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H I G H L I G H T S

∙ An efficient flexibility (dis-)aggregation method for storage devices is presented.

∙ Hierarchical aggregation and disaggregation are covered by simple vector-matrix operations.

∙ The proposed method is provided as an open-source Python package.

∙ The method is tested against the central control mechanism and an LP-based alternative.

∙ The case study shows scalability with respect to the number of time periods and the number of devices.
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A B S T R A C T

The increasing penetration of volatile renewables and growing electricity demand pose several challenges for 

power systems. Simultaneously, flexible devices – so called distributed energy resources (DER) – are becoming 

more widespread, making them attractive for providing ancillary services. The flexibility of a single device can 

be represented by a set of reference power profiles, and the flexibility of multiple devices by the summation of 

individual flexibility sets. However, set addition, also known as the Minkowski sum, is usually computationally 

intractable. This has led to the development of various approximation methods in the literature. The current 

study improves upon our previously published vertex-based inner approximation, by extending it to more general 

storage devices and hierarchical aggregation settings. We validate the efficacy and accuracy of the proposed 

method through case studies using real data and provide the source code of the algorithm as a Python package 

that enables the (dis-)aggregation of various flexible devices in real-world scenarios.

1. Introduction

As the world moves towards an increasing share of sustainable en-

ergy sources, renewables such as solar and wind power have become 

more widespread. Simultaneously, there has been a notable increase in 

electricity consumption [1]. The inherent volatility of renewable energy 

generation combined with the increasing electricity demand poses a sig-

nificant risk to the reliable operation of modern power grids. At the same 

time, flexible devices – so called distributed energy resources (DERs) –, 

such as battery energy storage systems (BESSs), electric vehicles (EVs), 

thermostatically controlled loads (TCLs), etc., offer substantial flexibil-

ity potential. By effectively managing these devices, it is possible to shift

electricity demand and to store excess generation for later use during 

periods of high demand.

For this purpose, aggregation is a viable framework that allows large-

scale control of such flexible devices while preserving user privacy and 

reducing communication overhead. In this common framework, an in-

termediary entity, called an aggregator, coordinates a set of DERs and 

offers the aggregated flexibility on a flexibility market (e.g., wholesale, 

reserve, ancillary) to system operators (e.g., grid operators or energy 

utilities). By selling Demand Response services to an operator the ag-

gregator appears as a ”virtual power plant” acting between the system 

operator, who purchases the aggregated flexibility, and the DER own-

ers who provide control over their devices. The system operator uses
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the aggregated flexibility to optimize some objective function, e.g. peak 

power or cost. The DER owners, on the other hand, are compensated by 

the aggregator for the modification of their consumption patterns. This 

setting has been widely studied in the literature, cf. [2–5].

From a technical perspective, the aggregator manages contracted 

user devices by (approximately) assessing their aggregate power flex-

ibility. The aggregator transforms all individual power constraints into 

constraints that refer only to the aggregate power space. In this way, 

the aggregate flexibility is a set of fewer dimensions and hides the in-

dividually possible power profiles. The system operator who purchases 

the aggregated flexibility selects an optimal power profile from the ag-

gregate flexibility set, and the aggregator disaggregates this aggregate 

power profile to the individual devices.

The pivotal bottleneck in this aggregation-based control and coor-

dination is the numerical scalability of the aggregation problem, i.e., 

the quantification of the aggregated flexibility given by the Minkowski 

sum of the individual flexibility sets. As the time horizon grows and the 

number of devices increases, the exact computation becomes computa-

tionally intractable [6]. For this reason, several approximate approaches 

have been proposed in the literature. We provide a brief overview in the 

following and refer to our previous comparative literature overview and 

benchmark [7].

Existing approximation methods can be roughly divided into inner 

and outer approximations. For example, [8,9] propose a simple outer 

approximation strategy which assumes that the individual flexibility 

sets are given in half-space representation with a common constraint 

matrix. As with other outer approximations, e.g. [10–13], the feasi-

ble region is typically overestimated and, thus, may contain infeasible 

power profiles. Auxiliary service providers must ensure the fulfillment 

of the power profiles to avoid contractual penalties, which favors inner 

approximations. These are conservative, i.e., the feasible region is po-

tentially reduced, excluding feasible power profiles. The authors of Ref. 

[14,15] employ a bottom-up approach based on zonotopes. Zonotopes 

have the attractive feature that their Minkowski sum can be calcu-

lated efficiently. In [14,15] the authors show how optimal zonotopic 

approximations of flexibility can be computed efficiently for different 

objectives and present an economically fair and computationally effi-

cient disaggregation method. Similarly, [11,16,17] employ strategies 

based on homothets whose Minkowski sum is also efficient. In [16] 

the high-dimensionality concerns of union-based computations based 

on homothets are alleviated to reduce the computational complexity. 

An inner approximation of thermostatically controlled loads (TCLs) that 

are described by continuous-power models is provided in [10,12]. The 

main idea of the ellipsoid-based approach in [18] is to fit an ellipsoid 

with maximum volume in the implicitly described higher-dimensional 

Minkowski sum which is then projected back to the aggregation space. 

Another ellipsoid projection technique is described in [19] where the 

authors define the inclusion constraint solely in the aggregation space. 

An alternative inner approximation is given in [20] where the indi-

vidual power and energy constraints are added initially like in [8], 

resulting in an outer approximation. In a second step, the approximation 

of the aggregated flexibility is constructed, whereby feasible disaggre-

gation is guaranteed. Concerning the aggregation of electric vehicles 

(EVs), in [21] a multi-battery flexibility model is constructed from base 

sets that reflect different individual EV flexibility sets, and a cluster-

ing approach is presented to identify these base sets. The authors of 

Ref. [22] deal with time-coupled, uncertain, and heterogeneous individ-

ual EV models by expressing each EV’s flexibility as a polytope under 

H-representation including various operational constraints. In [23] an 

analytical polytope approximation aggregation model is developed that 

also takes uncertainties into account. Finally, we want to mention the ex-

act aggregation method presented in [24], where the authors restrict the 

modeling to one charging window and do not consider time-dependent 

power or energy constraints. This exact aggregation clearly outper-

forms approximations but has limitations concerning modeling and 

scaling.

However, state-of-the-art inner approximations typically suffer from 

objective-dependent performance, increased computational complexity, 

and might exclude nominal power profiles such as the idle state, cf. [7]. 

In our previous study [25], we developed a vertex-based inner approx-

imation that mitigates these problems. Our approach outperformed ten 

state-of-the-art inner approximations in the open-source aggregation 

benchmark [7]. However, there were still limitations with respect to 

the applicability of this method. In this paper, we extend the method 

of Ref. [25] to cover a wider range of DERs. The contributions of the 

present paper are as follows:

• We propose an improved algorithm for aggregating various storage

models with varying energy and power limits.

• Hierarchical aggregation and disaggregation are covered by simple

vector-matrix operations.

• We demonstrate the applicability of the proposed approach in a

case study and show its effectiveness compared to a centralized con-

trol scheme and a closely related Linear Programming (LP) based 

approach.

• The proposed method does not require a (commercial) LP solver

and can be implemented without any additional software exploiting 

parallelization.

• Finally, to facilitate the use of the algorithm, we provide the source

code as a fully documented Python package, complete with exam-

ples.

The remainder of this paper is organized as follows: Section 2 

explores the aggregation and disaggregation of DERs, starting with 

Section 2.1, which introduces an energy storage model, discusses its ap-

plications, and provides a conversion table for mapping various types 

of DERs to this model. Section 2.2 details the algorithm developed to 

quantify the aggregated flexibility of a set of energy storage models, 

while Section 2.3 addresses the disaggregation problem. Section 3 pro-

vides an overview of the Python package implementation, including 

a detailed description of its software architecture along with illustra-

tive code examples. Section 4 applies the proposed algorithm to a case 

study to evaluate its accuracy and computational complexity, compared 

to a centralized control framework and an LP based approach. Finally, 

Section 5 concludes the paper.

2. Aggregation and disaggregation

This section explores the (dis-)aggregation of DERs. We begin by pre-

senting an energy storage model together with a table that shows the 

correspondence of real-world devices to this model. Next, we introduce 

an algorithm designed for aggregating a set of energy storage models. 

Finally, we introduce an LP-based alternative and discuss the disag-

gregation process, including its application in hierarchical aggregation 

settings.

2.1. Energy storage models

In this section, we recall an energy storage model capable of mod

eling a variety of practical devices. We consider a discrete-time setting 

with 𝑑 time intervals each of duration Δ𝑡. Let 𝑥 𝑡 

(kW) be the (dis-)charg

ing power during period 𝑡 and let 𝑆 (kWh) be the energy in the storage𝑡        

 

after period 𝑡. Then, we define an energy storage model as the set of 

potential power profiles 𝑥  

 ∈ R 

𝑑 fulfilling the constraints and system 

dynamics:

-

-

𝑥 𝑡 ≤ 𝑥 𝑡 ≤ 𝑥 𝑡 ∀𝑡 = 1, … , 𝑑, (1a)

𝑆 = 𝛼𝑆 −1 + 𝑥 

 

Δ𝑡 ∀𝑡 = 1, … , 𝑑, (1b)𝑡 𝑡 𝑡

𝑆 𝑡 

≤ 𝑆 𝑡 ≤ 𝑆 𝑡 

∀𝑡 = 1, … , 𝑑, (1c)

𝑆 0 

= 𝑆 init, (1d)

where 𝑥, 𝑥, 𝑆, 𝑆 ∈ R 

𝑑 denote the lower and upper limits for the variables 

𝑥, and 𝑆 ∈  

 R 

𝑑 , respectively. 𝑆 init ∈ R (kWh) denotes the  

 

initial energy 

and 𝛼 ∈ (0, 1] the self-discharge factor. Eq. (1) defines the polytope
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Table 1

Conversion table for storage parameters: 𝑥, 𝑥, 𝑆, 𝑆, 𝛼, and 𝑆init .

𝑥 𝑡 𝑥 𝑡 𝑆 𝑡 𝑆 𝑡 𝛼 𝑆 init

BESS 𝑥 min 𝑥 max 𝑆min ∀𝑡 = 1,… 𝑑 − 1, 𝑆𝑓 for 𝑡 = 𝑑 𝑆 max 𝛼 𝑆 init

TCL (cooling) 

𝜃𝑎 −𝜃𝑟 
𝜂𝑅 

− 𝑝 max
𝜃𝑎 −𝜃𝑟 
𝜂𝑅

− 

𝐶Δ
2𝜂

𝐶Δ
2𝜂

1 − 1
𝑅𝐶

𝐶(𝜃 init−𝜃𝑟 )
𝜂

TCL(heating)
𝜃𝑎 −𝜃𝑟 
𝜂𝑅

−𝑝 max +
𝜃 

 

𝑎 𝜃𝑟 
𝜂𝑅

∑

− 

𝐶Δ + Δ
2𝜂

 

𝑡 𝑡
𝜂 

𝜏=1 𝛼 

𝑡−𝜏 𝐷 𝜏
𝐶Δ ∑

+ Δ
 

2
 

𝑡  𝑡
𝜏=1 𝛼 

𝑡−𝜏𝐷𝜏𝜂 𝜂
 

 

∑

𝑆max + 𝑡
 𝜏=1 𝛼 

𝑡−𝜏 𝐷𝜏  

Δ𝑡

1 − 1
𝑅𝐶

𝐶(𝜃 init−𝜃𝑟 )
𝜂

EV 𝜆 𝑡 

𝑥 min 𝜆 𝑡 

𝑥 max 𝑆min +
∑𝑡

𝜏=1 𝛼 

𝑡−𝜏 𝐷𝜏 Δ𝑡 ∀𝑡 = 

1,… 𝑑 − 1, 𝑆 +
∑

𝑓  

 𝑡
𝜏=1 𝛼 

𝑡−𝜏 𝐷𝜏 Δ𝑡
for 𝑡 = 𝑑

𝛼 𝑆 init

PHES 𝑥 min 𝑥 max 𝑅min 𝜌𝑔ℎ 𝑅 max 

𝜌𝑔ℎ 1 𝑅init 𝜌𝑔ℎ

(𝑥, 𝑥, 𝑆, 𝑆, 𝛼, 𝑆 init) ∶= 

{ 

𝑥 ∈ R 

𝑑 ∶ 𝑥 fulfills (2a) to (2d) 

}

, 

𝐴(𝛼)𝑥 ≤ 𝑏(𝑥, 𝑥, 𝑆, 𝑆, 𝛼, 𝑆 init 

), (2a) 

𝐴(𝛼) ∶= 

( 

−𝐼, 𝐼,Γ 

⊤ , −Γ 

⊤ 

) ⊤, (2b)

𝑏(𝑥, 𝑥, 𝑆, 𝑆, 𝛼, 𝑆 init) ∶=
(

−𝑥⊤, 𝑥 

⊤, 1
Δ𝑡 

(𝑆 − 𝑆 init 

𝑎 𝑑 ) 

⊤
, 1
Δ𝑡 

(−𝑆 + 𝑆 init 

𝑎 𝑑 )
⊤
)⊤

, 

(2c) 

𝑎 𝑑 

∶= (𝛼, 𝛼 

2 ,… , 𝛼 

𝑑 ) 

⊤ . (2d) 

×Here, 𝐼 ∈ R 

𝑑 𝑑 is the identity matrix, and  

 Γ ∈ R 

𝑑×𝑑 a Toeplitz matrix 

with first  

⊤
 column and row defined by (1, 𝛼, … , 𝛼 

𝑑−1) and (1, 0, … , 0),
respectively. Note that this model does not account for (dis-)charg

ing efficiencies, assuming no energy loss during these processes. These

efficiencies lead to non-convexities, which are typically addressed by re

formulating the problem into Mixed Integer Linear Programming (MILP)

format (cf. [

-

-

26]). Alternative continuous approximations are discussed

in [27].

The energy storage model can be applied to various appliances

in practice. Below, we provide examples and a conversion table

(cf. Table 1), which maps various types of DERs to the energy storage

model.

2.1.1. Battery energy storage systems

A BESS is an electrochemical storage system that can store energy 

for later use, allowing operational flexibility. These devices can be char

acterized by the parameter vector (𝑥 min, 𝑥 max, 𝑆 min, 𝑆 max, 𝛼, 𝑆 init, 𝑆  

   𝑓 ) ∈ 

(−∞ 0]×[0 ∞)×[0 ∞)×( ∞)×(0 1]×[ ]2
  

,  ,  ,  𝑆 min,  ,  𝑆  

min 

 

, 𝑆 max  , where 𝑥min 

 

, 𝑥 max
(kW) are the lower and upper power limits for (dis-)charging, 𝑆min 

 

, 𝑆 max 

(kWh) are the lower and upper limits for the energy in the BESS, 𝛼 is the 

self-discharge factor, 𝑆init (kWh) is the initial energy, and 𝑆 (kWh) is the𝑓    

 

minimum final energy. The constraints and system dynamics of a BESS 

can then be described by (

-

1) using the storage parameters according to 

Table 1, cf. [25].

2.1.2. Thermostatically controlled loads

TCLs, e.g., refrigerators, air conditioners, water heaters, heat pumps, 

etc., are appliances designed to maintain some thermal mass within a 

desired temperature range. The temperature change in a TCL is usually 

described by a linear time dependence on the temperature difference, 

together with an additional term for the power consumption. During 

operation, the temperature shall remain within a certain range around 

the set point temperature. However, the power supply can be shifted in 

time, which offers operational flexibility. TCLs can be characterized by 

a parameter vector ( 7𝑝max 

 

, 𝑅, 𝐶, 𝜂, Δ, 𝜃 𝑎 

, 𝜃 𝑟 

, 𝜃 init 

) ∈ [0, ∞)
(

 

 ×[𝜃 𝑟 

−Δ, 𝜃 𝑟 

+ Δ]
)

.
 

In this vector, 𝑝max (kW) is the maximum power, 𝑅
( )

 

𝐾

 

𝑘𝑊  

 

is the thermal 

 

resistance, 𝐶 

𝑘𝑊 ℎ is the thermal capacitance, 𝜂 is the coefficient𝐾  of

performance, Δ (K) is the dead band, 𝜃 𝑎 

(K) denotes ambient tempera

ture, 𝜃 

 

(K) indicate𝑟  s the set point temperature, and 𝜃init 

 

(K) represents 

the initial temperature. The power required to keep the appliance at its

-

𝜃 𝜃
 ∶=  −

set point temperature is given by 𝑥  

 0   

𝑎
 

± 𝑟 (plus𝜂𝑅  for a cooling de

vice and minus for a heating device), and the self-discharge factor by 

𝛼 = 1 − Δ
 

𝑡 .𝑅𝐶  For appliances like water heaters, an additional demand
 

𝐷 ∈ R 

𝑑 can≥0  be taken into account. With the variable transformations
 

= 𝐶(𝜃𝑆  

 𝑡  

𝑡−𝜃𝑟 ) , and 𝑥𝑡 = ±(−𝑝𝑡 + 𝑥0𝜂  ) (plus for a cooling device and minus

for a heating device), the constraints and system dynamics are given by

(

-

1) and the parameters according to Table 1, cf. [10,11]. Note that due 

to these substitutions, the power profiles become 𝑥 0 

± 𝑥(𝑡) (minus for a 

cooling device and plus for a heating device). 

2.1.3. Electric vehicles

An EV can be modeled as a BESS with limited availability and ad

ditional trip consumption. Therefore, apart from the characteristics of a 

 

𝑑BESS, the availability vector  

 𝜆 ∈ {0, 1} and the trip consumption vec-

tor 𝐷 ∈ R 

𝑑 (kW)≥0  are introduced. Given the parameters and conversions

listed in 

-

Table 1, the constraints and system dynamics can be expressed 

using (1). 

2.1.4. Pumped hydro energy storages

A pumped hydro energy storage (PHES) pumps water from a 

lower reservoir to an upper reservoir, thereby increasing the water’s 

potential energy. This potential energy can later be used to generate 

electricity. A PHES can be characterized by the parameter vector

( 4𝑥  

 min, 𝑥 max, 𝑅 min, 𝑅 max, ℎ, 𝑅 init) ∈ (−∞, 0] × [0, ∞)  

     

× [𝑅 min 

, 𝑅 max 

], where 

𝑥 min, 𝑥 max (kW) are the lower ,  

 and upper power limits, 𝑅 min 𝑅  

  max 

(𝑚3
 

)
are the lower and upper limits for the volume in the upper reservoir,

ℎ (m) is the height between the upper and lower reservoir, and 𝑅 init 

is the initial water volume in the upper reservoir. In addition, the unit

conversion  
1 3 𝑘𝑔

  

𝑚parameter 𝜂⋆ = (𝜌𝑔ℎ  )𝑊 𝑠  is introduced, where )
 

𝜌 = 1000 (
𝑚3

 

is the water density and 𝑔 = 9.81 ( 𝑚 ) is the gravitational acceleration.
𝑠2 

The constraints and system dynamics are then given by (1) together 

with the conversions in Table 1. Note that, this model disregards the 

efficiencies in pumping and generation, i.e., it is assumed that energy 

is not lost during these processes. In reality, the pump and turbine effi-

ciencies range from 75 % to 85 % and from 93 % to 95 %, respectively, 

cf. [28]. For a more detailed model that takes these efficiencies into 

account, we refer to [29]. 

2.2. Aggregation

In this section, we present an enhanced algorithm to quantify the 

aggregated flexibility of a set of energy storage models. To this end, 

extreme actions, ideally vertices or elements located on the boundary, 

are computed for each energy storage model. Corresponding extreme 

actions are then summed to obtain elements in the aggregated flexibility
{ 

𝑥 ∈ R 

𝑑 ∶ 𝑥 = 

𝑛
∑ 

𝑖=1
𝑥 𝑖 

, 𝑥 𝑖 

∈  

( 

𝑥 𝑖, 𝑥 𝑖 

, 𝑆 𝑖 

, 𝑆 𝑖 

, 𝛼 𝑖 

, 𝑆 init,𝑖

) 

}

,

i.e., the Minkowski sum of energy storage models. The convex hull of 

the summed extreme actions then results in an inner approximation of 

the aggregated flexibility.
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Algorithm 1 (extremeActions).

𝑑Require: 𝑥, 𝑥, 𝑆, 𝑆, 𝑆  

 init, 𝛼,  ⊆ {−1, 1} 

 

Ensure: 𝑌
1: 𝑌 ← 𝟎𝑑 ×| | 

⊳ 𝑑 × | | matrix of zeros

2: for 𝑗 ∈  do 

3: 𝑘 ← 1
4: 𝑦𝑗 ← 𝟎𝑑  

5: for 𝑡 = 1 to 𝑑 do ⊳ try, otherwise solve (3), and return x if 𝑡 ≤ 0
6: if 𝑗𝑡 = 1 then

( ( ( )

∑

) ) 

𝑆 𝑡 

−  

 

𝑡−𝜏 𝑗𝛼𝑗  

𝑡𝑆 init+ 

𝑡−1 𝑦𝜏Δ𝜏=1 𝛼 𝑡 

𝑦 ← max min𝑡  𝑥𝑡  

, Δ , 𝑥𝑡  𝑡 

7:

8: 𝑦𝑗 ← correctiveIncrease(𝑦𝑗 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡)
9: 𝑦𝑗  

 ← correctiveDecrease(𝑦𝑗 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡)
10: else if 𝑗   

 

then𝑡 = −1
( ( ( )

∑

) )

−  

   

𝑡
 + 𝑡−1

 

𝑡−𝜏 𝑗
 

𝑆 𝛼 𝑆𝑗 𝜏=1 𝛼min max 𝑡 init 𝑦𝜏Δ𝑡 

𝑦 ←
 

𝑡    𝑥𝑡 

, Δ , 𝑥𝑡 𝑡  

11:

12: 𝑦𝑗 ← correctiveIncrease(𝑦𝑗 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡)
13: 𝑦𝑗 ← correctiveDecrease(𝑦𝑗 

 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡)
14: end if 

15: end for 

16: 𝑌 [∶, 𝑘] 𝑗
 ← 𝑦𝑖 

17: 𝑘 ← 𝑘 + 1 

18: end for

∗Fig. 1. Left: Corrective increase from 𝑆𝑡 to 𝑆𝑡 in order to comply with high

energy bounds. 

∗Right: Corrective decrease from 𝑆 to𝑡  𝑆 in𝑡  order to comply

with low energy bounds.

Our approach to generating extreme actions involves moving as far 

as possible in specific directions within the polytopes. To this end, we 

use −1 to indicate the negative direction and 1 to indicate the positive 

direction of an axis in R 

𝑑 . A corresponding direction in 𝑑-dimensional 

space can then be represented by a vector 𝑗 ∈ {−1, 1} 

𝑑 . 

Algorithm 1 calculates extreme actions 𝑦𝑗 for the set of directions

 ⊆  

 {−1, 1} 

𝑑 . This is done by moving as far as possible in each direction 

𝑗 , or𝑡  i.e., charging   

 

discharging the storage to the limits in all time peri
𝑗

ods. Lines 7 and 11 enforce the power constraints, i.e., 𝑥 ≤𝑡  𝑦 ≤𝑡  𝑥𝑡  

. 

However, as the energy limits are allowed to vary over time, future 

energy constraints could be violated. Two cases are distinguished as 

illustrated in 

-

Fig. 1.

The case where the energy 𝑆𝑡 is less  

 

than the lower limit 𝑆 ,𝑡  shown in
 

Fig. 1, is handled in Algorithm 2. In Line 2, 𝑖 is initialized with the first

index of reversed (i.e., inverted) 𝑥 [𝑡], where 𝑥 𝑖 > 0  

 

applies. Here 𝑥 

𝑡
 [𝑡]  

 

∈ R 

refers to the vector consisting of the first t elements of 𝑥. This step is 

necessary to identify the last index prior that allows for correction, i.e., 

positive power. A correction to increase the energy must be carried out

Algorithm 2 (correctiveIncrease).

Require: 𝑦𝑗 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡
Ensure: 𝑦𝑗 

∑𝑡 
𝑗

if 𝑆 + 𝑡 𝑡−𝜏 Δ then𝑡 > 𝛼 𝑆init  𝜏=1 𝛼 𝑦𝜏 𝑡 1:

2: init 𝑖 ⊳ first index with 𝑥 

 

> 0 in reversed𝑖  𝑥[ 𝑡]
( ( ( )) )

∑

𝑆 −  

𝑡  

𝑡
 

−1𝛼 𝑆init + 𝑡
𝜏  

𝑡−𝜏 𝑗
 =1 𝛼 𝑦

max 𝜏Δ𝑡 

𝑦𝑗 ←−𝑖+1  min𝑡   𝑥𝑡 −𝑖+1 

, Δ , 𝑥𝑡 𝑡 −𝑖+13:

4: 𝑘 ← 𝑡 − 𝑖 

5: 𝑡 𝑆 𝑗
while  

∑

 𝑆 > 𝛼 

𝑡
init + 

𝑡
 𝜏=1 𝛼 

𝑡−𝜏𝑦𝜏Δ𝑡 do

6: for 𝑙 = 𝑘 to 𝑡 − 𝑖 do
( ( ( )  )

𝑆  

∑

)

  

 

𝛼 𝑙
𝑙−  

𝑙 𝑙− 𝑗𝑆 𝛼 

𝜏
init+

−1 𝑦𝜏Δ=1𝑦𝑗 ← max min 𝜏 𝑡 

𝑙    𝑥𝑙  

, Δ , 𝑥𝑡  𝑙 

7:

8: end for
( ( ( )

∑

) )

− 𝑡 

   + 

𝑡−1 −
𝑡 init 𝜏  

𝑗
 

𝑆 𝛼 𝑆 𝛼𝑡 𝜏𝑦 Δ𝑡𝑗 =1 𝜏  

𝑦 ←𝑡−𝑖+1  min max 𝑥  

𝑡 −𝑖+1, Δ , 𝑥𝑡 𝑡 
 

−𝑖+19:

10: 𝑘 ← 𝑘 − 1 

11: end while 

12: end if

Algorithm 3 (correctiveDecrease).

Require: 𝑦𝑗 , 𝑥, 𝑥, 𝑆, 𝑆, 𝑆 init, 𝛼, 𝑡
Ensure: 𝑦𝑗 
1: 𝑆  

∑

  < 𝛼 

𝑡𝑆 + 

𝑡 −if 𝑡 init 𝜏 𝛼 

𝑡 𝜏𝑦𝑗=1 𝜏Δ𝑡 

  

then

2: init 𝑖 ⊳ first index with 𝑥 0 in reversed𝑖 <    𝑥[ 𝑡]
( ( ( ) ))  

𝑆𝑗 max min
   

𝑡
𝑡

 

∑

  

𝑡−1
 

𝑡−𝜏 𝑗
 

𝑦 ← 𝑥 ,
 

− 𝛼 𝑆init+ 𝜏=1 𝛼 𝑦𝜏Δ𝑡

𝑡− 𝑡 −𝑖+1𝑖+1    

 Δ , 𝑥𝑡  𝑡−𝑖+1 

3:

4: 𝑘 ← 𝑡 − 𝑖
5:  

∑

while 𝑆 𝑗
 

𝑡
𝑡 

< 𝛼 𝑆 

𝑡 𝑡−𝜏
init +   

 𝜏=1 𝛼 𝑦𝜏 

Δ𝑡 do
6: for 𝑙 = 𝑘 to 𝑡 − 𝑖 do

( ( ( )

∑

) )

+ −1𝑆 𝜏=1 𝛼 

𝑙−𝜏 𝑗𝑦𝜏Δ𝑙 

− 𝛼 

𝑙 𝑆 

𝑙
init 𝑡 

𝑦𝑗 ← min max𝑘  𝑥𝑙 , Δ , 𝑥𝑡 𝑙 
 

7:

8: end for
( ( (   )

𝑆𝑗 min
 𝑡− 𝛼𝑡 

∑

) )

 

−1𝑆init+ 

𝑡
𝜏=1 𝛼max

 

𝑡−𝜏 𝑗

𝑦 ←  𝑥
 

𝑦𝜏Δ𝑡 

𝑡 −𝑖+1𝑡−𝑖+1  , Δ , 𝑥𝑡  𝑡−𝑖+1 

9:

10: 𝑘 ← 𝑘 − 1 

11: end while 

12: end if

with strictly positive values and is not possible with indices 𝑙 > 𝑡 − 𝑖 + 1,
as they are either zero or negative due to 𝑥𝑙 ≤ 0. The power profile is 

then changed backwards, starting with the index 𝑡 − 𝑖 + 1 to reach 𝑆 𝑡 

without violating the constraints. Lines 3, 7, and 9 enforce the power

constraints, i.e., it holds that 𝑥 ≤ 𝑦𝑗 𝑗
𝑡−𝑖+1  ≤𝑡−𝑖+1  𝑥𝑡 −𝑖+1. In Line 7, the 𝑦 

 𝑘
are modified to increase the energy in the storage.

The second case, on the right in Fig. 1, where the energy 𝑆𝑡  

is greater

than 𝑆  

 

, is covered𝑡   similarly in the corrective algorithm to decrease the 

energy, cf. Algorithm 3. These corrections, if needed, are applied in Lines 

8, 9, 12, and 13 of Algorithm 1.

In the event that the while loop on Line 5 of Algorithms 2 and 3 

terminates with an error (i.e., when 𝑘 < 1), we propose employing a try-

catch mechanism within the for loop on Line 5 of Algorithm 1 to handle 

the error and address the subsequent feasibility problem:

min
𝑥,𝑡

𝑡 (3a)

subject to

𝐴(𝛼)𝑥 ≤ 𝑏(𝑥, 𝑥, 𝑆, 𝑆, 𝛼, 𝑆 init) + 𝑡𝟏 4𝑑 . (3b)

If the minimizer (𝑥, 𝑡) satisfies 𝑡 ≤ 0, then feasibility is established. 

Therefore, if the while loop terminates with an error and the polytope 

is non-empty, 𝑥 can be returned as a feasible solution.
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Fig. 2. The individual polytopes are shown in dashed blue and solid green, along
𝑗

with some extreme actions 𝑦 in1, 𝑦
𝑗
and2  their Minkowski sum  dashed-dotted

 

black. The summed extreme actions 𝑣 

𝑗 , 𝑗 ∈ {−1, 1}2 with their convex hull are

shown in yellow. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)

𝑗
Given 𝑛 devices, we now assume that sets of extreme actions {𝑦𝑖 ∶ 

𝑗 ∈  } were computed for 𝑖 = 1, … , 𝑛 using Algorithm 1. The sum of

extreme actions with identical vector 𝑗 across all devices is denoted as:

𝑣 

𝑗 ∶=
𝑛 

∑ 

𝑖=1
𝑦𝑗𝑖 . (4)

The matrix of summed vectors can then be obtained by adding the 

matrices returned by Algorithm 1, i.e.,

𝑉 ∶=
𝑛
∑ 

𝑖=1
𝑌 𝑖 

.

Note that, by construction, the vector 𝑣 

𝑗 is an element of the aggregated

flexibility. Furthermore, the polytope (𝑥𝑖 , 𝑥 𝑖, 𝑆  

 
 𝑖  

 
 

, 𝑆 𝑖, 𝛼𝑖 

, 𝑆 init is convex,,𝑖  

 

)   

and the Minkowski sum of polytopes is itself a polytope, cf. [30]. Thus, 

the convex hull formed by the summed vectors,

Conv(𝑣 

𝑗 ∶ 𝑗 ∈  ) ∶= 

{ 

𝑥 ∈ R 

𝑑 ∶ 𝑥 = 

∑

𝑗∈
𝛼 𝑗𝑣 

𝑗 , 

∑

𝑗∈
𝛼 𝑗 = 1, 𝛼 𝑗 

≥ 0 

} 

,

is an inner approximation of the aggregated flexibility, i.e., the 

Minkowski sum.

Since the extreme actions are computed for every 𝑗 ∈  and each de

vice 𝑖 = 1, … , 𝑛, the amount of extreme action computations is given by 

| |𝑛. Given that the number of possible extreme 

𝑑directions  

 is |{−1, 1} | = 

2𝑑 , in high-dimensional spaces (e.g., 𝑑 > 8), we propose selecting the set 

of extreme directions  by uniformly choosing 𝑔 distinct elements from 

{−1, 1} 

𝑑 . Here, 𝑔 should increase with the number of time periods, as the 

number of extreme points increases with dimensionality. For instance, 

a hypercube has 2 

𝑑 vertices in 𝑑-dimensional space.

-

Fig. 2 

𝑗
illustrates the proposed algorithm. The extreme actions 𝑦1 , 𝑦𝑗2 

together with their sum 𝑣 

𝑗 in the aggregate feasible region are shown on 

the left for 𝑗 = (1, 1). Whereas on the right, all possible summed extreme 

2actions 𝑣  

 

𝑗 , 𝑗 ∈ {−1, 1} are shown together with their convex hull.

It should also be noted that for BESSs (cf. Section 2.1.1), the proposed 

approach simplifies to the method proposed in [25]. We showed therein, 

that the summed extreme actions are vertices of the aggregate feasible 

region.

An alternative approach to calculate extreme actions takes a given 

𝑗 vector as the coefficient vector of a linear objective function that is

maximized over the individual flexibility sets  𝑖. In this way, the indi-

vidual LPs result in vertices of the individual devices’ flexibility sets. The 

vertices can be combined, analogous to the proposed algorithm above, 

to obtain boundary points of the aggregate flexibility set. Finally, the 

convex hull of the latter forms again an inner approximation of the 

aggregate flexibility set. This approach, which we name LPCH for ”LP 

based Convex Hull”, is also implemented in the Python package and 

will be compared to our non-LP algorithm which we name EACH for 

”Extreme Actions Convex Hull”.

2.3. Disaggregation

∑

Given a matrix of summed extreme actions 𝑉 = 𝑛
𝑖=1 𝑌 𝑖 

, the pur

chaser of the aggregated flexibility can choose a power profile 𝑥 within 

|the aggregated feasible region; that is,  | 

 she selects a 𝛼 ∈ R such that:

-

𝑥 = 𝑉 𝛼, (5a)
∑

𝑗∈
𝛼 𝑗 = 1, (5b)

𝛼 𝑗 ≥ 0, ∀ 𝑗 ∈  . (5c)

The vector 𝛼 parametrizes the convex hull of the summed extreme 

actions. This parametrization can be readily used by the optimizing en-

tity. The so-chosen power profile 𝑥 must then be disaggregated, i.e., 

distributed to the individual flexible devices. We apply the method pre-

viously published in [25
∑

] for this purpose. Using 𝑉 =
 

 

𝑛 

𝑖=1 

𝑌 in𝑖  (5a)

leads to

𝑥 = 𝑉 𝛼 =

( 𝑛
∑

𝑖=1
𝑌 𝑖

) 

𝛼 =
𝑛
∑ 

𝑖=1
𝑌 𝑖𝛼.

Hence, the power profile applied by device 𝑖 is given by 𝑌 , i.e., the𝑖   

 

𝛼  

device’s matrix multiplied by the weight vector 𝛼.
Note that this expression remains unchanged for scenarios with mul-

tiple aggregators (hierarchical aggregation settings), as each aggregation 

level can be represented by the summation of the previous levels. By ap-

plying this rule successively, the matrix corresponding to the top-level 

aggregator 𝑉 can be represented by the summation of the device-level 

matrices.

Fig. 3 displays a general hierarchical aggregation setting, where the 

number of indices corresponds to the hierarchical level, e.g., no indices 

for the top level, one index for the subsequent level, etc. The matrix 

𝑉 corresponding to the top-level aggregator can be expressed as 𝑉
∑

 =
 𝑚 

𝑖=1 𝑉 .𝑖  Following the
∑

 path to the
∑

 

 

device
∑

 level aggregators, this can be
∑

 

re-expressed as 𝑉 = 𝑚  

 =1 ⋯ 

𝑟 𝑙 𝑎
𝑖 𝑘=1 ℎ=1 𝑓=1 𝑌𝑖,  

 
… . Using,𝑘,ℎ,𝑓  the same

reasoning as above, we get:

𝑥 = 𝑉 𝛼 =

( 𝑚
∑

𝑖=1
⋯

𝑟
∑

𝑘=1

𝑙
∑

ℎ=1

𝑎
∑

𝑓 =1
𝑌 𝑖,…,𝑘,ℎ,𝑓

) 

𝛼 =
𝑚
∑ 

𝑖=1
⋯

𝑟
∑

𝑘=1 

𝑙
∑

ℎ=1

𝑎
∑

𝑓 =1
𝑌 𝑖,…,𝑘,ℎ,𝑓𝛼.

Hence, the contribution of a specific device is given by the device’s 

matrix times the weight vector 𝛼.

3. Implementation

In this section, we present the software package PyFlexAD, which 

implements the proposed (dis-)aggregation method EACH as well as the 

LP-based alternative LPCH for various DERs. The software is developed 

in Python 3 and licensed under the MIT License. The Python package is 

available for download from the Python Package Index (PyPI), cf. [31].
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Fig. 3. General configuration for hierarchical aggregation, where each aggregator is associated with a matrix that represents the summed extreme actions. At the 

bottom, storage devices are displayed along with their corresponding device matrices.

<<Abstract>>
EnergyStorage

-id: str 
-load_profile: NDArray 
-gp: GeneralParameters
+new(hardware: HardwareParameters, usage: UsageParameters) : EnergyStorage 
+get_id() : str 
+to_virtual(algorithm: str, signal_vectors: NDArray) : VirtualEnergyStorage 
+calc_A_b() : Array[NDArray, NDArray] 
+get_load_profile() : NDArray 
+set_load_profile(load_profile: NDArray)

StationaryBattery ElectricVehicle ThermostaticLoadHeating

ThermostaticLoadCoolingPumpedHydroEnergyStorage 

GeneralParameters
+x_lower: NDArray 
+x_upper: NDArray 
+S_lower: NDArray 
+S_upper: NDArray 
+S_init: float 
+alpha: NDArray 
+x0: float

VirtualEnergyStorage
-id: str 
-vertices: NDArray

+get_id() : str 
+get_vertices() : NDArray 
+calculate_load_profile(alpha: NDArray) : NDArray

Aggregator
-items: List<VirtualEnergyStorage>

+aggregate(items: List<VirtualEnergyStorage>, algorithm: str) : Aggregator 
+disagregate(alpha: NDArray) : NDArray

Fig. 4. Main classes in the package PyFlexAD using Unified Modeling Language (UML) notation.

The package’s source code, along with sample code, can be accessed on 

GitHub, cf. [32].

To the best of the authors’ knowledge, this is the first Python tool de-

veloped for the approximate quantification of the aggregate flexibility of 

energy storage models. Nevertheless, there are related software options 

available. For example, [33] offers a Python tool specifically designed 

to calculate the exact Minkowski sum of polytopes. However, due to 

the high computational complexity of these calculations, this software 

is limited to low-dimensional spaces. Another tool for quantifying the 

overall flexibility of selected devices is described in [34]. This tool first 

determines the optimal power profiles for each device in various set-

tings using an MILP formulation to minimize the total costs. In a second 

step, the optimal power profiles are summed to yield a set of feasible 

aggregated power profiles.

Below, we provide an overview of our software, covering the 

class structure, system architecture, and implemented control strate-

gies. Additionally, to demonstrate the software tool’s functionality, we 

present an example code, which we discuss in detail.

3.1. Energy storage and subclasses

The package supports multiple types of energy storage systems, 

including BESSs, TCLs, EVs and PHESs. These models extend the 

EnergyStorage class, as depicted in Fig. 4.

The package focuses on modeling energy storage systems and 

does not include other energy resources without storage properties. 

Inflexible/non-controllable loads are either included as power demands 

of the devices (e.g. EVs or TCLs) or must be managed by the optimizing 

entity alongside the energy storage systems.

In order to calculate the parameters of an energy storage system, 

both hardware and usage parameters must be provided, cf. Table 1. 

Hardware parameters include, e.g., lower and upper energy limits, while 

usage parameters are user-specific and encompass factors such as EV 

availability and EV trip consumption. Each sub-class of EnergyStorage 

requires a specific set of parameters, cf. Fig. 5. To instantiate the class 

StationaryBattery instances of BESSHardware and BESSUsage are re-

quired. For ease of use, the package already includes a sample of 

hardware parameters for models from BESS manufacturers like Tesla

Sustainable Energy, Grids and Networks 44 (2025) 102033 
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<<Abstract>>
HardwareParameters

BESSHardware

+max_discharging_power: float 
+max_charging_power: float 
+max_capacity: float 
+min_capacity: float 
+self_discharge_factor: float

EVHardware

+max_discharging_power: float 
+max_charging_power: float 
+max_capacity: float 
+min_capacity: float 
+self_discharge_factor: float

TCLHHardware

+C: float
+R: float
+p: float
+cop: float

TCLCHardware

+C: float
+R: float
+p: float
+cop: float

PHESHardware

+max_discharging_power: float 
+max_charging_power: float 
+max_volume: float 
+min_volume: float 
+delta_h: float

BESSUsage

+initial_capacity: float
+final_capacity: float

EVUsage

+initial_capacity: float
+final_capacity: float
+demand: NDArray
+availability: NDArray

TCLHUsage

+theta_r: float 
+theta_a: float 
+theta_0: float 
+Delta: float 
+demand: NDArray

TCLCUsage

+theta_r: float
+theta_a: float
+theta_0: float
+Delta: float

PHESUsage

+initial_volume: float
+final_volume: float

<<Abstract>>
UsageParameters
+dt: float 
+d: int

Fig. 5. Parameter classes in the package PyFlexAD using Unified Modeling Language (UML) notation.

Table 2 

Battery energy storage system parameters.

𝑥 min (kW) 𝑥 max (kW) 𝑆 min (kWh) 𝑆 max (kWh) 𝛼

Tesla Powerwall 2 −5 5 0 13.5 1

Tesla Powerwall 3 −11.5 11.5 0 13.5 1

Tesla Powerwall + −5.8 5.8 0 13.5 1

GENERAC PWRcell M3 −3.4 3.4s 0 9 1
GENERAC PWRcell M4 −4.5 4.5 0 12 1
GENERAC PWRcell M5 −5.6 5.6 0 15 1
GENERAC PWRcell M6 −6.7 6.7 0 18 1

Table 3 

Electric vehicle system parameters.

𝑥 min 

(kW) 𝑥 max 

(kW) 𝑆 min (kWh) 𝑆 max (kWh) 𝛼

Nissan Leaf 6.6 kW AC −6.6 6.6 0 39 1
Tesla Model Y 11 kW AC −11 11 0 57.5 1
Tesla Model S P100D 16.5 kW AC −16.5 16.5 0 95 1
Renault Zoe ZE40 R110 22 kW AC −22 22 0 41 1
Renault Zoe ZE40 R110 40 kW DC −40 40 0 41 1
Renault Zoe ZE50 R135 22 kW AC −22 22 0 52 1
Renault Zoe ZE50 R135 41 kW DC −41 41 0 52 1

Table 4

Thermostatically controlled load system parameters.

𝐶 (kWh/K) 𝑅 (K/kW) 𝑝 max (kW) 𝜂

Generic air conditioner 2 2 5 2.5
Generic water heater 6 800 3 3

and GENERAC, cf. Table 2, EV manufacturers like Tesla, Nissan, and 

Renault for EV models, cf. Table 3, and generic air conditioning and 

water heaters for TCL models, cf. Table 4.

3.2. System architecture for flexibility control structures

Fig. 6 illustrates the basic system architecture of two different 

flexibility control structures—aggregation-based control and central 

control—organized into layers. The base layer, labeled as Physical 

Device Level, contains the physical energy storage devices, including 

their individual hardware and usage information. The top layer, i.e., the

Energy Market Level, is where an optimizing entity gathers flexibility in-

formation and provides optimized power profiles to control the devices.

On the left side of Fig. 6, a control structure with a central controller 

is shown. In this structure, each physical device is directly controlled by 

the central controller, which requires access to the hardware and usage 

information of the devices. For convenience, the class EnergyStorage 

implements the method calc_A_, which computes the matrix 𝐴 𝑖 

and the 

vector 𝑏 𝑖 

from the storage parameters, cf. (2). Using the matrix 𝐴 𝑖 

and the 

vector 𝑏 𝑖 

of each device 𝑖, optimizations, such as peak-shaving or cost-

reduction, can be performed through central controller implementations 

to obtain an optimal power profile. In detail, given matrices 𝐴 𝑖 

, vectors 

𝑏 𝑖 

, and an objective function 𝑓 ∶ R 

𝑑 ↦ R, the central controller solves

the following problem:

min 

𝑥,𝑥 𝑖
𝑓 (𝑥) (6a)

subject to 

𝑥 = 

𝑛
∑ 

𝑖=1
𝑥 𝑖 (6b)

𝐴 𝑖 

𝑥 𝑖 ≤ 𝑏 𝑖 

, ∀𝑖 = 1, … , 𝑛. (6c)

In contrast, the right side of Fig. 6 illustrates an aggregation-based 

control structure. This structure includes a virtual abstraction layer 

(Virtual Aggregation Level) situated between the Physical Device Level 

and the Energy Market Level. In this layer, physical devices are virtual-

ized, i.e., represented by their extreme actions and then aggregated. The 

collective storage within this layer resembles a virtual power plant.

3.3. Abstraction via virtualization

A fundamental concept in the PyFlexAD package is the virtualization 

of energy storage systems. This involves abstracting individual physical 

energy storages into virtual representations, which encapsulate the es-

sential characteristics of the physical devices. The virtualization process 

begins with the calculation of polytope extreme actions to delineate the 

feasible operation regions of energy storage systems. To virtualize an in-

stance of EnergyStorage, the method to_virtual must be called. When 

provided with a matrix of extreme directions, this method returns an in-

stance of VirtualEnergyStorage. The link to its physical counterpart 

will remain only through a shared identification key.
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Fig. 6. System architecture overview: The left side displays the central control structure without aggregation, while the right side illustrates the aggregation-based 

control structure, featuring the Virtual Aggregation Level (center) and a hierarchical framework (far right). Physical devices at the bottom provide usage and hardware 

parameters, while the Virtual Aggregation Level virtualizes and further aggregates energy storage devices, resembling a virtual power plant.

3.4. Flexibility provision via aggregation

The class Aggregator is a subclass of VirtualEnergyStorage, 

not only inheriting all its properties but extending it by meth-

ods for (dis-)aggregation, cf. Fig. 4. For instance, the class method 

aggregate sums a provided set of virtual energy storages returning 

an Aggregator instance. Furthermore, since each Aggregator instance 

is a VirtualEnergyStorage object, aggregation of aggregators (hier-

archical aggregation) is also possible. This allows constructs such as 

initial technical aggregations to provide flexibility services, followed by 

a market-focused aggregation to bundle multiple technical aggregators 

into a portfolio with enhanced flexibility resources, as illustrated on the 

right of Fig. 6.

In a similar manner as with the centralized control structure, the 

PyFlexAD package also provides implementations for the aggregation-

based controller to optimize power profiles towards specific objectives. 

To apply the optimized power profile to the physical energy storage 

devices via the aggregated virtual storages, the aggregator performs the 

disaggregate method. This method signals each of its virtual energy 

storages to execute the calc_power_profile method using the 𝛼-values 

provided by the optimizing entity, cf. Section. 2.3. The disaggregated 

power profiles are then forwarded to the physical devices, cf. Fig. 6.

3.5. Illustrative code example

The Python code in Listing 1 demonstrates a workflow for opti-

mizations with both centralized and aggregation-based control. In this 

scenario, the controller’s objective is to minimize the peak power of the 

system, utilizing the flexibility provided by the energy resources. In or-

der to plot the feasible regions, two discrete time intervals are analyzed, 

with each interval spanning 15 min (Line 13). The systems’ power de-

mand is set to 23 kW in the first and 21 kW in the second interval (Line 

14). For simplicity the scenario includes two BESS devices of the same 

hardware type with the same initial and final energy conditions (Lines 

20–22). Due to 𝑑 = 2 and 𝑔 = 𝑑, cf. Section 2.2, the set of extreme di-

rections for the EACH algorithm results in  = {−1, 1} 

2 (Line 25). For 

the aggregation-based optimization (Lines 37–38) the flexible energy re-

sources are virtualized (Lines 26–27) and aggregated (Line 30) using the 

proposed algorithm, whereas for the centralized optimization, the phys-

ical devices have to directly provide data of their hardware and usage 

(Lines 33–34).

In two dimensions, the exact calculation of vertices and the 

Minkowski sum of polytopes is possible. For verification purposes, the

PyFlexAD package provides an implementation for this specific case, 

cf. [33]. To apply the exact calculations, the algorithm variable (Line 

15) must be set to Algorithms.EXACT.
Fig. 7 shows the aggregated and individual feasible regions for ex-

act vertices and extreme actions via the EACH algorithm, including the 

optimized operational points. The PyFlexAD package includes functions 

with various customization options to generate such two-dimensional 

plots effectively. Using centralized control yields a power profile of 

𝑥 = (−7.0, −5.0) 

⊤ kW for the combined BESS devices, cf. Fig. 7, reducing 

the peak power from 23.0 kW to 16.0 kW. Disaggregation of the central

ized approach  

 leads to individual profiles with 𝑥 BESS1 

= (−2, −4) 

⊤ kW 

and 𝑥  

 BESS2 = (−1, −5)⊤ kW. However, due to the  

 

underestimated flexibil

ity in the inner approximation, the power profile utilizing the proposed 

algorithm is 𝑥 = (−5.7, −3.7) 

⊤ kW, cf. 

-

-

Fig. 7, reducing the peak power 

slightly less to 17.3 kW. In this case, the disaggregated load profiles for 

both devices are 𝑥  

 BESS1 = 𝑥 

⊤
BESS2 

= (−2.9, −1.9) 

 

.

4. Case study

In this section, we present a case study to evaluate the accuracy and 

computational efficiency of the proposed aggregation method EACH. 

Our analysis has two primary goals: first, to assess the software’s 

practical usage, and second, to demonstrate its scalability and accuracy.

To apply the methods to realistic market and consumption sig-

nals, data from the open-source repository [35] was employed. This 

repository compiles and preprocesses publicly available datasets rel-

evant to demand-side management: The day-ahead price data origi-

nate from the ENTSO-E Transparency Platform [36], representing the 

Germany–Austria–Luxembourg bidding zone for the year 2016 with 

a 15-minute resolution. The EV trip consumption data are derived 

from the My Electric Avenue project conducted in the United Kingdom 

between 2013 and 2015, involving approximately 200 electric vehicle 

users across ten trial clusters [37]. The household electricity demand 

data are based on the Irish Social Science Data Archive (ISSDA) dataset 

CER Smart Metering Project – Electricity Customer Behaviour Trial [38], 

which recorded consumption profiles of around 4200 residential cus-

tomers in Ireland between 2009 and 2010. Both the EV and household 

datasets were resampled and aligned within DSM-data to a uniform 

15-minute resolution.

Our analysis is based on a one day scenario in a residential area with 

5000 residents and one aggregator. The residents may own EVs, BESSs,

Sustainable Energy, Grids and Networks 44 (2025) 102033 

8 



E. Öztürk, K. Kaspar, T. Faulwasser et al.

Listing 1: Example Code.

and TCLs (air conditioning systems) that can be controlled by the aggre-

gator. The aggregator computes the approximate aggregate flexibility 

and offers it on the flexibility market. The system parameters used are 

listed in Table 2 for the BESS, in Table 3 for the EVs, and in Table 4 for 

the TCLs. Residential devices are chosen at random from this selection 

of possible values. We assume an ambient temperature of 30 

◦ C. The 

initial temperature and the dead band of the air conditioning systems 

are selected uniformly from the intervals [19, 20] 

◦ C and [1.5, 2.5] 

◦ C,

respectively. The set point temperatures for the air conditioning sys

tems  

 are set to 20 

◦C. Initially, the EV batteries are charged to 50 % SoC, 

while the BESSs initial energy is randomly selected from the interval

[ 1 2𝑆 max,i 

, 𝑆 max,i]. At the end of the operating window, EVs must retain a

minimum energy level, which is determined by subtracting the trip con

sumption from the initial energy and adding the charged energy given 

by the data in [

-

-

39]. The BESS, on the other hand, must retain the initial 

energy at the end of the operating window.
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Fig. 7. An illustration of the aggregated feasible regions highlights the exact 

aggregation (dashed-dotted red line) and the approximate aggregation (dashed 

green line). Point E marks the central solution, while point A indicates the solu

tion found in the approximation. The green triangle represents the disaggregated 

power profiles for the approximate aggregation, while the central disaggregated 

points are labeled as 𝐶1 and 𝐶2 .  

 

(For interpretation of the references to colour 

in this figure legend, the reader is referred to the web version of this article.)

-

All linear optimizations are solved using Gurobi [40]. The Python 

script for the case study, along with scripts for additional applications, is 

available at [32]. All computations are conducted on a system equipped 

with an i7-1255U CPU processor.

We assess the effectiveness of the proposed algorithm via the unused 

potential ratio (UPR), cf. [7]:

UPR ∶= 

𝑧 approx 

− 𝑧 exact, best

𝑧 exact, worst 

− 𝑧 exact, best
⋅ 100, (7)

where 𝑧 approx is the solution of an optimization within the feasible region

defined by the proposed algorithm (cf. (5)), 𝑧 exact, best 

denotes the solu-

tion within the exact feasibility region computed by a central controller 

(cf. (6)), and 𝑧e xact, worst denotes the  

  

solution within the exact feasibility 

region when the objective is maximized rather than minimized. The two 

objectives total peak load and energy costs are minimized in the residen

tial area, i.e., 𝑓 (𝑥) = ‖𝑥 + 𝑞‖ ∞ 

, where 𝑞 represents the total household 

demand, and 𝑓 (𝑥) = 𝑐 

⊤ (𝑥 + 𝑞), where 𝑐 denotes vector of day-ahead 

prices. The UPR is limited to a range of 0 ≤ UPR ≤ 100. A UPR value 

near zero suggests that the approximation closely matches the output of 

the central controller. In contrast, when the UPR nears 100 %, it indi

cates that a considerable amount of potential within the exact feasibility 

region is left unused and not represented by the approximation.

-

-

Fig. 8. Quality measures to compare the centralized optimization and the approximation algorithms EACH and LPCH for total peak load minimization. Top left: total 

computation time. Top right: computation time for the approximation of the aggregate flexibility set. Bottom left: computation time for the subsequent optimization. 

Bottom right: approximation quality measured by UPR, cf. [7].
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Fig. 9. Quality measures to compare the centralized optimization and the approximation algorithms EACH and LPCH for cost minimization. Top left: total computation 

time. Top right: computation time for the approximation of the aggregate flexibility set. Bottom left: computation time for the subsequent optimization. Bottom right: 

approximation quality measured by UPR, cf. [7].

In our experiments, we examine tuples (𝑛, 𝑑) ∈ {200, 500, 1000} × 

{24, 48, 72, 96}, representing a maximum of 1000 devices and up to 96 

time periods. To account for variability, for each tuple (𝑛, 𝑑) we compute 

median values of five random scenarios. Furthermore, a quadratic time 

dependence is employed for the set of extreme directions (| | = 2 

𝑑 ), as 

described in [25].

The UPR values and CPU times are shown in Fig. 8 and Fig. 9 for 

the two objectives, respectively. The total computation times of the cen-

tral controller and the EACH method are comparable. Note, however, 

that the computations of the individual extreme actions (approximation 

time) were done serially and could be implemented more efficiently in 

parallel. The times for computing the optimization were decreased by 

both aggregation methods and do not depend on the number of flexi-

bilities, as expected. The LPCH method is significantly slower than the 

EACH method while resulting in similar approximation quality. Due to 

the extensive aggregation time, we computed LPCH results only for 200 

flexibilities. Note that, unlike the proposed aggregation EACH method, 

the central controller requires complete information and manages all 

devices directly. While this enables the use of the exact feasible region, 

it also introduces privacy concerns and excessive communication over-

head. Furthermore, these experiments demonstrate the scalability of our 

EACH method across different time periods and devices, addressing a 

well-documented issue with current approximation techniques [7].

5. Discussion and conclusion

In this study, we introduced the inner approximation method EACH 

for flexibility aggregation which is applicable to a broad class of DERs 

with varying energy and power limits. The proposed scheme extends our 

previous findings from Ref. [25]. The accompanying open-source Python 

package includes the source code and practical scripts that demonstrate 

the capabilities of our approach, showcasing different use cases. The 

effectiveness of the aggregation method EACH was assessed through a 

case study and a comparison with a centralized control scheme and the 

closely related LP-based method LPCH.

The results indicate that with EACH the approximate aggregate flex-

ibility of multiple appliances can be efficiently computed and used to 

reduce peak power demands in residential settings. While resulting in 

similar approximation quality, the LPCH method is significantly slower 

than the EACH method, even when using a fast commercial LP solver.

The strengths of the EACH method can be summarized as follows: 

The applicable storage models are allowed to have time-dependent 

bounds for power and energy. The method is therefore applicable to 

a very general modeling settings including EVs, TCLs, and BESS. The 

EACH method has very good scaling characteristics concerning the num-

ber of time periods and the number of devices. The method does not 

require a (commercial) LP solver and can be implemented without any
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additional software exploiting parallelization. Hierarchical aggregation 

and disaggregation are covered by simple vector-matrix operations.

Although the central controller achieved better peak demand re-

duction compared to the inner approximations, it serves only as a 

benchmark due to its impracticality in real-world applications. The cen-

tralized approach faces limitations related to data security and high 

communication demands in large-scale implementations. In contrast, 

aggregation mitigates these issues by protecting data and significantly 

reducing communication overhead, as only the aggregator interacts 

with the purchaser of the aggregate flexibility. Thus, the presented 

inner approximation EACH provides a viable alternative for controlling 

numerous storage-like loads, offering significant advantages in data se-

curity and communication efficiency. Its scalability across different time 

periods and devices demonstrates its applicability in various contexts.

The FERC order 2222 [41] introduces requirements for DER aggre-

gation and participation in wholesale markets. The representation of 

flexibility by the convex hull of a set of extreme actions, e.g. vertices, 

offers a simple means to (dis-)aggregate and communicate DER flexibil-

ity. To this end, one has to specify the matrices containing the extreme 

actions as columns, cf. Fig. 3. However, in order to standardize this rep-

resentation one also needs to select which extreme directions 𝑗 ∈  are 

used. To do this in a deterministic and/or optimized way is an interesting 

task for future work.

We want to note important limitations and some more possible future 

work directions: We focused on the computational challenges of efficient 

algorithms for (dis-)aggregation of flexibility which, in our aggregation 

framework, is performed by an aggregator. The aggregator acts as an 

intermediary between end-users and system operators and offers the 

end-users’ aggregated flexibility to flexibility markets. The details of 

the latter are not covered in this work. The aggregation method EACH 

does not yet consider couplings between the flexibility of individual de-

vices. For the aggregation of EVs, these are given by power constraints 

of charging stations. Furthermore, the evaluation of the method is not 

yet done in an entirely realistic setting. In future work, the case study 

should be extended to a more comprehensive real-world evaluation that 

also compares the method to other methods in the literature. Future 

research should also focus on expanding the software to include addi-

tional storage types, such as chemical (e.g., hydrogen energy storage) 

and mechanical (e.g., flywheel energy storage) systems. Additionally, 

one could try to adapt our method to handle non-convex storage models 

and address scenarios with uncertain data.
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