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A B S T R A C T

This work advances stress-constrained topology optimization for frictionless unilateral contact problems involving 

large deformations and hyperelastic material behavior. The objective is to minimize the mass of a contact-

constrained structure while enforcing stress constraints through local or global stress measures. Different contact 

coupling techniques based on Lagrange multipliers and penalty methods are investigated with respect to their 

applicability in stress-constrained optimization. The results show that stress-constrained optimization is consider­

ably more sensitive to discretization errors at curved contact surfaces than common objectives such as compliance. 

Such errors may introduce artificial stresses that mislead the optimizer towards poorly performing designs. To 

address this issue, blending functions are used to retain the physical contact geometry during finite-element-based 

optimization, thereby avoiding the computational cost of very fine contact-surface discretizations. Furthermore, 

node-to-segment and segment-to-segment contact coupling are compared directly in stress-constrained topology 

optimization. The smoother contact-pressure and stress distributions provided by segment-to-segment coupling 

improve the optimization performance and lead to lighter feasible designs. Finally, local and global stress con­

straint formulations are compared, and an extension of the augmented Lagrangian approach is proposed to address 

convergence issues in challenging contact scenarios. 

1 . Introduction

Topology optimization is a powerful tool in computational engi­

neering and structural design, and has been successfully applied to 

numerous academic benchmarks and real-world applications. However, 

there are still limitations since the optimized designs are calculated 

using computer-aided methods that rely on standard model assump­

tions, which may influence the performance of the optimized design. 

Therefore, it is crucial to guarantee that the model assumptions do not 

significantly affect the optimization. Two frequently neglected phenom­

ena are stresses and unilateral contacts, as these are highly nonlinear 

local quantities that are difficult and expensive to take into account in 

the optimization. However, physically inaccurate modeling of these phe­

nomena can result in optimized designs failing in real-world scenarios. In 

particular, the combination of unilateral contact constraints with stress 

constraints is rarely encountered in the context of topology optimization.

To the best of the authors’ knowledge, only the following three pub­

lications [9,15,20] address this combination to some extent. Notably, 

none of these studies consider deformable contact surfaces modeled via 

node-to-segment or segment-to-segment contact formulations.

In fact, only Han et al. [20] consider the deformability of the contact 

surface. However, a node-to-node contact formulation is used, which 

can be applied if and only if the finite element discretizations of both 

contact partners are identical at the contact surface. This significantly 

limits the presented method.

Bruggi and Duysinx [9] introduce a stress-based approach that op­

timizes truss-like elastic structures considering unilateral behavior of 

material or unilateral rigid supports. Their approach minimizes compli­

ance by initially considering only a limited set of unilateral constraints 

during the early iterations of the optimization. As their simulations re­

veal, after an initial phase, the optimization can proceed solely as a 

volume-constrained compliance minimization. This concept is of course 

not applicable to mass minimization.

The work of Fancello [15] is the closest to the presented work, as an 

actual mass minimization considering stress constraints and rigid con­

tact boundary constraints is considered. In doing so, the rigid boundary 

constraints were imposed directly at the nodes of the contact surface and 

the stress constraints were imposed using a Lagrange Method. Although 

this methodology yields promising structural designs, Fancello reports 

significant difficulties in updating the Lagrange multipliers, leading to 

non-convergence issues. Additionally, the optimization of an L-shaped 
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$\eta (\boldsymbol {x}_1,\boldsymbol {x}_2)$


\begin {align}\Pi _{\Omega }(\boldsymbol {\Psi }) = \int \limits _{\Omega } W \text {d}V - \int \limits _{\Gamma _\text {t}} \boldsymbol {t}^* \cdot \boldsymbol {\Psi } \text { d}A. \label {equ:potential_continuous}\end {align}


$\boldsymbol {\sigma }$


$\boldsymbol {P}$


$\boldsymbol {F}$


$\boldsymbol {C}=\boldsymbol {F}^\text {T} \boldsymbol {F}$


$J=\text {det}(\boldsymbol {F})$


\begin {align}\boldsymbol {S} = \boldsymbol {F}^{-1} \boldsymbol {P} = J \boldsymbol {F}^{-1} \boldsymbol {\sigma } \boldsymbol {F}^{-\text {T}}. \label {equ:2PK_pullback}\end {align}


\begin {align}W = \dfrac {\mu }{2} (I_1 -3) - \mu \ln (J) + \dfrac {\lambda }{2} \ln ^2(J),\label {autoeq:1}\end {align}


$I_1 = \text {tr}(\boldsymbol {C})$


\begin {align}\mu = \dfrac {\nu E}{(1+\nu )(1-2\nu )}\quad \text {and} \quad \lambda = \dfrac {E}{2(1+\nu )} \label {eq:neoHookeParameter}\end {align}


\begin {align}S_{kl} = \lambda \ln (J) C^{-1}_{kl} + \mu (\delta _{kl} - C^{-1}_{kl}).\label {autoeq:2}\end {align}
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$\boldsymbol {x}_j = \boldsymbol {X}_j + \boldsymbol {u}_j$
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\begin {align}E^i_j = E^\text {min}_j + {(\varphi ^i_j)}^p (E^\text {max}_j-E^\text {min}_j)\quad \text {with } i \in [1,n_\text {el}^j]. \label {equ:SIMP}\end {align}


$p = 3$
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$\boldsymbol {\varphi }_j$


$\boldsymbol {u}_1$


$\boldsymbol {u}_2$


\begin {align}\Pi = \sum \limits _{j}\left (\Pi _{\Omega _j}\right ) + \Pi _\text {C},\label {equ:Potential}\end {align}


$\Pi _\text {C}$


\begin {align}\boldsymbol {r}_{\Omega _j}(\boldsymbol {\varphi }_j,\boldsymbol {u}_j) = \dfrac {\partial \Pi _{\Omega _j}}{\partial \boldsymbol {u}_j}.\label {autoeq:3}\end {align}
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$\Gamma _\text {C}\approx \Gamma _{1}\approx \Gamma _{2}$


$\Gamma _\text {C}\approx \Gamma _{1}\approx \Gamma _{2}$
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\begin {align}\xi \geq 0,\quad \eta (\boldsymbol {x}_1,\boldsymbol {x}_2) \geq 0, \quad \xi \, \eta (\boldsymbol {x}_1,\boldsymbol {x}_2)= 0. \label {equ:Signorini}\end {align}


\begin {align}\Phi ^\text {HSM} = -\xi + \max (0,\xi -\eta ) = 0. \label {equ:_HSM_ContactFunction}\end {align}


\begin {align}\Pi _\text {C}^\text {HSM} = \int \limits _{\Gamma _\text {C}} \xi \,\eta (\boldsymbol {x}_1,\boldsymbol {x}_2)\text {d}A. \label {equ:sig_potential}\end {align}


\begin {align}\Pi _\text {C}^\text {UP} = \dfrac {1}{2} \int \limits _{\Gamma _\text {C}} \epsilon _\text {N} \bar {\eta }{(\boldsymbol {x}_1,\boldsymbol {x}_2)}^2\text {d}A \label {equ:up_potential}.\end {align}


\begin {align}\bar {\eta }(\boldsymbol {x}_1,\boldsymbol {x}_2) = \begin {cases} 0 & \text {, if } \eta (\boldsymbol {x}_1,\boldsymbol {x}_2)\geq 0\\ -\eta (\boldsymbol {x}_1,\boldsymbol {x}_2) & \text {, else} \end {cases} \label {eq:penetration}\end {align}


$\xi _\text {UP}$


\begin {align}\xi _\text {UP} = \begin {cases} 0 & \text {, if } \bar {\eta }(\boldsymbol {x}_1,\boldsymbol {x}_2) \leq 0\\ \epsilon _\text {N} \bar {\eta }(\boldsymbol {x}_1,\boldsymbol {x}_2) & \text {, else} \end {cases}\label {autoeq:4}\end {align}
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$\hat {\boldsymbol {\zeta }}_\text {P}$
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\begin {align}\boldsymbol {x}_\text {P/S}^p = \boldsymbol {X}_\text {P/S}^p + \boldsymbol {u}_\text {P/S}^p, \label {equ:reference2deformed_config}\end {align}
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\begin {align}\hat {\boldsymbol {x}}_\text {P}^A = \sum \limits _{k=1}^m M^k(\hat {\boldsymbol {\zeta }}_\text {P}) (\boldsymbol {X}_\text {P}^k + \boldsymbol {u}_\text {P}^k),\label {autoeq:5}\end {align}
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$A$


\begin {align}\eta ^A_\text {n2s} &= (\boldsymbol {x}_\text {S}^A - \hat {\boldsymbol {x}}^A_\text {P}) \cdot \boldsymbol {n}_\text {P} =\Big (\boldsymbol {x}_\text {S}^A - \sum \limits _{k=1}^m M^k(\hat {\boldsymbol {\zeta }}_\text {P}) (\boldsymbol {X}_\text {P}^k + \boldsymbol {u}_\text {P}^k) \Big )\cdot \boldsymbol {n}_\text {P}. \label {eq:gap_n2s}\end {align}


$\Gamma _{\text {S}}$


\begin {align}\Pi _\text {C}^\text {HSM} \approx \Pi _\text {C,n2s}^\text {HSM} = \sum \limits _\text {A} \xi ^A \eta ^A_\text {n2s}, \label {eq:pi_HSM_n2s}\end {align}
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$A$
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\begin {align}\Phi ^\text {HSM}_\text {n2s} = -\xi ^A + \max (0,\xi ^A -\eta ^A_\text {n2s}) = 0. \label {eq:phi_hsm_n2s}\end {align}


$\boldsymbol {r}$


\begin {align}\boldsymbol {r}_\text {n2s}^\text {LM}(\boldsymbol {\varphi }, \begin {bmatrix} \boldsymbol {u}_\text {S}\\ \boldsymbol {u}_\text {P}\\ \boldsymbol {P}_\text {N} \end {bmatrix}) = \begin {Bmatrix} \begin {bmatrix} \boldsymbol {r}_{\Omega _\text {S}}(\boldsymbol {\varphi }_\text {S}, \boldsymbol {u}_\text {S})\\ \boldsymbol {r}_{\Omega _\text {P}}(\boldsymbol {\varphi }_\text {P}, \boldsymbol {u}_\text {P}) \end {bmatrix}+ \begin {bmatrix} \boldsymbol {C}_\text {S,n2s} \\ \boldsymbol {C}_\text {P,n2s} \end {bmatrix}^\text {T} \boldsymbol {P}_\text {N} \\ \boldsymbol {\Phi }^\text {HSM}_\text {n2s} \end {Bmatrix} \label {equ:n2s_res_sig}\end {align}
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$\boldsymbol {P}_\text {N}$


\begin {align}\boldsymbol {C}_\text {S,n2s} = \dfrac {\partial \boldsymbol {\eta }_\text {n2s} (\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})}{\partial \boldsymbol {u}_\text {S}}, \quad \boldsymbol {C}_\text {P,n2s} = \dfrac {\partial \boldsymbol {\eta }_\text {n2s} (\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})}{\partial \boldsymbol {u}_\text {P}}.\label {autoeq:6}\end {align}


$\boldsymbol {\eta }_\text {n2s}(\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})$
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\begin {align}\bar {\eta }^{A}_{\text {n2s}} = \begin {cases} 0 & , \text {if} \eta ^{A}_{\text {n2s}}\geq 0\\ -\eta ^{A}_{\text {n2s}} & , \text {else} \end {cases} \label {eq:penetration_n2s}\end {align}


$\Gamma _{\text {S}}$


\begin {align}\Pi _{\text {C}}^{\text {UP}} \approx \Pi _{\text {C,n2s}}^{\text {UP}} = \dfrac {1}{2}\sum \limits _\text {A} \epsilon _\text {N} {\big (\bar {\eta }^A_\text {n2s} \big )}^2 . \label {eq:pi_up_n2s}\end {align}
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\begin {align}\boldsymbol {r}_\text {n2s}^\text {UP}(\boldsymbol {\varphi }, \begin {bmatrix} \boldsymbol {u}_\text {S}\\ \boldsymbol {u}_\text {P} \end {bmatrix})= \begin {bmatrix} \boldsymbol {r}_{\Omega _\text {S}}(\boldsymbol {\varphi }_\text {S}, \boldsymbol {u}_\text {S})\\ \boldsymbol {r}_{\Omega _\text {P}}(\boldsymbol {\varphi }_\text {P}, \boldsymbol {u}_\text {P}) \end {bmatrix}+ \epsilon _\text {N} \begin {bmatrix} \bar {\boldsymbol {C}}_\text {S,n2s} \\ \bar {\boldsymbol {C}}_\text {P,n2s} \end {bmatrix}^\text {T} \bar {\boldsymbol {\eta }}_\text {n2s}(\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P}) \label {equ:n2s_res_up}\end {align}
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$\hat {\boldsymbol {x}}_\text {P}(\boldsymbol {x}_\text {S}^A)$


$\boldsymbol {n}_\text {S}^A$


\begin {align}\eta _\text {s2s}^{A} &=(\hat {\boldsymbol {x}}_\text {P}(\boldsymbol {x}_\text {S}^A)-\boldsymbol {x}_\text {S}^A) \cdot \boldsymbol {n}_\text {S}^A.\label {equ:gap_s2s}\end {align}
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$n$


$\Gamma _{\text {S}}^A$


\begin {align}\boldsymbol {x}_\text {S}^A = \sum \limits _{i=1}^n N_\text {S}^{A_i} \boldsymbol {x}_\text {S}^{A_i} = \sum \limits _{i=1}^n N_\text {S}^{A_i} (\boldsymbol {X}_\text {S}^{A_i} + \boldsymbol {u}_\text {S}^{A_i}). \label {equ:s2s_secondary}\end {align}


$\hat {\boldsymbol {x}}_\text {P}(\boldsymbol {x}_\text {S}^A)$
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$\boldsymbol {x}_\text {P}^{A_j}$


$\Gamma _\text {P}^A$


\begin {align}\hat {\boldsymbol {x}}_\text {P}(\boldsymbol {x}_\text {S}^A) = \sum \limits _{j=1}^m M_\text {P}^{A_j} \boldsymbol {x}_\text {P}^{A_j} = \sum \limits _{j=1}^m M_\text {P}^{A_j} (\boldsymbol {X}_\text {P}^{A_j} + \boldsymbol {u}_\text {P}^{A_j}).\label {equ:s2s_primary}\end {align}


$m$


$m=3$


$\Gamma _{\text {S}}$


\begin {align}\eta _\text {s2s}^{A} &= \Big (\sum \limits _{j=1}^m M_\text {P}^{A_j} (\boldsymbol {X}_\text {P}^{A_j} + \boldsymbol {u}_\text {P}^{A_j}) - \sum \limits _{i=1}^n N_\text {S}^{A_i} (\boldsymbol {X}_\text {S}^{A_i} + \boldsymbol {u}_\text {S}^{A_i}) \Big ) \cdot \boldsymbol {n}_\text {S}^A.\label {autoeq:8}\end {align}


\begin {align}g_\text {s2s}^A = \Big (\sum \limits _{j=1}^m M_\text {P}^{A_j} \boldsymbol {X}_\text {P}^{A_j} - \sum \limits _{i=1}^n N_\text {S}^{A_i} \boldsymbol {X}_\text {S}^{A_i}\Big ) \cdot \boldsymbol {n}_\text {S}^A\label {autoeq:9}\end {align}


$A$


\begin {align}\eta _\text {s2s}^{A} &= g_\text {s2s}^A + \Big (\sum \limits _{j=1}^m M_\text {P}^{A_j} \boldsymbol {u}_\text {P}^{A_j} - \sum \limits _{i=1}^n N_\text {S}^{A_i} \boldsymbol {u}_\text {S}^{A_i}\Big ) \cdot \boldsymbol {n}_\text {S}^A. \label {equ:s2s_contact_gap_final}\end {align}


$A$


\begin {align}\lambda _\text {s2s}^A = \sum \limits _{i=1}^n N_\text {S}^{A_i}\lambda _\text {S}^{A_i}, \label {equ:s2s_contact_pressure}\end {align}
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\begin {align}\boldsymbol {C}_\text {S,s2s} &= \underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n \sum \limits _{j=1}^n N_\text {S}^{A_i} N_\text {S}^{A_j} \boldsymbol {n}_\text {S}^A \text {d}A,\label {eq:s2s_integral1}\\ \boldsymbol {C}_\text {P,s2s} &= -\underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n \sum \limits _{j=1}^m N_\text {S}^{A_i} M_\text {P}^{A_j} \boldsymbol {n}_\text {S}^A \text {d}A,\label {eq:s2s_integral2}\\ \boldsymbol {g} &= \underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n N_\text {S}^{A_i} g_\text {s2s}^A\text {d}A. \label {eq:s2s_integral3}\end {align}
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\begin {align}\boldsymbol {C}_\text {S,s2s} &= \underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n \sum \limits _{j=1}^n N_\text {S}^{A_i} N_\text {S}^{A_j} \boldsymbol {n}_\text {S}^A \text {d}A,\label {eq:s2s_integral1}\\ \boldsymbol {C}_\text {P,s2s} &= -\underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n \sum \limits _{j=1}^m N_\text {S}^{A_i} M_\text {P}^{A_j} \boldsymbol {n}_\text {S}^A \text {d}A,\label {eq:s2s_integral2}\\ \boldsymbol {g} &= \underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n N_\text {S}^{A_i} g_\text {s2s}^A\text {d}A. \label {eq:s2s_integral3}\end {align}
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\begin {align}\Pi _\text {C}^{\text {HSM}} &\approx \Pi _\text {C,s2s}^{\text {HSM}} = \sum \limits _A \int \limits _{\Gamma _{\text {S}}^A} \lambda _\text {s2s}^A \eta _\text {s2s}^{A} \text {d}A. \label {equ:s2s_LM_potential}\end {align}


$\boldsymbol {r}$


$\boldsymbol {u}_\text {S}$


$\boldsymbol {u}_\text {P}$


$\boldsymbol {P}_\text {N}$


\begin {align}\boldsymbol {r}_\text {s2s}^\text {LM}(\boldsymbol {\varphi }, \begin {bmatrix} \boldsymbol {u}_\text {S}\\\boldsymbol {u}_\text {P}\\\boldsymbol {P}_\text {N} \end {bmatrix}) = \begin {Bmatrix} \begin {bmatrix} \boldsymbol {r}_{\Omega _\text {S}}(\boldsymbol {\varphi }_\text {S}, \boldsymbol {u}_\text {S})\\ \boldsymbol {r}_{\Omega _\text {P}}(\boldsymbol {\varphi }_\text {P}, \boldsymbol {u}_\text {P}) \end {bmatrix}+ \begin {bmatrix} \boldsymbol {C}_\text {S,s2s} \\ \boldsymbol {C}_\text {P,s2s} \end {bmatrix}^\text {T} \boldsymbol {P}_\text {N} \vspace {2mm} \\ \boldsymbol {\Phi }^\text {HSM}_\text {s2s} \end {Bmatrix} \label {equ:s2s_res_sig}\end {align}
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\begin {align}\Phi ^\text {HSM}_\text {s2s} = -\xi ^k + \max (0,\xi ^k -\eta ^k_\text {s2s}) = 0. \label {eq:phi_hsm_s2s}\end {align}


\begin {align}\boldsymbol {\eta }_\text {s2s} &= \underset {A}{\boxplus }\int \limits _{\Gamma _{\text {S}}^A} \sum \limits _{i=1}^n N_\text {S}^{A_i} \eta _\text {s2s}^A \text {d}A = \boldsymbol {C}_\text {S,s2s} \boldsymbol {u}_\text {S} + \boldsymbol {C}_\text {P,s2s} \boldsymbol {u}_\text {P} - \boldsymbol {g}, \label {equ:s2s_weighted_nodal_mortar_gaps}\end {align}


\begin {align}\bar {\eta }^k_\text {s2s} = \begin {cases} 0 & \text {, if } \eta ^k_\text {s2s}\geq 0\\ -\eta ^k_\text {s2s} & \text {, else} \end {cases} \label {equ:penetration_s2s}\end {align}


\begin {align}\Pi _\text {C}^\text {UP} \approx \Pi _\text {C,s2s}^\text {UP} = \dfrac {1}{2} \sum \limits _k \epsilon _\text {N} \bar {\eta }^k_\text {s2s} \bar {\eta }^k_\text {s2s},\label {autoeq:10}\end {align}
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\begin {align}\boldsymbol {r}_\text {s2s}^\text {UP}(\boldsymbol {\varphi }, \begin {bmatrix} \boldsymbol {u}_\text {S}\\ \boldsymbol {u}_\text {P} \end {bmatrix})= \begin {bmatrix} \boldsymbol {r}_{\Omega _\text {S}}(\boldsymbol {\varphi }_\text {S}, \boldsymbol {u}_\text {S})\\ \boldsymbol {r}_{\Omega _\text {P}}(\boldsymbol {\varphi }_\text {P}, \boldsymbol {u}_\text {P}) \end {bmatrix}+ \epsilon _\text {N} \begin {bmatrix} \bar {\boldsymbol {C}}_\text {S,s2s} \\ \bar {\boldsymbol {C}}_\text {P,s2s} \end {bmatrix}^\text {T} \bar {\boldsymbol {\eta }}_\text {s2s}(\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P}) \label {equ:s2s_res_up}\end {align}
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\begin {align}\boldsymbol {x} = &\sum \limits _{i=1}^{4} N^{N_i}_{1,1}(\boldsymbol {\zeta }) \boldsymbol {X}_i + \dfrac {1 - \zeta _2}{2} \bigg (\boldsymbol {E}_b(\zeta _1)-\big (\dfrac {1-\zeta _1}{2}\boldsymbol {X}_1 + \dfrac {1+\zeta _1}{2}\boldsymbol {X}_2\big )\bigg ), \label {autoeq:12}\end {align}


$E_3$


$\boldsymbol {r}$


$\boldsymbol {x}$


$\boldsymbol {x}^\text {LM} = {(\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P}, \boldsymbol {P}_\text {N})}^\text {T}$


$\boldsymbol {x}^\text {UP} = {(\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})}^\text {T}$


\begin {align}\boldsymbol {J}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x}) = \dfrac {\partial \boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})}{\partial \boldsymbol {x}} \label {equ:contact_jacobian}\end {align}


$\boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})$


$\tilde {\boldsymbol {\varphi }}$


$\tilde {\boldsymbol {x}}$


\begin {align}\boldsymbol {s} = {\left (\boldsymbol {J}_\text {c}\left (\tilde {\boldsymbol {x}},\tilde {\boldsymbol {\varphi }}\right )\right )}^{-1} \boldsymbol {r}_\text {c}(\tilde {\boldsymbol {x}},\tilde {\boldsymbol {\varphi }}).\label {autoeq:13}\end {align}


$\boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})$


$v_i$


$i$


$g_j$


$j$


\begin {equation}\begin {aligned} &\min \limits _{\boldsymbol {\varphi }} m(\boldsymbol {\varphi })=\frac {1}{v_\text {t}}\sum _{i=1}^{n_\text {el}} v_i\varphi _i\\ &\:\mathrm {s.t.} \begin {cases} g_j \leq 0,\quad \forall \; j = 1,\ldots ,n_\text {el} \\ \boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})=\boldsymbol {0} \\ \boldsymbol {0} \leq \boldsymbol {\varphi } \leq \boldsymbol {1} \end {cases} \end {aligned} \label {equ:optProb_original}\end {equation}


$v_\text {t}$


$\boldsymbol {\varphi } \in [\boldsymbol {0}, \boldsymbol {1}]$


$\varphi \to 0$


\begin {align}\boldsymbol {\sigma } = \dfrac {1}{J} \boldsymbol {F} \boldsymbol {S} \boldsymbol {F}^{\text {T}},\label {autoeq:14}\end {align}


$\boldsymbol {S}$


$E_\text {max}$


\begin {align}\sigma ^\text {v} = \sqrt {\boldsymbol {\sigma }^\text {T}\boldsymbol {V}_0\boldsymbol {\sigma }}\label {autoeq:15}\end {align}


\begin {align}\text { in 2D: }\boldsymbol {V}_0 = \begin {bmatrix} 1 & -0.5 & 0 \\ -0.5 & 1 & 0 \\ 0 & 0 & 3 \end {bmatrix}\label {autoeq:16}\end {align}


\begin {align}g_j = \frac {\sigma _j^\text {v}}{\sigma ^\text {lim}} -1 \leq 0, \label {equ:stress_constraint}\end {align}


$\sigma ^\text {lim}$


$\sigma _j^v$


$\widetilde {\sigma }_\text {lim} < \sigma _\text {lim}$


$\sigma _\text {lim}$


$\varepsilon $


$qp$


$\varphi _j \to 0$


$P$


$qp$


$P^{(k)}$


$g_j\leq 0$


$h_j = 0$


\begin {align}\theta _j = \varphi _j^p\left (g_j^3 + g_j\right ) \leq 0. \label {equ:LP_van_con}\end {align}


$k$


$\boldsymbol {r}$


$P^{(k)}$


$\lambda _j^{(k)}$


$\mu _j^{(k)}$


\begin {align}h_j=\max \left (\theta _j,-\frac {\lambda _j^{(k)}}{\mu ^{(k)}}\right ). \label {eq:equlStressConst}\end {align}


$\boldsymbol {\lambda }^{(k)}$


$\mu ^{(k)}$


$\boldsymbol {\lambda }^{(1)}=\boldsymbol {0}$


$\mu ^{(1)} = 100$


\begin {align}&\lambda _j^{(k+1)} = \lambda _j^{(k)} + \mu ^{(k)}h_j \label {eq:laUpdate},\\ &\mu ^{(k+1)} = \alpha \mu ^{(k)} \label {eq:muUpdate}.\end {align}


\begin {align}&\lambda _j^{(k+1)} = \lambda _j^{(k)} + \mu ^{(k)}h_j \label {eq:laUpdate},\\ &\mu ^{(k+1)} = \alpha \mu ^{(k)} \label {eq:muUpdate}.\end {align}


$\alpha >1$


$\boldsymbol {\lambda }^{(1)}$


$\mu ^{(1)}$


\begin {align}\mathcal {L}_\text {c}^{(k)}(\boldsymbol {\varphi }) =\frac {1}{{n_\text {ce}}}\sum _{l=1}^{n_\text {ce}}\left [\lambda _l^{(k)} h_l + \frac {\mu ^{(k)}}{2}h_l^2\right ], \label {eq:extendedAL_def}\end {align}


$n_\text {ce}$


$\mathcal {L}^{(k)}$


\begin {align}&\min \limits _{\boldsymbol {\varphi }}\mathcal {L}^{(k)}(\boldsymbol {\varphi })= m(\boldsymbol {\varphi }) + \underbrace {\frac {1}{{n_\text {el}}}\sum _{j=1}^{n_\text {el}}\left [\lambda _j^{(k)} h_j + \frac {\mu ^{(k)}}{2}h_j^2 \right ]}_{P^{(k)}}\nonumber \\ &\:\mathrm {s.t.} \begin {cases} \boldsymbol {r}(\boldsymbol {\varphi },\boldsymbol {x})=\boldsymbol {0}\\ \boldsymbol {0} \leq \boldsymbol {\varphi } \leq \boldsymbol {1} \end {cases} \label {equ:optProb_AL}\end {align}


\begin {align}\widetilde {\mathcal {L}}^{(k)}(\boldsymbol {\varphi }) =\mathcal {L}^{(k)}(\boldsymbol {\varphi })+\mathcal {L}_\text {c}^{(k)}(\boldsymbol {\varphi }),\label {autoeq:17}\end {align}


$j$


\begin {align}w_j = \begin {cases} 1 + \dfrac {n_\text {el}}{n_\text {ce}} & \text {, if the}\,j\text {-th element is part of any contact surface}\\ 1 & \text {, else} \end {cases}\label {autoeq:18}\end {align}


$n_\text {ce}$


\begin {align}\widetilde {\mathcal {L}}^{(k)}(\boldsymbol {\varphi }) &= m(\boldsymbol {\varphi }) + \underbrace {\frac {1}{{n_\text {el}}}\sum _{j=1}^{n_\text {el}}w_j\left [\lambda _j^{(k)} h_j + \frac {\mu ^{(k)}}{2}h_j^2 \right ]}_{\widetilde {P}^{(k)}} \label {eq:optProb_AL_adjusted_1}.\end {align}


$n_\text {el}/n_\text {ce}$


$P$


\begin {align}\Theta _j = \varphi _j g_j \leq 0,\label {autoeq:19}\end {align}


\begin {align}\begin {aligned} &\min \limits _{\boldsymbol {\varphi }} m(\boldsymbol {\varphi })=\frac {1}{v_\text {t}}\sum _{i=1}^{n_\text {el}} v_i\varphi _i\\ &\:\mathrm {s.t.} \begin {cases} \Psi = {\left (\dfrac {1}{n_\text {el}} \sum \limits _{{j=1}}^{n_\text {el}} {(\Theta _j +1)}^P\right )}^{(1/P)} -1\leq 0\\ \boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})=\boldsymbol {0} \\ \boldsymbol {0} \leq \boldsymbol {\varphi } \leq \boldsymbol {1} \end {cases} \end {aligned} \label {equ:optProb_original_agg}\end {align}


$P > 0$


$P \rightarrow \infty $


\begin {align}\begin {aligned} &\min \limits _{\boldsymbol {\varphi }} m(\boldsymbol {\varphi })=\frac {1}{v_\text {t}}\sum _{i=1}^{n_\text {el}} v_i\varphi _i\\ &\:\mathrm {s.t.} \begin {cases} \max (g_1,\dots , g_{n_\text {el}}) \leq 0 \\ \boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\boldsymbol {x})=\boldsymbol {0} \\ \boldsymbol {0} \leq \boldsymbol {\varphi } \leq \boldsymbol {1} \end {cases} \end {aligned} \label {equ:optProb_original_max}\end {align}


$P << 60$


$P>60$


$\epsilon _\text {N} = 1e3$


$\epsilon _\text {N} = 1e4$


$\boldsymbol {q}$


$L_\text {d} = 30$


$\epsilon _\text {N} = 1e3$


$P$


$\sigma _\text {lim}$


$\widetilde {\sigma }_\text {lim}$


$0.99\cdot \sigma _\text {lim}=59.4$


$r_\text {min}$


$\eta $


$\beta _\text {start}$


$\beta _\text {max}$


$\beta _\text {increase}$


$1.0341$


$P_\text {start}$


$P_\text {max}$


$P_\text {increase}$


$1.0$


$1.0341$


$1.{04914}$


$\mu _\text {start}$


$\mu _\text {max}$


$\alpha $


$\boldsymbol {\lambda }$


$\mu $


$P$


$\beta _\text {increase}$


$P_\text {increase}$


$\mu $


$\blacktriangle $


$\blacktriangle $


$P$


$P_\text {max} = \{20, 100, 200\}$


$P_\text {start} =20$


$P_\text {max} = \{{20{,}100}, 200\}$


$P_\text {max}=20$


$P_\text {max}=100$


$P_\text {max}=200$


$P_\text {max}=20$


$P_\text {max}=100$


$P_\text {max}=200$


$P_\text {start} =20$


$P_\text {max} = \{{20{,}100}, 200\}$


$P$


$P$


$P_\text {max} = 20$


$P_\text {max} = 100$


$P_\text {max} = 200$


$P_\text {max} = 200$


$P_\text {max} = 200$


$L$


$200$


$E_\text {min}$


$1$


$E_\text {max}$


${71000}$


$\nu $


$0.33$


$E$


$10000$


$\nu $


$0.33$


$\boldsymbol {q}$


$(0,\,1500\text { N})$


$\sigma _\text {lim}$


$\widetilde {\sigma }_\text {lim}$


$0.99\cdot \sigma _\text {lim}=346.5$


$r_\text {min}$


$\eta $


$\beta _\text {start}$


$\beta _\text {max}$


$\beta _\text {increase}$


$1.0766$


$P_\text {start}$


$P_\text {max}$


$P_\text {increase}$


$1.0341$


$\mu _\text {start}$


$\mu _\text {max}$


$\alpha $


$P_\text {start}=20$


$P_\text {max}=100$


$P_\text {max}=100$


$qp$


$P_\text {max}=100$


$\text {LP/AGG 100}_{>20\%}$


$qp$


$qp$


$qp$


$qp$


$\widetilde {\sigma }_\text {lim} = 0.99 \sigma _\text {lim} = 346.5\text { MPa}$


$\sigma _\text {lim} = 350\text { MPa}$


$346.5\text { MPa}$


$350\text { MPa}$


$qp$


$\varphi _1 = 5.3\%$


$\varphi _2 = 8.5\%$


$E_\text {max}$


$\sigma ^\text {v}_1 = 1848.2\text { MPa}$


$\sigma ^\text {v}_2 = 1415.0\text { MPa}$


$qp$


$\theta _1 = 0.0128$


$\theta _2 = 0.0198$


$\varphi _3=100\%$


$\sigma ^\text {v}_3 = 349.99\text { MPa}$


$\theta _3 = 0.0111$


$qp$


$\varphi ^\text {qp}_i = 349.99\text { MPa}$


$\sigma ^\text {v}_3 = 349.99\text { MPa}$


$\widetilde {\sigma }_\text {lim } = 0.99 \sigma _\text {lim} = 346.5\text { MPa}$


$qp$


$qp$


$\sigma _\text {lim}$


$\widetilde {\sigma }_\text {lim}<\sigma _\text {lim}$


$P_\text {max} = 100$


$20\%$


$L$


$1$


$E_\text {min}$


$1$


$E_\text {max}$


${210000}$


$\nu $


$0.3$


$E$


$420000$


$\nu $


$0.3$


$\boldsymbol {q}$


$(0,\,2\text { N})$


$\boldsymbol {\sigma }_\text {lim}$


$100$


$\widetilde {\boldsymbol {\sigma }}_\text {lim}$


$99$


$P_\text {max} = 100$


$P_\text {max}=100$


$P_\text {max}=100$


$L$


$100$


$E_\text {min}$


$1$


$E_\text {max}$


${5000}$


$\nu $


$0.3$


$\boldsymbol {q}$


$(0,\,500\text { N})$


$\sigma _\text {lim}$


$\widetilde {\sigma }_\text {lim}$


$0.99\cdot \sigma _\text {lim}=99$


$P>100$


$\boldsymbol {\varphi }$


\begin {align}\frac {\partial m(\boldsymbol {\varphi })}{\partial \varphi _i} = \dfrac {v_i}{v_t},\label {autoeq:21}\end {align}


$v_i$


$v_t$


$\sigma _j^\text {v}$


\begin {align}\frac {\partial \sigma _j^\text {v}}{\partial \boldsymbol {\sigma }_j} = \frac {\boldsymbol {V} _0\boldsymbol {\sigma }_j}{\sigma _j^\text {v}}.\label {autoeq:22}\end {align}


$\boldsymbol {x}$


$\boldsymbol {x}$


$\boldsymbol {x} = \boldsymbol {x}^\text {LM} = {(\boldsymbol {u}_\text {S}, \boldsymbol {u}_\text {P},\boldsymbol {P}_\text {N})}^\text {T}$


$\boldsymbol {x} = \boldsymbol {x}^\text {UP} = {(\boldsymbol {u}_\text {S}, \boldsymbol {u}_\text {P})}^\text {T}$


$\boldsymbol {u}$


\begin {align}\frac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {u}} = \dfrac {\partial {\left (\dfrac {1}{J} \boldsymbol {F} \boldsymbol {S} \boldsymbol {F}^{\text {T}}\right )}_j}{\partial \boldsymbol {u}}.\label {autoeq:23}\end {align}


$P$


$P^{(k)}$


$h_j$


\begin {align}\frac {\partial h_j(\boldsymbol {\varphi })}{\partial \varphi _i}= \begin {cases} \dfrac {\partial \theta _j(\boldsymbol {\varphi })}{\partial \varphi _i} & \text {, if}\; \theta _j(\boldsymbol {\varphi }) > -\dfrac {\lambda _j^{(k)}}{\mu ^{(k)}} \\ 0 & \text {, else} \end {cases}\label {autoeq:24}\end {align}


$\theta _j$


$\alpha _j \in \{0,1\}$


$j$


$\dfrac {\partial g_j}{\partial \varphi _i}$


\begin {align}\begin {split} \frac {\partial g_j}{\partial \varphi _i} &=\frac {1}{\sigma _\text {lim}}\frac {\partial \sigma _j^\text {v}}{\partial \boldsymbol {\sigma }_j}\frac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {x} }\frac {\partial \boldsymbol {x} }{\partial \varphi _i} \end {split}, \label {equ:element_wise_stress}\end {align}


$\delta _i^j$


$g_j$


$\boldsymbol {x}$


$\dfrac {\partial \boldsymbol {x}}{\partial \varphi _i}$


$\boldsymbol {\gamma }$


$\boldsymbol {J} _\text {c}$


$P$


$P$


$\Psi \leq 0$


$\hat {\boldsymbol {\gamma }}$


$\boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\hat {\boldsymbol {x}}) = \boldsymbol {0}$


$\hat {\boldsymbol {x}}$


\begin {align}\boldsymbol {0} =&\dfrac {1}{n_\text {el}} {\left ( \dfrac {1}{n_\text {el}} \sum \limits _{{k=1}}^{n_\text {el}} {(\Theta _k +1)}^P\right )}^{(1/P)-1} \sum \limits _{{j=1}}^{n_\text {el}} {(\Theta _j +1)}^{(P-1)} \frac {1}{\sigma _\text {lim}}\frac {\partial \sigma _j^\text {v}}{\partial \boldsymbol {\sigma }_j}\frac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {x} } - \hat {\boldsymbol {\gamma }}^\text {T} \boldsymbol {J}_\text {c} \label {equ:stress_agg_adj}\end {align}


$\hat {\boldsymbol {\gamma }}$


\begin {align}\dfrac {\partial \Psi }{\partial \varphi _i} =& \dfrac {1}{n_\text {el}} {\left ( \dfrac {1}{n_\text {el}} \sum \limits _{{k=1}}^{n_\text {el}} {(\Theta _k +1)}^P\right )}^{(1/P)-1} \sum \limits _{{j=1}}^{n_\text {el}} {(\Theta _j +1)}^{(P-1)}\delta _i^j g_i - \hat {\boldsymbol {\gamma }}^\text {T} \dfrac {\partial \boldsymbol {J}_\text {c}}{\partial \varphi _i} \hat {\boldsymbol {x}}.\label {autoeq:27}\end {align}


$\epsilon $


\begin {align}\bar {\boldsymbol {C}}_\text {S,n2s} = \dfrac {\partial \boldsymbol {\bar {\eta }}_\text {n2s} (\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})}{\partial \boldsymbol {u}_\text {S}}, \quad \bar {\boldsymbol {C}}_\text {P,n2s} = \dfrac {\partial \boldsymbol {\bar {\eta }}_\text {n2s} (\boldsymbol {u}_\text {S},\boldsymbol {u}_\text {P})}{\partial \boldsymbol {u}_\text {P}}.\label {autoeq:7}\end {align}


\begin {align}\sigma ^\text {qp}_j = \sqrt {\varphi _j}\sigma ^\text {v}_j \rightarrow \; \begin {cases} \sigma ^\text {qp}_1 = 425.9\text { MPa}> \sigma _\text {lim},\\\sigma ^\text {qp}_2 = 412.0\text { MPa} > \sigma _\text {lim}. \end {cases}\label {autoeq:20}\end {align}


\begin {align}\dfrac {\partial \Psi }{\partial \varphi _i} = &\dfrac {\partial }{\partial \varphi _i} \Bigg [{\left (\dfrac {1}{n_\text {el}} \sum \limits _{{j=1}}^{n_\text {el}} {(\Theta _j +1)}^P\right )}^{(1/P)} -1\Bigg ] - \hat {\boldsymbol {\gamma }}^\text {T} \dfrac {\partial \boldsymbol {r}_\text {c}(\boldsymbol {\varphi },\hat {\boldsymbol {x}}) }{\partial \varphi _i}\label {autoeq:26}\end {align}


\begin {align}\begin {split} \frac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {x} } = \left [ \begin {matrix} \dfrac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {u}} \; \dfrac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {P} _\text {N}} \end {matrix}\right ] = \left [ \begin {matrix} \dfrac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {u}} \; \boldsymbol {0} \end {matrix}\right ] \end {split}, \label {eq:stress2}\end {align}


\begin {align}\begin {split} \frac {\partial P^{(k)}(\boldsymbol {\varphi })}{\partial \varphi _i}= &\sum _{j=1}^{n_\text {el}}\alpha _j w_j\left [\lambda _j^{(k)} + \mu ^{(k)}h_j(\boldsymbol {\varphi })\right ] \left ( \frac {\partial \theta _j(\boldsymbol {\varphi })}{\partial g_j} \dfrac {\partial g_j}{\partial \varphi _i} + \delta _i^j \frac {p}{\varphi _i} \theta _i(\boldsymbol {\varphi })\right ), \end {split}\label {autoeq:25}\end {align}


\begin {align}\begin {split} &\frac {1}{n_\text {el}}\sum _{j=1}^{n_\text {el}}\alpha _j w_j\left [\lambda _j^{(k)} + \mu ^{(k)}h_j(\boldsymbol {\varphi })\right ] \frac {\partial \theta _j(\boldsymbol {\varphi })}{\partial g_j}\frac {1}{\sigma _\text {lim}}\frac {\partial \sigma _j^\text {v}}{\partial \boldsymbol {\sigma }_j}\frac {\partial \boldsymbol {\sigma }_j}{\partial \boldsymbol {x} } -\boldsymbol {\gamma }^\text {T}\boldsymbol {J} _\text {c}=\boldsymbol {0}, \end {split}\label {equ:Adjoint_LP}\end {align}


\begin {align}\begin {split} \frac {\partial \mathcal {L}^{(k)}(\boldsymbol {\varphi })}{\partial \varphi _i} =& \dfrac {v_i}{v_t}+\frac {1}{n_\text {el}}\alpha _i w_i\left [\lambda _i^{(k)} + \mu ^{(k)}h_i(\boldsymbol {\varphi })\right ] \frac {p}{\varphi _i} \theta _i(\boldsymbol {\varphi })-\boldsymbol {\gamma }^\text {T}\frac {\partial \boldsymbol {J} _\text {c}}{\partial \varphi _i}\boldsymbol {x}. \end {split} \label {equ:Sensitivity_LP}\end {align}
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Fig. 1. Two hyperelastic bodies in contact with the contact surfaces Γ1 and Γ2
and the continuous contact gap function 𝜂(𝒙1,𝒙2) along the contact surfaces.

design space incurred prohibitively high computational costs, which 

were deemed “unacceptable” by Fancello. More recently, works such 

as [13,37] modified the Lagrange Method significantly in order to 

overcome these convergence problems.

In the field of stress-constrained topology optimization mainly two 

methods dominate the field. In particular, these two are the so called 

local methods [13,37] using the an augmented Lagrangian method to 

impose the stress constraints and global methods based on aggrega­

tion functions [21,47]. A detailed overview of both methods can be 

found in [40]. Both methods will be used in this work to analyze which 

method is best suited for the application in contact-constrained topology 

optimization.

To our knowledge a framework for stress-constrained mass mini­

mization that considers deformable contact surfaces has not yet been 

developed and is therefore proposed in this work. The focus is on 

frictionless contact, and both node-to-segment as well as segment-to-

segment contact models are used. This work discusses the influence 

of these contact models on stress-constrained topology optimization. 

In addition, hyperelastic material behavior and large deformation are 

included in this presented framework.

It will be demonstrated that precisely modeling the contact surfaces’ 

geometry is essential, as otherwise the stress-constrained optimization 

will be misled and poorly optimized designs will be observed. Therefore, 

achieving optimized designs that are independent of the discretization of 

the contact surfaces can only be expected if the contact geometry is rep­

resented with high accuracy. Additionally, the augmented Lagrangian 

method appears to be better suited for capturing local physical phe­

nomena like contact, as it aligns more naturally with the underlying 

mechanics involved. Furthermore, an extended augmented Lagrangian 

method is proposed to avoid infeasible local minima in which optimiza­

tions based on the standard augmented Lagrangian formulation may 

become trapped. The extension increases the influence of stress con­

straints associated with elements in the vicinity of the contact surfaces, 

thereby improving the ability of the optimizer to obtain feasible de­

signs in contact-dominated problems. Although the results presented in 

this work are demonstrated on 2D benchmark problems, the proposed 

methodology is not restricted to these assumptions and extends naturally 

to 3D domains.

The presented work is structured as follows. The Section 2 introduces 

the different contact models, while the Section 3 addresses the stress-

constrained mass minimization problem. In Section 4 the influence of 

different contact models on the stress computation inside the design do­

main is discussed. Finally, Section 5 presents numerical results for two 

benchmark examples.

2 . Contact mechanics

This section is intended to give a brief overview of contact mechanics 

and follows the structure of Wriggers [52], as several contact methods 

will be applied to benchmark problems in topology optimization. For 

a thorough literature review on contact-constrained topology optimiza­

tion, the reader is referred to the work of Fernández et al. [16]. Detailed 

derivations and the treatment of special cases are discussed in the 

references given in each section.

In the first Section 2.1, the underlying total potential of the contact 

problem is introduced, to derive the equilibrium equation based on hy­

perelasticity in the following sections. In Section 2.2, the used contact 

constraint formulations are discussed, i.e. the Hertz-Signorini-Moreau 

contact condition and the unilateral penalty method. Next, the numer­

ical coupling of the contact surfaces is discussed in Section 2.3. More 

precisely, the Section 2.3.1 deals with node-to-segment coupling while 

Section 2.3.2 introduces the mortar method, which is based on segment-

to-segment coupling. The Section 2.4 introduces blending functions to 

accurately model curved surfaces in the finite element analysis. Finally, 

the nonlinear contact problem is formulated in Section 2.5.

2.1 . Total potential of the contact problem

In this paper, a contact problem as shown in Fig. 1 is considered 

and hyperelastic material behavior is assumed. Thus, the principle of 

minimum potential energy [56] can be applied, as the existence of a 

strain energy function 𝑊  is guaranteed. In doing so, the deformation 

state 𝚿 that minimizes the potential, is the solution of the equilibrium 

equations. The potential reads

ΠΩ(𝚿) = ∫
Ω

𝑊 d𝑉 − ∫
Γt

𝒕∗ ⋅𝚿 d𝐴. (1)

In the following, the cauchy stress tensor 𝝈, the first Piola-Kirchhoff 

stress tensor 𝑷 , the deformation gradient 𝑭 , the right Cauchy–Green ten­

sor 𝑪 = 𝑭 T𝑭  and the Jacobian 𝐽 = det(𝑭 ) are introduced. Furthermore, 

the complete pull back of the Cauchy stress tensor into the undeformed 

configuration is done by introducing the second Piola-Kirchhoff stress 

tensor

𝑺 = 𝑭 −1𝑷 = 𝐽𝑭 −1𝝈𝑭 −T. (2)

In the context of Topology Optimization, various hyperelastic mate­

rial models have been considered by [26]. In this work, a compressible 

Neo-Hookean material is considered. Its strain-energy function is

𝑊 =
𝜇
2
(𝐼1 − 3) − 𝜇 ln(𝐽 ) + 𝜆

2
ln2(𝐽 ), (3)

where 𝐼1 = tr(𝑪), Lame’s material parameters are

𝜇 = 𝜈𝐸
(1 + 𝜈)(1 − 2𝜈)

and 𝜆 = 𝐸
2(1 + 𝜈)

(4)

and the second Piola-Kirchhoff stress tensor is 

𝑆𝑘𝑙 = 𝜆 ln(𝐽 )𝐶−1
𝑘𝑙 + 𝜇(𝛿𝑘𝑙 − 𝐶−1

𝑘𝑙 ). (5)

Using the finite element discretization, the nodal displacement field 𝒖𝑗
and the external forces 𝒒𝑗  for each contact partner 𝑗 ∈ [1, 𝑛cp] are intro­

duced, where 𝑛cp denotes the total number of contact partners. In doing 

so, the deformation of each contact partner is given by the continuous 

deformation 𝚿𝑗 . Further, the stress-free initial state of the structure, re­

ferred to as the reference configuration, is 𝑿𝑗  and 𝒙𝑗  describes the state 

of the structure after applying external loads, also known as deformed 

configuration. Thus, the deformed state is given by 𝒙𝑗 = 𝑿𝑗 + 𝒖𝑗 .
Additionally, for topology optimization the modified SIMP approach 

[6,38] is used to parameterize each 𝑖-th finite element by means of a 

normalized density 𝜑𝑖
𝑗 ∈ [0, 1], where the index 𝑖 is bounded by the total 

number of elements of each contact partner 𝑛𝑗el. In doing so, the stiffness 
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of the 𝑖-th finite element is then determined by the penalized Young’s 

modulus 

𝐸𝑖
𝑗 = 𝐸min

𝑗 + (𝜑𝑖
𝑗 )
𝑝(𝐸max

𝑗 − 𝐸min
𝑗 ) with 𝑖 ∈ [1, 𝑛𝑗el]. (6)

The penalization factor is set to 𝑝 = 3 and the void has a stiffness of 

𝐸min
𝑗 , whereas the Young’s modulus of the solid material is 𝐸max

𝑗 . The 

normalized densities of all elements are stored in the vector 𝝋𝑗  forming 

the design variables of the later defined optimization problem.

Thus, the displacements 𝒖1 and 𝒖2 of the contact problem must 

minimize the total potential

Π =
∑

𝑗

(

ΠΩ𝑗

)

+ ΠC, (7)

where ΠC is the potential arising from the contact constraints, which is 

discussed in the next section.

Further, the finite element discretization and the modified SIMP ap­

proach are used to derive the later needed residual of the potential from 

Eq. (1). It reads

𝒓Ω𝑗
(𝝋𝑗 , 𝒖𝑗 ) =

𝜕ΠΩ𝑗

𝜕𝒖𝑗
. (8)

2.2 . Contact constraint formulation

The overall contact concept is visualized in Fig. 1. Here, the bodies 

1 and 2 are in contact with each other at the contact surfaces Γ1 and 

Γ2. Consequently, the normal gap at any point of the contact surfaces 

is 𝜂(𝒙1,𝒙2), where the coordinates 𝒙1 and 𝒙2 describe the corresponding 

closest points from one to the other contact surface Γ1∕2 in the deformed 

configuration. To prevent the contacting bodies from penetrating each 

other, a potential contact pressure 𝜉 acting on the surfaces Γ1∕2 is intro­

duced. In this work, the contact surfaces Γ1∕2 are approximately equal, 

so that the contact surface is ΓC ≈ Γ1 ≈ Γ2. This is a common assumption 

in contact mechanics, since the parts of the two contact surfaces that are 

actually in contact are geometrically identical, apart from discretization 

errors. Deviations from the approximation ΓC ≈ Γ1 ≈ Γ2 occur only in 

regions where the contact constraints are inactive, i.e. where no con­

tact takes place. Consequently, the contact integrals can be evaluated 

only on one of the two contact surfaces. For the contact-coupling tech­

niques introduced in the following, the integration is performed over 

the secondary contact surface and the resulting contact pressures are 

then mapped onto the primary contact surface. In order to compute the 

contact pressure, different contact conditions can be used. These con­

ditions are introduced in a general form in this section, as the actual 

implementation depends on the used node-to-segment (Section 2.3.1) 

or segment-to-segment (Section 2.3.2) contact coupling.

2.2.1 . Lagrange methods

In the finite element method, Lagrange methods are commonly used 

to enforce constraints by introducing additional unknowns, so-called 

Lagrange multipliers. In the context of contact mechanics, the Lagrange 

multipliers correspond physically to the contact pressure acting on the 

contact surfaces. This approach ensures that the contact constraints are 

precisely satisfied.

Hertz-Signorini-Moreau condition (HSM)

The so-called Hertz-Signorini-Moreau condition [30,39,52] for fric­

tionless contact imposes that a gap 𝜂 and contact pressure 𝜉 cannot 

occur simultaneously, which is guaranteed if the following conditions 

are satisfied:

𝜉 ≥ 0, 𝜂(𝒙1,𝒙2) ≥ 0, 𝜉 𝜂(𝒙1,𝒙2) = 0. (9)

Consequently, the following non-smooth function must hold over the 

whole contact surface

ΦHSM = −𝜉 + max(0, 𝜉 − 𝜂) = 0. (10)

In practice, these conditions are imposed using a Lagrange multiplier 

method. The resulting potential is

ΠHSM
C = ∫

ΓC

𝜉 𝜂(𝒙1,𝒙2)d𝐴. (11)

If the augmented Lagrange method is used, the potential is the sum of 

the potentials obtained by the Lagrange method Eq. (11) and the unilat­

eral penalty method Eq. (14). The Lagrange method and the augmented 

Lagrange methods have been successfully applied in contact-constrained 

topology optimization; see e.g. [16,36,42,43].

2.2.2 . Unilateral penalty method (UP)

Penalty Methods are the most commonly used contact constraint 

formulations [52]. Here, the contact conditions stated in Eq. (9) are 

weakened, so that small penetrations are admissible. The penetration 

is

𝜂̄(𝒙1,𝒙2) =

{

0 , if 𝜂(𝒙1,𝒙2) ≥ 0
−𝜂(𝒙1,𝒙2) , else

(12)

In doing so, the contact pressure 𝜉UP is a function of the penetration

𝜉UP =

{

0 , if 𝜂̄(𝒙1,𝒙2) ≤ 0
𝜖N𝜂̄(𝒙1,𝒙2) , else

(13)

where 𝜖N > 0 is the so-called penalty factor. The resulting contact 

potential is

ΠUP
C = 1

2 ∫
ΓC

𝜖N𝜂̄(𝒙1,𝒙2)2d𝐴. (14)

Here, no additional Lagrange multipliers are needed to compute the 

contact forces. In addition to the presented linear penalty method, a 

variety of nonlinear penalty methods have been developed to solve con­

tact problems [52]. This group of methods has been successfully applied 

in contact-constrained topology optimization in e.g. [1,15,16,20,28,29].

2.3 . Coupling techniques of the contact surfaces

While the previous section discussed contact characteristics for con­

tinuous domains, this section will focus on solving contact problems for 

discrete domains. In general, there are three concepts for coupling two 

finite element domains.

The most straightforward concept is the node-to-node method. Han 

et al. [20] used a node-to-node contact coupling in topology opti­

mization framework successfully. However, this method has the major 

drawback that the discretizations of the contact surfaces of both bodies 

must be identical. This cannot be guaranteed in general, which strongly 

limits the method, especially when considering real-world applications. 

Therefore, this concept is not used in this work.

The node-to-segment contact coupling is a generalization of node-

to-node coupling that considers both matching and non-matching dis­

cretizations at the contact surface. This technique is widely used in both 

research and commercial software. This coupling technique is discussed 

in Section 2.3.1.

The Section 2.3.2 introduces the segment-to-segment mortar method. 

Unlike the other two coupling techniques, the mortar method is based 

on a weak formulation of the contact constraint formulation.

2.3.1 . Node-to-segment contact (n2s)

The node-to-segment (n2s) algorithm was first introduced to solve 

purely geometric non-penetration conditions [19,23,24] and was later 

further developed by [5,18,31,41,50–52].

The node-to-segment algorithm is based on a Primary-Secondary rela­

tion1 and its main concept is visualized in Fig. 2. In doing so, the contact 

1 also known as master-slave relation in the literature.
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Fig. 2. Node-to-segment contact for the 𝐴-th secondary contact node 𝒙𝐴
S  and the corresponding primary segment of ΓP.

surface ΓP of the primary body ΩP is considered as finite segments, while 

the contact surface ΓS of the secondary body ΩS is only represented by 

its nodes obtained from the finite element discretization. As the con­

tact normal direction must be perpendicular to the contact surface, the 

contact normal direction of the primary body 𝒏P is chosen. Therefore, 

the outward normal of each finite segment located at the primary con­

tact surface must be computed and is used to determine the normal gap 

𝜂𝐴 between each secondary node and the corresponding primary seg­

ment. Due to this, there exist special cases where the projection of the 

secondary node onto the discrete primary contact surface fails or is not 

unique. These cases are also known as out-of-both and in-of-both. In this 

work, both cases are treated using the method based on the rotation of 

the normal vector, see [53]. A more detailed review of the handling of 

the special cases can be found in [53]. Furthermore, it is worth men­

tioning that only the nodes of the secondary contact surface will satisfy 

the contact constraints, while the nodes of the primary contact surface 

can violate the contact constraints, i.e. nodes of the primary surface can 

penetrate the secondary body.

Finally, it should be noted that the presented classic node-to-segment 

algorithm does not pass the Patch-Test [46]. This test is designed to in­

vestigate whether a contact algorithm accurately transmits a constant 

normal stress. Algorithms that fail the patch test introduce solution 

errors that do not necessarily decrease with mesh refinement. Node-

to-segment formulations addressing this problem are presented in e.g. 

[10,54].

Concept of node-to-segment

In Fig. 2, the utilized node-to-segment algorithm is shown for the 

𝐴-th contact node 𝒙𝐴S  of the secondary contact surface ΓS. In doing so, 

each node of ΓS is mapped onto the corresponding finite segment of the 

primary contact surface ΓP. In 2D, the primary segment consists of the 

nodes 𝒙1P and 𝒙2P and the projection point on the primary segment is 𝒙̂𝐴P . 

Furthermore, the mapping is performed based on the primary normal 

direction 𝒏P. Consequently, the local coordinates 𝜻̂P of the projection 

point inside the primary segment must be computed.

Until now, all coordinates 𝒙P/S are represented in the deformed con­

figuration. However, any discrete point 𝑝 of the deformed configuration 

is given by

𝒙𝑝P/S = 𝑿𝑝
P/S + 𝒖𝑝P/S, (15)

where 𝑿𝑝
P/S is the position of the point 𝑝 in the reference configuration, 

while 𝒖𝑝P/S is the nodal displacement of point 𝑝.
Note that, the normal direction 𝒏P is a function of the displacements 

of the primary contact surface. Thus, the local coordinates of the pro­

jection point 𝜻̂P have to be recomputed for the current displacements of 

the primary contact surface. The projection point is

𝒙̂𝐴P =
𝑚
∑

𝑘=1
𝑀𝑘(𝜻̂P)(𝑿𝑘

P + 𝒖𝑘P), (16)

where 𝑚 is the number of shape functions of the primary segment and 

𝑀𝑘 are the shape functions of the finite segment of the primary contact 

surface. In consequence, the gap function of the 𝐴-th secondary contact 

node is

𝜂𝐴n2s = (𝒙𝐴S − 𝒙̂𝐴P ) ⋅ 𝒏P =
(

𝒙𝐴S −
𝑚
∑

𝑘=1
𝑀𝑘(𝜻̂P)(𝑿𝑘

P + 𝒖𝑘P)
)

⋅ 𝒏P. (17)

Lagrange contact constraint

If the Lagrange method is used, the contact potential from Eq. (11) is 

approximated by the sum over all contact nodes of the secondary contact 

surface ΓS as

ΠHSM
C ≈ ΠHSM

C,n2s =
∑

A
𝜉𝐴𝜂𝐴n2s, (18)

where 𝜉𝐴 is the nodal contact force acting at the 𝐴-th node of ΓS. Further, 

the non-smooth contact function of Eq. (10) must be satisfied by the 𝐴-th 

node of ΓS. It reads

ΦHSM
n2s = −𝜉𝐴 + max(0, 𝜉𝐴 − 𝜂𝐴n2s) = 0. (19)

Consequentially, the residual 𝒓 of the contact problem is derived from 

Eqs. (7) and (18). It reads

𝒓LM
n2s (𝝋,

⎡

⎢

⎢

⎣

𝒖S
𝒖P
𝑷N

⎤

⎥

⎥

⎦

) =

⎧

⎪

⎨

⎪

⎩

[

𝒓ΩS
(𝝋S, 𝒖S)

𝒓ΩP
(𝝋P, 𝒖P)

]

+
[

𝑪S,n2s
𝑪P,n2s

]T

𝑷N

𝚽HSM
n2s

⎫

⎪

⎬

⎪

⎭

(20)

where the vector 𝑷N holds all nodal contact forces 𝜉𝐴 of ΓS and 𝚽HSM
n2s

holds all contact functions from Eq. (19). The mapping matrices of the 

nodal contact forces 𝑷N are defined as

𝑪S,n2s =
𝜕𝜼n2s(𝒖S, 𝒖P)

𝜕𝒖S
, 𝑪P,n2s =

𝜕𝜼n2s(𝒖S, 𝒖P)
𝜕𝒖P

. (21)

Here, 𝜼n2s(𝒖S, 𝒖P) is a vector holding all nodal gaps of ΓS, see Eq. (17).

Unilateral penalty contact constraint

If the unilateral penalty method is used as a contact constraint, 

the penetration in Eq. (12) must be adopted for the node-to-segment 

method. The penetration of the 𝐴-th contact node of ΓS is obtained by 

inserting Eq. (17) into Eq. (12). It reads

𝜂̄𝐴n2s =

{

0 , if𝜂𝐴n2s ≥ 0
−𝜂𝐴n2s , else

(22)

The contact potential from Eq. (14) is approximated by the following 

sum over the contact nodes of ΓS

ΠUP
C ≈ ΠUP

C,n2s =
1
2
∑

A
𝜖N

(

𝜂̄𝐴n2s
)2. (23)
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Fig. 3. Segment-to-segment contact for the 𝐴-th secondary contact segment Γ𝐴
S  and its projection Γ𝐴

P  onto the primary segments of ΓP.

The residual 𝒓 of the contact problem is derived from the Eq. (7) and 

Eq. (23). It reads

𝒓UP
n2s(𝝋,

[

𝒖S
𝒖P

]

) =
[

𝒓ΩS
(𝝋S, 𝒖S)

𝒓ΩP
(𝝋P, 𝒖P)

]

+ 𝜖N

[

𝑪̄S,n2s
𝑪̄P,n2s

]T

𝜼̄n2s(𝒖S, 𝒖P) (24)

where the mapping matrices are defined as

𝑪̄S,n2s =
𝜕𝜼̄n2s(𝒖S, 𝒖P)

𝜕𝒖S
, 𝑪̄P,n2s =

𝜕𝜼̄n2s(𝒖S, 𝒖P)
𝜕𝒖P

. (25)

Here, 𝜼̄n2s(𝒖S, 𝒖P) is a vector holding all nodal penetrations of ΓS, as seen 

in Eq. (22).

2.3.2 . Segment-to-segment contact (s2s) - the mortar method

In this section, a mortar segment-to-segment (s2s) method is dis­

cussed. Once again a primary-secondary relation is used. In contrast to 

the node-to-segment methods, both the primary and secondary contact 

surfaces are considered to be finite segments. The first formulations 

were developed by [41] and further extended for interface and contact 

problems, including friction and large deformations in two and three di­

mensions by, e.g. [32–34,49]. In addition, small and large deformation 

mortar methods have been successfully applied to topology optimiza­

tion. Objectives such as maximizing the strain energy or total contact 

force and minimizing the compliance or total energy are considered 

[16,35,42], yet a stress-constrained mass minimization has not been 

considered.

The mortar method used in this work has been successfully applied 

in topology optimization by [42] and is based on [32,49].

Concept of the mortar method

The main idea of the segment-to-segment method is visualized in 

Fig. 3. Here, the whole discretized secondary contact boundary ΓS is 

mapped onto the discretized primary contact boundary ΓP. In doing so, 

the secondary contact boundary ΓS is considered segment by segment.

In the magnification of Fig. 3, the highlighted contact surfaces show 

the projection of the 𝐴-th secondary segment Γ𝐴S  onto the segments of 

the primary contact surface Γ𝐴P . Furthermore, the contact gaps 𝜂
𝐴1∕2
s2s  at 

the secondary nodes 𝒙𝐴1
S  and 𝒙𝐴2

S  are shown in Fig. 3. The contact gap 

𝜂𝐴1
n2s at 𝒙𝐴1

S  is larger than zero, while the contact gap 𝜂𝐴2
n2s is negative. 

Thus, the visualized segment is partially in contact.

As all segments of ΓS and ΓP are based on the chosen finite element 

discretization, all approximations made will be applied to the contact 

potential Eq. (11) or (14) respectively. Consequently, an actual weak 

formulation of the contact potential is derived which is based on all 

global shape functions living on one of the contact surfaces ΓS and ΓP, 

respectively.

As a result, the contact gap of the 𝐴-th segment 𝜂𝐴s2s depends on the 

active shape functions of the contact surface. In doing so, 𝑁𝐴𝑖
S  represents 

the shape functions of the 𝐴-th secondary contact surface Γ𝐴S , while 𝑀
𝐴𝑗
P

are the shape functions of the projected primary contact surface Γ𝐴P . Note 

that 𝑀
𝐴𝑗
P  can include the shape functions of adjacent primary segments, 

as it is the projection of the secondary segment onto the primary con­

tact surface. Within each secondary segment, the normal contact gap is 

defined as the difference between any point 𝒙𝐴S  of Γ𝐴S  and its projection 

point 𝒙̂P(𝒙𝐴S ) on Γ𝐴P . The projected point 𝒙̂P(𝒙𝐴S ) of the primary surface is 

found using the normal direction 𝒏𝐴S  of the deformed secondary segment. 

The contact gap reads

𝜂𝐴s2s = (𝒙̂P(𝒙𝐴S ) − 𝒙𝐴S ) ⋅ 𝒏
𝐴
S . (26)

Any point on the secondary contact surface 𝒙𝐴S  can be expressed us­

ing the shape functions of the segment 𝑁𝐴𝑖
S  and the segment nodes 𝒙𝐴𝑖

S . 

Each secondary segment is approximated with 𝑛 shape functions. With 

Eq. (15), any point on the secondary segment Γ𝐴S  is described by

𝒙𝐴S =
𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝒙𝐴𝑖
S =

𝑛
∑

𝑖=1
𝑁𝐴𝑖

S (𝑿𝐴𝑖
S + 𝒖𝐴𝑖

S ). (27)

Similarly, the projected point 𝒙̂P(𝒙𝐴S ) can be expressed using the shape 

functions 𝑀
𝐴𝑗
P  of all the primary segments involved and its nodes 𝒙𝐴𝑗

P . 

Thus, any point in the projected segment Γ𝐴P  is

𝒙̂P(𝒙𝐴S ) =
𝑚
∑

𝑗=1
𝑀

𝐴𝑗
P 𝒙𝐴𝑗

P =
𝑚
∑

𝑗=1
𝑀

𝐴𝑗
P (𝑿𝐴𝑗

P + 𝒖𝐴𝑗
P ). (28)

In Eq. (28), 𝑚 is the number of active shape functions of the projec­

tion of the secondary segment onto the primary contact surface. In 

the illustrated projection of Fig. 3, the number of active shape func­

tions is 𝑚 = 3, however, it must be determined for each segment of 

ΓS individually. Inserting Eqs. (27) and (28) into Eq. (26) leads to the 

segment-to-segment contact gap

𝜂𝐴s2s =
(

𝑚
∑

𝑗=1
𝑀

𝐴𝑗
P (𝑿𝐴𝑗

P + 𝒖𝐴𝑗
P ) −

𝑛
∑

𝑖=1
𝑁𝐴𝑖

S (𝑿𝐴𝑖
S + 𝒖𝐴𝑖

S )
)

⋅ 𝒏𝐴S . (29)

Rearranging and introducing the initial gap

𝑔𝐴s2s =
(

𝑚
∑

𝑗=1
𝑀

𝐴𝑗
P 𝑿𝐴𝑗

P −
𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝑿𝐴𝑖
S

)

⋅ 𝒏𝐴S (30)

results in a compact form of the segment-to-segment contact gap of the 

𝐴-th secondary contact segment

𝜂𝐴s2s = 𝑔𝐴s2s +
(

𝑚
∑

𝑗=1
𝑀

𝐴𝑗
P 𝒖𝐴𝑗

P −
𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝒖𝐴𝑖
S

)

⋅ 𝒏𝐴S . (31)

The finite element approximations of the contact pressure must also be 

considered, so that the contact force inside the 𝐴-th secondary segment 

is defined as

𝜆𝐴s2s =
𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝜆𝐴𝑖
S , (32)

where 𝜆𝐴𝑖
S  is the nodal contact pressure of the 𝐴-th secondary segment. 

In the mortar method, the contact pressure is usually defined over the 
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secondary contact surface [33]. In order to compute the nodal contact 

forces vector 𝑷N acting at the nodes of ΓS, the Eqs. (31) and (32) are 

used to calculate the weighted mortar nodal gaps

𝜼s2s = ⊞
𝐴 ∫
Γ𝐴S

𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝜂𝐴s2sd𝐴 = 𝑪S,s2s𝒖S + 𝑪P,s2s𝒖P − 𝒈, (33)

where ⊞
𝐴

 stands for a segment-by-segment assembly process along ΓS. 

This process is similar to the assembly process of the stiffness matrix. 

Furthermore, the mapping matrices 𝑪S,s2s and 𝑪P,s2s, as well as the nodal 

contact gaps 𝒈 can be efficiently calculated in a manner similar. More 

precisely, the following segment-wise integrals must be solved

𝑪S,s2s = ⊞
𝐴 ∫
Γ𝐴S

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝑁𝐴𝑖

S 𝑁
𝐴𝑗
S 𝒏𝐴S d𝐴, (34)

𝑪P,s2s = −⊞
𝐴 ∫

Γ𝐴S

𝑛
∑

𝑖=1

𝑚
∑

𝑗=1
𝑁𝐴𝑖

S 𝑀
𝐴𝑗
P 𝒏𝐴S d𝐴, (35)

𝒈 = ⊞
𝐴 ∫
Γ𝐴S

𝑛
∑

𝑖=1
𝑁𝐴𝑖

S 𝑔𝐴s2sd𝐴. (36)

In Eq. (35), the integral to compute 𝑪P,s2s is the so-called mortar integral 

that must be solved with a higher order quadrature rule. In this work, 

the Lobatto rule with 10 integration points is used as it was already 

successfully applied in the context of topology optimization by [42].

Lagrange contact constraint

In contrast to the node-to-segment coupling, the contact potential of 

Eq. (11) is not approximated by a sum over the nodes of the secondary 

contact surface ΓS. Instead, the integral over ΓS is subdivided into a 

sum of segment-wise integrals of the contact boundary Γ𝐴S  which are 

integrated using finite element approximations. Thus, the potential of 

the Lagrange method Eq. (11) is approximated using Eqs. (31) and (32). 

The potential reads

ΠHSM
C ≈ ΠHSM

C,s2s =
∑

𝐴
∫
Γ𝐴S

𝜆𝐴s2s𝜂
𝐴
s2sd𝐴. (37)

The residual 𝒓 can then be derived by inserting Eq. (37) into the total 

potential Eq. (7) and taking the derivative with respect to the nodal 

displacements 𝒖S and 𝒖P and the nodal contact force vector 𝑷N. The 

residual reads

𝒓LM
s2s (𝝋,

⎡

⎢

⎢

⎣

𝒖S
𝒖P
𝑷N

⎤

⎥

⎥

⎦

) =

⎧

⎪

⎨

⎪

⎩

[

𝒓ΩS
(𝝋S, 𝒖S)

𝒓ΩP
(𝝋P, 𝒖P)

]

+
[

𝑪S,s2s
𝑪P,s2s

]T

𝑷N

𝚽HSM
s2s

⎫

⎪

⎬

⎪

⎭

(38)

where the mapping matrices 𝑪S,s2s and 𝑪P,s2s are identical to Eqs. (34) 

and (35), respectively.

Finally, the contact function of Eq. (10) must be adapted for the 

segment-to-segment approach. This is straightforward as the contact 

function can be applied directly to each nodal contact force 𝜉𝑘 and its 

corresponding nodal gap 𝜂𝑘s2s. Here, the index 𝑘 represents the 𝑘-th en­

try of the nodal contact force vector 𝑷N and the weighted mortar nodal 

gaps 𝜼s2s, respectively. The resulting contact function reads

ΦHSM
s2s = −𝜉𝑘 + max(0, 𝜉𝑘 − 𝜂𝑘s2s) = 0. (39)

Unilateral penalty contact constraint

The potential of the unilateral penalty method (UP) is based on the 

chosen finite element approximations. In this work, the weighted mortar 

nodal gap vector introduced in Eq. (33) is used, which must be trans­

formed for each secondary contact node into weighted mortar nodal 

penetrations:

𝜂̄𝑘s2s =

{

0 , if 𝜂𝑘s2s ≥ 0
−𝜂𝑘s2s , else

(40)

Thus, the contact potential of Eq. (14) is approximated by a sum over 

all contact nodes of the secondary contact surface

ΠUP
C ≈ ΠUP

C,s2s =
1
2
∑

𝑘
𝜖N𝜂̄

𝑘
s2s𝜂̄

𝑘
s2s, (41)

where each penetration 𝜂̄𝑘s2s is obtained based on the mortar method 

presented.

In doing so, the contact residual using the unilateral penalty method 

in combination with the segment-to-segment approach is given by

𝒓UP
s2s(𝝋,

[

𝒖S
𝒖P

]

) =
[

𝒓ΩS
(𝝋S, 𝒖S)

𝒓ΩP
(𝝋P, 𝒖P)

]

+ 𝜖N

[

𝑪̄S,s2s
𝑪̄P,s2s

]T

𝜼̄s2s(𝒖S, 𝒖P) (42)

The mapping matrices 𝑪̄S,s2s and 𝑪̄P,s2s are defined based on Eqs. (34) 

and (35) as follows

𝑪̄S,s2s = −𝑪S,s2s and 𝑪̄P,s2s = −𝑪P,s2s. (43)

2.4 . Blending of the contact geometry

In numerical applications, the quality of the computed contact 

pressure depends heavily on the quality of the finite element (FE) dis­

cretization used. This can be a major challenge because in topology 

optimization, the contact problem must be solved in each optimiza­

tion iteration. In order to circumvent the additional numerical cost 

that comes with significantly finer FE discretizations along the contact 

surfaces, blending functions are proposed in this work; see [17,57].

The concept of blending is further visualized in Fig. 4(a). Although 

blending functions are not limited to 2D, the following explanation fo­

cuses on a quadrilateral element whose edge 𝐸1 is part of a curved 

surface. In principle, all edges and faces could be blended separately. 

However, this is not required for the present work and is therefore 

not considered. For further details on blending functions, the reader is 

referred to [17,57].

The actual geometry of the curved surface is parameterized by the 

function 𝑬𝑏 = [𝐸x(𝜁1), 𝐸y(𝜁1)], where 𝜻 ∈ [0, 1] denotes the local coor­

dinates. The corresponding bilinear mapping is augmented by blending 

the difference between the curved edge 𝑬1 and the straight line con­

necting the nodes 𝑁1 and 𝑁2 into the element interior. The resulting 

augmented mapping reads

𝒙 =
4
∑

𝑖=1
𝑁𝑁𝑖

1,1 (𝜻)𝑿𝑖 +
1 − 𝜁2

2

(

𝑬𝑏(𝜁1) −
(1 − 𝜁1

2
𝑿1 +

1 + 𝜁1
2

𝑿2
)

)

, (44)

where, by construction, the opposite edge 𝐸3 remains unaffected by the 

blended surface correction.

As shown in Fig. 4, blending functions provide a general method 

for accurately modeling the geometry of a surface without introducing 

discretization errors. Fig. 4(b) visualizes a standard FE discretization 

along a curved contact surface (red dotted). Artificial gaps as well as 

penetrations along the discrete contact surfaces of both domains are 

observed. These numerical artifacts result in inaccurate contact pres­

sures that in turn will result in artificial stress peaks in the vicinity of 

the contact surfaces. As demonstrated later in this work, these artifi­

cial stress peaks dominate the stress-constrained optimization, so that 

the optimized designs cannot be used in practice. In contrast, Fig. 4(c) 
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Fig. 4. FE discretizations with and without blended segments along the exact geometry of the contact surface (red dotted).

visualizes the blended discretization, where each finite element located 

at the contact support has a curved surface so that contact constraints 

can be evaluated at any point of the contact surface without introduc­

ing artificial gaps or penetrations. In doing so, accurate contact pressures 

can be guaranteed. To the best of the authors’ knowledge, this problem is 

not addressed in contact-constrained topology optimization literature, as 

this phenomenon is only present at curved contact surfaces. In addition, 

standard objectives such as the compliance are less sensitive to inac­

curate contact pressures. However, when performing stress-constrained 

optimization along curved contact surfaces, one must guarantee accu­

rate contact pressures for any design during the optimization process, as 

any optimization will be misled otherwise.

2.5 . Solving the contact problem

The residual 𝒓 of the node-to-segment coupling technique, see 

Eq. (20) or Eq. (24), as well as the residual of the segment-to-segment 

coupling technique, see Eq. (38) or Eq. (42), have now been defined for 

the nonlinear and non-smooth contact problem.  In this work, the stan­

dard Newton method with numerical damping of the PETSc library is 

used [2–4]. In rare cases, where the Newton method fails to converge, 

a bisection line search is employed to provide a robust backup solution. 

To treat the discontinuity of the contact problem, the Jacobian of the 

nonlinear problem is evaluated for the current state. Thus, the search 

direction of the nonlinear solver only considers the current active set of 

contact constraints depending on the current state as similarly done in 

[15,16,35,42,43]. 

Even though a discontinuous contact problem is considered, the line 

search is applied successfully. In order to update the state vector 𝒙 of 

the nonlinear problem, the Jacobian matrix must be computed. If the 

Lagrange method is used, the state vector is 𝒙LM = (𝒖S, 𝒖P,𝑷N)
T. For 

the unilateral penalty method the state vector is 𝒙UP = (𝒖S, 𝒖P)
T. The 

Jacobian

𝑱 c(𝝋,𝒙) =
𝜕𝒓c(𝝋,𝒙)

𝜕𝒙
(45)

is obtained based on the linearization of the corresponding residual 

𝒓c(𝝋,𝒙). Thus, the linearization of the residuals must be derived for each 

of the four contact concepts separately; see Eq. (20), Eq. (24), Eq. (38) 

and Eq. (42).

Given a density distribution 𝝋̃ and a guess for the state vector 𝒙̃, the 

search direction of the line-search algorithm is

𝒔 =
(

𝑱 c (𝒙̃, 𝝋̃)
)−1𝒓c(𝒙̃, 𝝋̃). (46)

3 . Optimization with stress constraints

In this work, the objective is to minimize the mass while satisfying 

the stress constraint in any finite element. In doing so, the introduced 

contact problem must be solved, where any residual of the contact 

models and contact coupling techniques can be considered. In order 

to increase readability, the residual of the contact problem derived in 

Section 2.5 is denoted by 𝒓c(𝝋,𝒙). Note that the presented mass mini­

mization problem is similar for node-to-segment as well as segment-to-

segment contact coupling techniques. The mass minimization problem 

is stated as

min
𝝋

𝑚(𝝋) = 1
𝑣t

𝑛el
∑

𝑖=1
𝑣𝑖𝜑𝑖

s.t.

⎧

⎪

⎨

⎪

⎩

𝑔𝑗 ≤ 0, ∀ 𝑗 = 1,… , 𝑛el

𝒓c(𝝋,𝒙) = 𝟎
𝟎 ≤ 𝝋 ≤ 𝟏

(47)

where 𝑣𝑖 is the volume of the 𝑖-th finite element and 𝑔𝑗  is the stress 

constraint of the 𝑗-th finite element. In Eq. (47), the actual mass of the 

current design is normalized by the total volume 𝑣t of the design space.

In the following sections, the main challenges in stress-constrained 

topology optimization are discussed. The first Section 3.1 discusses the 

interpretation of grayscale elements during optimization. In Section 3.2, 

the so-called singular optima phenomenon is discussed and the con­

cept of vanishing constraints is introduced to overcome this challenge. 

Furthermore, solving the optimization problem of Eq. (47) is inefficient 

due to the high number of constraints, since a stress limit is imposed 

on each finite element separately. This is impractical, which is why a 

more efficient local or a global stress constraint strategy must be used 

so that gradient-based topology optimization can be efficiently applied. 

Therefore, Section 3.3 deals with a local strategy using the augmented 

Lagrangian method for stress constraints, while Section 3.4 follows a 

global strategy using an aggregation function. The design update is per­

formed using the Method of Moving Asymptotes [44], so a sensitivity 

analysis must be performed. Details on the sensitivity analysis can be 

found in the Appendix A.

Note that the Lagrange method enforcing the contact constraints 

must not be confused with the following augmented Lagrangian method 

to enforce the stress constraints of Section 3.3. More precisely, a 

Lagrange method can be used to fulfill the contact constraints, while 

a second augmented Lagrangian method can be employed to solve the 

stress-constrained topology optimization problem. In order to prevent 

confusion, the phrase “Lagrange method” is used only in the context 

Computers and Structures 331 (2026) 108387 

7 



T. Schmidt, M. Keller, T. Klare et al.

of contact constraints, while the phrase “augmented Lagrangian ap­

proach” is used for the augmented Lagrangian method addressing the 

stress-constrained optimization.

3.1 . Stress computation

In density-based topology optimization, the normalized densities of 

each finite element 𝝋 ∈ [𝟎, 𝟏] are the design variables, so that non-binary 

or so-called grayscale densities occur during the optimization process. 

This is unavoidable, as the SIMP approach is used, and a suitable stress 

criterion must take this into account. Non-binary element densities can 

physically be interpreted as porous elements with an unidentified mi­

crostructure [6]. Consequently, a stress criterion must be applicable to 

solid and porous elements, as well as void elements. For the latter, the 

stress should obviously vanish as the normalized density 𝜑 → 0.

This is in some sense similar to homogenization of the stiffness of 

porous elements, where the SIMP homogenization has proven to be ef­

fective. However, homogenized stress measures in general lack physical 

meaning, and the use of a SIMP homogenized stress criterion leads ei­

ther to artificial removal of material during optimization or to infinite 

stresses in void elements [14]. This issue is addressed by using a stress 

criterion that is independent of the design variables and later combined 

with a vanishing constraint which also solves the singular optima prob­

lem discussed in Section 3.2. In doing so, the maximum Young’s modulus 

is used to compute the stress criteria, even if the considered element is 

grayscale or void, following [37,47].

3.1.1 . Stress constraint

The resulting “local” Cauchy stress tensor in Voigt notation is derived 

based on Eq. (2) 

𝝈 = 1
𝐽
𝑭𝑺𝑭 T, (48)

where the second Piola-Kirchhoff stress tensor 𝑺 is evaluated at the 

Gauss points based on the Lame material parameters of the solid ma­

terial, i.e. the Young’s Modulus of each stress constraint is set to 𝐸max. 

Next, the von Mises yield criterion

𝜎v =
√

𝝈T𝑽 0𝝈 (49)

with

 in 2D: 𝑽 0 =
⎡

⎢

⎢

⎣

1 −0.5 0
−0.5 1 0
0 0 3

⎤

⎥

⎥

⎦

(50)

is used to compute a density-independent scalar stress measure for each 

element. Thus, the element-wise stress constraint of Eq. (47) is

𝑔𝑗 =
𝜎v
𝑗

𝜎lim − 1 ≤ 0, (51)

where 𝜎lim is the predefined stress limit. Note that the von Mises yield 

criterion for each element 𝜎𝑣𝑗  is obtained by evaluating the von Mises 

yield criterion at all Gauss points of the element and taking the aver­

age. Additionally, the stress constraint should vanish for void elements, 

which is why, the stress constraint of Eq. (51) must be transformed into a 

vanishing constraint. The used vanishing constraints will be introduced 

in the following Sections.

3.1.2 . Stress limit

Both commonly used strategies for stress-constrained topology op­

timization, i.e. aggregation and the augmented Lagrangian approach, 

suffer from a low convergence rate close to a feasible design. As for near-

optimal designs most stress constraints are fulfilled and the remaining 

active stress constraints mostly have small values. Therefore, the gra­

dients of the stress constraints are flat, while the gradients of the mass 

objective remain constant. Consequently, the optimizer tends to further 

minimize the mass instead of satisfying the active constraints. This prob­

lem is usually solved with a simple workaround in which the stress limit 

of the stress constraints of Eq. (51) is chosen as 𝜎lim < 𝜎lim, while the 

original stress limit 𝜎lim is used to identify valid designs. In doing so, 

the gradients of active stress constraints are steeper near optimal points, 

which speeds up the convergence significantly.

3.2 . Singular optima

Global optima in optimization problems subject to stress constraints 

are typically located in degenerate regions of lower dimension than the 

problem domain. This was first discovered by [45] when performing 

structural optimization of truss structures with local stress constraints. 

The optimizer used was unable to find the known globally optimal 

design.

Standard optimization techniques are unable to find singular optima 

as long as the enforcement of constraints is based on Karush-Kuhn-

Tucker conditions. This is because the Slater condition is not met for 

stress constraints in degenerate regions, so that the constraint quali­

fication is not valid [6]. Thus, the KKT conditions no longer provide 

necessary and sufficient conditions for optimality [7].

The most common solution to this problem is to use a relaxed stress 

measure like the 𝜀-relaxation [12] or the 𝑞𝑝-relaxation [8] to increase 

the dimension of the degenerate regions. However, these approaches 

slightly modify the optimization problem and usually require solving 

the problem iteratively while decreasing the relaxation parameter.

More recently, the singular optimality problem is solved using piece­

wise vanishing constraints. This method has been successfully applied to 

stress constraints using aggregation functions [47] as well as using the 

augmented Lagrangian approach [37]. Here, the optimizer only receives 

information about stresses computed for the solid domain and the piece­

wise vanishing constraint removes the discontinuity of the stresses for 

𝜑𝑗 → 0. While the used 𝑃 -mean aggregation function includes a relax­

ation of the stresses and therefore the constraint qualification remains 

valid, the augmented Lagrangian approach does not depend on KKT con­

ditions to enforce the stress constraints. Consequently, both approaches 

combined with suitable filtering allow finding designs that are located in 

degenerate regions and that are close to a fully “0–1” design. Note that 

a relaxed stress measure is still needed to evaluate the end criteria of the 

optimization as long as no fully binary design is found. For this purpose, 

a 𝑞𝑝-relaxation is used to approximate the stress inside non-binary finite 

elements.

3.3 . Augmented Lagrangian approach

The augmented Lagrangian approach is widely used to deal with 

stress constraints in topology optimization [11,15,25,37,55] and has 

been shown to be capable of solving large-scale problems [13]. Using 

this approach, the stress constraints are moved into the objective of 

the optimization problem, where the objective is augmented by a 

penalty term 𝑃 (𝑘). Thus, the number of constraints is significantly re­

duced. However, the augmented Lagrangian approach can only be 

applied to equality constraints so the stress constraints 𝑔𝑗 ≤ 0 must 

be transformed into equality constraints ℎ𝑗 = 0. Furthermore, a cubic 

vanishing constraint has proven to be a good choice for the aug­

mented Lagrangian approach [22] addressing the challenges discussed 

previously, in Sections 3.1 and 3.2. The cubic vanishing constraint reads

𝜃𝑗 = 𝜑𝑝
𝑗

(

𝑔3𝑗 + 𝑔𝑗
)

≤ 0. (52)

In doing so, the original optimization problem Eq. (47) is replaced by a 

series of 𝑘 less constrained suboptimization problems

min
𝝋

L(𝑘)(𝝋) = 𝑚(𝝋) + 1
𝑛el

𝑛el
∑

𝑗=1

[

𝜆(𝑘)𝑗 ℎ𝑗 +
𝜇(𝑘)

2
ℎ2𝑗

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑃 (𝑘)
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s.t.

{

𝒓(𝝋,𝒙) = 𝟎
𝟎 ≤ 𝝋 ≤ 𝟏

(53)

where only the contact residual 𝒓 and the SIMP constraint remain as 

constraints of the optimization problem, while all stress constraints are 

moved to 𝑃 (𝑘). In doing so, the Lagrange multiplier 𝜆(𝑘)𝑗  and the penalty 

factor 𝜇(𝑘)
𝑗  are introduced. In theory, each suboptimization problem must 

be solved until convergence is observed. However, numerical studies 

reveal that solving each suboptimization problem for only 20 iterations 

is sufficient in practice [40]. Furthermore, the equality constraints of the 

vanishing stress constraint of Eq. (52) are

ℎ𝑗 = max
⎛

⎜

⎜

⎝

𝜃𝑗 ,−
𝜆(𝑘)𝑗

𝜇(𝑘)

⎞

⎟

⎟

⎠

. (54)

The parameters 𝝀(𝑘) and 𝜇(𝑘) are kept constant for each suboptimization 

problem and they are initialized with 𝝀(1) = 𝟎 and 𝜇(1) = 100. The update 

rule after each suboptimization problem is given by

𝜆(𝑘+1)𝑗 = 𝜆(𝑘)𝑗 + 𝜇(𝑘)ℎ𝑗 , (55)

𝜇(𝑘+1) = 𝛼𝜇(𝑘). (56)

The numerical factor 𝛼 > 1 is used to control the increase of the penalty 

factor. In addition, the penalty term is normalized to the number of 

stress constraints. Thus, the objective-to-penalty ratio is less dependent 

on the discretization, and adjusting 𝝀(1) and 𝜇(1) is usually avoided when 

refining the discretization [37].

3.3.1 . Extended augmented Lagrangian approach

The numerical results of the upcoming Sections 5 and 5.2.3 will 

reveal that the contact-constrained topology optimization will some­

times fail if the presented augmented Lagrangian approach is used. 

More precisely, the stresses of a few elements located at the contact 

surface converge to a stress significantly higher than the imposed stress 

limit. Thus, the gradient-based optimization does not find a way to im­

prove the performance of these elements. Consequently, the presented 

approach should be adapted for contact problems.

To address this issue, an extended augmented Lagrangian approach 

is proposed to improve the satisfaction of the stress constraints for ele­

ments located in the vicinity of the contact interface, hereafter referred 

to as contact elements. These areas are often critical since occurring con­

tact pressures have to be transferred between structures. The main idea 

is to guide the optimization early towards a more constraint-compliant 

design at the contact elements. This is accomplished by introducing a 

second augmented Lagrangian term

L(𝑘)
c (𝝋) = 1

𝑛ce

𝑛ce
∑

𝑙=1

[

𝜆(𝑘)𝑙 ℎ𝑙 +
𝜇(𝑘)

2
ℎ2𝑙

]

, (57)

that considers only the stress constraints of the contact elements. In 

Eq. (57), 𝑛ce denotes the total number of contact elements in the prob­

lem domain. As long as the elements at the contact surfaces violate the 

stress constraint, the design update is biased towards these elements. 

Once all stress constraints in the vicinity of the contact surfaces are sat­

isfied, the additional Lagrangian contribution vanishes, and the standard 

augmented Lagrangian formulation for stress-constrained optimization 

is retained. The extended Lagrangian is given by combining Eq. (57) and 

L(𝑘), see Eq. (53), yielding

L̃(𝑘)(𝝋) = L(𝑘)(𝝋) + L(𝑘)
c (𝝋), (58)

which can be written in more compact form by introducing the param­

eter for the 𝑗-th element

𝑤𝑗 =

⎧

⎪

⎨

⎪

⎩

1 +
𝑛el
𝑛ce

, if the 𝑗-th element is part of any contact surface

1 , else
(59)

where 𝑛ce denotes the total number of elements in the problem domain. 

In doing so, the extended Lagrangian can be rewritten to

L̃(𝑘)(𝝋) = 𝑚(𝝋) + 1
𝑛el

𝑛el
∑

𝑗=1
𝑤𝑗

[

𝜆(𝑘)𝑗 ℎ𝑗 +
𝜇(𝑘)

2
ℎ2𝑗

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑃 (𝑘)

. (60)

Consequently, violations of the stress constraints at the contact surfaces 

have a stronger influence on the design update. In practical applica­

tions, this encourages the optimizer to prioritize satisfying the stress 

constraints at the contact surfaces during the first few subproblems, 

avoiding the observed convergence problems of the standard augmented 

Lagrangian approach. 

This extension avoided the optimizer becoming stuck in an infeasi­

ble local minimum during our employed optimizations. However, one 

should always start with the standard augmented Lagrangian approach 

and only restart using the extended augmented Lagrangian approach if 

the optimizer becomes stuck in such an infeasible local minimum. The 

extended approach does not require an additional tuning parameter, yet 

it might lead to numerical problems if the ratio of 𝑛el∕𝑛ce becomes too 

large.

3.4 . Aggregation stress constraints

Alternatively to the local approach of Eq. (53), the optimization 

problem of Eq. (47) can be reformulated using the max-function

min
𝝋

𝑚(𝝋) = 1
𝑣t

𝑛el
∑

𝑖=1
𝑣𝑖𝜑𝑖

s.t.

⎧

⎪

⎨

⎪

⎩

max(𝑔1,… , 𝑔𝑛el
) ≤ 0

𝒓c(𝝋,𝒙) = 𝟎
𝟎 ≤ 𝝋 ≤ 𝟏

(61)

In doing so, the number of stress constraints is reduced to a single stress 

constraint which looks appealing from an optimization point of view, as 

the gradient of only a single constraint is significantly cheaper. However, 

the max-function is non-differentiable which is why an aggregation func­

tion is usually used to approximate the max-operator. This procedure is 

commonly used in the field of stress-constrained topology optimization; 

see e.g.[21,27,40,47].

This work follows the unified aggregation and relaxation approach 

of [47] as an explicit relaxation technique is not required. In doing so, 

the max-function is approximated by the 𝑃 -mean function which is a 

lower bound approximation. Additionally, a linear vanishing constraint 

is used

Θ𝑗 = 𝜑𝑗𝑔𝑗 ≤ 0, (62)

so that the resulting unified aggregation and relaxation approach reads

min
𝝋

𝑚(𝝋) = 1
𝑣t

𝑛el
∑

𝑖=1
𝑣𝑖𝜑𝑖

s.t.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Ψ =

(

1
𝑛el

𝑛el
∑

𝑗=1
(Θ𝑗 + 1)𝑃

)(1∕𝑃 )

− 1 ≤ 0

𝒓c(𝝋,𝒙) = 𝟎
𝟎 ≤ 𝝋 ≤ 𝟏

(63)

In Eq. (63), the aggregation parameter is 𝑃 > 0 which simultaneously 

controls the required relaxation. The effect of this relaxation is discussed 

in detail in [47]. If the aggregation parameter 𝑃 → ∞, then Eq. (63) 

equals Eq. (61) and thus, the actual mass minimization problem of 

Eq. (47) is considered. In practice, a significantly smaller aggregation pa­

rameter is used (usually 𝑃 << 60), since the aggregated stress constraint 

becomes increasingly difficult to handle numerically as the aggregation 
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Fig. 5. Modified benchmark example of [43] with uniformly distributed load 𝒒
and sliding bearing. Both are distributed over the length 𝐿d = 30. All lengths are 

in millimeters, and the total load is given in Newtons.

parameter increases. In the literature, convergence problems for 𝑃 > 60
are well documented, see e.g. [47], which is why, a ramp up strategy for 

the aggregation parameter during the optimization is followed, see [40]. 

This allows for further increasing the aggregation parameter. However, 

at a certain magnitude of the aggregation parameter, divergence of the 

optimization is still observed.

4 . Influence of the different contact models on the stress 

computation

In order to perform stress-constrained topology optimization suc­

cessfully, the influence of the contact constraints and contact coupling 

techniques of Section 2 on the resulting stress fields is analyzed for a 

given design first. Although the effects of contact discretization on the 

stresses are well documented in the finite element contact mechanics lit­

erature, their implications for stress-constrained topology optimization 

have not been investigated. For the stress analysis, the contact con­

straints will be imposed using either the presented Lagrange Method, 

where the Hertz-Signorini-Moreau condition (HSM) is exactly satisfied, 

or using the unilateral penalty (UP) method. To show the influence 

of the penalty factor on the optimization and the stress computation, 

two penalty factors are considered. Computations based on a unilateral 

penalty factor of 𝜖N = 1𝑒3 are labeled with UP1, while UP2 is used for a 

penalty factor of 𝜖N = 1𝑒4.

The analysis is based on a modified version of the benchmark 

of Strömberg and Klarbring [43]. The design domain is shown in 

Fig. 5. This benchmark was introduced only for unilateral boundary 

constraints, meaning that the inner contact support is modeled using 

geometric constraints. Thus, the inner support was undeformable. Using 

the presented methods, deformable contact supports are also considered, 

and the inner contact support is replaced by a disc-like structure, which 

is fixed on the inside. In doing so, the design domain is discretized 

into 11132 quadrilateral finite elements, while the contact support is 

discretized into 1206 quadrilateral elements. The finite element dis­

cretizations are chosen so that the discretizations at the contact surfaces 

are non-matching as this cannot be guaranteed in practice. In doing so, 

the contact surface of the design domain is discretized with 80 seg­

ments, while the contact surface of the inner disc is discretized with 

116 segments. The Young’s Modulus of the design domain and the con­

tact support is 210000 MPa and a compressible Neo-Hookean material 

model is used, see Eq. (4).

For demonstration purposes, a previously compliance-optimized de­

sign is used to compute the stresses under all combinations of contact 

constraints and the contact coupling techniques. Note that for this com­

parison, the previously compliance-optimized design has been obtained 

based on the framework of [43], which uses a node-to-segment contact 

coupling combined with the HSM contact condition and the inner disc 

is considered rigid. However, for comparison of the contact modeling 

methods, the inner disc is now also considered deformable. The volume 

of the given design is 30% of the total volume.

The stress fields obtained without blending the discretized contact 

surfaces to the exact geometry are shown in Fig. 6. The maximum 

stress differs for the contact formulations and the overall stress distri­

butions vary significantly. In addition, the stresses obtained with HSM 

and the higher penalty factor UP2 exhibit non-smooth oscillating be­

havior near the contact interface when the node-to-segment coupling 

is used. For the segment-to-segment coupling, all three contact formu­

lations yield a comparable maximum stresses and similar overall stress 

distributions. However, the non-smooth behavior of the stresses near the 

contact interface is still observed for HSM and UP2. 

In contrast, Fig. 7 shows the stress fields obtained when the dis­

cretized contact surfaces are blended to the exact geometry. Overall, 

the maximum stresses are in much better agreement, except for UP1 in 

combination with the node-to-segment coupling. The same observation 

applies to the overall stress distributions. For HSM and UP2, both the 

node-to-segment and the segment-to-segment coupling lead to similar 

stress fields. Moreover, no rapidly varying stresses are observed near 

the contact interface. 

This is expected, since these stress oscillations near the contact in­

terface are artificial and are caused by the discretization of the contact 

surfaces as described in Section 2.4. The root of the artificial stresses 

in the vicinity of the contact surface can be traced back to an inaccu­

rate distribution of the contact pressure. This is demonstrated in Fig. 8, 

where the contact pressure is visualized along the contact surface for 

non-blended and blended contact surfaces. The Fig. 8(a) and (b) show 

the contact pressure using the node-to-segment and segment-to-segment 

contact without blending, whereas the Fig. 8(c) and (d) use the circular 

blending function to accurately model the contact surface geometry. The 

influence of the blending approach is clearly visible in the contact pres­

sure distribution. Without the circular blending function, the contact 

pressure shows pronounced oscillations, whereas a smoother distribu­

tion is obtained when blending is applied. However, even with blending, 

some oscillations remain when the node-to-segment coupling technique 

is used. These oscillations are not observed when using the segment-to-

segment approach. This can be attributed to the different evaluation of 

the contact pressure.  For the segment-to-segment approach, the con­

tact potential containing the contact pressure is defined by an integral 

over the whole contact surface (see Eq. (37)), which is typically dis­

cretized for every secondary segment using a high-order quadrature rule. 

In contrast, the contact potential for node-to-segment coupling consid­

ers only the contact pressure evaluated at the nodes of the secondary 

contact surface (see Eq. (18)). As a result, the segment-to-segment ap­

proach represents the contact pressure more accurately in comparison 

to the node-to-segment approach when evaluated using the same spa­

tial discretization. Therefore, the segment-to-segment approach provides 

more accurate contact pressure distributions for coarser discretizations 

of the contact surfaces while also being less prone to artificial stress 

oscillations induced by the discretization error of the contact surface 

geometries. This is particularly relevant for efficient contact- and stress-

constrained topology optimization, since refining the discretization of 

the contact surfaces increases both the number of contact constraints 

and stress constraints as well as increasing the number of design

variables. 

The necessity of exact modeling of the contact surfaces has not yet 

been discussed in the context of contact-constrained topology optimiza­

tion [16,42]. This is because stresses on curved contact surfaces have not 

been considered for node-to-segment or segment-to-segment coupling, 

and the differences between the optimized designs for objective func­

tions such as the compliance are rather small. This is demonstrated in 

the Appendix B, where compliance-optimized designs with and without 

applying a circular blending function are shown. However, the effect of 

these artificial stress peaks on a mass minimization problem is not neg­

ligible as the optimizer has to find a way to reduce these stress peaks. 
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Fig. 6. Stress fields of a given design with a deformable contact support for different contact coupling techniques and contact constraints. Only elements with a 

density greater than 20% are shown.

Fig. 7. Stress fields of a given design with a deformable contact support and blending for different contact coupling techniques and contact constraints. Only elements 

with a density greater than 20% are shown.

Fig. 8. Contact pressure in MPa along the contact surface of the design space for non-blended and blended (‘bl.’) contact surfaces using the Hertz-Signorini-Moreau 

(HSM) contact constraint.

The effect of not using blending functions in stress-constrained mass 

minimization is demonstrated in Appendix C.

In summary, evaluating the different stress fields of the previously 

given compliance-optimized design reveals that accurately modeling the 

contact surfaces is crucial for meaningful results in stress-constrained 

topology optimization. Otherwise, the stress field in the vicinity of the 

contact will be dominated by artificial stress peaks that occur due to a 

scattered contact pressure along the contact surface. Furthermore, the 

penalty factor of the unilateral penalty method must be sufficiently high 

and validated before optimization. In this example, UP1 with a penalty 

factor of 𝜖N = 1𝑒3 is insufficient. Consequently, the next section will only 

consider deformable contact supports that are blended if curved contact 

surfaces are considered.

5 . Stress-constrained mass minimization

In this section, three different benchmark problems for stress- and 

contact-constrained mass minimization problems will be discussed. In 

doing so, the mass minimization problem of Eq. (47) is either replaced by 

the optimization problem using the augmented Lagrangian approach or 

the 𝑃 -mean aggregation for the stress constraints. Furthermore, the in­

fluence of the different contact constraints (see Section 2.2) and contact 

coupling techniques (see Section 2.3) is discussed.

The first Section 5.1 deals with a benchmark example that was intro­

duced by [43] in the context of contact-constrained compliance topology 

optimization and was also considered in the previous section. The second 

Section 5.2 deals with a modified L-shaped design domain, which is com­

monly used in stress-constrained topology optimization and modified 
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Table 1 

Parameters for the optimization of the Lug.

Stress limits

𝜎lim 60 MPa

𝜎lim 0.99 ⋅ 𝜎lim = 59.4 MPa

Density filter

𝑟min 15

Projection filter

𝜂 0.5

𝛽start 1.0

𝛽max 5.0

𝛽increase 1.0341

Optimizer

uniform initial density 0.6

move limit 0.05

maximum iterations 1000

iterations per suboptimization 20

Aggregation

𝑃start 20

𝑃max 20, 100 or 200

𝑃increase 1.0,1.0341 or 1.04914

Augmented Lagrangian

Approach

𝜇start 100

𝜇max 13,150

𝛼 1.05

for contact. The last Section 5.3 demonstrates the simultaneous opti­

mization of two structures that are in contact and are undergoing large 

deformations.

5.1 . Curved contact surface - the Lug

In the following, the stress-constrained mass minimization problem is 

applied to the modified benchmark example of Strömberg and Klarbring 

[43] of Fig. 5 using a compressible Neo-Hookean material model; see 

Eq. (4). The optimizations are performed with either the augmented 

Lagrangian approach of Eq. (53) or the mass minimization problem us­

ing stress aggregation of Eq. (63). Furthermore, a density filter and a 

projection filter [48] are employed. The parameters used are shown 

in Table 1. In doing so, the mass minimization process is subdivided 

into suboptimization problems with constant stress constraint parame­

ters. More precisely, the stress constraint parameters are the Lagrange 

multiplier 𝝀 of Eq. (55) and the penalty parameter 𝜇 of Eq. (56) if the 

augmented Lagrangian approach of Eq. (53) is used. Otherwise, the op­

timization problem based on aggregation is considered, and the stress 

constraint parameter is the aggregation order 𝑃 . For both optimiza­

tion problems, the projection filter and the stress constraint parameters 

are updated after each suboptimization problem according to the in­

crease factors. The increase factors 𝛽increase and 𝑃increase in Table 1 are 

chosen such that the maximum values are reached after 980 iterations, 

which is similarly done by [40]. Please note that this does not apply to 

the augmented Lagrangian penalty factor 𝜇, which increases after each 

suboptimization problem until the maximum number of iterations is 

reached or a feasible design is found. Once again, both node-to-segment 

(n2s) and segment-to-segment (s2s) contact coupling are considered. 

Based on the prior discussion regarding an accurate modeling of the 

contact surfaces, see Section 4, a circular blending function is used on 

both contact surfaces. In doing so, it is guaranteed that the optimized 

designs are not affected by stresses that occur only due to the chosen 

discretization at the contact surfaces.

This is essential because, without blending, much finer meshes 

would be necessary during optimization to prevent artificial stress peaks 

near the contact surface. However, employing a finer mesh would 

greatly increase computational costs, since stress-constrained topology 

optimization typically demands numerous iterations to obtain feasible 

designs. This is further discussed in the Appendix C, which also contains 

numerical results without blending.

5.1.1 . Augmented Lagrangian approach

In this section, the augmented Lagrangian approach as presented in 

Section 3.3 is used to solve the stress-constrained mass minimization 

problem. The optimized designs as well as the convergence history are 

shown in Fig. 9. The shown optimized designs are the lightest designs 

found that still satisfy the stress limit of 60.0 MPa. In fact, several de­

signs in each optimization satisfy the stress constraint. The first feasible 

designs are marked in the stress history of Fig. 9 with  for s2s and ▴
for n2s. These are obtained between iterations 480 and 650, while the 

best performing designs are found around 1000 iterations. Furthermore, 

Table 2 provides additional information on the shown designs.

All of the obtained optimized designs are feasible and fulfill the 

applied constraints. The best performing designs have a similar mass 

between 18.8% and 19.6%, except for the design obtained using the 

penalty factor UP1 for the n2s coupling which is significantly heavier. 

Here, there is extra material located near the contact surface. Also, the 

elements near the contact surface exhibit intermediate densities despite 

the applied filtering. Overall, the designs obtained using HSM can be 

seen as a reference solution for n2s and s2s contact coupling techniques 

because the HSM constraint strictly enforces the contact conditions. 

Consequently, the contact modeling using the HSM constraint is the most 

accurate. Both designs found using HSM are basically identical and have 

the nearly identical mass. However, the designs found using the penalty-

based constraints vary in mass or mass distribution compared to the 

designs found by HSM. Yet, all designs are feasible from an optimization 

point of view.

5.1.2 . Aggregation

In this Section, the 𝑃 -mean aggregation function is used to han­

dle the stress constraints and therefore, the optimization problem of 

Section 3.4 is solved. In doing so, three different maximum aggregation 

values 𝑃max = {20, 100, 200} are applied. In this Section, only HSM con­

tact constraint will be considered, as the results of the former Section 

have shown the influence of the too low penalty factor UP1 in stress-

constrained topology optimization subjected to contact. If aggregation 

is used, similar effects are observed as the inaccurate contact model­

ing dominates the stress distribution and therefore, also dominates the 

aggregation function.

The resulting designs and the convergence history are shown in 

Fig. 10 and additional data about the optimized designs are shown in 

Table 3. It is worth mentioning that the optimized designs using n2s 

and s2s contact-coupling are rather similar for this specific example.

As expected, the results show that the imposed stress limit of 

60.0 MPa is not reached, since the 𝑃 -mean function is a lower-bound 

approximation of the max-function. Consequently, aggregation based 

on the 𝑃 -mean function will underestimate the actual maximum stress 

within the design domain. That being said, the lowest maximum aggre­

gation 𝑃max = 20, see Fig. 10(a) and (d), is not suitable as the maximum 

stress is more than 25% above the imposed stress limit. Looking at the 

optimized designs with the 𝑃max = 100, see Fig. 10(b) and (e), the max­

imum stress of the optimized designs is still  6% above the stress limit, 

while the total mass of the design slightly exceeds the mass of the feasi­

ble designs obtained using the augmented Lagrangian approach, which 

has been presented in the former section. Thus, the usage of higher 

aggregation parameters reduces the difference between the maximum 

stress inside the design domain and the imposed stress limit at the cost 

of an increasing mass, see Table 3. Yet, higher aggregation parameters 

𝑃max = 200 seem to destabilize the optimization process after a certain 

number of iterations, which can be seen in the convergence histories 

of Fig. 10. This can be seen in the optimization based on n2s contact-

coupling with 𝑃max = 200. After iteration 961, the maximum stress 

Computers and Structures 331 (2026) 108387 

12 



T. Schmidt, M. Keller, T. Klare et al.

Fig. 9. Best optimized designs in deformed configuration and convergence history using the augmented Lagrangian approach with blending functions. The first design 

reaching the stress limit is marked,  s2s & ▴ n2s.

Table 2 

Details about the best performing designs - shown in Fig. 9 - obtained using the 

augmented Lagrangian approach.

Coupling Constraint Iterations Mass [%] Maximum stress [MPa]

n2s HSM 997 19.2 60.0

UP1 961 23.2 60.0

UP2 992 19.6 59.7

s2s HSM 980 19.2 59.6

UP1 998 19.1 59.7

UP2 997 18.8 59.6

increases drastically which causes the later rise observed in the mass plot 

and results in unusable designs after 1000 iterations. It appears that the 

high aggregation parameter 𝑃max = 200 causes the gradient-based design 

update to concentrate primarily on the most critical stress elements. As 

a result, the stresses in other elements receive less attention during the 

design update, which can destabilize the optimization process. This ef­

fect may be amplified by the non-smooth characteristic of the contact 

problem because changes in the design can significantly alter the con­

tact surface, which dominates the stress distribution in the vicinity of 

the contact surface. In consequence, the shown design of Fig. 10(c) is 

obtained before the jump in the stress constraint is observed.

5.1.3 . Concluding remarks

First, accurately modeling the geometry at the contact surfaces is 

key to accurately calculating stresses at those surfaces. This is impor­

tant because an insufficient contact pressure dominates the stresses in 

the vicinity of the contact surface, which in turn will mislead the opti­

mization. Consequently, the chosen discretization of the contact surfaces 

must not dominate these stresses. One way to address this challenge is 

to use finer meshes to improve the accuracy of the stress computation. 

However, mesh refinement substantially increases the computational 

cost per optimization iteration, since it increases both the size of the sys­

tem equations and the total number of stress constraints. Additionally, 

stress-constrained optimization may require several hundred to a few 

thousand iterations to achieve a feasible design, which is why using 

finer discretizations should be a last resort. This can be circumvented us­

ing techniques such as applying blending functions, where the geometry 

of the contact surfaces is exactly modeled without introducing further 

degrees of freedom or design variables.

From an optimization perspective, both node-to-segment and 

segment-to-segment coupling techniques can be used, as both result in 

reasonable designs in this example. From a contact mechanics perspec­

tive, however, segment-to-segment methods are superior because they 

compute the most realistic contact pressure and pass the patch test [31]. 

Finally, if a penalty approach is considered, the penalty values must 

be sufficiently high. Otherwise, the optimization will exploit this false 

model assumption, resulting in a poorly performing design.

5.2 . Planar contact surfaces - the L-Bracket

The following section discusses a modified L-Bracket. The L-Bracket 

is a benchmark example of stress-constrained topology optimization and 

has been discussed in detail in the literature; see, for example [21,40,

47]. In contrast to the standard L-Bracket, a nonlinear contact problem 

is considered. Thus, physical material parameters as well as dimensions 

have to be chosen. The presented example is closest to [21], where phys­

ical material parameters and dimensions are also chosen. The L-Bracket 

is visualized in Fig. 11 and the parameters used are shown in Table 4. 

Once again, a compressible Neo-Hookean material model is used; see 

Eq. (4). The former numerical example already discussed the influence 

of directly applying the Hertz-Signorini-Moreau (HSM) contact conditions 

using a Lagrange method and the influence of approximating these con­

ditions using a unilateral penalty method. Therefore, this section will 

only deal with the HSM contact constraint as it provides a more accurate 

modeling of the contact conditions. Additionally, only segment-to-

segment contact coupling is used, as the influence of n2s and s2s contact 

coupling has already been discussed in depth in the prior sections.

Only the L-Bracket will be considered as design space; however, the 

three contact supports are deformable. The design domain is discretized 

by 25600 finite elements, while the vertical supports are discretized by 

720 finite elements, and the horizontal boundary is discretized by 256 
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Fig. 10. Best optimized designs in deformed configuration and convergence history using aggregation with blending functions. The initial aggregation value is 

𝑃start = 20, and the final value reached after 980 iterations is 𝑃max = {20,100, 200}. All designs are obtained based on the HSM contact constraint.

Table 3 

Details about the best performing designs - shown in Fig. 10 - obtained using 

aggregation. The initial aggregation is 𝑃start = 20, the maximum at iterations 

980 are 𝑃max = {20,100, 200}.

Coupling Max. aggregation Iterations Mass [%] Max. stress [MPa]

n2s 𝑃max = 20 1000 17.1 76.6

𝑃max = 100 1000 19.5 63.6

𝑃max = 200 961 20.4 61.9

s2s 𝑃max = 20 1000 16.7 76.6

𝑃max = 100 1000 19.2 63.5

𝑃max = 200 1000 20.0 61.4

finite elements. In this example, blending is not needed, as only straight 

contact surfaces are considered.

The used parameters of the stress-constrained mass minimization 

problem are shown in Table 5 and the overall procedure is unchanged 

from the former benchmark example in Section 5.1. In case of stress-

constrained mass minimization using aggregation, the aggregation order 

gradually increased every 20 iterations starting from 𝑃start = 20 to 𝑃max =
100. The results of the stress-constrained mass minimization using the 

augmented Lagrangian approach (AL) and Aggregation (AGG) are dis­

cussed in the following. Afterward, the extended augmented Lagrangian 

approach (XAL) is demonstrated using a different setup of the L-Bracket.

5.2.1 . Augmented Lagrangian approach

The optimized designs shown in Fig. 12(a) reveal that the augmented 

Lagrangian approach (AL) does result in a feasible design. However, the 

shown stress distributions in Fig. 12(a) only consider elements that have 

a density value greater than 20%, while the quantitative results pre­

sented in Table 6 and the convergence history reveal that the maximum 

𝑞𝑝-relaxed stresses without this threshold are significantly above the 

stress limit of 350 MPa. In order to visualize this problem, all elements 

that exceed the stress limit are colored red in the optimized designs of 

Fig. 12(a).

Fig. 11. L-Bracket with deformable contact support.

Table 4 

Parameters of the L-Bracket.

Design Domains

𝐿 200 mm

𝐸min 1 MPa

𝐸max 71000 MPa

𝜈 0.33

Contact Supports

𝐸 10000 MPa

𝜈 0.33

Distributed Load

𝒒 (0, 1500 N)

This behavior is caused by the applied cubic vanishing constraints 

that suppress the influence of stresses in elements that are approach­

ing the void phase. Consequently, elements with very low densities 
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Table 5 

Parameters of the L-Bracket optimization.

Stress limits

𝜎lim 350 MPa

𝜎lim 0.99 ⋅ 𝜎lim = 346.5 MPa

Density filter

𝑟min 6

Projection filter

𝜂 0.5

𝛽start 0.1

𝛽max 3.464

𝛽increase 1.0766

Optimizer

uniform initial density 0.6

move limit 0.05

maximum Iterations 1000

iterations per suboptimization 20

Aggregation

𝑃start 20

𝑃max 100

𝑃increase 1.0341

Augmented Lagrangian Approach

𝜇start 100

𝜇max 13,150

𝛼 1.05

may exhibit large 𝑞𝑝-relaxed stress values, while their corresponding 

vanishing-constraint values remain small. This does not indicate hid­

den failure points in load-bearing material, but rather reflects the fact 

that these elements have already lost almost all structural stiffness and 

are effectively part of the void phase. Eventually, the optimization usu­

ally finds a design that also satisfies the stress constraints in these 

void elements. However, these designs are typically much heavier in 

comparison and require many additional iterations. 

Table 6 

Details about the designs of Fig. 12 using the augmented Lagrangian approach 

(AL) and aggregation (AGG) with 𝑃max = 100.

Iterations Mass [%] Max. stress [MPa] Max. stress with threshold [MPa]

AL 731 42.2 425.9 349.9

AGG 1000 50.1 364.3 364.3

The next paragraph discusses this phenomenon in depth.

Challenges with using a cubic vanishing constraint

The data of Table 6 shows the maximum stress values inside the 

design domain with and without the threshold, as the stress distribu­

tion in Fig. 12(a) only considers elements with a density value greater 

than 20%. In doing so, a 𝑞𝑝-relaxation is used to visualize the stress 

inside non-binary finite elements. However, the 𝑞𝑝-relaxation behaves 

differently from the cubic vanishing constraint, which is used during 

optimization. Due to that, especially elements with a density between 

0.8% and 10% may have a 𝑞𝑝-relaxed stress values that exceed the stress 

limit, while their corresponding influence on the Lagrangian is compara­

bly small and likely gets lost in the noise of elements that just satisfy the 

stress limit. For improved convergence, the vanishing constraints used to 

compute the Lagrangian are computed with 𝜎lim = 0.99𝜎lim = 346.5 MPa
a lower limit than the actual stress limit of 𝜎lim = 350 MPa. Thus in this 

example, any element with a solid stress value between 346.5 MPa and 

350 MPa contributes to the Lagrangian, even though it satisfies the stress 

limit. This problem remains even after 1000 iterations, so introducing 

a threshold as [47] has used, significantly reduces the computational 

costs. Otherwise, in the presented example, about double the number of 

iterations is needed to find feasible designs.

Looking at the optimized design of iteration 731, which is the first 

design satisfying the stress limit using the threshold, the highest two 

𝑞𝑝-relaxed stress values of the optimized design have densities of 𝜑1 =
5.3% and 𝜑2 = 8.5%, respectively. Both of these elements are located in 

a void region between two struts towards the tip of the L-Bracket. In 

order to compute the vanishing constraint, the von Mises stress based 

Fig. 12. Optimized designs in deformed configuration and convergence history using the augmented Lagrangian approach (AL) and aggregation with 𝑃max = 100
(AGG 100). All designs are computed using s2s-HSM contact modeling. All elements with a density below 20% that do not fulfill the stress limit are marked in red. 

The additional maximum stress measure LP/AGG 100>20% only considers elements with a density > 20%.
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on the Young’ Modulus of the solid material 𝐸max is needed, which is 

𝜎v
1 = 1848.2 MPa and 𝜎v

2 = 1415.0 MPa. The resulting 𝑞𝑝-relaxed stress is 

then obtained by

𝜎qp
𝑗 =

√

𝜑𝑗𝜎
v
𝑗 →

{

𝜎qp
1 = 425.9 MPa > 𝜎lim,

𝜎qp
2 = 412.0 MPa > 𝜎lim.

(64)

However, the cubic vanishing constraint of Eq. (52) for both elements is 

𝜃1 = 0.0128 or 𝜃2 = 0.0198, respectively. In order to put these numbers 

into perspective, a fictitious third element with a density of 𝜑3 = 100%
and a solid von Mises stress of 𝜎v

3 = 349.99 MPa results in a cubic van­

ishing constraint value of 𝜃3 = 0.0111, while its 𝑞𝑝-relaxed stress is 

𝜑qp
𝑖 = 349.99 MPa. Note that the constraint for 𝜎v

3 = 349.99 MPa is still 

active as 𝜎lim = 0.99𝜎lim = 346.5 MPa is used to compute the vanishing 

constraint. Consequently, the influence on the Lagrangian of the two 

‘worst’ elements and the fictitious third element has the same magni­

tude. Thus, the optimizer does not focus on void elements with too high 

𝑞𝑝-relaxed stresses and will focus about the same on each element that 

just satisfies the stress limit, which are in the majority for a close to 

optimal design. Thus, the optimization process is not driven by void 

elements exhibiting high 𝑞𝑝-relaxed stresses. Rather, these stress con­

straints have about the same influence on the optimization as elements 

whose stresses are already below the target stress limit 𝜎lim, yet above 

the imposed stress limit 𝜎lim < 𝜎lim.

This is not a problem with the cubic vanishing constraint, of course. 

Rather, it is a problem of stress interpretation within non-binary finite 

elements that cannot be avoided when using a SIMP parameterization. 

This problem is visualized in Fig. 12, where the convergence history 

of the maximum stress and the maximum stress including the den­

sity threshold of 20% is shown, and clear differences are observed. 

Therefore, it is advisable to include a threshold if large stresses in void 

elements are observed, as the cubic vanishing constraints do not pri­

oritize these elements. In this work a threshold value of 20% is used, 

as this value has also been used by [47]. However, smaller thresholds 

would also address this issue. Note that this problem does not occur in 

the first benchmark example of Section 5.1, as the void regions deform 

significantly less there. 

5.2.2 . Aggregation

In contrast to the augmented Lagrange approach, the optimized 

design computed based on aggregation performs significantly worse, 

as shown in Table 6, where the details about the optimized designs 

are listed. In fact, the optimized design using a maximum aggrega­

tion parameter of 𝑃max = 100 only reaches a maximum stress value of 

364.3 MPa, while the design is about 20% heavier than the optimized 

design obtained by the augmented Lagrangian approach. It appears that 

the aggregation really struggles to reduce the stress peaks at the end of 

the left vertical contact surface as well as the stress singularity at the 

inside corner of the L-Bracket, see Fig. 12(b). As shown in the former 

example, lower maximum aggregation parameters could be used to ob­

tain a lighter design, that is potentially closer to the optimized design of 

the AL approach. However, this comes at the cost of even higher viola­

tions of the stress constraints and vice versa, higher aggregation orders 

would further increase the mass, while improving the fulfillment of the 

stress constraints. Nevertheless, both options are not desirable, as the 

optimized design obtained by AL would always outperform the solution 

obtained by aggregation. Due to the linear vanishing constraint that is 

commonly used in aggregation, see [47], aggregation based optimiza­

tion does not dismiss active stress constraints with a low density. Thus, 

the discussed challenges with using a cubic vanishing constraint are not 

observed. In consequence, there is no difference between the maximum 

stress with and without the threshold in Fig. 12.

5.2.3 . Extended augmented Lagrangian approach

The following example considers a different L-Bracket setup with uni­

lateral contact constraints. The design domain is shown in Fig. 13 and 

Fig. 13. L-Bracket with longer vertical deformable contact support and more 

broadly distributed loads.

Table 7 

Parameters of the L-Bracket with 

longer vertical deformable con­

tact support and more broadly dis­

tributed loads.

Design Domains

𝐿 1 mm

𝐸min 1 MPa

𝐸max 210000 MPa

𝜈 0.3

Contact Supports

𝐸 420000 MPa

𝜈 0.3

Distributed Load

𝒒 (0, 2 N)

Stress Limit

𝝈lim 100 MPa

𝝈lim 99 MPa

the parameters used for the design domain and the optimization are 

shown in Table 7. For this setup, convergence problems were observed 

with the standard augmented Lagrangian approach, both when using 

linear elastic and hyperelastic material behavior. In particular, the opti­

mizer becomes trapped in infeasible local minima associated with high 

stresses near the contact surface. Although this behavior is observed 

for both material models, only the optimized results obtained with the 

hyperelastic material are presented in the following.

To address this issue, we propose an extended augmented Lagrangian 

approach (XAL), see Section 3.3.1. The approach extends the standard 

augmented Lagrangian approach by an additional penalty contribution 

based on all elements located in the vicinity of the contact surfaces. This 

extension guides the optimization away from infeasible designs with lo­

cal stress violations at the contact surfaces. Once the stress constraints 

at the contact surfaces are satisfied, the additional weighted contribu­

tion vanishes, and the formulation reduces to the standard augmented 

Lagrangian approach.

The optimized designs based on the augmented Lagrangian ap­

proach (AL), the extended augmented Lagrangian approach (XAL) and 

Aggregation with 𝑃max = 100 (AGG 100) are shown in Fig. 14 and Table 8 

provides additional information on the shown designs. What strikes first 

is that the optimized design using AL, see Fig. 14(a) fails, as the four 

elements of the contact surface at the tip of the L-Bracket do not meet 

the stress constraints at all. A closer look at the convergence history of 

the maximum stress for the AL method (in blue) shows that it remains 
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Fig. 14. Optimized designs in deformed configuration and convergence history using the augmented Lagrangian approach (AL), the extended augmented Lagrangian 

approach (XAL) and aggregation with 𝑃max = 100 (AGG 100). All designs are computed using s2s-HSM contact modeling.

Table 8 

Details about the designs of Fig. 14 using the standard augmented Lagrangian 

approach (AL), the extended augmented Lagrangian approach (XAL) and aggre­

gation with 𝑃max = 100.

Iterations Mass [%] Max. stress [MPa] Max. stress with threshold [MPa]

AL 1000 41.7 157.8 157.8

XAL 732 47.7 132.1 99

AGG 1000 44.2 106.2 106.2

around 160 MPa from iteration 20 until the optimization terminates at 

iteration 1000. Thus, the maximum stress does not improve, while the 

optimized design’s appearance avoids the singularity at the inner edge 

of the L-Bracket. In fact, the maximum stress value remains in the same 

two finite elements, which are located at the left end of the horizon­

tal contact surface on the right and have a density between 95% and 

100% during the whole optimization. It appears that the optimizer can­

not reduce the stresses in these two particular elements and thus does 

not find a feasible design. In contrast to the former numerical examples, 

the optimization based on aggregation, see Fig. 14(c), finds a signifi­

cantly better design, proving that the optimization based on AL is stuck. 

Nevertheless, AGG 100 also does not fulfill the imposed stress limit, as 

the stresses in the magnifications are not met. Finally, the proposed ex­

tension to the augmented Lagrangian approach overcomes this issue, 

see Fig. 14(b), where a feasible design is found. This proves that designs 

exist that satisfy the stress limit.

Different initial guesses for the density distribution and finer dis­

cretizations have also been tried. Nevertheless, the standard augmented 

Lagrangian approach always encounters this problem and is unable to 

find feasible designs.

It is worth noticing, that the extended augmented Lagrangian ap­

proach finds feasible designs for all optimization problems presented in 

this work. However, the standard augmented Lagrangian approach typi­

cally finds slightly lighter designs if it does not become stuck during the 

optimization process.

5.3 . Simultaneous optimization of multiple domains - the U-Bracket 

indentator

In this Section, a novel benchmark problem for contact- and stress-

constrained topology optimization is presented. The problem domain 

is visualized in Fig. 15(a). The problem contains a U-Bracket which is 

constrained by Dirichlet conditions at the top edge.  The contact sur­

face of the indentation body is defined by its rounded bottom edge. 

Consequently, the discretized contact surface is blended to the exact ge­

ometry using a circular blending function to improve the accuracy of the 

computed contact pressure. The contact surface of the U-Bracket is pla­

nar and therefore does not require blending.  The second body is pushed 

into the U-Bracket by a force 𝑞 acting on the corner of the top edge. 

Initially, the contact gap is closed in the center without transmitting a 
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Fig. 15. U-Bracket indentation with contact.

Table 9 

Parameters of the U-Bracket.

Design Domains

𝐿 100 mm

𝐸min 1 MPa

𝐸max 5000 MPa

𝜈 0.3

Distributed load

𝒒 (0, 500 N)

Stress limits

𝜎lim 100 MPa

𝜎lim 0.99 ⋅ 𝜎lim = 99 MPa

contact force. The problem is chosen to have a re-entrant corner similar 

to the L-Bracket to introduce a singularity to the stress computation. The 

contact is modeled using the segment-to-segment coupling technique in 

combination with the HSM constraint.

The objective of the optimization is to minimize the total mass of 

both contact partners. The optimization is carried out using the stan­

dard augmented Lagrangian approach and the parameters are shown in 

Table 9. In order to demonstrate that other hyperelastic material models 

can also be used, this example is computed using the compressible 

Mooney-Rivlin material model.

In doing so, a stress-constrained mass minimization of both contact 

partners is successfully performed. The optimized design is shown in 

Fig. 15(b) and the resulting stress field is visualized in Fig. 15(c). It is 

important to emphasize that the optimized design is relatively stiff and 

does not exhibit a high amount of large deformations. However, during 

the early stages of the optimization, the design is dominated by interme­

diate densities and is much less stiff compared to the optimized design. 

Therefore, large deformations occur during the first few subproblems un­

til solid struts are formed and the design becomes stiffer. Consequently, 

hyperelastic material behavior is required to obtain accurate deforma­

tions and stresses which are necessary for obtaining accurate gradient 

information during the early stages of the optimization.

6 . Conclusion

This work extends stress-constrained topology optimization to sys­

tems involving unilateral contact. The proposed approach is based on 

hyperelastic material models, enabling the treatment of large defor­

mations. The presented approach minimizes the structure’s mass while 

considering stresses using a local or global stress measure. In doing so, 

the most common methods for treating stress constraints during the 

optimization are investigated for a variety of contact problems.

This work demonstrates the influence of node-to-segment and 

segment-to-segment contact coupling techniques on the optimization. 

Furthermore, in comparison to more common objectives such as com­

pliance, stress-constrained optimization turns out to be significantly 

more sensitive to inaccuracies along the contact geometries. Therefore, 

curved contact surfaces are blended. Thus, the exact geometries of 

the contact surfaces are considered, as otherwise poorly performing 

optimized designs are obtained. Using blending functions keeps the com­

putational costs of the optimization process manageable since much 

finer discretization would otherwise be required to prevent artificial 

stress peaks near the contact surfaces. Contact constraints are imposed 

using either a penalty method or a Lagrange methods. The negative ef­

fects of an insufficient penalty factor when using a unilateral penalty 

method for compliance- and stress-constrained topology optimization 

are demonstrated.

Finally, comparing local and global stress measures for contact prob­

lems shows that the augmented Lagrangian approach appears to be 

better suited, as it has proven to be more reliable in finding feasible de­

signs. An extended augmented Lagrangian approach is proposed, which 

effectively resolves occasionally occurring convergence issues of the 

augmented Lagrangian approach. In contrast, the aggregation methods 

often cannot find feasible designs. Notably, contact-constrained opti­

mizations with high aggregation parameters (𝑃 > 100) become unstable 

at lower parameter values than those typically reported in the literature 

for linear elasticity without contact; see [40]. Overall, the results suggest 

that a local method to enforce the stress constraints is more appropriate 

for addressing local mechanical phenomena, such as contact.

Our recommendations for accurate and efficient contact- and stress-

constrained mass minimization are:

• The Hertz-Signorini-Moreau constraint strictly enforces the contact 

constraint and is therefore the most accurate, while not requiring 

any problem-specific tuning.

• Segment-to-segment contact coupling should be preferred over 

node-to-segment coupling, as it provides smoother contact pres­

sures and stress fields near the contact surfaces.

• Discretizations suitable for compliance optimization may still cause 

large geometric errors at curved contact surfaces, which can in­

troduce artificial stresses and thereby mislead stress-constrained 

optimization. These errors can be effectively reduced by blending 

the discretized contact surfaces onto the exact geometry.

• Stress constraints should be imposed locally using the augmented 

Lagrangian approach for contact problems as it reliably finds 

feasible designs with low mass.

• The proposed extended augmented Lagrangian approach should 

be used for problems where the standard augmented Lagrangian 

approach becomes trapped in infeasible local minima.
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Appendix A . Sensitivity analyses

The design update is performed using the Method of Moving 

Asymptotes [44], so a sensitivity analysis must be performed. The gradi­

ent of the objective as well as the gradient of all constraints with respect 

to the design variables 𝝋 must be computed. These gradients are effi­

ciently computed using the adjoint method. More precisely, the gradient 

of the mass as well as the gradient of the used stress criterion are needed, 

which are derived in the following.

A.1 . Gradient of the mass

The gradient of the mass is straightforward; it reads

𝜕𝑚(𝝋)
𝜕𝜑𝑖

=
𝑣𝑖
𝑣𝑡
, (65)

where 𝑣𝑖 is the volume of the considered finite element and 𝑣𝑡 is the total 

volume of the design space.

A.2 . Gradient of the element-wise stress constraint

The gradient of the element-wise stress constraint of Eq. (51) is 

needed for any stress-based topology optimization and is therefore de­

rived separately. In doing so, the chain rule is applied so that the gradient 

can be written as

𝜕𝑔𝑗
𝜕𝜑𝑖

= 1
𝜎lim

𝜕𝜎v
𝑗

𝜕𝝈𝑗

𝜕𝝈𝑗

𝜕𝒙
𝜕𝒙
𝜕𝜑𝑖

, (66)

where the gradient of the von Mises yield criterion 𝜎v
𝑗  with respect to 

the stress tensor is

𝜕𝜎v
𝑗

𝜕𝝈𝑗
=

𝑽 0𝝈𝑗

𝜎v
𝑗

. (67)

Next, the derivative of the stress tensor with respect to the state vector 

𝒙 is derived. As mentioned in Section 2.5 the size of the state vector 𝒙
depends on the used contact constraint formulation, as either a Lagrange 

method or a unilateral penalty method can be employed to enforce the 

contact constraints. If the Lagrange method is used, the state vector 

is 𝒙 = 𝒙LM = (𝒖S, 𝒖P,𝑷N)
T, whereas otherwise, the unilateral penalty 

method is used, where the state vector is 𝒙 = 𝒙UP = (𝒖S, 𝒖P)
T. The 

Lagrange method enforcing the contact constraints must not be confused 

with the presented augmented Lagrangian approach to enforce the stress 

constraints of Section 3.3.

However, the stress tensor of any finite element depends only on 

its nodal displacements. Thus, the derivative of the stress tensor with 

respect to the contact forces must always vanish so that the gradient of 

the stress tensor with respect to the state vector is simplified to

𝜕𝝈𝑗

𝜕𝒙
=
[ 𝜕𝝈𝑗

𝜕𝒖
𝜕𝝈𝑗

𝜕𝑷N

]

=
[

𝜕𝝈𝑗

𝜕𝒖
𝟎
]

, (68)

where 𝒖 is the corresponding displacement field of the considered design 

domain. Finally, the derivative of the stress tensor with respect to the 

displacement field is

𝜕𝝈𝑗

𝜕𝒖
=

𝜕
( 1
𝐽
𝑭𝑺𝑭 T

)

𝑗

𝜕𝒖
. (69)

As the element-wise stress constraint only depends on the displace­

ments of the primary or secondary domain, the derivations of the adjoint 

problem for the stress-constrained topology optimization problem found 

in the literature can be applied directly. The only difference from the 

derivation provided in the literature is that the contact-constrained 

residual must be used.

Consequently, the next three sections will provide the necessary lit­

erature as well as the resulting adjoint equation and the gradients for 

the augmented Lagrangian approach and for the 𝑃 -mean aggregation, 

respectively.

A.3 . Gradient using the augmented Lagrangian approach

The gradient of the penalty term 𝑃 (𝑘) of the optimization problem 

from Eq. (53) is outlined in the following, while a detailed derivation can 

be found in [37]. In doing so, only gradients of active stress constraints 

must be computed as the gradient of the equality constraint ℎ𝑗  is

𝜕ℎ𝑗 (𝝋)
𝜕𝜑𝑖

=

⎧

⎪

⎨

⎪

⎩

𝜕𝜃𝑗 (𝝋)
𝜕𝜑𝑖

, if 𝜃𝑗 (𝝋) > −
𝜆(𝑘)𝑗

𝜇(𝑘)

0 , else
(70)

where 𝜃𝑗  is the vanishing constraint of Eq. (52).

Thus, the gradient of the penalty term is

𝜕𝑃 (𝑘)(𝝋)
𝜕𝜑𝑖

=
𝑛el
∑

𝑗=1
𝛼𝑗𝑤𝑗

[

𝜆(𝑘)𝑗 + 𝜇(𝑘)ℎ𝑗 (𝝋)
]

( 𝜕𝜃𝑗 (𝝋)
𝜕𝑔𝑗

𝜕𝑔𝑗
𝜕𝜑𝑖

+ 𝛿𝑗𝑖
𝑝
𝜑𝑖

𝜃𝑖(𝝋)
)

, (71)

where the parameter 𝛼𝑗 ∈ {0, 1} is zero whenever the 𝑗-th constraint is 

inactive and equal to one otherwise. Further, the gradient 
𝜕𝑔𝑗
𝜕𝜑𝑖

 is known 

from Eq. (66) and 𝛿𝑗𝑖  is a Kronecker delta. The gradient of 𝑔𝑗  depends on 

the state vector 𝒙 so that an adjoint equation is needed to eliminate the 

costly derivative 
𝜕𝒙
𝜕𝜑𝑖

 which is hidden in Eq. (66). The resulting adjoint 

equation is

1
𝑛el

𝑛el
∑

𝑗=1
𝛼𝑗𝑤𝑗

[

𝜆(𝑘)𝑗 + 𝜇(𝑘)ℎ𝑗 (𝝋)
] 𝜕𝜃𝑗 (𝝋)

𝜕𝑔𝑗
1

𝜎lim

𝜕𝜎v
𝑗

𝜕𝝈𝑗

𝜕𝝈𝑗

𝜕𝒙
− 𝜸T𝑱 c = 𝟎, (72)

where the adjoint vector 𝜸 is introduced and the matrix 𝑱 c is the contact 

Jacobian of Section 2.5. Finally, the gradient of the objective using the 

standard augmented Lagrangian approach is

𝜕L(𝑘)(𝝋)
𝜕𝜑𝑖

=
𝑣𝑖
𝑣𝑡

+ 1
𝑛el

𝛼𝑖𝑤𝑖

[

𝜆(𝑘)𝑖 + 𝜇(𝑘)ℎ𝑖(𝝋)
] 𝑝
𝜑𝑖

𝜃𝑖(𝝋) − 𝜸T 𝜕𝑱 c
𝜕𝜑𝑖

𝒙. (73)
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A.4 . Gradient using the 𝑃 -mean aggregation function

If the 𝑃 -mean function is used, the gradient of the stress constraint 

Ψ ≤ 0 is obtained using an arbitrary adjoint vector 𝜸̂ and the contact 

residual 𝒓c(𝝋, 𝒙̂) = 𝟎 of the solution to the contact problem 𝒙̂. Thus, the 

gradient is

𝜕Ψ
𝜕𝜑𝑖

= 𝜕
𝜕𝜑𝑖

[(

1
𝑛el

𝑛el
∑

𝑗=1
(Θ𝑗 + 1)𝑃

)(1∕𝑃 )

− 1

]

− 𝜸̂T 𝜕𝒓c(𝝋, 𝒙̂)
𝜕𝜑𝑖

(74)

In doing so, the adjoint equation is

𝟎 = 1
𝑛el

(

1
𝑛el

𝑛el
∑

𝑘=1
(Θ𝑘 + 1)𝑃

)(1∕𝑃 )−1 𝑛el
∑

𝑗=1
(Θ𝑗 + 1)(𝑃−1) 1

𝜎lim

𝜕𝜎v
𝑗

𝜕𝝈𝑗

𝜕𝝈𝑗

𝜕𝒙
− 𝜸̂T𝑱 c

(75)

and the resulting gradient using the adjoint vector 𝜸̂ solving Eq. (75) is

𝜕Ψ
𝜕𝜑𝑖

= 1
𝑛el

(

1
𝑛el

𝑛el
∑

𝑘=1
(Θ𝑘 + 1)𝑃

)(1∕𝑃 )−1 𝑛el
∑

𝑗=1
(Θ𝑗 + 1)(𝑃−1)𝛿𝑗𝑖 𝑔𝑖 − 𝜸̂T 𝜕𝑱 c

𝜕𝜑𝑖
𝒙̂.

(76)

Appendix B . The influence of blending in compliance 

optimization

In the following, the compliance optimizations of the modified 

benchmark example of [43] are shown. All optimizations are terminated 

after 100 iterations and the volume constraint allows filling up to 30% 

of the total volume of the design domain. In doing so, both contact part­

ners are deformable, and the parameters are unchanged from the ones 

used for the stress-constrained topology optimization of Section 5.1.

The optimized designs of Figs. 16 and 17 show that modeling the 

contact surfaces accurately using a circular blending function is not 

necessary if the contact support is deformable and the compliance is 

minimized. This can be observed, as the optimized designs obtained 

with and without blending are very similar, even though the com­

puted contact pressures are dominated by artificial contact pressure 

peaks, see Fig. 8. This observation holds true for node-to-segment and 

segment-to-segment contact coupling. As shown in both figures, the 

compliance-optimized designs a and d, b and e or c and f are more or less 

identical. This is a major difference from stress-constrained topology op­

timization, where accurately modeling the contact surface is crucial to 

obtain physically meaningful optimized designs. However, a penalty fac­

tor that is too small has a significant influence on the optimized designs, 

so a sufficiently high penalty value 𝜖 must be chosen.

Appendix C . The influence of blending in mass minimization

In this Section, the mass minimization problem of Section 5.1 is 

considered and results with and without the circular blending func­

tion are shown. In doing so, only the HSM contact constraint is used. 

However, the results are directly transferable to optimizations based on 

the unilateral penalty (UP) contact constraint. If UP is used, the penalty 

factor must of course be sufficiently high, as discussed in this work. 

Additionally, the optimized results of this Section are based on the aug­

mented Lagrangian approach and two discretizations of the the inner 

contact structure are used. The results of the optimizations are shown 

in Fig. 18 and further details for each optimized design is provided in 

Table 10. The Fig. 18(a) and (d) use the same discretization as the one 

used in Section 5.1 so that these designs can be directly compared to 

the optimized design with blending of Fig. 9. The other four optimized 

designs are computed based on a coarser inner contact structure consist­

ing of 273 triangular finite elements, whereas the default discretization 

consists of 1206 quadrilateral finite elements. The designs of Fig. 18(b) 

and (e) are computed without blending, while Fig. 18(c) and (f) use 

a circular blending function to show the influence of blending for the 

coarse discretization of the contact surfaces. In doing so, all design that 

do not use the circular blending function, have gray to void elements at 

the contact surface. These empty elements occur, because the optimiza­

tion tries to avoid discretization dependent stress peaks at the contact 

Fig. 16. Compliance optimization for node-to-segment coupling and a deformable contact support. Exact modeling of the contact surface using a circular blending 

function is labeled as ‘bl.’.

Fig. 17. Compliance optimizations for segment-to-segment coupling and a deformable contact support. Exact modeling of the contact surface using a circular blending 

function is labeled as ‘bl.’.
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Fig. 18. Best designs using the augmented Lagrangian approach without and with blending. Two different discretizations of the inner disc-like contact domain are 

used.

Table 10 

Details about the designs of Fig. 18 obtained using the augmented Lagrangian 

approach.

Coupling Iterations Mass [%] Max. stress [MPa]

no n2s 1009 20.1 59.5

blending s2s 1026 19.2 60.0

coarse no n2s 1092 19.9 59.5

blending s2s 1056 22.3 60.0

coarse with n2s 1073 18.8 59.5

blending s2s 996 18.8 60.0

surface. This is nonphysical behavior and results in poor performing de­

signs in practice. If the optimized designs – obtained without blending 

– are reevaluated with a the circular blending function, the stress limit 

is not met. Thus, the contact geometry must be modeled accurately, as 

otherwise the optimization will end up in a poorly performing optimized 

design.

Data availability

Data will be made available upon request.
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