
Computer Methods in Applied Mechanics and Engineering 461 (2026) 119154

A
0
(

B
C
g
Z
R
a

L
b

c

d

1
e

A

K
W
C
P
C
P
F

L

(

h
R

 

Contents lists available at ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier.com/locate/cma  

ridging hydrodynamics and granulation kinetics: An efficient 2D 

FD-coupled compartmental PBM approach for fluidised bed 

ranulation
eeshan Ansari a , Mainendra Kumar Dewangan b,∗, Ashok Das c,∗, Stefan Heinrich d, 
ohit Ramachandran e, Mehakpreet Singh a,b ,∗∗

Mathematics Applications Consortium for Science and Industry (MACSI), Department of Mathematics and Statistics, University of 
imerick, Limerick V94 T9PX, Ireland
Bernal Institute, University of Limerick, Limerick V94 T9PX, Ireland
Department of Mathematics and Computing, Indian Institute of Technology (ISM), Dhanbad, Jharkhand, 826004, India
Institute of Solids Process Engineering and Particle Technology, Hamburg University of Technology, Denickestraße 
5, 21073, Hamburg, Germany
Chemical and Biochemical Engineering, Rutgers University, 98 Brett Road, Piscataway, NJ, 08854, USA

 R T I C L E  I N F O

eywords:
et sprayed fluidised granulation
omputational fluid dynamics
opulation balance model
oupled modelling
article size distribution
inite volume scheme

 A B S T R A C T

Spray fluidised bed granulation (SFBG) is a widely used technology in the pharmaceutical, 
agricultural, and chemical industries to produce granules with controlled particle-size distri-
butions (PSD) and enhanced functional properties. The present study develops an efficient 
coupled computational fluid dynamics (CFD)-population balance model (PBM) to optimise the 
SFBG process. A compartmental modelling strategy is employed to capture the evolution of PSD 
resulting from aggregation and breakage mechanisms in the wetting and drying compartments, 
respectively. The CFD model adopts an Eulerian–Eulerian formulation in a two-dimensional 
(2D) computational domain to estimate particle exchange rates between compartments. The 
two-compartment PBM is solved using a two-moment-preserving finite-volume scheme. The 
predictions of the present study are compared against available experimental results and previ-
ously reported computational studies. The 2D CFD model reproduces the expected pressure-drop 
behaviour and shows bed-expansion behaviour comparable to the reported 3D CFD results, 
while reducing computational cost. Within the PBM framework, several aggregation kernels are 
evaluated to optimise the PSD. Sensitivity analysis indicates that the size-dependent generalised 
shear aggregation kernel provides superior predictive performance compared with the Kapur, 
Brownian and other kernels. Overall, the proposed 2D coupled CFD–PBM modelling offers an 
accurate and computationally efficient approach for modelling and optimisation of the SFBG 
process compared with the existing model.
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1. Introduction

Granulation is a key unit operation widely used across manufacturing industries, including agriculture, food, pharmaceutical, 
and chemicals. The process improves key particle properties, including porosity, compressibility, and mechanical strength, thereby 
enhancing flowability, drying behaviour, mixing, and overall processability [1]. The granulation technique is primarily implemented 
using two methods: wet granulation and dry granulation [2,3]. As indicated by its name, wet granulation employs a binder 
liquid that is sprayed to agitate powder particles, facilitating their cohesion through a combination of capillary forces and viscous 
interactions [4]. Following this process, the solvent is removed by evaporation during the drying phase, allowing the formation 
of more stable bonds. The strength of the resulting granules is largely attributed to solid bridges created by the hardening of the 
binder and the crystallisation of dissolved particles. Conversely, dry granulation methods rely on the compaction of the powder mass, 
followed by crushing and sieving to achieve the desired particle size enlargement. This approach does not utilise a binder liquid, 
making it particularly advantageous for formulations containing moisture- or heat-sensitive active pharmaceutical ingredients. While 
both methods have their applications, wet granulation generally provides superior control over drug content uniformity, product 
bulk density, and overall compatibility [5].

Spray fluidised bed granulation (SFBG) is a wet granulation process, and it has several applications in the field of particle 
technology such as agricultural, food, and chemical industries for producing granules with controlled particle-size distributions (PSD) 
and improved product functionality. Despite decades of industrial applications, improving the efficiency, predictive capability, and 
operational control of SFBG remains a central focus of research [6–11]. In an SFBG system (refer Fig.  1), a fine powder bed is fluidised 
by a stream of hot gas introduced at the base of the chamber, enabling the particles to circulate freely in a fluidised state. For a top 
spray SFBG, liquid binder is atomised onto the suspended particles through spray nozzles located at the top of the chamber. The 
simultaneous wetting and drying processes within the system initiate phenomena such as aggregation (particle–particle coalescence 
due to binder-induced adhesion) and breakage (fragmentation of larger agglomerates due to particle–particle and particle–wall 
collisions), which collectively facilitate the formation and evolution of granules towards a more uniform size distribution [4,12].

The internal dynamics of SFBG are inherently complex, arising from the concurrent interaction of multiphase flow, spray 
atomisation, particle–particle collisions, aggregation, and breakage [13]. Capturing these coupled mechanisms is crucial to predicting 
the evolution of the PSD. However, predictive modelling of SFBG remains challenging because multiple competing time scales govern 
the process, including liquid deposition and spreading, particle drying, collision frequency, and the residence time of particles within 
different regions of the bed [4]. Moreover, SFBG exhibits strong spatial heterogeneity: the vicinity of the spray zone, dense bed, 
and freeboard can differ substantially in solids holdup, temperature, and humidity, leading to region-dependent wetting and drying 
histories [14]. As a result, the same operating condition may yield different local aggregation and breakage tendencies, complicating 
the identification of representative rate expressions from global PSD measurements alone [15].

In population balance models (PBMs), these rate expressions are typically embedded in the aggregation and breakage kernels 
that strongly influence the PSD predictions [15]. Classical PBMs have therefore been widely used to describe the PSD dynamics 
in SFBG, as they provide a mathematical framework for representing aggregation, breakage, nucleation, and growth mechanisms. 
Nevertheless, these approaches often rely on a well-mixed assumption of the system [16,17], whereby the aggregation and breakage 
are treated as spatially homogeneous throughout the bed. This limits their ability to account for heterogeneity in the temperature, 
humidity, and particle motion within the mixed-bed. On the other hand, the computational fluid dynamics (CFD) approach provides a 
mechanistic framework for resolving gas–solid hydrodynamics, interphase momentum exchange, and heat and mass transfer, thereby 
capturing local flow structures and non-uniformities that are absent in PBM-based approaches [18]. However, CFD alone cannot 
resolve the PSD, as temporal evolution of PSD are not inherently embedded within the CFD governing equations.

To address these challenges in the literature, numerous CFD–PBM coupling methodologies have been proposed [9,19–21], each 
offering distinct advantages and limitations. Broadly, these strategies can be classified into integrated approaches, in which PBM 
is solved directly within the CFD solver, and stand-alone approaches, in which CFD provides hydrodynamic fields to a separate 
PBM solver [9,22]. Coupling strategies can be distinguished by their degree of feedback. In the simplest one-way configuration, 
the CFD supplies flow properties to PBM without feedback, while the two-way coupling incorporates the PBM predictions back 
into the CFD solution. In CFD–PBM research, integrated two-way coupling is typically seen as computationally intensive, whereas 
stand-alone one-way coupling provides flexibility and efficiency, making it a popular option for quick parametric analyses and 
optimisation [9,10]. In addition to the coupling strategy, the dimensionality of the CFD model significantly affects both prediction 
accuracy and computational cost. Three-dimensional (3D) CFD is widely used in CFD–PBM studies of fluidised-bed granulation 
because it provides a higher degree of detail in the representation of bubble dynamics, voidage distribution, and wall effects [23]. In 
contrast, two-dimensional (2D) CFD simulations are computationally efficient. However, these efficiency gains come at the expense 
of accuracy: 2D models often exaggerate bubble coalescence, bed pressure drop, and wall effects, limiting their ability to resolve 
complex flow variation [24]. Therefore, 2D models are more appropriate for preliminary investigations and early design stages, with 
rigorous validation required before extending them to CFD–PBM applications.

CFD–PBM frameworks are strongly influenced by the numerical method used to solve the PBM. Over the past few decades, 
significant work has focused on improving the representation of particle aggregation, breakage, nucleation and growth by employing 
various numerical techniques while maintaining computational efficiency [19,25,26]. The key difference among these formulations 
lies in the discretisation of the particle-size domain and the representation of spatial information, either by directly parametrising 
aggregation/breakage rates using CFD-resolved quantities or by incorporating local hydrodynamic data from CFD into the population 
dynamics. Among the available approaches, the sectional method is the most established and widely implemented formulation in 
CFD–PBM simulations of gas–solid and liquid–liquid systems. In this technique, the continuous particle-size domain is divided into 
2
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Fig. 1. Schematic representation of a top-spray fluidised bed granulator (SFBG), showing the fluidising-air inlet and distributor, particle bed, 
binder atomiser and spray zone, and the exhaust/dust outlet.

a finite number of size intervals (‘‘sections or cells’’), and the PBM is solved for the temporal evolution of the number or mass 
fractions within each interval. The fixed-pivot technique is considered one of the most robust implementations, as it ensures exact 
mass conservation during aggregation and breakage [27]. Discretised sectional formulations were initially proposed by Hounslow 
et al. [28], and subsequent studies have applied similar discretised PBMs within Eulerian–Eulerian CFD solvers [29], demonstrating 
their ability to represent coalescence and breakage phenomena across various regimes. Despite their conceptual simplicity, sectional 
methods have several limitations: accuracy depends strongly on the resolution of the size grid, and the computational cost increases 
rapidly with the number of sections because each CFD control volume must solve the corresponding set of PBE equations [19,30]. 
Furthermore, detailed balance may be violated for certain kernel forms in aggregation-dominant systems, potentially affecting 
long-term predictions of PSD [31].

To reduce the stiffness and dimensionality inherent in sectional PBMs, moment-based methods were introduced. The method of 
moments (MOM) [32], quadrature method of moments (QMOM) [33], and direct quadrature method of moments (DQMOM) [34], 
which approximate the PSD using a finite set of its moments rather than explicit size bins. This approach reduces the PBE to a 
smaller system of transport equations for the low-order moments of the distribution, thereby improving computational efficiency. 
Moment methods have been successfully integrated into CFD solvers for aggregation, breakage, and combined systems [35], enabling 
spatially resolved predictions of average granule size and variance with reduced cost. However, they rely on closure assumptions to 
reconstruct higher-order moments and may lose accuracy when simultaneous aggregation and breakage occur or when distributions 
are strongly multimodal [36]. Moreover, additional tools are required to estimate the PSD from the moments.

To overcome these issues, a finite-volume scheme (FVS) for the PBM has been utilised [37–39]. FVS discretisations are 
conservative by design, ensuring mass preservation, and offer robust numerical convergence on non-uniform grids, thereby 
remaining efficient and accurate for long-term simulations across a broad range of PSDs [40,41]. However, despite these numerical 
advantages, FVS has been applied under the assumption that SFBG is a homogeneous system. Liu et al. [9] introduced the concept of 
compartmentalisation in SFBG. In experimental observations, it was noted that particle wetting and drying are region-specific within 
the fluidised bed. Building on this concept, Kaur et al. [10] implemented a FVS discretisation within the compartmental framework, 
resulting in a two-compartment PBM. This method combines numerical robustness with a physically motivated representation of 
spatial heterogeneity in SFBG [42]. However, the model does not couple a two-compartment PBM with CFD, and compartmental 
exchange is modelled using empirical characteristic time ratios, defined as the aggregation time divided by the residence time. This 
limits their feasibility across operating conditions and restricts the degree to which spatial heterogeneity can be linked to measurable 
flow features. Briefly, it can be concluded from the above discussion that the existing coupled CFD–PBM models are computationally 
expensive for optimising the SFBG process, either because the CFD simulations are performed in a 3D domain or because the PBM 
is solved numerically using a large number of cells to capture the PSD with high accuracy [9,42].

In this work, our aim is to develop an efficient predictive reduced-order coupled CFD–PBM framework to optimise the sprayed 
fluidised bed granulator. In particular, CFD is used to track the exchange (fluxes) of particle properties between compartments using 
the Eulerian–Eulerian approach, replacing empirically tuned compartment parameters with physically derived quantities [10]. Once 
these fluxes are determined, they are incorporated into the PBMs formulated for each compartment. The resulting set of coupled 
PBMs is then solved using a two-moment preserving FVS, which ensures accurate tracking of the PSDs while maintaining consistency 
in the lower-order moments (e.g., total number and volume). This numerical framework enables stable and physically consistent 
3
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evolution of the PSDs under the combined effects of transport and particle interactions. Furthermore, the influence of aggregation 
kinetics on the evolution of the PSDs is systematically investigated by implementing and comparing different aggregation kernels. 
By analysing how various kernel formulations affect the shape and moments of the PSDs, the sensitivity of the system to underlying 
collision and coalescence mechanisms can be assessed, providing deeper insight into the governing particle dynamics.

The outline of the present work is structured as follows: the CFD setup and the governing equations, together with the discretised 
two-compartment PBM of FVS, are described in Section 2. The coupling CFD–PBM framework for the SFBG is presented in Section 3. 
Further Section 4 is used to describe the CFD simulations for the grid sensitivity analysis to analyse the dependency of the parameter 
on the cell count. The results obtained from the proposed framework are presented and validated against experiments in Section 5. 
Finally, the findings of this work are summarised and concluded in Section 6.

2. Mathematical model for SFBG

In this section, the coupled CFD–PBM framework for optimising the SFBG is described in detail. Section 2.1 provides an overview 
of computational modelling, outlining the fundamental governing equations utilised in the numerical investigation. These include 
Eq. (1) for the continuity equation, Eq. (2) for momentum conservation, and Eqs. (3)–(4) for the kinetic theory of granular flow, 
and Eqs. (5)–(6) for turbulence dynamics. The interaction between the gas and solid phases is defined by Eq. (7). Furthermore, 
to describe the particle-size evolution in the SFBG, a two-compartment PBM is used, which is discussed in Section 2.2. The FVS 
formulation used to solve these PBMs Eqs. (25) and (26) is given in detail in Eqs. (13) and (14). The aggregation and breakage 
kernels which govern the PSD are described in Section 2.3, followed by the parameter-estimation procedure in Section 2.4, which 
is used to determine the aggregation rate constant (𝛽0) and breakage rate coefficient (𝑆𝑜).

2.1. CFD model

In the fluidised state, the bed exhibits fluid-like behaviour: particles move freely and mix vigorously, resulting in exchange 
between the compartments. Due to the dense nature of the fluidised bed and the strong interactions between the gas and solid 
phases, an Eulerian–Eulerian framework is used to model the conservation of mass and momentum, where both the phases are 
treated as interpenetrating continua [43]. The general form of the continuity equation for each phase is expressed as 

𝜕
𝜕𝑡
(𝛼𝑞𝜌𝑞) + ∇ ⋅ (𝛼𝑞𝜌𝑞𝐮𝑞) = 0 (1)

which ensures mass conservation for both the gas and solid phases. The corresponding momentum conservation equation is given 
by 

𝜕
𝜕𝑡
(𝛼𝑞𝜌𝑞𝐮𝑞) + ∇ ⋅ (𝛼𝑞𝜌𝑞𝐮𝑞𝐮𝑞) = −𝛼𝑞∇𝑝 + ∇ ⋅ 𝝉𝑞 + 𝛼𝑞𝜌𝑞𝐠 +

∑

𝑝≠𝑞
𝐊𝑝𝑞(𝐮𝑝 − 𝐮𝑞), (2)

where 𝛼𝑞 is the phase volume fraction, 𝜌𝑞 and 𝐮𝑞 are the density and velocity of phase 𝑞, and 𝐊𝑝𝑞 denotes the interphase momentum 
exchange term.

However, to represent fluidised bed dynamics accurately, the governing equations are closed using the kinetic theory of granular 
flow (KTGF) for modelling the solid-phase stress, granular temperature, and viscosity [43,44]. The solid pressure is defined as 

𝑝𝑠 = 𝛼𝑠𝜌𝑠𝛩𝑠 + 2(1 + 𝑒𝑠𝑠)𝜌𝑠𝛼2𝑠𝑔0𝛩𝑠, (3)

where 𝛩𝑠 is the granular temperature, 𝑒𝑠𝑠 is the restitution coefficient and 𝑔0 is the radial distribution function. The transport of 
granular temperature, which represents the fluctuating kinetic energy of the particles, is described by [44] 

3
2

[

𝜕(𝛼𝑠𝜌𝑠𝛩𝑠)
𝜕𝑡

+ ∇ ⋅ (𝛼𝑠𝜌𝑠𝐮𝑠𝛩𝑠)
]

= 𝝉𝑠 ∶ ∇𝐮𝑠 − ∇ ⋅ (𝑘𝛩∇𝛩𝑠) − 𝛾𝛩, (4)

where the terms on the right-hand side represent the production, diffusion, and dissipation of granular energy, respectively.
To capture the gas-phase turbulence and its interaction with the solids, a standard 𝑘–𝜀 turbulence model is employed [8,45]. 

The transport equations for the turbulent kinetic energy (𝑘) and its dissipation rate (𝜀) are given by 
𝜕(𝜌𝑘)
𝜕𝑡

+ ∇ ⋅ (𝜌𝐮𝑘) = ∇ ⋅
[(

𝜇 +
𝜇𝑡
𝜎𝑘

)

∇𝑘
]

+ 𝐺𝑘 − 𝜌𝜀, (5)

and 
𝜕(𝜌𝜀)
𝜕𝑡

+ ∇ ⋅ (𝜌𝐮𝜀) = ∇ ⋅
[(

𝜇 +
𝜇𝑡
𝜎𝜀

)

∇𝜀
]

+ 𝐶1𝜀
𝜀
𝑘
𝐺𝑘 − 𝐶2𝜀𝜌

𝜀2

𝑘
. (6)

Here, 𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

𝜀  denotes the turbulent viscosity, while 𝐺𝑘 represents the production of turbulent kinetic energy. The use of this 
model helps resolve turbulence generated by bubble formation and phase interactions in the bed.

The interaction forces between the gas and solid phases are accounted for using the Gidaspow drag correlation, which combines 
the Ergun equation for dense regions and the Wen–Yu model for dilute regions [43]. The drag coefficient is defined as
4
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𝐊𝑔𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

150
(1 − 𝜀𝑔)𝜇𝑔

𝜀𝑔𝑑2𝑝
+ 1.75

𝜌𝑔|𝐮𝑔 − 𝐮𝑠|
𝑑𝑝

, for 𝜀𝑔 ≤ 0.8,

3
4
𝐶𝐷

𝜀𝑔𝜀𝑠𝜌𝑔|𝐮𝑔 − 𝐮𝑠|
𝑑𝑝

𝜀−2.65𝑠 , for 𝜀𝑔 > 0.8,
(7)

where the particle Reynolds number and drag coefficient are expressed as 

𝐶𝐷 = 24
𝑅𝑒𝑝

(

1 + 0.15𝑅𝑒0.687𝑝

)

. (8)

𝑅𝑒𝑝 =
𝜌𝑔𝑑𝑝

|

|

|

𝐮𝑔 − 𝐮𝑠
|

|

|

𝜇𝑔
. (9)

This correlation enables the model to account for spatial variation in void fraction and accurately predict interphase momentum 
exchange across different flow regimes.

2.2. Two-compartmental PBM

The mathematical formulation of the two-compartment PBM for the SFBG is presented by partitioning the system into two 
interacting regions: wetting compartment (WC) and drying compartment (DC), as shown in Fig.  2. Approximately 30% of the height 
of the bed (𝐻bed) is associated with the WC (𝐻WC), and 70% with the DC (𝐻DC) [9]. Using this prescribed compartment split, 
the solids-weighted compartment areas 𝐴WC and 𝐴DC, along with the inter-compartment exchange rates 𝑅WC→DC and 𝑅DC→WC, are 
obtained from the fully developed CFD simulations and used as inputs to the PBM Eqs. (10) and (11). Aggregation is assumed to 
dominate in the WC because of active contact with the binder fluid and high surface stickiness. In contrast, breakage is assumed 
to predominate in the DC, where particles are comparatively drier and more fragile due to continuous interaction with the hot 
fluidising gas.

The compartment-specific assumption is adopted as a dominant-mechanism approximation rather than a complete exclusion of 
secondary mechanisms, such as limited breakage in the WC or residual aggregation in the DC. Earlier studies have shown that particle 
agglomeration is mainly associated with the wetting-active zone, where particle wetting and liquid-bridge formation occur; however, 
the size of this zone depends on the operating conditions rather than being universally fixed [46,47]. The wetting-active zone has 
been shown to occupy approximately 14%–30% of the bed depending on operating conditions [46,47], while Liu et al. [9] adopted a 
30% WC/70% DC split in their TCPBM formulation. Following the two-compartment PBM formulation of Liu et al. [9], aggregation 
is retained in the WC and breakage in the DC to provide a physically interpretable reduced-order model while limiting the number 
of additional compartment-specific kernels and parameters. The predicted PSD may be sensitive to the prescribed WC/DC split, since 
changing the compartment definition would also affect the CFD-derived compartment areas, exchange rates, and effective particle 
residence in the aggregation- and breakage-dominant regions. The framework is expected to be most applicable when the WC and 
DC remain distinguishable, the prescribed split represents the dominant process zones, and the CFD-derived compartment areas and 
exchange rates capture the main solids holdup and circulation between compartments. A fully dynamic compartmentalisation, in 
which the WC/DC boundary evolves with process time, local binder saturation, moisture content, or hydrodynamic fields, is not 
considered in the present study.

Mathematically, a two-compartment PBM is utilised by applying the one-dimensional aggregation and breakage equations to 
both compartments, often expressed as integro-partial differential equations given by

𝜕𝑛WC(𝑥, 𝑡)
𝜕𝑡

= 1
2 ∫

𝑥

0
𝛽WC(𝑥 − 𝑦, 𝑦, 𝑡) 𝑛WC(𝑥 − 𝑦, 𝑡) 𝑛WC(𝑦, 𝑡) 𝑑𝑦

− 𝑛WC(𝑥, 𝑡)∫

∞

0
𝛽WC(𝑥, 𝑦, 𝑡) 𝑛WC(𝑦, 𝑡) 𝑑𝑦 +

𝑛DC(𝑥, 𝑡)𝑅DC→WC
𝐴DC

−
𝑛WC(𝑥, 𝑡)𝑅WC→DC

𝐴WC
(10)

𝜕𝑛DC(𝑥, 𝑡)
𝜕𝑡

= ∫

∞

𝑥
𝑆DC(𝑦, 𝑡) 𝜈(𝑦) 𝑏∗(𝑥|𝑦) 𝑛DC(𝑦, 𝑡) 𝑑𝑦

− 𝑆DC(𝑥, 𝑡) 𝑛DC(𝑥, 𝑡)∫

∞

0
𝑏∗(𝑦|𝑥) 𝑑𝑦 +

𝑛WC(𝑥, 𝑡)𝑅WC→DC
𝐴WC

−
𝑛DC(𝑥, 𝑡)𝑅DC→WC

𝐴DC
(11)

In Eqs. (10) and (11), 𝑛WC(𝑥, 𝑡) and 𝑛DC(𝑥, 𝑡) represent the number density functions with respect to the particle volume coordinate 
𝑥 at time 𝑡 in the WC and DC, respectively. Here, 𝑥 and 𝑦 denote the particle volumes. Assuming spherical particles, the volume 
shape factor is 𝜋∕6, and the equivalent particle diameter (𝑑𝑝) is related to particle volume by 𝑥 = (𝜋∕6)𝑑3𝑝 . The terms involving 
𝛽(𝑥, 𝑦) and 𝑆(𝑦) represent the aggregation kernel and breakage selection rate within each compartment, respectively. Moreover, in 
the event of a particle of volume 𝑦 breaking into fragments of volume 𝑥, the functions 𝜈(𝑦) and 𝑏∗(𝑥|𝑦) represent the number of 
fragments and daughter-fragment probability density function.

The finite volume discretisation of the two-compartment PBM, adapted from Kaur et al. [10], is described below (refer Eqs. (13) 
and (14)). The discretisation of Eqs. (10) and (11) is done under the assumption that all particles are concentrated at the centre 
of the cell (control volumes). For numerical implementation, the particle-size domain is divided into 𝐼 size-classes indexed by 
5



Computer Methods in Applied Mechanics and Engineering 461 (2026) 119154Z. Ansari et al.
Fig. 2. Schematic representation of the two-compartment PBM for the SFBG. The bed is divided into the wetting compartment (WC) and drying 
compartment (DC), with compartment heights of 𝐻WC = 0.3𝐻bed and 𝐻DC = 0.7𝐻bed, while the inter-compartment solids exchange is described 
by 𝑅WC→DC and 𝑅DC→WC.

𝑖 = 1, 2, 3, 4,… , 𝐼 . Each size class 𝑖 is bounded by [𝑥𝑖−1∕2, 𝑥𝑖+1∕2], with 𝑥𝑖 being the middle point of the corresponding size interval. 
Here, 

𝑥𝑖 =
𝑥𝑖−1∕2 + 𝑥𝑖+1∕2

2
(12)

The final discretised form of the FVS for a two-compartment PBM (one-dimensional) is given by 
𝑑𝑁WC

𝑖
𝑑𝑡

= 1
2

∑

(𝑗,𝑘)∈𝜃𝑖
𝛽𝑗𝑘𝑁

WC
𝑗 𝑁WC

𝑘 𝜔𝑏,WC
𝑗𝑘 −𝑁WC

𝑖

𝐼
∑

𝑗=1
𝛽𝑖𝑗𝑁

WC
𝑗 𝜔𝑑,WC

𝑖𝑗 +
𝑁DC

𝑖 × 𝑅
𝐴DC

−
𝑁WC

𝑖 × 𝑅
𝐴WC

(13)

and 
𝑑𝑁DC

𝑖
𝑑𝑡

=
𝐼
∑

𝑘=𝑖
𝑆𝑘𝑁

DC
𝑘

[

∫

𝑝𝑖𝑘

𝑥𝑘−1∕2
𝑏(𝑥, 𝑥𝑘) 𝑑𝑥

]

𝜔𝑏,DC
𝑘 − 𝑆𝑖𝑁

DC
𝑖 𝜔𝑑,DC

𝑖 +
𝑁WC

𝑖 × 𝑅
𝐴WC

−
𝑁DC

𝑖 × 𝑅
𝐴DC

. (14)

Here, 𝑁WC
𝑖  and 𝑁DC

𝑖  denote the number of particles in the size class 𝑖 in WC and DC, respectively. Under the assumption of quasi-
steady exchange between the two-well mixed compartments, the transfer rates from WC to DC and from DC to WC are taken 
approximately equal, i.e. 𝑅WC→DC ≈ 𝑅DC→WC = 𝑅 [9].

The set 𝜃𝑖 Eq. (15) identifies all size pairs (𝑗, 𝑘) for which the combined size (𝑥𝑗 + 𝑥𝑘) lies within the 𝑖th interval. Physically, 
this ensures that only those collisions capable of generating a particle belonging to size class 𝑖 contribute to the aggregation gain 
term in the WC. In this sense, 𝜃𝑖 provides a volume-conserving mapping that assigns newly formed aggregates to the appropriate 
discretised size bin, 

𝜃𝑖 =
{

(𝑗, 𝑘) ∈ 𝐼 × 𝐼 ∶ 𝑥𝑖−1∕2 < (𝑥𝑗 + 𝑥𝑘) ≤ 𝑥𝑖+1∕2
}

, (15)

and includes a pair of indices of cells 𝑗 and 𝑘, so that the sum 𝑥𝑗 + 𝑥𝑘 is expected to fall in the 𝑖th cell. The weight factors 
𝜔𝑏,𝑊 𝐶
𝑗,𝑘 , 𝜔𝑑,𝑊 𝐶

𝑖,𝑗 , 𝜔𝑏,𝐷𝐶
𝑘 , 𝜔𝑑,𝐷𝐶

𝑖  are defined as 

𝜔𝑏,WC
𝑗,𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑥𝑗+𝑥𝑘
2 𝑥𝑝(𝑖,𝑗)−(𝑥𝑗+𝑥𝑘)

, 𝑥𝑗 + 𝑥𝑘 ≤ 𝑥𝐼

0, 𝑥𝑗 + 𝑥𝑘 > 𝑥𝐼 ,
(16)

𝜔𝑑,WC
𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

𝑥𝑝(𝑖,𝑗)
2 𝑥𝑝(𝑖,𝑗)−(𝑥𝑖+𝑥𝑗 )

, 𝑥𝑖 + 𝑥𝑗 ≤ 𝑥𝐼

0, otherwise,
(17)

𝜔𝑏,DC
𝑘 =

𝑥𝑘
[

𝜈(𝑥𝑘) − 1
]

∑𝑘
𝑚=1(𝑥𝑘 − 𝑥𝑚) ∫

𝑝𝑚𝑘
𝑥𝑚−1∕2 𝑏(𝑥, 𝑥𝑘) 𝑑𝑥

, (18)

𝜔𝑑,DC
𝑖 =

𝜔𝑏,DC
𝑖
𝑥𝑖

𝑖
∑

𝑗=1
𝑥𝑗 ∫

𝑝𝑗𝑖

𝑥𝑗−1∕2
𝑏(𝑥, 𝑥𝑗 ) 𝑑𝑥, (19)

where 

𝑝𝑖𝑘 =

{

𝑥𝑖, 𝑖 = 𝑘
(20)
6
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Table 1
Aggregation kernels considered in the present study.
 Kernel Aggregation kernel, 𝛽WC(𝑥, 𝑦) Source  
 Shear kernel 𝛽0

(

𝑥1∕3 + 𝑦1∕3
)3 Smoluchowski [49]  

 Generalised shear kernel 𝛽0
(

𝑥1∕3 + 𝑦1∕3
)𝑎 Ding et al. [50] and Liu et al. [48]  

 Kapur kernel 𝛽0

(

𝑥1∕3 + 𝑦1∕3
)𝑎

(

𝑥1∕3𝑦1∕3
)𝑏 Kapur [51]  

 Brownian kernel 𝛽0
(

𝑥1∕3 + 𝑦1∕3
) (

𝑥−1∕3 + 𝑦−1∕3
)

Smoluchowski [49] and Skorych et al. [52] 
For the generalised shear kernel, 𝑎 controls the size dependence. In the present study, 𝑎 ∈ (0, 3], with 𝑎 = 3
corresponding to the classical shear kernel. For the Kapur kernel, we consider 𝑎 = 𝑏.

The discrete formulation, together with the weighting factors defined above Eqs. (16) to (19), ensures the conservation of the zeroth 
(number) and first (volume) moment in both compartments. The aggregation and breakage models and parameter estimation for 
the current study are presented in Sections 2.3 and 2.4.

2.3. Aggregation and breakage kernels

The aggregation and breakage kernels employed in the present study are discussed in this section. Aggregation predominates in 
the WC, whereas breakage is limited to the DC, consistent with the two-compartment PBM assumption. The Smoluchowski shear 
kernel is selected as the baseline aggregation model (refer Table  1). This kernel represents shear-induced particle collisions arising 
from velocity gradients in the surrounding binder and has been widely adopted in the PBM of fluidised beds and granulation 
systems [48]. In order to check the influence of the aggregation kernels, a sensitivity study has been done by considering different 
size-based kernels (generalised shear and kapur) and thermal diffusion-based kernel (Brownian kernel), and the effects of these 
kernels are studied and discussed in the results section (refer to Table  6).

Particle breakage in the DC is modelled using the size-based selection function 𝑆(𝑥) shown in Eq. (21), which controls the rate 
at which particles of volume 𝑥 undergo breakage. Binary breakage is considered, meaning that a parent particle fragments into two 
daughter particles; this is represented in the finite-volume discretisation through Eq. (18), with 𝜈 = 2. The daughter-size distribution 
is kept fixed, so that the sensitivity analysis remains focused on aggregation-kernel selection; therefore, the influence of alternative 
daughter-size distributions is not separately assessed. The daughter-fragment density function used in the model is given by Eq. (22). 

𝑆(𝑥) = 𝑆0 𝑥
1∕3, (21)

and 

𝑏∗(𝑥, 𝑦) = 1
𝑦
, 0 < 𝑥 < 𝑦. (22)

In all aggregation kernels, 𝛽𝑜 (aggregation rate constant) and 𝑆𝑜 (breakage selection constant) are treated as effective parameters 
that implicitly account for underlying process factors such as spray injection, binder transport, and drying.

2.4. Parameter estimation

The constants 𝛽𝑜, 𝑆𝑜, and 𝑎 (aggregation kernel exponent) are estimated to optimise the CFD–PBM prediction to match 
experimental results. The size classes used in this study were kept consistent with the size classes of the experimental study of 
Liu et al. [9]. A total of 4 experiments (refer Table  5) were considered, and the parameters were estimated by minimising the cost 
function, the sum of squared errors (SSE) given by 

SSE(𝛽0, 𝑆0, 𝑎) =
𝐼
∑

𝑖=1

[

𝜙exp
𝑖 − 𝜙sim

𝑖 (𝛽0, 𝑆0, 𝑎)
]2 , (23)

𝜙sim
𝑖 =

𝑥𝑖𝑁𝑖
∑𝐼

𝑗=1 𝑥𝑗𝑁𝑗
(24)

where 𝐼 denotes the total number of size classes, 𝜙exp
𝑖  and 𝜙sim

𝑖  represent the experimental and predicted normalised volume-based 
size fractions respectively, evaluated at size class 𝑖. The 𝜙sim

𝑖  is obtained by normalising the two-compartmental PBM predicted total 
particle volume, represented by each size class 𝑖 (refer Eq. (24)), where 𝑥𝑖 represents the particle-volume coordinate of size class 𝑖, 
and 𝑁𝑖 denotes the corresponding PBM-predicted number of particles.

The minimisation carried out here follows a two-stage optimisation strategy: initially, a global search using the Differential 
Evolution [53] algorithm is employed to identify the region in the parameter space, followed by a local refinement using the
L-BFGS-B (Limited-memory Broyden–Fletcher–Goldfarb–Shanno with Box constraints) [54] to obtain the final optimal parameter 
set.
7
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Table 2
Values of parameters extracted from the 2D CFD simulation for PBM coupling.
 Parameter Value  
 Wetting compartment area, 𝐴WC (m2) 2.026 × 10−3 
 Drying compartment area, 𝐴DC (m2) 2.792 × 10−3 
 Particle-exchange rate in drying compartment, 𝑅DC→WC (m/s) 3.98 × 10−4  
 Particle-exchange rate in wetting compartment, 𝑅WC→DC (m/s) 3.92 × 10−4  
 Overall rate, 𝑅 (m/s) 3.95 × 10−4  

Table 3
Values of parameters used in the CFD simulation.
 Property Value  
 Gas density (kg/m3) 1.225  
 Gas viscosity (kg/m s−1) 1.7894 × 10−5 
 Solid particle density (kg/m3) 450  
 Superficial inlet velocity (m/s) 0.086  
 Particle diameter (μm) 164  
 Initial solid packing 0.5273  
 Initial bed height (cm) 8.75  
 Restitution coefficient 0.9  
 Time step (s) 1 × 10−3  
 Convergence criteria 1 × 10−6  
 Operating pressure (Pa) 101325  
 Maximum iterations per step 200  

3. Coupled CFD–PBM framework

The coupling of the CFD and PBM is established externally. Once the CFD solution reaches a pseudo-steady state, the simulation 
is continued up to 𝑡 = 10 s, and the time-averaged CFD fields are extracted. These averaged-quantities are then used to compute the 
parameters 𝐴WC, 𝐴DC, 𝑅WC→DC, and 𝑅DC→WC using Eqs. (25) to (28) to calculate the effective area and the exchange rates of the 
solid in WC and DC, respectively. 

𝐴WC =
∑

𝑎𝑐∈WC
𝛼𝑠,𝑐 𝑎𝑐 , (25)

𝐴DC =
∑

𝑎𝑐∈DC
𝛼𝑠,𝑐 𝑎𝑐 , (26)

𝑅DC→WC =
∑

𝓁𝑐∈interface
𝛼𝑠,𝑐 𝓁𝑐 𝑣

+
𝑐 , (27)

and 
𝑅WC→DC =

∑

𝓁𝑐∈interface
𝛼𝑠,𝑐 𝓁𝑐 𝑣

−
𝑐 . (28)

Here, 𝑎𝑐 denotes the area of the computational cell 𝑐 in the 2D domain, and 𝛼𝑠,𝑐 is the corresponding time-averaged solid volume 
fraction. The quantities 𝐴WC and 𝐴DC therefore represent the compartment areas weighted by the local solids content, and are used 
in the normalisation of the PBM source terms. In Eqs. (27) and (28), 𝓁𝑐 is the line length of the interface segment associated with 
cell 𝑐, 𝑣+𝑐  and 𝑣−𝑐  are the vertical components of the average solid-phase vertical velocity directed from DC to WC and from WC to 
DC, respectively, and the summation is carried out over all interface cells, between WC and DC.

The directional exchange rates 𝑅DC→WC and 𝑅WC→DC differ by only about 1.5% (refer Table  2). Therefore, they are reasonably 
approximated by a single overall circulation rate, 𝑅, in Eqs. (13) and (14). The numerical values of 𝐴WC, 𝐴DC and 𝑅 extracted from 
the CFD simulation are summarised in Table  2. The CFD–PBM coupling framework leads to post-processing of the CFD outputs, 
finite-volume discretisation of the PBM, and the parametric optimisation was developed using Python 3.13.

4. Grid sensitivity analysis

CFD simulations of the fluidised bed granulator were carried out in ANSYS Fluent, where the governing equations were 
solved using the finite-volume method within an Eulerian–Eulerian framework. The 2D geometry of the SFBG was generated in
SpaceClaim software, whereas the meshing of the computational domain was generated in ANSYS Fluent. The computational 
domain is shown in Fig.  3. In the numerical simulation, the standard 𝜅−𝜖 model was employed to simulate turbulence in the fluidised-
bed granulator, as described in Section 2.1. The computational domain was discretised using a structured, quad-dominant mesh. 
The boundary conditions consist of a velocity inlet with a porous distributor at the base, a pressure outlet at the top, and standard 
wall boundaries for the sides. No-slip wall conditions at both the air and solid interfaces, implying that the velocity component 
8
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Fig. 3. Computational geometry of SFBG, showing the key dimensions (𝐻SFBG,𝐻bed, 𝐷in, 𝐷out) and the horizontal sampling lines (𝑌1–𝑌4) used to 
extract lateral hydrodynamic profiles within the bed. The boundary conditions were specified as a bottom-velocity inlet, a top-pressure outlet, 
and no-slip side walls.

Table 4
Mesh sensitivity analysis based on pressure drop and 𝐻bed at 𝑡 = 4 s.
 Mesh Cell width Total cells 𝛥𝑃 (Pa) Bed height (m) % diff. in 𝛥𝑃 % diff. in bed height 
 Coarse 10𝑑𝑝 5940 195.499 0.148976 0.2373% 1.6147%  
 Medium 8𝑑𝑝 9316 195.964 0.151421 0.7926% 1.2078%  
 Fine 7𝑑𝑝 12246 194.423 0.149614 – –  

normal to the wall is zero. Pressure–velocity coupling was handled through the Phase-Coupled SIMPLE algorithm, while First-Order 
Upwind discretisation was applied to ensure numerical robustness and stability. A transient formulation with First-Order Implicit 
time-stepping was employed to accurately capture the dynamic behaviour of the fluidised bed. The convergence criteria were set 
to 1 × 10−6, and the simulation was run until a quasi-steady state was reached (𝑡 ∼ 6 s), after which time-averaging was performed 
over the next 4 s interval, i.e., from 𝑡 = 6 to 10 s. A time-step of 1 × 10−3 s and 200 iterations per step were used throughout the 
computation. The material properties, operating conditions, and numerical parameters used in the CFD simulations are summarised 
in Table  3.

The numerical simulations were carried out on a workstation equipped with a 13th Gen Intel(R) Core(TM) i9-13900 processor 
(24 cores, 32 threads) and 64 GB of RAM, with ANSYS Fluent run in parallel on 16 CPU cores. Relatively long computational 
times, approximately 8 to 12 h, were required to complete a full CFD simulation up to 𝑡 = 10 s. The use of a 2D simulation was 
primarily motivated by computational efficiency. For comparison within gas–solid fluidised bed simulations, Shi et al. [55] reported 
that for 20 s of physical process time, 3D simulation required approximately 2 weeks, whereas the 2D simulation took only 2–3 
days. In the present study, a grid sensitivity analysis was conducted to assess the effect of mesh resolution on key hydrodynamic 
parameters. For the grid-sensitivity analysis, the 2D simulation results obtained using the superficial inlet velocity of 0.086 m s−1
were compared at 𝑡 = 4 s. In the numerical simulation, two key parameters, the bed pressure drop (𝛥𝑃 ) and 𝐻bed, were used in the 
grid-dependence test. Table  4 illustrates the grid sensitivity test for the SFBG. Temporal stability was ensured by maintaining the 
Courant number below 0.5 at all mesh levels. The investigation was performed for three distinct cell widths: 10𝑑𝑝, 8𝑑𝑝, and 7𝑑𝑝, 
which correspond to the coarse (5940 cells), medium (9316 cells), and fine (12 246 cells) mesh configurations, respectively. All the 
meshes used uniform grid spacing, with quad-dominant cells. The relative difference between the meshes was reduced from 1.6147% 
to 1.2078% for the 𝐻bed and from 0.2373% to 0.7926% for the 𝛥𝑃 . Furthermore, the grid sensitivity test is illustrated graphically 
in Fig.  4. The variation in 𝛥𝑃  between the coarse and medium meshes, as well as between the medium and fine meshes, is observed 
to be less than 1%. Additionally, the 𝐻bed shows a discrepancy of less than 2% across all mesh configurations. Consequently, the 
parameters used in this study were derived from the fine-mesh configuration (7𝑑𝑝).

5. Results and discussions

In this section, we analyse the findings of the coupling framework, focusing on the CFD-based results and the two-compartment 
PBM-based predictions within the SFBG process. Hydrodynamic analyses examine CFD results with respect to variations in 𝛥𝑃 , 
9
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Fig. 4. Variation of pressure drop (𝛥𝑃 ) and bed height (𝐻bed) of the SFBG with different cell counts for the grid-sensitivity test. The left figure 
illustrates the 𝛥𝑃 , while the right figure displays the corresponding 𝐻bed.

Fig. 5. Comparison of the variation in pressure drop and bed height of the SFBG from the current numerical simulation with experimental results 
from the literature [9] and theoretical values.  (For interpretation of the references to colour in this figure legend, the reader is referred to the 
web version of this article.)

𝐻bed (refer to Section 5.1), the temporal variation of the solid volume fraction (𝛼𝑠) (refer to Section 5.2), and the significance of 
time-averaged solid volume fraction distribution (𝛼𝑠) along the lateral distance of the SFBG chamber (refer to Section 5.3). These 
CFD results provide insight into the behaviour of the 2D SFBG simulation and form the basis for the subsequent PBM analysis, which 
highlights the evolution of the distribution of particles within fluidised bed, as discussed in Section 5.4. Additionally, Section 5.5 
illustrates the impact of different aggregation kernels on the evolution of PSD within the SFBG. The coupled model predictions are 
compared with experimental data reported in the literature [9], and a comparative assessment of the 2D and 3D CFD model results 
is also presented.

5.1. Variation of hydrodynamic parameters

𝛥𝑃  and 𝐻bed are essential parameters in a fluidised bed granulation, as they provide direct insights into the hydrodynamic 
state, commonly referred to as fluidisation quality. These parameters are crucial for determining the endpoint of the granulation 
process and significantly influence the physical characteristics of the final granules. In the past, several researchers [9,56–58] have 
investigated these parameters in the analysis of fluidised bed granulation. The effectiveness of the present numerical simulations is 
compared against the model of Liu et al. [9], as illustrated in Fig.  5. The 3D model was employed for both the CFD analysis and 
the experimental study reported in Ref. [9]. The theoretical pressure drop (𝛥𝑃th) value is estimated to be approximately 193.90 Pa, 
as calculated using Eq. (29) (Eq. 15 from Ref. [9]), as shown in the black dashed line in the Fig.  5(a). In this relation, the 𝛥𝑃  is 
10
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obtained from the balance between the upward pressure force exerted by the gas and the weight of the particle bed at minimum 
fluidisation: 

𝛥𝑃th = (𝜌𝑠 − 𝜌𝑔)(1 − 𝜀mf )𝑔𝐻mf + 𝜀mf𝜌𝑔𝑔𝐻mf + 𝜌𝑔𝑔
(

𝐻SFBG −𝐻mf
)

(29)

where 𝜌𝑠 and 𝜌𝑔 are the solid and gas densities, respectively, 𝜀mf  is the bed voidage at minimum fluidisation, 𝐻mf  is the bed height 
at minimum fluidisation, and 𝐻SFBG is the total height of the granulator. The values 𝐻mf = 12.7 cm and 𝜀mf = 0.6588 are taken 
from Ref. [9]. This 𝛥𝑃th value is considered as a reference for incipient fluidisation; in the simulations, 𝛥𝑃  may vary during the 
start-up transient before settling into a quasi-steady state. In the context of the literature [9] regarding 3D numerical modelling, 
𝛥𝑃  were determined to be approximately 197.84 Pa at 0.1 s and 186.03 Pa at 4 s, as shown in the solid blue line of Fig.  5(a). 
This indicates a reduction in the reported 𝛥𝑃  between the initial transient and later times, noting that 𝛥𝑃  within the fluidised beds 
exhibits time-dependent variations, and the observed trend depends on the averaging window and the definition of 𝛥𝑃  within the 
domain.

In contrast, the current 2D CFD analysis reveals a 𝛥𝑃  of 202.34 Pa at the initial time of 0.1 s, which decreases to 194.42 Pa at 
4 s, as shown by the solid green line in Fig.  5(a). This trend indicates a gradual reduction in 𝛥𝑃  as the system evolves towards a 
quasi-steady regime within the simulated time window. The variation in 𝛥𝑃  between the 2D and 3D cases is also illustrated in Fig. 
5(a). This comparison indicates that the pressure variation in the present study converges towards 𝛥𝑃th in the 2D case, whereas it 
diverges in the 3D case [9]. The calculated 𝛥𝑃  from the 2D model exhibits a deviation of approximately 0.52 Pa from the 𝛥𝑃th, while 
the literature-based 3D model shows a discrepancy of approximately 7.87 Pa. This comparison is used as a global hydrodynamic 
consistency check based on the bed-weight 𝛥𝑃  estimate. Since 𝛥𝑃  and 𝐻bed are global quantities, they do not by themselves fully 
characterise local hydrodynamic features such as bubble dynamics, solids circulation, wall effects, or compartmental exchange rates. 
The percentage discrepancy between the 2D and 3D models was evaluated to quantify their difference in 𝛥𝑃  prediction for the SFBG. 
At 0.1 s and 4 s, the observed percentage differences were 2.22% and 4.32%, respectively. These results suggest that the 2D model 
captures the 𝛥𝑃  behaviour reasonably well while also offering reduced computational cost.

Fig.  5(b) illustrates the variation in 𝐻bed observed in the current 2D CFD results compared to the literature-based [9] 3D model 
across various time scales. The results from the 2D and 3D models are illustrated by the green and blue solid lines, respectively. In 
the 3D model, 𝐻bed is approximately 0.10 m at the initial time scale of 0.1 s, reaching nearly 0.15 m at 4 s. Conversely, for the 2D 
model, the initial 𝐻bed is around 0.095 m at 0.1 s and increases to approximately 0.1496 m by the steady state at 4 s. These findings 
highlight differences in the dynamics of 𝐻bed in the SFBG between the two modelling approaches. The percentage difference in 
𝐻bed between the current 2D and 3D models is assessed. Initially, a discrepancy of 5.1% is observed between the two models. This 
difference decreased over time, with the percentage difference reduced to 2.66%. Overall, Fig.  5 suggests that 2D and 3D models 
yield similar values for both 𝛥𝑃  and 𝐻bed by the end of the simulation time window (4 s).

5.2. Variation of solid volume fraction

This section discusses the hydrodynamic behaviour from the 2D CFD simulations of the fluidisation process, focusing on 
instantaneous 𝛼𝑠 and its comparison to the 3D literature model [9]. The instantaneous 𝛼𝑠 represents the local volume fraction 
occupied by solids at each time and position. The 2D numerical simulation is conducted for a time span of 10 s, and the system 
approaches a statistically steady regime within this time.

A similar time span is considered in the literature model for 3D geometry [9]. To demonstrate the behaviour of the fluidised 
bed, Fig.  6 presents the visual contour plot of the instantaneous 𝛼𝑠 derived from CFD simulations of the 2D SFBG over various time 
intervals. In this visualisation, the red colour corresponds to the peak 𝛼𝑠, while the blue colour indicates the minimum 𝛼𝑠, which 
is zero. During the initial moments of the simulation time around 0.1 s, the bed is packed up to 𝐻0 = 8.75 cm, and the solids 
are nearly uniform in the dense region. Similar phenomena are also captured by the literature model [9] (refer to Fig.  4). A close 
correlation is observed between the 2D and 3D models at the onset of the fluidised simulation. Initially, both the 2D and 3D models 
demonstrate similar behaviour and 𝐻bed. However, significant difference emerge over longer timescales, revealing the divergence 
between the two modelling approaches. At 𝑡 = 0.4 s, the 2D and 3D models show a qualitatively similar 𝛼𝑠 pattern, but differ in the 
local magnitude and spatial distribution of solids concentration. This is mainly due to the absence of out-of-plane motion of solids 
and three-dimensional bubble structures in the 2D formulation. According to fluidised flow physics, the superficial gas velocity 
represents the inlet gas velocity through a packed bed in the SFBG, which causes a disturbance in the solid bed voidage, leading 
to the fluctuations in the 𝐻bed. With increasing time, the 𝛼𝑠 field clearly illustrates the dynamic evolution of the gas–solid flow 
structure inside the fluidised bed. At very early times (t ∼ 0.1–0.8 s), the bed remains close to its initially packed condition, with 
predominantly high 𝛼𝑠 (red) throughout the lower region and only small blue voids forming as the injected gas begins to overcome 
particle weight and initiate fluidisation.

As time progresses (𝑡 ∼ 1–3 s), these small voids grow and coalesce into larger bubbles, producing elongated blue channels that 
rise through the bed while dense red regions are displaced upward and laterally. This stage is characterised by bubbling behaviour 
and spatial heterogeneity, as particles are carried upward in bubble wakes and descend along the sides, describing a core-annulus 
type solid circulation pattern. At later times (𝑡 ∼ 4–9 s), the bed gradually transitions from the bubbling stage towards a statistically 
steady regime, which becomes apparent from approximately 𝑡 ∼ 6 s onward. In this regime, large bubbles break into smaller, more 
uniformly distributed voids and 𝛼𝑠 becomes more spatially distributed throughout the bed. This temporal transition from a dense-
packed structure to bubbling and finally to a statistically steady regime reflects the influence of gas-particle drag and bubble-induced 
solids motion, which collectively establish stable fluidisation within the bed.
11
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Fig. 6.  Variation of instantaneous solid volume fraction (𝛼𝑠) in the fluidised bed. The colour map illustrates the solid volume fraction, where 
red denotes regions of high particle concentration and blue represents voids filled with gas.  (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)
12
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Fig. 7. Time-averaged CFD fields obtained over the interval 𝑡 = 6–10 s: (a) time-averaged solid volume fraction 𝛼𝑠, (b) time-averaged solid 
velocity magnitude 𝑈 [ms−1], and (c) time-averaged solid velocity vector field illustrating the circulation pattern within the bed.

In this study, 𝐻bed begins to stabilise at 𝑡 = 6.0 s in the 2D case, and a similar time frame is also observed in the 3D case. Beyond 
this time, the bed exhibits a statistically steady fluidisation, with a slightly lower solid concentration near the wall, as observed in 
the 3D model.

The time-averaged solid volume fraction (𝛼𝑠) defined in Eq. (30) is used to characterise the mean bed structure, since a gas–solid 
fluidised bed exhibits inherently unsteady behaviour due to solids circulation, resulting in rapid spatial and temporal fluctuations. 
The time-averaged 𝛼𝑠 is defined as 

𝛼𝑠(𝐗) =
1

𝑡2 − 𝑡1 ∫

𝑡2

𝑡1
𝛼𝑠(𝐗, 𝑡) 𝑑𝑡, (30)

where 𝛼𝑠(𝐗, 𝑡) denotes the instantaneous solid volume fraction at spatial location 𝐗 within the flow domain and time 𝑡. Statistical 
sampling was performed over the interval 𝑡 = 6–10 s after the flow reached a statistically steady regime. A single time step captures 
only transient bubble structures, whereas the time-averaged field offers the representative solids distribution within the bed.

The 𝛼𝑠 provides insight into the mean bed structures and solids transport within the region of the bed. The distribution of solids is 
denser in the lower regions and progressively dilutes towards the freeboard, as expected for bubbling fluidisation, where short-lived 
instantaneous bubbles are filtered out by time-averaging as shown in Fig.  7(a). This yields a characteristic, broad, wavy bed interface, 
typical of bubbling fluidisation regimes, where time-averaging eliminates sharp, instantaneous heterogeneities. In the middle panel, 
the movement of solids in the central and lower parts of the bed occurs at higher velocities, while the velocities near the walls in the 
upper regions are lower. This pattern aligns with bubble-driven transport seen in fluidised beds. The solid flow pattern within the 
bed resembles a core-annulus circulation, as illustrated in Fig.  7. In this situation, solid particles rise through the bed’s central core, 
while descending along the walls. Fig.  7(b) illustrates the velocity magnitude of the solids. The relatively high values observed near 
the lower wall regions correspond to the downward particle motion along the walls, forming the descending branch of core-annulus 
circulation, which is also confirmed by the velocity vectors shown in Fig.  7(c). This motion facilitates continuous interaction between 
the dense and dilute phases within the system. The previously discussed concepts and the solid’s behaviour are depicted in vector 
form, illustrating the velocity magnitude as shown in the right panel of Fig.  7.

5.3. Distribution of solid volume fraction

Fig.  8 shows the variation of solid volume fraction (𝛼𝑠) between instantaneous and time-averaged profiles at different heights 
within 𝐻bed, such as 𝑌 = 1 cm, 4 cm, 9 cm and 15 cm, along the lateral X-direction of the SFBG domain. These heights correspond 
to the horizontal sampling lines indicated in Fig.  3. The lateral distribution of 𝛼𝑠 across the entire width of the bed at the final time 
step are presented. In this figure, the dashed line represents the instantaneous distribution at the final time step, while the solid line 
corresponds to the time-averaged profile obtained over the statistically stationary regime. At 𝑌 = 1 cm, the highest 𝛼𝑠 is observed 
near the channel wall for both the instantaneous and time-averaged profiles, whereas the lowest values occur near the centre of the 
channel, as shown in Fig.  8(a). The instantaneous profile exhibits stronger oscillations than the time-averaged distribution due to 
transient bubble passage. This behaviour reflects the strong local fluctuations occurring near the distributor region. The superficial 
gas velocity represents the effective inlet gas velocity passing through a packed bed in an SFBG, leading to perturbations in the 𝐻 . 
13
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Fig. 8. Variation of the solid volume fraction (𝛼𝑠) along the lateral X-direction at different bed heights (𝑌 = 1, 4, 9, and 15 cm), corresponding 
to the horizontal sampling lines shown in Fig.  3. The dashed and solid lines represent the instantaneous and time-averaged values, respectively.

Therefore, the lateral variation of the instantaneous and time-averaged solids volume-fraction profiles is not perfectly uniform. At a 
slightly higher location, such as 𝑌 = 4 cm, the lateral variation of the 𝛼𝑠 and 𝛼𝑠 profiles almost coincide, indicating that the solids 
distribution across the bed width becomes relatively uniform and symmetric, with weaker temporal fluctuations, as depicted in 
Fig.  8(b). A comparable behaviour is observed at 𝑌 = 9 cm, as illustrated in Fig.  8(c), where the instantaneous and time-averaged 
profiles remain very similar and exhibit a smooth lateral distribution. However, further upstream at 𝑌 = 15 cm, a distinct disparity 
emerges between the instantaneous and time-averaged solid volume fraction profiles, as depicted in Fig.  8(d). At this elevation, 
the instantaneous profile fails to capture the peak 𝛼𝑠 near the wall, whereas the time-averaged profile does. This observation 
indicates that the instantaneous profile attains its maximum 𝛼𝑠 at approximately 𝑋 ∼ 0.03 m, whereas the time-averaged profile 
attains its minimum 𝛼𝑠 at the same spatial coordinate. This divergence underscores the importance of time averaging for accurately 
characterising the distributions of 𝛼𝑠 in complex flow environments.

At significant heights, specifically at 𝑌 = 4 cm and 𝑌 = 9 cm, the profile of the 𝛼𝑠 exhibits a pronounced smoothing effect and 
demonstrates a clear dependency on wall interactions. The distribution of 𝛼𝑠 reveals an increase in solid concentration in proximity 
to the lateral boundaries, while the core region maintains a relatively lower 𝛼𝑠. This behaviour indicates a characteristic annular 
(wall-peaked) configuration typical of heterogeneous bubbling beds. The observed patterns of 𝛼𝑠 are further illustrated in the contour 
plot presented in Fig.  6. The deviations between these two profiles reflect the inherently intermittent nature of bubbling fluidisation, 
in which the passage of bubbles and associated void-rich regions locally redistribute solids over short time scales. Although these 
instantaneous fluctuations can be significant, particularly in the lower and upper regions of the bed, the time-averaged profiles 
remain smooth and retain the same wall-peaked structure. This indicates that the observed lateral solids distribution is statistically 
stable and that the 2D CFD framework captures the mean hydrodynamic behaviour that drives the subsequent two-compartment 
PBM-based PSD analysis.
14
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Table 5
Correspondence between the simulation cases and the experiments of Liu et al. [9], 
along with the PBM-predicted mean granule diameters in the WC and DC obtained in 
the present study.
 Case Liu et al. [9] experiment 𝐷̄WC (μm) 𝐷̄DC (μm) 
 Case 1 Experiment 2 639.93 559.72  
 Case 2 Experiment 3 425.32 391.70  
 Case 3 Experiment 4 493.03 486.60  
 Case 4 Experiment 5 417.73 393.48  

5.4. Variation in particle size distribution

In this section, the PBMs for the WC and DC, given by Eqs. (10) and (11) are solved for the SFBG using a finite-volume approach. A 
detailed description of the finite-volume discretisation and the CFD–PBM coupling strategy is provided in Section 2.2. Fig.  9 presents 
the predicted normalised volume-based size fraction (𝜙) as a function of granule size in WC and DC for the four cases (cases 1–4), 
corresponding to selected experiments from Liu et al. [9] as summarised in Table  5. The compartment-wise granule size distributions 
provide insight into the characteristic size distribution within each compartment. The two-compartmental PBM predicted normalised 
volume-based size fraction (𝜙sim) are shown in Fig.  10 and are compared with the experimental measurements (𝜙exp) reported by 
Liu et al. [9] for model validation. Unlike the literature study, which implemented PBM using a discretised sectional approach, the 
current study uses a finite-volume formulation to solve PBM and a fully coupled CFD–PBM framework to capture hydrodynamics 
and granulation processes simultaneously.

In addition to the qualitative comparison of the PSD profiles, the granule size distributions were further characterised using the 
mean diameter (𝐷). This provides a quantitative measure of the representative size of the granule within the distribution and helps 
to assess the evolution of mean particle size. The mean diameter is calculated as 

𝐷̄ =
∑𝐼

𝑖=1 𝜙𝑖 𝑑𝑖
∑𝐼

𝑖=1 𝜙𝑖
, (31)

where, 𝜙𝑖 denotes the normalised volume-based size fraction in the 𝑖th size class, 𝑑𝑖 is the representative diameter (midpoint) of 
the 𝑖th size class, and 𝐼 is the total number of size classes used to discretise the particle-size domain. The 𝐷̄ is therefore a volume-
weighted average diameter of the distribution. When evaluated for individual compartments, the corresponding notation 𝐷WC and 
𝐷DC is used to denote the mean diameter in the WC and DC, respectively (refer Table  5).

The compartment-wise 𝜙 for all four cases are shown in Fig.  9 and are obtained from the baseline shear aggregation kernel. 
𝐷 is higher in the WC than in the DC in all cases (refer Table  5), indicating a greater contribution of larger granules in the WC. 
This is expected, as particles in the WC are wetted by the binder spray, promoting aggregation and resulting in larger granules. In 
contrast, the distributions within DC are generally characterised by peaks at smaller granule sizes, indicating an inclination towards 
fine particles in this compartment. This trend supports the assumption of breakage-dominant behaviour in the DC, where drying 
and particle collisions limit further granule growth. The extent of this compartmental difference, however, varies across all four 
cases. The difference between 𝐷̄WC and 𝐷̄DC within case 1 (refer Table  5) is approximately 14%, which indicates more aggregation 
domination (refer Fig.  9(a)). However, in cases 2, 3, and 4, the difference within the 𝐷̄WC and 𝐷̄DC is below 10%, stating that 
the compartmental segregation of granule size is relatively limited and hence indicating more balanced aggregation and breakage 
within the system. However, in case 3 shown in Fig.  9(c), a minimal difference between 𝐷̄WC and 𝐷̄DC is observed approximately 
1.3%. This suggests that aggregation in WC and breakage in DC are less distinctly differentiated under these conditions.

Fig.  10 compares the predicted and experimental normalised volume-based size fractions (𝜙sim
𝑖  and 𝜙exp

𝑖 , respectively) obtained 
using the baseline shear aggregation kernel. Overall, the 2D CFD-driven two-compartmental PBM reproduces the PSD shape and 
captures the approximate location of the dominant distribution peak across all four cases, indicating that the coupled framework 
provides a reasonable representation of granulation dynamics. The predicted distribution captures the shift in mass towards mid-sized 
granules and the overall decay towards larger sizes. The main deviation is observed in the peak region, where the framework tends 
to overpredict peak values in some comparisons, resulting in a slightly narrower distribution than the experimentally measured 
one. This may indicate that a multi-dimensional PBM is required to fully capture the system dynamics, including liquid distribution 
(which was neglected in the present study), as well as the PSD. Additionally, a generalised breakage kernel that allows the parent 
particle to fragment into more than two fragments may be required. Nevertheless, the simulations provide a consistent estimate 
of the dominant granule size range, serving as a predictive tool for optimising the SFBG and as a baseline for subsequent kernel 
sensitivity analysis.

5.4.1. Evolution of moments
The consistency of the two-compartmental PBM formulation is also assessed through the time evolution of the zeroth and 

first-order moments. In this study, the 𝑟th raw moments in the WC and DC at time 𝑡 are defined as 𝑀WC
𝑟 (𝑡) = ∫ ∞

0 𝑥𝑟𝑛WC(𝑥, 𝑡) 𝑑𝑥
and 𝑀DC

𝑟 (𝑡) = ∫ ∞
0 𝑥𝑟𝑛DC(𝑥, 𝑡) 𝑑𝑥, respectively where 𝑟 = 0, 1. The corresponding total-bed moment is calculated as 𝑀 tot

𝑟 (𝑡) =
𝑀WC

𝑟 (𝑡)+𝑀DC
𝑟 (𝑡). The zeroth moment (𝑀 tot

0 ) represents the total number of particles that decreases due to the aggregation mechanism 
in the WC and increases due to the breakage in the DC. However, the first moment (𝑀 tot) represents the total volume of particles, 
15
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Fig. 9. Compartment-wise PBM-predicted normalised volume-based size fraction (𝜙) versus granule diameter in the wetting compartment (WC) 
and drying compartment (DC) for cases 1–4.

which remains approximately constant throughout the simulation. The qualitative behaviour of the 𝑀 tot
0  and 𝑀 tot

1  for all four cases 
is shown in Figs.  11 and 12, respectively. The normalised time is defined as 𝑡∕𝑡max, where 𝑡max is the final PBM simulation time. The 
zeroth moments shown in Fig.  11 are normalised with respect to the initial total particle number, 𝑀 tot

0 (0), while the first moments 
shown in Fig.  12 are normalised with respect to the initial total volume, 𝑀 tot

1 (0). It can be seen in Fig.  11(a), (b), (c), and (d) that 
the 𝑀DC

0  for all four cases decrease over time for the DC. However, the 𝑀WC
0  corresponding to the WC initially increases because 

more particles move from the DC to the WC than in the reverse direction. Thus, there is a sharper variation in the zeroth-order 
moment corresponding to the DC than the WC.

The 𝑀1 in both WC and DC is shown in Fig.  12(a), (b), (c) and (d) for all four cases. Initially, all the particles are placed in DC, 
and solids are absent within WC. Once the simulation starts, solids are transferred within the WC and DC through the exchange term 
𝑅 in Eqs. (10) and (11) until a quasi-steady circulation is established. Later, the particulate volume in the WC remains unaltered over 
the time evolution, further supporting numerical consistency. This confirms that the FVS discretisation preserves the first moment, 
while allowing physically consistent changes in particle number. The same conservation behaviour was observed across all four 
simulation cases discussed in Section 5.4.

5.5. Effect of aggregation kernels on PSD

It is important to understand that the aggregation and breakage kernels play a significant role in capturing the PSD accurately in 
the SFBG process. To understand the influence of aggregation-kernel selection on predicted PSD, a comprehensive study is conducted. 
For our study, we have considered the binary breakage kernel and varied different aggregation kernels to understand the dynamics 
inside the SFBG. The accuracy is measured in terms of combining qualitative comparison of the volume fraction distributions (see 
Fig.  13) with quantitative error metrics, mean diameter (𝐷̄), and distribution relative widths (𝑅𝑊 ) reported in Tables  6 and 7.
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Fig. 10. Comparison of model-predicted and experimental normalised volume-based size fraction (𝜙) as a function of granule diameter for cases 
1–4 using four aggregation kernels: shear, Brownian, generalised shear, and Kapur.
Source:  The experimental data are taken from Liu et al. [9].

The 𝐷̄ and 𝑅𝑊  of the granule size distribution are evaluated using the equations Eqs. (31) and (32)

𝑅𝑊 =
𝐷90 −𝐷10

𝐷̄
, (32)

respectively. The quantities 𝐷10 and 𝐷90 in Eq. (32) correspond to the diameters at which 10% and 90% of the cumulative volume-
based particle size distribution are undersized, respectively. The relative width 𝑅𝑊  provides a dimensionless measure of the 
distribution spread, normalised by the mean diameter.

The impact of aggregation kernel selection on the predicted PSD is initially evaluated qualitatively through the volume-fraction 
distributions shown in Fig.  13. Across all four cases, the coupled 2D CFD–PBM framework reproduces the overall shape of the 
experimental PSDs and captures the dominant granule-size range. However, slight differences are observed in the location of the 
peak magnitude and the decay in distributions closer to the coarse-particle side, depending on the chosen aggregation kernel. The 
generalised shear kernel is consistent throughout all cases, especially near the main peak, and exhibits a smoother decay with 
increasing particle size. The shear-kernel provides reasonable agreement with all 3 cases, but struggles to capture the peak in Case 
3 (see Fig.  13). In contrast, the Kapur kernel exhibits sharp peaks and oscillatory behaviour on the coarse-particle side, particularly 
in Cases 2 and 4, indicating excessive sensitivity to size scaling. The Brownian kernel systematically underpredicts the population 
of larger granules, leading to visibly narrower distributions throughout all cases.

These qualitative observations are substantiated by quantitative metrics, including the SSE and 𝐷 deviations, which are reported 
for each kernel and case as summarised in Table  6. The generalised shear kernel consistently yields lower SSE values across all 
four cases, as expected from Fig.  13, indicating improved agreement with the experimental PSDs. The shear kernel shows slight 
deviations, while the Kapur kernel produces significantly larger SSE values despite the presence of an additional fitting parameter. 
The Brownian kernel also exhibits higher errors, particularly when coarse-grain formation is prominent.

To further clarify kernel performance, the deviation in 𝛥𝐷̄ is presented in Fig.  14. The generalised shear kernel demonstrates the 
most consistent deviations across all cases, whereas the Kapur kernel shows noticeable deviations across Cases 1, 2, and 3, with large 
17
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Fig. 11. Normalised evolution of the zeroth-moment. The figure shows the temporal evolution of the zeroth moment within the wetting 
compartment (WC, 𝑀WC

0 ), drying compartment (DC, 𝑀DC
0 ), and the total bed (𝑀 tot

0 ) for cases 1–4.

Table 6
Fitted PBM parameters and mean diameter comparison for each kernel across all four cases.
 Comparison Kernel 𝛽0 𝑆0 a SSE 𝐷̄∗ (μm) 𝐷̄ (μm) 𝛥𝐷̄ (%) 
 
Case 1

Shear 402.729 1.04 × 10−6 – 1.11 × 10−3 607.947 593.241 −2.42  
 Generalised shear 2267.126 4.95 × 10−8 3.268 8.457 × 10−4 607.947 594.122 −2.27  
 Kapur 5447.985 90.926 4.537 1.206 607.947 570.699 −6.13  
 Brownian 9.81 × 10−8 1.74 × 10−6 – 0.022 607.947 563.044 −7.39  
 
Case 2

Shear 236.724 1.23 × 10−6 – 0.927 393.066 405.760 +3.23  
 Generalised shear 5601.353 7.59 × 10−7 3.474 1.44 × 10−3 393.066 405.271 +3.11  
 Kapur 555.09 55.59 4.811 0.884 393.066 422.554 +7.50  
 Brownian 2.32 × 10−8 8.65 × 10−6 – 0.017 393.066 407.121 +3.58  
 
Case 3

Shear 37.326 1.06 × 10−6 – 0.0128 537.263 489.305 −8.93  
 Generalised shear 7.53 × 10−4 1.05 × 10−7 1.575 8.78 × 10−4 537.263 510.518 −4.98  
 Kapur 4988.807 51.451 4.708 1.411 537.263 509.008 −5.26  
 Brownian 3.20 × 10−8 3.58 × 10−6 – 3.82 × 10−3 537.263 491.112 −8.59  
 
Case 4

Shear 167.20 5.23 × 10−7 – 0.0039 402.707 403.632 +0.23  
 Generalised shear 7999.99 1.92 × 10−7 3.547 2.10 × 10−3 402.707 406.055 +0.83  
 Kapur 5199.90 91.79 4.521 1.195 402.707 454.362 +12.82  
 Brownian 2.91 × 10−8 4.04 × 10−6 – 0.0173 402.707 384.670 −4.48  
𝐷̄∗ are experimental values from Liu et al. [9]. (+) indicates overprediction, whereas (−) indicates underprediction relative to experiments.
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Fig. 12. Normalised evolution of the first moment. The figure shows the temporal evolution of the first moment within the wetting compartment 
(WC, 𝑀WC

1 ), drying compartment (DC, 𝑀DC
1 ), and the total bed (𝑀 tot

1 ) for cases 1–4.

variation in Case 4. The Brownian kernel mostly underpredicts the 𝛥𝐷̄, showing its tendency to subdue the formation of large-sized 
particles. These trends confirm that agreement in peak shape alone is insufficient, and that integral metrics such as 𝛥𝐷̄ provide an 
essential complementary assessment.

Further differences in the particle distribution spread are assessed by the 𝑅𝑊  results presented in Table  7 and visualised in Fig. 
15. The generalised shear kernel is in close agreement with the experiment in all four cases, whereas the shear kernel performs 
poorly in Case 3. In contrast, the Kapur and Brownian kernels exhibit large variations, either significantly narrowing or broadening 
the PSD, particularly in Case 3. The 𝑅𝑊  analysis reinforces the conclusion that kernels with an appropriate size-dependent collision 
scale better predicts both the peak magnitude and the spread of the PSD.

The fitted exponent 𝑎 provides further insight into the robustness of the generalised shear kernel. In this kernel, 𝑎 controls the 
dependence of the aggregation frequency on the collisional length scale (𝑥1∕3 + 𝑦1∕3). In Cases 1, 2, and 4, the fitted values of 𝑎
are closer to 3; hence, it somewhat preserves the classical shear-type size dependence, where larger particles have greater weight 
in the process. Therefore, the improved performance of the generalised shear kernel was not obtained by abandoning the shear 
mechanism, but by allowing controlled flexibility in the particle-size dependence of aggregation. In Case 3, the lower value of 
𝑎 ≈ 1.575 indicates a weaker size dependence, suggesting that aggregation was less dominated by larger particles and that smaller 
or intermediate particles relatively contributed more to the aggregation behaviour than predicted by the classical shear kernel. 
Overall, the combined analysis of the PSD profiles, fitted PBM parameters, 𝛥𝐷̄, and 𝛥𝑅𝑊  demonstrates that the generalised shear 
aggregation kernel provides the most consistent performance within the proposed 2D CFD–PBM framework. These results indicate 
that collision-driven aggregation mechanisms with balanced size dependence are more appropriate for modelling SFBG. In contrast, 
overly aggressive or diffusion-dominated kernels lead to systematic deviations in PSD shape and spread, as reflected by larger 𝛥𝐷̄
and 𝛥𝑅𝑊  values.
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Fig. 13. Comparison of predicted and experimental granule size distributions (volume fraction vs. granule size) for Cases 1–4 using four 
aggregation kernels (shear, Brownian, generalised shear, and Kapur), with experimental measurements from Liu et al. [9].

Fig. 14. Mean granule diameter difference, 𝛥𝐷 (%), for Cases 1–4 as a function of four aggregation kernels.

6. Conclusions

The present study developed a coupled 2D-CFD-PBM model to investigate the hydrodynamic behaviour and PSD evolution 
in SFBG. The scope of this work focuses on developing a computationally efficient reduced-order modelling framework capable 
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Table 7
Relative width comparison for different PBM kernels across all cases.
 Case Kernel 𝑅𝑊∗ 𝑅𝑊 𝛥𝑅𝑊  (%) 
 
Case 1

Shear 1.4009 1.3511 −3.55  
 Generalised shear 1.4009 1.3942 −0.48  
 Kapur 1.4009 1.1734 −16.24  
 Brownian 1.4009 1.1986 −14.44  
 
Case 2

Shear 1.1410 1.1406 −0.03  
 Generalised shear 1.1410 1.2006 +5.23  
 Kapur 1.1410 1.2382 +8.52  
 Brownian 1.1410 0.9987 −12.47  
 
Case 3

Shear 0.8397 1.0956 +30.47  
 Generalised shear 0.8397 0.8507 +1.31  
 Kapur 0.8397 0.7805 −7.05  
 Brownian 0.8397 0.9806 +16.77  
 
Case 4

Shear 1.1811 1.0957 −7.23  
 Generalised shear 1.1811 1.2044 +1.97  
 Kapur 1.1811 1.2748 +7.94  
 Brownian 1.1811 1.0697 −9.43  
𝑅𝑊∗ denotes experimental values reported by Liu et al. [9]. (+) indicates overprediction, whereas (−) indicates 
underprediction relative to experiments.

Fig. 15. Relative width difference, 𝛥𝑅𝑊  (%), for Cases 1–4 as a function of four aggregation kernel.

of capturing the key hydrodynamic features of fluidisation and the dominant granulation mechanisms governing PSD evolution. 
The hydrodynamics of the fluidised bed were simulated using an Eulerian–Eulerian CFD formulation, while particle dynamics 
were represented using a two-compartment PBM solved through a finite-volume scheme. The integrated framework enabled 
simultaneous analysis of fluid flow behaviour and particle aggregation–breakage processes within the SFBG system. The 2D CFD 
simulations successfully reproduced the principal hydrodynamic characteristics of the fluidised bed, showing good agreement with 
both experimental [9] observations and previously reported 3D simulations [9]. The predicted 𝛥𝑃  closely matched the theoretical 
value, with a deviation of approximately 0.52 Pa, compared with a larger deviation of about 7.87 Pa in the corresponding 3D model. 
The difference in predicted 𝛥𝑃  between the 2D and 3D models remained relatively small throughout the simulation, with percentage 
differences of 2.22% at 0.1 s and 4.32% at 4 s. These results suggest that the reduced-order 2D formulation retained the system’s 
essential hydrodynamic characteristics despite the absence of out-of-plane flow structures. The predicted bed expansion from the 
2D model was also comparable to the 3D reference results. The 𝐻bed discrepancy between the two models decreased from 5.1% in 
the initial stage to 2.66% at steady state, indicating that both modelling approaches converged to nearly the same final fluidisation 
behaviour.

The temporal evolution of the 𝛼𝑠 captured the transition from the initial packed state to bubbling fluidisation and a statistically 
steady regime. Time-averaged results revealed realistic solids distribution patterns, including a denser lower region and a more dilute 
upper region, together with a core–annulus recirculation structure typical of bubbling fluidised beds. The coupled 2D CFD-based 
PBM successfully reproduced the overall shape and dominant size range of the experimentally observed PSD across all operating 
conditions. The hydrodynamic exchange information obtained from the CFD model proved sufficient for PBM-based granulation 
analysis. Among the aggregation kernels examined, the generalised shear kernel provided the most consistent overall agreement with 
the experimental PSDs, yielding balanced predictions of the 𝐷 and 𝑅𝑊 , with deviations generally around 5% across the four cases. 
The shear kernel showed reasonable agreement in most cases but exhibited reduced accuracy under certain conditions. In contrast, 
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the Kapur kernel displayed excessive sensitivity on the coarse-particle side, while the Brownian kernel consistently underestimated 
the formation of larger granules. In conclusion, the findings of the present study indicate that the proposed 2D CFD two-compartment 
PBM captures the key global hydrodynamic trends and the PSD evolution of the SFBG, demonstrating reasonable agreement, while 
offering a computationally efficient reduced-order alternative to expensive 3D CFD–PBM simulations. Furthermore, the generalised 
kernel employed in the PBM exhibits superior fidelity relative to other kernels, aligning consistently with an alternative set of 
experimental data. In contrast, conventional model-based kernels documented in the literature inadequately represent the SFBG 
process.

Overall, the results of the present study demonstrate that the proposed 2D coupled CFD–PBM model effectively captures the 
key hydrodynamic and granulation phenomena in SFBG while maintaining satisfactory agreement with available experimental 
results and the previously coupled CFD–PBM model. The present model provides a computationally efficient reduced-order model 
suitable for preliminary analysis of SFBG systems and systematic evaluation of aggregation kernels. Future work should focus 
on extending the present model to incorporate additional physical mechanisms relevant to industrial granulation processes. In 
particular, integrating binder transport and moisture-dependent [59–62] particle properties into the PBM would improve the physical 
representation of granulation and drying phenomena.

Nomenclature

 Symbol Description  
 𝐴DC Solids-weighted area of drying compartment  
 𝐴WC Solids-weighted area of wetting compartment  
 𝑏(⋅|⋅) Daughter size distribution function  
 𝐷̄ Mean granule diameter  
 𝐻bed Bed height  
 𝑀0 Zeroth raw moment of the particle size distribution  
 𝑀1 First raw moment of the particle size distribution  
 𝑛DC Number density function in drying compartment (DC)  
 𝑛WC Number density function in wetting compartment (WC)  
 𝑅 Particle exchange rate between WC and DC  
 𝑆DC Breakage selection function in DC  
 𝑆0 Breakage rate constant  
 𝑋, 𝑌 Spatial coordinates/locations in the CFD flow domain  
 𝑥, 𝑦 Particle volume coordinates in the PBM formulation  
 𝛼𝑠 CFD-based solid volume fraction  
 𝛽WC Aggregation kernel in WC  
 𝛽0 Aggregation rate constant  
 𝛥𝑃 Bed pressure drop  
 𝛥𝑃th Theoretical bed pressure drop  
 𝜙 Normalised volume-based size fraction  
 𝜙exp

𝑖 Experimental normalised volume-based size fraction in size class 𝑖  
 𝜙sim

𝑖 Simulated/predicted normalised volume-based size fraction in size class 𝑖 
 Abbreviations
 CFD Computational fluid dynamics  
 DC Drying compartment  
 PBM Population balance model  
 PSD Particle size distribution  
 SFBG Spray fluidised bed granulation  
 WC Wetting compartment  
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