
Chapter 14
Continuous Dependence
on the Coefficients II

This chapter is concerned with the study of problems of the form

(
∂t,νMn(∂t,ν) + A

)
Un = F

for a suitable sequence of material laws (Mn)n when A �= 0. The aim of this
chapter will be to provide the conditions required for convergence of the material
law sequence to imply the existence of a limit material law M such that the limit
U = limn→∞ Un exists and satisfies

(
∂t,νM(∂t,ν) + A

)
U = F.

Additionally, for material laws of the form Mn(∂t,ν) = M0,n + ∂−1
t,ν M1,n it will be

desirable to have the respective limit material law satisfy M(∂t,ν) = M0 + ∂−1
t,ν M1

for some M0,M1 ∈ L(H). This cannot be expected (as we have seen in the guiding
example in the previous chapter) if A is a bounded operator, the Hilbert space H is
infinite-dimensional, and the material law sequence only converges pointwise in the
weak operator topology. It will turn out, however, that if A is “strictly unbounded”
then a suitable result can hold, even if we only assume weak convergence of the
material law operators.

14.1 A Convergence Theorem

The main convergence theorem of this chapter will be presented next.

Theorem 14.1.1 Let H be a Hilbert space, ν0 ∈ R, (Mn)n in M(H, ν0) and M ∈
M(H, ν0). Assume there exists c > 0 such that for all n ∈ N we have

Re zMn(z) � c (z ∈ CRe>ν0).
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Let A : dom(A) ⊆ H → H be skew-selfadjoint and assume dom(A) ↪→ H

compactly. If Mn(z) → M(z) as n → ∞ in the weak operator topology for all
z ∈ CRe>ν0 , then

(
∂t,νMn(∂t,ν) + A

)−1 → (
∂t,νM(∂t,ν) + A

)−1

in the strong operator topology of L(L2,ν(R; H)) for each ν > ν0.

For the proof of this theorem, we need a lemma first.

Lemma 14.1.2 Let H be a Hilbert space, A : dom(A) ⊆ H → H skew-
selfadjoint, c > 0, (Tn)n in L(H) with Re Tn � c for all n ∈ N, and T ∈ L(H).
Assume dom(A) ↪→ H compactly and Tn → T in the weak operator topology.
Then 0 ∈ ⋂

n∈N ρ(Tn + A) ∩ ρ(T + A) and

(Tn + A)−1 → (T + A)−1

in the norm topology of L(H).

Proof From Re Tn � c it follows that 0 ∈ ρ(Tn + A) (n ∈ N) and
(
(Tn + A)−1

)
n

is bounded in L(H). Indeed, since B := Tn + A satisfies ReB = Re Tn � c

and dom(B) = dom(A) = dom(B∗) due to the skew-selfadjointness of A,
Proposition 6.3.1 yields the assertion. Moreover, since

A(Tn + A)−1 = 1 − Tn(Tn + A)−1

for all n ∈ N, it follows that
(
(Tn + A)−1

)
n
is also bounded in L(H, dom(A)) by

the boundedness of (Tn)n in L(H). Due to the convergence of (Tn)n to T , it follows
that Re T � c, and thus, (T + A)−1 ∈ L(H, dom(A)). Before we come to a proof
of the desired result, we will prove an auxiliary observation.

Claim: for all (fn)n in H weakly converging to f , we have (Tn + A)−1 fn →
(T + A)−1 f in the norm topology of H .

For proving the claim, let (fn)n in H be weakly convergent to some f . Consider
un := (Tn + A)−1fn. Then (un)n is bounded in dom(A), since

(
(Tn + A)−1

)
n

is bounded in L(H, dom(A)) and (fn)n is bounded in H . Hence, there exists
a subsequence (unk )k which weakly converges to some u in dom(A). Since
dom(A) ↪→ H compactly, we infer unk → u in the norm topology of H . Hence, in
the equality

Tnkunk + Aunk = fnk ,

as Tnk → T in the weak operator topology and unk → u in H , we may let k → ∞
and obtain for the weak limits

T u + Au = f ;
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that is, u = (T + A)−1 f . Having identified the limit, a contradiction argument
(here a so-called ‘subsequence argument’, see Exercise 14.3) concludes that (un)n
itself convergesweakly in dom(A) and strongly inH to u. Thus, the claim is proved.

Next, assume by contradiction that
(
(Tn + A)−1

)
n
does not converge in operator

norm to (T + A)−1. Then we find an ε > 0 and a strictly increasing sequence of
integers, (nk)k , and a sequence of unit vectors (fnk )k in H such that

∥
∥
∥(Tnk + A)−1fnk − (T + A)−1 fnk

∥
∥
∥ � ε. (14.1)

By possibly taking another subsequence, we may assume without loss of generality
that

(
fnk

)
k
converges weakly to some f ∈ H . By the claim proved above, we

deduce
(
Tnk + A

)−1
fnk → (T + A)−1 f and (T + A)−1 fnk → (T + A)−1 f ,

both in the norm topology of H as k → ∞. Thus, we may let k → ∞ in (14.1),
and obtain the desired contradiction. 	

Proof of Theorem 14.1.1 By Theorem 13.1.2 it suffices to show that for all z ∈
CRe>ν0

(zMn(z) + A)−1 → (zM(z) + A)−1 (n → ∞)

in the strong operator topology. This, however, follows from Lemma 14.1.2 applied
to Tn = zMn(z). 	

Remark 14.1.3 Note that we only used convergence in the strong operator topology
in the proof of Theorem 14.1.1. However, the assertion in Lemma 14.1.2 is about
convergence in the norm topology. The reason that we cannot assert the convergence
claimed in Theorem 14.1.1 in the norm topology is that the compact embedding of
dom(A) ↪→ H only works locally for fixed z, and not uniformly in z. This situation
can, however, be rectified. We refer to Exercise 14.1 for this.

14.2 The Theorem of Rellich and Kondrachov

In order to apply Theorem 14.1.1, we need to provide a setting where the condition
on the compactness of the embedding is satisfied. In fact, it is true that H 1(�)

embeds compactly into L2(�) given � ⊆ R
d is bounded and has ‘continuous

boundary’, see e.g. [5, Theorem 7.11]. In this chapter, we restrict ourselves to a
proof of a less general statement.

A preparatory result needed to prove the compact embedding theorem is given
next.

Proposition 14.2.1 Let I ⊆ R be an open, bounded, non-empty interval. Then
the mapping H 1(R) � f �→ f |I ∈ H 1(I) is well-defined, continuous and onto.
Moreover, there exists a continuous right inverse H 1(I) → H 1(R).
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For the proof of this proposition, we need an auxiliary result first.

Lemma 14.2.2 Let � ⊆ R
d be open and connected. Moreover, let u ∈ H 1(�) with

gradu = 0. Then u is constant.

We leave the proof of this lemma as Exercise 14.2.

Proof of Proposition 14.2.1 The mapping H 1(R) → H 1(I), f �→ f |I is readily
confirmed to be continuous. It remains to prove that it is onto. Let I = (a, b),
u ∈ H 1(I) and define the function v by

v(t) :=
∫ t

a

∂u(s) ds (t ∈ (a, b)).

Clearly, v ∈ L2((a, b)) and we compute for each ϕ ∈ C∞
c ((a, b))

〈
v, ϕ′〉

L2((a,b))
=

∫ b

a

(∫ t

a

∂u(s) ds

)∗
ϕ′(t) dt =

∫ b

a

∫ b

s

ϕ′(t) dt ∂u(s)∗ ds

= − 〈∂u, ϕ〉L2((a,b)) .

This shows v ∈ H 1((a, b)) with ∂v = ∂u. Hence, by Lemma 14.2.2 there exists a
constant c ∈ C with u = c + v. We now define f by

f (t) :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 if t < a − 1 or t > b + 1,

ct + c(1 − a) if a − 1 � t � a,

u(t) if a < t < b,

−(c + v(b))t + (c + v(b))(1 + b) if b � t � b + 1.

We then easily see that f ∈ H 1(R) and clearly f |(a,b) = u. In order to see that
u �→ f is continuous, we need to establish that the value c depends continuously on
u. This, however, follows from the estimate

|c| = 1√
b − a

(∫ b

a

|c|2
)1/2

� 1√
b − a

(‖u‖L2(a,b) + ‖v‖L2(a,b))

� 1√
b − a

(‖u‖L2(a,b) + (b − a) ‖∂u‖L2(a,b))

�
√
2max{1, (b − a)}√

b − a
‖u‖H 1(a,b) . 	
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Theorem 14.2.3 Let I ⊆ R be an open bounded interval. Then H 1(I) ↪→ L2(I)

compactly.

Proof By Proposition 14.2.1, we find a continuous mapping E : H 1(I) → H 1(R)

such that for all u ∈ H 1(I) we have E(u)|I = u. Moreover, by Exercise 4.3 the
mapping H 1(R) ↪→ C1/2(R) is continuous. Thus,

H 1(I)
E→ H 1(R) ↪→ C1/2(R) → C1/2(I),

is a composition of continuousmappings, where the last mapping is the restriction to
I . Since C1/2(I) ↪→ C(I) compactly by the Arzelà–Ascoli theorem, and C(I) ↪→
L2(I) continuously, we infer H 1(I) ↪→ L2(I) compactly. 	

We now have the opportunity to study the limit behaviour of a periodic mixed type
problem.

Example 14.2.4 (Highly Oscillatory Problems) Let s1, s2 : R → [0, 1] be 1-
periodic, measurable functions. Then for ν > 0, we set

S(n) :=
(

∂t,ν

(
s1(nm) 0

0 s2(nm)

)
+

(
1 − s1(nm) 0

0 1 − s2(nm)

)
+

(
0 ∂

∂0 0

))−1

,

where ∂ = div and ∂0 = grad0 are regarded as operators in L2((0, 1)) with
respective domains H 1((0, 1)) and H 1

0 ((0, 1)). Then, by Theorem 14.2.3, the

operator A :=
(
0 ∂

∂0 0

)
satisfies the assumptions of Theorem 14.1.1. Moreover,

Theorem 13.2.4 implies that the remaining assumptions of Theorem 14.1.1 are
satisfied. Hence, we deduce that

(
S(n)

)
n
converges in the strong operator topology

on L
(
L2,ν

(
R; L2((0, 1))

))
to the limit

⎛

⎝∂t,ν

(∫ 1
0 s1 0
0

∫ 1
0 s2

)

+
(
1 − ∫ 1

0 s1 0
0 1 − ∫ 1

0 s2

)

+
(
0 ∂

∂0 0

)
⎞

⎠

−1

.

Next, we aim to provide an application to more than one spatial dimension. For this,
we will also need a corresponding compactness statement. This is the subject of the
rest of this section.

Theorem 14.2.5 (Rellich–Kondrachov) Let � ⊆ R
d be open and bounded. Then

H 1
0 (�) ↪→ L2(�) compactly.

Proof Without loss of generality (by shifting and shrinking of � and extending by
0), we may assume that � = (0, 1)d . We carry out the proof by induction on the
spatial dimension d . The case d = 1 has been dealt with in Theorem 14.2.3. Assume
the statement is true for some d−1. Using that C∞

c ((0, 1)d) is dense in H 1
0 ((0, 1)d ),
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we infer the continuity of the injection

R : H 1
0 ((0, 1)d ) → H 1(

R; L2((0, 1)
d−1)

) ∩ L2
(
R; H 1

0 ((0, 1)d−1)
)

φ �→ (
t �→ (

ω �→ φ(t, ω)
))

,

where we identify φ with its extension to Rd by 0. The range space is endowed with
the usual sum scalar product.

Let (φn)n be a weakly convergent nullsequence in H 1
0 ((0, 1)d). In particular,

(Rφn)n is bounded in H 1
(
R; L2((0, 1)d−1)

)
and hence, it is also bounded in

Cb
(
R; L2((0, 1)d−1)

)
by Theorem 4.1.2 (and Corollary 4.1.3); that is,

sup
t∈[0,1],n∈N

‖φn(t, ·)‖L2((0,1)d−1) < ∞. (14.2)

Let f ∈ L2((0, 1)d−1). Then (φn,f )n given by

φn,f : t �→ 〈φn(t, ·), f 〉L2((0,1)d−1)

is a weakly convergent nullsequence in H 1((0, 1)). We obtain by Theorem 14.2.3
that φn,f → 0 in L2((0, 1)) as n → ∞. By separability of L2((0, 1)d−1) we find
D ⊆ L2((0, 1)d−1) countable and dense, a subsequence (again labeled by n) and a
nullset N ⊆ R such that φn,f (t) → 0 for all t ∈ R \ N and f ∈ D as n → ∞.
By (14.2), we deduce φn,f (t) → 0 for all t ∈ R \ N and f ∈ L2((0, 1)d−1)

as n → ∞, or, in other words, φn(t, ·) → 0 weakly in L2((0, 1)d−1) for each
t ∈ R \ N as n → ∞.

Next, we show that there exists a nullset N ⊆ N1 ⊆ R such that φn(t, ·) → 0
in L2((0, 1)d−1) for all t ∈ R \ N1. For this, since (Rφn)n in L2

(
R; H 1

0 ((0, 1)d−1)
)

is bounded, we find a nullset N ⊆ N1 ⊆ R such that (φn(t, ·))n is bounded
in H 1

0 ((0, 1)d−1) for all t ∈ R \ N1. Let t ∈ R \ N1. Then there exists a
further subsequence (φnk (t, ·))k which converges weakly in H 1

0 ((0, 1)d−1). By the
induction hypothesis, (φnk (t, ·))nk converges strongly in L2((0, 1)d−1), and since
we have already seen that it is a weak nullsequence in L2((0, 1)d−1), we derive
φnk (t, ·) → 0 in L2((0, 1)d−1). By a subsequence argument we derive that

φn(t, ·) → 0

in L2((0, 1)d−1) for all t ∈ R \ N1.
Now, for n ∈ N we deduce

‖φn‖2L2((0,1)d )
=

∫ 1

0
‖φn(t, ·)‖2L2((0,1)d−1)

dt → 0,

where we have used dominated convergence, which is possible due to (14.2). 	
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14.3 The Periodic Gradient

In this section we investigate the gradient on periodic functions on Rd . Throughout,
we set Y := [0, 1)d .

Definition (Periodic Gradient)We define

C∞
� (Y ) :=

{
φ|Y ; φ ∈ C∞(Rd ), φ(· + k) = φ (k ∈ Z

d )
}

and

grad�,∞ : C∞
� (Y ) ⊆ L2(Y ) → L2(Y )d

φ �→ gradφ.

Moreover, we set div� := − grad∗
�,∞ and grad� := − div∗

� = grad�,∞.

Remark 14.3.1 The operators just introduced can easily be shown to lie between
the operator realisations we have introduced in earlier chapters. Indeed, it is easy to
see that

div0 ⊆ div� and grad0 ⊆ grad�

and, consequently, we also have

grad� ⊆ grad and div� ⊆ div .

The corresponding domains for the operators grad� and div� will be denoted by
H 1

� (Y ) and H�(div, Y ), respectively.
For the next results, we define the periodic extension operator. For φ ∈ L2(Y )m

we put

φpe(x + k) := φ(x)

for almost every x ∈ Y and all k ∈ Z
d .

We start with the following two observations.

Lemma 14.3.2 Let f ∈ L2(Y ) and (ρk)k be a δ-sequence in C∞
c (Rd) (cf. Exer-

cise 3.1). Define

fk := (ρk ∗ fpe)|Y (k ∈ N).

Then fk ∈ C∞
� (Y ) for each k ∈ N and fk → f in L2(Y ) as k → ∞.
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Proof It follows as in Exercise 3.2 that ρk ∗fpe is in C∞. Moreover, one easily sees
that ρk ∗ fpe is [0, 1)d -periodic, and hence, fk ∈ C∞

� (Y ) for each k ∈ N. For the
convergence we observe

(
ρk ∗ (1Y+B(0,1)fpe)

)
(x) = fk(x) (x ∈ Y, k ∈ N).

Moreover, by Exercise 3.2 we have ρk ∗ (1Y+B(0,1)fpe) → 1Y+B(0,1)fpe in L2(R
d )

as k → ∞, and thus,

fk = (
ρk ∗ (1Y+B(0,1)fpe)

)|Y → (1Y+B(0,1)fpe)|Y = f (k → ∞) in L2(Y ). 	


Lemma 14.3.3 C∞
� (Y )d is a core for div�.

Proof First we note that C∞
� (Y )d ⊆ dom(div�). To see this, for φ ∈ C∞

� (Y ),
 ∈
C∞

� (Y )d we compute

〈gradφ,
〉L2(Y )d =
∫

Y

〈gradφ(x),
(x)〉Kd dx = −
∫

Y

φ(x)∗ div
(x) dx

= 〈φ,− div
〉L2(Y )

by integration by parts (note that the boundary values cancel out due to the
periodicity of φ and 
). Now, let q ∈ dom(div�) and (ρk)k be a δ-sequence in
C∞
c (Rd). For k ∈ N we define

qk := (ρk ∗ qpe)|Y ,

and obtain qk ∈ C∞
� (Y )d and qk → q in L2(Y )d as k → ∞ by Lemma 14.3.2. It

is left to show that div qk → div� q in L2(Y ) as k → ∞. For doing so, we show
that div qk = (

ρk ∗ (div� q)pe
)|Y , which would then yield the assertion again by

Lemma 14.3.2. So, let k ∈ N and φ ∈ C∞
� (Y ). We compute

〈qk, gradφ〉L2(Y )d =
∫

Y

〈∫

Rd

ρk(y)qpe(x − y) dy, gradφ(x)

〉

Kd

dx

=
∫

Rd

ρk(y)

∫

Y

〈
qpe(x − y), gradφ(x)

〉
Kd dx dy

=
∫

Rd

ρk(y)

∫

Y−y

〈
qpe(x), (gradφ)pe(x + y)

〉
Kd dx dy

=
∫

Rd

ρk(y)

∫

Y

〈
q(x), (gradφ)pe(x + y)

〉
Kd dx dy
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=
∫

Rd

ρk(y)

∫

Y

〈
q(x), (gradφpe(· + y))(x)

〉
Kd dx dy

= −
∫

Rd

ρk(y)

∫

Y

〈
div� q(x), φpe(x + y)

〉
Kd dx dy

= −
∫

Rd

ρk(y)

∫

Y+y

〈
(div� q)pe(x − y), φpe(x)

〉
Kd dx dy

= − 〈(
ρk ∗ (div� q)pe

)|Y , φ
〉
L2(Y )

,

where we have used periodicity as well as φpe(· + y) ∈ C∞
� (Y ). 	


Remark 14.3.4 The proof of Lemma 14.3.3 reveals that every q ∈ ker(div�) can be
approximated by elements in C∞

� (Y )d ∩ ker(div�).

Proposition 14.3.5 Let � ⊆ R
d be open, bounded, u ∈ H 1

� (Y ) and q ∈
H�(div, Y ). Then upe|� ∈ H 1(�), qpe|� ∈ H(div,�) and

grad
(
upe|�

) = (
grad� u

)
pe

|� and div
(
qpe|�

) = (
div� q

)
pe |�.

Proof Let first φ ∈ C∞
� (Y ). Then by definition φpe ∈ C∞(Rd) and we easily see

gradφpe = (gradφ)pe = (grad� φ)pe.

Moreover, since � is bounded, we infer φpe ∈ H 1(�). By definition of H 1
� (Y ) we

find a sequence (φk)k∈N in C∞
� (Y ) such that φk → u in L2(Y ) and grad� φk →

grad� u in L2(Y )d as k → ∞. Since

L2(Y ) → L2(�), f �→ fpe

is bounded due to the boundedness of �, we also derive φk,pe → upe in L2(�) and
(grad� φk)pe → (grad� u)pe in L2(�)d as k → ∞. By what we have shown above,
we infer

gradφk,pe = (grad� φk)pe → (grad� u)pe (k → ∞)

in L2(�)d , and thus, upe ∈ H 1(�) with gradupe = (grad� u)pe by the closedness
of grad. The proof for q follows by the same argument with Lemma 14.3.3 as an
additional resource. 	

The extension result just established yields the following compactness statement.

Theorem 14.3.6 (Rellich–Kondrachov II) The embedding H 1
� (Y ) ↪→ L2(Y ) is

compact.
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Proof Let (φn)n be a bounded sequence in H 1
� (Y ). Let � ⊆ R

d be open and

bounded such that Y ⊆ �. By Proposition 14.3.5, we deduce that
(
φn,pe|�

)
n
is

bounded in H 1(�). Let ψ ∈ C∞
c (�) with ψ = 1 on Y . Then

(
ψφn,pe

)
n
is bounded

in H 1
0 (�). By Theorem 14.2.5, we find an L2(�)-convergent subsequence. This

sequence also converges in L2(Y ). Since ψ = 1 on Y , we obtain the assertion. 	

Next, we provide a Poincaré-type inequality for the periodic gradient.

Proposition 14.3.7 There exists c � 0 such that for all u ∈ H 1
� (Y )

∥
∥
∥∥u −

∫

Y

u

∥
∥
∥∥

L2(Y )

� c
∥
∥grad� u

∥
∥

L2(Y )d
.

In particular, ran(grad�) ⊆ L2(Y )d is closed, ker(grad�) = lin{1Y } and the
operator

grad� : H 1
� (Y ) ∩ {1Y }⊥ → ran(grad�)

is an isomorphism.

Proof The proof is left as Exercise 14.4. 	

We are now in a position to formulate the particular example we have in mind.
Problems of this type with highly oscillatory coefficients are also referred to as
homogenisation problems. We refer to the comments section for more details on
this.

Example 14.3.8 (Homogenisation Problem for the Wave Equation) Let c > 0,
a : Rd → K

d×d be bounded, measurable, a(x) = a(x)∗ � c for all x ∈ R
d .

Furthermore, assume that a is [0, 1)d -periodic. Let ν > 0, f ∈ L2,ν(R; L2(Y )) and
for n ∈ N consider the problem of finding un ∈ L2,ν(R; L2(Y )) such that

∂2t,νun − div� a(nm) grad� un = f. (14.3)

We have already established that there exists a uniquely determined solution,
un. Employing the same trick as in Sect. 11.3, we shall rewrite (14.3) using
vn := ∂t,νun, the canonical embedding ι� : ran(grad�) ↪→ L2(Y )d as well as
qn := −ι∗�a(nm)ι�ι

∗
� grad� un to obtain

(

∂t,ν

(
1 0

0
(
ι∗�a(nm)ι�

)−1

)

+
(

0 div� ι�

ι∗� grad� 0

))(
vn

qn

)
=

(
f

0

)
.

Note that we have used that
(
ι∗�a(nm)ι�

) : ran(grad�) → ran(grad�) is continuously
invertible and strictly positive definite (uniformly in n); see Proposition 11.3.5. Also
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note that ι∗�a(nm)ι� is selfadjoint. As in Exercise 11.3 we see that
(
ι∗� grad�

)∗ =
− div� ι�. Thus, the operator

S(n) :=
⎛

⎝∂t,ν

(
1 0

0
(
ι∗�a(nm)ι�

)−1

)

+
(

0 div� ι�

ι∗� grad� 0

)⎞

⎠

−1

is well-defined and bounded in L2,ν(R; L2(Y ) × ran(grad�)). We aim to find the
limit of (S(n))n as n → ∞. For this, we want to apply Theorem 14.1.1. We readily
see using Theorem 14.3.6 and Exercise 14.5 that

A :=
(

0 div� ι�

ι∗� grad� 0

)

satisfies the assumptions in Theorem 14.1.1. Thus, it is left to analyse((
ι∗�a(nm)ι�

)−1)
n
. This is the subject of the next section. For this reason, we

define

an := (
ι∗�a(nm)ι�

)−1
(n ∈ N).

14.4 The Limit of (an)n

In this section, we shall apply our earlier findings to higher-dimensional problems.
Again, we fix Y := [0, 1)d as well as ι� : ran(grad�) ↪→ L2(Y )d , the canonical
embedding. Before we are able to present the central result of this section, we need
a preliminary result.

Throughout, let a : Rd → K
d×d be measurable, bounded and [0, 1)d -periodic

such that Re a(x) � c for each x ∈ R
d for some c > 0.

Lemma 14.4.1 Let ξ ∈ K
d . Then there exists a unique vξ ∈ L2(Y )d with vξ − ξ ∈

ran(grad�) and a(m)vξ ∈ ker(div�).

Proof Take w ∈ H 1
� (Y ) such that

grad� w = −ι�

(
ι∗�a(m)ι�

)−1
ι∗�a(m)ξ = −ι�anι

∗
�a(m)ξ.

This is possible, since the right-hand side belongs to ran(grad�) by definition. We
put vξ := grad� w + ξ . Then vξ − ξ ∈ ran(grad�) and we have

ι∗�a(m)vξ = ι∗�a(m)
(
grad� w + ξ

) = ι∗�a(m)
(
−ι�anι

∗
�a(m)ξ + ξ

)

= −ι∗�a(m)ι�anι
∗
�a(m)ξ + ι∗�a(m)ξ = 0.
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The latter gives a(m)vξ ∈ ran(grad�)
⊥ = ker(div�). For the uniqueness, we assume

v ∈ ran(grad�) with a(m)v ∈ ker(div�). Then

(ι∗�a(m)ι�)ι
∗
�v = ι∗�a(m)v = 0,

which implies ι∗�v = 0 since ι∗�a(m)ι� is invertible. Thus v = 0. 	

The previous result induces the linear mapping

ahom : Kd � ξ �→
∫

Y

avξ ∈ K
d,

where vξ ∈ L2(Y )d is the unique vector field from Lemma 14.4.1.

Remark 14.4.2 We gather some elementary facts on ahom.

(a) We have (a∗)hom = a∗
hom. In particular, if a is pointwise selfadjoint then so

is ahom. Indeed, let ξ, ζ ∈ K
d and vξ and vζ ∈ L2(Y )d be the corresponding

functions for a∗ and a, respectively, according to Lemma 14.4.1. Then there
exist wξ ,wζ ∈ dom(grad�) with vξ − ξ = grad� wξ and vζ − ζ = grad� wζ .
We compute

〈
(a∗)homξ, ζ

〉
Kd =

∫

Y

〈(
a∗vξ

)
(y), vζ (y) − grad� wζ (y)

〉
Kd dy

=
∫

Y

〈(
a∗vξ

)
(y), vζ (y)

〉
Kd dy

−
∫

Y

〈(
a∗vξ

)
(y), grad� wζ (y)

〉
Kd dy

=
∫

Y

〈
vξ (y),

(
avζ

)
(y)

〉
Kd dy − 〈

a∗vξ , grad� wζ

〉
L2(Y )d

=
∫

Y

〈
vξ (y),

(
avζ

)
(y)

〉
Kd dy

=
∫

Y

〈
grad� wξ (y) + ξ,

(
avζ

)
(y)

〉
Kd dy

=
∫

Y

〈
ξ,

(
avζ

)
(y)

〉
Kd dy = 〈ξ, ahomζ 〉Kd .

(b) Re ahom is strictly positive definite. As above, one shows

Re 〈ξ, ahomξ〉Kd = Re
∫

Y

〈
vξ (y), (avξ )(y)

〉
Kd dy � c

∥∥vξ

∥∥2
L2(Y )d

(ξ ∈ K
d)
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and since the right-hand side is strictly positive if ξ �= 0 by Lemma 14.4.1, we
derive the assertion.

The construction of ahom now allows us to formulate the main result of this section.

Theorem 14.4.3 We have

an =
(
ι∗�a(nm)ι�

)−1 →
(
ι∗�ahomι�

)−1 =: ahom (n → ∞)

in the weak operator topology of L(ran(grad�)).

The proof of Theorem 14.4.3 requires some more preparation. One of the results
needed is a variant of Theorem 13.2.4 for L2(Y ). However, it will be beneficial to
finish Example 14.3.8 first.

Example 14.4.4 (Example 14.3.8 Continued) The operator sequence (S(n))n con-
verges in the strong operator topology of L

(
L2,ν

(
R; L2(Y ) × ran(grad�)

))
to the

following limit
⎛

⎝∂t,ν

(
1 0
0 ahom

)
+

(
0 div� ι�

ι∗� grad� 0

)⎞

⎠

−1

.

Lemma 14.4.5 Let f : Rd → K be measurable and [0, 1)d -periodic. Let � ⊆ R
d

be open, bounded and assume f |Y ∈ L2(Y ). Then

f (n·) →
( ∫

Y

f
)
1�

weakly in L2(�) as n → ∞.

Proof Due to the boundedness of � we find a finite set F ⊆ Z
d such that � ⊆⋃

k∈F k + Y . Thus, by periodicity, it suffices to restrict our attention to the case
when � = Y . We define

X :=
{
f : Rd → K ; f is [0, 1)d -periodic, f |Y ∈ L2(Y )

}

endowed with the norm ‖f ‖X := ‖f |Y ‖L2(Y ). It is not difficult to see that X is a
Hilbert space. For n ∈ N, we define Tn : X → L2(Y ) by Tnf := f (n·). Then, for
all n ∈ N, Tn is an isometry. Indeed, for f ∈ X, we compute

∫

Y

|f (nx)|2 dx = 1

nd

∫

nY

|f (y)|2 dy = 1

nd
nd

∫

Y

|f (y)|2 dy = ‖f ‖2L2(Y ) ,

where we used periodicity again. Recall that S(Y ) denotes the simple functions on
Y and consider

D := {f ∈ X ; f |Y ∈ S(Y )} .
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Then D is dense in X. Also, if h ∈ D, then h ∈ L∞(Rd ). By Theorem 13.2.4, we
note

〈Tnh, g〉L2(Y ) = 〈h(n·), g〉L2(Y ) →
〈( ∫

Y

h
)
1Y , g

〉

L2(Y )

(n → ∞)

for all g ∈ L2(Y ) ⊆ L1(Y ). Hence, Tnh → T h weakly in L2(Y ) as n → ∞, where

for f ∈ X, we define Tf :=
( ∫

Y
f
)
1Y ∈ L2(Y ).

Next, if f ∈ X, h ∈ D and g ∈ L2(Y ), then

|〈Tnf − Tf, g〉| � |〈Tnf − Tnh, g〉| + |〈Tnh − T h, g〉| + |〈T h − Tf, g〉|
� ‖f − h‖X‖g‖L2(Y ) + |〈Tnh − T h, g〉|

+ ‖T ‖‖g‖L2(Y )‖f − h‖X.

Hence, for ε > 0, by density of D in X, we find h ∈ D such that

‖f − h‖X‖g‖L2(Y ) + ‖T ‖‖g‖L2(Y )‖f − h‖ � ε

2
.

Then, we find n0 ∈ N so that for all n � n0, |〈Tnh − T h, g〉| � ε/2 resulting in
|〈Tnf − Tf, g〉| � ε. 	

Lemma 14.4.6 Let (qn)n and (rn)n be weakly convergent sequences in a Hilbert
space H with weak limits q, r ∈ H , respectively. Moreover, let X ⊆ H be a closed
subspace and ι : X → H the canonical embedding. Assume that

qn ∈ X for each n ∈ N and
(
ι∗rn

)
n
is strongly convergent in X.

Then

lim
n→∞ 〈rn, qn〉H = 〈r, q〉H .

Proof Since ι∗ : H → X is continuous it is also weakly continuous, and thus,

ι∗rn → ι∗r (n → ∞)

strongly in X. For n ∈ N we compute

〈rn, qn〉H = 〈
rn, ιι

∗qn

〉
H

= 〈
ι∗rn, ι∗qn

〉
X

→ 〈
ι∗r, ι∗q

〉
X

.

Since X is a closed subspace, it is also weakly closed and thus q ∈ X which yields

〈
ι∗r, ι∗q

〉
X

= 〈r, q〉H . 	


The next theorem is a version of the so-called ‘div-curl lemma’.
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Theorem 14.4.7 Let (qn)n and (rn)n be weakly convergent sequences in L2(Y )d to
some q, r ∈ L2(Y )d , respectively. Assume that

qn ∈ ran(grad�) for each n ∈ N and
(
ι∗�rn

)

n
is strongly convergent in ran(grad�).

Then
∫

Y

〈rn(x), qn(x)〉Kd φ(x) dx →
∫

Y

〈r(x), q(x)〉Kd φ(x) dx

for all φ ∈ C∞
c (Y ) as n → ∞.

Proof Let φ ∈ C∞
c (Y ), n ∈ N. Since qn ∈ ran(grad�), we find a unique wn ∈

H 1
� (Y ) with wn ∈ {1Y }⊥ = ker(grad�)

⊥ such that

grad� wn = qn.

Moreover, since grad� : H 1
� (Y ) ∩ {1Y }⊥ → ran(grad�) is an isomorphism by

Proposition 14.3.7, we infer that (wn)n is a weakly convergent sequence in H 1
� (Y )

and denote its weak limit by w ∈ H 1
� (Y ). By Theorem 14.3.6, we deduce wn → w

strongly in L2(Y )d . Moreover, note that (φwn)n weakly converges to φw in H 1
� (Y ).

In particular, grad� (φwn) → grad� (φw)weakly inL2(Y )d . For n ∈ N, we compute

∫

Y

〈rn(x), qn(x)〉Kd φ(x) dx = 〈rn, qnφ〉L(Y )d = 〈
rn, (grad� wn)φ

〉
L(Y )d

= 〈
rn, grad�(φwn)

〉
L(Y )d

− 〈
rn,wn grad� φ

〉
L2(Y )d

.

Now, the first term on the right-hand side of this equality tends to〈
r, grad�(φw)

〉
L2(Y )d

by Lemma 14.4.6 applied to X = ran(grad�), which is closed

by Proposition 14.3.7. The second term tends to
〈
r,w grad� φ

〉
L2(Y )d

by strong

convergence of (wn)n and weak convergence of (rn)n in L2(Y )d . Thus, we obtain

∫

Y

〈rn(x), qn(x)〉Kd φ(x) dx → 〈
r, grad�(φw)

〉
L2(Y )d

− 〈
r,w grad� φ

〉
L2(Y )d

=
∫

Y

〈r(x), q(x)〉Kd φ(x) dx (n → ∞). 	


We will apply the latter theorem to the concrete case when rn = a(nm)qn in
order to determine the weak limit of (a(nm)qn)n.
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Lemma 14.4.8 Let (qn)n and (a(nm)qn)n be weakly convergent in L2(Y )d to some
q and r , respectively. Assume that

qn ∈ ran(grad�) for each n ∈ N and
(
ι∗�a(nm)qn

)

n
is strongly convergent in ran(grad�).

Then r = ahomq .

Proof Let ξ ∈ K
d and choose v := vξ ∈ L2(Y )d according to Lemma 14.4.1 for

a∗ instead of a; that is, v − ξ ∈ ran(grad�) and a∗(m)v ∈ ker(div�). For n ∈ N, we
define vn := vpe(n·) ∈ L2(Y )d . Next, let g ∈ C∞

� (Y ). Then we compute

〈
a∗(nm)vn, grad� g

〉
L2(Y )d

=
∫

Y

〈
a∗(nx)vpe(nx), grad� g(x)

〉
Kd dx

= 1

nd

∫

nY

〈
a∗(y)vpe(y),

(
grad� g

)
(y/n)

〉
Kd dy

= 1

nd−1

∫

nY

〈
a∗(y)vpe(y), (gradg(·/n))(y)

〉
Kd dy.

In order to compute the last integral, we employ Lemma 14.3.3 and Remark 14.3.4
to find a sequence (φk)k∈N in C∞

� (Y )d ∩ ker(div�) such that φk → a∗(m)v as

k → ∞ in L2(Y )d . The latter implies (φk)pe → a∗(m)vpe as k → ∞ in L2(nY )d

for each n ∈ N and div(φk)pe = 0 for all k ∈ N by Proposition 14.3.5. Thus,
we obtain with integration by parts (note that the boundary terms vanish due to the
periodicity of φk and g)

〈
a∗(nm)vn, grad� g

〉
L2(Y )d

= 1

nd−1

〈
a∗(m)vpe, (grad g(·/n))

〉
L2(nY )d

= 1

nd−1 lim
k→∞

〈
(φk)pe, (grad g(·/n))

〉
L2(nY )d

= 0.

Since C∞
� (Y ) is a core for grad�, we infer that a

∗(nm)vn ∈ ran(grad�)
⊥ and hence,

ι∗�a∗(nm)vn = 0 (n ∈ N).

Moreover, we have a∗(nm)vn → ∫
Y a∗v = (a∗)homξ weakly in L2(Y )d as n → ∞

by Lemma 14.4.5. Thus, by Theorem 14.4.7 applied to qn and rn := a∗(nm)vn, we
deduce that for all φ ∈ C∞

c (Y )

lim
n→∞

∫

Y

〈
a∗(nx)vn(x), qn(x)

〉
Kd φ(x) dx =

∫

Y

〈
(a∗)homξ, q(x)

〉
Kd φ(x) dx.

On the other hand, vn → ( ∫
Y

v
)
1Y = ξ1Y weakly in L2(Y )d as n → ∞ by

Lemma 14.4.5, where
∫
Y

v = ξ follows from v − ξ ∈ ran(grad�). Thus, we can
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apply Theorem 14.4.7 to qn := vn and rn := a(nm)qn and obtain for all φ ∈ C∞
c (Y )

∫

Y

〈
a∗(nx)vn(x), qn(x)

〉
Kd φ(x) dx =

∫

Y

〈vn(x), a(nx)qn(x)〉Kd φ(x) dx

→
∫

Y

〈ξ, r(x)〉Kd φ(x) dx

as n → ∞. Thus, we have

∫

Y

〈
(a∗)homξ, q(x)

〉
Kd φ(x) dx =

∫

Y

〈ξ, r(x)〉Kd φ(x) dx

for each φ ∈ C∞
c (Y ). Hence, we infer

〈ξ, r(x)〉Kd = 〈
(a∗)homξ, q(x)

〉
Kd = 〈ξ, ahomq(x)〉Kd

for almost every x ∈ Y , where we have used Remark 14.4.2(a). Since the latter
holds for each ξ ∈ K

d , we deduce r = ahomq . 	

Proof of Theorem 14.4.3 Let n ∈ N and for u ∈ ran(grad�) we put qn := anu.
We need to show that (qn)n weakly converges to ahomu. For this, we choose
subsequences (without relabeling) such that both (qn)n and (a(nm)qn)n weakly
converge to some q and r , respectively. By definition, we have qn ∈ ran(grad�) and
ι∗�a(nm)qn = u for each n ∈ N. Hence, by Lemma 14.4.8, we deduce ahomq = r .
As ran(grad�) is closed, it is also weakly closed, and hence, q ∈ ran(grad�). Thus,
we have

ι∗�ahomι�q = ι∗�r,

or equivalently

q = ahomι∗�r.

Now, since u = ι∗�a(nm)qn → ι∗�r weakly, we infer

q = ahomu.

A subsequence argument now yields the claim. 	


14.5 Comments

The theory of finding partial differential equations as appropriate limit problems
of partial differential equations with highly oscillatory coefficients is commonly
referred to as ‘homogenisation’. The mathematical theory of homogenisation goes
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back to the late 1960s and early 70s. We refer to [11] as an early monograph
wrapping up the available theory to that date.

The usual way of addressing homogenisation problems is to look at static
(i.e., time-independent) problems first. The corresponding elliptic equation is then
intensively studied. Even though it might be hidden in the derivations above,
the ‘study of the elliptic problem’ essentially boils down to addressing the limit
behaviour of an as n → ∞; see [37, 132]. Consequently, generalisations of the
periodic case have been introduced. The periodic case (and beyond) is covered in
[11, 21]; non-periodic cases and corresponding notions have been introduced in
[108, 109] and, independently, in [70, 71].

An important technical tool to obtain results in this direction is the div-curl
lemma or the notion of ‘compensated compactness’. In the above presentedmaterial,
this is Theorem 14.4.7; the main difficulty to overcome is that of finding a limit of
a product (〈qn, rn〉)n of weakly convergent sequences (qn)n , (rn)n in L2(�)3 for
some open � ⊆ R

3. It turns out that if (curl qn)n and (div rn)n converge strongly
in an appropriate sense, then

∫
�

〈qn, rn〉φ converges to the desired limit for all
φ ∈ C∞

c (�). In Theorem 14.4.7 the curl-condition is strengthened in as much as we
ask qn to be a gradient, which results in curl qn = 0. The div-condition is replaced
by the condition involving ι∗� , which can in fact be shown to be equivalent, see [130].
The restriction to periodic boundary value problems is a mere convenience. It can
be shown that the arguments work similarly for non-periodic boundary conditions,
and even with the same limit, see [113, Lemma 10.3].

There are many generalisations of the div-curl lemma. For this, we refer to [17]
(and the references given there) and to the rather recently found operator-theoretic
perspective, with plenty of applications not solely restricted to the operators div and
curl, see [80, 130].

We shortly comment on the term ‘compensated compactness’. In general, one
cannot expect for two weakly convergent sequences (qn)n and (rn)n in L2(�)3

that the sequence of their scalar product 〈qn, rn〉 to converge to the scalar product
of the limits. If, however, either (qn)n or (rn)n are bounded in a space compactly
embedded into L2(�)3, then either of those sequence converge in norm in L2(�)3

and limn→∞ 〈qn, rn〉 = 〈limn→∞ qn, limn→∞ rn〉 follows. However, even though
neither H0(curl,�) nor H(div,�) are compactly embedded into L2(�)3, one
can still conclude that for bounded sequences (qn)n in H0(curl,�) and (rn)n in
H(div,�) we have

lim
n→∞ 〈qn, rn〉 =

〈
lim

n→∞ qn, lim
n→∞ rn

〉
.

Thus, one might argue that the respectively missing compactness of the embeddings
of H0(curl,�) and H(div,�) into L2(�)3 is somehow ‘compensated’. Following
the core arguments in [130], one might also argue that the deeper reason for the
convergence of the scalar products is more closely related to (general) Helmholtz
decompositions.
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The way of deriving the homogenised equation (i.e., the limit of an) is akin to
some derivations in [21, 128]. Further reading on homogenisation problems can also
be found in these references. The first step of combining homogenisation processes
and evolutionary equations has been made in [135] and has had some profound
developments for both quantitative and qualitative results; see [23, 42, 136, 138].

Exercises

Exercise 14.1 Under the same assumptions of Theorem 14.1.1 show

∥
∥
∥
((

∂t,νMn(∂t,ν) + A
)−1 − (

∂t,νM(∂t,ν) + A
)−1

)
∂−1
t,ν

∥
∥
∥

L(L2,ν(R;H))
→ 0.

Exercise 14.2 Let � ⊆ R
d be open and ε > 0. We define the set

�ε := {x ∈ � ; dist(x, ∂�) > ε} .

(a) Let (φk)k∈N in C∞
c (Rd) be a δ-sequence (cf. Exercise 3.1) and u ∈ H 1(�). We

identify each function on � by its extension to R
d by 0. Prove that for k ∈ N

large enough, φk ∗ u ∈ H 1(�ε) with

grad(φk ∗ u) = φk ∗ gradu on �ε.

(b) Use (a) to prove Lemma 14.2.2.

Exercise 14.3 Prove the ‘subsequence argument’: LetX be a topological space and
(xn)n a sequence in X. Assume that there exists x ∈ X such that each subsequence
of (xn)n has a subsequence converging to x. Show that xn → x as n → ∞.

Exercise 14.4 Let H0,H1 be Hilbert spaces and C : dom(C) ⊆ H0 → H1 be a
closed linear operator such that dom(C) ↪→ H0 compactly. Let Pker(C)⊥ : H0 → H0

denote the orthogonal projection onto the closed subspace ker(C)⊥. Prove that there
exists c > 0 such that

∀u ∈ dom(C) : ∥
∥Pker(C)⊥u

∥
∥

H0
� c ‖Cu‖H1

.

Apply this result to prove Proposition 14.3.7.

Exercise 14.5 Let H0,H1 be Hilbert spaces. Let C : dom(C) ⊆ H0 → H1 be
closed and densely defined. Assume that dom(C) ∩ ker(C)⊥ ↪→ H0 compactly.
Show that, then, dom(C∗) ∩ ker(C∗)⊥ ↪→ H1 compactly.
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Exercise 14.6 Let ν > 0, � = [0, 1)d , s ∈ L∞(R) be 1-periodic, 0 � s � 1, and
a as in Example 14.3.8. Show that (un)n in L2,ν(R; L2(Y )) satisfying

∂2t,νs(nm)un + ∂t,ν(1 − s(nm))un − div� a(nm) grad� un = f

for some f ∈ L2,ν(R; L2(Y )) is convergent to some u ∈ L2,ν(R; L2(Y )). Which
limit equation is satisfied by u?

Exercise 14.7 Let (αn)n be a nullsequence in [0, 1] and let a be as in Exam-
ple 14.3.8. Show

⎛

⎝
(

∂t,ν 0

0 ∂
αn
t,νan

)

+
(

0 div� ι�

ι∗� grad� 0

)⎞

⎠

−1

→
⎛

⎝
(

∂t,ν 0

0 ahom

)

+
(

0 div� ι�

ι∗� grad� 0

)⎞

⎠

−1

in the strong operator topology. Show that if f ∈ L2,−μ(R; L2(Y )⊥), where
L2(Y )⊥ := {

φ ∈ L2(Y ) ; ∫
Y φ = 0

}
for some small enough μ > 0, we have

⎛

⎝
(

∂t,ν 0
0 ahom

)
+

(
0 div� ι�

ι∗� grad� 0

)⎞

⎠

−1 (
f

0

)
∈ L2,−μ

(
R; L2(Y ) × ran(grad�)

)
.
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