Chapter 17 )
Evolutionary Inclusions Shethie

This chapter is devoted to the study of evolutionary inclusions. In contrast to
evolutionary equations, we will replace the skew-selfadjoint operator A by a so-
called maximal monotone relation A € H x H in the Hilbert space H. The resulting
problem is then no longer an equation, but just an inclusion; that is, we consider
problems of the form

(u, f) € 0,yM(3,,) + A, (17.1)

where f € Ly ,(R; H) is given and u € L, ,(R; H) is to be determined. This
generalisation allows the treatment of certain non-linear problems, since we will
not require any linearity for the relation A. Moreover, the property that A is just a
relation and not neccessarily an operator can be used to treat hysteresis phenomena,
which for instance occur in the theory of elasticity and electro-magnetism.

We begin to define the notion of maximal monotone relations in the first part
of this chapter. In particular, we introduce the notion of the so-called Yosida
approximation of A and provide a useful perturbation result for maximal monotone
relations, which will be the key argument for proving the well-posedness of (17.1).
For this, we prove the celebrated Theorem of Minty, which characterises the
maximal monotone relations by a range condition. The second section is devoted
to the main result of this chapter, namely the well-posedness of (17.1), which
generalises Picard’s theorem (see Theorem 6.2.1) to a broader class of problems.
In the concluding section we consider Maxwell’s equations in a polarisable medium
as an application.
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276 17 Evolutionary Inclusions

17.1 Maximal Monotone Relations and the Theorem
of Minty

Definition Let A € H x H. We call A monotone if
Y(u,v),(x,y) e A: Re{(u—x,v—y)=>0.

Moreover, we call A maximal monotone if A is monotone and for each monotone
relation B € H x H with A C B it follows that A = B.

Remark 17.1.1 Let A C H x H be a monotone relation.

(a) Itis clear that A is maximal monotone if and only if for each x, y € H with
Vu,v) € A: Refu—x,v—y) >0

it follows that (x, y) € A.

(b) From (a) it follows that A is demiclosed; i.e., for each sequence ((xy, Yn))neN
in A with x, — x in H and y, — y weakly or x,, — x weakly and y, — y in
H for some x,y € H asn — oo it follows that (x, y) € A (note that in both
cases we have (u — x,,, v — y,) = (u — x, v — y) for each (u, v) € A).

We start to present some first properties of monotone and maximal monotone
relations.

Proposition 17.1.2 Let A € H x H be monotone and A > 0. Then the following
statements hold:

(a) The inverse relation (1 + LA)~' is a Lipschitz-continuous mapping, which
satisfies H(l +24)7! HLip < 1.
(b) If 1 4+ LA is onto, then A is maximal monotone.

Proof For showing (a), we assume that (f,u),(g,x) € (1 + LA)~! for some
f,g,u,x € H.Then we find v, y € H such that (u, v), (x,y) € Aandu +Av = f
as well as x + Ay = g. The monotonicity of A then yields

lu— x> =Re(f —g—Ar(—y),u—x) <Re(f—g.u—x)<|f—glllu—x]|.

If now f = g, then u = x. Hence, (1 + AA)~! is a mapping and the inequality
proves its Lipschitz-continuity with |(1 +24)7! ||Lip < 1.

To prove (b), let B € H x H be monotone with A € B and let (x,y) € B.
Since 1 + LA is onto, we find (u,v) € A € B such thatu + Av = x + Ay. Since
(14 AB)~! is a mapping by (a), we infer that

x=0+2B) 'ax+r)=0+rB) " 'u+r)=u

and hence, also v = y, which proves that (x, y) € A and thus, A = B. m|
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Example 17.1.3 Let B: dom(B) € H — H be a densely defined, closed linear
operator. Assume Re (¢, Bu) > 0 and Re (v, B*v) > O for all u € dom(B)
and v € dom(B*). Then B is maximal monotone. Indeed, the monotonicity
follows from the linearity of B and by Proposition 6.3.1 the operator 1 4+ B is
continuously invertible, hence onto. Thus, the maximal monotonicity follows by
Proposition 17.1.2(b). In particular, every skew-selfadjoint operator is maximal
monotone. Moreover, if M: dom(M) € C — L(H) is a material law such that
there exist ¢ > 0, vg > sp, (M) with

Re (zM(2)¢, ¢) = cllpll* (¢ € H,z € Cresuy),

then 9; , M (9;,,) — c is maximal monotone for each v > vy.

Our first goal is to show that the implication in Proposition 17.1.2(b) is actually an
equivalence. This is Minty’s theorem. For this, we start to introduce subgradients
of convex, proper, lower semi-continuous mappings, which form the probably most
prominent example of maximal monotone relations.

Definition Let f: H — (—00, c0]. We call f

(a) convexifforallx,y € H, A € (0, 1) we have

JOx+ A =2y) <Af)+A =2 f().

(b) proper if there exists x € H with f(x) < oo.
(c) lower semi-continuous (L.s.c.) if for each ¢ € R the sublevel set

[f <cl={xeH; f(x)<c}

is closed.
(d) coercive if for each ¢ € R the sublevel set [ f < c] is bounded.

Remark 17.1.4 1If f: H — (—00, 00] is convex, the sublevel sets [ f < c] are
convex for each ¢ € R. Hence, if f is convex, l.s.c. and coercive, the sets [ f < c]
are weakly sequentially compact (or, by the Eberlein—Smulian theorem [50, theorem
13.1], equivalently, weakly compact) for each ¢ € R. Indeed, if (x,),en is a
sequence in [f < c] for some ¢ € R, then it is bounded and thus, posseses a
weakly convergent subsequence with weak limit x € H. Since [ f < c] is closed
and convex, Mazur’s theorem [50, Corollary 2.11] yields that it is weakly closed
and thus, x € [ f < c] proving the claim.

Definition Let f: H — (—o00, 0o] be convex. We define the subgradient of f by
of ={(x,y)e Hx H;Yue H: f(u)> f(x) +Re(y,u —x)}.

Remark 17.1.5 Note that u — f(x) + Re(y, u — x) is an affine function touching
the graph of f in x. Thus, the subgradient is the set of all pairs (x, y) € H such
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that there exists an affine function with slope y touching the graph of f in x. It is
not hard to show that if f is differentiable in x, then (x, y) € df if and only if
y = f’(x) (see Exercise 17.1). Thus, the subgradient of f provides a generalisation
of the derivative for arbitrary convex functions.

Proposition 17.1.6 Let f: H — (—o00,00] be convex and proper. Then the
following statements hold:

(@) If (x,y) € Of, then f(x) < o0o. Moreover, the subgradient of is monotone.

() If f is Ls.c. and coercive, then there exists x € H such that f(x) =
infyen f(u).

(c) Leta >0,x,y € Hand g: H — (—00, 0] with g(u) = 5 |lu — y||2 + f(u)
foru € H. Then g(x) = inf,egy g(u) if and only if (x, a(y — x)) € df.

(d) Leta« > Oandy € H. If f is Ls.c., then g: H — (—o00, 00] with g(u) =
5 llu— yI?+ f () foru € H is convex, proper, L.s.c and coercive. In particular
1 + «df is onto and hence, df is maximal monotone.

Proof

(a) If (x,y) € of we have f(u) > f(x) + Re(y,u — x) for each u € H. Since
f is proper, we find u € H such that f(#) < oo and hence, also f(x) < ococ.
Let now (u, v), (x, y) € df. Then we have f(u) > f(x) + Re(y,u — x) and
f(x) =2 f(w) +Re{v,x —u) = f(u) — Re(v,u —x). Summing up both
expressions (note that f(x), f(u) < oo by what we have shown before), we
infer

Re(y —v,u —x) <0,

which shows the monotonicity.

(b) Let (xy)nen in H with f(x,) — inf,cy f(u) =: d. Note that d € R, since
f is proper. Without loss of generality, we can assume that x, € [f < d + 1]
for each n € N and by Remark 17.1.4 we can assume that x,, — x weakly as
n — oo forsome x € H. Lete > 0. Since x,, € [f < d + ¢] for sufficiently
large n € N, we derive x € [f < d + €] again by Remark 17.1.4 and so,
f(x) < d + ¢ foreach ¢ > 0, showing the claim.

(c) Assume that g(x) = inf,cy g(u) and let u € H. Since f is proper, so is g and
thus, we have g(x) < oo, which in turn gives f(x) < oco.Let A € (0, 1] and set
w = Au + (1 — A)x. Then the convexity of f yields

(W) = f()) > fw) — f(x)
=gw0—mﬂ+Zﬂu—yW—Hw—ﬂﬁ

o
>zuu—yw—nw—ﬂﬂ
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(07
= 2(||x—y||2— 1A —x) 4+ x — ylI*)

= Z(—ZARe(u—x,x—y}—Az lu — x12).

Dividing the latter expression by A and taking the limit A — 0, we infer

—aRe(u —x,x —y) < fu) — f(x),

which proves (x, «(y — x)) € af.
Assume now that (x, «(y — x)) € df. For eachu € H we have

Jx — ylI> —2Re(y —x,u —x) = ||y —x — (u — )|I> — [lu — x||* < flu — y|I?

and thus,
Fa) > f(x) +Rela(y —x),u—x) > f(x) + Z(ux —yI% =l = yI1?),

which shows the claim.
(d) We first show that there exists an affine function #: H — R with 2 < f. For
this, we consider the epigraph of f given by

epi f == {(x,B) €e HxR; f(x) <pB}.
Since f is convex and l.s.c., one easily verifies that epi f is convex and closed.
Moreover, since f is proper, epi f # @. Let now z € H with f(z) < oo and

n < f(z). Then (z,n) € (H x R) \ epi f and by the Hahn—Banach theorem we
find w € H and y € R such that

Re (w, z) +yn < Re (w, x) + yB
for all (x, B) € epi f. In particular
Re (w, z) +yn <Re(w,x) +yf(x)
for each x € H and since this holds also for x = z, we infer y > 0. Choosing
h(x) = ; Re (w,z —x) + n for x € H, we have found the asserted affine

function.
Using this, we have that

g(u) > Z e — yI> + h(u) (e H)



280 17 Evolutionary Inclusions

and since the right-hand side tends to co as |lu|| — oo, we derive that g is
coercive. Moreover, g is convex, proper and L.s.c. (see Exercise 17.2) and thus,
there exists x € H with g(x) = inf,eg g(u) by (b). By (¢), (x, @(y — x)) € df
and thus, (x, y) € 1 +adf. Since y € H was arbitrary, 1 + «df is onto and so,
df is maximal monotone by (a) and Proposition 17.1.2(b). |

We can now prove Minty’s theorem.

Theorem 17.1.7 (Minty) Let A C H x H maximal monotone. Then 14+ LA is onto
forall . > 0.

Proof Since LA is maximal monotone for each A > 0, it suffices to prove the
statement for A = 1. Moreover, since A — (0, f) is maximal monotone for each
f € H,itsuffices to show 0 € ran(14 A). For this, define f4: H x H — (—00, 00]
by (note that A # @ by maximal monotonicity)

fa(u,v) =sup{Re(u,y)+Re(v,x) —Re(x,y); (x,y) € A}.

As a supremum of affine functions, we see that f4 is convex and l.s.c. Moreover,
we have that

fa(u,v) = —inf{—Re (u, y) —Re (v, x) + Re(x,y) ; (x,y) € A}
= —inf{Re(x —u,y —v); (x,y) € A} +Re (u, v)

foreachu, v € H and since A is maximal monotone, we get by using Remark 17.1.1

inf{fRe(x —u,y—v); (x,y) € A} 205 (u,v) € A
< inf{Re(x —u,y—v); (x,y) € A} =0
and so
inf{Re(x —u,y—v); (x,y) € A} <0 (u,veH).
In particular, we get fa(u,v) > Re(u,v) for each u,v € H and fa(u,v) =
Re (u,v) if and only if (u,v) € A. Thus, fa4 is proper since A # @. By

Proposition 17.1.6(d) we obtain that O € ran(1 4 df4) and thus, we find (o, vg) €
H x H with ((ug, vo), (—up, —vo)) € 9f4. Hence, by definition of df4,

fa(u,v) = fa(uo, vo) + Re ((—uo, —vo), (u — uo, v — vo))
= fa(uo, vo) + lluol> + llvoll*> — Re (uo, u) — Re (vo, v)

for all (u, v) € H x H.In particular, using that f4 (u, v) = Re (u, v) for (u,v) € A
we get

0> faluo, vo)+lluol®+llvoll*>—Re (ug, u) —Re (v, v) —Re (u, v)  ((u,v) € A).
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Taking the supremum over all (4, v) € A, we infer

0> fa(uo, vo) + lluoll® + llwoll* + fa(—uo, —vo),
> Re (uo, vo) + lluoll® + Ilvoll* + Re (=uo, —vo) = lluo + voll*
Thus, up + vo = 0 and instead of inequalities, we actually have equalities in the

expression above. Thus, fa(up,v0) = Re{up, vo) and so, (ug,vo) € A. From
ug + vo = 0 it thus follows that 0 € ran(1 4+ A). |

Next, we show how to extend maximal monotone relations on a Hilbert space H
to the Bochner-Lebesgue space Ly (u; H) for a o-finite measure space (2, A, ).
The condition (0, 0) € A can be dropped if ;£ (2) < oo.

Corollary 17.1.8 Let A C H x H maximal monotone with (0,0) € A. Moreover,
let (2, A, 1) be a o -finite measure space and define

ALyu:m) =1{(f, 8) € La(u; H) x La(u; H); (f(1),8(1) € A (1 € Qae)}.

Then Ay, (u; 1y is maximal monotone.

Proof The monotonicity of Ay, m) is clear. For showing the maximal monotonic-
ity we prove that 1 + Ay, H) is onto (see Proposition 17.1.2(b)). For this, let
h e Ly(w; H)andset f(r) = (1 + A)~Y(h(1)) foreach r € Q. Note that f is well-
defined by Theorem 17.1.7. Since (1 + A)~! is continuous by Proposition 17.1.2(a)
and /4 is Bochner-measurable, f is also Bochner-measurable. Moreover, using that
0,0) e 1+ A and H(l +A)7! ||Lip < 1, we compute

[ 1@ anw < [ 11 auw < oo

Q Q

and so, f € La(u; H). Thus, h — f € Ly(u; H), which yields (f,h — f) €
Ap,(u;H) and so, h € ran(1 + Ap, . 1))- O
17.2 The Yosida Approximation and Perturbation Results

We now have all concepts at hand to introduce the Yosida approximation for a
maximal monotone relation.

Definition Let A € H x H be maximal monotone and A > 0. We define
Ay =) (1 — 4+ AA)_1> .

The family (A; )0 is called Yosida approximation of A.
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Since for a maximal monotone relation A € H x H the resolvent (1 + )\A)f1 is
actually a Lipschitz-continuous mapping (by Proposition 17.1.2(a)), whose domain
is H (by Theorem 17.1.7), the same holds for A, . We collect some useful properties
of the Yosida approximation.

Proposition 17.2.1 Let A € H x H maximal monotone and A > 0. Then the
following statements hold:

(a) Forall x € H we have ((1 +24)7 1 (x), AA(x)) € A.
(b) Ay is monotone and || Ay ||Lip < )IL

Proof

(a) For all x € H we have that ((1 + AA)_l(x),x) € 14+ AA, and therefore,

(A +24)7'@), 4,() € A,
(b) Letx,y € H. Then we compute

ARe (4;(0) = 4,0, x = )
= = yIP = Re((1+24) 00 = (1 +24)7 (0, x — )
>l =y = |a+247' 0 = A+ 207 0 1k = vl
>0
by Proposition 17.1.2(a) and hence, A;, is monotone. Moreover,
Re (A7() = Ax(3), ¥ = ¥)
= Re(4,(0) = 4,0, (1 + 247100 — (1L +24)7 ()
+ A4 (x) = 42
> 1AL () = A2,

where we have used (a) and the monotonicity of A. The Cauchy—Schwarz
inequality now yields || Az ||, < )1\ O

We state a result on the strong convergence of the resolvents of a maximal monotone
relation, which we already have used in previous sections for the resolvent of 9; ,,.
For the projection Pc(x) of x € H onto a non-empty closed convex set C C H,
recall Exercise 4.4 and that y = Pc(x) if and only if y € C and

Re(x —y,u—y)y <0 uelC).
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Proposition 17.2.2 Let A C H x H be maximal monotone. Then dom (A) is convex
andforall x € H we have (1+1A) " (x) — Piom (A)(x) as h — O+, where Py (4

denotes the projection onto dom (A).

Proof We set C := convdom (A). Then C is closed and convex. Next, we prove
that (1 + )LA)’I(x) — Pc(x) as A — O+ forall x € H. So let x € H and
set x;, = (1 + )\A)fl(x) for each A > 0. Then we have A, (x) = i(x — X))
and hence, using Proposition 17.2.1(a) and the monotonicity of A, we infer

Re <xA —u, i(x —x;) —v) = 0 for each (1, v) € A. Consequently, we obtain

x> < Re (x5 —u, x) +Re (xp, u) —ARe (x; —u,v)  ((u,v) € A). (17.2)

In particular, we see that (x;);~0 is bounded as A — 0 and so, for each nullsequence
we find a subsequence (A,), with A, — O such that x;, — z weakly for some
z € H.By (17.2) it follows that

IzII> <Re(z —u,x) +Re(z,u) (u e dom(A)).

It is easy to see that this inequality carries over to each u € C and thus
Re(z —u,z—x) < O for each u € C which proves z = Pc(x) and hence,
x5, — Pc(x) weakly. Next we prove that the convergence also holds in the norm
topology. From (17.2) we see that

lim sup ||xkn||2 < Re(Pc(x) —u,x)+Re(Pc(x),u) (u e dom(A))
n— o0

and again, this inequality stays true for each u € C. In particular, choosing u =
Pc(x) we infer limsup,,_, o, Hxln H2 < || Pc(x) %, which together with the weak
convergence, yields the convergence in norm (see Exercise 17.3). A subsequence
argument (cf. Exercise 14.3) reveals x,, — Pc(x)in H as A — 0.

It remains to show that dom (A) is convex. By what we have shown above, we have
(14+ArA)~!(x) = x as A — 0 foreach x € C and since (1 +1A)~!(x) € dom (A)
for each A > 0, we infer x € dom (A). Thus, C € dom (A) and since the other
inclusion holds trivially the proof is completed. O

We conclude this section with some perturbation results.

Lemma 17.2.3 Let A € H x H be maximal monotone and C: H — H Lipschitz-
continuous and monotone. Then A + C is maximal monotone.

Proof The monotonicity of A 4 C is clear. If C is constant, then the maximality
of A + C is obvious. If C is non-constant we choose 0 < A < HChL‘ . Then for all
ip

f € H the mapping

u> (1+21A)7 (f — AC))
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defines a strict contraction (use Proposition 17.1.2(a) and dom((1 + )»A)’l) =H
by Theorem 17.1.7) and thus, posseses a fixed point x € H, which then satisfies
(x, f) € 1+A(A+C). Thus, A+ C is maximal monotone by Proposition 17.1.2(b).

O

We note that the latter lemma particularily applies to C = B, for a maximal
monotone relation B € H x H and A > 0 by Proposition 17.2.1(b).

Proposition 17.2.4 Let A, B C H x H be two maximal monotone relations, ¢ > 0
and f € H. For A > 0 we set

x. =+ A+ B~ ().
Then f € ran(c + A + B) if and only if sup, o | Br(x;)|| < oo and in the latter
case x,, — x as .. — Owith (x, f) € c + A + B, which identifies x uniquely.

Proof Note that x; is well-defined for A > 0 by Lemma 17.2.3, Theorem 17.1.7
and Proposition 17.1.2.
For all . > O we find y, € H such that (x;, y») € A and cx) + y, + By (xy) = f.
We first assume that there exist x, y, z € H such that (x, y) € A, (x,z) € B and
cx +y+z = f.Thus, we have

cx —=x) =y + Bulx) —y —z,
which gives

0<clx,—xl>=Re(y— yi, x) —x) +Re(z — By(x3), x5 — x)
< Re(z — B, (x;), x) — x)
= Re(z = B0, (1+2B) ™ (53) — x) 4+ Re (2 = By(x3), 1B, (1))

< Re(z — B (x1), AB;.(x3))

where we have used the monotonicity of A in the second line and the monotonicity
of B as well as Proposition 17.2.1(a) in the last line. The latter implies

I1B5. () 1I? < Re {z, Bi.(x))
and the claim follows by the Cauchy—Schwarz inequality.

Assume now that K = sup; . | Bx(x,)|| < oo and let u, A > 0. As above, we
compute

Re <)’u — Vo, Xp — xu> + Re(BM(xM) — By (x), x) — xﬂ)
< Re (B (xy) — Bi(xp), X3 — xu)

e o —
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= Re (B, (v) = B(xa), (1+2B)~ (x3) = (1 + 1B) ™ (x,)
+Re (B (x) = Br(12), ABy(12) = 1By (x))
< Re(Byu(x) = Ba (1), ABy.(01) — 1B (x,0)

<200+ K>
Thus, for a nullsequence (A,),en in (0, 00) we infer that (x;,),en is a Cauchy
sequence whose limit we denote by x. Since (By, (x3,))neN 1s bounded, we can

assume, by passing to a suitable subsequence, that By, (x;,) — z weakly for some
z € H. Then

[+ 2B ) = x| < s, = x| + 2B, (52,

-0 (n—> o)

and since ((1 + )\nB)’l(xAn),BAn (x3,)) € B for each n € N by Proposi-
tion 17.2.1(a), the demi-closedness of B (see Remark 17.1.1) reveals (x,z) € B.
Moreover,

Ya, =f =By, (xn,) —cxp, > f—z—cx =y (n— o0)

weakly and hence, by the demi-closedness of A, we infer (x,y) € A, which
completes the proof of the asserted equivalence. By a subsequence argument (cf.
Exercise 14.3) we obtain the asserted convergence (note that x = (c+ A+ B)( 1))
is uniquely determined by f). O

To treat the example in Sect. 17.4 we need another perturbation result, for which we
need to introduce the notion of local boundedness of a relation.

Definition Let A € H x H and x € dom (A). Then A is called locally bounded at
x if there exists 6 > 0 such that

A[B(x,8)]={ye H; 3z€ B(x,8): (z,y) € A}

is bounded.

Proposition 17.2.5 Let A C H x H be maximal monotone such that
intconvdom (A) # . Then intdom(A) = intconvdom (A) = intdom (A)
and A is locally bounded at each point x € intdom (A).

In order to prove this proposition, we need the following lemma.

Lemma 17.2.6 Let (D;),eN be a sequence of subsets of H with D, C Dpyq
for each n € N and D := |,y Dn. If intconvD # @, then intconvD =
U, ey intconv D,.
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Proof Set C := intconv D. By Exercise 17.4 we have C = conv D. Since (Dy,),eN
is increasing we have conv D = Un en conv Dy, and hence, C C Un enconv D, C
C. Since C is a Baire space by Exercise 17.5, we find np € N such that
intconv Dy, # & and hence, intconv D,, # & for each n > ng. Hence, conv D,, =

intconv D, for each n > ng by Exercise 17.4. Thus,

C = U conv D, = U intconv D, = U intconv D,,.
neN neN neN

Finally, since |, int conv D, is open and convex, we infer C =, intconv D,
by Exercise 17.4. O

Proof of Proposition 17.2.5 We first show that A is locally bounded at each point
in int convdom (A). For this, we set

Ap={(x,y) € A; lIxll, Iyl <n} (neN).

Then dom(A) = UneN dom(A;,) and dom(A,) < dom(A,+1) for each
n € N. Since intconvdom (A) # &, Lemma 17.2.6 gives intconvdom (A) =
UneN intconvdom(Ay,). Thus, it suffices to show that A is locally bounded at
each x € intconvdom(A,) for each n € N. So, let x € intconvdom(A,) for
some n € N. Then we find § > 0 such that B[x,5§] € convdom(A,). We
show that A[B(x, 3)] is bounded. So, let (u,v) € A with Ju —x|| <  and
note that u € convdom(A,) C B[O, n]. Then for each (a,b) € A, we have
Re (u —a, v — b) > 0 and thus

Re{a —u,v) =Re{a —u,v—>b) +Re{a —u, b)
<Re(a —u,b) <2n* (a € dom(A,)).

Clearly, this inequality carries over to each a € convdom(A,). If v # 0 we choose
a = 2”5UHU +u € Blu, g] C B[x, 8] € convdom(A,), and obtain

4n?
vl < 5

which shows the boundedness of A[B(x, g)].

To complete the proof we need to show that intdom (A) = intconvdom (A) =
intdom (A). First we note that dom (A) is convex by Proposition 17.2.2 and hence,
convdom (A) = dom (A). Now Exercise 17.4(b) gives

intdom (A) = intconvdom (A) = intconv dom (A).

To show the missing equality it suffices to prove that intconvdom (A) € dom (A).
So, let x € intconvdom (A). Then x € dom (A) and hence, we find a sequence
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((*n, Yn))neN in A with x, — x. Since A is locally bounded at x, the sequence
(¥n)neN is bounded and hence, we can assume without loss of generality that y,, —
y weakly for some y € H. The demi-closedness of A (see Remark 17.1.1) yields
(x,y) € A and thus, x € dom (A). |

Now we can prove the following perturbation result.

Theorem 17.2.7 Let A,B € H x H be maximal monotone, (intdom (A)) N
dom(B) # @. Then A + B is maximal monotone.

Proof By shifting A and B, we can assume without loss of generality that (0, 0) €
ANB and 0 € (intdom (A)) Ndom(B). We need to prove thatran(1+ A+ B) = H.
So,let y € H and set

x=>0+A+B)"'y *>0).

Since (0,0) € AN By, and |(1+ A+ BA)_1||Lip < 1, we infer that ||x | < ||yl
for each A > 0. For showing y € ran(l + A + B) we need to prove that
sup,-o l|Ba(xy)|l < oo by Proposition 17.2.4. By definition we find y, € H
such that (xy,y)) € A and y = x), + y» + Bi(x;) for each A > 0. Since A is
locally bounded at 0 € intdom (A) by Proposition 17.2.5 we find R,§ > 0 with
B(0,8) € dom(A) and

Yu,v) e A: Jlull <= |v| <R.

For A > 0 we define u, = 2”;” v, if yp # 0and uy := 0if y; = 0. Then |Ju, | <

g < § and thus, u; € dom (A). Hence, there exist vy € H with (u;,v)) € A and
[luall < R for each A > 0. The monotonicity of A then yields

0 < Re(y) — vy, x5 — uy)

= Re (yx, xa) — Re (v;, x) — Re (yy, up) + Re (vy, up)

)
< Re(y —xy — Bu(xy), x5) —Re (yr, un) + Ryl + 2R
)
< Re(y,x3) —Re(yn,up) + Ryl + 2R
2 )
< lyll® —Re{yx, ur) + Ryl + 2R,

where we have used the monotonicity of B and B; (0) = 0 in the fourth line. Hence,
we obtain

) )
5 Iyl = Re (v u3) < IvI? + Ryl + LR

which shows that (y;)x~0 is bounded and thus, also sup, . q | B (x)) || < oo. O
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17.3 A Solution Theory for Evolutionary Inclusions

In this section we provide a solution theory for evolutionary inclusions by general-
ising Picard’s theorem (see Theorem 6.2.1) to the following situation.

Throughout, we assume that A € H x H is a maximal monotone relation with
(0,0) € A. Moreover, let M: dom(M) € C — L(H) be a material law satisfying
the usual positive definiteness constraint

Jvg = sb (M), ¢ > 0¥z € Crezv, d € H : Relg, 2M(2)¢) = c Il
Then for v > max{vg, 0}, v # 0, we consider evolutionary inclusions of the form

(W, f) € 0 vM(0:,v) + AL, ,(R; H)> (17.3)
where Ar, ,(r; m) is defined as in Corollary 17.1.8. The solution theory for this kind
of problems is as follows.

Theorem 17.3.1 Let v > max{vp,0}, v # 0. Then the inverse relation
S, = (B,NM(B,,U) + ALM(R;H))f1 is a Lipschitz-continuous mapping,
dom(S,) = Lo,(R; H) and ||Sv||Lip < i Moreover, the solution mapping
Sy is causal and independent of v in the sense that S,(f) = S,(f) for each
fely(R; H)NLy ,(R; H) and p > v > max{vg, 0}, v # 0.

In order to prove this theorem, we need some prerequisites. We start with an
estimate, which will give us the uniqueness of the solution as well as the causality
of the solution mapping S, .

Proposition 17.3.2 Let v > max{vg, 0}, v # 0, and

(M, f)v ()C, g) € 8I,UM(at,U) + ALQVU(R;H)'

Then foralla € R

1
[tesca@ =0, < [Tewalf =9l

Proof By definition, we find sequences ((un, fu))nen and ((Xn, gn))neN in
0rvM(0r,v) + AL, ,R;H) such that u, — u,x, — x,f, — fandg, — g
as n — oo. In particular, for each n € N we find v,, y, € L2, (R; H) such that
(n, vn), (Xn, yn) € AL, ,(R;H) and

at,vM(at,v)un + v, = fna
at,vM(at,v)xn + Yn = &n-
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Since (0, O) (S A, we infer (]l(foo,a]uns ]l(foo,alvn)s (]l(,oo,a]xn, ]l(foo,a])’n) S
AL, ,(r;n) and hence, we may estimate

Re (]l(*oo,al(fn — &n)sUn — Xn)
= Re (1 (—o0,a1r,u M (31,,) (U — X0), ttn — )
+Re (]l(*oo,alvn — L(—00,a1Yns L(—c0,alttn — ﬂ(foo,a]xn>
> Re (1 (—c0,a19,v M (31,0) (n — %), tn = %),

where we used Corollary 17.1.8. Moreover, since z — (zM (z))~! is a material law,
(0¢,v M (0, )~ Vs causal. By Proposition 16.2.3, for ¢ € dom(d;,, M (9;,,)) we have

Re (100,19, uM (31,,)$, ¢) > ¢ |1 (—o0,a16| . Thus, we end up with

Re (]l(—oo,a](fn - gn)a Un — xn) Zc ||11(—oo,a](”n - xn)Hz ,

which yields

1
”]l(—oo,a](”n - xn)H < c H]l(—oo,a](fn - gn)” .

Letting n — o0, we derive the assertion. O

Next, we address the existence of a solution for (17.3) for suitable right-hand sides
f. For this, we provide another useful characterisation for the weak differentiability
of a functionin L, (R; H).

Lemma 17.3.3 Letv € R, u € Ly (R; H). Then u € dom(d;,,) if and only if
SUP) <k <o ,11 lthu — u|| < oo for some ho > 0. In either case

1
h(rhu —u) = oyu (h—0)

in Ly (R; H).

Proof For h > 0 we consider the operator Dj,: L ,(R; H) — L, (R; H) given
by Dpv = }ll(rhv —v).Ifv e Cg (R; H) we estimate

1 h 2
IIthHZ:f 5 ||v(t+h)—v(t)||2e_2‘”d[:f ) / V(t+s)ds| e 2 dr
h r 7= |l Jo
—2vt " / 2 ot
yv(t+s)H dse " dr = V' + )| 2" dr ds
0 JR

<o || ||

By density of CC1 (R; H) in HV1 (R; H) we infer that

sup [ DpllL gl (R: 1.1, ®R:H)) S
0<h<1
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Moreover, for v € Cg (R; H) it is clear that Dpv — v in Ly ,(R; H) ash — 0 by
dominated convergence. Since (Dp,)ogng1 is uniformly bounded, the convergence
carries over to elements in HV1 (R; H), which proves the first asserted implication
and the convergence statement.

Assume now that SUP)<h<hg }l lthu — ul| < oo for some hyp > 0. Choosing a
suitable sequence (h,),en in (0, hg] with b, — 0 as n — 00, we can assume
that hln (th,u — u) — v weakly for some v € L, (R; H). Then we compute for
each¢ € CP(R; H)

(U, ¢> = lim hl <M(l +hn) _ u(t),¢(t)) e—2vt dr

n—oo R Nn

n—o00

= lim ! <u(t), ot — hn)ez‘)hn _ ¢(t)> ef2vt dt
R hn

/R(u(t), —¢' (1) +2vp (D)) e " dt = (u, 3} ,¢),

which—as C°(R; H) is a core for 8;'jv (see Proposition 3.2.4 and Corol-
lary 3.2.6)—shows u € dom(d;})) = dom(dy,). O

Proposition 17.3.4 Letv > vy and f € dom(9;,,). Then there exists u € dom(9;,,)
such that

(W, f) € 0 yM(@0:,v) + AL, ,(R; H)-

Proof We recall that B := 9;, M (9;,,) —c is maximal monotone by Example 17.1.3.
Let A > 0 and set

u, = (c+B+ (ALQVU(R;H)))\)il(f) = (01,0 M (0;,0) + (ALzyv(R;H)))\)il(f)-

We remark that (ALZ.v (R?H))A = (A,\)szv(R;H) (see Exercise 17.6). Hence, we have
(AL, ® ), = (AL, ®:m)), T for each h > 0. Thus, we obtain

it = (B.oM @) + (AL, @m),)” (@f)
and so, due to the monotonicity of B and (A Loy (R; H)) 50
llThun — usll < i ltnf — fII.
Dividing both sides by & and using Lemma 17.3.3, we infer that ) € dom(9;,,,) and

lonf — fll = K

1 1 1
lorvus| = lim  llzpus —upll < sup |
h—0h € 0<h<l1 h
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and hence,

sup ALy, @:m), @) = sup | f = 8oM@ )| < IfI+ K | M@0 -

Proposition 17.2.4 implies uy — uasA — Oand (u, f) € 0;,, M (3;,y)+AL, ,(R: H)-
Moreover, since (9;yu3)x>0 is uniformly bounded, we can choose a suitable
nullsequence (A,)nen in (0, 00) such that o;,u;, — v weakly for some v €
Ly, (R; H). Since 9, is closed and hence, weakly closed (either use 8;"; =0,y OrF
Mazur’s theorem [50, Corollary 2.11]) again), we infer that u € dom(9;,,). |

We are now in the position to prove Theorem 17.3.1.

Proof of Theorem 17.3.1 Let v > vp. Since 9;,,M(9;,,) — ¢ is monotone (Exam-
ple 17.1.3), the relation 9;,M(9;,) + Ar, R.#) — ¢ is monotone and thus,
(0r,vM (0 v) +AL, (R: H))_l defines a Lipschitz-continuous mapping with smallest
Lipschitz-constant less than or equal to i Since this mapping is densely defined by
Proposition 17.3.4, it follows that S, = (9;,,M (3;,,) + Aszv(R;H))_l is Lipschitz-
continuous with ||Sv||Lip < Ll and dom(S,) = L ,(R; H). Moreover, S, is
causal, since for f,g € Ly,(R; H) with T(_q1f = L(—c0,q1g for some
a € R it follows that T(_0 418y (f) = L(—c0,a1Sv(g) by Proposition 17.3.2.
Thus, the only thing left to be shown is the independence of the parameter v.
So, let f € Ly,(R; H) N Ly, (R; H) for some vyp < v < . Then we find a
sequence (¢p),eN in Cg (R; H) with ¢, — f inboth Ly ,(R; H) and Ly ,(R; H).
We set u, = S,(¢n) € L»,(R; H) and since 0 = §,(0), we derive that
infsptu, > infspt¢, > —oo by Proposition 17.3.2. Thus, u, € L ,(R; H) and
since u, € dom(d, ,) by Proposition 17.3.4 and spt 9, ,u, < sptu,, we infer that
also 0 yu, € Lo ,(R; H), which shows u, € dom(d, ) and 0 ,u, = 0;vu, by
Exercise 11.1. By Theorem 5.3.6 it follows that

at,vM(at,v)un = M(at,v)at,vun = M(at,v)at,,u.un
= M(at,u)at,,u.un = at,,u.M(at,,u.)un-
Since we have (un, ¢n — 0 vM(0;)un) € Ar, ;s it follows that (u,, ¢ —

O, uM (0 un) € ALM(R;H) by the definition of ALM(R;H) and thus, u,, =
Su(¢n). Letting n — oo, we finally derive S, (f) = Su(f). m|

17.4 Maxwell’s Equations in Polarisable Media

We recall Maxwell’s equations from Chap. 6. Let @ € R? open. Then the electric
field E and the magnetic induction B are linked via Faraday’s law

0;.vB +curlp E =0,
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where we assume the electric boundary condition for E. Moreover, the electric
displacement D, the current j. and the magnetic field H are linked via Ampere’s
law

0rvD + jo —curll H = jp,

where jo is a given external current. Classically, D and E as well as B and H are
linked by the constitutive relations

D =¢FE, and B = uH,

where &, 4 € L(L2()%) model the dielectricity and magnetic permeability,
respectively. In a non-polarisable medium, we would additionally assume Ohm’s
law that links j. and E by j. = o E with o € L(L2(2)?). In polarisable media
however, this relation is replaced as follows

IlEIl < Eo = je=0FE
(17.4)
IEl=Ey=3A>0: jo= (0 +NE,

where Eo > 0 is the called the threshold of ionisation of the underlying medium.
The above relation is used to model the following phenomenon: Assume that the
medium is not or weakly electrically conductive (i.e., o is very small) but if the
electric field is strong enough (i.e., reaching the threshold Ey), the medium polarises
and allows for a current flow proportional to the electric field. Such phenomena
occur for instance in certain gases between two capacitor plates, where the gas
becomes a conductor if the electric field is strong enough.

Our first goal is to formulate (17.4) in terms of a binary relation. For this, we set

B = {0, v) € La@® x La()° s ull < Eo, Re (u,v) = Eo ]}

Lemma 17.4.1 Let u,v € Ly(2)3. Then (u, v) € B if and only if
(lull < Ep) and (lull < Eo = v=0)and (Jull = Eo = 3> > 0: v = Au).
Proof Assume first that (#, v) € B. Then |lu|| < Eg by definition. Moreover,
Eo [lvll = Re (u, v) < [lull ||v]
and hence, if |u| < Eg it follows that v = 0. Moreover, if |u|| = Ep we have

equality and thus, u and v are linearly dependent; that is, we find A1, Ay € C with
A1A2 # O such that Aju 4+ Aov = 0. Note that Ay # 0 since # # 0 and hence, we get
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v = Au with A := —i; . We then have
0 < |AEZ = vl Eo = Re (u, v) = Re A ||ul|> = Re A Ej,

which shows 0 < Re A = |A| and thus, A > 0. The other implication is trivial. a

The latter lemma shows that (E, j.) satisfies (17.4) if and only if (E, j.—0c E) € B,
or equivalently (E, j.) € o 4+ B. Thus, we may reformulate Maxwell’s equations in
a polarisable medium €2 as follows

((2) (8) < (650) + (50) + (amy 5"

To apply our solution theory in Theorem 17.3.1, we need to ensure that

B —curl B0 0 —curl
A= = 17.5
(curlo 0 ) (O 0) + (curlo 0 ) (17.3)

defines a maximal monotone relation on L»(£2)° x L»(2)°. This will be done by the
perturbation result presented in Theorem 17.2.7. We start by showing the maximal
monotonicity of B.

Lemma 17.4.2 We define the function I : L>(2)3 — (—o0, 00] by

o0 otherwise.

H — {0 if llull < Eo

Then I is convex, proper and l.s.c. Moreover, B = d1l. In particular, B is maximal
monotone.

Proof This is part of Exercise 17.7. O

Proposition 17.4.3 The relation A given by (17.5) is maximal monotone with
(0,0) € A.

Proof Since B is maximal monotone by Lemma 17.4.2, it is easy to see that

B0\ . . ...
(0 0) is maximal monotone, too. Moreover, by definition we see that 0 €

intdom(B) and thus, 0 € intdom (g g) = intdom(B) x L»(§2)3. Since

clearly 0 € dom 0 —curl and 0 —curl is maximal monotone (see
curlp 0 curlp O

Example 17.1.3), the assertion follows from Theorem 17.2.7. O
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Theorem 17.4.4 Let e, i, 0 € L(L2(Q)3) withe, u selfadjoint. Moreover, assume
there exist vy, ¢ > 0 such that

ve+Reo >candu>c (v =)

Then for each v > vy we have that

£ 0 o0 B —curl .
Sy = at,v + +
0n 00 curlh 0/ Ry

is a Lipschitz-continuous mapping with dom(S,) = Lz,(R; Lr()%) and
||Sv||Lip < i Moreover, S, is causal and independent of v in the sense that
Su(f) = Sy (f) whenever v, > vo and f € L2 ,(R; L2(2)%) N Ly, (R; L2(2)).

Proof This follows from Theorem 17.3.1 applied to M (z) := ((8) 0) +z7! <g g)
I

and A as in (17.5). |

17.5 Comments

The concept of maximal monotone relations in Hilbert spaces was first introduced
by Minty in 1960 for the study of networks [66] and became a well-studied subject
also with generalisations to the Banach space case. For this topic we refer to the
monographs [16] and [49, Chapter 3]. The concept of subgradients is older and it
was found out by Rockafellar [99] that subgradients are maximal monotone. Indeed,
one can show that subgradients are precisely the cyclically maximal monotone
relations (see e.g. [16, Theoreme 2.5]).

The Theorem of Minty was proved in 1962, [65] and generalised to the case of
reflexive Banach spaces by Rockafellar in 1970 [100]. The proof presented here
follows [106] and was kindly communicated by Ralph Chill and Hendrik Vogt.

The classical way to approach differential inclusions of the form (u, f) €
d; + A where A is maximal monotone uses the theory of nonlinear semigroups of
contractions, introduced by Komura in the Hilbert space case, [56] and generalised
to the Banach space case by Crandall and Pazy, [24]. The results on evolutionary
inclusions presented in this chapter are based on [117, 118] and were further
generalised to non-autonomous problems in [122, 126].

The model for Maxwell’s equations in polarisable media can be found in [36,
Chapter VII]. We note that in this reference, condition (17.4) is replaced by

|E| < Ey = j. =0E
|[E|=Eo=312>0: jo=(c +MNE,
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which should hold almost everywhere. To solve this problem, one cannot apply
Theorem 17.2.7, since 0 is not an interior point of the domain of the corresponding
relation and thus, a weaker notion of solution is needed to tackle this problem, see
[36, Theorem 8.1].

Exercises

Exercise 17.1 Let f: H — (—o00, 00] be convex, proper and l.s.c. Moreover,
assume that f is differentiable in x € H (in particular, f < oo in a neighbourhood
of x). Show that (x, y) € df if and only if y = f/(x).

Exercise 17.2 Let f, g: H — (—00, 00]. Prove that

(a) f + gisconvexif f and g are convex.
(b) f+ gisls.c.if fand g are l.s.c.

Exercise 17.3 Let H be a Hilbert space, (x;),eN in H and x € H. Show, that
xp — x if and only if x, — x weakly and lim sup,,_, o, [|xx |l < [Ix]|.

Exercise 17.4 Let X be a normed space (or, more generally, a topological vector
space) and C € X convex. Prove the following statements:

(@) fx eintCandy € C,then (1 —t)x +ty € intC foreacht € [0, 1).
(b) IfintC # &, then C = intC and intC = intC.
(c) If Cisopenand K C X is open with K € C. Then K C C.

Hint: For (a) take an open set U € X with 0 € U such thatx + U — U € C and
show (1 —H)x+ty+ (1 —-1)U C C.

Exercise 17.5 Let X be a topological space and U € X open. We equip U with the
trace topology. Prove the following statements:

(a) For A C U we have AU = AX N U and inty A = intx A.
(b) If A C Uisclosedin U and inty A = &, then inty AX =0.
(c) If X is a Baire space, then U is a Baire space.

Recall, that a topological space X is a Baire space if for each sequence (A, ),en of
closed sets with int A, = @ it follows that int | J, .y Ay = @ or, equivalently, if for
each sequence (U,),en of open and dense sets it follows that ﬂneN U, is dense.

Exercise 17.6 Let A C H x H be maximal monotone.

(a) Let u, A > 0. Show that (A;), = Aj4u.
(b) Let (0,0) € A and (€2, A, ) a o-finite measure space. Prove that (A)) 1, =
(Ap,(w)). foreach A > 0.
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Exercise 17.7 Let H be a Hilbert space and C € H non-empty, convex and closed.
Moreover, define Ic: H — (—o0, 00] by

0 ifxeC,

Ic(x) = ]
oo otherwise.

Show that I¢ is convex, proper and l.s.c. and show
(x,y)edlc & xeC,YueC:Re(y,u—x)<0.

Moreover, prove Lemma 17.4.2.
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