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Abstract

The performance of mechanical components can be signi�cantly improved using structural opti-
mization approaches, such as topology or shape optimization. However, optimized designs are often
tailored to idealized conditions, which potentially leads to degraded performance under imperfect
scenarios. Using robust design optimization (RDO), a linear combination of stochastic moments is
optimized instead of deterministic function values. Therefore, a probabilistic analysis is embedded
into the optimization framework leading to less sensitive designs. However, most robust design
optimization frameworks come at high computational cost limiting their scalability.

The current dissertation addresses the challenge of �nding scalable robust optimization frame-
works. The focus is therefore set on Taylor series-based methods, namely the �rst-order second-
moment method (FOSM) and the more accurate second-order fourth-moment method (SOFM).
These methods approximate the stochastic moments using a �rst-order (FOSM) or second-order
(SOFM) Taylor approximation of the objective function. In the context of high-dimensional struc-
tural optimization problems, the gradients of the stochastic moments are required. While existing
formulations require either a large number of system solves or memory-consuming and highly intru-
sive partial derivatives, the author proposes new, non-intrusive methods that combine low memory
demand with high computational e�ciency. The new formulation of the �rst-order second-moment
method requires only one additional function evaluation in total, regardless of the problem size.
For the second-order fourth-moment method, the number of function evaluations scales linearly
with the number of random variables, which is still one order lower than existing, non-intrusive
approaches. Besides, a new probabilistic method tailored speci�cally to discontinuous response
functions (which mainly occur for post-buckling optimization problems) is proposed.

In addition to the extra computational cost associated with the probabilistic framework, scat-
tering variables may also a�ect the performance of �nite element solvers. Considering anisotropic
materials, such as wood or composites, the material orientation might be spatially random. For
large-scale topology optimization, the Galerkin-based multigrid preconditioned conjugate gradient
method has become the standard solver. However, the convergence rate is signi�cantly reduced in
the context of spatially varying material orientations. Without choosing the corresponding multigrid
smoother properly, even divergence might occur. Therefore, the authors analyze di�erent standard
smoothing methods using numerical experiments and local Fourier analysis. A new smoothing
algorithm called spatial Jacobi smoothing is proposed and validated using di�erent examples.

Both improved probabilistic methods and spatial Jacobian smoothing, are applied to a robust
topology optimization of a wooden three-point bending beam. The random �elds of the uncertain
material properties are measured and considered during the optimization process. Experimental
validation shows improved robustness of the robust optimized design and good agreement between
simulations and experiments.
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Chapter 1

Introduction

Improving a given design has always been a fundamental part of engineering. Besides many part-
speci�c objectives and constraints, huge e�orts are taken to generally reduce the cost of the �nal
product and the environmental impact.

Especially in the aerospace industry, the cost and the environmental impact are often driven by
the weight of the product. The maximum payload of a rocket is strictly limited by the maximum
available fuel and the engine power. Since rockets either can only be used once, or it takes huge
e�ort to prepare the rocket for another launch, exploiting the maximum possible payload is crucial.
According to the company SpaceX, the cost for launching a Falcon 9 rocket with up to 5500 kg
payload to the geostationary transfer orbit is approximately 70 million US dollars [1], which leads
to a cost of 11,000 dollars per kilogram. Hence, reducing the weight of the payload or increasing
the maximum payload by reducing the weight of the rocket is economically attractive.

In air transportation, the cost per kilogram is much lower, with values around 4euros per kg
[2] for a transport from China to the USA. Hence, reducing the weight of the payload is less
attractive. However, in contrast to a rocket, an airplane is used many times without signi�cant
launch preparation cost. In consequence, it is highly economical to reduce the mass of the airplane
itself, such that either the total transportation weight is increased or the fuel consumption is
decreased over the whole lifetime.

In classical engineering, designs are manually generated using basic knowledge �rst and simu-
lated afterwards. If the simulation reveals that the design has some �aws, it is sent back to the
designer for improvement. This framework usually takes much time and only explores a highly lim-
ited part of the design space. In di�erence, structural optimization approaches directly integrate
the simulation into an automated design process. Using gradient-based mathematical programming
approaches, (local) optimal designs regarding given conditions are found after few automated design
iterations. The generated designs are �nally interpreted by the engineer and modi�ed to meet the
company's expectations. By application of gradient-based optimization methods to several parts
of the Airbus A380 airplane, the overall weight has been reduced by 700 kg compared to the �nal
design generated with classical engineering methods [3].

With the rise of metal 3D printing, also highly complex 3D designs became manufacturable,
leading to a higher potential of structural optimization. Nowadays, several topology-optimized
and 3D-printed parts have been authorized for the aircraft industry. For example, the topology
optimization-inspired bracket shown in [4] has been mounted on the Airbus 350, leading to a
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: Topology optimization of a whole aircraft wing in ultra high resolution. The image is
generated from the data provided in [7].

weight reduction of 40% compared to the base design [5]. Additionally, advances in algorithms
for solving large systems of equations as well as increasing computing power enabled to optimize
large-scale problems with billions of degrees of freedom. In consequence, it is possible to optimize
a whole wing structure with a minimal feature size of less than 1 cm such as presented in [6] (see
�gure 1.1), reducing the overall weight by up to 15% compared to the reference design. However,
the computational cost is still a challenge, especially in the case of spatially varying anisotropic
materials, where the highly e�cient system of equation solvers su�er and the sti�ness matrix has
to be recomputed for every �nite element in every design iteration. Additionally, in practice, the
real conditions slightly di�er from the conditions assumed during the design process. For example,
geometry deviations might be caused by manufacturing tolerances, load directions change due to
imperfect mounting of a component and boundary conditions as well as load introduction are only
modeled in an idealized way. This becomes crucial if the design is generated using structural
optimization tools, since optimization algorithms only consider the given conditions and exploit all
�aws in the problem formulation. For example the design shown in �gure 1.1 is highly tailored
to bending loads in vertical direction, and hence, might su�er from unexpected torsion loads.
In classical engineering, safety factors are applied to address uncertain and unexpected e�ects.
However, the safety factors lead to unnecessary conservative designs on the one side, and might not
improve safety for speci�c situations on the other side [8].

As an alternative, probabilistic methods may be applied to statistically consider uncertainties
that occur in real applications. Thereby, the parts are designed with respect to a speci�c probability
of exceeding allowed limits. By considering uncertainties already during the optimization procedure,
the �nal designs adapt to possible, unexpected situations and therefore add e�ective structures. In
consequence, the optimizer addresses possible problems directly instead of just adding lots material.
However, most methods for optimization under uncertainties su�er from high computational cost
and therefore, this is an open challenge for research.
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1.1 State of the art

The current dissertation builds up on developments of structural optimization, especially topology
optimization and shape optimization, as well as optimization under uncertainty. Especially in the
topology optimization of 3D structures, the problem size becomes large and hence, advanced solvers
for the occurring systems of equations are required. There, the latest developments of the multigrid
method are relevant.

1.1.1 Structural optimization

Structural optimization is usually divided into the �elds parameter optimization, sizing optimiza-
tion, topology optimization and shape optimization [9, 10]. In general, parameter optimization
considers a limited set of arbitrary design parameters, such as diameters, distances and laminate
plies. In di�erence, sizing optimization usually considers a high dimensional set of size parameters,
such as the thickness of shell elements, which do not alter the �nite element mesh. These two
types are not considered explicitly in the current dissertation, although the presented methods are
applicable to these problems.

The density-based topology optimization is based on using the densities of �nite elements as
design variables, which are modi�ed using a mathematical optimization algorithm [11]. Since only
gradient-based optimization approaches are suitable for such problems, usually di�erent variants of
the method of moving asymptotes [12, 13], convex optimization [14] or heuristic gradient-informed
methods (e.g., evolutionary topology optimization [15]) are used as optimization algorithms. To
avoid numerical instabilities and to enforce mesh independence at a given length scale, density
�lters [16, 17, 18, 19] as well as projection methods [20, 21, 22] have been proposed. During the
last decades, topology optimization formulations have been developed and improved for several
problems, such as optimization of geometrically nonlinear problems [23, 24], eigenvalues [25, 26],
stresses [27, 28] and contact [29]. Additionally, it has been seldomly applied to natural materials
like wood [30]. Besides the density-based topology optimization, also other topology optimization
parameterizations exist, such as the level-set topology optimization [31] and feature mapping meth-
ods [32]. These approaches became more popular during the last years but are not considered in
this work.

In di�erence, shape optimization considers the outer shape as design variables. In general, three
major groups of shape optimization exist. The parameter-based approaches use CAD parameters
(see, e.g., [33]) or spline parameters (see e.g., [34]) as design variables, whereas evolutionary al-
gorithms start from a given design and locally increase the structural thickness at highly stressed
regions. In di�erence, parameter-free approaches start from a �nite element mesh and optimize the
nodal coordinates directly [10]. In the current contribution, only the latter is considered. Early
publications on gradient-based optimization of nonlinear structures are found in [34, 35, 36, 37].
There, nodal sensitivities are already computed using the adjoint method.

Using the nodal coordinates directly as design variables, numerical instabilities occur, which
are caused by poor FE-approximations of distorted meshes and a missing length scale [38]. There
are two major groups of approaches that address this challenge: the natural variable approach and
�lters based on convolution integrals. In the natural variable approach (see, e.g., [39, 40]) arti�cial
loads are used as design variables. The loads are applied to the mechanical system and the resulting
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deformation is used as the shape update. In di�erence, the �lter based approach directly considers
shape updates, which are �ltered using a low pass �lter known from image processing or a physically
motivated �lter operation [41]. In [42], both approaches are combined. There, the update of the
surface nodes is done using the �lter based approach. Afterwards, the inner nodes are updated using
a natural variable approach by application of the surface node update as a forced displacement �eld.
A similar approach is applied to tangential shape updates of shell models in [43]. More recent pub-
lications focus on an approach called vertex morphing, which builds on �lter-based regularization
[44]. Additionally, the development of improved optimization methods is part of recent research [45].

Besides the classic optimization problems, also combinations of di�erent problems are part of
current research. In [46], topology optimization and shape optimization are combined to �nd designs
similar to classic topology optimization, which have smooth surfaces caused by the shape optimiza-
tion. Alternatively, shape optimization of shell structures is combined with sizing optimization in
[47] to increase the design freedom.

In the context of composite structures, di�erent formulations exist to combine the optimization
of the (spatial) composite orientation with optimization of the general shape of the design. Consid-
ering shell structures, the discrete material optimization is a special form of multi-material topology
optimization. There, di�erent candidate orientations are given for every �nite element. Using a
multi material topology optimization framework, the best candidate orientations and the corre-
sponding element densities are computed [48]. In the discrete material and thickness optimization
framework [49], also the thickness of each laminate layer is optimized.

For continuum models, the topology optimization with smoothly varying �ber orientations [50]
considers two sets of design variables for every element: the densities and the orientation angles.
Thereby, an optimized topology with corresponding material orientations is found. Alternatively,
a representation based on splines is used in [51].

1.1.2 Large scale structural optimization

Especially in the topology optimization of big three-dimensional structures, a large number of
�nite elements is required to obtain designs with �ne details (see e.g., wing in [6], bridge in [52]).
Besides, also shape optimization problems might become large if either �ne details or a high solution
accuracy are required. Using direct solvers, the solution of the �nite element equation becomes
infeasible due to high computation time and high memory demands [53]. In this case, the cost of
the system solve is dominant compared to all other parts of the problem solution (i.e. optimization
step, pre-processing, post-processing). Therefore, parallel computing in combination with domain
decomposition and iterative solvers has been used in the early days [53]. Di�erent approaches
aim at reducing the computational cost of iterative solvers, mainly the conjugate gradient method
or the generalized minimal residual method, by recycling of Krylov subspaces [54] or by reusing
preconditioners [55]. However, the methods based on standard preconditioners and recycling still
have high limitations regarding scalability to large problems [56].

These limitations vanish by using the multigrid method as a preconditioner to the iterative solver
(e.g., conjugate gradients). The multigrid method is an iterative solver based on successive solutions
of the partial di�erential equation on coarser grids. The coarser grids might be de�ned geometrically
(geometric multigrid method) or algebraically, using only the corresponding sti�ness matrix of the
�ne grid (algebraic multigrid) [57]. The multigrid method is known in mathematics for many years
[58] and has already been applied to topology optimization early [59]. However, it was unnoticed in
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engineering until the educational paper by Amir et al. [60], where the geometric multigrid method
is applied to the educational 88-line code [61]. Since then, the (geometric) multigrid method has
been widely applied, for example, using the open source code PETSc [62], or to shell structures [63].
Besides, the topology optimization does not require the state equations to be solved accurately. It
is only required that the resulting gradient roughly points into the correct direction, which is the
case when using the geometric multigrid method [64]. Hence, Amir proposes a one shot procedure,
where only one solver iteration is applied in each optimization iteration, leading to signi�cantly
reduced computation time [65]. However, it is restricted to linear elasticity.

Although the geometric multigrid method has been shown to be highly e�cient for topology
optimization problems, there still are remaining challenges. As shown in [60], the geometric multi-
grid method su�ers from high contrasts in a design. Additionally, it is known that also anisotropies
in the underlying partial di�erential equation, e.g., caused by anisotropic materials or high-aspect-
ratio elements, worsen the convergence speed [57]. An alternative to this issue is to use the algebraic
multigrid instead. It is shown that the algebraic multigrid framework reduces the overall computa-
tion time for 2D problems in the context of high contrasts or high aspect ratios, however, this does
not hold for 3D problems [66].

By using e�cient solvers for the system of equations, the computational cost of other parts
of the optimization framework becomes more relevant. Therefore, a parallel formulation of the
method of moving asymptotes is presented in [67] and general code improvements are proposed in
[68], leading to a topology optimization framework that can be scaled to problems with more than
one billion �nite elements [52].

1.1.3 Optimization under uncertainty

Ways to consider uncertainties in a design process are often categorized based on the knowledge
given for the uncertain variables. For example, the idea of an uncertainty triangle is presented
in [69], where the author proposes to distinguish whether probabilistic data, partial knowledge or
variable bounds are given for the uncertain variables. Depending on the given information, the
author proposes to use either probabilistic methods, worst-case approximations or Fuzzy sets. An
alternative categorization is the distinction between aleatoric and epistemic uncertainties, where
epistemic uncertainties correspond to missing information or model errors whereas aleatoric uncer-
tainties are caused by physical random e�ects (see, e.g., [70]). A combination of both is sometimes
called polymorphic uncertainty [71]. In the design optimization, epistemic uncertainties are usually
considered using non-probabilistic methods, such as worst-case approximations [72, 73, 74], fuzzy
logic [75, 76] or interval arithmetic [77, 78]. In di�erence, aleatoric uncertainties are usually consid-
ered using probabilistic methods, such as Monte-Carlo experiments. In the current dissertation only
aleatoric uncertainties are considered. However, the presented approaches may also be extended to
epistemic uncertainties by adaptation to convex anti-optimization methods [79].

Overviews for optimization under stochastic uncertainties are given in [80, 81, 82]. Besides the
worst-case approach, there are two major groups of optimization formulations. In the reliability-
based design optimization (RBDO, review in [83]), the probability of failure (i.e. value exceeding
allowed value) either is restricted by a constraint or is used as the objective function. In di�erence,
the robust design optimization (RDO, review in [84]) is based on the Taguchi method [85], where
the noise should be small compared to the mean value. Therefore, usually a weighted combination
of mean value and the standard deviation is used as the robust objective function. Although
the formulations are quite di�erent, it has been shown that the resulting designs are sometimes
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similar [86]. Especially it can be shown that the formulations are equal if a speci�c weighting
factor is chosen for the robust design optimization. In the current publication the focus is set on
robust design optimization. The main component of robust design optimization is to compute the
stochastic moments (usually mean and standard deviation) and the corresponding gradients related
to the objective function. Therefore, the stochastic integrals

µf =

∫︂ ∞

−∞
f(x)p(x)dx (1.1)

σ2
f =

∫︂ ∞

−∞
(f(x)− µf )

2p(x)dx (1.2)

with the objective function f and the probability density function p have to be solved. Since
the objective function usually is highly nonlinear and probably not explicitly given, the integrals
are hard to compute. Therefore, most probabilistic methods aim at approximating the stochastic
moments.

The Monte Carlo method is known in probabilistics for many years (see, e.g., [87]) and has
been applied to topology optimization with uncertainties of the geometry in [88, 89]. It is known
to provide accurate results, if a su�cient sample size is given. However, it requires to evaluate
the full objective function for every sample. Considering thousands to millions of samples, the
computational cost is infeasible for structural optimization. Therefore, the number of samples is
usually reduced during the optimization process leading to less accurate approximations. As an
alternative, the Monte-Carlo method is often boosted by reduced order models [90] or di�erent
surrogate models, such as hybrid models [91], Kriging models [92], neural networks [93, 94] and
polynomial chaos expansion [95, 96, 97]. However, the costly training (generating training data and
parameter training) of the surrogate model must be done in every optimization iteration leading to
bad scalability. For example, the minimal number of function evaluations for a �rst-order polynomial
chaos expansion depends on the sampling method and scales at least linearly with the number
of random variables, while higher order models scale even with a higher order. Therefore, the
polynomial chaos expansion is enhanced in [98] using gradient information such that higher order
approximations are more e�cient.

As an alternative to the (enhanced) Monte Carlo method, stochastic gradient approaches have
been applied to several optimization problems [99, 100]. Like the Monte Carlo method, it uses
random samples during the optimization, but the number of samples is extremely low and di�erent
samples are generated every optimization iteration. In consequence, the computational cost per
iteration is rather low while the approximation of moments is poor. Due to the generation of new
samples every iteration, the convergence is less smooth leading to many optimization iterations,
especially in the case of many random variables [101]. Therefore, Grieshammer et al. present
the continuous stochastic gradient method, where the evaluations of previous iterations are used
to improve the current approximation of the mean [101]. This approach is applied to di�erent
examples [102, 103], but still lacks scalability.

Alternatively, the integral equations (1.1) and (1.2) can be solved using quadrature rules, which
is sometimes also referred as stochastic collocation method [104, 105, 106, 107]. Similar to the
polynomial chaos expansion, the required number of function evaluations depends on the sampling
method and hence, requires a similar computation time.

Another group of methods is based on Taylor series expansions instead of sampling based ap-
proaches. In the perturbation method, the mean and the covariance matrix of the state, e.g., the
deformation �eld, is computed. Afterwards, the stochastic moments of the objective function are
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computed from the state. Therefore, the state is approximated by a Taylor series with respect to
the random parameters. Inserting the Taylor series into (1.1) and (1.2) leads to analytic expressions
depending on the sensitivities of the state and the stochastic moments of the random variables. This
approach has been widely applied to optimization of ground structures [108, 109] and to topology
optimization [110, 111, 112]. However, computing all required derivatives of the state for the �rst-
order perturbation approach requires one adjoint system per random variable leading to a lack of
scalability. Higher order approaches are even more challenging.

In contrast, the methods of moments apply the Taylor series directly to the objective function.
The �rst-order second-moment method (FOSM) is based on a �rst-order Taylor series approxima-
tion and has been applied to many examples, such as ground structures [113], topology optimization
[114, 115, 116], sizing optimization [117], shape optimization [118, 119] and process optimization
[120]. Independent of the number of random variables, it requires only two adjoint systems, and
hence is highly scalable [115]. In many cases, it has the same accuracy as the �rst-order perturbation
approach, but requires signi�cantly less computation time. Besides, there is also a non-intrusive
version [121], which however scales linearly with the number and hence, is not scalable. Unfortu-
nately, many objective functions show a higher order relationship between objective and random
variables, such that all methods based on �rst-order polynomials (e.g., FOSM, �rst-order pertur-
bation, surrogates of order 1) su�er from inaccuracies. In di�erence, the second-order method of
moments, also referred to as second-order fourth-moment method [114] or second-order perturba-
tion approach [122], shows good accuracy for several examples [122, 114, 123]. On the contrary, the
number of adjoint systems scales at least linearly with the number of random variables, whereas
the number of function evaluations scales even quadratically for non-intrusive variants [121].

1.2 Objective, contributions and outline of the thesis

As mentioned previously, many probabilistic approaches su�er from the curse of dimensionality,
meaning that the required number of systems of equations somehow scales with the number of
random variables. This is either caused by the costly training of surrogates in every design it-
eration or the required computation of sensitivities of vector-valued functions (e.g., perturbation
approaches). Other approaches su�er from missing �exibility, since the approaches are highly intru-
sive and problem speci�c (e.g., method of moments). In consequence, these formulations cannot be
simply implemented for commercial codes and hence, are not well suited for industrial applications.
Besides, many formulations require the computation of many matrix-valued partial derivatives,
which leads to high memory requirements. The current dissertation addresses these challenges and
proposes two new formulations for the methods of moments. In di�erence to the known formu-
lations, the newly presented principal-sensitivity �rst-order second-moment method (psFOSM) is
non-intrusive and requires only one additional function evaluation, independent of the number of
variables, while the accuracy is equal to the �rst-order second-moment and similar to the �rst-
order perturbation approach. The newly presented non-intrusive principal-sensitivity second-order
fourth-moment method (psSOFM) is more accurate than the �rst-order version, but requires four
additional function evaluations per random variable, which, however, can be processed mostly in
parallel. Both methods do not increase the memory demands compared to a deterministic optimiza-
tion, such that psFOSM is truly scalable, while psSOFM is at least more scalable than alternative
approaches with similar accuracy. However, the author observed poor performance of the proposed
methods for several geometric nonlinear examples. Under lead of Benedikt Kriegesmann, a new
approach called �multimodal �rst-order second-moment� method is developed, which is speci�cally
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tailored to these types of problems. The author contributed signi�cant parts of the theoretical
background and is responsible for the scalability of the proposed approach.

All new presented robust optimization approaches are applied to di�erent examples of topology-
and shape optimization for problems of linear and geometrically non-linear elasticity. While most
examples are constructed, a robust optimization is applied to an experimentally motivated topology
optimization example, considering uncertainties in the material data and the �ber orientation of
a wooden base-material. Therefore, the uncertainties are measured using compression tests and
image recognition to detect the probabilistic properties of the random variables. The �nal design
is fabricated using a laser cutting machine and assessed experimentally afterwards. To exploit the
potential of the fabrication method, a rather �ne discretization is used, which requires the use of
iterative system solvers. For large-scale problems, the conjugate gradient method preconditioned
by the Galerkin-based multigrid method proved to be extremely e�cient and scalable. However,
it su�ers from the (uncertain) anisotropies of the wooden base material. Therefore, a modi�ed
smoothing algorithm for the multigrid method is proposed, which improves the performance and
enforces solver convergence for anisotropic materials.

The current thesis is organized as follows: In chapter 2, basic theory on the di�erent optimiza-
tion formulations, including optimization algorithms, parameterization, regularization and gradient
computation is presented. Afterwards, in chapter 3, the basic equations of stochastics and random
�elds are given and the used probabilistic methods are derived. The following chapter 4 proposes
new probabilistic methods. It contains two publications, where the new principal-sensitivity �rst-
order second-moment method (publication 1, section 4.1) and the principal-sensitivity second-order
fourth-moment method (publication 2, section 4.2) are derived as well as additional material de-
riving the multimodal �rst-order second-moment method. Chapter 5 addresses an experimentally
motivated robust design optimization for a wooden three-point bending beam. Therefore, �rst,
the use of the multigrid method for orthotropic materials is discussed and an alternative multi-
grid smoothing algorithm is proposed (publication 3, section 5.1). Using the proposed multigrid
smoother as well as the previously developed probabilistic methods, a robust design optimization
is applied and the �nal design is tested experimentally. Finally the thesis closes with a summary
and outlook in chapter 6. The appendix contains the used geometrically non-linear �nite element
framework including the gradients with respect to nodal coordinates as well as some lengthy deriva-
tions.



Chapter 2

Basic theory on structural

optimization in statics

In the current thesis, the optimization problems are formulated in the nested analysis and design
(NAND) [124] formulation given by

min
y

f(y,u(y))

s.t.

yl ≤ y ≤ yu

c(y,u(y)) ≤ 0

(R(u,y) = 0)

, (2.1)

where the objective function f depends on the state u and the design variables y. The computation
of the state is nested into the function evaluation using the �nite element analysis, such that
the implicit equality condition (R(u,y) = 0) is automatically ful�lled. Additionally, the design
variables are bounded by the lower bound yl and the upper bound yu as well as by the vector-
valued inequality constraint c(y,u(y)) ≤ 0. Considering this optimization problem, a solution y∗

is a local optimum if the Karush-Kuhn-Tucker conditions (KKT-conditions) given by

df

dy
+ λ

dc

dy
−
∑︂
i

λl,i +
∑︂
i

λu,i = 0

λ ≥ 0

λl ≥ 0

λu ≥ 0

c(y∗,u(y∗)) ≤ 0

yl − y∗ ≤ 0

y∗ − yu ≤ 0

λc(y∗,u(y∗)) = 0

λl (yl − y∗) = 0

λu (y
∗ − yu) = 0

, (2.2)

9
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with the Lagrange multipliers λ,λl,λu, are ful�lled. However, in practical application to high-
dimensional topology optimization and shape optimization, the optimization algorithms �nd a
nearly optimal solution very fast, whereas convergence to a solution ful�lling the Karush-Kuhn-
Tucker conditions takes a huge amount of iterations. Therefore, it is common to use a stopping
criterion instead of a true convergence criterion. In the current thesis, the optimization is usually
stopped if the change of the function value between two subsequent iterations is less than a chosen
threshold value.

2.1 Optimization algorithms

To �nd the local optimal value y∗ of the optimization problem (2.1), di�erent algorithms are
available. Since the method of moving asymptotes (MMA, [12]) has been shown to be very e�cient
for structural optimization, it is applied in most considered examples of this thesis. Using the MMA,
the objective and constraint functions of the original optimization problem are approximated by
the functions

f̃ =

N∑︂
i=1

(︃
pi,f

ui − yi
+

qi,f
yi − li

)︃
+ rf (2.3)

c̃ =

N∑︂
i=1

(︃
pi,c

ui − yi
+

qi,c

yi − li

)︃
+ rc (2.4)

with

pi,f = (ui − yi)
2

(︃
1.001max(

df

dyi
, 0) + 0.001max(− df

dyi
, 0) +

10−5

yu,i − yl,i

)︃
(2.5)

qi,f = (ui − yi)
2

(︃
1.001max(− df

dyi
, 0) + 0.001max(

df

dyi
, 0) +

10−5

yu,i − yl,i

)︃
(2.6)

pi,c = (ui − yi)
2

(︃
1.001max(

dc

dyi
,0) + 0.001max(− dc

dyi
,0) +

10−5

yu,i − yl,i

)︃
(2.7)

qi,c = (ui − yi)
2

(︃
1.001max(− dc

dyi
,0) + 0.001max(

dc

dyi
,0) +

10−5

yu,i − yl,i

)︃
(2.8)

and

rf = f(y)−
N∑︂
i=1

(︃
pi,f

ui − yi
+

qi,f
yi − li

)︃
(2.9)

rc = c(y)−
N∑︂
i=1

(︃
pi,c

ui − yi
+

qi,c

yi − li

)︃
(2.10)

in every optimization iteration. The asymptote parameters ui, li are usually updated in every
iteration by a speci�c scheme, such that the optimizer shows the desired behavior. Using these
approximations, the design update is computed using the optimal solution of the more simple
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subproblem

min
y,y+

f̃(y) + λT
+y+ +

1

2
yT
+y+

s.t.

c̃(y)− y+ ≤ 0

ỹl ≤ y ≤ ỹu

y+ ≥ 0

, (2.11)

where ỹl and ỹu are the move limits, which are also updated in every iteration. The vector-valued,
penalty-like parameter λ+ is chosen by the user and usually set to a high value.

In some situations, the classic formulation of the MMA su�ers from a missing convergence-
control, probably leading even to divergence. This especially occurs if one of the functions is highly
nonlinear, such as in the case of buckling-sensitive structures. For these situations, the globally
convergent method of moving asymptotes (GCMMA, [13]) leads to better results. The basic ersatz-
problem is equal to the classic MMA, however the factors pi,f , qi,f ,pi,c, qi,c are computed di�erently
by

pi,f = (ui − yi)
2

(︃
1.001max(

df

dyi
, 0) + 0.001max(− df

dyi
, 0) +

∆MMA

yu,i − yl,i

)︃
(2.12)

qi,f = (ui − yi)
2

(︃
1.001max(− df

dyi
, 0) + 0.001max(

df

dyi
, 0) +

∆MMA

yu,i − yl,i

)︃
(2.13)

pi,c = (ui − yi)
2

(︃
1.001max(

dc

dyi
,0) + 0.001max(− dc

dyi
,0) +

∆MMA

yu,i − yl,i

)︃
(2.14)

qi,c = (ui − yi)
2

(︃
1.001max(− dc

dyi
,0) + 0.001max(

dc

dyi
,0) +

∆MMA

yu,i − yl,i

)︃
(2.15)

with the additional parameter ∆MMA . During each optimization iteration, the parameter ∆MMA

is updated until the ersatz model is conservative meaning that f̃(y + ∆y) > f(y + ∆y) and
c̃(y + ∆y) > c(y + ∆y). The design update is �nally done using the solution of the MMA
subproblem (2.11) with the updated parameter ∆MMA.

2.2 Gradient computation

Using gradient-based optimization algorithms, computing accurate sensitivities becomes crucial.
The simplest approach is to use the (forward) �nite di�erence method, where the sensitivities are
computed using

df

dyi
=

f(yi +∆yi)− f(yi)

∆yi
, (2.16)

where ∆yi represents the perturbation of the variable yi. To achieve a higher accuracy, also higher
order approaches, such as central di�erences, are available. However, for every variable, the function
has to be evaluated at least once, leading to extreme computational cost for structural optimization.

Using the direct di�erentiation approach, the gradient of the objective/constraint function is
computed from the gradient of the state u using the chain rule. A general derivative reads

df

dyi
=

∂f

∂yi
+

∂f

∂u

du

dyi
(2.17)
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and the gradient of the state is computed by

du

dyi
=

∂R

∂u

−1 ∂R

∂yi
, (2.18)

with the general residual R. In the case of linear �nite elements, the general residual reads R =
Ku− f . Similar to �nite di�erences, using the direct di�erentiation approach requires one system
solve per variable, which makes this method unusable for structural optimization problems.

In di�erence, the adjoint method presented in [125] requires only one system of equations per
function, independent of the number of variables. Therefore, the function is augmented by the
scaled state equation, leading to

f = f + λTR , (2.19)

with the adjoint vector λ and the residual R. Di�erentiation and reordering leads to

df

dyi
=

∂f

∂yi
+ λT ∂R

∂yi
+

(︃
λT ∂R

∂u
+

∂f

∂u

)︃T
du

dyi
. (2.20)

Setting λT ∂R
∂u + ∂f

∂u = 0 results in

df

dyi
=

∂f

∂yi
+ λT ∂R

∂yi
(2.21)

0 = λT ∂R

∂u
+

∂f

∂u
. (2.22)

The adjoint system λT ∂R
∂u + ∂f

∂u = 0 is independent from the parameterization and hence has to be
solved only once.

2.3 Shape optimization

The shape optimization problems of the current thesis are mainly built on the approach by Le et al.
[42], where the nodal coordinates are considered to be variable. As depicted in �gure 2.1a, the nodes
are classi�ed as internal nodes and surface nodes. The internal nodes do not describe the shape of
the structure and hence, do not have physical in�uence on the structural performance. The same
holds for the degrees of freedom of the surface nodes pointing into tangential direction. Therefore,
only the normal movements of the surface nodes y are considered as design variables, while the
inner nodes and tangential movements are updated respectively, such that the mesh quality is
acceptable. In order to encounter numerical instabilities due to errors of the �nite element method,
the movement of the surface nodes is �ltered using the vertex morphing approach reviewed in [44].
In the current thesis, a �rst-order discretization and a �rst-order �lter function is considered, such
that the true nodal movement ∆zi of node i is computed by

∆zi =

∑︁
j yj ·max(R− ∥zi − zj∥, 0)∑︁

j max(R− ∥zi − zj∥, 0)
, (2.23)

with the �lter radius R, the position zi of node i and the design variables yi related to node i. The
movement of the inner nodes is computed by the concept of Laplacian smoothing, as depicted in
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(a) Classi�cation of nodes as inte-
rior (grey) or surface nodes (black).
The normal movements of the surface
nodes (black arrows) are considered
as design variables, while the remain-
ing movements (grey arrows) are up-
dated to conserve mesh quality.

(b) Smoothing of the inner nodes by
application of Laplacian smoothing.
The solid lines represent the mesh be-
fore smoothing, the dotted lines after
smoothing.

Figure 2.1: Parameterization and mesh regularization in parameter-free shape optimization.

�gure 2.1b . There, the movement of the surface nodes ∆xsurf is applied as forced displacements
to an auxiliary elasticity problem. The resulting displacements are used as movements of the inner
nodes ∆zin, leading to the system of equations

Kin,in∆zin = Kin,surf∆zsurf , (2.24)

with the partial sti�ness matrices Kin,in (only inner nodes) and Kin,surf (relation surface nodes
to inner nodes).

2.4 Density-based topology optimization

In the density-based topology optimization, element-wise pseudo densities ρi ∈ [0, 1] are chosen as
design variables, where ρi = 1 is interpreted as material and ρi = 0 is interpreted as void. These
densities de�ne the Young's modulus of each element. In consequence, the full optimization problem
reads

min
ρ

f(ρ,u(ρ))

s.t.

0 ≤ ρi ≤ 1 ∀i
c(ρ,u(ρ)) ≤ 0

(R(u,ρ) = 0)

, (2.25)

with the vector ρ containing all elemental densities ρi. To avoid intermediate densities, usually a
progressive function is chosen for the relationship between pseudo density and Young's modulus.
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Commonly used approaches are the �Solid Isotropic Material with Penalization� (SIMP) [126] and
the �Rational Approximation of Material Properties� (RAMP) [127] which are both motivated
from the Hashin-Shtrikman bounds. Using the modi�ed solid isotropic material with interpolation
(SIMP) model [21], the element Young's modulus Ei of element i is given by

Ei = Emin + (E0 − Emin)ρ
p
i , (2.26)

where E0 represents the Young's modulus of the material, Emin is the arti�cial Young's modulus
of void, usually set to Emin = 10−9E0 and p the penalization parameter. Usually, the penalization
parameter is either set to p = 3 [126] or a continuation scheme is applied [128]. Without further
regularization, the results are highly mesh dependent and numeric e�ects called �checkerboarding�
occur. The most common solution is to use �lters, such as the density �lter [16, 21] and the
Helmholtz �lter [17].

2.4.1 Filtering

Using the density �lter, the �ltered densities ρ̃j are computed using a weighted average of design-
densities ρi by

ρ̃j =

∑︁
i w (zi) viρi∑︁
i w (zi) vi

. (2.27)

Here, vi represents the volume of element i and the function w (zi) is a linearly decaying weighting
function given by

w (xi) = max(R− ||zi − zj ||, 0) , (2.28)

where R represents the user chosen �lter radius and zi/j is the position vector of element i or j.
More commonly, this operation is described using the design vector ρ and the vector of �ltered
densities ρ̃ by

ρ̃ = T f,dρ , (2.29)

where the �lter matrix T f,d is a sparse matrix, containing the coe�cients of (2.27).
In the context of large models, �ne discretizations or large �lter radii, the �lter matrix T f

contains many non-zero entries leading to a high setup time, huge memory consumption and high
operation time.

In di�erence, the Helmholtz �lter is computationally e�cient for large problems. It minimizes
the potential

Π(ρ̃) =
1

2

∫︂
Ω

r2 |∇ρ̃|2 + (ρ− ρ̃)2dΩ (2.30)

within the domain Ω by formulating the minimum of the problem as the solution of the partial
di�erential equation

−r2∇2ρ̃+ ρ̃ = ρ (2.31)

with the Neumann boundary condition
∂ρ

∂n
= 0 . (2.32)

Here, ρ represents the continuous design density, ρ̃ the continuous �ltered density and r the �lter
radius. The partial di�erential equation is solved using the �nite element method on the same �nite
element mesh as the elasticity problem. Hence, the problem is written as

Kf ρ̃n = T fρ (2.33)
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with the vector of �ltered node densities ρ̃n and the element wise design densities ρ. The �lter
matrices Kf and T f are computed elementwise by

Kf,i =

∫︂
Ωi

∇NT
e r

2∇N e +NT
e N edΩ (2.34)

T f,i =

∫︂
Ωi

NT
e dΩ (2.35)

with the matrices of the ansatz functions N e. The �ltered element densities ρ̃ are then computed
by

ρ̃ = T T
f · ρ̃n (2.36)

which turns out to be the mean density in an element. As shown in [17], the Helmholtz �lter is
equivalent to the density �lter, if r = 2

√
3R. Since the Helmholtz �lter is based on the solution of a

scalar partial di�erential equation, computation time and memory demands are independent of the
�lter radius. Besides, also the overall memory demands are extremely low due to the sparsity of the
�lter sti�ness matrix Kf . The system of equation (2.33) can be solved e�ciently using iterative
methods, leading to a low computation time.

To get a smooth transition zone between material and void at the design domain boundary,
zero padding may be applied. For the Helmholtz-Filter, a very e�cient formulation is given by the
modi�ed potential

Πaug(ρ̃) =
1

2

∫︂
Ω

r2 |∇ρ̃|2 + (ρ− ρ̃)2dΩ+

∫︂
Γ

lS ρ̃
2dΓ (2.37)

in [19]. There, a surface integral over the design domain surface Γ is added, penalizing material at
the boundary of the design domain. The additional �lter parameter lS is chosen by the user and
controls the e�ect of the zero padding. Using lS = 0 is equal to no zero padding, when using lS = r,
material at the design domain boundary is treated equal to material inside the volume, and higher
values penalize material at the design domain boundary even more. Minimization of the potential
again leads to equation (2.31), but with the inhomogeneous boundary condition

∂ρ

∂n
= −lS ρ̃ . (2.38)

In the context of �nite elements the problem is discretized to

Kf ρ̃+Kzpρ̃ = T fρ (2.39)

where the matrices Kf and T f are the same as in the classic Helmholtz �lter, whereas the new
�lter matrix Kzp is computed element-wise by

Kzp,i =

∫︂
Γi

NT
e N edΓ , (2.40)

with the design domain surface of at element i Γi.

2.4.2 Projection and geometric uncertainty

To reduce intermediate densities or to enforce a speci�c length scale, the �ltered densities ρ̃i are
sometimes projected. In many cases (e.g. [20, 21]), the smooth heavyside projection given by

ρ̂i =
tanh(βη) + tanh(βρ̃i − βη)

tanh(βη) + tanh(β − βη)
, (2.41)
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Figure 2.2: E�ect of di�erent projection thresholds. Using a higher threshold parameter (left),
the whole design is eroded, using a lower parameter (right), the design is dilated compared to the
neutral design (center). The image is taken from Schevenels et. al. in [88]

with the projection steepness parameter β and the projection threshold η, is used.
As proposed in [88], the projection function can also be used to represent geometric uncertainties.

As depicted in �gure 2.2, the design is eroded by an increased projection threshold and dilated by
an decreased threshold respectively. However, uncertainties in the global threshold parameter only
represent global imperfections. To consider local imperfections, the projection threshold is de�ned
element-wise, such that

ρ̂i =
tanh(βηi) + tanh(βρ̃i − βηi)

tanh(βηi) + tanh(β − βηi)
. (2.42)

In this case, the uncertain threshold parameter characterized by a random �eld with a prede�ned
correlation length, such that a minimal length scale of imperfections is ensured.

2.5 Robust design optimization

The robust design optimization builds on the basic structural optimization approaches, such as
topology optimization and shape optimization. It uses the same parameterization (�lters, pro-
jection, ...), analysis and boundary conditions. However, instead of the design response f(y,x)
depending on the design variables y and uncertain variables x, the robust objective

fp = µf (y) + κσf (y) (2.43)

is optimized. The design-dependent mean value µf and standard deviation σf are computed using
probabilistic methods (see next section) based on the �nite element simulation, while the weighting
factor κ is chosen by the user. Usual values for κ are κ ∈ [1, 3], which represent the single-sided
70% to 99% quantile values for many random distributions [129]. Besides, instead of the robust
objective, also robust constraint functions may be de�ned, respectively. The general methods do
not change, but no problems with probabilistic constraints are considered in the current thesis.



Chapter 3

Basics of Stochastics and

Probabilistics

The basic equations and methodologies of the following stochastic basics are, for example, found
in educational textbooks [130, 131]. For scalar random variables x, the statistical properties are
usually quanti�ed using stochastic moments (e.g. mean µx, standard deviation σx), quantile values
(e.g., 5% quantile x5%) and the probability density function p(x).

In the current thesis, mainly the �rst two statistical moments are considered, whereas all other
statistical properties are only considered implicitly. The mean value µx (also referred to as expected
value) of a variable x is computed by

µx = E[x] =

∫︂ ∞

−∞
xp(x)dx , (3.1)

with the general expectation value function E[x]. The variance σ2
x (squared standard deviation) is

the second central stochastic moment, and hence, computed by

σ2
x = E[(x− µx)

2] =

∫︂ ∞

−∞
(x− µx)

2p(x)dx . (3.2)

If only empirical data is available, mean and variance are optimally approximated by

µx =
1

nData

nData∑︂
i=1

xi (3.3)

σ2
x =

1

nData − 1

nData∑︂
i=1

(xi − µx)
2 , (3.4)

with the number of samples nData and the i-th sample value xi. For the more general problem
of multiple random variables, the mean value vector µx and the covariance matrix Σx are used.
The entries of the covariance matrix are the covariances σ2

xi,xj
of di�erent variables xi, xj and the

17
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variances σ2
xi such that

Σx =

⎛⎜⎜⎜⎝
σ2
x1

σ2
x1,x2

σ2
x1,x3

. . .
σ2
x1,x2

σ2
x2

σ2
x2,x3

. . .
σ2
x1,x3

σ2
x2,x3

σ2
x3

. . .
...

...
...

. . .

⎞⎟⎟⎟⎠ (3.5)

with

σ2
xi,xj

= E[(xi − µxi)(xj − µxj )] =

∫︂ ∞

−∞
(xi − µxi)(xj − µxj )p(x)dx . (3.6)

The non-diagonal entries are caused by correlation of the di�erent random variables. Using the
Pearson correlation measure R(xi, xj) , the covariance is given by

σ2
xi,xj

= σxi
σxj

R(xi, xj) . (3.7)

In the case of spatially distributed uncertain variables, such as spatially varying material properties,
the uncertainties correspond to continuous random �elds Hx(z) with the position z instead of
discrete random variables. An overview of random �elds is given in [132] and [133]. In this case, the
stochastic properties are described by the mean value function µx(z) and the covariance function
cov(x(zi), x(zj)). Using the function-valued Pearson correlation coe�cient R(x(zi), x(zj)), the
covariance function reads

cov(x(zi), x(zj)) = R(x(zi), x(zj))σx(zi)σx(zj) . (3.8)

Commonly used correlation functions are [134]

� exponential R(x(zi), x(zj)) = exp
(︂
−∥zi−zj∥

lc

)︂
� squared exponential R(x(zi), x(zj)) = exp

(︂
−∥zi−zj∥

lc

2)︂
� γ-exponential R(x(zi), x(zj)) = exp

(︂
−∥zi−zj∥

lc

γ)︂
and their anisotropic variants, where

∥zi−zj∥
lc

is interchanged by
∥z1,i−z1,j∥

lc,1
+

∥z2,i−z2,j∥
lc,2

+
∥z3,i−z3,j∥

lc,3

with zi =

⎛⎝z1,i
z2,i
z3,i

⎞⎠ and the correlation length lc. In the special case of a homogeneous random �eld,

mean and variance are constant over the whole �eld and only the correlation function considers
spatial e�ects.

3.1 Computation of the covariance function - semivariogram

In an experimental setup, the covariance function is computed using a semivariogram, as described
in [135]. Under the assumption of homogenous random �elds, the (spatial) distance ∆zk = ∥zi−zj∥
and the squared value di�erence ∆xk = (xi − xj)

2 are computed for every pair k of samples i, j.
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Figure 3.1: Ideal variogram of a square exponential random �eld considering in�nite samples (left)
and the variogram of a square exponential random �eld with limited samples (right).

All pairs are assigned to distance groups Kα,β = [k : α ≤ ∆zk < β] and for each distance group,
the semivariance γ(∆z) is computed by

γ

(︃
α+ β

2

)︃
≈ 1

2Nα,β

∑︂
k∈Kα,β

∆xk , (3.9)

where Nα,β represents the number of elements of Kα,β . Plotting the semivariance over the dis-
tance leads to a semivariogram like shown in �gure 3.1. If su�cient samples are available, the
semivariance shows asymptotic behavior, where the supremum is called sill and the distance, at
which the supremum is nearly reached, is called range. In practice, the semivariance is larger than
zero for the zero-distance group. This value is called nugget and is caused by random e�ects of
the experiment and measurement errors. Often, no su�cient number of samples is available. In
this case, rather accurate values for range and sill are observed, but the semivariance shows wavy
behavior for high distances. To compute the covariance function, a general guess about the type of
correlation function (e.g. exponential) is made based on the semivariogram of the empirical data.
Afterwards, the parameters of the covariance function are �tted, such that the di�erence between
model semivariance and empiric semivariance are minimal.

3.2 Discretization of random �elds

As mentioned before, random �elds represent continuous spatial random variables. However, the
simulation tools based on �nite elements are based on discrete values. Therefore, the continuous
random �eld Hx(z) is discretized into many random variables xi at the positions zi. The main
approaches are discussed and compared in [133].



20 CHAPTER 3. STOCHASTICS AND PROBABILISTICS

Using the midpoint method [136], the random variables xi are de�ned element wise (with element
i) and the corresponding values are taken from the continuous �eld at the element center zi, such
that xi = Hx(zi) and hence, the covariance matrix is computed by evaluating the covariance
function for the center positions. In consequence, the original random �eld is approximated by a
piecewise constant function.

In di�erence, the more accurate integration point method [137] discretizes the random variables
at the integration points corresponding to the integration of the �nite element equation. Again, the
values xi at the Gauÿ-Point i are taken from the continuous random �eld such that xi = Hx(zi). If
a su�cient number of integration points (i.e., random variables) is chosen for the integration of the
correlation function, the random �eld is treated exactly. However, since the correlation functions are
usually of high order (i.e., requiring many integration points), a huge amount of random variables
(and following a huge covariance matrix) is required for exact integration.

As a compromise, the optimal linear estimator method (OLE) [138] approximates the true
random �eld Hx(z) as a piecewise linear function Ĥx(z) based on the random �eld values at
di�erent control points zi as

Hx(z) ≈ Ĥx(z) = a(z) + bT (z) · χ (3.10)

with χ = [Hx(z1), Hx(z2), . . . ]
T . The control points can be chosen arbitrarily. The corresponding

parameter functions a(z) and b(z) are chosen as the solution of the optimization problem

∀z ∈ Ω min var[Hx(z)− Ĥx(z)]

s.t. E[Hx(z)− Ĥx(z)] = 0
(3.11)

with the considered domain Ω and the variance function var. The solution is known as

a(z) = E[Hx(z)]− cov[Hx(z),χ]Σ
−1
χ µχ (3.12)

bT (z) = cov[Hx(z),χ]Σ
−1
χ . (3.13)

The piecewise linear approximation is afterwards considered analytically, which might be hard to
implement in practice.

The di�erent discretization methods are illustrated in �gure 3.2. There, the same random �eld is
discretized by the mentioned approaches for two di�erent resolutions. From the �gure it is observed
that the approximating methods converge to the exact representation for a su�ciently �ne mesh.
This is usually the case for topology optimization problems, since there, a very �ne discretization is
already required to represent the geometric features. Hence, the simple midpoint method is a good
choice for topology optimization problems. However, the �ne discretization in combination with a
signi�cant correlation length leads to huge memory demands for storing the covariance matrix, also
when using the midpoint method.

To reduce the memory demands for storing the covariance matrix, di�erent approaches are
available. First, the optimal linear estimator method may be used to reduce the number of random
variables. Therefore, the approximated random �eld Ĥx(z) is evaluated at the element centers,
while the control points are chosen on a coarse mesh. In this case, a random realization reads

xi = Ĥx(zi) = a(zi) + bT (zi) · χ . (3.14)

Based on this approximation, mean and covariance are computed by

µxi
= E[Ĥx(z)] = E[Hx(z)] (3.15)

cov[xi, xj ] = cov[Ĥx(zi), Ĥx(zj)] = cov[Hx(zi),χ]Σ
−1
χ covT [Hx(zj),χ] . (3.16)
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Figure 3.2: Di�erent discretization methods for the same 1-D random �eld with the correlation
length 10. The left �gure shows the discretization on a coarse mesh, the right �gure on a �ne
mesh. Legend: midpoint method (solid line), integration point method (dashed line), optimal
linear estimator (dotted line) with control points at element centers.

Collecting all values in the covariance matrix leads to

Σx = Σx,χΣ
−1
χ ΣT

x,χ (3.17)

with the covariance matrixΣx,χ between discretized random variables x and the random �eld at the
control points χ. Using the OLE formulation, only the matricesΣx,χ ∈ Rnx×nχ andΣ−1

χ ∈ Rnχ×nχ

must be stored instead of the full covariance matrix Σx ∈ Rnx×nx . If the number of control
points nχ is much smaller than the number of random variables nx, the memory requirements are
signi�cantly reduced. However, this comes at the cost of reduced accuracy of the random �eld
representation.

As an alternative, approaches based on expansions, such as the Karhunen-Loève expansion [139]
and the expansion optimal linear estimator method [138] are often applied to compute a memory
e�cient discretization of a random �eld. Using the continuous Karhunen-Loéve expansion, the
spectral decomposition of the covariance function is computed, such that∫︂

Ω

Σ[H(z1), H(z2)]ϕi(z1)dz2 = λiφi(z2) (3.18)

with the i-th eigenfunction φi(z2) and the corresponding eigenvalue λi. One can show that, the
required number of eigenfunctions for reaching a given accuracy is bounded and depends on the
correlation length. Especially for high correlation lengths, only very few eigenfunctions are required.
However, computing the continuous Karhunen-Loéve expansion is only possible for special correla-
tion functions and is hard to implement. Therefore, the discrete Karhunen-Loéve expansion is used
more commonly in engineering. There, the covariance matrix Σx is decomposed in eigenvalues λi

and eigenvectors φi, such that

Σxφi = λiφi . (3.19)

Using the truncated Karhunen-Loéve expansion, only the M eigenvalues above a given threshold
are considered. The eigenvectors are collected in the matrix V x ∈ Rnx×M , the eigenvalues are
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collected in the diagonal matrix W x ∈ RM×M such that

Σx = V xW xV
T
x . (3.20)

Especially for very �ne discretizations (e.g. in topology optimization), the required number of
eigenvectors is very low (e.g. M < nx

100 ) leading to high memory savings. However, the original
memory consuming covariance matrix still must be computed and the eigenvalue problem has to
be solved for a large problem leading to a high demand on computational resources.

As an alternative, the expansion optimal linear estimator method (EOLE) proposed in [138]
combines the advantages of the optimal linear estimator method and the Karhunen-Loéve expansion.
Therefore, the OLE random �eld representation (3.14) with (3.12) and (3.13) is considered and the
corresponding matrix Σχ is expanded by

Σχ = V χWχV
T
χ . (3.21)

Similar to (3.20), V χ ∈ Rnχ×M contains the eigenvectors and Wχ ∈ RM×m the most relevant M
eigenvalues of the matrix Σχ. By application to (3.14), the optimal linear estimator approximation
of the random �eld reads

Ĥx(z) = E[Hx(z)]− cov[Hx(z),χ]V χW
−1
χ V T

χµχ + cov[Hx(z),χ]V χW
−1
χ V T

χχ (3.22)

Using the de�nition of uncorrelated spectral random variables ζ as

χ = E[χ] + V χW
0.5
χ ζ (3.23)

the approximated random �eld simpli�es to

Ĥ(xx) = E[Hx(z)] +Σ[Hx(z),χ]V χW
−0.5
χ ζ , (3.24)

and the discrete covariance matrix reads

Σx = Σx,χV χW
−0.5
χ W−0.5

χ V T
χΣ

T
x,χ . (3.25)

In consequence, only the matrix Σx,χV χW
−0.5
χ ∈ Rnx×M has to be stored. Besides, the original

covariance matrix must not be computed and the corresponding eigenvalue problem is much smaller
than for the Karhunen-Loéve expansion, leading to signi�cantly reduced computation time and
memory demands.

3.3 Conditioned random �elds

In some situations, it is required to modify a random �eld such that boundary conditions are
ful�lled. For example, it might be required that geometry imperfections are zero at the supports,
since otherwise, the part can not be mounted. Therefore, the covariance matrix can be conditioned
as described in [140, 141], where the variance is zero at the supports and grows to its prescribed
value considering the correlation length. Besides, it is also possible to apply boundaries on the
(spatial) gradient of the random variables (see e.g. [142]).

The basic concept is based on the optimal linear estimator method described before. In the �rst
step, the OLE discretization of the random �eld considering only the clamped positions as control
points Hx,con(zi) with the covariance function

cov[Hx,con(zi), Hx,con(zi)] = cov[Hx(zi),χ]Σ
−1
χ cov[χ, Hx(zj)] (3.26)
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Figure 3.3: Left: Original and conditioned random �eld realizations of a 1D random �eld. Middle:
Covariance matrix of the corresponding original random �eld. Right: Covariance matrix of the
corresponding conditioned �eld.

is generated. Here, χ = [Hx(zcon,1), Hx(zcon,2), . . . ]
T represents the random �eld values evaluated

at the control points zcon,i, which are the positions of the boundary conditions. Per de�nition it
holds

Hx,con(zcon,i) = Hx(zcon,i)∀i (3.27)

and hence, substracting Hx,con from the original random �eld Hx(z) leads to

Hx(z)−Hx,con(z) = 0 ∀z ∈ {zcon,1, zcon,2, . . . } , (3.28)

which ful�lls the boundary conditions. Therefore, the conditioned random �eld Ĥx(z) is computed
by

Ĥx(z) = Hx(z)−Hx,con(z) (3.29)

with the covariance function

cov[Ĥx(zi), Ĥx(zi)] = cov[Hx(zi), Hx(zi)]− cov[Hx,con(zi), Hx,con(zi)]

= cov[Hx(zi), Hx(zi)]− cov[Hx(zi),χ]Σ
−1
χ cov[χ, Hx(zj)]

. (3.30)

Following the framework, random �elds and covariance functions as shown in �gure 3.3 are gen-
erated. Whereas the original random �eld has arbitrary values at the positions 0 and 100, the
conditioned �eld smoothly reaches 0 at these points. The corresponding covariance matrix is simi-
lar to the original one, but the variance reduces to zero for the �rst and the last variables.

A discretization of the random �eld and the corresponding discrete covariance matrix are found
using the previously discussed discretization approaches, for example the midpoint method or the
expansion optimal linear estimator method.

3.4 Probabilistic methods

Besides the basics on stochastics and the spatial representation of random variables, the current
thesis also builds on probabilistic methods. Probabilistic methods are used to determine the stochas-
tic properties (especially mean value µf and variance σ2

f ) of a function value f(x) based on the
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known stochastic properties of the uncertain input variables x. In the current thesis, the Monte
Carlo method and several methods based on Taylor series (i.e. �rst-order second-moment method,
second-order fourth-moment method) are used and hence, derived and described in the following.

3.4.1 Monte Carlo method

The Monte Carlo method presented in [87, 143] is a method that has been widely used for solv-
ing complicated integrals, but also has been applied as a probabilistic method. The basic concept
for using the Monte Carlo method as a probabilistic method is the following. From the known
stochastic characteristics (e.g., stochastic moments, probability distribution, ...) of the input vari-
ables x, many sets of variables x1,x2, ... (called samples) are generated using a (pseudo-) ran-
dom number generator. For every set of random variables, the objective function is evaluated
(f1 = f(x1), f2 = f(x2), ...) and the resulting values f1, f2 are treated using empirical statistical
methods. For example, mean µf and standard deviation σf of the response f are computed using
(3.3) and (3.4).

Since most random number generators are not able to consider correlations between di�erent
variables, the generated uncorrelated variables must be transformed to correlated variables. Using
the expansion optimal linear estimator method, the variables ζ in (3.24) can directly be generated
using the uncorrelated random number generator, since these variables are already uncorrelated.
Otherwise, the random variables are generated by [143]

x = Σ
1
2 ζ = V xW

1
2
xζ (3.31)

with the uncorrelated variables ζ, the matrix of eigenvectors V x and the matrix of eigenvalues W x.

3.4.2 Taylor series-based methods

The Taylor series-based methods, such as the �rst-order second-moment method and the second-
order-fourth moment method derived in [144] are based on the Taylor approximation

Tf (x) = f(µx) +
∑︂
i

∂f

∂xi
(xi − µxi

) +
1

2

∑︂
i

∑︂
j

∂2f

∂xi∂xj
(xi − µxi

)(xj − µxj
) + . . . (3.32)

of the original objective function f . Inserting (3.32) into the analytic equation of the mean (3.1)
leads to

µf = f(µx)

∫︂ ∞

−∞
p(x)dx+

∑︂
i

∂f

∂xi

∫︂ ∞

−∞
(xi − µxi)p(xi)dxi

+
1

2

∑︂
i

∑︂
j

∂2f

∂xi∂xj

∫︂ ∞

−∞

∫︂ ∞

−∞
(xi − µxi

)(xj − µxj
)p(xi, xj)dxidxj + . . .

. (3.33)

Since
∫︁∞
−∞ p(x)dx = 1,

∫︁∞
−∞(xi − µxi

)p(xi)dxi = 0 and
∫︁∞
−∞(xi − µxi

)(xj − µxj
)p(xi, xj)dxidxj =

cov(xi, xj), the whole equation simpli�es to

µf = f(µx) +
1

2

∑︂
i

∑︂
j

∂2f

∂xi∂xj
cov(xi, xj) + . . . . (3.34)

The variance may be derived similarly, using (3.2).



Chapter 4

Scalable approaches for optimization

under uncertainty

Combining the basics of structural optimization with the basics of stochastic and probabilistic leads
to robust design optimization techniques. In the following, new scalable formulations for robust de-
sign optimization using the �rst-order second-moment method (publication 1) and the second-order
fourth-moment method (publication 2) are developed and tested at di�erent benchmark examples.
There, a major focus is set on the computation of the gradients of the approximated stochastic
moments, since this part usually is computationally costly. Afterwards, a new approach tailored to
problems which are prone to buckling is presented and compared to the classic �rst-order second-
moment method considering geometric nonlinear problems.

4.1 An e�cient and non-intrusive approach for robust design

optimization with the �rst-order second-moment method

The �rst publication [145] contributes to the �rst-order second-moment method, which can be de-
rived as outlined in 3.4.2 using a �rst-order Taylor series. As a probabilistic approach, the �rst-order
second-moment method is known to be rather inaccurate [114, 146, 147], if the objective function
behaves truly nonlinear near to the mean state. However, there are highly e�cient formulations in
the context of robust design optimization [115], which do not increase the computational cost com-
pared to a deterministic optimization. Therefore, the required resources are much lower compared
(usually factor 100 to in�nity) to more accurate approaches. Besides, the lack of accuracy is not
critical in the context of a robust optimization if the �nal design is evaluated using a more accurate
approach, proving or disproving the increased robustness.

One main challenge in the context of the �rst-order second-moment method is to compute the
gradients of the stochastic moments e�ciently for arbitrary problems. Therefore, the following
publication compares di�erent existing formulations and proposes a new non-intrusive approach
called �principal sensitivity �rst-order second-moment method� which shows high computational and
memory e�ciency, but can also be applied to arbitrary problems as a black-box method.

25
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Abstract

A modified robust design optimization approach is presented, which uses the first-order second-moment method to compute
the mean value and the standard deviation for arbitrary objective functions. Existing approaches compute the gradient of the
variance using the adjoint method, direct differentiation or finite differences, respectively. These approaches either access to
the FE-code and/or have high computational cost. In this paper, a new approach for the computation of the gradient of the
variance is provided. It can be easily implemented as a non-intrusive method, which behaves similar to finite differences with
the cost of only one additional objective evaluation, independent of the number of variables. Here, a step-size has to be chosen
carefully and therefore, a procedure to determine a problem-independent step-size is provided. As an alternative, the approach
can be implemented as an analytic method with the same cost like the adjoint method, but providing wider applicability (e.g.
eigenvalue problems). The provided approach is derived, analyzed and applied to several benchmark examples.
© 2023 Elsevier B.V. All rights reserved.

Keywords: Robust design optimization (RDO); Taylor series expansion; Robust topology optimization; Method of moments

1. Introduction

The presence of uncertainties (like scattering material properties and loads) and the fact that considering these
uncertainties in design optimization influences the optimization result have led to a large amount of publications
during the last decades. Overviews are for instance given by Park et al. [1], Schuëller and Jensen [2] and more
recently by Kanno [3]. While there are multiple approaches to tackle uncertainties, the current paper focuses on
probabilistic approaches. In low dimensional problems, surrogate models may be trained to perform the optimization
and/or the uncertainty quantification [4]. However, high dimensional problems like topology and non-parametric
shape optimization require the use of gradient-based optimization approaches [5].

Among the first works where uncertainty was introduced into topology optimization were [6–8]. All these
early works considered reliability-based optimization with random loads. Random loads typically represent a small
number of random parameters, and when considering linear problems, Monte Carlo approaches can be efficiently
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used by superposing randomly scaled unit load cases. This is not possible for other random effects like spatially
varying material properties and geometric deviations, as considered in [9,10]. These works solved robust design
optimization problems, i.e. minimized a combination of mean and standard deviation of the objective function.
Using the Monte Carlo method to solve this problem as in [9] increases the computational cost by the number of
realizations used, typically hundreds or thousands. As an alternative, Keshavarzzadeh proposes the use of the non-
intrusive polynomial chaos expansion in [11]. Using this approach, the computational cost and its accuracy depends
on the order of the considered polynomial and the number of random variables. However, even for a first-order
polynomial, one coefficient per random variable has to be computed. This leads to at least one function evaluation
per random variable. Using higher order polynomials, the computational cost increases superlinear with respect
to polynomial order and the number of random variables. Hence, more efficient approaches based on Taylor series
expansions have been suggested. The perturbation approach is based on a Taylor series expansion of the equilibrium
conditions. Doltsinis et al. [12,13] embedded the perturbation approach into robust design optimization framework,
and later Lazarov et al. [10] applied it to topology optimization. Here, the number of systems of equations to
be solved and hence, the computational cost, scales with the number of random parameters. In particular, it scales
linearly for a first-order expansion and quadratically in case of a second-order expansion. Hence, Lazarov et al. [10]
used the discrete Karhunen–Loève transformation to reduce the number of parameters describing the discretized
random fields.

In Kriegesmann and Lüdeker [14], the use of the first-order second-moment (FOSM) method for robust topology
optimization is proposed. In difference to the perturbation approach, the probabilistic objective function is expanded.
When considering compliance as objective function, this approach requires the solution of only one additional
adjoint system per iteration, independently of the number of random parameters. When using a second-order
expansion, the computational cost is proportional to the number of random parameters. However, for random
geometries and material properties the first order expansion turned out to provide sufficiently good results to achieve
a robust design. Kranz et al. [15] provided a generalized formulation of the approach, which also allows to consider
other objective functions like a certain displacement or the maximum stress. Then, the FOSM-based approach
requires the solution of three additional adjoint systems compared to a deterministic analysis. Though this is a
manageable number of equations to be solved, the computational cost of this approach is driven by computing
large non-sparse matrices, which turns out to be significant for stress-based problems. Another challenge occurs
when considering eigenvalue problems. Applying the same approach from [14] to the eigenfrequency of a structure
provides an adjoint system that cannot be solved [16].

All aforementioned approaches are highly intrusive and hence, not available in commercial code. In difference to
that, many combinations of objective functions (compliance, max. stress, eigenfrequency, . . . ) and design parameters
(sizing, shape and topology optimization) are possible in commercial codes, i.e. the gradients with respect to the
design variables are provided. This motivated the work of Steltner et al. [17], who suggested a semi-intrusive
approach which makes use of the deterministic design gradients and approximates the derivatives as well as the
mixed partial second-order derivatives required for FOSM by finite differences. The approach is implemented as a
plug-on for commercial codes and can easily be applied to any objective function and even nonlinear problems [18].
The computation cost however scales linearly with the number of random parameters. Therefore, when considering
spatial variations such as geometric imperfections, again, reduction techniques like discrete Karhunen–Loève
transformation need to be applied [18].

The current paper proposes a new approach for robust design optimization based on the first-order second-
moment method called principal sensitivity first-order second-moment method. It delivers an efficient framework
which combines the advantages of the aforementioned approaches. It is derived as an intrusive and an non-intrusive
version. These approaches require less computational time and/or less memory than all existing approaches based
on the first-order second moment method. Furthermore, eigenvalue problems, which could not be solved before,
can be tackled with these new methods.

The paper is organized as follows: In Section 2, the general first-order second-moment framework is described
and existing formulations are discussed. In Section 3, the new approach, called principal sensitivity first-order
second-moment method, is derived and different aspects are analyzed. In Section 4, the new framework is
compared to existing frameworks for different numerical examples including topology optimization considering
stress, eigenfrequencies and contact.

2
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2. Robust design optimization with the first-order second-moment method

Robust design optimization is similar to standard design optimization. The same parametrization, optimization
algorithms, FE-solvers and problem dependent aspects (e.g. penalization in topology optimization) are considered.
However, in a robust design optimization the objective function contains the mean µ f and standard deviation σ f

of some deterministic objective f . These values are computed using probabilistic methods. The robust objective is
therefore defined as

f p(x, y) = µ f (x, y) + κ · σ f (x, y) (1)

with the random parameters x and the design parameters y. The weighting factor κ can be chosen arbitrarily.
However, the choice of κ significantly influences the results of a design optimization. In general, a large weighting
factor forces the optimization to a design with a small standard deviation at the cost of a worse mean. In difference,
a small weighting factor focuses the optimization to the mean value. The first-order second moment method (FOSM)
was proposed by Cornell in [19] and is based on a Taylor-series expansion of the objective function. Using this
approach, mean and variance are approximated using

µ f = f (µx) (2)

σ 2
f =

d f
dx

T

(µx) · Cov ·
d f
dx

(µx) (3)

with the mean vector µx of the random parameters x and the covariance matrix Cov of the random parameters [14].
It is assumed that the covariance matrix is independent of design variables. (A design-dependent covariance requires
the consideration of additional terms in the gradient derivation, which is extensively discussed in [20]. These terms
do not influence the subsequent consideration and therefore, this discussion is not repeated in this paper.) In order
to use gradient based optimization algorithms the derivatives of mean and variance are computed by

dµ f

d y
=

d f
d y

(µx) (4)

and
dσ 2

f

d y
= 2

d2 f
d ydx

· Cov ·
d f
dx

. (5)

The gradient of the standard deviation is given by

dσ f

d y
=

dσ 2
f

d y
·

1
2 · σ f

. (6)

Mean, standard deviation and gradient of the mean can be computed straight forward since first-order sensitivities
of the objective are already required for a deterministic optimization. Computing the gradient of the variance is
however challenging since second-order sensitivities are required.

2.1. Existing methods for determining the gradient of the variance

The current section summarizes existing methods to compute the gradient of the variance. The approaches either
calculate the mixed partial derivative d2 f

d ydx or the variance gradient directly. Numeric methods as well as analytic
approaches can be used.

2.1.1. Finite differences
Considering commercial code with integrated optimization methods, only the function value and gradients with

respect to design variables are available. In order to compute the variance and variance sensitivities, first- and
second-order derivatives with respect to random variables have to be computed using finite differences like in [18].
The required approximations of the sensitivities are given by

d f
dxi

=
f (xi + ∆) − f (xi )

∆
(7)
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d2 f
dxi d y

=

d f
d y (xi + ∆) −

d f
d y (xi )

∆
. (8)

with the random parameter xi and a finite step ∆ chosen suitable small.
However, if it is possible to extract the gradient with respect to random parameters from the FE-code, Eq. (7)

is not required. As an alternative, the gradient of the standard deviation might be computed using finite difference
directly to the standard deviation by

dσ f

dyi
=

σ f (yi + ∆) − σ f (yi )
∆

. (9)

Finite difference interprets the FE-model as a black-box problem. Therefore, the formulas are problem independent
and non-intrusive. However, this method has some drawbacks. Finite-differences are an approximation of the true
sensitivities. This leads to numerical errors, which can be reduced using small step-sizes. However, very small
step-sizes lead to numerical errors due to a limited machine accuracy. In order to compute a whole gradient,
finite differences require an objective evaluation for every considered parameter. Especially for problems with many
parameters (e.g. topology optimization) this ends up in a extremely high computation time. Therefore, this method
cannot be used in realistic examples.

2.1.2. Direct differentiation
In difference to finite-differences, direct differentiation is used to compute the second order derivative d2 f

dxi d y
analytically. The general objective function is given by

f = f (x, y, u0) , (10)

where the implicit parameter u0 is computed as the solution of a (possibly nonlinear) system of equations

0 = R0(u0, x, y) . (11)

A simple example would be the standard linear finite element problem, where R is given by

R0 = K u0 − f , (12)

with the stiffness matrix K , the deformation vector u0 and the external force vector f . It is assumed that the
first-order objective gradient with respect to design parameters y is already given for a deterministic optimization.
Often, the objective gradient depends on implicit adjoint variables λ0. Therefore, one obtains the general system of
equations

d f
d y

=
d f
d y

(x, y, u) (13)

0 = R(u, x, y) (14)

with the new implicit (nonlinear) system of equations R(u, x, y) and the explicit objective gradient d f
d y . The implicit

variable u contains the previously defined variables u0 as well as the adjoint variables λ0. Differentiation with respect
to x of both equations leads to

d2 f
d ydx

=
d2 f

d ydx
(x, u,

du
dx

) (15)

0 =
d R
dx

(u, x,
du
dx

) . (16)

First, the implicit equations (16) are solved to obtain the gradient of the state-variables u. Afterward, the gained state-
variable gradient is inserted into (15). The computed second-order derivative of the objective function is inserted
into (5) to obtain the variance gradient. This method delivers an exact value of the gradient of the variance. However,
there are some drawbacks. Solving the implicit equations (16) requires the solution of one (nonlinear) system of
equations per design variable, since the derivative of every entry of the vector u has to be found with respect to
every random variable xi . For example, in the compliance problem

0 =
d R
dxi

=
d K
dxi

u − K
du
dxi

(17)
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has to be solved for every index i . Especially for problems with many parameters, this results in a very high
computation time and storage demand. The computational cost can be reduced using some matrix decomposition
of the stiffness matrix, since only the right-hand side of the system of equation changes for different indices i .
This modification however increases the storage demand further. The computational cost is still much higher than a
deterministic function evaluation. Another drawback is that the derived equations in detail look differently for each
combination of objective function, random parameters and design parameters. Hence, the implementation effort is
very high.

2.1.3. Adjoint method
Using the discrete adjoint method by [21], the conditions are similar to the direct differentiation, considering the

objective function (10) (11). The objective gradient with respect to random variables x is again obtained by (13)
(14) using the system of equations

d f
dx

=
d f
dx

(x, u, y) (18)

0 = R(u, x, y) (19)

with the implicit system of equations R(u, x, y) and the explicit objective gradient d f
dx . The implicit system of

equations again contains the residual equations of a FE-problem as well as previously used adjoint systems. Different
to direct differentiation, this system of equations is not differentiated. Instead, the variance equation (3) is expanded
by the implicit equation (19) to

σ 2
f =

d f
dx

T

Cov
d f
dx

+ λT
· R(u, x, y) (20)

with the adjoint vector λ. Differentiation leads to

dσ 2

d y
= 2 ·

d f
dx

T

Cov

(
d∂ f

dx∂ y
+

d2 f
dxdu

du
d y

)
+ λT ∂ R

∂ y
+ λT d R

du
du
d y

. (21)

With some reordering one gets

dσ 2

d y
= 2 ·

d f
dx

T

Cov
d∂ f

dx∂ y
+ λT ∂ R

∂ y
(22)

with the adjoint system

d R
du

T

λ + 2 ·
d2 f

dxdu

T

Cov
d f
dx

= 0 . (23)

The adjoint method is problem-dependent. For a linear compliance example, the objective gradient is given by
d f
dx = −uT d K

dx u and the residual equation by R = (K u − f ). Using Eq. (22) leads to

dσ 2

d y
= 2 ·

(
uT d K

dx
u
)T

Cov

(
uT d2 K

d ydx
u
)

+ λT d K
d y

u (24)

with the adjoint system according to (23)

Kλ + 4 ·

(
d K
dx

u
)T

Cov

(
uT d K

dx
u
)

= 0 . (25)

A big advantage of the adjoint method compared to finite differences and direct differentiation is, that it produces
exact gradient values at the cost of only one additional system of equations, independent of the number of variables.
Therefore, the adjoint method is very efficient. On the other hand, the adjoint method is problem dependent like
direct differentiation. Therefore, it suffers the same high implementation effort like direct differentiation. Although
the method is computationally efficient, the required partial derivatives for certain objective function require a
large amount of storage and computation time. Especially for stress problems, this effect outweighs the efficient
formulation [15].
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3. Robust design optimization with the principal sensitivity first-order second-moment method

All previously shown methods have some significant drawbacks like extremely high computation time, storage
demand and an intrusive nature. Therefore the authors propose a new method called principal sensitivity first-order
second-moment method (PSF), which overcomes the drawbacks of existing methods for calculating the gradient of
the variance estimated by the first-order second-moment method. The basic idea is neither to compute the second-
order derivative d2 f

d ydx , nor to expand the variance formula by an adjoint problem. Instead, the product d2 f
d ydx Cov ·

d f
dx

is computed directly. We present two versions of the PSF approach, namely the non-intrusive, numeric principal
sensitivity FOSM (nPSF) and an intrusive analytic principal sensitivity FOSM (aPSF).

3.1. Numeric principal-sensitivity FOSM

The numeric principal sensitivity FOSM approach is based on a Taylor series of the objective gradient with
respect to design variables y given by

d f
d y

(µx + ∆x) =
d f
d y

(µx ) +
d2 f

d ydx
(µx ) · ∆x + O(∆x2) (26)

with a step ∆x and terms of at least order two O(∆x2). Choosing ∆x to be

∆x = ϵ · Cov ·
d f
dx

(µx ) . (27)

with an arbitrary scaling factor ϵ leads to the Taylor series

d f
d y

(µx + ϵ · Cov ·
d f
dx

(µx )) =
d f
d y

(µx ) +
d2 f

d ydx
(µx ) · ϵ · Cov ·

d f
dx

(µx ) + O(∆x2) . (28)

We call the vector Cov ·
d f
dx (µx ) the principal sensitivity direction. The reason for this name and the properties of

this vector are discussed in Section 3.1.1. Reordering Eq. (28) yields

d2 f
d ydx

(µx ) · Cov ·
d f
dx

(µx )

=
1
ϵ

[
d f
d y

(
µx + ϵ · Cov ·

d f
dx

(µx )
)

−
d f
d y

(µx )
]

+ O(
[

Cov ·
d f
dx

]2

)
O(ϵ2)

ϵ
.

(29)

Note that (29) is almost identical to the gradient of the variance given by (5) (besides a factor of two and terms

of order O(
[
Cov ·

d f
dx

]2
)O(ϵ)). Neglecting higher order terms, the gradient of the variance is approximated by

dσ 2

d y
≈

2
ϵ

[
d f
d y

(
x pert

)
−

d f
d y

(µx )
]

. (30)

with the perturbed variables x pert given by

x pert = µx + ϵ · Cov ·
d f
dx

(µx ) . (31)

The error of this approximation is caused by higher order terms. Since Cov ·
d f
dx is independent of ϵ, it is expected

that the error scales linearly with the scaling factor ϵ for sufficiently small steps. Eq. (30) shows that the gradient
of the variance can be estimated by evaluating the gradient of the deterministic objective f for two realizations
of the random vector, one given by the mean vector and another one given by the principal sensitivity direction.
This method is non-intrusive and easy to implement, as long as the gradients d f

d y and d f
dx are supplied by the used

(e.g. commercial) software. In that case, numeric principal sensitivity FOSM can be implemented as a plugon, which
evaluates the objective at the two desired points. Using nPSF, the computation time is only doubled compared to a
deterministic optimization, while the storage demand does not increase significantly.
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Fig. 1. Principal sensitivity and gradient for example function 0.1x1+5x2 and 80% correlated standard uniform distributed random parameters.

3.1.1. Interpretation of principal sensitivity direction
The principal sensitivity direction Cov ·

d f
dx (µx ) is used for the gradient determination within the principal

sensitivity FOSM. It combines the principal components of the covariance matrix with the local objective behavior.
This ends up in a direction near the principal components, i.e. the eigenvectors of the covariance matrix, and
with some shift towards the gradient. This is visualized in Fig. 1 for the example function 0.1x1 + 5x2 and the

covariance matrix Cov =

(
1 0.8

0.8 1

)
. Since FOSM assumes the objective function to be linear with respect to

random variables, the variance given by (3) as σ 2
f =

d f
dx

T
· Cov ·

d f
dx can be interpreted as a two point function

evaluation. With the first-order Taylor series

F( y,∆x) = f ( y, µx ) +
d f
dx

( y, µx ) · ∆x( y) (32)

the variance can be written as

σ 2
= F( y,∆x) − F( y, 0) (33)

where ∆x equals the principal sensitivity direction Cov ·
d f
dx . This means that the principal sensitivity direction

is something like the effective, one-dimensional scatter of a multivariate random parameter under consideration of
the objective behavior. A linear approximation of the objective function is only exact for some combinations of
objective function and random parameters. One example is the optimization for minimal tip displacement under
a random load. For other cases the first-order approximation still provides satisfying results if the imperfections
are small. In the case of moderate imperfections or highly non-linear functions, significant errors are caused when
using a linear approximation. In these cases, higher-order methods or sampling based methods (e.g. Monte Carlo)
are preferred [22].

For differentiation of σ 2 the derivative of the two point function evaluation (33) has to be considered. This leads
to the formula of numeric principal sensitivity FOSM with a scaling factor ϵ = 1.

3.1.2. Aspects of scaling factor ϵ

Without a scaling factor mismatching units are combined in the numeric principal sensitivity FOSM. If one
considers the units of the objective [ f ] = F and the random parameters [x] = X , it follows that the unit of the
Covariance is [Cov] = X 2 and the unit of the objective gradient is [ d f

dx ] = F/X . This means that the principal
sensitivity direction [Cov

d f
dx ] = FX and the random parameters have different units. Since they are added in

order to compute a disturbed evaluation point, the approximation in (30) is ill conditioned, though valid from a
mathematical point of view. In order to determine accurate values for the gradient of the variance, the scaling factor
should be chosen appropriately small. Since the norm of the principal sensitivity is design-dependent and therefore
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the step size would change in every iteration, a normalized scaling factor ϵ̂ is defined by

ϵ̂ = ϵ ·

Cov
d f
dx

 . (34)

For the use of nPSF, the normalized scaling factor ϵ̂ is fixed to a certain value. The scaling factor ϵ is computed
using (34) in every iteration. Inserting (34) into (29) leads to an error estimator

error =

O(
[
Cov ·

d f
dx

]2
)

O(
Cov ·

d f
dx

)
O(ϵ̂) , (35)

which scales linearly with respect to the normalized scaling factor. Hence, PSF has similar behavior like finite
differences. This assumption is supported by Fig. 2. The relative errors of the gradient of the variance, computed
with nPSF and finite differences, are shown for the distributed load example of chapter 4.1. Different discretizations
and normalized scaling parameters ϵ̂ are considered. The fine discretization consists of 22500 elements, the coarse
discretization contains 225 finite elements. Double-precision numbers are used. This example is chosen to illustrate
the following discussion, while the same observation is made for other examples. The relative error ei of the i th
entry of the gradient vector dσ2

dyi
is defined by

ei =

⏐⏐⏐ dσ2

dyi P SF
−

dσ2

dyi a

⏐⏐⏐
dσ2

dyi a

(36)

with the estimator based on PSF dσ2

dyi P SF
and the analytic value dσ2

dyi a
. The analytic gradient is computed using the

adjoint method and verified using direct differentiation. In order to visualize the error of the gradient in one figure,
mean value and maximum value of the element-wise errors are shown. The double-logarithmic plot in Fig. 2 shows,
that the error decreases linearly up to a certain step-size. Afterwards, the error increases linearly. This observation
confirms the assumption of a convergence order of one for PSF and finite differences. The increasing error for small
step-sizes is caused by rounding errors. Comparing both plots reveals that the rounding errors become much more
relevant for models with more elements using nPSF. The minimum mean error is obtained for the low discretization
model at ϵ̂ = 6 · 10−8 and for the high discretization model at ϵ̂ = 4 · 10−6. The difference is about the same as
the square root of the difference in numbers of finite elements. Using finite differences, this effect is not observed
that clearly.

A reason for this behavior is illustrated using the 22 500 element example. Models with a high amount of
elements in general have random variable vectors with more entries. Since the norm of the perturbation vector
∆x is constrained to the value of ϵ̂ independently of the number of elements, every entry becomes smaller. If one
assumes that every entry of the principal sensitivity is identical, all values of ∆x would be 1/150 ≈ 7 · 10−3 to
match ϵ̂ = 1. At a normalized scaling factor of ϵ̂ = 10−6, every entry is reduced to values around ∆xi = 7 · 10−9.
This perturbation vector ∆x is added to the random variable vector x with entries around 1 for the considered
example. Using double precision numbers, the machine accuracy is at about αm = 10−16. This means that the
numeric inaccuracy quotient is αm

∆xi
= 10−7 which is of a similar order as the mean error at a normalized scaling

factor.
At finite differences, only one entry of the random variable vector x is disturbed by the whole step size. Hence, the

error of the random variable αm
∆xi

= 1 ·10−11 is not significant. However, the impact of rounding errors increases for
bigger models. A reason is given by rounding errors of the objective value. If the number of elements increases, the
influence of one single element decreases. Therefore, the change in the objective function becomes very small. Since
finite differences use the difference in objective values, rounding errors become significant. Similar observations
are done in [23].

For large-scale examples it is possible that there is no acceptable trade-off between rounding errors and truncation
errors. Fig. 2 reveals that this holds for PSF as well as for finite differences. One solution is to use extended precision
numbers, which is not common in commercial software or standard programming languages. Another approach is
to derive a complex version of PSF, similar to complex finite differences given in [24]. However, the same aspects
like described for extended precision numbers hold for complex differences.
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Fig. 2. Relative error of gradient estimation using nPSF and finite differences for distributed load topology optimization example in 4.1 with
different discretization.

Alternatively, it is possible to derive a higher order approximation of the gradient of the variance. Similar to
central differences, a PSF approximation with second-order convergence behavior is given by

dσ 2

d y
≈

1
ϵ

[
d f
d y

(
µx + ϵ · Cov ·

d f
dx

(µx )
)

−
d f
d y

(
µx − ϵ · Cov ·

d f
dx

(µx )
)]

. (37)

The second-order convergence behavior causes less truncation errors for large steps. Therefore, it is possible to tackle
larger models using this approach. The computational cost increases to two instead of one objective evaluations,
independent of the number of variables.

3.2. Analytic principal sensitivity FOSM

In the previous section, the numeric principal sensitivity FOSM is derived. It is very easy to implement and only
doubles the computation time compared to a deterministic optimization. However, it still delivers an approximation
of the gradient of the variance. Further investigations show that Eq. (30) is a finite difference step to compute the
directional derivative of the objective function into the non-Cartesian direction Cov

d f
dx . The same observation can

be done for the analytic formula (5), since direction derivatives are generally calculated for a differentiable function
f̃ using

d f̃
ds

=
d f̃
dx

· s (38)

when s is part of the space described by x. In the case of the gradient of the variance, the terms can be assigned
by f̃ =

d f
d y and s = Cov ·

d f
dx . Using analytic principal sensitivity FOSM, the directional derivative is calculated

analytically. This leads to

dσ 2
f

d y
=

d2 f
d ydx

· Cov ·
d f
dx

=
d2d f
d yds

. (39)

The resulting equation reveals that analytic PSF is a generalization of the pFOSM approach suggested in [25]. Like
for direct differentiation, the resulting second-order direction derivative depends on the problem. The derivation is
similar to direct differentiation in chapter 2.1.2. First, one obtains the gradient with respect to design parameters
(13) d f

d y and some residual equations (14). Afterwards, only one directional derivative, independent of the number
of random parameters, is calculated by

d2 f
d yds

=
d2 f

d yds
(x, u,

du
ds

) (40)
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J.C. Krüger, M. Kranz, T. Schmidt et al. Computer Methods in Applied Mechanics and Engineering 414 (2023) 116136

0 =
d R
ds

(u, x,
du
ds

) . (41)

For instance, the gradient of a linear compliance problem d f
d y is given by

d f
d y

= −uT d K
d y

u (42)

and the residual equation by

R = K u − f . (43)

Direct differentiation with respect to s leads to

d2 f
d yds

= −2uT d K
d y

du
ds

− uT d2 K
d yds

u (44)

K
du
ds

= −
d K
ds

u +
d f
ds

. (45)

The stiffness matrix direction derivatives are calculated using (38) by

d K
ds

=

∑
i

d K
dxi

· si (46)

d2 K
d yds

=

∑
i

d K
d ydxi

· si (47)

with the i th entry si of the direction s = Cov
d f
dx . This leads to the overall formula

dσ 2

d y
= 2uT d K

d y

[
K−1

[
d K
ds

u −
d f
ds

]]
− uT d2 K

d yds
u . (48)

For other objective functions, the derivations and formulas are given in Appendix B.1. Analytic principal sensitivity
FOSM delivers the analytic exact gradient of the variance using the same basic concepts of direct differentiation with
only one additional system of equations. Therefore, it is without any drawback, superior to direct differentiation. The
inverse stiffness matrix in (48) is not computed directly. Instead, the whole product K−1

[
d K
ds u −

d f
ds

]
is computed

by solving the system of equations. Therefore, the number of systems of equations is the same as by using the adjoint
method. Doing some reformulation in the compliance problem shows that the equations are equal, but the equations
obtained by aPSF are more efficient and easier to implement, if no reformulations are done. Therefore, a significant
difference in calculation time is not expected. However, the adjoint method does not work for eigenfrequency
problems [16], since in that case the adjoint system has no solution. As a consequence, the author suggests to use
aPSF instead of the adjoint method for calculating the gradient of the variance.

3.3. Overall framework of principal sensitivity FOSM

In the following, implementation frameworks of nPSF and aPSF are suggested. Fig. 3 shows a flow chart for the
implementation of nPSF. Here, n is the number of design parameters and m is the number of random parameters.
It is assumed that the objective function delivers the function value as well as gradients with respect to random
parameters d f

dx and with respect to design variables d f
d y . The inputs of the objective function are the vectors of random

variables x and design variables y.
Fig. 4 shows a flow chart for the general implementation of aPSF. Here, p describes the number of degrees

of freedom. Note that significant details inside the FE-code are missing, since this part is highly intrusive and
problem-dependent. The number and the size of internal partial derivatives are dependent on the parametrization,
objective function and structure of the FE-code. For instance, for the simple case of compliance minimization, the
gradients of the stiffness matrix (given by (46) and (47)) are required.
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Fig. 3. Flowchart of nPSF. Blue color indicates inputs, purple color indicates outputs. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 4. General flowchart of aPSF. Blue color indicates inputs, purple color indicates outputs. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

4. Numerical examples

In the following, both versions of the PSF method are applied to different standard problems for struc-
tural optimization. Optimization examples with respect to compliance, stresses, contact problems and principal
eigenfrequency are considered. The general optimization problem is defined as

min f̄ (x, y, u)

s.t.
V0

V (x, y)
− v f rac ≤ 0

0 ≤ y ≤ 1
0 = R(x, y, u)

(49)

with the (possibly nonlinear) residual equation R, which depends on the deformation vector u and the design
variables y. The resulting objective function f̄ is defined as f̄ = µ f (x, y, u) + κ · σ f (x, y, u) for a robust
optimization and defined as f̄ = f (x, y, u) for a deterministic optimization. The function f is the problem-
dependent objective function. The nPSF method is used as a plugon for the underlying code. Therefore, the
implementation effort is very low. In difference, the derivation of aPSF is very time consuming. At the same time,
the implementation requires many changes in the underlying FE-code. Therefore, it is only applied to the compliance
and the eigenfrequency example.
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Fig. 5. Influence of globally changed projection threshold parameter η.

All optimizations are done using the Method of moving asymptotes (MMA) by [26] with some modifications
by [27]. The move limits are set as initial move limit sini = 0.5, move limit increment sinc = 1.2 and move limit
decrement sdec = 0.7. The optimization problems are parameterized using the SIMP-based topology optimization
scheme [28] with a variable filter and projection [29]. The used formulas are given in Appendix A. The FE-analysis is
done on in-house tools which use double-precision numbers. In all following examples, with exception of the contact
example, random effects are modeled by varying projection threshold parameters η in Eq. (A.2). This framework
was proposed the first time by Sigmund in [30] in order to model geometric imperfections. The effect of a globally
varying projection threshold parameter is shown in Fig. 5. If the value of η is increased, the whole structure is
eroded. Otherwise the design is dilated. In the following examples, the projection threshold parameter ηi is defined
for every finite element i individually like described in [9]. This leads to local dilation and erosion. The correlation
between the random parameters is computed using an isotropic gaussian random field with a correlation length lc.

In the following examples, different methods for computing the gradient of the FOSM approximation are
compared with respect to accuracy and computation time. General properties of the first-order second-moment
method itself are not discussed in detail, since this has already been done in e.g. [14,22]. Therefore, only some
results are checked by the Monte-Carlo method. Instead, the results obtained with adjoint based FOSM are mainly
used as reference solutions.

4.1. Compliance topology optimization

Both versions of PSF are used for a compliance topology optimization of a distributed load benchmark like
described in [14]. The design space Ω and relevant parameters are summarized in Fig. 6. The optimization problem
is defined by (49) and consists of a quadratic building space, which is divided into 22 500 quadrilateral finite
elements. The model is clamped on the bottom side and free on the other edges. A distributed load with a load per
length of q0 = 1 is applied to the top of the model. As objective function, the compliance defined by

f = f T u , (50)

with the load f and the deformation u is considered. The residual is defined by the linear FEM-equation R =

K u− f with the stiffness matrix K . In order to model geometric imperfections, the projection threshold parameters
ηi of each element i are considered as normal distributed random variables with a standard deviation σx = 0.05. The
correlation between these variables is given by an isotropic Gaussian random field with a correlation length lc = 20.
For a robust optimization using numeric PSF, no derivations are required, since this method is non-intrusive. For
analytic PSF all formulas are derived in (44) to (48).

The deterministic optimization as well as both robust optimizations (aPSF and nPSF) are done using a constant
density of ρ = 0.3 as an initial design. The number of iterations is restricted to 1500. In order to reach a better
local optimum and reduce the nonlinearity of the objective in the first iterations, the projection parameter β is
increased by one every 100 iterations. The extremely high number of iterations is chosen to ensure that the design
is fully converged in order to have a fair comparison between the methods. Otherwise, small differences might be
due to local random effects in convergence behavior and do not represent real differences. However, the changes
in the objective function are less then 0.01% per iteration after 10–15 iterations next to a change in β. In Fig. 2 of
Section 3.1.2, the error of nPSF is plotted for the initial design at different step sizes and a projection parameter
β = 10. It turns out that the highest accuracy is gained at a normalized step size ϵ̂ = 10−5 with a maximum
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Fig. 6. Design space and relevant parameters for compliance example.

Fig. 7. Results of design optimization of distributed load example using different approaches.

relative error of 10−5. Therefore, this step size is chosen for this optimization. The results of the optimizations are
shown in Fig. 7. Since the model is similar to the distributed load example in [14], the deterministic optimized
design is identical to the reference solution. The robust designs differ from the robust reference solution due to a
slightly different distribution of the random variables and a different update strategy for the projection parameter
β. Although numeric principal sensitivity FOSM is an approximation of analytic principal sensitivity FOSM, both
robust optimizations end up in similar designs. Only small differences are caused by the numeric errors of nPSF.
This matches the expectation, since an analysis at the initial design showed that the error of nPSF is very small. The
robust designs significantly differ from the deterministic optimized design. Hence, it is obvious that the variance
has a major influence on the result of the optimization. The numeric results are shown in Table 1. A Monte Carlo
simulation with a sample size of 10’000 is used as a reference. Both FOSM-approaches reach similar results, which
have a significantly reduced standard deviation, compared to the deterministic optimization. The first-order second-
moment approximation has an low error of 0.5% for the mean value and an moderate error of 15%–25% for the
standard deviation.

A major advantage of nPSF compared to other methods is its high efficiency without intrusive behavior. In
Fig. 8, the computation time for the gradient of the variance is given for different methods and model sizes. A
logarithmic scale is chosen for both axes. All calculations are done on a high performance cluster to ensure that
the computation time is represented accurately. Otherwise, a time-dependent system load, rare memory or system
cooling issues might lead to significant noise on the computation time. Still, some peaks remain for low number of
elements. These peaks are caused by the previously described effects. Finite differences require a large amount of
function evaluations. Therefore, the computation time of finite differences is extrapolated from one single function
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Table 1
Numeric results of the optimization of the compliance example. The
values are obtained by a Monte Carlo simulation with a sample size
of 10’000. Results marked with * are obtained with the first-order
second-moment method.

approach µ f σ f

deterministic 92174*, 93323 1614*, 2085
nPSF 95193*, 95612 1075*, 1241
aPSF 95007*, 95445 1066*, 1323

Fig. 8. Computation time for evaluation of the variance gradient for the distributed load example at different numbers of elements.

evaluation. The gradient formulations derived using aPSF and the adjoint method are equal. Hence, both methods
are represented by the same plot.

According to Fig. 8, aPSF and nPSF have a similar computation time. This matches the expectation, since both
methods require only one additional solution of a system of equations of the same size. Differences are caused by
bookkeeping and partial derivatives. Compared to direct differentiation and forward finite differences, the complexity
is decreased by order one. This is again expected since the number of systems of equations scales with the number
of random variables for direct differentiation and finite difference. Thus, nPSF is factor 20,000 faster than finite
differences at the given example with 20,000 elements. In every case, the solution of the linear systems of equations
takes the major part of the computation time.

In a robust optimization using the first-order second-moment method, the computational cost of one optimization
step is determined by the evaluation of the deterministic objective as well as the computation of the gradient of
the variance. Previously, only the computation time for the gradient of the variance is compared. Considering a full
optimization step, nPSF is still factor 10,000 faster than finite differences. Compared to a deterministic optimization,
the computation time using nPSF is only increased by a factor of two.

4.2. Stress-based robust topology optimization

In the following, nPSF is applied to a stress-based robust topology optimization example, showing good gradient
approximation quality and big savings in computational cost. For demonstration purpose, the well known stress
benchmark example of the L-shaped beam is considered (see e.g. [31]). Analytical PSF is not further pursued here,
since gradient derivation lead to the same second order partial derivatives as in [15]. Thus, no improvement nor
benefit could be found in using aPSF to approximate the variances gradient of an aggregated stress objective or
constraint.
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Fig. 9. Design space and relevant parameters for L-beam example.

The common L-beam benchmark is depicted in 9. It is discretized with 150 by 150 elements, resulting in 14 400
elements overall. The load F is distributed along the horizontal and vertical edge of the L-beams tip. The loaded
edge length is 0.05L in both directions, with L = 300. Nodes on the top edge are clamped and a Young’s modulus of
E = 1.0 is applied. The Poisson’s number is ν = 0.3. The optimization problem is given by (49) with the parameters
given in Fig. 9. Again, the residual is defined by R = K u − f with the stiffness matrix K , the deformation vector
u and the load vector f . As objective function f , the aggregated von Mises stress is considered. The von Mises
stress qi of element i is defined by

qi =

√
uT

i BT
i CT

i MC i Bi ui (51)

with the element deformation vector ui , the strain displacement matrix Bi , the constitutive matrix C i and the von
Mises matrix M for element i . Aggregation is performed by means of the KS-function [32], given by

f = q K S
= qmax +

1
γ

log

[
ne∑

i=1

exp (γ (qi − qmax ))

]
(52)

with qmax = max(q) and the number of elements ne. The aggregation parameter γ is updated in each iteration as
proposed in [33], such that γ = 15/qmax . To model geometric variations, the projection threshold parameters ηi for
every element i are used as uniformly distributed random parameters with a standard deviation σx = 0.03.

As pointed out above, nPSF behaves like finite differences in terms of accuracy with respect to the perturbation
step size ϵ̂. First, considering a uniform density field, as it is the initial starting point of an optimization, the accuracy
is optimal for a certain step size (see dashed lines in Fig. 10). Nevertheless, the lowest maximum error seems quite
high for FD in Fig. 10(a), considering a maximum error in the order of magnitude of 100.

In Fig. 11 the relative error is plotted and compared to the order of magnitude of the corresponding variance
gradient field. It can be observed, that there is a clear correlation between those two fields. High errors are mostly
located in areas with a very low order of magnitude of the gradient. Neglecting all gradient values lower than 10−3

results in a drop of the maximum error by approximately three decades (compare Figs. 10(a) and 10(b)).
Now, we consider the final iterations of an optimization, where the design variables have settled and the projection

parameter β has reached its maximum. An deterministic optimized design variable field is considered. A filter radius
of 8 and a projection parameter β = 8 is applied. Then, performing the same evaluation as before yields Figs. 12
and 13. In contrast to the findings above, the relative error of nPSF is much lower and rather independent of the
underlying density field compared to FD. This is expected, since the projection function reliably calculates the
gradient in low density areas, whereas for FD high errors occur in those areas. Neglecting all gradient values lower
than 10−3 results in a big improvement in mean and maximum error for FD. For nPSF the improvements only affect
the maximum error.

Comparing the initial and the optimized density fields by only considering the effective filtered gradient, the
optimal perturbation step size drops by two orders of magnitude for nPSF, which indicates, that some kind of step
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Fig. 10. L-beam mean and maximum gradient errors for an uniform density field.

Fig. 11. Local relative error (a–b) and order of magnitude (c–d) of the variance gradient for an uniform density field. Both plotted for nPSF
(a and c) and FD (b and d) at the corresponding optimal perturbation step size ϵ̂.

size adaptation during optimization might be reasonable. This is not covered within this work and is left to future
research.
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Fig. 12. L-beam mean and maximum gradient errors for an optimized density field.

Fig. 13. Local relative error and order of magnitude for nPSF and FD at the optimal perturbation step size ϵ̂ and optimized density field.

Evaluating nPSF optimized designs for different perturbation step sizes and comparing to adjoint based FOSM
(see Fig. 14) shows a constant mean value (±2%). Furthermore, a similar design is obtained if the step size ϵ̂ is
chosen optimal with respect to Fig. 12(b) (compare Figs. 14(a) and 14(b)). This is expected, since the mean value
is dominating the objective function value and the gradients are comparable for both approaches. The standard
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Fig. 14. Optimized L-beam designs. Values are obtained using the first-order second-moment method.

Fig. 15. Design space and relevant parameters for the contact optimization example.

deviation only adds little, even with a weighting factor κ = 3. Thus, a deviation of ±20% appears reasonable and
can be explained by different local minimal the optimizer is lead to.

In case of an aggregated stress function, the computational savings are significant, if the variance gradient is
approximated by nPSF. To quantify the improved computational time, the average time needed for one iteration is
compared. From a theoretical point of view, the savings are enormous. Numerical PSF only requires one additional
equation solve and function evaluation to calculate the variances gradient. By contrast, adjoint-based FOSM requires
two equation solves, the computation of several second-order partial derivatives and corresponding matrix operations
on those full and non-sparse matrices (for details see [15]). In this example, the computation time differs by
approximately a factor of ten.

4.3. Topology optimization of contact problems

The nPSF is applied to contact-constrained topology optimization, similar to [34], where the compliance is
minimized while the geometry of contact support is scattered randomly. The used robust topology optimization
algorithms are based on the general framework for topology optimization of structures in unilateral contact by
Stromberg and Klarbring [35]. In doing so, an augmented Lagrangian approach is formulated to incorporate
Signorini’s contact conditions into the equilibrium equations [36]. This leads to the optimization problem (49) with
the non-linear contact equilibrium equation as residual equation R. The objective function f is the compliance given
by f = f T u with the external load f and the deformation u. The contact equilibrium equation is discontinuous
regarding the contact geometry. However, it is continuous regarding the design variables. Therefore, gradient-based
optimization methods like MMA can be used. The required gradients of the compliance are provided in [34].

The considered example is shown in Fig. 15. It consists of a cantilever, which is discretized by 6026 triangular
finite elements. A vertical load is applied to the middle node of the right edge. Additional contact support structures
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Fig. 16. Optimized domains using nPSF with different perturbations ϵ̂ and FOSM. Values are obtained by the first-order second-moment
method.

are used to apply the concept of form closure at the flange. Imperfections are modeled by a random contact
geometry. The node-coordinates of the flange, which are perpendicular to the contact support structure, are assumed
to be normal distributed random variables with a standard deviation σx = 0.03. Correlation is modeled by an
isotropic exponential correlation function with a correlation length lc = 25.

Figs. 16(a) to 16(d) show the optimized domains using the nPSF based gradient computation for different
perturbation step-sizes, whereas Fig. 16(e) is optimized with the adjoint based FOSM gradient computation. The
optimized domains of Figs. 16(b), 16(c) and the reference design of Fig. 16(e) show, that the same optimized designs
are computed if the perturbation step-size is chosen carefully. However, the four strut design is not found after 1000
iterations, if the perturbation is chosen too large or too small, as shown in Figs. 16(a) and 16(d). In consequence,
their means of the compliance are approx. 0.5% higher than the mean of the reference optimized design, using
adjoint based FOSM.

Additionally, the relative error of nPSF in comparison to adjoint based FOSM is visualized in Fig. 17. The relative
error is computed based on the derivative of the standard deviation using nPSF and the adjoint based FOSM.

As already shown in the other examples, the accuracy of the nPSF does strongly depend on the chosen
perturbation step-size ϵ̂. In contrast to the other examples, the course of the relative error is non-continuous. It
turns out, that the relative error has a jump between the perturbation parameters ϵ̂ = 0.001 and ϵ̂ = 0.01. This
happens because nodes at the contact surface lift off from the support structure, if too large perturbations of the
random variables are applied. In consequence, the non-smooth equilibrium equations of the contact problem change
in a non-continuous manner. Therefore, it is to be expected that the gradient of nPSF does change non-continuously
as well. In this particular case, a contact node of the upper right vertical support structure lifts off and loses the
contact to the support. This phenomenon depends on the chosen discretization. Thus, it might happen at a different
node at the support and for a different perturbation step-size, if a different discretization is used. Considering these
observations it is hard to choose an appropriate step-size. In order to reduce the risk of discontinuous jumps, the
step-size should be chosen as small as possible, at the cost of increased rounding errors. Therefore, a step-size
of ϵ̂ = 10−4 seems to be a good compromise, which is supported by the optimization results. If the gradient is
computed using adjoint based FOSM, the problem of discontinuous jumps does not occur, since the non-smooth
equilibrium equations are evaluated only for the mean values of the random parameters. The issue could only occur,
if the gradient is evaluated exactly on the discontinuity, which is very unlikely.
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Fig. 17. Relative Error of numeric principal sensitivity FOSM (nPSF) with respect to adjoint based FOSM of the contact example for
different step-sizes.

The computation time using nPSF instead of adjoint-based FOSM increases significantly, which is expected for
this example. Using adjoint-based FOSM, an additional system of linear equations of the same dimensions as the
equilibrium equations must be solved, whereas using nPSF the non-linear equilibrium equations must be solved
for a different set of the random variables. A line-search algorithm is used to solve the contact problem so that
the non-linear solver must solve several additional linear systems of the same size until converges is observed.
Additionally, the perturbed random geometry can lead to poor convergence behavior of the non-linear solver, since
Signorini’s contact conditions enforce that the displacements at the support must not penetrate into the perturbed
support geometry. In consequence, large perturbations can change the convergence behavior of the non-linear contact
problem drastically, so that even higher costs occur, especially if the perturbation step-size is large. In the presented
numerical example, a normalized step-size of ϵ̂ = 0.0001 is twice as fast, than a step-size of ϵ̂ = 0.1. Nonetheless,
the computation time using the “faster” perturbation step-size of ϵ̂ = 0.0001 is still twice as high as if adjoint-based
FOSM is used. This is expected, since adjoint based FOSM does not solve an additional contact problem.

4.4. Topology optimization of the principal eigenfrequency

In a last example, both versions of PSF are applied to a topology optimization of the principal eigenfrequency
similar to [37]. A robust optimization using nPSF to this example has been already done in [16]. The model consists
of a homogeneous cantilever beam with the density ρ0 = 1, which is clamped on the left side. A lumped mass with
the value m = 3 is added to the middle element on the right edge. The design space Ω and relevant parameters
are summarized in 18. The optimization problem is defined by (49) with the principal eigenfrequency as objective
function. Since eigenfrequency problems are prone to mode switching, the principal eigenfrequency is approximated
by the p-norm

f =

⎡⎣ n∑
j=1

ω
p
j

⎤⎦1/p

, (53)

where ωi is defined as the i th eigenfrequency. This smooth approximation has been proposed and proven in [38].
The residual equation is defined as the eigenvalue problem

R =
[
K − ω2

j M
]
ϕ j = 0 (54)

with the stiffness matrix K , the mass matrix M and the corresponding eigenvector ϕ j . The aggregation function
should converge to the minimum eigenfrequency and induce as few nonlinearities as possible. Therefore, the
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Fig. 18. Design space and parameters of the eigenfrequency example.

parameter p is chosen as p = −5. In order to model geometric imperfections, the projection threshold parameters
ηi for every element i are used as normal distributed random parameters with a standard deviation σx = 0.05.
Correlation is modeled using a Gaussian random field with a correlation length lc = 40.

In [16] it is described that the adjoint method does not work for calculating the gradient of the variance at
eigenvalue problems. The reason is an adjoint system which has no solution. In difference, nPSF works for every
objective function as long as the gradient exists. As an analytic alternative, aPSF is derived for eigenvalue problems
in Appendix B.2. Using this method, only one additional systems of equations has to be solved. Since the p-norm
of the three principal eigenvalues is considered as objective function, the gradient formula has to be modified like
described in Appendix B.3. This results in one additional system of equations for every considered eigenvalue. All
analytic formulas are validated using finite differences.

All optimizations use a constant density of ρ = 0.25 as initial design. The number of iterations is restricted to
1500. Again, this extremely high value is chosen to ensure that the design is fully converged. In order to reach a
better local optimum and reduce the nonlinearity of the objective, the projection parameter β is increased by one
every 100 iterations. Fig. 19 shows the accuracy of nPSF for different normalized step sizes ϵ̂ at the initial design.
The left plot shows the mean and the maximum relative error of the gradient estimation. The best performance is
reached at a normalized step size of ϵ̂ = 10−4 with a mean error of 10−5. Hence, this step size is chosen for the
following optimization. However, the maximum error reaches values of up to 10%. Similar to the stress example,
the error is high for gradient entries near to zero. These elements only have low influence on the optimization. In
the right plot, all entries which are factor 10−4 smaller than the maximum gradient entry are removed. Hence, the
maximum error is reduced to less than 0.1%.

The optimizations lead to the designs shown in Fig. 20. The numeric results are shown in Table 2. It can be seen
that the deterministic optimized design is equal to the result in [37]. However, it is different to [16] because the
referred paper uses another optimization algorithm and reaches another local minimum. The differences between
the designs are highlighted in Fig. 21. Black elements show increased density, while white elements show decreased
density values. Grey space indicate no difference between the designs. Both robust optimized designs are similar
and reach the same numeric results. Hence, the error in nPSF has no influence on the result. At the same time, they
significantly differ from the deterministic optimized design. Therefore, the variance (gradient) has influence on the
optimization results.

Since the adjoint method does not work for this method, savings in computational cost are significant. Fig. 22
shows the computation time for the computation of the gradient of the variance for different numbers of elements
in a double logarithmic plot. For finite differences, the computation time is again extrapolated from one function
evaluation. Both versions of PSF are one complexity order faster than direct differentiation and finite differences. At
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Fig. 19. Accuracy of numeric principal sensitivity FOSM at eigenfrequency example for different step sizes. Left: Unfiltered Relative error,
Right: filtered relative error. For filtering, all gradient entries which are three decades smaller than maximum entry are removed.

Fig. 20. Results of the optimizations with respect to the principal eigenfrequency.

Fig. 21. Differences between designs of eigenfrequency example. Black elements indicate increased density, white elements indicate decreased
density.

the given model, the difference compared to direct differentiation is a factor of order 1000. The computation time of
aPSF and nPSF is similar, although the solution of one eigenvalue problem is often more expensive than the solution
of a system of equations of the same size. A reason is given by the effect of the p-norm. Since three eigenfrequencies
are considered, all parts of aPSF, including systems of equations, bookkeeping and matrix derivatives have to be
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J.C. Krüger, M. Kranz, T. Schmidt et al. Computer Methods in Applied Mechanics and Engineering 414 (2023) 116136

Table 2
Numeric results of the optimization of the eigenfrequency example.
The values are obtained by a Monte Carlo simulation with a sample
size of 10’000. Results marked with * are obtained with the first-order
second-moment method.

approach µ f σ f

deterministic 699.6*, 694.1 5.1*, 6.3
nPSF 698.4*, 694.1 3.7*, 5.2
aPSF 698.4*, 694.1 3.7*, 5.2

Fig. 22. Computation time for computing the gradient of the variance for the eigenfrequency example at different model sizes.

done three times. In difference, nPSF only needs one additional function evaluation, independent of the number of
considered eigenfrequencies.

5. Conclusions and outlook

A new robust design optimization framework is presented, which is based on the first-order second-moment
method. The difference to other approaches is given by the computation of the gradient of the variance. While
some existing methods, such as direct differentiation and adjoint formulations, are very problem-dependent and
intrusive, other methods, such as finite differences, are computational costly. The new proposed approach comes in
two versions and is called principal sensitivity first-order second-moment method (PSF). It is based on the directional
derivative of the objective gradient.

The numeric version of PSF only requires one additional evaluation of the objective gradient. Therefore, it
does not need access to the FE-Code and can be used as a plugon to commercial code. This reduces the required
memory significantly. At the same time, it is as fast as the adjoint method for many examples. In the worst case,
the computation time is only doubled compared to the adjoint method. Similar to finite differences, a step-size has
to be chosen carefully. Hence, a procedure for determining a problem-independent step size is suggested.

The analytic version of PSF computes the directional derivative analytically. Therefore, it is exact but intrusive.
For several objective functions, it leads to the same formulas as the adjoint method. However, for the example of
the principal eigenfrequency, the adjoint method does not work while analytic PSF leads to a correct gradient of
the variance.

The provided approach is successfully applied to several benchmark examples.
In future work, this method will applied to several examples from different disciplines in science, since is

universally applicable. At the same time, methods for adaptive step-size control should be derived to the principal
sensitivity first-order second-moment method in order to guarantee its accuracy and make it applicable in industrial
use cases.
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Appendix A. Topology optimization formulas.

In all numerical examples, the design variables are filtered using a variable filter. The filtered densities ρ̂e are
given by

ρ̂e =

∑
wei yi∑
wei

(A.1)

with wei = max(0, R − rei ), the design variable yi and the filter radius R. Here, rei describes the distance between
elements i and j . The filtered densities are projected using a Heaviside approximation described by

ρi =
tanh(βηi ) + tanh(βρ̂ − βηi )
tanh(βηi ) + tanh(β − βηi )

(A.2)

with the threshold parameter ηi of element i and the slope parameter β. Using the SIMP scheme, the element
E-modulus is computed by

Ei = E0 · ρ
p
i , (A.3)

with the E-modulus of a dense element E0 and the SIMP parameter p. In this paper, the SIMP parameter is chosen
as p = 3. The element mass is computed analogous.

Appendix B. Analytic PSF for different problems.

B.1. Analytic PSF for deformation-vector entries of static linear problem

Problem described by

f = eT u (B.1)

with derivative
d f
d y

= λT d K
d y

u (B.2)

0 = Kλ + e (B.3)

0 = K u − f (B.4)

differentiation leads to
d2 f

d yds
=

dλ

ds

T d K
d y

u + λT d2 K
d yds

u + λT d K
d y

du
ds

(B.5)

0 =
d K
ds

λ + K
dλ

ds
+

de
ds

(B.6)

0 =
d K
ds

u + K
du
ds

−
d f
ds

(B.7)

Solve two additional systems of equations
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B.2. Analytic PSF for principal eigenfrequency of linear problems.

The corresponding eigenvalue problem is given by[
K − ω2 M

]
ϕ = 0 (B.8)

with the derivative [39]

dω2

d y
= ϕT

[
d K
d y

− ω2 d M
d y

]
ϕ . (B.9)

Differentiating with respect to principal sensitivity direction s leads to

d2ω2

d yds
= 2ϕT

[
d K
d y

− ω2 d M
d y

]
dϕ

ds
+ ϕT

[
d2 K
d yds

−
dω2

ds
d M
d y

− ω2 d2 M
d yds

]
ϕ (B.10)

with [
K − ω2 M

] dϕ

ds
+

[
d K
ds

−
dω2

ds
M − ω2 d M

ds

]
ϕ = 0 (B.11)

The problem is solved using Nelsons formula [40]

B.3. Analytic PSF for P-norm of objective function

The P-norm f p of a data set { f1, f2, . . . , fn} is given by

f p =

[
n∑

i=1

f p
i

]1/p

(B.12)

with an arbitrarily chosen exponent p. Differentiation with respect to design variables y leads to

d f p

d y
=

[
n∑

i=1

f p
i

]1/p−1

·

[
n∑

i=1

f p−1
i ·

d fi

d y

]
. (B.13)

Further differentiating with respect to principal sensitivity direction s leads to

d2 f p

d yds
=

[
n∑

i=1

f p
i

]1/p−1

·

[
n∑

i=1

f p−1
i ·

d2 fi

d yds

]

+

[
n∑

i=1

f p
i

]1/p−1

·

[
n∑

i=1

f p−2
i · (p − 1) ·

d fi

ds
·

d fi

d y

]

+ (1 − p) ·

[
n∑

i=1

f p
i

]1/p−2

·

[
n∑

i=1

f p−1
i ·

d fi

ds

]
·

[
n∑
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4.2 Robust design optimization using a non-intrusive second-

order approximation of stochastic moments

It is known that the previously discussed robust design optimization using the �rst-order second-
moment method fails for several examples, meaning that no improvement of robustness compared
to the deterministic result is obtained. This happens especially for problems, where the objective
function is at a local minimum w.r.t. the random variables at the mean value, since then, the robust
optimization is equal to the deterministic problem [114]. In practice, this problem usually occurs
for random load orientations, because the optimization tool aligns the structure with the load (if
possible) such that any variation of the load always leads to worse results.

Similar e�ects occur for the problem of random geometry. The structural optimization aims
at �nding the optimal geometry under given circumstances meaning that the gradient considering
constraints is zero. In consequence, the gradient w.r.t. geometrical imperfections (probably using
a di�erent parameterization) might also be zero, if the corresponding variable is not restricted by
a constraint. Often, only volume constraints are active, which do not restrict volume preserving
changes of the geometry, such as bending-like deformations (see �gure 4.1). In consequence, the
gradient of the objective with respect to bending-like geometric imperfections is zero. However,
buckling e�ects are often triggered by bending like imperfections. Hence, the objective function
might have a local minimum but signi�cant higher order terms with respect to geometric imperfec-
tions when using geometrically nonlinear analysis.

Figure 4.1: Volume preserving (left) and volume changing (right) geometric imperfections of an
arbitrary structure. Under compression loads, the volume preserving imperfections are more prone
to buckling.

To tackle the previously mentioned problems, the more accurate second-order fourth-moment
method can be used [122]. The method is again derived as outlined in 3.4.2, but now using a
second-order Taylor series. In di�erence to FOSM, the stochastic moments of the second-order
fourth-moment method depend on second-order derivatives of the design response. In consequence,
the gradient even depends on third-order derivatives leading to huge computational cost. In the
following publication, [148], a more e�cient and non-intrusive formulation similar to the principal
sensitivity �rst-order second-moment method is derived and tested for several 3D examples using
geometric nonlinear analyses.
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Abstract
This paper presents a new formulation of the second-order fourth-moment method (sometimes referred to as second-order 
perturbation method or second-order method of moments). The method allows to efficiently predict the stochastic moments 
of a response function and is therefore often used within robust design optimization. The new approach allows a non-intrusive 
implementation at the same cost as existing, highly intrusive formulations. Therefore, the new approach can be applied to 
any objective function without significant implementation effort. It is based on a few finite difference steps into special direc-
tions and hence is dependent on the corresponding step sizes. An automatic step size procedure is supplied beside a detailed 
convergence analysis. The advantages of the new formulation are demonstrated by robust design optimizations of a 2D and 
a 3D example using the geometrically nonlinear finite element method.

Keywords  Robust design optimization (RDO) · Robust topology optimization · Method of moments · Second-order 
perturbation approach

1  Introduction

Structural optimization became a popular field in the domain 
of structural mechanics since it helps to find highly efficient 
designs for a given purpose. In combination with the adjoint 
method, gradient-based optimization schemes lead to good 
designs with only a few finite element simulations (Sigmund 
2011). However, it is known that design optimization might 
lead to designs that are sensitive to imperfections. In con-
sequence, many approaches for optimization under uncer-
tainty have been presented during the last decades. Accord-
ing to Yao et al. (2011) and Kanno (2020) the major types of 
optimization under uncertainty are reliability-based design 
optimization [e.g. (Schuëller and Valdebenito 2010)], worst-
case optimization [e.g. (Henrichsen et al. 2015; Hederberg 
and Thore 2023)] and robust design optimization [e.g. 
(Schevenels et al. 2011)]. In addition, a distinction between 

aleatory and epistemic uncertainty is possible (Helton et al. 
2004). While epistemic uncertainty is quantified using pos-
sibility theory [e.g fuzzy arithmetic (MäMäck et al. 2019; 
Papaioannou et al. 2019)], aleatory uncertainty is tackled 
using probabilistic methods.

The current contribution is located in the field of robust 
design optimization (RDO) using probabilistic methods. 
In RDO, mean and standard deviation of an objective are 
minimized. There are several approaches to compute these 
stochastic quantities. For instance, Schevenels et al. applied 
the Monte-Carlo method to topology optimization in Sch-
evenels et al. (2011). This method is easy to implement and 
very accurate if a sufficient number of samples is considered. 
However, the Monte Carlo method requires one FE-simu-
lation per sample leading to extremely high computational 
cost.

There are several approaches to reduce the cost of the 
Monte Carlo method based on surrogate models (Chatterjee 
et al. 2019), such as neural networks or the non-intrusive 
polynomial chaos expansion (PCE). In the PCE, the system 
response is approximated using Legendre-polynomials (Kes-
havarzzadeh et al. 2017). The coefficients of the polynomial 
are computed using Gauß-Legendre integration. Using effi-
cient sampling methods, the number of function evaluations 
approximately scales linearly with the number of random 
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parameters for a linear expansion and quadratically for a 
quadratic expansion. The training of the surrogate model 
must be done in every optimization iteration leading to huge 
computational cost for many random parameters. Hence, dif-
ferent approaches have been proposed to reduce the number 
of random parameters such as reduced order models (Torres 
et al. 2021).

Another group of approaches is based on a Taylor series 
expansion of the system response. The perturbation approach 
is based on a Taylor series of the deformation vector. The 
stochastic moments of the objective are computed analyti-
cally from the approximated eformation covariance matrix. 
covariance matrix. This approach has been widely applied to 
truss structures [e.g. (Doltsinis et al. 2005; Asadpoure et al. 
2011; Changizi and Jalalpour 2017; Valm et al. 2022)] and 
to topology optimization [e.g. (Lazarov et al. 2012)]. Similar 
to the non-intrusive polynomial chaos expansion, the num-
ber of systems of equations scales linearly with the number 
of random parameters for a first-order approximation and 
quadratically for a second-order approximation.

As an alternative, the objective function itself can be 
approximated by a Taylor series, leading to the first-order 
second-moment method in the case of a first-order approxi-
mation and to the second-order forth-moment method in 
the case of a second-order approximation. In Kranz et al. 
(2023), a generalized formulation of the first-order second-
moment method is derived, where only two additional sys-
tems of equations have to be solved independently of the 
number of random parameters. The authors derived a non-
intrusive version of the first-order second-moment method 
in Krüger et al. (2023), which only requires one additional 
function evaluation at all. However, first-order approxima-
tions are very inaccurate in many situations (Kriegesmann 
2021) and therefore often cannot be used for robust design 
optimization.

As an alternative, a second-order approach can be utilized, 
which is referred to as “mean-variance approach” (Beyer 
and Sendhoff 2007), “second-order method of moments” 
(Green et al. 2002) or “second-order fourth moment method 
(SOFM)” (Kriegesmann et al. 2011). Jansen et al. applied 
this method to robust topology optimization for non-linear 
compliance (Jansen et al. 2015) using the adjoint method 
for gradient computation. In the mentioned publication, the 
method is called “second-order perturbation method”. Using 
the proposed approach given by Jansen et al. the number of 
systems of equation scales linear with the number of random 
variables and hence is much more effective than the afore-
mentioned approaches. However, this method is highly intru-
sive and requires storing large matrices, which limits the 
scalability of the approach. A similar efficiency is achieved 
by Tan et al. in Tan and Faghihi (2024), but again the result-
ing method is highly intrusive.

The current publication presents a non-intrusive version 
of the second-order fourth-moment method which has a 
comparable computational cost to the approach presented in 
Jansen et al. (2015). It is based on similar ideas as the princi-
pal sensitivity first-order second-moment method presented 
in Krüger et al. (2023). Due to its non-intrusive nature, the 
memory requirements are very low and it can be applied for 
any kind of optimization problem such as topology optimi-
zation or shape optimization.

The paper is organized as follows: First, the second-
order fourth-moment method is derived and simplified for 
the special case of normal distributed random parameters. 
Next, a standard finite difference framework is presented 
and analysed. Afterwards, the new approach called principal 
sensitivity second-order fourth-moment is derived. The new 
approach is analysed in terms of stability and performance. 
Afterwards it is applied to a shape optimization of a 3D 
compression bar, the 2D shallow arch topology optimization 
example given in Jansen et al. (2015) as well as a 3D shallow 
arch example with around 3.5 million finite elements.

2 � Robust design optimization using 
the second‑order fourth‑moment method

In robust design optimization, the structure of the optimiza-
tion problem is similar to a deterministic optimization. The 
whole parametrization (e.g. density-based topology optimi-
zation parametrization, size optimization parametrization) 
does not change. However, the objective (or constraint) 
differs significantly since a robust objective (or constraint) 
function given by

is used. Here y represents the vector of design variables and 
x represents the vector of random variables. The mean value 
�f  and the standard deviation �f  of the objective function f 
are combined using a weighting factor � . In order to compute 
the mean and the standard deviation, a probabilistic method 
(e.g. the second-order fourth-moment method) is embedded 
into the basic optimization framework. The weighting fac-
tor can be chosen arbitrarily. Under the assumption that the 
objective function follows a known distribution, the weight-
ing factor indicates the probability that a sample behaves 
worse than the robust objective value.

In this contribution, a new framework based on the sec-
ond-order fourth-moment method is presented. The basic 
equations have been derived in Doltsinis et al. (2005), Asad-
poure et al. (2011) in the context of the perturbation method 
and in Jansen et al. (2015), Kriegesmann et al. (2011). The 
basic concept of the second-order fourth-moment method is 

(1)fp(x, y) = �f (x, y) + ��f (x, y)
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to approximate the objective function using a Taylor series 
T given by

with the objective value in the mean case f0 and the mean 
value �i of xi (Kriegesmann et al. 2011). Analytic equations 
for mean and variance are given by

with the probability density function p(x) (Haldar and 
Mahadevan 1999). The integral is applied into all dimen-
sions of x . Inserting the Taylor approximation (2) to (3) and 
(4) leads to the approximations

where cov(xi, xj) denotes the covariance between the varia-
bles xi and xj . The operators �i,j,k and �i,j,k,l represent the third 
and the fourth central stochastic moments between the vari-
ables xi, xj, xk, xl . The standard deviation is computed from 
the variance. Under the assumption of normal distributed 
random variables, the third stochastic moment vanishes and 
Isserlis theorem (Isserlis 1918) can be applied to compute 
the fourth order stochastic moments using the covariance. 
Hence, Eq. (6) simplifies to

(2)

f (x) ≈ T(x) = f0 +

M∑
i=1

df

dxi
⋅ (xi − �i) +

1

2

M∑
i=1

M∑
j=1

d2f

dxidxj

⋅ (xi − �i)(xj − �j)

(3)�f = ∫
∞

−∞

f (x)p(x)dx

(4)�2

f
= ∫

∞

−∞

(f (x) − �f )
2p(x)dx

(5)�f ≈ f0 +
1

2

M∑
i=1

M∑
j=1

d2f

dxidxj
cov(xi, xj)

(6)

�2

f
≈

M∑
i=1

M∑
j=1

df

dxi

df

dxj
cov(xi, xj)

−
1

4

M∑
i=1

M∑
j=1

d2f

dxidxj

2

cov(xi, xj)
2

+
1

4

M∑
i=1

M∑
j=1

M∑
k=1

M∑
l=1

d2f

dxidxj

d2f

dxkdxl
�i,j,k,l

+

M∑
i=1

M∑
j=1

M∑
k=1

d2f

dxidxj

df

dxk
�i,j,k ,

If the random variables are also uncorrelated, (5) and (7) 
further simplify to

Here �2

xi
 denotes the variance of the random variable xi.

In the following, the simple case of uncorrelated ran-
dom variables which follow a normal distribution is con-
sidered. This is only a small limitation since variables that 
do not follow a normal distribution can be transformed to 
normal distributed variables using a translation process 
(Grigoriu Mircea 1998). In addition, correlated random 
variables can be transformed to uncorrelated variables 
(Kiureghian 2022).

In many design optimization disciplines, such as topol-
ogy optimization, only gradient-based methods lead to 
good designs in appropriate time (Sigmund 2011). Hence, 
the gradients of mean and standard deviation must be com-
puted. Using direct differentiation, the gradients read

The gradient of the standard deviation is computed from 
the variance by

(7)

�2

f
=

M∑
i=1

M∑
j=1

df

dxi
⋅
df

dxj
⋅ cov(xi, xj)

+
1

2

M∑
i=1

M∑
j=1

M∑
k=1

M∑
l=1

d2f

dxidxj

d2f

dxkdxl
⋅ cov(xi, xk)cov(xj, xl)

.

(8)�f = f0 +
1

2

M∑

i=1

d2f

dx2
i

�2

xi

(9)�2

f
=

M∑

i=1

df

dxi

2

⋅ �2

xi
+

1

2

M∑

i=1

M∑

j=1

d2f

dxidxj

2

⋅ �2

xi
�2

xj
.

(10)
d�f

dy
=

df

dy
+

1

2

M∑

i=1

d3f

dx2
i
dy

�2

xi

(11)

d�2

f

dy
= 2

M∑

i=1

d2f

dxidy

df

dxi
⋅ �2

xi

+

M∑

i=1

M∑

j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
.

(12)
d�f

dy
=

1

2�f

d�2

f

dy
.
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3 � Existing approaches

In practical application there are several approaches to 
solve the Eqs. (8), (9), (10) and (11). In general, a distinc-
tion between analytic/exact and finite difference frame-
works is possible. While finite difference frameworks use 
the objective as a black box, analytic methods require fur-
ther information.

3.1 � Analytic approaches

A naive approach would be to evaluate the governing equa-
tions of the second-order fourth-moment method directly. In 
this case, the derivatives df

dy
 , df
dxi

 , d2f

dxidxj
 , d3f

dxidxjdy
 are computed 

analytically and afterwards inserted into (8), (9), (10) and 
(11). The computation of the derivatives can be done with 
any method such as direct differentiation, the adjoint method 
or automatic differentiation. In Kriegesmann and Lüdeker 
(2019) this approach is applied to an example with random 
loads. There, all derivatives are computed using the adjoint 
method. It is shown that computing the third order deriva-
tives requires the solution of several adjoint systems. 
Depending on the formulation, the number of adjoint sys-
tems scales bilinear with the size of y and x or it scales 
quadratically with the size of x . Hence the authors conclude 
that this approach can only be applied to very small 
systems.

A more efficient approach is given in Jansen et al. (2015) 
for a general nonlinear finite element formulation. Here, the 
adjoint method is applied to the robust objective itself to find 
the gradient. A detailed derivation can be found in B. First, 
the robust objective is evaluated using df

dxi
 and d2f

dxidxj
 . For that, 

several (adjoint) systems have to be solved. Afterwards, the 
robust objective function is augmented using the previously 
used (adjoint) systems. Differentiation and reordering leads 
to an explicit equation for the gradient of the robust objective 
and several new adjoint systems. The number of adjoint sys-
tems scales linearly with the size of x . Hence, this approach 
is much more effective than the framework given in Krieges-
mann and Lüdeker (2019).

Both methods are analytically derived and hence exact. 
The computation of the derivatives of the objective requires 
the solution of many adjoint systems. However, the system 
matrix stays constant while only the right hand side changes. 
In consequence, both approaches can be strongly accelerated 
using a matrix decomposition (e.g. Cholesky decomposi-
tion) of the system matrix. However this is only possible for 
rather small systems because the memory requirements of 
storing an exact matrix decomposition becomes infeasibly 
high, even for moderate models.

Apart from the advantages (especially the approach 
given by Jansen et al.) the aforementioned frameworks 

have significant disadvantages. First, the memory require-
ments are often very high. Both methods rely on several 
partial derivatives, such as �KT

�u
 where KT  represents the 

tangential stiffness matrix and u the deformation vector. 
These partial derivatives are often very memory consum-
ing compared to the system matrix. Furthermore, the 
aforementioned approaches are fully problem dependent. 
This means that all derivations must be done for every 
combination of objective, design variables and random 
variables. Especially higher-order derivatives have cou-
pled terms leading to a large number of possible combina-
tions. This results in a high effort for implementing a new 
problem. In addition, the user might not have full access to 
the source code of the used software. This holds especially 
for commercial code. While many tools (such as Abaqus, 
Ansys) deliver first order derivatives for many combina-
tions of objective function and parameters, higher-order 
derivatives are usually not given. Finally, there are objec-
tive functions (e.g. eigenfrequency) which provide a sin-
gular coefficient matrix of the linear equation system and 
adjoint systems with non-zero right-hand sides cannot be 
solved (Krüger and Kriegesmann 2024).

3.2 � Finite difference framework

In difference to the analytic approaches, the finite differ-
ence approach is a black box method. Hence, it is non-
intrusive and applicable to commercial code. It is assumed 
that the function value f and the gradient with respect to 
design variables df

dy
 are delivered by one function evalua-

tion. The remaining required derivatives df
dxi

 , d2f

dxidxj
 , d3f

dxidxjdy
 

are computed using finite differences and are afterwards 
inserted into (8), (9), (10) and (11). A detailed derivation 
of the used finite difference approximations including error 
estimation is given in A.

The mean of the objective is computed using the function 
value f itself and all diagonal entries of the hessian d2f

dxidxi
 with 

respect to the random parameters. The most effective finite 
difference framework for computing homogeneous second-
order sensitivities are central differences given by

with an error of O(Δx2
i
) at the cost of two function evalua-

tions per random variable. Here, �xi denotes a perturbation 
step into the i-th direction with the length Δxi . The gradient 
with respect to design variables is computed by applying 
central differences to the gradient of the objective leading to

(13)
d2f

dx2
i

≈
f (�x + �xi) − 2f (�x) + f (�x − �xi)

Δx2
i
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Again a convergence rate of O(Δx2
i
) is achieved at the cost 

of two gradient evaluations per random variable.
Computing the variance of the robust objective requires 

the gradient df
dxi

 as well as the full hessian matrix d2f

dxidxj
 . 

Since f (xi + Δxi) and f (xi − Δxi) are already computed, df
dxi

 
is calculated using central differences given by

without extra cost and an error of O(Δx2
i
) . (Here, also for-

ward finite differences could be applied. However, that 
would reduce the convergence rate without any benefit.) The 
diagonal elements of the hessian have already been com-
puted. Hence, only the non-diagonal elements have to be 
computed additionally. Further reduction of computational 
effort is achieved by only considering the lower diagonal 
elements since the hessian is always symmetric. Using (A.9), 
the mixed derivatives read as

with an error of O(Δxi) + O(Δxj) . The number of additional 

function evaluations is given by M
2

2
−

M

2
 where M is the num-

ber of random variables. Similar to the mean, the gradients 
with respect to design variables are computed by applying 
the finite difference equations to the gradient of the objec-
tive. Hence the quantities read as

Over all, the number of function evaluations is given by 
M2

2
+ 1.5M + 1 , where M is the number of random variables. 

The overall convergence rate is dominated by 
O(Δxi) + O(Δxj) . The errors of the gradients are consistent 
to the related functions, since the same finite difference 
frameworks are applied to function and gradient. Hence 
small numeric errors should not disturb the optimization 
procedure. If a convergence rate of O(Δx2

i
) + O(Δx2

j
) should 

be achieved, (A.11) must be applied. In consequence the 

(14)d3f

dx2
i
dy

≈

df (�x+�xi)
dy

− 2
df (�x)

dy
+

df (�x−�xi)
dy

Δx2
i

.

(15)
df

dxi
≈

f (�x + �xi) − f (�x − �xi)
2Δxi

(16)

d2f

dxidxj
≈

f (�x + �xi + �xj) + f (�x) − f (�x + �xi) − f (�x + �xj)
ΔxiΔxj

(17)d2f

dxidy
≈

df (�x+�xi)
dy

−
df (�x−�xi)

dy

2Δxi

(18)d3f

dxidxjdy
≈

df

dy
(�x + �xi + �xj) +

df

dy
(�x) −

df

dy
(�x + �xi) −

df

dy
(�x + �xj)

ΔxiΔxj
.

computational cost increases to 2M2 + 1 function 
evaluations.

The finite difference framework is fully non-intrusive. 
Hence, it can be applied to any commercial tool without a 
significant effort, similar to the implementation of the first-
order second-moment method presented by Steltner et al. 
(2022). At the same time, it can be fully parallelized since 
all steps are known a-priori. If theoretically a sufficient num-
ber of CPU-cores and memory are available, the computa-
tion time is equal to the computation time of a deterministic 
optimization. However, the required amount of resources 
would be extreme already for a moderate number of random 
variables.

4 � Proposed approach—principal sensitivity 
second‑order fourth‑moment method

The previous approaches either use much information (e.g. 
stiffness derivatives, partial objective derivatives) in order to 
gain high efficiency or only use black-box information with 
a low accuracy. The required information for the analytic 
methods can only be gained with high implementation effort 
if it is accessible at all.

An alternative new non-intrusive framework is presented 
which additionally uses the gradient with respect to the ran-
dom variables df

dx
 as an input to improve efficiency. It shows 

similarities to the principal sensitivity first-order second-
moment method (PSFOSM) presented in Krüger et  al. 
(2023) and hence, it is called principal sensitivity second-
order fourth-moment method (PSSOFM).

There are many ways to get the required gradients, even 
using commercial tools. In the case of in-house optimization 
tools, the gradient for a new combination of objective and 
parameters can be implemented without high effort. Many 
partial derivatives and adjoint systems do not differ from the 

computation of df
dy

 , which is already needed for deterministic 
optimization. Hence, only very few partial derivatives have 
to be added. Since first-order sensitivities have no couplings, 
different sets of variables can be merged without additional 
effort. If commercial tools are used, many gradients are 
implemented for optimization purpose. Gradients of various 
objectives used for topology optimization, shape optimiza-
tion, bead optimization and sizing contain derivatives with 
respect to density/stiffness, node coordinates and feature 
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sizes. These derivatives can be regarded as (or mapped to) 
derivatives with respect to random parameters. In addition, 
it is possible to implement own sensitivities using the soft-
ware interfaces as in Sartorti et al. (2023).

Using the same central differences like in the aforemen-
tioned finite difference framework leads to an error of order 
O(Δx2

i
) where the number of function evaluations scales 

linear with the number of random variables. The authors do 
not see any possible (non-intrusive) improvement and hence 
propose to use central differences (13) and (14) for (8) and 
(10) leading to

where M represents the number of random variables.
The second-order approximation of the variance (9) 

requires not only second-order derivatives with respect to 
one variable xi , but also mixed partial derivatives. In order 
to circumvent using (16), central differences are applied to df

dx

again with a convergence rate O(Δx2
i
) . This operation does 

not produce significant additional cost because the problem 
is already solved at the same evaluation points for Eq. (19).

The highest order derivatives occur in the approximation 
of the gradient of the variance (11), where d2f

dxidy
 and d3f

dxidxjdy
 

have to be computed. Like in the finite difference framework, 
d2f

dxidy
 is computed using (17) with an error of order O(Δx2

i
) . 

Again this operation does not produce significant computa-
tional cost because the problem is already solved at the same 
evaluation points for Eq. (19). Instead of computing d3f

dxidxjdy
 

directly, the second part of (11) is reformulated as

with the (diagonal) covariance matrix Cov . Further inspec-
tion shows that d3f

dxidydx
 is a matrix and Cov d2f

dxidx
�2

xi
 is a vector. 

This matrix vector product is interpreted as a directional 
derivative, which is different for every entry of xi . Hence it 
holds

(19)

�f ≈ f0 +
1

2

M∑

i=1

f (�x + �xi) − 2f (�x) + f (�x − �xi)
Δx2

i

�2

xi

(20)

d�f

dy
≈

df

dy
+

1

2

M∑
i=1

df (�x+�xi)
dy

− 2
df (�x)

dy
+

df (�x−�xi)
dy

Δx2
i

�2

xi
,

(21)d2f

dxdxi
≈

df

dx
(�x + �xi) −

df

dx
(�x − �xi)

2Δxi
,

(22)

M∑
i=1

M∑
j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj

=

M∑
i

d3f

dxidydx
Cov

d2f

dxidx
�2

xi

with

Here, si is the coordinate in the direction of si . Following the 
principal sensitivity first-order second-moment method 
(Krüger et al. 2023), these directions si are called second-
order principal sensitivity directions. A finite difference 
approximation of d3f

dxidydsi
 is found using (A.10), leading to

with the i-th step-size �i . This approximation has an error of 
order O(�i) + O(Δx2

i
) . If an error of O(�2

i
) + O(Δx2

i
) is 

required, (A.11) has to be applied, resulting in higher com-
putational cost. Since df

dy
 has already been evaluated at 

( �x + �xi ) and ( �x − �xi ) in (20), only two additional func-
tion evaluations have to be done for every value of i. Overall, 
this framework requires 4M + 1 function (and gradient) 
evaluations with the number of random variables M. In con-
sequence, the overall CPU time is 4M + 1 times the CPU 
time of the deterministic optimization problem. Based on 
these considerations, the principal sensitivity second-order 
fourth-moment method requires comparable (but still higher) 
computation time to the approach given in Jansen et al. 
(2015) (which only needs to solve systems of equations 
instead of the full problem). Assuming that the proposed 
non-intrusive approach is applied to extremely optimized 
commercial code instead of implementing the approach from 
Jansen et al. (2015) by hand, the computation time might be 
even lower. The overall framework is summarized in 
Algorithm 1.
Algorithm 1 Principal sensitivity second-order fourth-
moment method

(23)
M∑
i=1

M∑
j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
=

M∑
i

d3f

dxidydsi

(24)si = Cov
d2f

dxidx
�2

xi
.

(25)

M∑
i=1

M∑
j=1

d3f

dxidxjdy

d2f

dxidxj
⋅ �2

xi
�2

xj
=

M∑
i

df

dy
(�x + �xi + �isi) −

df

dy
(�x − �xi + �isi) −

df

dy
(�x + �xi) +

df

dy
(�x − �xi)

2Δxi�i
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The full framework can be strongly parallelized. How-
ever, the evaluations of step 5 have to be done subsequent 
to steps 1 and 2, because the principal sensitivity direc-
tions si depend on the hessian matrix. If a sufficient num-
ber of CPU-cores and memory is available, the computa-
tion time is equal to two times the computation time of a 
deterministic optimization. However, for a high number 
of random variables, many resources are required.

4.1 � Remarks on the step sizes

Choosing a good step size is always a critical problem 
in the context of finite differences. Unfortunately, there 
are no general rules that propose a good step size based 
on model dimensions. Several publications aim at find-
ing a good step size from estimating the truncation error 
and the round-off error (Wang and Gau 1999; Iott et al. 
1985). However, it is usually expected, that the round-off 
error is caused by rounding of the objective value. This is 
not always the case for directional derivatives because the 
step is distributed over many entries leading to significant 
rounding errors of the step [see discussion in Krüger et al. 
(2023)].

The first question is which error to track. Mean and vari-
ance only depend on analytic terms and on the hessian 
matrix. Hence, the error of the hessian matrix should be 
minimized. The gradient of the mean has a consistent error 
to the mean itself and is therefore not analyzed. In difference 
to that, the gradient of the variance depends on the numeri-
cal approximations of d2f

dxidy
 , d3f

dxidydsi
 as well as on the second-

order principal sensitivity direction si , which depend on the 
hessian matrix. The numerical studies conducted for this 
paper have shown that the error of d3f

dxidydsi
 is always the most 

dominating error. Hence, a step size control should focus on 
this error. In the following, the expression d3f

dxidydsi
 is called the 

SO-variance-gradient since it originates form the second-
order term in (9).

The SO-variance-gradient is a vector which has as many 
entries as design variables. From a practical point of view it 
is not helpful to track all entries of the error vector separately 
due to the large number of entries. Instead, the error vector is 
aggregated. In the following, a relative norm error defined as

is used, where e(X) denotes the error vector of the vector X.
Another issue comes with the step �isi in (25). Since 

the vector si is computed from the hessian matrix of the 
current design, the length is different for every value of i. 
Additionally, it changes during the optimization. To cir-
cumvent the problem, a normalized step size 𝜖i is used 
such that

Using this normalization, 𝜖 has no unit. In theory, it is 
possible to use different step sizes Δxi and 𝜖i for every i. 
However, from a practical point of view, it is hard to opti-
mize many step sizes at the same time. Instead, all step 
sizes of the same type are chosen to be equal such that 
Δx1 = Δx2 = ... = ΔxM = Δx ≠ 𝜖1 = 𝜖2 = ... = ̂𝜖M = 𝜖 . The 
distinction between Δx and 𝜖 is chosen because (25) has a 
different convergence rate in Δx and 𝜖.

Figure 1 shows the error of the SO-variance gradient 
for the initial design of the 2D shallow arc example in 
Sect. 5.2 with a resolution of 400 × 30 elements. There, the 

(26)erel =
‖e
�∑M

i=1

d3f

dxidydsi

�
‖

‖
∑M

i=1

d3f

dxidydsi
‖

(27)𝜖i =
𝜖i

‖si‖
.

Fig. 1   Error of the SO-variance gradient at the later used 2D shallow arch with 12.000 finite elements
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error is shown for different step sizes allowing the follow-
ing observations. Using step sizes Δx = 0.03 and 𝜖 = 0.01 , 
a relative error of around 0.01% is achieved. At smaller 
step-sizes, rounding errors occur, while higher step sizes 
lead to increasing truncation errors. The rounding errors 
have a slope of 1, while the truncation error has a slope of 
2 for Δx and a slope of 1 for 𝜖 . This matches the expecta-
tion since Eq. (25) has an error of order O(Δx2) + O(�) . 
The plot for the step size Δx has a plateau in the range 
of −1.25 to 0.25. This means that the error due to 𝜖 is 
dominating there. Similar observations are done for the 
same model with a much higher resolution of 1600 × 120 
elements. The error of the SO-variance gradient is shown 
in Fig. 2. The shape of the error is similar to the low-
resolution example. However, the best results are found for 
a much larger step size of Δx = 0.23 and 𝜖 = 0.063.

4.2 � Automatic step size adaption

Without special system knowledge, it is very hard to find 
good step sizes for the principal sensitivity second-order 
fourth-moment method. Plotting the error for different step 
sizes is no good option in practice because this requires 
a huge amount function evaluations. As an alternative, an 
automatic step-size adaption scheme is presented. The 
major goal is to find a good value for Δx and 𝜖 such that 
the error of the SO-variance gradient is minimal. An error 
is caused by truncation in (25), but also by a wrong direc-
tion si caused by errors in the hessian matrix and round off 
effects. Especially high errors in si lead to unpredictable 
behavior. Hence, the error of the hessian matrix should be 
minimal. As a "side effect", a small error in the hessian 
matrix also leads to accurate approximations of mean and 
variance. This is achieved by a good step size Δx . The 
truncation error in (25) is of order O(Δx)2O(𝜖) . Hence, a 
good step size 𝜖 leads to a low truncation error.

From the error remainder in (25) it is known that the 
slope of the logarithmic error of the SO gradient is 1 ( ̂𝜖 ) 

or 2 ( Δx ) in the truncation area. From Wang and Gau 
(1999) and Iott et al. (1985) it is known that the rounding 
error has a slope of approximately 1. In a similar way it is 
known that the slope of the logarithmic error of the hes-
sian matrix is 2 in the truncation area. If one knows the 
errors of two points which are in different areas, the opti-
mal step size is approximately found at the intersection of 
the error lines. This is shown in Fig. 3. Applying the prin-
cipal sensitivity second-order fourth moment-method 
mainly makes sense if the SO-variance gradient is not 
given analytically. In this case, there is no reference to 
actually compute the error. A usual tool to compute the 
error if there is no analytic reference is to compare two 
similar methods with a different convergence rate. To 
apply this approach to the step size procedure, d3f

dxidydsi
 in 

(25) is now approximated with the higher-order approxi-
mation given in (A.11) and the hessian matrix is approxi-
mated using finite differences of order 4.

Using the previous considerations, the step size adap-
tion scheme reads as follows:

Fig. 2   Error of the SO-variance gradient at the later used 2D shallow 
arch with 192.000 finite elements

-3 -2 -1 0 1
-5

-4

-3

-2

-1 X -3
Y -0.8685

X 1
Y -1.7808

Fig. 3   Step size procedure: optimal step size is found at the intersec-
tion of two error lines

Fig. 4   Possible mistake when using the step size procedure: The ini-
tial guess is far away from the optimal step size. In this case, the esti-
mated optimal step near one of the evaluation points
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Algorithm 2 automatic step size procedure

The step size scheme is built on the assumption that the 
initial step size Δx0 is chosen such that 10−2Δx0 < Δxopt 
and 10−2Δx0 > Δxopt . If this is not the case, the computed 
optimal step size is near to 10−2Δx0 or 102Δx0 (see Fig. 4). 
In this case, the step size procedure should be repeated 
with the previously computed steps size as initial guess. 
The same holds for the step size 𝜖opt This step size pro-
cedure works robustly on all examples which the authors 
have tested.

4.3 � Matlab implementation

A Matlab implementation including the step size adaption 
scheme is added as supplementary material. The function 
“SOFM_PS” computes mean, standard deviation and the 
gradients using the principal sensitivity second-order fourth-
moment method. It strictly follows the Algorithm 1. The 
function “sofmAdaptStep” is an implementation of the auto-
matic step-size adaption scheme, strictly following Algo-
rithm 2. Both methods are called similar to the Matlab opti-
mization functions using the objective function as an input. 
Hence, they can be simply applied to many objectives. The 
main script “SOFM_example.m” demonstrates how to call 
the functions “SOFM_PS” and “sofmAdaptStep”. It includes 
a short optimization and an error study for a simple objec-
tive function.

5 � Numeric examples

The presented approach is applied to one shape optimization 
example and two density-based topology optimization exam-
ples using SIMP (Solid Isotropic Material with Penalization) 
like described in Sigmund (2001). In all examples, the struc-
ture is optimized for minimal compliance using geometric 
nonlinear finite elements under geometric imperfections and 
volume constraints. In order to show that the method can 
also be applied to larger models, the last example consists of 
a 3D shallow arch which is parametrized similar to the first 
topology optimization example.

All computations are done on a Matlab inhouse tool which 
mainly uses only one CPU core in parallel. Only the com-
putation of the element stiffness matrices is distibruted over 
several CPU cores. The geometric nonlinear finite element 
problems are solved using a load driven path follow solver 
as described in Wriggers (2008). The material behaviour is 
modelled with the Saint Venant-Kirchhoff constitutive law. 
In topology optimization, void elements cause convergence 
issues for the nonlinear solver. To avoid this problem, a relaxed 
convergence criterion as well as a continuation scheme for 
the penalization is used (Buhl et al. 2000) for the topology 
optimization examples. All occurring systems of equations 
are solved using a multigrid preconditioned iterative solver as 
described in Vassilevski (2008) and Amir et al. (2014) with a 
relative tolerance of 10−10 . Since the tangential stiffness matrix 
becomes indefinite in the postbuckling regime, the GMRES 
(Saad and Schultz (1986)) solver is used instead of the conju-
gate gradient method.

The optimization is done using the globally convergent 
method of moving asymptotes (GCMMA) as optimization 
method (Svanberg (2002)). The optimization is stopped if the 
relative change in the objective is less than 10−4 . All optimiza-
tions start from a homogeneous gray design.

Geometric imperfections are modelled using uncertain 
nodal coordinates. For that, a random imperfection is added 
to the vector of nodal coordinates. Correlation is defined using 

Fig. 5   Model and parameters of 
the compression bar
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a conditioned random field [see e.g. Ditlevsen (1991)] with 
a square exponential correlation function. It is assumed that 
imperfections in different directions are uncorrelated. A spec-
tral decomposition of the random field is done using the EOLE 
method as described in Sudret and Der Kiureghian (2000).

The overall optimization problem for all examples reads as

where the objective function f̄  is either the (end-)compli-
ance or the robust objective function (1) of the compliance. 
Since the problem uses the nonlinear finite element method, 
the residual R should be zero. In addition, the volume V(x, y) 
is restricted to be smaller than an initial volume V0.

5.1 � Compliance shape optimization of an 3D 
compression bar

The first example consists of a shape optimization of a 
square-profiled bar under a distributed compression load. 
The model and its parameters are given in Fig.  5 with 
the length l = 160mm , the position dependent width 
b(x) = 8mm and the compression load P = 50N . The bar 
is discretized by 320 × 16 × 16 finite elements with the 
Young’s modulus 2GPa and the Poissons ratio � = 0.3 . This 
example corresponds to the first Euler buckling shape (Euler 
1744) where the critical load is given by Fcrit =

�2EI

4l2
 with 

the moment of inertia for a square profile I = b4

12
 . Inserting 

the model data of the initial design leads to a critical load 
of Fcrit ≈ 65N.

The shape optimization problem is parametrized by the 
position-dependent width b(x) at every section of nodes. 
This is done by moving all surface nodes of the same section 
simultaneously. As proposed in Le et al. (2011), the inner 
nodes are updated using Laplacian smoothing to preserve a 
good mesh quality. In shape optimization, numerical insta-
bilities lead to mesh distortions Le et al. (2011). To avoid 
this problem, the design variables are filtered similar to the 
density filter in topology optimization (Sigmund 2007).

(28)

min
y

f̄ (x, y,u)

s.t.
V0

V(x, y)
− 1 ≤ 0

ymin ≤ y ≤ ymax

0 = R(x, y,u)

,

Geometric imperfections are modelled using a square 
exponential random field with the correlation length 
lc = 80mm and nodal variance of (0.3mm)2 . In this exam-
ple, only imperfections in y- and z-direction are considered. 
To reduce the number of random variables, only the first 
20 modes of the corresponding EOLE approximation are 
considered, leading to a relative error of the variance of less 
than 0.25% . In the robust optimization, the robust objective 
function is given by f̄ = 𝜇f + 𝜅𝜎f  with the weighting factor 
� = 3 . When using the principal sensitivity second-order 
fourth moment method, step sizes must be chosen. Using 
Δx = 2.5 × 10−5 m and 𝜖 = 2.5 × 10−4 m , leads to an relative 
error of the SO gradient of less than 10−4.

The optimizations lead to the designs shown in Fig. 6. 
The deterministic optimization converges after one itera-
tion because the initial design is already optimal. This is 
clear since the homogenous compression load is directly 
transferred to the supports without any curvature effects. 
However, it is known that this structure is prone to buckling 
with a critical load slightly above the applied load. Hence, it 

Fig. 6   Final designs of the optimization of the compression bar. Top: 
deterministic optimized design, bottom: robust optimized design

Fig. 7   History of the robust shape optimization of the compression 
bar

Table 1   Numeric results of the compression bar example

The stochastic quantities are evaluated using the second-order fourth 
moment method (SOFM), the first-order second-moment method 
(FOSM) and the Monte Carlo method (MC) with 10’000 samples

Optimization method → Deterministic Robust

f 3.125 mJ 3.379 mJ
�
f
 with SOFM 4.192 mJ 3.716 mJ

�
f
 with SOFM 1.057 mJ 0.326 mJ

�
f
 with MC 4.197 mJ 3.725 mJ

�
f
 with MC 1.067 mJ 0.324 mJ

�
f
 with FOSM 3.125 mJ 3.379 mJ

�
f
 with FOSM 0.019 mJ 0.02 mJ

Time 8.3 s 4700 s
No. iterations 1 28
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is expected that this structure is not optimal when consider-
ing uncertainties.

The robust optimization converges after 28 iterations. The 
final structure has an increased section area at the support 
and an decreased section area at the load introduction. This 
structure has a significant stiffness against bending moments 
which might occur due to geometric imperfections. The 
optimization history of the robust optimization is shown in 
Fig. 7. There, the robust objective as well as mean, standard 
deviation and deterministic objective function are shown for 
all iterations. The deterministic result corresponds to the 
values at iteration 1. The robust objective function follows 
a perfect asymptotic shape which shows that the optimiza-
tion runs without any problems. The figure shows that the 
decrease of mean and standard deviation comes at the price 
of an increase of the deterministic objective. At iteration 
5, the mean starts to increase slightly while the standard 
deviation still decreases. This is caused by the fact that the 
standard deviation is weighted by the factor � = 3.

In Table 1, the numeric values are shown. There, mean 
and standard deviation are evaluated using the second-order 
fourth-moment method (SOFM), the Monte Carlo method 
using 10,000 samples and the first-order second-moment 
method (FOSM). Doing a robust design optimization, the 
mean decreases about 12% and the standard deviation about 
70%. This is an huge improvement although the assumed 
uncertainties lie in a realistic range. In this example, the sec-
ond-order fourth-moment method excellently approximates 
the stochastic moments with an error less than 0.25% for the 
mean and less than 1% for the standard deviation. In differ-
ence, the first-order second-moment method significantly 
underestimates the stochastic quantities for both optimized 
designs. Especially the standard deviation is underestimated 

by 90–95% leading to the wrong interpretation that the 
deterministic optimized design is more robust. This shows 
the superior accuracy of second-order approaches com-
pared to first-order approaches. Especially it shows that a 
second-order method is required for the robust optimization 
to succeed.

The computations are done on a workstation with a 
64-core AMD Threadripper PRO 5995WX processor. The 
deterministic optimization was allowed to use 6 cores in 
parallel while the robust optimization was allowed to use 
60 cores. In this example it does not make sense to compare 
the total computation time since the deterministic optimiza-
tion only needed 1 iteration. The robust optimization needs 
4 ⋅ 20 + 1 = 81 function evaluations that are parallelized to 
ten workers. Hence it is expected that a robust iteration needs 
a factor 8 to 9 higher computation time than a deterministic 
iteration. In reality a factor of 20 is observed. There are sev-
eral reasons for this observation. First, the power limits of a 
workstation allow a higher speed per CPU core if less cores 
are used. Additionally, the CPU speed is higher if the system 
load is high only for a short time. Second, the FE-system 
in the first optimization consists of a perfect uniform mesh 
while the following designs have a non-uniform mesh. Using 

Fig. 8   Model and parameters of the 2D shallow arch

Fig. 9   EOLE modes of the 2D shallow arch example. Grey: perfect 
structure, red: structure with perturbation into corresponding mode 
direction. (Color figure online)
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multigrid preconditioned iterative solvers, the computation 
time usually increases for non-uniform meshes. In fact, the 
first robust iteration only needs 107 s which is only a factor 
13 higher than the deterministic value.

5.2 � Compliance topology optimization of a 2D 
shallow arch

The second example consists of an two dimensional shal-
low arch presented in Jansen et al. (2015). The model and 
its parameters are shown in Fig. 8 with the angle � = 30◦ , 
the external force F = 800 kN , the inner radius ri = 100m , 
the outer radius ra = 104m and the out of plane thickness 
t = 1 cm . The arch is discretized using 800 × 60 quadrilateral 
finite elements with the Young’s modulus E = 200GPa and 
the Poisson ratio � = 0.3 . It is loaded by a single load on the 
middle top node and is simply supported on the left and on 
the right edge. The simple support is realized by fixing all 
degrees of freedom of the middle nodes on the correspond-
ing edges.

Imperfections are modelled by a conditioned square expo-
nential random field with a correlation length lc = 17.45m 
and a constant variance of (0.33m)2 . The random field is 
conditioned such that the variance is zero for all boundary 
nodes. To reduce the number of random variables, only the 
first six modes of a corresponding EOLE approximation are 
used. The used EOLE modes are illustrated in Fig. 9. There, 

a perturbation into the direction of the corresponding mode 
is applied to the deterministically optimized design.

Mesh independency is achieved using the PDE filter given 
in Lazarov and Sigmund (2011). In order to get black and 
white designs, a regularized Heaviside projection given by

is used. Here, 𝜌̂i represents the projected density of ele-
ment i, which is computed from the filtered density �i . The 
parameter � is a threshold value and the parameter � defines 
the steepness of the projection function. In order to enforce 
a minimum length scale, the threshold value � is set to 0 
(Guest et al. 2004; Wang et al. 2011).

A continuation scheme is applied to the penalization 
parameter p and to the projection steepness parameter � to 
reduce the risk of highly deformed elements in the begin-
ning of the optimization. For every set of (p, �) , a whole 
optimization is applied. The final design is afterwards used 
as the initial design for a following optimization. In detail, 
the parameters are chosen as p = i and � = min(32, 2i−1) for 
the i-th sequence. Doubling the projection parameter � leads 
to a violation of the volume constraint. Hence, the optimizer 
struggles with finding a feasible solution and sometimes pro-
duces unstable designs. To circumvent this, the initial move 
limit is set to sini = 0.05 and the increment for the asymp-
totes is chosen as sincr = 1.1.

(29)𝜌̂i =
tanh(𝛽𝜂) + tanh(𝛽𝜌i − 𝛽𝜂)

tanh(𝛽𝜂) + tanh(𝛽 − 𝛽𝜂)

Fig. 10   Result of the determin-
istic optimization of the 2D 
shallow arch

Fig. 11   Result of the robust 
optimization of the 2D shallow 
arch
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The deterministic optimization leads to the design shown 
in Fig. 10a with the optimization history in Fig. 10b. The 
optimization starts from an infeasible design since a projec-
tion with � = 0 increases the volume. Hence the optimizer 
is constraint driven in the beginning. Afterwards a perfect 
asymptotic decrease of the objective is observed. At every 
peak, the parameters � and p are doubled leading to a con-
straint violation that has to be fixed.

The final design is similar to the design obtained in 
Jansen et al. (2015). It can be interpreted as two thin com-
pression bars which are connected to a stiff beam. From 
engineering knowledge it becomes clear that this structure 
is sensitive to geometric imperfections, because the bars are 
prone to buckling.

In the robust optimization, the robust objective function 
is given by f̄ = 𝜇f + 𝜅𝜎f  with the weighting factor � = 1 . 
When using the principal sensitivity second-order fourth-
moment method, step sizes have to be chosen. Therefore, 
the step size adaption scheme with an initial guess of 
Δx = 10−4, 𝜖 = 10−4 is applied twice in the beginning. Dur-
ing the optimization, the step size adaption is applied once 
after each change of projection and penalization parameters 
� and p with the last step size as initial guess. In conse-
quence, the error of the SO-variance-gradient is always 
around 3 × 10−4.

The optimized design is shown in Fig. 11a with the opti-
mization history in Fig. 11b. The optimization history is 
similar to the deterministic optimization. Again, the final 
design is very similar to the design obtained in Jansen 
et al. (2015). Small differences are observed, which may 
be caused by a different continuation scheme or a different 
realization of the boundary conditions, since these aspects 
are not described in Jansen et al. (2015). Also, different opti-
mization parameters lead to slightly different results. Here, 
the design can be interpreted as a combination of three 
beams. The beams are connected in a way that moments are 
transferred. From engineering knowledge it becomes clear 

that the robust optimized structure is much less sensitive to 
shape imperfections since the side beams are able to handle 
moments. Also asymmetric buckling seems to be unlikely 
due to the strong connections between the beams.

The previous considerations are supported by the numeric 
results. The results of both, the deterministic optimization 
and the robust optimization are summarized in Table 2. 
There are some aspects to be mentioned. Firstly, the results 
of the current optimization differ from the results in Jansen 
et  al. (2015) by around 10 %. The difference might be 
caused by different boundary conditions or load introduc-
tion as well as small differences in the design. Large dif-
ferences are found for the mean and standard deviation of 
the deterministic optimized design. It is expected that these 
differences originate from the high sensitivity of the designs 
with respect to geometric variation. Secondly, the second-
order fourth-moment method approximates the stochastic 
moments very well, when compared to results of a Monte 
Carlo simulation. At the robust optimized design an error of 
around 10% for the standard deviation and no error for the 
mean occurs. The error is comparable to the error obtained 
by Jansen et. al. In publications from other authors, second-
order perturbation approaches have similar errors [see eg. 
(da Silva and Cardoso 2016; Changizi and Jalalpour 2017; 
Doltsinis and Kang 2004; Asadpoure et al. 2011)]. In con-
sequence, the robust optimized design shows a significantly 
improved performance when considering imperfections. 
Similar to the previous example, the first-order second-
moment method totally underestimates mean and standard 
deviation. Especially in the deterministic case, the standard 
deviation is underestimated by 99% leading to the wrong 
interpretation, that the deterministic optimized design is 
more robust. Again this shows that a second-order method 
is required for the robust optimization to succeed.

The computations are done on a Laptop with an Intel 
i7 1185G7 processor. The computation time of the robust 
optimization is approximately 30 times higher than for the 

Table 2   Numeric results of the 
2D shallow arch example

The stochastic quantities are evaluated using the second-order fourth moment method (SOFM), the first-
order second-moment method (FOSM) and the Monte Carlo method (MC) with 10,000 samples

Optimization method → Deterministic Robust Deterministic Jansen 
et al. (2015)

Robust 
Jansen et al. 
(2015)

f 108 kJ 121 kJ 97 kJ 121 kJ
�
f
 with SOFM 843 kJ 132 kJ – 126 kJ

�
f
 with SOFM 1032 kJ 17 kJ – 12 kJ

�
f
 with MC 705 kJ 132 kJ 337 kJ 127 kJ

�
f
 with MC 1820 kJ 19 kJ 1033 kJ 13 kJ

�
f
 with FOSM 108 kJ 121 kJ – –

�
f
 with FOSM 11 kJ 12 kJ – –

Computation time 643s 18690s – –
No. iterations 243 347 – –
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deterministic optimization. This is expected because 6 ran-
dom parameters lead to 6 ⋅ 4 + 1 = 25 function evaluations 
per iteration. Parallel computation does not lead to signifi-
cant improvements due to thermal limits of the laptop.

5.3 � Compliance topology optimization of an 3D 
shallow arch

The last example is a three-dimensional shallow arch con-
sisting of 848 × 64 × 64 = 3.5M elements. The ratios are 
similar to the previous example, however, the model is 
much smaller and has a higher out of plane thickness. The 
model and its parameters are shown in Fig. 12 with the 
angle � = 30◦ , the inner radius ri = 393mm , the outer radius 
ra = 409mm and the out of plane thickness t = 16mm . The 
constant external line force has a value of F = 25N∕16mm . 
The model is supported by a hinge support on the left and 
right edge. This is modeled by fixing all degrees of freedom 
on the center line of the corresponding edge. The model is 

supposed to be 3D printed and hence, the material properties 
of resin are chosen. It is known that a classic filter forces the 
material to stick at the boundaries. To circumvent this prob-
lem, a PDE filter with consistent boundary conditions like 
described in Wallin et al. (2020) is used. In this example, a 
volume preserving projection using � = 0.5 is applied (Xu 
et al. 2010).

Again, a continuation scheme is applied to the penaliza-
tion parameter p and to the projection steepness parameter 
� . For every set of (p, �) , a whole optimization is applied. 
The parameters are chosen as p = 0.5 ⋅ i + 0.5 and � = 2p−1 
for the i-th sequence.

Imperfections are modeled with a conditioned square 
exponential random field with a correlation length 
lc = 70mm and a node variance of (0.5mm)2 . The random 
field is conditioned such that the variance at the boundary 
nodes is zero. In order to reduce the number of random 
variables, only 15 EOLE modes are considered leading to 
an error of the variance of less than 3%. The modes are 

Fig. 12   Model and parameters 
of the 3D shallow arch

Fig. 13   EOLE modes of the 
3D shallow arch example. 
Grey: perfect structure, blue: 
structure with perturbation into 
corresponding mode direction. 
(Color figure online)

Fig. 14   Final designs of the optimizations of the 3D shallow arc example. Left: Deterministic optimized, right: robust optimized
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illustrated in Fig. 13. There, a large perturbation into the 
direction of the corresponding EOLE mode is applied to 
the deterministically optimized design. This random field 
seems to be realistic since equivalent tolerances might be 
categorized as fine in the norm ISO 2768.

For the robust optimization, the robust objective is given 
by f̄ = 𝜇f + 𝜅𝜎f  with � = 3 . Assuming that the output func-
tion is normal distributed, the choice of � means that the 
objective is worse than the robust objective value for less 
than 0.13% of the samples. Similar to the previous exam-
ple, the automatic step size procedure is applied after every 
change of (p, �) leading to an error of the SO-variance gradi-
ent of less than 2 × 10−4.

The optimized designs are shown Fig. 14 with the cor-
responding optimization histories shown in Fig. 15. The 
optimization history plots have a similar structure as for 
the 2D example. At every peak, the parameters � and p are 
updated. In this example, a volume preserving projection 
is used and hence the constraint is not violated. However, 
the parameter update changes the projection and the mate-
rial penalization leading to worse function values. Between 

the updates, a perfect asymptotic decrease of the objective 
values is observed.

The deterministic optimized design is similar to the opti-
mized design in the 2D example. It consists of two plates 
which are weak against bending and a stiff beam in the mid-
dle. This structure is optimal for the given situation because 
it transforms the (bending) load to a pure compression load 
in the bars. It uses the full building space and thin plates 
to achieve a maximum angle between the plates for the 
external load leading to minimal compression forces. From 
engineering knowledge it is clear that the plates are prone 
to buckling.

The robust optimized design significantly differs from the 
deterministic design. It is also based on the same concept 
of three parts to transfer the external load to pure compres-
sion loads. However, instead of thin plates, beams with a 
U-profile are used to handle the compression loads. In dif-
ference to the plates of the previous design, the beams can 
handle (small) bending loads. Additionally, the bending-stiff 
middle part is connected to the beams in a way that (small) 
bending loads can be transferred to the beams. Thin bars 
between the stiffener in the middle and the supports further 
increase the stability. In consequence, the imperfections do 
not result in buckling of the structure.

The previous interpretations are supported by the numeric 
values given in Table 3. In the nominal case, the determin-
istic optimized design has superior performance. However, 
in presence of imperfections a much worse mean and a high 
standard deviation are observed. In difference to that, the 
robust optimized design has a very small standard devia-
tion. The approximation of the stochastic moments using 
the second-order fourth-moment method is very accurate for 
the both optimized designs with an error of less than 1% for 
the mean and less than 6% for the standard deviation. The 
errors are significantly lower than in the 2D example because 
a smaller relative standard deviation is used. Again, the first-
order second-moment method is much less accurate than the 
second-order fourth-moment method with the consequence 

Fig. 15   Optimization history 
of the 3D shallow arc example. 
Left: deterministic optimized, 
right: robust optimized

Table 3   Numeric results of the 3D shallow arch example

The stochastic quantities are evaluated using the second-order fourth 
moment method (SOFM), the first-order second-moment method 
(FOSM) and the Monte Carlo method (MC) with 5000 samples

Optimization method → Deterministic Robust

f 8.16 mJ 8.43 mJ
�
f
 with SOFM 8.95 mJ 8.55 mJ

�
f
 with SOFM 1.04 mJ 0.34 mJ

�
f
 with MC 8.95 mJ 8.60 mJ

�
f
 with MC 1.04 mJ 0.36 mJ

�
f
 with FOSM 8.16 mJ 8.43 mJ

�
f
 with FOSM 0.32 mJ 0.32 mJ

time 19 h 71 h
No. iterations 151 88
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that the deterministic optimized design would be (wrongly) 
interpreted as more robust.

Both optimizations are done on a workstation with 2 
AMD Epyc 9354 processors. The robust optimization is 
done on 60 cores, the deterministic optimization is done 
on 6 cores. At this configuration, the robust optimization 
needs approximately four times the time of the determinis-
tic optimization. For the robust optimization 15 ⋅ 4 + 1 = 61 
function evaluations are required per iteration. The code 
evaluates 10 functions in parallel leading to the cost of 
approximately 60∕10 = 6 deterministic optimizations. Con-
sidering the higher iteration number of the deterministic 
optimization, this agrees to the measured time.

6 � Conclusions

In the current publication, a new formulation of the second-
order fourth-moment method is presented. The number of 
function evaluations of the objective scales linearly with 
the number of random parameters and is therefore as effec-
tive as the best existing formulations. At the same time it is 
non-intrusive and hence can be applied to commercial tools 
without significant effort. The proposed approach uses finite 
difference approximations, which lead to numerical errors. 
It is shown that the error depends on two different step sizes 
Δx and 𝜖 with an order of O(Δx2) + O(𝜖) . Without further 
knowledge it is hard to find good step sizes. To circumvent 
this problem, an effective automatic step size procedure is 
provided which leads to nearly optimal steps in the examples 
considered. The approach is applied to different examples 
showing that it leads to the same results as given in litera-
ture, which shows that the numeric errors do not disturb the 
optimization significantly. Even in a 3D example with 10 
million degrees of freedom, the approximation provides a 
good accuracy at moderate computational cost leading to 
good results.

Future research might address the combination of the pro-
posed method with the principal sensitivity first-order sec-
ond-moment method. That way, the most important modes 
might be tackled using the second-order fourth-moment 
while the (high frequent) rest of the random field is con-
sidered using the less accurate first-order second-moment 
method. Hence, many random parameters can be considered 
without the need of a reduction of the random field at low 
computational cost.

Appendix A: Derivation of finite difference 
approximations for second‑order derivatives

For the derivation of finite difference approximations, the 
objective function is expanded using different Taylor series 
given by
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(A.5)
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 For the homogeneous second-order derivative, central dif-
ferences given by

are used. This method has convergence order two with only 
two additional function evaluations. The computation of the 
mixed derivatives is more advanced.

A method with convergence order one is given by

With only one additional function evaluation, a method is 
derived which has a convergence order of two regarding the 
step size Δx1 and a convergence order of one regarding the 
step size Δx2 . This is done using

(A.7)
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(A.8)
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A method with second-order convergence for both step sizes 
is given by

Appendix B: Approach by Jansen et al.

In Jansen et al. (2015), the robust objective fR is computed 
by inserting the derivatives given by

into (3) and (4). Here, R represents the vector of inner forces 
and KT the tangential stiffness matrix. To compute the state 
variables the nonlinear systems of equations
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(B12)
df
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(B13)
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(B14)R(u) − P = 0

with the external load vector P are solved. Here, M repre-
sents the number of random variables. The state variables 
u,

du

dxi
 and v represent the model deformation, the derivatives 

of the model deformation and an adjoint variable respec-
tively. In order to compute the gradient of the robust objec-
tive, the robust objective fR is augmented using the previous 
Eqs. (B14)–(B16). This leads to the Lagrangian

with the adjoint variables �0,�i and � . Differentiation with 
respect to the design variables y leads to

with the adjoint systems
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Figure 4.2: Problems where classic Taylor series-based approaches fail: snap-through load of perfect
von-Mises truss (left) and shallow arch (middle). Right: An exemplary load displacement curve
for perfect (solid) and imperfect (dashed) geometry and the maximum load (circle) of the perfect
structure.

Figure 4.3: Design response of a deterministically optimized shallow arch with respect to the
amplitude of a prede�ned imperfection (left) and a vizualization of the corresponding imperfection
(middle). The grey structure represents a simple perfect geometry, the red structure represents the
corresponding imperfect geometry at an imperfection amplitude of 10. The right �gure shows the
histogram of a Monte Carlo simulation considering multiple imperfection modes.

4.3 Multimodal �rst-order second-moment method

For many problems, the design response is accurately approximated by a second-order Taylor series,
leading to accurate results when using the second-order fourth-moment method. However, it fails
at the optimization for maximum load of snap-through problems, such as the von Mises truss [79] or
the later considered shallow arc example depicted in �gure 4.2. For an optimized design, the smooth
load displacement curve depicted in �gure 4.2 becomes non-di�erentiable under imperfections. The
transition between smooth and non-di�erentiable load displacement curves suddenly occurs if the
geometric imperfection exhibits a speci�c threshold value. In consequence, the response function
of the maximum load with respect to an imperfection amplitude of an asymmetric geometric im-
perfection (both depicted in �gure 4.3) becomes discontinuous with a plateau at zero imperfection.
A corresponding histogram depicted in �gure 4.3 shows bimodal behavior. Similar observations
are also done for the optimization of sti�ened panels under a similar objective function [117]. In
consequence, any approach based on a Taylor series approximation fails for these kinds of problems.
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To address the problem of discontinuous response functions leading to multimodal probability
distributions, a new framework called �multimodal �rst-order second-moment method� is proposed
and has been preliminary submitted for publication in [149]. There, the author of this thesis
contributed critical aspects of the methodology and provided the shallow arch example, which is
presented in the following.

4.3.1 Basic framework

The multimodal �rst-order second-moment method is based on the idea to approximate the true
objective function f(y,x) by a piecewise (�rst-order) Taylor approximation

f(y,x) ≈ f̂(y,x) =
∑︂
i

fi(y,x) (4.1)

with

fi(y,x) =

{︄
Tf (y,x,xi) = f(y,xi) +∇f(y,xi)

T · (x− xi) + . . . : x ∈ Ωi

0 : x /∈ Ωi

(4.2)

and the center xi of the Taylor series Tf of the function f in the domain Ωi. Like for the classic �rst-
order second-moment method, the stochastic moments are obtained by inserting the approximated
function (4.1) into the analytic equations for mean (3.1) and variance (3.2). However, the resulting
integrals are solved piecewise, such that the mean reads

µf̂ =
∑︂
i

∫︂
Ωi

Tf (y,x,xi)p(x)dx (4.3)

and the variance reads

σ2
f̂
=
∑︂
i

∫︂
Ωi

(︂
Tf (y,x,xi)− µf̂

)︂2
p(x)dx . (4.4)

De�ning the sectionwise probability density function pi(x) of section Ωi as

pi(x) =

{︄
p(x) · 1

wi
: x ∈ Ωi

0 : x /∈ Ωi

(4.5)

with wi =
∫︁
Ωi

p(x)dx being the probability of a sample being in the domain Ωi leads to

µf̂ =
∑︂
i

wi

∫︂
Ωi

Tf (y,x,xi)pi(x)dx =
∑︂
i

wiµf̂ ,i . (4.6)

The value µf̂ ,i represents the mean of the approximated function value considering only the part
of the probability distribution in section Ωi. Using these de�nitions, the variance reads

σ2
f̂
=
∑︂
i

wi

∫︂
Ωi

(︂
Tf (y,x,xi)− µf̂ ,i + µf̂ ,i − µf̂

)︂2
pi(x)dx

= −µ2
f̂
+
∑︂
i

wi

(︃∫︂
Ωi

(︂
Tf (y,x,xi)− µf̂ ,i

)︂2
pi(x)dx+ µ2

f̂ ,i

)︃
= −µ2

f̂
+
∑︂
i

wi

(︂
σ2
f̂ ,i

+ µ2
f̂ ,i

)︂ , (4.7)
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where σ2
f̂ ,i

represents the variance of the approximated function value considering only the part of

the probability distribution in section Ωi.
For solving the equations (4.6) and (4.7), the section-wise mean values and variances are com-

puted using the �rst-order second-moment method by

µf ≈ µf̂ =
∑︂
i

wif(y, µx,i) (4.8)

and
σ2
f ≈ σ2

f̂
=
∑︂
i

wi

(︁
∇T f(y, µx,i)Σx,i∇f(y, µx,i) + f(y, µx,i)

2
)︁
− µf̂ , (4.9)

where µx,i is the mean of the domain-wise random distribution and Σx,i the covariance matrix
of the domain-wise random distribution of domain Ωi. As far as the domain de�nition does not
change during the optimization, these values are computed once in a preprocessing step. The general
procedure may be extended to higher order approaches respectively. In this case, the section-wise
values are computed, e.g., using the second-order fourth-moment method.

4.3.2 Domain de�nition and computation of domain-wise stochastic mo-

ments

The results obtained using the multimodal �rst-order second-moment method highly depend on
the chosen domain, leading to di�erent mean values µx,i and covariance matrices Σx,i of the sub-
domains Ωi. If the general shape of the true design response is known, the domains can be chosen
particularly for this problem. However, in general this knowledge is not available. Additionally, the
domains possibly change during the optimization process. However, in many cases some engineering
knowledge is available. For example it is known that buckling is usually triggered by asymmetric
imperfections in the corresponding bars. This knowledge may be used to generate the domains. To
keep the framework as simple as possible, it is proposed to generate the domains by splitting the
overall domain along the axes or the bisectors of (transformed) uncorrelated random variables, as
depicted for a 2-variate problem in �gure 4.4. The corresponding stochastic moments of the random
variables are found by Monte Carlo simulations or can be computed analytically for speci�c random
distributions.

Split along axes

If the split is done along the axes as depicted in �gure 4.4a, the mean of the random variables x in
the domains Ωi are computed for the simple two-variate case by

µx,1 =

∫︂ ∞

0

∫︂ ∞

0

xp(x1, x2)dx1dx2 ·
1∫︁∞

0

∫︁∞
0

p(x1, x2)dx1dx2

(4.10)

µx,2 =

∫︂ ∞

0

∫︂ 0

−∞
xp(x1, x2)dx1dx2 ·

1∫︁∞
0

∫︁ 0

−∞ p(x1, x2)dx1dx2

(4.11)

µx,3 =

∫︂ 0

−∞

∫︂ 0

−∞
xp(x1, x2)dx1dx2 ·

1∫︁ 0

−∞
∫︁ 0

−∞ p(x1, x2)dx1dx2

(4.12)

µx,4 =

∫︂ 0

−∞

∫︂ ∞

0

xp(x1, x2)dx1dx2 ·
1∫︁ 0

−∞
∫︁∞
0

p(x1, x2)dx1dx2

. (4.13)
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(b) Split along bisectors.

Figure 4.4: Proposed splits for a normal distribution in 2D. The markers indicate the mean of the
domain random distribution while the isolines represent the underlying probability density function.

For the more general multivariate case, additional dimensions with integral borders [0,∞] or [−∞, 0]
are added. If no split is done in a speci�c dimension, the integral borders for the corresponding
dimension stay at [−∞,∞]. Assuming the random variables x1, x2 are independent from each other
(i.e., uncorrelated for a normal distribution), the equation for the �rst domain reads

µx,1 =
(︂ ∫︁ ∞

0
x1p(x1)dx1∫︁ ∞

0
p(x1)dx1

∫︁ ∞
0

x2p(x2)dx2∫︁ ∞
0

p(x2)dx2

)︂T
. (4.14)

Considering a standard normal distribution, the solution is found as µx,1 =
(︂√︂

2
π

√︂
2
π

)︂T
. More

generally, the mean of a domain Ωi in the normal-distributed multivariate case is

µx,i =
(︁
µx1,i µx2,i . . .

)︁T
(4.15)

with

µxj ,i =

⎧⎪⎪⎨⎪⎪⎩
√︂

2
π xj > 0∀x ∈ Ωi

−
√︂

2
π xj < 0∀x ∈ Ωi

0 otherwise

(4.16)

which means that µx,i,j = 0, if no split is done in dimension j, µx,i,j =
√︂

2
π for the positive domain

regarding dimension j and µx,i,j = −
√︂

2
π for the negative domain regarding dimension j.

Similarly, the domain covariance matrix is found by integrating (3.6) for the subdomain Ωi

leading to

Σx,i =

⎛⎜⎜⎜⎝
1− 2

π 0 0 . . .
0 1− 2

π 0 . . .
0 0 1− 2

π . . .
...

...
...

. . .

⎞⎟⎟⎟⎠ (4.17)
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for the simple case of standard normal distributed random variables. In the more general case
of arbitrarily distributed random variables, the variables can be transformed to correlated normal
distributed variables using the Rosenblatt transformation [150] and further transformed to standard
normal distributed random variables using the previously described Karhunen-Loéve expansion or
the EOLE method.

De�ning the sub-domains Ωi by splitting the whole domain using splits along the axes, the
number of domains doubles per split leading to an exponential growth of required domain-wise
probabilistic analyses. Due to the exponential growth, the computational cost becomes infeasible
already for a moderate number of random variables (e.g., 10 variables lead to 1000 domains).

Split along bisectors

To reduce the required number of domains, the splits may be done along bisectors as depicted
in �gure 4.4b, such that only two subdomains are required per variable. Here, the domain-wise
stochastic moments are computed similarly as in the case of splits along the axes, however the
integral bounds are changed leading to

µx,1 =

∫︁∞
0

∫︁ x1

−x1
· · ·
∫︁ x1

−x1
xp(x1, x2, . . . , xN )dxN . . . dx2dx1∫︁∞

0

∫︁ x1

−x1
· · ·
∫︁ x1

−x1
p(x1, x2, . . . , xN )dxN . . . dx2dx1

(4.18)

for the mean of the �rst domain. The mean values for the other domains are computed accordingly.
Under the assumption of standard normal distributed random variables, the integral for the �rst
domain simpli�es to

µx,1 =

⎛⎜⎜⎜⎝
2N
∫︁∞
0

x1p(x1) · (2Φ(x1)− 1)N−1dx1

0
0
...

⎞⎟⎟⎟⎠ , (4.19)

where N represents the number of splits and Φ(x1) is the cumulative random density function. For
a more detailed derivation, the reader is referred to [149]. The covariance matrix is computed in a
similar way. For the case of standard normal distributed random variables, there is no correlation
between di�erent variables and the variances σ2

xj ,1 of domain Ω1 read

σ2
xj ,1 =

{︄
2N
∫︁∞
0

(x1 − µx1,1)
2 · p(x1) · (2Φ(x1)− 1)N−1dx1 j = 1

2N
∫︁∞
0

(2Φ(x1)− 2x1p(x1)− 1) · p(x1) · (2Φ(x1)− 1)N−2dx1 j ̸= 1
. (4.20)

In practice, the occurring integrals are solved numerically.

4.3.3 Gradient computation

For a robust design optimization, the gradient of the stochastic moments of the response function
(4.8) and (4.9) are required. Using direct di�erentiation, the gradients read

dµf̂

dy
=
∑︂
i

wi∇f(µx,i) (4.21)

dσ2
f̂

dy
= −

dµf̂

dy
+
∑︂
i

wi∇f(µx,i) +
dσ2

f̂ ,i

dy
(4.22)
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Inner radius ri 180 mm
Outer radius ra 186 mm
thickness t 6 mm
Angle α 50◦

Young's modulus 2 GPa
Poisson ratio 0.3

displacement steps ui {2 : 0.075 : 8} mm
correlation length lc 80 mm
standard deviation σ 0.5 mm
�lter radius axial 9 mm
�lter radius radial 3 mm

�lter radius z-direction 3 mm

Figure 4.5: Sketch of the model and parameters of the shallow arc example. The nodal coordinates
of the lower (black) and the side nodes (blue, red) are moved into normal direction. The three sets
are �ltered independently of each other.

To compute the gradient of the domain-wise variance σ2
f̂ ,i
, all methods for the classic �rst-order

second-moment method discussed in section 4.1 may be used.

4.3.4 Application to shallow arc example

The presented multimodal �rst-order second-moment method is applied to the shape optimization
of a shallow arc with respect to the maximum load of the snap-through problem under volume
constraints. As mentioned before, designs generated by this optimization problem might have a
discontinuous response function with respect to asymmetric-imperfections caused by buckling e�ects
(see �gure 4.3).

A sketch of the model, the shape optimization parameterization and all model parameters are
collected in �gure 4.5. The problem consists of a shallow arc with the inner radius ri = 180mm,
the outer radius ra = 186mm, the thickness t = 6mm and the opening angle α = 50◦. It is loaded
by a line load F , distributed over the top center line and fully clamped at the sides. The model
is discretized by a body-�tted mesh using 320× 12× 12 fully integrated bi-linear hexahedral �nite
elements. The �nite element simulation is based on a geometrically nonlinear analysis, using the
Green-Lagrange strain measure in combination with the Saint Venant-Kirchho� constitutive law.
The nonlinear problem is solved using a displacement-driven solver [151], where the displacement u
at the center node of the line load F is applied in 80 equidistant steps until the �nal displacement
umax = 8mm is reached. The linear subproblems are solved using the multigrid-preconditioned
conjugate gradient method [60]. As material, standard 3D printing resin with the Young's modulus
E = 2GPa and the Poisson's ratio ν = 0.3 is considered.

The optimization problem is parameterized using perturbations of the nodes as design variables,
such that the coordinates zi of node i reads

zi = zi,0 +∆zi . (4.23)

As discussed in section 2.3, movements of inner nodes as well as tangential movements of surface
nodes do not change the geometry of the model but lead to numerical errors. Therefore, only



80 CHAPTER 4. APPROACHES FOR OPTIMIZATION UNDER UNCERTAINTY

normal perturbations of the surface nodes are used as design variables and the inner nodes are
updated using Laplacian smoothing [42]. As depicted in �gure 4.5, only the nodal coordinates of
the lower surface, the front surface (z = 3mm) and the back surface (z = −3mm) are considered
in the optimization, whereas the top nodes and the clamped nodes are locked. This choice is made
for several reasons: First, the possibility of changing the top nodes and the clamped nodes would
also move the loads and boundary conditions, which is usually not accepted. Additionally, the
optimizer would focus on changing the opening angle α instead of improving the shape. Finally,
the restriction of the upper surface may be interpreted as a boundary condition. The top surface
might not be changed because it has some other functions, e.g., it represents the running way of a
bridge.

To maintain mesh quality, the design variables are �ltered using the vertex morphing approach
with a �rst-order �lter function and �rst-order displacement �elds [44]. However, the three sets of
nodes are �ltered independently of each other, since they represent di�erent shape features. Due
to the high aspect ratio of the model, an anisotropic �lter function is used, where the �lter radius
is set to 9mm in the tangential direction and to 3mm in the other directions (radial and out-of-
plane). Additionally, the smoothing operator is modi�ed, such that smoothing does not lead to x-
or y-movements of the surface nodes. Considering these aspects, the shape update reads

zi = zi,0 + smooth(filter(y)) (4.24)

with the design variables y, the �lter function �filter� and the Laplacian smoothing function
�smooth�. The parameter boundaries are chosen such that the thickness of the structure locally
increases or decreases by up to 60% of the original thickness.

For the initial design (i.e. ∆zi = 0∀i), the load displacement curve depicted in �gure 4.6 is
obtained. It shows a linear increase for small displacements whereas it becomes nonlinear for growing
displacements. At u = 7.5mm, the maximum is reached and afterwards, the function decreases to its
local minimum. The goal of the optimization is to increase the load maximum, since it de�nes, how
much load the structure can carry before stability failure occurs. However, the maximum function
is not di�erentiable and hence, it is not suitable for a gradient-based optimization. To circumvent
this challenge, the aggregation approach is chosen. Therefore, the forces F at the displacements
ui ∈ {2 : 0.075 : 8}mm (marked with red dots in �gure 4.6) are aggregated by the p-norm function

f =
1

n

(︄
n∑︂

i=1

F (ui)
p

)︄ 1
p

≈ max
u

(F (u)) (4.25)

with p chosen as p = 16. The relatively low values of u are chosen because bifurcation buckling
might lead to a signi�cant shift of the maximal load, such that high values are already in the post-
buckling regime. The computation of the force F (ui) and its gradient are explained in the appendix
A.

Using these de�nitions, the overall deterministic optimization problem reads

min
y

−f(y))

s.t.

− 1.8mm ≤ yi ≤ 1.8mm ∀i
V (y)− V0

V0
≤ 0

, (4.26)
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Figure 4.6: Load-displacement curve of the initial design. The loads marked with red dots are
aggregated using a p-norm for the objective function.

where the function V (y) represents the design-dependent volume and V0 represents the initial
volume.

For the robust optimization, geometric imperfections are modeled by considering uncertain nodal
coordinates. In di�erence to the design variables, no nodes or degrees of freedom are excluded,
since also surfaces that are not optimized might still be in�uenced by imperfections. Correlation
is modeled using a normal distributed square exponential random �eld with the correlation length
lc = 80mm and the standard deviation σ = 0.5mm. It is assumed that the di�erent degrees of
freedom (x−, y−, z− direction) are uncorrelated. To transform the correlated random variables
to standard normal distributed random variables, the random �eld is discretized using the EOLE
method. To reduce the memory demands for the covariance matrix, only the �rst 15 components
of the EOLE discretization are considered, reducing the memory demands from 200GB to 20MB
at the cost of less than 0.4% error of the variance. For the evaluation using the multimodal �rst-
order second-moment method, the splits are done along the bisectors, since using the splits along
axes would require 215 ≈ 32′000 FOSM evaluations per multimodal evaluation leading to infeasible
computational cost. Using the split along bisectors, only 30 FOSM evaluations are required per
solve, which can be perfectly parallelized to 30 workers. Finally, the robust design optimization
formulation reads

min
ρ

−µf (y)) + 3σf (y))

s.t.

− 1.8mm ≤ yi ≤ 1.8mm ∀i
V (y)− V0

V0
≤ 0

. (4.27)

The structure is optimized in a deterministic optimization, a robust optimization using the
classic �rst-order second-moment method and the multimodal �rst-order second-moment method.
For the FOSM approximations, the gradients are computed using the principal sensitivity approach



82 CHAPTER 4. APPROACHES FOR OPTIMIZATION UNDER UNCERTAINTY

(a) Deterministic optimized design. (b) Optimized design using FOSM

(c) Optimized design using multimodal FOSM.

Figure 4.7: Optimized designs of the shallow arch. The results are shown from the front (top �gure)
and slightly tilted around the x-axis to show the 3D-structure. The �gure is taken from [149].

presented in [145]. All optimizations are done using the globally convergent method of moving
asymptotes [13] with the initial asymptote value sini = 0.05. The optimization is stopped, if
the relative function value change between two subsequent iterations is less than 0.01% and all
constraints are ful�lled, leading to the designs depicted in �gure 4.7 with the resulting values
printed in table 4.1. There, all designs are evaluated deterministically, using the �rst-order second-
moment method, the multimodal �rst-order second-moment method and the Monte Carlo method
with a sample size of 1500.

probabilistic evaluation approach
FOSM MM-FOSM Monte Carlo

optimization approach f µf σf µf σf µf σf

determ. optimization 395 N 395 N 19 N 288 N 94 N 140 N 30 N
RDO / FOSM 415 N 415 N 20 N 290 N 98 N 141 N 30 N
RDO / MM-FOSM 169 N 169 N 6.8 N 167 N 7.2 N 164 N 6.2 N

Table 4.1: Numeric results of the optimized shallow arc evaluated deterministically, using the �rst-
order second-moment method (FOSM), the multimodal �rst-order second-moment method (MM-
FOSM) and the Monte Carlo method with a sample size of 1500.

Overall, the deterministic optimization and the robust optimization using the �rst-order second-
moment method lead to the same design, whereas the multimodal �rst-order second-moment method
leads to a di�erent design. This is explained by the fact, that the design response has a discontinuous
shape like shown in �gure 4.3, where the classic �rst-order second-moment method does not detect
the drop of the function value. In di�erence, the multimodal approach is tailored to this speci�c
kind of problem, although the exact discontinuity is not known. If at least one evaluation point
triggers buckling of the structure, the optimizer detects a strongly increased standard deviation
and worse mean. Hence, the focus is set on improving the worst evaluation point one side while
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Figure 4.8: Load-displacement curve of the deterministic optimized design (left) and of the robust
optimized design using the multimodal �rst-order second-moment method (right) without (solid)
and with imperfections (dashed). The loads marked with red dots are aggregated using a p-norm
for the objective function.

reducing the di�erences between the evaluation points (i.e. the variance), leading to a di�erent
design.

The deterministic (and FOSM) design is a symmetric model based on three parts connected by
hinges, which are barely able to transfer moments. However, in the ideal con�guration, no moments
occur at the hinges due to symmetry. The middle part is similar to an I-shaped pro�le which is
well suited for carrying the occurring bending loads. Due to the hinge mechanisms, mainly normal
forces are transferred to the side arms, which are thickened on the bottom. Due to this thickening,
the normal forces are transferred at a high angle to the lower part of support. From engineering
knowledge it can be expected that this design performs well under ideal conditions. However,
signi�cant (torsional or bending) moments occur in presence of asymmetric imperfections, which
are barely transferred by the weak joints, making the structure prone to asymmetric buckling. In
consequence, the expected value obtained with the Monte Carlo method is 70% lower than the
deterministic function value.

In di�erence, the design optimized using the multimodal �rst-order second-moment method
has a di�erent structure. Again, a nearly symmetric design is found, which consists of three parts.
However, the joints between the parts have a slightly higher bending sti�ness and the middle part is
much longer. Due to the design, the side parts always also carry bending moments. In consequence,
these parts are constructed accordingly, leading to much worse performance in the deterministic
case. However, the robust optimized structure does not su�er from the assumed imperfections. In
fact, the mean is similar to the deterministic value and a low standard deviation is obtained.

The di�erences between both results are also seen in the �nal load displacement curves depicted
in �gure 4.8. Ideally, the deterministic result shows a non-buckling shape, which drastically changes
in the presence of imperfections. In di�erence, the robust design already shows buckling behavior
in the deterministic case. In consequence, imperfections only change the buckling shape, but do
not harm the overall performance. Besides, note that the optimization moved the maximum load
to displacements that are higher than the considered displacements in the objective function (4.25).
This especially holds for the imperfect designs. In consequence, �nally, the maximum load is not
directly optimized. However, also considering higher displacements is not expected to signi�cantly
change the results.
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Figure 4.9: Response function with respect to the �rst EOLE mode of the deterministically opti-
mized design (top left) and the robust optimized design using the multimodal approach (top right).
The bottom �gure shows the response with respect to the (volume changing) second EOLE mode
for the robust optimized design.

Comparing the accuracy of the approximations of stochastic moments reveals that the multi-
modal approach is more accurate than the classic �rst-order second-moment method. Especially it
is able to detect the e�ect of a discontinuous response function at the deterministically optimized
design, although the moment approximations are still very inaccurate. It is expected that these
inaccuracies are caused by badly chosen splits. In fact, more detailed investigations reveal that
choosing the splits along the axes might lead to more accurate results. In di�erence to the de-
terministically optimized design, all approaches are relatively accurate for the successfully robust
optimized design. In the robust optimization, the standard deviation is penalized, which means
that jumps in the response function lead to high objective values. As depicted in �gure 4.9, the
discontinuous jumps are reduced for the �rst EOLE component, while still nonlinearities exist.
However, these nonlinear components are much less dominant compared to linear components that
occur for volume-changing imperfection modes (here mode 2). Hence, also the classic �rst-order
second-moment method performs well.



Chapter 5

Robust design optimization using

experimental data

As the previous sections focused on the development of scalable approaches, the used examples
have either been taken from literature or were highly constructed to show di�erent aspects of the
derived methods. Especially, the considered uncertainties were not based on empirical data.

In the following, the derived methods are applied to a more realistic example of a wooden
three-point bending beam, where the dimensions, loads and boundary conditions are tailored to
a physical experimental setup. Spatially uncertain material properties (i.e., Young's modulus and
material orientation) are measured experimentally and the �nal design is fabricated using a laser
cutting machine. The author chose spruce wood as base material for several reasons: First, it is
possible to produce a large amount of test specimens at a very low cost (0.1 euros for material
test, 5 euros for optimized design). Second, wood as a natural material is expected to show much
higher uncertainties than standard engineering materials, which makes a robust optimization more
relevant. Finally, the author believes that wood is an underestimated high performance material,
which should be considered more frequently for lightweight design.

5.1 On the application of the multigrid method to topology

optimization with orthotropic material with varying ori-

entation

First investigations on the application of robust topology optimization of wooden structures reveal
challenges in the solution of the governing �nite element equations. In general, topology optimiza-
tion problems require a rather �ne discretization, leading to infeasible computational costs when
using direct solution methods to the �nite element equations. Therefore, multigrid-preconditioned
iterative solvers, such as the multigrid-preconditioned conjugate gradient method became the state
of the art for such problems, leading to low solution times [60]. However, the author's publication
in this chapter [152] shows that standard approaches fail for anisotropic materials, such as wood.
To tackle this issue, the occurring problems are analyzed, di�erent existing solutions are compared
and a new smoothing method for the multigrid preconditioner is provided.
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Abstract
Multigrid methods are known to show good performance for most topology optimization problems, but suffer from anisotro-
pies. The main problems are caused by poor performance of the smoothing algorithms. This paper analyzes different standard 
and advanced smoothing algorithms using the local Fourier analysis with regard to orthotropic materials in the linear elas-
ticity problem. The results are generalized to real problems and contrast-rich topology designs using numeric experiments. 
Based on the analyses, recommendations are given and a new spatial Jacobi smoothing algorithm is presented. The results 
are finally approved by a topology optimization example and a material orientation and topology optimization example.

Keywords  Multigrid method · Topology optimization · Material orientation and topology optimization · Orthotropic 
material · Large scale

1  Introduction

Topology optimization has become a useful and widely 
accepted approach for computational design. While the first 
applications of topology optimization were mainly restricted 
to 2D problems with less than 10,000 voxel finite elements 
(Buhl et al. 2000; Hammer and Olhoff 2000), increasing 
computational resources and new algorithms led to a wider 
applicability of this method. A huge effort has been taken for 
the solution of linear systems of equations arising from the 
finite element method, since this part is responsible for the 
main computation time and memory demands. In the con-
text of parallel computing and the use of high-performance 
clusters, domain decomposition methods help to distribute 
the computational load to several workers. By doing this, 
also medium sized 3D-problems were solved in the early 
topology optimization days (Borrvall and Petersson 2001; 

Mahdavi et al. 2006; Evgrafov et al. 2008). Other approaches 
focused on improving iterative Krylov subspace solvers, for 
example, by approximate reanalysis techniques (Amir et al. 
2009) and recycling of parts (Wang et al. 2007; Amir and 
Sigmund 2011).

A huge increase in efficiency for solving linear systems 
of equations was achieved by the application of the mul-
tigrid method. Although this method has been known for 
many decades (see, e.g., Shaidurov (1995)) and it was early 
applied to topology optimization (Dreyer et al. 2000), it 
gained attention after the first educational paper by Amir 
et al. (2014). There, a Galerkin projection-based geomet-
ric multigrid method is used as a preconditioner for the 
conjugate gradient method. With this, it is possible to run 
topology optimization problems that have been called “large 
scale” in the early days on a simple laptop. Several publi-
cations followed, applying the multigrid method to open-
source code (Aage et al. 2015), to giga-scale problems (Aage 
et al. 2017) and to shell structures (Träff et al. 2021). Others 
present highly efficient implementations exploiting the nar-
row band structure of the stiffness matrix (Liu et al. 2018) or 
using graphic processor units (Wu et al. 2016; Herrero-Pérez 
and Martínez Castejón 2021; Padhi et al. 2023).

Despite these achievements, there are still open chal-
lenges. Besides the problem of high-contrast designs, aniso-
tropic behavior of the partial differential equation also leads 
to significantly reduced convergence rates of the multigrid 
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solution (Trottenberg et al. 2007). The (discretized) partial 
differential equation becomes anisotropic when using ortho-
tropic materials or in the context of stretched finite elements. 
This effect usually does not occur in topology optimization 
since often the problem is solved on a voxel mesh with iso-
tropic material (e.g., 3D printed steel). However, anisotropic 
problems also occur in reality.

Application of the simple multigrid approach presented 
in Amir et al. (2014) with the same settings (damping fac-
tor � = 0.6 ) to the same cantilever example but with car-
bon fiber-reinforced polymer (CFRP) as material leads to 
much worse performance. Figure 1a shows the numbers of 
required multigrid iterations for different fiber orientations at 
the initial design. The black curve corresponds to the CFRP 
problem, and the blue curve corresponds to the isotropic 
problem from Amir et al. (2014). For all orientations, the 
number of iterations sticks at approximately 1000, which is 
also the maximum allowed number of iterations.

To retrieve acceptable performance for all orientations, 
the damping factor must be significantly reduced to � = 0.3 . 
As shown in Fig. 1b , this reduces the number of iterations 
to approximately 50. However, the iteration number is still 
significantly higher than the number of iterations required 
for isotropic materials.

For the case of stretched finite elements, Peetz and 
Elbanna (2021) show that using algebraic multigrid reduces 
the number of solver iterations. However, they conclude that 
the additional effort for setting up the algebraic operators is 
much higher than the gain in 3D. On the other hand, already 
early publications showed that plane-smoothing (Oosterlee 
1997) or semi-coarsening (Morano et al. 1998) are very 
effective for a priori known constant anisotropies. However, 
the assumption of a priori known constant anisotropies is not 
valid in practice.

For example, orthotropic mechanical properties occur in 
natural organic material such as wood. A topology optimi-
zation of wooden structures is, for example, presented in 
Ma et al. (2021) and de Vito et al. (2023). In general, the 
orientation is not constant over the domain since effects of 
branches and unsteady growth lead to spatially varying fiber 
orientations. Additionally, the two weak directions are ori-
ented into the radial and tangential directions of the trunk 
(Thibaut et al. 2001; Da Silva and Kyriakides 2007) instead 
of the Cartesian coordinate system. However, the orientation 
is given and cannot be (spatially) influenced by the manu-
facturing process. Hence, the non-constant material orienta-
tions are known a priori.

The special case of transversal isotropic material occurs 
in the context of composite materials and 3D printing based 
on filaments. There, the material orientations are chosen by 
the designer. Whereas classic laminates only allow small 
variations in material orientations, there are already some 
endless fiber 3D printers based on the fused filament fabrica-
tion principle. Additionally, special multi-axial 3D printers 
allow material orientations in all three dimensions (Kip-
ping and Schüppstuhl 2023; Steltner et al. 2024). Hence, 
the spatial material orientation is considered as an additional 
design variable in Lund (2017), Lee et al. (2018), Jantos 
et al. (2020), and Schmidt et al. (2020), which can also be 
parameterized using splines (Montemurro et al. 2024). This 
leads to non-constant and not a priori known anisotropies.

The current contribution aims at giving a decision basis 
about which multigrid components (especially which 
smoother) to choose for which type of anisotropic prob-
lem. Therefore, different basic approaches are analyzed 
and benchmarked. Additionally, a new method is proposed 
to improve the convergence speed. The paper is organized 
as follows: First, the general multigrid principle is shown. 
Afterwards, different standard approaches are analyzed 
using the local Fourier analysis and compared considering 
computational cost. In the following, these approaches are 
further investigated by numerical experiments at different 
(topology optimized) designs. A new approach called spatial 
Jacobi smoothing is proposed and compared to the previous 
methods. In the end, some of the methods are applied to dif-
ferent examples of material orientation and topology optimi-
zation as well as topology optimization of a wood structure.

2 � Solution of the linear equations

The focus of the current publication is to solve the general 
equation

(1)K ⋅ u = f ,

Fig. 1   Number of iterations to solve a linear equation using multigrid 
preconditioned conjugate gradients with Jacobi smoothing and a rela-
tive residual of less than 10−10 . The radius corresponds to the number 
of iterations, the angle represents the rotation angle of the material. 
The blue plot corresponds to an isotropic material with Poisson’s 
ratio 0.3. The black plot corresponds to a carbon fiber reinforced pol-
ymer
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where K is an arbitrary symmetric and sparse matrix origi-
nating from a discretized partial differential equation, u is 
the state and f  is an arbitrary vector.

Using a direct solver, the solution of (1) is found after 
approximately O(n3∕2) operations, where n represents the 
number of finite elements (Davis 2006). While this is a good 
performance for small models, the computation time and 
memory demands become infeasible for large models.

In contrast, iterative methods such as the conjugate gradi-
ent method (Hestenes and Stiefel 1952) and the generalized 
minimal residual method (GMRES) (Saad and Schultz 1986) 
are mainly based on vector–matrix products. The memory 
requirements are very low, while the computation time 
depends on the number of iterations. It is known that the 
required number of iterations for reaching a given tolerance 
depends on the condition number, which can be improved 
by a preconditioner. One very efficient preconditioner is 
the multigrid method described in Stüben and Trottenberg 
(1982), Fulton et al. (1986), Wesseling (1992), Briggs et al. 
(2000), and Trottenberg et al. (2007).

2.1 � General multigrid procedure

The basic concept of the multigrid method is to combine 
the advantages of basic iterative methods with a solution 
on a coarse mesh. Simple iterative solvers/smoothers, such 
as the damped Jacobi method are known to reduce high-
frequency error components very effectively while low-
frequency components remain. In difference, the solution 
on a coarse mesh only removes low-frequency errors since 
high-frequency errors are not represented there. Combining 
both components leads to the multigrid method, where both, 
low- and high- frequency errors are removed. It has been 
shown that the multigrid solver only requires O(n) opera-
tions for the Poisson equation if all components are chosen 
properly (Trottenberg et al. 2007) and hence, it is much more 
effective than direct solvers for large problems. However, if 
the components are not chosen properly, the convergence 

rate suffers. Using the multigrid method as a preconditioner 
for another iterative method, this issue is reduced.

The overall framework of using multigrid as precondi-
tioner is depicted in Fig. 2. Using the V-cycle, the procedure 
starts with an initial guess of the solution u1 (e.g., a zero vec-
tor) and the right-hand side f. Inside the outer solver func-
tion, the residual is computed. This residual is forwarded to 
the multigrid preconditioner. On the finest level, a smooth-
ing operator smooth(f 1) (e.g., Jacobi method) is applied and 
the resulting residual r1 is restricted to a coarser mesh using 
the restriction operator R . The same procedure is repeated 
on the following meshes until the coarsest mesh is reached 
(mesh 3 in the figure). On the coarsest mesh, the system of 
equations is solved exactly (e.g., using direct methods or 
another iterative solver). Note that the size of the problem is 
significantly reduced on the coarsest mesh. In the following, 
the coarse grid solution is prolonged to a finer mesh using 
a prolongation operator P . The result is smoothed on the 
fine mesh and again prolonged to a finer mesh. This proce-
dure is repeated until the finest mesh is reached. The result 
of the finest mesh is then transferred to the outer iterative 
solver (e.g., conjugate gradient). Using the W-cycle (also 
shown in Fig. 2), the framework is similar. However, the 
cycle includes additional restrictions after a prolongation.

2.2 � Local Fourier analysis (LFA)

The local Fourier analysis is a simple analytic tool to 
compute the local smoothing properties of different 
basic iterative methods (such as Jacobi smoothing). The 
basic concept of the local Fourier analysis is to consider 
a discretized partial differential equation with constant 
coefficients (e.g., material properties)  and assume an 
infinite grid (i.e., no effect of boundary conditions) 
with constant spacing h. Using eigenfunctions, the 
amplification of different components of the residuum 
caused by the smoothing operator is computed analytically. 
Since only local effects are studied, the assumption of 

Fig. 2   Framework of a multi-
grid preconditioned iterative 
solver. The indices represent the 
corresponding grid level. Left: 
V-Cycle, right: W-Cycle

88 CHAPTER 5. OPTIMIZATION USING EXPERIMENTAL DATA



	 J. C. Krüger, B. Kriegesmann   158   Page 4 of 23

(locally) constant coefficients is also fulfilled for smoothly 
varying coefficients. A detailed introduction is found in 
Wienands and Joppich (2004) and Trottenberg et  al. 
(2007). The general error of the state v = u− utrue at the 
position x + Δx is represented by an exponential series 
v(x + Δx) =

∑
j v̂j(x)e

i�T
j
Δx∕h with the grid spacing h and 

the continuous vector valued error-frequency

During the smoothing process, the error of the state is modi-
fied by the smoothing operator smooth(v) . In many cases 
(e.g., Jacobi), smoothing does not cause any error mixing. 
This means that smoothing of an error component v̂je

i�T
j
Δx∕h 

leads to an error with the same frequency but a different 
magnitude. Using local Fourier analysis, for every allowed 
frequency � the corresponding amplification matrix func-
tion Sh(�) is computed, such that

and following

For background to the practical computation, the reader is 
referred to Trottenberg et al. (2007). In the context of the 
multigrid method, low-frequency errors are corrected by the 
coarse grid operations, while high-frequency errors must be 
corrected by the smoothing algorithm. The error is classified 

as low-frequency if � ∈
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 , which means that the 

wavelength of the error is higher than one element size and 
hence, seen on the coarse grid. The smoothing factor is then 
defined as

with �(Sh(�)) being the spectral radius of the matrix Sh(�) . 
In the following, �(Sh(�)) is called the amplification factor, 
since it represents how much an error with the frequencies 
� is amplified. Since the high-frequency error should be 
reduced, the amplification factor must be lower than 1 for 
all high frequencies, and hence, the smoothing factor �loc 
must be lower than 1.

Application of the local Fourier analysis to the Jacobi 
method with the standard isotropic material gives the 
amplification factors shown in Fig. 3. There, the frequency 
in the z-direction is set to zero, while the amplification 

(2)�j =

⎛⎜⎜⎝

Θx,j

Θy,j

Θz,j

⎞⎟⎟⎠
∈

⎛⎜⎜⎝

[−�,�]

[−�,�]

[−�,�]

⎞⎟⎟⎠
.

(3)smooth(v̂je
i�T

j
Δx∕h

) = Sh(�j)v̂je
i�T

j
Δx∕h

(4)smooth(v) =
∑
j

Sh(�j)v̂je
i�T

j
Δx∕h

.

(5)�loc = sup
�
(‖�(Sh(�))‖ ∶ Θ ∈ [−�,−
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2
] ∪ [

�

2
,�])

factor is given for different frequencies in the x- and 
y-directions. The white part of the surface plot indicates 
the low-frequency domain and the green part indicates the 
high-frequency domain. For all frequencies, the ampli-
fication factor stays below one, meaning that the Jacobi 
method is also stable as a standalone solver. In general, 
the amplification factors are lower in the relevant high-
frequency domain. There, the worst amplification factor 
is found at the border to the low frequency domain with 
�loc ≈ 0.75.

3 � Theoretic analysis of common smoothing 
methods for orthotropic materials

Besides the Jacobi method, there are many other common 
smoothing algorithms, such as the Gauß-Seidel method, line-
smoothers and plane-smoothers. The Gauß-Seidel method 
is known to be more robust and shows better smoothing 
properties than the Jacobi method. However, it is known to 
show similar behavior to the Jacobi method for anisotropic 
partial differential equations. Alternatively, line-smoothers 
and plane smoothers are recommended for anisotropic 
problems in literature, but have not been tested for the special 
case of topology optimization and non-constant orientations. 
In general, all alternatives to the Jacobi method are more 
computational costly and complex to implement efficiently. 
Hence, a fair comparison does not only include the required 
number of solver iterations, but also the (theoretical) 
computational effort to apply one smoothing step as well as 
the parallelizability. These methods are shortly explained 
and analyzed using local Fourier analysis. Afterwards, the 
methods are compared regarding smoothing properties 
for different material orientations and computational cost. 
As exemplary material, Balsa wood with the mechanical 

Fig. 3   Amplification factors from the local Fourier analysis of Jacobi 
smoothing with � = 0.5 for isotropic material. The x- and y-axis rep-
resent the frequency of the error of the state in x-/y-direction. The 
z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the error frequency in z-direction is set to 0
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properties shown in Appendix D.2 is considered, since it 
is a commonly used wood and shows highly orthotropic 
behavior. However, the results can be generalized to other 
materials with comparable stiffness ratios and transversal 
isotropic materials, such as carbon fiber reinforced polymers.

In the current contribution, the (spatially varying) mate-
rial orientation of the orthotropic material is described 
by the cardan angles as depicted in Fig. 4. In the original 
coordinate system, the orthotropic material has its highest 
stiffness in the X-direction and the lowest stiffness in the 
Y-direction. The first rotation � acts around the X-axis, the 
second rotation � acts around the new z-axis and the third 
rotation � acts around the new y-axis. Note that the specific 
description of the material orientation is only required for 
practical generation of the material tensor. The perfor-
mance of the multigrid components is only influenced by 
the resulting discretized partial differential equation i.e., 
the (tangential) stiffness matrix, and not by the specific 
representation of the material orientation.

3.1 � Jacobi method

Due to its simplicity and low computational cost, the 
damped Jacobi method is often used as a smoother for the 
multigrid method (Amir et al. 2014; Aage et al. 2015; Peetz 
and Elbanna 2021). The response update ui+1 is computed by

where D represents the diagonal of the system matrix K . As 
discussed in the introduction, the Jacobi method substan-
tially suffers from orthotropic material behavior. The reason 
for the poor performance in the context of orthotropic mate-
rial is further analyzed using local Fourier analysis (LFA).

Considering only 0◦ orientations and using the damping 
factor � = 0.5 , the amplification factors depicted in Fig. 5a 
are found. Compared to the example with isotropic mate-
rial (Fig. 3), the amplification factors are much higher. 
Especially the peaks for high frequencies in the x-direc-
tion indicate that the method is unstable. However, also in 
y-direction, the amplification factor is stuck slightly below 
1. When using � = 0.3 instead, the amplification shown 
in Fig. 5b is observed. The previous unstable regions now 
show good performance with amplification factors below 
0.9. However, the smoothing in the y-direction gets even 
worse with �loc ≈ 0.98 . Hence, it is crucial to choose an 
appropriate damping factor to obtain a stable method with 
acceptable smoothing properties.

3.2 � Decoupled point‑Gauß‑Seidel smoothers/
successive overrelaxation

The decoupled pointwise successive overrelaxation (SOR) 
is very similar to the damped Jacobi method. However, it 

(6)ui+1 = ui + �D−1 ⋅
(
f − Kui

)
,

Fig. 4   Rotations of the transversal isotropic material. For the ortho-
tropic material, an additional rotation � around the x-axis is done 
before. In the initial system, the material has the highest stiffness in 
x-direction and the lowest stiffness in the y-direction

Fig. 5   Amplification factors from the local Fourier analysis of Jacobi 
smoothing for Balsa wood. The x- and y-axis represent the frequency 
of the error of the state in x-/y-direction. The z-axis represents the 

corresponding amplification factor. For visualization reasons, the fre-
quency in z-direction is set to 0
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solves a triangular instead of a diagonal system of equations. 
The state update reads

with the strict lower triangular part L of the system matrix 
K . The Gauß-Seidel method is the special case when using 
� = 1 , whereas the method is called successive overrelaxa-
tion for 𝜔 > 1 . The smoothing properties depend on the 
node numbering of the finite element mesh. For a struc-
tured mesh, there are two major numbering groups: lexico-
graphic numbering and the multicolor numbering. Similar 
numberings are also found for unstructured meshes. In the 
lexicographic numbering, the nodes are numbered line-
wise, such that neighboring nodes have following numbers 
(see Fig. 6a ). If a line is finished, the first node of the next 
line has the following number. In difference, the multicolor 
numbering sorts the nodes into different color groups (see 
Fig. 6b). The groups are defined such that neighboring nodes 
belong to different colors. The node numbers are counted 
for each color separately. In Fig. 6b , black nodes have the 
numbers 1–9, red nodes the numbers 10–15, green nodes 
the numbers 16–21 and blue nodes the numbers 22–25. 
Using the multicolor numbering, the smoothing algorithm 
can be implemented in parallel without high implementation 
effort. A simple parallel formulation is explained in Appen-
dix A. In difference, the lexicographic version is difficult to 
parallelize.

Applying the local Fourier analysis to the lexicographic 
Gauß-Seidel method for linear elasticity with Balsa wood 
(same orientation as before), the amplification factors shown 
in Fig. 7 are found. As for the Jacobi method, the amplifica-
tion factor is stuck slightly below 1 in the y-direction, while 
good smoothing properties are obtained in the x-direction. 
However, no stability issues occur, and the absolute values 
are significantly better, leading to an overall smoothing fac-
tor �loc ≈ 0.9 instead of 0.98.

(7)ui+1 = ui +
(
L +

1

�
D
)−1

⋅
(
f − Kui

)

3.3 � Coupled point successive overrelaxation

The coupled pointwise successive overrelaxation is similar 
to the decoupled successive overrelaxation. Again, the status 
update reads

however here, the matrix Dp is a block diagonal matrix that 
contains couplings between different degrees of freedom 
of the same node. The lower triangular matrix L is modi-
fied such that K = Lp + Dp + LT

p
 . If all rotations are set to 

0, no couplings occur between the degrees of freedom of 
the same node, and hence, the coupled successive overre-
laxation is equal to the decoupled version. Similar to the 
decoupled SOR method, the smoothing properties depend 
on the node numbering scheme. However, due to the block 
diagonal structure of Dp , lexicographic smoothing results in 
an infeasible computational cost.

3.4 � Line/plane relaxation methods

An alternative way to improve the smoothing properties of 
a multigrid method is to use block iterative methods (Arms 
et al. 1956) such as block Successive Overrelaxation (simi-
lar to Gauß-Seidel) (Evans and Biggins 1982) or the block 
Jacobi method (Ferguson 1986). In the context of anisotropic 
partial differential equations, line successive overrelaxation 
and plane successive overrelaxation are popular choices 
(Trottenberg et al. 2007). Equal to the case of coupled point 
SOR, the status update reads

(8)ui+1 = ui +
(
Lp +

1

�
Dp

)−1

⋅
(
f − Kui

)
,

(9)ui+1 = ui +
(
LL∕P +

1

�
DL∕P

)−1

⋅
(
f − Kui

)
,,
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(a) Lexicographic number-
ing.
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4 5 6
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24 25

(b) Multicolor numbering.

Fig. 6   Different node numbering schemes for the successive overre-
laxation

Fig. 7   Amplification factors from the local Fourier analysis of lexi-
cographic Gauß-Seidel smoothing for Balsa wood. The x- and y-axis 
represent the frequency of the error of the state in x-/y-direction. The 
z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the frequency in z-direction is set to 0
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where the matrix DL∕P is a block diagonal matrix that con-
tains couplings between different degrees of freedom of the 
same box (line/plane). The lower triangular matrix LL∕P is 
chosen such that K = LL∕P + DL∕P + LT

L∕P
 . When choosing 

the lines that are oriented in the same direction as the stiffest 
material direction, substantial improvements in the smooth-
ing are obtained. Application of the local Fourier analysis to 
x-line SOR for Balsa wood with � = 0,� = 0, � = 0 shows 
completely different behavior to the decoupled SOR method. 
Figure 8a shows the amplification factors for different fre-
quencies in the x- and y-directions. In difference to classic 
lexicographic SOR (as shown in Fig. 7), line SOR also 
shows good smoothing properties for high frequencies in the 
y-direction. In consequence, the overall smoothing factor is 
much better with 𝜇loc < 0.8 instead of 0.9. If, however, the 
lines are not oriented into the stiffest material direction, no 
advantage is found compared to coupled successive over-
relaxation (See Fig. 8b). Similar observations are done for 
plane SOR.

For both relaxation algorithms, again, the smoothing 
properties depend on the node numbering. When using the 
multicolor numbering, the colors contain lines/planes that 
do not have any connections to each other. In this case it 
is sufficient to approximate the solution of (9) using one 
V-cycle of the multigrid method for every plane/line (Thole 
and Trottenberg 1986) separately. Alternatively, the system 
of equations could be solved using conjugate gradients. Own 
investigations showed that a desired tolerance of less than 
10−2 often does not give any improvements for the global 
multigrid solve.

3.5 � Direct comparison of smoothing methods

Besides computing the amplification factor function for a 
single orientation, the local Fourier analysis is also able to 
compute the smoothing factors for several orientations. Fig-
ure 9 shows smoothing factor maps for different smoothing 
algorithms. There, the smoothing factors are depicted for all 
rotations � and � . The rotation � is set to zero for visualiza-
tion reasons. Additionally, Table 1 presents the minimum, 
maximum and mean value as well as the orientations of best/
worst performance for all considered methods.

For the Jacobi method, the damping factor � = 0.3 is cho-
sen since it is an appropriate value for � = 0, � = 0 . How-
ever, instabilities occur for several orientations where both 
angles are rotated by approximately ±15◦ . Using � = 0.25 
instead, unstable regions are removed at the cost of slightly 
worsened smoothing factors at the other orientations. The 
best values are found at orientations that align to the coor-
dinate axes since these cases contain no couplings between 
degrees of freedom at the same node. There, the smoothing 
factor reaches values around 0.98.

Like the Jacobi method, the decoupled lexicographic 
SOR method shows orientation-dependent smoothing 
properties. Considering � = 1 (i.e., Gauß-Seidel method) 
the qualitative appearance of good and poor performance is 
similar to the Jacobi method. However, the absolute quanti-
ties are significantly better, with values between 0.84 and 
0.96. The best performance is obtained for orientations 
that are near � = 0, � = 0 . This is explained by the node-
numbering-dependent properties. In the current case, the 
nodes are numbered line-wise with the lines oriented in the 
x-direction. This means that a strong coupling in x-direc-
tion is implemented in the smoothing process. Hence, good 

Fig. 8   Amplification factors from the local Fourier analysis of line 
SOR smoothing with � = 1 for Balsa wood. The x- and y-axis rep-
resent the frequency of the error of the state in x-/y-direction. The 

z-axis represents the corresponding amplification factor. For visuali-
zation reasons, the frequency in z-direction is set to 0
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smoothing properties are obtained for the stiffest direction pointing in x-direction. If the numbering was line-wise with 
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Fig. 9   Smoothing factors �loc for different smoothing algorithms considering Balsa in different orientations �, � computed using the local Fou-
rier analysis. The first rotation around the x-axis is set to zero, i.e., � = 0 . The colors indicate the smoothing factors values

Table 1   Smoothing factors 
and orientations with best or 
unstable behavior for different 
smoothing algorithms obtained 
using local Fourier analysis

Smoothing method Smoothing factor Best/unstable

Minimum Maximum Mean Orientation

Jacobi � = 0.3 0.976 1.18 1.01 Unstable at ≈ ±15◦

Jacobi � = 0.25 0.98 0.996 0.99 Coordinate axes
SOR � = 1 0.83 0.96 0.92 x-direction
SOR � = 1.2 0.81 0.94 0.91 x-direction
Multicolor SOR � = 1 0.80 0.96 0.90 Coordinate axes
Coupled SOR � = 1 0.63 0.87 0.81 ≈ ±45◦

X-line SOR � = 1 0.65 0.91 0.81 x-direction
XY-plane SOR � = 1 0.49 0.91 0.78 x-y-plane
Alternating plane SOR � = 1 0.15 0.32 0.26 All directions
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lines oriented into the y-direction, the best smoothing prop-
erties are obtained for � = 90◦, � = 0 . Increasing the damp-
ing factor to � = 1.2 , this effect is even amplified, leading 
to superior smoothing factors at � = 0, � = 0 and inferior 
factors for large rotations. However, considering all orienta-
tions, the mean smoothing factor is improved by less than 
1%. Higher damping factors do not improve the performance 
anymore, but lead to unstable methods.

In difference to the lexicographic ordering, the multicolor 
ordering does not have a directed numbering and hence, also 
does not show superior behavior for a certain coordinate axis 
direction. Besides this effect, the behavior is nearly equal to 
the lexicographic version.

Considering couplings at single nodes by utilization of 
the coupled multicolor SOR smoother with � = 1 improves 
the performance for orientations that are not aligned with 
the coordinate axes. Especially at orientations where both 
rotations are near ±45◦ , coupled multicolor SOR shows its 
best performance with smoothing factors around �loc = 0.65 . 
This comes from the fact that the coupling between the 
degrees of freedom of a single node reaches its maximum 
for rotations of approximately ±45◦.

By using line or plane smoothing, superior smoothing 
factors are obtained for orientations that align with the line 
or plane. There, the smoothing factor is improved by more 
than 15% compared to coupled smoothing. Since line and 
plane smoothing also include all couplings at the same node, 
they also work well for all angles, where the coupled SOR 
method worked well. In consequence, the smoothing factor 
is less than 0.8 for many angles. However, as expected, the 
performance is rather bad for material orientations that are 
perpendicular to the smoothing line or plane (e.g., � ≈ ±90◦

).
A more robust formulation is the alternating plane 

smoothing. There, plane smoothing is done for the x-y, y-z 
and x-z planes sequentially. This obviously comes at the cost 
of three smoothing swipes of single-plane smoothing. How-
ever, application of the local Fourier analysis reveals that 
alternating plane smoothing shows good performance for 
all orientations (including these, where the previous meth-
ods performed badly) with smoothing factors of less than 

𝜇loc < 0.33 . In fact, it performs better than three applications 
of xy-plane smoothing for many material orientations.

Based on these results, the alternating plane smoothing 
is clearly the best smoothing approach. However, despite 
the smoothing factors, the previously mentioned algorithms 
have substantially different computation times and memory 
demands. The required number of scalar multiplications and 
a relative computation time for a naive Matlab implementa-
tion are shown in Table 2. The corresponding assumptions 
and detailed derivations are found in b. Paying attention to 
the computation times, the ranking depends on the specific 
orientations. Especially coupled successive overrelaxation 
and line successive overrelaxation seem to be very com-
petitive since they are much less computationally costly 
than alternating plane smoothing. However, there are many 
effects in practical application that are not considered by the 
local Fourier analysis. Therefore, the smoothing algorithms 
are applied in the context of practical optimization problems.

4 � Numeric analysis of existing smoothing 
methods

To validate the results of the local Fourier analysis and 
extend them to real topology optimization problems, dif-
ferent smoothing methods are analyzed regarding their 
properties when solving the finite element equation. In the 
following analysis, the required number of iterations is com-
puted for four different designs. In the first experiment, the 
special case of constant coefficients (i.e., constant density 
field, constant orientations) is considered, which is as close 
as possible to the assumptions made for the local Fourier 
analysis. Afterwards, the more general cases of non-constant 
orientations and/or non-constant densities are considered. 
Again, Balsa wood is used as material. For the application 
of the multigrid solvers to different problems (4.2 to 4.5), 
the V-Cycle multigrid method is used as a preconditioner to 
the conjugate gradient method, since this is state of the art 
in the field of engineering optimization. Very tight solver 
tolerances of 10−10 are considered to get reproducible results, 
and only one smoothing swipe is applied on each grid. The 

Table 2   Required number of 
multiplications per node for 
different smoothing algorithms 
for the case that the global 
stiffness K is available or not

The observed time using a naive (sequential) Matlab implementation is given relative to the Jacobi method, 
where K was available

Smoothing method

Jacobi SOR Coupled Line Plane Alternating

SOR SOR SOR SOR

K available ∼ 250 ∼ 360 300–500 ∼ 800 ∼ 2000 ∼ 5500
K  not available ∼ 580 ∼ 1200 700–850 ∼ 1100 ∼ 2500 ∼ 6000
Observed time Matlab 100% 200% 250% 450% 800% 2400%

94 CHAPTER 5. OPTIMIZATION USING EXPERIMENTAL DATA



	 J. C. Krüger, B. Kriegesmann   158   Page 10 of 23

damping factor is set to � = 0.25 for the Jacobi method, 
since the local Fourier analysis reveals that higher values 
lead to unstable behavior. For all other methods, the damping 
factor is set to � = 1 , since this case corresponds to Gauß-
Seidel methods. According to the local Fourier analysis, 
increasing the value does not cause significantly improved 
smoothing. The decoupled multicolor SOR method is not 
considered since it is always inferior to the coupled version 
at similar computational cost.

4.1 � Example considered

For the analysis examples with non-constant densities, the 
density field is computed using a topology optimization 
of a cantilever beam, which is discussed in more detail in 
Sect. 7.1. The corresponding problem is taken from Peetz 
and Elbanna (2021).

The design space and the boundaries are depicted 
in Fig. 10a . The problem consists of a cuboid-shaped 
design space that is discretized using a structured mesh of 
64 × 32 × 32 isometric hexagonal finite elements. The low 

number of finite elements is chosen such that the direct 
solve can be applied already at the second grid in order 
to enable an analysis of the two grid method. The model 
is clamped on the back surface and loaded by a line load 
on the lower front edge. For the design generation, iso-
tropic linear elastic material behavior with a Poissons’s 
ratio of 0.3 is considered. The densities are filtered using 
the PDE filter (Lazarov and Sigmund 2011) with a filter 
radius of 2 times the element edge length and afterwards 
penalized using the modified SIMP approach (Sigmund 
2007). Like in Peetz and Elbanna (2021), a continuation 
scheme is applied for the penalization parameter p. Start-
ing from 1, p is increased by 0.25 every 20 iterations up 
to a maximum value of p = 4 . At every change of p a new 
optimization is started using the previous design as the 
initial guess. Considering an allowed volume fraction of 
12% , the optimization using the method of moving asymp-
totes (Svanberg 1987) leads to the final design shown in 
Fig. 10b . The result is qualitatively similar to the design 
gained in Peetz and Elbanna (2021). However, visible dif-
ferences are caused by a different discretization, filter type 

Fig. 10   Compliance topology 
optimization example of an 
cantilever used for the following 
numeric experiments

(a) Design space and
boundary conditions
for the topology opti-
mization problem.

(b) Final design of the isotropic topology opti-
mization.

(a) Orientation field for the constant density
field.

(b) Orientation field for the non-constant
density field.

Fig. 11   Side view of the orientation fields for the example problems considering  constant and non-constant densities. The orientations are 
aligned to the first principal stress direction
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and relative filter radius. Especially the very coarse discre-
tization in combination with a low volume fraction leads 
to many elements with intermediate densities. As previ-
ously mentioned, numerical experiments are also done for 
spatially varying orientations combined with constant and 
optimized topology. For simplicity, the material is oriented 
into the principal stress directions. Thereby, the rotation 
around the x-axis is set to zero, i.e., � = 0 . A 2D-cut of the 
orientation field is shown in Fig. 11.

4.2 � Application of methods to example 
with constant densities and constant 
orientations

First, the multigrid solver is applied to the example prob-
lem 10a with constant densities and constant orientations. 
Figure 12 shows the number of iterations1 needed when 
using 2 grids, such as assumed in the local Fourier analysis. 
Qualitatively, the results are equivalent to the local Fourier 
analysis. For orientations where low smoothing factors were 
obtained, the number of iterations is also low. Additionally, 
the ranking of smoothing methods is the same. However, the 

Jacobi method performs better than expected. For the ori-
entation � = 0, � = 0 the smoothing factor �loc = 0.98 was 
obtained. To reduce the high-frequency error to 90%, which 
is the smoothing factor of lexicographic SOR, approximately 
5 smoothing swipes are required ( 0.985 ≈ 0.9 ). However, 
the experiments only show a difference of factor 2. The 
improved performance of the Jacobi method is explained 
by beneficial effects of the outer conjugate gradient solver. 
In additional numerical experiments, the authors used the 
multigrid method as a standalone solver. There, the itera-
tion numbers were a factor of 2 to 5 higher for all smooth-
ing methods, and especially the Jacobi method performed 
approximately 5 times worse than the lexicographic SOR 
method. In practical application, rather 3–5 grids are used 
than only 2 grids to reduce the cost of the coarse grid solve 
(Amir et al. 2014; Peetz and Elbanna 2021). Repeating the 
same experiment with four grids, the numbers of itera-
tions are similar to the results shown in Fig. 12. The values 
are increased by up to two in only a very small number of 
orientations.
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Fig. 12   Required number of iterations for the multigrid method 
to reach a relative tolerance of 10−10 for different constant material 
orientations �, � of Balsa wood. Here, the elasticity equations of the 

example problem 10a with constant densities is solved using 2 grids. 
The colors indicate the required number of iterations

1  Iterations here refer to the solution of the equation system, not to 
the number of optimization iterations.
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4.3 � Application of methods to example 
with constant densities and optimized 
orientations

Considering the orientation field presented in Fig. 11a in 
combination with constant densities, the iteration numbers 
represented in Table 3 are obtained. There, the two grid 
cycle as well as the four-grid cycle are applied. The achieved 
numbers of iterations are approximately the mean of the 
iterations required for all included orientations. Hence, the 
non-constant orientations do not cause extra problems for 
the multigrid solver. In fact, there is an opposite effect. Pos-
sible bad orientations in the design are balanced by good 
orientations leading to an intermediate performance. The 
same effect is observed in the case of uncorrelated random 
orientations. There, the balancing effect is even more pre-
sent. Also, using multiple grids does not worsen the conver-
gence speed.

4.4 � Application of methods to example 
with optimized topology and constant 
orientations

Application of the multigrid method to the topology opti-
mized design shown in Fig. 10b with constant material 
orientations and two grids leads to the iteration numbers 
shown in Fig. 13. The general relationship of iteration 
number and orientation is similar to the case of constant 
densities, but the absolute numbers increase. While the 
iteration numbers are only increased by 10%-20% for 
Jacobi and lexicographic SOR, the numbers are approxi-
mately doubled for the multicolor methods, still showing 
better performance. This is caused by two reasons. First, 
the problem of anisotropy seems to be rather independent 
of the problem of high contrasts. Hence, the number of 
iterations is increased by approximately the same amount 
for all methods, which leads to a higher relative increase 
for the methods that performed better for constant densi-
ties. Second, the multicolor pattern strictly requires the 
low-frequency errors to be suppressed by the coarse grid 
solve. For more details, see the derivation of the local 

Fourier analysis in Trottenberg et al. (2007). In the context 
of high contrast designs, this requirement is not fulfilled 
anymore, since structural details of the fine grid are not 
properly represented on the coarse grid.

In difference to the case of constant densities, the mul-
ticolor smoothers also suffer from an inaccurate solve of 
the state update Eq. 9. Using only one swipe of the cor-
responding 1D/2D multigrid method even leads to diver-
gence of the overall solver. This is caused by poor perfor-
mance of the multigrid method in the case of high-contrast 
designs on more than two grids (Peetz and Elbanna 2021). 
However, solving the line/plane problem with an accuracy 
of at least 10−2 leads to less than 10% additional iterations 
for the overall solve.

When using the multigrid method with four grids instead 
of two grids, the numbers of iterations totally explode for 
some orientations. Instead of 30–130 iterations, 300–450 
iterations are required. The corresponding figure is found in 
c. However, numerical experiments show that a similar loss 
of performance is also found for isotropic materials, such as 
steel, where the number of iterations grows by a factor of 5. 
Hence, it is expected that the reasons are equal to the case 
of isotropic topology optimization (e.g., discussed in Amir 
et al. (2014); Peetz and Elbanna (2021)). There, the major 
problem is that the details of the fine grid are not properly 
represented on the coarse grid.

A simple fix to improve the convergence of the mul-
tigrid method with many grids and topology optimized 
designs is to use several smoothing steps on the coarse 
grids or to apply a different multigrid cycle. Since the 
convergence is good when using only two grids, the prob-
lems must be caused by the coarse grids. In consequence, 
improving the components at coarse grids also improves 
the overall performance.

When using the W-Cycle instead of the V-Cycle, the 
computational cost is increased by approximately 15% per 
iteration. Application of the W-Cycle to the example with 
optimized topology with four grids leads to the iteration 
numbers presented in Fig. 14. Compared to the V-Cycle, the 
number of iterations drops by 30% to 50%, which is still sig-
nificantly more than in the case with 2 grids. Additionally, 

Table 3   Number of iterations 
to compute the deformations of 
example problem 10a, where 
the orientations of the Balsa 
wood are set to the principal 
stress direction or are spatially 
random

The V-Cycle procedure is used with the desired tolerance 10−10

Example Multigrid 
approach

Smoothing method

Jacobi SOR Coupled Line Plane Alternating

SOR SOR SOR SOR

Stress-aligned 
orientations

2 grids 92 41 29 28 27 8
4 grids 94 43 31 29 28 9

Random orienta-
tions

4 grids 59 32 30 29 28 14
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Fig. 13   Required number of iterations for the multigrid method 
to reach a relative tolerance of 10−10 for different constant material 
orientations �, � of Balsa wood. Here, the elasticity equations of 

the example problem 10b with optimized densities is solved using 2 
grids. The colors indicate the required number of iterations
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Fig. 14   Required number of iterations for the multigrid method 
to reach a relative tolerance of 10−10 for different constant material 
orientations �, � of Balsa wood. Here, the elasticity equations of the 

example problem  10b with optimized densities is solved using the 
W-Cycle with 4 grids. The colors indicate the required number of 
iterations
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the general shape of the iteration number plot is fundamen-
tally changed compared to the case with 2 grids. Especially 
orientations with � = 0, � = 0 now show best performance, 
which might be explained by the fact that the shape of the 
topology is also oriented to the x-axis.

4.5 � Application of methods to example 
with optimized topology and varying 
orientations

Combining non-constant densities with stress-aligned 
orientations shown in Fig.  11b leads to the iteration 
numbers presented in Table 4. There, all previously dis-
cussed cases, i.e., two grids, four grids and four grids 
with W-cycle, are considered. For comparison, also the 
number of iterations for spatially random orientations and 
isotropic steel as material are shown.

In the case of two grids, the number of iterations is 
similar to the case with constant densities. Considering 
optimized orientations, the number of iterations does 
not explode when going to four grids. In fact, the values 

only increase by less than 25%. Again, good orienta-
tions balance bad orientations, leading to overall good 
performance. Unexpectedly, this means that the required 
number of iterations is even lower than when consider-
ing isotropic steel as material. The reason is found in the 
specific orientation field. Since the material is oriented 
into the principal stress direction, the principal material 
direction aligns with the structural elements. The stiffness 
in fiber direction is much higher than the orthogonal stiff-
ness and the shear stiffness. In consequence, small errors 
in deformations at the transition zones have less influence 
on the force residual. This effect does not occur in the 
context of completely random orientations. There, only 
the balancing effect between good and bad orientations 
is observed, leading to worse values than for the isotropic 
material. When using the W-cycle instead of the V-cycle 
for multiple grids, again, the number of iterations drops 
significantly.

Table 4   Number of iterations 
to compute the deformations 
of the topology optimized 
example problem 10b, where 
the orientations of the Balsa 
wood are set to the principal 
stress direction or are spatially 
random

The desired solver tolerance is set to 10−10

Example Multigrid approach Smoothing method

Jacobi SOR Coupled Line Plane Alternating

SOR SOR SOR SOR

orientation 
stress-aligned

2 grids 100 48 29 28 28 11
4 grids 104 56 36 34 34 21
W-Cycle 4 grids 102 50 31 29 28 15

random orienta-
tions

4 grids 266 185 184 185 161 99

isotropic 4 grids 130 97 77 77 70 49

Fig. 15   Algorithm for comput-
ing optimal damping factors 
in the context of spatial Jacobi 
smoothing. This preprocess-
ing must be done only once for 
every material
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5 � New approach: spatial smoothing

The previous analyses showed that the (decoupled point) 
Jacobi method does not perform as well as coupled or box 
smoothers. However, especially in the context of topology 
optimized designs, the difference is not substantial (fac-
tor 2–4). On the other hand, the Jacobi method is simple, 
easy to implement, and very fast in the evaluation. The 
most crucial component is to choose the damping factor � 
properly. In difference to the SOR schemes, where � = 1 

is stable for all situations, the Jacobi method is stable for 
different damping factors for different materials and ori-
entations. In Luo et al. (2024) it is proposed to compute 
optimal damping factors using an eigenvalue analysis of 
the true iteration matrix. This leads to good performance 
of the solution process, but it requires the expensive solu-
tion of an eigenvalue problem.

In the current publication, we propose a similar 
approach. However, the focus lies on different materials 
with spatially varying orientations. Hence it is proposed 
to use different damping factors for every node instead of 
one global value. Therefore, “optimal" damping factors are 
computed for all possible material orientations using the 
local Fourier analysis and stored in a lookup table. These 
values are only computed once for every material and do 
not change. During the (material orientation and) topology 
optimization, the optimal damping factors are extracted 
from the lookup table for every element separately. After-
wards, the nodal damping factors are computed from the 
elemental values by taking the volume-weighted average 
of all surrounding elements. Finally, the spatial damping 
factors are applied to the Jacobi method by
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Fig. 16   Optimal damping factor � (left) and resulting smoothing fac-
tors �loc (right) for Jacobi smoothing with Balsa for different orienta-
tions. The values are obtained using local Fourier analysis. The colors 
indicate the optimal damping factors (left) and the resulting smooth-
ing factors (right). The angle � is set to zero for visualization reasons
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Fig. 17   Required number of iterations for the multigrid method using 
spatial Jacobi smoothing to reach a relative tolerance of 10−10 for dif-
ferent constant material orientations �, � of Balsa wood. Here, the 

elasticity equations of the example problems 10b and a are solved 
using 4 grids. The colors indicate the required number of iterations

Table 5   Number of iterations 
to compute the deformations of 
example problem 10a, where 
the orientations of the Balsa 
wood are set to the principal 
stress direction

Four grids and a relative tolerance of 10−10 are applied

Orientation field Density field Cycle type Smoothing method

Spatial Jacobi Jacobi with 
� = 0.25

Improve-
ment (%)

Stress-aligned 
orientations

Initial design V 76 94 20
Optimized design V 86 104 17
Optimized design W 82 102 20

Random orienta-
tions

Optimized design V 248 266 7
Optimized design W 147 163 10
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with

A pseudo-code for computing the optimal factors is shown 
in Fig.  15. First, linearly spaced realizations of angles 
�,�, � ∈ [−

�

2
,
�

1
] and damping factors � ∈ [0, 1] are gen-

erated. Afterwards, the local Fourier analysis is applied 
to every combination of angles and damping factors. The 
damping factors leading to the best local smoothing fac-
tor for each combination of angles is stored as the corre-
sponding optimal damping factor. After the whole proce-
dure, intermediate values may be interpolated using a fitted 
response surface.

For the example of Balsa wood, the “optimal" damping 
factors and the corresponding smoothing factors resulting 
from a local Fourier analysis are shown in Fig. 16. Here, the 
angles �,�, � are spaced by �

30
 and the damping factor � is 

spaced by 0.01. Application of spatial Jacobi smoothing to 
the example problem 10a with constant orientations leads 
to the iteration number plots shown in Fig. 17. There, both 
designs (initial and topology optimized) are used in combi-
nation with four grids. Since the orientations are constant, 
the damping factor � is also constant. However, it is adjusted 
to the occurring orientation instead of using the standard 
value � = 0.25 . The spatial Jacobi method is stable for all 
orientations. Compared to a damping factor of � = 0.25 , the 
number of iterations is reduced by up to 20%, depending on 
the specific orientation.

A similar improvement is obtained when considering ori-
entations that are aligned with the principal stress direction. 
Table 5 shows the iteration numbers for both designs and 
both cycles for four grids. Here, actually spatial damping 
factors are practically used with values � = 0.25...0.45 . In 
all situations, the number of iterations is reduced by more 
than 15%. Considering spatially random orientations instead, 
the improvement is still 7–10%.

Using spatial Jacobi smoothing instead of classic Jacobi 
smoothing, the computation time per iteration increases 
less than 1%. Additionally, the lookup table must be com-
puted once. Using a workstation, this takes approximately 
10 min, independent of the size of the topology optimization 
problem.

(10)ui+1 = ui + �D−1 ⋅
(
f − Kui

)

(11)� =

⎛⎜⎜⎜⎝

�1 0 0 …

0 �2 0 …

0 0 �3 …

⋮ ⋮ ⋮ ⋱

⎞⎟⎟⎟⎠
.

6 � Recommendations to choose smoother 
for different situations

Combining the analysis of the computational effort with the 
obtained numbers of iterations shows that plane smoothing 
and alternating plane smoothing usually do not improve the 
overall computation time. The reduction in solver iteration 
is fully covered by a significant increase in cost for a single 
smoothing swipe.

The newly presented spatial Jacobi smoothing always 
outperforms standard Jacobi smoothing since it reduces 
the iterations without increasing the cost. Hence, it should 
always be preferred.

For the remaining methods, the situation is less obvious. 
Lexicographic SOR reduces the number of iterations by 
approximately 50–70% compared to spatial Jacobi, but it 
increases the cost per smoothing swipe. Still, it might out-
perform Jacobi and spatial Jacobi by 10–20% considering 
the number of floating-point multiplications. However, there 
is a huge amount of indexing leading to higher observed 
computation times in Matlab. Additionally, it is not paral-
lelizable. In the authors opinion, the possible advantages are 
too low to switch to lexicographic SOR.

If the material orientation varies over the design domain, 
coupled SOR and line SOR reduce the required number of 
iterations by up to 70% to similar iteration numbers. Addi-
tionally, both methods parallelize well. Since coupled SOR 
requires significantly fewer operations than line SOR, it 
should be preferred in these situations. Depending on the 
efficiency of the implementation, it might outperform the 
spatial Jacobi method, and hence, could be preferred.

If the orientation field is (nearly) constant, the performance 
depends on the specific orientation as well as the density field. 
In many cases, the density field reduces the performance dif-
ferences such that spatial Jacobi smoothing shows the best 
performance. However, especially at orientations that do not 
align with the grid, coupled SOR outperforms all competi-
tors. On the other hand, line SOR often outperforms all other 
methods if the lines align with the material orientation. For a 
good decision, the reader is advised to check the results of the 
local Fourier analysis.

7 � Numeric optimizations

To validate the previous observations, several methods are 
used in a (material orientation and) topology optimization. 
The required number of multigrid iterations to reach a relative 
tolerance of 10−10 is tracked during the optimization process. 
For the topology optimization, the modified SIMP approach 
(Sigmund 2007) in combination with the PDE filter with 
consistent boundary conditions (Wallin et al. 2020) is used. 
To keep the examples as simple as possible, no continuation 
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schemes are used. The optimizations are carried out using the 
method of moving asymptotes (Svanberg 1987) with the stand-
ard parameters. Only the initial move limit is set to 0.25 instead 
of 0.5. The optimizations are stopped after 100 iterations. In all 
cases considered, the relative change of the objective function 
is less than 10−4.

7.1 � Topology optimization of a Balsa wood 
cantilever beam

The first example consists of a simple compliance topology 
optimization of a cantilever beam. It is similar to the cantilever 
example in Aage et al. (2015). The optimization problem reads

where � represents the vector of pseudo densities, V(�) the 
volume at the current design and V0 the design space vol-
ume. The design space, loads and boundaries are depicted 
in Fig.  18a . It is discretized using 192 × 96 × 96 finite 
elements. The filter radius is set to 0.03, and the minimal 
Young’s modulus is set to Emin = 10−9E0 . The volume frac-
tion is set to 12% . As material, Balsa wood with the mate-
rial properties listed in Appendix D.2 is used. The spatially 
different material orientations are chosen such that the axial 

(12)

min
�

f (�) = uTKu

s.t. ∶ V(�) ≤ 0.12V0

0 ≤ � ≤ 1

with ∶ K(�)u = f

,

Fig. 18   Optimization problem and result of the cantilever beam example
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Fig. 19   Number of solver iterations (left) and observed computation 
time (right) during the optimization of the Balsa cantilever exam-
ple for the following smoothing algorithms: Jacobi method (“Jac”, 
� = 0.25 , Sect.  3.1), spatial Jacobi method (“spat Jac”, Sect.  5), 

lexicographic SOR (“SOR”, Sect.  3.2), coupled multicolor SOR 
(“c SOR”, Sect. 3.3) and line SOR (Sect. 3.4). The observed time is 
given relative to the Jacobi method
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material axis points in the x-direction. To model imperfect 
growth and effects of branches, the axial axis is perturbed 
by random effects. The deviation in the axis is realized by 
perturbing the angles �, � using a Gaussian square exponen-
tial random field with the correlation length lc = 0.1 and the 
variance �2 = (18◦)2 . The radial and tangential axes are cho-
sen to point in radial and tangential directions corresponding 
to the center of the design space, as depicted in Fig. 18b.

Overall, one optimization is done for each of the follow-
ing smoothers using the W-Cycle multigrid preconditioned 
gradient solver with four grids: Jacobi method ( � = 0.25 ), 
spatial Jacobi method, decoupled successive overrelaxa-
tion ( � = 1 ), coupled successive overrelaxation ( � = 1 ) 
and x-line successive overrelaxation ( � = 1 ). The subprob-
lems of the box smoother are solved using Jacobi precon-
ditioned conjugate gradients with a tolerance of 10−3 . All 
optimizations converge to the exactly same design, which 
is depicted in Fig. 18c . Also, all numerical values are 
exactly the same.

The design is totally different from the result with iso-
tropic material shown in Aage et al. (2015). The optimizer 
tries to exploit the anisotropic material behavior by reducing 
the average angle to the axial material direction. Due to the 
(asymmetric) random orientations, an asymmetric design 
is found.

Figure 19 shows the required number of solver iterations for 
every optimization step and all considered multigrid smooth-
ers. Additionally, the figure shows the computation time rela-
tive to the Jacobi method in a naive sequential implementa-
tion (see Table 2). These results are consistent with previous 

findings. Spatial Jacobi reduces the required iteration number 
by 10–20% compared to Jacobi with � = 0.25 . As expected, 
x-line successive overrelaxation shows the lowest number of 
iterations, while the point SOR methods are in between. Con-
sidering computation time, the spatial Jacobi method shows 
the best performance, whereas the line smoothing suffers from 
its high complexity. The absolute number of solver iterations 
stays relatively low because the W-Cycle is used and the 
topology aligns with the material orientation. This effect has 
already been observed in the previous analysis with orienta-
tions into principal stress direction.

7.2 � Material orientation and topology optimization 
of a carbon fiber L‑beam

The second example consists of a material orientation and 
topology optimization of a L-shaped beam. The design space 
is made of carbon fiber reinforced polymer with the material 
properties shown in D.1. The optimization problem reads

where � represents the vector of pseudo densities, � the 
material angles �,�, � , V(�) the volume at the current 
design, and V0 the design space volume. The density field 

(13)

min
�,�

f (�,�) = uTKu

s.t. ∶ V(�) ≤ 0.15V0

0 ≤ � ≤ 1

− 2� ≤ � ≤ 2�

with ∶ K(�,�)u = f

,

Fig. 20   Optimization problem and result of the L-beam example
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is filtered using the PDE filter with consistent boundaries 
conditions and a filter radius of 0.03. The orientation field 
is filtered by a vector filter as described in Schmidt et al. 
(2020). There, the rotation angles are transformed to a direc-
tion vector. Afterwards, the direction vectors are filtered 
component-wise like the classic density filter in topology 
optimization. Again, the filter radius is set to 0.03. The prob-
lem is discretized using approximately 1,500,000 elements, 
and the volume fraction is set to 15%. As initial guess, all 
angles are set to 0◦.

One full optimization is done for each of the following 
smoothers using the W-Cycle multigrid preconditioned 
gradient solver with four grids: Jacobi method ( � = 0.3 ), 
spatial Jacobi method, decoupled successive overrelaxation 
( � = 1 ), coupled successive overrelaxation ( � = 1 ) and 
x-line successive overrelaxation ( � = 1 ). All optimizations 
lead to similar designs that are optically not distinguishable 
but have slightly different performance. Hence, the material 
orientation and topology optimization problem reacts very 
sensitive to small errors in the system solve. A iso-cut of the 
topology of the optimized design is shown in Fig. 20b , the 
orientation field in Fig. 20c. The general shape is similar 
to the results in literature, and the fibers are consequently 
aligned to the structural elements.

As in the cantilever example, the different smoothers lead 
to varying solution times. Figure 21 shows the required num-
ber of iterations to reach the desired tolerance of 10−10 for 
all optimization iterations. Additionally, the figure shows the 
computation time relative to the Jacobi method in a naive 
sequential implementation (see Table 2). As before, the 
standard Jacobi method shows the highest number of itera-
tions. Using spatial Jacobi smoothing instead, the number of 
iterations drops by approximately 10–20% and leads to the 
lowest computation time. In contrast to the previous exam-
ple, lexicographic SOR, coupled SOR and line SOR show 
similar iteration numbers. This is caused by the strongly 

varying material orientations and has also been observed in 
the previous analyses for Balsa. As shown in Fig. 20d , the 
final design shows clear contrasts and only contains inter-
mediate densities at transition zones of the design surface. 
Hence, it is expected that the number of iterations grows as 
the design settles. In fact, the required number of iterations 
slightly increases during the first iterations. However, the 
final orientations are aligned with the structural elements, 
leading to the positive effects mentioned in Sect. 4.5.

8 � Conclusions

In the current publication, the problem of simple Jacobi-
smoothed multigrid methods with orthotropic materials is 
explained. Exemplary, Balsa wood and carbon fiber-rein-
forced polymers are considered. Different standard smooth-
ers (namely the Jacobi method, lexicographic successive 
overrelaxation, multicolor coupled successive overrelaxa-
tion, multicolor line successive overrelaxation, multicolor 
plane successive overrelaxation and alternating multicolor 
plane successive overrelaxation) are analyzed using the 
local Fourier analysis and numeric experiments at differ-
ent designs. There, constant material orientations as well 
as spatially varying orientations are considered. This way, 
the damping factor � is chosen for the Jacobi method to be 
stable, and a new smoothing approach called spatial Jac-
obi smoothing is proposed. The new approach reduces the 
required number of solver iterations by up to 20% without 
increasing the cost per smoothing swipe.

When considering designs that have a developed topol-
ogy, the problems of the multigrid method with ortho-
tropic materials add up with the problems of contrast-rich 
designs. Depending on the material orientation field, the 
number of iterations totally explodes. In this case, using the 
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Fig. 21   Number of solver iterations (left) and observed computation 
time (right) during the optimization of the L-beam example for the 
following smoothing algorithms: Jacobi method ( � = 0.25 , Sect. 3.1), 

spatial Jacobi method (Sect.  5), lexicographic SOR (Sect.  3.2), 
coupled multicolor SOR (Sect.  3.3) and line SOR (Sect.  3.4). The 
observed time is given relative to the Jacobi method
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W-Cycle instead of the V-Cycle significantly improves the 
performance.

Based on the analyses, recommendations are given for 
choosing the smoothing algorithm for the multigrid method. 
For most more advanced smoothing algorithms, especially 
plane relaxation, the improved convergence properties do not 
balance the increased cost per smoothing swipe. Hence, the 
new approach is a good choice for many situations. However, 
depending on the implementation quality, multicolor coupled 
SOR and multicolor line SOR, might outperform the spatial 
Jacobi method.

Finally, the recommendations and results are validated at 
two different topology optimization examples.

Future research might address the generalization of the pre-
sented analyses and recommendations to the case of multi-
material optimization, where also the type of material elastic 
symmetry varies element-wise.

Parallelization of multicolor SOR methods

All multicolor SOR methods use a chessboard-like node num-
bering (see Fig. 6b (b)), such that nodes of the same color have 
no couplings. On a structured 3D mesh, 8 colors are required. 
In the context of line smoothing, whole lines belong to the 
same color, such that the total number of numbers decreases 
to 4. Analogue, plane smoothing leads to 2 colors. In general, 
the state ui can be rewritten as

where the partial vectors ui,c correspond to the nodes of 
color c and nc is the number of colors. Considering the col-
oring scheme, (7) is reformulated sequentially as

where Kc,∶ are the rows of the stiffness matrix K correspond-
ing to color c, ui,1…c−1 is the state vector corresponding to all 
previous colors and ui,c…nc

 is the state vector of the current 
color and all following colors at iteration step i. The matri-
ces Lc and Dc represent the lower diagonal and the diagonal 
part of the stiffness matrix entries corresponding to of color 
c. Due to the chosen coloring scheme, the matrix Lc only 
contains couplings between degrees of freedoms at the same 
node and hence, all nodes of the same color can be smoothed 
in parallel, whereas the different colors must be processed 
sequentially. In the case of coupled smoothing/line smooth-
ing/plane smoothing, the matrix Lc vanishes and the matrix 

(A1)ui =
⎛
⎜⎜⎜⎝

ui,1
ui,2
⋮

ui,nc

⎞
⎟⎟⎟⎠
,

(A2)

ui+1,c = ui,c +
(
Lc +

1

�
Dc

)−1

⋅
(
fc − Kc,∶

(
ui+1,1…c−1

ui,c…nc

))
,

Dc becomes block diagonal. For more details, the reader is 
referred to Trottenberg et al. (2007).

Detailed analysis of computation time 
for different smoothing algorithms

The required computational cost of the different smoothing 
algorithms from Sect. 3.5 is determined based on the follow-
ing assumptions and simplifications:

•	 Isometric 3D grid with first-order finite elements, stand-
ard grid transfer

•	 Cost of coarse grid solve is neglectable. This is true 
when using a sufficient number of grids. For example, 
five grids with approximately four billion elements on 
finest grid lead to approximately one million elements 
on the coarse grid. Then, a vector matrix product on the 
fine grid is more expensive than a (approximate) solve 
on the coarse grid.

•	 Perfect implementation such that computation time only 
depends on the number of multiplications

•	 The element stiffness matrices are already computed and 
stored in the memory

•	 The number of nodes nN is approximately equal to num-
ber of elements

A major part of the multigrid method is to compute the 
vector matrix product Ku . The (assembled) global stiffness 
matrix is extremely sparse. On an isometric 3D grid, each 
node is connected to 27 nodes, which have three degrees 
of freedom. Hence, each row of the stiffness matrix con-
tains a maximum of 81 entries. Considering three rows 
per node, the cost of a vector matrix product is equal to 
81 ⋅ 3nN = 243nN multiplications. If the assembled stiffness 
matrix is not available, the vector matrix product is com-
puted on element level. The element stiffness matrix is full 
and has 576 entries. Hence, the number of scalar multipli-
cations is approximately 576nN . However, the procedure is 
parallelizable.

The Jacobi method only requires computing the residual 
(vector matrix product) and inverting a diagonal matrix. 
Hence, the additional cost is 3nN multiplications.

In the lexicographic successive overrelaxation, a lower 
diagonal matrix is inverted. If the lower diagonal matrix 
L is available, solving the system of equations is trivial, 
leading to 41 ⋅ 3nN = 123nN  additional multiplications. 
However, this framework is strictly sequential and requires 
some indexing, leading to higher computational cost. If L 
is not available, the system of equations must be solved on 
element level. This means, sequentially for every node, the 
couplings to all neighbor nodes must be computed from the 
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corresponding element stiffness matrices. The couplings are 
afterwards multiplied with the corresponding entries of the 
deformation vectors, leading to approximately 576nN addi-
tional multiplications and a huge amount of indexing. The 
overall procedure again is fully sequential.

The remaining methods are based on a multicolor pattern 
and the inversion of a block diagonal matrix. In every 
sequence, the residual is computed for all degrees of free-
dom of the same color. Afterwards, the block-diagonal sys-

tem of equations D−1

c

(
fc − Kc,∶

(
ui+1,1…c−1

ui,c…nc

))
 is solved, 

leading to a state update. Using the updated state, the next 
sequence starts. Solving the system of equations with con-
jugate gradients and a tolerance of 10−2 requires approxi-
mately 5–10 iterations for the coupled SOR and 10–20 itera-
tions for the line and plane smoothers. Each degree of 
freedom has contact with 3 (pointwise), 9 (line) or 27 (plane) 
other degrees of freedom, leading to a computational cost of 
9 (pointwise), 27 (line) or 81 (plane) scalar multiplications 
per node and inner iteration. The overall framework is sim-
ply parallelized since the content of the sequences is 
parallelizable.

Besides the theoretical computational effort, data index-
ing, copying and other operations increase the computation 
time. However, highly efficient implementations might reach 
the theoretical results.

Iteration plots for topology optimized 
design and four grids

See Fig. 22.

Material properties of different orthotropic 
materials

In the following, typical material properties of different 
orthotropic materials are collected or computed.

Carbon fiber reinforced composites

For zero rotations and Voigt notation, the material compli-
ance tensor s of transversal isotropic material reads

Typical values, which are used in the paper, are 
E1 = 140GPa , E2 = 12GPa , G12 = 5.8GPa , G23 = 5.4GPa , 
�12 = 0.26 and �23 = 0.11.

(D3)s =
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Fig. 22   Required number of iterations for the multigrid method 
to reach a relative tolerance of 10−10 for different constant material 
orientations �, � of Balsa wood. Here, the elasticity equations of 

the example problem 10b with optimized densities is solved using 4 
grids. The colors indicate the required number of iterations
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Balsa wood

The mechanical properties of Balsa wood are taken from 
Wang et al. (2019). For zero rotations and Nye notation, the 
material compliance tensor s reads

w i t h  E1 = 6.3GPa  ,  E2 = 0.11GPa  ,  E3 = 0.3GPa  , 
G12 = 0.2GPa , G13 = 0.31GPa , G23 = 0.03GPa , �12 = 0.49 , 
�23 = 0.24 and �13 = 0.23.
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Figure 5.1: Model sketch of the wooden three-point bending beam. On the left, a parametric view
is shown, on the right, the cut of the structure is depicted.

dimensions support domain load F load domain No. elements
490× 90× 8mm3 lS = 20mm, hS = 30mm 100N lF = 4mm 784× 288× 16

Table 5.1: Model parameters of the wooden three-point bending beam example

5.2 Optimization of a wooden three point bending beam un-

der multiple uncertainties

Using the previously discussed probabilistic methods, as well as the modi�ed multigrid method
with the spatial Jacobian smoothing approach, a robust design optimization is applied to a mod-
i�ed three-point bending beam. A sketch of the model is depicted in �gure 5.1, the basic model
parameters are collected in table 5.1. The problem consists of a rectangular design space with
the length l = 490mm, the height h = 90mm and the thickness 5mm, which is discretized using
784× 288× 16 hexagonal �nite elements with the aspect ratio 2× 1× 1. A rather high aspect ratio
is chosen to support the convergence of the multigrid solver, similar to semicoarsening [57]. The
model is loaded by a surface load F = 1000N which is distributed over the whole thickness and the
length lF = 4mm at the center of the top surface.

In di�erence to the classic three-point bending beam benchmark example, the structure is not
supported by a rotational support at the outer lower edges. Instead, the structure is supported in
y-direction on the lower surface (length lS = 20mm) near the outer edges, which is chosen to model
a structure laying on a surface. To prevent the structure from tilting into z-direction, additional
supports in z-direction are added at the front and at the back surface (length lS = 20mm, height
hS = 30mm) near the lower outer edges. Finally, a single loaded node is supported in x-direction,
such that the resulting system of equations is not singular. However, it does not in�uence the
physical outcome since no loads act in x-direction. The model is made of a spruce sheet, where the
material orientation is de�ned by the spatial rotation angles ηi, φi and θi corresponding to element
i. At zero rotation, the sti�est direction aligns with the x-axis and the lowest sti�ness direction
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(a) Rotations that represent the material orientation. The �rst rotation
(angle η) acts around the initial x-axis, the second rotation (angle φ) acts
around the rotated z′-axis and the �nal rotation (angle θ) acts around the
rotated y′′-axis.

(b) Di�erent possible posi-
tions of the wooden sheet
in the original wood trunk.
The view corresponds to
the y−z-plane in �gure 5.1
and the lines represent the
annual rings.

Figure 5.2: Material orientations of the wood.

aligns with the y-axis. The rotations are depicted in �gure 5.2a. The �rst rotation (angle η) acts
around the initial x-axis, the second rotation (angle φ) acts around the rotated z′-axis and the �nal
rotation (angle θ) acts around the rotated y′′-axis. Since the sheet is cut from an original trunk
as depicted in �gure 5.2b, the rotation angle η depends on the cutting position. Due to the small
thickness of the sheet it is assumed to be constant in z-direction, however, depending on the cut
position, it is not constant in y-direction. To reduce the complexity, it is assumed that the rotation
angle η(z) does not change in axial direction and depends linearly on the y-positions such that it
reads

η(z) = η0 +
∆η

100mm

(︁
0 1 0

)︁
z (5.1)

with the slope ∆η and the value at the center η0.
The material properties are obtained experimentally by application of compression tests in �ber

direction (see next section). All other material parameters are obtained from the measured principal
sti�ness using the relations presented in [153]. Additionally, it is assumed that the wood �bers are
oriented in x-direction, i.e., φ = 0, θ = 0 in the mean case. As mentioned before, the angle η
is expected to be changing linearly in y-direction and the parameters η0 and ∆η are obtained
experimentally.
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Figure 5.3: Generation of test specimens from a wooden sheet. The lines represent the cut geometry,
the specimen number is engraved to assign each specimen to its position on the sheet and to the
sheet number.

5.2.1 Quanti�cation of uncertain material and geometry properties

For the robust optimization, the following uncertainties are considered:

� spatially varying principal sti�ness E1(z)

� spatially varying out-of plane geometric imperfections ∆z(z)

� spatially varying �ber orientations φ(z) and θ(z)

� global orientation parameters η0 and ∆η

It is assumed that there is correlation between variables of the same type, but random variables of
di�erent types are expected to be independent of each other. For simplicity, all random variables
are assumed to be normal distributed. All research data related to the experiments is published in
non-modi�ed form at [154].

Compression tests for determination of the principal Young's modulus

Although the mechanical properties (including stochastic distributions) of wood have been de-
termined experimentally in several publications (see e.g. [155] for spruce), it seems like spatial
stochastic properties have not been treated yet. However, these properties are to be considered
in the following robust design optimization and hence, are measured in the following. The spatial
principal Young's moduli are measured using compression tests. The specimens with the length
l = 50mm, the height h = 10mm and the thickness t = 5mm are fabricated from a spruce sheet
with the thickness t = 5mm, where the �bers are oriented into the longest direction. The �nal
optimized results of the following chapter are fabricated from similar sheets of the same production
batch. In order to obtain spatial stochastic properties (especially the covariance function), 19 × 9
specimens are fabricated from the same sheet and every specimen is uniquely numbered as depicted
in �gure 5.3 such that its original position can be recovered. In total 513 specimens have been
fabricated and approximately 300 specimens have been tested, whereas the rest was destroyed due
to user mistakes.

The testing setup is depicted in �gure 5.4. The specimens are loaded by a compression testing
machine of the type �Zwick/Roell Z010� with a force sensor of the type �Zwick/Roell Xforce FP�.
The deformation of the structure is obtained using the internal position sensor of the machine,
under the assumption of constant strains. The force is applied directly by the machine without the
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Figure 5.4: Left: Experimental setup for the determination of the (spatial) stochastic properties
of the principal sti�ness of spruce wood. Right: Typical load displacement curve of a compression
test.

use of any additional clamps, to remove the e�ects of any connecting elements, like screws. Due to
the high aspect ratio, the specimens are prone to buckling. Additionally, eccentric or even tilted
positioning of the specimens might lead to false results due to stress concentrations. Therefore, a
support preventing imperfect positioning and buckling is constructed and 3D-printed. In theory,
the support might manipulate the result due to friction and transverse deformations. However, it
is expected that this e�ect is rather low due to the low sti�ness of the support and a lash between
specimen and support.

By the experiments, load displacement curves as depicted in �gure 5.4 are obtained. For small
displacements below 0.1mm, the �gure shows progressive behavior, which is caused by starting
e�ects, such as a aligning of the specimen and getting full contact between specimen and stamp.
Afterwards, the �gure shows nearly linear behavior. Therefore, the principal Young's modulus
is computed by considering the slope between a load of 500N and 750N. The machine stops at
800N, which occurs at 0.2mm in this example. Until this point, no plastic deformation is observed.
Unexpectedly, the force decreases by approximately 1 − 2% after the machine stops. The drop
highly depends on the compression velocity, and hence, it is expected to be some viscoelastic
behavior. Therefore, the author chose to use a low compression velocity of 0.01

60
mm
s , which leads to

the depicted result. If the velocity is chosen at 0.1
60

mm
s instead, the drop in the end is much higher

with approximately 10%. Besides, deformation of the testing machine itself induces a systematic
error. Therefore, the sti�ness of the machine is determined by application of the experiment without
a specimen. The obtained machine sti�ness is considered in the post processing of the experimental
data.

Application of the experiment leads to an expected principal sti�ness of 7.9GPa, which is in the
same range as values found in literature [153, 156]. Considering the spatial information, the semi-
variogram depicted in �gure 5.5 is found. There, the semivariance is shown for di�erent distances
in x- and y-direction. At very low distances, already a semivariance of 5 · 105(MPa)2 is found,
which stays nearly constant in y-direction, but increases in x-direction. Considering the nugget to
be 5 · 105(MPa)2, the random �eld seems to be only dependent on the x-distance. Besides the full
variogram, also the 1D variogram for ∆y = 0 is depicted in �gure 5.5. Using optimization methods,
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Figure 5.5: Left: Semivariogram of the measured principal Young's modulus. Right: Part of
variogram where ∆y = 0 and a �tted square exponential random �eld considering a nugget.

a square-exponential random �eld is �tted to the data and depicted by the dashed lines. From the
authors point of view, the found random �eld shows acceptable alignment to the data.

In general, the nugget is caused by additional random e�ects of the experiment, or it represents
random �eld components with a very low correlation length. Since the author put a high e�ort to
reduce random e�ects of the experiments, it is expected that at least some part of the nugget is
caused by components with a very low correlation length. A possible source of random components
with a short correlation length is the annual ring structure of wood. Basically, the annual rings
represent the hard wood which grew in winter, whereas the space in between represents the soft
wood, which grew in the summer. By cutting the wood into the specimen, some specimens contain
more annual rings than others, resulting in a di�erent sti�ness. The width of an annual ring is
approximately 3mm. Considering this to be the major e�ect for the nugget, the overall covariance
may be represented by a combination of random �elds, where one random �eld only depends on
the y-distance and has a correlation length of 3mm and the other random �eld only depends on
the x-distance with a correlation length 300mm. Based on this interpretation of the experimental
data, the covariance function is assumed to be

cov(E1(zi), E2(zj)) = (705MPa)2 · exp
(︃
− (z1,i − z1,j)

2

(300mm)2

)︃
+ (780MPa)2 · exp

(︃
− (z2,i − z2,j)

2

(3mm)2

)︃
(5.2)

with zi =
(︁
z1,i z2,i z3,i

)︁T
for the following optimization and evaluation.
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Figure 5.6: Out-of-plane imperfections of the wooden sheet in x-direction (top) and y-direction
(bottom). The wooden sheet lies on an even plate. The tiny distance (marked in the top �gure)
between sheet and plate represents out-of-plane imperfections. The variance is obtained by inaccu-
rate measurements of the imperfections at the highest amplitude.

Estimation of out-of-plane imperfections

Besides material uncertainties, geometric imperfections in out-of-plane direction in�uence the re-
sults. While in-plane imperfections are rather unlikely due to the high accuracy of the process of
laser cutting, out-of-plane imperfections are caused by drying e�ects of the wood. Due to the struc-
ture of the annual rings, drying of the wood leads to a bending of the wooden sheet, as depicted
in �gure 5.6. To quantify the imperfections, it is assumed that the correlation is de�ned by an
anisotropic random �eld, where the correlation lengths equal half of the original sheet dimensions,
i.e. 500mm in x-direction and 50mm in y-direction. This is motivated by the observation that the
imperfections have an arc like shape, where the imperfection is zero at the corners and maximal
in the middle (or opposite). The variance is roughly approximated by inaccurate manual measure-
ments as σ2

z = (0.2mm)2 in x-direction and σ2
z = (0.1mm)2 in y-direction. Due to the supports of

the optimized model, the random �eld is conditioned such that the imperfections are zero at the
supports. Finally, the used (non-conditioned) covariance function reads

cov(∆z(zi),∆z(zj)) = (0.2mm)2 · exp
(︃
− (z1,i − z1,j)

2

(500mm)2

)︃
+(0.1mm)2 · exp

(︃
− (z2,i − z2,j)

2

(50mm)2

)︃
(5.3)

with zi =
(︁
z1,i z2,i z3,i

)︁T
.

Image processing for determination of material orientation

The material orientation is obtained by interpretation of the annual rings at the wooden sheet. It
is assumed that the orientations of the annual rings in the y− z-plane correspond to the tangential
material direction (i.e., lowest sti�ness), whereas the axial material direction (i.e., highest sti�ness)
is obtained from the annual rings in the x− y-plane.

The determination of the stochastic properties of the material orientation angle η (i.e. the
tangential material direction) is based on the framework summarized in �gure 5.7. First, gray-scale
images of the cut surface of the wooden sheet are generated using a conventional scanner. Secondly,
the annual rings are marked manually at the outer positions for every specimen. For each marked
line, the angle is computed using trigonometric relations. Since the spatial angle η(z) is chosen to
be de�ned by the parameters η0 and ∆η with (5.1), these parameters are computed from the two
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Figure 5.7: Framework of the determination of the material rotation angle η(z) using manual image
processing. The y − z-surface of multiple sheets is scanned (left), the annual rings are marked
manually (middle) and the angles are computed using geometric relations (right).

angles obtained for each specimen. Hence, the parameters η0,i and ∆ηi of specimen i read

η0,i =
1

2
ηi(z =

(︁
0 −50mm 0

)︁T
) +

1

2
ηi(z =

(︁
0 50mm 0

)︁T
) (5.4)

∆ηi = ηi(z =
(︁
0 −50mm 0

)︁T
)− ηi(z =

(︁
0 50mm 0

)︁T
) . (5.5)

Considering 21 specimens, the mean values read µη0
= 50◦ and µ∆η = 23.5◦

100mm and the covariance
matrix reads

Ση =

(︄
(14◦)2 86◦

2

86◦
2

(10◦)
2

)︄
. (5.6)

The random properties of the material orientation angle φ are obtained by considering the
annual rings in the x− y-plane. For accurate results it is required that the x− y-plane corresponds
to the axial-radial-plane of the original tree. Therefore, only sheets are considered, where the annual
rings are nearly orthogonal to the surface in the y − z-plane.

The general framework for the determination of spatial material angles φ(z) is similar to the
determination of η(z). First, tangents of the annual rings are marked using lines and second, the
spatial orientations are obtained using trigonometric relations to the lines. However, here, the lines
are drawn automatically. The general framework is summarized in �gure 5.8. First, the x−y-plane
is scanned and the picture is clustered into several equidistant vertical slices. For every slice, the
grey-scale information depending on the vertical coordinate is considered (and plotted). Each local
minimum of this slice-wise function relates to a point on an annual ring. Application of the slicing
and drawing the minimal points into the scanned �gure leads to a set of points, which are placed
on annual rings. Afterwards, the points on the same annual rings are connected to lines. As visible
in �gure 5.8, the framework falsely assigns some points to be on the annual rings. However, these
points are not considered when drawing the lines. Finally, the orientations are obtained as the
tangents of the lines.

The whole process is a�ected by noise on the image data leading to inaccurate the results. To
increase the accuracy, �lters are applied to the image data.

Application of the previously described image processing leads to the semivariogram depicted
in �gure 5.9. There, the semivariance is plotted for di�erent x- and y-coordinates. Assuming that
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Figure 5.8: Framework of the determination of the material rotation angle φ(z). The sheet is
scanned (top left) and cut into slices (top middle). For each slice, the color value is plotted and the
local minima are marked (top right). The minima are transferred to the scanned �gure (bottom
left) and connection of the points (bottom middle) leads to the material orientations (bottom right).

the total random �eld depends on two partial random �elds, the covariance function

cov(φ(zi), φ(zj)) = 0.6◦
2 · exp

[︄(︃
(z1,i − z1,j)

6mm
+

(z2,i − z2,j)

20mm

)︃2
]︄
+ 0.4◦

2 · exp
[︄(︃

(z1,i − z1,j)

35mm

)︃2
]︄

(5.7)

with with zi =
(︁
z1,i z2,i z3,i

)︁T
accurately represents most data (see right �gure 5.9.) and hence,

is considered for the following robust design optimization.

The material rotation angles θ cannot be determined using the paradigm based on tracking the
annual rings. However, it is assumed that the angle θ has the same stochastic properties as φ, but
the angles are uncorrelated from each other. This assumption is motivated from considering the
reasons for these imperfections. Both, imperfect angles φ and θ might be caused by bending of
the tree, torsion of the tree and e�ects of far knots. Depending on the position, the e�ects are the
same for both angles. For example, perfect bending of a perfect round tree leads to φ(z1) = c and
θ(z1) = 0 at material point z1, but leads to φ(z2) = 0 and θ(z2) = c at material point z2, where c
is some �xed value. In consequence, the covariance function

cov(θ(zi), θ(zj)) = 0.6◦
2 · exp

[︄(︃
z1,i − z1,j

6mm
+

(z2,i − z2,j)

20mm

)︃2
]︄
+0.4◦

2 · exp
[︄(︃

z1,i − z1,j
35mm

)︃2
]︄
(5.8)

with with zi =
(︁
z1,i z2,i z3,i

)︁T
is chosen for the material rotation angles θ.
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Figure 5.9: Semivariogram of the material rotation angle φ. Left, the original semivariogram is
shown; right, the semivariogram of a �tted correlation function is plotted over the original vari-
ogram.

5.2.2 Numerical optimization

Using the design problem presented in �gure 5.1 in combination with the (stochastic) material and
geometry parameters obtained in 5.2.1, a compliance topology optimization considering volume
constraints is performed. The deterministic optimization problem reads

min
ρ

c(ρ) = F Tu(ρ)

s.t.

0 ≤ ρi ≤ 1 ∀i
V (y)− 0.3V0

0.3V0
≤ 0

, (5.9)

where V0 represents the volume of the whole design space, F the load vector and u the displace-
ment �eld. To prevent checkerboarding and enforce a minimal length scale the Helmholtz �lter
presented in [17] using consistent boundary conditions [19] with a equivalent �lter radius of 1mm
is applied. The material is modeled using the modi�ed solid isotropic material with penalization
(SIMP) scheme, although an anisotropic material is considered. Therefore, the material matrix Ci
of element i is computed by

Ci = 10−9C0 + ρpi (1− 10−9)C0 , (5.10)

where C0 is the material matrix of solid material and the penalization parameter p is set to p = 3.
Projection methods or continuation schemes are not applied. Although the problem is de�ned as
a 3-dimensional problem, it should be fabricated using a laser cutting machine. Therefore, the
problem is re-parameterized such that only two-dimensional topologies evolve by de�ning

ρ(xi, yi, zj) = ρ̂(xi, yi) ∀j (5.11)

with the new design densities ρ̂. Note that the �lter (with zero padding) still acts in all three
dimensions such that the edges are rounded up in all dimensions and the e�ective thickness is
reduced to approximately 4.5mm. The optimization is done using the method of moving asymptotes
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(a) Deterministic optimized. (b) Robust optimized using FOSM.

Figure 5.10: Optimized designs of the three-point bending beam example.

deterministic probabilistic evaluation approach
compliance FOSM Monte Carlo

optimization approach c µc σc µc σc

determ. optimization 88.49Nmm 88.49Nmm 9.046Nmm 87.37Nmm 9.498Nmm
RDO / FOSM 88.13Nmm 88.13Nmm 8.831Nmm 87.01Nmm 9.348Nmm

Table 5.2: Numerical results of the optimized three-point bending beam evaluated deterministically,
using the �rst-order second-moment method (FOSM) and the Monte Carlo method with a sample
size of 2500.

with the standard parameters presented in [12]. However, the initial asymptotes parameter (�sini�)
is set to 0.1 for a less aggressive optimization strategy. As a stopping criterion, the minimal relative
function value change is limited to 10−5 and the maximal number of iterations is limited by 200.

In the �nal evaluation of the optimized design and during the robust topology optimization,
the material and geometry uncertainties obtained in the previous section are considered. To reduce
the memory demands for storing the covariance matrix, the random �elds are discretized using
the truncated EOLE expansion. For the principal Young's modulus 100 modes are considered, for
the geometric imperfections 10 modes are considered and for the uncertain material orientation
500 modes are considered. Without these approximations, the memory demands of the covariance
matrix would be 100− 300 terabytes and hence, are far o� practical application.

Application of the deterministic optimization leads to the design depicted in �gure 5.10a with
the numeric performance values presented in table 5.2 after exceeding 200 iterations. At the �nal
design, the function value change is below 3 · 10−5. The design is based on a direct transition
of the outer load to the supports with very few structural elements. Thereby, it signi�cantly
di�ers from the optimized three-point bending beam with isotropic material (see e.g. [68]). The
di�erence is explained by the superior sti�ness in axial direction, which makes structural elements
oriented in y-direction less attractive and hence, suppresses the generation of a truss-like structure.
In consequence, the design does not focus on improving geometric bending sti�ness by putting
material at the outer edges, but instead exploits the anisotropic material behavior.

Considering the numeric values, the deterministic compliance is 35% lower than the solution of
a simple 3-point bending beam (c = 13.8Nm) with a rectangular cross section, the same thickness
and the width adapted to get the same volume using Bernoulli beam theory. Due to signi�cant
uncertainties in the material data, a high coe�cient of variation CoV = σc

µc
≈ 10% is obtained using

a Monte Carlo simulation with 2500 samples. More detailed additional investigations showed that
the uncertain principal Young's modulus E1 is responsible for approximately 66% of the variance,
the uncertain material orientation η for approximately 33% of the variance whereas the remaining
uncertainties are responsible for less than 1%. Since the sti�ness matrix shows very low nonlineari-
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Figure 5.11: Image of the fabricated specimen. Left: deterministically optimized design, Right:
robust optimized design.

ties with respect to E1 and η in the mean case, the �rst-order second-moment method shows highly
accurate results compared to the Monte Carlo simulations. Remaining di�erences of up to 5% for
the standard deviation and 1% for the mean are explained by both, inaccurate Monte Carlo results
due to a rather low sample size and remaining nonlinearities in the objective function.

Due to the rather high accuracy of the �rst-order second-moment method, it is also used as a
probabilistic method for the robust design optimization. The modi�ed optimization problem reads

min
ρ

µc(ρ) + 10σc(ρ)

s.t.

0 ≤ ρi ≤ 1 ∀i
V (y)− 0.3V0

0.3V0
≤ 0

, (5.12)

where µc(ρ) and σc(ρ) represent the design dependent mean and standard deviation obtained with
the �rst-order second-moment method. The gradients are obtained using the principal sensitivity
approach with the relative step size 10−4. All remaining optimization parameters and methods are
equal to the deterministic optimization.

The robust design optimization is terminated after 200 iterations where the relative function
value change is below 3 · 10−5. The �nal design is depicted in �gure 5.10b with the numeric values
presented in 5.2. In di�erence to the deterministic design, the robust design contains more details
based on smaller features. Using this strategy, the redundant structures are less in�uenced by the
short-correlated component of uncertain Young's moduli. Besides, more material is transferred to
the center, where uncertainties of the angle η are lower. In consequence, the standard deviation
drops by 2−3% compared to the deterministic design. However, unexpectedly, also the deterministic
function value is improved, which means that the robust optimization also leads to an improved
local minimum. In consequence, also the mean value obtained with the Monte Carlo simulation
drops by 1%. Again, the �rst-order second-moment approximation shows good accuracy with 5%
error for the standard deviation and 1% error for the standard deviation, con�rming that it is a
suitable approach for the current example.

Finally, the robust design optimization leads to more robust results, although the di�erences
are very low. These �ndings are to be con�rmed by the following experiments.

5.2.3 Experimental assessment of the optimized structure

The optimized designs (�gures 5.10a and 5.10b) are fabricated using a laser cutting machine. The
cutting paths are generated from the density �eld by computation of the contour line with 50%
density. To obtain a smooth geometry instead of a stepped contour, the density values are assigned
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Stamp

Specimen

Clamp

Supported
domain

Figure 5.12: Experimental setup for the assessment of the optimized designs. Close-up: The centers
of specimen and clamp are marked to reduce positioning errors.

to the element centers, whereas the intermediate values are interpolated from the center values using
linear interpolation. Two fabricated models are depicted in �gure 5.11. In total, 48 specimens were
fabricated from 24 wooden sheets. For a fair comparison, always one deterministically optimized
design and one robust optimized design is cut from the same sheet.

The experimental setup is shown in �gure 5.12. It consists of the compression machine �Zwick/Roell
Z010� which is equipped with the force sensor �Zwick/Roell Xforce HP�, a stamp, the wooden clamp
and the specimen. Displacements are measured using the internal position sensor of the machine.
The clamp is designed based on the problem description shown in �gure 5.1 and also fabricated
using a laser cutting machine. It consists of stabilizing walls that suppress a displacement in z-
direction and base plates (hidden by the walls) that suppress displacements in y-direction. The
clamp is fabricated such that there is a small contact force (1− 5N) between specimen and walls in
the initial con�guration, which is not expected to have a signi�cant in�uence on the result. Between
the two support domains the specimen does not have contact to the clamp, even in the deformed
state. The clamp is mounted on the machine base using a 3D-printed bracket, which accurately
adjusts the clamp to the machine and presses it on the base. To ensure contact between the clamp
and the plate at de�ned critical points (near the supports), shims are put below the clamp. The
load is introduced by the round surface of a screw with a diameter of 10mm to reduce the risk of
stress concentrations. Considering the whole experiment design, the sti�ness of the experimental
setup is much higher than the sti�ness of the specimen, leading to low inaccuracies.

All experiments lead to a load displacement curve as shown in �gure 5.13. The curve starts at
zero force with a low slope. This is caused by e�ects, such as missing contact between stamp and
specimen in the beginning and settlement of the setup. Afterwards, the slope changes to a �xed
value for a long distance, until it decreases again. At approximately 80N force, the slope drastically
reduces. As shown in the right �gure 5.13, this is caused by out-of-plane buckling of the structure.
Although out-of-plane imperfections are considered during the robust optimization and the Monte
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Figure 5.13: Load displacement curve of a single specimen (left) and the deformed shape at the
maximal force (right).

Carlo simulations, the buckling is not detected in the simulations, due to the use of linear �nite
elements. To compare the simulations with the experiments, only the range where the structure
behaved linearly (15N to 40N) is considered. The experimental compliance at the considered load
of F = 100N is afterwards extrapolated from the slope in this range.

Considering the equivalent compliance of all experiments, the cumulative distribution function
and the stochastic moments presented in �gure 5.14 are obtained. As seen in the cumulative
distribution function, the experimental results do not contain any outliers that have to be corrected.
Based on the data, the general result from the numeric analysis and optimization is con�rmed. The
values of the mean values are approximately 90Nmm while the standard deviations are roughly
10Nmm. As obtained in the probabilistic analysis, the design obtained using a robust design
optimization performs better regarding both, mean value and standard deviation.

However, the di�erences between the designs obtained experimentally are much higher than
expected from the numeric experiments. Especially for the standard deviation, large di�erences of
50% between experiment and analysis are causing the robust design to perform much better. There
are several possible reasons for this observation. First, the considered sample size of 24 specimens
per design is rather low, leading to serious inaccuracies. Second, some inaccuracies in the execution
of the experiments may remain, although the experiment is designed to reduce the risk of execution
errors. Finally, there might be some e�ects that are not considered in the simulation. For example,
only the principal Young's modulus has been considered to be independently uncertain, whereas
also all other material properties might be uncertain too. Similarly, only the imperfect material
orientation in the axial-tangential-plane has been estimated from the measured imperfections in
the axial-radial plane and some correlations that have not been considered might occur. Finally,
also plastic deformations (especially at the load introduction) and imperfections introduced by the
manufacturing have not been considered in the simulations, but might have a signi�cant in�uence
on the result. Hence, putting more e�ort into quanti�cation of occurring uncertainties for the
simulations and increasing the sample size is expected to improve the results.
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deterministic robust
optimized optimized

experiments
µc 93.77Nmm 89.20Nmm
σc 14.56Nmm 9.56Nmm
Monte Carlo
µc 87.37Nmm 87.01Nmm
σc 9.50Nmm 9.35Nmm

Figure 5.14: Left: cumulative distribution function of deterministically and robustly optimized
designs. Right: Numeric values of the related stochastic moments.



Chapter 6

Summary and outlook

The current thesis addresses the challenge of scaling robust design optimization from simple, aca-
demic examples to more realistic examples with spatially distributed random variables and �ne
discretizations. Therefore, the focus is set on three crucial aspects:

First, the discretized covariance matrix of a random �eld becomes extremely memory consuming
if a �ne discretization is used. Therefore, di�erent existing methods for the discretization of con-
tinuous random �elds are discussed and the well suited expansion optimal linear estimator method
is applied to most examples.

Second, the probabilistic methods are not scalable in many cases. Especially, the computation of
the gradients of the robust objective function is challenging and leads to many additional systems of
equations to be solved. Therefore, new non-intrusive formulations for the �rst-order second-moment
method and for the second-order fourth-moment method are derived and applied to several exam-
ples. The new principal sensitivity �rst-order second-moment method only requires one additional
evaluation of the design response, independent of the number of variables. Due to its non-intrusive
characteristics, it does not increase the memory demands compared to a deterministic optimiza-
tion and may also be applied to closed-source commercial code. In consequence, it is applicable to
any example where a deterministic optimization works. However, it is very inaccurate for many
problems and hence, the more accurate principal-sensitivity second-order fourth-moment method
is presented. As the �rst-order approach, it does not increase the memory demands. Although it is
much less computationally costly than alternative second-order approaches, the number of function
evaluations still grows linearly with the number of random variables, limiting its scalability. How-
ever, the number of independent random variables may be reduced using the expansion optimal
linear estimator method such that the combination of both methods is at least scalable to �ne
�nite element meshes. In some special cases, e.g. buckling of slender structures, also the second-
order fourth-moment method shows inaccurate results. Therefore, a new variant of the �rst-order
second-moment method is developed which speci�cally addresses these kinds of problems. There,
the scalability is similar to the second-order fourth-moment method.

Finally, also the �nite element simulation might be the bottleneck. To scale the solution of �nite
element problems to large problems or �ne discretizations, the governing systems of equations are
solved using iterative methods. The commonly used multigrid method is proven to be scalable, i.e.,
the required number of vector matrix multiplications is independent of the problem size. However,
it does not converge well in the context of highly anisotropic materials, such as composites or wood.
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To address this challenge, the problem is analyzed using local Fourier analysis and a new smoothing
algorithm for the multigrid method is presented.

Besides the constructed academic examples, all three components are applied to a more realistic
example of a wooden three point bending beam. For that, the problem is formulated such that
it can actually be fabricated. The considered uncertainties are measured experimentally using
compression tests of the material elasticity and image processing for the material orientation. Based
on the problem de�nition, the expansion optimal linear estimator method shows to be a crucial
component, since it reduces the memory requirements of the random �eld from hundreds of terabytes
to a few gigabytes at a low approximation error. However, the remaining number of independent
random variables stays high, such that only the �rst-order second-moment method can solve the
problem in appropriate time at high accuracy. Application of the robust design optimization leads
to an improved result compared to the deterministically optimized design regarding both, stochastic
moments and nominal performance. The designs are tested experimentally afterwards, generally
con�rming the results, but showing up to 50% di�erent results compared to the simulations.

Based on the current work, several options and challenges stay for the future: First, the last
example showed that the real occurring uncertainties might di�er from the constructed academic
examples. Many higher-order methods show good performance in the constructed examples, but
may not be applicable at all if the number of independent random variables cannot be reduced
to a small value (e.g., lower than 100). Therefore, more focus should be set on realistic problems
including uncertainty quanti�cation and experimental validation. Second, as the �rst-order second-
moment method showed to be the only truly scalable method (from the methods considered),
more e�ort should be taken to increase its accuracy. One possible path might be to augment the
formulation by analytic expressions, similar to physically informed neural networks. Alternatively,
di�erent approaches might be combined. For example, the �rst-order second-moment method may
be combined with the second-order approach, such that only the most important variables are
processed by a second-order approach while the remaining variables are processed by a �rst-order
approach. Another possible path is to combine stochastic gradients with the �rst-order second-
moment method. Since the �rst-order second-moment method usually fails at perfect designs,
the imperfect realizations of stochastic gradients might increase the accuracy while preventing the
optimizer to only focus on a single imperfection.
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Appendix A

Gradients for nonlinear �nite

elements

Using nonlinear �nite elements, the computation of many response functions and their gradients
become more complicated. Especially the shape gradient is much more challenging than gradients
with respect to the topology in simple linear topology optimization problems. Since these gradients
are used in several examples and the literature (e.g. [157] [158]) regarding this topic is rather
abstract, a detailed derivation for the gradient of the inner force is found in the following. A
overview regarding the continuum mechanical background can be found in [151].

A.1 Basics from continuum mechanics

When looking at nonlinear �nite elements, the equilibrium is considered for the deformed state.
Hence kinematics that describe the relations between deformed con�guration and reference con�g-
uration are required. In the following, lowercase letters correspond to the deformed con�guration
and uppercase letters to the reference con�guration.

A.1.1 Kinematics and equilibrium

The position of a mass point is given by the vector X (reference) or x (deformed). There is a
bijective function φ(X) such that x = φ(X) = X +u(X) with the deformation vector u(X). The
gradient of φ is called the deformation gradient F and is computed by

F =
∂x

∂X
. (A.1)

A similar deformation measure is the displacement gradient H given by

H =
du

dX
= F − 1 . (A.2)

Using these de�nitions, the weak form of the equilibrium is given by∫︂
Div(P )TηdV +

∫︂
ρ0f

T
b ηdV = 0 (A.3)

141



142 APPENDIX A. GRADIENTS FOR NONLINEAR FINITE ELEMENTS

where η is a test function, P is the �rst Piola-Kirchho� stress tensor and dV represents a volume
element in the reference con�guration. The body forces f b and the density ρ0 represent the external
loads. Using integration by parts, the whole term simpli�es to∫︂

S : δEdV −
∫︂

ρ0f
T
b ηdV −

∫︂
tTηdA = 0 (A.4)

with the second Piola-Kirchho� stress tensor S and the general strain E. The resulting outer
surface loads t = P TN are computed from the �rst Piola-Kirchho� stress tensor P and the surface
normal N .

A.1.2 Constitutive law and strain measure

Both, constitutive laws and strain measures are not de�ned uniquely. In the current thesis, the St.
Venant-Krichho� material law given by

S = C : E (A.5)

using the material tensor C is considered. Using Nye notation on stresses and strains, the material
law is reformulated to the more handy vector-matrix form

Se = C ·Ee (A.6)

with the material matrix C (similar to Hooke's law) and the strain in Nye notation Ee. Note that
the St. Venant-Kirchho� constitutive is only valid for small strains.

Independent of the constitutive law, di�erent strain measures are available. In the current thesis,
the Green-Lagrange strain tensor E given by

E =
1

2
(F TF − 1) =

1

2
(H +HT +HTH) (A.7)

is used. It is able to handle rigid body motion, but fails fore large elastic formulations (i.e. large
strains). This limitation is not critical since the consecutive law is already limited to small strains.

A.1.3 Finite element notation and inner forces

In the �nite element method, the spatial properties are computed from nodal values using ansatz
functions. There are di�erent potential ways to write down the nodal displacements and positions
since these are 3D properties. Hence di�erent notations are de�ned in the following.

� Nodal displacements of element e written as matrix ue =

⎛⎜⎝u1,1 u1,2 u1,3

u2,1 u2,2 u2,3

...
...

...

⎞⎟⎠
� Nodal displacements written as vector ûe =

(︁
u1,1 u1,2 u1,3 u2,1 u2,2 u2,3 . . .

)︁T
� Nodal coordinates of element e written as matrix Xe =

⎛⎜⎝X1,1 X1,2 X1,3

X2,1 X2,2 X2,3

...
...

...

⎞⎟⎠
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� Nodal coordinates written as vector X̂e =
(︁
X1,1 X1,2 X1,3 X2,1 X2,2 X2,3 . . .

)︁T
The ansatz functions NI(X) are built such that p(X) =

∑︁
I NI(X) ·pI with the property p. These

ansatz functions are collected in a matrix such that

p(X) = Np =
(︁
N1(X) N2(X) . . .

)︁⎛⎜⎝p1
p2
...

⎞⎟⎠ . (A.8)

This collection also works, if the property is vector valued. In this case the vectors must be written
row-wise like the nodal displacement matrix ue leading to

u(X) = (Nue)
T . (A.9)

If the vector valued property is written like ûe, than a modi�ed matrix of ansatz functions de�ned
as

N̂(X) =

⎛⎝N1(X) 0 0 N2(X) 0 0 . . .
0 N1(X) 0 0 N2(X) 0 . . .
0 0 N1(X) 0 0 N2(X) . . .

⎞⎠ (A.10)

leading to u(X) = N̂(X)ûe is used. The integration is done for each element separately and

assembled afterwards. Using the ansatz function N̂ the test function η is de�ned as

η(X) = N̂(X)δûe . (A.11)

Since the node displacements are constant over the volume, they can be taken out of the integral
(A.4) leading to

R(u)− P = 0 (A.12)

with the inner forces

R =
⋃︂
e

Re =
⋃︂
e

∫︂
Ve

∂Ee

∂ûe

T

SedV (A.13)

and the outer forces

P =
⋃︂
e

P e =
⋃︂
e

∫︂
Ve

N̂ρ0f bdV +
⋃︂
e

∫︂
Ve

N̂tdA , (A.14)

where
⋃︁

e represents the assembly over all elements and Ee and Se represent vector (e.g. Nye) nota-
tions of the strains and stresses. The integrals are usually solved using Gauss-Legendre integration
on isoparametric elements. Hence the inner force reads

Re =
∑︂
i

Ωi
∂Ee

∂ûe

T
⃓⃓⃓⃓
⃓
ri

Se(ri) · det(Je) (A.15)

with the Jacobi matrix Je

Je(X̃) =
∂X

∂X̃
=

∂N

∂X̃
·Xe , (A.16)

the Gaussian weights Ωi and the Gauss Points ri.
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A.2 Inner loads

Using the previous de�ned notation, kinematics and constitutive laws, the inner load Re obtained
by a �nite element formulation (A.15) reads

Re =
∑︂
i

Ωi
∂Ee

∂ûe

⃓⃓⃓⃓
ri

CEe(ri) · det(Je) . (A.17)

The Green-Lagrange strain Ee is computed from the strain tensor

E =
1

2
(F TF − 1) =

1

2

(︄
∂N

∂X
xex

T
e

∂N

∂X

T

− 1

)︄
(A.18)

with x̂e = X̂e + ûe and the deformation gradient F computed by

∂N

∂X
xe = F T =

⎛⎜⎝ ∂x1

∂X1

∂x2

∂X1

∂x3

∂X1
∂x1

∂X2

∂x2

∂X2

∂x3

∂X2
∂x1

∂X3

∂x2

∂X3

∂x3

∂X3

⎞⎟⎠ . (A.19)

The strain vector in Nye notation is afterwards found as

Ee =
(︁
E11 E22 E33 2E12 2E13 2E23

)︁T
. (A.20)

The gradient of the Green-Lagrange strain is computed by di�erentiation of (A.18) with respect to
deformation matrix entry (i, j) with

∂E

∂ui,j
=

1

2

(︄
∂N

∂X

∂xe

∂ui,j
F + F T ∂xe

∂ui,j

T ∂N

∂X

T
)︄

, (A.21)

which can be further simpli�ed to

∂E

∂ui,j
=

1

2

(︄
∂Ni

∂X
F j,: + F T

j,:

∂Ni

∂X

T
)︄

, (A.22)

where F j,: represents the j-th row of F . The transpose operator is applied after extracting the row.
In the 3D case, this reads

∂E

∂ui,j
=

1

2

⎛⎜⎝ ∂Ni

∂X1
F j,1

∂Ni

∂X1
F j,2

∂Ni

∂X1
F j,3

∂Ni

∂X2
F j,1

∂Ni

∂X2
F j,2

∂Ni

∂X2
F j,3

∂Ni

∂X3
F j,1

∂Ni

∂X3
F j,2

∂Ni

∂X3
F j,3

⎞⎟⎠+
1

2

⎛⎜⎝ ∂Ni

∂X1
F j,1

∂Ni

∂X1
F j,2

∂Ni

∂X1
F j,3

∂Ni

∂X2
F j,1

∂Ni

∂X2
F j,2

∂Ni

∂X2
F j,3

∂Ni

∂X3
F j,1

∂Ni

∂X3
F j,2

∂Ni

∂X3
F j,3

⎞⎟⎠
T

. (A.23)

The gradient of the strain in Nye notation is found by taking speci�c entries

∂Ee

∂ûe
=

⎛⎝ ∂diag(E)
∂ûe

∂
(︂
2E12 2E13 2E23

)︂T

∂ûe

⎞⎠ = B . (A.24)
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The whole term also relates to the nonlinear version of the �B-matrix� known from linear �nite
elements. Using the Hadamard product ⊙, these entries are e�ciently computed by

∂diag(E)

∂uei,j
=

⎛⎜⎜⎜⎝
1
2

(︂
∂Ni

∂X1
F j,1 + F T

j,1
∂Ni

∂X1

T
)︂

1
2

(︂
∂Ni

∂X2
F j,2 + F T

j,2
∂Ni

∂X2

T
)︂

1
2

(︂
∂Ni

∂X3
F j,3 + F T

j,3
∂Ni

∂X3

T
)︂
⎞⎟⎟⎟⎠ =

∂Ni

∂X
⊙ F T

j,: (A.25)

and

∂
(︁
2E12 2E13 2E23

)︁T
∂uei,j

=

⎛⎜⎜⎝
∂Ni

∂X1
F j,2 + F T

j,1
∂Ni

∂X2

T

∂Ni

∂X1
F j,3 + F T

j,1
∂Ni

∂X3

T

∂Ni

∂X2
F j,3 + F T

j,2
∂Ni

∂X3

T

⎞⎟⎟⎠
=

∂Ni

∂
(︁
X1 X1 X2

)︁T ⊙ F T
j,(2,3,3) +

∂Ni

∂
(︁
X2 X3 X3

)︁T ⊙ F T
j,(1,1,2)

.

(A.26)

A.2.1 Gradient of inner load w.r.t. displacement - tangential sti�ness

matrix

The gradient of the inner forces is often called the tangential sti�ness matrix and is obtained by
direct di�erentiation

Ke =
∑︂
i

det(Je)Ωi

[︄
∂2ET

e

∂ûe∂ûe

⃓⃓⃓⃓
⃓
ri

CEe(ri) +
∂ET

e

∂ûe

⃓⃓⃓⃓
⃓
ri

C ∂Ee

∂ûe

⃓⃓⃓⃓
ri

]︄
, (A.27)

where Ee is computed by (A.20) and C ∂Ee

∂ûe

⃓⃓⃓
ri

is obtained from (A.24). The remaining term is

simpli�ed by
∂2ET

e

∂ûe∂ûe
CEe =

∂2ET

∂ûe∂ûe
: S, such that the second-order gradient of the strain is required

only for the matrix notation. It is computed by

∂2E

∂uei,j∂uek,l
=

1

2

(︄
∂N

∂X

∂xe

∂uei,j

∂xe

∂uek,l

T ∂N

∂X

T

+
∂N

∂X

∂xe

∂uek,l

∂xe

∂uei,j

T ∂N

∂X

T
)︄

(A.28)

which can be simpli�ed to

∂2E

∂uei,j∂uek,l
=

{︄
∂Ni

∂X
∂Nk

∂X

T
j = l

0 j ̸= l
. (A.29)

Computing the dyadic product in 3D leads to

∂2E

∂uei,j∂uek,j
=

∂Ni

∂X

∂Nk

∂X

T

=

⎛⎜⎝
∂Ni

∂X1

∂Nk

∂X1

∂Ni

∂X1

∂Nk

∂X2

∂Ni

∂X1

∂Nk

∂X3
∂Ni

∂X2

∂Nk

∂X1

∂Ni

∂X2

∂Nk

∂X2

∂Ni

∂X2

∂Nk

∂X3
∂Ni

∂X3

∂Nk

∂X1

∂Ni

∂X3

∂Nk

∂X2

∂Ni

∂X3

∂Nk

∂X3

⎞⎟⎠ (A.30)
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The whole term ∂2E
∂uei,j∂uek,j

: S results in

∂2E

∂uei,j∂uek,j
: S =

∂Ni

∂X1

∂Nk

∂X1
S11 +

∂Ni

∂X1

∂Nk

∂X2
S12 +

∂Ni

∂X1

∂Nk

∂X3
S13

+
∂Ni

∂X2

∂Nk

∂X1
S21 +

∂Ni

∂X2

∂Nk

∂X2
S22 +

∂Ni

∂X2

∂Nk

∂X3
S23

+
∂Ni

∂X3

∂Nk

∂X1
S31 +

∂Ni

∂X3

∂Nk

∂X2
S32 +

∂Ni

∂X3

∂Nk

∂X3
S33

=
dNi

dX

T

⎛⎜⎝
∂Nk

∂X1
S11 +

∂Nk

∂X2
S12 +

∂Nk

∂X3
S13

∂Nk

∂X1
S21 +

∂Nk

∂X2
S22 +

∂Nk

∂X3
S23

∂Nk

∂X1
S31 +

∂Nk

∂X2
S32 +

∂Nk

∂X3
S33

⎞⎟⎠ =
dNi

dX

T

S
dNk

dX

. (A.31)

De�ning
∂2E

∂ûe∂ûe
: S = KQ (A.32)

in addition with some index processing �nally leads to the simple formulation

KQ(1:3:end,1:3:end) =
dN

dX

T

S
dN

dX

KQ(2:3:end,2:3:end) =
dN

dX

T

S
dN

dX

KQ(3:3:end,3:3:end) =
dN

dX

T

S
dN

dX

, (A.33)

where KQ(1:3:end,1:3:end) means that every third row and every third column is considered.

A.2.2 gradient of inner loads with respect to nodal positions

Di�erentiation of the inner forces leads (A.15) to

∂Re

∂X̂e

=
∑︂
i

det(Je)Ωi
∂2ET

e

∂ûe∂X̂e

Se+
∑︂
i

det(Je)Ωi
∂ET

e

∂ûe
C ∂Ee

∂X̂e

+
∑︂
i

Ωi
∂ET

e

∂ûe
Se

∂ det(Je)

∂X̂e

T

(A.34)

where Se is the stress in Nye notation. To shorten the notation, several terms in (A.35) are
substituted such that

∂Re

∂X̂e

=
∑︂
i

det(Je)ΩiT1 +
∑︂
i

det(Je)Ωi
∂ET

e

∂ûe
CT2 +

∑︂
i

ΩiT3 (A.35)

with

T1 =
∂2ET

e

∂ûe∂X̂e

Se (A.36)

T2 =
∂Ee

∂X̂e

(A.37)

T3 =
∂ET

e

∂ûe
Se

∂ det(Je)

∂X̂e

T

. (A.38)
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T1 is rewritten as

T1 =
∂2ET

e

∂ûe∂X̂e

Se =
∂2E

∂ûe∂X̂e

: S . (A.39)

The derivative of the Green Lagrange strain is given by

2
∂2E

∂ui,j∂Xk,l
=

∂2(HT +H +HTH)

∂ui,j∂Xk,l

=
∂2HT

∂ui,j∂Xk,l
+

∂2H

∂ui,j∂Xk,l
+

∂2HT

∂ui,j∂Xk,l
H +HT ∂2

∂ui,j∂Xk,l

+
∂HT

∂ui,j

∂H

∂Xk,l
+

∂HT

∂Xk,l

∂H

∂ui,j

=
∂2HT

∂ui,j∂Xk,l
(1+H) + (1+HT )

∂2H

∂ui,j∂Xk,l

+
∂N

∂X

∂ue

∂ui,j
uT
e

∂2NT

∂X∂Xk,l
+

∂2N

∂N∂Xk,l
ue

∂uT
e

∂ui,j

∂2NT

∂X

(A.40)

leading to the stress strain product

2
∂2E

∂ui,j∂Xk,l
: S = (F T ∂2H

∂ui,j∂Xk,l
) : S + (

∂N

∂X

∂ue

∂ui,j
uT
e

∂2NT

∂X∂Xek,l
) : S

=
∂2H

∂ui,j∂Xk,l
: (FS) + (

∂Ni

∂X
uT
:,j

∂2NT

∂X∂Xk,l
) : S

(A.41)

where ue:,j is the j-th column of ue. The �rst part is computed by

∂2H

∂ûe∂X̂e

: (FS) == −

⎛⎜⎜⎝
FS ∂N1

∂X
∂N1

∂X

T
FS ∂N2

∂X
∂N1

∂X

T
. . .

FS ∂N1

∂X
∂N2

∂X

T
FS ∂N2

∂X
∂N2

∂X

T
. . .

...
...

. . .

⎞⎟⎟⎠ . (A.42)

The second part is computed using ∂2N
∂Xek,l∂X

= −∂Nk

∂X
∂N
∂Xl

from [159] which results in

(
∂N

∂X

∂ue

∂ui,j
uT
e

∂2NT

∂X∂Xk,l
) : S = −(

∂Ni

∂X
uT
:,j

∂NT

∂Xl

∂Nk

∂X

T

) : S = −Hl,j
∂Nk

∂X

T

S
∂Ni

∂X
. (A.43)

Collecting the node wise quantities leads to

(
∂N

∂X

∂ue

∂uei,:
uT
e

∂2NT

∂X∂Xek,:
) : S = −(

∂Nk

∂X

T

S
∂Ni

∂X
)H . (A.44)

Hence the full term T1 reads

T1 =
∂2ET

e

∂ûe∂X̂e

Se = −

⎛⎜⎜⎝
FS ∂N1

∂X
∂N1

∂X

T
FS ∂N2

∂X
∂N1

∂X

T
. . .

FS ∂N1

∂X
∂N2

∂X

T
FS ∂N2

∂X
∂N2

∂X

T
. . .

...
...

. . .

⎞⎟⎟⎠− (
∂N

∂X

T

S
∂N

∂X
)⊗H (A.45)
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The part T2 is computed from di�erentiating E by

2
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e
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e
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+
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∂X
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e
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∂N

∂X

T
. (A.46)

Using ∂2N
∂Xk,l∂X

= −∂Nk

∂X
∂N
∂Xl

leads to
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where el is the l-th unit vector and H l corresponds to the l-th column of the displacement gradient.
Hence the Nye notation reads

2
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where Bk represents the columns of the B-matrix belonging to the k-th node. In 3D it would be
the columns 3(k − 1) + 1 to 3k. The term T2 is now computed from

∂E

∂Xek
= −Bku

T
e

∂N

∂X
= −BkH (A.49)

leading to
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The part T3 is computed in a similar way as in the case of linear �nite elements. The derivative
of the Jacobi-determinant is computed using
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1

2
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∂H

∂ûe
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, (A.51)

such that the whole term reads

T3 =
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: S
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det(Je) . (A.52)
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