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Abstract

The theory and application of continuous adjoint methods for the optimization of heating,
ventilation and air-conditioning components is surveyed in this thesis. The cost functions
to be optimized are related to comfort and efficiency criteria. Shape and porosity modifi-
cations are the means of control, in a CFD-based framework. The underlying physics are
the incompressible, steady state Reynolds-averaged Navier-Stokes-Fourier equations. Po-
rosity is modeled by a Darcy term. Using the adjoint method, the sensitivity is computed
from the numerical solution of the primal and adjoint equation systems. The cost of the
computation is independent of the number of degrees of freedom which makes the method
attractive for the application to complex industrial settings.
Of particular note are some specific problems related to the adjoint optimization. An es-
sential aspect is the computation of the gradient from the sensitivity. The sensitivity is a
directional derivative and for this reason not feasible for the gradient-based optimization
strategy. Therefore, the gradient is computed from the Laplace-Beltrami equation, deman-
ding the numerical solution of an additional partial differential equation of second order on
the surface of the geometry. Subsequently, it is used for the design update using gradient
descent in conjunction with a proper step size. The computation of the step size for the
gradient method is a crucial point. It should unify efficiency and feasibility. But, esta-
blished methods such as line-search based on the Armijo-rule are rather computationally
expensive. Hence, a reduced Armijo approach is presented where part of the algorithm is
outsourced to a coarse mesh, making the computation less expensive. Using this approach,
the intensity of design modification per update step is increased and thus, the whole design
cycle accelerated. However, design modifications are often limited by constraints essential
for the industrial realization. Accordingly, constraints related to the porosity modification
are investigated. The insertion of an approximated regularization term into the cost func-
tional promotes a sparse distributed control which is in some cases preferred.
The approaches are implemented and validated by fluid dynamic test cases. The arising fra-
mework is applied to heating, ventilation and air-conditioning components. It is shown that
the adjoint method is a powerful and efficient technique to optimize heating, ventilation
and air-conditioning components. However, the application to industrial cases often requi-
res adaptations necessary for the individual requirements, making know-how and manual
adjustments by the user irremissible. Therefore, future developments in the automation of
the process chain offer room for improvement.
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1. Introduction

1.1. Background and Motivation

This thesis is concerned with the theory and application of continuous adjoint shape and
topology optimization for heating, ventilation and air-conditioning (HVAC) components of
aircrafts.
During the recent decades, aircraft manufacturing processes, related to safety and economy
issues, significantly improved. Up to now, the number of passengers has grown. Flying is
progressively becoming a more commonly used means of transport. If the level of cabin com-
fort is high, the value of the whole aircraft increases. To distinguish from competitors, cabin
comfort has gained a lot in importance. Nevertheless, there is still a need for improvement
of the systems efficiency, leading to a saving of the operating costs. To be able to predict the
properties of the aircraft components, the computation of the internal and external aerody-
namic flows is irremissible. Computational fluid dynamics has become a powerful discipline
to design fluid dynamic devices since the development of high-performance computers and
efficient algorithms [40]. Numerical simulations circumvent the need for time-consuming
and expensive experiments and greatly simplify parameter studies.
An optimization of the aircraft components involves not only the physical description of
the flow, but also the prescription and accomplishment of suitable design modifications
to improve a cost functional. An efficient way to determine proper design modifications is
the adjoint method. Optimal control, basically the superordinate concept behind adjoint
methods, combines the physics, the design and the cost functional in one problem. Dating
back to the 17th century [83], it became famous again in the 1960’s (Bryson, [10]) when
modern computer hardware rapidly developed. According to Lions [51], an optimal control
problem consists of the control, which is modified, a state, which depends on the control,
and a cost functional, which depends on the state and the control. From the optimal con-
trol theory, adjoint fluid dynamic methods evolved when, in 1973 Pironneau developed the
adjoint Stokes equations [66] and Jameson derived the adjoint Euler equations in 1988 [39]
and later the adjoint Navier-Stokes equations in 1998 [44]. Since then, the adjoint method
has been widely used for different kinds of fluid dynamic applications, for example for the
optimization of train head cars [38], in automotive industry [27], [14] or for the hydrody-
namic optimization of ship hull-design [79].
Contrary to direct methods, which require the modification of the control to compute the
derivative of the cost functional, adjoint methods assess the modification of the control by
solving a dual, so called adjoint problem, which yields a computational effort compara-
ble to the solution of the primal problem. The method is independent of the number of
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design parameters but scales with the amount of cost functionals. Hence, if many design
parameters and only few objectives are present, the adjoint method is preferable. Optimi-
zation of heating, ventilation and air-conditioning components is based upon the solution
of the incompressible Navier-Stokes-Fourier equations, consisting of the buoyancy-driven
momentum equations, the continuity equation and the energy equation, and adequate cost
functionals involving comfort related issues in a ducted setting. Basically, there are two
branches of adjoint methods; for continuous adjoint methods, the principle of first optimize
then discretize is followed. First the optimal control problem and the adjoint equations are
derived, then a discretization follows. The advantage lies in the simple way of deducing the
continuous adjoint equations and the analogy to the primal ones. In this way, big portions
of the numerical solver can be reused. Contrary to this, the discrete method [21], [9] fol-
lows the principle of first discretize then optimize. The dual problem is derived from the
discretized primal problem. The deduction is very time-consuming, in favor of the resulting
equations to be exactly dual to the discretized primal equations. To yield duality for the
continuous adjoint approach, the discretization has to be adapted properly [80]. The result
of both methods is the derivative of the cost functional, which facilitates the computation
of the gradient. Computing the gradient is a crucial point. To perform a gradient method,
it is irremissible. However, it is still common practice to use the sensitivity directly for
the design update which is untenable. Solving the Laplace-Beltrami equation results in the
Riesz representative of the sensitivity in Sobolev spaces [73], exactly corresponding to the
gradient. Other approaches approximate the gradient by using filter operations [81], [40].
A local minimum is achieved by application of gradient methods, such as steepest descent.
The modification of the design parameters is accomplished, according to the gradient’s
prescription. In this context, the computation of a proper step size in an efficient way is
an important point.

1.2. Starting Point and Direction

In this thesis, a continuous adjoint framework in conjunction with shape and porosity
modifications is employed. For the physical description of the flow, the incompressible
Navier-Stokes-Fourier equations are simplified to the steady state incompressible Reynolds-
averaged Navier-Stokes-Fourier (RANS-F) equations. Turbulence is modeled by a two-
equation model. Darcy’s law [13] accounts for modeling the porosity.
The continuous adjoint Navier-Stokes-Fourier equations and the sensitivity are derived by
a variational approach. The turbulence is not part of the derivation of adjoint formulati-
ons, thus, treated as frozen. An algebraic equation system is derived via the finite volume
method and solved by a semi-implicit pressure linked equation solver, implemented in
the software package OpenFOAM®[23]. Solving the Laplace-Beltrami equation results in
the gradient, leading to a local minimum by application of gradient methods (line search
strategies) and the accomplishment of appropriate design modifications. For the shape
optimization, each CFD-parameter on the boundary serves as design parameter and is
thus enabled for surface-normal displacements. This requires the computation of a modi-
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fied mesh, obtained from a commercial software (automatic net-generation for structural
analysis (ANSA™) [4]). In topology optimization, the design space consists of all CFD para-
meters inside the computational domain. By modification of the porosity parameter, cells
with a negative effect on the cost functional turn solid by an iterative one shot approach
[84], whereas cells with positive impact stay fluid [6], [60]. For both control modes, design
requirements are irremissible in the practical application.
This thesis outlines the demands concerning the applicability of adjoint theory to industrial
practice. The goal is to combine both theory and practice in a robust, yet mathematically
correct manner. This mainly applies to adaptation of the adjoint method to ducted flows
inside heating, ventilation and air-conditioning components. Design constraints referring to
requirements for the porosity distribution inside the computational domain, arising from
industrial feasibility, are investigated. With regard to the direct application of the sensi-
tivity to the design optimization, it is emphasized that the only way is to compute the
gradient. In this thesis, this goal is achieved by solution of the Laplace-Beltrami equation.
With respect to gradient methods, it is investigated how to compute a proper step size in
an efficient manner. To meet the demands for the industrial design process, pragmatism
and mathematical correctness are required, leading to a balancing act. The approaches are
implemented, validated and verified via simulation of proper fluid dynamic test-cases. The
arising framework is applied to industrial cases of aircraft components, related to heating,
ventilation and air-conditioning.

1.3. Present Contributions

The specific contributions conducted in this thesis are stated in the following:

• Implementation of an adjoint internal energy equation: A solver for the adjoint
Reynolds-averaged Navier-Stokes (RANS) equations has already been present in the
framework of OpenFOAM®. The solver is extended to the adjoint Reynolds-averaged
Navier-Stokes-Fourier equations. Concurrently, cost functionals related to comfort
criteria are derived and implemented.

• Implementation of Laplace-Beltrami solver: The solver for the Laplace-Beltrami equa-
tion has been implemented in OpenFOAM® in the context of a master’s thesis [29],
supervised, amongst others, by the author.

• Derivation and implementation of reduced Armijo approach: The Armijo rule [2] is
an efficient and reliable, though rather expensive means, to compute a proper step
size. Therefore, the method is transformed to a reduced approach, such that the
time-consuming evaluation of the Armijo rule is only performed on a coarse mesh
level.

• Derivation and implementation of an approximated regularization term for promotion
of sparsity: For problems, where sparse control distributions are preferred, a remedy
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consists of the insertion of an L1-regularization term [76] into the cost functional. As
the non-differentiability of this term may lead to problems, related to the computation
of the derivative, the regularization term may be approximated by a smooth variant.

• Verification of the sensitivity: The sensitivities are compared to derivatives obtained
from finite differentiation. A simple test case, related to heat transfer in a ducted
setting, serves as validation case.

• Verification of the gradient obtained from Laplace-Beltrami equation: The numerical
solution of the Laplace-Beltrami equation is compared to the exact solution of an
analytic test case.

• Validation of limits for mesh coarsening: To justify the reduced Armijo approach, a
mesh study is performed for different levels of grid coarseness. It is determined up to
which level of coarseness a still reliable numerical solution is possible and from what
point on the numerical solution deteriorates.

• Validation of sparsity approach: The effect of the inserted regularization term on the
sparsity is validated by two simple test cases. The level of sparsity is related to the
quantity of the additional regularization term and compared to the cost functional
improvement.

• Shape optimization of aircraft components: The adjoint shape optimization is applied
to the cabin air outlet of a passenger aircraft. Two designs corresponding to distinct
iteration loops are created to improve the cost functional. Furthermore, experiments
have been conducted by the German Aerospace Center in Göttingen to substantiate
the numerical results. To validate the extended adjoint solver, the shape optimization
is applied to a mixing chamber of an aircraft, considering buoyancy-driven flows. Four
designs are created focusing upon the cost functional mixing efficiency.

• Application of step size computation to aircraft component: The reduced Armijo
approach is applied to the cabin air outlet of a passenger aircraft. The approach
is evaluated by comparison of the computational time and the cost functional im-
provement to the results of the steepest descent optimization and the full Armijo
approach.

• Sparsity promotion via regularization term for aircraft component: The optimization
involving the sparsity promoting regularization term is applied to the cabin air outlet
of a cockpit. The level of sparsity and the cost functional improvement are evaluated
for different parameters.

1.4. Plan of this Thesis
The structure of this thesis is as follows: In Chapter 2 the theory of optimal control is
described, also involving the adjoint approach and appropriate line search techniques. In
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Chapter 3 the system of the governing fluid dynamic equations is given, namely the in-
compressible Reynolds-averaged Navier-Stokes-Fourier equations. At the end of Chapter
3 the considered cost functionals are described. In Chapter 4 the adjoint incompressible
Reynolds-averaged Navier-Stokes-Fourier equations are derived with appropriate boundary
conditions and the related sensitivity. Additionally, the gradient computation from shape
and topology sensitivities is described. In Chapter 5 the numerical framework is given, na-
mely the finite volume method, involving primal and adjoint discretization schemes for the
fluid dynamic equations, and the solution of the arising algebraic equation system. Chapter
6 presents the results of the verification and validation studies. In Chapter 7 the results for
the application to aircraft components are given. The thesis closes with conclusions and
an outlook in Chapter 8. Furthermore, a list of notations is provided in the glossary. The
theory of functional analysis and parts of the derivation are confined in the appendix. Note
that Einstein’s sum convention applies to small-type Latin subscripts, referring to Cartesi-
an coordinates, unless declared differently. In symbolic notation, the number of underlines
corresponds to the order of a tensor.
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2. Optimal Control of Partial
Differential Equations

This chapter presents the mathematical framework for the optimization technique, namely
the optimal control of partial differential equations. The approach is subsequently speci-
fied to optimization with fluid dynamic equations. Moreover, the gradient method for the
optimization is presented.

2.1. Optimal Control Problem

The definition of an optimal control problem is based on Hinze et al. [32]. The starting
point is Equation (2.1)

min
y∈Y,u∈U

J (y, u) subject to e(y, u) = 0, (y, u) ∈ Wad , (2.1)

where J : Y × U → R is the objective functional, e : Y × U → Z is an operator,
Wad ⊂ W := Y × U the admissible space, a nonempty and closed set, with Banach spaces
U , Y , Z (see Appendix A). The set U defines the control space, Y denotes the state
space and e(y, u) = 0 the state equation (system of partial differential equations). The
goal is to find a control u which minimizes the cost functional J(y, u) with respect to the
state equation e(y, u) = 0 and under consideration of the admissible set Wad. Problems
of this structure are called optimal control problems. Supposing that the state equation
e(y, u) = 0 leads to a unique solution of the state y ∈ Y for each control u ∈ U , y is written
as a function of u, y(u). Inserting y(u) in (2.1) results in the reduced problem,

min
u∈U

Ĵ(u) := J(y(u), u) subject to u ∈ Uad := {u ∈ U : (y(u), u) ∈ Wad} . (2.2)

It is supposed that J and e are continuously Fréchet differentiable (see Appendix A) and
the derivative of the state equation with respect to y, denoted as ey, is a bounded, linear
operator, ey(y(u), u) ∈ L(Y, Z) (see Appendix A), which is continuously invertible. Thus,
it holds from the implicit function theorem (compare [32]) that y(u) is continuously dif-
ferentiable. The computation of the derivative y′(u) is conducted by differentiation of the
state equation e(y(u), u) = 0 with respect to u and application of the chain rule

ey (y(u), u) y′(u) + eu(y(u), u) = 0 . (2.3)
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2.2. Adjoint Approach

This section describes the efficient computation of the cost functional derivative from the
adjoint approach. The directional derivative of the reduced cost functional Ĵ(u) in a di-
rection s ∈ U denotes dĴ(u, s) (see Appendix A). In the regarded case, y is a function
depending on u, thus requires to apply the chain rule

dĴ(u, s) = 〈Ĵ ′(u), s〉U∗,U = 〈Jy(y(u), u), y′(u)s〉Y ∗,Y + 〈Ju(y(u), u), s〉U∗,U , (2.4)

where Ĵ ′(u) denotes the Fréchet derivative of Ĵ with the dual spaces U∗, Y ∗ and related
dual pairing (see Appendix A). In this expression, the sensitivity dy(u, s) = y′(u)s appears,
possibly computed by solving the linearized state equation (2.3),

ey(y(u), u)y′(u)s+ eu(y(u), u)s = 0 . (2.5)

If the whole derivative Ĵ ′(u) is required, the computation is expensive as Equation (2.5)
has to be solved for each basis vector s ∈ U . Thus, the effort grows with the dimension
of the control space U . However, by using the adjoint of the operator y′(u), the derivative
Ĵ ′(u) can also be derived by (see Appendix A)

〈Ĵ ′(u), s〉U∗,U =〈Jy(y(u), u), y′(u)s〉Y ∗,Y + 〈Ju(y(u), u), s〉U∗,U
=〈y′(u)∗Jy(y(u), u), s〉U∗,U + 〈Ju(y(u), u), s〉U∗,U .

(2.6)

Consequently, Ĵ ′(u) ∈ U∗ is given by

Ĵ ′(u) = y′(u)∗Jy(y(u), u) + Ju(y(u), u) . (2.7)

Hence, in comparison to the first approach, only the vector y′(u)∗Jy(y(u), u) ∈ U∗ instead
of the whole operator y′(u) ∈ L(U, Y ) is required to compute the derivative of the cost
functional. From the linearized state equation (2.3), it follows

y′(u) = −eu(y(u), u)ey(y(u), u)−1 , (2.8)

and, by duality, respectively,

y′(u)∗ = −eu(y(u), u)∗ey(y(u), u)−∗ . (2.9)

Multiplication with the derivative of the cost functional with respect to the state leads to

y′(u)∗Jy(y(u), u) = −eu(y(u), u)∗ey(y(u), u)−∗Jy(y(u), u) . (2.10)

It follows

y′(u)∗Jy(y(u), u) = eu(y(u), u)∗p(u) , (2.11)
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with the adjoint state p = p(u) ∈ Z∗ solving the adjoint equation

ey(y(u), u)∗p = −Jy(y(u), u) . (2.12)

Combining (2.7) and (2.11), the derivative of Ĵ can be expressed as

Ĵ ′(u) = eu(y(u), u)∗p + Ju(y(u), u) . (2.13)

The adjoint equation (2.12) may also be derived from the Lagrangian function L : Y ×U×
Z∗ → R,

L(y, u, p) = J(y, u) + 〈p, e(y, u)〉Z∗,Z , (2.14)

where p ∈ Z∗ is at first arbitrary and is specified later on. Using y = y(u) and e(y, u) = 0,
results in

Ĵ(u) = J(y(u), u) = J(y(u), u) + 〈p, e(y(u), u)〉Z∗,Z = L(y(u), u, p) . (2.15)

To obtain the derivative Ĵ ′(u), Equation (2.15) is differentiated,

〈Ĵ ′(u), s〉U∗,U = 〈Ly(y(u), u, p), y′(u)s〉Y ∗,Y + 〈Lu(y(u), u, p), s〉U∗,U , (2.16)

for all s ∈ U . A special p = p(u) is selected, such that

Ly(y(u), u, p) = 0 , (2.17)

resulting in

〈Ly(y(u), u, p), v〉Y ∗,Y = 〈Jy(y, u), v〉Y ∗,Y + 〈p, ey(y, u)v〉Z∗,Z
= 〈Jy(y, u) + ey(y, u)∗p, v〉Y ∗,Y ,

(2.18)

for all v ∈ Y . It follows the adjoint equation from the Lagrangian function,

Ly(y(u), u, p) = Jy(y(u), u) + ey(y(u), u)∗p = 0 , (2.19)

exactly as in (2.12). Accordingly, the derivative may be computed from Equation (2.16),
using Equation (2.14) and Equation (2.17),

〈Ĵ ′(u), s〉U∗,U = 〈Lu(y(u), u, p), s〉U∗,U = 〈Ju(y(u), u) + eu(y(u), u)∗p, s〉U∗,U , (2.20)

for all s ∈ U .
Consequently, it holds for the derivative of the cost functional from the Lagrangian function

Ĵ ′(u) = Lu(y(u), u, p) = Ju(y(u), u) + eu(y(u), u)∗p(u) , (2.21)
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exactly corresponding to Equation (2.13). The following steps lead to the computation of
the derivative from the Lagrangian function.

• Derive the adjoint equation (2.19) from the variation of the Lagrangian function,

Ly(y(u), u, p) = 0 . (2.22)

• By solving Equation (2.22) for p = p(u), the derivative is computed from Equation
(2.21),

Ĵ ′(u) = Lu(y(u), u, p). (2.23)

Contrary to the computation via the linearized state equation (2.3), the cost does not
grow with the dimension of the control space. In the following, the optimal control theory
is applied to fluid dynamic equations.

2.3. Optimization with Fluid Dynamic Equations

After introducing the mathematical background of the adjoint approach, the above stated
theory is applied to a set of fluid dynamic partial differential equations. The state y cor-
responds to the physical properties, i.e. velocity, pressure and temperature, depending on
the state equations e(y, u), namely the fluid dynamic partial differential equations, fulfilled
on a bounded domain Ω. The goal is to minimize a cost functional J(y, u) on a subdomain
Ωobj ⊂ Ω by application of a control u onto the design space Ωdsg. To improve the cost
functional via modification of the design space, the derivative of the cost functional, Ĵ ′(u),
w.r.t. the control is required. From the preceding section it is evident that the basic ingre-
dients for computing the derivative is to solve the adjoint equation (2.19) and to compute
the derivative, i.e. the sensitivity, from Equation (2.21). The variations Ly(y(u), u, p) and
Lu(y(u), u, p) of the Lagrangian function have to be derived with respect to the state y and
the control u. The state equations R (exemplarily the Reynolds-averaged Navier-Stokes
equations, see Section 3.1) are denoted in residual form as R = (R1, R2, R3, Q), where
R1, R2, R3 mark the residual momentum equations and Q the residual continuity equation.
The Lagrangian function is represented by

L := J +

∫
Ω

[ûiRi + p̂Q] dΩ , (2.24)

where (ûi, p̂) denote the Lagrange multipliers for momentum and continuity equation,
respectively. The adjoint equation (2.22) is derived by a variational approach, viz.

δuL+ δpL = δuJ +

∫
Ω

(ûi, p̂)δuR dΩ + δpJ +

∫
Ω

(ûi, p̂)δpR dΩ = 0 , (2.25)
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where δu and δp mark the variation w.r.t. the state, velocity ui and pressure p. For state
equations including the temperature (e.g. Navier-Stokes-Fourier equations (Section 3.2)),
the variation w.r.t. the temperature is included, accordingly. The variation of the Lagran-
gian function with respect to β, denoted as δβ,

δβL = δβJ +

∫
Ω

(ûi, p̂)δβR dΩ , (2.26)

leads to the sensitivity (2.23), involving the control β, here, the continuous surface nor-
mal displacement of the design boundary. The first term of Equation (2.26) represents
the explicit dependence of the cost functional on the control. The related computation is
performed in a straightforward manner by purely geometric considerations on the primal
flow field [60]. The second term of Equation (2.26),

∫
Ω

(ûi, p̂)δβR dΩ, can be recast into a
boundary integral as shown by Soto and Löhner [74]. One utilizes the fact that the residual
flow equations are also fulfilled under the total variation, denoted as δ, such that

δR = δβR+ δuR+ δpR = 0 . (2.27)

Therefore, the variation w.r.t. the control transforms to

δβR = −δuR− δpR , (2.28)

and Equation (2.26) becomes

δβL = δβJ −
∫

Ω

(ûi, p̂)δuRdΩ−
∫

Ω

(ûi, p̂)δpRdΩ . (2.29)

The integrals on the right-hand side correspond to the adjoint equation (2.25) without the
contributions of the cost functional, δuJ and δpJ . Integration by parts results in boundary
and volume integrals. If the cost functional is independent from the domain interior, the
volume terms cancel by virtue of ûi and p̂ satisfying the adjoint equation (2.25). In this
case, the integrals of Equation (2.29) reduce to boundary integrals depending on the flow
variations δui and δp. As the surface deformations are in normal direction only, a Taylor
series expansion is utilized to approximate the variations with respect to the state ui and
p, according to [74], using

δui =
∂ui
∂n

δβ +O
(
(δβ)2

)
, (2.30)

δp =
∂p

∂n
δβ +O

(
(δβ)2

)
, (2.31)

where n denotes the outward normal direction. Due to the termination after the linear
term, this approach can only recover linear changes of the flow. Changes due to non-
linear flow phenomena, often related to separation, can not be predicted by the performed
approximation. For that reason, the approximation is only reliable for small changes of
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the design which do not cause substantial changes of the flow. The following strategy is
pursued to derive the adjoint equations and the sensitivity.

• Derive via a variational approach the adjoint equation from Equation (2.25)

δuL+ δpL = δuJ +

∫
Ω

(ûi, p̂)δuR dΩ + δpJ +

∫
Ω

(ûi, p̂)δpR dΩ = 0 , (2.32)

by choosing the Lagrange multipliers properly.

• The sensitivity is computed from Equation (2.26)

δβL = δβJ + δβ

∫
Ω

(ûi, p̂)RdΩ . (2.33)

Using Equation (2.28), the variation w.r.t. the control (2.33) can be recast into

δβL = δβJ −
∫

Ω

(ûi, p̂)δuRdΩ−
∫

Ω

(ûi, p̂)δpRdΩ . (2.34)

In case of no cost functional contributions on the interior domain, the volume integrals
reduce to boundary integrals. In this case, the variations δ are obtained from the
Taylor series expansion (2.30), (2.31).

2.4. Continuous vs. Discrete Adjoint Approach
Two main approaches exist in the adjoint theory, namely continuous adjoint and discrete
adjoint approaches. The continuous adjoint approach, considered in this thesis, is con-
structed under the aspect first optimize, then discretize. The adjoint equations are derived
from the continuous primal partial differential equations by multiplication with Lagran-
ge multipliers (see Equation (2.24)) and variation with respect to the state. To solve the
adjoint system numerically, the equations have to be discretized subsequently. The simp-
ly performed derivation of the adjoint system is advantageous. Associated therewith, the
solver for the numerical equations may be reused as the type of the equations is similar. A
physical interpretation of the equations is possible, thus, boundary and initial conditions
are set more easily, discretization schemes are flexibly chosen and the equations are solved
individually. Contrariwise, the discretization of the continuous adjoint equations leads to
schemes that are in general not dual to the primal discretization. Hereby, duality means
that the adjoint discretization matrices are obtained from the primal discretization matri-
ces by transposition. The discrete adjoint approach is obtained from the principle of first
discretize, then optimize. All quantities in the optimal control problem (2.1) are discretized,
leading to

min
yh∈Yh,uh∈Uh

J(yh, uh) subject to e(yh, uh) = 0 , (yh, uh) ∈ W h
ad , (2.35)
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where Y and U are replaced by finite dimensional spaces Yh, Uh and Wad by an discrete
counterpart W h

ad. In this manner, the problem (2.35) converts to

min
yh∈Yh,uh∈Uh

J(yh, uh) subject to Myh = s , s ∈ S , (2.36)

with discretization matrix M , representing the solution operator of e(yh, uh), and S ⊂ Rm.
The transposition of the discretization matrixM leads to the adjoint solution operator. As
the adjoint equations are derived from the discretized primal equations, the discrete adjoint
approach comprises duality between both, primal and adjoint, discrete equation systems.
The disadvantage of the cumbersome derivation of the discretization matrix may be cir-
cumvented by automatic differentiation [25, 20], where the differentiation is carried out on
code level. However, the system is inflexible, as the discretization schemes cannot be chosen
individually. Ideally, both approaches should lead to the same discretization. Nadarajah
and Jameson [42, 43] performed a detailed gradient comparison study of the continuous
and discrete adjoint approaches, using the Euler equations and the Navier-Stokes equati-
ons, and found that the difference between the continuous and discrete gradients decreases
as the mesh size increases. In typical shape optimization problems, the differences are
small enough that they have no significant effect on the final result [41]. Additionally, as
shown in [82], hybrids of discrete and continuous adjoint methods can be pursued such
that the discretization of the continuous adjoint system is dual to the primal one. In this
way, the disadvantage of the continuous adjoint approach is avoided. An overview for both
approaches is given, for example, in [22].

2.5. Optimization with Gradient Descent

This section considers the utilization of gradient methods to improve the design. The goal
is to modify the control such that

Ĵ(uk+1) < Ĵ(uk) , (2.37)

where uk denotes the control belonging to the iteration k.
A vector d denotes the descent direction of Ĵ , starting from a control u, if there exists a
λ > 0, such that

Ĵ (u + λd ) < Ĵ(u) ∀ λ ∈ (0, λ ] . (2.38)

λ is called step length. Theorem 1 characterizes the descent direction (compare [85]).

Theorem 1. A vector d is a descent direction of a continuously differentiable cost func-
tional Ĵ for control u if

∇Ĵ(u)Td < 0 . (2.39)
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In the gradient descent, also known as steepest descent, the descent direction d is deter-
mined from the negative gradient,

d = −∇Ĵ(u) . (2.40)

With this choice, condition (2.39) is automatically fulfilled. Note that gradient methods are
only capable of detecting local minima. If the cost functional contains multiple minima,
then the gradient approach generally converges to the nearest local minimum without
searching for further minima in the design space [22]. The gradient ∇Ĵ is computed from
the sensitivity as later discussed in Section 4.5.
For two times continuously differentiable cost functionals Ĵ , the Newton method may be
utilized for minimization. Applied to the minimization problem, the necessary optimality
condition for cost functional Ĵ results in the computation of zeros for the gradient of the
current control uk,

∇Ĵ(uk) = 0 . (2.41)

A vector dk is determined, that fulfills

∇Ĵ(uk + dk) = 0 (2.42)

in iteration k. The function is approximated by a linear Taylor series expansion,

∇Ĵ(uk + dk) ≈ ∇Ĵ(uk) +∇2Ĵ(uk)dk . (2.43)

By requiring Equation (2.42) to be fulfilled, Newton’s method proposes an equation for
the direction dk,

∇2Ĵ(uk)dk = −∇Ĵ(uk) , (2.44)

in iteration k. Here,∇2Ĵ(uk) denotes the Hessian of the cost functional Ĵ . The computation
of the Hessian for the Newton method is a critical point as it is computationally expensive.
An alternative is to employ the Quasi-Newton method (see for example [85]). In Section
2.6 a fast and efficient step size strategy based on the Armijo rule is pursued.

2.6. Step Size Control via Armijo Rule
The choice of a proper step size λ in Equation (2.38) is a crucial aspect in the gradient
method. If the step size is too small, it takes much time to obtain the optimal design.
Choosing the step size too large (λ > λ) may lead to deterioration of the cost functional.
In industrial applications, usually, the computational limitations prohibit the employment
of computationally expensive methods for the step size computation. Therefore, a constant
step size is often chosen rather too small than too big, making more update steps necessary
until a solution near the optimum is achieved. In this section an efficient and computatio-
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nally affordable method to compute the step length is described, based on the Armijo step
length selection rule [2]. The gradient is scaled with σ > 0 to obtain the search direction
d. The Armijo rule reads: Let β∗ ∈ (0, 1) and γ ∈ (0, 1) be fixed parameters. Determine
the largest scalar λ ∈ {1, β∗, β∗2, · · · }, such that Equation (2.45) is fulfilled,

Ĵ (u + λd )− Ĵ(u) ≤ λγ∇Ĵ(u)Td . (2.45)

Figure 2.6 illustrates the Armijo rule.

0 λ

  

Fig. 2.6: Armijo rule.

Ĵ(u)

h(λ) = Ĵ(u + λd)

s(λ) = Ĵ(u) + λγ∇Ĵ(u)Td

The inequality (2.45) is fulfilled for all λ at which the corresponding graph h(λ) :=
Ĵ (u + λd ) is on or below the line s(λ) := Ĵ(u) + λγ∇Ĵ(u)Td. From the Armijo rule
the globally convergent Algorithm 1 is formulated [85].

Algorithm 1: The Armijo Rule Algorithm.
Input: β∗ ∈ (0, 1), γ ∈ (0, 1), σ > 0, k = 0 .
While |∇Ĵ(uk)| > TOL ,

1. dk = −σ∇Ĵ(uk) .

2. Determine the largest λ ∈ {1, β∗, β∗2, · · · , } such that Ĵ(uk + λdk) − Ĵ(uk) ≤
λγ∇Ĵ(uk)Tdk .

3. Set uk+1 = uk + λdk , k = k + 1 .

Reduced Armijo Algorithm

The challenge in the Armijo algorithm lies in the computation of Ĵ(uk + λdk), represen-
ting the cost functional value for the future control uk + λdk. To compute this value, the
solution of the state equations is necessary. As each step length evaluation thus requires
to solve the state equations, the computational effort is deemed to be unfeasible for in-
dustrial applications. Therefore, a reduced Armijo approach [18] is used, that lowers the
computational costs of the Armijo rule evaluation. A similar approach is already presented
in [87], applied to the quality optimization of crystal breeding. For the purpose of checking
the Armijo condition, the state equations are solved on a coarse grid level. To be able to
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do so, a coarse mesh is generated for each design update step involving geometrical modi-
fications. The solver switches to the coarse case, solves the state equations for initial and
modified design, checks the Armijo condition and states if the gradient step leads to an
improvement. If not, the design update is not considered and the step size is reduced. The
procedure repeats until a step size is found that fulfills the Armijo condition. Thereafter,
the design is updated and the primal and adjoint equations are again solved on the fine
mesh level. From the sensitivity, the gradient is computed and the procedure is repeated.
The approach is illustrated in Figure 2.1.

Solve primal & adjoint equations on fine mesh

Compute gradient on fine mesh Evaluate Armijo rule on coarse mesh

Update design on fine mesh

Fig. 2.1.: Reduced Armijo approach.

It is important to ensure that the coarse mesh is able to predict the change of the cost
functional credibly. To this end, the mesh coarsening should be performed moderately. By
applying this approach, the following targets are pursued in comparison to a non-reduced
Armijo algorithm or a gradient method with constant step size:

• Perform bigger steps in the update procedure.

• Reduce the cost of a cost functional evaluation and therewith of the complete com-
putation.

• Obtain a similar result concerning cost functional improvement and design modifica-
tion.

The reduced Armijo approach may be used for shape and topology optimization, though,
in case of shape optimization, the coarse mesh has to be recomputed for each design update
step. This process step requires computational time and, advisably, the automation and
integration of the mesh computation into the process chain. As, in the framework of this
thesis, the prerequisites for an efficient performance of the presented approach for the
shape optimization are not given, it is only performed for topology optimization. Here, the
coarse mesh is only generated once and can be reused for each iteration step, as the control
modification does not affect the mesh configuration.
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3. Governing Fluid Dynamic Equations

In this chapter the state equations in the previously defined optimal control problem,
namely the primal flow equations are characterized. At first, the RANS/RANS-F equations
are described, including the governing equations for momentum, continuity and internal
energy. A description of the porosity model for the topology-based optimization follows.
The chapter closes with the specification of appropriate boundary conditions and cost
functionals.

3.1. Navier-Stokes Equations

The incompressible, steady state Navier-Stokes equations read

ρ
∂

∂xj
uiuj = −∂p∗

∂xi
+

∂

∂xj

[
µ

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ fi , (3.1)

−∂ui
∂xi

= 0 , (3.2)

on the computational domain Ω, with density ρ, dynamic viscosity µ, pressure p∗, and body
force fi. The Reynold-averaged velocity and pressure fields are computed by application of
an average operation (·), such that – due to the linearity property of the average operation
[17] – it holds for the incompressible Reynolds-averaged Navier-Stokes equations

ρ
∂

∂xj

(
u′iu
′
j

)
+ ρ

∂

∂xj
(ui uj) = −∂p∗

∂xi
+

∂

∂xj

[
µ

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ fi , (3.3)

−∂ui
∂xi

= 0 , (3.4)

where u′i denotes the fluctuating part of the velocity. The Reynolds-averaged Navier-Stokes
equations are a non-closed system, i.e. there are more unknowns than equations. Merely
the Reynolds stress tensor ρu′iu′j consists of six unknown entries in 3D. According to the
Boussinesq eddy-viscosity hypothesis [7], the deviatoric part of the Reynolds stress tensor
is modeled proportional to the mean rate of strain,

−ρu′iu′j +
2

3
ρkδij = 2µtSij , (3.5)
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with turbulent dynamic eddy viscosity µt and the Kronecker delta δij. Hereby, the turbulent
kinetic energy k is defined as half the trace of the Reynolds stress tensor,

k =
1

2
u′iu
′
i . (3.6)

The tensor Sij denotes the rate-of-strain,

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (3.7)

For the sake of brevity, the notation of the Reynolds-average (·) is omitted for the zeroth
moments. Hence, under the predefined assumptions, the incompressible Reynolds-averaged
Navier-Stokes equations read

ρ
∂

∂xj
uiuj = − ∂p

∂xi
+

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ fi , (3.8)

−∂ui
∂xi

= 0 , (3.9)

where p := p∗ + 2
3
ρk is regarded as modified mean pressure and µe = µ + µt marks the

effective viscosity. A detailed derivation can be found, for example, in [67]. In the shear
stress transport (SST) k-ω model, proposed by Menter and Esch in 2001 [56], the turbulent
dynamic eddy viscosity µt in Equation (3.5) is computed by solving additional transport
equations for turbulent kinetic energy k and specific dissipation rate ω,

∂k

∂t
+ uj

∂k

∂xj
= Pk − β∗kω +

∂

∂xj

[
(ν + σkνt)

∂k

∂xj

]
, (3.10)

∂ω

∂t
+ uj

∂ω

∂xj
= α̃S2 − β̃ω2 +

∂

∂xj

[
(ν + σωνt)

∂ω

∂xj

]
+ 2(1− F1)σω2

1

ω

∂k

∂xi

∂ω

∂xi
, (3.11)

with blending function F1 and production term Pk. The turbulent kinematic eddy viscosity
νt = µt

ρ
is basically computed from the ratio of k and ω, according to Equation (3.12),

νt =
a1k

max(a1ω, SF2)
, (3.12)

where S denotes the magnitude of the rate-of-strain tensor, i.e. S =
√

2SijSij, a1 is a
constant and F2 is a second blending function. The coefficients φ of the model are functions
of F1, i.e. φ = F1φ1 + (1−F1)φ2, where φ1, φ2 stand for the coefficients of the k−ω model:

α̃1 = 0.5532, α̃2 = 0.4403, β̃1 = 0.075, β̃2 = 0.0828

σk1 = 0.85034, σk2 = 1.0, σω1 = 0.5, σω2 = 0.85616 .
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The required constants of Equation (3.10)–(3.12), the definition of the blending functions
F1 and F2 and production term Pk can be found in [56] and are given in Table 3.1.

Table 3.1.: Closure coefficients and auxiliary relations for SST k-ω model.

Symbol Description Value

Pk production term min
(
τij

∂ui
∂xj
, 10β∗kω

)
F1 first blending function tanh

{{
min

[
max

( √
k

β∗ωy
, 500ν
y2ω

)
, 4σω2k
CDkωy2

]}4
}

F2 second blending function tanh

[[
max

(
2
√
k

β∗ωy
, 500ν
y2ω

)]2
]

CDkω coefficient in blending function max
(

2σω2
1
ω
∂k
∂xi

∂ω
∂xi
, 10−10

)
a1 coefficient in eddy viscosity 0.31

β∗ coefficient in production term 0.09

Hereby, y denotes the wall distance.

3.2. Navier-Stokes-Fourier Equations

This section characterizes the internal energy equation, from which an equation for the
temperature is derived. Later on, the internal energy equation is coupled to the momentum
equation via the temperature-depending buoyancy term, which is inserted as a source term
into the momentum equation.
The steady state transport equation for the internal energy E denotes

∂

∂xk
[ρukE] = − ∂qi

∂xi
− p∂ui

∂xi
+ 2µSij

∂ui
∂xj

, (3.13)

with dissipation function 2µSij
∂ui
∂xj

and heat flux density qi. Fourier’s equation of state for
an isotropic material with temperature T states

qi = −κ ∂T
∂xi

, (3.14)
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at which the thermal heat conductivity κ is employed to describe the heat flux density
based upon a scalar heat conductivity. For incompressible fluids, the term p∂ui

∂xi
in Equation

(3.13) vanishes. The relation E = cvT is used for incompressible fluids with cv being the
isochore heat capacity, constant for a perfect fluid. By factoring out cv, an equation for the
temperature T is obtained,

∂

∂xk
[ρukT ] =

∂

∂xi

[
κ

cv

∂T

∂xi

]
+

2µ

cv
Sij

∂ui
∂xj

. (3.15)

Equation (3.15) is also Reynolds-averaged to derive the governing equations for an averaged
temperature T and its fluctuating part T ′, resulting in

∂

∂xk

[
ρukT

]
=

∂

∂xi

[
κ

cv

∂T

∂xi

]
+

2µ

cv
Sij

∂ui
∂xj
− ∂

∂xk

[
ρu′kT

′
]
. (3.16)

The term ρu′kT
′ is interpreted as turbulent heat flux density and modeled analogously to

the mean heat flux density,

ρu′kT
′ = −κt

cv

∂T

∂xk
, (3.17)

with the turbulent thermal heat conductivity κt. The turbulent heat conductivity, κt, is
computed from the ratio of µt, turbulent Prandtl number Prt and specific heat capacity
cp, viz.

κt =
µtcp
Prt

. (3.18)

Equation (3.16) transforms to

∂

∂xk

[
ρukT

]
=

∂

∂xi

[
κe
∂T

∂xi

]
+

2µ

cv
Sij

∂ui
∂xj

, (3.19)

with effective thermal heat conductivity denoting the sum of turbulent and thermal heat
conductivity, κe := κ

cv
+ κt

cv
. For the term Sij

∂ui
∂xj

holds

Sij
∂ui
∂xj

= Sij
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
︸ ︷︷ ︸

Sij

+Sij
1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
︸ ︷︷ ︸

Wij

= SijSij + SijWij = SijSij .

(3.20)

Since the vorticity tensor Wij is anti-symmetric, i.e. Wij = −Wji, and Sij is symmetric,
i.e. Sij = Sji, it follows WijSij = 0.
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For the averaged dissipation term holds, by using Equation (3.20),

2µSij
∂ui
∂xj

= 2µSijSij = 2µ
(
Sij Sij

)
+ 2µ

(
S ′ijS

′
ij

)
. (3.21)

The turbulent dissipation rate 2µ
(
S ′ijS

′
ij

)
is modeled analogously to the mean dissipation

rate 2µ (SijSij). Again, a turbulent eddy viscosity µt is employed, such that

2µ
(
S ′ijS

′
ij

)
= 2µt

(
Sij Sij

)
= 2µtSij

∂ui
∂xj

(3.22)

is obtained by using Equation (3.20). For the sake of brevity, the notation of the Reynolds-
average (·) is omitted.
In summary, the Reynolds-averaged internal energy equation denotes

ρuk
∂T

∂xk
=

∂

∂xi

[
κe
∂T

∂xi

]
+

2µe
cv
Sij

∂ui
∂xj

. (3.23)

Hereby, the continuity equation (3.9) has been used. To couple the equations of momentum
and energy, the buoyancy term fi = ρ · gi is inserted into the momentum equation as a
driving force, with acceleration of gravity gi.
The Boussinesq approximation relates the density in the buoyancy term to the change in
temperature,

fi = ρ · gi = ρref · (1− βT (T − Tref )) · gi , (3.24)

where βT denotes the thermal expansion coefficient and Tref , ρref the reference temperature
and density values. The buoyancy term linearly depends on the temperature difference. All
other dependencies on the temperature change are of a higher order. Thus, in the sense
of a first order approximation [30], all dependencies on the temperature difference, apart
from the density in the buoyancy term, are neglected. The accuracy of the approach is only
given for small temperature and density changes and differs from a compressible simulation
where the density is explicitly computed and contributes to all other terms. Insertion of the
buoyancy term (3.24) into the momentum equation (3.8) results in the Reynolds-averaged
Navier-Stokes-Fourier equations,

ρ
∂

∂xj
uiuj = − ∂p

∂xi
+

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ ρref · (1− βT (T − Tref )) · gi , (3.25)

−∂ui
∂xi

= 0, (3.26)

ρuk
∂T

∂xk
=

∂

∂xi

[
κe
∂T

∂xi

]
+

2µe
cv
Sij

∂ui
∂xj

. (3.27)
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This system of equations governs the fluid flow, driven by the buoyancy force, which itself
depends on the internal energy.

3.3. Darcy Porous Media Flow Model

Besides from a surface-normal displacement of the boundary, another control device, con-
sidered in this work, is the modification of the permeability of a porous medium. This
section describes how the permeability is modeled.
The Darcy law [13] states that the total discharge V̇i, in units of volume per time, e.g. m3

s
,

passing a porous medium of area A, is proportional to the pressure drop and a material
specific constant kf , the permeability,

V̇i
A

= −kf
∂p

∂xi
. (3.28)

Per division by the area A, the total discharge turns into a characteristic velocity. Equation
(3.28) transforms to

ui = −kf
∂p

∂xi
. (3.29)

The Darcy term is employed by using the inverse of the permeability constant,

α :=
1

kf
. (3.30)

In conjunction with Equation (3.29), the Darcy law (3.28) is reformulated,

αui = − ∂p

∂xi
. (3.31)

The Darcy law states, that the product of velocity and Darcy porosity term α is propor-
tional to the pressure loss occurring when the fluid passes a porous medium. The larger α,
the less fluid traverses the medium. The Darcy porosity term may thus be considered as
a resistance coefficient. Controlling the inviscid pressure-driven forces, the Darcy term is
inserted as a sink term in the momentum equation (3.8),

ρ
∂

∂xj
uiuj = − ∂p

∂xi
+

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
− αui + fi , (3.32)

−∂ui
∂xi

= 0 . (3.33)

Analogously, the Darcy term may be inserted into the momentum equations of the RANS-
F equations (3.25). Modification of the Darcy term is the control device in the considered
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topology optimization.

3.4. Boundary Conditions

To close the system of the RANS/RANS-F model, boundary and initial conditions are
required. The section starts with the definition of the general boundary conditions before
it concentrates on flows in HVAC systems. Additionally, boundary conditions for symmetry
planes are stated.

Dirichlet Boundary Condition

The Dirichlet boundary condition may also be referred to as a fixed boundary condition,

φ = D on Γ , (3.34)

where φ is the flow variable and D a given constant. A homogeneous Dirichlet boundary
condition imposes

φ = 0 on Γ . (3.35)

This boundary condition is also denoted as no-slip boundary condition.

Neumann Boundary Condition

The Neumann boundary condition specifies the normal derivative of the flow on the boun-
dary of the domain,

∂φ

∂n
= D on Γ . (3.36)

Boundary Conditions for Ducted Flows

The flows passing heating, ventilation and air-conditioning components typically involve
ducted settings, bounded by inlet, outlet, and walls. Therefore, the commonly used boun-
dary conditions for these types of flow in (virtually) incompressible fluids are stated.

Inlet

• Dirichlet boundary condition for the velocity, u = uin.

• Homogeneous Neumann boundary condition for the pressure, ∂p
∂n

= 0.

• Dirichlet boundary condition for the temperature, T = Tin.
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Outlet

• Homogeneous Neumann boundary condition for the velocity, ∂ui
∂n

= 0.

• Homogeneous Dirichlet boundary condition for the pressure, p = pout (usually 0).

• Homogeneous Neumann boundary condition for the temperature, ∂T
∂n

= 0.

Wall

• Homogeneous Dirichlet boundary condition for the velocity, ui = 0.

• Homogeneous Neumann boundary condition for the pressure, ∂p
∂n

= 0.

• Dirichlet boundary condition for the temperature, T = Tw or prescribed heat flux,
i.e. − ∂T

∂xi
= qi

κ
.

Wall functions are used for turbulent flows by taking advantage of the well studied beha-
vior of boundary layer flows [67]. The associated boundary conditions for the turbulence
quantities k, ω and νt are given in Section 5.4.

Boundary Conditions for Symmetry Planes

The flow is symmetric to the symmetry plane, Γsym. Accordingly, the flow across symmetry
planes is zero. Thus, normal vector flow components are assigned to zero and tangential
vector flow components to zero gradient. The scalar flux across symmetry planes is zero,
i.e. all scalar variables have zero normal gradients.

3.5. Fluid Dynamic Cost Functionals
This section describes the cost functionals for the optimization of HVAC components.

Desired State

The concerned cost functional models the difference of a flow variable from a desired state
φd,

J =

∫
Γ

1

2
(φ (x)− φd (x))2 dΓ . (3.37)

When applied to the velocity at the outlet, Γout, this cost functional is denoted as uniformity
of the flow at the outlet w.r.t. a desired velocity ud,

J =

∫
Γout

1

2
(u− ud)

2 dΓ . (3.38)
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A homogeneous outflow represents a critical issue in comfort optimization. If the cost
functional is minimized, the velocity at the outlet is close to the desired velocity ud and,
thus, more homogeneous. To consider the tangential velocity at the outlet in the adjoint
calculus, is crucial to detect recirculation zones.
In particular, the desired state may be referred to a desired temperature Td,

J =

∫
Γout

1

2
(T − Td)2dΓ . (3.39)

For a small value of the cost functional, the temperature differences become minimal, hence,
the homogeneity of the temperature distribution is improved; consequently, the mixing in
the domain increases. Therefore, this cost functional is also denoted as mixing efficiency.

Dissipated Power

The cost functional dissipated power describes the loss of kinetic energy and pressure
through the device boundaries,

J = −
∫

Γ

(
p

ρ
+

1

2
uiui

)
undΓ . (3.40)

A low value resembles a high system efficiency, preferred for industrial system devices.
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4. Adjoint Fluid Dynamic Equations

The adjoint fluid dynamic equations, namely the incompressible adjoint RANS and the
adjoint RANS-F equations, are derived from a variational approach. Furthermore, adjoint
topology optimization involving the Darcy porosity term is considered. Additionally, cons-
traints arising in the topology optimization are examined and the computation of the
gradient from the sensitivity is described.

4.1. Adjoint Navier-Stokes Equations

In the optimal control theory, the primal state equations serve as constraints, which have
to be satisfied. The optimal control problem (see Chapter 2), based on the steady RANS-
equations and the surface normal shape control β, is given as

min
(ui,p,β)

J(ui, p, β) subject to

Ri =
∂

∂xj

[
ρuiuj + δijp− µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
− fi = 0 ,

Q = −∂ui
∂xi

= 0 .

(4.1)

The Lagrangian function L is derived from the cost functional J and the residual Navier-
Stokes equations R = (R1, R2, R3, Q) by integration over the flow domain Ω and augmen-
tation with Lagrange multipliers (ûi, p̂), denoting adjoint velocity ûi and adjoint pressure
p̂, respectively,

L = J +

∫
Ω

(ûi, p̂)R dΩ . (4.2)

Following Chapter 2, the adjoint equations are computed from the variation of the Lag-
rangian function with respect to the state variables, as

δuL+ δpL = δuJ + δpJ +

∫
Ω

[(ûi, p̂)δuR+ (ûi, p̂)δpR] dΩ = 0 . (4.3)
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Expansion of the local variation of the Lagrangian function (4.3) yields

δuJ + δpJ +

∫
Ω

[(ûi, p̂)δuR+ (ûi, p̂)δpR] dΩ

=δuJ + δpJ +

∫
Ω

[ûiδuRi + ûiδpRi + p̂δuQ+ p̂δpQ] dΩ

=δuJ + δpJ +

∫
Ω

[
ûi

(
ρ
∂[δ(uiuj)]

∂xj
+

∂

∂xj

[
δijδp− µe

(
∂δui
∂xj

+
∂δuj
∂xi

)])
− p̂∂δui

∂xi

]
dΩ .

(4.4)
Each integrand is transformed by using integration by parts. Equation (4.5) can then be
derived for the local variation of the Lagrangian function∮

Γ

[
ρ (δuiuj + δujui) ûi + (δui)2µeŜij − µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ûi + (δp) ûj − (δuj) p̂

]
njdΓ

+

∫
Ω

[(
−2ρujŜij −

∂

∂xj

(
2µeŜij − δij p̂

))
δui −

∂ûi
∂xi

δp

]
dΩ

+

∫
Ω

δujΩdΩ +

∫
Γ

δujΓdΓ +

∫
Ω

δpjΩdΩ +

∫
Γ

δpjΓdΓ = 0 ,

(4.5)
with Ŝij representing the adjoint complement to the rate-of-strain tensor Sij, nj the outward
pointing normal vector and jΩ and jΓ the cost functional integrands declared on Ω and Γ,
respectively. A detailed derivation of Equation (4.5) is given in Appendix B. Note that the
frozen turbulence approach is used, i.e. δµe = 0. Approaches to involve variations of this
term are found, for example, in [88]. The term, contained in Equation (4.5),∮

Γ

ûiρuiδujnjdΓ−
∫

Ω

ρuj
∂ûj
∂xi

δuidΩ , (4.6)

is called advection in this work, analogously to [78], and may be represented in different
ways. The additional integration by parts (see Appendix B, Equation (B.3)), followed in
this work, is also pursued by Othmer [60] and leads, correspondingly, to the term (4.6),
consisting of a volume and a boundary integral. An alternative formulation follows from
omitting the additional partial integration, leading to a modified volume term in (4.6) and
no boundary term. This approach is pursued, for example, by [31], [11] or [78]. Neglecting
the advection term, as suggested by [74] can stabilize the numerical solution as the advec-
tion may lead to numerical instabilities in the adjoint computations.
A suitable choice of the Lagrange multipliers cancels the terms in Equation (4.5) that de-
pend on local flow variations and results in the adjoint equations. This approach ensures
the independence of local flow variations. Note that the equations are specific to the chosen
cost functional, due to the cost functional integrands in Equation (4.5).
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Treatment of the Volume Terms

The adjoint volume equations are obtained from the volume integrals in Equation (4.5),
by requiring the contributions depending on the local flow variations to vanish, leading to

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
− ∂jΩ

∂ui
in Ωobj , (4.7)

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
in Ω \ Ωobj , (4.8)

∂ûi
∂xi

=
∂jΩ

∂p
in Ωobj , (4.9)

∂ûi
∂xi

= 0 in Ω \ Ωobj , (4.10)

where Ωobj denotes the part of the volume at which the cost function is defined. Hereby, it
is used that for the volume integral containing the cost functional holds∫

Ω

δujΩdΩ +

∫
Ω

δpjΩdΩ =

∫
Ω

(
∂jΩ

∂ui
δui +

∂jΩ

∂p
δp

)
dΩ . (4.11)

Treatment of the Boundary Terms

The adjoint boundary conditions are obtained from the boundary terms in Equation (4.5),
by requiring the contributions depending on local flow variations to vanish, leading to∮

Γ

δui

[
ρujûinj + ρujûjni + 2µeŜijnj − p̂ni +

∂jΓ

∂ui

]
dΓ−

∮
Γ

ûiµe

(
∂δui
∂xj

+
∂δuj
∂xi

)
njdΓ=0 ,

(4.12)∮
Γ

δp

(
ûjnj +

∂jΓ

∂p

)
dΓ=0 ,

(4.13)

expressing the local variation of the cost functional as∮
Γ

δujΓdΓ +

∮
Γ

δpjΓdΓ =

∮
Γ

(
∂jΓ

∂ui
δui +

∂jΓ

∂p
δp

)
dΓ . (4.14)

This is the general form of the adjoint equation system for the steady state, incompressible
Navier- Stokes equations with frozen turbulence. Compared to the primal equation system,
the convection term in the adjoint system is linear in nature. The crucial difference between
primal and adjoint equations is the minus sign in front of the convective term in Equation
(4.12) and the advective contribution. For cost functionals defined on the surface of the
domain only, the adjoint flow field is divergence-less. The general form of the adjoint volume
and boundary terms is now specialized to ducted flows, the considered setting in this work.
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Additionally, symmetry planes and the related adjoint boundary conditions are considered.

Specialization to Ducted Flows

The adjoint volume and boundary equations for ducted flows are deduced, by making the
following assumptions [60]:

1. The flow boundary domain Γ is made up of three portions – inlet, outlet and wall –
with prescribed velocity and zero pressure gradient at the inlet and along the wall,
and zero velocity gradient and prescribed pressure at the outlet.

2. As outlined in Section 3.5, the considered objective functions of ducted flows usually
involve integrals over the surface of the flow domain and not in its interior (the only
exception in this work appears in Section 7.4). Usually, the surface-declared cost
functionals apply to the flow quantities at inlet and outlet and not at the wall.

3. The gradient of the effective viscosity µe is assumed to be of second order and is
therefore neglected.

4. The only portion of Γ subject to shape variations is the wall.

Due to the second assumption, the volume equations in (4.7)–(4.10) reduce to

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
, (4.15)

∂ûi
∂xi

= 0 , (4.16)

on the computational domain Ω. Note that the adjoint volume equations do not directly
depend on the cost functional any more. For surface-declared cost functionals, the depen-
dency is shifted to the adjoint boundary conditions.
Elaboration on the terms of the boundary conditions (4.12), involving the rate-of-strain
tensor, under consideration of the third assumption, leads to∮

Γ

(
δuj2µeŜijni − ûjµe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ni

)
dΓ =

∮
Γ

µeni

(
∂ûj
∂xi

δuj −
∂δuj
∂xi

ûj

)
dΓ .

(4.17)
A detailed computation of this transformation is confined in the Appendix, (B.11)-(B.13).
Therefore, the boundary integrals (4.12) and (4.13) reduce to∮

Γ

δui

[
ρujûinj + ρujûjni + µenj

∂ûi
∂xj
− p̂ni +

∂jΓ

∂ui

]
dΓ−

∮
Γ

µeni
∂δuj
∂xi

ûjdΓ=0 , (4.18)

∮
Γ

δp

(
ûjnj +

∂jΓ

∂p

)
dΓ=0 . (4.19)
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These conditions are evaluated for Dirichlet, Neumann and symmetry boundary conditions
to deduce the appropriate adjoint boundary conditions.

Dirichlet Boundary Condition

The Dirichlet boundary condition imposes a constant value for the flow variable, viz. φ = D
along the boundary, Γ. As this condition is also imposed for the varied flow,

δφ = 0 (4.20)

is valid at Dirichlet boundaries concerning the variation with respect to the state.

Neumann Boundary Conditions

For this type of boundary condition, the normal gradient of the flow is assigned to zero or
a fixed value. As this condition is also valid for the variation of the flow,

∂δφ

∂n
= 0 (4.21)

is valid at Neumann boundaries for the variation with respect to the state.
Inlet andwall boundaries have a Dirichlet-type boundary condition for the primal velocity.
Thus, according to (4.20) the variation is zero,

δui = 0 , (4.22)

and, therefore, the first integral of (4.18) vanishes. The continuity equation for δu reduces
to

∂δun
∂n

= 0 . (4.23)

So the boundary equations (4.18) and (4.19) reduce to∮
Γ

µe
∂δui(t)
∂n

ûi(t) dΓ = 0 , (4.24)∮
Γ

δp

(
ûjnj +

∂jΓ

∂p

)
dΓ = 0 . (4.25)

Hereby, ui(t) and ûi(t) denote the primal and adjoint tangential velocity, respectively. Out
of this, the adjoint boundary conditions for inlet and wall boundaries are deduced, namely

ût = 0 , (4.26)

ûn = −∂jΓ

∂p
. (4.27)
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As the considered objective functions are not declared at the wall, (4.26) and (4.27) are
conflated to the adjoint velocity boundary condition at the wall, namely

ûi = 0 . (4.28)

There is not yet a condition for the adjoint pressure at wall and inlet. As the adjoint
pressure p̂ enters the adjoint Navier-Stokes equations similar to its primal counterpart, the
zero gradient boundary condition for p at wall and inlet is applied for p̂ as well, to assure
the well-posedness of the adjoint equation system [60]. Therefore, it holds for the adjoint
pressure at wall and inlet

∂p̂

∂n
= 0 . (4.29)

At the outlet, the Dirichlet-type boundary condition is imposed for the primal pressure,
i.e. p = pout. As this condition is also valid for the local variation of the pressure (4.20),
Equation (4.30) is valid along the outlet, Γout,

δp = 0 . (4.30)

Consequently, Equation (4.19) is fulfilled. At the outlet the Neumann boundary condition
is imposed for the primal velocity. Accordingly, it holds for δui,

∂δui
∂n

= 0 , (4.31)

and the second integral of (4.18) vanishes. Hence, the integrand of the first integral of
Equation (4.18) has to vanish, viz.

ρunûi + ρujûjni + µe
∂ûi
∂n
− p̂ni +

∂jΓ

∂ui
= 0 . (4.32)

Decomposition into tangential and normal parts yields

ρunûn + ρuiûi + µe
∂ûn
∂n
− p̂+

∂jΓ

∂un
= 0 , (4.33)

ρûi(t)un + µe
∂ûi(t)
∂n

+
∂jΓ

∂ui(t)
= 0 . (4.34)

Therefore, the adjoint boundary conditions for the outlet read

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

+
∂jΓ

∂un
, (4.35)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

+
∂jΓ

∂ui(t)
. (4.36)
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The adjoint normal velocity component at the outlet is determined from the adjoint con-
tinuity equation, balanced over wall, inlet and outlet. In conjunction with the value of ûn
from the previous iteration and the values at the other boundary faces, the current value
for the normal adjoint velocity component is adjusted such that the mass balance over the
boundaries is maintained.

Symmetry Plane

For the tangential flow a zero gradient boundary condition is assumed; the normal flow
component is zero. If this holds for the varied flow field at the initial boundary, one can set

∂δφi(t)
∂n

= 0 and δφn = 0 , (4.37)

on Γsym. If this boundary condition is imposed for the primal velocity and jΓ = 0 holds on
the symmetry plane Γsym, the adjoint boundary conditions (4.18) and (4.19) reduce to∮

Γ

δui(t)µe
∂ûi(t)
∂n

dΓ−
∮

Γ

µe
∂δun
∂n

ûndΓ = 0 , (4.38)∮
Γ

δpûndΓ = 0 , (4.39)

leading to the adjoint boundary conditions at symmetry planes, equivalent to the primal
boundary conditions,

∂ûi(t)
∂n

= 0 , (4.40)

ûn = 0 . (4.41)

For the adjoint pressure, a zero gradient boundary condition is imposed.

Adjoint RANS Equations

The adjoint Navier-Stokes equations and boundary conditions for ducted flows are sum-
marized as follows,

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
on Ω , (4.42)

∂ûi
∂xi

= 0 on Ω , (4.43)
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ûi = 0 on Γw , (4.44)
∂p̂

∂n
= 0 on Γw , (4.45)

ût = 0 on Γin , (4.46)

ûn = −∂jΓ

∂p
on Γin , (4.47)

∂p̂

∂n
= 0 on Γin , (4.48)

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

+
∂jΓ

∂un
on Γout , (4.49)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

+
∂jΓ

∂ui(t)
on Γout . (4.50)

Computation of Surface Sensitivity

The Lagrangian function leads to the adjoint Navier-Stokes equations (4.42)–(4.50), eli-
minating the dependency on local flow variations. The sensitivity is computed from the
variation w.r.t. the control, according to Equation (2.33),

δβL = δβJ +

∫
Ω

[ûiδβRi + p̂δβQ] dΩ . (4.51)

As the only portion of Γ that is subject to shape variations is the wall and the cost
functional is assumed to be defined on inlet and outlet, it follows that the variations of the
cost function w.r.t. β vanish and, therefore,

δβJ = 0 . (4.52)

The remaining term is computed by using Equation (2.34), namely

δβL =

∫
Ω

[ûiδβRi + p̂δβQ] dΩ = −
∫

Ω

[ûiδuRi + p̂δuQ+ ûiδpRi + p̂δpQ] dΩ , (4.53)

assuming that the total variation of the residual Navier-Stokes equations vanishes. The
right-hand side has already been derived via the variational approach (4.5). Supposing that
the cost functional applies to the boundaries only, the volume integrals cancel, satisfying the
adjoint volume equations in (4.42) and (4.43). Thus, only the boundary terms of Equation
(4.5) are taken over, omitting the cost functional contributions, such that the right-hand
side of Equation (4.53) transforms to

−
∮

Γ

[
ρ (δuiuj + δujui) ûi + δui2µeŜij − µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ûi + δpûj − δuj p̂

]
njdΓ .

(4.54)
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As the shape control β only applies to the wall boundary, Equation (4.54) reduces to the
wall. Due to the zero boundary condition for ûi (4.44), the majority of Equation (4.54)
cancels. The variations δp and δui are computed according to Equation (2.30) and (2.31),
by a Taylor series expansion. Therefore, Equation (4.54) transforms to

δβL = −
∮

Γw

δβ
∂ui
∂n

[
2µeŜijnj − p̂ni

]
dΓ . (4.55)

Due to the primal and adjoint continuity equation and ut = 0 such as ût = 0 along the
wall, Equation (4.23) follows analogously for the primal and adjoint velocity, i.e.

∂un
∂n

= 0 , (4.56)

∂ûn
∂n

= 0 . (4.57)

As ûn = 0 along the wall,

∂ûn
∂t

= 0 . (4.58)

With these considerations, Equation (4.55) transforms to

δβL =

∮
Γw

[
−µeδβ

∂ui(t)
∂n

∂ûi(t)
∂n

]
dΓ . (4.59)

The sensitivity, GL, follows accordingly, viz.

GL =
∂L

∂β
=

∮
Γw

[
−µe

∂ui(t)
∂n

∂ûi(t)
∂n

]
dΓ = −µe

∂ui(t)
∂n

∂ûi(t)
∂n

∆Γw , (4.60)

in which the area of the considered wall patch is denoted as ∆Γw. The surface sensitivity
is thus obtained from the product of primal and adjoint surface normal gradients. Hence,
only the solution of the primal and adjoint equation systems is required irrespective of the
number of design parameters.

4.2. Adjoint Navier-Stokes-Fourier Equations

This section is concerned with the coupled system of energy and momentum equations for
the adjoint calculus. The derivation is analogous to the adjoint Navier-Stokes equations in
the preceding section. Similar approaches can be found, for example, in [53] and [57]. The
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optimal control problem for the RANS-F equations (3.25)–(3.27) is formulated as

min
(ui,p,T,β)

J(ui, p, T, β) subject to

Ri =
∂

∂xj
[ρuiuj + δijp− 2µeSij]− ρref · (1− βT (T − Tref )) · gi = 0 , (4.61)

Q = −∂ui
∂xi

= 0 , (4.62)

H = ρ
∂

∂xj
(ujT )− ∂

∂xj

[
κe
∂T

∂xj

]
− 2µe

cv
Sij

∂ui
∂xj

= 0 , (4.63)

where H denotes the residual form of the internal energy equation (3.27). The Lagrangi-
an function L is derived from the cost functional and the residual Navier-Stokes-Fourier
equations R = (R1, R2, R3, Q,H) by multiplication with Lagrange multipliers, ûi, p̂ and
T̂ , in which T̂ denotes the adjoint temperature, and integration over the flow domain Ω,
such that

L := J +

∫
Ω

(ûi, p̂, T̂ )R dΩ . (4.64)

The adjoint equations are derived from the variation of the Lagrangian function with
respect to the state variables,

δuL+ δpL+ δTL =

δuJ + δpJ + δTJ +

∫
Ω

[
(ûi, p̂, T̂ )δuR+ (ûi, p̂, T̂ )δpR+ (ûi, p̂, T̂ )δTR

]
dΩ = 0 .

(4.65)

Using integration by parts, the local variation of the Lagrangian function results in

δL =

∮
Γ

[
ρ (δuiuj + δujui) ûi + δui2µeŜij − µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ûi + δpûj − δuj p̂

]
njdΓ

+

∮
Γ

[
ρT̂ujδT − κeT̂

∂δT

∂xj
+ κeδT

∂T̂

∂xj
− δuiT̂

2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)]
njdΓ

+

∫
Ω

{[
−2ρujŜij −

∂

∂xj

(
2µeŜij − δij p̂

)
+ ρT̂

∂T

∂xi
+

∂

∂xj

(
2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
T̂

)]
δui

+

[
−ρuj

∂T̂

∂xj
− ∂

∂xj

[
κe
∂T̂

∂xj

]
+ ûi ρref gi βT

]
δT − ∂ûi

∂xi
δp

}
dΩ + (δu + δp + δT )J ,

(4.66)
utilizing the results from the preceding section (4.5) for the local variation of the momentum
and continuity equations. The detailed computation of the variational formulation of the
internal energy equation and the buoyancy term is given in the Appendix B.
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Treatment of the Volume Terms

The adjoint field equations are obtained from the volume integrals of Equation (4.66),
resulting in the following set of equations

−2ρujŜij −
∂

∂xj

(
2µeŜij − δij p̂

)
+ ρT̂

∂T

∂xi
+

∂

∂xj

(
2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
T̂

)
= −∂jΩ

∂ui
,

(4.67)
∂ûi
∂xi

=
∂jΩ

∂p
,

(4.68)

−ρuj
∂T̂

∂xj
− ∂

∂xj

[
κe
∂T̂

∂xj

]
+ ûi · ρref · gi · βT = −∂jΩ

∂T
,

(4.69)

where the cost functional only applies to the part of the domain carrying the objective
functional, i.e. jΩ = 0 on Ω \ Ωobj.

Treatment of the Boundary Terms

Analogously to the previous section, the boundary condition for the adjoint temperature
is formulated from the corresponding boundary integrals of Equation (4.66), leading to∮

Γ

(
δT

(
ρT̂un + κe

∂T̂

∂n
+
∂jΓ

∂T

)
− κe

(
T̂
∂δT

∂xj

)
nj − δuiT̂

2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
nj

)
dΓ=0 .

(4.70)

Consideration of the primal boundary conditions leads to the corresponding boundary
conditions for the adjoint temperature.
At inlet and wall the Dirichlet boundary condition is imposed for the primal temperature,
i.e. T = D. This condition also applies to the perturbed flow at the initial boundary (cf.
(4.20)), therefore,

δT = 0. (4.71)

From the surface integral (4.70) remains

−
∮

Γ

(
κe

(
T̂
∂δT

∂xj

)
nj − δuiT̂

2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
nj

)
dΓ = 0 . (4.72)

Equation (4.72) requires to choose the boundary condition for T̂ , viz.

T̂ = 0 . (4.73)
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At the outlet the homogeneous Neumann boundary condition is imposed for the tempe-
rature. This condition also applies to the disturbed flow at the initial boundary. Therefore,

∂δT

∂n
= 0 . (4.74)

So the second term of the surface integrals (4.70) vanishes. Due to the homogeneous Neu-
mann boundary condition for ui, the third term of Equation (4.70) is rewritten as follows,

−
∮

Γ

δuiT̂
2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
njdΓ = −

∮
Γ

δui(t)T̂
2µe
cv

(
∂un
∂t

)
dΓ. (4.75)

The term in Equation (4.75) is related to the variation in tangential direction and is thus
assumed to be negligible. The remaining integrand of Equation (4.70) is

ρT̂un + κe
∂T̂

∂n
+
∂jΓ

∂T
= 0 , (4.76)

and thus defines the outlet boundary condition for the temperature.

Symmetry Plane

Analogously to the primal temperature, a zero gradient boundary condition holds for the
variation of the temperature on Γsym, namely

∂δT

∂n
= 0 . (4.77)

So the second term of the surface integrals (4.70) vanishes. For the term of Equation (4.70)
depending on δu, it holds, due to the corresponding zero boundary condition for δun, the
zero gradient boundary condition for ut and zero value for un along Γsym,

−
∮

Γ

δuiT̂
2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)
njdΓ = −

∮
Γ

δui(t)T̂
2µe
cv

(
∂ui(t)
∂n

+
∂un
∂t

)
dΓ = 0 . (4.78)

The remaining integrand of Equation (4.70) is

ρT̂un + κe
∂T̂

∂n
+
∂jΓ

∂T
= 0 , (4.79)

which reduces to

κe
∂T̂

∂n
= 0 , (4.80)
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due to jΓ = 0 and un = 0 on Γsym. The adjoint boundary condition is derived from Equation
(4.80) as

∂T̂

∂n
= 0 , (4.81)

analogous to the primal symmetry boundary condition.

Adjoint RANS-F Equations

The adjoint RANS-F equations are summarized, assuming that Ωobj = ∅,

−2ρujŜij −
∂

∂xj

[
2µeŜij − δij p̂

]
+ ρT̂

∂T

∂xi
+

∂

∂xj

4µe
cv

(
SijT̂

)
= 0 on Ω , (4.82)

∂ûi
∂xi

= 0 on Ω , (4.83)

−ujρ
∂T̂

∂xj
− ∂

∂xj

[
κe
∂T̂

∂xj

]
+ ûi · ρref · gi · βT = 0 on Ω , (4.84)

T̂ = 0 on Γw , (4.85)
ûi = 0 on Γw , (4.86)
∂p̂

∂n
= 0 on Γw , (4.87)

T̂ = 0 on Γin , (4.88)
ût = 0 on Γin , (4.89)

ûn +
∂jΓ

∂p
= 0 on Γin , (4.90)

∂p̂

∂n
= 0 on Γin , (4.91)

ρuiûi + ρunûn + µe
∂ûn
∂n

+
∂jΓ

∂un
= p̂ on Γout , (4.92)

ρûi(t)un + µe
∂ûi(t)
∂n

+
∂jΓ

∂ui(t)
= 0 on Γout , (4.93)

ρT̂un + κe
∂T̂

∂n
+
∂jΓ

∂T
= 0 on Γout . (4.94)
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Computation of Surface Sensitivity

To obtain the sensitivity equation for the coupled system, the variation of the Lagrangian
function with respect to the control is computed analogously to Equation (2.33), namely

δβL = δβJ +

∫
Ω

[
ûiδβRi + p̂δβQ+ T̂ δβH

]
dΩ . (4.95)

As before, δβJ cancels, as the cost functional is not defined on the boundary parts that are
subject to shape variations. As in the previous section, the variation δβ is computed from
the local variation, according to (2.34), such that

δβL = −
∫

Ω

[
(ûi, p̂, T̂ )δuR+ (ûi, p̂, T̂ )δpR+ (ûi, p̂, T̂ )δTR

]
dΩ . (4.96)

The right-hand side is already displayed in Equation (4.66). Assuming that no cost functio-
nal contributions exist in the volume, the volume integrals cancel, due to the satisfaction
of the adjoint volume equations (4.82)–(4.84). Thus, only the boundary terms of Equation
(4.66) are taken over, leaving out the cost functional contributions, such that Equation
(4.96) transforms to

δβL = −
∮

Γ

[
ρ (δuiuj + δujui) ûi + δui2µeŜij − µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ûi + δpûj − δuj p̂

]
njdΓ

−
∮

Γ

[
ρT̂ujδT − κeT̂

∂δT

∂xj
+ κeδT

∂T̂

∂xj
− δuiT̂

2µe
cv

(
∂ui
∂xj

+
∂uj
∂xi

)]
njdΓ .

(4.97)
The remaining part of (4.97) is confined to the wall, as δβ = 0 on inlet and outlet.
In conjunction with the homogeneous Dirichlet wall boundary condition for the adjoint
velocity (4.86) and temperature (4.85), Equation (4.97) reduces to

δβL = −
∮

Γw

[
δui2µeŜij − δuj p̂

]
njdΓ−

∮
Γw

κeδT
∂T̂

∂xj
njdΓ . (4.98)

The first term has already been considered in the previous section (4.55), therefore the
focus is on the second term of Equation (4.98). Again, δT is approximated by using a
Taylor series expansion,

δT = δβ
∂T

∂n
. (4.99)
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In conjunction with the sensitivity from the RANS equations (4.59), the cost functional
derivative is expressed, viz.

δβL =

∮
Γw

−δβ

(
µe
∂ui(t)
∂n

∂ûi(t)
∂n

+ κe
∂T

∂n

∂T̂

∂n

)
dΓ , (4.100)

and, therefore, for the sensitivity

∂L

∂β
=

∮
Γw

−

(
µe
∂ui(t)
∂n

∂ûi(t)
∂n

+ κe
∂T

∂n

∂T̂

∂n

)
dΓ = −

(
µe
∂ui(t)
∂n

∂ûi(t)
∂n

+ κe
∂T

∂n

∂T̂

∂n

)
∆Γw .

(4.101)

Just like for the RANS-equations, solving primal and adjoint RANS-F equations leads to
the sensitivity without the necessity to modifiy each design parameter.

4.3. Adjoint Navier-Stokes Equations and Darcy Term

Topology optimization is already a well established technique for design optimization in
structural mechanics w.r.t. tension or stiffness [3]. However, its transfer to fluid dynamics
has just begun in 2003 by Borrvall and Petersson [6]. Since then, the method has experi-
enced a wide range of applications [61], [52], [63]. In the context of topology optimization,
it is distinguished between cells supportive and cells counterproductive for the reduction of
a cost functional. Cells supportive for the cost functional stay fluid, whereas cells counter-
productive for the cost functional turn solid by increasing the porosity which is modeled
by a Darcy term 3.3. Again, from the Lagrange function a set of adjoint equations and the
sensitivity are derived to judge the effect of each cell on the cost functional. Restricting
the interest to fluid dynamic aspects, the governing set of equations consists of the incom-
pressible RANS equations including the Darcy term as a source term (3.32), (3.33). The
corresponding optimal control problem denotes

min
(ui,p,α)

J(ui, p, α) subject to

Ri =
∂

∂xj

[
ρuiuj + δijp− µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ αui − fi = 0 ,

Q = −∂ui
∂xi

= 0 ,

αmin ≤ α ≤ αmax ,

(4.102)

in which the Darcy porosity term, α, is bounded by αmin and αmax, andR = (R1, R2, R3, Q)
denote the residual Navier-Stokes equations including the Darcy term. According to Equa-
tion (2.25), the adjoint equations are derived from the variation of the Lagrange function
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with respect to the state variables, viz.

δpL+ δuL = δuJ + δpJ +

∫
Ω

[(ûi, p̂)δuR+ (ûi, p̂)δpR] dΩ = 0 . (4.103)

In the preceding section, the variational formulation of the Navier-Stokes volume equations
(4.5) has already been derived. The only additional term in the variational formulation of
the porosity model (3.32) and (3.33) is the Darcy term,∫

Ω

ûiαδuidΩ . (4.104)

By factoring out δui, one obtains the adjoint Darcy contribution to the adjoint momentum,
related to δui, (4.42) ∫

Ω

ûiαdΩ . (4.105)

In conjunction with the adjoint momentum (4.42) and continuity equations (4.43), the
adjoint system including the Darcy term reads

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
− αûi , (4.106)

∂ûi
∂xi

= 0 . (4.107)

Appropriate boundary conditions complete the set of primal and adjoint equation systems,
according to Section 3.4 and Equation (4.44)–(4.50). The sensitivity is computed from the
variation w.r.t. the control α, according to Equation (2.26),

δαL = δαJ + δα

∫
Ω

(ûi, p̂)R dΩ . (4.108)

The porosity is just an auxiliary variable to describe a continuous transition from fluid to
solid; usually there is no explicit dependence of the cost functional on the porosity, i.e.

∂J

∂α
= 0 . (4.109)

Therefore, Equation (4.108) simplifies to

δαL = δα

∫
Ω

(ûi, p̂)R dΩ =

∫
Ω

ûi
∂Ri

∂α
δα dΩ =

∫
Ω

ûiuiδα dΩ . (4.110)

42



Finally, the desired sensitivity is obtained from

∂L

∂α
=

∫
Ω

ûiuidΩ . (4.111)

From solving the primal and adjoint equations the volume sensitivity is easily computed as
the product of primal and adjoint velocity and the related volume. Algorithm 2 summarizes
the required steps of the topology optimization design cycle.

Algorithm 2: Porosity Optimization Design Cycle.

1. Solve the primal RANS equations including the Darcy term (3.32) and (3.33).

2. Solve the adjoint RANS equations including the Darcy term (4.106) and (4.107).

3. Compute the sensitivity from primal and adjoint flow fields (4.111).

4. Update the porosity of each control cell via a gradient descent step (see Section 2.5).

The design update is performed as one-shot approach [61, 84]. In this approach, the
adjoint iteration and a gradient step for the design variable are integrated into the primal
iteration. The approach benefits from less required computational time. Because the op-
timization process is directly integrated in the simulation, these methods are often called
simultaneous analysis and design (SAND) or all-at-once approach [26].

4.4. Constrained Topology Optimization

This section deals with the realization of constraints with regard to the porosity distribution
in the topology optimization approach. The modified porosity distribution is the result
of the topology optimization and should ideally conform with a specific porous media,
representing the realizable or desired porosity distribution. The porous material may for
example represent a hole plate which is often used as a flow restrictor in HVAC systems.
Therefore, a constant porosity value is often demanded inside a specific zone.
For some applications it has to be decided which parts of the domain turn completely
solid and which parts stay fluid. As intermediate porosity values are not realizable for
such applications, a digital porosity distribution is preferred, requiring the porosity to be
either maximal or minimal. Moreover, if the production of solid material is related to
costs, a reduced amount of control, i.e. a sparse porosity distribution, might be preferred.
In the following, the constraints, significant for industrial applicability and economy, are
summarized:

• Porosity constant within a porous zone
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• Digital porosity distribution, i.e. porosity term takes either maximum or minimum
value on each porous zone

• Sparse porosity distribution, i.e. a low amount of porosity

Approaches to realize these constraints are described in the following paragraphs.

Constant Porosity Term within a Porous Zone

Related to this constraint, the porosity value is only defined on a disjoint set of porous
zones within the domain Ω,

L := {Li ⊂ Ω , i = 1, · · · , l | Li ∩ Lj = ∅ for i 6= j} . (4.112)

Additionally, the porosity value is required to be constant on each porous zone Lj. There-
fore, a mapping αL is defined (see also [18]),

αL : L → Rl ,

αL
(
Lj
)

:= αj , αj ∈ R, j = 1, · · · , l ,
(4.113)

satisfying the demand of constant porosity values within each porous region. The mapping
αL applies to a set of porous zones L, whereas the velocity ui is defined on each cell of
the domain Ω. To combine αL and ui to the source term in the momentum equation, it is
required to embed αL in the space of functions defined on Ω via an embedding function E,

E : F(L,Rl)→ F(Ω,Rn)

E (αL) (x) =: αΩ(x) =
∑

j=1,··· ,l

αjχLj(x) , (4.114)

in which F denotes the function space, χLj is the characteristic function on the porous
zone Lj and x ∈ Ω. In practice, this means

αΩ(x) = E(αL)(x) =

{
αj for x ∈ Lj ,
0 else .

(4.115)

The term E(αL)ui = αΩui is inserted as a source term into the momentum equation,
resulting in the equation system

∂

∂xj
ρuiuj +

∂p

∂xi
− ∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
+ E(αL)ui − fi = 0 , (4.116)

∂ui
∂xi

= 0 . (4.117)
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The adjoint RANS equations, including the embedded Darcy term, read analogously

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
− E(αL)ûi , (4.118)

∂ûi
∂xi

= 0 . (4.119)

The sensitivity is computed from

δαLL = δαLJ + δαL

∫
Ω

[
ûi
∂Ri

∂αL
+ p̂

∂Q

∂αL

]
dΩ . (4.120)

As before, no explicit dependence of the cost functional on the porosity is assumed, i.e.

∂J

∂αL
= 0 . (4.121)

The porosity enters the primal equation only via the embedded Darcy term, E(αL)ui.
Therefore, it holds, by using (4.113) and (4.114), for each porous zone Lj,

∂L

∂αLj
=

∫
Lj
ûi
∂E(αL(Lj))ui
∂αL(Lj)

dLj =
∑
P∈Lj

û
(P )
i

∂(αju
(P )
i )

∂αj
V (P ) =

∑
P∈Lj

û
(P )
i u

(P )
i V (P ) .

(4.122)
From solving the primal and adjoint equations, the topological sensitivity is easily compu-
ted for each porous zone Lj as volume weighted average value of the dot product of primal
and adjoint velocities.

Sparse/Digital Porosity Distribution

A digital distribution of the control is required to decide whether it is favorable to turn a
porous zone solid or to leave it fluid. Therefore, after the optimization, either the porosity
value should be minimum, corresponding to fluid media, or maximum, corresponding to
solid material. Several approaches apply to the insertion of additional functions into the
cost functional to penalize intermediate porosity values, for example, performed in [5]. A
strategy to achieve a sparse distribution of the control by insertion of an L1-regularization
term into the cost functional is presented in [76]. Generally, the L1-regularization term
is used to recover nonsmooth data, for example in the context of noise removal from
images [69]. In [76] the sparse control distribution, i.e. the optimal controls are identical
zero on large parts of the control domain, enables to decide where to put control devices
for applications, in which one cannot put control devices all over the control domain. In
this context, the sparse control distribution can be regarded as a selection of important
regions as the control is identically zero in regions, where it is not able to decrease the cost
functional significantly. This application resembles the demand of a digital distribution,
as the decision where to put control comes close to an on/off-structure. Therefore, the
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approach is to obtain a digital porosity distribution out of the sparsity. Additionally, a
sparse distribution of the porosity is preferred, as the production of solid material is related
to costs. Following [76], an L1-norm regularization term of the control is added to the
optimal control problem,

min
(ui,p,α)

[
J(ui, p, α) + ε||α||L1(Ω)

]
R = 0 ,

αmin ≤ α ≤ αmax ,

(4.123)

with weighting factor ε > 0 and || · ||L1(Ω), the norm belonging to the Lebesgue space L1(Ω)
of integrable functions (see Appendix A). The problem with the insertion of the L1-term,

||α||L1(Ω) =

∫
Ω

|α| dΩ , (4.124)

is, that the cost functional is no longer differentiable. But, to conduct a steepest descent ap-
proach, the gradient of the cost functional has to be computed, making the differentiability
of the cost functional indispensable. As a remedy, instead of inserting the L1-regularization
term into the cost functional, a differentiable approximation of this term is utilized. In this
way, the absolute value function in the L1-norm (4.124) is approached by Huber functions
[34, 8], defined as

Φζ : R→ R

Φζ(α) =

{
α2

2ζ
if |α| < ζ ,

|α| − ζ
2

if |α| ≥ ζ ,

(4.125)

with ζ ∈ R, ζ > 0, such that the optimal control problem (4.123) becomes

min
(ui,p,α)

[
J(ui, p, α) + ε

∫
Ω

Φζ(α)dΩ

]
R = 0 ,

αmin ≤ α ≤ αmax .

(4.126)

The parameter ζ controls the accuracy, viz.

|α| − ζ

2
≤ Φζ(α) ≤ |α| . (4.127)

Figure 4.1 illustrates how the Huber function approximates the absolute value function for
different values of ζ.
Using this approach, the parameters ε and ζ have to be determined. The greater ε, the
more influence lies on the regularization term, leading to a sparser distribution. Ideally, the
weighting factor ε is chosen such that the cost functional is close to a local minimum while
the sparsity is guaranteed. The value of ε may be computed as a function of ζ such that
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Fig. 4.1.: Absolute value function (ζ = 0) compared to Huber function for different values
of ζ.

both terms in the cost functional have the same order of magnitude on the objective region.
The parameter ζ is chosen as a function of αmax and the required accuracy (4.127). The
sensitivity controls the sparsity via the supplementary term arising from the approximated
L1-regularization term,

∂Φζ(α)

∂α
=

{
α
ζ

if |α| < ζ ,

sign(α) if |α| ≥ ζ .
(4.128)

4.5. Gradient Computation

While in the preceding sections the computation of the adjoint sensitivity has been descri-
bed, this section deals with the computation of the gradient from the sensitivity. In this
context, it is distinguished between volume and surface sensitivities.

Gradient Computation from Surface Sensitivities

The sensitivity is in the dual space of the control space (see Section 2.2). Therefore, for
updates of the control, the sensitivity is unsuitable, unless the dual space is identical with
the control space. Nevertheless, a common approach is to directly use the sensitivity for
the update step in the gradient descent approach, which is incorrect from a mathematical
point of view. Therefore, the gradient of the cost functional is required, located in the
control space. The gradient G(β) is computed from the surface sensitivity δβL = Ĵ ′(β),
using the following definition

G (β) : = R(Ĵ ′(β)) . (4.129)
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R(J ′(β)) denotes the Riesz representative (see Appendix A). To compute the Riesz repre-
sentative, the control space U in which the gradient G(β) is located is crucial to define the
appropriate scalar and inner product. According to [86], a suitable choice is β ∈ H1(Γ), in
which H1(Γ) denotes the Sobolev space of weakly differentiable functions over Γ with the
scalar product

(φ, ϕ)H1(Γ) :=

∫
Γ

[φϕ+∇Γφ · ∇Γϕ] dΓ , (4.130)

representing a Hilbert space. The symbol ∇Γ denotes the tangential gradient,

∇Γφ := ∇φ− (∇φ · n)n , (4.131)

equivalent to a tangential projection of the gradient by subtraction of the normal compo-
nent. The derivative Ĵ ′(β) is only defined for β ∈ Ck(Γ,R). With the theorem of Hahn-
Banach [1], Ĵ ′ can be extended onto H1(Γ), equipping Ck(Γ,R) with the norm of H1(Γ).
From the Riesz representation theorem (see Appendix A), it follows for the gradient

(G(β), φ)H1(Γ) = 〈Ĵ ′(β), φ〉H−1(Γ),H1(Γ) for all φ ∈ H1(Γ) . (4.132)

By inserting the scalar product (4.130), Equation (4.132) transforms to∫
Γ

[G (β)φ+∇ΓG (β) · ∇Γφ] dΓ = 〈Ĵ ′ (β) , φ〉 . (4.133)

The gradient G(β) is supposed to be an element of C1(Γ,R). Integration by parts yields∫
Γ

∇ΓG (β) · ∇ΓφdΓ = −
∫

Γ

∆ΓG(β)φdΓ +

∫
∂Γ

φ∇ΓG(β) · td∂Γ . (4.134)

The operator ∆Γ := ∇Γ ·∇Γ is denoted as Laplace-Beltrami operator. The boundary terms
of Equation (4.134) vanish, as either Neumann or Dirichlet boundary conditions are con-
sidered, meaning that either ∇ΓG(β) · t or φ vanish on ∂Γ. So, Equation (4.133) becomes∫

Γ

(G(β)−∆ΓG (β))φdΓ = 〈Ĵ ′(β), φ〉 . (4.135)

The dual pairing in Equation (4.135) is rewritten as

〈Ĵ ′(β), φ〉 =

∫
Γ

K(β) φdΓ , (4.136)

with a smooth function K(β). Therefore, Equation (4.135) becomes∫
Γ

(G (β)−∆ΓG (β))φdΓ =

∫
Γ

K (β) φdΓ , (4.137)
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resulting in the Laplace-Beltrami equation,

G (β)−∆ΓG (β) = K (β) , (4.138)

with K(β) corresponding to the integrand of the surface sensitivity GL, Equation (4.60)
and (4.101), respectively.

Gradient Computation from Volume Sensitivities

As in the previous section, the Riesz representative of the sensitivity is computed,

G (α) : = R
(
Ĵ ′ (α)

)
. (4.139)

As the Darcy porosity term is bounded by αmin and αmax, it holds α ∈ L2 (Ω) where L2(Ω)
denotes the Lebesgue space of square-integrable functions, that is also a Hilbert space (see
Appendix A). Then the Riesz representation theorem (see Appendix A) becomes

(G (α) , φ)L2(Ω) = 〈Ĵ ′ (α) , φ〉L2(Ω),L2(Ω) =
(
Ĵ ′ (α) , φ

)
L2(Ω)

for all φ ∈ L2 (Ω) , (4.140)

as for L2(Ω) the dual space equals the primal space [1]. Thus, the sensitivity equals the
gradient, G (α) = Ĵ ′ (α) , and may directly be used for the gradient descent. The same
holds for the porosity optimization on a set of porous zones L (see Section 4.4), as the
porosity function αΩ ∈ L2(Ω).
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5. Finite Volume Discretization

This chapter presents the numerical method for the solution of the primal and adjoint
equations, namely the finite volume method. Discretization schemes for the physical terms
of the state equations are described. Accordingly, suitable discretization schemes for the
adjoint equations are derived. Subsequently, the arising algebraic equation system is given
and numerical solution methods are presented.

5.1. Spatial Discretization

The spatial discretization converts the computational domain into a finite number of control
volumes V , also denoted as computational cells. The amount of control volumes builds up
the computational mesh. Using a cell centered scheme, each cell contains a computational
point P in which the flow variables are stored, located in the centroid of the cell. A number
of cell faces f bounds each control volume. Here, it is distinguished between boundary
faces, located at the boundary of the domain, and internal faces. Each face is assigned an
adjacent owner cell P and neighbor cell N . Boundary faces are only assigned one adjacent
cell, being the owner cell by definition. A face area vector Ai(f) is related to each face,
pointing outwards from the owner cell, being normal to the face and holding a magnitude
equal to the area of the face. Face values are related to the midpoints of the faces.
It is discriminated between orthogonal and non-orthogonal meshes. Non-orthogonal meshes
have two characteristics, which differentiates them from orthogonal meshes, that have to
be considered in the spatial discretization.

• The connecting vector ~PN does not lie in the face center. This property has a con-
sequence for the reconstruction of face values from cell center values.

• The connecting vector ~PN and the surface normal vector Ai(f) are not parallel. This
property is of importance for the approximation of surface normal gradients.

Figure 5.1 illustrates the discretization model for orthogonal and non-orthogonal meshes.
Concerning the element configuration, computational meshes may generally be divided in-
to two types: Structured meshes are characterized by regular connectivity. The possible
element choices are hexahedrons in 3D. Unstructured meshes are characterized by irre-
gular connectivity, allowing for any possible element. Compared to structured meshes, this
model calls for a face based data structure with an explicit storage of neighborhood relati-
onships. These grids typically employ polyhedrons in 3D. Figure 5.2 illustrates structured
and unstructured meshes.
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Fig. 5.1.: Orthogonal mesh (left) and non-orthogonal mesh (right).

Fig. 5.2.: Structured mesh (left) and unstructured mesh (right).

In the subsequent section the equations are approximated in consideration of the accoun-
ting spatial discretization with arbitrary polyhedrons.

5.2. Equation Discretization

The governing equations are integrated over the solution domain Ω. Exemplarily, the inte-
gration is performed for the momentum equation (3.8) of the incompressible, steady state
RANS equations, resulting in∫

Ω

ρ
∂

∂xj
uiujdΩ = −

∫
Ω

∂p

∂xi
dΩ +

∫
Ω

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
dΩ +

∫
Ω

fidΩ . (5.1)

The balance equations hold for arbitrary control volumes. The integral over the whole
computational domain Ω is thus split into integrals over the control volumes V ∈ Ω, due
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to the spatial discretization, which all follow (5.1)∑
V ∈Ω

∫
V

ρ
∂

∂xj
uiujdV =

∑
V ∈Ω

{
−
∫
V

∂p

∂xi
dV +

∫
V

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
dV +

∫
V

fidV

}
.

(5.2)

Using numerical integration, an algebraic equation is derived for each cell P , depending on
the neighbor cells N . In the following, the most frequently used identities are itemized for
a scalar φ.

• Gauß’ theorem states ∫
V

∂

∂xi
φdV =

∮
Γ(V )

φnidΓ , (5.3)

where ni denotes the outward pointing normal vector and Γ(V ) denotes the boundary
of the control volume V .

• The closed surface integral over the boundary of a control volume V is expressed by
the sum over all associated boundary faces f∮

Γ(V )

φnidΓ =
∑

f∈Γ(V )

∫
f

φnidf . (5.4)

• Using the second order midpoint rule, volume and surface integrals are approximated
by ∫

V

φdV = φ(P )V (P ) , (5.5)∫
f

φnidf = φ(f)Ai
(f) , (5.6)

where φ(P ), φ(f) denote the values for φ at cell center P and face center f , respectively.
To obtain a second order accuracy, the centroid P has to be placed in the center of
the control volume V .

Using the above mentioned expressions, the discretization of the primal and adjoint RANS
and RANS-F equations at the control volumes is examined term-by-term. Basically, the
main focus is on the approximation of:

• Surface and volume integrals

• Interpolation of face values

• Interpolation of face gradients
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The following criteria should be considered for the discretization [75].

• Conservativity: The scheme should be conservative, i.e. the flux leaving the control
volume through a face should be equal to the flux entering from the adjacent cell
through the same face. Conservativity is achieved by choosing the same finite appro-
ximation for all face fluxes between P and N .

• Boundedness: The flow variable should be bounded by the minimum and maximum
values of the neighbor cells. Boundedness is guaranteed by positive matrix coeffi-
cients m of discretization matrix M , i.e. m(P ) ≥ 0, and diagonal dominance, i.e.∑

N |m(N)| < |m(P )| for all P and related neighbor cells N .

• Order of discretization: The lowest order determines the discretization order. To
ensure high accuracy, a higher order of discretization is preferred. In practice, second
order methods are sufficient [71].

In the next section, the discretization is considered in detail for the terms in the primal
and adjoint RANS-F equations.

5.3. Primal and Adjoint Discretization Schemes
Primal and adjoint discretization schemes are identified for the convection, diffusion and
source terms of the primal and adjoint equation systems. Specific attention is given to
the duality of primal and adjoint discretization schemes, yielded by transposition of the
discretization matrix.

Primal Convection

By means of Gauß’ theorem (5.3), the discretization of the convection term for a general
variable φ leads to∫

V

ρ
∂

∂xj
φujdV =

∮
Γ(V )

ρnjφujdΓ =
∑

f∈Γ(V )

ρ (φunA)(f) =
∑

f∈Γ(V )

φ(f)ṁf , (5.7)

where A(f) denotes the area of face f and ṁf denotes the mass flux through face f ,

ṁf = ρu(f)
n A(f) , (5.8)

computed via linear interpolation of face velocity un(f),

un
(f) = ξPun

(P ) + (1− ξP )un
(N) , (5.9)

with linear interpolation weight ξP , associated to cell P . Due to the product of the velocities,
the convection term of the momentum equation (3.8) is non-linear. A standard approach
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to deal with the convection term is linearization. Hereby, the values entering the mass flux
are taken from an existing velocity field, usually from the previous iteration.
The value for the transported property in Equation (5.7) is expressed by the values on
cell centers P and neighboring cells N or their respective gradients. In doing so, only the
nearest neighbors N should be regarded. Physically, convection is a directional process [71].
This property needs to be taken into account when choosing the interpolation scheme. The
first-order upwind differencing scheme (UDS) is mostly used for convection, as it is
bounded and matches the physical properties of the convection. The face value u(f) in the
convection term (5.7) is determined, according to the direction of the flow, viz.

u(f) = u(P ) if ṁf ≥ 0 , (5.10)

u(f) = u(N) if ṁf < 0 , (5.11)

where the mass flux is computed from linear interpolation (5.9). The face value is taken
from the cell center in upwind direction. Figure 5.3 illustrates the upwind scheme.

Fig. 5.3.: Upwind differencing scheme.

The UDS scheme ensures first order accuracy. The leading error of UDS is proportional to
the diffusion term and may disturb the numerical solution. For high Reynolds numbers,
the error due to an artificial approximation-based diffusion may be significantly larger
than the actual physical diffusion. This effect is called numerical diffusion [71]. High-order
upwind-based schemes are often used in deferred-correction mode to improve the accuracy
for convection dominated high-Re number flows.

Adjoint Convection

In this paragraph consistent adjoint discretization schemes are derived for the convection
term in the adjoint momentum equation (4.42),

−
∫
V

ρui
∂φ̂

∂xi
δφdV . (5.12)

It is shown, that the adjoint complement to the primal upwind discretization scheme for the
convection term is the downwind scheme. Initially, the discretization for the varied system is

55



derived. Subsequently, the discretization matrix is transposed. As a result, a discretization
for the adjoint system is obtained. By using the upwind scheme (5.10), (5.11), the primal
discretization of the convection term (5.7) reads∫

V

ρ
∂

∂xj
φujdV =

∑
f∈Γ(V )

φ(f)ṁf ≈
∑

f∈Γ(V )

{max (ṁf , 0)φ(P ) + min (ṁf , 0)φ(N)} . (5.13)

Part of the varied convection, leading to the adjoint convection, is considered, namely∫
V

ρ
∂

∂xj
ujδφdV =

∑
f∈Γ(V )

δφ(f)ṁf ≈
∑

f∈Γ(V )

{
(
max (ṁf , 0)δφ(P ) + min (ṁf , 0)δφ(N)

)
} .

(5.14)

In the next step, the discretization matrix for the varied variables is derived. The numerical
integration for each cell results in a sum over all faces. Using index notation for matrices,
all computational cells are numbered. The face between two computational cells k and s
is denoted as f = ks, with associated normal vector pointing from cell k to cell s, and
f = sk, with normal vector in opposite direction. If cell k and s do not share a face, it is
set ṁks := 0, such that the following matrix is obtained for the discretization of the varied
convection part in Equation (5.14)

∑
k max (ṁ1k, 0) min (ṁ12, 0) · · · min (ṁ1n, 0)
min (ṁ21, 0)

∑
k max (ṁ2k, 0) · · · min (ṁ2n, 0)

...
...

...
...

min (ṁn1, 0) min (ṁn2, 0) · · ·
∑

k max (ṁnk, 0)



δφ(1)

δφ(2)

...
δφ(n)

 . (5.15)

Each row consists of n entries, at which n indicates the number of cells. Augmenting the
primal convection part with Lagrange multipliers and factoring out the variational flow
properties equals a transposition of the discretization matrix. Thus, the discretization of
the adjoint system results in

∑
k max (ṁ1k, 0) min (ṁ21, 0) · · · min (ṁn1, 0)
min (ṁ12, 0)

∑
k max (ṁ2k, 0) · · · min (ṁn2, 0)

...
...

...
...

min(ṁ1n, 0) min(ṁ2n, 0) · · ·
∑

k max(ṁnk, 0)



φ̂(1)

φ̂(2)

...
φ̂(n)

 . (5.16)

Considering cell s yields∑
k

max (ṁsk, 0) φ̂(s) +
∑
k

min (ṁks, 0) φ̂(k) . (5.17)
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With ṁks = −ṁsk it is obtained∑
k

max (ṁsk, 0) φ̂(s) +
∑
k

min (−ṁsk, 0) φ̂(k) . (5.18)

Due to the continuity balance, it holds∑
k

max (ṁsk, 0) = −
∑
k

min (ṁsk, 0) . (5.19)

Therefore, (5.18) transforms to

−
∑
k

min (ṁsk, 0) φ̂(s) +
∑
k

min (−ṁsk, 0) φ̂(k) , (5.20)

and, using −min (ṁsk, 0) = max (−ṁsk, 0) leads to∑
k

max (−ṁsk, 0) φ̂(s) +
∑
k

min (−ṁsk, 0) φ̂(k) . (5.21)

For a control volume V and its faces f , associated to cell centers P andN , the discretization
of the adjoint convection reads

−
∫
V

ρui
∂φ̂

∂xi
dV = −

∮
Γ(V )

ρuiniφ̂dΓ =
∑

f∈Γ(V )

{max (−ṁf , 0) φ̂(P ) + min (−ṁf , 0) φ̂(N)} .

(5.22)

The resulting scheme corresponds to the upwind scheme for the negative convection term,
equal to the downwind differencing scheme.

Primal Diffusion

The discretization of the diffusion term of the primal momentum equation (3.8) is consi-
dered, viz. ∫

V

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
dV . (5.23)

By applying Gauß’ theorem (5.3) and the continuity equation (3.9), the term is transformed
to ∫

V

∂

∂xj

[
µe

(
∂ui
∂xj

+
∂uj
∂xi

)]
dV =

∮
Γ(V )

µe

(
∂ui
∂xj

)
njdΓ =

∑
f∈Γ(V )

µ(f)
e

(
∂ui
∂xj

)(f)

Aj
(f) ,

(5.24)
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using linear interpolation for µ(f)
e . The discretization of the surface normal gradient Aj(f) ∂ui

∂xj

at face f is considered. Opposed to the convection, which is a one-way quantity, the diffusion
is non-directional and therefore approximated in a symmetric way. For an orthogonal mesh
with outward pointing vector Aj(f) and connecting vector ~PN parallel to each other, the
term of Equation (5.24) is approximated via

Aj
(f)

(
∂ui
∂xj

)(f)

= A(f)u
(N) − u(P )

| ~PN |
, (5.25)

using A(f) = |Aj(f)|.
For non-orthogonal meshes, the term Aj

(f) ∂ui
∂xj

is split into an orthogonal part, in direction

of the connection vector ~PN , and a non-orthogonal part,

Ai
(f)

(
∂ui
∂xj

)(f)

= on

(
∂ui
∂xj

)(f)

+ ot

(
∂ui
∂xj

)(f)

, (5.26)

where on denotes the orthogonal, and ot the non-orthogonal part. The vectors on and ot
are chosen, such that

Ai
(f) = on + ot . (5.27)

The orthogonal vector coefficient on is chosen to be parallel to ~PN and is determined
by using Equation (5.25). The non-orthogonal part is explicitly computed from linear
interpolation (

∂ui
∂xj

)(f)

= ξP

(
∂ui
∂xj

)(P )

+ (1− ξP )

(
∂ui
∂xj

)(N)

, (5.28)

by employing the current gradient values. Various possibilities to split Aj(f) into on and ot
are presented, for example, in [45]. The type of correction is specified by choice of a surface
normal gradient scheme. The non-orthogonal correction may lead to unboundedness [45],
especially if the mesh non-orthogonality is high. For reduction of the unboundedness, the
correction may be limited or completely left out.
The thermal diffusion in the primal internal energy equation (3.27) is treated analogously
to the diffusion term in the momentum equation (5.24), by Gauß transformation,∫

V

∂

∂xj

[
κe
∂T

∂xj

]
dV =

∮
Γ(V )

κe
∂T

∂n
dΓ =

∑
f∈Γ(V )

κ(f)
e

(
∂T

∂n

)(f)

A(f) , (5.29)

choice of an interpolation scheme for κe and a surface normal gradient scheme.
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Adjoint Diffusion

The dual discretization scheme for the diffusion term,∫
V

∂

∂xj

(
µe
∂φ̂

∂xj

)
dV , (5.30)

is deduced. Again, starting point is the discretization of the linearized, primal diffusion.
The variation of the diffusive flux for an orthogonal mesh, according to Equation (5.24)
and (5.25), results in

δ

∫
V

∂

∂xj

(
µe
∂φ

∂xj

)
dV =

∑
f∈Γ(V )

µ(f)
e

(
∂δφ

∂xj

)(f)

Aj
(f) =

∑
f∈Γ(V )

µ(f)
e A(f) δφ

(N) − δφ(P )

| ~PN |
.

(5.31)

Using the matrix notation and | ~ks| for the distance between cell k and s, the discretization
(5.31) results in

−
∑

k
µeA(1k)

| ~1k|
µeA(12)

| ~12| · · · µeA(1n)

| ~1n|
µeA(21)

| ~21| −
∑

k
µeA(2k)

|2k| · · · µeA(2n)

| ~2n|
...

...
...

...
µeA(n1)

| ~n1|
µeA(n2)

| ~n2| · · · −
∑

k
µeA(nk)

| ~nk|



δφ(1)

δφ(2)

...
δφ(n)

 , (5.32)

where A(ks) denotes the face magnitude for face f = ks with A(ks) := 0, if k and s are
non-adjacent. The matrix is symmetric, as A(ks) = A(sk) and | ~sk| = | ~ks|, and, therefore,
equal to its transposed counterpart. The symmetric property reflects the self-adjointness of
the diffusion operator. For orthogonal meshes, the adjoint diffusion is treated analogously
to the primal diffusion,

∫
V

∂

∂xj

(
µe
∂φ̂

∂xj

)
dV =

∑
f∈Γ(V )

µe
(f)

(
∂φ̂

∂xj

)(f)

Aj
(f) =

∑
f∈Γ(V )

µe
(f)A(f) φ̂

(N) − φ̂(P )

| ~PN |
. (5.33)

For non-orthogonal meshes, the explicit non-orthogonality correction is directly reapplied
in the adjoint algorithm, with the adjoint correction term reading, accordingly,

ot

(
∂φ̂

∂xj

)(f)

. (5.34)
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Primal and Adjoint Source Terms

Terms that cannot be written as convective or diffusive terms are treated as sources. A
source term Sφ is considered as a general function of φ. The source term is split into an
explicit part, SC , and an implicit part, SP , viz.

Sφ = SC + SP · φ . (5.35)

An explicit source term is approximated by appropriate discretization schemes, by taking
the values from the previous iteration, and then added to the right-hand side of the equation
[23]. An implicit source is integrated over the control domain and linearized by midpoint
rule (5.5). Accordingly, numerical integration of the source term (5.35) leads to∫

V

SφdV = SC
(P )V (P ) + SP

(P )V (P )φ(P ) . (5.36)

Thus, the explicit part, SC (P )V (P ), enters the right-hand side of the equation and the
coefficient in the implicit part, SP (P )V (P ), enters the matrix. It is advisable to treat the
source term implicitly, if possible [45]. To sustain diagonal dominance, terms associated to
negative diagonal coefficients are treated explicitly, terms with positive impact implicitly.
The treatment of the remaining terms of the considered equations are described in the
following. The advection term (4.6) of the adjoint momentum equation (4.42),

−
∫
V

ρui
∂ûi
∂xj

dV , (5.37)

with additional boundary term, is a supplementary term only apparent in the adjoint
equations. It arises from part of the variation of the convection term. There are different
approaches, derived and validated by [60], [31], [78]. Mainly, it is distinguished between
schemes, derived from the discretization of the continuous equations, and schemes, derived
from the discrete equations by transposition of the discretization matrix. As the advection
term includes the gradient of the adjoint velocity, thus, taking large values near the bounda-
ry for turbulent flow problems, it is neglected for the sake of convergence in this thesis. On
the one hand, neglecting the advection term leads to robust simulations, but, on the other
hand, it distorts the result for the adjoint flow field and the sensitivity. The momentum
equation of the adjoint Navier-Stokes-Fourier equations (4.82) also contains an advective
term, arising from part of the variation of the convection term of the primal internal energy
equation (3.27). Analogously to the advection term in the adjoint momentum equation,
the term may be integrated by using integration by parts, leading to a modified volume
integral and a boundary integral. In both cases the advection term is treated explicitly.
Hence, the term is approximated from the values of the previous iteration step by choice
of a gradient and interpolation scheme (Gauß linear). The Darcy term inside the primal
and adjoint momentum equations (3.32),(4.106) is treated implicitly by approximation via
the midpoint rule. Thus, it enters the system as matrix coefficient. If α > 0, the coefficient
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sustains the diagonal dominance. The pressure gradient in primal and adjoint momen-
tum equations (3.8), (4.42) is treated implicitly within the Laplace equation of the pressure
correction scheme, which will be referred to later, by Gauß’ theorem and choice of a surface
normal gradient scheme (snGradScheme). The primal and adjoint continuity equation
(3.9), (4.43) is treated explicitly inside the pressure correction method (see Section 5.6),
using Gauß’ theorem and linear interpolation. Primal and adjoint dissipation in (3.27)
and (4.82) is treated explicitly, by separation into the accounting gradients, using Gauß’
theorem and linear interpolation. Primal and adjoint buoyancy in (3.25) and (4.84) are
treated explicitly by using the midpoint rule (5.5). Table 5.1 summarizes the numerical
treatment of the source terms.

Table 5.1.: Numerical treatment of source terms.

Term Implicit/Explicit Numerical scheme

advection in adjoint RANS-F explicit Gauß, linear interpolation

Darcy term implicit midpoint rule

primal & adjoint pressure gradient implicit Gauß, snGradScheme

primal & adjoint continuity equation explicit Gauß, linear interpolation

primal & adjoint dissipation explicit Gauß, linear interpolation

primal & adjoint buoyancy explicit midpoint rule

Computation of Boundary Fluxes

At the boundary faces boundary fluxes are obtained, contributing to the balance of the
adjacent inner control volumes. From the primal boundary conditions, defined in Secti-
on 3.4, and the adjoint boundary conditions ((4.44)–(4.50) and (4.85)–(4.94)) the fluxes
are computed for inlet, outlet, walls and symmetry planes by appropriate discretization
schemes.

5.4. Turbulence Modeling

In Chapter 3 the steady state fluid dynamic equations (3.8) and (3.9) are derived by
application of an averaging procedure. From this averaging operation the Reynolds stress
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tensor arises, which is subsequently modeled by the Boussinesq approximation (3.5) using
an isotropic turbulent dynamic viscosity µt. In the near-wall region, the computation of
the turbulence properties has to be considered carefully, as the physics distinguishes from
other parts of the flow domain [45]. There are two main approaches for the computation
near the wall region; in the low-Reynolds (low-Re) approach, the flow properties are fully
resolved in the near-wall region. Therefore, a fairly fine mesh is necessary, leading to an
accurate solution, yet, induces higher computational effort. In the high-Reynolds (high-Re)
number approach, the turbulence properties near the wall are modeled with wall functions,
by taking advantage of the well studied behavior of boundary layer flows. As the high-Re
approach allows for using coarse meshes in the near-wall region, the computational effort
decreases and is thus common practice for complex fluid computations. Both approaches
are described in the following.
The flux of momentum, denoted as Fi, at a wall face fw is considered, being the sum of
diffusive, convective and pressure induced flux,

Fi = Fi
d + Fi

c + Fi
p . (5.38)

Gauß’ theorem is applied to the convection term (5.7) at the near wall cell, leading to the
convective flux at the wall face, which is zero,

Fi
c =

∫
fw

ρnjuiujdf = ṁfwui
(fw) = 0 , (5.39)

due to the zero velocity boundary condition at the wall. Application of Gauß’ theorem to
the pressure gradient at the near wall cell in the momentum equation (3.8) leads to

Fi
p =

∫
fw

pnidf = p(fw)Afwi . (5.40)

As the face value p(fw) is computed from the zero gradient boundary condition at the wall
and a Taylor series approximation, the pressure wall face value results in p(fw) = p(P ).
For the diffusive flux (5.23) the application of Gauß’ theorem and the plane Couette flow
assumption results in

Fi
d =

∫
fw

µe
∂ui(t)
∂xj

njdf =

∫
fw

τi
wdf , (5.41)

where τiw denotes the wall shear stress,

τi
w := µe

(
∂ui(t)
∂n

)
y=0

, (5.42)

and y the distance to the wall. In the following, it is anticipated that the tangential velocity
vector reduces to one velocity component in the direction tangential to the wall, denoted as
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u, and the change of the wall normal component is suppressed. This assumption is justified
if curvature aspects are neglected [70]. For a low-Re strategy, a fine grid is necessary to
resolve the linear near wall zone below a dimensionless wall distance of y+ = 5,

∂u

∂n
=
u(P )

y(P )
, (5.43)

by making use of the fact that the values of velocity and wall distance are zero at the wall.
As the connecting vector between wall node and cell center is parallel to the surface normal
vector Aif , no orthogonality correction applies. For a high-Re strategy, a relatively coarse
mesh is used, i.e. the distance to the first off-wall node, y(P ), is fairly large. Compared to
the linear near wall zone, the physics of the flow change completely in this region of the
wall. Therefore, the velocity gradient cannot be approximated via the difference quotient.
For this purpose, the law of the wall is applied, stating, that the average velocity of a
turbulent flow is proportional to the logarithm of the distance to the wall. The law of the
wall reads

U+ =
1

K
ln(Ey+) with E = 9.793 , K = 0.41 , (5.44)

with dimensionless velocity U+, wall distance y+ and friction velocity uτ defined as

U+ : =
u(P )

uτ
, (5.45)

y+ : =
yuτ
ν

, (5.46)

uτ : =

√
τw
ρ
, (5.47)

where ν denotes the kinematic viscosity, ν = µ
ρ
and τw the wall shear stress magnitude.

Note that Equation (5.44) only holds in the logarithmic layer, for which y+ & 30. Using
sufficiently coarse meshes with y+ & 30, the law of the wall can be applied. In detail, the
law of the wall can be studied, for example, in [67]. Hence, the diffusive flux at the wall
face (5.41) is computed from the squared friction velocity, using Equation (5.47),

Fi
d =

∫
fw

τi
wdf =

∫
fw

uτ
2ρ ti df , (5.48)

which is expressed by the logarithmic law of the wall (Equation (5.44) and (5.45)),

uτ =
Ku(P )

ln(Ey+)
. (5.49)
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Besides from the flux of momentum, the heat flux through the wall is considered. The heat
flux, denoted as F q, through the wall is computed, from Equation (5.29) as

F q =

∫
fw

−κe
∂T

∂n
df =

∫
fw

qwdf , (5.50)

with wall heat flux qw. Using a low-Re approach, the normal temperature gradient is
modeled via the difference quotient, analogously to (5.25), such that

∂T

∂n
=
T (P ) − T (w)

y(P )
, (5.51)

requiring a fine mesh to avoid errors. Reynolds’ analogy between momentum and energy
transport gives a similar logarithmic law for the mean temperature. The thermal law of
the wall [47] states for the logarithmic layer,

T+ =
ρuτcp(T

(w) − T (P ))

qw
= Prt

[
1

K
ln(Ey+) + P

]
= Prt

[
U+ + P

]
, (5.52)

where P denotes the Jayatilleke wall function, defined as

P = 9.24

(
Pr

Prt

3
4

− 1

)(
1 + 0.28e

−0.007 Pr
Prt

)
, (5.53)

T+ denotes the dimensionless temperature. The thermal law of the wall (5.52) leads to an
equation for the wall heat flux qw,

qw =
ρuτcp(T

(w) − T (P ))

T+
=

ρuτcp(T
(w) − T (P ))

Prt
(
ln(Ey+) 1

K
+ P
) . (5.54)

The calculation of wall shear stress magnitude τw and wall heat flux qw from the law of
the wall is realized in an indirect manner, by proper boundary conditions, as outlined in
the following.

Turbulent Boundary Conditions

For the transport equations for k (3.10) and ω (3.11), boundary conditions are required.
To compute the wall shear stress (5.42) and the wall heat flux (5.50) by the accounting
model (low-Re or high-Re), wall boundary conditions for µt and κt are properly set.

Wall

A boundary condition for µt models the wall shear stress (5.42) by a low-Re or high-Re
approach. In a low-Re computation, the wall shear stress is computed from the difference
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quotient (5.43) and µt from the ratio of k and ω (3.12). For a coarse mesh, the approxima-
tion through the difference quotient is inexact. For a high-Re computation the turbulent
eddy viscosity is adapted, such that the approximation through the difference quotient is
accurate. The turbulent eddy viscosity is required to fulfill

µe
u(P )

y(P )
= τw . (5.55)

For wall shear stress magnitude τw holds by (5.47) and (5.49),

τw = ρu2
τ =

ρuτu
(P )K

ln(Ey+)
. (5.56)

Therefore, it holds for µe = µt + µ and by using Equation (5.55) and (5.56),

(µ+ µt)
u(P )

y(P )
=
ρu(P )uτK

ln(Ey+)
. (5.57)

By inserting Equation (5.46) for uτ , Equation (5.57) is reformulated to the final boundary
condition for µt at the wall,

µt =

(
Ky+

ln(Ey+)
− 1

)
µ on Γw . (5.58)

Analogously, the boundary condition for κt is required to model the wall heat flux (5.50),

qw = −κe
(
∂T

∂n

)
y=0

. (5.59)

In a low-Re computation, the wall heat flux is computed from the difference quotient,
κt computed from µt and Prt. Analogously to the wall shear stress, the turbulent heat
conductivity has to be adapted for the high-Re approach, such that the approximation
through the difference quotient resembles the wall heat flux. The turbulent thermal heat
conductivity κt is required to fulfill

−κe
(T (P ) − T (w))

y(P )
= qw . (5.60)

Using Pr = µcp
κ
, κe = κ+ κt, and combining Equation (5.60) with Equation (5.54) for the

wall heat flux, results in the high-Re boundary condition for κt at the wall,

κt = µcp

(
y+

Prt
(
ln(Ey+) 1

K
+ P
) − 1

Pr

)
. (5.61)
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Depending on the model, low-Re and high-Re wall boundary conditions are set for the
turbulent kinetic energy k and specific dissipation rate ω. For low-Re computations, the
turbulent kinetic energy k equals zero at the wall,

k = 0 on Γw . (5.62)

For a high-Re computation, the turbulent kinetic energy k is set to a homogeneous Neu-
mann boundary condition, i.e.

∂k

∂n
= 0 on Γw , (5.63)

asymptotically equal to the zero gradient boundary condition. The boundary condition for
the turbulent dissipation rate ω is taken from Menter [56]. For low-Re cases, ω is set to

ω(P ) =
6ν

β1y(P )2 on Γw , (5.64)

in which β1 = 0.075 is a constant. In the high-Re case, ω is computed from

ω(P ) =

√
k(P )

C
1
4
µKy(P )

on Γw , (5.65)

at which Cµ = 0.09 is a constant.

Inlet

At the inlet, the turbulent kinetic energy k is computed from the turbulence intensity I,
as performed comparably, for example, in [59],

k =
3

2
( |uin| · I)2 on Γin . (5.66)

The value of I depends on the level of turbulence. The turbulent dissipation rate ω is
computed from the mixing length ` [59],

ω =

√
k

Cµ
1
4 `

on Γin . (5.67)

Since the treatment of the turbulence properties is not in the focus of the thesis, a detailed
description is omitted. Further information is found, for example, in [67].
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Outlet

At the outlet k and ω are set to zero gradient boundary condition, i.e.

∂ω

∂n
= 0 and

∂k

∂n
= 0 on Γout . (5.68)

5.5. Algebraic Equation System
Out of the finite volume discretization, a system of algebraic equations is created, viz.

m(P )φ(P ) +
∑
N

m(N)φ(N) = R(P ) , (5.69)

with right-hand side for cell P denoted as R(P ). The system of equations is solved in the
segregated approach [64, 36], i.e. the equations for the variables in the distinct control vo-
lumes are solved one by one in a certain order. This sequence is also called outer iteration.
The outer iteration is repeated until an error tolerance is met. Within a so called inner
iteration a Picard linearization is used and the equation for the variables are solved itera-
tively, until an error tolerance is met (see [45]). To establish the inter-equation coupling, a
special treatment is required; the semi-implicit pressure linked equation solver (SIMPLE)
algorithm [65] couples the continuity and momentum equations and is described in detail in
Section 5.6. For solving the equation system Mφ = R, the most common iterative solvers
are utilized, namely preconditioned (bi-)conjugate gradient (PCG/PBiCG) or generalized
geometric-algebraic multi-grid (GAMG). Iterative solvers are preferable, as they benefit
from the sparsity of the equation system [45]. Compared to direct solvers, they are also
more appropriate for huge systems of equations. For a detailed description of the iterative
solvers see, for example, [55]. Diagonal dominance is required to guarantee convergence.
Therefore, in the discretization, terms are treated, such that the diagonal dominance is
sustained. A preferred implicit scheme, sustaining the diagonal dominance, is the upwind
differencing scheme for the convection (cf. Section 5.2). Another criterion that should be
fulfilled is boundedness of the solution. Boundedness guarantees that the computed varia-
ble value lie between neighboring values. Violating the boundedness of the system leads
to unphysical results and oscillating values [71]. To guarantee boundedness, all matrix
coefficients need to be positive. When applying a non-orthogonal correction, one has a
trade-off between accuracy of the discretization and boundedness of the matrix system, as
the correction weakens the diagonal dominance due to the integration of second neighbor
control volumes. Therefore, the correction terms are inserted explicitly as source terms on
the right-hand side. The orthogonal term remains implicit in the equation system. Another
method to increase the diagonal dominance is to apply under-relaxation. The idea is to
decrease the progress from one iteration to the other by a limiting factor, 0 < αφ ≤ 1, such
that the iteration in step n becomes

φn = φold + αφ
(
φnew − φold

)
, (5.70)
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where φold denotes the value from the previous iteration and φnew the solution for cell P of

m(P )φnew +
∑
N

m(N)φN = R(P ) (5.71)

with related neighbors N . Inserting Equation (5.71) for φnew in (5.70) leads to the following
equation system,

m(P )

αφ
φn +

∑
N

m(N)φ(N) = R(P ) +
1− αφ
αφ

m(P )φold . (5.72)

As the diagonal coefficient is divided by αφ ≤ 1, the diagonal dominance is increased.

5.6. Pressure Correction Scheme

The Reynolds averaged Navier-Stokes equations (3.8) and (3.9) are considered for an in-
compressible fluid. The system of equations leads to a saddle point problem, as the con-
tinuity equation (3.9) only contains information on the velocity, but not on the pressure.
Thus, the information on velocity and pressure has to be decoupled, as performed by the
SIMPLE algorithm [16], [65] introduced in this section. In the first step the momentum
equation (3.8) is discretized and linearized. For this purpose, Equation (3.8) is rewritten
in a semi-discretized form as,

m(P )u(P ) +
∑
N

m(N)u(N) = − ∂p

∂xi
. (5.73)

For the velocity component u(P ) holds

u(P ) =
1

m(P )

(
− ∂p

∂xi
+H(u)

)
, (5.74)

where H(u) includes the matrix coefficients for all neighbors, multiplied by the correspon-
ding velocities and all other source terms apart from the pressure gradient,

H(u) = −
∑
N

m(N)u(N) . (5.75)

In the next step, the linearized equation system has to be solved for each unknown at each
mesh point. In 3D, for each computational cell P , the equation system consists of three
equations and four unknowns. Therefore, a preliminary velocity ũ without the contribution
of the pressure gradient is defined,

ũ(P ) =
1

m(P )
H(u) . (5.76)
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The preliminary velocity does in general not fulfill the continuity equation,

∂ũi
∂xi
6= 0 . (5.77)

Application of the continuity equation (3.9) to the equation for the velocity (5.74) leads
to the Laplace equation for the pressure,

1

m(P )

∂2p

∂xi2
=

∂

∂xi

H(u)

m(P )
=
∂ũi
∂xi

, (5.78)

by inserting the definition of the preliminary velocity (5.76). The Laplace equation is
discretized in the standard way (compare to Equation (5.24)), such that the following
discretized form is obtained∑

f

1

m(P )

(
∂p

∂n

)(f)

A(f) =
∑
f

(
H(u)

m(P )

)(f)

Ai
(f) . (5.79)

In conjunction with the new pressure, the velocity u is corrected by using (5.74) and (5.76),

u = ũ− 1

m(P )

∂p

∂xi
. (5.80)

Accordingly, a correction for the fluxes is performed,

Ai
(f)u(f) = Ai

(f)

[(
H(u)

m(P )

)(f)

− 1

m(P )

(
∂p

∂xi

)(f)
]
. (5.81)

Consequently, the continuity equation is fulfilled, but, in general the momentum equation
is not fulfilled. Repetition of the procedure improves the conformance for both, continuity
and momentum equation. Algorithm 3 summarizes the steps of the SIMPLE algorithm.

Algorithm 3: SIMPLE Algorithm.

1. Momentum-Predictor Step: Obtain a preliminary velocity by solving Equation (5.76).

2. Pressure Correction: Solve the Laplace equation for the pressure (5.79).

3. Explicit Velocity Correction: Update the velocity and the fluxes by solution of Equa-
tion (5.80) and (5.81).

4. Repeat until convergence is obtained.
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6. Verification and Validation

In this chapter validation and verification studies are presented. In the first section the
adjoint shape sensitivity is compared to the derivative obtained from finite differences.
In the second section the solution method for the gradient is examined by comparison of
the numerical solution of the Laplace-Beltrami equation to the analytical solution for an
academic test case. The third section presents a mesh study for the prediction quality of
coarsened meshes. In the last section the sparsity promoting regularization term is validated
by application to simple, fluid dynamic test cases.

6.1. Verification of Sensitivities
The adjoint shape sensitivity displays the directional derivative of the cost functional with
respect to a normal displacement of the design surface. For verification purposes, the ad-
joint sensitivity is compared to the derivative of the cost functional, obtained from finite
differences (see also [49]). Subsequently, the gradient is computed from the sensitivities
by solving the Laplace-Beltrami equation. The considered test case comprises the laminar
flow over a 2D heated ellipse, centrally mounted in a channel. The computational domain
covers 10−2 m × 2 · 10−3 m. The height of the ellipse is 2 · 10−4 m. Only half of the symme-
tric configuration is computed. The mesh consists of 28 000 control volumes, consisting of
unstructured hexahedrons and associated hanging nodes. Figure 6.1 displays the compu-
tational grid.

Fig. 6.1.: Computational grid for test case heated ellipse.

The inlet bulk velocity is assigned to uB = 1.5 · 10−1 m
s
. The Reynolds number, based on

the height of the channel (l = 2 · 10−3 m) and a kinematic viscosity of ν = 1.5 · 10−5 m2

s
,

is Re = uB ·l
ν

= 20, hence the flow is considered laminar. The mean temperature is set to
T = 290K. The ellipse is heated with a temperature of T = 291K. Hereby, the related
Grashof number is Gr = g0·βT ·∆T ·L3

ν2
= 1, with the standard acceleration due to gravity of

g0 = 9.81 m2

s
and a thermal expansion coefficient βT = 3 · 10−3/K. Except for the ellipse,
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the upper and lower domain boundaries are assigned to symmetry conditions. For inlet
and outlet, typical boundary conditions are employed. At the inlet, prescribed velocity and
temperature, as well as zero pressure gradient are employed. Zero gradient for temperature
and velocity, as well as prescribed pressure are used at the outlet. The ellipse, marking the
design surface, is set to no-slip. The temperature is set to 290K along the lower and upper
boundaries and T = 291K along the ellipse. As an example for the adjoint sensitivity
analysis the deviation to a desired temperature referring to Td = 291K (3.39) is minimized
at the outlet. The cost functional is associated to a contribution to the adjoint boundary
condition (4.94), defined in Equation (6.1), viz.

ρT̂un + κe
∂T̂

∂n
+ (T − Td) = 0 on Γout . (6.1)

For the simulation a suitable solver (buoyantBoussinesqSimpleFoam) of OpenFOAM®, ba-
sed on the SIMPLE algorithm (Algorithm 3), and its adjoint analogue are applied to the
primal and adjoint Reynolds-averaged Navier-Stokes-Fourier equations (3.25)–(3.27) and
(4.82)– (4.84). The buoyancy term is modeled by the Boussinesq approximation (3.24).
The simulation for the primal flow was iterated until a fair level of convergence was achie-
ved, i.e. normalized initial residuals below 10−6 and 25 000 iterations. Hereby, the initial
residuals are scaled with a normalization factor by default. In Figure 6.2 the results for the
primal velocity and temperature are presented.

Fig. 6.2.: Predicted primal magnitude of the velocity (left) and temperature field (right).

The temperature has its maximum at the ellipse and features a plume downstream of the
heated obstacle (Figure 6.2, right). Since the Reynolds number is fairly low, a significant
amount of diffusion distributes the density and temperature plume along the complete
outlet cross section. The displacement of the velocity field towards the upper boundary
(Figure 6.2, left), induced by the obstacle, is supported by buoyancy terms downstream of
the ellipse.
Based on the primal flow field, the adjoint Reynolds-averaged Navier-Stokes-Fourier equa-
tions are solved until a fair level of convergence is achieved (normalized initial residuals
fall below 10−6). Note that the adjoint solution has no strict physical meaning, therefore,
the plausibility of the results is usually hard to judge. The main criterion on judging the
quality of the results is the sensitivity, computed from the primal and adjoint flow field in a
postprocessing step, according to Equation (4.101). Hereby, the surface normal gradients of
the primal and adjoint velocity are computed and projected into the tangential direction.
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The result of the adjoint sensitivity is outlined in Figure 6.3, including a diagram for the
sensitivity plotted on the surface of the ellipse. The diagram shows the 410 discrete design
surface elements along the abscissa and their sensitivity values on the ordinate. Hereby,
the sensitivity is scaled by wall patch area ∆Γw at each surface patch, respectively.
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Fig. 6.3.: Contour plot (left) and diagram (right) of adjoint sensitivity for heated ellipse.

Large sensitivities are obtained at the ends of the ellipse, smaller ones along the crest.
Note that the sensitivity displays the derivative of the cost functional with respect to an
outward movement of the surface, i.e. with respect to an increase of the fluid volume.
The derivative of the cost functional, obtained from the adjoint solution, is compared to
the derivative of the cost functional, obtained from (first-order) finite differences. For this
purpose, the derivative of the cost functional is approximated for each node on the surface
Γdsg from a first-order accurate differencing scheme, according to Equation (6.2),

∂J

∂β
=
Jnew − Jold

∆β
+O((∆β)2) , (6.2)

involving the values of the cost functional for the perturbed mesh (Jnew) and for the original
mesh (Jold). Note that this approximation is only valid for perturbations small enough to
neglect non-linearities, but prone to numerical errors for very small perturbations. As in the
computation of the sensitivity, the finite differences are scaled with wall patch area ∆Γw.
The generation of the required 410 computational meshes is scripted to minimize mesh-
quality influences on the approximated cost functional derivative. A normal perturbation
of ∆β = 2 · 10−10 m, ∆β = 1 · 10−9 m and ∆β = 2 · 10−9 m is used in the present study.
Figure 6.4 shows the sensitivities along the axis of the ellipse, obtained from the finite
difference approach. The sensitivities obtained from finite differences are congruent for
different magnitudes of the perturbation. Thus, the perturbations are small enough to
neglect nonlinearities. Figure 6.5 displays the comparison of the adjoint sensitivity to the
derivative of finite differences for ∆ = 2 · 10−9.
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Fig. 6.4.: Sensitivity from finite differences for different magnitudes of the perturbation.
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Fig. 6.5.: Comparison of adjoint sensitivity to sensitivity from finite differences.

The adjoint sensitivity displays a satisfactory agreement with the result of the finite dif-
ferences. The agreement deteriorates at the rear of the obstacle (in the direction of flow),
due to the performed approximations in the derivation of the sensitivity (neglection of
advection term and particularly curvature aspects). The trend – or sign of the derivative
– however always agrees between the two evaluation techniques.
For further evaluation purposes, the gradient is computed by solving the Laplace-Beltrami
equation based on the sensitivity fields, obtained from finite differences and from the adjoint
calculation. The accounting sensitivity serves as right-hand side in the Laplace-Beltrami
equation (4.138). The implicit second order partial differential equation is solved by an ap-
propriate solver, implemented in OpenFOAM® [29]. The gradients from finite differences
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and from the adjoint sensitivity are plotted along the axis of the ellipse, displayed in Figure
6.6.
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Fig. 6.6.: Gradient from finite differences for ∆ = 2 · 10−9 (left), gradient from adjoint
sensitivity (right), plotted on ellipse.

The qualitative development of both gradients agrees well. However, the values of the gra-
dients, obtained from finite differences and adjoint sensitivity, disagree (GL = 235.278 for
the gradient from finite differences and GL = 219.504 for the gradient from the adjoint
sensitivity, see Figure 6.6). However, the gradients are both almost at a constant level,
respectively. Compared to the sensitivity (Figure 6.5), the gradient is at a level about 10
times smaller. A reason for this discrepancy is the influence of the mesh size ∆x ≈ 5 m−6

of the surface patch area on the solution of the Laplace-Beltrami equation.
The study shows that the behavior of the adjoint sensitivity agrees qualitatively well with
the behavior of the sensitivity, obtained from finite differences. The gradient from the ad-
joint sensitivity is thus able to predict the behavior of the flow for moderate surface shape
deformations.

6.2. Verification of Gradient Computation

An accurate solution method for the Laplace-Beltrami equation is essential, as the result
provides the gradient (cf. Section 4.5), subsequently used in the gradient descent. On that
account, the numerical solution of the Laplace-Beltrami equation is verified in this section.
For this purpose, an academic test case is considered for which the exact solution of the
Laplace-Beltrami equation is known. The comparison of the numerical to the analytical
solution then provides information on the quality of the solution method. In the first step
the analytic solution of the Laplace-Beltrami equation is derived for the considered test
case. In the second step the setup for the numerical simulation is presented. In the last
part of the section the numerical results are compared to the analytical data, being able
to compute absolute and relative errors.
Under consideration is an analytic test case on a circle. The employment of cylindrical
coordinates is preferred. Thus, a mapping of the local, Cartesian coordinate vector (x, y)
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onto the polar coordinate system is performed,(
x
y

)
−→

(
r cos(θ)
r sin(θ)

)
, (6.3)

marked by angle θ and radius r. From the Laplace operator formulated in physical cylin-
drical coordinates,

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
, (6.4)

the Laplace-Beltrami operator is derived, equal to the angular part of (6.4), viz.

∆Γ =
1

r2

∂2

∂θ2
, (6.5)

see also [86] and [29].
The function sinh(θ) is considered on the unit circle,

h(r, θ) = h(1, θ) = sinh(θ) . (6.6)

The hyperbolic sine is an eigenfunction for the Laplace-Beltrami operator, since, under
consideration of (6.5) and by setting r = 1m,

∆Γh(r, θ) =
∂2

∂θ2
sinh(θ) = sinh(θ) . (6.7)

Inserting h(1, θ) into the Laplace-Beltrami equation (4.138) yields

h(1, θ)−∆Γh(1, θ) = 0 , (6.8)

by using (6.7). Thus, h(1, θ) = sinh(θ) is a solution of Equation (4.138) with zero right-
hand.
Equation (6.8) is solved numerically by application of an appropriate solver, implemented
in OpenFOAM® in [29]. The Laplace-Beltrami equation (4.138) with zero right-hand side
(cf. (6.8)) is solved at the boundary of one quarter of the unit circle. Accordingly, the angle
θ ranges between 0 and π

2
. The circle line is discretized with 200 cells in circumferential

direction. The rim is set to a height of l = 0.001m. At the boundaries the function values
are set to h(1, π

2
) = sinh(π

2
) = 2.3013 and h(1, 0) = sinh(0) = 0, according to the considered

function. At the arc a symmetry plane is employed (cf. [29] and Figure 6.7). The numerical
solution of the Laplace-Beltrami equation, G(θ), is compared to the hyperbolic sine at the
200 discrete sampling points.
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h(1, φ) = sinh(π/2)

10

Symmetry plane

h(1, φ) = sinh(0)

φ

Fig. 6.7.: Setup for unit circle configuration.

The maximum absolute error is

max
0<θ<π

2

|sinh(1, θ)−G(θ)| = 0.004896 , (6.9)

taken at an angle of θ = π
2
. Employing the maximum function value, the relative error is

thus computed as

e =
max0<θ<π

2
| sinh(1, θ)−G(θ)|

max0<θ<π
2
| sinh(1, θ)|

=
0.004896

2.231296
= 0.002127 , (6.10)

corresponding to 0.2%. Hence, the numerical and analytical solutions only slightly distin-
guish. Figure 6.8 illustrates the result. The curves in Figure 6.8 almost perfectly coincide.
Therefore, the numerical solution of the Laplace-Beltrami equation represents the analytic
solution. The solver is thus able to accurately solve the Laplace-Beltrami equation. Small
numerical errors may be led back to mesh approximation inaccuracies.
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Fig. 6.8.: Comparison of analytical to numerical solution of Laplace-Beltrami equation.

6.3. Validation of Mesh Coarsening
In Section 2.6 a reduced Armijo algorithm has been presented. Instead of solving the RANS
equations on the reference mesh to evaluate the cost functional, a coarser mesh is utilized
for the cost functional evaluation to save computational time and resources.
In this section the quality of coarsened meshes is validated by performing numerical simu-
lations for different levels of refinement. The validation is performed for two test cases, a
cylinder test case, modeled by a structured mesh in 2D, analogously to Schäfer and Turek
in 1996 [72] and a test case for the flow through a bend duct, modeled by an unstructured
mesh in 3D. The difference to characteristic reference data is computed to evaluate the
quality of the results.

Cylinder

This case has been well studied by different research groups, as published in [72]. The com-
putational domain is a 2D rectangle Ω = [0, 2.2]m × [0, 0.41] m and features a circular
cylinder of radius r = 0.05m, located at (0.2 m, 0.2 m), with respect to its midpoint. A
parabolic inlet profile located at the left boundary models the inflow. Upper, lower and
cylinder boundaries are set to no-slip walls. At the right boundary typical outlet boun-
dary conditions (zero pressure, zero gradient velocity) are set. Figure 6.9 illustrates the
computational setup.
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Fig. 6.9.: Cylinder test case setup [15].

The parabolic inflow profile is described by

u(0, y) =

(
4umax y(0.41− y)

0.412
, 0

)
, (6.11)

with a maximum velocity of umax = 0.3 m
s
. A contour plot of the inlet velocity is displayed

in Figure 6.10.

Fig. 6.10.: Inlet velocity for test case cylinder.

The test case is laminar at a Reynolds number of Re = 20 = uB ·l
ν
, with the diameter

of the cylinder, l = 0.1m and the bulk velocity, uB =0.2 m
s
. For further reference, see

[72]. Ten distinct structured meshes have been generated, using the OpenFOAM® routine
blockMesh. The number of computational cells ranges from #V = 514 to #V = 274 652.
A coarsening factor of approximately two lies between the accounting mesh levels. The
stationary, incompressible RANS equations (3.8) and (3.9) are solved on the meshes by
using the solver simpleFoam, based on the SIMPLE algorithm (see Algorithm 3). Up to
3 000 iterations are performed until a fair level of convergence is achieved (normalized
initial residuals fall below 10−4). The normalized pressure difference pdiff := 1

ρ
p(a1) −

1
ρ
p(a2) in the points directly in front of and behind the cylinder (a1 = (0.15 m, 0.2 m)

and a2 = (0.25 m, 0.2 m)) is determined. The numerical results for the pressure coefficient
(Cp = 2p

(ρuB2)
) on four different meshes are illustrated in Figure 6.11.
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Fig. 6.11.: Generated structured meshes (left) and related pressure coefficient with fitting
contour lines (right) around cylinder for #V = 17 800, #V = 8 806, #V = 2 076 and
#V = 1 025 (from top to bottom, respectively).

To judge the conformity of the pressure coefficient, the fitting contour lines for the consi-
dered four different meshes are illustrated in Figure 6.12. As apparent from Figure 6.12,
the contour lines for the pressure coefficients for #V = 17 800 and #V = 8 086 agree fairly
well. For this reason, meshes with a resolution higher than #V = 17 800 are dispensable.
Therefore, the focus lies on meshes with #V = 17 800 or less. The results for the meshes
with #V = 2 076 and #V = 1 025 intensely discriminate from the results of the finer
meshes (see Figure 6.12).
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Fig. 6.12.: Pressure coefficient with fitting contour lines around cylinder for #V = 17 800
(black), #V = 8 806 (red), #V = 2 076 (blue) and #V = 1 025 (green).

Analogously to [72], the numerical results are compared to the solution gained from high
order spectral methods (see [58]). In this way, the reference value for the pressure difference
is expected to pdiff = 0.117520 m2

s2
. Table 6.1 displays the values for pressure difference and

relative errors with respect to the reference solution.

Table 6.1.: Error in the computation of pdiff for different meshes.

Number of cells #V 514 1 025 2 076 4 450 8 806

pdiff in m2

s2
0.081531 0.098534 0.105927 0.112305 0.114380

Relative error e 30.6% 16.1% 9.9% 4.4% 2.7%

Number of cells #V 17 800 34 888 70 480 138 880 274 652

pdiff in m2

s2
0.115701 0.116483 0.117017 0.117341 0.117552

Relative error e 1.5% 0.9% 0.4% 0.1% <0.1%

The computation for #V = 17 800 leads to a relative error e =1.5%, which is a reaso-
nable result. This mesh offers a good balance between accuracy and computational cost.
A coarsening by factor four (#V = 4 450) still delivers reasonable results (e = 4.4%).
Reducing the number of cells by a factor of eight (#V = 2 076) already leads to a relative
error of 9.9%. The results for the meshes with #V = 1 025 or less nodes are unreliable
(e ≥ 16.1%). Starting from the mesh with #V = 17 800, a reduction factor up to four
is acceptable to judge the general behavior of the fluid dynamic properties. A reduction
factor of eight is inadvisable.
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Bend Duct

The second validation case for the comparison of mesh-fineness vs. accurateness is the
stationary, laminar flow through a 3D bend duct. The geometry is taken from a tutorial
case [4]. The volume mesh consists of unstructured tetrahedrons. Mesh generation has been
performed using ANSA [4]. Figure 6.13 displays the geometry.

Fig. 6.13.: Geometry of bend duct. Inlet located on the left, outlet on the right.

The case consists of inlet, outlet, and wall with typical boundary conditions (no-slip velocity
and zero pressure gradient at walls, fixed velocity and zero pressure gradient at inlet and
zero pressure, zero velocity gradient at outlet). The bulk velocity at the inlet is set to
uB = 0.011 m

s
. A kinematic viscosity of ν = 1.49 ·10−5 m2

s
is utilized. Based on the diameter

of the inlet (l = 0.04m), the Reynolds number is Re = 30. To answer the question of
how coarse a mesh may get, different meshes are generated; the number of cells ranging
from #V = 3 466 to #V = 669 838. The coarsening factor lies between 1.3 and 2.3. The
governing fluid dynamic equations are the incompressible RANS equations (3.8) and (3.9).
The simulations are performed by using the solver simpleFoam until a satisfactory level of
convergence is reached (2 000 iterations, normalized initial residuals fall below 10−7). The
velocity magnitude is evaluated at a line on a cutting plane inside the duct (see Figure
6.14).

Fig. 6.14.: Bend duct with line (blue) on cutting plane for evaluation.

In the first step the computed velocity magnitude is compared visually along the reference
line for the different meshes. As reference profile, the shape of a parabola is considered.
The corresponding results are displayed in Figure 6.15. Due to the low Reynolds number,
the velocity profiles converge to a parabolic shape. At the finest mesh level (#V = 669 838)
a smooth parabolic velocity profile is reached, whereas the profiles of the coarser meshes
contain kinks, due to the poor resolution. The computation for the mesh with #V = 36 282
already shows a quite reasonable velocity profile resembling a parabola while the result for
the mesh with #V = 221 618 already delivers a velocity profile very close to a parabolic
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Fig. 6.15.: Velocity magnitude for different meshes and reference parabola profile.

shape. The computation for the meshes with #V = 3 466, #V = 8 119 and #V = 13 506
severely deviate from the velocity profile for the finest mesh (#V = 669 838). Hereby,
large differences with respect to the maximum velocity value at the finest mesh level are
obtained.
As a result, #V = 221 618 leads to reasonable predictions; the mesh with 36 282 cells yields
already acceptable results of lower quality. Meshes with 13 506 or less control volumes are
unreliable.
To validate the error numerically, the magnitude of the maximum velocity along the line at
the finest mesh level (with 669 838 computational cells), |umax| = 0.020935 m

s
, is employed

as a reference value for the error computation. Table 6.2 summarizes the results.

Table 6.2.: Error of maximum velocity magnitude for different meshes.

Number of cells #V 3 466 8 119 13 506 25 067 36 282 55 876

|umax| in m
s

0.016768 0.017544 0.018665 0.019046 0.019488 0.01927

Relative error e 19.9% 16.2% 10.8% 9.0% 6.9% 7.9%

Number of cells #V 79 064 163 653 221 618 367 196 546 558 669 838

|umax| in m
s

0.019724 0.020197 0.020415 0.020725 0.020903 0.020935

Relative error e 5.8% 3.5% 2.5% 1.0% 0.15% 0.0%
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In line with the visual interpretation, the error for the computation with #V = 221 618 is
sufficiently low (2.5%). This mesh offers a good balance between accuracy and computatio-
nal costs. The mesh with #V = 36 282 yields an error of 6.9%, still acceptable to predict
the general behavior of the fluid dynamic properties. Meshes with lower resolution yield an
error of 9.0% and more. Based on the mesh with #V = 221 618, a reduction factor of six
(#V = 36 282) is still acceptable to obtain reasonable results. A reduction factor of 8 or
more (#V = 25 067) leading to an error of e ≥ 9.0 %, is inadvisable. In summary, reducti-
on factors up to six are advisable for the reduced Armijo approach. Employing reduction
factors of this magnitude, delivers reasonable results for the Armijo evaluation, as well as
reduces the computational costs as much as possible. Note that the factor computation
bases on the mesh representing an optimal balance between accuracy and computational
effort. Starting from a mesh with more cells, the reasonable reduction factor may even be
higher.

6.4. Validation of Sparse Porosity Optimization

In this section the impact of the insertion of the L1- regularization term into the topo-
logy optimization problem on the sparsity is validated (see Section 4.4) with two simple
test cases in 2D, inspired by [6]. In the first place, the flow is simulated for the initial
topology to obtain a reference flow solution and to determine the value of the considered
cost functional. Subsequently, topology optimization is performed, firstly non-regularized,
then with inserted regularization term and different weighting factors. The study compa-
res the intensity of regularization with the amount of sparsity and the related degree of
improvement.

Diffusor

The computational domain consists of a 0.1 m × 0.1 m square, homogeneously discretized
by 900 isotropic control volumes. In fact, due to simulation reasons, a third z-axis is inclu-
ded with ∆z = 0.01 m, consisting of a single layer of cells. As the patch type for the front
and rear patch is set to empty, the case is equivalent to a 2D simulation. The remaining
boundaries are assigned to inlet, outlet and wall. A laminar, stationary computation with
a Reynolds number of Re = 1, based on the height of the inlet, l = 0.1m, is performed.
The inlet bulk velocity is set to uB = 1 m

s
and the kinematic viscosity to ν = 0.1 m

s2
. The

considered cost functional is uniformity of the velocity at the outlet (3.38), with |ud| = 3 m
s
,

on the centric third of the outlet, and |ud| = 0 m
s
at the remaining outlet. In general, the

cost functional uniformity of velocity is of importance when dealing with the optimization
of ventilation components, as a homogeneous outflow increases passengers’ comfort and
system efficiency. The computational setup is depicted in Figure 6.16.
In the first step a primal simulation of the flow, governed by the RANS equations (3.32) and
(3.33) including the Darcy term (3.32), is performed, using the solver simpleFoam, until a
satisfactory convergence is achieved (5 000 iterations, normalized initial residuals fall below
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Fig. 6.16.: Computational domain with inlet (left), outlet (right) and wall (top and bottom).
The desired velocity ud takes different values at the outlet.

10−9). The initial cost functional value before the optimization is J0 = 6.55445× 10−4 m5

s2
.

In the second step, the adjoint RANS equations (4.106) and (4.107), including the Darcy
term, are solved numerically.
The boundary terms arising from the cost functional are inserted into the boundary con-
ditions for the adjoint velocity and pressure at the outlet, see (4.49) and (4.50),

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

+
(
un − |ui(d)|

)
, (6.12)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

+ ui(t) . (6.13)

The equations are solved numerically up to a satisfactory convergence (normalized initial
residuals below 10−5). Hereby, no porosity modification is performed; the Darcy porosity
term is constant α = 0 kg

m3s
. The results for the primal and adjoint velocity and the integrand

of the computed sensitivity are illustrated in Figure 6.17.
The computed sensitivity proposes to increase the porosity at lower and upper part of the
outlet (negative sensitivity values in Figure 6.17, right), while the middle part of the outlet
is supposed to stay fluid (positive sensitivity values in Figure 6.17, right). As the desired
velocity is set to |ud| = 3 m

s
in the centric third of the outlet and the velocity magnitude

at this part is smaller (un = 1.5 m
s
, see Figure 6.17, left), the proposition of the sensitivity

is reasonable as blocking the lower and upper part of the outlet increases the velocity at
the center.
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Fig. 6.17.: Primal (left) and adjoint (middle) velocity in x-direction and related sensitivity
(right).

In the next step the step size λ is determined heuristically. The porosity is increased
in regions where the sensitivity is negative. From the primal and adjoint simulation the
minimum value of the sensitivity is determined, namely

min
P∈Ω
{û(P )

i u
(P )
i V (P )} = −7 · 10−9 , (6.14)

with V = 1 · 10−7 m3. A maximum porosity change of 1 % of αmax is aimed in one update
step. The maximum porosity value is set to αmax = 3 000 kg

m3s
. Therefore, the step size is

computed from

λ · 7 · 10−9 =
αmax
100

, (6.15)

resulting in a step size in the order of magnitude between λ = 109 and λ = 1010. The
porosity distribution is optimized in the first step by setting ε = 0, omitting the sparsity
supporting term in the cost functional. Algorithm 2 is traversed in conjunction with a
constant step size for the gradient descent. The design loop is repeated until the cost func-
tional has reached a local minimum and does not change significantly. The computations
reveal that the optimization performs best for a step size of λ = 1011. Figure 6.18 shows the
porosity distribution after the optimization cycle and the related cost functional progress.
The final porosity distribution (Figure 6.18, left) represents a diffusor shape, with large
porosity values at lower and upper part of the flow domain and zero porosity values in
the middle of the domain. Concurrently with the development of the porosity values, the
cost functional value decreases (Figure 6.18, right) during the design cycle. This behavior
is reasonable, as large porosity values decrease the velocity, and, thus, the velocity is low
in regions where |ud| = 0 m

s
and high in the centric outlet region where |ud| = 3 m

s
and

α = 0 kg
m3s

. The primal velocity before and after the porosity optimization is illustrated in
Figure 6.19.
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Fig. 6.18.: Porosity distribution (left) and cost functional progress (right) for the simulation
without regularization (ε = 0).

Fig. 6.19.: Primal x-velocity before (left) and after (right) the optimization (no regulariza-
tion).

Figure 6.19 (left) displays large velocity values at the outlet in regions where |ud| = 0 m
s
.

The velocity gradually reduces towards the wall boundary. For the optimized topology
(Figure 6.19, right) the velocity value is maximum at the centric third of the outlet and
low at upper and lower part of the outlet, due to the porosity distribution (Figure 6.18,
left). The normalized cost functional value after the optimization is J/J0 = 0.34, resulting
in a large improvement of 66%, relative to the initial cost functional value. In the next step
it is examined if a sparse distribution of the porosity can be realized via insertion of the
L1-regularization term (4.124). The regularization term is inserted into the cost functional
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such that the cost functional becomes

J =

∫
Γout

1

2
(u− ud)

2 dΓ + ε

∫
Ω

|α| dΩ . (6.16)

The approximation by the Huber function (4.125) may be omitted as the porosity values
are positive and, thus, the L1-regularization term is differentiable. In [19] it is shown that
the results with the Huber approximation are similar for this case.
In the next step a value for the weighting factor ε is estimated. It is required to weight
the regularization term in the same amount as the cost functional. Therefore, both should
have the same order of magnitude. The maximum value of the cost functional uniformity
of velocity is estimated at the outlet, by using the data from the primal simulation. The
cost functional uniformity takes it maximum value for ui = (0.099 0.0 0.0) m

s
. The re-

gularization term is maximal for α = αmax. Therefore, the weighting factor is computed
from

ε =

∫
Γout

1
2

(u− ud)
2 dΓ∫

Ω
αmaxdΩ

≈ 1.5 · 10−2 . (6.17)

To examine the behavior towards different weighting factors, the optimization is performed
for ε = 1.5 · 10−2, ε = 1.5 · 10−3 and ε = 1.5 · 10−4, using a step size λ = 1011. Table 6.3
illustrates the normalized cost functional values for different values of ε.

Table 6.3.: Results for different values of ε.

Relative cost functional value J/J0 Improvement αmean/αmax

ε = 0 0.34 66% 0.45

ε = 1.5 · 10−4 0.35 65% 0.264

ε = 1.5 · 10−3 0.41 59% 0.117

ε = 1.5 · 10−2 0.69 31% 0.024

The results depict descending porosity values, simultaneous with the ascend of the weigh-
ting factor. For the maximum weighting factor ε = 1.5 ·10−2 a sparse distribution (αmean

αmax
=

0.024) is obtained. For smaller weighting factors the amount of porosity also reduces from
an initial value of αmean

αmax
= 0.45 for ε = 0 to αmean

αmax
= 0.264 for ε = 1.5·10−4 and αmean

αmax
= 0.117

for ε = 1.5 · 10−3. The amount of porosity is almost reduced by a factor of two and four
for ε = 1.5 · 10−4 and ε = 1.5 · 10−3, respectively. However, the improvement of the cost
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functional only mildly reduces (from 66% for ε = 0 to 65% for ε = 1.5 · 10−4 and 59%
for ε = 1.5 · 10−3). For the largest considered weighting factor (ε = 1.5 · 10−2), the amount
of control reduces by a factor of 18, still delivering a cost functional improvement of 31%.
Figure 6.20 shows the porosity distribution and related velocities for different values of ε.

Fig. 6.20.: Porosity distribution (top) and related streamwise velocity (bottom) for ε = 0,
ε = 1.5 · 10−4, ε = 1.5 · 10−3 and ε = 1.5 · 10−2 (from left to right).

With increasing weighting factor ε the distribution becomes sparser (Figure 6.20, top).
Concurrently with the porosity development, the velocity profile turns out to be closer to
the desired velocity for increasing weighting factors (Figure 6.20, bottom). As the results
demonstrate, the insertion of the regularization term helps to determine porosity regions
having a high impact on the cost functional.

Bifurcating Channels

The second validation case refers to the same domain (of the size 0.3 m × 0.3 m) and
discretization, with two outlets at the top and the bottom of the right-hand side face.
Due to simulation reasons, a third z-axis is included with ∆z = 0.01 m, consisting of a
single layer of cells. As before, the patch type for the front and rear patch is set to empty,
therefore, the case is equivalent to a 2D simulation. A stationary, laminar computation with
a Reynolds number of Re = 50 is performed, based on the reference velocity |uref | = 50m

s

at one third of the inlet, a reference length of l = 0.1 m and a kinematic viscosity of
ν = 0.1 m

s2
. The boundaries are set to inlet, outlet and wall, as usual. The cost functional

dissipated power (3.40) through the device boundary is an important quantity to judge the
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system efficiency and is thus considered in this case. The computational setup is depicted
in Figure 6.21

Fig. 6.21.: Computational domain. Constant velocity at one third of the inlet (left), two
outlets (right).

A primal simulation of the flow, governed by the RANS equations including the Darcy
term (3.32) and (3.33), is performed, using the solver simpleFoam until a satisfactory
convergence is achieved (5 000 iterations, normalized initial residuals fall below 10−8). The
initial cost functional value before the optimization is J0 = 89.7204 m6

s3
. Based on the primal

solution, the adjoint equations, including the Darcy term (4.106) and (4.107), are solved
numerically. The Darcy term is set to constant zero in the first place and not modified. The
boundary terms arising from the cost functional are inserted into the boundary conditions
for the adjoint velocity and pressure at the outlet, see (4.49) and (4.50),

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n
− 1

2
uiui − un2 , (6.18)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

− ρui(t)un , (6.19)

and inlet (4.47)

ûn =
1

ρ
un . (6.20)

The equations are solved numerically up to a satisfactory convergence (normalized initial
residuals fall below 10−8). The result for the primal and adjoint velocity and the integrand
of the computed sensitivity (4.111) are illustrated in Figure 6.22
The computed sensitivity proposes to increase the porosity in regions where only little
flow activity is present (negative values of the sensitivity in Figure 6.22, right; low velocity
values at Figure 6.22, left). In regions where a high flow activity is present, the sensitivity
proposes to let the porosity stay zero, corresponding to fluid media (positive values of the
sensitivity in Figure 6.22, right; large velocity values at Figure 6.22, left). The proposition of
the sensitivity is reasonable, as blocking dead water regions increases the system efficiency
and thus improves the dissipated power cost functional.
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Fig. 6.22.: Magnitude of primal velocity (left), adjoint x-velocity (middle) and related
sensitivity (right).

Porosity modification is applied to reach a local minimum of the cost functional. The
maximum porosity value is set to αmax = 10 000 kg

m3s
. In the first step the step size λ is

computed heuristically, analogously to the preceding test case. The maximum, negative
value of the sensitivity is

min
P∈Ω
{û(P )

i u
(P )
i V (P )} = −6.5 · 10−5 , (6.21)

with V = 1 · 10−6 m3. A maximum porosity change of 1 % of αmax is aimed in one update
step, therefore, the step size is determined from

λ · ûiuiV =
αmax
100

, (6.22)

resulting in a step size of approximately λ = 106. The porosity distribution is improved in
the first step by setting ε = 0, omitting the sparsity supporting term in the cost functional.
Algorithm 2, combined with a constant step size for the gradient descent, is traversed until
the cost functional reaches a local minimum and does not change significantly. Figure 6.23
illustrates the porosity distribution after the optimization cycle and the cost functional
progress. The final porosity distribution (Figure 6.23, left) depicts a bifurcation, guiding
the flow to the upper and lower part of the outlet, where it flows out of the domain. Con-
currently with the porosity development, the cost functional decreases (Figure 6.23, right).
The development of the cost functional is reasonable, as the final topology enables to effi-
ciently guide the flow through the device boundary, and, thus, lowers the dissipated power.
The normalized cost functional value after the optimization is J/J0 = 0.94, representing an
improvement of 6 %, relative to the initial cost functional value.

91



 84

 85

 86

 87

 88

 89

 90

 0  5000  10000  15000  20000  25000

J

n

Fig. 6.23.: Porosity distribution (left) and cost functional progress (right).

To promote a sparse distribution of the control, the L1-regularization term (4.124) is in-
serted into the cost functional such that the cost functional becomes

J = −
∫

Γ

(
p

ρ
+

1

2
uiui

)
undΓ + ε

∫
Ω

|α| dΩ . (6.23)

As the porosity values only take positive values, the regularization term is differentiable.
In the next step a value for the regularization weighting factor ε is estimated, such that
both, cost functional and regularization term, have the same order of magnitude. The cost
functional dissipated power takes it maximum value at the outlet for |u| = 60 m

s
, p
ρ

= 0 m2

s2

and at the inlet for |u| = 50 m
s
, p
ρ

= 2 000 m2

s2
. The regularization term is maximum for

α = αmax. Therefore, the weighting factor is computed from

ε =

∫
Γ
(p
ρ

+ 1
2
uiui)undΓ∫

Ω
αmaxdΩ

≈ 65 . (6.24)

To validate the behavior for different weighting factors, the optimization is performed for
ε = 0, ε = 0.065, ε = 0.65, ε = 6.5 and ε = 65, using a step size λ = 106. Figure 6.24 shows
the porosity distribution for different values of ε.
Increasing the weighting factor ε leads to a sparser distribution. For ε = 65 almost no
control is apparent (Figure 6.24, right). Also for a comparatively small weighting factor
(ε = 0.65), the amount of porosity notably decreases (Figure 6.24, second picture from
left). Table 6.4 displays the numerical results, including the corresponding cost functional
values.
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Fig. 6.24.: Porosity distribution for ε = 0, ε = 0.65, ε = 6.5 and ε = 65.

Table 6.4.: Results for different values of ε.

Relative cost functional value J/J0 Improvement αmean
αmax

ε = 0 0.94 6% 0.13

ε = 0.065 0.94 6% 0.11

ε = 0.65 0.945 5.5% 0.05

ε = 6.5 0.97 3% 0.01

ε = 65 0.9988 0.12% 0.00016

Though the amount of control is reduced by almost a factor of three (for ε = 0.0, αmean
αmax

=
0.13 and ε = 0.65, αmean

αmax
= 0.05), the improvement of the cost functional only mildly re-

duces (from 6% to 5.5%). Lower values of ε only slightly reduce the amount of porosity
(αmean
αmax

= 0.11 for ε = 0.065), while still delivering the same amount of improvement (6%).
A larger weighting factor leads to a heavy reduction of the mean porosity by a factor of 13
(αmean
αmax

= 0.01 for ε = 6.5), still, the cost functional improvement is existent (3%). For an
even larger value of ε = 65, almost no porosity is present (αmean

αmax
= 0.00016), accordingly,

the cost functional experiences almost no improvement (0.12%).
In both cases (diffusor and bifurcating channels), the insertion of the regularization leads
to a reduction of the porosity amount, but still delivers a sufficient cost functional impro-
vement. Generally, the method may successfully be applied to cases where the amount of
control is related to costs, as regions with highest impact on the cost functional are de-
termined. To that effect, the insertion may be applied to cases where it has to be decided
where to put the control (see also Stadler [76]). However, the approach is not capable of
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yielding a digital distribution. The regularization helps to reduce the amount of control but
does in general not reduce regions with intermediate control values. For this goal, different
approaches should be studied. The method is however very valuable from an engineering
point of view. The porosity is often associated with significant weights; a drastic reducti-
on of weight without significant compromises on the cost functional is very appreciated.
Examples refer to aerospace industry where weight reductions are crucial.
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7. Application

In this chapter the adjoint sensitivity analysis is applied to 3D turbulent industrial cases.
The first section presents the results of the adjoint shape optimization, employed to improve
the uniformity of flow for a cabin air outlet of an aircraft. In the second section the results
of the optimization of a mixing chamber to heat the ventilated air flows of an aircraft
are displayed. The cost functional refers to the mixing efficiency in buoyancy-driven flows.
Adjoint topology optimization of the cost functional uniformity of flow is applied to two
cabin air outlets of aircrafts in the third and fourth section. Hereby, the focus lies on
different step size computations for the gradient descent and the insertion of a regularization
term to promote a sparse distributed control.

7.1. Shape Optimization of Do728-KLA

The first application for the adjoint shape optimization is a cabin air outlet of a Dornier
728 aircraft (Do728-KLA). The numerical results are validated experimentally with Partic-
le Image Velocimetry (PIV) measurements. The results presented were developed during
the cooperation with the German Aerospace Center, published in [48].
The upstream geometry of the cabin air outlet consists of a 178mm long circular duct
with a diameter of 57mm, followed by a 185mm (length) × 1 000mm (width) × 165mm
(height) angled chamber, including a deflector and 17 perforated plates, and subsequently
17 air outlets (see Figure 7.1, left). To simulate a realistic outflow behavior, a box is added
to the geometry ((see Figure 7.1, right). The boundaries of the box are assigned to outlet
and wall. Here, the outlet consists of the vertical face at the right hand-side of the geometry
(see Figure 7.1, right).

Fig. 7.1.: Geometry of the cabin air outlet Do728, with box (right) for simulating the
outflow.

The mesh without the plenum consists of roughly seven million unstructured tetrahedrons.
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Mesh generation has been accomplished using ANSA [4]. The governing equations are the
incompressible RANS equations (3.8), (3.9). The Reynolds-number, based on the diameter
of the pipe, is Re = 27 000 with an inlet bulk velocity of uB = 7 m

s
and a kinematic viscosity

of ν = 1.49 · 10−5 m2

s
. Turbulence is modeled via the high-Re SST k − ω turbulence model

(3.10)–(3.12). Besides, the boundaries are assigned to typical ducted flow properties, consi-
sting of inlet, outlet, and wall. The objective is to minimize the cost functional uniformity
of the velocity at the outlet (3.38), evaluated at the outlet segments with respect to a
desired velocity ud. The desired velocity ud is set to |ud| = 0.8916 m

s
in normal direction of

the outlet, to ensure mass conservation. The cost functional is associated to a contribution
to the adjoint boundary conditions (4.49), (4.50), turning to

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

+
(
un − |ui(d)|

)
on Γout , (7.1)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

+ ui(t) on Γout , (7.2)

as the desired velocity points in outlet-normal direction. The design boundary consists of
the basement of the chamber and the deflector (see Figure 7.2).

Fig. 7.2.: Geometry of Do728-KLA. Surfaces enabled for the shape modification marked in
red, objective surface marked in blue.

Steady state simulations, solving primal (3.8), (3.9) and adjoint (4.42), (4.43) RANS equa-
tions, are executed by using the solver simpleFoam of OpenFOAM®. Hereby, the SIMPLE
algorithm and its adjoint analogue are repeated until a satisfactory convergence is achieved
(normalized initial residuals below 10−6 for primal and adjoint fields after 5 000 iterations).
The cost functional is evaluated for the mesh with a plenum behind the cabin air outlet (Fi-
gure 7.1, right) in a cell zone (Figure 7.2), corresponding to the outlet of the mesh without
plenum (Figure 7.1, left), and is normalized by the volume of the cell zone. The evaluation
of the cost functional for the initial design results in a value of J0 = 0.08027 m2

s2
. Figure 7.3

displays the velocity magnitude at the outlet of the Do728-KLA and related streamtracers
for the initial configuration. The velocity magnitude is large at both sides of the cabin air
outlet, while it is small in the center, as depicted in Figure 7.3. The flow collides against
the deflection plate and spreads to the sides, resulting in the depicted velocity distribution.
The solution of the primal and the corresponding adjoint incompressible Reynolds-averaged
Navier-Stokes equations leads to the sensitivity (4.60), that indicates, how body contours
should be modified to obtain an improvement of the cost functional. The computed sensi-
tivity is displayed in Figure 7.4 (left).
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Fig. 7.3.: Velocity magnitude and related streamtracers for simulated flow at Do728-KLA.

Fig. 7.4.: Contour plot of sensitivity for original geometry (left) and morphing model with
optimized geometry (right) of the cabin air outlet Do728-KLA. The deformation of the
surface mesh is intensified in the center of the cabin air outlet.

The sensitivity induces an inward movement of the center of the basement. Compacting
the centric part of the outlet leads to a magnification of the present velocity field. Due to
the small velocity magnitude in the centric part of the air outlet (Figure 7.3), the proposed
deformation results in a more homogeneous outflow. The shape modification is realized by
means of the commercial software ANSA [4]. In this way, the sensitivity is automatically
mapped to the morphing parameters of ANSA [4] and the mesh is morphed accordingly
(see Figure 7.4, right). Figure 7.5 displays the cross section for the distinct designs. The
inward movement of the basement increases from design step to design step (see Figure
7.5). The deformation is accomplished along the whole basement and deflection plate while
it is most intense at the centric part.
The cost functional evaluation for the modified design results in a value of J/J0 = 0.89
(normalized by the initial cost functional value). Thus, an improvement of 11%, compa-
red to the initial value of the cost functional, is achieved. As the optimization technique
steps towards a local minimum with every design cycle, a second design cycle based on the
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Fig. 7.5.: Cross Section of Do728-KLA for the original design (left), first (middle) and
second (right) redesign.

morphed mesh and the related primal and adjoint velocity fields is performed, leading to
an improvement of 13% (J/J0 = 0.87), compared to the initial configuration, resulting in a
further improvement of 2%. The total pressure loss improves 1% compared to the initial
configuration. Figure 7.6 illustrates the results for the velocity magnitude of the initial
geometry and of the deformed geometries at one line (z = 0.01157m) along half of the
outlet (y = [0, 0.5]m).
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Fig. 7.6.: Velocity magnitude along one half of the outlet for different shapes.

Figure 7.6 clearly depicts the improved homogeneity for the first and second design. To
validate the results of the RANS simulation, the homogeneity of the flow velocity of the
original and the improved air outlet is investigated experimentally using PIV, see [68]. To
conduct PIV, the fluid is seeded with tracer particles, small enough to follow the flow. The
particles are illuminated with a planar laser beam. The inlet bulk velocity is uB = 7 m

s
.

Two pictures of the particles are taken with a small time difference. Using the software
PIVview, the flow velocity field is calculated from the particle displacement, computed from
two pictures taken at different times. The experimental setup is depicted in Figure 7.7 and
consists of a Nd:YAG laser, whose beam is shaped with a light-sheet optic to illuminate
the measurement region.
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Fig. 7.7.: PIV measurement setup.

The air flowing through the outlet is supplied by a radial fan and the flow velocity is mea-
sured with a volumetric flow meter. The cutting plane is positioned orthogonal and central
to the outlet segments. Furthermore, DEHS seeding (see Table 7.1) is added to the flow at
the inlet of the radial fan. Due to safety reasons and to prevent external influences on the
studied flow, the setup is encased with a curtain to avoid scattered light. All details of the
PIV measurement are listed in Table 7.1.

Table 7.1.: PIV measurement parameters.
Laser 2× neodymium-doped yttrium aluminum garnet (Nd:YAG)

laser 532 nm 350mJ, repetition rate 10Hz
Cameras 2× PCO1600, resolution: 1 600×1 200 pixel
Light-sheet optics −150mm biconcave, 300mm, F 100mm Zyl.
Scattering particles Di-Ethyl-Hexyl-Sebacat (DEHS) particles, size: 0.5–1.5µm
Volume-flow rate 287–4 300 l/min with an accuracy of +/− 2.5%,

typical: 1 080 l/min
Fan steplessly variable radial fan
Fabrication of the outlet rapid prototyping with PA2200
Field of view 2 × 600mm×420mm
Interrogation window 12×12mm
# Averaged vector fields 694
Vector distance 6×6mm

Figure 7.8 presents a comparison of the measured velocity fields in horizontal planes. Regar-
ding the homogeneity of the flow, the original and the improved outlet geometries produce
considerably different velocity distributions. The averaged velocity field of the original out-
let, shown in Figure 7.8 (left), is characterized by pronounced maxima, whereas the flow
of the modified outlet is more homogeneous (see Figure 7.8, right).
In Figure 7.9 the relative deviation to the averaged velocity, obtained from the PIV mea-
surement, is directly compared to the relative deviation obtained from the numerical si-
mulations, respectively, at a distance of 5 cm from the air outlet.
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Fig. 7.8.: PIV velocity field, for original (left) and improved (right) outlet in horizontal
planes.
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Fig. 7.9.: Comparison of the computed and measured relative deviation of the velocity
magnitude to the averaged velocity magnitude in the center of the outlet plane for the
initial (left) and the modified (right) design.

The relative deviation, obtained from the experiments, is comparable to the relative devia-
tion from the numerical simulations (see Figure 7.9). The differences can be explained by
measuring inaccuracy and modeling errors in the RANS calculation. However, both results
clearly show the improvement of the homogeneity at the outlet. Therefore, the experiments
confirm the geometrical modification, induced by the adjoint sensitivity. Hence, in spite
of the performed simplifications (neglect of the advection term, frozen turbulence), the
adjoint sensitivity analysis leads to a significant improvement of the cost functional.

7.2. Shape Optimization of Mixing Chamber
The second application case for the adjoint shape optimization is a mixing chamber. The
mixing chamber aggregates warm air, supplied from the cabin, and cool air, supplied from
the ventilation components. The flow leaves the chamber through several exits, connected
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to distinct compartments of the aircraft. Therefore, the flow in the mixing unit is affected
by temperature changes, modeled by the buoyancy driving force inserted at the right-hand
side of the momentum equation. Accordingly, the temperature field is computed, by solving
the related internal energy equation. In Figure 7.10, the geometry of the mixing chamber
with its tapped inlets and exits is illustrated.

Fig. 7.10.: Front (left) and back (right) side of mixing chamber with tapped inlets (yellow),
walls (green) and outlets (red).

For data protection reasons, the geometry in Figure 7.10 is distorted and the dimensions are
omitted. The mixing unit is supplied by two equally designed premixing units, connected
to the recirculation system (Recirc1–Recirc4) and the by the air generation system (Pack1,
Pack2), as depicted in Figure 7.10. The four lateral recirculation accesses (Recirc1–Recirc4)
guide the air from the cabin into the chamber. Air from the air-conditioning is blown in via
the two Pack accesses. Subsequently, the air leaves the chamber through the outlets at the
top of the chamber. Tapped to the mixer unit are 11 outlets (Temperature zones (TZ) 1-6,
Flight Deck (F/D), Overhead Flight Crew Rest Compartment (FCRC), Overhead Cabin
Crew Rest Compartment (CCRC), Cargo Hold (CRG), Avionics backup supply (E/E)),
see also Figure 7.10. Several configurations depending on the number of passengers, sea-
ted in the cabin, exist. It is distinguished in manual/normal/low/high workload. In the
considered case a normal workload is assumed for an aircraft with a moderate amount of
space for passengers (NORM-800). The temperature zones TZ7 and TZ8 are closed, as
these zones do not exist for smaller aircrafts. Furthermore, the exits Multi Purpose, Mixer
over Pressure Release and Ground are closed. Different temperatures, leading to buoyancy
effects, have to be taken into account in the flow model. The governing equations are the
incompressible RANS-F equations (3.25)–(3.27). The Reynolds number is Re = 130 000.
Turbulence is modeled via the high-Re SST k − ω turbulence model (3.10)–(3.12).
In Table 7.2, 7.3 and 7.4 the boundary conditions for outlet, wall and inlet, used in the si-
mulation are stated. The values of the volume flow rate and the temperature are normalized
by their maximum values.
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Table 7.2.: Outlet boundary conditions for mixing chamber.

Γout TZ1 TZ2 TZ3 TZ4 TZ5 TZ6

Pressure ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0
Normalized volume flow rate 0.59 0.5 0.6 0.47 0.55 0.53
Temperature ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0

Γout F/D FCRC CCRC CRG E/E

Pressure ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0
Normalized volume flow rate 0.16 0.04 0.34 0.34 0.28
Temperature ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0 ∂T

∂n
= 0

Table 7.3.: Wall boundary conditions for mixing chamber.

Mixer over
Pressure Multi

Γw Release Purpose Ground Mixer TZ7 TZ8

Pressure ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0 ∂p
∂n

= 0
Velocity 0 m

s
0 m

s
0 m

s
0 m

s
0 m

s
0 m

s

Normalized temperature 0.95 0.95 0.95 0.95 0.95 0.95

Table 7.4.: Inlet boundary conditions for mixing chamber.

Γin Recirc1–Recirc4 Pack1&Pack2

Pressure ∂p
∂n

= 0 ∂p
∂n

= 0
Normalized volume flow rate 0.6 1
Normalized temperature 1 0.91&0.87

Wall functions are employed to compute the turbulence properties. A turbulence intensity
of I = 0.2 and a mixing length of ` = 0.045m is used. The Boussinesq equation models the
density with a reference density of ρ = 1.2615 kg

m3 and a normalized reference temperature of
Tref
Tmax

= 0.95. The operating pressure is set to p = 1 013mbar. Other physical properties are
set to standard conditions of air, i.e. an isochore heat capacity, cv = 718 J

kgK
, and a thermal

expansion coefficient βT = 3.5714 ·10−3 1
K
. The Prandtl number is set to Pr = 0.71826, the

turbulent Prandtl number to Prt = 0.7. Mesh generation has been performed by ANSA
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[4], providing roughly one million unstructured, tetrahedral cells. The goal is to improve
the mixing efficiency at the outlets via adjoint shape optimization to supply homogeneous
temperature levels to all temperature zones in the cabin, formulated as

J =

∫
Γout

1

2
(T − Td)2ρuidΓ =

1

2

∑
f∈Γout

(T (f) − Td)2ṁf . (7.3)

Hereby, the mixing efficiency is considered mass flow enhanced. The desired temperature
Td is considered as averaged temperature over all exits, namely

Td =
∑
f∈Γout

T (f)A(f)

Aout
. (7.4)

A small value of the cost functional implies a more efficient mixing in the chamber, as the
temperature distribution is more homogeneous. The cost functional is defined at the outlets
of the chamber, therefore, the adjoint boundary conditions (4.94) are adapted accordingly
with the cost functional derivative, viz.

ρT̂un + κeff
∂T̂

∂n
+ (T − Td) ρui = 0 on Γout . (7.5)

Steady state simulations, solving primal (3.25)–(3.27) and adjoint (4.82)– (4.84) RANS-F
equations, are performed with the solver buoyantBoussinesqSimpleFoam and its adjoint
analogue in OpenFOAM®. The solver uses the Boussinesq approximation (3.24) to model
the buoyancy and the SIMPLE algorithm (Algorithm 3) to couple pressure and velocity.
The reference temperature is computed at each iteration as average value over all outlets
and treated as constant in the adjoint equation system. Figure 7.11 displays the result for
the normalized velocity and temperature for the original design.

Fig. 7.11.: Normalized velocity magnitude (left) and temperature (right) in the mixing
chamber.
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Due to the warm air, guided via the recirculation units (Recirc1 and Recirc2) into the
mixing chamber, buoyancy effects arise laterally for velocity and temperature (see Figure
7.11). Due to the cool air, guided via the pack units into basement of the chamber, a
mixture of cool and warm air is present. The temperature of the air is at its lowest level at
Pack2 ( T

Tmax
= 0.87), therefore, the buoyancy effects are reduced at the related parts and

the temperature is low, respectively (see Figure 7.11). The evaluation of the cost functional
for the original design results in an initial value of J0 = 60 274 K2 kg

s
.

The adjoint equations (4.82)–(4.84) are subsequently solved. Hereafter, the solution of the
primal and adjoint flow equations leads to the sensitivity (4.101) from which the gradient
is computed by solution of the Laplace-Beltrami equation (4.138). Figure 7.12 displays the
sensitivity and the gradient for the original design.

Fig. 7.12.: Sensitivity (left) and gradient (right) in the mixing chamber.

The sensitivity (Figure 7.12, left) shows a rough behavior with ragged contours while the
gradient (Figure 7.12, right) behaves smoothly. A reason for the large differences between
sensitivity and gradient is the influence of the mesh size ∆x ≈ 1 m−2 on the solution of the
Laplace-Beltrami equation. The considered example fortifies the necessity to compute the
gradient for the shape modification. By combination of the gradient with a proper step size,
the application of a gradient method, like steepest descent, leads to an improved design.
The design boundary, Γdsg, enabled for the shape modification, is the whole mixing chamber
wall. The surface is morphed according to the direction of the gradient, with a maximum
deformation of ∆β = 0.01m. Negative values indicate a morphing in outward normal
direction. In regions where the gradient is positive the mesh is slightly morphed inwards.
At these regions the temperature is rather low for the original configuration (see Figure
7.11, right). Compacting these regions leads to a higher temperature level and, therefore, to
an improvement of the cost functional. A further RANS simulation is performed to validate
the degree of improvement. The new design results in a normalized value of J/J0 = 0.4161
for the cost functional, equal to a relative improvement of 58% compared to the initial
design. The design cycle is performed four times. In Table 7.5 the values for the cost
functional at the different outlets of the mixing chamber are summarized. Hereby, the cost
functional values are normalized by the initial cost functional value.
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Table 7.5.: Normalized values (J/J0) of cost functional at the objective outlets and design
cycles.

Design cycle 0 1 2 3 4

J/J0 at TZ1 5.35 · 10−2 0.04 · 10−2 0.38 · 10−2 0.15 · 10−2 0.16 · 10−2

J/J0 at TZ2 3.86 · 10−2 0.01 · 10−2 0.03 · 10−2 0.07 · 10−2 0.003 · 10−2

J/J0 at TZ3 6.56 · 10−2 0.17 · 10−2 0.11 · 10−2 0.02 · 10−2 0.07 · 10−2

J/J0 at TZ4 11.84 · 10−2 0.81 · 10−2 0.21 · 10−2 0.04 · 10−2 0.01 · 10−2

J/J0 at TZ5 0.05 · 10−2 0.60 · 10−2 0.01 · 10−2 0.02 · 10−2 0.02 · 10−2

J/J0 at TZ6 0.75 · 10−2 0.03 · 10−2 0.05 · 10−2 0.19 · 10−2 0.26 · 10−2

J/J0 at E/E 0.2 · 10−2 0.11 · 10−2 0.14 · 10−2 0.15 · 10−2 0.04 · 10−2

J/J0 at F/D 1.84 · 10−2 0.30 · 10−2 0.08 · 10−2 0.09 · 10−2 0.07 · 10−2

J/J0 at FCRC 44.16 · 10−2 33.61 · 10−2 35.08 · 10−2 31.24 · 10−2 29.08 · 10−2

J/J0 at CCRC 12.24 · 10−2 0.27 · 10−2 0.63 · 10−2 0.02 · 10−2 0.03 · 10−2

J/J0 at Cargo 13.15 · 10−2 5.66 · 10−2 1.44 · 10−2 0.79 · 10−2 0.60 · 10−2

∑
1 0.4161 0.3816 0.3278 0.30343

Improvement 0% 58% 62% 67% 70%

The cost functional improves significantly from one design step to the other. The further
design cycles lead to relative improvements of 58 %, 62 %, 67 % and 70 % compared to
the initial design, for deformations of ∆β = 0.005 m, ∆β = 0.003 m and ∆β = 0.002 m,
respectively. The critical point is the cost functional at the FCRC outlet, with a relative
initial value of 0.44157, potentially offering the largest improvement. The highest amount
of improvement for the sum over the exits is achieved after the first design cycle (58%).
Subsequent cycles lead to additional improvements of 4%, 5% and 3%. Figure 7.13 il-
lustrates the numerical results of the mass flow enhanced temperature difference at the
outlets for sequential design cycles.
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Fig. 7.13.: Difference to intermediate temperature at the lateral exits (top: right side,
bottom: left side) for initial design and 1st, 2nd, 3rd, 4th design cycle (from left to right).

Figure 7.13 clearly illustrates the improvement of the cost functional from one design step
to the other. While the difference to the desired temperature is large at several exits (Figure
7.13, left), the difference decreases in the course of the design modification.
As just demonstrated, the adjoint method delivers vast improvement for the considered
application case and is therefore a preferable method for complex, temperature-related
cases of this dimension.

7.3. Topology Optimization of Do728-KLA
The first application case for the topology optimization is the cabin air outlet of a Do728
aircraft. In contrast to Section 7.1, where the cabin air outlet has been endued with hole
plates to homogenize the flow, the geometry contains 17 porous regions instead of hole
plates, enabled for the porosity optimization. The aim is to compute an ideal porosity for
each porous region, using two step size selection strategies. In Figure 7.14 the geometry of
the Do728 cabin air outlet, equipped with porous regions, is illustrated.

Fig. 7.14.: Cabin air outlet of Do728. Porous regions are marked in red.

Flows governed by the RANS equations with embedded Darcy term (4.116), (4.117) are
studied. Here, Lj ⊂ Ω denote the 17 porous regions in the computational domain at which
the embedded Darcy term reads αL = (α1, · · · , α17)t ∈ R17. An optimization problem is
considered in which for given αL ∈ R17 the RANS equations are fulfilled for u and p. As in
the previous section the cost functional uniformity of the velocity at the outlet segments
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(3.38) is examined. The desired velocity ud, computed from continuity arguments (inlet
mass flux equals outlet mass flux) to |ud| = 0.8916 m

s
, is employed. The cost functional

contributes to the adjoint boundary conditions (4.49), (4.50) yielding

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

+
(
un − |ui(d)|

)
on Γout, (7.6)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

+ ui(t) on Γout . (7.7)

The control is the Darcy porosity term at the 17 porous plates for which an initial porosity
value of α0 = 200 kg

m3s
is set. The initial porosity involves the computation of the free area

coefficient according to [35], by taking into account the thickness of the plate, the average
velocity and assuming the same diameter of the orifices as for the geometry with perforated
plates (see 7.1). In this way, the initial porosity corresponds to a hole plate with 80% covered
by holes. At inlet and wall prescribed velocity and zero pressure gradient, at the outlet zero
pressure and zero velocity gradient boundary conditions are employed. The flow enters the
inlet with a bulk velocity of uB = 7 m

s
. Based on the inlet bulk velocity, the diameter of

the inlet (l = 0.057m) and the kinematic viscosity of air, ν = 1.5 · 10−5 m2

s
, the Reynolds

number is Re = 27 000. Turbulence is modeled via the high-Re SST k − ω turbulence
model (3.10)–(3.12). Steady state simulations, solving primal and adjoint incompressible
RANS equations, are performed with simpleFoam and its adjoint analogue in OpenFOAM®

on an unstructured mesh consisting of roughly two million tetrahedral cells until a fair
level of convergence is reached (5 000 iterations, normalized initial residuals below 10−6).
The adjoint flow variables are computed by solving Equation (4.118) and (4.119) with
appropriate boundary conditions (4.44)–(4.50) numerically. To obtain a reference solution,
the porosity is assigned to the initial value. Figure 7.15 illustrates the velocity magnitude
at the outlet and the related sensitivity at the porous zones.

Fig. 7.15.: Velocity magnitude at outlet segments (top) and sensitivity at porous regions
(bottom) for initial design of Do728-KLA.
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Similar to the flow at the Do728-KLA with geometrically resolved hole plates (Section
7.1), the velocity magnitude is large at the lateral outlet segments and small at the centric
components (Figure 7.15, top). Accordingly, the sensitivity induces to increase the porosity
at the lateral porous zones (negative sensitivity values in Figure 7.15, bottom), while
maximum positive sensitivity values at the centric porous zone (Figure 7.15, bottom) induce
low porosity values at these parts. The proposition is reasonable as large porosity values
decrease the velocity at the lateral outlet parts, leading to a homogenization of the outlet
velocity. The initial cost functional value for the non-optimized porosity distribution is
J0 = 0.00180856 m4

s2
.

For the optimization the gradient descent is combined with two different step size selection
strategies. Firstly, a constant step size, secondly, an Armijo step size selection strategy [18]
for the gradient descent is employed. The maximal porosity value is αmax = 10 000 kg

m3s
, the

minimal porosity value is αmin = 0 kg
m3s

. The results for the constant step size and the step
size computed from the Armijo rule are presented in the following subsections.

Constant Step Size

The topology optimization cycle (Algorithm 2) with a constant step size of λ = 1010 and
search direction d = −

(
∂L
∂αL

)
Lj

= −
∑

P∈Lj(uiûiV )(P ) (4.122) is performed. The design
for each porous zone is updated in a number of 200 design cycle loops. Starting from the
porosity term α0 = 200 kg

m3s
on all plates Lj, the final porosity distribution is as illustrated

in Table 7.6 and Figure 7.16.

Table 7.6.: Porosity distribution after adjoint optimization with constant step size.

Plate number D01 D02 D03 D04 D05 D06 D07 D08 D09

Porosity term in kg
m3s

7 907 8714 9 346 7 642 4 558 1 958 778 1 001 0

Plate number D10 D11 D12 D13 D14 D15 D16 D17

Porosity term in kg
m3s

982 747 1 908 4 693 7 676 9 354 9 026 8 123

Low porosity values are present at the centric porous zones (D07-D11), large values at
the lateral parts (D01-D04, D14-D17). The differences to the desired velocity at the outlet
are displayed in Figure 7.17. While the velocity distribution is inhomogeneous for the
initial design (Figure 7.17, top) with pronounced large differences to the desired velocity
at the sides, the velocity distribution is more homogeneous for the new designed topology
(Figure 7.17, bottom). The difference to the desired velocity decreases, particularly at
lateral and centric outlet segments. After the design cycle, the relative cost functional
value is J/J0 = 0.82, yielding an improvement of approximately 18 %, relative to the initial
value.
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Fig. 7.16.: Porosity distribution on control regions.

Fig. 7.17.: Difference to desired velocity ud at outlet before (top) and after (bottom) the
porosity optimization with constant step size.

Armijo Step Size

In this subsection an Armijo step length selection (2.45) rule is applied to the gradient
descent in Algorithm 2 to improve the topology of the Do728 cabin air outlet.
The primal (4.116), (4.117) and adjoint (4.118), (4.119) RANS solutions, required for the
sensitivity (4.122), are computed. The control is performed via modification of the porosity
values on the 17 hole plates, using the Armijo step size strategy with σ = 5 ·1010, β∗ = 0.5,
γ = 1 · 10−4. A RANS-run for the porosity value of iteration step k + 1, αkL + λdk is
necessary to determine J(αkL + λdk) for evaluation of the Armijo condition (2.45), which
is computationally expensive for complex systems. As a remedy, this value is evaluated
on a coarse mesh (reduced Armijo approach, see Figure 2.1). To validate the quality of
the reduced approach, the Armijo optimization strategy is also computed on a fine mesh.
A number of 25 design updates is conducted. The Armijo condition (2.45) is fulfilled in
each case after the first iteration, leading to λ = 1. The final porosity distributions for
the full and the reduced Armijo approach are identical. The result is illustrated in Table
7.7 and Figure 7.18. Analogously to the result obtained with a constant step size, low
porosity values are present at the centric (D07-D11), large values at the lateral porous
zones (D01-D04, D14-D17). Therefore, the reduced approach with a coarser mesh yields
the same result and reduces the cost of the Armijo rule evaluation in the step size selection.
A cost functional reduction of 17% (J/J0 = 0.83) is obtained from both Armijo techniques.
The result of the difference to the desired velocity at the outlet is illustrated in Figure 7.19.
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Table 7.7.: Porosity distribution after adjoint optimization with Armijo step size.

Plate number D01 D02 D03 D04 D05 D06 D07 D08 D09

Porosity term in kg
m3s

8 485 10 000 10 000 7 534 3 938 610 74 411 0

Plate number D10 D11 D12 D13 D14 D15 D16 D17

Porosity term in kg
m3s

234 199 534 4 013 7 440 10 000 10 000 8 865

Fig. 7.18.: Porosity distribution on hole plates after topology optimization for Armijo step
size strategy.

Fig. 7.19.: Difference to desired velocity at outlet before (top) and after (bottom) the
Armijo porosity optimization.

Analogously to the computation with a constant step size, the velocity distribution is more
homogeneous for the modified topology (Figure 7.19, bottom). The difference to the desired
velocity decreases, particularly at the lateral and centric outlet segments. Compared to the
usage of a constant step size (18%), the improvement, yielded via the Armijo step size
selection rule (17%), is similar. Table 7.8 illustrates the comparison of the different step
size selection strategies that are applied to the cabin air outlet, namely constant step
size, full and reduced Armijo approach. The computational time reduces by a factor of
2.5 compared to the gradient descent with a constant step size and by a factor of three
compared to the full Armijo approach (see Table 7.8).
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Table 7.8.: Result for constant step size, full and reduced Armijo.
Constant step size Full Armijo Reduced Armijo

Number of mesh cells 4 · 106 4 · 106 7 · 105 & 4 · 106

Time per cost functional
evaluation in seconds - 100 15
Number of design updates 200 25 25
Improvement of cost functional 18% 17% 17%
Computational time in hours 0.625 0.8 0.25

Concurrently, the reduced Armijo technique yields results similar to that achieved by means
of different step size selection strategies (17 % for the reduced approach vs. 17 % for the
full approach and 18% for the employment of a constant step size, see Table 7.8). Thus,
the reduced Armijo strategy is very efficient in the considered application.
It has been shown that the reduced Armijo approach is an efficient technique to compute a
suitable step size with simultaneously low computational costs, when compared to the full
Armijo approach. Note that the quality of the reduced meshes is crucial to obtain trust-
worthy evaluations of the Armijo rule. Choosing the meshes too coarse causes unreliable
predictions which may lead to incorrect step size selections.

7.4. Topology Optimization of Cockpit Air Outlet
The second application for the topology optimization is the air outlet of a cockpit, serving
as validation case for the sparsity promoting regularization term. The air outlet consists of
a pipe, through which the flow enters the upper part of the outlet. Subsequently, the flow
is guided through a hole plate holding 185 holes, serving as porous control regions. After
passing the hole plate, the flow enters the lower part of the air outlet before leaving the
outlet. The plenum behind the air outlet is modeled by a box. The geometry without the
box is illustrated in Figure 7.20.

Fig. 7.20.: Geometry of cockpit air outlet.

111



For reasons of data protection, the geometry in Figure 7.20 is distorted. The governing
equations are the primal (4.116), (4.117) and adjoint (4.118), (4.119) incompressible RANS
equations with the modified Darcy porosity term defined on the 185 porous regions Lj ⊂ Ω
as αL = (α1, · · · , α185)t ∈ R185. Typical boundary and initial conditions for ducted flows
are employed. It is intended to improve the porosity distribution on the 185 holes contained
in the hole plate. The governing cost functional is uniformity of the flow at the cut surface
(3.38), located between air outlet and the plenum behind the air outlet with respect to
a desired velocity ud, computed from the continuity equation, stating that the mass flux
entering the domain is equal to the mass flux leaving the domain. A desired velocity of
ud = (0 0.5889 0.39) m

s
is obtained. As the cost functional is not evaluated at the boundary

outlet, but inside the flow domain, the boundary conditions reduce and additional cost
functional derivatives arise in the volume equations (cf. Equation (4.7) and (4.9)). The
adjoint volume equations (4.118), (4.119), are adapted as follows

−2ρujŜij =
∂

∂xj

(
2µeŜij − p̂δij

)
− E(αL)ûi −

∂jΩ

∂ui
, (7.8)

∂ûi
∂xi

= 0 , (7.9)

where

∂jΩ

∂ui
= (ui − ui(d)) on Ωdsg , (7.10)

and the boundary conditions (4.46)–(4.47) at the inlet reduce to

û = 0 , (7.11)

and the outlet boundary conditions (4.49)–(4.50) reduce to

p̂ = ρunûn + ρuiûi + µe
∂ûn
∂n

, (7.12)

0 = ρûi(t)un + µe
∂ûi(t)
∂n

. (7.13)

The sensitivity is computed from the volume weighted average value over each hole (4.122).
Note that the cost functional derivative in Equation (7.8) only appears on Ωobj, i.e. the
cut interface of the air outlet and the plenum. The steady state primal and adjoint RANS
equations are solved by using simpleFoam and its adjoint analogue until a fair level of
convergence is achieved. As before, the high-Re SST k−ω turbulence model (3.10)–(3.12)
is used to model the turbulent flow (Re = 31 000). Figure 7.21 displays the result for the
velocity at the outlet and the related sensitivity at the porous zones before the optimization
is performed.
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Fig. 7.21.: Velocity at the outlet before optimization.

The value of the cost functional is normalized by the volume of the cut interface, Ωobj.
For the initial topology (α0 = 0 kg

m3s
at the porous regions Lj) the evaluation results in an

initial cost functional value of J0 = 0.28849 m2

s2
. The velocity magnitude is maximum at the

centric and right part of the outlet (see Figure 7.21, top). Correspondingly, the sensitivity
takes negative values at the related holes (see Figure 7.21, bottom). Negative sensitivity
values on the holes induce an increase of the accounting porosity values; positive values
induce a decrease, respectively. Increasing the porosity value lowers the accounting velocity
as the hole is less permeable for the flow to pass. The sensitivity takes negative values with
a large magnitude at regions where the velocity is high, and positive values at regions
where the velocity is low. Thus, the proposition of the sensitivity is reasonable.
In the next step, the realization of the porosity modification induced by the sensitivity
is conducted. The adjoint topology optimization in conjunction with a steepest descent
approach is applied. In the topology optimization design cycle (Algorithm 2) the porosity
is adapted by a gradient descent step, using the sensitivity and a constant step size of
λ = 1013 and search direction d = −

(
∂L
∂αL

)
Lj

= −
∑

P∈Lj(ûiuiV )(P ). A maximum porosity

value of αmax = 106 kg
m3s

models a closed hole. Algorithm 2 is repeated until the porosity
changes converge and the cost functional does not decrease any more. Figure 7.22 shows
the cost functional progress. The reason for the fluctuating cost functional value in Figure
7.22 is the stepwise adaptation of the velocity value to the change of porosity. After the
porosity value is converged, the fluctuation reduces. The relative cost functional value is
decreased to J/J0 = 0.54 for the modified topology. Hence, the cost functional improves
significantly by 46 %, relative to the initial value. The porosity distribution is illustrated
in Figure 7.23. Large porosity values are apparent in parts where the velocity magnitude
is large for the initial design. Figure 7.24 and Figure 7.25 illustrate the distribution of
the velocity and the cost functional value at the cut surface for the original and improved
topology.
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Fig. 7.22.: Cost functional value development during the design cycle.

Fig. 7.23.: Porosity distribution on holes after topology optimization.

Fig. 7.24.: Velocity magnitude at Ωobj before (top) and after (bottom) the optimization.

Fig. 7.25.: Difference to ud at Ωobj before (top) and after (bottom) the optimization.
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Figure 7.24 and Figure 7.25 clearly display the improved cost functional for the modified
topology. While the velocity magnitude is large at several parts of the outlet for the initial
design (Figure 7.24, top), with a large distance to the desired velocity (Figure 7.25, top), it
is much more homogeneous for the optimized topology (Figure 7.24, bottom) with only few
spots where large velocity values are present. Correspondingly, the difference to the desired
velocity improves significantly along the outlet for the modified topology (see Figure 7.25,
bottom).
In the next step the L1-regularization (4.124), introduced in Section 4.4, is added to the
cost functional to penalize the amount of control. A value for ε, the weighting factor for
the regularization term (4.124), is estimated. It is aimed to scale the regularization term
such that it has the same order of magnitude as the cost functional. The maximal value for
the cost functional uniformity of velocity is computed at the outlet from primal simulation
data. It takes its maximum at 1

2
(u − ud)2 = 0.92 m2

s2
. The regularization term is maximal

for α = αmax. Thus, the weighting factor is computed as

ε =

∫
Ωobj

0.92dΩ∫
Ωdsg

αmaxdΩ
= 7 · 10−6 , (7.14)

with V (Ωobj) = 2.43 · 10−5 m3 and V (Ωdsg) = 3.15 · 10−6 m3. The parameter µ marks the
accuracy and is chosen to be µ = 0, such that the approximated Huber term is equal to the
L1-norm. In [19] it is shown that the results obtained by using the Huber approximation
are similar. The optimization is performed for ε = 10−6 and ε = 10−5 with a step size of
λ = 1013, and ε = 5 ·10−4 with a step size of λ = 1014. The step size is increased for a larger
ε, as a large regularization term weakens the sensitivity and a larger step size accelerates
the optimization. Figure 7.26 shows the porosity distribution for different values of ε and
Figure 7.27 the related difference to the desired velocity at the outlet.

Fig. 7.26.: Porosity distribution for ε = 0, ε = 10−6, ε = 10−5 and ε = 5 · 10−4 (from top to
bottom).

115



Fig. 7.27.: Difference to desired velocity for ε = 0, ε = 10−6, ε = 10−5 and ε = 5 · 10−4

(from top to bottom).

With increasing weighting factor ε the distribution becomes sparser (see Figure 7.26). For
ε = 5 · 10−4 almost no porosity is present. For a small value of ε = 10−6 the porosity
distribution and corresponding distance to the desired velocity is similar to ε = 0 (see
Figure 7.26 and 7.27), leading to big portions of the holes with large porosity values and,
concurrently, to significant improvements concerning the distance to the desired velocity.
For ε = 10−5, the amount of porosity has decreased (Figure 7.26), still, a significant im-
provement of the velocity distance is present (Figure 7.27). In Table 7.9 the results are
sketched for different values of ε.

Table 7.9.: Optimization with various parameters.

Initial design 0.28849 m2

s2

Relative cost functional value J/J0 Improvement αmean in kg
m3s

ε = 0 0.54 46% 56.75

ε = 1 · 10−6 0.55 45% 48.21

ε = 1 · 10−5 0.74 26% 24.10

ε = 5 · 10−4 0.9992 <0.1% 0.0039

Analogously to the visual interpretation of Figure 7.26 and 7.27, the amount of porosity
reduces with rising regularization weighting factor. For ε = 10−6 the results only slightly
distinguish from ε = 0. For ε = 10−5, the amount of porosity is halved (from αmean = 48 kg

m3s

for ε = 10−6 to αmean = 24 kg
m3s

for ε = 10−5), while the improvement reduces by less than
a factor of two (from 45% for ε = 10−6 to 26 % for ε = 10−5). For the largest weighting
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factor ε = 5 · 10−4 neither a significant amount of porosity (αmean = 0.0039 kg
m3s

), nor a
significant improvement is present (< 0.1 %).
As the results demonstrate, the choice of the weighting factor ε is crucial. A large weighting
factor (here ε = 5 ·10−4) leads to a significant decrease of the amount of control, whereas a
small factor (here ε = 10−6) has almost no influence. Finding an ε which, on the one hand,
supports the sparsity and, on the other hand, improves the cost functional by insertion of
control at high impact regions, is a balancing act. In the considered case ε = 10−5 serves
this purpose.
However, for the considered application, the determination of high impact regions is re-
stricted. Increasing the regularization leads to a decrease of the degree of improvement in
almost the same intensity as the amount of control. Furthermore, a digital distribution is
not achieved by utilization of this approach. The regularization helps to reduce the amount
of control but does in general not impede the the appearance of intermediate control values.
For this goal, different approaches should be studied.
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8. Conclusion and Outlook
The goal of this thesis was to investigate the applicability of adjoint methods to heating,
ventilation and air-conditioning components. Are adjoint methods able to enhance the effi-
ciency of HVAC components and to improve the comfort of aircraft cabins? The challenge
consisted in combining mathematical correctness with a robust application to industrial
reality and to adapt the adjoint method to the demands. Accordingly, suitable approaches
have been derived, implemented, validated and applied to HVAC components
The adaptation of primal and adjoint Navier-Stokes-Fourier equations to the optimization
of HVAC components applied to the derivation and implementation of appropriate cost
functionals and associated boundary conditions. Verification of the sensitivity by compari-
son to finite differences showed a reasonable agreement. The gradient, the necessary means
for the design update, has been computed by solution of the Laplace Beltrami equation.
A verification study showed that the numerical solution of the Laplace Beltrami equation
agrees with the exact solution for an analytic test case. The application to industrial HVAC
components showed the improved properties of the gradient compared to the sensitivity,
providing supplementary reasons for its usage. The investigation of specific problems was
related to the efficient applicability of the adjoint method, concerning the step size compu-
tation and the adjustment to the demands for the optimization of HVAC components. In
particular, an efficient method for the step size computation has been derived and imple-
mented. The evaluation of the Armijo rule on a coarse mesh level led to a notable saving
in computational effort. A mesh study showed that a coarsening up to the factor six still
delivers reliable results. Concerning the demands arising from feasibility, several approa-
ches have been derived and validated. A sparse distributed control, often preferred for the
final topology, has been promoted by the insertion of an L1-regularization term into the
cost functional. As the L1-regularization is not differentiable, the term has been optionally
approximated by smooth Huber functions. Simple test cases served as validation for the
approach. The improvement of the cost functional remained almost the same, although
the amount of control was notably reduced. Another demand, that arose from reasons of
feasibility, was the requirement of constant porosity values within one porous zone. For
this purpose, the control space was reduced to the countable set of porous zones, leading
to a modified sensitivity.
The focal point of this thesis was the transfer of mathematical concepts into the industrial
practice, being on the interface between mathematics and engineering, combining theory
and application. The developed adjoint framework has been applied to the HVAC com-
ponents of aircrafts (mixing chamber, cabin air outlets), yielding notable improvements in
few design updates. Thus, real world problems arising from industry with realistic physical
conditions are possibly able to be considered by the presented adjoint approach. Conse-
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quently, the earlier formulated question can be affirmed. It succeeded to adapt the adjoint
theory such that the cabin comfort and efficiency of aircraft components can be enhanced
therewith.
However, there is also space for improvement and expansion. Variations of turbulence pro-
perties, arising in the computation of the turbulent eddy viscosity, were neglected in the
presented framework, thus, treated as frozen. To complete the variational approach, all
physical properties should be varied, such as, for example, performed in [88]. Furthermore,
in this thesis only steady state equations were considered. However, many physical pro-
perties are time-dependent. For this purpose, the derivation of the adjoint non-stationary
equations is an option, as done, for example, in [12]. On the other hand, this approach leads
to an enormous computational effort and is memory-intensive. Strategies like checkpoin-
ting are then required [24]. The application of suitable discretization schemes guarantee
the duality between primal and continuous adjoint equations. In this thesis, neglecting the
advection term, which is highly unstable, was performed for stability reasons. To perform
the adjoint mode in a correct manner, the advection term should yet be included and
discretized in the hybrid-adjoint manner [80]. By application of wall functions, different
equations are used at the boundary. To obtain corresponding dual adjoint equations, an
adjoint wall function should be derived by variation of the accounting equations at the
wall. Concurrently, this approach leads to a high-Re sensitivity. Approaches for an adjoint
logarithmic law of the wall and an extended thermal adjoint law of the wall exist, for exam-
ple in [78], [28], [50]. Furthermore, to guarantee a uniform mesh quality after conducting
the shape modification, strategies to preserve the mesh quality should be applied, such
as in [46] or [77]. For an even more efficient optimization, the second derivative could be
used for a Newton method. Approaches to compute the second derivative cheaply from the
adjoint sensitivity are under consideration. A unification and automation of the process
chain, consisting of solving primal and adjoint equations, computation of sensitivity and
gradient and mesh-morphing for the shape optimization will increase user-friendliness and
decrease error-proneness. Integration of the mesh-morphing into the solution software will
enable one-shot shape updates, such as those performed in [62]. Consisting approaches
to integrate the mesh-morphing into the OpenFOAM® framework apply, for example, to
radial basis functions [37]. An open question is how one can realize a digital control dis-
tribution. The insertion of the L1-regularization term reduces the amount of control but
does not provide digitality, meaning the control variable to assume either minimum or
maximum values. This feature is preferred in the topology optimization framework as a
digital distribution is related to either solid or fluid structures which is properly realizable.
Consideration of integer optimization approaches [54], penalty functions [5] or different
norms for the regularization, such as total variation (TV) norm which is essentially the
L1 norm of the gradient and which is used for noise removal in image restoration [69] are
worth considering in future research.
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A. Functional Analysis

Norm, Banach Space

Let X be a real vector space. A mapping || · || : X → [0,∞) is a norm on X, if

• ||φ|| = 0⇔ φ = 0 ,

• ||c · φ|| = |c| · ||φ|| ∀φ ∈ X, c ∈ R ,

• ||φ+ ϕ|| ≤ ||φ||+ ||ϕ|| ∀φ, ϕ ∈ X .

A normed, real vector space X is called Banach space, if it is complete, i.e. if any Cauchy
sequence (φn) has a limit φ ∈ X [33].

Linear Operators

Let X, Y be normed, real vector spaces with norms || · ||X , || · ||Y .
A mapping M : X → Y is called linear operator, if it satisfies

M(bφ+ cϕ) = bMφ+ cMϕ ∀φ, ϕ ∈ X, b, c ∈ R.

By L(X, Y ) one denotes the space of all linear operators M : X → Y that are bounded,
in the sense that

||M ||X,Y := sup
||φ||X=1

||Mφ||Y <∞ .

Dual Space

Let X be a Banach space. The space X∗ := L(X, Y ) of bounded, linear operators on X is
called dual space of X and is a Banach space with the operator norm. For φ∗ ∈ X∗, φ ∈ X
it is written < φ∗, φ >X∗,X := φ∗(φ). < ·, · >X∗,X is called dual pairing of X∗ and X.
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Dual Operator
Let X, Y be Banach spaces. Then, for an operator M ∈ L(X, Y ), the dual operator
M∗ ∈ L(Y ∗, X∗) is defined by its property

< M∗φ, ϕ >X∗,X=< φ,Mϕ >Y ∗,Y ∀φ ∈ Y ∗, ϕ ∈ X .

Inner product, Hilbert Space
Let X be a real vector space. A mapping (·, ·) : X ×X → R is called inner product on X,
if

• For every φ ∈ X the mapping ϕ ∈ X → (ϕ, φ) is linear,

• (φ, ϕ)X = (ϕ, φ)X ∀φ , ϕ ∈ X ,

• (φ, φ)X ≥ 0 ∀φ ∈ X ,

• (φ, φ)X = 0⇔ φ = 0 .

The norm is defined as || · ||X =
√

(·, ·)X . If X is a Banach space with inner product (·, ·)
and induced norm || · ||X , then it is called Hilbert space.

Directional Derivative
Let J : U ⊂ X → Y be an operator with Banach spaces X, Y and U 6= ∅ open.
J is called directionally differentiable at φ ∈ U , if the limit

dJ(φ, ϕ) := lim
t→0+

J(φ+ tϕ)− J(φ)

t
∈ Y

exists for all ϕ ∈ X. In this case, dJ(φ, ϕ) is called directional derivative of J in the
direction ϕ.

Fréchet Differentiable
Let J : U ⊂ X → Y be an operator with Banach spaces X, Y and U 6= ∅ open. A function
J is called Fréchet differentiable at φ ∈ U , if J directionally differentiable at φ and if the
directional derivative

J ′(φ) : X 3 ϕ→ dJ(φ, ϕ) ∈ Y

is bounded and linear, i.e. J ′(φ) ∈ L(X, Y ) and if the following approximation holds

||J(φ+ ϕ)− J(φ)− J ′(φ)ϕ||Y = O(||ϕ||X) for ||ϕ||X −→ 0 .
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If J : X × Y → Z is Fréchet differentiable at (ϕ, φ), then J(·, φ) and J(ϕ, ·) are Fréchet
differentiable at ϕ and φ, respectively. These derivatives are called partial derivatives and
denoted by Jϕ(ϕ, φ) and Jφ(ϕ, φ), respectively.

Riesz Representation Theorem

Let X be a Hilbert space. Then, for any φ∗ ∈ X∗, there exists a unique element ϕ ∈ X,
such that

< φ∗, φ >X∗,X= (ϕ, φ)X ∀φ ∈ X

and

||φ∗||X∗ = ||ϕ||X

hold. ϕ ∈ X is called the Riesz representative of φ∗ ∈ X∗. With this theorem, X can be
identified with its dual space X∗

R : X∗ → X

φ∗ → R(φ∗) := ϕ.

And the mapping R is an isomorphism, which is called Riesz isomorphism.

Lebesgue Spaces

The Lebesgue space is defined as

Lp(Ω) = {φ : Ω→ R Lebesgue measurable : ||φ||Lp(Ω) <∞} .

The norm ||φ||Lp(Ω) is defined as

||φ||Lp(Ω) :=

(∫
Ω

|φ(x)|p dΩ

) 1
p

.

Finally, a subset of Lp(Ω) is defined,

Lploc(Ω) := {φ : Ω→ R Lebesgue measurable : φ ∈ Lp(Ωc) ∀Ωc ⊂ Ω compact}.

For the definition of Lebesgue measurable, please refer to [32].
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Multiindex

For a multiindex c = (c1, · · · , cn) ∈ Nn
0 , the order is defined by |c| =

∑
i ci and the c-th

partial derivative at x is associated with

Dcφ(x) :=
∂|c|φ

∂x1
c1 · · · ∂xncn

.

Weak Derivatives

For a k-times continuously differentiable function φ ∈ Ck(Ω) and any multiindex c ∈
Nn

0 , |c| ≤ k , holds the identity (due to |c|-times integration by parts)∫
Ω

DcφϕdΩ = (−1)|c|
∫

Ω

φDcϕdΩ ∀ϕ ∈ C∞c (Ω) .

If there exists a function ψ ∈ L1
loc(Ω) for φ ∈ L1

loc(Ω), such that∫
Ω

ψϕdΩ = (−1)|c|
∫

Ω

φDcϕdΩ ∀ϕ ∈ C∞c (Ω) ,

then Dcφ := ψ is called the c-th weak partial derivative of φ. Here, the function space
C∞c (Ω) denotes the set of smooth functions C∞(Ω), which have a compact support

C∞c := {φ ∈ C∞(Ω) : supp(φ) ⊂ Ω compact}.

Sobolev Space

Let Ω ⊂ Rn be open. The Sobolev space H1(Ω) is defined by

H1(Ω) := {φ ∈ L2(Ω) : φ has weak derivative D1φ ∈ L2(Ω) } ,

equipped with the norm

||φ||H1(Ω) :=

∑
|c|≤1

||Dcφ||2L2

 1
2

.

The scalar product is, accordingly,

(φ, ϕ)H1(Ω) =
∑
|c|≤1

||Dcφ||L2 ||Dcϕ||L2 =

∫
Ω

φϕdΩ +

∫
Ω

∇φ∇ϕdΩ .

124



H1(Ω) is a subspace of functions φ ∈ L2(Ω), for which the first weak derivative D1φ is in
L2(Ω). If the function space is defined on Γ instead of Ω, one obtains, accordingly,

H1(Γ) := {φ ∈ L2(Γ) : φ has weak a derivative D1φ ∈ L2(Γ)} ,

equipped with the norm

||φ||H1(Γ) :=

∑
|c|≤1

||Dcφ||2L2

 1
2

,

and scalar product

(φ, ϕ)H1(Γ) =
∑
|c|≤1

||Dcφ||2L2 ||Dcϕ||2L2

=

∫
Γ

φϕdΓ +

∫
Γ

∇φ∇ϕdΓ =

∫
Γ

φϕdΓ +

∫
Γ

∇Γφ∇ΓϕdΓ , (A.1)

where ∇Γ denotes the tangential gradient

∇Γφ = ∇φ− (∇φ · n)n .

Equation (A.1) holds, as the normal component of the gradient vanishes.
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B. Integration by Parts

B.1. Adjoint RANS Equations

For the convective part in Equation (4.4), the product rule and the continuity equation
(3.9) lead to ∫

Ω

ûiρδ
∂uiuj
∂xj

dΩ =

∫
Ω

[
ûiρδ

(
ui
∂uj
∂xj

)
+ ûiρδ

(
∂ui
∂xj

uj

)]
dΩ

=

∫
Ω

[
ûiρ

∂δui
∂xj

uj + ûiρ
∂ui
∂xj

δuj

]
dΩ ,

(B.1)

and, by using integration by parts, the integrands on the right-hand side of Equation (B.1)
transform to∫

Ω

ûiρ
∂δui
∂xj

ujdΩ =

∮
Γ

ûiρδuiujnjdΓ−
∫

Ω

ρδui
∂ûiuj
∂xj

dΩ

=

∮
Γ

ûiρδuiujnjdΓ−
∫

Ω

ρδui
∂ûi
∂xj

ujdΩ−
∫

Ω

ρδuiûi
∂uj
∂xj

dΩ︸ ︷︷ ︸
=0

,
(B.2)

∫
Ω

ûiρ
∂ui
∂xj

δujdΩ =

∮
Γ

ûiρuiδujnjdΓ−
∫

Ω

ρui
∂ûiδuj
∂xj

dΩ

=

∮
Γ

ûiρuiδujnjdΓ−
∫

Ω

ρui
∂ûi
∂xj

δujdΩ−
∫

Ω

ρuiûi
∂δuj
∂xj

dΩ︸ ︷︷ ︸
=0

,
(B.3)

due to the continuity equation, also satisfied for the local variation of the velocity, i.e.
∂δuj
∂xj

= 0. Therefore, for the volume integrals of Equation (B.2) and (B.3) one obtains

−
∫

Ω

ρδui
∂ûi
∂xj

ujdΩ−
∫

Ω

ρui
∂ûi
∂xj

δujdΩ =

∫
Ω

−2ρujŜijδuidΩ . (B.4)

Here, Ŝij denotes the adjoint complement to the symmetric rate-of-strain tensor, Sij.
For the pressure term of Equation (4.4) holds∫

Ω

ûi
∂

∂xj
(δijδp) dΩ =

∮
Γ

ûiδpnidΓ−
∫

Ω

∂ûi
∂xi

δp dΩ . (B.5)
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For the viscous term in Equation (4.4) it holds∫
Ω

−ûi
∂

∂xj
µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
dΩ

=

∮
Γ

−ûiµe
(
∂δui
∂xj

+
∂δuj
∂xi

)
njdΓ +

∫
Ω

∂ûi
∂xj

µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
dΩ .

(B.6)

For this term, the frozen turbulence approach has been used, i.e. δµe = 0. Again, the second
integral of Equation (B.6) is transformed via integration by parts, such that it follows∫

Ω

∂ûi
∂xj

µe

(
∂δui
∂xj

+
∂δuj
∂xi

)
dΩ

=

∫
Ω

∂ûi
∂xj

µe
∂δui
∂xj

dΩ +

∫
Ω

∂ûi
∂xj

µe
∂δuj
∂xi

dΩ

=

∮
Γ

∂ûi
∂xj

µeδuinjdΓ−
∫

Ω

∂

∂xj

(
∂ûi
∂xj

µe

)
δuidΩ

+

∮
Γ

∂ûi
∂xj

µeδujnidΓ−
∫

Ω

∂

∂xi

(
∂ûi
∂xj

µe

)
δujdΩ

=

∮
Γ

2µeδuiŜijnjdΓ−
∫

Ω

∂

∂xj

(
2µeŜij

)
δuidΩ .

(B.7)

For the continuity equation in Equation (4.4) it holds∫
Ω

−p̂∂δui
∂xi

dΩ =

∮
Γ

−p̂δuinidΓ +

∫
Ω

∂p̂

∂xi
δuidΩ . (B.8)

For the local variation of the cost functional in Equation (4.4) it follows

δuJ =

∫
Ω

δujΩdΩ +

∫
Γ

δujΓdΓ , (B.9)

δpJ =

∫
Ω

δpjΩdΩ +

∫
Γ

δpjΓdΓ , (B.10)

where jΩ and jΓ denote the cost functional integrands on the domain Ω and on the boundary
Γ, respectively.
Elaboration on the terms of the boundary conditions (4.12) involving the symmetric rate-
of-strain tensor, yields∮

Γ

(
δuj2µeŜijni − ûjµe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ni

)
dΓ

=

∮
Γ

µeni

(
∂ûj
∂xi

δuj −
∂δuj
∂xi

ûj

)
dΓ +

∮
Γ

µeni

(
∂ûi
∂xj

δuj −
∂δui
∂xj

ûj

)
dΓ .

(B.11)
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For divergence-less fields δui and ûi and under the assumption ∇µe = 0, integration by
parts for the second integral leads to∮

Γ

µeni

(
∂ûi
∂xj

δuj −
∂δui
∂xj

ûj

)
dΓ

=

∮
Γ

µe

(
δuj

∂ûn
∂xj

)
dΓ−

∮
Γ

µe

(
∂δun
∂xj

ûj

)
dΓ

= [µeδujûnnj]Γ −
∮

Γ

µeûn
∂δuj
∂xj︸ ︷︷ ︸
=0

dΓ− [µeδunûjnj]Γ +

∮
Γ

µeδun
∂ûj
∂xj︸︷︷︸
=0

dΓ

= [µeδunûn]Γ − [µeδunûn]Γ dΓ = 0 .

(B.12)

Therefore, it holds for the terms of the boundary conditions (4.13), involving the symmetric
rate-of-strain tensor∮

Γ

(
δuj2µeŜijni − ûjµe

(
∂δui
∂xj

+
∂δuj
∂xi

)
ni

)
dΓ =

∮
Γ

µeni

(
∂ûj
∂xi

δuj −
∂δuj
∂xi

ûj

)
dΓ .

(B.13)

B.2. Adjoint RANS-F Equations

The variation of the last term of Equation (4.61) results in

−
∫

Ω

ûiδ (ρref · (1− βT (T − Tref )) · gi) dΩ =

∫
Ω

ûi · ρref · βT · δT · gi dΩ , (B.14)

including a local variation of the temperature. The variation of the residual internal energy
equation (4.63) leads to∫

Ω

T̂ δHdΩ =

∫
Ω

T̂

[
δ

(
ρ
∂

∂xj
(ujT )

)
− δ

(
∂

∂xj

[
κe
∂T

∂xj

])
− δ

(
2µe
cv
Sij

∂ui
∂xj

)]
dΩ . (B.15)

For the first term of (B.15) holds∫
Ω

T̂ δ

(
ρ
∂

∂xj
(ujT )

)
dΩ =

∫
Ω

(
T̂ ρδuj

∂T

∂xj
+ T̂ ρuj

∂δT

∂xj

)
dΩ

=

∫
Ω

T̂ ρδuj
∂T

∂xj
dΩ +

∮
Γ

T̂ ρujδTnjdΓ−
∫

Ω

ρujδT
∂T̂

∂xj
dΩ .

(B.16)
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Note that the first term includes the local variation of the velocity and, accordingly, con-
tributes to the velocity equation. For the second term of (B.15) integration by parts yields

−
∫

Ω

T̂ δ

(
∂

∂xj

[
κe
∂T

∂xj

])
dΩ = −

∫
Ω

δT
∂

∂xj

[
κe
∂T̂

∂xj

]
dΩ−

∮
Γ

κe

(
T̂
∂δT

∂xj
− δT ∂T̂

∂xj

)
njdΓ .

(B.17)

Again, the frozen turbulence has been used, i.e. δκe = 0. Elaboration on the third term of
(B.15) results in

−
∫

Ω

T̂ δ

(
2µe
cv
Sij

∂ui
∂xj

)
dΩ

= −µe
cv

∫
Ω

T̂

(
∂ui
∂xj

∂δui
∂xj

+
∂uj
∂xi

∂δui
∂xj

+
∂ui
∂xj

∂δui
∂xj

+
∂ui
∂xj

∂δuj
∂xi

)
dΩ

= −2µe
cv

∫
Ω

T̂

(
∂ui
∂xj

∂δui
∂xj

+
∂uj
∂xi

∂δui
∂xj

)
dΩ .

(B.18)

For the first term of (B.18) it holds

− 2µe
cv

∫
Ω

T̂
∂ui
∂xj

∂δui
∂xj

dΩ

= −
∮

Γ

2µe
cv
T̂
∂ui
∂xj

δui njdΓ +

∫
Ω

2µe
cv

∂

∂xj

(
T̂
∂ui
∂xj

)
δuidΩ .

(B.19)

For the second term of (B.18), accordingly

− 2µe
cv

∫
Ω

T̂
∂uj
∂xi

∂δui
∂xj

dΩ

= −
∮

Γ

2µe
cv
T̂
∂uj
∂xi

δuinjdΓ +

∫
Ω

2µe
cv

∂

∂xj

(
T̂
∂uj
∂xi

)
δuidΩ .

(B.20)

Finally, the third term of (B.15) transforms to

−
∫

Ω

T̂ δ

(
2µe
cv
Sij

∂ui
∂xj

)
dΩ

= −
∮

Γ

2µe
cv
T̂

(
∂ui
∂xj

+
∂uj
∂xi

)
δuinjdΓ +

∫
Ω

2µe
cv

∂

∂xj

[
T̂

(
∂ui
∂xj

+
∂uj
∂xi

)]
δuidΩ .

(B.21)
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