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Abstract. Monitoring the surrounding sea state enhances operational safety and energy efficiency
of vessels during voyage. The directional sea state can be estimated from measured vessel responses
using physics-based models following the Wave-Buoy Analogy (WBA) or data-driven methods like
Convolutional Neural Networks (CNNs). This study explores both approaches for parametric sea state
estimation using simulation and full-scale measurement data of a barge. The issue of local minimum
convergence in the least-squares algorithm is addressed by a modified implementation of the parametric
WBA. The modification involves constraining the relative wave direction during optimization, leading
to more robustness against outliers in the estimation of the peak period and relative wave direction.
The study emphasizes that the methods provide feasible approaches for parametric sea state estimation
on the given data, with the WBA requiring knowledge of the vessel-specific conditions and the CNN
depending on the representativeness of the training data.

Keywords: Sea state estimation, wave-buoy analogy, neural networks, full-scale measurements, response
amplitude operators

1 Introduction

The accurate estimation of sea state parameters such as wave height, period and direction is critical for
mariners for enhancing operational safety [I] as well as navigational efficiency [2]. Commonly, the sea state can
be obtained from fixed buoys, weather data bases or wave radars. They, however, can lack real-time, location-
specific data and in case of radar systems be cost-intensive [3]. In contrast, the Wave-Buoy Analogy (WBA)
and Machine Learning (ML) models utilize vessel acceleration measurements to estimate the surrounding sea
state conditions and offer a reliable and cost-efficient alternative to traditional measuring methods.

The WBA as described by Iseki and Ohtsu [4] or Tannuri et al. [3] is a physics-based model in frequency
domain that assumes linear relations between wave excitation and vessel responses. The WBA is limited by
(i) the constrains to mild or moderate sea state conditions due to the linear theory (ii) the dependence on
the quality of the RAOs which include the knowledge of the operational conditions as well as the geometry of
the vessel and (iii) the influence of the vessel as low-pass filter, which causes the excitation of high-frequency
waves to be attenuated. One distinguishes between parametric [3] and non-parametric approaches [4], which
yield in either estimating the statistical parameters of an assumed spectral form or in the non-parameterized
spectrum. Advantages and disadvantages of both approaches have been discussed by Tannuri et al. [3] as
well as Nielsen [5]. In case of parametric modeling, the discrepancy between measured and computed vessel
responses can be minimized using genetic optimization or gradient search algorithms [6]. Non-linear optimiza-
tion techniques such as the least squares method, however, minimize problems that are not globally convex to
a local minimum, which has been proven to affect the accuracy of the parametric WBA [5]. Pascoal et al. [7]
suggest instead using global search techniques or performing tests regarding the relative wave direction in
a post-processing step. Furthermore, studies have shown that the estimated distribution of the wave energy
is influenced by the filtering effect of the vessel [§] as well as the short-term variability of the relative phase
angle between the ship responses [9].

In addition to model-based approaches, data-driven models like Machine Learning (ML) are used for
sea state estimation. The major advantage of ML is its capability to develop non-linear models based on a



data set while having close-to real-time execution. Mittendorf et al. [10] performed a comparison of multi-
ple neural networks for sea state estimation in time and frequency domain. In another study, the authors
concluded that the estimation of the wave direction is more complex than estimating the wave height and
peak period [I1]. Kawai et al. [I2] applied a Convolutional Neural Network (CNN) in order to estimate the
statistical parameters of the Ochi-Hubble spectrum on measurement data. They show that compared to the
wave height, frequency and kurtosis, the estimation accuracy of the wave direction varies the largest. Han et
al. [13] describe how due to the ML models inability to extrapolate outside of the training data, these models
are likely to fail in sea state conditions that were not included in the training data. As the physics-based
and the data-driven methods have shown complementary advantages and disadvantages, latest research has
spurred into the development of hybrid models that combine WBA and ML models [I3/14].

This study aims at investigating the capabilities of the WBA and a CNN on simulation as well as full-
scale measurement data of a barge. The WBA was implemented using the least-squares algorithm and the
influence of the optimization to local minima is investigated. A modified implementation of the WBA is
presented, which bounds the least-squares algorithm to a plausible range of wave directions. The study is
organised as follows: Section [2]is devoted to the methodology which comprises the theory of the WBA as well
as a brief introduction to neural networks. Details of the vessel and the description of the data are given in
Section [3] The results are presented in Section [4] followed by the discussion in Section [5] and the conclusions
in Section [Gl

2 Methodology

2.1 Parametric Modeling of the Wave-Buoy Analogy

Detailed descriptions of the theory and the governing equations of the WBA are given by Iseki and Ohtsu [4]
as well as Nielsen et al. [I5]. Based on the assumptions that linearity exists between incident waves and vessel
responses and that the sea state behaves stationary and ergodic, the cross spectrum

™
i) = [ ilioes ) B3, ) Bl ) o
—T

between the i-th and j-th motion responses of encounter frequency w, can be determined using the directional
wave spectrum E(we, i) and the complex-valued transfer functions @; ;(we, i), with the bar denoting the
complex conjugate. The angle p depicts the relative wave direction, which in this study is defined as 0° for
following seas, 90° for starboard beam, 180° for head sea and 270° for port beam. The equation is conveniently
formulated in absolute frequency domain, which requires the mapping of the encounter frequency

We = w — w? — cos(p) (2)
g
to absolute frequency w using the ship forward speed U and gravitational acceleration g. The relationship
given in Eq. [2] is non-unique in cases of beam, quartering and following sea resulting in the triple-value
function problem, as addressed by Iseki and Ohtsu [4]. When regarding multiple degrees of freedom, a system
of equations can be obtained from Eq. [I] whose solution can be approximated through minimizing

miny? = min| Af(x) — b|? (3)

using the least squares method with Lo norm. In the equation, b represents the measured responses, A holds
the components of the transfer functions and f(x) is a function expressing the wave spectrum depending
on sea state parameters x. In order to equally weight the magnitudes of measured responses, the response
spectra are normalized to a maximal absolute value of 1. The transfer functions are normalized accordingly.

2.2 Bounded WBA

The modification of the WBA implementation as described above aims at preventing the least-squares algo-
rithm to converge to a local minimum by constraining the estimation of the relative wave direction p. The
procedure is based on studies by Brodtkorb and Nielsen [16], who distinguish between waves coming from
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Fig. 1. Algorithm of the bounded WBA.

port and starboard using the imaginary part of the heave-roll cross spectum Im{Ss;} and between head
and following sea using the imaginary part of the heave-pitch cross spectum Im{Ss5}. For this purpose, the
zeroth-order moment

mo z/ S (we) dwe (4)
0
is calculated for Im{Ss4} and Im{S55}. The case distinction is executed based on the sign of mg following
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The algorithm is illustrated in Fig. [1| First, mo(Im{S;;}) of the measured responses for ij = [(3,4), (3,5)]
are checked for ambiguity. This is done by comparing the integrals over the positive values of Im{.S;;}, ma' ,
and negative values mg . The case distinction as defined above is set as trustworthy if either mg or mg
predominates such that

mg (Im{S;;}) | | > 1.2. (7)

If the condition is satisfied, the least-squares algorithm is solved with bounds for x according to Eq. [5] and [6]
Otherwise, the WBA is executed by iterating over the range of angles from 0° to 360° in steps of 10°. Hereby,
the relative wave direction is set as fixed parameter and only the significant wave height and the peak period
are optimized by the algorithm. From the 36 results, the sea state parameters yielding the lowest residual
are selected as final estimation.
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2.3 Artificial Neural Networks

The concept of neural networks was first introduced by Rosenblatt [I7] and the theoretical background is
given by Goodfellow et al. [I8]. In supervised training, the main idea of artificial neural networks is to tune
parameters of a given network architecture such that they replicate a function g : x — y mapping input
x (features) and related output y (labels) of a training data set D = {Di = (x, y) 1 =1,2,..., N}
comprising N samples. The most basic neural network is a single neuron

7;7

y=g9(x) =~ f(w, x) = f(bias + iwm) , (8)
i=1

which approximates the function g by an activation function f, weights w and a bias parameter. The more
neurons are arranged in consecutively manner, the more trainable parameters are added to the network such
that

v~ fr (biaSL,wL,fol(biasL,l,wL,l, e fl(biasl,wl,x))) , (9)
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Fig. 2. Architecture of the CNN consisting of convolutional (blue), flatten (shaded) and fully-connected layers (red).
The sizes of the layers are given. Cross spectral sequences of vessel responses serve as input and the output consists
of the sea state parameters.

where L depicts the number of layers. A neural network is called feed-forward if the neurons are connected
in unidirectional order towards the output layer and fully-connected if each layer is connected to every other
neuron in the next layer. A common feed-forward architecture type is the Convolutional Neural Network
(CNN), whose composition typically comprises a convolution part, pooling or flatten as well as fully-connected
layers. In the process of convolution, features of interest are extracted from the data by using a kernel. In
the process of training, the discrepancy between estimation and ground truth is measured by a loss function.
The optimization is commonly carried out using gradient-descent and back-propagation methods.

The architecture of the proposed CNN is presented in Fig. [2l The network consists of four convolutional
layers, a flatten layer and two fully-connected layers. The sizes of the layers were determined in a study of
hyperparameters, which is described in Appendix [A] Prior to the training, the logarithm was applied to the
significant wave height Hy to enforce a more symmetrical shape on its data distribution [I0]. The relative
wave direction p was split into its sine and cosine values in order to avoid its circular ambiguity. The features
and labels were scaled to ranges between 0 and 1 following the Min-Max normalization. The mean squared
error was applied as loss function and the tangens hyperbolicus as activation function with exception of the
last layer, which holds no activation. The Adam optimizer was utilized with exponential learning rate starting
at 10~° and decay rate of 0.95.

3 Data Acquisition

The vessel investigated in this study is a barge with main particulars listed in Tab. [I} The barge is utilized
for transporting containers between Pennsylvania and Puerto Rico. Measurements were conducted between
July and November 2022 and the recorded GPS positions during data acquisition are depicted in Fig.
To mitigate the effects of shallow waters and refraction encountered in Delaware Bay, only data samples
below a latitude threshold of 38° were considered. Next to the GPS position, the accelerations of the heave,
pitch and roll motions were measured. After data processing, the total number of data samples came to 1213
with temporal length of 1h. The vessel’s forward speed U was derived from the processed GPS data, while
sea state information was sourced from the Global Ocean Waves Reanalysis provided by the Copernicus
Marine Service [19]. Fig. [3| presents the occurences of significant wave height, peak period and relative wave
direction next to the vessel speed U. The significant wave height Hy approaches the shape of an exponential
distribution with maximum observed value of 3.1 m, whereas the distribution of T}, is symmetrical with mean
value of 8.4s. In most cases, the relative wave direction corresponds to beam seas. The distribution of the
vessel speed shows that the barge predominantly operates at U = 5.2m/s, corresponding to a Froude number
of Fr =U/+/g - Lpp =~ 0.15. No information about the draught and center of gravity were recorded.

For training the neural network, a synthetic data set was generated by carrying out simulations of the
barge using the impulse response method for ship motions based on the theory of Cummins [20]. Short-
crested, irregular sea state is modeled by superposing elementary waves following linear wave theory with
the JONSWAP spectrum selected as ocean wave spectrum. The equation of motion is solved in time domain
using frequency-dependent hydrodynamic mass and damping coefficients, which were pre-calculated using



Table 1. Main particulars of the barge.

Parameter Unit Abbreviation Value
Length between perpendiculars [m] Lpp 122
Breadth [m] BWL 32.2
Design draught [m] Tp 5.16
Block coefficient [-] cB 0.85
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Fig. 3. Left: GPS positions of the barge for the period of data acquisition. Right: Occurrences of significant wave
height Hs, peak period T}, relative wave direction p and forward speed of the vessel U during the measurements.

a frequency-domain panel method. For a more detailed description of the numerical model, the reader is
referred to Wermbter and Maksoud [21]. In total, 5000 Jonswap spectra were generated for ratios between
peak wave length to ship length L,/L,, € {0.25, ..., 3.5} and wave steepnesses mHy/L, € {0.01, ..., 0.15}.
The relative wave direction was varied randomly between 0° and 360°. The resulting joint distribution of Hg
and T}, is given in Fig. E|, next to long-term sea state statistics as well as the sea state conditions encountered
by the barge during the measurements. The simulated data set encompasses a larger range of wave heights
and peak periods compared to the sea state statistics; however, this was intended in order to ensure that
the applicability of the neural network also covers heavy seas, which are of special interest regarding ship
safety. Furthermore, it can be observed that the measured occurrences of wave height and peak period are
well represented within the simulation data. It is assumed that the barge mostly operated in similar loading
conditions during the measurements. Therefore, only one operating point was included in the data set. The
forward speed of the vessel was set to U = 5.2m/s. As no information about the draught T' as well as the
vertical center of gravity VCG were given, the values had to be guessed and were set to T = 3.84 m and
VCG = 9.6 m. The length of one data sample is one hour for both the processed measurement data as well
as the simulated data with time step size of 0.25s. In order to transfer the vessel accelerations to frequency
domain, the Welch algorithm is applied with a Hann window length of 512.

4 Results

4.1 Simulation data

The WBA and the bounded WBA, abbreviated bWBA in the following, were applied to the test set data of
the CNN, c.f. Appendix [A] with the results presented in Fig. [f] Next to the integral parameters, the peak
period T} in encounter frequency domain is calculated according to Eq. [2]and will be part of the comparison.



sea state occurences during

simulated data statistics measurements
10 10 10
8 o 8 T 8 0
— — — —_—
£ 6 El £ 6 = £ 6 g
B 3 B ! B 3
T 4 = T 4 g T 4 g
2 < 2 < 2 <
5 10 15 5 10 15 5 10 15
Tp [s] Tp [s] Tp [8]

Fig. 4. Joint distribution of significant wave height Hs and peak period T, in the simulated data (left), sea state
statistics at the geographical position of 70°W of Longitude and 30° of Latitude [22] (middle) and the conducted
measurements (right).

The mean normalized absolute error MNAE as well as the mean absolute error MAE

N

1 i — Ui
MNAE = - D e €= Jyi = G for y € [Hy, Ty, T¢), (10)
- Yi
i=1
| X
MAE = N Zminﬂyi — 4i],360° — |y; — 9|} for y € [u] (11)
i=1

between ground truth y; and estimation g; are calculated for the corresponding sea state parameters. Starting
with the WBA, the estimation of Hg shows the largest scatter as the absolute deviation between estimation
and ground truth increases with higher values of Hs. The error in estimating the peak period T} is low
for most samples; however, in several cases the period is underestimated, with absolute errors reaching up
to 10s. A similar trend can be observed for the relative wave direction, where p is estimated accurately most
of the time with single outliers, resulting in a MAE = 34. In contrast to the latter two parameters, outliers
are less prevalent in the determination of the encounter peak period 7. When comparing the results of the
bWBA to those of the WBA, the estimation accuracy increases for both the peak period and the relative
wave direction. With the exception of a few samples, the majority of outliers were successfully mitigated.
Due to these corrections, the estimation of 77 also slightly improves measured by the MNAE. The neural
network yields the most accurate results when applied to this data set. Notably, the scatter of the significant
wave height is reduced in comparison to the other two methods.

In the next step, the problem of convergence to local minima by the least-squares algorithm was in-
vestigated in more detail. The investigation is performed on two examples from the test set, which were
previously estimated poorly by the WBA. The algorithm was adapted such that an iteration over the range
of the relative wave direction in steps of 10° and over the peak period in steps of 0.7 s was carried out. Only
the wave height Hg was treated as free parameter to be optimized by the least-squares algorithm. The aim
of this study is to obtain a field of residuals in order to evaluate the inaccurate estimations of the WBA.
The results are given in Fig. @ The sea state parameters for Example 1 are Hy; = 3.9m, 7}, ; = 14.5s and

1 = 310° and Hgo = 5.1m, T}, 2 = 11.2m, pp = 236° for Example 2. The corresponding peak periods in
encounter frequency domain are Ty ; = 17.0s and Tj , = 9.6s. In the first example, the problem exhibits a
local minimum at the coordinate (71° 14.5s) and a global minimum at (310°,14.5s). The minima are nearly
symmetrical regarding the wave direction with symmetry axis at 180°, resulting in an accurate estimation
of the WBA for the peak period and an inaccurate estimation for the relative wave direction. In the second
example, a local minimum is located at (310°,4.2s) and no symmetry can be observed. In this case, the WBA
estimates both the angle and the peak period incorrectly. Most notably, in both examples the estimations of
the WBA and the bWBA for p and Tj, result in the same values of 7§.

4.2 Full-Scale Measurements

The uncertainty resulting from the unkown operating point and therefore unkown RAOs of the barge [23] is
a substantial challenge in the evaluation of the measurement data. To address this, the effects of guessing
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Fig. 5. Scatter density plots for sea state estimation of significant wave height Hs, peak period T}, relative wave
direction p and peak period in encounter frequency domain 7} using the WBA (top), the bWBA (middle) and the
CNN (bottom) on the simulated data set. Red dots indicate high and blue dots low density.
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Fig. 6. Residuals showing local and global optima predicted by the WBA and bWBA, where lighter colors correspond
to lower residual values and darker colors indicate higher residuals. The ground truth of p and T}, is marked as red
lines.

different values for draught 7" and the vertical center of gravity VCG on the estimation accuracy were
investigated. The results of applying the bWBA for different combinations for T" and VCG are presented in
Fig. Iﬂ The range of forward speed was discretised for Froude numbers Fr = [0.058,0.116, 0.15]. The estimation
accuracy of the significant wave height is mainly influenced by the draught T, while the variation of VCG
shows no substantial impact. The MNAE in estimating T}, is approximately the same for all parameter
variations. The estimation of u is influenced by both T" and VCG and with increasing the both values, the
MAE also increases. The combination of T'= 3.84 m and VCG = 9.6 m results in the lowest deviation for all
sea state parameters and was therefore selected for the final evaluation.

The final results are presented in Fig. [§] for all methods. The largest difference between the WBA and
bWBA can be observed for the estimation of the relative wave direction, where outliers are corrected by the
bWBA. Both methods exhibit the largest deviations for p in cases of following seas. In terms of the peak
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Fig. 8. Scatter density plots showing the estimations of significant wave height Hs, peak period T}, relative wave
direction p and encounter peak period T for the WBA (top), the bWBA (middle) and the CNN (bottom) on the
full-scale measurement data. Red dots indicate high and blue dots low density.

period, the WBA methods achieve similar estimation accuracies in both the absolute and encounter frequency
domain. Measured by the MNAE, the CNN estimates Hy more accurately on average compared to the WBA
and bWBA; however, the scatter in the estimate of the wave height increases further for higher values.

In the next step, the bWBA and the CNN were examined regarding their capabilities to reflect the energy
of the ship’s responses. For each sample, the relative deviation ¢, see Eq. was calculated for the zeroth-
moment of heave myg 3, roll mg 4 and pitch acceleration mg 5. The measured vessel response serves as ground
truth, while ¢ represents the reconstructed energy that is computed using the estimated sea state parameters
and linear theory. The results are depicted in Fig.[0] next to the results from the sea state parameters obtained
from Copernicus. The errors in the reference data obtained from Copernicus due to modeling assumptions or
interpolation are assumed to be sufficiently small in order to determine an overall trend in this investigation.
The plots on the left-hand side demonstrate that the lower the measured ship accelerations, the greater the
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relative error made by linear theory becomes. For high values of mg, the relative deviation fluctuates around
€ = 0 for the heave and pitch acceleration, while the measured roll acceleration tends to get underestimated
by linear theory. In contrast, the estimations made by the bWBA reproduces the measured ship accelerations
more accurately in most cases, as the scattering significantly decreases when comparing the plots in the
middle to the ones on the left-hand side. Similar to the previous observation, the accuracy regarding the roll
response is worse with increasing roll energy. The results of the CNN, as depicted on the right-hand side,
exhibits a similarly large scattering compared to the plots on the left-hand side. In this case, however, and
no difference between the relative error for heave, pitch and roll acceleration can be observed.

5 Discussion

The investigations based on the simulation data show that the convergence of the least-squares algorithm to
local minima can lead to inaccurate estimations regarding the wave energy distribution in the WBA. This
can affect either solely the relative wave direction or both the wave direction and the peak period. However,
the results suggest that the energy distribution in encounter frequency domain, as given by 77, is captured
accurately. The influence on the estimation of the significant wave height was not investigated in this study.
The results demonstrate that this issue can be mitigated by constraining the least-squares algorithm to a
defined range of angles, and that the case distinction regarding the wave direction works robustly. The largest
difference between the CNN and the WBA methods appears in the estimation of the wave height, which is
more accurate for the CNN on the simulation data set. This shows the potential advantage of the non-linear
model over the linear models, as the amount of motion energy does not translate linearly into wave height.
In the next step, the methods were applied to full-scale measurement data. The study on the influence
of draught T and vertical center of gravity VCG on the estimation accuracy highlights the importance



of the knowledge about the current operating conditions and therefore the RAOs in the WBA. All three
methods yield similar accuracies for the sea state parameters, as measured by the MNAE and the MAE.
The procedure of the bWBA and its potential improvements over the unbounded least-squares formulation
were successfully validated. Analysis of the reconstructed response energies demonstrated that the bWBA
has a greater capability to reproduce and capture the measured energies compared to the CNN. This allows
a more comprehensible analysis of the estimations in the post-processing, whereas the results of the CNN are
difficult to interpret physically due to its black-box nature. Furthermore, it was shown that the relative error
of the linear theory increases as the response energy decreases, which may affect the accuracy of the WBA
method. However, it should also be noted that these sea state conditions are not critical for the detection of
severe sea states or large response amplitudes.

In addition to the unknown operating points of the barge, other substantial sources of error include the
violation of the stationarity assumption during measurements, the simplified representation of the real sea
state as a single-peak JONSWAP spectrum, measurement inaccuracies as well as discrepancies in the reference
data derived from meteorological sources, which may deviate from the actual sea state due to modeling errors
or local interpolation. Furthermore, the CNN was trained using data for only one Froude number for reasons
of computational effort, while by the application of the WBA methods three Froude numbers are taken
into account. Therefore, at this stage in the process and while the neural network has not yet attained the
generalization capability regarding the operating conditions, the WBA shows an advantage over data-driven
approaches, as it is currently more adaptable to varying load cases, Froude numbers, and ship geometries.

6 Conclusions

In this study, physics-based and data-driven methods for sea state estimation were implemented and tested
based on simulation and measurement data. The problem of convergence to local minima in the least-squares
algorithm was mitigated by constraining the WBA to a plausible range of wave directions. It should be noted
here that the WBA can also be implemented using a global optimization scheme. Although the CNN, as a
non-linear model, is superior to the WBA in terms of complexity, the CNN yield results that are of similar
accuracy compared to the physics-based approaches. One reason for this may lie in the training data of the
CNN, whose applicability is limited by the same assumptions about the operating conditions of the vessel
as the WBA. In conclusion, both the bWBA and the CNN offer feasible approaches for parametric sea state
estimation on the given data, with the results emphasizing the significance of known vessel-specific conditions
for the WBA approach and the accuracy and representativeness of the training data for the CNN.

Future work will focus on exploring methods for tuning the RAOs to fit the current operating point
during voyage, thereby reducing the associated uncertainties. The performance of the neural network could
be enhanced through transfer learning, where parts of the neural network are retrained using measurement
data. Under the assumption that the barge operates primarily under similar loading conditions, transfer
learning could circumvent the problem of unknown operating points, as these are described through the
measured data. In order to achieve capability of generalization regarding varying loading conditions, the
acquisition of more data as well as further investigations of the model architecture are required. Lastly, it is
emphasized that both methods can be combined in a hybrid model in which the disadvantages of one method
are complemented by the advantages of the other.
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A Appendix - Hyperparameter Study

First, an independent test set holding 800 samples was extracted from the data. The remaining 3200 data
samples were split into a train and validation set following the four-fold cross-validation method. The early-
stopping function was applied and the weights and loss values of the best model on the validation set was
restored. Table [2| presents the resulting losses in terms of mean and standard deviation for the four runs
carried out. The variations of hyperparameters include the number of kernels in the convolutional layers and
the number of neurons in the fully-connected layers. The best model was selected based on the lowest loss
on the validation set. Next, the resulting architecture was investigated regarding under- and overfitting. The
train and validation set were merged into a new train set and the model was tested using the data from the
test set. The results of varying the train set size is depicted in Figure [[0a] The model trained on 3200 data
samples was set as final. The corresponding loss curves over the epochs are shown in Figure

Table 2. The loss is given as mean and standard deviation for the train and test set.

conv. layers fully-conn. layers. loss

# kernels kernel size # neurons # train. par. train val

[16, 32,64, 128] 3 [32, 64] 30004 0.00469 £ 0.00058 0.0130 £ 0.00323

(64, 128] 574932 0.00367 £+ 0.00104 0.0112 + 0.00234

[128, 256] 1133076 0.00251 £ 0.00042 0.0115 £ 0.00283

[32, 64,128, 256] 3 [32, 64] 665924 0.00303 £ 0.00024 0.01232 + 0.0034

(64, 128] 1205092 0.00214 £ 0.00058 0.01083 + 0.0008

[128, 256] 2295716 0.00187 £ 0.00023 0.01283 4+ 0.0006
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(a) Variation of the train set size (b) Learning curves

Fig. 10. Left: Loss values of the train and test set over the train set size. Right: Loss values of the train and test set
for a train set size of 3200. The best model regarding the loss on the test set is marked.
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