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Nomenclature

a) General Symbols.

t

time

¢Jﬁ)=j%y%@a dot denoctes the derivative with respect

T
K, D

&2

to time
a bar denotes the amplitude of an oscillogram
complete elliptic integrals

their argument

b) Symbols of the Swell.

L H
T
i), r

W
Y
g 2
4{7'&)5491 ~ (1Y)
S
plt)= g-'//(g'/i)/— 1.

V), I (1)} B, (1), B.(5)

P

Length and height of waves
period of waves
orbital vector, orbital radius
orbbtal angular velocity
gravitational acceleration vector
981 cm seaz, its Llength
resultant acceleration vector
angle between g}(t) and 4

= dimensionsless
acceleration normal to wave surface.

active or reactive phgse components with
respect to ship's motion

a constant making the mean normal
acceleration vanish

¢) Symbols of the Ship.

m (1)

kly), Ucy)

T(3), v (F)

unit vector in the direction of ship's mast
ship's roll angle, measured between M¢ﬁ)aﬁdﬂg
ship'é roll angle, measured between m(t)and 4 ')
righting arm or potential energy of heel |
end of stability range

ship's roll period

period or circular frequency of free roll in
calm water, the plot is called "Skeleton curve
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W(T})

Dm),R(L),D(w)
P

b
MG

d) Further Symbols.

TG), pey)

n,(%), 9,(%), 73(%)
F(g)
o« (1)
wly ¢)
§(#)=w(G.)wi0p)

7 7
“(y)
N8, Ny (2)

C

ship's moment of inertia including virtual
masses of water

ship's damping coefficient
dimensionsless damping coefficient
ship's weight

breadth of ship

metacentric height

dimensionless period or phase integral of free roll
free roll

dimensionless mean kinetic energy
form factor of roll oscillogram
phase of roll oscillogram

its reciprocal phase velocity of it

ratio of non-uniformity
of phase velocity

phase of energy ocillogram or phase lag
dimensionless potential heel energy

moments neither active nor reactive to the
ship's motion

a constant denoting the stability of roll
states.

s




Figures

1) BExplanation of terms used in the equation of motion

of a ship in a transverse swell.

orbital radius,

orbital angular velocity,

gravitational vector,

~

S B
I

= apparent gravitational vector.
2) The ampltitude function q,(@)

38) The quarter oscillograms and periods of a ship with
a sinusoidal righting-arm curve rolling at various
amplitudes in calm water.

3b) The quarter oscillograms and periods of a ship witp
an additional stability by form in calm water.

4) The planimetered phase integrals ¢[@U of the rotl
oscillations of figs. 3a and 3b. The points were cal-
culated according to (34).

5) The amplitude function 7,() of the roll oscillations
of figs. 3a and 3b. The points were calculated according
to (43).

6) The form factors F(@)of the oscillograms shown in %a and 3b.

7) Damping moments measured for towed ship models. From
' Weinblum and St. Denis [9.

8) The increase of damping with roll amplitude. From Grim [1@7.

9) The construction of two points P, and P, of the response
curves for roll states of the first kind from the skele-
ton curve and the damping, Construction(:) yields the
blind excitation + }Si) from the amplitude ¢ and the
damping D. The corresponding frequencies are obtained

from construction C).

10a) Response curves of the roll states of the first kind
for ships with righting-arm curves as shown at three
constant values of the blind excitation. In the shaded
region the roll states are unstable.



10b) Response curves of the roll stétes of the farst kind
for ships with righting-arm curves as shown at three
constant values of the blind excitation. In the sha-
ded regions the roll states are unstable.

11a) Response curves of the roll states of the first
kind for ships with righting-arm curves as shown
and damping D = 0,2 at three values of the wave
steepness. In the shaded region the roll states
are unstable. |

11b) Response curves of the roll states of the first
kind for ships with righting-arm curves as shown
and damping D - 0,2 at three values of the wave
steepness. In the shaded region the roll states
are unstable.

12) The construction of two points P, and P, on the
lLimiting stability curve L for roil states of the
first kind from the skeleton curve and the damping.

©13) Interpretation of the transformation (120).

14a) Response curves of the roll states of the second
kind for ships with righting-arm curves as shown
at the blind excitation,?i/= 0,2. The broken regions
of the curve represent unstable roll states. (F max
is the largest roll amplitude occuring with certainty

the probabityty of larger amplitudes occuring is small.

14b) Response curves of the roll states of the second
kind for ships with rishting-arm curves as shown
at the blind excitation/3/= 0,2. The broken regions
of thé curve represent unstable roll states. ;;max

is the largest roll amplitude occuring with certeinty,

the probability of larger amplitudes occuring is small.



15)
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17)

Illustrating the instable roll states of the second
kind at small amplitudes.

Phase relation of the ship's motion in a swell of
strength just exceeding the critical value for roll
states of the second kind.

Determination of the convergence interval (125)



Footnotes

1)Physicist, Institut fiir Schiffbau der Universitidt Hamburg,
(Director Professor Dr.-Ing. G. Weinblum), Germany. -
The investigations were supported by the Office of
Naval Research, Washington, D.C. The treatise in German
was translated by Dr. K. Hasselmann. Copies of the author's
manuscript are available at the Institut fiir Schiffbau.

2)Numbers in square brackets refer to the bibliography at

the end of this paper.

3)For instence, the periods of free roll can thus be approxi-
mated with an error Lless than 1% at amplitudes 92<.O}(yg
for the following righting-armcurves:

V)~ hnor 5T, Aly) - FiG -y .//_(yg_;)j/
h”@o=:fZ5-y/-[%—[%yi] awnan?_ciﬁav.

4)Equations Nr. 36 - 40 have been cancelled in the trans-

lated version.

5>In case of multiple resonance (TS/TW.: 3, 4, 5 etc.) the
roll numbers satisfying condition (2) would be even grea-
ter (R = 15, 20, 25, etc.).

use )
6)ALthough the simultaneous 6f the symbols D(TW) and D(w )

is not correct; there is no fear of ambiguity as the for-
mulae will be used alternatively.

Ty - 1. . (£ - B), not to be confused with the damping
X
function D(TS)!
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Roll Resonance in a Transverse Swell

By Dr. Hellmut H. E. Baumann '/

Introduction

It is known that the roll periods of dangerous ship
motions differ only slightly from the corresponding
natural periods at the same amplitude. In these re-
sonance conditions the dsmping dissipation is balanced
by the energy periodically imparted to the ship by the
waves. The period of the oncoming waves need hereby
not nesessarily coincide with the roll period of the
ship. A ship in a seaway 1s subjected to both vertical
and horizontal alternating accelerations, and in a
transverse swell we can distinguish between two types
of possible roll motions corresponding to the different

mechanisms of energy transfer from these two components.

The roll motion generated by the alternating horizontal
acceleration component, i.e. the periodic variation of
the static equilibrium position, we shall term in the
following roll states of the first kind. In thils case,
apart from "multiple resonances", the roll period of

the ship is equal to the period of the oncoming waves.
The possibility of the occurence of multiple resonances,
i.e. resonance between the swell and a higher harmonic

of the rolt oscillogram (which for Llarger amplitudes is
no Longer sinuscidal) will not be considered nearer here.
For the case of equal roll and wave periods, we shall de-
termine the response curves and their regions of stabili-
ty for all roll amplitudes, assuming a damping moment

on the frequency and propertional to the angular velocity.
A simple method of contructing the curves graphically

will also be given.



We shall term the (hitherto rather neglected) motions
generated by the periodic vertical acceleration, which

is equivalent to a periodic variation of the ship's
weight,[B]g) roll states of the second kind. Disregarding
multiple resonances, the roll period in this case is
twice the wave period, i.e. the roll motdon is brought

about by relatively short waves. We shall show that:

1) roitl states of the second kind only occur if the
swell amplitude exceeds a certain critical value
depending on the damping;

2) above this critical value, roll motions will occur

within a certain critical period interval;

%) the roll amplitude of the roll oscillations can
attain dangerously large values.

The response curves and the margin of stability will be
calculated for this case also.

Roll states of the second kind can also occur in a
Longitudinal swell from fore or aft[11]. As the waves
run along the ship they cause a periodic change in the
ship's stabiLiﬁy, giving rise to the same parameter
excitation in the equation of motion as a variation in
the ship's weight. Our results for roll states of the
second kind are thus applicable mutatis mutandis to
this case also.

Our method of treating the essentially non-linear
roll equations for a ship is based on physical con-
siderations. For instance, we shall not be concerned
with the exact shape of the waves but will rather |
characterize them generally by their amplitude and

period, prescribing the wave shape @therwise in order



to achieve mathematical simplification. This Lleads to
wave profiles which for larger amplitudes are no lLonger
sinusoidal or, say, trochoidal, for which, however, exact
solutions of the equations of motion can be obtained.

Our approach enables the roll states of the first and
second kind to be reduced to the free, undamped oscilla-
tion of a ship in calm water. For the corresponding fun-
damental functions - the period and the phase integral -
good approximate formulas are derived. By way of example
the general theoretical calculations are applied to two

ships with different righting-arm curves.



The Equation of Motion

The roll motion of 2 ship in a transverse swell is
described by the differential equation

I+ W)+ 140 Phiy) <0 (1)

The following comments are necessary regarding the
derivation and the notation employed. (See fig. 1):
The wave Llength A of the swell is assumed large in
comparison to the ship's breadth B, at least.

A > 4B, (2)

In this case the ship participates in the orbital

motion of the water and rolls with constant displace-
ment. Apart from the gravitational force, a centrifugal
force of magnitude ro® then acts on the ship as a re-
sult of its orbital motion ( r =orbital radius,

@ = orbital anguLar.veLocity). The resulting vector 1?/
(the apparent vertical) varies periodically in magnitude
and direction. The static equilibrium position of the
ship thus has a variable angle relative to the horizon-
tal. In a trochoidal wave the amplitude A7 q’ﬁ%ﬁQ}

the effective wave steepness, is given by -

s A = r;ﬂ - e, (3)

If condition (2) is satisfied, the righting arm h/w)
corresponding to an angle of heel ¢ rebative to the
position of static equilibrium is the same as in calm
water. Because of the variation of the appafent vertical,

the ship's weight has the variable value

Py =/7+/3(7:) P (4)



ﬂﬁ@ is positive in the wave trough and negative on
the crest.

In a sinusoidal swell

lé"(f) =+ 'ﬂ(‘f) (5a)

(the sign depends on the direction of propogation) and

C’)'g P L'L’H:Zrz. .
1) + B = L — - (5b)
so that for a standard wave (2 r /A = 1/20):

T

[ 5 = |3 = 35 ~ 0157, (6)

The angle of roll relative to the horizontal is

l2) = ple) 1), )

We shall assume that the total moment of inertia, J',Of
of the ship is constant. The hydrodynamic component can
be taken as independent of frequency if the wave gene-
rated by the ship's motion satisfies condition (2).

The damping is as yet not sufficiently well known to
b#described accurately by an analytical expression.

It depends in a hydrodynamically complicated manner on
the geometry of the ship, the position of the centre

of gravity, the roll period and the momentary angle

and angular velocity of roll, among other factors. In
the following we shall assume it to be proportional to
the angular velocity ¢ relative to the water surface
and take into account otherwise only the dependency

on the roll period TS.



‘3. The Fondewspte, Funciione €or Undamped Roll in Calm
Vater.

As a basis for the forced roll oscillations to be
analyzed lLater we consider first the undamped roll
oscillation in calm water. Setting

W = ariel r=0 (8)

and writing»ggglL;ufgr the functions gw%) and -
() which are indentical in this case, the
squation of motion becomes

T, t Ppp)y=0 (9)

As the damping 18 zepo, the sum of the kinetic and
potentiel endrgiee lo constant:

*J" {Uf # Z((q»,) w IZ{ (p) : (10)

where
1 4

Ueg) =P hty)-dy,

. ' (11)
UGy = Uy, Uflo) = 0

We now introdues three fundamental functions of

the amplitude which will later also play an im-
portant ro’e {n the analysis of the forced osolLLa—
tions in a swelk:

a) the rotl period,

b) the phase integral and, resulting from this,

¢) the wmeean value of the kinetic energy.
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a) From (10) the time differentiaL of. the free oscillation
4 (8)

dy |
7 (12)
w7 .

giving the imbProper integral

2

oz, oy
7;/y/) y!] 4 2[&;)_2//@) (13)

J

for the roll period in calm water.

The integral (15) which is of fundamental importance
for the dynamical behavior of the ship, can be expressed
in a closed analytical form only in a few special casese.
For instance,.if the righting-arm curve is sinusoidal
or a cubic parabols, it is well known that the amplitude

function
T(5)= LV (14)
7, (0) -
where
7/ [

L0 = pMO | - (15)



a) ’!@g {10) the time differential of the free ascillation
wil) -

AT (12)
4 lw) - /u@) - u(q,) |

giving the improper integral

m
| NN e _dy (i%)
7:(9’)"/;77 Z/’/ ‘/’LL(@— ,u(y_;):

for the rol{ pericd io celm water,

™he futegral {15) which is €f fundemental importance
for the dynasical Yehavior of the ebip, can be expressed
in a closed anmlyidcal form only 4n a few speciml cases.,
For instancey 4f thke righting-orm ourve is sinusoidal

oT & oubic parabols, it 1o well Mnown that the amplitude
funstion

Tolg) (14)

ty) = 7.(0)

vhers

7:722 = ';:f%%xg (15)



1

is the rdLL period for small amplitudes, can be expressed
in terms of the complete elliptic integral

K = o X

1/(4,)(2)‘ (4__1(2)(2) —

(16)
ﬁéq.vL;Tj‘/__—&éf‘r...)'
For
K@) = Ay * o @R‘// (17)
T,y _ 2 2_ 2y 18
C (y& :w7z/() 4 7 v (18)
and for hﬂ?¢0== MG - yfz/;‘—(%ﬁéibz _ (19)

TZT((/?)= 1/47%2 7“;“/(, nth b5 =

v
Tys-ye (30



The numerical or planimetrical evaluation of (13)
generally meets with some difficulty as the integrand
is singular at ¢ =@ . The difficulty can be avoided
by trensforming to the parameter ol

Yo (1) =+ nim. «(2) _ (21)

representing the oscillation is then represented by a
point moving non-uniformly but periodically round a
circle at the angular velocity

. 2 WG - Uy (22)
a=+ |[L U
VJ v - gl

Zquation (13) then transforms to the following equation
for the amplitude function (14):

L7

[£PFIG (5 - y2)
Ulg) - Ulys)

@)= o - do (24)

where expression (15) has been substituted for the roll
period at small amplitudes. The.integrand

1P M6 (#-%)
UG) - U ()

W(L}/blgj_)z (25)



remains finite within the entire range of integration.
The values at the lower upper Limits of integration are

4 —2 ' .
2P-M0- ¢ _ v _ |G-

wlog) =

respectively.

s the differential coefficient quotient

dw _ dw  dyo (27) .

do d wo da

vanishes at the points % = o and oL = ﬁ?@

the values are extrema, If the curvature of the righting-
arm curve is of constant sign, the function ® is monotonic
in the range of integration and the values (26) are ab-
solute extrema, The ratio

e wWEE) _ __22“@ _ ' " (28)
3= W 7 7-P-hily)

1s shown in fig. 2 for a sinusoidal righting-arm curve
and a further empirical curve representing a ship with
initially increasing stiffness. gﬂﬁ)is seen to be
within 20% of unity for a considerable range of roll
amplitudes, The integrand (25) is thus limited to a re-
latively small interval for moderate amplitudes, so that

the integral (24) cen be easily evaluated numerically



or by planimetretion, Yor rightings=ayn curves with curva-
wures of genstant aign the arithnetic mean of the two
oxtrones generally gives a smtisfastory approximation
for moderate maplitudes,

The roll peried in ¢alm water can thus be approximated
by the algebraic expression '

4 “"‘,——2'
7_-/@% _24_ \/2./9'/\706 ¥

(29)

UL(E) /w)

1eae by means of the retio of the area under the initial
tangent of the righting-arm curve to the area under the
cerva $toel? (vota Seken betwesn tBe angles ¢ and ¥ )
apd By the ratio of the ordinates ¢f the tangent and the
curve &t the valus §

The freo-zoll 0eciliogreze a% verious amplitudes are
shown 4n £ig 34 for She ehip with A sinusoidal righting-
ara ourve and in fige 3b for the ohip with initially in-
ogsasing stiffasss, The depandence af the natural period
on- t1e roll amplitule iz given by the curve passing
through- the maxivs. ’

b} The mormed phese integral

“lﬂ

55@



which 1s equal to unity for a linear righting-arm curve,
can easily be evaluated by pLanimetrationm_$h§;4f/g)z _
curves corresponding to the ship types of fig. %a and 3b
are shown in fig. 4. It is also possible to approximate
the phase integral by an algebraic expression. With the
substitution (21), integral (30) transforms to

2T
7 _ (31)
- _ V ' Y .
¢((7V)“ 27/”(/7) i _00320[.: o - do
| 0
where o 1is given by (22).
The extrema of «(x) at the values o=0, T2, woete.
are thus
Ul
() = () = oc(Z’/‘[) 7,—T—ZJQ_—
(32)

with <}(qd as in (28). "
For righting-arm curves with curvatures of constant sign,

m/d) is monotonic and can be approximated by

: 2A(W



From (31) we thus obtain the algebraic expression

55(@'“'— (“ww) 2 7‘6}7_@

3.
y 7 47//5V)

(34)

which is plotted in fig. 4.

¢c) We consider finally the normed mean value of the
kinetic energy

N2 [ ww).
'Zo(‘}’) 7;((/7)/(7 U dt (35)
0

which will be used frequently in the following. It depends
in general on the amplitude and the righting-arm curve. The
expression is normed to equal unity for restoring moments
proportional to the roll angle. For ships with increasing
stiffness, QO/@Q is greater than one, as lower veloci-
ties occur for shorter times. For decreasing stiffness,
Qo(ﬁ)is smaller than one and approaches zero as the am-
plitude approaches the stability Llimit. The upper Limit
for QO(QU is two, corresponding to a body which can move
freely within a certain interval and is abruptly reflected
at the ends. This case is, of course, not realizeBile in
practice for ships, and we cen take as the upper Llimit
approximately 1 pmae = 1.9.



Thus
1,0 for decreasing stiffness
" (41)%)
= ) = — 41 .
0 70(¢) 7max B ! ,
{
\ 1,5 for increasing stiffness
.

The ?afg)—curves for the two ships described above are
shown in fig. 5. The curves were obtained from the plani-
metered values of ?(@9 and T(¢) as in fig. 3a and 3b
using the identy

- T \4PFG-7° (42)
T(G) 0,(5) = P ﬁ%ﬁ/pj‘ﬁ

which can easily be deduced from the energy equation (10).
For ships with monotonically inoreasing‘Gr decreasing
stiffness we can use the approximations (34) and (29) for
$(p) and T(y) respectively obtoaining

1 1 (43)
,, 70/4”/”%9@* 29(F) -

The approximate values calculated from this expression
are plotted in fig. 5.



4. The Steady Roll States in a Transverse Swell.

We confine our considerations to the steady roll states

of period TS, for which

-&f/t+7;’)5 w (t) | (44)

Multiplying the equation of motion (1) with Q}ﬁQ and
y%f) respectively and integrating over the roll period

we obtain, using (7)

¢ 7 7
s I¢ s

VARSI +/-/W(7})-¢a-dt L3Pty pedt =¢ (45)

T

JJ'-qf'”f'”-y/-dt * [7’-9)@/;/@-%4/% BP-hly)ydt =0 (46)
4 0 0

From these equations certain general time-relations between

the excitation and the oscitlation can be deduced.



a) Relations between wave and ship periods.

The second integral in equation (45) represents the energy
dissipated by the damping; it is always positiVe. The fe—
maining integrals in the equation must therefore be nega-
tive, singly or in the sum, to yield the necessary energy
supplty. The second integral in equation (46) vanishes if %(@)
satisfies equation (9) describing the free undamped oscilla-
tion in calm water or, in other words, if the ship rolls
with its natural period. This integral is thus a measure

of the detuning brought about by the remaining two inte-
grals, which cause the ship to roll with a different period
Ty. If we now Let T, be the period of the swell and f%'7;
the period of a higher harmonic of the (generally non-
sinusoidal) oscillogram, the first integrals in equation
(45) and (46) will then be unequal to zero only if

_ Lmﬁzg&f (47)

On the other hand, the third integrals in (45) and (46)
will be different from zero only if

/ - o
e LTy n' inlege. (48)

The conditions (47) and (48) can be satisfied by an
infinite number of values n and n': In the following, °
however, we shall confine our attention to the two cases
n - 1orn' =1, disregarding the possibility of multiple
resonances. This gives the mutually exclusive conditions

To="7, o Ti=2T7,. (49)  (50)



b) Phase decomposition.

From equations (45) and (46) we can also determine the
relative phases of the ship and wave motions. The mul-
tipliers %ﬁa and y(ﬂ are 90° out of phase, as

Ts

poyg At =C

v

The exciting moment can similarly be decomposed into two
terms which are 900 out of phase:

6%

Y )= ’VQ;(Z')* “ff(f}}- Alt) = 3.4)+ 30t (51)

We define as the active excitation the components con-

tributing solely to the energy supply integrals in (45).
For these components then

T Ts

S -

/mq;(//O[?f=0) / é%({f:& (52)
g

Conversely, the components contributing solely to the

detuning integrals in (46) will be termed the reactive
excitation. For these

TZ m—

=

oL )
Ay edt = O o Beyedt =0. (53)

~
r
v



With condition (49) and (46) simplify to

T
f/} q/d: + WAT)- VJ g, dt =0, (54)

0

s
/Z?'- SNa Vs +P-/v/g,,,)] y, dt =0. (55)
7

The condition (50), on the other hand, Lleads to

7
Vs , .

//W@’% = S Ph(p) y,-dt =0, (56)
J o

0

/ﬂ/ G (14 ) Poblys )| gy -t = 0. (57)
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c) Two kinds of roll states.

In a transverse swell we can thus distinguish between two
kinds of roll motions, (¢ and y(1).

The roll states of the first kind are generated by the
periodic horizontal acceleration  £4(i) ==¢ﬂﬁ)'?,
accompanying the swell; they have the same period as the
swell., - The roll states of the second kind are genefated
by the periodic vertical acceleration A4(ﬁ==,3ﬁ)'g

due to the swell and have a period equal to twice the swell
period. In the first case the condition (2) is well satis-
fied. According to Kempf[j%] the roll number

R - Ts Y/—Ti? (58)

in general
is not less than eight, so that for roll states of the
first kind

1 > /0B, (59)

For roll states of the second kind, condition (2) requires

R>70. (60)

We shall therefore have to'excLudi very stiff ships from
>

our considerations of this case.
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5. The Rotl States of the First Kind, TS = TW.

For roll states of the first kind, the periodic vertical
acceleration /Vé%g‘ yields no contribution to equations
(45) and (46) and is thus only of secondary physical im-
portance. We shall therefore set ./ﬁ[é)f 0 for the
first and investigate the influence of the vertical

acceleration afterwards. The equation of motion now becomes

J-($45) e WT)- g, +Pobly) -0 (67

which by phase decompemition according to (51) reduces
the two equations

T 0 W), = NG (62)

T(Sre ) e Pobly) = —Nat) (63)

each of which contains only components of the same
phase. The moment AQAO contributes to neither the
excitation nor the detuning of the ship, as from (54)
and (55)

T

/N4’%'df=0 ard M'%’dz‘%; (64) (65)

0



N,(t)is a combination of higher harmonics which can still
be disposed of within certain limits.

We now consider the swell to be characterized by its
period Tw and steepness 4% . We shall not take the
exact shape of the wave profile into account but rather
prescribe the wave-stope function fﬁﬁ)in such a manner
that th} vanishes, thus enabling easy integration of

equations (62) and (63).

a) The roll amplitudes.

If we integrade (62) twice under the side condition

we obtain the active excitation

o+

!

(e%) R W(’_/é . / e :
vt == 5y -4t (67)
Introducing the form factor
47
— s (68)
= 2T "
F/y,) g/77; 71 -

Z}ﬁ&ﬁ==€; g4\%7;f=§i, (P (Fis plotted in fig. 6 over
the amplitude for the oscillograms given in figs. 3a
and 3b)




The amplitudes of the active excitation becomes
%) _ _
& = Fg) D) @

where

W)
D)= g

As can be seen from fig. 6, F can practically be taken
equal to one - at Least until more precise information
is available on the damping D. Examptes of D are shown
in figs. 7 and 8.

To determine the reactive excitation 1. 'f, we now make
the assumption that its oscillogram is similar in shabe
to the roll oscillogram (%)

~
U’\

Y= _(/% 7 h)

Equation (63) then yields the differential equation

|a 2|

J o+ /% + P“r/t%) =(

|

which is the same as (9) except for the change in the
moment of inertia. The detuning factor relative to the-

natural roll period in calm water is thus

T _  gp
TE) Y

2,
A

(70)

(71)

(72)

(73)'

(74)

1




The factor can be greater or smaller than one, depending
on the phase angle between oa(?) and 43/%) . For the
amplitude of the reactive excitation we find Tsz Tw

7w N — |
Vo = ,7:2((;) %/) (// v (75)

so that

: q,ﬁm:(w) 7) %(L) (76)

b) The wave profile.

From equation (67) and (76) we can now determine the wave
profile corresponding to the exact solutions found above.
The oscillogram of the reactive excitation component is the
same as the undamped roll oscillogram in calm water, apart
from the scale factor (74). From (46) it can be shown that
this component dominates outside the resonance interval.
The amplitude here, however, is small, so that there is on-
Ly a relatively small contribution from the higher harmo-
nics. The active excitation component, on the other hand,
is the integral of ¢@(i so that here the nth harmonic is
reduced by a factor 1/n. However, the active excitation be-
comes important near the resonance point where the larger
roll amplitudes entail a larger proportion of higher har-
monics (figs. 3a and -3b),



- 24 -

The wave profile itself is finally obtained by integrating
the wave slope /fﬂl) » which further reduces the higher
harnomic contribution. Outside the resonance interval the
profile is approximately equal to the integral of the basic
oscillogram ggtﬁ for small amplitudes, whereas near the
resonance peak it is approximately equal to the second
integral of the basic osciLLogram for lLarge amplitudes.
The difference between a sinusoidal profile and the pro-
file obtained in our case is thus acceptable, in view of
the inherent difficulty of defining the profile of an
actual swell at sea.

c) The response curves.

Having determined the fundemental function.r7jf¢7 = ané@:;>

it is now a simple matter to evaluate graphically the

response curves (;{az,fﬁ) , i.e. the roll amptitude

as a function of the square of the exciting frequency CU:=1H/RV)
with the effective wave steepness A2 as a parameter. If the

<
skeleton curve ¢ r,~,

is plotted in the ﬁcﬁqa -plane, the
value * corresponding to a pair of values (JTI“TT

can be obtained by projectian, using

. = (77)
2202(97/): Q]‘ — /7[ - ;A'r/l,' %

‘

(which is identical with (75) ).
If the amplitude of the reactive excitation is known we
can thus construct as many points fu,z,;' on the response

curve as required. The method is illustrated in region <:>
of fig. 9.

)
In the idealized case of a ship without damping, .
equals + . The signs correspond to the two possible

phase angles between yg/t) - and @;/é/ and must both be




considered. In this case the résponse curves can be
constructed immediately and are plotted in figs. 19 a
and 10 b for the fundamental functions shown in figs.
3a and 3b.

In the general case of finite damping the reactive ex-
cltation has first to be determined. If the oscillograms
ﬁz [t) and zﬁl(ﬁ) are sinusoidal,

T Va (78)

In applying this relation to the general case of non-
sinusoidal oscillograms, an appreciable error arises
only if both amplitudes are of comparable magnitude. This
is neither the case xlose to the resonance peak, where
the active excitation dominates, nor further away, from
it where the reverse is the case. We shall accept this
small error in the following in order to facilitate the

represertation of the response curves.

The curves calculated using (78) are shown in figs. 11a
and 11b with D(T,) = 0,2 and F(g) = 1. The reactive
excitation amplitudes were determined as down in region
C) of fig. 9. For constant D and F = 1, equation (70)
becomes

5 =D g, (79)

" o
In the resonance case v¢-='0 therefore

F D Jwg (80)
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so that (78) becomes

=D %z_@z (81)

The Length'ﬁﬁ/b for a given roll amplitude < ¢
is obtained from the quarter circle of radius @%% :49%2

(fig.9 - the radius can also be larger than Vo) by
Pythagoras (shaded triangle). The reactive excitation
amplitudes themselves can then be obtained from the two
straight lines of slope + D : 1.

The response curves for the roll states of the first
kind can be obtained analytically from (70), (75) and (78):

I /( 0 —7)+F@) 247) (822)

or, in terms of the angular frequencies )

7 )



d) Stable roll states.

The roll states derived above all satisfy the equation

of motion (1). It remains to be investigated, however,
if they can also be realized physically. This question
. 1s of particular interest in view of the existance of

multiple-valued regions of the response curves.

If we confine our attention to steady roll states, the
guestion of general dynamic stability cannot be immediate-
Ly answered. We shall therefore formulate a stability
criterion which is applicable to our response curves
derived .for the steady roll states as follows:

We shall regard a roll state as stable if for a given
period an increment in the magnitude of the exciting
amplitude leads to an increment of the same sign-in

the magnitude of the oscillegren amplitude. Analytically,

o 2
"' 9’1/04
2

>0 (83)

w

If we now consider the recponse curve tangent for con-
stant D,

R

J1 .
d(,: 971://2 - (7[/ _/71:71/1_ __7) (84 )

N R Ak 7 WA ) ?

ol /M /\‘/‘ : QJ—Z_ o (’V) \ T /

20"
d% Dot _ L7/—'])o/§/-/—/ Dc,z{S;) A (84b)
d ew? :'—‘;;:_§§ﬁf'~ - (- cot RUEE y

8,‘2



we find that in both cases for stable roll states

(C>0) the gangent is positive to the left of the
skeleton curve and negative to the right. The tangents
become infinite on the boundary curve separating the
stable and unstable regions for which C = 0. From the
amplitude relation (82b) and with F = 1 the limiting
curve of the stability domain can be obtained in form of
the equation

CE(—%/Z‘”;) )Jf)/) f?_@ &,gz.d))oyfyj 0

(85)

{z(%) ) / /spj v CZ%ZZ/{//)_7 +DYe)=0. (85)

w2 t02 2

From this equation the boundary curve can easily be
constructed. Negleeting the damping for the first, we
obtain the two solutions (the bracket-terms in (85)
being zero):

L =2%p) and w?= DJ:/;Z). (86).

The first solution is the skeleton curve; the second
is related to this curve by the equation

- — o~ A%
255 = %(p)+ @ - Q,L@_Lj (87)



In the construction of the limiting curve 1,°(3) , as
shown in fig. 12, each point of the skeleton curve has
been simply translated laterally by the subtangent length
S __/% 221__2_/ . Introducing (%) from (87) equation

'
(85) becomes

C= Gz Z) y* /¢) z>*29(ﬁu) o (%&)

w2

For D = 0, C is negative in the region between the two
limiting curves found above, so that this region is un-
stable. For finite damping, the unstabLelregion bscomes
smaller, as can be seen from (88). To construct the timi-
ting curve L in the case of finite damping we rewrite (88)
in the form

(15)- 03 (Ghigy-a) (0000 -0 (63

and apply the second Law. The damping function ZV&Q can
be arbitrary. If cbzapﬁg is drawn below the Qf;axis, the
abscissae xf,df of the limiting curve for a given Q7
are obtained as the intercepts of the curve with the
semicircle drawn below the f-axis through the points
pzf%)z&?@ﬁ on the axis. The diameter of the semicircle ist
intersected normally in the points Qy and QQ by a secant
of half length o*D(w), giving equation (89). The method
is illustrated in fig. 12 for constant D = 0,2. The
shaded regions of instability in £igs. 10a - 11b were
determined in this way.

~29~
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e) Probable roll states.

Having determined which regions of the response curves
correspond to physically reatizable states, the question
arises which of the different possible states for a given
period will actually occur in practice. This is a sta~
tistical problem, depending on the initial condition of
the ship and the random moments which could bring about

a transition from one state to another. These effects

lie beyond the scope of our considerations, which are
confined only to steady roll states. However, the following
two comments may serve for a general orientation: Firstly,
we shall expect rolt states of larger amplitude to be Lless
probable than those of smaller amplitude, as their higher
energy content has to be imparted to the ship initially.
Secondly, in experiments with a navipendulum correspon-
ding to a sinusoidal righting-arm curve, the author always
found that the higher energy rollsssates could be realized
only with great care, very small disturbance sufficing

to cause transition to the Lower-energy state. The phe-
nomenon became more marked the higher the energy of the
state. Energy considerations and experiment thus suggest

a greater probability for the roll states of smaller
amplitude. The random disturbances which in practice

are always superimposed on the swell will seldom give

the ship just the impulse required for transition to the
higher energy state, though they widl generally be strong
enough to disturb this stde on account of its smaller
stability.

f) The influence of the vertical acceleration.

The roll states of the first kind as derived above wiltl
be slightly modified by the periodical vertical accelera-
tion which we ha%e so far neglected. To obtain an estimate

~%0m



of this influence we substitute the variable factor

1 + B (%) in the restoring moment (see equation (1) )
by a suitable mean value 1 + Ejﬁ] during ththpro-
piate semicycle (0<g£ < 1, — the sign is positive in
the wave trough and negative on the crest). It is then
seen immediately that the time required for a semi-
cycle is reduced in the wave trough and increased on
the wave crest by the vertical acceleration. The total'
period, however, remains the same, as for roll states
of the first kind

9 (90)

1.4 4 T o
iyl Y &L= G
JII
I

i.e. the detuning equation (46) remains unchanged.

A further result due to the vertical acceleration is

an unsgmmetry of the oscillation. This is particularly
;f = 0. The roll oscillo-
gram ,(¢) here lags a quarter of a period behind the
wave stope /7] =+./7) (equation (67) ). On a wave crest
the ship therefore has a maximum angle of roll, the

marked in the resonance case

direction bei%éﬁth% latest wave slope, i.e. to lee; in
a trough the ship has its maximum windward roll angle.
Outside of the resonance intervals the maximum roll
angles occur earlier or later. As the restoring moment
is smaller on the crest than the trough, the Llee roll
angle will be greater than the windward roll angle. This
results in a mean heel to lee . of the roll oscillogram

(£ ,[".fl_»' = f'l.f',- = L _ ( {J ) (91)

=%}
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To estimate the magnitude of y. we equate the potential
energies of the two extreme positions:

ﬂ*f'/ﬁﬂ' Ulys 7) = [1+E43)] Ul - §). (92)

Expanding U in powers of . and making use of the sym-
metry of U we obtain in the first approximation:

2U(§)
Uy +*F)t Ulp~F)~ /‘A@’ ] (93)
zzw_'P'b/w

and thus finally

S=—
o YD 4oi) o0

where q({) is the function defined in (28) and plotted
in fig. 2. The finite mean heel angdé does not invalidate
our original approach, as 2 has no influence on the
angular acceleration. However, we must emphasize subse-
quently that the amplituden ' should be taken as the
amplitude of /_(%).
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6. The Boll States of the Second Kind, ? =2,

In the roll states of the second kind the periodic
variation of the apparent vertiecal, JW%) yields

no contribution to equations (45) and (46). We shall
therefore set

pll) = pt) = g @) (95)

for the first and consider the influence of the
variation in the apparent vertical later. The
enuation of motion then becomes

7' G, * WIE)-g, +/¢,./3{jf_)].p.;,m)-0 (96)

which can be decomposed again into the two equations

. WIT)- g, + By Pohiy) =~ + M) (97)
J" G, + ﬁ*,a,]- P-hly) = =Ny(d) (98)

containing only components of the same phase. The
moment M,(¢) again has no influence on the exei-
tation or detuning of the ship as from (56) and (57)

7'
. G

(Mg dt=0 and [Ny -dt -0. (99) (100)

0 0



_ ™

,N,(z‘) is a combination of higher harmonics which
can be disposed of within certain limits. It cannot
vanish identically as the terms on the Left of (97)
have different periods. It contains essentially a
component of periad'§7} . We shall postpone the
discussion of this term until Later, however.

If we again disregard the precise shape of the wave
profile we can prescribe the periodical vertical ac-
celeration in a manner enabling simplification of
the analysis. We shall thus relate the active and
reactive exciting moments (which must satisfy the
conditions (52) and (53) as simply as possible to
the potential energy (11):

(101)

/3‘,{19 - -'ﬁ;-Z Vﬂ(%)'(/*ﬂ(%))ﬂ ‘o’da%g&

B)= /7,,-(4—22,/5%) +3, (102)

where

0=1Uy)= %—%"/, % (1) (103)

The active excitation amplitude /zf is alsways

positive. whereas the reactive excitation amplitude
ﬁ can also become negative depending on the phase

angle. (3, 1is a constant chosen to make the mean

acceleration vanish:
T

B dt =0 (104)



The equations can also be written in the form
- pl)= -3 'M'éy»ﬁ)-;s) + 5 (105)

= /ﬁ;m’z?/fd_ﬁ:amﬁ?fﬁ) +(,/.?9
where

— —_—

fom Lo,  [fo=[Prwp (106)

Here 7; 1is a phase constant and (4 the (non-
uniformly) varying phase angle. The amplitude of
the total excitation is given by the exact expression

F’- ﬁ;"+ﬁz (107)

As the active excitation component (101) is symmetri-
cal it yields no contribution to the integral (104)
so that /5, depends gnly on the oscillogram of the
reactive excitation component. From (102) then

T,
W, o = (108}
ol U (%J dt -1

= 1= )



where T' can also be replaced by a multiple, equ. by
T, = 2 .. The function q%jﬁg_“dizfora from the funda-
mental function - (f) given in equation (35) as the
oscillogram %ft) of the forced oscillation is not the
same as the oscillogram (4 of the free oscillation.
It will be shown lLater that to a first approximation

- 47
() = 2 ()~ 5 S (R lp)-p(3)+
K L) 7 /3 (421/) 2, ) h
where

8] = n, (@) (2 zp(;p) 78

a) The roll amplitude.

The amplitude of the active excitation component can
be obtained by substituting (101) in (97) and evalua-
ting the integral (99). With (11) we find

i 1 f o (110)
A 2105 fut) G-t d )= W) ﬁ;*d& :

ez% o

where the root has the same sign as i, "¢, .

The plot of the integrand on the Left side over %(y)
is a cirele of radius 1/2. As 21(@&) completes two
oscillations in the time T, the Left side of (110)

is equal to /4 “UCg)- T so that the equation be-
comes

B — 4
/%_ ls WI(TZ) 2 7-J" - dt

A ’&((') (111)



The first factor is twice the dimensionless damping
coefficient of eguation (71). If we allow for the
modification of the ¢ () -oscillogram by the re-
active excitation ,arfé) the integral can be reduced
to 7, (@) defined in (35). It will be shown later that
to a first approximation

2 :?_J"'i"z = = pt dj
7 | e dt ?r’w)*‘gw/ﬂwff@) ?’/ﬂ*()m)

where /cr/é {70('517)'@*?9(@"41{.

The amplitude of the active excitation can thus be
expressed as the product

P = 2D(T) 9, ). g

~ As we have neglected the dependence of the damping

on the roll amplitude we can with the same conseguence
also neglect the dependence of the active excitation
on the amplitude., This can be further justified by the
fact that experience indicates an increase of D with
the amplitude (fig. 8), whereas the mean value p, (¢/
decreases (fig. 5), the two effects thus tending to
chapel. Within the limits of these uncertainties we
shall thus use the simplified formula

B A 2 P(T) > comal. - (114)



In contrast to the roll states of the first kind, where
the active excitation was essentially proportinal to
the roll amplitude the active excitation in this case
is practically independent of the roll amplitude.

This means that roll oscillations of the second kind
can be generated only if the swell exceeds the critical
value

H:d = 22Dm) (1115)

The amplitude of the reactive excitation is then deter-

minéd by (107), and is also practically constant for a
given swell strength 8/ .

If we substitute the reactive excitation (102) in (98)
and neglest the higher harmonic combination A (%)
for the first, we obtain the equation of motion for a
ship rolling in calm water with a modified restoring
moment given by -

baly) = J148.04)]bly)
730 / s £

(116)

= [1+/4 /o (1-2utp)) -hip.



We can then derive the following expressions analogous
to equations (11) - (13); for the potential heel energy

(}f 3 c"y}) = ,;Djh,g { cg) - dy

CTPRR I i) o (=28 fo)) g
= 3{( (‘I// = ;IIJ (’f f:”-"’ﬂ) gj(‘?’/] + '/:f-r ' X({ Vl/ ' {'f— Z{ rwjyx} ( )

for the total energy

PVt Untly) = Us () (118)

and for the time differential of the forced oscillation qﬁff)
. dy
VE’{.A (‘w}/_) - 2‘{/3 (va')

37 - dy -
VUag) - uig) - Y145 ~fr - Uiy)

dttg) = Y1

(119)

Introducing the time differential for the free oscilla-
tion ¥ (7) given by (12), equation (119) becomes (fig, (13) )

(120)
df’?q

}L7+/% “/3T -?4(W9y

_df(}g} =



|

and the period of the forced oscillation

T

= / it | (121)

> 3 ’f+ﬂo-f3‘r.u(q,°) I "f"v(t)'

o

The detuning factor

7 (%) 4
‘S P 1 AP DY, fe (122)
) - Rl f (14 - um) -at

resulting from the periodic vertical acceleration is
thus the mean value of the expression

. -ﬂh
Z/;fﬁ%'”/g;'zy(ﬁg7
taken over the natural period.

The exact evaluation of this integral is generally
very difficult. We shall therefore Limit ourselves to
an approximation of the first order in ji— which
is valid for all (see also (108) ):

[473, "/J’?w%f—%' 4*%@-6-&(@“)-2«@1‘ (123)



The condition for absolute convergence is

Por - (/’7 = (F) - Zlf”%_?) = 1 (124)

As will be shown Later, this leads to the conditions

*Q53<if1-i +083 for decreasing stiffness
(125)
- 360 = /_’::: < + ()66 for increasing stiffness
With
B, (@) =4, (7)

and - see (35) -
Tip)

Ulp)-at = 1-F4,(7)

A /
/ /
|

Tl ) |

2
the detuning factor then becomes approximately

T 1=%4 \/”“%@ —%‘fr;,,@y (126)



As !i =2 T, we have thus derived an implicite repre-
sentation of the response curves of the second kind,
A transformation to the explicit form - 7 (74, A,)
cannot be carried out, as the functions T (#) eand
2,(¢) are transcendent. However, the two branches
of the response curve corresponding to'a given reactive
excitation amplitude #/Z,/ can easily be gained
from the given skeleton curve 7,/#) using equation
(126) . The results are plotted in fig. 14a and 14b for
the righting-arm curves shown and //5,/ = 0,2.

We found that the roll period of a ship is only
slightly detuned by the periodical vertical accele-
ration. Roll states of the second kind are thus not
possible for all swell periods, As the response curve
rises very stepply, however, the amplitude may become
dgngerously Large.

b) Stable roll states.
FProm (107), (114) and (126):

e (e . 2
P -(Fa ) de e om

To determine the stable regions of the response curves
we apply our stability criterion of section 5d. For
stable roll motions we then have

i ;?/;: > 0. (128)

If



The derivatives of the response curves q?(7;rﬂg)
for a given wave strength B = const, are

dg’: - ‘;5{/?7; — G?gi/c;’z?; (129)
AT, 9P g -C

The response curves thus have infinite derivatives on the
Limiting curve of the stability region, C = 0, and also

on the axis = 0. From (127) we find further for con-
stant D

dg _  16-(T@)-T3)
47y C-7-T%w) 1, 4%)

(130)

This yields the following rule for the response curves

of the second kind (plotted over either the period or

the frequency): For stable roll motions the curve tangents
are positive on the Left of the skeleton curve and negative
on the right. This determines the sign of /G,

2 >0 for increasing stiffness,
(131)

LB <0 for decreasing stiffness.

The unstable parts of the response curves are shown dotted
in fig. 14a and 14b. In the following it will be shown that
the dotted interval on the Ts—axis, corresponding to the
trivial solution ) =0 of (96), for which our stabi-
Lity criterion is not gpplicable, is also unstable.



¢) The critical period interval.

In the limiting case of small amplitudes

(132)
hly) = 196 ¢, Uty)=§P-FG-y*

7;(@‘ 7:[0)_ 27 : Pg (133)

This case is particularly useful for studying certsain
characteristic properties of the roll states of the

second kind, Neglecting M./¢) , (98) becomes a linear
(HilLl) differential equation

V-Gt Jtrp.0)- PG ¢, =0 (134)
With
;2
Ulw) = .g; (135)
¢ 7

equation (102) then Leads to the non-linear differential
equation

J' - Z/4y@,ﬁdf<y 2 {b P-lG-y = Cﬁ (136)



w Nl -

for the steady roll states. This is the free roll equation
for a ship in calm water whose righting-arm curve is a
cubiec parabola:

. IJ =
ha ()= /// iy -2/ L Fo ey, (13

The roll oscillogram is therefore not sinusoidal, the
difference increasing with the amplitude of the reactive
excitation. Nevertheless, the period of oscillation is
independent of the roll amplitude, as the lLatter is pro-
portinal to the stability Limit of the righting-arm curve
(137), (i.es to the angle 1 = (/g for which the ex-
pression in rectangular brackets vanishes) - the propertio-
nality factor depending only on the reactive excitation
amplitude -

—-01 —
LA ¥ (138)
y 2 A48, +23,
{R) / /

The response curves therefore run parallel to the ordi-
nate axis, so that J' is variable independently of B .
The resonance states of the second kind are thus indif-
ferent for small amplitudes, as the expression (128)
vanishes.

Using (133), (135) and the substitution X = ¥/7
the roll period can be obtained from (119) as an elliptie
integral of the first kind:

1
T B0 2 | dx o Bl 2 1,  (139)
14/3, L / \/(4_ x2)(4- k*x2) l/'f -*/?r.-' T /L

ol



with

¢ L
K Ty A (140)

The excitation can also be expressed as a function of
the parameter K° by means of elliptiec integrals., From
(140) and (108) we obtain two simultaneous equations for
the amplitude of the reactive excitation

-k =A"

(141)

[ A~ p =0

with the solutions

A~ £211-9,00)] (142)
g 1- £ f1-p,00)]

2
- 4 - ;&1?4—-4,(0)?

Using equations (119) and (135) and the substitution
x= Wl the mean value

- y
7.(0 -%-{[f—mmj-w (143)
' e



L

which depends on the oscillogram shape but not on its
amplitude, can be written

.-’
- ( 144)

/ 2

z Ji N / X {X
o f o e = s &
09 =27 VPﬂ:‘E-Wa “| Joa /
. J‘

o

so that from (133) and (139)

z;zf&) - 2 (4'- %f)_)/ (146)

where D is the complete elliptiec integral

1

= x* dx v -

. /y(a_-ma—wT ' e
¢

With the aid of (142) we can thus determine both the
reactive excitation amplitude <.  and the roll
period (139) as functions of K2,

To determine the active excitation we evaluate the mean
value of fkfﬁa defined by wquations (111) and (113).
For small amplitudes @—= () we find from (118), (117),
(132)and (135) with x=%/p

ad . R . J'. (14, = : e 4.!. g 22”-
Vﬁ(d—f 2 - /V(4 X/ (4 ﬁxj dx (147)

0




This expression can aiso be reduced to the complete elliptic
integrals X' and ) , since

3y A0, g2 ) (148)

Using (139) and (133), the expression (147) then becomes

4

/

’/?"{? V. 'Fd 7 ,i' .\.
rg) = 22 [ 4~ (1447 <22 ) (149)
zﬁt') 3 ( 4 K |-
In fig. 15 the active exeiting amplitude 2, -~ Z.J(7. ).y /0
and the detuning factor 2;/f?ﬂy are plotted over

the reactive excitation amplitude for constant D = 0,2,

From the figure we can read off the magnitude B and

phase 2 of the excitation (or the equivalent components
A, and A4 ) required to sustain a roll state of small
amplitude within a finite interval around the natural period
TO (9) -

Tpe figure is also useful for explaining qualitatively the
nascent state of the roll motions of the second kind and
the way in which the final steady state is attained. If
twice the value of the exciting period, 2 Tw’ Lies within
the interval determined by the arc of radius B about the
origin the ship becomes unstable as soon as the periodic
vertical acceleration exceeds the critical value B crit
(which is practically equal to 2 D (T,) as the curve is
only slightly inclined to the /3,~axis). The active
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excitation amplitude /?-cazgg then exceeds the damping
value .Zﬂfﬂ)’ag(@ and after an initial random impulse
the ship begins to roll with the period TB = 2 Tw‘ As the
inital roll amplitude can be assumed arbitrarily small for
this argumentation, it is seen that within this critical
period interval the trivial solution y,/ 7/ =0 of equation
(96) to which our criterion (128) could not be applied,
represents an unstable roll state of the second kind.
Using (126), the critical period interval determin@d by
the arc in fig. 15 can be written for small ﬂﬁi—/ in
the approximate form

| y | 7. (150)
o] <t
7:ﬁ9 ¥ /?;

Under the said conditions the roll amplitude increases

after an initial random impulse until a2 point is reached
where the reactive excitation corresponding to the changed
natural period 2:(}5 reduces the active excitation ampli-
tude A =+}7°-A" "to the valuwe 2D(%)'p,/7) just balan-
cing the damping, As the active excitation (113) required

to balance the demping scarcely varies with the amplitude,
the final steady state is attained primarily by detuning,
(see figs, 142 and 14b). It can readily be seen that the
state is stable as a lLarger roll amplitude would Lead

to a further detuning. This would necessate a larger reactive
excitation, which could only by yielded by a lLarger total
excitation - provided the damping does not decrease excessive-
Ly with inereasing emplitude. Out stability criterion (128)
can thus also be understood from this view-point.

We have seen that roll states of the second kind will
always occur in the critical interval (150). Outside this
interval the trivial solution (4 (20 is stable, so that
a specific impulse is necessary to bring the ship into a



a non=-trivial roll state of the second kind. Although
all kinds of impulses are to be expected in a seaway,
the probability for the impulse required is relatively
small, as not only must it impart to the ship a lLarge
amount of energy, but it must also have just the right
magnitude and phase,

The maximum roll amplitude ;;m“» which will occur with
certainty is marked in figs, 142 and 14b. As the point
representing this roll state Lies above the lLimiting
point of the critieal period interv-l which is also the
Limiting point of the (dobted) instability curve, we ob-
tain the Pollowing equation for § . using (126):

# \ ;- - 3
(44 4%ty i) | Tl ane)= (1 i) . - o
/

In solving the equation the sign rule (131) has to be ob-
served. For normal values of Lﬁ:/ the steady state will
be attained by a relatively small degree of detuning.

The quotient T/fhu.)= Tlifm)@gls then only slightly
different from one so that it can be well approximated
by (29). If we further set (see figs 2 and 5)

g} =1 avd Y, ( fra) =7 (152)

Bhe +twe expressions under the roots in (29) become
approximately equal, yielding the (somewhat crude)
approximate formula

rz-—r/_‘" ~— ”EG' zﬂm J (153)
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From (153) we obtain the following simple formula for the
maximum amplitude occuring with certainty:

; foY e (154)
2l ) == (1 *;3,7- s SR8 * D .

This expression can be easily evaluated by intersecting
the righting-arm curve with the straight Line passing
through the origin whose slope is ﬁkﬁfg;) -times

the slope of the initial tangent /‘?’:57-;&- of the righting-
arm curve, The algebraic solution of (154) for

h(’g&',} - ﬁ:é W (d+a 9‘/9 is

Trone ™ ;Z'r (155)

From (131) is follows that the solution is real.



d) Appendices.
I The Influence of the Wave Slope 4 (é) and the Higher

M Combination /i’z{u >

We consider finally the influences of the periodically
varying apparent vertical direction (L) and the
higher harmonic combination A:/7Z) which is given by
(97), (101) and the oscillogram g@fﬁ) . We can use
hereby the result found above that for the maximum
amplitude occuring with certainty in roll states of
the second kind the natural period 7,/ V.. is f4—i:§rf“
times the natural period at small amplitudes - i.e. )
the influence of finite ampLitudé is in practice only

of the order of a few percent. In the critical period
interval the ship can thus be pegarded as a quasi-
Linear system, Its motion can then be represented as

a superposition of the three solutions w, (%, y, /1) i
of the differential equation (1) ecorresponding to the
excitation by -a)

a) the periodic variation of the apparent vertical

direction, 7 (%,
b) the periodic variation of the magnitude of the apparent
vertical vector /349,

c) the moment A,/¢) representing the difference between
' the exciting and damping moments.

The sum of the three solutions gained from the diffe-
rential equations

' G, + &@F W(T) i+ Phly) = O (156)
D”_‘ %,!/2_ +_"'"3 ’5}/ pi?{x - /7 (157)
J'* Pg  *W(T) go #Philpy) =-Nt)  (158)

must be sufficiently small.



According to (5b) the exciting functions /*/7) and
(7] nave the same amplitude _zgf— and period Tw
but are 90° out of phase. Their phase lLag relative to
the roll motion of the second kind y,(7) of period
TB = 2 Tw depends on the damping and can be determined
from (101). The situation is illustrated qualitatively in
fig. 16 for the case ,5,~( where the vertical accele-
ration 4@)'g of the wave just exceeds the critical
damping value Zﬁf%ﬁ'? . As fFu(t) (here = A[7) )
and 4 *yn  are of opposite sign the ship will be in
its position either of static equilibrium or of maximum
roll on the maximum wave slope for which %)=/ .
In the wave trough /7/>/7 +the ship rolls towards its
static equilibrium position and on the wave crest g3m946?
in the reverse direction. In fig. 16 the successive
position of the ship are to be read from Left to right.
The wave is approaching from the right and the maximum

roll angle 7/j / occurs on the rear slope of the wave.

On this roll motion we now superimpose a motion of the
first kind (/) of period T,+ In the Linear approxi-
mation the differential equation (156) can be written

I (@ 27) * W(T)- gy # " 33"-yy =0, (159)
p, e /T being substituted for the ship's natural

frequency. As the exciting frequency az,ﬁfzéh,‘* 2,
is well away from the resonance point we can neglect
the damping, obtaining the approximate steady solution

s e 4 oo,
h () = ~ 3 YE). (160)

The angles



The angles of roll on the rear wave slope are thus

() -+

5 bl fe =B PF ]
'7"77 ff 2 I:'f =— 3-_ v / V.& { = (161)

The maximum roll angle (4 is directed towards the
wave crest i.e, to Lee. From (114) the wave steppness
Jﬁ?lf;é} is equal to 70(7!) at the critical damping
value, From (159) we can thus estimate the lLargest roll
angle for simultaneous roll oscillations of the first
and second kind

— g T ~72 I -?r_r
g = 5 D(T)* I/—'— 2 (162)

In the higher harmonic sombination No (1) the
dominating term is the third harmonic

M

el

ay = 3 =5, , (163)

7
For the Limiting case of a sinusoidal oscillogram this
is, in fact, the only term, /,(// has its maximum

value /N when the angular velocity ¢, is a
maximum, Using (118) the amplitude is approximately

N == I/’a I_r ' A V E i———.t‘ £ L, ( 1 64) -

for small . ff? / .



If we now substitute

(165)

for the ship's natural frequency (see equ. (32) ), the
aaproximete steady solution of (158) in which the damping
can be neglected as the exciting frequency (163) is well
away from the resonance value, becomes

M (e
)= —— 166
U (1) 77t (166)
The amplitude is
— o WI(TI)-%
% T % (167)

~ § (%)

As D(T.) seldom exceeds 0,2 for ships the amplitude
of the higher harmonic generated by the difference
moment Ngﬁﬂ is only a few percent of the total
roll amplitude,



II. The mean values jﬁhfﬁ@) and 2s () .

We next investigate the influence of the reactive
excitation /(2] on the mean values », /») and > ./'5/7)
defined in (108) or (111) and (113) respectively. We
consider first the integrals

T
(7)== | -] di (168)
: 0 anms # » * (
o
and
T
). ¢l
L) ] 22 Y .t (169)
74l #) S ucg
g

Transforming to the time differential of the free roll
oscillation 4 /7)  according to (120) we obtain

()
e 2.0 T 7 (170)
2. ) = [?-m“yﬁ«»,q-/;,-zn@, dt
¢
and with (118) and (117)

) N
%(ﬁ" ,é f_fg“?l(ny'/f*ﬂ, —/3:'2(@,37 -d L (171)

e
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The expression involve the mean values of the function
[ 1~ ‘H‘Iug and its square,

Using equation (35) and introdueing the symbol

va) ﬁ; an dt | - (174)

we can write

g @)= ) *ﬁ:'g.?i)-/ﬂa (175)

balF) == g, (h)~ A %) * Al (176)



How the mean square of a value is always greater than
the square of the mean value and further

0‘ﬁ-&qf¢[f-u.]¢1
so that the following bounds can be given for A :
ta'm=a=Lomp.

We ecan just as well write

a~{-ftpmdpm) 4

gl = gup)-(2-gag)="1.

The influence of the reactive exeitation on 2, ()
and ps(7) can thus be estimated by the formulae

nP)~p0) - ¥ /o ~[iza\é-u#'f7

i)~ 0,.0) 3 w59 3]

(178)

(180)
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(123) we write (181) in the form

2. (%) =0 t9)-A L (183)
with
A -i/qf ﬂ#ﬁv°ﬁ2’ﬁ-¢§f*{7' (184)
The convergence condition (124) then becomes
AR+ | <1 o
with
an = 1= (@)= Uuly). (186)

The convergence interval
(187)
ﬂr‘ﬁhW%
can thus be determined from the intersects of the family

of parabolas
2
y AR

(188)
o0& ASE
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with the two femiliss of straight Lines
?3 - 1] - /{r

'?w‘u‘{'

(189)

The parameter intervals of A and m follow from (41),
(103), and (180). The curve families are shown in fig.
17. The abeissae of the two points on opposite sides
of the y-axis which Lie nearest to the axis are the
Limiting values /4 <0 and /5 >0 of the convergence
interval, as all ﬁ; Lying between these Limits satisfy
condition (185). The intercepts and the corresponding
convergence intervals are shown in the figure for
Dowose = 1 804 2, = 1,5, Having determined the Limiting
values of the parameters A and m from the intercepts
nearest to the y-axis the convergence intervals were
evuated numerically:
- = ¢ = ; Si
I9ent@S. Se =4S ppeeg s
(190)
~Q60= 5, <+0ff for = 1,5 (inereasing
stiffness)
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