
Effective stress determination for flat bars with sharp notches by combining 
the theory of critical distances with artificial neural networks

Kane F. ter Veer a,b , Mathis Harder a , Kagan Koyunseven b, Sascha M. Isay b,  
Moritz Braun a,b,*

a German Aerospace Center (DLR), Institute of Maritime Technologies and Propulsion Systems, Düneberger Str. 108, D-21502 Geesthacht, Germany
b Hamburg University of Technology, Institute of Ship Structural Design and Analysis, Am Schwarzenberg-Campus 4C, D-21073 Hamburg, Germany

A R T I C L E  I N F O

Keywords:
Notch fatigue
Fracture mechanics
Stress gradient
Metamodeling
Artificial neural network
Surrogate modelling

A B S T R A C T

This work systematically quantifies the deviations of gradient methods from the Theory of Critical Distances 
(TCD) and introduces neural-network-based metamodels for the rapid prediction of effective stresses in notched 
flat bars. Stress-based fatigue and fracture assessment methods often rely on the local stress field around a notch 
and are commonly referred to as effective stress or stress-gradient methods. In this study, notched flat bars are 
examined as a representative structural detail. The influence of geometrical variation, critical distance, loading, 
and plane state on the resulting effective stresses is investigated using the point, line, and area methods of TCD. 
Deviations of up to 40% are identified across certain geometry–loading combinations, highlighting the sensitivity 
of TCD based assessment to parameter variations. To eliminate the need for a dedicated numerical simulation for 
every new notch geometry, a series of feedforward artificial neural network (ANN) metamodels is developed and 
trained on thousands of finite element simulations. Particular attention is given to the effect of optimization 
algorithms on training performance and predictive robustness. The resulting metamodels provide fast and ac
curate estimates of effective stresses across a wide range of geometries and loading conditions, offering a 
computationally efficient alternative to repeated finite element analysis for the assessment of notched 
components.

1. Introduction

It is well known that material failure through fatigue or brittle 
fracture often initiates at notches, where localized stress and strain 
concentrations occur. Consequently, the consideration of notches plays a 
crucial role in engineering design. Fatigue or fracture strength at notches 
is understood to be governed not by its peak elastic stresses, rather by its 
surrounding stress field [1]. The reason for this is the micro-structural 
support effect at notches, which is influenced by high stress field gra
dients, the local plastic zone at the notch root, and initial damage in the 
form of microscopic cracks [2].

Several stress-based approaches exist for calculating the fatigue and 
fracture strength of structures and components with notches. The theory 
of critical distances (TCD) is a group of gradient methods used to predict 
notch failures with consideration of the elastic stress field with respect to 
critical material stress and distance constants [2]. Typical applications 
are assessment of machined components [3–8], welded [9–17] or 

adhesion joints [18–20], but also rock mechanics [21,22], additively 
manufactured components [23,24], cut-edges [25,26], or cavities such 
as pores [27,28] or pitting corrosion [29,30]. TCD encompasses four 
methods: point, line, area, and volume [2]; however, previous com
parisons have shown that the effective stresses determined by different 
variants of the TCD may differ [17,31–36]. This will lead to variations in 
prognosed fatigue life or fracture toughness. The deviations caused by 
using different stress gradient methods have not yet been systematically 
investigated for notched components under various loadings, stress 
methods and plane states.

A new or adjusted numerical simulation—typically with finite 
element analysis (FEA)—is required for each individual notch geometry, 
making the process computationally expensive and time-consuming. 
Metamodeling offers the possibility to determine effective stresses by 
creating a surrogate that is trained using a large number of FEA results. 
Similar approaches utilizing neural networks have recently been pre
sented to determine stress concentration factors in welded joints 
[37–41]; however, there are no such approaches for stress gradient 
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methods for notched components yet.
This study thus: 

• quantifies deviations caused by different TCD variants to improve the 
comparability of different effective stress methods, and

• explores the use of metamodels and proposes a workflow for fast 
effective stress calculations at notched flat bars based on artificial 
neural networks (ANNs).

For these purposes, thousands of numerical simulations were per
formed for flat bars with varying notch geometry. From the FEA results, 
effective stresses are determined for each of the different calculation 
methods belonging to the TCD. Feedforward ANNs are trained using the 
resulting datasets to create three metamodels: a model for first principal 
stresses, a model for von Mises stresses under plane stress, and a model 
for von Mises stresses under plane strain. Particular attention was given 
to the selection and evaluation of training optimizers, as the accuracy 
and convergence behavior of ANN-based surrogates can vary substan
tially depending on the optimization algorithm used with respect to the 
dataset [42,43]. In this study, both first- and second-order optimization 
methods are assessed to ensure that the metamodels are trained 
appropriately. Combinations of notch geometry parameters, loading 
case, and the material characteristic length can then be input directly 
into the metamodels to determine effective stress values, enabling rapid 
predictions without the need for FEA or stress field integration.

2. Stress gradient methods

The fatigue strength of a material, according to the effective notch 
stress approach, is not specified by either peak stress σmax or nominal 
stress σnom. Instead, it is determined by the effective stress σeff . Various 
methods exist for determining the effective stress. The TCD, proposed by 
Taylor [2] whilst building on the works of Peterson [44] and Neuber [1], 
encompasses a group of methods using the common feature character
istic material length parameter—sometimes also referred to as critical 
distance—L. Here the main aim of TCD is to simplify predictions for 
fatigue failure and brittle fracture for notched specimens, where the 
elastic stress field around the stress concentration feature is known. 
Although the relationships used in TCD were originally derived 

analytically for a sharp crack in an infinite plate under tension [45], the 
approach is now commonly extended to notches by evaluating the local 
elastic stress field around the notch root [2].

In this study, three of the TCD methods are considered: the point, line 
and area methods, see Fig. 1. Each of these methods aims to describe 
how the critical stress σ0 and characteristic material length can be used 
to predict the loading at which failure will occur. However, the results of 
evaluating the stress-distance curve vary depending on the TCD method 
used [36].

The effective stress this can be expressed for each of the methods as: 

σeff ,PM = σ
(

L
2

)

(1) 

σeff ,LM =
1
2L

∫ 2L

0
σ(s, θ = 0)ds (2) 

σeff ,AM =
4
2π

∫ π
2

−
π
2

∫ rAM=1.32L

0
σ(s, θ)dsdθ (3) 

Each of the TCD methods is linked through a factor applied to the 
material characteristic length .i.e. L2,2L and 1.32L which are argued to be 
valid for the case of a simple notched specimen [2,17]. The material 
characteristic length L, in turn, can be defined for static problems [34]
as: 

Ls =
1
π

(
Kc

σ0

)2

(4) 

This expression defines the relationship between the fracture 
toughness Kc and the material constants of the TCD. When assessing 
fatigue strength, the same equation is able to be used by replacing the 
static parameters with cyclic parameters. 

Lc =
1
π

(
ΔKth

Δσ0

)2

(5) 

Assessing fatigue strength, it can be shown based on fracture me
chanics that Lc is related to the fatigue crack propagation threshold ΔKth 

and the fatigue limit of plain specimens Δσ0. It is worth noting, however, 
that ΔKth and Δσ0, and consequently Lc depend not only on the material, 

Nomenclature

TCD Theory of critical distances
ANN Feedforward neural network
FEA Finite element analysis
MSE Mean squared error
PM Point method
LM Line method
AM Area method
d Notch depth [mm]
r Notch radius [mm]
ω Notch opening angle [◦]
h Flat bar height [mm]
rAM Radius of the semi-circle area for AM calculation [mm]
rPM Distance used in PM calculation [mm]
rLM Stress averaging length for LM [mm]
s Polar coordinate distance originating from notch root 

[mm]
θ Polar coordinate angle [◦]
σeff Effective stress [MPa]
σ0 Critical stress [MPa]
σn Nominal stress. In this study constant of 1 MPa
Mnom Nominal moment used in bending load case [Nmm]

L Material characteristic length [mm]
C Load case as tensile to bending factor
D1,2 Effective stress deviation [%]
q1,2 Conversion ratio for gradient methods
n FEA elements along 360◦ curve
Kc Critical stress intensity for brittle fracture (fracture 

toughness)
ΔKth Fatigue crack propagation threshold
Δσ0 Fatigue limit of plain specimens
ϕi Pre-activation layer response
xgain Gain vectors for ANN prediction model input 

normalization
xoffset Offset vectors for ANN prediction model input 

normalization
ygain Gain vectors for ANN prediction model output 

normalization
yoffset Offset vectors for ANN prediction model output 

normalization
W Weight matrices
b Bias matrices
x Input layer matrix for neural network
y Output layer matrix for neural network
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but also on the stress ratio and the number of cycles until failure [2,47]. 
Thus, varying Lc values for the same material may emerge from high- 
cycle or medium-cycle fatigue regimes [34].

3. Parametric study on notched flat bars

3.1. Finite element model

A notched flat bar (see Fig. 2) was chosen for this study as it is one of 
the most frequent notch details and extensively studied in literature, c.f., 
[33,47–54]. The finite element model used for the analysis builds on the 
related work by Braun et al. [36], in which a symmetrical notched 
specimen was simulated with variable geometric parameters. While 
analytical solutions for idealized notched geometries may represent an 
alternative approach to estimate the notch stresses prior to the effective 
stress determination, the use of FEA in this study allows the effective 
stress for all three applied TCD methods to be derived from the same 
geometry-specific stress field without requiring separate derivations, 
which is particularly advantageous for the two-dimensional stress field 
integration required for the AM evaluation. The three main input pa
rameters in this study—notch depth d, notch radius r, and the notch 
angle ω—are incrementally varied for each unique combination within 
the defined parameter value ranges, see Table 1.

The remaining geometric parameters for the flat bar length and 
section height are set as constants throughout the simulations. A mesh 
sensitivity study was performed previously for the model in [36], where 
it was found that 32 elements over a full circle with quadratic shape 
function were found to be sufficient to achieve a stress error of less than 
1%. In this study, 144 elements over a full circle are used, as n = 32 
failed to converge for the geometries with small notch depths. 
Furthermore, using a finer mesh around the notch root allows for more 

datapoints near the notch root in the nodal stress solution, which is 
critical location when comparing the gradient methods.

In addition to a simple nominal tensile loading, bending is applied to 
investigate the influence of different load cases on the effective stresses. 
This bending is applied as a moment through a pilot node, evenly 
distributing the moment across all nodes on the edge surface. The 
magnitude of Mnom is set so the maximum stress from bending on the 
unnotched geometry at the upper edge is equal to the nominal stress 
from tensile loading. Superposition is then applied to obtain mixed 
tensile and bending loadings.

The commercial software ANSYS® is used to programmatically run 
the simulations, in which scripts containing each of the input parameter 
combinations are run through the Mechanical APDL client through the 
PyMAPDL library [55] in Python. A total of 7200 two dimensional FEA 
simulations are run. This includes 1800 unique geometrical combina
tions, along with bending and pure tension load cases, evaluated under 
both plane stress and plane strain states. Introducing a thickness effect 
under plane stress was investigated in the FEA simulations; however, 
this was found to have no influence on the resulting effective stresses for 
the simulated geometry parameters. The element type used is PLANE183 
with nominal isotropic material values of 200 GPa for elastic modulus 
and 0.3 for Poisson’s ratio. The sensitivity of the results to Poisson’s ratio 
was additionally evaluated, where the range of 0.25 – 0.35 led to a 

Fig. 1. Point, line and area methods for the stress gradient calculations. Adapted from Susmel and Taylor [46].

Fig. 2. Geometry and load parameters for the notched specimen.

Table 1 
Ranges for the geometric notch parameters used in the FEA models.

Geometric parameter Range Increment Variations

Notch depth d 1.5 − 5mm 0.5 mm 8
Notch radius r 0.1 − 0.8 mm 0.05 mm 15
Opening angle ω 0◦

− 140◦ 10◦ 15
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variation of approximately ±1.5% in maximum von Mises stress with 
plane strain state. The variation was negligible in all other stress 
methods and plane state combinations.

3.2. Effective stress determination

Using the elastic stress field results from the FEA simulations, Python 
scripts were implemented to identify relevant nodes for each of the 
gradient methods and calculate the effective stresses according to each 
of the TCD methodologies.

The value of the material characteristic length L is applied to all three 
methods as a range between 0 - 1.5 mm which includes values for most 
common metallic materials with the notable exception of cast irons 
[46,56]. The effective stress for each of the three TCD methods is then 
calculated for each iteration of L. The most extreme gradient shifts in 
effective stress are known to occur near the notch root [36]; thus, to 
reduce computational load, finer iterations are used at decreasing L 
values, as shown in Table 2. Due to the underlying spacing of mesh 
nodes in the FEA analysis, an iteration larger than 0.01 mm would not 
increase the accuracy of the stress results.

For the PM and LM calculations, the FEA determined stresses are 
only considered at nodes located on the focus path [2]. Nodal stress 
values are then used to construct a piecewise cubic Hermite interpo
lating polynomial, enabling accurate estimation of stresses at locations 
between the FEA nodes. The PM and LM effective stresses are then 
evaluated at respective critical distances rPM and rLM for each iteration of 
L.

On the other hand, the area method requires the evaluation of the 
stress field in a semicircle originating at the notch root. To this aim, 
nodal stresses from the FEA stress field are interpolated over a 2D uni
form grid using a piecewise Clough-Tocher cubic interpolation scheme, 
see Fig. 3. To determine the effective stresses, the interpolated grid of 
stresses is then integrated with double composite trapezoidal through a 
semicircular mask of radius rAM = 1.32L for each L iteration.

As one would expect given the gradient function equations, the 
effective stresses from PM, LM and AM converge to the maximum stress 
concentration factor at the notch root as the characteristic material 
length L approaches 0. To illustrate the differences between the stress 
gradient methods, deviation percentages are calculated for the effective 
stress results. In line with statistical theory, this is determined with the 
deviation percentage D, such that: 

D1,2 = 100 •
σeff ,1− σeff ,2

σeff ,2
[%] (6) 

Furthermore, it is already known from the literature that the sug
gested ratios applied to L for each of the TCD methods are rPM = L

2, rLM =

2L and rAM = 1.32L for PM, LM, and AM, respectively [2]. In the recent 
study by Braun et al. [36], the ratios with respect to PM and LM are 
analyzed comparatively through a conversion factor q, where: 

q =
rPM

rLM
(7) 

The value for q is then determined for which the equation σeff ,PM =

σeff ,LM is satisfied, such that 

σeff ,PM(L) = σeff ,LM(q • L) (8) 

The equivalence equation is then solved to determine q. Given the 
aforementioned ratios, a value of q = 0.25 would indicate the PM and 
LM methods produce the same effective stress for a given material 
characteristic length. For this study, however, three different TCD 
methods are considered. We therefore expand the approach by assuming 
one of the gradient methods as a reference. For this, PM is chosen as it is 
the simplest of the three methods and most commonly applied in prac
tical fatigue and fracture assessments. This is then represented by 

σeff ,PM(rPM) = σeff ,m
(
qPM,m • rm

)
, (9) 

where m ∈ {LM, AM}. Here, the gradient method dependent critical 
distance rm already has the ratios from L applied. This increases the 
interpretability of the q factor, where a value of 1 would indicate the 
gradient methods give the equivalent effective stress for a given material 
characteristic length and stress field. By determining this conversion 
factor, we are able to systematically evaluate the ratios of L for the TCD 
gradient methods for different parameters and loadings.

4. Metamodeling with feedforward ANNs

A multilayer perceptron (MLP) is a type of feedforward fully con
nected artificial neural network well suited for creating regression 
models in engineering contexts, see [37–40]. The model creates a 
nonlinear mapping from an input vector x to an output y through a 
sequence of transformations and activation functions [57]. This consists 
of an input layer, several hidden layers with nonlinear activation func
tions, followed by the output layer, see Fig. 10. Each hidden layer first 
computes an affine transformation of the previous layer output by 
multiplying it with the weight matrix W and adding the bias vector b. 
The resulting pre-activation response ϕ is then passed through the layers 
activation function f to calculate the activation a .

For each feature j = 1,⋯, n0 in the input vector, pre-activation 
response is determined with 

ϕ1,j = b1,j +
∑n0

k=1
W1,jkxk. (10) 

The activation for each neuron in the following layer is then deter
mined by 

a1,j = f1
(
ϕ1,j

)
for j = 1,⋯, n1 (11) 

This algorithm is then repeated for the hidden layers l = 2,⋯,N − 1, 
where N is the total number of layers. This is expressed for each hidden 
layer by 

ϕl ,j = bl ,j +
∑nl − 1

k=1
Wl ,jkal − 1,k, (12) 

followed by the activation: 

al ,j = fl
(
ϕl ,j

)
for j = 1,⋯, nl (13) 

Finally, the output vector y from the final layer N for the neural 
network is calculated by 

yj = bN,j +
∑nN− 1

k=1
WN,jkaN− 1,k, (14) 

with j = 1,⋯,nN.

4.1. Training the neural network

Training a feedforward neural network involves iteratively adjusting 
its weights and biases to minimize a chosen loss function, typically by 
following the gradient of the error. Optimization algorithms used for this 
purpose can be broadly classified into first-order and second-order 
methods, and the choice of optimizer plays a crucial role in the 
models performance [42,43]. First-order optimizers, such as gradient 

Table 2 
Range of material characteristic length L used in the 
effective stress calculations.

L range [mm] Iteration [mm]

0 − 0.05 0.01
0.05 − 0.2 0.025
0.2 − 0.5 0.05
0.5 − 0.7 0.1
0.7 − 1.0 0.15
1.0 − 1.5 0.5
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descent variants and the commonly used Adam, rely exclusively on 
gradient information to determine the update direction. They are 
computationally efficient and scale well to large datasets, but their 
convergence can be slow or unstable when the loss surface is highly 
curved [58]. Second-order methods, in contrast, use information about 
the curvature of the loss function through approximations of the Hessian 
matrix to make more informed updates. This often results in faster 
convergence and improved accuracy [58,59], especially for smaller to 
medium-sized networks. However, second-order techniques generally 
require more memory and computational effort, which limits their 
applicability to large or deep neural networks. From the aforementioned 
literature [42,43,58,59], there is a lack of consensus on which optimi
zation method is best suited for training an ANN for specific regression 
related application or dataset. Thus, both first- and second-order opti
mization functions are investigated in this work.

For the first-order optimization, the popular opensource TensorFlow 
Python library is used. The three optimizers ADAM, RMSprop and sto
chastic gradient decent are tested during hyperparameter tuning. Here 
the best performance is achieved using the ADAM optimizer with a 
learning rate of 0.01. The best performing architecture is a network with 
2 hidden layers both with 56 neurons and rectified linear units (ReLU) 
activation functions. To avoid overfitting early stopping with a patience 
of 10 epochs is applied.

For the second-order optimization, The MATLAB® Deep Learning 
Toolbox is utilized to train the model with the Levenberg-Marquardt 
backpropagation algorithm, known to be well suited to regression 
problems [58]. Using hyperparameter tuning, an architecture of 3 hid
den layers of 10 neurons was found to perform well with hyperbolic 
tangent sigmoid (tansig) activation functions for the hidden layers. 
During training, a mean squared error (MSE) value of 5 × 10− 5 is chosen 
as a target loss function with maximum number of epochs set at 1000. 
Additionally, the minimum momentum gradient νmin of the loss function 
during training is set at 10− 6. These training parameters help control the 
convergence of the learning algorithm and ensure that the training 
process stops within the defined constraints.

For training, the dataset is split to 70% training, 15% testing, and 
15% validation. To increase the stability while training, the feature 
vector xf from the training data is normalized to the range − 1 < x < 1 
before entering the network. this is done through the mapminmax 
function, which is defined by 

x =
(
xf − xoffset

)
• xgain − 1 (15) 

The inverse is also applied to the output vector y to obtain the 
effective stress predictions, with 

σeff ,ANN =
y + 1
ygain,out

+yoffset,out (16) 

Identical data splits and normalization procedures are used for both 
the MATLAB and TensorFlow training data to reduce bias and stan
dardize the comparison of the optimization methods. Once the weights, 
biases, and normalization parameters are obtained following training, 
the MLP becomes a fixed mathematical function that can be evaluated 
independently of the software used to generate the model. Thus, the 
model parameters are exported from MATLAB and TensorFlow after 
training and reapplied using a lightweight script for the effective stress 
predictions.

In addition to training with the raw FEA simulation data, percentage- 
based noise was added to the targets to simulate a dataset with experi
mental error. The objective here is to compare how the optimization 
methodologies perform with controlled scatter. The targets with added 
noise are generated through 

σ̃eff ,FEA = σeff ,FEA • (1+ pε) (17) 

Here, ε represents a normally distributed random variable with mean of 
0 and standard deviation of 1 and p is the noise factor. For instance, an 
addition on 10% noise equates to p = 0.1.

5. Results

Each FEA simulation including geometry creation and meshing took 
an average of 5.7 seconds to complete using a consumer grade work
station. The FEA results for first principal stresses are the same when 
applied with plane stress and plane strain element behavior. As such, 
only the results for von Mises stresses are differentiated between plane 
strain and plane stress analysis, see Fig. 4. The different combinations of 
loading cases, stress methods, and element behaviours clearly have a 
significant effect on the stress contours of the elastic stress field, and thus 
the resulting stress gradients. Each of the stress fields was evaluted 
across the 23 iterations of L for first principal and von Mises stresses 
individually to determine the stress gradients for each of the TCD 
methods.

5.1. Gradient method deviations

After determining the effective stresses, a comparative study was 
conducted to evaluate the results of the TCD methods. Overall, the TCD 
methods showed substantial variation in deviations across the param
eter combinations, indicating different error levels in fatigue or fracture 
predictions. LM was generally seen to be the most conservative of the 
three methods, while the PM usually resulted in the highest effective 
stress. Exceptions were found however, for example the notch geometry 
shown in Fig. 5.a evaluated under bending with plane strain. Here, using 
the PM indeed results in the highest effective stress for lower L values, 
with a result 29.1% higher than the other methods for L = 0.05 mm. At L 

Fig. 3. Von Mises stress field results under bending load from geometric parameters d = 1.5mm, r = 0.40mm and ,ω = 60◦ under plane strain showing a) nodal stress 
field from FEA solution. b) uniform grid of stress field using piecewise cubic interpolation of nodal results.
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= 1.5 mm on the other hand, the effective stress from PM was the most 
conservative with a value 40% lower than that of the other methods, 
with this trend seen to continue for L > 1.5 mm. This geometry coincides 
with the highest absolute effective stresses calculated across the study, 
with both the smallest notch radius, smallest opening angle, and largest 
notch depth of all the simulated parameter sets. This additionally shows 
that the sharpest notch geometries tend to result in larger deviations 
between the TCD methods.

Looking strictly at the first principal stresses, the highest deviation 
was also seen with largest notch depth and no opening angle; however, 
the maximum notch radius of r = 0.8mm resulted in the largest devia
tion of 24.2% under bending load, see Fig. 5.b This deviation diverges 
out at the maximum DPM,LM at the upper range of L = 1.5mm. Under 
tension loading the maximum deviation is seen at approximately L =

0.5mm for DPM,LM.
Deviations calculated under bending tended to be larger and more 

sensitive to geometric variation than those under tension, also tending to 
diverge for larger L values as seen in Fig. 5 for both plane strain and 
plane stress. This suggests that the TCD conversion factors may be poorly 
suited for bending loading and evaluations under plane strain. De
viations in von Mises stresses for plane strain were generally the highest 
in the dataset and similarly showed strong sensitivity to geometric pa
rameters. Figs. 6–8 further show how the individual geometrical pa
rameters d, r, and ω influence the effective stress results across different 
loading cases, element behaviors and stress methods. Changes in notch 
depth d are seen to have the smallest effect on the deviation percentages, 
with only a few percentiles difference observed within the range of 
1.5mm ≤ d ≤ 5mm for both tensile and bending loading, see Fig. 7. The 
notch radius r on the other hand is seen to have the largest influence of 
deviations between the gradient methods, especially with larger L 
values. The opening angle showed mixed results, with its effect on the 

deviations changing depending on other aspects of the geometry, shown 
for different notch radii in Fig. 6.

5.1.1. Conversion factors
For the determination of conversion factors one of the gradient 

methods is used as a reference point, at which the two other gradient 
methods are compared to determine the conversion factor q for which 
the effective stress from both methods is equal. For this study, AM is 
chosen as the reference as it is seen to represent the median result of the 
three methods across the majority of parameter combinations. As such, 
the assumption is made that rAM = 1.32L holds true and the following q 
values are calculated with the conditions for the PM and LM being 
respectively satisfied as defined in (9). Diagrams illustrating the effect of 
the different geometrical parameters, loading cases, element behaviors 
and stress methods on the conversion factor q can be found in Fig. 9. 
Interestingly, the conversion factors show poor equivalency at small L 
values, where most convergence is seen at larger L values and smaller 
notch radius. Furthermore, bending load cases and analysis with von 
Mises under plane strain show relatively low equivalency. This suggests 
the given ratios may be unsuitable for such scenarios due to the clear 
instability between the TCD methods.

5.2. ANN-based metamodels

Using the datasets from the gradient method results, ANN-based 
metamodels were trained to predict effective stresses based on first 
principal and on von Mises stresses under both plane strain and plane 
stress conditions, resulting in three independent neural networks with 
the same feature vector for the input layer, see Fig. 10. Separate models 
using first principal stress results under plane strain and plane stress are 
not required as the effective stresses through these methods are equal. 

Fig. 4. Normalized stress field results as matrix for different load cases and stress methods as contour diagrams for d = 2.0mm, r = 0.40mm and ω = 60◦ with plane 
stress and plane strain element behaviors.
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The input features include the notch-geometry parameters, the material 
characteristic length, and a loading-case scalar ranging from 0 (pure 
tension) to 1 (pure bending). This scalar is incorporated into the training 
data through superposition of the tensile and bending FEA results at six 
evenly spaced intervals between these loading conditions. The targets 
for the ANNs are the effective stress results for each of the three 
respective gradient methods. Considering the ranges for the parameters 
d, r, ω, L and the superposed loading case C, a total of 248,400 distinct 
parameter combinations form the raw dataset for each of the three 
metamodels.

For the models trained with the second-order Levenberg-Marquardt 
optimization, the target MSE of 5×10− 5 was achived in validation for all 
three models reliably under 1000 Epochs. The time taken for each model 
to achieve the training target was an average of under 20 minutes with a 
consumer grade workstation. For the first-order Adam optimization on 
the other hand, a validation MSE of between 3 × 10− 3 and 5 × 10− 3 was 
achieved before training ended after early stopping. The training with 
Adam was marginally faster, averaging approximately 15 minutes.

Interestingly, the 2nd order optimization Levenberg-Marquardt gave 
substantially better results for both R2 and MSE metrics. The training 
performance for each model can be seen in Fig. 11. The final MSE values 
for the individual gradient methods after training for both Levenberg- 
Marquardt and Adam optimization is shown in Table 3 for the testing 
dataset. Fig. 12 shows a direct comparison of the resulting residuals 
between the ANNs trained with Adam and Levenberg-Marquardt for 
each of the three models. Interestingly, the predictions from the Adam- 
trained models tend to become unstable for higher effective stresses, 

whereas Levenberg-Marquardt has relatively stable absolute residuals 
across the target domain.

The resulting trained ANNs are able to predict the results for the 
three TCD effective stresses for over a hundred thousand parameter-sets 
in under a second when implemented through a lightweight script, many 
multitudes faster than the hours needed to do the same with FEA fol
lowed by stress field interpolation and integration.

Fig. 13 shows the residuals from the three trained metamodels with 
respect to each of the notch parameters. Here the raw dataset is are 
subtracted from the ANN predictions and plotted as colourmaps for each 
TCD method and geometrical parameter. For each geometrical param
eter, the other features are set to defaults where the largest absolute 
residuals are seen to occur. This corresponds to d = 5.0 mm, r = 0.1 mm 
and ω = 140◦ with pure bending loading case. It can be seen in the 
colormaps that the largest absolute residuals commonly occur at the 
edges of the feature domain. This is commonly seen at max and min 
values for L, but also at the max and minimum geometrical parameters, 
especially r and ω. This is unsurprising, as neural-network metamodels 
typically give reduced accuracy near the boundaries of the training 
domain, where fewer data combinations exist and the models rely more 
heavily on extrapolative behavior.

Noise was also added to the FEA target variables to investigate the 
effects this had on the performance of the optimization methods. To this 
goal, a new model was trained using the first principal stress-based 
dataset in which 10% randomly distributed gaussian noise was added 
to the target variables. The results for a single notch geometry subset are 
shown in Fig. 14. Here, the discreet points for the effective stresses from 

Fig. 5. Comparing the normalized effective stresses (top) and deviation percentages (bottom) for each of the TCD methods for: a) bending loading with von Mises 
stresses and 0.1mm radius notch comparing plane stress and plane strain and b) first principal stresses with 0.8mm radius notch comparing bending and tensile 
loadings. The normalizations and deviations are calculated independently for each plane state and loading type.
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the FEA simulations are shown both with and without 10% added noise. 
The predicted effective stresses are evaluated at iterations of 0.01mm 
between 0 < L < 1.5 mm, which includes predictions between the 
discreet points in the FEA simulations. This indicates how well the ANN 
predictions follow the trend of the data, in which a smooth contour was 
observed without signs of stepping or overfitting. The MSE and R2 

metrics are additionally shown for the ANN in relation to the raw targets 
and those with noise. While the ANNs trained on the raw dataset un
surprisingly achieved better MSE values in training, the ANN trained 
here with scatter was seen to follow the underlying data trends closely 

for all three TCD methods.

6. Discussion

The premise that notch failure is governed by a finite physical zone 
surrounding the notch, rather than the maximum stress at the notch 
root, is well established in the literature. Nevertheless, numerous studies 
have shown that geometry and loading conditions strongly influence the 
deviations between the individual TCD methods, with changes in notch 
sharpness or loading mode producing substantial differences in their 

Fig. 6. Deviations in effective stress with first principal stresses across different opening angles with d = 5mm for tensile and bending load cases.

Fig. 7. Deviations in effective stress calculations with first principal stresses across different notch depths with r = 0.2mm,ω = 20◦ .
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predicted effective stresses [2,4,34,36,56]. The overall maximum de
viations determined in our work were |DPM,AM| = 40.4% and 
|DPM,LM| = 24.2% under bending for von Mises and first principal stress 
methods, respectively. When only considering PM and LM under ten
sion, the values were somewhat less at |DPM,LM| = 28.4% for von Mises 
and |DPM,LM| = 20.3% for first principal. This is comparable to the 27.5% 

value for von Mises stresses [36] under plane strain and 20% determined 
for first principal in related studies [36,46]. The trends obtained in our 
work are interesting, as there has been little prior research systemati
cally comparing deviations of TCD methods under different loading 
cases and plane states, shown in this paper to have a significant effect on 
the deviations. Furthermore, 20% variation in effective stresses applied 
to a fixed slope S-N curve was found to result in over 100% difference in 

Fig. 8. Diagrams showing effective stress deviations under different loadings, element behavior and stress method for different notch radii with d = 3mm,ω = 60◦ .
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predicted fatigue life for welded joints, see Baumgärtner et al. [10]. The 
variations seen in this work are substantially more, leading to the 
question of applicability of the TCD methods within certain specimens 
and load scenarios. The conversion factor q, gives insight on how the 
critical distance may be adjusted between methods to ensure an equal 
effective stress [36]. This ratio is determined to be highly dependent on 
both geometry and plane state, see Fig. 9. Thus, although it gives an 

effective visualization of trends within the parameter sets where the 
conversion factors between the TCD methods are seen to diverge or 
converge, using q to provide an improved ratio between methods is 
subjective and not able to be generalized to such a parameter set.

The original analytical derivations of the TCD were developed for a 
sharp crack in an infinite plate under tensile loading [45], whereas the 
present study considers notches with finite root radii and determines the 

Fig. 9. Gradient method conversion factors under different loading cases, element behavior and stress method for different notch radii with d = 5mm,ω = 0◦ .
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elastic stress fields with FEA. This aligns with the observation that the 
use of the maximum principal stress under tensile loading leads to 
improved agreement between the TCD methods, as it directly represents 
the Mode I crack-opening stress governing fatigue initiation in the 
original theoretical framework. In contrast, von Mises stress under plane 
strain includes an additional out-of-plane stress component due to 
Poisson constraint, which is not considered in the 2D evaluation of 

maximum principal stress or in von Mises stress under plane stress 
conditions. This likely explains why resulting trends based on von Mises 
(plane stress) and maximum principal stress are similar, while under 
plane strain the deviations follow markedly different trends with larger 
deviations between the TCD methods (see Figs. 8–9). Nevertheless, the 
TCD has been successfully applied using the von Mises stress criterion 
under multiaxial loading, as demonstrated by Susmel and Taylor [60], 
and Baumgärtner et al. [10] reported a reduction in scatter of welded 
joint S–N data when using von Mises stresses under tensile loading, 
albeit with a smaller critical distance. Further investigation into the 
applicability of von Mises stress within the TCD framework under 
varying constraint conditions would be of interest to better understand 
the observed deviations.

The findings of this study are relatable to structural applications 
where localized stress raisers govern fatigue performance. For welded 
joints, the TCD has been extensively used to improve fatigue strength 

Fig. 10. Visual representation of the ANN networks using three hidden layers with 10 neurons per layer.

Fig. 11. Training performance showing the loss function based on the valida
tion dataset for each of the metamodels.

Table 3 
Resulting validation metric for different metamodels and gradient methods.

Stress and plane 
method

TCD 
method

Test MSE (Levenberg- 
Marquardt)

Test MSE 
(Adam)

First principal stresses PM 5.24×10− 5 3.27×10− 3

LM 4.79×10− 5 6.68×10− 3

AM 4.93×10− 5 3.58×10− 3

Von Mises under 
plane stress

PM 5.03 × 10− 5 2.97×10− 3

LM 4.59 × 10− 5 4.95×10− 3

AM 5.46 × 10− 5 3.31×10− 3

Von Mises under 
plane strain

PM 4.74 × 10− 5 3.34×10− 3

LM 4.38 × 10− 5 5.58×10− 3

AM 6.31 × 10− 5 3.67×10− 3
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predictions and to reduce scatter in experimental S-N curves through the 
consideration of local notch stresses [9–17]. In this work, the systematic 
variation of d, r and ω may be translatable to configurations found in 
fillet welds, butt-weld toes and undercuts when observed through 
idealized 2D cross sections perpendicular to the weld direction [61]. The 
observed differences in stability between PM, LM and AM regarding the 
effective stresses therefore provide a quantitative insight into which 
gradient method may be most suited (or conservative) for practical 
welded-joint assessment. Likewise, this approach may be further 
expanded to post-weld notch treatment such as high frequency impact 
treatment or TIG-dressing, where modifications to the local geometry 
are known to have a significant influence on fatigue behavior [13,14].

Recent studies have combined the TCD with high-fidelity surface 
digitalization methodologies such as laser scanning or structured-light 
profilometry in the analysis of notches for weld quality assessment 
[29,30,62,63]; however, the need to apply reverse engineering meth
odologies prior to FEA simulations results in a time- and 
computationally-expensive process to accurately determine the effective 
stresses. Shojai et al [30] argues that the TCD methods are of limited use 
when assessing samples that require the individual assessment of each 
individual notch—such as corroded specimens—due to the post- 
processing requirements. On the other hand, recent studies have intro
duced methodologies to automatically obtain 2D notch geometry pa
rameters from surface scan results, see [63,64]. It should be noted 
however, different optical measurement methods as well as the spatial 
resolution of the surface scan may result in different characterization of 
such parameters, where further standardization work is needed [61]. 
The proposed workflow from this study can combine with such meth
odologies by applying the ANN-based metamodels to notch geometries 
obtained through an automated scan process with the applicable load 
case, as also proposed by Braun et al. [39]. This, in turn, can improve the 
efficiency of in-line quality assessment of notched components through a 
real time prediction of local effective stresses for fatigue assessment.

ANN based metamodels trained with FEA simulations have seen 
promising results in recent fatigue and fracture related studies 
[37–41,65]. In line with these studies, our work found that metamodels 
are able to significantly decrease the computational time needed 
compared to numerical simulations by numerous magnitudes. In terms 
of accuracy, R2 values of > 0.99999 and average MSE values of 
< 5 × 10− 5 were achieved for in line with the findings that neural net
works are very well fitted to mechanical applications using FEA based 
datasets [37–41,43,65–67]. Despite this high predictive accuracy, ANNs 
are known for their limited interpretability, which motivates the com
parison with surrogate models such as polynomial regression. Oswald 
et al. [37,38,41] also investigated polynomial regression with coupling 
terms as an alternative approach. This was also applied in this study; 
however, comparatively poor MSE results combined with the multiple 

target variables resulted in the method being an unsuitable alternative.
The second-order Levenberg–Marquardt optimizer was found to 

perform very effectively when training the individual metamodels. This 
aligns well with recent studies using second-order optimization based on 
deterministic FEA-based datasets [37–41,65]. In this work, Lev
enberg–Marquardt reliably achieved low residual errors and stable 
convergence behavior even when normally distributed scatter was 
added to the dataset, indicating that the underlying stress gradients are 
sufficiently smooth for second-order curvature information during 
training. In contrast, previous studies have favored training of 
mechanics-based surrogates using the first-order Adam optimizer 
[66,67]; however, Adam proved unable to produce competitive models 
in our work. This may be attributed to architectural differences, as the 
cited studies did not restrict their investigations to feedforward net
works. An additional outcome of our hyperparameter tuning was that 
Levenberg-Marquardt converged on a markedly smaller and more 
compact network architecture compared to Adam, thereby reducing the 
computational cost of subsequent effective-stress predictions.

7. Conclusions

In this work, ANN based metamodels were trained to determine 
effective stress in notched flat bars based on the TCD methodology, 
using a range of notch geometrical parameters under varied loading 
conditions. This can simplify the process of estimating notch failure, 
through eliminating the need for FEA analysis and stress field integra
tion for each individual notch geometry. Moreover, this study underlines 
the importance of carefully considering stress gradient methods, shown 
through the substantial deviations seen across the TCD based predictions 
across varied material characteristic lengths, notch geometries and load 
cases.

This study contributes to the understanding of effective stresses in 
notched flat bars combined with metamodeling through several main 
findings: 

• Significant deviations were identified between the TCD variants, 
with peak differences of up to 40.4% for von Mises stresses and 
24.2% for first principal stresses within the ranges evaluated in the 
parametric study. These discrepancies were strongly governed by 
notch radius, characteristic length L, loading mode, and plane state, 
underlining the need for careful method selection in fatigue and 
fracture assessments.

• Loading case and geometry both influenced deviation behavior, with 
sharp notches showing particularly high sensitivity at smaller L 
values and deviations that tended to converge as L increased under 
tension, whereas, deviations for bending loading tended to diverge 
with increasing L, especially for blunter notches.

Fig. 12. Comparing test residuals for combined TCD methods between the Models trained with first-order Adam and second order Levenberg-Marquardt optimi
zation algorithms.
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• The conversion-factor analysis showed that the usual relations rPM =
L
2 and rLM = 2L do not consistently align the TCD methods, with q 
varying strongly across geometries and load cases. Deviations were 
most pronounced at small L, under bending, and for von Mises plane- 
strain conditions, indicating that these ratios may be unsuitable for 
such scenarios.

• ANN-based metamodels demonstrated high predictive capability, 
achieving R2 values of > 0.99999 and average MSE values of 
< 5 × 10− 5 , closely reproducing the effective-stress behavior of the 
FEA-based TCD calculations while reducing computational cost and 
increasing speed by many orders of magnitude.

• The Levenberg–Marquardt optimizer consistently outperformed 
first-order alternatives for the FEA-based dataset, yielding smaller, 
more efficient network architectures and more stable convergence. 
This highlights the importance of optimizer choice in mechanics- 
based surrogate modelling.

• The resulting ANN framework enables rapid effective stress predic
tion, eliminating the need for FEA and providing a foundation for 
real-time notch assessment when combined with automated scan- 
based geometry determination.

The trained ANN models are made freely available by the authors 
and can be readily fine-tuned with additional data. The underlying 
methodological framework—linking FEA-derived effective stresses with 
data-driven metamodeling—is transferable to more complex cross- 
sectional configurations, such as slices of welded joints. An important 
future step will be to broaden the training domain to include three- 
dimensional notch geometries, thereby further increasing the applica
bility to complex real-world structures.

In addition to the gradient methods encompassed by the TCD, ap
proaches using control parameters such as strain energy density can be 
used to predict notch failure as summarized by Liao et al. [68]. More
over, the implicit gradient method has seen promising results in notch 

Fig. 13. Residual colormaps based on geometric parameters for the resulting three Levenberg-Marquardt-trained metamodels.
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failure of corroded specimens under cyclic loading [29,30]. Further 
studies could therefore include the results from additional notch failure 
prediction methods as target variables such as the volume method [2], 
implicit gradient method or control parameter-based approaches to 
expand the ANN-based prediction framework. Finally, including 
experimental fatigue results in the training dataset could correct sys
tematic biases in the FEA-based predictions, enabling the metamodel to 
better reflect real-world behavior. Together, these steps outline clear 
pathways to extend the present modelling framework while preserving 
its efficiency and practicality for engineering applications.
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[25] Lipiäinen K, Ahola A, Kaijalainen A, Björk T. Fatigue performance of notched and 
hot-dip galvanized laser and mechanically cut S960 steel components considering 
local defects with the theory of critical distances. Int J Fatigue 2022;164:107127. 
https://doi.org/10.1016/j.ijfatigue.2022.107127.

[26] Hao R, Lehto P, Lin W. Critical distance-based fatigue life evaluation of blunt notch 
details in steel bridges. J Constr Steel Res 2023;201:107738. https://doi.org/ 
10.1016/j.jcsr.2022.107738.

[27] Sobotka JC, Enright MP, McClung RC. Application of critical distances to fatigue at 
pores. Fatigue Fract Eng Mat Struct 2019;42(8):1646–61. https://doi.org/ 
10.1111/ffe.13004.

[28] Härkegård G. Critical-distance fatigue analysis of limiting cases of ellipsoidal 
cavities. Eng Fract Mech 2021;257:108011. https://doi.org/10.1016/j. 
engfracmech.2021.108011.

[29] Shojai S, Schaumann P, Ghafoori E. Micro-support effect consideration in fatigue 
analysis of corroded steel based on real surface geometry. J Constr Steel Res 2024; 
212:108259. https://doi.org/10.1016/j.jcsr.2023.108259.
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