
T
C
a

b

A

K
M
B
T
C
B

1

p
l
c
c
m
r
m

f
v
M
t
i
i

g
t
s
a
b
m
B
e

h
R

Chemical Engineering Journal 499 (2024) 155726 

A
1

Contents lists available at ScienceDirect

Chemical Engineering Journal

journal homepage: www.elsevier.com/locate/cej

rajectory-based breakup modelling for dense bubbly flows
hristian Weiland a,∗, Alexandra von Kameke b, Michael Schlüter a

Institute of Multiphase Flows, Hamburg University of Technology, Eißendorfer Straße 38, 21073 Hamburg, Germany
Department of Mechanical Engineering and Production Management, Hamburg University of Applied Sciences, Berliner Tor 21, 20099 Hamburg, Germany

R T I C L E I N F O

eywords:
ultiphase flows
ubble breakup
rajectory-based methods
omputational fluid dynamics
ubble size distribution

A B S T R A C T

A new model to predict the breakup of gaseous bubbles in a continuous liquid phase is developed. In the
model each bubble is modelled as a spring–damper system, namely a Kelvin–Voigt element, while the outer
force is derived by a Lagrangian analysis determining the largest stretching rate of the flow field below. The
developed model is based on physical principles and no further arbitrary parameters have to be adjusted. Each
bubble is observed on its way through the bubbly flow individually, taking into account its history along its
respective path. With the implemented model numerical simulations in a wide range of scales are conducted,
ranging from the laboratory scale of a vessel of 3 L to the large industrial scale of 15m3. The simplicity of
the model allows for a good cost to benefit ratio. In the present work, the achieved results are compared to
experimental data obtained from optical measurements in a replica of a 200 L aerated stirred tank reactor for
various stirrer frequencies.
. Introduction

Bubbly flows are important in many applications. In oxidation
rocesses for example, oxygen has to be dissolved in the reactive
iquid phase. Further, oxygen is of importance in fermentation and cell
ulture processes to supply cells and microorganisms. Since the relevant
hemical and biochemical reactions take place in the liquid phase, the
ass transfer from the gaseous phase into the liquid phase is of highest

elevance for the whole process. The mass transfer is defined by the
ass transfer coefficients and the available interfacial area.

In the Collaborative Research Centre 1615 ‘‘SMART Reactors’’,
unded by the German Research Foundation, new reactor types are in-
estigated which will face climate change by operating Sustainably, for
ultipurpose, Autonomously, Resiliently, and Transferably. Clearly, for

his kind of reactors the prediction of the multiphase fluid dynamics is
ndispensable and especially the bubble size distribution is dominating
n buoyancy driven flows the mixing and the mass transfer.

This work focuses on the development of a breakup model for
aseous bubbles. In the past, many groups have worked on the de-
ermination of the bubble size distributions (BSD) which occur during
elected processes. In 2009, Liau and Lucas have published two review
rticles, summarising and classifying many attempts to describe the
ubble breakup [1] and the bubble coalescence [2]. Population balance
odels (PBM) have been proven to perform rather well for predicting
SDs. First mentioned by Hulburt and Katz in 1964 [3] they received
ver increasing attention. A detailed book about PBMs was written by

∗ Corresponding author.
E-mail address: christian.weiland@tuhh.de (C. Weiland).

Ramkrishna in 2000, delivering an in-depth insight into the mechanism
and an overview over the fields of application [4]. More recently,
several research groups such as Marchisio et al. and Fox et al. [5–8],
Maaß et al. [9,10] or Alopaeus et al. [11–13], just to mention a few,
have worked intensively with PBMs, improved and coupled them with
Computational Fluid Dynamics (CFD). While PBMs predict the devel-
opment of a BSD by taking into account the BSD itself and outer acting
phenomena, other bubble breakup models, originating in the theory of
isotropic turbulence [14], have also been used widely during the past
decades. Hinze proposed in 1955 a largest possible drop diameter [15],
taking into account quantities such as the turbulent eddy dissipation
rate, yielding from the theory of isotropic turbulence. For this purpose,
measurements from Batchelor [16] have been used to estimate arising
proportionality constants. This relation was later, in 1990, extended
and further examined by Kawase and Moo-Young [17] and resulted in a
model developed by Martínez-Bazán et al. [18,19] describing both, the
breakup frequency and the distribution of daughter bubbles, according
to a statistical view. Also in 1990, Prince and Blanch have proposed
a phenomenological model to estimate both, the bubble coalescence
and breakup in air sparged bubble columns. For this purpose, they
have taken into account the bubble–bubble collision rates, the resulting
collision efficiencies, and the sizes of turbulent eddies encountering
the bubbles, respectively [20]. Luo and Svendson, Lehr et al. and
later Xing et al. have taken into account the whole range of turbulent
eddies and their contained kinetic energy bombarding the observed
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Nomenclature

Latin symbols

𝑉̇G Gas volume flow rate
 Observed time interval
𝑪 Right Cauchy–Green-Strain-Tensor
𝑭 𝜎 Surface tension force
𝑭 AM Added mass force
𝑭 Bu Buoyancy force
𝑭D Drag force
𝑭G Gravity force
𝑭 Lift Saffman-Lift force force
𝑭 𝑝 Pressure force
𝑭 𝑡F

𝑡0
Flowmap from 𝑡0 to 𝑡F

𝑰 Identity matrix
𝑱 Jacobian
𝑺 Rate-of-strain tensor
𝒘 Velocity
𝒘rel Relative velocity
𝒙 Position
𝑎 Smallest semi axis of an ellipsoid
𝐴proj Projected area
𝑏 Second largest semi axis of an ellipsoid
𝑐 Largest semi axis of an ellipsoid
𝐶D Drag coefficient
𝐶𝑜 Courant number
𝐷 Diameter
𝑑R,i Inner reactor diameter
𝑑S Stirrer diameter
𝑓𝑖 Volume fraction of daughter bubble 𝑖
𝑔 Gravity of Earth
ℎ Height
𝑚 Mass
𝑛 Stirrer frequency
𝑝 Pressure
𝑞0 Number density distribution
𝑅 Radius
𝑆 Surface
𝑡 Time
𝑉 Volume

Greek symbols

𝜂 Dynamic viscosity
𝜆3 Largest eigenvalue of the CGST
𝜆𝑺3 Largest eigenvalue of the rate-of-strain tensor
𝛺 Geometry
𝜌 Density
𝜎 Interfacial tension
𝜏𝜂 Viscous stress
𝜏𝜆 Outer stress
𝜏𝜎 Interface restoring tension
𝜏S Shear stress
𝜃 Normalised displacement from equilibrium
𝜀 Eddy dissipation rate
𝜗 Temperature
𝜸 Distance between particles
2 
Abbreviations

BSD Bubble Size Distribution
CRC Collaborative Research Centre
CFD Computational Fluid Dynamics
CGST Right Cauchy–Green-Strain-Tensor
IMS Institute of Multiphase Flows
LBM Lattice Boltzmann Method
PBM Population Balance Model
PBS Phosphate Buffered Solution
STR Stirred Tank Reactor
TBBM Trajectory-Based Breakup Model
TUHH Hamburg University of Technology

bubble to develop criteria for bubble breakup and give expressions
for the resulting daughter size distribution [21–23]. Following the
approach of Luo and Svendson, van den Hendel et al. have developed a
model to predict the breakup and coalescence of gas bubbles in bubble
columns [24]. The group of Kuipers further investigated the Weber
number as ratio between inertial and interfacial forces as dominant
parameter for the bubble breakup [25,26]. Another attempt to predict
the bubble breakup in such vessels was carried out by Mast and Takors,
implementing findings from Luo and Svendson [21] and Lehr et al. [22]
into selected CFD programmes [27]. Following a different approach,
Coulaloglou and Tavlarides developed a correlation, describing the
Sauter mean diameter as function of the diameter of a stirred vessel and
the Weber number [28], taking into account the turbulent kinetic en-
ergy of the bubbles and comparing those with a critical value. Further,
several other groups have focused on retrieving or predicting bubble
sizes in stirred tanks in dependency of either gaseous or liquid phase
properties or geometric characteristics, such as Wilkinson et al. [29],
Zhang et al. [30], Zhou and Kresta [31], Martín et al. [32], Alves
et al. [33], and Parthasarathy and Ahmed [34]. Tsouris and Tavlarides
have improved and combined some of the aforementioned models and
used them for the solution of Population Balance Equations [35]. Based
on findings of many previously mentioned works, Sarimeseli and Kel-
baliyev investigated the deformation of gas bubbles and the influence
on the bubble breakup [36]. Further than the aforementioned models,
highly resolved numerical simulations have been done for example by
Baltussen [37], yielding very detailed information about the breakup
of bubbles cut by a wire. The knowledge from those simulations can
be applied to give more insight into the breakup process itself. A direct
implementation of these highly resolved simulation to large scale sys-
tems on the other hand, is not possible due to the high computational
cost.

While many of the models that do predict BSDs have either the
necessity to solve integrals, which can be numerically expensive, or to
determine proportionality constants which arise in the development of
the correlation models, this work follows a different approach.

In this work, each and every bubble present in an observed system
is treated individually. The bubbles’ deformations are computed along
their respective trajectory, hence the history of each bubble with regard
to the local conditions is taken into account. The relevance of the
history of a fluid particle along its trajectory has already been shown
by Nachtigall et al. [38] for droplets. Further, Risso et al. and Lalanne
et al. [39,40] have formulated a differential equation, describing the
bubble deformation along its trajectory by taking into account the ve-
locity fluctuations in the near-bubble area. Vela-Martín and Avila have
linked the energy a droplet or bubble gains or loses on its way along
the respective trajectory to the rate of strain or the rate of compression,
respectively, obtainable from the rate-of-strain tensor [41]. The work
stresses the effect of the history of deformation of the bubble onto its
breakup behaviour. The deformation and the consecutive breakup of
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single bubbles in a quiescent medium and in artificial turbulence were
also recently observed experimentally and reviewed by the group of
Ni et al. in a very detailed way [42–45]. This group has conducted
experiments in which they recorded the shape and deformation of
bubbles with multiple cameras and a high resolution. The results are
then used to extend an existing model for the evolution of the elliptical
bubble shape and its orientation along its trajectory developed by
Maffettone and Minale [46]. Ni et al. introduced additional terms into
the model that take into account the slip velocity between bubble and
carrier fluid as well as the coarse grained strain [47,48]. Further, the
deformation and breakup of gas bubbles have also been investigated by
Zedníková et al. [49,50].

To take into account the effect of the carrier flow on the bubble
deformation in this work, the bubbles are assumed to behave like
Kelvin–Voigt elements, first mentioned by William Thomson, 1st Baron
Kelvin and Voigt [51,52] and used for the description of plastic material
properties and rheological phenomena. The modelling of bubbles as
Kelvin–Voigt element has already been proposed by Lagisetty et al. [53]
and Nambiar et al. [54], where the breakup criteria was derived from
global variables such as the stirrer speed in the case of stirred vessels. In
this work, the local phenomena of the carrier fluid causing the bubble
deformation are based on Lagrangian deformation theory, which has
been intensively studied during the last decades to analyse transport
barriers especially in oceanographic flows [55,56], but has also been
applied to multi- and singlephase flows recently [57–60], which are
relevant for chemical or biochemical processes. In the proposed model,
namely the Trajectory-Based Breakup Model (TBBM), the size of the
daughter bubbles is retrieved by conserving the energy the bubble
has gained due to deformation. Altogether, the TBBM is based on
first principles from physics and mathematics. Neither fitting constants
have to be determined by fitting data, nor tedious or computationally
expensive integrals have to be solved. Summarising, in the development
of the TBBM the following assumptions are made:

• Every bubble is a prolate ellipsoid with an initial spherical shape
and is modelled with a Kelvin–Voigt element. This might lead
to errors when strictly wobbling bubbles or oblate ellipsoidal
bubbles are to be expected, compare Clift et al. [61].

• The tension which is relevant for the deformation is only based
on the largest strain the bubble experiences at its position and
the bubble rotates immediately in a way that it is always de-
formed in the same, initial direction, which could lead to a slight
overprediction of the deformation, hence an overprediction of the
breakup rate could occur.

• The bubble breaks in the very moment in which it is so strongly
deformed that the interfacial force is smaller than the inertial
forces. Since the deformation of the bubbles already take into ac-
count the time leading to the breakup this assumption is deemed
to not be very error prone.

• Every bubble which breaks undergoes a binary breakup while
the daughter bubbles conserve the energy of the mother bubble
in its deformed state. This assumption will lead to slight errors
where ternary or higher order breakup is relevant. Those errors
are not expected to be too large, since the observed bubble could
potentially break again in a rather short time, leading to a pseudo
higher order breakup.

easures to encounter the limitations introduced with those assump-
ions in future works are summarised in Section 4 at the end of this
rticle. The TBBM is implemented and tested using M-Star CFD (M-
tar Simulations, LCC.) for a wide range of scales, ranging from the
mall scale of 3 L, containing about a hundred bubbles at a point in

time, to the large scale of 15m3, containing about a million bubbles at
a point in time. The validation shown in this work is limited to a mid-
size stirred tank reactor with a working volume of 200 L. The model is
validated with experimental data and compared with the default model
in M-Star CFD based on the critical diameter defined by Kawase and
Moo-Young [17] coupled with a statistical expression for the daughter

size distribution by Xing et al. [23] as described by Thomas et al. [62].

3 
2. Material and methods

First, the forces acting on a gaseous bubble are described and clas-
sified into advecting, stabilising and destabilising forces. Afterwards,
those forces are further processed into a model to predict the bubble
breakup, taking into account the history of the bubble. Finally, the
geometry of the test case and the implementation of the model are
presented.

2.1. Forces acting on bubbles in bubbly flows

Gaseous bubbles in a liquid flow experience several forces. These
forces are either acting on the movement of the respective bubble
through the observed apparatus or are responsible for changes of
the bubble’s shape and orientation. The forces which are connected
to the deformation can also be responsible for the bubble breakup.
Simplifying the bubble as point mass, the forces which are connected
to the movement of the bubble are the gravitational force 𝑭G, the
buoyancy force 𝑭 Bu, the Saffman-Lift force 𝑭 Lift [63], the added mass
force 𝑭 AM [64] and the drag force 𝑭D [65]. Further, the history of
the bubble along its trajectory namely its de- and acceleration have an
influence on its movement. This influence can be taken into account
by the Basset history force 𝑭 Basset [66]. In the model shown in this
paper, the Basset history force is neglected in a first step in order to
save computational costs. Consequently, the motion of the bubble is
described by Newton’s second law

𝑚B𝒙̈B = 𝑭G + 𝑭 Bu + 𝑭 Lift + 𝑭 AM + 𝑭D. (1)

Hereby, 𝑚B and 𝒙B are the bubble’s mass and its position, respectively,
the dot indicates the derivative with respect to time. Further, Newton’s
third law is applied, the forces acting from the continuous phase on
the bubble are also acting from the bubble on the continuous phase for
taking into account the two way coupling. This results in a change of
velocity of the fluid directly surrounding the bubble.

While the upper mentioned forces act directly on the movement of
the bubble, additional forces have to be taken into account to describe
the dynamic changes of the bubble shape and orientation. For a detailed
description of the forces and tensions influencing the bubble size and
shape, the reader is referred to the textbook written by Clift et al. [61],
who classified bubbles over a large range of conditions, summarised
in the famous Clift–Grace–Weber diagram. In general, the forces can
be characterised as either stabilising or destabilising forces. The most
dominant stabilising force is induced by the interfacial tension 𝜎. The
interfacial tension can be used to calculate the pressure difference
between the observed gas bubble and the surrounding liquid, yielding
the Young–Laplace equation [67]

𝛥𝑝 = 2𝜎
𝑅

≡ 4𝜎
𝐷

, (2)

where 𝑅 and 𝐷 are the spherical bubble’s radius and diameter, respec-
tively. Further information about the occurring forces can be obtained
from the free body diagram given in Fig. 1. The pressure force in the
relevant direction

𝐹𝑝 = 𝛥𝑝 ⋅ 𝜋
4
𝐷2. (3)

is equivalent to the pressure difference multiplied by the projected
surface area of the half bubble. In the case that the observed bubble
is in equilibrium, the forces have to be equal, such that

𝐹𝑝 = 𝛥𝑝 ⋅ 𝜋
4
𝐷2 !

= 4𝜎
𝐷

⋅
𝜋
4
𝐷2 = 𝜎𝜋𝐷 = 𝐹𝜎 (4)

can be retrieved directly from the Young–Laplace equation as force
induced by the interfacial tension for the case of a spherical bubble.
This stabilising force, which is responsible to keep the observed bubble
in a spherical shape, has to be overcome to deform and eventually break
the bubble. Since the obtained interfacial tension force is acting on the
whole surface of the gas bubble 𝑆 , it is further processed into the
B
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Fig. 1. Free body diagram of half a bubble with the pressure force 𝐹𝑝 and the force
through interfacial tension 𝐹𝜎 .

interface restoring tension by dividing the interfacial tension force by
the total surface area of the gas bubble

𝜏𝜎 ∶=
𝐹𝜎
𝑆B

= 𝜋𝜎𝐷
𝜋𝐷2

= 𝜎
𝐷

≡ 𝜎
2𝑅

. (5)

This was also reported by Hinze [15].
After analysing the force which stabilises gas bubbles, the counter-

part, the destabilising forces, are examined. When a gaseous bubble is
advected in a flow, inertial or shear forces may act on the bubble and
imply a deformation. These forces occur either by velocity gradients,
e.g., turbulent eddies or by the relative motion between the continuous
and the dispersed phase, inducing a drag. When observing turbulent
eddies, only those are considered relevant for the deformation, which
are of the same or smaller size than the observed bubbles [21] and
contain a sufficient amount of energy to overcome the interfacial
tension. The drag force acting on a gas bubble

𝑭D = 𝐶D ⋅
𝜌
2
⋅ 𝐴proj ⋅ ‖‖𝒘rel‖‖2 ⋅𝒘rel (6)

depends on the relative velocity 𝒘rel ∶= 𝒘 − 𝒘B between the bubble
and the surrounding fluid, the density of the fluid 𝜌, the projected area
of the bubble 𝐴proj and the drag coefficient 𝐶D which depends on the
flow regime and the geometry of the bubble [68]. These phenomena
eventually yield into shear forces [17]

𝜏S ∝ 𝜌 ‖𝒘‖

2
2 , (7)

which act tangentially on the surface of the bubble, resulting in a force
which deforms the bubble and counteracts the surface restoring force.
In the regions where the Kolmogoroff energy distribution law is valid,
Batchelor showed a dependency

‖𝒘‖

2
2 = 𝐶1 ⋅ (𝜀𝐷)

2
3 , (8)

which takes the turbulent energy dissipation rate 𝜀 into account [15,16]
with a proportionality constant 𝐶1 ∈ R+. From Eqs. (5) and (8), a
dependency of the largest stable bubble diameter can be calculated as
reported by Kawase and Moo-Young by setting both stresses equal [17]

𝜏𝜎 = 𝜎
𝐷

!
= 𝐶1 ⋅ 𝜌 (𝜀𝐷)

2
3 = 𝜏S (9)

⇒ 𝐷max = 𝐶2 ⋅
𝜎

3
5

𝜌
3
5 ⋅ 𝜀

2
5

(10)

with a proportionality constant 𝐶2 ∈ R+. This is, under consideration of
the theory of isotropic turbulence, the largest possible bubble diameter
at a specific position at a specific point in time. This classical formu-
lation for bubble breakup will be compared to the model developed in
4 
Fig. 2. Schematic positions of particles at the initial time 𝑡0 (left) and at the later time
𝑡 (right) [60].

this research work. Eq. (10) was used by Martínez-Bazán et al. [18] to
develop a model which describes the bubble breakup and takes also
different daughter bubble sizes into account [19]. In the course of the
shown mechanism one major assumption was made: A bubble breaks
immediately when the bubble diameter exceeds the maximal possible
diameter. This, on the other hand, is not possible since an infinite
amount of energy would be necessary for this to happen. The breakup
of a gaseous bubble or a liquid droplet has to be a dynamic process
which occurs over a specific amount of time [38]. The modelling of
this phenomenon is the goal of this work and will be presented in
Section 2.3.

2.2. Deformation of Lagrangian fluid elements

This section gives only a brief insight into the deformation of
Lagrangian fluid elements, a more detailed description was given by
Haller [55,69]. Let 𝒘 ∈ 𝐶2 denote the velocity field of a fluid inside a
given geometry 𝛺 ⊆ R3 for a given time interval  ⊆ R. It is assumed
that fluid elements or non-inertial point particles will follow the flow
perfectly. The trajectory 𝒙(𝑡) ∈ 𝛺, 𝑡 ∈  of a fluid element or point
particle and thus of every passive tracer is obtained via the solution of
the initial value problem

𝒙̇(𝑡) = 𝒘(𝒙(𝑡), 𝑡), 𝒙(𝑡0) = 𝒙0 (11)

leading to

𝒙(𝑡) = 𝒙0 + ∫

𝑡

𝑡0
𝒘 (𝒙(𝜏), 𝜏)d𝜏, 𝑡 ∈  . (12)

The flow map 𝑭 𝑡F
𝑡0
∶ 𝛺 → 𝛺 is the solution operator, which maps tracers

from their position 𝒙0 at time 𝑡0 onto their new position 𝒙F at a later,
final time 𝑡F according to Eq. (12), hence 𝑭 𝑡F

𝑡0

(

𝒙0
)

= 𝒙(𝑡F). For means
of clarity the indices and arguments of the flow map are omitted in the
following.

For two passive particles 𝑖 and 𝑗, their distance vector at time 𝑡 ∈ 

𝜸(𝑡) ∶= 𝒙𝑗 (𝑡) − 𝒙𝑖(𝑡) (13)

is considered. The evolution of the distance 𝜸(𝑡) is depicted schemati-
cally in Fig. 2 and as long as the distance is sufficiently small it evolves
as

𝜸(𝑡F) = 𝑱𝑭 ⋅ 𝜸0 (14)

with an initial distance 𝜸0 at time 𝑡0 [70]. Hereby 𝑱𝑭 denotes the Jaco-
bian of the flow map. In other words: An initial deviation 𝜸0 between
particles around position 𝒙0 at time 𝑡0 will be transformed linearly by
the Jacobian of the flow map to another deviation 𝜸(𝑡F) between the
same particles at time 𝑡F. For means of clarity, the argument 𝑡F in 𝜸(𝑡F)
will be omitted. Any matrix 𝑨 ∈ R𝑛×𝑛 can be decomposed into an
orthogonal matrix 𝑸 ∈ R𝑛×𝑛 and a symmetric positive (semi) definite
matrix 𝑹 ∈ R𝑛×𝑛 [71]. Since this work deals with problems where
continuity holds, the matrix 𝑹 has a determinant of det𝑹 = 1 [72],
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Fig. 3. Deformation of a gaseous bubble along its trajectory, eventually leading to breakup.
hence it is definite. This polar decomposition can be used on the
Jacobian of the flow map

𝑱𝑭 = 𝑸𝑹 ⇒ 𝜸 = 𝑸𝑹 ⋅ 𝜸0. (15)

The matrix 𝑹 is responsible for deformation due to stretching, shrink-
ing, and shear, thus increasing or decreasing the magnitude of an initial
deviation 𝜸0. The matrix 𝑸 on the other hand is responsible for pure
rotation. To be able to state which degree of deformation occurs, the
inner product

𝜸𝑇 𝜸 = 𝜸𝑇0 ⋅
(

𝑱𝑭
)𝑇 𝑱𝑭 ⋅ 𝜸0 = 𝜸𝑇0 𝑹

𝑇 𝑸𝑇𝑸
⏟⏟⏟

≡𝑰

𝑹𝜸0 = 𝜸𝑇0 𝑹𝑇𝑹
⏟⏟⏟
=∶𝑪

𝜸0 (16)

can be set up. Hereby 𝑪 ≡
(

𝑱𝑭
)𝑇 𝑱𝑭 is the Right Cauchy–Green-

Strain-Tensor (CGST) [73]. From the CGST, a quantitative value for
the largest stretch at the observed position 𝒙0 is achieved by finding
the eigenvector 𝜻3 corresponding to the largest eigenvalue

√

𝜆3 of 𝑹
and setting the vector 𝜸0 equal to it, such that

𝜸𝑇 𝜸 = 𝜆3𝜸𝑇0 𝜸0 ⇒

√

𝜸𝑇 𝜸
𝜸𝑇0 𝜸0

=
√

𝜆3 (17)

holds. This is the largest deformation at the observed position after
the integration time 𝛥𝑡 ∶= 𝑡F − 𝑡0. When the time interval becomes
sufficiently small the CGST can be approximated by a function of
the Eulerian strain tensor which describes the local, instantaneous
deformation a fluid parcel experiences at a given instant [74]. This will
be used as detailed below in Section 2.3.

2.3. The Trajectory-Based Breakup Model

To derive the core of this work, the TBBM taking into account
the history of a gaseous bubble along its trajectory, compare Fig. 3,
the aforementioned mechanisms are combined. For this purpose, a
gaseous bubble is assumed to firstly be of spherical shape and becoming
ellipsoidal due to deformation. Also, the bubble is assumed to behave
like a Kelvin–Voigt [51,52] element. All deformation and breakup
processes will take place with respect to volume conservation, such that

𝑉B ≡ 𝑉Sphere = 4𝜋
3
𝑅3 = const. (18)

holds.

2.3.1. Approximation of bubble shape, volume, and surface
In this work bubbles are approximated as ellipsoids. For a sphere

with the radius 𝑅 the surface is

𝑆B,Sphere = 4𝜋𝑅2, (19)

while for an ellipsoid two cases have to be differentiated for which first
the dimensions have to be defined. An ellipsoid has three principal semi
axis 𝑎, 𝑏, and 𝑐 with 0 < 𝑎 ≤ 𝑏 ≤ 𝑐 and its volume is

𝑉 = 4𝜋 𝑎𝑏𝑐. (20)
Ellipsoid 3

5 
For the case 𝑎 = 𝑏 = 𝑐 ≡ 𝑅 the ellipsoid is a sphere. In this work only
rotational ellipsoids are taken into account, thus 𝑎 = 𝑏 or 𝑏 = 𝑐. For the
case that 𝑎 = 𝑏 the ellipsoid is prolate, for the other case it is oblate.
The surface of a prolate ellipsoid is [75]

𝑆Prolate = 2𝜋𝑎

(

𝑎 + 𝑐2
√

𝑐2 − 𝑎2
⋅ arcsin

(
√

𝑐2 − 𝑎2
𝑐

))

(21)

and the surface of an oblate ellipsoid is [75]

𝑆Oblate = 2𝜋𝑐

(

𝑐 + 𝑎2
√

𝑐2 − 𝑎2
⋅ arsinh

(
√

𝑐2 − 𝑎2

𝑎2

))

. (22)

In this work the prolate breakup is considered the most relevant. Oblate
and more complex breakup is still under study and can be added to the
model later. For the constraint of volume conserving

𝑅3 = 𝑎2𝑐 ⇒ 𝑎 =
√

𝑅3

𝑐
(23)

has to hold during the whole process, thus

𝑆Prolate(𝑐) = 2𝜋 ⋅

√

𝑅3

𝑐
⋅

⎛

⎜

⎜

⎜

⎝

√

𝑅3

𝑐
+ 𝑐2

√

𝑐2 − 𝑅3

𝑐

⋅ arcsin

⎛

⎜

⎜

⎜

⎝

√

𝑐2 − 𝑅3

𝑐

𝑐

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

. (24)

In the TBBM the surface will change continuously in each time step due
to the deformations the bubble experiences until it becomes unstable,
eventually leading to bubble breakup.

2.3.2. Modelling of the bubble shape and breakup
The observed bubble is modelled as Kelvin–Voigt element, consist-

ing of a parallel connection of a spring and a damper, compare Fig. 4.
This attempt was already proposed by Nambiar et al. and Lagisetty
et al. [53,54]. The damper mirrors the influence of the bubble’s vis-
cous movement, depicted by the viscous stress 𝜏𝜂 and the bubble’s
capability to absorb energy, while the spring mirrors the influence
of the interfacial tension, depicted by the interfacial tension stress 𝜏𝜎
when the bubble is exposed to an outer disturbance or an outer stress
𝜏𝜆. Following this approach, an equation taking into account these
different stresses

𝜏𝜆 = 𝜏𝜎 + 𝜏𝜂 (25)

can be formulated, being the basis of the TBBM. For the interfacial
tension stress the equivalent from Section 2.1 is used, hence

𝜏𝜎 = 𝜎
2𝑎

⋅ 𝜃 (26)

with 𝜃 ∶= 𝑐−𝑅
𝑅 as normalised displacement from the equilibrium 𝑐 =

𝑅 [54] of the undisturbed system with 𝜏𝜆 = 0. Hereby, 𝑎 is the minor
semi axis of the prolate ellipsoid. The viscous stress is

𝜏𝜂 = 𝜂B ⋅
d𝜃
d𝑡 = 𝜂B ⋅

1
𝑅

⋅
d𝑐
d𝑡 ≈ 𝜂B ⋅

1
𝑅

⋅
𝛥𝑐
𝛥𝑡

, (27)

where 𝛥𝑐 is the difference of the major semi axis 𝑐 during a specified
time interval 𝛥𝑡 and 𝜂 is the viscosity of the gas forming the bubbles.
B
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Fig. 4. Model of the gaseous bubble as Kelvin–Voigt element.

n this work, the time interval 𝛥𝑡 is the time step size of the numerical
imulation and hence is in the order of microseconds.

Finally, the outer stress causing the bubble to deform arises from
he Eulerian rate of strain, described by the rate-of-strain tensor 𝑺 ∶=
1∕2 ⋅

(

𝑱𝒘 + 𝑱 𝑇
𝒘
)

, where 𝑱𝒘 is the Jacobian of the Eulerian velocity
field 𝒘. Here, it is proposed that the largest rate of stretch is the main
driver for the bubble deformation which eventually causes the break
up [45,76] and thus the outer stress is formulated using the largest
eigenvalue of the rate-of-strain tensor 𝜆𝑺3

𝜏𝜆 = 𝜂F ⋅ 𝜆𝑺3 (28)

ith 𝜂F being the liquid’s dynamic viscosity. Serra and Haller [74] have
hown that the rate-of-strain tensor and the CGST are related as

= 𝑰 + 2𝑺 ⋅ 𝛥𝑡 + 
(

𝛥𝑡2
)

. (29)

herefore the largest eigenvalue 𝜆3 of the CGST for small 𝛥𝑡 can be
irectly related to the largest eigenvalue 𝜆𝑺3 of the Eulerian strain
ensor, namely, 𝜆𝑺3 = 𝜆3−1

2𝛥𝑡 , which leads to

𝜏𝜆 = 𝜂F ⋅
𝜆3 − 1
2𝛥𝑡

. (30)

In this work, the CGST rather than the rate-of-strain tensor is
used due to its beneficial property as symmetric, positive definite
matrix for eigenvalue calculation, while the rate-of-strain tensor is
unconditionally indefinite.

Inserting all stresses into Eq. (25) leads to the final equation of the
TBBM coupled with the Eulerian rate of strain as outer stress described
via the largest eigenvalue of the CGST

𝜂F ⋅
𝜆3 − 1
2𝛥𝑡

= 𝜎
2𝑎𝑅

⋅ (𝑐 − 𝑅) + 𝜂B ⋅
1
𝑅

⋅
𝛥𝑐
𝛥𝑡

(31)

o describe the deformation of the observed gaseous bubble by its major
emi axis 𝑐 along its way through the bubbly flow. Since the local
nd instantaneous CGST is used here, effects such as the intermittency
henomenon [77] should be better accounted for as in models utilising
sotropic turbulence. In comparison to the FBD, a phenomenological
odel on the deformation and orientation dynamics, described in the
ork of Masuk et al. [48], the TBBM appears rather simple. While the
BD gives detailed information on the 3D orientation and all axes of an
llipsoid, the TBBM considers the length changes of the major axis and
lso quietly assumes an instantaneous redirection of the major axis into
he direction of largest stretch, which is considered to be the dominant
echanism for deformation in the applications observed in this work.
dditionally, this simplifications also speed up the calculation. The
BBM is easily implemented, but two way coupling should be taken
 a

6 
nto account when the bubbles trajectories are calculated as described
n Section 2.1. This necessity arises since the TBBM itself does not take
nto account any effects that the mismatch between the flow and the
ubble velocity might have onto the outer stress or any effects that
he bubble might have on the strain field. Therefore the outer stress
nd the rate-of-strain tensor that affect the stretching should already
nclude the effect that the bubble has on the local flow surrounding
t as precisely as possible. This should reduce the local slip velocity
nd thus its direct influence on the bubble deformation which plays a
ajor role in the FBD where, in contrast, two way coupling does not
ave to be considered. Another difference is the main property which
s modelled. While the rate of compression is focused on in the work of
asuk et al. hence it lays on oblate ellipsoids, the largest stretch, and

hus prolate deformation is modelled in this work. This is done due to
he assumption that this is dominant in the near stirrer region inside of
TRs, which are the apparatuses of interest in this work and the main
art of bubble breakup takes place here.

To formulate a criterion that determines if the deformation leads to
ubble breakup or not, the interfacial tension force is compared to the
rag force, which was proposed by Mersmann [78]. For the case that

𝜎 = 2𝜋𝑎𝜎 = 2𝜋 ⋅

√

𝑅3

𝑐
⋅ 𝜎 < ‖

‖

𝑭D‖‖2 ≈ 𝑉B ⋅ 𝑔 ⋅
(

𝜌F − 𝜌B
)

(32)

the bubble will disintegrate as the result of the interfacial tension not
being able to stabilise the bubble anymore against the inertial forces.
The drag force is approximated by taking into account the buoyancy
force, following the approach of Mersmann estimating the largest stable
bubble diameter. In this model it is assumed that the result of a breakup
event are two initially spherical daughter bubbles with the radii 𝑅1 and
𝑅2, respectively.

Finally, a description of the size of the daughter bubbles is needed.
During its lifetime, the mother bubble (no index) has experienced some
energy gain or energy loss, which can be stated in terms of surface
energy [41]

𝐸 = 𝜎 ⋅ 𝑆. (33)

For this model, the surface energy is assumed to be contained such that

𝜎 ⋅ 𝑆 = 𝜎 ⋅
(

𝑆1 + 𝑆2
)

⇔ 𝑆 = 𝑆1 + 𝑆2. (34)

Further, mass conservation has to be fulfilled, which leads to a conser-
vation of the total volume, such that

𝑉 = 𝑉1 + 𝑉2. (35)

With the volume fraction of the first daughter bubble

𝑓1 ∶=
𝑉1
𝑉

≡
(

𝑅1
𝑅

)3
(36)

and the volume fraction of the second daughter bubble

𝑓2 ∶=
𝑉2
𝑉

≡ 1 − 𝑓1 (37)

the total surface area after the breakup is

𝑆1 + 𝑆2 = 4𝜋𝑅2
(

𝑓
2
3
1 +

(

1 − 𝑓1
)
2
3

)

. (38)

Coming back to the energy conservation and calculating the surface
area of the deformed mother bubble yields

2𝜋 ⋅

√

𝑅3

𝑐
⋅

⎛

⎜

⎜

⎜

⎝

√

𝑅3

𝑐
+ 𝑐2

√

𝑐2 − 𝑅3

𝑐

⋅ arcsin

⎛

⎜

⎜

⎜

⎝

√

𝑐2 − 𝑅3

𝑐

𝑐

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

= 4𝜋𝑅2
(

𝑓
2
3
1 +

(

1 − 𝑓1
)
2
3

)

, (39)

which has to be fulfilled by the energy and mass conserving volume
fraction 𝑓1 ∈ (0, 0.5] and finalises the TBBM, the proposed model for the
ubble breakup taking into account its history and only first principles

long its trajectory without the need of further fitting parameters.
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2.3.3. Model implementation
To test and validate the model, it is implemented in M-Star CFD

(M-Star Simulations, LCC.) by writing user-defined functions in the lan-
guage C. M-Star CFD is a commercial programme utilising the Lattice
Boltzmann Method (LBM). For deeper insight into the LBM the reader
is advised to the books written by Krüger et al. [79] or Succi [80].

Since only the largest eigenvalue 𝜆3 of the CGST is needed, the
power method [81] is implemented for the determination of this value
and is conducted at each lattice point for one numerical time step 𝛥𝑡.
The code for this purpose can be found in Appendix E. For each bubble
𝑖 the major semi axis 𝑐𝑖 is calculated with initial conditions 𝑐𝑖 = 𝑅𝑖 at 𝑡0,𝑖
individually according to the code in Appendix F. Hereby 𝑡0,𝑖 is the time
at which the respective bubble 𝑖 enters the domain, either by addition
at the gas inlet or by birth due to bubble breakup or coalescence. 𝑅𝑖 is
the radius of the spherical bubble 𝑖. With the value of the major semi
axis the deformation for each bubble 𝑖 is quantified and used to check
whether the breakup criterion defined in Eq. (32) is met or not. For
the case it is met, the volume fraction of the first daughter bubble is
calculated according to Eq. (39), cf. the code in Appendix G.

2.4. Stirred tank reactor setup (STR) and process conditions

As geometry for validation a transparent replica of the BIOSTAT
STR® 200 from Sartorius Stedim Biotech GmbH is used. The physical
BIOSTAT STR replica is made of acrylic glass to enable optical access.
The reactor is located at the Institute of Multiphase Flows (IMS) of
Hamburg University of Technology (TUHH). It has an inner diameter
of 𝑑R,i = 590mm and a total height of 1003mm. The working volume
is 𝑉R = 200 L. The STR is further equipped with three tubes, acting
as baffles and two segment stirrers with a diameter of 𝑑S = 224mm
and a distance between the stirrers of 𝛥ℎS = 300mm and is aerated
via a ring sparger with in total 20 circular holes with a diameter of
𝑑H = 0.8mm. The STR is depicted schematically in Fig. 5. As liquid
phase deionised water (DI water) with a phosphate buffered solution
(PBS) is used and pressurised air as gaseous phase. For this setup
detailed experimental measurements have been conducted at the IMS.
As physical properties the values for a temperature of 𝜗 = 37 ◦C were
used. The interfacial tension is 𝜎 = 0.069N m−1, the liquid phase’s
density is 𝜌L = 998.2 kg m−3 and the one of the gaseous phase is 𝜌B =
1.204 kg m−3. The liquid phase’s dynamic viscosity is 𝜂L = 7.9 ⋅ 10−4 Pa s
and the gaseous phase’s dynamic viscosity is 𝜂B = 17.2 ⋅ 10−6 Pa s.
The aeration rate is 𝑉̇G = 20 L min−1 (norm litre) and the stirrer
frequency is 𝑛 ∈ {50 rpm, 100 rpm, 150 rpm}. The initial bubble size was
estimated as 𝑑initial = 0.01m for the simulations. A numerical grid of
400 × 565 × 425 lattice points was found to resolve the flow sufficiently
by convergence testing, compare Fig. 8 in Appendix A. As coalescence
model the M-Star default model [82] based on a critical approach
Reynolds number [83] of 𝑅𝑒crit = 40 was used. The time step size 𝛥𝑡 is
adjusted case dependent to guarantee 𝐶𝑜 ≤ 0.05, ∀𝒙 ∈ 𝛺, 𝑡 ∈  . For
each case a simulation time of one minute was chosen.

3. Model validation

The developed model is applied to the STR geometry and the
process conditions described in Section 2.4. The validation is performed
qualitatively by comparing the visual image of the bubbly flow and
quantitatively by comparing the bubble size distributions of the simu-
lation and the experiment in the region comprised by a red dashed line
in Fig. 5. The experimental BSDs are obtained by manually evaluating
high-resolution photos taken with a camera (Nikon D7500) and a lens
(Carl Zeiss ZF Planar f 1.4 50 mm). First, in Fig. 6 the bubble images for
the stirrer frequencies 𝑛 ∈ {50 rpm, 100 rpm, 150 rpm} and a gas volume
flow rate of 𝑉̇G = 20 L min−1 (norm-litre) are shown. The simulations are
carried out on two NVIDIA H100 Tensor-Core GPUs and take between
four and eleven hours for one minute simulated time, dependent on
the stirrer frequency. The necessary video memory is rather low. The
7 
Fig. 5. Schematic depiction of the BIOSTAT STR® 200 replica with region for
validation of the bubble size distribution comprised by red dashed line.

data connected directly to the bubbles take up about 1GB of storage
for ca. 100000 bubbles, while the total available memory on two
NVIDIA H100 Tensor-Core GPUs is 160GB. In the simulation of the
presented set-up between four and twelve minutes of wall time were
needed for one simulated second, depending on the stirrer frequency.
The usage of more GPUs should reduce the necessary wall time. From
just a visible inspection the simulative images show two phase flow
patterns resembling largely those from the experiment. For all three
simulated cases the main properties of the respective experimental two
phase flows are well represented. The bubbles rise mostly in the centre
part of the STR for a stirrer frequency of 𝑛 = 50 rpm. For a stirrer
frequency of 𝑛 = 100 rpm both the experiment and the simulation
show a necking between the two stirrers and a broader distribution
above the top stirrer. Further, for a stirrer frequency of 𝑛 = 150 rpm
bubbles are completely distributed over the whole STR for experiment
and simulation. Overall, some differences between the images from
simulation and experiment remain but the core characteristics of the
two phase flows are mirrored satisfactorily by the simulations. This
comparison does not only show the capabilities of the proposed model,
but also the capabilities of M-Star CFD to predict the flow pattern of
a multiphase flow for different process conditions regarding whether
the stirrer is flooded or not and how well the bubbles are distributed.
This accuracy is only possible if the bubble sizes, which are responsible
for the buoyancy driven flows, are calculated correctly. A closer look
on individual trajectories is given in Fig. 11 in Appendix D. Shown are
the trajectories of two bubbles initially injected at the sparger and the
ones of all their children. While at the lower stirrer a breakup event
can hardly be seen visually due the high amount of breakup events
happening here, it can be seen clearly at the upper stirrer.

A more detailed validation is therefore conducted by comparing the
bubble size distributions from the experiments with the simulations for
both the utilisation of the TBBM and the model proposed by Kawase
and Moo-Young [17] coupled with the daughter size distribution pro-
posed bei Xing et al. [23] in the region for validation (red box in
Fig. 5). The presented distributions include the data evaluated each
second over 40 s. A statistical convergence analysis showed that at
least four sets of data should be taken into account to yield converged
statistics. Combined with the necessary wall time for one simulated
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Fig. 6. Snapshots from the experiments (top row) and the simulations utilising the TBBM (bottom row) for an aeration rate of 𝑉̇G = 20 L min−1 and a stirrer frequency of 𝑛 = 50 rpm
(left), 𝑛 = 100 rpm (middle), and 𝑛 = 150 rpm (right).
second this yields a total wall time of ca. 15 to 60 min to come up with
a statistically converged bubble size distribution utilising the TBBM for
this 200 L vessel using two NVIDIA H100 Tensor-Core GPUs. Utilising
the model proposed by Kawase and Moo-Young on the other hand,
took between six and ten minutes wall time for one simulated second,
leading to a slightly higher but overall comparably similar necessary
wall time to retrieve a statistically converged BSD.

The BSD obtained with the TBBM almost matches the experimental
BSD for the smallest stirrer frequency of 𝑛 = 50 rpm, while over-
predicting the amount of small bubbles slightly in the case of the
stirrer frequencies 𝑛 = 100 rpm and 𝑛 = 150 rpm. However, this
might also be caused by errors due to the image analysis from the
experimental results. The model of Kawase and Moo-Young on the
other hand, underpredicts the amount of small bubbles clearly for the
stirrer frequencies 𝑛 = 50 rpm and 150 rpm and shows a good match
with both, the experimental data and the data achieved with the TBBM
for the stirrer frequency 𝑛 = 100 rpm. Further, the model of Kawase and
Moo Young overpredicts the amount of those bubbles with a diameter
of 𝑑 = 0.01m. It seems that utilising this model, the initial bubble
initial

8 
diameter has a significant influence on the final BSD results, leading
to a bimodal distribution. This behaviour is not visible utilising the
new TBBM proposed here. The TBBM performs particularly well over
the full range of the observed process conditions and is robust against
varying initial bubble sizes, compare Fig. 10 in Appendix C. Thus,
further improvement is possible but overall the experimental BSDs are
mirrored well.

4. Conclusions and outlook

A Trajectory-Based Breakup Model (TBBM) was developed and
implemented to describe the breakup of gaseous bubbles in a back-
ground flow based on first principles. In the TBBM, each bubble is
observed along its respective trajectory individually and modelled as
a Kelvin–Voigt element. These bubbles remain individual throughout
their respective lifetime and no clustering is implemented. Hereby, the
outer acting force is calculated by taking into account the stretch of
the fluid surrounding each individual bubble retrieved from the rate-
of-strain tensor. According to the contour plot of the largest eigenvalue
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Fig. 7. Bubble size distributions for an aeration rate of 𝑉̇G = 20 L min−1 and a stirrer
frequency of 𝑛 = 50 rpm (top), 𝑛 = 100 rpm (middle), and 𝑛 = 150 rpm (bottom) for the
experiments, the simulations with the developed TBBM model, and the model proposed
by Kawase and Moo-Young.

of the CGST, compare Fig. 9 in Appendix B, the largest stretch and,
thus the regions of most probable breakup can be found beneath the
stirrers. In the current version of the TBBM the breakup is restricted to
two daughter bubbles, which could be a source for errors, since many
processes exist in which three or more daughter bubbles result from
a breakup event. Nevertheless, this error is assumed to not be large
since a recently broken bubble can break again after some time if the
new deformation is high enough. The forces mirroring the effects of
the spring and the damper are described by the interfacial tension and
viscous effects, respectively.

The proposed model works well for an aerated replica of the BIO-
STAT STR® 200 from Sartorius Stedim Biotech GmbH with two seg-
ment stirrers and filled with DI water and PBS. The retrieved bubble
size distributions match the ones obtained experimentally qualitatively
9 
and quantitatively. For larger stirrer frequencies the small sized bubbles
might be slightly overpredicted due to some modelling assumptions.
For the outer acting force, only the direction of the largest stretch was
taken into account assuming that the bubble instantaneously redirects
its major axis in the same direction. The rotation induced by the
interaction of fluid and bubble and an associated possible change of
the eigendirection of the bubble have not been taken into account so
far. Hence, the assumed stretch may not fully reflect the real stretch
that the bubble experiences during a specific interval of time, but is
a supremum of all the possible stretches at a specific point in space
during one numerical time step. Due to the small time intervals with
regard to the numerical simulation, this source of error is assumed
to not be very significant. Another source for mismatch might be
the experimental evaluation which was achieved optically. Since in
the experiments bubbles shade objects behind them, smaller bubbles
could be missed which are, however, accounted for in the simulations,
since here each and every bubble is taken into account, independently
whether it is behind a larger bubble or not. Further, in this study
only the breakup was modelled using the newly developed TBBM. The
bubble coalescence on the other hand was not modelled with a self-
developed model, but with the M-Star default model [82] based on a
critical Reynolds number [83].

For future work, the TBBM will be applied to and validated with
other scales with varying volumes from 3 L to 15000 L and other types of
reactors, such as the Jet Loop Reactor, available at the IMS. Further, the
medium will be changed to test whether the model still predicts BSDs
well for completely different physical properties of the fluids, e.g. sol-
vents or mixtures of solvents with reactive gases, and further for flow
regimes in which strictly non-ellipsoidal bubbles are to be expected.
The physical properties, like viscosities or interfacial tension, of such
systems will be determined by thermodynamic software packages such
as FeOS [84]. For model improvement, the rotation and the eigendirec-
tions of the bubble can also be taken into account, leading to a better
estimation of the actual bubble deformation, hence to a more accurate
prediction of the breakup, which is slightly overestimated in the current
state of the model. A more precise or flexible breakup criterion, taking
into account the local slip velocity and the actual bubble’s deformation,
can be formulated. With this, a more precise expression for the drag
force will be considered [85,86], which will take even further into
account the local phenomena along the bubbles’ trajectories and, thus
improve the prediction of the BSD. Further, the modelling of oblate
ellipsoids has not yet been treated and is the topic of the next step
in the model improvement, potentially leading to a better prediction
of the deformation in regions where the bubbles rise freely without
a strong influence of the stirrer. The estimation of the Basset history
term for randomly chosen bubbles from the moment of their respective
initialisation to one second of their rise have shown mean values of
approximately 26% of the buoyancy force, which is in a reasonable
range, compared to Muniz and Sommerfeld [87]. In future calculations,
this term will be implemented for a more precise prediction of the
bubbles’ positions [88] and, thus a more precise prediction of the local
deformation and breakup which should be important especially close to
moving walls, like stirrer blades, where comparably high slip velocities
and slip accelerations are expected. To enable the implementation with
acceptable computational costs, a recently developed fast algorithm
for the estimation of the Basset history term from collaborators in
the CRC 1615 will be used [89,90]. However, the comparison of
experimental and numerical results in Figs. 6 and 7 shows that even
with the simplifications and assumptions an acceptable accuracy is
already reached. In the farther future, a model concerning the mass
transfer coefficient based on the degree of the bubble deformation is
to be formulated and the extension to non-Newtonian fluids will be
carried out. Altogether, the new TBBM model offers a huge variety of
possibilities to determine more precise BSDs for different applications
within a reasonable amount of computational effort. The new approach
will be an important pillar for the development of digital twins for
SMART reactors in the research of the CRC 1615 ‘‘SMART Reactors’’.
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Appendix A. Mesh study

Fig. 8. Mesh study for a different number of lattice points along the 𝑥-axis, BSDs
evaluated in the red box in Fig. 5.

Appendix B. Eigenvalue 𝝀𝟑 field
10 
Fig. 9. Contour of the largest eigenvalue 𝜆3 of the CGST for the case 𝑛 = 150 rpm on
the 𝑥-plane.

Appendix C. Initial bubble diameter

Fig. 10. Influence of the initial bubble size, BSDs evaluated in the red box in Fig. 5.
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Appendix D. Trajectories

Fig. 11. Trajectories of two bubbles initiated at the sparger and all their children over
the time of one second, the widths of the lines correspond qualitatively to the bubble’s
sizes.

Appendix E. Code for the estimation of the largest eigenvalue

// Define eigenvector entries and tolerance
int k;
int maxk = 400;

float EVX;
float EVY;
float EVZ;

// Initial guess for the eigenvector
float EVX_old = 1.0;
float EVY_old = 1.0;
float EVZ_old = 1.0;
float error=0.001;
float lambda_old = -20.0;
float lambda_new;
lambda = -10.0;

// Define Jacobian entries
float JXX = 1.0+Lxx*dt;
float JXY = Lxy*dt;
float JXZ = Lxz*dt;
float JYX = Lyx*dt;
float JYY = 1.0+Lyy*dt;
float JYZ = Lyz*dt;
float JZX = Lzx*dt;
float JZY = Lzy*dt;
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float JZZ = 1.0+Lzz*dt;

// Define entries of JF’JF
float JTXX = JXX*JXX + JYX*JYX + JZX*JZX;
float JTXY = JXX*JXY + JYX*JYY + JZX*JZY;
float JTXZ = JXX*JXZ + JYX*JYZ + JZX*JZZ;

float JTYX = JXY*JXX + JYY*JYX + JZY*JZX;
float JTYY = JXY*JXY + JYY*JYY + JZY*JZY;
float JTYZ = JXY*JXZ + JYY*JYZ + JZY*JZZ;

float JTZX = JXZ*JXX + JYZ*JYX + JZZ*JZX;
float JTZY = JXZ*JXY + JYZ*JYY + JZZ*JZY;
float JTZZ = JXZ*JXZ + JYZ*JYZ + JZZ*JZZ;

// Power method
for(k=1; k<maxk; k++){
EVX = JTXX*EVX_old + JTXY*EVY_old + JTXZ*EVZ_old;
EVY = JTYX*EVX_old + JTYY*EVY_old + JTYZ*EVZ_old;
EVZ = JTZX*EVX_old + JTZY*EVY_old + JTZZ*EVZ_old;

lambda_new = ( EVX*(EVX*JTXX + EVY*JTYX + EVZ*JTZX)
+ EVY*(EVX*JTXY + EVY*JTYY + EVZ*JTZY)
+ EVZ*(EVX*JTXZ + EVY*JTYZ + EVZ*JTZZ) )
/ (EVX*EVX + EVY*EVY + EVZ*EVZ);
if(fabsf(lambda_old - lambda_new) < error){

lambda = lambda_new;
if(lambda<1.0) //lambda cannot be smaller than 1
lambda=1.0;

k=maxk;
}else{

lambda_old = lambda_new;
EVX_old = EVX;
EVY_old = EVY;
EVZ_old = EVZ;

}
}

if(lambda<1)
lambda=1;

Appendix F. Code for the estimation of the major semi axis

float sigma = 0.069; // N/m
float etaF = 0.00079; // Pa s,
dynamic viscosity of continuous phase

float etaB = 0.0000172; // Pa s,
dynamic viscosity of bubbles

float radius = d_p/2.0;
float a; // minor principle axis;

if(tsb_p < 3.0*dt)
majorC_p = radius;

a = sqrtf(powf(radius,3.0)/majorC_p);

if(tsb_p >= 3.0*dt) //short regeneration time
to prevent cascading effect

majorC_p = majorC_p + radius * etaF/etaB
* (sqrtf(lambda)-1.0)/2.0 - sigma/2.0/a/etaB
* ( majorC_p - radius ) * dt;

if(majorC_p < radius)
majorC_p = radius;
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Appendix G. Code for the bubble breakup and the daughter size

float radius = d_p/2.0;
float rhoP = 1.204;
float rhoF = 998.2;
float pi = 3.1415926;
float S_E = 2.0 * pi * sqrtf(powf(radius,3.0)/majorC_p)
* (sqrtf(powf(radius,3.0)/majorC_p)
+ powf(majorC_p,2.0)/sqrtf(majorC_p * majorC_p
- powf(radius,3.0)/majorC_p) * asinf(sqrtf( majorC_p
* majorC_p - powf(radius,3.0)/majorC_p )/majorC_p));

float fv_run=0.0;
float g = 9.81;
float sigma = 0.069;
float S;
float dS = 1000.0;
float dS_neu;
float nuF = 7.9e-07;
float lKolmogorov = powf(powf(nuF,3.0)/e, 1.0/4.0);
float a = sqrt(powf(radius,3.0)/majorC_p);

if(vol_p * (rhoF - rhoP) * g > 2*a * pi
* sigma && 2*majorC_p > lKolmogorov){

doBreakup = true;
while(fv_run <= 0.5) {

S = pi * d_p * d_p * (powf(fv_run,2/3)
+ powf(1-fv_run,2/3));

dS_neu = fabsf(S_E - S);
if(dS_neu < dS){

dS = dS_neu;
fv = fv_run;

}
fv_run = fv_run + 0.01;

}
}
else{

doBreakup = false;
}
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