions. For this, let f : N¥ — N& be a function
defined by coordinate functions f; : N& — Np, 1 <i < k, as follows:

f(x) = (filz),..., fr(x)), =xcNE. (2.46)
Write f = (f1,..., fr) and define the powers of f inductively as follows:
P@)=2z and [ (2) = (L(["(@),- ., (/" (®)), 2eN. (2.47)

The definitions immediately give rise to the following result.
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Proposition 2.32. If the functions f = (f1,..., fx) are primitive recursive, the powers of f are also
primitive recursive.

The idteration of f = (f1,..., fx) is defined by the functions

gi : NEFL LNy« (2, ) (wgk) of(x), 1<i<k. (2.48)
Proposition 2.33. If the functions f = (f1,..., fr) are primitive recursive, the iteration of f is also
primitive recursive.
Proof. The iteration of f = (f1,..., fx) follows the primitive recursive scheme
gi(x,0) = x; (2.49)
and
gi(@y+1) = filf(@) = fiomis (@ y.gi(@,y), TeNfyeNo, 1<i<h  (250)
O

2.4 Primitive Recursive Sets

The studies can be extended to relations given as subsets of N§ by taking their characteristic function.
Let S be a subset of N&. The characteristic function of S is the function yg : N& — Ny defined by

lifxe S,
xs(@) = { 0 otherwise. (2.51)
A subset S of N} is called primitive if its characteristic function yg is primitive recursive.
Examples 2.34. Basic relations are primitive such as the following:
1. The equality relation R_ = {(z,y) € N2 | z = y} is primitive, since the corresponding characteristic

function xr_(x,y) = csg(|z — y|) is primitive recursive.

2. The inequality relation Rx = {(z,y) € N3 |  # y} is primitive, since its characteristic function
XRr.(z,y) =1 —csg(|x — yl) is primitive recursive.

3. The smaller relation R. = {(z,y) € N2 | z < y} is primitive, since the associated characteristic
function xg_(z,y) = sgn(y — x) is primitive recursive.

¢

Proposition 2.35. If S and T are primitive subsets of NE, SUT, SNT, and NE\ S are also primitive.

Proof. Clearly, xsur(z) = sgn(xs(z) + xr(x)), xsnr(z) = xs(x) - xr(z), and XNIS\S(Z') = csgo xs(z).
O
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Let S be a subset of NE*1. The bounded existential quantification of S is the subset 35 of N+
given as

35 = {(=z,y) | (x,i) € S for some 0 < i < y}. (2.52)
The bounded universal quantification of S is the subset V.S of N’g“ defined as

VS = {(z,y) | (z,7) € S for all 0 < i < y}. (2.53)

Proposition 2.36. If S is a primitive subset of NISH, the sets 4S5 and V.S are also primitive.

Proof. Clearly, x3s(z,y) = sgn((Xxs)(®,y)) and xvs(z,y) = (I[xs)(z,y)- =

Consider the sequence of increasing primes (po, p1, P2, Ps, P4, ---) = (2,3,5,7,11,...). By the funda-
mental theorem of arithmetics, each natural number > 1 can be uniquely written as a product of
prime powers, i.e.,

r—1
v=]]r €0, er1 €N (2.54)
i=0
Write (z); = e; for each i € Ny, and put (0); = 0 for all i € Ny. For instance, 24 = 23 -3 and so
(24)p =3, (24); =1, and (24); = 0 for all ¢ > 2.

Proposition 2.37. 1. The divisibility relation D = {(x,y) € N2 | z divides y} is primitive.
2. The set P of primes is primitive.
3. The function p : Ng — Ny : ¢ — p; is primitive recursive.
4. The function p : N3 — Ny : (x,4) — (z); is primitive recursive.

Proof. First, z divides y, written z | y, if and only if x-¢ = y for some 0 < i < y. Thus, the characteristic
function of D is given by

Xo(z,y) =sgnlx=(z - 1,y) + x=(z - 2,9) + ...+ x=(z - y,9)]. (2.55)

Second, a number z is prime if and only if z > 2 and ¢ | « implies ¢ = 1 or ¢ = z for all i < z. Thus
the set P of primes is given by its characteristic function as follows: xp(0) = xp(1) = 0, xp(2) =1,
and

xp(z) =csglxp(2,2) + xp(3,2) + ...+ xp(z — 1,2)], = >3. (2.56)

Third, define the functions

(2.57)

0if z < z and z prime,
9(2.2) = |xa. (2 2) - yp(2) — 1] = { P

1 otherwise,

and

h(z) =g(z, 2! +1) = p(y < 2!+ 1)[g(z,y) = 0]. (2.58)
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Both functions g and h are primitive recursive. By a theorem of Euclid, the i + 1th prime is bounded
by the ith prime in a way that p;11 < p;!+1 for all ¢ > 0. Thus the value h(p;) provides the next prime
pi+1. That is, the sequence of prime numbers is given by the primitive recursive scheme

po=2 and piy1 = h(p;), i >0. (2.59)

Fourth, we have
(2)i = p(y < 2)[p!* fa] = ply < 2)[xpP!™ 2) = 0]. (2.60)
O

2.5 LOOP Programs

This section provides a mechanistic description of the class of primitive recursive functions. For this, a
class of URM computable functions is introduced in which the use of loop variables is restricted. More
specifically, the only loops or iterations allowed will be of the form (M; So)o, where the variable o does
not appear in the program M. In this way, the program M cannot manipulate the register R, and thus
it can be guaranteed that the program M will be carried out n times, where n is the content of the
register R, at the start of the computation. Loops of this type allow an explicit control over the loop
variable.

Two abbreviations will be used in the following: If P is an URM program and ¢ € Z, write [Plo
for the program (P;So)o, and denote the URM program (So)o by Zo.

The class Proop of LOOP programs is inductively defined as follows:

1. Define the class of LOOP-0 programs Proop(o):
a) For each o € Z, Ao € Proop(o) and Zo € PLoop(0)-
b) For each 0,7 € Z with 0 # 7 and 0 # 0 # 7, K(0,7) = Z7; Z0; K(0;7) € Proop(0)-
c¢) If P,Q € Proop(0), then P;Q € Proop(o)-
2. Suppose the class of LOOP-n programs Proop(n) has already been defined. Define the class of
LOOP-n + 1 programs Proop(n+1):
a) Bach P € Proop(n) belongs to Proop(n+1)-
b) If P,Q € PLoop(n+1), then P;Q € PLoop(n+1)-
c) if P € Proop(n) and o € Z does not appear in P, then [P]o € Proopn+1)-

Note that for each w € 2, w = K (o, 7)(w) is given by

0 ifn=0,
Wp=q wsifn=corn=r, (2.61)
wy, otherwise.

The class of LOOP programs Proop is defined as as the union of LOOP-n programs for all n € Ny:

Proop = U PLoOP(n)- (2.62)
n>0

In particular, Proop(n) is also called the class of LOOP programs of depth n, n € No.
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Proposition 2.38. For each LOOP program P, the function ||P| is total.

Proof. For each LOOP-0 program P, it is clear that the function || P| is total. Let P be a LOOP-n
program and let ¢ € Z such that ¢ does not appear in P. By induction hypothesis, the function
| P| is total. Moreover, ||[P]a| = || P¥||, where k is the content of register R, at the beginning of the
computation. Thus the function ||[P]o]| is also total. The remaining cases are clear. a

A function f : N& — Ny is called LOOP-n computable if there is a LOOP-n program P such that
| Pllk,1 = f. Let Froopn) denote the class of all LOOP-n computable functions and define the class of
all LOOP computable functions Fr,oop as the union of LOOP-n computable functions for all n > 0:

Froop = U FLOOP(n)- (2.63)
n>0

Note that if P is a LOOP-n program, n > 1, and P’ is the normal program corresponding to P, then
P’ is also a LOOP-n program.

Example 2.39. The program So does not belong to the basic LOOP programs. But it can be described
by a LOOP-1 program. Indeed, put
pP- = K(1;3);[K(2;1); A2]3. (2.64)

Then we have for input z = 0,

01234...registers

00000 ... initially

00000... K(1;3)

00000 ... finally

and for input = > 1,
. registers
.. initially
.. K(1;3)
L K(2;1)
A2

. S3

OO OO OO
SO OR 8|
=0 O Ol N

8 8 Ow
OO OO O

r—1
0 1 2z2z—-20...

0 x—1z 0 O0...finally
It follows that ||P7 1||171 = HSl”Ll ’

Theorem 2.40. The class of LOOP computable functions equals the class of primitive recursive func-
tions.

Proof. First, claim that each primitive recursive function is LOOP computable. Indeed, each basic
primitive recursive function is LOOP computable:

1. O-ary constant function : ||Z0]|o,1 = 060)7
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2. unary constant function : || Z1|;1 = cél),
3. successor function: ||Allj11 = v,

p1 =" and [|K(0;1)||e1 =78, 0 # 1.

Moreover, the class of LOOP computable functions is closed under composition and primitive recursion.
This can be shown as in the proof of Theorem 2.10, where subtraction is replaced by the program in 2.39.
But the class of primitive recursive functions is the smallest class of functions that is primitively closed.
Hence, all primitive recursive functions are LOOP computable.

Second, claim that each LOOP computable function is primitive recursive. Indeed, for each LOOP
program P, let n(P) denote the largest address (or register number) used in P. For each integer
m > n(P) and 0 < j < m, consider the functions

4. projection function : || Z0|

KM (P) Nt — No ¢ (20,21, -, @) — (15 0|P) (@0, 21, .. ., T, ,0,0,...), (2.65)
where for each j € Ny,
7Tj:Q—>N0:(w0,w1,w2,...)i—>wj. (266)

The assertion to be shown is thus a special case of the following assertion: For all LOOP programs P,
for all integers m > n(P) and all 0 < j < m, the function k](-erl)(P) is primitive recursive. The proof
makes use of the inductive definition of LOOP programs.

First, let P = Ao, m > o and 0 < 5 < m. Then

(m~+1) s
(P g e (V(mof{) )(z)if j =0, (2.67)
/ m; (x) otherwise.
This function is primitive recursive.
Second, let P = Zo, m > o and 0 < j < m. We have
1) (m+1) s

Em Py e o O 0T T =0 (2.68)

J ; (x) otherwise.

This function is primitive recursive.
Third, let P = K(o,7), where 0 # 7 and o # 0 # 7, m > n(P) = max{o,7} and 0 < j < m. Then

(e o™ V) (@) if j =0,

K(P) s e { alm ) (o) ifj =, (2.69)
7r§m+1) (x) otherwise.

This function is primitive recursive.
Fourth, let P = @Q; R € PrLoop- By induction, assume that the assertion holds for ¢ and R. Let
m > n(Q; R) = max{n(Q),n(R)} and 0 < j < m. Then
K™D (P) (@) = (n; 0 P)(,0,0,...)
= (mj 0 |R[ 2 |Q)(x,0,0,...)
= k"R (@Q)@), - K (Q) (@), (2.70)

_ _m+1)(R>(k((Jm+1)(Q), RN kr(,?—‘rl)(Q))(w)

oL~ L~
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Thus kj(-erl)(P) is a composition of primitive recursive functions and hence also primitive recursive.
Finally, let P = [Q]o € Proop, where @ is a LOOP program in which the address o is not involved.

By induction, assume that the assertion holds for Q. Let m > n([Q]o) = max{n(Q),c} and 0 < j < m.
First the program @Q; So yields

K@) i #o,

k§m+1)(Q;SU) fx { J (2.71)

(f- .0 7r](.m+1))(:c) otherwise.

Let k(m+1(Q; So) : NI'™! — N1 denote the product of the m + 1 functions k;m+1)(Q; So), where
0 < j < m. That is,

K HD(Q; So) (@) = (k§™ T (Q: So) (@), ..., ki (Q; So) (). (2.72)

Let g : NI — NI"*! denote the iteration of k(™1 (Q; So); that is,

g(xz,0) =2 and g(xz,y+1)=k"(Q;S0)(g(x,y)). (2.73)
For each index j, 0 < j < m, the composition 7r§m+1) o g is also primitive recursive giving
(" 0 g)(@,y) = k" (Q: o)) (@), (2.74)

where (Q; So)¥ denotes the y-fold composition of the program Q; So.
But the register R, is never used by the program @ and thus

|Pl(w) = [(Q; So)ol(w) = [(Q; 50)*7|(w), w e £2. (2.75)

It follows that the function k§m+1) (P) can be obtained from the primitive recursive function 7r§m+1) og
by transformation of variables, i.e.,

K™D (P) (@) = (™ o g) (@, 7l (@), @ € NpHL. (2.76)

Thus k;mﬂ)(P) is also primitive recursive. o
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Partial Recursive Functions

The partial recursive functions form a class of partial functions which are computable in an intuitive
sense. In fact, the partial recursive functions are precisely the functions that can be computed by Turing
machines or unlimited register machines. By Church’s thesis, the partial recursive functions provide a
formalization of the notion of computability. The partial recursive functions are closely related to the
primitive recursive functions and their inductive definition builds upon them.

3.1 Partial Recursive Functions

The class of partial recursive functions is the basic object of study in computability theory. This class
was first investigated by Stephen Cole Kleene (1909-1994) in the 1930s and provides a formalized
analogue of the intuitive notion of computability. To this end, a formal analogon of the while loop is
required. For this, each partial function f : NF+1 — Ny is associated with a partial function

yif f(x,y) =0 and f(x,i) #0 for 0 <i <y,

1 otherwise. (3.1)

uf:NgeNo:wH{
The function pf is said to be defined by (unbounded) minimalization of f. The domain of the function
pf is given by all elements & € N} with the property that f(x,y) = 0 and (z,i) € dom(f) for all
0 < i <y. It is clear that in the context of programming, unbounded minimalization corresponds to a
while loop (Algorithm 3.1).

Examples 3.1. ¢ The minimalization function pf may be partial even if f is total; e.g., the function
f(z,y) = (z +y) — 3 is total, while its minimalization pf is partial with dom(uf) = {0, 1,2, 3}.

e The minimalization function pf may be total even if f is partial, e.g., take the partial function
flzyy) = x—yify <z and f(x,y) =7 if y > z, the minimalization pf(z) = z is total with
dom(sf) = No. ¢

The class R of partial recursive functions over Ny is inductively defined:

R contains all the base functions.
If partial functions ¢ : N§ — Ny and h; : NI — Ny, 1 < < k, belong to R, the composite function
f:g(hl,...,hk)ZNg —>N0 isin R.
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e If partial functions g : Ny — Ny and A : Ng” — Ny lie in R, the primitive recursion f = pr(g,h) :
No+ — Ny is contained in R.

e If a partial function f : Ng”'l — Ny is in R, the partial function pf : Nj — Ny obtained by
minimalization belongs to R.

Thus the class R consists of all partial recursive functions obtained from the base functions by finitely
many applications of composition, primitive recursion, and minimalization. In particular, each total
partial recursive function is called a recursive function, and the subclass of all total partial recursive
functions is denoted by 7. It is clear that the class P of primitive recursive functions is a subclass of
the class 7 of recursive functions.

Theorem 3.2. Each partial recursive function is URM computable.

Proof. 1t is sufficient to show that for each URM computable function f : NISH — Nj the corresponding
minimalization pf is URM computable. For this, let Py be an URM program for the function f. This
program can be modified to provide an URM program PJQ with the property

0,z,y, f(x,y),0,0,...)if (x,y) € dom(f),
P00, = { {000 T 00 T ) € dom) 3.2
Consider the URM program
Pus = Pp; (Ak+1;(Sk +2)k + 2; Pp)k 4 2; (S1)1;...;5 (Sk)k; Ugy1,1 (3.3)

The first block P} provides the computation in (3.2) for y = 0. The second block (Ak + 1; (Sk +2)k +
2; P})k + 2; iteratively calculates (3.2) for increasing values of y. This iteration stops when the function

value becomes 0; in this case, the subsequent blocks reset the registers Ry,..., Rx to 0 and store the
argument ¥ in the first register. Otherwise, the program runs ad infinitum. It follows that this program
computes the minimalization of f, i.e., || Pus|lr,1 = pf- a

Note that P,y is generally not a LOOP program even if PJi is a LOOP program.

Algorithm 3.1 Minimalization of f.
Require: = € Nj
y—0
repeat
z < f(z,y)
y—y+l1
until z =0
return y — 1

3.2 GOTO Programs

GOTO programs provide another way to formalize the notion of computability. They are closely related
to the programs in BASIC or FORTRAN.
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First, define the syntax of GOTO programs. For this, let V = {z,, | n € N} be a set of variables.
The instructions of a GOTO program are the following:

e incrementation

(lbzg — 2, +1,m), I,meNy, z, €V, (3.4)
e decrementation

(g — 2o —1,m), I,m €Ny, z, €V, (3.5)
e conditionals

(l,if z, = 0,k,m), k,I,m € Ny, z, € V. (3.6)

The first component of an instruction (denoted by [) is called a label, the third component of the in-
structions (I, 5+, m) and (I, z,—,m) (denoted by m) is termed nezt label, and the last two components
of the instruction (I,if z, = 0,k, m) (denoted by k and m) are called bifurcation labels.

A GOTO program is given by a finite sequence of GOTO instructions

P = s0;81;...;8¢, (3.7)

such that there is a unique instruction s; which has the label A(s;) = 0, 0 < i < ¢, and different
instructions have distinct labels, i.e., for 0 <4 < j < g, A(s;) # A(s;).

In the following, let PgoTo denote the class of all GOTO programs. Moreover, for each GOTO
program P, let V(P) depict the set of variables occurring in P and L(P) = {A(s;) | 0 < i < g} describe
the set of labels in P.

A GOTO program P = s0;51;...;54 is called standard if the ith instruction s; carries the label
A(si)=1,0<i<q.

Example 3.3. A standard GOTO program P, for the addition of two natural numbers is the following:

0 ifz2 =0 31
1 1’1<—1’1+1 2
2 .’132<—.’172—1 0

The set of occurring variables is V(P1) = {x1, 22} and the set of labels is L(P;) = {0, 1, 2}. ¢

Second, define the semantics of GOTO program. For this, the idea is to run a GOTO program
on an URM. To this end, the variable x, in V is assigned the register R, of the URM. In particular,
the register Ry serves as an instruction counter containing the label of the next instruction to be
carried out. At the beginning the instruction counter is set to 0 such that the execution starts with
the instruction having label 0. The instruction (I,z, < z, + 1,m) increments the register R,, the
instruction (I, z, < x, — 1,m) decrements the register R, if it contains a number greater than zero,
and the conditional statement (I,if xz, = 0,k, m) provides a jump to the statement with label k if
the content of register R, is 0; otherwise, a jump to the statement with label m is performed. The
execution of a GOTO program terminates if the label of the instruction counter does not correspond
to an instruction.
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More specifically, let P be a GOTO program and k be a number. Define the partial function
| Plk,1 = B1o Rp o ay, (3.8)
where ay, and 3 are total functions given by
oy : Nf — NSH (a1, 2, xk) — (0,21, 29, .. ,2,0,0,...,0) (3.9)
and
51 :NSH'1 — No: (g, @1, .., 20) — X7. (3.10)

The function «j loads the registers with the arguments and the function (3; reads out the result.
Note that the number n is chosen large enough to provide workspace for the computation, i.e., n >
max{k, max{c | z, € V(P)}}.

Finally, the function Rp : Ng“ — Ng“ providing the semantics of the program P will be
formally described. For this, let the GOTO program be given as P = s¢;5s1;...;5,. Bach element
2= (20,21, 2,) in NJT! is called a configuration. We say that the configuration 2’ = (2§, 21, ..., 2,)
is reached in one step from the configuration z = (zg, 21, . .., 2n), briefly z Fp 2’, if 2o is a label in P,
say zo = A(s;) for some 0 < i < ¢, and

o ifs; = (20,25 — xy+1,m),
2 =(m, 21, 20 1,20 + 1, 2601, Zn), (3.11)

o if s, = (20,2, — x5 — 1,m),

z/:(m’zl""’20*1720;1720+17“'72n)a (312)
o ifs; =(z0,if z, =0,k,m),
k21, 2n) i 20 =0,
== { (m, z1,...,2,) otherwise. (3.13)

The configuration z’ is then called successor configuration of z. Moreover, if zg is not a label in P,
there is no successor configuration of z. The process to move from one configuration to the next one is
described by the one-step function Ep : NJT' — Nyt defined as

2z'if zFp 2/,

z otherwise. (3.14)

Ep:z»—>{

The function Ep is given by cases and has the following property.

Proposition 3.4. For each GOTO program P and each number n > {0 | x, € V(P)}, the one-step
function Ep : NSH — Ng“ is primitive recursive in the sense that for each 0 < j <mn, 7r§"+1) oFEp is
primitive recursive.
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The execution of a GOTO program P is given by a sequence zg, 21, 22, . . . of configurations such
that z; Fp z;41 for each ¢ € Ny. During this process, a configuration z; may eventually be reached
whose label zy does not belong to L(P). In this case, the program P terminates. Such an event may
eventually not happen. In this way, the runtime function of P is a partial function Zp : NZ}H — Ny
given by

Zo: 2 {min{t €No | ("™ 0 Ep)(2) ¢ L(P)} it {...} #0, (3.15)
T otherwise.

The runtime function may not be primitive recursive as it corresponds to an unbounded search process.

Proposition 3.5. For each GOTO program P, the runtime function Zp is partial recursive.

Proof. By Proposition 3.4, the one-step function Ep is primitive recursive. It follows that the iteration
of E'p is also primitive recursive; that is, the function

Bl :NpT2 - Not s (2,8) = Eb(2). (3.16)

But the set L(P) is finite and so the characteristic function x L(p) is primitive recursive. Therefore, the
following function is also primitive recursive:

Ep NP2 S NG (2,8) o (oo om0 Ep) (2, ). (3.17)
This function has the property that
Lif EL(2) = (24,21, ...,2),) and z{ € L(P),

1" o
Ep(z,1) = {0 otherwise. (3.18)
But by definition Zp = pFE%, and so the result follows. O

The residual step function of a GOTO program P is given by the partial function Rp : NSH — Ng“
that maps an initial configuration to the final configuration of the computation, if any:

Ep(z,Zp(z)) if z € dom(Zp),

Rp(z) = { T otherwise. (3.19)

Proposition 3.6. For each GOTO program P, the function Rp is partial recursive.

Proof. For each configuration z € NJ™' Rp(2) = Eb(z, (uE})(2)). Thus Rp is a composition of
partial recursive function and hence itself partial recursive. a

3.3 GOTO Computable Functions

A partial function f : Nk — Ny is called GOTO computable if there is a GOTO program P that
computes f in the sense that

=Pk, (3.20)

Let Fgoro denote the class of all (partial) GOTO computable functions and let 7goTo depict the
class of all total GOTO computable functions.
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Theorem 3.7. Each GOTO computable function is partial recursive, and each total GOTO computable
function is recursive.

Proof. If f is GOTO computable, there is a GOTO program such that f = |P||x,1 = 81 0 Rp o a.
But the functions 8 and «j are primitive recursive and the function Rp is partial recursive. Thus the
composition is partial recursive. In particular, if f is total, then Rp must be total and so f is recursive.
O

Example 3.8. The GOTO program P, for the addition of two natural numbers in Example 3.3 gives
rise to the following configurations if x5 > 0:

(O .’1?17.%‘2 0 if xQZO 3 1
(1,21, x2) 1 2921 +1 2
(29:1+1x2) 2 Tog—x9—1 0

The program provides the total function ||Py||2,1(z1,22) = 1 + x2 and the (total) runtime function
ZP+(O,$1,$2)=3'.Z‘2—|—1. ¢

Finally, it will be shown that URM programs can be translated into GOTO programs.
Theorem 3.9. Each URM computable function is GOTO computable.

Proof. Claim that each URM program P can be translated into a GOTO program ¢(P) such that
both compute the same function, i.e., (P)||k,1 for all k¥ € N. Indeed, let P be an URM
program that does not make use of the register Ry. Write P as a string P = 7971 ... T4, where each 7; is
a substring of the form ” Ao”, ?Sc”, ”(” or ”)o” with o € Z \ {0}. Note that each opening parenthesis
”(” corresponds to a unique closing parenthesis ”)o”

Replace each string 7; by a GOTO instruction s; as follows:

o If1,="A0", put
8; = (b,T5 «— Ty + 1,0+ 1),

o if 1, =7"507, set
s$i =,y — s — 1,0+ 1),
o if i, ="(” and 7; =")o” is the corresponding closing parenthesis, define
s;=(,if 2, =0, +1,i+ 1),
o if 7, =7")0” and 7; =" (” is the associated opening parenthesis, put

si=(i,if 1, =0,i+ 1,5+ 1).

In this way, a GOTO program ¢(P) = sg;s1;...;8q is established that has the required property
I1Ple1 = [|¢(P)|lk,1, as claimed. 0
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Example 3.10. Consider the URM program P = (A1;52)2 for the addition of two natural numbers.
The translation into a GOTO program first requires to identify the substrings of P:
TO — ”(7’7 7_1 — 7’A1777 7_2 — 775’27’7 7_3 — 77)277.

These substrings give rise to the following GOTO program:

0 if.’I/‘QZO 4 1
1l z1«<—x1+1 2
2 T9+—ax9—1 3
3 ifay =0 4 1

3.4 GOTO-2 Programs

GOTO-2 programs are GOTO programs with two variables z1 and z5. Claim that each URM program
can be simulated by an appropriate GOTO-2 program. For this, the set of states {2 of an URM is
encoded by using the sequence of primes (pg, p1,ps2,--.). To this end, define the function G : 2 — Ny
that assigns to each state w = (wp,w1,ws, ...) € 2 the number

G(w) =pg°pi'ps® . ... (3.21)
This function is primitive recursive. The reverse functions G; : Ng — Ng, ¢ € Ny, are given by
Gi(z) = (z);, (3.22)

where (z); is the exponent of p; in the prime factorization of z if z > 0. Define G;(0) = 0 for all ¢ € Nj,.
The functions G; are primitive recursive by Proposition 2.37.

Claim that for each URM program P, there is a GOTO-2 program P with the same semantics; that
is, for all states w,w’ € (2,

|Plw)=w" < [P|(0,G(w)) = (0,G(v)). (3.23)

To see this, first consider GOTO-2 programs M (k), D(k), and T(k), k € N, with the properties
[M(K)[(0, ) = (0, k- ), (3.24)
|D(K)|(0,k - z) = (0, ), (3.25)

(1, z) if k divides z,
|T(k)|(0,z) = { (0, z) otherwise.

For instance, the GOTO-2 program M (k) can be implemented by two consecutive loops: Initially, ;1 = 0
and xo = x. In the first loop, x5 is decremented, while in each decremention step x; is incremented
k times. After this loop, x1 = k- x and xzo = 0. In the second loop, x5 is incremented and z; is
decremented. After the loop, 1 = 0 and x5 = k - z. This leads to the following standard program:
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0 if 9 =0 k+2 1
1‘2<—1‘2—1 2
2 r+—2x1+1 3

—_

k+1 2y «<—2x21+1 0

k+2 ifx1 =0 k+5 k+3
k+3 a9«—a90+1 k+4

k+4 x1—x21—1 k+2

Note that these GOTO-2 programs can be realized as standard programs.

The assignment P + P will be established by making use of the inductive definition of URM
programs. For this, flow diagrams will be employed to simplify the notation. First, the program A7 can
be realized by the flow chart

i |

Second, the program Si is given by the flow diagram

no

ifLUl:O £C1<—£E1—1

yes

Third, the program P;; P, can be decipted by the flow chart
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B

R

Finally, the program (P)i can be represented by the flow diagram

T'(pi) ?|

no

:cle171|

yes

All these GOTO-2 programs can be realized as standard GOTO programs.

Example 3.11. The URM program P, = (Al; 52)2 gets compiled into the following (standard) GOTO
program in pseudo code:

: T(p2)

:if 21 =0goto 9
X — T — 1

: M(p1)

: T(p2)

:if 1 =0 goto 8
X — T — 1

: D(p2)

:goto 0

© 00O Tk Wi~ O

¢

By using the inductive definition of URM programs, the assignment P + P is well-defined. However,
the computation of a function f : N§ — N#* by a GOTO-2 program requires to load the registers with
initial values and to identify the results. For this, define the primitive recursive functions

G NE - N2: (21,...,21) = (0,G(0,21,...,24,0,...)) (3.27)
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and
B : N2 — NIV : (a,b) — (G1(D), ..., Gm(D)). (3.28)

Proposition 3.12. Each URM program P is (semantically) equivalent to the associated GOTO-2 pro-
gram P in the sense that for all k,m € Ny:

HPHk,m = Bm © |ﬁ| o Q. (3.29)

3.5 Church’s Thesis

The attempts made so far to formalize the notion of computability are equivalent in the following sense.

Theorem 3.13. The class of partial recursive functions equals the class of URM computable functions
and the class of GOTO computable functions. In particular, the class of recursive functions is equal to
the class of total URM computable functions and to the class of total GOTO computable functions.

Proof. By Theorem 3.9, each URM computable function is GOTO computable and by Theorem 3.7,
each GOTO computable function is partial recursive. On the other hand, by Theorem 3.2, each partial
recursive function is URM computable. A similar statement holds for total functions. a

This has led scientists to believe that the concept of computability is accurately characterized by
the class of partial recursive functions. The Church thesis proposed by Alonso Church (1903-1995) in
the 1930s states that the class of computable partial functions (in the intuitive sense) coincides with the
class of partial recursive functions, equivalently, with the class of URM computable functions and the
class of GOTO computable functions. This thesis characterizes the nature of computation and cannot
be formally proved. Nevertheless, it has universal acceptance. Church’s thesis is often practically used
in the sense that if a (partial) function is intuitively computable, it is assumed to be partial recursive.
In this way, the thesis may lead to more intuitive and less rigorous proofs (see Theorem 5.10).
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A Recursive Function

The primitive recursive functions are total and computable. The Ackermann function, named after
the German mathematician Wilhelm Ackermann (1986-1962), was the earliest-discovered example of a
total computable function that is not primitive recursive.

4.1 The Small Ackermann Functions

The small Ackermann functions form an interesting class of primitive recursive functions. They can
be used to define the "big” Ackermann function and provide upper bounds on the runtime of LOOP
programs. The latter property allows to show that the hierarchy of LOOP programs is strict.

Define a sequence (B,,) of unary total functions inductively as follows:

1 if x =0,
By:z— 2 ife=1, (4.1)
x + 2 otherwise,

and

B,i1:x+— BE(1), xz,n € Ny, (4.2)
where BY denotes the z-fold power of B,,. The function B, is called the n-th small Ackermann function.
Proposition 4.1. The small Ackermann functions have the following properties for all x,n,p € Ny:

) 1 ifx=0,
" | 2z otherwise,

2B3(==1) ytherwise,

(4.3)
(4.4)
By() = { L ifz =0, (4.5)
(4.6)
(4.7)
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Bi(z) < B (x),
By (z) < Bnya(z),
BP(xz) < BP(x 4+ 1),
Bh(z) < By (2),
Bl (x) < By 4 (x),
e < B )
2BP(z) < BPTY(z), n>1

Proposition 4.2. The small Ackermann functions By, n € Ny, are primitive recursive.

Proof. The function By is defined by cases:

(l/OCél))(I) ifx =0,
Bo(z) =} (vovod)(x) if [z =1 =0,
(vovo ﬂ;l))(.’li) if csg(z —1) = 0.

By Eq. (4.3), the function Bj follows the primitive recursive scheme

Bl(o) = 13
Bi(x+1) = By(z) -sgn(z) +2, =z € Np.

Finally, if n > 2, B,, is given by the primitive recursive scheme

Bn(o) =1,
B,(x+1) = Bp_1(Bn(x)), € Np.

By induction, the small Ackermann functions are primitive recursive.
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(4.15)

It is an important fact that the n + 1th small Ackermann function grows faster than any power of the

nth Ackermann function.

Proposition 4.3. For all number n and p, there is a number xg > 0 such that for all numbers x > x,

Bﬁ(:c) < Bn+1(z‘).

(4.20)

Proof. Let n = 0. For each z > 2, Bf(x) = x + 2p. On the other hand, for each z > 1, By(x) = 2z. Put

xo = 2p + 1. Then for each x > x¢, BY(z) = z + 2p < 2z = By ().

Let n > 0. First, let p = 0. Then for each x > 0, Bo(z) =z < 2 + 1 < By,41(z) by (4.6) and (4.7).
Second, let p > 0 and assume that BE(z) < Bj,11(x) holds for all > xf. Put 29 = z( + 5. Then

BPFflY(z) < BPTY(2- (x~2)), x>5, by (4.10),
= BEFY(By(x = 2))
< BETY(Bn(z-2), by (4.12),
= Bi*(x - 2)
= B:(Bh(x —2))
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< B2(Bnt1(r—~2)), by induction, z > z{ + 2,
= B;(By " *(1))
= B, (1)
- Bn+1('r)7 x>2
O
Proposition 4.4. For each n > 1, the n-th small Ackermann function B, is LOOP-n computable.
Proof. First, define the LOOP-1 program
Py = K(1;2); K(1;3); Z1; A1; [ Z1]3; [A1; A1]2. (4.21)

By (4.3), the program satisfies || P1]|1,1 = Bi.
Suppose there is a normal LOOP-n program P, that computes By,; that is, || P,|l1,1 = By, forn > 1.
Put m = n(P,) + 1 and consider the LOOP-n + 1 program

P11 = [Am]|1; A1; [P,]m. (4.22)

This program computes BZ(1). But Bp41(z) = BE(1) and so ||Pyy1ll1,1 = Bry1- O

4.2 Runtime of LOOP Programs

LOOP programs will be extended in a way that they do not only perform their task but simultaneously
compute their runtime. This will finally allow to show that Ackermann’s function is not primitive
recursive.

For this, assume that the LOOP programs do not use the register Ry in order to perform their task.
This is not an essential restriction since it can always be the achieved by transformation of variables.
The register Ry will be solely used to determine the runtime of the LOOP program. To this end,
the objective is to assign to each LOOP program P another LOOP program ~(P) that performs the
computation of P and simultaneously computes the runtime of P given by the number of elementary
operations (addition, set to zero, copy):

v(Ao) = Ao; A0, o # 0, (4.23)
V(Zo) = Zo; AD, o #0, (4.24)
VK (0;7)) = K(057); A0, 0 #7,0#0#T, (4.25)
V(P;Q) = v(P);v(Q), (4.26)
V([Ple) = [v(P)lo, o #0. (4.27)

The definitions immediately lead to the following
Proposition 4.5. Let n > 0.
e If Pis a LOOP-n program, v(P) is also LOOP-n program.
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e Let P be a LOOP-n program and let (|y(P)| o ax)(x) = (wy), where & € N&. Then wy = || P||x1(x)
is the result of the computation of P and wq is the number of elementary operations made during
the computation of P.

The runtime program of a LOOP program P is the LOOP program P’ given by
P’ =~(P); K(0;1). (4.28)

The corresponding function || P’||51 with k& > n(P) is called the runtime function of P. The definitions
imply the following

Proposition 4.6. If P is a LOOP-n program, P’ is also a LOOP-n program and has the property
[P lkx=~(P), k=n(P). (4.29)
Example 4.7. The program S1 is given by the LOOP-1 program
P = K(1;3); [K(2;1); A2]3. (4.30)
The corresponding runtime program is

P’ = K(1;3); A0; [K (2; 1); A0; A2; A0J3; K (0;1). (4.31)

Next, introduce a function A : Proop — Ny that assigns to each LOOP program a measure of
complexity, which is inductively defined as follows:

AMAo) =1, o€ Ny, (4.32)
AZo)=1, oeN, (4.33)
AE(o;7) =1, o#7, 07N, (4.34)
AP;Q) = AP)+AMQ), P,Q € Proor, (4.35)
AM[Plo) = A(P)+2, P € Proop, o€ No. (4.36)

For each LOOP program P, A\(P) is the number of LOOP-0 subprograms of P plus twice the number
of iterations of P.

Example 4.8. The LOOP program P = K(1;3);[K(2;1); A2]3 has the complexity

A(P) = MK (1;3)) + MK (2; )'A2]3)
=1+ MNK(2;1); A2) +
—3+MK@JD+A()
=5.

¢
A k-ary total function f : N& — Ny is said to bebounded by an unary total function g : Ng — Ny if

f(x) < g(max(x)), =€ N’g, (4.37)

where max(z) = max{zy,..., 2} if ¢ = (21,...,7) € N§.
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Proposition 4.9. For each LOOP-n program P and each input © € N§ with k > n(P),
max(||P|x.r(x)) < B} (max(z)). (4.38)

Proof. First, let P be a LOOP-0 program; that is, P = P;; Ps;...; P,,, where each block P; is an
elementary operation, 1 < ¢ < m. Then

max(|| Pl () < m + max(z) = A(P) + max(z) < B}" (max(z)). (4.39)

Suppose the assertion holds for LOOP-n programs. Let P be a LOOP program of the form P = Q; R,
where @ and R are LOOP-n + 1 programs. Then for k£ > max{n(Q),n(R)},

max([|Q; Rllkk(x)) = max (|| R[]k ([|Qllkk(x)))
< B)7(|Qllk.x())), by induction,
< Bn(+1 (B:l‘(ﬁ) (max(x))), by induction, (4.40)

A A
= B, 7" (max(x))

= B, (max(x)).

Finally, let P be a LOOP program of the form P = [Q]o, where @ is a LOOP-n program. Then for
k > max{n(Q),o},

max([|[[Qo ||k (2)) = max([|Q; So [ ()
< max(||Q|[7 () (4.41)
< B*> M@ (max(x)), by induction,

< B4 (max(@)) = B, (max(x)).

The last inequality follows from the assertion B*%(y) < B%"

the properties of the small Ackermann functions, B*%(y) < B
ll
1

BV (1) = Buya(y(a+1)) < Buya(y - 271) = By (B

T3 (y) that holds for all < y. Indeed, by
w4 y) < By (Bnia(y) = BL*(Bj(1)) =

') € Bu(Bihi(y) = Brli(y). O

Corollary 4.10. The runtime function of a LOOP-n program is bounded by the n-th small Ackermann
function.

Proof. Let P be a LOOP-n program. By Proposition 4.6, the runtime program ~(P) is also LOOP-n.
Thus by Proposition 4.9, there is an integer m such that for all inputs = € N§ with k > n(P),

max({|y(P)|[k k() < By (max(a)). (4.42)

But the runtime program P’ of P satisfies || P’||51(x) < max(||y(P)|xk(x)) for all € Ny. Hence the
result follows. 0O

For sake of completeness, the converse of the above proposition also holds. It is known as the theorem
of Meyer and Ritchie (1967).
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Theorem 4.11. (Meyer-Ritchie) Let n > 2. A function f is LOOP-n computable if and only if there
is @ LOOP-n program P such that ||P|| = f and the associated runtime program P’ is bounded by a
LOOP-n computable function.

Finally, the runtime functions allows to show that the LOOP hierarchy is proper.

Proposition 4.12. For each n € Ny, the class of LOOP-n functions is a proper subclass of the class
of LOOP-n+ 1 functions.

Proof. By Proposition 4.4, the n-th small Ackermann function B,, is LOOP-n computable. Assume
that B,4+1 is LOOP-n computable. Then by Proposition 4.9, there is an integer m > 0 such that
B, t1(x) < B™(z) for all € Ny. This contradicts the fact that by Proposition 4.3, B, 11 grows faster
than any power of B,,. O

4.3 Ackermann’s Function

As already said, there are total computable functions that are not primitive recursive. A standard
example is Ackermann’s function A : N3 — Ny defined by the equations

A(0,n) =n+1, (4.43)
A(m+1,0) = A(m, 1), (4.44)
Am+1,n+1) = A(m, A(m + 1,n)). (4.45)

Proposition 4.13. Ackermann’s function is a total function on N3.

Proof. The term A(0,n) is certainly defined for all n. Suppose that A(m,n) is defined for all n. Then
A(m~+1,0) = A(m, 1) is defined. Assume that A(m—+1, k) is defined. Then A(m+1,k+1) = A(m, A(m+
1,k)) is defined. Hence, by induction, A(m + 1,n) is defined for all n. In turn, it follows by induction
that A(m,n) is defined for all m and n. O

Proposition 4.14. The unary functions A, : Ng — No : y — A(z,y), © € No, have the form

Aoly) =y+1=v(y+3) -3,

Ai(y) =y+2=fr(2,y+3)-3,

As(y) =2y +3=[f(2,y+3) -3,

Az(y) =277 =3 = foop(2,y +3) =3,

As(y) = 227 =3 = fitexp(2,y + 3) — 3, where there are y + 3 instances of the symbol 2 on the
right-hand side.

Proof. e By definition, Ag(y) = A(0,y) =y + 1.

e First, A;(0) = A(0,1) = 2. Suppose A;(y) =y +2. Then A;(y+1) = A(l,y+1) = A0, A(1,y)) =
A, y) +1=(y+1)+2.

e Plainly, A5(0) = A(1,1) = 3. Suppose As(y) = 2y+3. Then Az(y+1) = A(2,y+1) = A(1, A(2,y)) =
A2,y)+2=Q2y+3)+2=2(y+1)+3.

e Clearly, A3(0) = A(2,1) = 5. Suppose As(y) = 2Y™3 — 3. Then Az(y + 1) = AB,y +1) =
A(2,A(3,y)) =2 (2¥3 —3) + 3 = 2w+D)+3 3,
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e First, A4(0) = A(3,1) = 22° — 3. Suppose that
A4(y) = 22 - 37
where there are y + 3 instances of the symbol 2 on the right-hand side. Then
2
As(y+1) = A(3,A(4,y)) =223 3 =227 _3,

where there are (y 4+ 1) 4+ 3 instances of the symbol 2 on the far right of these equations.

O
The small Ackermann functions can be combined into a 2-ary function A : N3 — Ny given by
A(z,y) = Bu(y), =,y € No. (4.46)
This function is a variant of the original Ackermann function.
Proposition 4.15. The function A in (4.46) is given by the equations
A(0,y) = Bo(y), (4.47)
Az +1,0) =1, (4.48)
Al +1,y+1) = A(z, A(x + 1,9)). (4.49)
Proof. Plainly, A(z + 1,0) = B,41(0) = B%(1) = 1 and A(z + 1,y + 1) = Byy1(y + 1) = BYT(1) =
By (BY(1)) = Bz(Bat1(y)) = Az, Az + 1,y)). O

The Ackermann function grows very quickly. This can be seen by expanding a simple expression using
the defining rules.

Example 4.16.
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= A(0, A(1,3))

= A(0, A0, A(1,2)))

= A(0, A(0, A(0, A(1,1))))

= A(0, A(0, A(0, A(0, A(1,0)))))
= A(0, A(0, A(0, A(0,1))))

— A(0, A(0, A(0,2)))

— A(0, A(0,4))

= A(0,6)

= 8.

Proposition 4.17. Ackermann’s function is not primitive recursive.

Proof. Assume that the function A is primitive recursive; that is, A is LOOP-n computable for some
n > 0. Then by Proposition 4.9, there is an integer p > 0 such that for all x,y € Ny,

A(z,y) < BP(max{z,y}). (4.50)
But by Proposition 4.3, there is a number yg > 0 such that for all numbers y > yq,
B (y) < Bni1(y)- (4.51)
It can be assumed that yo > n + 1. Taking  =n + 1 and y > yo leads to a contradiction:
A(n+1,y) < B?(max{n + 1,y}) = B2(y) < Bp+1(y) = A(n+ 1,y). (4.52)
O

The lattice of function classes (under inclusion) considered in this chapter is the following:

T

P = Froopr

Froop@)

Froor(0)

All inclusions are strict.
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Acceptable Programming Systems

Acceptable programming systems form the basis for the abstract development of computability theory.
This chapter provides some basic theoretical results of computability, such as the existence of universal
functions, the parametrization theorem known as smn theorem, and Kleene’s normal form theorem.
The key to these results lies in the Gédel numbering of GOTO programs.

5.1 Godel Numbering of GOTO Programs

In mathematical logic, a Godel numbering is a function that assigns to each well-formed formula of some
formal language a unique natural number called its Géddel number. This concept was first used by the
logician Kurt Godel (1906-1978) for the proof of the incompleteness theorem of elementary arithmetic
(1931). Godel numbering can also be used to provide an encoding of GOTO programs.

For this, the Cantor pairing function J : N2 — Ny will be extended to an encoding J : N — Ny of
the set of strings over natural numbers:

J() =0,

J(:I?) = JQ(O,LL‘) +1, x € Ny,
J(x,y) = J2(J(z),y) +1, xeN§ yeN,.

—~
ot
[N

Example 5.1. We have J(1,3) = Jo(J(1),3) + 1 = J2(J2(0,1),3) + 1= Jo(1,3)+ 1 =11+1=12. ¢
Proposition 5.2. The function J is a primitive recursive bijection.

Proof. First, claim that J is primitive recursive. Indeed, the function J is primitive recursive for strings
of length < 1, since Js is primitive recursive. Assume that J is primitive recursive for strings of length
< k, where k > 1. For strings of length k£ + 1, the function J can be written as composition of primitive
recursive functions:

J=vodo(J(m D . aFtD) gty (5.4)

By induction, J is primitive recursive for strings of length < k + 1 and thus the claim follows.
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Second, let A be the set of all numbers n € Ny such that there is a unique string € Nj such that
J(x) = n. Claim that A = Ny. Indeed, 0 lies in A since J() =0 and J(x) > 0 for all  # (). Let n > 0
and assume that the assertion holds for all numbers m < n. Define

u=Kyn—1) and v=Ls(n—1). (5.5)

Then Jy(u,v) = Jo(Ka(n — 1), La(n — 1)) = n — 1. Clearly, K2(z) < z and La(z) < z for all z € Ny.
Thus u = K2(n — 1) < n and hence u € A. By induction, there is exactly one string € N} such that
J(x) = u. Then J(x,v) = Jo(J(x),v)) + 1 = Ja(u,v) + 1 = n.

Assume that J(z,v) = n = J(y,w) for some x,y € N§ and v,w € Ny. Then by definition,
Jo(J(x),v) + 1 = J2(J(y),w) + 1 and so Jo(J(x),v) = J2(J(y),w). But the Cantor pairing function
is bijective and thus J(x) = J(y) and v = w. Since J(x) < n it follows by induction that = y. Thus
n € A and so by the induction axiom, A = Ny; that is, J is bijective. a

The function J gives rise to the function K, L : Ng — Ny defined as
K(n)=Ks(n—1) and L(n)= La(n—1), n € Ny. (5.6)
Proposition 5.3. The functions K and J are primitive recursive and have the property
J(K(n),L(n)) =n, né€Ny. (5.7)

Proof. Since K5 and Lo are primitive recursive, it follows that K and L are primitive recursive, too.
Let n > 1. By Proposition 5.2, there are strings @ € Njj and y € Ny such that J(z,y) = n. Thus
Jo(J(x),y) = n — 1. But Ja(Ka(n — 1),La(n — 1)) = n — 1 and the Cantor pairing function Jy is
bijective. Thus Ka(n — 1) = J(x) and La(n — 1) = y, and hence by definition of K and L the result
follows. O

The length of a string can be determined by its encoding.
Proposition 5.4. A string x in N} is of length k iff k is the smallest number such that K*(J(x)) = 0.

Proof. The empty string satisfies K(J()) = 0. Let (z,y) be a non-empty string. Put n = J(x,y). Then
n > 0 and as in the proof of Proposition 5.3, we obtain K(n) = J(x) and L(n) = y. But by (5.7), we
have K o J(K(n), L(n)) = K(n). Thus K o J(x,y) = J(x) and hence each application of the function
K reduces the length of the considered string by 1. In each step the attained value is nonzero as long
as the string is non-empty and it becomes zero when it is the empty string. The result follows. a

Let f: Nj x Ng — Np be the function given by
[ (z, k) — K*(J(x)). (5.8)
Define the length function lg : N§j — Ny by minimalization of the function f, i.e., for all strings € N,

k if k smallest with f(x, k) =0,

1 otherwise. (5-9)

(@) = nf@) = {

Proposition 5.5. The length function 1g is recursive.
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Proof. The length function is partial recursive, since it is obtained by minimalization of the primitive
recursive function f. Moreover, the proof of Proposition 5.4 shows that for each non-empty string (x, y),
the application of the function K to the number J(z,y) yields J(x). But each string has finite length
and so the repeated application of K to J(x,y) yields 0 after a finite number of steps. Hence, the length
function is total. O

Proposition 5.6. The inverse of the function J is composed of the coordinate functions K and L as
follows:

Jt(n) = (K* 1 (n),Lo K*2(n),...,Lo K(n),L(n)), n €Ny, (5.10)
where k is the smallest number such that K*(n) = 0.

Proof. The case n = 0 is clear. Let * € Nf and y € Ny such that J(z,y) = n. Then K(n) =
J(z) and L(n) = y. Since K(n) < n, the induction hypothesis gives * = J~1(K(n)) = (K¥(n),L o
K*1(n),...,Lo K(n)). Thus (z,y) = (K¥(n), Lo K*~Y(n),...,Lo K(n), L(n)), as required. O

The primitive recursive bijection J allows to encode the standard GOTO programs, SGOTO pro-
grams for short. These are GOTO programs P = s¢;51;...;54 that have a canonical labelling in the
sense that A(s;) =1, 0 <1 < q. It is clear that for each GOTO program there is a (semantically) equiv-
alent SGOTO program. In the following, let Psgoro denote the class of SGOTO programs. SGOTO
programs will allow a slightly simpler Gédel numbering than GOTO program.

Take an SGOTO program P = sg;s1;...;84. For each 0 <[ < g, put

3-J(i—1,k) ifs; =, z; —x; +1,k),
I(Sl) =<3 J(Z— 1,]€) +1 if §; = (Z,LL'Z‘ — T — 1716), (511)
3-J(i—1,k,m)+2if s; = (I,if x; = 0,k,m).

The number I(s;) is called the Gddel number of the instruction s;, 0 < I < g. The function I is primitive
recursive, since it is defined by cases and the functions involved are also primitive recursive.

Note that the function I allows to identify the /th instruction of an SGOTO program given its Godel
number n. Indeed, the residue of n modulo 3 provides the type of instruction. In turn, the instruction
can be decoded by using Proposition 5.6 as follows:

(L, Tk ()41 < Tr(n)+1 + 1, L(n)) if n=0mod 3,
s1=19 (Lxgmy+1 < Trmy+1 — 1, L(n)) if n=1mod 3, (5.12)
(4, if Tg2(n)41 = 0, L(K(n)), L(n)) if n = 2 mod 3.
Define a Gédel numbering of an SGOTO program P = s¢; 51;...; 54 as follows:
I'(P)=J(I(s0),I(s1),.--,1(sq))- (5.13)
Proposition 5.7. The function I' : Pscoro — Ny is bijective and primitive recursive.

Proof. The mapping I is bijective since J is bijective and the instructions encoded by I are uniquely
determined as shown above. Moreover, the function I" is a composition of primitive recursive functions
and thus itself primitive recursive. a
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For each SGOTO program P, the number I'(P) is called the Gddel number of P. The SGOTO
program P with Godel number e is denoted by P.. The Godel numbering provides a list of all SGOTO
programs

Py, P, Ps,.... (5.14)

Conversely, each number e can be assigned the SGOTO program P such that I'(P) = e. For this, the
length of the string encoded by e is first determined by the minimalization given in Proposition 5.4.
Suppose the string has length n + 1, where n > 0. Then the task is to find € Nj and y € Ny such
that J(x,y) = n. But by (5.7), K(n) = J(x) and L(n) = y and so the preimage of n under J can be
repeatedly determined. Finally, when the string is given, the preimage (instruction) of each number is
established as described in (5.12).

For each number e and each arity n, denote the m-ary partial recursive function computing the
SGOTO program with Godel number e by

¢ = || Peln1- (5.15)

If f is an n-ary partial recursive function, each number e € Ny with the property f = qbg") is called
an index of f. The index of a partial recursive function f provides the Gédel number of an SGOTO
program computing it. The list of all SGOTO program in (5.14) provides a list of all n-ary partial
recursive functions:

0 68, (5.16)

Note that the list contain repetitions, since each m-ary partial recursive function has infinitely many
indices.

5.2 Parametrization

The parametrization theorem, also called smn theorem, is a cornerstone of computability theory. It was
first proved by Kleene (1943) and refers to computable functions in which some arguments are kept fixed
and then are considered as parameters. The smn theorem does not only tell that the resulting functions
are computable but also how to compute an index for them. The basic form applies to functions with
two arguments.

Proposition 5.8. For each 2-ary partial recursive function f, there is an unary primitive recursive
function g such that

f@,) =), =eN. (5.17)

Proof. Let P, = s0;51;...;8¢ be an SGOTO program that computes the 2-ary function f. For each
number x € Ny, consider the following SGOTO program @Q,:
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ifCL’l:O

To «— X9+ 1
x1<—x1—1
Ty —x1+1
Ty +—x1+1

=W = O
U O N W

24 x1<—x21+1 3+=x

where P, = s¢; s1;...; 84 is the SGOTO program that is derived from P by replacing each label j with
j+3+x,0 < j <q. The milestones of the computation of @), are given by the following configurations:

0 y 000... (initially)

0 0 y00... (step3)

0 =z wy00... (step3+ux)
0 f(z,) (finally)

It follows that ||Qz|l1,1(y) = f(x,y) for all z,y € No.
Take the function g : Ng — Ny defined by g(z) = I'(Q,). This function is primitive recursive by

Proposition 5.7. But by definition, <]5;1(l) = ||Qzll1,1 and thus the result follows. a

This assertion can be extended to the socalled smn theorem. The unimaginative name originates from

Kleene’s notation s,, , for the primitive recursive function playing the key role.

Theorem 5.9. (smn Theorem) For each pair of numbers m,n > 1 there is an m + l-ary primitive
recursive function Sy, , such that

P () = o) x e NP, e e N,. (5.18)

5771,71(57:0)7

Proof. The idea is quite similar to that in the proof of the previous proposition. Take an SGOTO
program P, = s¢;51;...; 54 that computes ¢£m+"). For each input © € N, extend the program P, to
an SGOTO program Q. , providing the following intermediate configurations:

0 Y 000... (initially)

0 0 y00... (reload y)

0 T y00... (generate parameter x)
0™ (@, y) . . . ... (finally)

It follows that ||Qec zlln.1(y) = (em+")(w,y) for all x € Nj* and y € Nj.

Consider the function s, , : Ng“rl — Ny defined by $pm n(e, ) = I'(Qe,q). This function is primitive
recursive by Proposition 5.7. But by definition, ¢£n) (ex) = |Qe.xlln,1 and thus the result follows. O
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5.3 Universal Functions

Another basic result of computability theory is the existence of a computable function called universal
function that is capable of computing any other computable function. Let n > 1 be a number. A

universal function for n-ary partial recursive functions is an n + 1-ary function 1,&](512\, : Ng“ — Np such
that

W™ (e,) =™, €Ny 5.19
univ e
()

Theorem 5.10. For each number n > 1, the universal function .}, ewxists and is partial recursive.

Proof. The existence will be proved in several steps. First, define a one-step function E : N3 — N3 that
describes the process to move from one state to the next one during the computation of an SGOTO
program. For this, consider the following diagram:

e &

o] E

/
Pe,w48l>Pe,w

The one-step function E takes a pair (e, §) and recovers from the second components £ the corresponding
state of the URM given by w = G~1(£). Then the next instruction given by the SGOTO program
P = P, with Godel number e is executed providing a new state w’ of the URM which is then encoded
as & = G(w'). Thus the function F is defined as

E(e, &) = (e, ¢&'). (5.20)

The function E can be described in a higher programming language as given in 5.1. This description
shows that the function F is recursive. It follows that the function 7r§2) o E: N2 — Nj given by

(m5) 0 E)(e,6) = ¢ (5.21)

is primitive recursive, too.
Second, the execution of the SGOTO program P, can be described by the iterated one-step function
E’: N3 — Nj defined by

E'(e,&,t) = (ny) 0 EY)(e, £). (5.22)

This function is recursive, since it is given by the iteration of a recursive function.
Third, the computation of the SGOTO program P, terminates if it reaches a non-existent label.
That is, if 1g(e) denotes the length of the SGOTO program P, termination is reached if and only if

Go(&) > lg(e). (5.23)

The runtime function Z : N3 — Ny assigns to the program P, and a state w = G~1(£) the number of
steps required to reach termination,
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Algorithm 5.1 One-step function.

Require: (e, &)
Ensure: (e, &)
if £ =0 then
§ 0
else
1 — Go(€) {label, ¢ =2"..}
q —lg(e)
if | > g then
§ ¢
else
(00,01,...,04) — J 1(€)
g —€ = 2 {e=2'6)
j < o1 + 3 {reveals instruction}
if o0y mod 3 =0 then
t— Ko(j)+1{si=(,xs — i + 1,k)}
k — La(j)
& —¢&-28-p
end if
if 0y mod 3 =1 then
i — Ko(j)+1{si =, zi — i —1,k)}

k — La2(j)
if G;(¢) =0 then
5/ - 50 . 2Ic
else
¢ —(&-2%) + pi
end if

if 0, mod 3 = 2 then
7 — KQ(_]) +1 {Sl = (l, if x; = O7k7m)}
k — K2 [e] LQ(])
m — L3(j)
if G;(¢) =0 then
€/ - 50 . 2Ic
else
g/ — §0 . 2m
end if
end if
end if
end if
end if
return (e, &)
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Z(e,€) = pu(csg(Go(E' (e, &, 1)) — 1g(e))), (5.24)

where the minimalization p = pu; is subject to the variable ¢ counting the number of steps. This function
is partial recursive since the program P. may not terminate.

Fourth, the residual step function is defined by the partial function R : N2 — Ny which assigns to
each SGOTO program P, and each initial state w = G~1(¢) the result of computation given by the
content of the first register:

R(e,{) = Gl(El(QEvZ(evg)))' (525)

This function is partial recursive, since Z is partial recursive.
Summing up, the desired partial recursive function is given as

(e @) = 600 (@) = [ Pellna(@) = R(e,GO.1,...2,,0,0,...), (5.26)
where e is a G6del number and « = (z1,...,x,) € Nj an input. O

The existence of universal functions implies the existence of universal URM programs, and vice versa.

An acceptable programming system is considered to be an enumeration of n-ary partial recursive
functions g, Y1, 1a, . . . for which both the smn theorem and the theorem for universal function hold. For
instance, the enumeration of URM (or GOTO) computable functions forms an acceptable programming
system.

5.4 Kleene’s Normal Form

Kleene (1943) introduced the T predicate that tells whether a SGOTO program will halt when run
with a particular input and if so, a corresponding function is used to obtain the result of computation.
Similar to the smn theorem, the original notation used by Kleene has become standard terminology.

First note that the definition of the universal function allows to define for each number n > 1 the
relation S,, C NE)”S defined as

(e,x,z,t) €S, = csg[Go(E (e,&x,t))—lg(e)] =0 A  Gi(E'(e, &z, t)) = 2, (5.27)

where & = (0,21,...,2,,0,0,...) is the initial state comprising the input « = (z1,...,2,) € Nj.
Clearly, (e, x, z,t) € S, iff the program ¢, with input @ terminates after ¢ steps with the result z. The
set .S, is recursive since the number of steps is explicitly given.

Let AC Ng+1 be a relation. First, the unbounded minimalization of A is the function pA : Nj — Ny
defined as

B _ Jyif (z,y) € Aand (z,i) ¢ Afor all 0 <i <y,
nA(@) = plesgoxa)(@) = {T otherwise. (5.28)
We write
pA(z) = py((z,y) € 4], = € Ng. (5.29)

Second, the unbounded existential quantification of A is the relation E4 C Nf given by
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Ejy={x|3yeNy:(x,y) € A}. (5.30)
We write
x € FEp < Jy[(x,y) € A], x e N. (5.31)
Third, the unbounded universal quantification of A is the relation Uy C Ni defined by
Us={z|VyeNy: (x,y) € A}. (5.32)
We write
x e Uy = Vy[(x,y) € A], =€ N. (5.33)

Theorem 5.11. (Kleene) For each number n > 1 there is a recursive relation T,, C NSH such that for
all x € Ny :

x € dom ™) = (e, ) € Fy|(e,x,y) € T, (5.34)
If x € dom qﬁén), there is a recursive function U : Ny — Ny such that
o (@) = Upyl(e, 2, y) € T]). (5.35)
Proof. Define the relation T,, C N6‘+2 as follows:
(e,z,y) €T, <= (e,z,K2(y),La2(y)) € Sp. (5.36)

That is, the component y encodes both, the result of computation z = K»(y) and the number of steps
t = La(y). Since the relation S, is recursive and the functions K5 and Lo are primitive recursive, it
follows that the relation T;, is recursive, too.

Let € Nj lie in the domain of ¢£n) and let ¢>£”)(m) = z. Then there is a number ¢t > 0 such that
(e,x,z,t) € S,. Putting y = Ja(z,t) yields (e, x,y) € Ty; that is, (e, x) € Jy[(e, x,y) € Ty).

Conversely, let (e,x) € Jy[(e,x,y) € T,,] and let y > 0 be a number such that (e, x,y) € T,. Thus,
by definition, (e, x, K3(y), L2(y)) € S, and hence @ belongs to the domain of .

Finally, let € dom ¢§"). Then (e, x) €€ Jy|(e, x,y) € T,] and so there is a number y > 0 such that
(e,x,y) € T,. Define the function U : Ny — Ny by putting U(y) = Ka(y). The function U is primitive
recursive and by definition of S,, provides the result of computation. O

Kleene’s normal form implies that any partial recursive function can be defined using a single
instance of the p (minimalization) operator applied to a primitive recursive function. In the context of
programming, this means that any program can be written with a single while loop.
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Turing Machine

The Turing machine is one of the earliest mathematical models of computation. It was described by
the British mathematician Alan Turing (1912-1954) in 1937 as a thought experiment representing a
computing machine. Despite its simplicity, a Turing machine is a universal device of computation.

6.1 The Machinery

A Turing machine consists of an infinite tape and a read/write head connected to a control mechanism.
The tape is divided into infinitely many cells, each of which containing a symbol from an alphabet
named tape alphabet. This alphabet contains the special symbol ”b” signifying that a cell is blank or
empty. The cells are scanned, one at a time, by the read/write head which is able to move in both
directions (left and right). At any given time instant, the machine will be in one of a finite number
of possible states. The behaviour of the read/write head and the change of the machine’s state are
governed by the present state of the machine and by the symbol in the cell under scan.

The machine operates on words over the input alphabet. The symbols forming a word are written, in
order, in consecutive cells of the tape from left to right. When the machine enters a state, the read /write
head scans the symbol in the cell against which it rests, and writes in this cell a symbol from the tape
alphabet; it then moves one cell to the left, or one cell to the right, or not at all; after that, the machine
enters a new state.

A Turing machine is a quintuple M = (X, Q, T, qo, qr) consisting of

e a finite alphabet X, called tape alphabet, containing a distinguished blank symbol b, the subset
X1 = X\ {b} is called the input alphabet.

a finite set @ of states,

a partial function T : Q x X — @ x X' x {L, R, A}, the state transition function,

a start state qop € @, and

a halt state qp € Q,

where T'(qr, o) is undefined for all o in . The symbols L, R, and A are interpreted as left move, right
move, and no mowve, respectively. The tape contents can be considered as a mapping 7 : Z — X which
has the value blank almost everywhere; that is, only if finite portion of the tape contains symbols from
the input alphabet.
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A configuration of the Turing machine M consists of the contents of the tape which may be given
by the finite portion of the tape containing symbols from the input alphabet, the cell controlled by the
read /write head, and the state of the machine. Thus a configuration can be pictured as follows:

Qi Ay o Qg e

J Qg —

q

where all cells to the left of a;, and to the right of a;, contain the blank symbol. This configuration is
written as a triple (a;, ...ai;_,,q, a4, ... a;).

The equation T'(q,a) = (¢’,a’, D) means that if the machine is in state ¢ € @ and reads the symbol
a € X from the cell controlled by the read/write head, it writes the symbol a’ € X' into this cell, moves
to the left if D = L, or moves to the right if D = R, or moves not at all if D = A, and enters the
state ¢’ € Q. Given a configuration (uc, q,av) where a,c € X, u,v € X* and q € Q, ¢ # qr. The
configuration reached in one step from it is given as follows:

(uca’,q',v) if T(q,a) = (¢',a’, R),
(', q,v") =< (u,q,cav)if T(q,a) = (¢',d, L), (6.1)
(ue,q’,a'v) if T(q,a) = (¢',d, A).

The notation (u,q,v) F (v, ¢, v") signifies that (u/,¢’,v’) is reached from (u, g,v) in one step.

A computation of the Turing machine M is started by writing, in order, the symbols of the input
word x = £1Z2...2, € X7 in consecutive cells of the tape from left to right, while all other cells contain
the blank symbol. Moreover, the machine must be in the state qg, with the read/right head against the
leftmost cell of the input; that is, the initial configuration is given as

— X1 T2 ... Tpn —

1
qo

The machine eventually performs a sequence of transitions as given by the state transition function. If
the machine reaches the state qp, its activity stops and the final output of its computation is read from
the symbols remaining on the tape.

Example 6.1. Consider the Turing machine M = (X,Q,T,qo,qr), where ¥ = {0,1,b}, Q =
{qo0,q1,qr}, and T is given by the following state diagram:

1/0,R

In such a diagram, the encircled nodes represent the states and an arrow joining state g to state ¢’ and
bearing the label a/a’, D indicates the transition T(q,a) = (¢/,a’, D). The computation of the machine
on the input 0011 is the following:

(b7 q030011) F (17Q17011) F (117q13 11) - (1103(]170) F (11007q13b) F (1100,(1F7b)

Thus the machine calculates the bitwise complement of the given binary number. ¢
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6.2 Post-Turing Machine

Turing machines specified by state diagrams are hard to follow. Therefore, a program formulation
of the Turing machine known as Post-Turing machine invented by Martin Davis (born 1928) will be
considered.

A Post-Turing machine uses a binary alphabet ¥ = {1,b}, an infinite tape of binary storage
locations, and a primitive programming language with instructions for bidirectional movement among
the storage locations, alteration of their contents one at a time, and conditional jumps. The instructions
are as follows:

write a, where a € X,

move left,

move right, and

if read a then goto A, where a € X and A is a label.

A Post-Turing program consists of a finite set of instructions which are sequentially executed starting
with the first instruction. Each instruction may have a label that must be unique to the program. Since
there is no specific instruction for termination, the machine will stop when it has arrived at a state at
which the program contains no instruction telling the machine what to do next.

First, several Post-Turing programs are introduced that will be used as macros later on. The first
macro is move left to next blank:

A :move left

if read 1 then goto A (6.2)

This program moves the read/write head to next blank on the left. If this program is started in the
configuration

—b111...1—
T
it ends in the configuration
—bl111...1—
1

The macro move right to next blank is similarly defined:

A :move right

if read 1 then goto A (63)

This program moves the read/write head to next blank on the right. If this program begins in the
configuration

—111...1b—
1
it stops in the configuration
—111...1b6—
1

The macro write bl is defined as
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write b
move right
write 1 (6.4)
move right
If this macro begins in the configuration
— aio ail aiz Cl,‘S -
it halts in the configuration
— A4y b1 Qg —
1
The macro move block right is given as
write b
move right to next blank (6.5)
write 1 ’

move right

This program shifts a block of 1’s by one cell to the right such that it merges with the subsequent block
of 1’s to right. If this macro starts in the configuration

—b111...1b111...1b6—
T

it terminates in the configuration

~—bbl11...11111...1b—
T

The macro move block left is analogously defined. The unconditional jump goto A stands for the
Post-Turing program

if read b then goto A

if read 1 then goto A (6.6)
Another useful macro is erase given as
A:if read b then goto B
write b
move left (6.7)
goto A

B :move left
This program deletes a block of 1’s from right to left. If it starts in the configuration

—ablll...1b—
T
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where a is an arbitrary symbol, it halts in the configuration

—abbbb...bb—
1

Finally, the repetition of a statement such as

move left
move left (6.8)
move left

will be abbreviated by denoting the statement and the number of repetitions in parenthesis such as
move left (3) (6.9)

For instance, the routine move block right (2) shifts two consecutive blocks by one cell to the right.
It turns the configuration
—b11...1b611...1011...10—

1

into the configuration
—bbl...11b61...1111...1b—

!

6.3 Turing Computable Functions

It will be shown that that the Turing machine has the same capabilities as the unrestricted register
machine. For this, it will be proved that URM computable functions are computable by Post-Turing
programs. To this end, let f : N¥ — Ny be an URM computable function. It may be assumed that there
is a GOTO program P that computes the function f and uses the variables x1,...,x,, where n > k.
The goal is to provide a Post-Turing program P’ that simulates the computation of P. The program
P’ consists of three subroutines:

start: initiate
simulate (6.10)
clean_up

The routine initiate presets the program for the computation of the function f. An input ¢ =
(c1,...,cr) € NE of the function f is encoded on the tape in unary format; that is, a number c is
represented by a block of ¢ + 1 ones and a sequence of k numbers is described by k blocks such that
consecutive blocks are separated by one blank. Thus the initial tape looks as follows:

c1+1 co+1 cp+1
— —

TN S TS X U - (6.11)
1

The blocks correspond to the registers Ry, Ra, ..., Ry of the URM. The remaining registers used during
the computation will be initialized by zeros. This will be accomplished by the routine initiate:
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init: move right to next blank (k)
write bl (n — k)

move left to next blank (n) (6.12)
move right
If the procedure initiate is started in the configuration (6.11), it ends in the configuration
c1+1 ca+1 cp+1
— .~ —~
—b11...10611...1b6...611...1061b01b...01b1b— (6.13)
7
The tape can be interpreted in a way that it contains the numbers ¢y, ..., c; followed by n — k zeros.

The routine simulate is the heart of the simulation program. The idea is to simulate each GOTO
instruction by a corresponding Post-Turing program such that the Post-Turing programs concatenated
in order, constitute the procedure simulate. For this, the simulation should keep track of the registers
R1, R, ..., R, used to carry out the program P. To this end, the tape will always contain n blocks of
ones such that consecutive blocks are separated by a single blank. These blocks will then correspond
in turn to the used registers.

The GOTO instruction (I, z; « x; + 1,1’) is replaced by the Post-Turing program

Al : move right to next blank (i)
Bl :write 1
move right
if read b then goto CI
write b
move right to next blank
goto Bl
Cl:move left to next blank (n)
move right
goto Al

(6.14)

This program enlarges the ith block by an additional 1 and shifts all blocks to the right by one cell to
the right.
The GOTO instruction (I, z; « z; — 1,1’) is substituted by the program
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Al : move right to next blank (i)
move left (2)
if read 1 then goto Bl
goto Cl

Bl : move left to next blank (i)
move right
move block right (i—1)
write b
move left to next blank (i —1)
move right
goto Al

Cl: move left to next blank (i —1)
move right
goto Al

(6.15)

This subroutine shortens the ith block by a single 1 if it contains at least two 1’s; otherwise, the block
is left invariant. Then all blocks to the left are shifted by one cell to the right.
The GOTO instruction (I,if z; = 0,1’,1”) is superseded by the program

Al : move right to next blank (i)
move left (2)
if read 1 then goto BI
goto Cl

Bl :move left to next blank (i)
move right
goto Al”

Cl: move left to next blank (i — 1)
move right
goto Al

(6.16)

This program checks if the ith block contains one or more 1’s and jumps accordingly to the label Al’ or
Al”. Note that when a subroutine ends, the read/write head always points to the first cell of the first
block.

Suppose the routine simulate starts with the configuration (6.11) and terminates; this will be the
case if the input ¢ = (¢, ..., cx) lies in the domain of the function f. In this case, the tape will contain
in the first block the unary encoding of the result f(c):

fle)+1 y2+1 Yn+1
— —

—p11.. 1b611...Th... b11.. 16— (6.17)
T

Finally, the subroutine clean_up will rectify the tape such that upon termination the tape will only
contain f(c¢) ones. This is achieved by the code
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clean: move right to next blank (n)
move left
erase (n — 1)
write b
move left to next blank
move right

(6.18)

This subroutine produces the tape:

—b11...Tb— (6.19)

This simulation captures the notion of Post-Turing computability. A function f : Nf — Ny is
Post-Turing computable if there is a Post-Turing program P such that for all arguments (c1,...,¢x) in
the domain of f, the program P started with the initial tape (6.11) ends with the final tape (6.19);
otherwise, the program P does not stop. Summing up, the following result has been established.

Theorem 6.2. Each GOTO computable function is Post-Turing computable.

6.4 Godel Numbering of Post-Turing Programs

A Gdédel numbering of Post-Turing programs will be provided similar to the Gédel numbering of SGOTO
programs. This numbering will be used to show that Post-Turing computable functions are partial
recursive.

To this end, let X1 = {b = ag,a1,...,as} be the tape alphabet containing the blank symbol b,
and let P = 0¢;01;...;04 be a Post-Turing program given by a sequence of instructions o;, 0 < 7 <g.
A configuration of the Post-Turing program P consists of the contents of the tape, the position of
the read/write head, and the instruction o; to be performed. Such a configuration can be pictured as
follows:

— a;

i1 Qig o oo Qg v oo Qg ——

t

1 (6.20)

gj

where all cells to the left of a;, and to the right of a;, contain the blank symbol.
A Gédel numbering of such a configuration can be considered as a triple (u, v, j) consisting of

the Godel numbering u = J (i1, ia,...,i) of the contents of the tape,
the position v of the read/write head, with 1 < v <t = pm(K™(u) = 0), and
the number j of the next instruction o;.

First, define a one-step function E : N3 — N3 that describes the process of moving from one
configuration to the next one during the computation of program P. For this, let z = (u,v,j) be a
configuration of the program given as in (6.20). A configuration z’ = (u/,v’,j’) is reached in one step
from z, written z Fp 2/, if one of the following holds:
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o Ifg;iswrite ay,
(w0, 5") = (J(i1y ooy o1y 8y Gg 1y« - 02), 0,5 + 1), (6.21)

o If o; is move left,

b (v —1,5+1) ifo>1,
(', v',5) = { (J(0,i1,...,i),v,7 + 1) otherwise. (6.22)
o If o; is move right,
by J(wo+ 154+ 1) if v < pm(K™(u) = 0),
(W', 77) = { (J(i1,...,is,0),0 + 1,7 + 1) otherwise. (6.23)
e Ifo;is if read a; then goto A, where the label A is given as an instruction number,
AN (U,U,A) if i’U[: L(Kt_v(u)] =1,
(', v,5') = { (u,v,7 + 1) otherwise. (6.24)

The function F : z — 2z’ is defined by cases and primitive recursive operations. It follows that E is
primitive recursive.

Second, the execution of the GOTO program P is given by a sequence zg, 21, 22, . . . of configurations
such that z; Fp z;41 for each ¢ > 0. During this process, a configuration z; may eventually be reached
such that the label of the involved instruction does not belong to the set of instruction numbers
L(P)=1{0,1,...,q}. In this case, the program P terminates. Such an event may eventually not happen.
In this way, the runtime function of P is a partial function Zp : N3 — Ny given by

Zo: 2 {min{t eN | (15Y 0 Eb)(2) & L(P)}if {...} #0, (6.25)
1 otherwise.

The runtime function may not be primitive recursive as it corresponds to an unbounded search process.
Claim that the runtime function Zp is partial recursive. Indeed, the one-step function Ep is primitive
recursive and thus its iteration is primitive recursive; that is, the function

Ep:Nj — N3 : (2,t) — Eb(z). (6.26)

But the set L(P) is finite and so the characteristic function xr,(p) is primitive recursive. Therefore, the
following function is also primitive recursive:

Ep i NE = No: (2,8) = (xpp) 0 750 0 Ep)(2,1). (6.27)
This function has the property that

1if EL(2) = (u,v,j) and j € L(P),

0 otherwise. (6.28)

Bp(0) = {
By definition, Zp = pE% and thus the claim follows.
The residual step function of the GOTO program P is given by the partial function Rp : N3 — N3
that maps an initial configuration to the final configuration of the computation, if any:
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e o)
This function is also partial recursive, since for each z € N3, Rp(z) = Ef (2, (LER)(2)).
Define the total functions
ap :Nf = N3 (21,...,2%) — (J(21,...,21),0,0) (6.30)
and
w1 : N3 — No: (u,0,5) — J (W), (6.31)
where v’ = J(i1,...,4m—1) if u=J(i1,...,4) and m is the smallest index with i,, = 0. Both functions

are primitive recursive; oy delivers the initial configuration of the program for a given input and w;
reads out the result of the computation. For each arity k € Ny, the Post-Turing program P provides
the partial recursive function

1P

k1 =wi0Rpoay. (6.32)

It follows that each Post-Turing computable function is partial recursive. Thus, Theorems 3.13 and 6.2
yield the following result.

Theorem 6.3. The class of Post-Turing computable functions equals the class of partial recursive func-
tions.
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Undecidability

In computability theory, undecidable problems refer to decision problems which are yes-or-no questions
on an input set. An undecidable problem does not allow to construct a general algorithm that always
leads to a correct yes-or-no answer. Prominent examples are the halting problem, the word problem in
group theory, and Hilbert’s tenth problem.

7.1 Undecidable Sets

A set of natural numbers is decidable, computable or recursive if there is an algorithm which terminates
after a finite amount of time and correctly decides whether or not a given number belongs to the set.
More formally, a set A in N5 is called decidable if its characteristic function x 4 is recursive. An algorithm
for the computation of y 4 is called a decision procedure for A. A set A which is not decidable is called
undecidable.

Example 7.1.
e Every finite set A of natural numbers is computable, since
xa(z) =sgno Z x=(a,z), =z € Ny.
a€A

In particular, the empty set is computable. _
e The entire set of natural numbers is computable, since Ny = (} (see Proposition 7.2).
e The set of prime numbers is computable (see Proposition 2.37).

Proposition 7.2.

e If A is a decidable set, the complement of A is decidable.
e If A and B are decidable sets, the sets AU B, AN B, and A\ B are decidable.

Proof. Plainly, x4 = csgo x4, xaup =sgno (xa + XB), XAnB = XA - XB, and XA\B = XA * X5 a
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There are two ways to prove that a set is undecidable. The first is diagonalization similar to Georg
Cantor’s (1845-1918) famous diagonalization proof, and the second is reduction of an already known
undecidable problem to the problem under consideration. Here is a prototypical undecidable set.

Proposition 7.3. The set K = {x € Ny | € dom ¢} is undecidable.

Proof. Assume that the set K would be decidable; i.e., the function xx would recursive. Then the
function f : Ng — Ny given by

_ [0if xg(z) =0,
fle) = {Tif Xicla) = 1. .1

is partial recursive. To see this, take the function g : N2 — Ny defined by g(z,y) = xx(z). The function
g is recursive and thus f = pg is partial recursive. It follows that the function f has an index e, i.e.,
f = ¢e. Then e € dom ¢, is equivalent to f(e) = 0, which in turn is equivalent to e ¢ K, which means
that e ¢ dom ¢, contradicting the hypothesis. O

Note that in opposition to the function f used in the above proof, the function A : Ny — Ny defined
by

h(z) = {0 i xae(z) = 1, (7.2)

(€]
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is partial recursive. To see this, observe that for each « € Ny, h(z) = 0-¢,(z) = 0-¢, ., (z, x). Moreover,

the function h’ : Ng — Ny given by

oy Jaif xg(z) =1,
i) = {T i i) = 0, (73

is partial recursive. Indeed, for each z € Ny, h/(z) = = - sgn(¢p(z) + 1) = x - ¢$3iv((x7x) +1). It is
interesting to note that the domain and range of the function h’ are undecidable sets, since dom h' =
ranh' = K.

The halting problem is one of the famous undecidabilty results. It states that given a program and
an input to the program, decide whether the program finishes or continues to run forever when run
with that input. Alan Turing proved in 1936 that a general algorithm to solve the halting problem for
all possible program-input pairs cannot exist. By Church’s thesis, the halting problem is undecidable
not only for Turing machines but for any formalism capturing the notion of computability.

Proposition 7.4. The set H = {(z,y) € N3 | y € dom ¢,,} is undecidable.

Proof. Suppose the characteristic function y g of H would be recursive. Then also the function g : Ng —
Ny : 2 — xpg(z,z) would be recursive. But this function equals the characteristic function of K, i.e.,
for all x € Ng, xx(z) = xu(z, ), and the function xk is not recursive. This provides a contradiction.
O

The halting problem has been proved by reduction. More generally, a subset A of Nf is said to be
reducible to a subset B of N} if there is a recursive function f : N& — N} such that



7.1 Undecidable Sets 67

rcA <+ f(x)eB, zecNk (7.4)
This assertion is equivalent to

xa(x) = xs(f(z)), €N (7.5)

This means that if B is decidable, A is also decidable; or by contraposition, if A is undecidable, B is
also undecidable. For instance, in the proof of the halting problem, the set K has been reduced to the
set H by the function f:z +— (z,z).

The next undecidability result makes use of the smn theorem.

Proposition 7.5. The set C = {z € Ny | ¢ = c(()l)} is undecidable.

Proof. Take the function f : N3 — Ny given by

ren = {28 (7.6)

This function is partial recursive, since it can be written as f = ho 71'52), where h is the function

given in (7.2). By the smn theorem, there is a recursive function g such that f(z,y) = ¢g(s)(y) for all
T,y € No.

Suppose x € K. Then f(x,y) = 0 for all y € Ny and so ¢4(,)(y) = cél)(y) for all y € Ny, which in
turn gives g(z) € C.

Suppose x ¢ K. Then f(x,y) is undefined for all y € Ny and hence ¢4, (y) is undefined for all
y € Ny, which means that g(z) ¢ C.

Thus the recursive function g provides a reduction of the set K to the set C'. But K is undecidable
and so C' is undecidable, too. a

Proposition 7.6. The set E = {(x,y) € N3 | ¢, = ¢, } is undecidable.

Proof. Let ¢ be an index for the function c(()l); ie., ¢ = c(()l). Define the function f : Ny — N2 given

by f(x) = (x,c¢). This function is clearly primitive recursive. Moreover, for each x € Ny, € C is

equivalent to ¢, = c(()l) which in turn is equivalent to f(z) € E. Thus the recursive function f provides
a reduction of the set C' to the set E. Since C' is undecidable, it follows that E is undecidable. a

Proposition 7.7. For each number a € Ny, the sets I, = {x € Ny | a € dom ¢, } and O, = {z € Ny |
a € ran ¢} are undecidable.

Proof. Consider the function f: N2 — Ny defined by

_Jyif xx(z) =1,
This function is partial recursive, since it can be written as f(z,y) = v - sgn(dz(z) +1) = y -

sgn(z/)(l) (z,2) 4+ 1). By the smn theorem, there is a recursive function g : Ny — Ny such that

f(xay) = ¢g(z)(y)7 z,y € Np. (78)
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Suppose x € K. Then f(z,y) =y for all y € Ny and thus dom ¢,(,) = ran ¢y(,) = No.

Suppose x ¢ K. Then f(z,y) is undefined for all y € Ny and so dom ¢(,) = ran ¢,y = 0.

It follows that for each a € Ny, € K is equivalent to both, g(z) € I, and g(x) € O,. Thus the
recursive function g provides a simultaneous reduction of K to both, I, and O,. Since the set K is
undecidable, the result follows. a

Proposition 7.8. The set T = {x € Ny | ¢, is total} is undecidable.

Proof. Assume that T' would be decidable, i.e., xr would be recursive. Consider the function f: Ny —
Np defined as

= {30 s = o

Since f(z) = x7(z) - (¢ (x) +1) = xr(2) - (z/)(l) (xz,2) 4+ 1), the function f is recursive. Thus there is

univ

an index e € T such that f = ¢.. But then ¢.(e) = f(e) = ¢e(e) + 1 contradicting the assumption. O

The undecidability results established so far have some practical implications, which are briefly
summarized using the formalism of SGOTO programs:

e The problem whether an SGOTO program P, halts with input y or not is undecidable.

e The problem whether an SGOTO program P, computes a specific function (here c((Jl)) or not is
undecidable.

e The problem whether two SGOTO programs P, and P, are semantically equivalent (input-output
behaviour) or not is undecidable.
The problem whether an SGOTO program P, halts for a specific input a or not is undecidable.

The problem whether an SGOTO program P, always halts or not is undecidable.

These undecidability results generally refer to the input-output behaviour or the semantics of
SGOTO programs. The following result of Henry Gordon Rice (born 1920) is a milestone in com-
putability theory. It states that for any non-trivial property of partial recursive functions, there is no
general and effective method to decide whether an algorithm computes a partial recursive function with
that property. Here a property of partial recursive functions is called trivial if it holds for all partial
recursive functions or for none of them.

Theorem 7.9. (Rice, 1953) If A is a proper subclass of unary partial recursive functions, the corre-
sponding index set

prog(A) = {z € Ny | ¢, € A} (7.10)
is undecidable.

By Example 7.1, if A is a class of unary partial recursive functions, prog(.A) is decidable if and only if
A is either empty or consists of all partial recursive functions.

Proof. By Proposition 7.2, if a set is decidable, also its complement is decidable. Therefore, it may be
assumed that the nowhere defined function f; does not belong to A. Take any function f € A and
define the function h : N3 — Ny as follows:
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Since h(z,y) = f(y) - sen(d=(x) + 1) = f(y) - sgn(w&)iv(x,x) + 1), the function h is partial recursive.
Therefore by the smn theorem, there is an unary recursive function g such that

h(z,y) = (bg(rc) (y), z,yeN;

Suppose x € K. Then h(z,y) = f(y) for all y € Ny and thus ¢4, = f. It follows that g(z) € prog(A).
Suppose z ¢ K. Then h(z,y) =T for all y € Ny and so ¢4(,) = f. Hence, g(z) ¢ prog(A).

Therefore, the recursive function g reduces the set K to the set prog(.A). Since the set K is unde-
cidable, the result follows. O

Note that an index for a function is essentially the same as a program computing it. Thus Rice’s
theorem informally states that it is impossible to decide anything about a function from its program.
Practically, this means that there exists no systematic procedure telling whether or not an arbitrary
program is correct.

7.2 Semidecidable Sets

A set A of natural numbers is called computably enumerable, semidecidable or provable if there is an
algorithm such that the set of input numbers for which the algorithm halts is exactly the set of numbers
in A. More generally, a subset A of N} is called semidecidable if the function f : N§ — Ny defined by

lifx e A,
T otherwise,

)= { (7.11)

is partial recursive.

Proposition 7.10. A subset A of N} is semidecidable if and only if the set A is the domain of a k-ary
partial recursive function.

Proof. Let A be semidecidable. Then the corresponding function f given in (7.11) has the property
that dom f = A. Conversely, let A be a subset of N§ for which there is a partial computable function
h : Nt — Ny with the property that domh = A. Then the function f = v o cél) o h is also partial
recursive and coincides with function in (7.11). Hence the set A is semidecidable. O

Example 7.11. The prototypical set K is semidecidable as it is the domain of the partial recursive
function in (7.2). ¢

A program for the function f given in (7.11) provides a partial decision procedure for A: Given
x € NE. If z € A, the program started with input x halts giving a positive answer. Otherwise, the
program does eventually not halt in a finite number of steps.

Proposition 7.12. Fach decidable set is semidecidable.
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Proof. Let A be a decidable subset of N&. Then the function g : N’g“ — Ny defined by

Oif x € A,

1 otherwise, (7.12)

9(x,y) = (csgoxa)(z) = {

is recursive. It follows that the function f = ug is partial recursive. But pg(x) = y if g(x,y) = 0 and
g(x,i) Z0forall 0 <i <y, and pg(x) =1 otherwise. Thus pg(x) = 0if ¢ € A and pg(x) =1 otherwise.
Hence, dom f = A as required. O

Proposition 7.13. The set H corresponding to the halting problem is semidecidable.
1)

univ

=(y) if y € dom ¢,
1/)&1)1\,(% y) = {(Tb v ot}gierwise. ¢ (7.13)

Proof. The universal function has the property

It follows that H = dom w(l) as required. g

univ

Proposition 7.14. Let A be a subset of NE that is reducible to a semidecidable subset B of Ni. Then
A is also semidecidable.

Proof. By definition, there is a recursive function f : N& — N} such that = € A iff f(xz) € B. Moreover,
there is a partial recursive function g : N} — Ny such that B = dom g. Thus the composite function
go f: Nk — Ny is partial recursive. Then for each = € NE, = € A is equivalent to f(x) € B which in
turn is equivalent that g(f(x)) is defined. Hence, dom g o f = A as claimed. O

The next assertion states that each semidecidable set results from a decidable one by unbounded
existential quantification. That is, a partial decision procedure can be formulated as an unbounded
search to satisfy a decidable relation.

Proposition 7.15. A subset A of NE is semidecidable if and only if there is a decidable subset B of
NEFL such that A = Jy[(x,y) € B.

Proof. Let B be a decidable subset of Nf ™ and A = Jy[(x,y) € B]. Consider the function f : Nf — Ny
given by

01if (z,y) € B for some y € Ny,

T otherwise. (7.14)

@) = ulest o xo)l@) = {
Clearly, dom f = A.

Conversely, let A be a semidecidable subset of N§. Then there is an index e such that dom ¢£’“) =A.
By Kleene’s normal form theorem, an element = € N} satisfies « € A if and only if = € Jy[(e, z,y) € Tk]
if e is considered to be fixed. That is, A = Jy[(e, x,y) € Ti], where T}, is a (primitive) recursive set. O

The next result shows that the class of semidecidable sets is closed under unbounded existential
minimalization.

Proposition 7.16. If B is a semidecidable subset of Ni ™', the set A = Jy[(z,y) € B] is a semidecidable
subset of N&.
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Proof. Let B be a semidecidable subset of NISH. By Proposition 7.15, there is a decidable sub-
set C' of Ni™ such that B = 3z[(x,y,2) € C]. The search for a pair (y,z) of numbers with
(z,y,2) € C can be replaced by the search for a number u such that (z, Ko(u), La(u)) € C; that
is, A = Ju[(z, K2(u), La(u)) € C]. Thus by Proposition 7.15, the set A is semidecidable. O

In opposition to this result, the class of decidable sets is not closed under unbounded existential
minimalization. For instance, by Kleene’s normal form theorem, the prototypic set K corresponds to
the set Jy[(z, z,y) € T1] where T} is a (primitive) recursive set.

Another useful connection between decidable and semidecidable sets is the following.

Proposition 7.17. A subset A of NE is decidable if and only if A and A are semidecidable.

Proof. If A is decidable, by Proposition 7.2, the set A is also decidable. Conversely, if A and A are
semidecidable, a decision procedure for A can be established by using the partial decision procedures
for A and A which are simultaneously considered. One of which will provide a positive answer in a
finite number of steps giving the answer for the decision procedure for A. O

Example 7.18. The complement of the halting problem, H = {(z,y) € N2 | y ¢ dom ¢,}, is not
semidecidable, since the set H is semidecidable but not decidable. ¢

Define the graph of a partial function f : NE — Ny as the set

graph(f) = {(z,y) e Ng*' | f(z) = y}. (7.15)

Proposition 7.19. A function f : Nf — Ny is partial recursive if and only if the graph of f is semide-
cidable.

Proof. Let f be partially recursive. Then there is an index e for f, i.e., f = (bék). The relation Sk used to
derive Kleene’s normal form shows that f(xz) = y is equivalent to (x,y) € 3t[(e, x,y,t) € Sk. Thus the
set graph(f) is obtained form the decidable set Sy, where e is kept fixed, by existential quantification
and hence is semidecidable.

Conversely, let graph(f) be semidecidable. Then there is a decidable relation A C N§+2 such that

graph(f) = 3z[(x,y,2) € A].

To compute the function f, take an argument & € N§ and systematically search for a pair (y, z) € N2
such that (x,y, z) € A. If such a pair exists, put f(x) = y. Otherwise, set f(x) =T. O

7.3 Recursively Enumerable Sets

The terminology for decidable and semidecidable sets of natural numbers will be changed a bit. A set
A of natural numbers is called recursive if its characteristic function x4 is recursive, and a set A of
natural numbers is called recursively enumerable if its characteristic function y 4 is partial recursive.

The first result provides the relationship between decidable and recursive sets as well as semidecid-
able and recursively enumerable sets.

Proposition 7.20. Let J; : Nk — Ny be a primitive recursive bijection.
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o A subset A of NE is decidable if and only if J,(A) is recursive.
o A subset A of NE is semidecidable if and only if Jx(A) is recursively enumerable.

Proof. To prove the first part, note that the function x j, (4 is recursive iff x4 o J;; 1is recursive. To
prove the second part, take a k-ary partial recursive function f such that domf = A. Then function
XJi(A) 18 recursive enumerable iff f o J~ 1 is recursive enumerable. g

First, closure properties of recursive sets are studied.

Proposition 7.21. If A and B are recursive sets, the sets A, AUB, AN B, and A\ B are recursive.

Proof. Let the functions x4 and xp be recursive. Then the functions x4 = csg o x4, xaup = sgn o
(xa +XxB), XanB = XA - XB, and X4\ 5 = XA - X7 are also recursive. ]

The Godel numbering of GOTO programs yields an enumeration of all unary partial recursive
functions

¢0a¢1a¢27"' (716)

By taking the domains of these functions, i.e., D, = dom ¢,, this list provides an enumeration of all
recursively enumerable sets

Do, D1, Ds, ... (7.17)

Let A be a recursively enumerable set. Then there is a Gédel number e € Ny such that D, = A. The
number e is called an index for A.

Proposition 7.22. For each set A of natural numbers, the following assertions are equivalent:

e A is recursively enumerable.
e A =10 or there is an unary recursive function f such that A =ran f.
o There is a k-ary partial recursive function g such that A =rang.

Proof. e First, let A be a nonempty recursively enumerable set. Take a € A and let e be an index for
A. By using Kleene’s normal form theorem, define the unary function

pran {9 K0 bt < s

Since A = dom ¢, it follows that A = ran f as required.

e Second, let A =0 or A = ran f for some unary recursive function f. Define the partial recursive
function g such that g is the nowhere-defined function, if A = @, and g = f,if A # (). Then A =rang
as required.

e Third, let g be a k-ary partial recursive function such that A = rang. By Proposition 7.19, the
set B = {(x,y) € NET1 | g(x) = y} is semidecidable and thus by Proposition 7.16, the set A =
Jzy ... Jxg[(x1, ..., 2k, y) € B] is recursively enumerable. O
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This result shows that a nonempty set of natural numbers A is recursively enumerable if and only if
there is an unary recursive function f that allows to enumerate the elements of A, i.e.,

A= {f(0), J1). F(2)... }. (7.19)

Such a function f is called an enumerator for A. By the Kleene normal form theorem, the enumerator
f is actually primitive recursive.

Proposition 7.23. If A and B are recursively enumerable sets, the sets AN B and AU B are also
recursively enumerable.

Proof. First, let f and g be unary partial recursive functions such that A = dom f and B = domg.
Then f - g is partial recursive with the property that dom f-g = AN B.

Second, let A and B be nonempty sets, and let f and g be unary recursive functions such that
A =ran f) and B = rang. Define the unary function h as

s f(lz/2]) if x is even,
hia {g( |x/2]) otherwise. (7.20)

That is, h(0) = f(0), h(1) = g(0), h(2) = f(1), h(3) = g(1) and so on. The function h defined by cases
is recursive and satisfies ranh = AU B.
O

Proposition 7.24. An infinite set A of natural numbers is recursive if and only if there is a strictly
monotonous enumerator for A.

Proof. Let A be an infinite and recursive set. Define the unary function f by minimalization and
primitive recursion as follows:

f(0) = pyly € A, (7.21)
fn+1) = pyly € Any > f(n)]. (7.22)
This function is recursive, strictly monotonous and satisfies ran f = A.

Conversely, let A = ran f be an infinite set and let f be a strictly monotonous unary recursive
function. Then f(n) = y implies y > n and thus

yeA << dnn<yAf(n) =yl (7.23)

The relation on the right-hand side is decidable and so A is recursive. O

7.4 The Theorem of Rice-Shapiro

A classical result in computability theory is the Rice-Shapiro theorem conjectured by Henry Gordan
Rice and proved by Norman Shapiro (born 1932). It gives an extensional characterization of classes of
recursively enumerable sets whose index set is recursively enumerable.

For this, an unary function ¢ is called an extension of an unary function f, written f C g, if
dom f C dom g and f(z) = g(x) for all € dom f. The relation of extension is an order relation on the
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set of all unary functions with smallest element given by the nowhere-defined function. The maximal
elements are the unary recursive functions.

An unary function f is called finite if its domain is finite. Each finite function f is partial recursive,
since

fl@)= > csgllz—al)f(a), x€No. (7.24)

a€dom f

Theorem 7.25. (Rice-Shapiro) Let A be a class of unary partial recursive functions such that the
corresponding index set prog(A) = {x € Ny | ¢, € A} is recursively enumerable. Then an unary partial
recursive function f lies in A if and only if there is a finite function g € A such that g C f.

Proof. First, let f € A and assume that no finite function g extended by f does lie in A. Take the
prototypical recursively enumerable set K = {z | x € dom ¢, }, let e be an index for K, and let P, be
a GOTO program that computes ¢.. Define the function

if P, computes ¢.(z) in <t steps,

1
g: (1)~ {f(t) otherwise. (7.25)

The function g is obviously partial recursive. By the smn theorem, there is an unary recursive function
s such that

9(z,t) = ¢5(z)(t), ¢,z €No. (7.26)

Moreover, ¢4,y C f for each z € Ny.
Consider two cases:

e If z € K, the program P.(z) halts, say, after o steps. Then

1 ifte<t,
ba((t) = {f(t) othoerwise. (7.27)

and so ¢y, is finite. By hypothesis, ¢,(,) does not belong to A.
e If 2 ¢ K, the program P,(z) does not halt and so ¢,(.) = f which implies that ¢,y € A.

It follows that the function s reduces the non-recursively enumerable set K onto the set prog(A)
contradicting the assumption that prog(.A) is recursively enumerable.

Conversely, let f be an unary partial recursive function that does not belong to A and let g be a
finite function in A such that g C f. Define the function

ft)ift € domg or z € K,

hi(z,0) = { T otherwise. (7.28)

The function h is obviously partial recursive. By the smn theorem, there is an unary recursive function
s such that

h(z,t) = Cbs(z) (t), t,z € Np. (729)

Consider two cases:



7.5 Diophantine Sets 75

o Ifze K, ¢y)=fandso ¢y) & A
o Ifz& K, ¢y)(t) = f(t) = g(t) for all £ € dom g and ¢, is undefined elsewhere. Hence, ¢,y € A.

It follows that the function s provides a reduction of the non-recursively enumerable set K onto the set
prog(A) contradicting the hypothesis that prog(.A) is recursively enumerable. 0

Corollary 7.26. Let prog(A) = {x € Ny | ¢ € A} be recursively enumerable. Then any extension of
a function in A is itself in A.

Proof. Let h extend f, with f € A. Then there is a finite function g such that f extends g. But then
also h extends g and it follows by the theorem of Rice-Shapiro that A lies in A. O

Corollary 7.27. Let prog(A) = {z € Ny | ¢ € A} be recursively enumerable. If the nowhere-defined
function is in A, all unary partial recursive functions are in A.

Proof. Each unary computable function extends the nowhere-defined function and so by the theorem
of Rice-Shaprio the result follows. O

Claim that the theorem of Rice is a consequence of the theorem of Rice-Shapiro. Indeed, let A be
a set of unary partial recursive functions. If prog(.A) is decidable, both the set and its complement are
recursively enumerable. Thus A or A must contain the nowhere-defined function and hence consists of
all partial recursive functions. It follows that the set A is trivial and the claim is proved.

Example 7.28. ¢ The set {z | ¢, finite} is not recursively enumerable by Corollary 7.26.
e The set {z | ¢, has infinite range} is not recursively enumerable by the theorem of Rice-Shapiro.

¢

7.5 Diophantine Sets

David Hilbert (1982-1943) provided a list of 23 mathematical problems at the International Mathemat-
ical Congress in Paris (1900). The tenth problem on the list has posed the problem to decide for an
arbitrary polynomial with integer coefficients whether or not it has integer solutions. In 1970, a result
in mathematical logic known as Matiyasevich’s theorem settled the problem negatively.

Let Z[X1, Xa,...,X,] denote the commutative polynomial ring in the unknowns Xi, Xo,..., X,
with integer coefficients. Each polynomial p in Z[X;, X, ..., X,,] gives rise to a diophantine equation

p(Xlquv"an):O (730)

asking for integer solutions of this equation. Note that a diophantine equation always has complex-
valued solutions but may not have any integer solution such as X2 — 1 = 0.

Example 7.29. Linear diophantine equations have the form a1 X1 +...+a,X,, = b. If b is the greatest

common divisor of aj,...,a, (or a multiple of it), the equation has an infinite number of solutions.
This is Bezout’s theorem. The solutions can be found by applying the extended Euclidean algorithm.
If b is not a multiple of the greatest common divisor of ai,...,a,, the diophantine equation has no

solution. ¢
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Let p be a polynomial in Z[ X7, ..., X,,Y1,...,Y,]. The n-ary relation

{(x1,...,zn) NG | p(z1, .y Tn, Y1, - - -, Ym) = O for some y1,...,ym € No} (7.31)

is called a diophantine set and is denoted by Ty ... Jym[p(x1, ..., Tny Y1, .., Ym) = 0]. It follows that
each diophantine set arises from a decidable set by existential quantification. Thus Proposition 7.15
provides the following result.

Proposition 7.30. Fach diophantine set is semidecidable.

Example 7.31. ¢ The set of positive integers is diophantine, being {z | Iy[z = y + 1]}.
e The predicates < and < are diophantine, since x < y iff Iz[y = x+ 2], and x < y iff Iz[y = x+2z+1].
e The predicate a = bmod ¢ is diophantine, since it can be written as Jz[(a — b)? = c22?]. ¢

The converse of the above proposition was proved by Yuri Matiyasevic in 1970.
Theorem 7.32. Each semidecidable set is diophantine.

That is, for each semidecidable set A in Nj} there is a polynomial p in Z[X;,..., X,,Y1,..., Y] such
that

A= EIyl s Elym[p(zla ey Ty Yty e ay’m) = 0] (732)

The negative solution to Hilbert’s tenth problem can be proved by using the four-square theorem
due to Joseph-Louis Lagrange (1736-1813). For this, an identity due to Leonhard Euler (1707-1783) is
needed which is proved by multiplying out and checking:

(a®> +0* + A+ d*) (1 +u? + v +w?) = (7.33)
(at + bu + cv + dw)* + (au — bt + cw — dv)? + (av — ct — bw + du)? + (aw — dt + bv — cu)?.

This equation implies that the set of numbers which are the sum of four squares is closed under
multiplication.

Theorem 7.33. (Lagrange, 1770) Each natural number can be written as a sum of four squares.
For instance, 3 = 12 + 12 + 12 4 0%, 14 = 32 + 22 4 12 + 02, and 39 = 5% + 32 + 22 4+ 1%

Proof. By the above remark it is enough to show that all primes are the sum of four squares. Since
2 =12+ 12 4+ 02 + 02, the result is true for 2.

Let p be an odd prime. First, claim that there is some number m with 0 < m < p such that mp is a
sum of four squares. Indeed, consider the p+ 1 numbers a? and —1 —b? where 0 < a,b < (p—1)/2. Two
of these numbers must have the same remainder when divided by p. However, a? and ¢? have the same
remainder when divided by p iff p divides a? — ¢?; that is, p divides @ + ¢ or a — c. Thus the numbers a?
must all have different remainders. Similarly, the numbers —1 — b? have different remainders. It follows
that there must be a and b such that a? and —1 — b? have the same remainder when divided by p;
equivalently, a? + b2+ 12 402 is divisible by p. But a and b are at most (p—1)/2 and so a? +b*+ 12 402
has the form mp, where 0 < m < p. This proves the claim.

Second, claim that if mp is the sum of four squares with 1 < m < p, there is a number n with
1 < n < m such that np is also the sum of four squares. Indeed, let mp = % + 23 + 23 + 23 and suppose
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first that m is even. Then either each x; is even, or they are all odd, or exactly two of them are even. In
the last case, it may be assumed that ;1 and x5 are even. In all three cases each of z1 + x5 and z3+ x4
are even. So (m/2)p can be written as ((z1 +x2)/2)? + ((x1 — 22)/2)* + (23 +24) /2)? + ((x3 — 24) /2)?,
as required.

Next let m be odd. Define numbers y; by x; = y; modm and |y;| < m/2. Then y} +y3 +y3 +y3 =
22 + 23 + 2% — 23 modm and so y? + y3 + y2 + y3 = nm for some number n > 0. The case n = 0 is
impossible, since this would make every y; zero and so would make every x; divisible by m. But then
myp would be divisible by m?, which is impossible since p is a prime and 1 < m < p.

Clearly, n < m since each y; is less than m /2. Note that m2np = (23 +23+23 —23)(y? +y3 +y32 +y3).
Use Euler’s identity to write m2np as a sum of four squares. Claim that each integer involved in this
representation is divisibe by m. Indeed, one of the involved squares is (z1y1 + X2y + X3y3 +334y4)2. But
the sum x1y1 +22y2 +3y3 + T4y, is congruent mod m to y% —&—y% +y§ —I—yi, since x; = y; mod m. However,
y? +v3 +y3 +y3 = 0mod m, as needed. Similarly, the other three integers involved are divisible by m.
Now m?np is the sum of four squares each of which is divisible by m?2.p It follows that np itself is the
sum of four squares, as required.

Finally, the process to write a multiple mp of p as a sum of four primes interates leading to smaller
multiples np of p. This process will end by reaching p. a

Let p be a polynomial in Z[ X1, ..., X,]. Define the integral polynomial ¢ in the unknowns 77, . .., Ty,
Uy,...,U,, Vi...,V,, Wy, ..., W, such that

q(Tl,TQ,...,Tn,Ul,UQ,...,Un,vl,‘/g,...,Vn,Wl,WQ,...,Wn) = (734)
p(IT +UT + VE+ W2 TS + U3 + VE + W3, T2+ UL+ V2 +W)).

Let @ = (z1,...,2,) € Nj be a solution of the diophantine equation
p(X1,...,X,)=0 (7.35)
and let t = (t1,...,tn), u = (U1,...,Uy), ©v = (V1,...,0,), w = (wy,...,w,) be elements of Z™ such

that by the theorem of Lagrange,
v =1 4wl +oPdw?, 1<i<n. (7.36)
Then (¢, u, v, w) € Z*" is a solution of the diophantine equation
q(Ty, ..., T, Uy U Vi Vi, W, W) = 0. (7.37)

The converse assertion also holds. It follows that if there is an effective procedure to decide whether
diophantine equation (7.37) has integer solutions, there is an effective procedure to decide whether
diophantine equation (7.35) has nonnegative integer solutions.

Theorem 7.34. Hilbert’s tenth problem is undecidable.

Proof. The set K is recursively enumerable and so there is a polynomial p in Z[X, Y7, ..., Y,,] such that

K=391~-~5|ym[p($7y1,-~-,ym) :0] (738)

Suppose there is an effective procedure to decide whether or not a diophantine equation has nonnegative
integer solutions. Then the question whether a number x € Ny lies in K or not can be decided by
finding a nonnegative integer solution of the equation p(z,Y1,...,Y,,) = 0. However, this contradicts
the undecidability of K. a
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Word Problems

The undecidability of the halting problem has many consequences not only in computability theory
but also in other branches of science. The word problems encountered in abstract algebra and formal
language theory belong to the most prominent undecidability problems.

8.1 Semi-Thue Systems

The word problem for a set is the algorithmic problem of deciding whether two given representatives
represent the same element. In abstract algebra and formal language theory, sets have a presentation
given by generators and relations which allows the word problem for a set to be decribed by utilizing
its presentation.

A string rewriting system, historically called a semi-Thue system, is a pair (X, R) where X' is an
alphabet and R is a binary relation on nonempty strings over X, i.e., R C Xt x YT, Each element
(u,v) € R is called a rewriting rule and is written as u — v. Semi-Thue systems were introduced by
the Norwegian mathematician Axel Thue (1863-1922) in 1914.

The rewriting rules can be naturally extended to strings in X* by allowing substrings to be rewritten
accordingly. More formally, the one-step rewriting relation — g induced by R on X* is a binary relation
on X* such that for any strings s and ¢ in X%,

s —pt <= s=zuy,t=axvy, u— v for some z,y,u,v € X*. (8.1)

That is, a string s is rewritten by a string ¢ when there is a rewriting rule « — v such that s contains
u as a substring and this substring is replaced by v giving the string ¢.

The pair (X*, —g) is called an abstract rewriting system. Such a system allows to form a finite
or infinite sequence of strings which are produced by starting with an initial string s € X+ and
repeatedly rewriting it by using one-step rewriting. A zero-or-more steps rewriting or derivation like
this is captured by the reflexive transitive closure of —p denoted by — . That is, for any strings
s,t € X1, s —=ptif and only if s = ¢ or there is a finite sequence s, S1, . . ., Sm of elements in X1 such
that so = s, $; =g Si+1 for 0 <i<m —1, and s, = ¢.

Example 8.1. Take the semi-Thue system (X, R), where X' = {a, b} and R = {(ab, bb), (ab, a), (b, aba)}.
The derivation abb — g ab — g bb — g baba — r bbba shows that abb —*;R bbba. ¢
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The word problem for semi-Thue systems can be stated as follows: Given a semi-Thue system (X, R)
and two strings s, € 27, can the strings s be transformed into the strings ¢ by applying the rules from
R; that is, s —p t?

This problem is undecidable. To see this, the halting problem for SGOTO-2 programs is reduced to
this problem. For this, let P = s¢;s1;...;5,—1 be an SGOTO-2 program consisting of n instructions
such that the label n is the only one that does not address an instruction (and thus leads to termination).
A configuration of the two-register machine is given by a triple (j,z,y), where 0 < j < n — 1 is the
actual instruction, = is the content of the first register, and y is the content of the second register.
These numbers are encoded in unary format

f—j\ﬁ/—/y\ﬁ
T=1LL...L and §=1LL...L. (8.2)

In this way, each configuration of the two-register machine can be written as a string
aZjyb (8.3)

over the alphabet X = {a,0,0,1,2,...,n,L}.
Define a semi-Thue system (X, Rp) that simulates the mode of operation of the SGOTO-2 pro-
gram P. For this, each SGOTO-2 instruction is assigned an appropriate rewriting rule as follows:

GOTO-2 instructions | rewriting rules
(Jyx1 —x1 + 1,k) j, Lk)

(j,x9 — 2o + 1, k) J, kL)

(jal'l —x1 — 1, k) Lj, k)a (aj’ak)
(]7*%2‘_552_17]{) ]ka)v (Jb kb)
(j Lj, Ll), (aj,ak)
(J JjL,IL), (b, kb)

Py

)
J,if 2 =0,k,1)
Moreover, the semi-Thue system contains two cleanup rewriting rules
(Ln,n) and (anL,an). (8.4)
Example 8.2. Consider the SGOTO-2 program P:
(0,if z1=0,3,1)
(1,1’1 — 1 — 172)
(2,%1 — T — 1,0)
(3,if 2 =0,5,4)
(4,332 — X9 + 1,3)

This program computes the function

_Joifx >y,
1@ y) = { 1 otherwise. (8.5)

The corresponding semi-Thue system over the alphabet X = {a,b,0,1,2,3,4,5, L} consists of the
rewriting rules
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(L0, L1), (a0, a3), (L1,2), (al,a2), (2L, 0), (2b,0b), (3L, 4L), (3b, 5b), (4,3L), (L5,5), (a5L, a5). (8.6)

Here is a sample computation, where the registers initially hold the values z1 = 3 and x5 = 2:

SGOTO-2 program | semi-Thue system
(0,3,2) aLLLOLLb
(1,3,2) aLLL1LLb
(2,2,2) aLL2LLb
(0,2,1) aLLOLb
(1,2,1) aLL1Lb
(2,1,1) aL2Lb
(0,1,0) aL0b
(1,1,0) allb
(2,0,0) a2b
(0,0,0) a0b
(3,0,0) a3b
(5,0,0) abb

The contruction immediately yields the following result.
Proposition 8.3. If (j,z,y) is a configuration of the SGOTO-2 program P with j < n, the semi- Thue
system (X, Rp) provides the one-step rewriting rule

aTjyb — g, aukvb, (8.7)
where (k,u,v) is the successor configuration of (j,x,y). There is no other one-step rewriting rule in the
semi-Thue system applicable to aTjyb.
The iterated use of this statement leads to the following result.
Proposition 8.4. A configuration (j,x,y) of the SGOTO-2 program P with j < n leads to the config-
uration (k,u,v) if and only if

aZjgb g, aukvb. (8.8)
Moreover, if the SGOTO-2 program terminates, its final configuration is of the form (n,z,y). The
corresponding word in the semi-Thue system is aZnyb which can be further rewritten according to the
cleanup rules (8.4) as follows:

aZngb g, anb. (8.9)

This establishes the following result.

Proposition 8.5. An SGOTO-2 program P started in the configuration (0,x,y) halts if and only if in
the corresponding semi-Thue system,

az0gh SR, anb. (8.10)

This provides an effective reduction of the halting problem for SGOTO-2 programs to the word problem
for semi-Thue systems. But the halting problem for SGOTO-2 programs is undecidable and thus we
have the following result.

Theorem 8.6. The word problem for semi-Thue systems is undecidable.
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8.2 Thue Systems

Thue systems form a subclass of semi-Thue systems. A Thue system is a semi-Thue system (X, R)
whose relation R is symmetric, i.e., if u — v € R then v — u € R. In a Thue system, the reflexive
transitive closure — g of the one-step rewriting relation — g is also symmetric and thus an equivalence
relation on X7T.

The word problem for Thue systems is also undecidable. To see this, Thue systems will be related to
semi-Thue systems. For this, let (X, R) be a semi-Thue system. The symmetric closure of the rewriting
relation R is the symmetric relation

R® =RUR™!, (8.11)

where R~ = {(v,u) | (u,v) € R} is the inverse relation of R. The set R(*) is the smallest symmetric
relation containing R, and the pair (X, R(*)) is a Thue system. The relation = p) is thus the reflexive
transitive and symmetric closure of —x and hence an equivalence relation on X*. That is, for any
strings s,t € X, s S t if and only if s = ¢ or there is a finite sequence sg, 51, .. . , 5, of elements in
YT such that s = sg, s; — R Si11 0O 8,41 —r 8; for 0 <4 <m —1, and s, = t. Note that if s LR@) t
holds in a Thue system (E,R(S)), neither s g t nor t —pg s need to hold in the corresponding
semi-Thue system (X, R).

Example 8.7. Consider the semi-Thue system (X, R), where X' = {a, b} and R = {(ab,b), (ba,a)}. The
corresponding Thue system is (X, R(®)), where R®®) = RU {(b,ab), (a,ba)}. In the semi-Thue system,
rewriting is strictly antitone leading to smaller strings, i.e., if u g v and u # v, then |u| > |v|. For
instance, aabb — g abb — g bb. On the other hand, aabb — () abb — p(s) abab, but neither aabdb 2k abab
nor abab = i aabb. ¢

Theorem 8.8. (Post’s Lemma) Let P be an SGOTO-2 program with n instructions, let (X, Rp)

be the corresponding semi-Thue system, and let (X, Rgf)) be the associated Thue system. For each
configuration (j,x,y) of the program P,

aTjgb SR, anb <=  aTjyb LR@ anb. (8.12)
P

Proof. The direction from left-to-right follows directly from the definitions. Conversely, let (j,z,y) be
a configuration of the program P. By hypothesis, there is a rewriting sequence in the Thue system such
that

so = azjyb —>R§;~) S1 —>jo) - —>R§;~) Sq = anb, (8.13)

where it may be assumed that the length g+ 1 of the derivation is minimal. It is clear that each occurring
string s; corresponds to a configuration of the program P, 0 <1i < gq.

Suppose the derivation (8.13) does not lie in the semi-Thue system. That is, there is rewriting step
Sp < Rp Sp+1, 0 < p < ¢ — 1. The index p can be chosen to be maximal with this property. But there
is no rewriting rule applicable to s, = anb and thus p + 1 < ¢. This yields the following situation:

Sp “"Rp Sp+1 —Rp Sp+2- (8.14)

However, the string s,41 encodes a configuration of P and there is at most one rewriting rule that is
applicable to it. Thus the words s, and sp;2 must be identical and hence the derivation (8.13) can be
shortened by deleting the strings s, and s,42 contradicting the assumption. O
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The above result due to the Jewish logician Emil Post (1897-1954) provides an effective reduction
of derivation in semi-Thue system to derivations in Thue systems. But the word problem for semi-Thue
systems is undecidable and thus we obtain the following result.

Theorem 8.9. The word problem for Thue systems is undecidable.

8.3 Semigroups

A semigroup is an algebraic structure consisting of a non-empty set S together with an associative
binary operation. For instance, the set of all non-empty strings X+ over an alphabet X together with
the concatenation of strings is a semigroup, the free semigroup over 3.

Each Thue systems gives rise to a semigroup in a natural way. To see this, let (X, R(S)) be a Thue
system. The rewriting relation — Rr(» on X is an equivalence relation. The equivalence class of a string
s € X7 is the subset [s] of all strings in X" that can be derived from s by a finite number of rewriting
steps:

[s]={te XF |s Spe t} (8.15)

Proposition 8.10. The set of equivalence classes H = H(X,R®)) = {[s] | s € £t} forms a semigroup
with the operation

[s]o[t] = [st], s,teXT. (8.16)

Proof. Claim that the operation is well-defined. Indeed, let [s] = [¢'] and [t] = [¢'] for some s, s ¢, ¢ €
X+, Then s i>R(s) s, s LR(S) s, and t LR(S) t', t LR@ t. Thus st $R<s) s't LR@) s't’ and
s't 5 pey st S g st. Tt follows that [st] = [s'] and so the claim is proved. a

Example 8.11. Consider the Thue system (X, R(®)), where ¥ = {a,b} and R = {(ab,b), (ba,a)}. For

instance, a —ps) ba — g aba — g aa and b — ey ab — s bab — gy bb and thus [a] = [aa] and
[b] = [bd]. ¢
The word problem for the semigroup H = H(E,R(S)) asks whether arbitrary strings s,t € YT

describe the same element [s] = [t] or not. By definition,
[s]=[t] <= s>p=t, stecXT. (8.17)

This provides an effective reduction of the word problem Thue systems to the word problem for semi-
groups. This implies the following result which was independently established by Emil Post (1987-1954)
and Andrey Markov Jr. (1903-1979).

Theorem 8.12. The word problem for semigroups is undecidable.
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8.4 Post’s Correspondence Problem

The Post correspondence problem is an undecidable problem that was introduced by Emil Post in 1946.
Due to its simplicity it is often used in proofs of undecidability.
A Post correspondence system (PCS) over an alphabet X is a finite set IT of pairs (o, 3;) € X T x X,

1 <4 < m. For each finite sequence % = (i1,...,%) € {1,...,m}T of indices, define the strings

a(i) =a; 0a4, 00, (8.18)
and

B(i) = Biy 0 Biz 0+ 0 B, (8.19)

A solution of the PCS IT is a sequence % of indices such that a(z) = ((3).

Example 8.13. The PCS I = {(a1, 1) = (a,aaa), (az, B2) = (abaa, ad), (as, B3) = (aab,b)} over the
alphabet X' = {a,b} has the solution 7 = (2,1, 1, 3), since

a(i) = azoqi oay oaz =abaaoaoaoaab
= abaaaaaab
=aboaaaocaaaob = fyo ol ofs=L(3).

¢

The word problem for Post correspondence systems asks whether a Post correspondence system has
a solution or not. This problem is undecidable. To see this, the word problem for semi-Thue systems is
reduced to this problem. To this end, let (X, R) be a semi-Thue system, where X' = {a1,...,a,} and
R = {(us,v;) | 1 < i < m}. Take a copy of the alphabet X' given by X’ = {a],...,a,}. In this way,
each string s = a;,a, ... a;, over X is assigned a copy s’ = aj, aj, ...a; over X'

Put ¢ = m+n andlet s,t € X 7. Define the PCS IT = I1(X, R, s,t) over the alphabet XUX'U{z,y, z}
by the following 2q + 4 pairs:

(ai, Bi) = (us,v7), 1 < i <m,
(i Bmi) = (aiya;), 1 <i<mn,
(agris Bp+i) = (uj,vi), 1 <@ <m,
(Qgtmtis Bpymsi) = (a5,0:), 1 <i<mn, (8.20)
(@2g+1, Bopt1) = (¥, 2),
(2q+2, Bopt2) = (2,9),
(a2py3, Bopys) = (z,z5Y),
(a2pta, Bapra) = (2tz, @)

Example 8.14. Take the semi-Thue system (X, R), where X' = {a, b} and R = {(ab, bb), (ab, a), (b, aba)}.
The corresponding PCS IT = II(X, R, s,t) over the alphabet {a,b,a’,b', z,y, 2} consists of the pairs
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¢

First, observe that the derivations of a semi-Thue system can be mimicked by the corresponding

PCS.

Proposition 8.15. ¢ Ifs,t € X7 such that s =t or s —g t, there is a sequence ¢ € {1,...,q}" of
indices such that a(i) = s and B3(i) = t', and there is a sequence i’ € {q+1,...,2¢}" of indices
such that a(i') = ' and B(i') = t.

o Ifs,t € X" such that there is a sequence i € {1,...,q}" of indices such that a(i) = s and B(3) =1/,
then s =g t.

o Ifs,t€ X" such that there is a sequence i € {q+1,...,2q}" of indices such that a(i') = s’ and
B(i') =t, then s >g t.

Example 8.16. (Cont’d) Let s = aabb and t = aab. Then s —g t by the rule (ab,a) € R and the
sequences i = (4,2,5) and i’ = (9,7, 10) yield

a(i) = agoag0a; =aoabob = aabb,

B(i) =PaoPaofs=d od ob =ddt,
a(i’) =agoaroaig=dodb ob =ddb'l,
B(i') = By o 7 0 f1o = aoaob= aab.

Let s = bbaba = «(5,3,2,4) and t' = ba'ba’d’a’ = ((5,3,2,4). Then s = bbaba —p babaaba — g
babaaa =t and so s > g t. ¢

Second, the solutions of the constructed PCS can always be canonically decomposed.

Proposition 8.17. e Let i = (i1,...,4,) be a solution of the PCS IT = II(X, R, s,t) such that w =
a(i) = B(3). If w = wiyws for some wy,wy € X', there is an index j, 1 < j <, such that

alit,...,i5-1) =wi, a(ij) =y, and a(ijqr,...,0,) = ws. (8.21)
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o Leti = (i1,...,i) be a solution of the PCS II = II(X,R,s,t) such that w = a(i) = B(i). If
w = wy 2wy for some wy,wy € X', there is an index j, 1 < j < r, such that either

aliy, ..., i5-1) = wi, ofij) =z, and a(ijy1,...,0) = wa, (8.22)
or
aliy,...,ij-1) = w1, aij) = ztx, a(ijsl,...,0) = u, andwy = tzu. (8.23)
Example 8.18. (Cont’d) Let s = b and t = abaa. A solution of the PCS IT is given by
i=(13,3,11,6,9,12,3,5,4,11,9,10,7,9, 14),
since

a(i) =zoboyodlt od ozoboboaoyod ob od't od ozabaax
= zbya'b'a’ zbbaya’b’ o't o’ zabaax
=abyoata' ozobboaoyoda'ba oboa ozoaoboaoaox
= B(2).
It follows that

wy = xbya’b’a’zbba = «(13,3,11,6,9,12,3,5,4)

and
wy = a'b'a’b'a’ zabaar = (9,10,7,9,14),
or
wy = xbya’b'a’ = (13,3,11,6,9)
and
wy = bbaya'b'a’'b' a’ zabaaxr = «(3,5,4,9,10,7,9,14),
or
wy = xbya’t/a’ zbbaya’b'a’'t'a’ = «(13,3,11,6,9,3,5,4,9,10,7,9),
and
ztx = zabaaxr = o(14) and wy = abaax = tx,
where u is the empty word. ¢

Note that if the PCS IT = IT1(X, R, s,t) has a solution «(¢) = 3(¢), where ¢ = (i1,...,4,), the
solution starts with ¢; = 2¢ + 3 and ends with i, = 2p + 4, i.e., the corresponding string has the prefix
xsy and the postfix ztz. The reason is that (aept3, fop+3) = (@, zsy) is the only pair whose components
have the same prefix and (aopt4, fopta) = (2tx, x) is the only pair whose components have the same
postfix.
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Proposition 8.19. Let s,t € XT. If there is a derivation s —g t in the semi- Thue system (X, R), the
PCS II = II(X,R,s,t) has a solution.

Proof. Let s =g t such that
§=81 RS2 —7RS3 R --- 7R Sm—1 —>R8m:t, (824)

where s; — R Si+1 or §; = S;+1, 0 < i < m — 1. The inclusion of steps without effect allows to assume
that m is odd. By Proposition 8.15, for each j, 1 < j < m, there is a sequence i) of indices such that
a(i?) = s; and B(EY)) = s/, if j is odd and (i) = s} and B(i¥)) = s;41 if j is even. Then a
solution of the PCS is given by the sequence

i=(2p+3,iY, 20+ 1,8 2p+ 2,4 2p 41, i D 2p 41,4 2p 1 4). (8.25)
Indeed, the evaluation of the solution yields
ald): = s1 Yy Sh zZ 83 Y ... Sm—2 Y  Sh_1 ZSmE
i 2p.+ 340 2p;|— e 2p + 5 i Qp.—l— | im2) 2p.+ =) 2p + 4
B(1): xs1y 5.’2 z S3 Yy S oz .S, =z Sm x
O

Example 8.20. (Cont’d) Consider s = aab — g abb — abb — g aabab —  aaab —r aaa = t. A solution
of the PCS I = II(X, R, aab, aaa) is given by

i=(13,4,1,11,9,8,10,12,4,2,4,5,11,9,9,7, 14),

where
a(t): = aab y dVY 2z aabab y d'dd'b zaaax
i 13 (4,1) 11 (9,8,10) 12 (4,2,4,5) 11 (9,9,7) 14
B(3) : zaaby a'b'Y z aabab y d'ddbV z aaa x

¢

Proposition 8.21. Let s,t € X", If the PCS Il = I1(X, R, s,t) has a solution, there is a derivation
s Sp tin the semi-Thue system (X, R).

Proof. Let i = (i1,...,i,) be aminimal solution of the PCS IT. The observation prior to Proposition 8.19
shows that the string w = «(i) = §(¢) must have the form w = xsy ... ztz.

By Proposition 8.17, there is a sequence 31 of indices such that a(iV) = s = s;. Put s}, = 8(:V).
It follows that w = zs1yshz ... and by Proposition 8.15, s; =g so.

By Proposition 8.17, there is a sequence i'? of indices such that a(i®) = s. Put s5 = 3(i?).
Thus w = xs1yshzs3 ... and by Proposition 8.15, so SR oss.

By Proposition 8.17, there are two possibilities:
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o Leti= (2¢+ 3,i(1),2q + 1,i(2),2q +2,...), i.e,, w = x81yshzs3y.... Then the sequence can be

continued as indicated above.

o Leti=(2g+ 3,iM,2¢ 4+ 1,i?,2¢ + 4, .. .). This is only possible if s3 = t and w = zs1yshztx. It

follows that 7 = (2¢ + 3, i(l), 2g+1, i(2), 2q + 4) is already a solution due to minimality:
at): x  s1 oy sy, zlx
i: 2q.+3i('1) 2q.+1i(.2) 2q.—|—4
B(3) : xs'ly s"2 z t z
Moreover, s = 51 —p s2 and s —p s3 = ¢ and thus s —p t.
By induction, there are strings s = s1, 82, 53,...,5, =t in X7 such that
(i) =r0810y08,020830...08._20yos,._;0z0s8.0x=[3(3)
and s; >p Sit1, 1 <1 <r—1. It follows that s 2 t as required.
Example 8.22. (Cont’d) Let s = b and t = abaa. A solution of the PCS IT is given by
i=(13,3,11,6,9,12,3,5,4,11,9,10,7,9, 14).
The corresponding string
a(t) = B(1) = xbya't'a' zbbaya’b'a’'V' o’ zabaax
provides a derivation in the semi-Thue system:

s=0b5g aba Sg bba Sg ababa =g abaa = t.

¢

The last two propositions provide a reduction of the word problem for semi-Thue systems to the word
problem for Post correspondence systems. But the word problem for semi-Thue systems is undecidable

giving the following result.

Theorem 8.23. The word problem for Post correspondence systems is undecidable.

8.5 Context-free Languages

The context-free languages form an important class of formal languages which is particularly useful for

the construction of compilers for programming languages.

A context-free grammar is a quadruple G = (X, V, R, S), where X' is finite set of terminals, V is a
finite set of non-terminals or variables, S € V is the start symbol, and R is a finite subset of V x (X UV)*
whose elements are called rewriting rules. The alphabets Y and V are assumed to be disjoint. The pair
(X UV, R) can be viewed as a semi-Thue system, but here rewriting rules of the form (u, €) are allowed.
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The language of a context-free grammar G = (X, V, R, S) consists of all terminal strings that can
be derived from the start symbol, i.e.,

LG)={we X" | S Srw}. (8.26)
The language L(G) generated by a context-free grammar G is called context-free.

Example 8.24. ¢ The archetypical context-free language L(G) = {a"b"a* | n > 1,k > 1} is
generated by the grammar G, where X = {a,b}, V = {S, A, B}, S is the start symbol, and
R = {(S,AB), (A, aAb), (A,ab), (B, Ba),(B,a)}. For instance, the string aabba is derived as fol-
lows: S —gr AB —gr Aa — aAba — aabba.

e An arithmetic expression in a programming language is a combination of constants, variables, and
operators. A typical context-free grammar describing (simple) arithmetic expressions consists of the
rewriting rules

expr — expr op expr
expr — (expr)
expr — —expr
expr — id
op — +
op — —
op — *
op — /
op— 1
The terminals of this grammar are id (identifier), +, —, *, /, T, (, and ), and the non-terminals are
expr and op, where expr is the start symbol.

¢

The problem whether two context-free grammars generate disjoint languages or not is undecidable.
To see this, the word problem for Post correspondence systems is reduced to this problem. For this, let
(X, IT) be a PCS, where X contains no numbers and IT = {(«a;, 3;) | 1 < i < m}. Define two grammars
G and G such that both have the same alphabet of terminals X' U {1,...,m}, the same alphabet of
non-terminals {S} and so the same start symbol S. Moreover, the rewriting rules of G, are

Ry ={(S,ic; | 1 <i<m}U{(S,iSq; | 1 <i<m} (8.27)
and the rewriting rules of G are

Ry = {(S,i8; |1 <i <m}U{(S,iSB: |1<i<m}. (8.28)
The construction immediately implies the following result.

Proposition 8.25. The languages of the grammars G, and Gg are

L(Ga) = {Zn N ilail R 7

1<iy, ... in <m} (8.29)



90 8 Word Problems

and
L(Gg) = {in...0108i; .- - Bi,, | 1 <iin,..., in < m}. (8.30)
Moreover,
L(Gy)NL(Gg) ={in .. d10y ..., | T = (41,...,10p) solves (X, I)}. (8.31)

Example 8.26. Take the PCS (X, IT), where X = {a,b} and II = {(a, aaa), (abaa, ad), (aab,b)}. The
corresponding grammars G, and G are given by the respective sets of rewriting rules

R, ={(S,1a), (S, 2abaa), (S, 3aab), (S, 1Sa), (S,2Sabaa), (S,3Saab)} (8.32)
and
Rg = {(S, laaa), (S, 2ab), (S, 3b), (S,1Saaa), (S,2Sab), (S,350)}. (8.33)
A solution of the PCS is ¢ = (2, 1,1, 3), since

a(i) = azoqioay oaz =abaaoaoaoaab
= abaaaaaab
=aboaaaocaaaob = fyo0 0B ofs=0(3).

The corresponding derivations in G, and Gg are
S — 3Saab — 31Saaab — 311Saaaab — 3112abaaaaaab

and
S — 35b — 31Saaab — 311Saaaaaab — 3112abaaaaaab.

Thus the intersection L(G4) N L(Gg) is non-empty. ¢

The above proposition shows that the context-free languages L(G,) and L(Gg) intersect non-
trivially if and only if the given PCS has a solution. But the word problem for Post correspondence
systems is undecidable giving rise to the following result.

Theorem 8.27. The problem to decide whether the intersection of two context-free languages is non-
empty or not is undecidable.
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Why do we need a formalization of the notion of algorithm or
effective computation? In order to show that a specific problem is
algorithmically solvable, it is sufficient to provide an algorithm that
solves it in a sufficiently precise manner. However, in order to prove
that a problem is in principle not solvable by an algorithm, a rigorous
formalism is necessary that allows mathematical proofs. The need
for such a formalism became apparent in the works of David Hilbert
(1900) on the foundations of mathematics and Kurt Godel (1931) on
the incompleteness of elementary arithmetic.

The book is a development of class notes for a lecture on
computability held for Bachelor students of Computer Science at the
Hamburg University of Technology in the summer term 2011. The aim
of the course was to present the basic results of the field:

mathematical models of computation (Turing machine, unlimited
register machine, LOOP and GOTO programs),

primitive recursive and partial recursive functions, Ackermann's
function,

Godel numbering,

acceptable programming systems (universal functions, smn
theorem, Kleene's normal form),

undecidable sets, theorems of Rice, and word problems
(diophantine sets, semi-Thue systems, semigroups, Post's
correspondence problem).

| = The Schickard machine
i < is a non-programable

| = i calculating machine for
i | e integers invented by

i e Wilhelm Schickard

B ' (1592-1646).

il

Front Page: The ,,Analytical Engine“ is a mechanical programmable machine
designed by Charles Babbage (1792-1871).
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