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Abstract 

This dissertation presents the design and development of CENTAUROB, a bipedal robot 

equipped with 6-DOF parallel kinematic mechanism (PKM) structured legs. Bipedal robots 

have significant potential across various fields, including industrial automation and healthcare. 

The research encompasses structure synthesis, kinematic and dynamic modelling, load 

prediction, and gait stability analysis. 

After evaluating multiple PKM configurations, a PKM[6,3] structure with double Cardan joints 

was selected for its compactness and controllability. This configuration reduces computational 

demands for kinematics, which is essential for real-time control. Based on this configuration, a 

complete kinematic model was developed, considering the motion of every individual rigid 

body. The model facilitates the analysis of movement characteristics, focusing on optimizing 

workspace, dexterity, and avoiding singularities. Furthermore, this work addresses 

PKM-specific control challenges, such as forward kinematics and passive actuator rotations. 

An inverse dynamic model (IDM), based on the virtual work principle, enables accurate 

predictions of dynamic loads, which are critical for optimizing actuator performance. The 

load-split algorithm ensures a balanced distribution of loads between the two legs, contributing 

to the stability of both feet. 

Simulation-based analyses evaluate static and semi-dynamic stability using indicators such as 

the ground centre of mass (GCoM) and foot rotational indicator (FRI). The results demonstrate 

that CENTAUROB can achieve stable gait patterns with appropriate control strategies. Future 

work will focus on refining physical measurements, optimizing load distribution for energy 

efficiency, and developing advanced control algorithms, further enhancing CENTAUROB as a 

versatile and efficient platform for complex environments. 

Keywords: biped robot, parallel kinematic mechanism, dynamics simulation, gait stability. 

  



 

 

Zusammenfassung 

Der zweibeinige Roboter CENTAUROB, entwickelt für das Gehen auf unebenem Terrain, 

besitzt zwei 6-DOF-Parallelschwenkmechanismen als Beine. Diese Arbeit umfasst die 

Entwicklungsphasen von Struktursynthese, kinematischer und dynamischer Modellierung bis 

zur Gangstabilität. Verschiedene Formationen von 6-DOF-Beinen wurden durch Analyse 

kinematischer Grundketten untersucht und das Design mit Doppel-Kardangelenken vorgestellt. 

Das Problem der Passivrotation wurde durch vollständige kinematische Modellierung gelöst. 

Das inverse Dynamikmodell wurde entwickelt und die halbdynamische Gangstabilität durch 

die Analyse des Fußrotationsindikators mittels Lastverteilungsalgorithmus sichergestellt. 

Schlüsselwörter: Zweibeiniger Roboter, Parallelkinematikmechanismus, Dynamiksimulation, 

Gangstabilität. 
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Chapter 1  

Motivation and Introduction 

Within the realm of robotics, there has been a noteworthy surge in advancements, especially in 

the exploration and development of bipedal robots. They are designed to emulate the human 

form with a pair of legs, carry profound significance across diverse domains, spanning from 

industrial applications to healthcare and disaster response. 

 

Figure 1.1. The composition of bipedal walking mechanism, CENTAUROB. 
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The design and development of a robot system are always systematic works. From the 

innovation of the working mechanism to the structure synthesis, parameter design, 

optimization, modelling and control, each phase refers to one or more subjects. The present 

researches focus mainly on one or more phases of the developments of a robot system, 

especially on the development of bipeds with serial kinematic mechanism (SKM) legs. 

Meanwhile, the biped robot with parallel kinematic mechanism (PKM) legs lacks studies and 

application practices. The aim of this work is to represent the systematic development process 

of a biped walking mechanism with parallel structured legs, CENTAUROB, as fig. 1.1. 

 

Figure 1.2. The topological formations of parallel and serial structured walking 

mechanisms. 

The formation of a biped robot leg can be arranged in serially and parallel links. Their 

topological structure can be seen in fig. 1.2. Many comparisons between two ideas were made 

by researchers, such as Dukovski in [1.1], Patel and George in [1.2]. As the previous work 

compared in [1.3], the advantages of serial structure are widely thought as: larger workspaces, 

higher workspace/robot size ratios, easier dynamic solving, among the others. Contrarily, a 

parallel mechanism shows its advantages in: stiffness, payload/weight ratio, repeatability, small 

inertia, etc. For individual transportation, the demand for velocity and large step length is minor, 

but safety and quick response to force interference (e.g. movements of passenger) become more 

important. Also, along the development of digital processors and sensors, the difficulties of 

modelling and solving dynamics can be compensated in a rank. For personal transportation, a 

biped robot formed by parallel mechanisms could be a competitive alternative. 
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To confirm the structure and types of joints of a robot, a synthesis of a robot should be made. 

During this process, the objectives should be firstly defined, such as the desired degree of 

freedom (DOF), workspace, payloads, and tasks specification. Then, the kinematic structure 

should be determined considering the design objectives. Afterward, the types of joints should 

be confirmed. The widely used lower joints can be sorted as prismatic (linear), revolute 

(rotational), and spherical joints. Additionally, a lot of combinations of different joints derive 

different joints, such as helical pairs, universal joints, teeth pairs, and so on. The configuration 

should be then defined by considering the design objectives. Nevertheless, the structure 

synthesis is a process that should be continuously repeated during other development phases. 

If the conflict took place during the analysing, control designing, or even during utilization of 

a robot system, the synthesis should be repeated. 

Once a composition method of a robot is confirmed, its kinematics model should be 

established. As the foundation of kinematic and dynamic analysis, the inverse Jacobians, or in 

other words, the velocity relation between all the rigid bodies and the moving platforms (feet 

and hip), should be derived. The inverse Jacobian of linear actuator lengths is the key 

parameter, since the lengths are the control variable and connect to many kinematic and 

dynamic properties. The kinematic properties should then be analysed to verify its feasibility 

in fulfilling the design objectives, such as the workspace, dexterity, and so on. This will 

provide the feedback for design optimization. At the same time, the risk of singularity in the 

workspace should be verified to prevent the control difficulties caused by unexpected 

additional DOF or loss of DOF. 

There are two parasitic problems that must be solved due to the composition of 

CENTAUROB. The first problem is the passive rotation between the upper and lower part of 

the linear actuators. Due to the selection of lead screws, the relative rotation will change their 

length. This length deviation will cause a very rare kinetic burden during operation of the 

robot, but it will cause significant internal tension in the structure, whereas the PKM structure 

is adopted. This passive rotation was usually neglected by previous researches and can be 

predicted by fully solving the kinematics of individual rigid bodies. 
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The second problem is the forward kinematic problem (FKP) of PKMs. The importance of 

this problem is shown in the fields of position control, system calibration, real-time control, 

along with others. For a PKM, it is usually impossible to obtain a closed solution for FKP. 

The computation and solution numbers depend highly on the topological structure. In this 

work, a PKM-[6,3] structure (6 joint points on one platform and 3 on the other) will be used, 

and the FKP solution number is limited to four. 

Due to the parallel structure, a real-time forward dynamic control is normally difficult. The 

reason is similar to that of the FKP of a PKM. To optimize the control of single actuators, 

predicting the dynamic load on each is necessary. The inverse dynamic model is the 

pre-condition. There are various methods of dynamic modelling. Here, the virtual work 

principle will be adopted. This method requires complete inverse Jacobians of rigid bodies in 

the system, if a more accurate prediction is needed. Thus, the 6-dimensional acceleration and 

velocity relations of each part with respect to feet and hip must be derived. 

The aim of CENTAUROB is to realize bipedal walking. The stability is the most important 

consideration in this field. The choice of stability indicator depends on the type of walking. 

For static walking, the ground centre of mass (GCoM) should always fall inside the support 

polygon (SP). For a semi-dynamic walking, other indicators should be used, such as foot 

rotational indicator (FRI) and capture point (CP). For long term stability, the logic is different. 

The walking must not comprise of stable single steps, but rather of stable repeatability of one 

or several walking states. The walking stability analysis will provide the accordance of gait 

optimization. 

In this work, the walking simulation will be based on semi-dynamic walking. Therefore, there 

will be a relatively long period of over-actuated state, namely, the hip will be driven by two 

6-dimensional legs. The dynamic load must be split in this case to ensure the stability of both 

feet. This was also rarely considered in other bipedal robot research. 

The thesis will be organized as follows. The structure synthesis will be performed first in 

Chapter 2. The different formations of 6-DOF PKMs will be analysed based on screw theory 
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and topological analysis. Before further analysis, some basic concepts of the group theory, its 

algebra and representation will be reviewed in Chapter 3. Then, the inverse kinematic model 

(IKM) will be founded in both matrix form and quaternions form in Chapter 4. Moreover, the 

FKP solution will be provided in this chapter. Based on the IKM, the kinematic performance 

will be evaluated with different criteria in Chapter 5. Chapter 6 will focus on building the 

inverse dynamic model (IDM) and the simulation of some example cases to predict the load 

of each actuator. Based on the IDM, the walking stability will be analysed in Chapter 7 and 

several typical walking scenarios will be simulated. At the end of this dissertation, a summary 

and suggestions for future works will be given. 

Reference 

[1.1] Pandilov, Zoran, and Vladimir Dukovski. "COMPARISON OF THE 

CHARACTERISTICS BETWEEN SERIAL AND PARALLEL ROBOTS." Acta Technica 

Corviniensis-Bulletin of Engineering 7.1 (2014). 

[1.2] Patel, Y. D., and P. M. George. "Parallel manipulators applications—a survey." Modern 

Mechanical Engineering 2.03 (2012): 57. 

[1.3] Du, Shucen, and Josef Schlattmann. "A new proceeding of control strategy for a parallel 

structural biped robot." ASSISTIVE ROBOTICS: Proceedings of the 18th International 

Conference on CLAWAR 2015. Published in 2016. 
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Chapter 2 

Structure Synthesis of 6 DOF Parallel Kinematic 

Mechanisms 

This chapter will introduce the structure synthesis problem of parallel kinematic mechanisms 

(PKM). The method based on screw algebra and the output motion matrix will be used. The 

difference between screw linear dependency and motion dependency will be explained. The 

formation of a PKM will be discussed and various limbs for 6 DOF PKM will be listed. The 

coupling degree will be introduced to determine the complexity of PKMs and different designs 

will be dissected into basic kinematic chains (BKC) for a better understanding of its topological 

properties. At the end of this chapter, the equality of designs with double spherical joint and 

with double universal joints will be proven. 

2.1 Output Motion Matrix of Serial and Parallel Mechanisms 

The mobility, as defined in [2.1], of a single-opened-chain (SOC) structure is 

𝐹 =∑𝑓𝑖

𝑚

𝑖=1

. 

          (2.1) 

Where, m is the number of kinematic pairs (joints), fi indicates the degree of freedom (DOF) of 

the i-th kinematic pair. The output motion for the end-effector of an SOC can be described as an 

output motion matrix [2.2], 
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𝑴S(𝜃1, … , 𝜃𝐹) = [
𝑥(𝜃1, … , 𝜃𝐹) 𝑦(𝜃1, … , 𝜃𝐹) 𝑧(𝜃1, … , 𝜃𝐹)

𝛼(𝜃1, … , 𝜃𝐹) 𝛽(𝜃1, … , 𝜃𝐹) 𝛾(𝜃1, … , 𝜃𝐹)
].     (2.2) 

In which, x, y and z are the coordinates of the origin of a moving rigid body with respect to the 

fixed coordinates frame. At the same time, α, β and γ indicate the orientation of an object. The 

expression of posture here is arbitrary, which can be various proper Euler angles, Tait-Bryan 

angles or any expressions of Lie triple sub-groups. θi is the generalized variable for the i-th 

input. Correspondingly, the velocity of the end-effector of an SOC is defined as 

𝑴̇S(𝜃̇1, … , 𝜃̇𝐹) = [
𝑥̇(𝜃̇1, … , 𝜃̇𝐹) 𝑦̇(𝜃̇1, … , 𝜃̇𝐹) 𝑧̇(𝜃̇1, … , 𝜃̇𝐹)

𝛼̇(𝜃̇1, … , 𝜃̇𝐹) 𝛽̇(𝜃̇1, … , 𝜃̇𝐹) 𝛾̇(𝜃̇1, … , 𝜃̇𝐹)
].     (2.3) 

Note that, in these two matrices, each element stands for a function of all (or part of) the input 

variables. Each matrix stands for six scalar equations. The rank ξS of the matrix represents the 

independency of the motion in different directions. The rank can further be divided as 

𝜉S = 𝜉SR + 𝜉ST (𝜉S ∈ [1,6] 𝜉R, 𝜉T ∈ [1,3]).       (2.4) 

𝜉SR and 𝜉ST are the number of independent rotational and translational outputs, respectively. 

The motion and velocity matrices can also be written in vector forms. 

𝑴S = [𝒕
𝜉ST

𝒓𝜉SR
] 𝑴̇S = [𝒕̇

𝜉ST

𝒓̇𝜉SR
]         (2.5) 

To describe the motion of the end effector (moving platform) of a PKM, the output motion 

matrix and velocity matrix were defined as 

𝑴Pa(𝜃1, … , 𝜃𝐹) = [
𝑥(𝜃1, … , 𝜃𝐹) 𝑦(𝜃1, … , 𝜃𝐹) 𝑧(𝜃1, … , 𝜃𝐹)

𝛼(𝜃1, … , 𝜃𝐹) 𝛽(𝜃1, … , 𝜃𝐹) 𝛾(𝜃1, … , 𝜃𝐹)
], 

𝑴̇Pa(𝜃̇1, … , 𝜃̇𝐹) = [
𝑥̇(𝜃̇1, … , 𝜃̇𝐹) 𝑦̇(𝜃̇1, … , 𝜃̇𝐹) 𝑧̇(𝜃̇1, … , 𝜃̇𝐹)

𝛼̇(𝜃̇1, … , 𝜃̇𝐹) 𝛽̇(𝜃̇1, … , 𝜃̇𝐹) 𝛾̇(𝜃̇1, … , 𝜃̇𝐹)
]    (2.6) 

Or in vector form,  

𝑴Pa = [𝒕
𝜉PaT

𝒓𝜉PaR
] 𝑴̇Pa = [𝒕̇

𝜉PaT

𝒓̇𝜉PaR
]        (2.7) 
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2.2 Screw Algebra and Its Practice in Structure Synthesis  

2.2.1 Screw Algebra 

The operation and computation of the output matrix are sophisticated. Usually, the derivation 

process will also involve complicated coordinates transformations and nonlinear algebraic 

equations. To avoid confusions and focus on the essence of mechanism design, the 

independency of a mechanism, screw algebra was introduced. 

Definition 2.1 Screw [2.3]. In three dimensional space, a 6 dimensional geometric body was 

defined as a screw. A screw comprises of two 3 dimensional vectors, as 

𝒮 = [
𝒔
𝒔0
] = [

𝒔
ℎ𝒔 + 𝝆 × 𝒔].         (2.8) 

In eq. (2.8), s is a 3 dimensional vector, used to describe the orientation and length of a screw 

axis. ℎ is the pitch of a screw. ρ is the vector start from origin to any point of the screw axis.  

 

Figure 2.1. The definition of a screw. 

Any inertial motion of rigid bodies in 3 dimensional space can be seen as a combination of a 

rotation and a translation along an axis. If the rotation axis is defined as s = ωl in definition 2.1, 

s0 will be the instantaneous motion of the point fixed to the moving body which coincides with 

the origin of the fixed coordinates. Where, hs was caused by the pitch and ρ × s was caused by 

the rotation. Normally, the hs was handled as any translational along the rotation axis. 

According to the reference coordinates, a screw can be written as 
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𝒮 = [
𝒔0
𝒔
] = [

𝑡𝑥 𝑡𝑦 𝑡𝑧
𝑟𝑥 𝑟𝑦 𝑟𝑧

].        (2.9) 

Note that, to conform to the form of output motion matrix, the two vectors of a screw were 

replaced by each other. As earlier discussed, the screw can describe the instantaneous motion of 

a rigid body, thus, the screw can describe the velocity characteristic of a rigid body, 

𝒮 = [
𝒔0
𝒔
] = [

𝑡𝑥 𝑡𝑦 𝑡𝑧
𝑟𝑥 𝑟𝑦 𝑟𝑧

] = 𝑴̇S = [
𝑥̇ 𝑦̇ 𝑧̇

𝛼̇ 𝛽̇ 𝛾̇
].     (2.10) 

Similarly, 𝒔0 indicates the translational velocity of the point fixed to the moving body and 

coincides with the origin of the fixed frame, 𝒔 indicates the rotational velocity. The screw was 

called twist in this case. The screws are used to express pure translational motions with an 

infinite 𝒔0 or zero 𝒔, to express pure rotations with a zero ℎ. 

For a motion with different output DOFs, the output motion matrix can be written in dual vector 

form of a screw, as eq. (2.7). In this case, 𝑴Pa and 𝑴̇Pa are no longer coordinate related. 

Geometrical relation between screws is the main factor to determine the output DOFs. 

1) Related Definitions 

Definition 2.2 Screw System. 

A screw system 𝕊 is an assembly, that comprises of all the linear combinations of a set of 

linearly independent screws {𝒮1, … , 𝒮𝑛}. This set of linearly independent screws is a basis of 

the screw system. The number of screws in a basis is the rank of this screw system. 

Definition 2.3 Union and Intersection of Screw Systems. 

Given two screw systems 𝕊1 and 𝕊2, the union of them is defined as an assemble fulfils 

𝕊1 ∪ 𝕊2 = {𝒮|𝒮 ∈ span({𝒮1, … , 𝒮𝑛, 𝒮𝑛+1, … , 𝒮𝑛+𝑚})}.     (2.11) 

Where, {𝒮1, … , 𝒮𝑛} is the basis of 𝕊1, {𝒮𝑛+1, … , 𝒮𝑛+𝑚} is the basis of 𝕊2. The union is the 

span of the union of two bases, but includes not only the members in two screw systems. 

The intersection of two screw systems includes all the members belong to both systems, 
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simultaneously, 

𝕊1 ∩ 𝕊2 = {𝒮|𝒮 ∈ 𝕊1, 𝒮 ∈ 𝕊2}.       (2.12) 

Definition 2.4 Linear Dependency of Screws. 

If there exists a set of real scalars, not all zero, such that  

𝜆1𝒮1 + 𝜆2𝒮2 +⋯+ 𝜆𝑛−1𝒮𝑛−1 = 0,       (2.13) 

the screws {𝒮1, … , 𝒮𝑛} are linear depent. 

2) Screw Algebra in Robotic Topology 

Serial connected screws 

If n rigid bodies were connected in series to a base using a series of screws, the velocity of the 

last rigid body at this configuration can be expressed in screw form, as 

𝒮 = 𝜆1𝒮1 + 𝜆2𝒮2 +⋯+ 𝜆𝑛−1𝒮𝑛−1.      (2.14) 

𝜆𝑖 is the velocity magnitude of the i-th twist. This equation conforms to the definition of the 

union of screw systems. Thus, the possible velocity of the end link, 𝕊end, is the union of all the 

screws systems. 

𝕊end = ⋃ 𝕊𝑖
𝑛
𝑖=1          (2.15) 

Parallel connected screws 

If one rigid body is connected by multiple screws, the velocity of it should obey all the screw 

systems, simultaneously. The screw of the moving body should be the intersection of all the 

screws connected to its motion. 

𝕊end = ⋂ 𝕊𝑖
𝑛
𝑖=1          (2.16) 

That means, the velocity of end effector should belong to all the velocity spaces of all the limbs. 

The twist of it is 

𝒮 ∈ 𝕊𝑖 , 𝑖 = 1,… , 𝑛.        (2.17) 
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2.2.2 Linear Dependency of Motion Screws  

The linear dependency of screws decides if a screw can be expressed by other screws. 

Correspondingly, the motion screws’ dependency decides that if a motion can be formed by the 

combination of other motions. Dai’s work [2.3] has given the approaches of judging the 

dependency of screws. The principle of them is to judge if the determinant of reciprocal 

products matrix is zero. The essence of this approach is to judge if the screws form a basis, or if 

the matrix they form is full rank. 

 

(a)         (b) 

Figure 2.2 The dependency of two screws. (a) Two parallel screws are not dependent, 

however, (b) the motions they represented can be dependent. 

Table 2.1 Dependent motion screws. ( : rotations, : translations) 

Parallel 

translational 

motions 

Three or more 

translations 

parallel to one 

plane 

Four or more 

translations not 

parallel to one 

plane 

Parallel 

rotations 

Four or more 

rotations in 

different 

directions 

 
   

 

1 output 2 outputs 
Maximum 3 

outputs 
1 output 

Maximum 3 

outputs 
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However, in the process of topological designing, the rank (or DOF) of output motion is the 

primary task. The dependency between motion screws is not depending on the coordinates, 

some dependency will change under different frames. For the sake of enduing some specific 

DOFs for the output link, the location of links can be swiftly adjusted. For example, two 

rotations are linear dependent only if they are coaxial. Under some specific coordinates frame, 

they are still linear dependent, if they are only parallel to each other. As shown in fig. 2.2 (b), 

the two screws will generate equal rotation and parasitic translational at a moved origin O’. In 

this case, the two screws are dependent. Hereby, a list of five sets typical dependent motions 

and their output independent DOFs are listed in table 2.1. 

2.2.3 Screws of Various Joints 

Kinematic pairs (joints) are the movable connections between links. Meanwhile, they are the 

kinematic description between links. Different types of joints limit the relation of two or more 

links to a specific DOF. Based on installation or motion process, joints endue different outputs, 

but the DOF they endued is constant.  

Among the motions a joint provides, there are dependent DOFs and independent DOFs. A 

rotation joint, e. g., provides an independent rotational DOF and a dependent parasitic 

translational DOF at the origin point, if the origin deviates from the axis of the joint. 

A dependent DOF is not changing the dependency of following joints in a serial connected 

kinematic chain. Once the independent DOF of a joint was changed by joints in advance, the 

customary dependent DOF should be treated as a possible independent DOF. For instance, if the 

former serial connected joints provide three rotational DOFs, the rational joint will provide a 

independent translational motion and a dependent rotation. Dependency of some typical one 

DOF joints and their dependency priorities are listed in table 2.2. Besides the parallel (∥) and 

orthogonal (⊥), there more geometric relations between joints, such as concentric ( ̂ ), coaxial 

(∕), parallel to coplane (∥ ⎕), indeterminate connection (−), etc.. These realations are 

irrelevant to coordinates, but determinant to the rank of output motion matrix. 
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Table 2.2 Output motions of one dimensional joint and their priorities. 

Joints’ notation 
Outputs and their dependency 

priority 

Output motion matrix  

({∙}: dependent outputs)  

P 

(prismatic joints) 

 1. translational [
𝒕1(∥ P)

𝒓0
] 

R  

(rotational joints) 

 1. axial rotation [
{𝒕1(⊥ R, 𝜌)}

𝒓1(∥ R)
] 

 2. parasitic translational [
𝒕1(⊥ R, 𝜌)

{𝒓1(∥ R)}
] 

H  

(helical joints) 

 1. axial rotation [
{𝒕1(∥ H)} + {𝒕1(⊥ H, 𝜌)}

𝒓1(∥ H)
] 

 
2. axial translational 

(pitch) 

[
𝒕1(∥ H) + {𝒕1(⊥ H, 𝜌)}

{𝒓1(∥ H)}
] 

 3. parasitic translational [
{𝒕1(∥ H)} + 𝒕1(⊥ H, 𝜌)

{𝒓1(∥ H)}
] 

2.3 Structure Analysis of Parallel Kinematic Mechanisms 

2.3.1 Single Open Kinematic Chain (SOC) and Single Looped Kinematic Chain (SLC) 

An SOC comprises of serially connected joints and links, each joint or link has binary 

connections with other links or joints, expect the extreme ones (end effector and fixed base). 

The mobility of an SOC is the dimension number of its joint space, as [2.1] defined, 

𝐹S =∑𝑓𝑖

𝑚

𝑖=1

 

(2.18) 
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fi is the DOF of the i-th joint, m is the number of joints. The connectivity of an SOC is the 

dimension number of the independent motion space, as 

𝜉S = rank(𝑴S)          (2.19) 

𝑴S is the output motion matrix. This can be computed through analytical method in limited 

cases. More efficient method would be the geometrical dependency determination, as, e.g., 

listed in table 2.1 and table 2.2. 

 

Figure 2.3 The formation of an SLC 

All the parts in an SLC are binary connected, including the base and end effector. If an SLC was 

opened from any link, it forms an SOC. This is called the associated SOC of the SLC. The ranks 

of output motion matrices of SLC and of associated SOC are equal. The difference is that, the 

output motion matrix of SLC, 𝑴L, is equal to a zero matrix. 

𝑴S =∑[
𝒕𝑖
𝜉T

𝒓𝑖
𝜉R
]

𝑚

𝑖=1

, 𝑴L =∑[
𝒕𝑖
𝜉T

𝒓𝑖
𝜉R
]

𝑚

𝑖=1

= 𝟎 

(2.20) 

𝒕𝑖
𝜉T and 𝒕𝑖

𝜉R are the translational and rotational displacements of the i-th joint. Thus, the motion 

of the m-th link is limited to the kernel space of this associated SOC output motion matrix. The 

mobility of an SLC is defined to be equal with its associated SOC. The mobility of an SLC is 

inheriting defined as 

𝐹L =∑𝑓𝑖

𝑚

𝑖=1

− 𝜉S. 

(2.21) 
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It indicates the joint space dimension of an SLC. 

2.3.2 Formation of Parallel Kinematic Mechanism 

A parallel kinematic mechanism (PKM) contains more than one limbs, a moving platform 

({MP}) and a fixed base ({FB}). The limbs can be SOCs or hybrid SOCs (HSOC). A PKM can 

be expressed as  

PKM = {MP} + {FB} +∑{HSOC𝑗}

𝜈+1

𝑗=1

. 

(2.22) 

ν is the number of loops that can be calculated as 𝜈 = 𝑚 − 𝑛 + 1. Where, 𝑚 is the number of 

joint, 𝑛 is the number of links. The HSOC can be an SLC or a chain formed by multi-loops.  

The output motion matrix of a PKM, 𝑴Pa, is defined as the motion characteristic of the {MP}, 

which is a function of active inputs, seeing eq. (2.7). As described in eq. (2.16), 𝑴Pa, as a screw 

system, should be the intersection of all the output matrices of all the limbs connecting {MP} 

and {FB}, i.e. 

𝑴Pa =⋂𝑴S𝑗

𝑛l

𝑗=1

. 

(2.23) 

𝑛l is the number of limbs (SOCs and HSOCs). 

2.3.3 PKM in a View of Basic Kinematic Chain 

The synthesis of PKM includes the design of limbs, configuration of limbs’ origins and their 

connections to moving platform. Different designs will fulfil the same kinematic requirement of 

the output part. However, different designs will lead to different complexity of the mechanism. 

For example, in fig. 2.4, both designs endue the end effector (shadowed) a 4 dimensional 

motion space. It is obvious that the design in fig. 2.4(b) is topologically simpler, since the 

position of one point of the end effector with respect to the line S1AS1B̅̅ ̅̅ ̅̅ ̅̅ ̅ is apparent. While, the 
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rotation and translational motion of the whole end effector in fig. 2.4(a) are coupled, i. e., any 

item in eq. (2.6) is the function of all the inputs. There is, therefore, a demand of describing the 

complexity degree of PKM. 

 

(a)       (b) 

Figure 2.4 Two designs of 4 DOF SLC, while motion point S2AB in (b) is one dimensional. 

To express the complexity of a PKM in a proper manner, Yang and Yao have proposed another 

view of dissecting in their former work ([2.2]). Its basic idea is to view a PKM as a composition 

of SOCs. The 1st SOC closes its extreme links to form the 1st basic loop. The 2nd SOC will be 

connected to the 1st SOC with its extreme links, et cetera, until it forms ν basic loops. The SOCs 

to form a basic loop should be selected from the ones which obtain the minimum absolute 

constraint degree, |Δi|. 

The loops can be distinguished as two types: dependent and independent. A dependent basic 

loop connects its extreme links, while, an independent loop connects its extreme links to other 

basic loops. As illustrated in fig. 2.5, the 2nd loop is independent and the νth loop is dependent. 

For this reason, an independent loop is in general an HSOC. Considering the minimum |Δi| 

principle mentioned in advance, if an SOC forms an independent loop or a part of a dependent 

one, depends only on which leads to a smaller |Δi|. 
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Figure 2.5 Formation of a PKM. 

1) Constraint Degree Δi 

Constraint degree, Δi, reveals how the present kinematic chain affects other chains or the whole 

mechanism. A negative Δi will constrain other chains and reduce the DOF of whole mechanism; 

a positive Δi will provide extra DOFs for the whole mechanism and be constrained by some 

negative Δi chains; a zero Δi is not affecting other chains. As mentioned in [2.2], for SOCi 

∆𝑖= ∑ 𝑓𝑗
𝑚𝑖
𝑗=1 − 𝐼𝑖 − 𝜉l𝑖.       (2.24) 
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In which, 𝑚𝑖 is the number of joints in SOCi, 𝑓𝑗 is the DOF of j-th joint, 𝐼𝑖is the number of 

driving joints in SOCi and 𝜉l𝑖 is the minimum rank among the ranks of all the loops including 

SOCi. Note that, the 𝑓𝑖 in eq. (2.24) does not include the local DOF between joints. 

It is not hard to find the similarities between Δi and the mobility of SLC, 𝑚l𝑖, in eq. (2.21). The 

difference is in eq. (2.24), only the DOF of present SOC was considered, but not of the whole 

loop as eq. (2.21). Δi, thus, indicates the DOF contribution of a part of a loop to the whole loop. 

As the 𝑚𝑖 increasing, the kernel space of equation (2.20) expends. Thus, the DOF of the SLC 

formed by this loop increases. 𝐼𝑗  driving joints are controlled by the user, which are not 

providing ‘freedom degree’. 

Since the computation of constraint degree bases on mobility, but not connectivity, the 

over-constrained mechanisms, such as a Sarrus linkage, are not considered. The over 

constrained degree should be calculated in advance through geometrical method and eq. (2.16), 

then the constraint degree and coupling degree can be obtained. This present work will ignore 

this problem and focus on 6 DOF PKM, by which over constrained problem occurred rarely. 

2) Coupling Degree k 

The coupling degree, k, is half the sum of absolute constraint degrees. It indicates how complex 

the mechanism is. Let ν be the number of loops in this mechanism, k can be calculated as 

𝑘 =
1

2
∑|∆𝑖|

𝜈

𝑖=1

. 

(2.25) 

The value of k is the least searching dimension of solving the FKP of a PKM, as mentioned in 

[2.5] [2.6]. For a PKM with k=0, all the joint parameters of loops can be directly computed. In 

the case k=1, all the joint parameters can be obtained through 1 dimensional searching. 

3) Basic Kinematic Chains 

A basic kinematic chain (as BKC in [10]) is a kinematic chain with 0 mobility. It is can be 

determined as 
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BKC =⋃SOC𝑖

𝜈𝑗

𝑖=1

{SOC𝑖 |∑|∆𝑖|

𝜈𝑗

𝑖=1

= 0, ∑ |∆𝑖|

𝜈𝑘<𝜈𝑗

𝑖=1

≠ 0} 𝜈𝑗 ≤𝜈. 

(2.26) 

νj is the number of loops in this BKC. 

Through dividing a PKM into BKCs, the location of coupling degree will be confirmed. The 

solution of FKP of a coupled PKM will be transferred into the solution of different BKCs, each 

type of which obtain a fixed number of coupling degree and solution numbers. 

4) Local DOF and Pseudo-Local DOF  

If one DOF of a link in a kinematic chain will not affect the shape of the kinematic chain, it is 

defined as local DOF of this chain. If a link with local DOF connects and affects the kinematic 

of other chains, the local DOF is defined as pseudo. As mentioned in advance, constraint degree 

indicates the DOF relation of a chain with others.  

 

(a)       (b) 

Figure 2.6 Local DOFs in two SLCs. The S2AB in (a) turns to a pseudo-local DOF, RAB, in (b). 

Rbase in both is always pseudo-local. 

However, some chains with zero ∆𝑖 apparently affect the DOF of other chains. This is due to 

that the pseudo-local DOF was eliminated in the present chain, but must be considered as a part 

of other chain. As illustrated in fig. 2.6, the local DOF RA and RB are isolated from other joints 

or chains, except the spherical joints on their both sides. The links with local DOF RAB and Rbase 

are connected to other links and must be considered in other chains. 
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2.4 Structural Synthesis and Analysis of 6 DOF PKM 

Gogu ([2.1]) has given a lot of systematic definitions and methods of structure logical 

associated graph of a kinematic chain. His works base on linear transformation and 

evolutionary morphology.  

Yang’ s work([2.2],[2.4]) provided a generalized procedure of parallel mechanisms structure 

synthesis. The method is inclined to utilize the geometric relation between joints inside or 

between limbs with the sake of screw theory. The multifarious function relations and 

coordinates transformation was wittingly simplified. This reveals the essence of kinematic 

relations of a parallel mechanism, the dependency between limbs and basic kinematic chains. 

2.4.1 Type Synthesis of Limbs for a 6 DOF PKM 

A 6 DOF PKM should obtain an output as 𝑴Pa = [𝒕3 𝒓3]T. Based on eq. (2.15), eq. (2.16) 

and eq. (2.23), output matrix of every limb in a PKM with 6 DOF should be 

𝑴l𝑗 = 𝑴Pa = [𝒕
3

𝒓3
].         (2.27) 

The SOC and HSOC limbs should thereout be structured. 

1) SOCs with 6 DOF 

Referred to table 2.2, various SOCs can be obtained, as 3P3R, 2P4R, 1P5R, 6R, where the 

sequence of joints can be varied and every joint can be replaced by a helical joint. Note that, due 

to the local DOF, output motion matrix rank of an SOC{−S − S−} is equal to a 5R: {−RR̂ −

RRR̂−}, which of a 6R SOC{−RRR̂ − RRR̂−} is also equal to a 5R SOC. 

2) HSOCs with 6 DOF 

An HSOC can be a combination or a derivative of different SOCs. Some DOFs or sub-chains of 

an SOC can be replaced by some DOF-equivalent kinematic loops, even by more complicated 

PKMs. Through this, diverse kinematic limbs could be generated to fulfil diverse design aims.  
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As table 2.3 illustrated, the limbs with 6 DOF can be classified as SOCs and HSOCs. For SOCs, 

type I is a kinematic chain with all kinds of basic lower kinematic pairs, type II includes chains 

with part of basic lower kinematic pairs. HSOCs of type A use SLCs to replace part of their 

DOFs, while HSOCs of type B were generated by duplicating and combining their origin SOCs. 

Based on these design thoughts, there exists numerous forms of limbs with 6 DOF. 

Table 2.3 Types of 6 DOF limbs. 

Types 

SOC HSOC 

I II I II III 

A(1) 

 

    

A(2) 

    

B(1) 

   

… 

B(2) 

   

… 
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2.4.2 Topological Analysis of Various 6 DOF Parallel Kinematic Mechanisms 

As discussed in last section, there are numerous designs of limbs with 6 DOF connectivity. 

During the designing of a PKM, these limbs should be selected considering some requirements, 

for example, space, load direction and range, coupling degree, manufacturing limitations, etc. 

For a narrow installation space, more multi-conjunction joints, such as double spherical joints, 

should be adapted. For high load scenarios, over-constraint structure should be arranged along 

the main load direction. For high-precision and real-time demanding cases, coupling degree 

should be considered reasonably. For an industrial mass production case or a cost-sensitive 

occasion, the designs with high machining requirements, such as triple spherical joints, should 

be avoided. But in the starting phase of designing, the emphasis should incline to the 

topological property of designs. Following, four designs of 6 DOF PKMs will be discussed.  

1) Gough- Stewart 6 DOF PKM 

A very typical design of this type mechanism is the well-known hexapod, Gough- Stewart 

platform, as shown in fig. 2.7(a). It was generated based on the SOC in group SOC B(2)-II of 

table 2.3. Since the uniformity of every limb, the first SOC can be chosen randomly. Its 

constraint degree, according to eq. (2.24)., is 

SOC1{−S1A − P2A − S3A − S3B − P2B − S1B −}, 

Δ1 = (14 − 4) − 2 − 6 = +2. 

The second SOC can be chosen and its constraint degree is  

SOC2{−R(1A−1B) − R(3A−3B) − S3C − P2C − S1C −}, 

Δ2 = (9 − 1) − 1 − 6 = +1. 

Which excludes local rotation inside limb-C. The rotational joints R(1A−1B) and R(3A−3B) are 

derived by the pseudo-local DOFs between limb-A and limb-B, seeing fig. 2.7(b). 

Correspondingly, constraint degrees of the rest limbs are calculated as following. 

SOC3{−S1D − P2D − S3D −}, Δ3 = (7 − 1) − 1 − 6 = −1, 

SOC4{−S1E − P2E − S3E −}, Δ4 = (7 − 1) − 1 − 6 = −1,  
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SOC5{−S1F − P2F − S3F −}, Δ5 = (7 − 1) − 1 − 6 = −1. 

A BKC should be a structure with 0 DOF, while, it obtains positive DOF by removing any links. 

Therefrom, the mechanism contains only one BKC, its coupling degree, from eq. (2.25) is 

𝑘 =
1

2
∑ |Δ𝑗|

5

𝑗=1
= 3. 

Therefore, solution of FKP will suffer a searching process in 3 dimensions. The mechanism can 

be expressed as 

PKM[6,6] = 6𝐽𝑖𝑛 + BKC1[+2, −1,−1] + BKC2[+1,−1]. 

 

(a)         (b) 

Figure 2.7 6 DOF Gough-Stewart platform and its topological dissect. 

This PKM contains 6 base connections, 6 moving platform connections (as [6,6]) and two 

BKCs. The constraint degrees of all the SOCs are listed in the square brackets after BKCs. 

2) First Derivative of Gough- Stewart 6 DOF PKM 

A derivative of Gough-Stewart platform was illustrated in fig. 2.8(a). This design realises 

3T-3R motion of the moving platform, while in this derivative, moving platform obtains only 3 
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connections with limbs. Each pair of limbs intersects through a “double sphere joint”. The 

intersections of limbs reduce the coupling degree of the whole mechanism.  

 

(a)         (b) 

Figure 2.8 First derivative of Gough-Stewart platform and its topological dissect. 

There are three identical basic closed loops. The basic closed loops are connected to the moving 

platform with sphere joints. Meanwhile, the limbs are connected to each other with sphere 

joints, too. We randomly chose one loop as the first single open chain, then the constraint 

degree can be calculated. 

SOC1{−S1A − P2A − S3A(S3B) − P2B − S1B −}, 

Δ1 = (11 − 3) − 2 − 6 = 0. 

Comparing to the Gough-Stewart platform, there is no local DOF between S3A and S3B. A 

zero constraint degree indicates the independence of this SOC. In other words, this SOC will 

not affect the DOF of the whole mechanism. Due to the zero constraint degree, SOC1 , 

excluding the driving prismatic joints, itself forms a BKC whose coupling degree is also zero. 

This indicates a certainty of its shape. Similarly, the other 2 identical closed loops can be taken 

as SOC2 and SOC3. Their constraint degrees are, 

SOC2{−S1C − P2C − S3C(S3D) − P2D − S1D −}, Δ2 = (11 − 3) − 2 − 6 = 0. 
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SOC3{−S1E − P2E − S3E(S3F) − P2F − S1F −}, Δ3 = (11 − 3) − 2 − 6 = 0. 

As illustrated in fig. 2.8(b), SOC4, and its constraint degree are 

SOC4{−R(1A−1B) − S3AB − S3CD − R(1C−1D) −}, Δ4 = (8 − 1) − 6 = +1. 

In which, R(1A−1B) and R(1C−1D) are derivatives of pseudo-local DOFs between S1A and S1B, 

and between S1C and S1D. S3AB and S3CD are the pairs between SOC1, SOC2 and the moving 

platform. The local DOF between S3AB and S3CD was excluded from the constraint degree. 

The last SOC was defined as  

SOC5{−R(1E−1F) − S3EF − R(3AB−3CD) −}, Δ5 = 5 − 6 = −1. 

Where, R(1E−1F) is a derivative of pseudo-local DOF between S1E and S1F, R(3AB−3CD) is a 

derivative of local DOF between S3AB and S3CD. This mechanism comprises apparently 4 

BKCs, they are BKC1[SOC1] , BKC2[SOC2] , BKC3[SOC3]  and BKC4[SOC4⨁SOC5] . The 

coupling degrees of the former three BKCs are all zero. The coupling degree of the last BKC is 

1. The mechanism can be thus expressed as 

PKM[6,3] = 6𝐽𝑖𝑛 + BKC1[0] + BKC2[0] + BKC3[0] + BKC4[+1,−1]. 

Thus, the shape of three visible loops can be analytically solved, while the numerical solution of 

the related pose among these three loops must be solved through 1 dimensional search. 

3) Second Derivative of Gough- Stewart 6 DOF PKM 

Another derivative of Gough-Stewart platform can be found in fig. 2.9(a). It contains 6 limbs 

which form two HSOCs and one SOC. Through a triple sphere joint, limbs-B, C and D are 

connected to one point on the moving platform, while, limbs-E and F are connected through a 

double sphere joint to the moving platform. 

Similarly to last configuration, the closed loop formed by limbs-E and F was chosen as SOC1, 

its constraint degree is 

SOC1{−S1E − P2E − S3EF − P2F − S1F −}, Δ1 = (11 − 3) − 2 − 6 = 0. 
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(a)         (b) 

Figure 2.9 Second derivative of Gough-Stewart platform and its topological dissect. 

SOC2 is formed by limb-B and limb-C. Its constraint degree is  

SOC2{−S1B − P2B − S3BCD − P2D − S1C −}, Δ2 = (11 − 3) − 2 − 6 = 0. 

The local DOFs between S3B(S3C) and S1C, between S1B and S3B(S3C), and between S1B 

and S1C, were excluded. Adhering to the minimal constraint principle, the rest of SOCs are 

confirmed, their constraint degrees are calculated as following. 

SOC3{−R(1B−1C) − S3BCD − P2D − S1D −}, Δ3 = (8 − 1) − 1 − 6 = 0. 

SOC4{−R(1E−1F) − S3EF − S3BCD −}, Δ4 = (7 − 1) − 6 = 0. 

SOC5{−S1A − P2A − S3A − R(3BCD−3EF) −}, Δ5 = (8 − 1) − 1 − 6 = 0. 

Notice that, the S3EF  and S3BCD  represent different kinematic pairs in different SOCs. In 

SOC1  and SOC2 , S3EF  is the pair between limb-E and limb-F, S3BCD  is the pair between 

limb-B and limb-C. In SOC3, S3BCD is the pair between limb-D and the HSOC formed by 

limb-B and limb-C. In SOC4 S3EF and S3BCD  are the pairs between moving platform and 

limbs. The coupling degree for each SOC is zero. Consequently, the mechanism contains five 

BKCs and can be expressed as 



 

28 

PKM[6,3] = 6𝐽𝑖𝑛 + BKC1[0] + BKC2[0] + BKC3[0] + BKC4[0] + BKC5[0]. 

This PKM configuration can be thus analytically solved. 

4) Third Derivative of Gough- Stewart 6 DOF PKM 

Inspired by the first derivative of Gough-Stewart, a more compact mechanism was developed, 

as shown in fig. 2.10(a). Topologically speaking, the two mechanisms are identical. The 

intersections on the base are not changing the connection number between limbs and base, since 

all the limbs (or SOCs) grow from the base through various pairs.  

 
(a)         (b) 

Figure 2.10 Third derivative of Gough-Stewart platform and its equality with the first 

derivative of Gough-Stewart platform. 

Geometrically speaking, the dissections of both mechanisms are indeed to solve the following 

problem: given shapes of three triangles and the location of one side of each triangle, to find a 

posture, where the vertexes form a specific triangle. The equivalence of two mechanisms are 

illustrated as fig. 2.10(b). Once the lengths of driving linear actuators are determined, the BKCs 

are representing nothing but the location of point D, E and F. Hence, the coupling degree of both 

mechanisms are 1, indicates a one dimensional searching process in FKP solving. The solution 

will be discussed in Chapter 4. 
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5) Derivative of Gough- Stewart 6 DOF PKM with Cardan Joints  

In order to realize a 6 DOF motion of the moving platform, the SOCs or HSOCs should obtain 

6 DOF motion outputs. The sphere joints can also be replaced by various joints. As mentioned 

in former work [2.7] and [2.8], different joints obtain different input-output characteristics. 

However, the topology structure of the 6 DOF PKM is not changed, as seen in fig. 2.11(a). The 

only difference is that, the local DOF between two S joints of one limb was eliminated and 

replaced by the relative rotation between lower and upper part of one limb. Similar to 

mechanism in fig. 2.7, there are five BKMs in fig. 2.11(a) and the coupling degree is 3. 

One of the most indisputable disadvantages of the mechanisms in fig. 2.9 (a) and fig. 2.10(a) is 

the limited working space of double or triple concentric sphere joints. At the same time, their 

load capacity and mechanical complexity are not competitive. Thus, the double Cardan joint 

was adopted and studied in this work, as shown in fig. 2.11(b).  

Fig. 2.11(c,d) illustrate the mechanical drawing and topological diagram of this joint. From the 

base, the assemble connect two outputs through three axes. All axes intersect at one common 

point. The two outputs share one axis at the end of their own chain. There are three mechanical 

chains in this assemble: base- outputA, base- outputB and outputA- outputB. As configured in fig. 

2.11(b), the double Cardan joint, with extra rotational DOFs (outside the line box in fig. 

2.11(d)) on both outputs, effects equally as a concentric double sphere joint in fig.2.11(e). 

Proof. 

Output motion characteristic equation of a sphere joint is 

𝑴S = [
𝟎
𝒓3
].         (2.28) 

That between both outputs of a double Cardan joint is 

𝑴A′−B′ = [
𝟎
𝒓1
]
4A
+ [

𝟎
𝒓1(⊥ R4A)

]
3A

+ [
𝟎

{𝒓1(≡ R3A)}
]
3B

+ [
𝟎

𝒓1(⊥ R3A)
]
4B

= [
𝟎
𝒓3
] . 

(2.29) 

That between the base and the two outputs 
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𝑴base−A′(B′) = [
𝟎
𝒓1
]
1
+ [

𝟎
𝒓1(⊥ R1)

]
2

+ [
𝟎

𝒓1(⊥ R2, ≡ R3A(3B))
]
3A(3B)

+ [
𝟎

{𝒓1(⊥ R3A(3B))}
]
4A(4B)

= [
𝟎
𝒓3
] . 

(2.30) 

(a)         (b) 

 

(c)         (d)        (e) 

Figure 2.11 The consideration of a re-design from original Gough-Stewart platform to a 

double Cardan joint integrating design. (a) 6 DOF PKM with Cardan joints; (b) 6 DOF 

PKM with double Cardan joints; (c) double Cardan joint; (d) topological diagram of 

double Cardan joints (inside square frame); (e) equivalent double sphere joint. 
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Note that, the two redundant DOFs in R4A(4B) in eq. (2.30) are not local DOFs. They will not 

cause any extra local motion, but were constrained by the uniqueness of common axis 𝑙C. Out 

of the same reason, the local DOF in R3B of the former equation was constrained, too. The 

motion pattern among outputA’, outputB’ and base are the same with the three ends of a 

concentric double sphere joint. □ 

If the concentric double sphere joints in fig. 10(a) were replaced by the mechanism in fig. 

2.11(d), one extra rotational joint in each limb can be eliminated. Further, the double-double 

mechanism in fig. 11(b) will be derived. This mechanism is topologically identical with fig. 

2.10(a), despite the local DOFs in each limb. However, double Cardan joints obtain advantages, 

such as, simpler structure, lower manufacture requirement, higher mechanical strength, wider 

operational space. These properties will be further discussed in Chapter 5. 

2.5 Chapter Summary and Discussions 

In this chapter, the structural synthesis and topological design of 6 DOF PKM were discussed. 

Screw theory was used during the topological analysis. This chapter also adapted the output 

motion matrix and combined it with screw theory. This combination does not dwell on the 

analytical computation of the rank of Jacobian matrix, but focuses on the geometric relations 

between the joints represented by screws. The rank, or the motion dimension, of a series 

connected joints was obtained by the determination of their dependencies. The concepts, 

coupling degree and basic kinematic chain, were utilized design and analyse the topological 

structures of different types of 6 DOF PKMs. These concepts provided a range of judging 

between designs. 

At the end of this chapter, various derivative of 6 DOF PKMs were analysed. Through finding 

BKCs of them, the coupling degree was clarified. In the last derivative, the equality of using 

spherical joints and double Cardan joints was discussed. The feasibility of the design was 

proven. 
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Chapter 3 

Basis of Lie Group, Algebra and Displacements 

Operators 

The expression of the motion in the space is a classical topic in graphic theory, kinematics and 

mechanics. A better expression form of rigid body motion can increase the computation speed 

and accuracy. In this chapter, some basic ideas of group theory and its accompanied algebra will 

be introduced, which are highly connected to the displacement operators. The group actions on 

the algebra will be represented. Some classical displacement operators will be listed and 

discussed, as the foundation of kinematic and dynamic analysis in the following chapters. 

3.1 A Brief Review and Introduction 

A reliable study of classic displacement operator commenced with the Rodrigues parameters 

([3.1]), which applies half of the rotation angles and the rotation axis to represent a rotation 

motion. Based on it, the Rodrigues formula was formed. The Euler-Rodrigues formula ([3.2]) 

was also derived from this point. Cayley formulated the skew-symmetric rotation matrix based 

on Rodrigues parameters ([3.3]). Rodrigues also suggested a tuple of four parameters in [3.1], 

and derived Rodrigues quaternions, which promoted the derivation of Euler-Rodrigues formula. 

Quaternions itself is also an ancient concept firstly invented by Hamilton ([3.4]) in the middle 

of 19th century to express the rotations. It shows advantages in long term practical utilizations. 

Inspired by this concept, Clifford introduced dual-quaternions in [3.5]. As a representation of 

elements of SE(3), the primary part of a dual-quaternions is the quaternions formed by 
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Rodrigues four-parameters, its secondary part is a quaternions product of the primary part and 

the translational pure quaternions. 

This chapter will follow the layout below: First, a brief introduction of group theory will be 

presented, and some representations will also be introduced; then, the Lie Algebra and their 

representations will be discussed; third, the relation between displacements and velocity vector 

space, as exponential maps, will be derived in a compact form; some other displacement 

operators will be listed; lastly, the chapter will be summarized. 

3.2 Lie Groups 

In kinematics, Lie group theory is used to describe and analyse the symmetries, transformations, 

and configurations of mechanical systems, particularly those involving rotations and 

translations. It provides a powerful mathematical framework for studying and analysing the 

geometric aspects of motion and transformations in kinematics. It is widely applied in robotics, 

mechanical engineering, computer graphics, and related fields to model, simulate, and control 

the motion of objects and systems. 

3.2.1 Groups and Lie Group 

Definition 3.1 ([3.6]): A group is an ordered pair (𝑮,∘) such that 𝑮 is a set, ∘ is an associative 

binary operation on 𝑮, and ∃𝑒 ∈ 𝑮 such that  

i. if 𝑎 ∈ 𝑮, then 𝑎 ∘ 𝑒 ∈ 𝑮, 

ii. if 𝑎 ∈ 𝑮, then ∃𝑎−1 ∈ 𝑮 such that 𝑎 ∘ 𝑎−1 = 𝑒. 

The first axiom ensures the closeness of a group, and the second ensures the identity of a group. 

Without misunderstanding, the group can be denoted as 𝑮. From the definition axioms two 

theorems can be derived, 

Theorem 3.1: if 𝑎 ∈ 𝑮, then 𝑎 ∘ 𝑒 = 𝑎 and 𝑒 ∘ a = 𝑎 
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Theorem 3.2: if 𝑎 ∈ 𝑮 and 𝑏 ∈ 𝑮, there must be 𝑥 ∈ 𝑮, so that, 𝑎 ∘ 𝑥 = 𝑏. 

Definition 3.2: A Lie group is a set 𝑮 equipped with both a group structure and a smooth 

manifold structure such that the group multiplication and inversion operations are smooth. 

In other words, the multiplication and inversion operations in the Lie group are continuous and 

differentiable, making 𝑮 a smooth manifold with a well-behaved group structure. The smooth 

manifold structure allows Lie groups to be described locally by coordinates. Additionally, the 

smoothness of the group operations ensures the group elements to be smoothly transformed into 

one another. This property is of great importance in kinematic analysis among the other areas.  

3.2.2 SO(3) and Rotation Matrix 

The rotation group, SO(3), also known as the Special Orthogonal Group in three dimensions, is 

a specific type of Lie group. It consists of all the proper rotations in three-dimensional 

Euclidean space that preserve the orientation of objects. The special in the name refers to the 

determinant of the rotation matrices being equal to 1.  

Definition 3.3: A rotation group, SO(3), is the set of all the 3-dimensional Euclidean proper 

rotations. In matrix form, it contains all the 3×3 orthogonal matrices whose determinant is 1. 

In the kinematic analysis, the SO(3) is normally considered equivalent to a rotation matrix. It is 

not difficult to realize that the formation of a rotation matrix is not unique. It can be represented 

as various Euler angles, screws or unitary quaternions (both are representations of rotation axis 

and angle) and the exponential map of its Lie algebra, so(3). The pose variation caused by the 

motion of a mechanism is a curve in the vector space, as 𝑹(𝑡) ⊂ 𝑆𝑂(3), which defines the pose 

space of the mechanism. A rotation matrix can be written as 

𝑹 = [

𝑟𝑥𝑥 𝑟𝑦𝑥 𝑟𝑧𝑥

𝑟𝑥𝑦 𝑟𝑦𝑦 𝑟𝑧𝑦

𝑟𝑥𝑧 𝑟𝑦𝑧 𝑟𝑧𝑧

]        (3.1) 

There are some practical and important properties of a rotation matrix. 
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Property 1. 𝑹𝑹T = 𝑰, where, I is the identity matrix. 

Property 2. det𝑹 = 1, follows the definition of SO(3). 

Property 3. cos 𝜃 = (tr𝑹 − 1) 2⁄ , where 𝜃 is the rotation angle along the rotation axis, tr𝑹 is 

the trace of rotation matrix. 

Property 4. 𝝎 = 𝒖 ‖𝒖‖⁄ , where 𝝎 is the unitary rotation axis and 𝒖 =

[𝑟𝑦𝑧 − 𝑟𝑧𝑦 𝑟𝑧𝑥 − 𝑟𝑥𝑧 𝑟𝑥𝑦 − 𝑟𝑦𝑥]T. 

Property 5. 𝑹 = [𝒙 𝒚 𝒛], where, x y and z are the orthonormal basis of the rotated frame 

projected in the old coordinates frame. 

3.2.3 SE(3) and Homogeneous Displacement Operator 

Definition 3.4: The special Euclidean group in three dimensions, denoted as SE(3), is a group 

that includes all rigid motions in an Euclidean space, including rotations and displacements but 

not reflections. 

Although SE(3) is defined in the Euclidean space, it is not considered as an Euclidean space in 

the traditional sense, because it preserves not only the metric but also the angular displacements. 

A 3-dimensional Euclidean space is the geometric space where points and distances are defined, 

while the special Euclidean group, SE(3), is a group of transformations acting on this Euclidean 

space, preserving its geometric properties (distances and angles) under the transformations. An 

element of SE(3) can be represented as a dual-matrix 

𝑫 = 𝑹 + 𝜖𝒕̃𝑹           (3.2) 

Where, 𝑹 is an element of SO(3), as eq. (3.1), 𝒕 is the translational displacement and 𝜖 is a 

dual-unit, 𝜖2 = 0. In block matrix form, it can be represented as 

𝑵 = [
𝑹 𝟎
𝒕̃𝑹 𝑹

]           (3.3) 

Definition 3.5: Ad(𝑔) is the adjoint operator of a Lie group, it can apply adjoint action on Lie 

group elements or on Lie algebra. 
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Ad(𝑔) itself is an element of Lie group, it can be represented as matrix. E.g. if 𝑔 ∈ 𝑆𝑂(3), the 

adjoint operator of g can be written as rotation matrix R, if  𝑔 ∈ 𝑆𝐸(3), it can be written as 

4×4 matrix H, or 6×6 matrix N. These two representations act on Lie algebra elements in 

different forms. For a Lie algebra element, X, represented as matrix, 

Ad(𝑔)𝑿 = 𝑔𝑿𝑔−1.         (3.4) 

While, for the same element represented as 6-dimensional vector, as 𝒮 in eq. (2.8)  

Ad(𝑔) 𝒮 = 𝑵𝒮.           (3.5) 

The standard 4×4 representation of 𝑆𝐸(3) , also known as homogeneous displacement 

operator, is derived from the exponential map of standard 4×4 representation of an element of 

𝑠𝑒(3), as eq. (3.12) in Section 3.3, 

𝑯 = 𝑒𝑽 = [
𝑹 𝒕
𝟎 1

]         (3.6) 

The adjoint representation of 𝑆𝐸(3) is given as eq. (3.3). 

3.3 Lie Algebra  

Lie algebra enables one to analyse the behaviour of motion in a mathematically elegant and 

insightful way, particularly when dealing with small changes and local characteristics. It is an 

essential tool in kinematics for modelling, understanding, and manipulating the geometric 

aspects of motion in mechanical systems. In kinematics, Lie brackets provide insight into the 

relationships between different types of motion, helping to derive velocity equations that relate 

linear and angular velocities. 

3.3.1 Lie Bracket and Algebra 

Lemma 3.1: The Lie bracket is binary operator of finite-dimensional vector space, as 

[ , ]: ℜ𝑛 × ℜ𝑛 → ℜ𝑛,         (3.7) 
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and for 𝑿, 𝒀, 𝒁 ∈ ℜ𝑛 fulfils 

i. Bilinearity: [𝑎𝑿 + 𝑏𝒀, 𝒁] = 𝑎[𝑿, 𝒁] + 𝑏[𝒀, 𝒁], [𝑿, 𝑎𝒀 + 𝑏𝒁] = 𝑎[𝑿, 𝒀] + 𝑏[𝑿, 𝒁] , in 

which, a and b are scalars; 

ii. Antisymmetry: [𝑿, 𝒀] = −[𝒀, 𝑿], and therefore, . [𝑿, 𝑿] = 𝟎; 

iii. Jacobi Identity: [𝑿, [𝒀, 𝒁]] + [𝒁, [𝑿, 𝒀]] + [𝒀, [𝒁, 𝑿]] = 𝟎. 

Definition 3.6: Lie Algebra, 𝒈, is a finite-dimensional vector space equipped with Lie bracket. 

There is a Lie algebra associated to every Lie group. The Lie bracket essentially measures the 

"commutator" of two elements in the Lie algebra, providing a notion of the algebra's 

infinitesimal structure. A Lie bracket is a computation of two vectors to derive a third vector. If 

a Lie group 𝐺 has a smooth manifold structure, then its Lie algebra can be thought of as the 

tangent space at the identity element, which captures the local behaviour of group elements near 

the identity. Lie algebra is also a vector field, e.g. the Lie algebra se(3) of SE(3) and so(3) of 

SO(3) are 6- and 3- dimensional vector spaces, respectively. 

3.3.2 Adjoint Representation 

Definition 3.7: The adjoint representation of Lie algebra is the mapping from Lie algebra 

vector space to a general linear Lie algebra. For each element, 𝑿 ∈ 𝒈, the adjoint representation 

ad(𝑿) is a linear transformation on 𝒈 that maps each element 𝒀 ∈ 𝒈 to the Lie bracket 

[𝑿, 𝒀]. 

𝜑:𝑿 → ad(𝑿)           (3.8) 

ad(𝑿)𝒀 = [𝑿, 𝒀]         (3.9) 

The adjoint representation of an element of 𝒈 can also be in several forms, such as, screws, 

dual number, pure quaternions and matrix. 

Theorem 3.3: Ado’s theorem ([3.7]) states that every finite-dimensional Lie algebra over a field 

K near identity can be viewed as a Lie algebra of square matrices under the commutator 



 

41 

bracket. 

There are three forms of Lie algebra: vectors, dual-vectors and quaternions. Hereby, only the 

vector form is given, 

𝝎 = [

𝜔𝑥

𝜔𝑦

𝜔𝑧

] , 𝜴 = [
𝒗
𝝎

].        (3.10) 

In which, 𝝎 ∈ 𝑠𝑜(3), 𝒗 ∈ ℜ3 and 𝜴 ∈ 𝑠𝑒(3). Theorem 3.3 allows any finite-dimensional Lie 

algebra to be represented by an n×n matrix that fulfils Lie bracket. Thus, the adjoint 

representation of so(3) is a 3×3 skew-symmetric matrix, as 

ad(𝝎) = 𝝎̃ = [

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0
].        (3.11) 

Hence it can be seen, the Lie bracket of so(3) is in fact the cross product between two elements 

of it. There are two representations of se(3). The standard 4×4 representation is  

𝑽 = [
𝝎̃ 𝒗
𝟎 0

]          (3.12) 

In which, 𝝎̃ is the adjoint representation in so(3) and 𝒗 ∈ ℜ3. Thus, the elements of se(3) 

constitute a sub-space of ℜ4×4 . Another representation of se(3) is the 6×6 adjoint 

representation, as 

𝑾 = ad(𝜴) = [
𝝎̃ 𝟎
𝒗̃ 𝝎̃

].         (3.13) 

The two matrix representations are 6 dimensional and isomorphism (1-to-1 correspondence 

mapping, preserving group multiplication). 

3.4 Exponential Mapping 

The exponential map of a Lie algebra element is a powerful concept with wide-ranging 

importance in various areas of mathematics, physics, and engineering, especially, in trajectory 

planning and poses estimation. In this section, the derivation of an SE(3) element from an se(3) 
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element will be given. The derivation process is based on the motion of a rigid body. 

Definition 3.8: A single parameter subgroup of a Lie group is a group fulfils the smooth map 

𝛾:ℜ → 𝐺, so that 

𝛾(𝑠 + 𝑡) =  𝛾(𝑠)𝛾(𝑡). 𝑠, 𝑡 ∈ ℜ 

Note that, the mapping 𝛾 also maps the addition in real number domain to group multiplication. 

A single parameter subgroup is in fact one integral curve on the manifold of a Lie group. 

Definition 3.9: Exponential mapping is a smooth mapping from Lie algebra, 𝒈, to Lie group, 

𝑮, as  

exp: 𝒈 → 𝐺, 

exp(𝑿𝑡) = 𝑒𝑿𝑡 =  𝛾(𝑡). 𝑡 ∈ ℜ, 𝑿 ∈ 𝒈 

The proof of this definition can be found from works of Murray ([3.8]). Note that, only if 

[𝑿1, 𝑿2] = 𝟎, exp(𝑿1 + 𝑿2) = exp(𝑿1) + exp(𝑿2). 

3.4.1 𝒔𝒐(𝟑) ↦ 𝑺𝑶(𝟑): Exponential Mapping of a Rotation 

Based on Taylor series and the fact that for a unitary 𝝎̃, 𝝎̃3 = −𝝎̃, we obtain the exponential 

coordinates of a rotation. 

𝑒𝝎̃𝑡𝑛 = 𝑰 + 𝝎̃ sin 𝑡𝑛 + 𝝎̃2(1 − cos 𝑡𝑛)      (3.14) 

This result coincides with Euler-Rodrigues formula ([3.9]). 

3.4.2 𝒔𝒆(𝟑) ↦ 𝑺𝑬(𝟑): Exponential Mapping of a Twist and Related Equations 

Any alteration of a rigid body configuration can be concerned as a combination of a rotation 

about one axis 𝝎 and a translation along one translational velocity 𝒗𝜃. Consider a motion 

defined as fig. 3.1. In fig. 3.1, point 𝒒 is a point on the line where vector 𝝎 locates. The 

instantaneous velocity of point 𝒑 is 

𝒗𝑝 = 𝒗𝜃 + 𝒗𝜔 .          (3.15) 



 

43 

In which, 𝒗𝜔 = 𝝎̃(𝒑 − 𝒒) is the velocity of 𝒑 caused by rotation. Moreover, this velocity 

relation can be expressed as a first-order linear differential equation, 

𝒑̇ = 𝒗𝜃(𝑡) + 𝝎̃(𝒑(𝑡) − 𝒒(𝑡)).        (3.16) 

 

Figure 3.1. The motion analysis of one random rigid body and its vector definitions.  

Considering that, 𝒒(𝑡) is only driven by the tranlational velocity 𝒗𝜃 , there exists 𝒒(𝑡) =

𝒒(0) + ∫ 𝒗𝜃(𝑢) 𝑑𝑢
𝑡

0
. Then, velcoity of point 𝒑 can be written as 

𝒑̇ = 𝒗𝜃(𝑡) + 𝝎̃𝒑(𝑡) − 𝝎̃ (𝒒(0) + ∫ 𝒗𝜃(𝑢)𝑑𝑢
𝑡

0

) 

   (3.17) 

and its homogeneous form, according to eq. (3.12), is 

𝒑̇̅(𝑡): = [
𝒑̇
0
] = [𝝎̃ 𝒗𝜃(𝑡) − 𝝎̃ (𝒒(0) + ∫ 𝒗𝜃(𝑢)𝑑𝑢

𝑡

0

)

𝟎 0

] [
𝒑(𝑡)
1

] ≔ [
𝝎̃ 𝒗
𝟎 0

] [
𝒑
1
] = 𝑽𝒑̅(𝑡). 

(3.18) 

The 4×4 matrix 𝑽 is a Lie algebra element, scilicet, an element of se(3). This 𝑽 is also a 

time-varying twist since 𝒒 is changing due to 𝒗𝜃. Note that, in eq. (3.18), 𝝎 is time-invariant, 

while 𝒗θ is not arbitrarily parallel to 𝝎 and, thus, 𝒒 is not constant during the motion. As 

well known, to approach a general closed-form solution, a necessary condition is a constant 

coefficient. This leads to no closed-form solution of 𝒑̅. To this end, we let 
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𝒎(𝑡) = 𝒑(𝑡) − ∫ 𝒗𝜃(𝑢)𝑑𝑢
𝑡

0

. 

      (3.19) 

Rewrite equation (3.16) and bring equation (3.19) into it, we have 

𝒑̇ − 𝒗𝜃 = 𝝎̃(𝒑(𝑡) − ∫ 𝒗𝜃(𝑢) 𝑑𝑢
𝑡

0

) − 𝝎̃𝒒(0) ⟹ 𝒎̇(𝑡) = 𝝎̃𝒎(𝑡) − 𝝎̃𝒒(0). 

(3.20) 

Or in homogeneous form, 

𝒎̇̅(𝑡) = 𝑽𝑚𝒎̅(𝑡) ≔ [
𝝎̃ −𝝎̃𝒒(0)
𝟎 0

] 𝒎̅(𝑡).      (3.21) 

𝑽𝑚 is time-invariant and leads to a closed form solution, as 

𝒎̅(𝑡) = 𝑒𝝃̂𝑚𝑡𝒎̅(0)         (3.22) 

Giving an arbitrary modification rigid motion 

𝑔𝑚 =: [𝑰 −𝝎̂2‖𝝎‖−2𝒒(0)
0 1

] ϵ𝑆𝐸(3),       (3.23) 

and bring in equation (3.21), based on the inverse of eq. (3.4), the coordinates projection of 𝑽𝑚 

in coordinates 𝑔𝑚 is 

𝑽𝑚
′ =:𝑔𝑚

−1𝑽𝑚𝑔𝑚 = [𝑰
𝝎̃2

‖𝝎‖2
𝒒(0)

0 1

] [
𝝎̃ −𝝎̃𝒒(0)
𝟎 0

] [𝑰 −
𝝎̃2

‖𝝎‖2
𝒒(0)

0 1

] = [
𝝎̃ 𝟎
𝟎 0

] . 

(3.24) 

Here, the facts that, for a skew symmetric matrix 𝝎,  𝝎𝝎T = 𝑰‖𝝎‖2 + 𝝎̂2 and 𝝎T𝝎̂ = 𝟎, 

are used. Expand the exponantial form of equation (3.24) into a Taylor series form, 

𝑒𝑽𝑚
′𝑡 = [

∑
1

𝑘!
(𝝎̃𝑡)𝑘

∞

𝑘=0

𝟎

𝟎 1

] = [𝑒
𝝎̃𝑡 𝟎
𝟎 1

] . 

(3.25) 

Bring in equation (3.23), (3.24) and (3.28), the displacement matrix in equation (D) is 
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𝒈′(𝑡): = 𝑒𝑽𝑚𝑡 = 𝑒𝑔𝑚𝑽𝑚
′𝑡𝑔𝑚

−1
= 𝑔𝑚𝑒𝑽𝑚

′𝑡𝑔𝑚
−1 = [𝑒

𝝎̃𝑡 (𝑒𝝎̃𝑡 − 𝑰)
𝝎̃2

‖𝝎‖2
𝒒(0)

𝟎 1

]

= [𝑒
𝝎̃𝑡 (𝑰 − 𝑒𝝎̃𝑡)𝒒(0)

𝟎 1
]

= [𝑒
𝝎̃𝑡 −[

𝝎̃

‖𝝎‖
sin(‖𝝎‖𝑡) +

𝝎̃2

‖𝝎‖2
(1 − cos(‖𝝎‖𝑡))] 𝒒(0)

𝟎 1

] . 

(3.26) 

Which leads to the motion of point 𝒎 

𝒎̅(𝑡) = 𝑒𝑽𝑚𝑡𝒎̅(0). 

Bring in equation (3.19), the displacement of point 𝒑 is 

𝒑(𝑡) = 𝑒𝝎̃𝑡𝒑(0) + (𝑰 − 𝑒𝝎̃𝑡)𝒒(0) + ∫ 𝒗𝜃(𝑢) 𝑑𝑢
𝑡

0

 

In homogeneous form 

𝒑̅(𝑡) = 𝒈′(𝑡)𝒑̅(0) = [𝑒
𝝎̃𝑡 (𝑰 − 𝑒𝝎̃𝑡)𝒒(0) + ∫ 𝒗𝜃(𝑢)𝑑𝑢

𝑡

0

𝟎 1

] [
𝒑(0)

1
] 

(3.27) 

□ 

At this end, an expression of a combination of a rotation and a translation was given. This fact is 

also an expression of the quotient group property of SE(3) over T(3), which is SO(3). This is a 

semi-direct product of T(3), and SO(3), illustrated by a rotation effect over translation. 

3.4.3 𝑺𝑬(𝟑) ↦ 𝒔𝒆(𝟑) : Inverse Exponential Mapping of Rigigd Motion and Related 

Equations 

Let a displacement of one rigid body be  

𝒈(𝑡) = [
𝑹 𝒕
𝟎 1

].          (3.28) 

Here, 𝒕 is the displacement of the coordinate centre of the moving rigid body. Considering eq. 
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(3.27), we have  

𝒕 = (𝑰 − 𝑒𝝎̃𝑡)𝒒(0) + ∫ 𝒗𝜃(𝑢)𝑑𝑢
𝑡

0

. 

(3.29) 

Thus, the displacement caused by translational velocity is  

∫ 𝒗𝜃(𝑢)𝑑𝑢
𝑡

0

=  𝒕 − (𝑰 − 𝑒𝝎̃𝑡)𝒒(0). 

(3.30) 

The translational velocity is  

𝒗𝜃(𝑡) =
𝑑

𝑑𝑡
[𝒕 − (𝑰 − 𝑒𝝎̃𝑡)𝒒(0)] =

𝑑

𝑑𝑡
𝒕 + 𝑒𝝎̃𝑡𝝎̃𝒒(0). 

(3.31) 

Bring equation (3.31) into equation (3.18) and considering that 𝒒(𝑡) = ∫ 𝒗𝜃(𝑢) 𝑑𝑢
𝑡

0
+ 𝒒(0), 

the twist of this displacement in equation (3.28) is 

𝑽 = [
𝝎̃ 𝒗𝜃(𝑡) − 𝝎̃𝒒(𝑡)
𝟎 0

] = [𝝎̃
𝑑

𝑑𝑡
𝒕 − 𝝎̃𝒕

𝟎 0

] . 

(3.32) 

□ 

3.5 Other Displacement Operators 

Besides the 3×3 rotation matrix, 4×4 homogeneous representations and 6×6 adjoint 

representations, there are several familiar displacement operators. 

3.5.1 Rodrigues Formula 

Illustrated in fig. 3.2, the rotation of a rigid body with rotation angle 𝜃 and rotation axis 𝝎 =

[𝜔𝑥 𝜔𝑦 𝜔𝑧]T can be expressed by Rodrigues parameters, as 
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𝑟𝑥 = tan
𝜃

2
𝜔𝑥, 𝑟𝑦 = tan

𝜃

2
𝜔𝑦, 𝑟𝑧 = tan

𝜃

2
𝜔𝑧 . 

(3.33) 

One vector, 𝒗1, on the rigid body passes 𝝎, will be rotated to 𝒗2. Then the rotation can be 

expressed by the Rodrigues formula, as 

𝒗2 − 𝒗1 = 𝒓̃(𝒗2 + 𝒗1).         (3.34) 

Where, 𝒓 = [𝑟𝑥 𝑟𝑦 𝑟𝑧]T.  

 

Figure 3.2. The rotation of one vector based on Rodrigues parameters . 

3.5.2 Euler-Rodrigues Rotation Formula 

Given a plane, 𝝅, vertical to the rotation axis and pass through the origin of the vector 𝒗1, the 

projections of 𝒗1 and 𝒗2 on the plane will be 𝒗1𝝅 and 𝒗2𝝅. Projection of them on the rotation 

axis will be 𝒗𝝎. Then,  

𝒗2 = 𝒗2𝝅 + 𝒗𝝎.          (3.35) 

Also,  

𝒗2 = 𝒗1𝝅 cos 𝜃 + 𝒖 sin 𝜃 + 𝒗𝝎.        (3.36) 

Considering that 𝒗1𝝅 = 𝒗1 − 𝒗𝝎, 𝒗𝝎 = (𝒗1
T𝝎)𝝎 and 𝒖 = 𝝎̃𝒗1, eq. (3.36) will transform to 

𝒗2 = [𝒗1 − (𝒗1
T𝝎) 𝝎] cos 𝜃 + 𝝎̃𝒗1 sin 𝜃 + (𝒗1

T𝝎)𝝎

= 𝒗1 cos 𝜃 + 𝝎̃𝒗1 sin 𝜃 + (𝒗1
T𝝎)𝝎(1 − cos 𝜃)

= [cos 𝜃 𝑰 + sin 𝜃 𝝎̃ + (1 − cos 𝜃)𝝎𝝎T]𝒗1 = 𝑹𝒗1. 

(3.37) 
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And the Euler-Rodrigues rotation formula is thus 

𝑹 = cos 𝜃 𝑰 + sin 𝜃 𝝎̃ + (1 − cos 𝜃)𝝎𝝎T       (3.38) 

In which 𝝎𝝎T is the tensor product of 𝝎. It can be proven that eq. (3.38) is equivalent to eq. 

(3.14). 

3.5.3 Cayley Rotation Formula 

As shown in fig. 3.2, the two lines are vertical, 𝑙T ⊥ 𝑙1−2, this brings up 

(𝒗2𝝅 + 𝒗1𝝅)(𝒗2𝝅 − 𝒗1𝝅) = 0.         (3.39) 

Let the rotation operator being 𝑹, then 𝒗2𝝅 =  𝑹𝒗1𝝅, there will be 

𝒗2𝝅 − 𝒗1𝝅 = (𝑹 − 𝑰)𝒗1𝝅 = (𝑹 − 𝑰)(𝑹 + 𝑰)−1(𝒗2𝝅 + 𝒗1𝝅) = 𝑪(𝒗2𝝅 + 𝒗1𝝅). 

(3.40) 

It can be found, the form of eq. (3.40) is identical to eq. (3.34). The matrix 𝑪 in fact equals to 

𝒓̃ ([3.10]). Then, the Cayley formula can be derived as 

𝑹 = (𝑰 − 𝑪)−1(𝑰 + 𝑪) = (𝑰 − 𝒓̃)−1(𝑰 + 𝒓̃).       (3.41) 

3.5.4 Quaternions Rotation Operator 

Quaternions is a combination of one scalar and one 3-dimensional vector; it is an extension of 

complex number. It can be written as 

𝑸 = 𝑞0 + 𝒒 = 𝑞0 + 𝑞1𝒊 + 𝑞2𝒋 + 𝑞3𝒌.        (3.42) 

Its conjugate is  

𝑸∗ = 𝑞0 − 𝒒.          (3.43) 

The symbols 𝒊, 𝒋 and 𝒌 should not be treated as imaginary number symbol, i, since they equip 

different multiplication rules, as 

i. 𝒊𝒋 = 𝒌, 𝒋𝒌 = 𝒊, 𝒌𝒊 = 𝒋; 𝒋𝒊 = −𝒌, 𝒌𝒋 = −𝒊, 𝒊𝒌 = −𝒋; 

ii. 𝒊2 = 𝒋2 = 𝒌2 = −1 
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Hence, treating a quaternion as the combination of one scalar and one vector, the production of 

two quaternions in vector form can be calculated as 

𝑸1𝑸2 = (𝑞10 + 𝒒1)(𝑞20 + 𝒒2) = 𝑞10𝑞20 − 𝒒1 ∙ 𝒒2 + 𝑞10𝒒2 + 𝑞20𝒒1 + 𝒒1 × 𝒒2 

(3.44) 

It can also be written in a matrix form, as 

𝑸1𝑸2 = [1 𝒊 𝒋 𝒌] [

𝑞10 −𝑞11 −𝑞12 −𝑞13

𝑞11 𝑞10 −𝑞13 𝑞12

𝑞12 𝑞13 𝑞10 −𝑞11

𝑞13 −𝑞12 𝑞11 𝑞10

] [

𝑞20

𝑞21

𝑞22

𝑞23

] = [1 𝒊 𝒋 𝒌]𝑯1𝒗2. 

(3.45) 

Referring eq. (3.42) and eq. (3.33), letting 𝒒 = [𝒊 𝒋 𝒌]𝝎, the Rodrigues quaternions can be 

expressed as 

𝑸 = cos
𝜃

2
+ sin

𝜃

2
𝒒. 

(3.46) 

The four Rodrigues parameters are included in it; thus it belongs to a four dimensional Lie 

group. Introducing the constraint that 

‖𝑸‖2 = 𝑞0
2 + 𝑞1

2 + 𝑞2
2 + 𝑞3

2 = 1,        (3.47) 

The Q in eq. (3.46) will degenerate to unitary quaternions with 3 dimensions. The 

multiplication of unitary quaternions is smooth and follows Definition 3.1, so that the set of 

unitary quaternions forms a Lie homomorphism to SU(2) group (the complex 2 by 2 matrices 

with determinant equals positive 1), as well as, to SO(3). Thus, the unitary quaternions can be 

used as a quaternions rotation operator. 

A pure quaternions (or vector quaternions) is one representation of so(3), as 

𝑸𝑽 = [𝒊 𝒋 𝒌]𝒗.         (3.48) 

A pure quaternions is a special case of 𝑸 in eq. (3.42). Its matrix form as 𝑯1 in eq. (3.45) is 

called the Hamilton operator, noted as 𝑯𝑽. The adjoint action of unitary quaternions group on 

the vector quaternions is represented as the conjugate quaternions multiplication, as 
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𝑸𝑽′ =  𝑸𝑸𝑽 𝑸∗          (3.49) 

This gives the coordinates transformation of vector, 𝑽, under the rotation , 𝑸. 

3.5.5 Dual-Quaternions 

A dual-quaternions comprises of a primary part, which is the quaternions rotation operator, and 

a secondary part, which is the product of a displacement pure quaternions and the primary part, 

as 

𝑸̂ = 𝑸 + 𝜖𝑸0 =  𝑸 + 𝜖 𝑸𝒅𝑸 2⁄ .        (3.50) 

Where, 𝑸𝒅 = [𝒊 𝒋 𝒌]𝒅 = [𝒊 𝒋 𝒌][𝑑𝑥 𝑑𝑦 𝑑𝑧]T and 𝜖 is the dual unit with 𝜖2 = 0. In 

matrix form, the secondary part of eq. (3.50) is 

𝑸0 =
1

2
[1 𝒊 𝒋 𝒌]

[
 
 
 
 
0 −𝑑𝑥 −𝑑𝑦 −𝑑𝑧

𝑑𝑥 0 −𝑑𝑧 𝑑𝑦

𝑑𝑦 𝑑𝑧 0 −𝑑𝑥

𝑑𝑧 −𝑑𝑦 𝑑𝑥 0 ]
 
 
 
 

[

𝑞20

𝑞21

𝑞22

𝑞23

] . 

     (3.51) 

There are three forms of conjugates of a dual-quaternions, according to [3.11] 

i. 𝑸̂∗ = 𝑸 − 𝜖𝑸0; 

ii. 𝑸̂° = 𝑸∗ + 𝜖𝑸0
∗
; 

iii. 𝑸̂~ = 𝑸∗ − 𝜖𝑸0
∗
. 

(3.52) 

Each conjugate’s conjugate is the dual-quaternion itself, however, only the third form 

represents the element of SE(3), whose adjoint action on a pure vector is  

𝑸𝑽′ = 𝑸̂𝑸𝑽 𝑸̂~.         (3.53) 
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3.6 Chapter Summary and Discussion 

In this chapter, some basic group theories and Lie algebra were retrospectively discussed, 

different representations of displacements operators were listed, and the exponential map of 

se(3) were derived in a compact form, too. 

A Lie group is a group composed of differentiable manifolds; all the group operations are 

smooth mappings between group elements. Lie algebra is a vector space formed by the 

tangential space near the identity element of its Lie group manifold. The conversion relations 

are given as the exponential mapping and differential mapping in this chapter. 

The form of Lie action varies along the representation of its Lie algebra changes. For a pure 

quaternion Lie algebra element, the Lie group elements act as a conjugate operation of a unitary 

quaternions. If the Lie algebra element is represented as a matrix, the Lie action will be a 

conjugate operation of the Lie group element in matrix form. If the Lie algebra element is in 

vector form, the Lie action will be a left group action or, straightforwardly, left multiplication of 

matrix Lie group. Regardless of the representation form, the resultant Lie algebra element is the 

same. These properties were utilized in the formation of transformation operators in fields of 

CAD and computational graphics. 

Some classical displacement operators were discussed in this chapter as well. Among the others, 

the quaternions operators will be focused in the following chapter. As one of the representations 

of SO(3) elements, e.g. anti-Gimbal-lock, quaternions has lighter size than matrix and easier 

inversion. The inversion is the extraction of rotation information from a quaternions 

represented SO(3) element. This ensures a more stable and effective trajectory planning, since 

the interpolation of the rotation will stay on the great circle and the interpolated variable will be 

the rotate angle, but not the rounded, interpolated rotation matrix. 
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Chapter 4 

Kinematics of CENTAUROB 

In this chapter, the kinematics model of CENTAUROB was built in a comprehensive manner, 

which refers to exponential matrix parameterization and quaternions in different modelling 

aspects. The robot CENTAUROB was derived from 6-SPS parallel kinematic mechanisms. Its 

kinematics was studied in both local coordinates of 6-SPS mechanisms and world coordinates. 

The adoption of lead-screw actuators caused the length compensation problem, which induces 

destructive inner strains and control instabilities. This was originated by the inner relative 

rotation of the lead-screws. The problem was described and solved in a geometrical method. 

To fulfil the demand for accurate controlling and autonomous operation, there derives a demand 

for end-effector pose recognition. By utilizing the modified 6-SPS mechanism, this FKP was 

solved by 1-dimensional searching process without losing working space. 

4.1 State of the Art 

A generalized parallel kinematic mechanism was defined by Merlet [4.1] as a closed-loop 

kinematic chain mechanism whose end-effector is linked to the base by several independent 

kinematic chains. Its modern utilization can trace back to 1928 by J. E. Gwinnett [4.2], for the 

purpose of entertainment. In 1947, Dr. Gough invented a six degree-of-freedom parallel 

kinematic mechanism [4.3] and put it into industrial use. The Gough platform was widely 

deemed to the first 6 DOF PKM which was successfully utilized in practice, e.g. in [4.1], [4.4], 
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[4.5]. In1965, Stewart [4.6] provided the scheme of a PKM served for an aircraft simulator. He 

has also played an important role in academic studies of Gough platform, which is thus also 

called Gough-Stewart platform. After decades of development, PKM were widely used in the 

field of testing rigs and simulators, such as aerospace testing rigs in [4.7], [4.8] and [4.9], 

vehicle testing rig [4.10], human joint load simulator [4.11]. PKMs are also widely used in 

medical scenarios, such as surgery platforms [4.12] and [4.13]. In the matter of walking robots, 

the PKMs are playing an important part, for example, Tian et al. [4.14] have developed the 

multi-mode walking robot which can move in different configurations. M. Almonacid, et al. in 

[4.15] have developed the trunk climbing robot based on Gough-Stewart platform. 

Kinematics of a mechanical mechanism is the base of design, driving, kinematic and dynamic 

analysis, simulation and control of a robot system. Kinematics refers to rigid bodies without 

mass and forces, but only the dimensions, velocities and accelerations. As discussed in chapter 

3, there are diverse methods of describing motions of a rigid bodies and no absolute advantages 

and disadvantages of them. The motion description methods should be weighed and applied 

according to application scenarios. The main trend of kinematic representations includes, e.g., 

most widely adopted Euler-Rodrigues equations and its derivation, rotation matrix expression. 

For example, rotation matrix method was used as basic of linearization dynamic study by 

Codourey, and Burdet [4.16], of inverse dynamics modelling by Staicu [4.17], of spherical 

rotation mechanisms by Enferadi and Shahi [4.18], by Chen, Wei-Hsi, et al [4.19], and so forth. 

Besides, screw algebra expressions, Denavit-Hartenberg representation, quaternions expression 

based on Clifford algebra and etc. are also widely used in kinematic studies. For example, screw 

algebra was used to analyse the singularity of PKMs by Ben-Horin and Shoham in [4.20], by 

Hao and Ding in [4.21]. Comparing to kinematic analysis, screw theory was more often seen as 

an important approach for structure synthesis of parallel robots, such as, by Frisoli, et al in 

[4.22], by Kong and Gosselin in [4.23-24] among the others. Denavit-Hartenberg 

representation bases on four parameters and described the relations between connecting links. It 

was used to study the error model of a 3-DOF PKM in [4.25] and to analyse the kinematics in 
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[4.26]. Quaternions is used to express a rotation with a four-tuple number, a dual quaternions 

can be thus used to express the rotation and translation simultaneously. It was used for the 

structure synthesis of serial chain in [4.27], of a planar PKM in [4.28], and also used for the 

kinematic analysis of spatial PKMs in [4.29-31]. 

The forward kinematics can be roughly described as a mapping from joint variable space to the 

motion space of the end-effector, while the inverse kinematics does contrarily. For a parallel 

kinematics mechanism, the inverse kinematic problem (IKP) is in general more straightforward, 

while the forward kinematic problem (FKP) refers various dimensional searching problem, as 

mentioned in chapter 2. The study of FKP of PKMs is flourishing among researchers. Pott 

provided the FKP solutions based on Levenberg-Marquardt algorithm for a cable-driven PKM 

[4.32]. Yang, et al. provided a method based dual quaternions to solve the FKP of a class of 

6-DOF PKMs [4.33]. Morell et al. have provided a method based on machine learning to solve 

the FKP of Gough-Stewart platforms [4.34]. Zhu and Zhang have developed the numerical 

method combining the artificial neural networks and Global Newton-Raphson with Monotonic 

Descent algorithm [4.35] and obtained accurate and efficient solutions.  

In this chapter, the contents will be arranged as following. Section 4.2 will introduce the inverse 

kinematic model of the a modified 6-SPS. The coordinate system will be defined in a 

comprehensive manner, which gives consideration to both operating convenience and 

smoothness of rotations of platforms. Comparatively, the inverse kinematics in quaternions 

form will also be given in this section. In section 4.3, the inverse kinematic will be given in the 

spectrum of the whole robot. To be noticed, in both sections, the solutions of the double Cardan 

joints are given, for the sake of length compensation of linear actuators. This length 

compensation problem was proposed and solved in Section 4.4. Because of the adoption of 

PKM[6,3] mechanism, only 1-dimensional FKP process was discussed in Section 4.5. In 

Section 4.6, the simulation examples of IKP and FKP were given. 
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4.2 Inverse Kinematics Model of 6-SPSes in CENTAUROB 

Inverse kinematic problem (IKP) for PKMs is normally obvious and straightforward. The IKP 

solution for PKMs is indeed to solve the motion of actuators from the motion of end effector. In 

other words, the main aim of IKP is to build the mapping relation from the end-effector to joint 

spaces. Especially, to thoroughly understand the kinematic properties of the mechanism and to 

compensate the length variation caused by linear actuators inner rotation, it is necessary to 

derive the inverse kinematic models for every rigid body in the structure. This means, not only 

the actuated joints, but also the passive joints should be studied. 

 

(a)           (b) 

Figure 4.1 Coordinates of the robot and one leg of it. (a) The coordinates 

assignment of CENTAUROB; (b) The coordinates in one leg. The foot 

platform was neglected. 

The CENTAUTOB is in general composed of two PKM[6,3] mechanisms. As illustrated in fig. 

4.1(a), the whole robot contains one hip platform and two foot platforms. The two coordinates 

on hips, {H1} and {H2}, form two 6-SPS mechanisms with two foot platforms, {F1} and {F2}, 

respectively. The two 6-SPS mechanisms are called leg-1 and leg-2. The 6 limbs of one leg was 
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noted as limb-ij, where i stands for 1 or 2, j stands for A, B, …, F. The upper and lower part of 

the limbs comprise of sleeves and shafts (screw nuts), noted as {LijS} and {LijN}. 

4.2.1 Joint Variables and Generalized Coordinates 

As mentioned in Chapter 2, the modified 6-SPS mechanism in fig. 4.1 (b) obtains the same 

topological properties as an original 6-SPS mechanism. Its moving platform {Fi} obtains 6 

dimensional connectivity w.r.t. the base platform, {Hi}. Thus, the 6 prismatic joints are chosen 

as driving component. Their lengths are the joint variables. 

𝒒𝑖 = [𝑙𝑖A 𝑙𝑖B 𝑙𝑖C 𝑙𝑖D 𝑙𝑖E 𝑙𝑖F]
T 𝑖 = 1, 2      (4.1) 

The generalized coordinates of {Fi} can be defined as 

𝑿𝑖 = [𝑥𝑖 𝑦𝑖 𝑧𝑖 𝛢𝑖 𝛣𝑖 𝛤𝑖]
T 𝑖 = 1,2.       (4.2) 

The first three entries in eq. (4.2) represent the translational displacement of the origin of {Fi}, 

while the last three entries represent the rotational motion of {Fi.}. The definition of them can 

be chosen arbitrarily base on different occasions. For instance, they can be Euler angles or any 

parameters of SO(3) group. For this reason, Xi can also be described in a dual-vector form. 

𝑿𝑖 = [𝒕𝑖
T 𝒓𝑖

T]T 𝑖 = 1,2.        (4.3) 

For a screw algebra occasion, the definition of it is similar to eq. (2.7). For a quaternions form, 

𝒓𝑖 could denote the rotation axis and magnitude. For a matrix form, 𝒓𝑖 stands for a tuple of 

Euler angles. In sum, the choice of coordinates is not unique, however, it must contain all the 

parameters of the SE(3) group. 

Note that, the variables in leg-i are w.r.t. the base coordinates {Hi}. For convenience, their 

references are omitted. The variables w.r.t. other coordinates are written as {*}*i, {*} represents 

the reference and *i is the variable. For example, Xi referring to the inertial frame is {E}Xi. 

4.2.2 Inverse Kinematics with Matrix Form 

1) Minimal Coordinates of Moving Platform 
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The position and pose of a rigid body is a member of SE(3) group. The SE(3) operator generated 

by motion of {Fi} w.r.t. the i-th hip platform is  

𝑯H−F𝑖
= [

𝑹H−F𝑖 𝒅H−F𝑖
𝟎 1

]       (4.4) 

RH-Fi is the SO(3) member in a matrix form, which is generated by pose parameter 𝒓𝑖 in (4.3). 

Based on Euler-Rodrigues formulation, 

𝑹H−F𝑖 = 𝑒
𝝎̃H−F𝑖𝛾H−F𝑖 = 𝑰 + sin 𝛾H−F𝑖 𝝎̃H−F𝑖 + (1 − cos 𝛾H−F𝑖)𝝎̃H−F𝑖𝝎̃H−F𝑖. 

(4.5) 

In which, γH-Fi is the rotation angle of the i-th moving platform, 𝝎̃H−F𝑖 is the cross product 

operator of 𝝎H−F𝑖, which is a unitary vetor representing the rotation axis. Thus, there are only 

two independent parameters of 𝝎H−F𝑖. It can also be written as 

𝝎H−F𝑖 = [𝜔H−F𝑖𝑥 𝜔H−F𝑖𝑦 𝜔H−F𝑖𝑧]
T

= [cos𝛽H−F𝑖 cos 𝛼H−F𝑖 cos 𝛽H−F𝑖 sin 𝛼H−F𝑖 sin 𝛽H−F𝑖]
T. 

(4.6) 

Any pose of a rigid body can be equalized to a result of a rotation along one fixed axis. For this 

reason, the definition of 𝑿𝑖 could be 

𝑿H−F𝑖 = [𝒅H−F𝑖
T 𝛾H−F𝑖𝝎H−F𝑖

T]
T

= [𝑥H−F𝑖 𝑦H−F𝑖 𝑧H−F𝑖 𝛾H−F𝑖𝜔H−F𝑖𝑥 𝛾H−F𝑖𝜔H−F𝑖𝑦 𝛾H−F𝑖𝜔H−F𝑖𝑧]T. 

(4.7) 

This definition indicates that, any position and pose of {Hi} is a combination of a translational 

displacement 𝒅H−F𝑖 and a fixed-axis rotation with angle 𝛾H−F𝑖 along axis 𝝎H−F𝑖. For a fixed 

axis rotation, 𝝎H−F𝑖 is a constant vetor. Thus, the time derivative of 𝑿H−F𝑖 should be 

𝑿̇H−F𝑖 = [𝒅̇H−F𝑖
T

𝛾̇H−F𝑖𝝎H−F𝑖
T]
T
= [𝒗H−F𝑖

T 𝝕H−F𝑖
T]T.     (4.8) 

Where, 𝒗F𝑖 is the translational velocity of the origin of the moving platform and 𝝕H−F𝑖 is the 

rotational velocity. 
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2) Inverse Jacobian of Linear Actuators 

The main task of IKP of this 6-SPS manipulator is to determine the length of vectors lij. From 

the relation in fig. 4.1 (b), 

𝒅H−H𝑖𝑗 + 𝒍𝑖𝑗 = 𝒅H−F𝑖 + 𝒅F𝑖−F𝑖𝑗.        (4.9) 

It derives 

𝒍̅𝑖𝑗 = 𝑯H−F𝑖
𝒅̅F𝑖−F𝑖𝑗

{F𝑖} − 𝒅̅H−H𝑖𝑗.        (4.10) 

𝒍̅𝑖𝑗 = [𝒍𝑖𝑗
T 0]

T
, is the homogeneous form of 𝒍𝑖𝑗 , which is a pure vector representing the 

difference of two points. 𝒅̅∗ = [𝒅∗
T 1]

T
 is the homogeneous form of 𝒅∗, which is a position 

vector representing the position of a point in the reference frame. The time differential of lij is 

𝒗̅H𝑖𝑗−F𝑖𝑗 = 𝒍̇̅𝑖𝑗 = 𝑯̇H−F𝑖
𝒅̅F𝑖−F𝑖𝑗

{F𝑖} = [
𝑹̇H−F𝑖 𝒗H−F𝑖
𝟎 0

] 𝒅̅F𝑖−F𝑖𝑗
{F𝑖} .    (4.11) 

Based on equation (4.5) 

𝑹̇H−F𝑖 = 𝛾̇H−F𝑖𝝎̃H−F𝑖𝑒
𝝎̃H−F𝑖𝛾H−F𝑖 = 𝛾̇H−F𝑖𝝎̃H−F𝑖𝑹F𝑖     (4.12) 

𝒗H𝑖𝑗−F𝑖𝑗 = 𝛾̇H−F𝑖𝝎̃H−F𝑖𝑹F𝑖 𝒅F𝑖−F𝑖𝑗
{F𝑖} + 𝒗H−F𝑖       (4.13) 

The time derivative of length of linear actuator should be the projection of 𝒍̇𝑖𝑗. 

𝑙𝑖̇𝑗 = 𝒗H𝑖𝑗−F𝑖𝑗
T𝒆𝑖𝑗         (4.14) 

Where, eij is the unit vector of lij. Equation (4.14) is obvious a function of 𝑿̇H−F𝑖, the inverse 

Jacobian on one linear actuator should be obtained from 

𝑙𝑖̇𝑗 = 𝐽𝑖𝑗
−1(𝑿H−F𝑖)𝑿̇H−F𝑖.        (4.15) 

Which is equivalent to (4.14). The inverse Jacobian of the mechanism should be 

𝒒̇𝑖 = 𝑱𝑖
−1𝑿̇H−F𝑖 = [

𝐽𝑖A
−1(𝑿H−F𝑖)

⋮
𝐽𝑖F

−1(𝑿H−F𝑖)
] [
𝒗H−F𝑖
𝝕H−F𝑖

].      (4.16) 
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It is not difficult to find that, the inverse Jacobian, as a set of functions of 𝑿H−F𝑖, is highly 

coupled and non-linear. 

3) Inverse Jacobian of Shafts of Linear Actuators 

For different designs of 6-SPS mechanisms, the methods to derive the motion description of the 

upper part (sleeves, {LijN}) and lower part (shafts, {LijS}) are different. It highly depends on the 

joints used to connect the linear actuators and platforms. The difference takes place on the 

rotational motion of them and mainly about the circumferential motion of them. Here, the 

method is based on the design with Cardan joints and double Cardan joints. 

Geometrics 

For the reading convenience, all the vectors are expressed in the coordinates of joints bases, the 

reference superscripts are omitted. As illustrated in fig. 4.2(a), for example, the common axis 

xiAF of the double Cardan joint connecting limbs-A and -F can be obtained as  

𝒙𝑖AF = [𝑥𝒙𝑖AF 𝑦𝒙𝑖AF 𝑧𝒙𝑖AF]T = |𝒆̃𝑖F𝒆𝑖A|
−1𝒆̃𝑖F𝒆𝑖A.     (4.17) 

The rotation matrix of the shaft-A can be obtained as 

𝑹L𝑖AS = [𝒙𝑖A−shaft 𝒚𝑖A−shaft 𝒛𝑖A−shaft] = [𝒙𝑖AF 𝒆̃𝑖A𝒙𝑖AF −𝒆𝑖A] 

(4.18) 

The orientation of 𝒙𝑖AF reveals the orientation of axis-1 and -2 on the same joint. Its orientation 

is a combination of them, 

𝒙𝑖AF = 𝑹(𝑦, 𝛾𝑦)𝑹(𝑧, 𝛾𝑧)[1 0 0]T = [cos 𝛾𝑦 cos 𝛾𝑧 sin 𝛾𝑧 −sin 𝛾𝑦 cos 𝛾𝑧]T 

(4.19) 

𝑹(∗1,∗2) indicates a rotation around axis ∗1 with an angle ∗2. Through this equation and eq. 

(4.17), the rotation angle of axis -3, -1 and -2 can be solved. 
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{
 
 

 
 𝛾𝑥 = −sin−1

𝑒𝑖A𝑦

√1 − 𝑦𝒙𝑖AF2

𝛾𝑦 = − tan−1 (
𝑧𝒙𝑖AF
𝑥𝒙𝑖AF

)

𝛾𝑧 = sin
−1 𝑦𝒙𝑖AF

𝛾𝑥, 𝛾𝑦, 𝛾𝑧 ∈ [−
𝜋

2

𝜋

2
] 

(4.20) 

Where, 𝑒𝑖A𝑦  is the 2nd entry of 𝒆𝑖A . The angle of axis-3 is obtained through the relation 

𝑹(𝑦, 𝛾𝑦)𝑹(𝑧, 𝛾𝑧)𝑹(𝑥, 𝛾𝑥)[0 0 1]T = 𝒆𝑖A. Limited by the working space of joint and whole 

structure, the joint variables are limited in the range of [-π/2, π/2]. The detailed workspace 

analysis of double Cardan joints will be performed in Chapter 5. 

Velocities 

The rotation velocity of a shaft can be seen as a combination of two velocities: the rotation of its 

x-axis, 𝝕𝑖AF𝑦𝑧, and the rotation around its x-axis, 𝝕𝑖A−sleeve𝑥, as illustrated in fig. 4.2 (b), 

𝝕𝑖A−shaft = 𝝕𝑖A−shaft𝑥 +𝝕𝑖AF𝑦𝑧.       (4.21) 

For the reading convenience, we use 𝒗𝑖A as a substitute for 𝒗H𝑖A−F𝑖A in this part. The velocity 

component of shaft-A caused by the rotational velocity around its x axis is then 

𝒗𝑖A𝑦 = −𝒍̃𝑖A𝝕𝑖A−shaft𝑥.        (4.22) 

 

(a)       (b) 

Figure 4.2 Velocity analysis of a double Cardan joint. (a) Mechanical scheme of 

double Cardan joint and (b) its velocities relations on the foot platform. 
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At the same time, it is the projection of the translational velocity, 𝒗𝑖A, on 𝒚𝑖A−sleeve. 

𝒗𝑖A𝑦 = (𝒗𝑖A
T𝒚𝑖A−shaft)𝒚𝑖A−shaft        (4.23) 

It derives 

𝝕𝑖A−shaft𝑥 = −
1

|𝒍𝑖A|
(𝒗𝑖A

T𝒚𝑖A−shaft)𝒙𝑖AF = −
1

|𝒍𝑖A||𝒆̃𝑖F𝒆𝑖A|2
(𝒗𝑖A

T𝒆̃𝑖A𝒆̃𝑖F𝒆𝑖A)𝒆̃𝑖F𝒆𝑖A. 

(4.24) 

The other rotational velocity, 𝝕𝑖AF𝑦𝑧, causes the translation of the end of linear actuators along 

the common axis. Seeing fig. 4.2 (b), there are 

{
𝒗𝑖A𝑥 = −(𝝕𝑖AF𝑦𝑧

T𝒚𝑖A−shaft)𝒍̃𝑖A𝒚𝑖A−shaft,

𝒗𝑖F𝑥 = −(𝝕𝑖AF𝑦𝑧
T𝒚𝑖F−shaft)𝒍̃𝑖F𝒚𝑖F−shaft.

      (4.25) 

Through coordinates transferring, the following equations stand. 

{
𝝕𝑖AF𝑦𝑧

{𝑖A−shaft} T
𝒚𝑖A−shaft

{𝑖A−shaft} = |𝒍𝑖A|
−1𝒗𝑖A

T𝒙𝑖AF

𝝕𝑖AF𝑦𝑧
{𝑖A−shaft} T

𝒚𝑖F−shaft
{𝑖A−shaft} = |𝒍𝑖F|

−1𝒗𝑖F
T𝒙𝑖AF

     (4.26) 

Where, 

𝒚𝑖F−shaft
{𝑖A−shaft} = 𝑹𝑖A−shaft

−1𝒚𝑖F−shaft = 𝑹(𝑥,−𝛾𝑖AF̂)[0 1 0]T = [

0
𝒆𝑖F

T𝒆𝑖A
−|𝒆̃𝑖F𝒆𝑖A|

] . 

(4.27) 

𝛾𝑖AF̂ is the angle from 𝒍𝑖A  to 𝒍𝑖F  and there exists sin 𝛾𝑖AF̂ = |𝒆̃𝑖F𝒆𝑖A|. Constrained by the 

mechanical structure, 𝒍𝑖F always locates on the right side (seeing fig. 4.2(a)) of 𝒍𝑖A, 𝛾𝑖AB̂ is 

thus always positive. Let 𝝕𝑖AF𝑦𝑧
{𝑖A−shaft} = [0 𝑤𝑖AF𝑦𝑧𝑦 𝑤𝑖AF𝑦𝑧𝑧]T, equation (4.26) turns to 

{
 

 𝑤𝑖AF𝑦𝑧𝑦 =
1

|𝒍𝑖A|
𝒗𝑖A

T𝒙𝑖AF,

𝑤𝑖AF𝑦𝑧𝑧 =
1

|𝒆̃𝑖F𝒆𝑖A|
(
1

|𝒍𝑖A|
𝒆𝑖F

T𝒆𝑖A𝒗𝑖A
T −

1

|𝒍𝑖F|
𝒗𝑖F

T) 𝒙𝑖AF.

 

(4.28) 

Based on last section, all the variables are functions of 𝑿̇𝑖 and 𝑿𝑖, including 𝒆𝑖A, 𝒆𝑖F, |𝒍𝑖A|, 

|𝒍𝑖A| 𝒗𝑖A, and 𝒗𝑖A. Then, the rotational velocity of the common x-axis is 
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𝝕𝑖AF𝑦𝑧 = 𝑹𝑖A−shaft
−1[0 𝑤𝑖AB𝑦𝑧𝑦 𝑤𝑖AF𝑦𝑧𝑧]T.      (4.29) 

The rotational velocity of sleeve-A is the combination of (4.29) and (4.24). 

𝝕L𝑖AS = 𝝕𝑖A−shaft𝑥 +𝝕𝑖AF𝑦𝑧       (4.30) 

The two components are obvious functions of 𝑿̇𝑖, since 𝒗𝑖A𝑥 and 𝒗𝑖B𝑥 are also functions of 

𝑿̇𝑖. Note that, rotation 𝝕𝑖AB𝑦𝑧 is not the rotation of output end of axis-2 in fig. 4.2(a). There is 

a Cardan angle along the common axis, however, it was compensated by the kinematic pairs 

R3A and R4B. The velocity of shaft-A can be expressed as 

𝒒̇L𝑖AS = [𝒗F𝑖A
T 𝝕L𝑖AS

T]T = 𝑱L𝑖AS
−1(𝑿̇𝑖).      (4.31) 

𝒗F𝑖A  is the velocity of joint centre of double Cardan joint-iA and 𝑱L𝑖AS
−1  is the inverse 

Jacobian of shaft of linear actuator-iA. The corresponding 𝑱L𝑖FS
−1 can be obtained similarly. 

The complete form of inverse Jacobians can be found in Chapter 6. 

4) Inverse Jacobian of Sleeves 

The motion of sleeve on linear actuators is simpler, since they are mounted on the Cardan joints, 

as illustrated in fig. 4.3. 

 

(a)        (b) 

Figure 4.3 Velocity analysis of a Cardan joint. (a) The mechanical scheme of a 

Cardan joint and (b) its velocities relations on the hip  platform. 
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The coordinates of the sleeve of linear actuator -ij is 

𝑹L𝑖𝑗N =  𝑹(𝑥, 𝛼𝑖𝑗)𝑹(𝑦, 𝛽𝑖𝑗) = [

cos 𝛽𝑖𝑗 0 sin 𝛽𝑖𝑗
sin 𝛼𝑖𝑗 sin 𝛽𝑖𝑗 cos 𝛼𝑖𝑗 −sin 𝛼𝑖𝑗 cos 𝛽𝑖𝑗
−cos 𝛼𝑖𝑗 sin 𝛽𝑖𝑗 sin 𝛼𝑖𝑗 cos 𝛼𝑖𝑗 cos 𝛽𝑖𝑗

] . 

(4.32) 

The unitary vector of linear actuator 𝒍𝑖𝑗 can thus be written as 

𝒆𝑖𝑗 = 𝑹(𝑥, 𝛼𝑖𝑗)𝑹(𝑦, 𝛽𝑖𝑗)[0 0 −1]T = [− sin 𝛽𝑖𝑗 sin 𝛼𝑖𝑗 cos 𝛽𝑖𝑗 −cos 𝛼𝑖𝑗 cos 𝛽𝑖𝑗]T. 

(4.33) 

Bring in 𝒆𝑖𝑗 = [𝑒𝑖𝑗𝑥 𝑒𝑖𝑗𝑦 𝑒𝑖𝑗𝑧]T, 

[
 
 
 

− sin𝛽𝑖𝑗
sin𝛼𝑖𝑗 cos𝛽𝑖𝑗
− cos𝛼𝑖𝑗 cos𝛽𝑖𝑗]

 
 
 
= [

𝑒𝑖𝑗𝑥
𝑒𝑖𝑗𝑦
𝑒𝑖𝑗𝑧

].        (4.34) 

The two rotation angles of a Cardan joint can be expressed as following. 

{
 
 

 
 sin𝛽𝑖𝑗 = −𝑒𝑖𝑗𝑥 cos𝛽𝑖𝑗 = √1− 𝑒𝑖𝑗𝑥2

sin𝛼𝑖𝑗 =
𝑒𝑖𝑗𝑦
cos𝛽𝑖𝑗

cos𝛼𝑖𝑗 = −
𝑒𝑖𝑗𝑧
cos𝛽𝑖𝑗

 

(4.35) 

The orientation of the lead screw sleeve is solved as 

𝑹L𝑖𝑗N = 𝑹(𝑥, 𝛼𝑖𝑗)𝑹(𝑦, 𝛽𝑖𝑗) = [𝒙𝑖𝑗−sleeve 𝒚𝑖𝑗−sleeve 𝒛𝑖𝑗−sleeve]

=

[
 
 
 
 
 
 √1 − 𝑒𝑖𝑗𝑥2 0 −𝑒𝑖𝑗𝑥

−
𝑒𝑖𝑗𝑦𝑒𝑖𝑗𝑥

√1 − 𝑒𝑖𝑗𝑥2
−

𝑒𝑖𝑗𝑧

√1 − 𝑒𝑖𝑗𝑥2
−𝑒𝑖𝑗𝑦

−
𝑒𝑖𝑗𝑧𝑒𝑖𝑗𝑥

√1 − 𝑒𝑖𝑗𝑥2

𝑒𝑖𝑗𝑦

√1 − 𝑒𝑖𝑗𝑥2
−𝑒𝑖𝑗𝑧

]
 
 
 
 
 
 

. 

(4.36) 

The angular velocity of {LijN} is composed by two components around two axes of cross shaft, 

as illustrated in fig.4.3 (b), they can be written as   
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{
𝝕𝑖𝑗−cross𝑥   = 𝜛𝑖𝑗−cross𝑥𝒙𝑖𝑗−cross,
𝝕𝑖𝑗−sleeve𝑦 = 𝜛𝑖𝑗−sleeve𝑦𝒚𝑖𝑗−sleeve.

       (4.37) 

The amplitude 𝜛𝑖𝑗−cross𝑥 and 𝜛𝑖𝑗−sleeve𝑦 can be derived if the velocity on the other end of 

linear actuators are known. Letting it be 𝒗𝑖𝑗, there are relations  

{
𝝕̃𝑖𝑗−cross𝑥𝒍𝑖𝑗  = (𝒗𝑖𝑗

T𝒚𝑖𝑗−sleeve)𝒚𝑖𝑗−sleeve cos 𝛽𝑖𝑗⁄ ,

𝝕̃𝑖𝑗−sleeve𝑦𝒍𝑖𝑗 = (𝒗𝑖𝑗
T𝒙𝑖𝑗−sleeve)𝒙𝑖𝑗−sleeve.

     (4.38) 

Considering 𝒍𝑖𝑗 = 𝑙𝑖𝑗[𝑒𝑖𝑗𝑥 𝑒𝑖𝑗𝑦 𝑒𝑖𝑗𝑧]T and eq. (4.36), the amplitudes are derived, 

{
 
 

 
 𝜛𝑖𝑗−cross𝑥  =

(𝒗𝑖𝑗
T𝒚𝑖𝑗−sleeve)

(1 − 𝑒𝑖𝑗𝑥2)𝑙𝑖𝑗
,

𝜛𝑖𝑗−sleeve𝑦 = −
(𝒗𝑖𝑗

T𝒙𝑖𝑗−sleeve)

𝑙𝑖𝑗
.

 

     (4.39) 

Thus, the rotational velocity of sleeve is 

𝝕L𝑖𝑗N = 𝝕𝑖𝑗−cross𝑥 +𝝕𝑖𝑗−sleeve𝑦 =
(𝒗𝑖𝑗

T𝒚𝑖𝑗−sleeve)

(1 − 𝑒𝑖𝑗𝑥2)𝑙𝑖𝑗
𝒙𝑖𝑗−cross −

(𝒗𝑖𝑗
T𝒙𝑖𝑗−sleeve)

𝑙𝑖𝑗
𝒚𝑖𝑗−sleeve. 

(4.40) 

The velocity of linear actuator sleeve w.r.t. the hip platform can be written as 

𝒒̇L𝑖𝑗N = [𝟎
T 𝝕̃𝑖𝑗−sleeve

T]
T
= 𝑱L𝑖𝑗N

−1(𝑿̇𝑖).     (4.41) 

𝑱L𝑖𝑗N
−1 is the inverse Jacobian and its complete form can be found in Chapter 6. 

5) Summary of Linear Actuators 

Till here, the inverse kinematics of all main parts of a modified 6-SPS mechanism with 

spherical-equivalent double Cardan joints were discussed. The rotation of double Cardan joints 

depends not only on the relative motion of both ends of a linear actuator, but also on the relation 

with the neighbour linear actuator. For the designs with other rotational joints, the rotational 

velocities are obtained differently. This will be discussed in Chapter 5. 
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Based on [4.39], the rotation around the linear actuator are not vital in kinetic analysis, since the 

its moment of inertia along limb axis is tiny compare to that along the radial directions (see 

table 6.3 and 6.4). However, the relative rotation between the sleeve and shaft will cause the 

length variation of lead screws. This is a common problem for most of designs with mechanical 

linear actuators. The length variation compensation problem will be discussed in Section 4.4. 

4.2.3 Inverse Kinematics with Quaternions Form 

As discussed in Chapter 3, there are some advantages of the using quaternions to describe the 

motions of rigid bodies. The inverse kinematics of a 6-SPS mechanism will be discussed. All 

the variables in quaternions form will be written as 𝑸. Where, its dual quaternion form is 𝑸̂. 

1) Minimal Coordinates of Moving Platforms 

Based on equation (4.4), the SE(3) operator generated by motion of {Fi} can be written as 

{
𝑸̂H−F𝑖  = 𝑸𝑹H−F𝑖 + 𝜖

1

2
𝑸𝒅H−F𝑖𝑸𝑹H−F𝑖 ,

𝑸̂H−F𝑖
~
= 𝑸𝑹H−F𝑖

∗ − 𝜖
1

2
𝑸𝑹H−F𝑖

∗𝑸𝒅H−F𝑖
∗
.

 

(4.42) 

In which, 𝜖 is the dual operator and there exists 𝜖2 = 0, 𝑸̂H−F𝑖
~

 is its third conjugate form 

(seeing Chapter 3). The quaternions representing the rotation of {Fi} is 

𝑸𝑹H−F𝑖 = cos
𝛾H−F𝑖
2

+ sin
𝛾H−F𝑖
2

𝝎H−F𝑖
T𝑪H

= cos
𝛾H−F𝑖
2

+ sin
𝛾H−F𝑖
2

(𝒊𝜔H−F𝑖𝑥 + 𝒋𝜔H−F𝑖𝑦 + 𝒌𝜔H−F𝑖𝑧). 

(4.43) 

𝑪H = [𝒊 𝒋 𝒌]T is a set of orthogonal basis in a three dimensional space. The product of basis 

obeys cross production and their self-product equals to -1. The quaternions representing the 

translational displacement of {Fi} is 

𝑸𝒅H−F𝑖 = 𝒅H−F𝑖
T𝑪H = 𝒊𝑥H−F𝑖 + 𝒋𝑦H−F𝑖 + 𝒌𝑧H−F𝑖 .      (4.44) 
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Thus, the generalized coordinates of {Fi} can still be defined as equation (4.7). 

𝑿𝑖 = [𝒅F𝑖 𝛾𝑖𝝎𝑖
T]T = [𝑥𝑖 𝑦𝑖 𝑧𝑖 𝛾𝑖𝜔𝑖𝑥 𝛾𝑖𝜔𝑖𝑦 𝛾𝑖𝜔𝑖𝑧]T   (4.45) 

The configuration of {Fi} can be described by two 3-dimensinoal vectors. They are the entries 

of the SE(3) operator in dual quaternions form 𝑸̂F𝑖. 

2) Inverse Jacobian of Linear Actuators 

In context of quaternions, there exists 

𝑸̂F𝑖 𝑸̂𝒑𝑖𝑗
{F𝑖} 𝑸̂F𝑖

~
= 𝑸̂𝒅H𝑖𝑗𝑸̂𝒍𝑖𝑗𝑸̂𝒅H𝑖𝑗

~
.       (4.46) 

Where, 𝑸̂𝒅H𝑖𝑗 = 1 + 𝜖𝑸𝒅H𝑖𝑗 2⁄ , is the location quaternions of joint on hip platform. The 

quaternions form of 𝒍𝑖𝑗 is derived as 

𝑸𝒍𝑖𝑗 = 𝑸𝑹F𝑖 𝑸𝒑𝑖𝑗
{F𝑖} 𝑸𝑹F𝑖

∗ + 𝑸𝒅F𝑖 − 𝑸𝒅H𝑖𝑗.       (4.47) 

Thus, the linear actuator length is  

𝑞𝑖𝑗 = ‖𝑸𝒍𝑖𝑗‖.           (4.48) 

The time differential of 𝑸𝒍𝑖𝑗  is 

𝑸𝒗𝑖𝑗 =
𝑑

𝑑𝑡
𝑸𝒍𝑖𝑗 =

1

2
(𝑸𝝕𝑖H−F𝑖

𝑸𝒑𝑖𝑗 + 𝑸𝒑𝑖𝑗𝑸𝝕𝑖H−F𝑖
∗) + 𝑸𝒗F𝑖 = Im(𝑸𝝕𝑖H−F𝑖

𝑸𝒑𝑖𝑗) + 𝑸𝒗H−F𝑖 

(4.49) 

Its projection on linear actuator is  

𝑞̇𝑖𝑗 = 𝒗𝑖𝑗
T𝒆𝑖𝑗 = −Re (𝑸𝒗𝑖𝑗𝑸𝒆𝑖𝑗).       (4.50) 

𝑸𝒆𝑖𝑗  is the quaternion form of 𝒆𝑖𝑗, its definition is as in eq. (4.14).  

3) Inverse Jacobian of Sleeves and Shafts 

Here, the mechanism with Cardan joints and double Cardan joints are taken as example.  
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(a)         (b) 

Figure 4.4 Geometric definitions of (a) double Cardan joints on foot platform and (b) 

Cardan joints on hip platform. 

Shafts 

There are varies methods to obtain quaternions from a rotation matrix like equation (4.18), such 

as Shepperds’ method in Chapter 3. Here a method with Euler angles was used. The common 

axis between limb-A and limb-F can be obtained as 

𝑸𝒙𝑖AF = 𝒊𝑥𝒙𝑖AF + 𝒋𝑦𝒙𝑖AF + 𝒌𝑧𝒙𝑖AF = Im(𝑸𝒆𝑖F𝑸𝒆𝑖A)     (4.51) 

Based on eq. (4.19), the pose of axis-3 is determined by two rotations and their angular 

displacement (seeing fig. 4.4(a)) can be obtained through eq. (4.20). 

𝒛𝑖AF = 𝑹(𝑦, 𝛾𝑦)𝑹(𝑧, 𝛾𝑧)[0 0 1]T = [sin 𝛾𝑦 0 cos 𝛾𝑦]T

= [−
𝑧𝒙𝑖AF

√1 − 𝑦𝒙𝑖AF2
0

𝑥𝒙𝑖AF

√1 − 𝑦𝒙𝑖AF2
]

T

 

(4.52) 

The rotation of linear actuators around their common axis can be obtained as 

{
cos 𝛾𝑥 = 𝒛𝑖AF

T𝒆𝑖A
sin 𝛾𝑥 = 𝒙𝑖AF

T𝒛̃𝑖AF𝒆𝑖A
⇒

{
 
 

 
 
cos

𝛾𝑥
2
= √

1 + 𝒛𝑖AFT𝒆𝑖A
2

sin
𝛾𝑥
2
= sign(sin 𝛾𝒛𝑖A)

√
1 − 𝒛𝑖AFT𝒆𝑖A

2

𝛾𝑥 ∈ [−𝜋 𝜋]. 

(4.53) 



 

69 

cos(𝛾𝒛𝑖A 2⁄ ) is determined as positive, since the working space of the joint was limited. 

Similarly, the angular displacements of axis-1 and -2 can be obtained as  

{
 
 

 
 cos 𝛾𝑦 =

𝑥𝒙𝑖AF

√1 − 𝑦𝒙𝑖AF2

sin 𝛾𝑦 = −
𝑧𝒙𝑖AF

√1 − 𝑦𝒙𝑖AF2

⇒

{
 
 

 
 
cos

𝛾𝑦

2
= √

√1 − 𝑦𝒙𝑖AF2 + 𝑥𝒙𝑖AF

2√1 − 𝑦𝒙𝑖AF2

sin
𝛾𝑦

2
= sign(sin 𝛾𝑦)√

√1 − 𝑦𝒙𝑖AF2 − 𝑥𝒙𝑖AF

2√1 − 𝑦𝒙𝑖AF2

𝛾𝑦 ∈ [−
𝜋

2

𝜋

2
], 

(4.54-1) 

{cos 𝛾𝑧 =
√1 − 𝑦𝒙𝑖AF2

sin 𝛾𝑧 = 𝑦𝒙𝑖AF
⇒

{
 
 

 
 
cos

𝛾𝑧
2
= √

1 + √1 − 𝑦𝒙𝑖AF2

2

sin
𝛾𝑧
2
= sign(sin 𝛾𝑧)√

1 − √1 − 𝑦𝒙𝑖AF2

2

𝛾𝑧 ∈ [−
𝜋

2

𝜋

2
]. 

(4.54-2) 

Till here, the rotation of the shaft-A can be expressed in quaternions form as 

𝑸𝑹L1AS = 𝑸(𝑦,𝛾𝑦)𝑸(𝑧,𝛾𝑧)𝑸(𝑥,𝛾𝑥) = (cos
𝛾𝑦

2
+ 𝒋 sin

𝛾𝑦

2
) (cos

𝛾𝑧
2
+ 𝒌 sin

𝛾𝑧
2
) (cos

𝛾𝑥
2
+ 𝒊 sin

𝛾𝑥
2
) . 

(4.55) 

The velocity vectors can be seen in last section. The final rotational velocity results in eq. (4.28) 

are succinct and refers only vector multiplications, thus, the rotational velocity in quaternions 

form are given as 

𝑸𝝕L1AS
= 𝑸𝝕𝑖A−shaft𝑥

+𝑸𝝕𝑖AB𝑦𝑧
.        (4.56) 

Where, {
𝑸𝝕𝑖A−shaft𝑥

= 𝝕𝑖A−shaft𝑥
T𝑪H

𝑸𝝕𝑖AF𝑦𝑧
= 𝑸𝑹L1AS

∗([0 𝑤𝑖AF𝑦𝑧𝑦 𝑤𝑖AF𝑦𝑧𝑧]𝑪H)𝑸𝑹L1AS
. 

Sleeves 

The sleeve-ij is connected to the Cardan joints, thus, its rotation in quaternions form is 

𝑸𝑹𝑖A−shaft = 𝑸(𝑥,𝛼𝑖𝑗)𝑸(𝑦,𝛽𝑖𝑗) = (cos
𝛼𝑖𝑗

2
+ 𝒊 sin

𝛼𝑖𝑗

2
) (cos

𝛽𝑖𝑗

2
+ 𝒋 sin

𝛽𝑖𝑗

2
).   (4.57) 

Similarly, the rotation angles of two axes must be obtained by performing half angle equations 

or inverse trigonometric on eq. (4.35). Here the half angle equations are used. 
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{
 
 

 
 

cos
𝛼𝑖𝑗

2
=
√1 − 𝑒𝑖𝑗𝑧 √1 − 𝑒𝑖𝑗𝑥2⁄

2
sin

𝛼𝑖𝑗

2
= sign(sin 𝛼𝑖𝑗)

√1 + 𝑒𝑖𝑗𝑧 √1 − 𝑒𝑖𝑗𝑥2⁄

2

cos
𝛽𝑖𝑗

2
=
√1 + √1 − 𝑒𝑖𝑗𝑥2

2
sin

𝛽𝑖𝑗

2
= sign(sin 𝛽𝑖𝑗)

√1 − √1 − 𝑒𝑖𝑗𝑥2

2

 

(4.58) 

The orientation of sleeves in quaternions form is thus derived. The rotational velocity should 

still be obtained by vector operations as eq. (4.40), in quaternions form, it should be  

𝑸𝝕L𝑖𝑗N =
(𝒗𝑖𝑗

T𝒚𝑖𝑗−sleeve)

(1 − 𝑒𝑖𝑗𝑥2)𝑙𝑖𝑗
𝑸𝒙𝑖𝑗−cross −

(𝒗𝑖𝑗
T𝒙𝑖𝑗−sleeve)

𝑙𝑖𝑗
𝑸𝒚𝑖𝑗−sleeve. 

(4.59) 

Where, {
𝑸𝒙𝑖𝑗−cross = 𝒙𝑖𝑗−cross

T𝑪H

𝑸𝒚𝑖𝑗−sleeve = 𝒚𝑖𝑗−sleeve
T𝑪H

. 

4) Summary of Quaterinons Form 

The quaternions representation of SO(3) members shows advantages in coordinates transferring 

and trajectory planning of rigid bodies. However, during solving the passive joint variables of a 

serial mechanism, it is not showing the expecting computational efficiency. For example, in eq. 

(4.54) and (4.58), either square roots or inverse trigonometric must be operated to obtain the 

half value of the angular displacements. These introduced transcendental functions will hinder 

the computation speed and introduce computation errors. Thus, computation method in part 3) 

and 4) of section 4.4.2 should be more reasonable for these particular elements computation. 

4.3 Inverse Kinematics of the Biped CENTAUROB 

CENTAUROB equips two 6-DOF PKMs as two legs to form a biped walking mechanism. The 

modified 6-SPS with double Cardan joints is utilized in this case. The coordinates are designed 

as shown in fig. 4.5. Frame {H} is assigned at the geometric centre of hip platform. The two sets 

of hip joints are assigned symmetrically on both sides of centre of {H}. Thus, there are three 
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platforms, {H}, {F1} and {F2}, should be described and controlled. During the walking and the 

switch of standing foot platforms, the computation of actuators efforts varies. However, in the 

view of kinematics, the displacements of actuating joints depend only on the relative pose and 

location of three platforms. As formerly notified, the left-superscript indicates the reference 

frame of this vector or matrix and will be omitted inside one modified 6-SPS. 

4.3.1 Minimal Coordinates of CENTAUROB 

During the walking of the biped robot, the trajectories and positions of platforms, {H} {F1} and 

{F2}, should be designed and controlled in real-time, in order to keep the stability and fulfil the 

transportation tasks. Here, the pose and position of the platforms are given though double 

3-tuples, similar to eq. (4.7). The coordinates are given referred to world coordinates {E}. The 

motion coordinates of hip platform is  

𝑿E−H
{E} = [ 𝒅E−H

{E} T
𝛾E−H 𝝎E−H

{E} T
]
T

= [ 𝑥E−H
{E} 𝑦E−H

{E} 𝑧E−H
{E} 𝛾E−H 𝜔E−H𝑥

{E} 𝛾E−H 𝜔E−H𝑦
{E} 𝛾E−H 𝜔E−H𝑧

{E} ]
T
. 

(4.60) 

The motion of foot platforms is 

𝑿H−F𝑖
{E} = [ 𝒅H−F𝑖

{E} T
𝛾H−F𝑖 𝝎H−F𝑖

{E} T
]
T

= [ 𝑥H−F𝑖
{E} 𝑦H−F𝑖

{E} 𝑧H−F𝑖
{E} 𝛾H−F𝑖 𝜔H−F𝑖𝑥

{E} 𝛾H−F𝑖 𝜔H−F𝑖𝑦
{E} 𝛾H−F𝑖 𝜔H−F𝑖𝑧

{E} ]
T
. 

(4.61) 

Their time-derivatives are 

{
𝑿̇E−H

{E}  = [ 𝒗E−H
{E} T

𝛾̇E−H 𝝎E−H
{E} T

]
T

,

𝑿̇H−F𝑖
{E} = [ 𝒗H−F𝑖

{E} T
𝛾̇H−F𝑖 𝝎H−F𝑖

{E} T
]
T

.
      (4.62) 

The joint variables are the same as defined in eq. (4.1). The whole mechanism realizes biped 

walking through driving and controlling the 12 linear actuators. The motion of hip platform can 

be described by an SE(3) operator as 

𝑯E−H
{E} = [ 𝑹E−H

{E} 𝒅E−H
{E}

𝟎 1
].        (4.63) 
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Figure 4.5 The coordinates arrangement of three platforms of CENTAUROB.  

𝑹E−H
{E}

 is the rotation matrix of the hip platform, {H}, w.r.t. the world frame. Based on 

Euler-Rodrigues formulation, 

𝑹E−H
{E} = 𝑒𝛾E−H 𝝎̃E−H

{E}

= 𝑰 + sin 𝛾E−H 𝝎̃E−H
{E} + (1 − cos 𝛾E−H) 𝝎̃E−H

{E} 𝝎̃E−H
{E} . 

(4.64) 

The se(3) operator of it should be 

𝑯̇E−H
{E} = [𝛾̇E−H 𝝎̃E−H

{E} 𝑹E−H
{E} 𝒅̇E−H

{E}

𝟎 0
].       (4.65) 

The motions of foot platforms are 

𝑯E−F𝑖

{E} = [ 𝑹E−F𝑖
{E} 𝒅E−F𝑖

{E}

𝟎 1
].       (4.66) 

Correspondingly, 𝑹E−F𝑖
{E}

 is the rotation matrix of {Fi} w.r.t the world frame {E}. 

𝑹E−F𝑖
{E} = 𝑒𝛾E−F𝑖 𝝎̃E−F𝑖

{E}

= 𝑰 + sin 𝛾E−F𝑖 𝝎̃E−F𝑖
{E} + (1 − cos 𝛾E−F𝑖) 𝝎̃E−F𝑖

{E} 𝝎̃E−F𝑖
{E}

 

(4.67) 
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The relative motions of foot platforms w.r.t their own base can be derived as 

𝑯H−F𝑖
= 𝑯E−H

{E} −1
𝑯E−F𝑖

{E} = [ 𝑹E−H
{E} T

𝑹E−F𝑖
{E} 𝑹E−H

{E} T
𝒅E−F𝑖

{E} − 𝑹E−H
{E} T

𝒅E−H
{E}

𝟎 1
] . 

(4.68) 

Note that, the reference coordinates of 𝑯H−F𝑖
 was omitted as mentioned in Sub-section 4.2.1. 

4.3.2 Inverse Jacobian of Linear Actuators 

Bring equation (4.68) into equation (4.10), the linear actuators are obtained as 

𝒍̅𝑖𝑗
{E} = 𝑯E−H

{E} 𝒍̅𝑖𝑗 = 𝑯E−F𝑖

{E} 𝒅̅F𝑖−F𝑖𝑗
{F𝑖} − 𝑯E−H

{E} 𝒅̅H−H𝑖𝑗    (4.69) 

The lengths of linear actuators are obtained as the norm of 𝒍𝑖𝑗
{E}

, i.e. | 𝒍𝑖𝑗
{E}

|. Its unit vector is 

𝒆𝑖𝑗
{E} = 𝒍𝑖𝑗

{E} | 𝒍𝑖𝑗
{E} |⁄ . 

The time differential of 𝒍̅𝑖𝑗
{E}

 is the relative veloctiy between the joints center, as 

𝒗̅H𝑖𝑗−F𝑖𝑗
{E} = 𝒍̇̅𝑖𝑗

{E} = 𝑯̇E−F𝑖

{E} 𝒅̅F𝑖−F𝑖𝑗
{F𝑖} − 𝑯̇E−H

{E} 𝒅̅H−H𝑖𝑗

= [ 𝑹̇E−F𝑖
{E} 𝒅̇E−F𝑖

{E}

𝟎 0
] 𝒅̅F𝑖−F𝑖𝑗
{F𝑖} − [ 𝑹̇E−H

{E} 𝒅̇E−H
{E}

𝟎 0
] 𝒅̅H−H𝑖𝑗. 

(4.70) 

Where, 𝑹̇E−F𝑖
{E} = 𝛾̇E−F𝑖 𝝎̃E−F𝑖

{E} 𝑹E−F𝑖
{E}

 and 𝑹̇E−H
{E} = 𝛾̇E−H 𝝎̃E−H

{E} 𝑹E−H
{E}

. 

Thus, the length variation velocities of linear actuators are 

𝑙𝑖̇𝑗 = 𝒗H𝑖𝑗−F𝑖𝑗
{E} T

𝒆𝑖𝑗
{E} = 𝒗H𝑖𝑗−F𝑖𝑗

{∗} T
𝒆𝑖𝑗

{∗} .      (4.71) 

The control variables, | 𝒍𝑖𝑗
{E}

| and 𝑙𝑖̇𝑗, depend only on the relative velocity between platforms, 

but not on the reference frame. The inverse Jacobian of the whole mechanism is a function of 

the relative motion of the three platforms, which is in the same form with eq. (4.16). 

4.3.3 Inverse Jacobian of Sleeves and Shafts 

From Sub-section 4.3.2, it is not difficult to find that the configurations of the sleeves and shafts 
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are derived only from pure vectors, their motion in homogenous forms are directly given as 

{
𝑯E−𝑖A−sleeve

{E} = 𝑯E−H
{E} 𝑯𝑖A−sleeve,

𝑯E−𝑖B−shaft
{E} = 𝑯E−H

{E} 𝑯𝑖B−shaft.
       (4.72) 

Based on equation (4.31) and (4.63), the velocity of sleeves is given as 

𝒒̇H−𝑖A−sleeve
{E} = [

𝒅̇E−H
{E} + 𝛾̇E−H 𝝎̃E−H

{E} 𝒅H−H𝑖𝑗

𝛾̇E−H 𝝎E−H
{E} + 𝑹E−H

{E} 𝝕H−𝑖A−sleeve

]

= 𝑱E−𝑖A−sleeve
−1 ( 𝑿̇E−H

{E}
, 𝑿̇H−F𝑖
{E}

) . 

(4.73) 

The velocity of shafts is given as 

𝒒̇H−𝑖A−shaft
{E} = [

𝒅̇E−H
{E} + 𝑹E−H

{E} 𝒗𝑖B

𝛾̇E−H 𝝎E−H
{E} + 𝑹E−H

{E} 𝝕𝑖B−shaft
T
] = 𝑱E−𝑖A−shaft

−1 ( 𝑿̇E−H
{E} , 𝑿̇H−F𝑖

{E} ) . 

(4.74) 

Till here, the motion descriptions of all the main parts in CENTAUROB w.r.t world frame were 

given in matrix form. 

4.3.4. The Inverse Kinematics in Quaternions Form 

Derived from eq. (4.60) to (4.62), the motion quaternions of the hip platform w.r.t {E} is 

{
𝑸̂E−H

{E}   = 𝑸𝑹E−H
{E} + 𝜖

1

2
𝑸𝒅E−H

{E} 𝑸𝑹E−H
{E} ,

𝑸̂E−H
{E} ~

= 𝑸𝑹E−H
{E} ∗

− 𝜖
1

2
𝑸𝒅E−H

{E} ∗
𝑸𝑹E−H

{E} .∗
 

(4.75) 

In which, according to eq. (4.64), {
𝑸𝒅E−H

{E} = 𝒅E−H
{E} T

𝑪H,

𝑸𝑹E−H
{E} = cos

𝛾E−H

2
+ sin

𝛾E−H

2
𝝎E−H

{E} T
𝑪H.

 

The motion quaternions of foot platforms w.r.t {E} is 
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{
𝑸̂E−F𝑖

{E}   = 𝑸𝑹E−F𝑖
{E} + 𝜖 𝑸𝒅E−F𝑖

{E} 𝑸𝑹E−F𝑖
{E} 2⁄ ,

𝑸̂E−F𝑖
{E} ~

= 𝑸𝑹E−F𝑖
{E} ∗

− 𝜖 𝑸𝒅E−F𝑖
{E} ∗

𝑸𝑹E−F𝑖
{E} 2⁄

∗     (4.76) 

Where, according to eq. (4.67), {
𝑸𝒅E−F𝑖

{E} = 𝒅E−F𝑖
{E} T

𝑪H,

𝑸𝑹E−F𝑖
{E} = cos

𝛾E−F𝑖

2
+ sin

𝛾E−F𝑖

2
𝝎E−F𝑖

{E} T
𝑪H.

 

Thus, the motion quaternions of platforms are given. Based on eq. (4.69) and (4.47), there is 

𝑸̂𝒍𝑖𝑗
{E} = 𝑸̂E−F𝑖

{E} 𝑸̂𝒅F−F𝑖𝑗
{F} 𝑸̂E−F𝑖

{E} ~
− 𝑸̂E−H

{E} 𝑸̂𝒅H−H𝑖𝑗
{H} 𝑸̂E−H

{E} ~
.    (4.77) 

It derives 

𝑸𝒍𝑖𝑗
{E} = 𝑸𝑹E−F𝑖

{E} 𝑸𝒅F−F𝑖𝑗
{F} 𝑸𝑹E−F𝑖

{E} ∗
− 𝑸𝑹E−H

{E} 𝑸𝒅H−H𝑖𝑗
{F} 𝑸𝑹E−H

{E} ∗
+ 𝑸𝒅E−F𝑖

{E}

− 𝑸𝒅E−H
{E}

 

(4.78) 

Similar to eq. (4.49), its time differential is 

𝑸𝒗H𝑖𝑗−F𝑖𝑗
{E} =

𝑑

𝑑𝑡
𝑸𝒍𝑖𝑗

{E}

= Im( 𝑸𝝕E−F𝑖
{E} 𝑸𝒅F𝑖−F𝑖𝑗

{E} − 𝑸𝝕E−H
{E} 𝑸𝒅H−H𝑖𝑗

{E} + 𝑸𝒗E−F𝑖
{E} − 𝑸𝒗E−H

{E} ) 

(4.79) 

Its projection on linear actuator is same as (4.71), in quaternions form is 

𝑙𝑖̇𝑗 = −Re ( 𝑸𝒗H𝑖𝑗−F𝑖𝑗
{E} 𝑸𝒆𝑖𝑗

{E} ).        (4.80) 

Where, 𝑸𝒆𝑖𝑗
{E}

 is the quaternions form of unit vector 𝒆𝑖𝑗
{E}

. 

As discussed in Sub-section 4.2.2, there is barely any obvious advantage of computing the 

motions of sleeves and shafts in quaternions form. Therefore, their computations rest on the 

matrix form, as part 3) of Sub-section 4.2.4. 
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4.4 Passive Rotation Problem 

During the modelling of the linear actuators, they were usually treated as a combination of one 

prismatic pair and one revolute pair, as mentioned in Chapter 2. Nevertheless, the most ball lead 

screws should be treated as a combination of one helical joint and one prismatic joint, seeing fig. 

4.6(a). It was caused by the mechanical driving approach of balls as illustrated in fig. 4.6(b). 

When the sleeves stay angularly still and the balls are driven by the motor in the screw groove 

and return groove, the sleeves will be pushed linearly. When the screw sleeve rotates and the 

balls stay, the sleeve will move along the axis, as illustrated in fig. 4.6(b). This phenomenon 

was discussed in several former publications [4.36-38]. 

 

(a)         (b) 

Figure 4.6 Analysis of a lead screw. (a) The topological modelling of lead screw as 

a combination of helical and prismatic joint. (b) Mechanical scheme of a 

ball lead screw. 

The relative axial rotation between sleeve and shaft will cause a length variation of a lead screw. 

This length variation will cause inner stress or strain and will further reduce the control 

accuracy. Therefore, this length variation must be compensated through the adjustment of 

control efforts. Since the length variation is introduced by the relative rotation of the two 

structural parts of a lead screw, it can be obtained as, 

𝑙P𝑖𝑗 = 𝛾hel𝑖𝑗𝑃          (4.81) 
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In which, P stands for the screw pitch and 𝛾hel𝑖𝑗 is the realtive rotation angle between the shaft 

and sleeve of a lead screw. At the same time, since the common z-axis for the shaft and sleeve of 

one lead screw, there exists the following relation about the relative rotation. 

𝑹(𝑧, 𝛾hel𝑖𝑗) = 𝑹𝑖𝑗−(sleeve−shaft)
{𝑖𝑗−sleeve}

= 𝑹(𝑖𝑗−sleeve)−E
{𝑖𝑗−sleeve}

𝑹E−(𝑖𝑗−shaft)
{E}

 

(4.82) 

E stands for inertial coordinates system. From which, it is obvious, 𝛾hel𝑖𝑗 is in fact the angle 

between the x-axes or y-axes of two frames fixed on sleeve and shaft. Introducing equation 

(4.18) and (4.36), 

sin 𝛾hel𝑖𝑗 = 𝒆𝑖𝑗
T𝒙̃𝑖𝑗−sleeve𝒙𝑖𝑗−shaft      (4.83) 

 

Figure 4.7 The solution of passive rotation problem. The relative rotation can be 

solved by calculating the angular difference between the x-axes of sleeve 

and shaft of one linear actuator, e.g., 𝒙𝑖𝑗−sleeve and 𝒙𝑖𝑗𝑘. 

Seeing limbs-ij in fig. 4.7, the relative motion can be obtained by 

𝛾hel𝑖𝑗 = sin−1(𝒆𝑖𝑗
T𝒙̃𝑖𝑗−sleeve𝒙𝑖𝑗−shaft).      (4.84) 

The velocity of this length variation caused by passive rotation could be obtained through time 

differential of 𝑙P𝑖𝑗. 

𝑙Ṗ𝑖𝑗 = 𝛾̇hel𝑖𝑗𝑃.          (4.85) 
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𝛾̇hel𝑖𝑗 is indeed the axial rotation velocity difference between sleeve and shaft. From fig. 4.2, 

fig. 4.3, eq. (4.30) and (4.40), this rotational velocity can be obtained as the rotational velocity 

projection on the linear actuator. For limb-ij, there is 

𝛾̇hel𝑖𝑗 = (𝝕L𝑖𝑗S −𝝕L𝑖𝑗N)
T
𝒆𝑖𝑗 .      (4.86) 

The variables above should be in the same coordinates frame. 

4.5 Forward Kinematics Problem 

4.5.1 Problem Statement 

As discussed in Chapter 2, the FKP of a 6-SPS formed PKM[6,3] mechanism will involve to a 

1-dimensional searching problem. As illustrated in fig. 2.8(b), knowing the lengths of 6 linear 

actuators, the mechanism can be transformed to a determination of 2-RS+RSR FKP. It can also 

be described as a geometrical problem in fig. 2.10(b). 

As shown in fig. 4.8(b), the problem is abstracted to finding the configurations of R1, R2 and R3, 

by which the bars l4 and l3 intersect. Alternatively, it can be expressed in the following form. 

Conditions: 𝐶S1: 𝑯R1−S1𝒍̅1, 𝐶S2: 𝑯R2−S2𝒍̅2, 𝐶S3:𝑯R3−S3𝒍̅3, 𝐶S3′:𝑯R1−2−S3𝒍̅4  

Constraint: ‖𝑺1 − 𝑺2‖ = 𝑙1−2, 𝐶S3′ ∩ 𝐶S3 ≠ ∅. 

Where, {
𝑯R𝑖−S𝑖   = [

𝑹R𝑖−S𝑖 𝒅R𝑖
𝟎 1

] = [
𝑹(𝑧, αR𝑖)𝑹(𝑥, 𝛾R𝑖) 𝒅R𝑖

𝟎 1
]

𝑯R1−2−S3 = [
𝑹R1−2−S3 𝒅R1−2

𝟎 1
]

. 

From the first condition, the location of S1 S2 and S3 can be derived 

𝑺̅𝑖 = 𝑯R𝑖−S𝑖 𝒍̅𝑖 = [
𝑙𝑖𝑹(𝑧, αR𝑖)𝑹(𝑥, 𝛾R𝑖)𝒛 + 𝒅R𝑖

1
] = [

𝑙𝑖 sin 𝛼R𝑖 sin 𝛾R𝑖 + 𝑥R𝑖
−𝑙𝑖 cos 𝛼R𝑖 sin 𝛾R𝑖 + 𝑦R𝑖

𝑙𝑖 cos 𝛾R𝑖
1

] , 𝑖 = 1,2,3. 

(4.87) 
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(a)          (b) 

Figure 4.8 The solving method of FKP of a PKM [6,3]. (a) A typical 6-SPS PKM 

with locked actuators and (b) its equivalent 2-RS+RSR PKM. 

4.5.2 Solution of S1 and S2 

Seeing fig. 4.8(b), the trajectories of S1 and S2 are two circles in 3D space, the constraint is the 

length between them, which depends on the installation dimensions of the joints, as 𝑙1−2. If the 

S1 is too far from the plane of CS2, there will be no solution. The location of R1-2 is confirmed 

once the line S1S2̅̅ ̅̅ ̅̅  was confirmed. The location of S2 should be the intersections of CS2 and a 

sphere surface, SS2’, centric to S1. Thus, as illustrated in fig. 4.9, there will be at most 2 solutions 

of S2, despite the singular positions, for example, when S1 locates along the axis of R2. 

Introducing eq. (4.87), the first constraint, ‖𝑺1 − 𝑺2‖ = 𝑙1−2, turns to 

(𝑙1 sin αR1 sin 𝛾R1 − 𝑙2 sin αR2 sin 𝛾R2 + 𝑥R1 − 𝑥R2)
2

+ (𝑙2 cos αR2 sin 𝛾R2 − 𝑙1 cos αR1 sin 𝛾R1 + 𝑦R1 − 𝑦R2)
2

+ (𝑙1 cos 𝛾R1 − 𝑙2 cos 𝛾R2)
2 = 𝑙1−2

2. 
(4.88) 

It derives 

𝐴1 cos 𝛾R2 + 𝐵1 sin 𝛾R2 = (𝑙1−2
2 − 𝐶1) 2⁄ .      (4.89) 

In which,  
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{
 

 
𝐴1 = −𝑙1𝑙2 cos 𝛾R1 ,

𝐵1 = 𝑙2[(𝑦R1 − 𝑦R2) cos αR2 − (𝑥1 − 𝑥R2) sin 𝛼R2] − 𝑙1𝑙2 cos(𝛼R1 − 𝛼R2) sin 𝛾R1
𝐶1 = 𝑙1

2 + 𝑙2
2 + (𝑥R1 − 𝑥R2)

2 + (𝑦R1 − 𝑦R2)
2

          +2𝑙1[(𝑥R1 − 𝑥R2) sin 𝛼R1 − (𝑦R1 − 𝑦R2) cos 𝛼R1] sin 𝛾R1 .

 

 

Figure 4.9 Solutions of S2 position based on the position of S1. 

Thus, the position of S2 can be confirmed by 

𝛾R2 = 𝐸1 ± cos
−1[(𝑙1−2

2 − 𝐶1) 2𝐷1⁄ ]      (4.90) 

Where, 𝐷1 = √𝐴1
2 + 𝐵1

2 and 𝐸1 = tan−1
𝐵1

𝐴1
 + {

0 𝐴1 > 0
𝜋 𝐴1 ≤ 0 𝑎𝑛𝑑 𝐵1 ≥ 0
−𝜋 𝐴1 ≤ 0 𝑎𝑛𝑑 𝐵1 < 0

. 

Note that, in eq. (4.90), the quadrant of 𝐸1 is determined by the polarity of 𝐴1 and 𝐵1. 

4.5.3 Solution of S3 

Seeing figure 4.10(a), the trajectory of S3 around joint R1-2 is a circle with the norm vector along 

R1-2 and co-centric with R1-2. If the search result stands or not, relies on if CS3’ and CS3 intersect 

or not. The intersections of two circles must be on the intersections line, L3’-3, of the two planes, 

PS3’ and PS3, where the two circles locate. If the two planes’ intersection line is too far from one 

of two circle centres, there will be no intersection of two circles, seeing fig. 4.10(c). Otherwise, 

if the intersections of one circle with the intersection line are also the point on the other circle, 



 

81 

this configuration stands, as fig. 4.10(a) and (b). 

 

(a)        (b) 

 

(c)        (d) 

Figure 4.10 Four cases during solving S 3: (a) 2 intersections between CS3 and CS3’;  

(b) 1 intersection between CS3 and CS3’; (c) no intersections between CS3 

and CS3’ and no intersections between CS3’ and L3’-3; (d) no intersections 

between CS3 and CS3’ but there exist intersections between CS3’ and L3’-3.  

Based on the shape of moving platform, the position and orientation of R1-2 is thus confirmed. 

Let the position and orientation of R1-2 and R3 be 𝒓1−2, 𝒓3 and 𝝎1−2, 𝝎3, there are 

{
𝒅R1−2 = [𝑥1−2 𝑦1−2 𝑧1−2]T, 𝒅R3 = [𝑥3 𝑦3 0]T;

𝝎R1−2 = [𝜔1−2𝑥 𝜔1−2𝑦 𝜔1−2𝑧]T, 𝝎R3 = [𝜔3𝑥 𝜔3𝑦 0]T.
    (4.91) 

The planes, where CS3’ and CS3 locate, intersect at 

𝐿3′−3: {
𝑃S3′: 𝜔1−2𝑥𝑥 + 𝜔1−2𝑦𝑦 + 𝜔1−2𝑧𝑧 = 𝐷1−2,

𝑃S3: 𝜔3𝑥𝑥 + 𝜔3𝑦𝑦 = 𝐷3.
      (4.92) 

Where, {
𝐷1−2 = 𝜔1−2𝑥𝑥1−2 + 𝜔1−2𝑦𝑦1−2 + 𝜔1−2𝑧𝑧1−2,

𝐷3 = 𝜔3𝑥𝑥3 + 𝜔3𝑦𝑦3.
 

Thus, the intersection line of PS3’ and PS3 is 𝐿3′−3 = 𝑃S3′ ∩ 𝑃S3. The distances between R1−2, 

R3 and 𝐿3′−3, named as 𝑑1−2I and 𝑑3I, should be smaller than their own radius, otherwise, the 
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case in figure 4.10(c) happens. Given two arbitrary points on 𝐿3′−3, named as 𝒑3′−3−1and 

𝒑3′−3−2, the distance can be calculated as 

𝑑∗I =
|(𝒑̃3′−3−1 − 𝒑̃3′−3−2)(𝒑3′−3−1 − 𝒅∗)|

|𝒑3′−3−1 − 𝒑3′−3−2|
≤ 𝑙∗ ∗= 1 − 2 𝑜𝑟 3. 

(4.93) 

From eq. (4.87) and (4.92).The intersection of CS3 and the line 𝐿3′−3 should fulfil 

𝐴2 cos 𝛾R3 + 𝐵2 sin 𝛾R3 = 𝐶2.       (4.94) 

Where,{

𝐴2 = 𝑙3𝜔1−2𝑧,
𝐵2 = 𝑙3𝜔1−2𝑥 sin αR3 − 𝑙3𝜔1−2𝑦 cos αR3 ,

𝐶2 = −(𝜔1−2𝑥𝑥R3 + 𝜔1−2𝑦𝑦R3 + 𝐷1−2).

 

It derives 

𝛾R3 = 𝐸2 ± cos
−1(𝐶2 𝐷2⁄ ).        (4.95) 

In which, 

{
 
 

 
 𝐷2 = √𝐴2

2 + 𝐵2
2,

𝐸2 = tan−1
𝐵2

𝐴2
+ {

0 𝐴2 > 0
𝜋 𝐴2 ≤ 0 𝑎𝑛𝑑 𝐵2 ≥ 0
−𝜋 𝐴2 ≤ 0 𝑎𝑛𝑑 𝐵2 < 0

.

 

Thus, the 2 possible locations of the joint S3 can be confirmed as 

𝑺3 = [
sin αR3 sin 𝛾R3 + 𝑥R3
−cos 𝛼R3 sin 𝛾R3 + 𝑦R3

cos 𝛾R3

]        (4.96) 

If the distance from S3 to R1-2, as 𝑑II, is equal to the radius of CS3’, the configurations stands, 

otherwise not. 

𝑑II = ‖𝑺3 − 𝒅R1−2‖.         (4.97) 

Notice that, if the two planes, PS3 and PS3’, coincide, it turns to a 2 dimensional geometric 

problem. The searching aim will be to find the intersections of two circles on one plane. 

4.5.4 Solution Searching Process 

The searching process can be described in the following flow chart. As shown in fig. 4.11, there 



 

83 

will be four sets of possible solutions of S3. These four sets of solutions are corresponding to the 

signs of cosine terms in equation (4.90) and (4.95). The search step length Δ𝛾R1 will be 

decreased in the neighbourhood of 𝛾R1|min(𝑑II) to do more iterations of searching. Then, four 

solutions with minimum 𝑑II will be adopted. Based on the former pose and location of moving 

platform or other peripheral approaches (sensors, prior knowledge, etc.), only one solution will 

be confirmed. 

 

Figure 4.11 Flow chart of FKP solution searching algorithm of a PKM-[6,3]. 
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4.6 Simulation Results 

The inverse kinematic solution is known as the essential topic for various subjects during the 

design and operating a parallel kinematic mechanism. The kinematics of CENTAUROB was 

simulated under a MATLAB environment. All joint variables and control contributions are 

calculated with different trajectories of three platforms, {H}, {F1} and {F2}. The position and 

velocities will be given referred to the fixed coordinates {E}. It should be noticed, that the 

length compensation of linear actuators caused by the passive relative rotation are also 

simulated and studied. Since the algebra symmetry of PKMs, the motion of the hip w.r.t the feet 

is in fact a symmetry of converse motion. This fact allows a simulation of hip motion to 

represent all kinds of relative motion of feet w.r.t. hip. 

4.6.1 IKP Simulation 

In the kinematic simulation, the hip platform was abstracted as a blue hexagon in fig. 4.12, the 

foot joints are illustrated as two red triangles and linear actuators as 12 blue lines. The velocities 

are noted in the figure as arrows, the rotational as cyan and translational as red. 

Since the symmetry of the two feet w.r.t. the hip, the simulation result for foot-1 was shown in 

fig. 4.13. The motion of hip was defined as a sine wave rotation with amplitude of 0.1𝜋 around 

its z-axis. The period of rotation is 2 seconds. Correspondingly, its rotational velocity is a cosine 

wave with same period. The lengths of linear actuators are illustrated as different curves. The 

length variation velocities are in a range of ±26.65mm/s. The relative rotations between the 

sleeves and shafts cause length variations in a range of ±0.518mm. The corresponding length 

variation velocity compensation is in a range of ±1.73mm/s. 

In fig. 4.14, the result of a motion of the hip along the x-axis with sine wave was shown. The 

amplitude of translational motion was 200mm and the period was 2 seconds. The length 

variation velocity is in a range of ±151.63mm/s. The length compensation was in a range of 

±0.13mm and with a velocity between ±0.91mm/s.  
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(a)         (b) 

Figure 4.12 Two simulations of CENTAUROB when:       

 (a): 𝑿E−H
{E} = [0 0 0 0 0 Amp6 sin(𝑡 𝑇6⁄ )]T  and (b): 𝑿E−H

{E} =

[Amp6 sin(𝑡 𝑇1⁄ ) 0 0 0 0 0]T 

 

Figure 4.13 Simulation result of fig. 4.12(a). The position (top left) and velocity 

(top right) of hip were given. The lengths (middle left) and velocities 

(middle right) of linear actuators were given. The length compensations 

(bottom left) and their variation velocities (bottom right) were shown.  
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Figure 4.14 Simulation result of fig. 4.12(b). The position (top left) and velocity 

(top right) of hip were given. The lengths of linear actuators (middle left) 

and their velocities (middle right) were given. The length compensations 

(bottom left) and variation velocities (bottom right) were shown.  

 

Figure 4.15 Simulation results of different amplitudes. There are translational (left 

column) and rotational (right column) displacements of hip platform. The 

maximum length variation velocity (first row) , maximum passive rotation 

compensation quantities (second row) and maximum passive rotation 

compensation velocities (third row) are shown. The motions are in three 

directions: along x- (blue), y- (red) and along z-axis (green). 
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As shown in fig. 4.15, some key variables’ maximum values were computed for different 

motion amplitudes along different directions. For translational displacements, the motion along 

z-axis caused greater control efforts, comparing with the same motion range along x- and y- axis. 

Contrarily, translational motion along x- and y-axis caused similar velocity demanding, though 

y direction motion (side way movement) caused higher velocity than x direction motion 

(fore-backward movement). The rotational motion along x-axis caused the highest velocity 

demand, while the rotation along z-axis caused the lowest. From the graphs of the 2nd and 3rd 

row of the left column in fig. 4.15, the amount of compensation of passive rotations are limited 

in a small range, comparing to the length demanding of linear actuators. It is worth to be noticed, 

that compensation quantities in translational motion along z- axis showed more obvious 

non-linear properties, while along the other two directions it showed more linear properties, 

both in displacement and velocity aspects. For rotations, it shows contrarily linearity. 

4.6.2 Numerical FKP Examples 

As discussed in section 4.3, the forward kinematic problem of a 6-SPS formed PKM[6,3] can 

be solved after a 1-dimensional searching process. The motions of the moving platform were 

defined in two examples as table 4.1. The mechanism will then be transferred to an equivalent 

2-RS+RSR mechanism (see fig. 4.8(c)) and be solved. Based on eq. (4.87), the result variables 

of equivalent rotational joints R1, R2 and R3 are given in table 4.2. In which, 𝛾R2+ and 𝛾R2− 

are cooresponding to two solutions of eq. (4.90), 𝛾R3+ and 𝛾R3− are cooresponding to two 

solutions of eq. (4.95). The searching error was defined as 𝜖𝑙1 = 1𝑚𝑚 and 𝜖𝑙2 = 0.5𝑚𝑚 

(referring fig. 4.11). In each example, four solutions are illustrated in fig. 4.16. 

In the first example, the 4th solution coincidences the real position of the moving platform. The 

errors of three points of the platform are 0.187mm, 0.025mm and 0.125mm. It can be observed 

and calculated that, the solution-4 and solution-1 are symmetric about the plane formed by S1, 

S2 and R3. It is the same case for solution-2 and -3 about the same plane. On the other side, the 

solution-1 and -2 are symmetric about the x-y plane, so are the solution-3 and -4. 
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Table 4.1 Motion parameters of moving platform of a 6-SPS PKM 

𝑿H−F𝑖
{H}

 Example 1. Example 2. 

𝒅H−F𝑖
{H}

 [
0
300
200

] [
−100
100
200

] 

𝛾H−F𝑖 𝝎H−F𝑖
{H}

 [
36°

0
18°

] [
−18°

−36°

0

] 

 

(a)          (b) 

Figure 4.16 Two numerical examples of 1-dimentional searching process for the 

location of joint S3 in a 6-SPS PKM[6,3]. The definitions of curves and 

figures referred to fig. 4.10. (a) solutions of example 1, (b) solutions of 

example 2. 

In the second example, the first solution coincidences the real position of the moving platform. 

The errors of the three points of the platform are 0.080mm, 0.010mm and 0.050mm. Similar to 

the first example, the 1st and 4th solutions, the 2nd and 3rd solutions are symmetric about the x-y 

plane, respectively. The 1st and 2nd solutions, the 3rd and 4th solutions are symmetric about the 

plane formed by S1, S2 and R3, respectively. 
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Figure 4.17 Four solutions of the location of the moving platform in numerical 

example 1. Solutions were shown as purple triangles.  

 
Figure 4.18 Four solutions of the location of the moving platform in numerical 

example 2. Solutions were shown as purple triangles.  
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Table 4.2. Four sets of joint variable solutions of an equ ivalent 2-RS+RSR 

mechanism. 

Example 1 

Variables(◦) Solution-1. Solution-2. Solution-3. Solution-4. 

𝛾R1 0.722 179.314 181.157 358.860 

𝛾R2+ -3.255 - - -2.185 

𝛾R2+ 
𝛾R3+ - - - - 

𝛾R3− 46.249 - - 34.612 

𝛾R2− - -176.745 -177.767 - 

𝛾R2− 
𝛾R3+ - 133.751 144.776 - 

𝛾R3− - - - - 

Example 2 

Variables(◦) Solution-1. Solution-2. Solution-3. Solution-4. 

𝛾R1 14.221 41.457 138.802 165.871 

𝛾R2+ 40.875 43.132 - - 

𝛾R2+ 
𝛾R3+ - - - - 

𝛾R3− -23.885 -26.278 - - 

𝛾R2− - - -223.047 -220.875 

𝛾R2− 
𝛾R3+ - - 206.104 203.885 

𝛾R3− - - - - 

4.7 Chapter Summary and Discussions 

In this chapter, the complete kinematic model of CENTAUROB was given. The kinematic 

relations between every part of links were thoroughly described, including the relation between 

two parts of linear actuators and the relations between one input and two output ends of a 

double Cardan joint. These will be the foundation of further kinematic analysis in following 
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chapters, for example, working space, singularities and agility analysis.  

The kinematic model was built in two manners: exponential matrix parameterization and 

quaternions. Quaternions representation will increase the computation speed as a result of less 

uses of transcendental functions. Thereby, the real-time capabilities of controller can be 

strengthened. For rotation matrices, regardless generated by Euler angles, exponential 

parameterization or others, the regeneration of rotation parameters is always a challenge. This 

is to say, knowing the rotation matrix, only the pose of the rigid body is recognized, while it is 

difficult to generate a trajectory along the great circle centric to the rotation centre. In practice, 

however, the quaternions representation showed its disadvantages during solving the angles of 

sleeves and shafts of linear actuators. It introduced even more transcendental functions that will 

thereby decrease the computation speed and reduce the computation accuracy. 

The passive rotation problem was discussed in Section 4.4. It is the relative rotation between the 

sleeve and shaft of a lead screw and will cause the length deviation of the linear actuators. From 

the simulation result, the deviation was limited in a very small range. In general, the rotation of 

platforms causes more obvious length compensation demanding than translational motions. 

In this chapter, the 1-dimensional FKP solution of 6-SPS mechanism was given and operated in 

two numerical examples. In each example, 4 solutions were obtained. All these solutions are 

symmetric to base platform and R3-S1-S2 plane, respectively. All the correct solutions obtained 

an acceptable error range, from 0.01mm to 0.19mm. This result can be further optimized by 

decrease the error thresholds and increase iteration cycles. 
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Chapter 5 

Kinematics Analysis of CENTAUROB 

In this chapter, the kinematic performance of CENTAUROB will be studied based on its main 

component, 6-SPS PKM. The kinematic analysis includes divers aspects such as, workspace 

analysis, manipulability and singularity. Through the kinematic model, the configuration, 

velocity and acceleration characteristics will be exhibited. By introducing collision conditions 

and working range of various joints, the workspace with different demanding will be obtained. 

The velocity manipulability will be illustrated as velocity ellipsoid as well. The singularity 

will be concerned by means of a special screw indicator for different application scenarios. 

5.1 State of the Art 

Kinematic analysis is an important aspect of robot investigations. It plays a vital role from the 

design phase, simulation to robot diagnosis, motion planning and control phase of a robot 

development. The basis of kinematic analysis is the foundation of Jacobian or inverse 

Jacobian of a robot system, which is a mapping from joint velocity space to the operational 

space and has been dissected in the last chapter. There are many considerations of analysing 

the kinematic, e.g. workspace, manipulability, accuracy, singularity, decoupling, dexterity etc. 

In this chapter, the main focus will be placed on the former four aspects.  

The workspace is an assemble of configurations that the end effector can reach. It is normally 

constrained by the working ranges of joints, regardless of passive or active ones. According to 

the definition made by Merlet in [5.1], the workspace can be classified as constant-orientation 
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workspace, reachable workspace, inclusive workspace, dexterous workspace and total 

orientation workspace. The manners to obtain workspace include normally geometrical, 

discrete numerical and non-discrete numerical methods. The main approach of geometrical 

method to obtain a workspace is by the intersections of boundaries of each limb. This method 

was explicitly announced by Gosselin in 1989 for the first time ([5.2]) and widely used in 

earlier workspace researches. Then Merlet has studied the rotational workspace of a 6-DOF 

PKM in his earlier work [5.3]. Later, Kim and others have provided the workspace of a 

6-DOF Gough-Stewart platform. Bonev, et. al. have studied the constant-orientation 

workspace of a 6-PRRS PKM through geometrical approach in [5.5]. The discrete numerical 

method is to search the possible positions of a PKM in a specific space under different 

constraints. The discrete numerical method is to mapping the positions into the joint space 

through inverse kinematics and to test if the joints are constrained or not. This method is the 

most intuitionistic and widely used in the workspace studies for present PKMs. With this 

method, Bonev and Ryu have studied the rotation workspace of a 6-DOF PKM at a fixed 

position ([5.6]), Lee and Park have given the workspace analysis of a double PKM in [5.7]. In 

the field of novel PKM development, Gagliardini, et al provided the workspace analysis of a 

cable-driven PKM ([5.8]), Antonov and Glazunov analysed the workspace of a PKM with 

limbs penetrating the base platform in [5.9].  

There are many error recourses affecting the kinematic accuracy of a PKM, e.g. actuator 

errors, geometrical errors, thermal errors, computational errors, etc. Among them, the actuator 

error is the determinant operational error ([5.1]). The interest of accuracy research was 

initially emphasized on methods based on Jacobian condition numbers. The condition number 

can be used to represent the upper and lower boundary of the ratio of operational velocity 

error over actuator velocity error. Further, the Jacobian matrix can be replaced by other matrix 

to transform other error sources to operational error space, as Ryu et al mentioned in [5.10]. 

Besides condition numbers, there are some later introduced accuracy indices. In [5.11], Xu 

and Li introduced error amplification index (EAI), which is a weighted combination of 
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maximum singular value and the condition number. No matter which method, the condition 

number should be homogenized, since the different unit of translational and rotational motion 

can cause fierce change of the norms of a Jacobian matrix. 

Manipulability is the ability of velocity and force amplifications, while, sometime, it is used 

as the positioning error measurement ([5.12]). It reflects not only the amplitude of 

transmissions, but also the isotropy. The manipulability can often be represented as velocity or 

force ellipsoid. The principle axes of the ellipsoids illustrate the directional characteristic of 

the amplification. There are various practices of manipulability ellipsoid in the research of 

PKMs. For example, Li and Xu have optimized the design of a 3-PSR PKM through the 

maximum and minimum lengths of the velocity ellipsoid in [5.13]. Withal, Choi et al. have 

applied manipulability ellipsoid on the optimization of a 4-DOF PKM ([5.14]). Prattichizzo, 

et al. have analysed the velocity and force ellipsoid of a robotic hand ([5.15]), which was 

handled as under-actuated PKM while grasping objects. 

The singularity of a PKM is a configuration where the mechanism turns instantaneous 

dysfunctional. Thus, it is a crucial drawback in workspace and should be attentively studied 

and avoided in the design stage. Gosselin and Angeles have developed the method of 

determining the singularity by observing the Jacobian matrix in [5.16]. Depending on the 

direct Jacobian, inverse Jacobian and both, the singularity was classified as type-1, type-2 and 

type-3. At type-1 singular configurations, the end effector will not move if the actuators move 

at an infinitesimal scale. If type-2 singularity happens, the end effector can move even the 

actuators are locked. While both conditions can happen at type-3 singularity. Merlet has 

studied the singularity problem with help of Grassmann line geometry in [5.17], which can 

express all the singular configurations with distinct kinematic meaning. Although there are 

manifold measures of determining and classifying the singularity problem, it is always a 

predicament to find the global closed-form solution of a PKM with more than 3-DOF. For 

example, the singularity of a 6-DOF PKM was analytically solved by introducing extra 

sensors and local structuration method (LSM) in [5.18], a subset of singularities of a 4-DOF 
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PKM was analytically presented by using Jacobian deficiency in [5.19]. Moreover, a method 

depending not on Jacobian matrix but on geometric constraint of 6-3 Gough-Stewart platform 

was developed by Cao et al in [5.21]. In virtue of this method, the analytical solutions of a 

series special poses (e.g. with z-rotations of±30o, ±90o, and ±150o for an equiangular triangle 

moving platform) were represented. Although this method is not giving the global solutions of 

singularity of 6-3 Gough-Stewart platform, a new necessary and sufficient condition was 

proposed and could fulfil the demanding of the singularity analysis of CENTAUROB. 

This chapter will be arranged as following: in Section 5.2, the working range of active and 

passive joints will be analysed in detail and the workspace of one leg of CENTAUROB will 

be given as consequence; based on different application scenarios, the kinematic performance 

will be evaluated in two aspects, namely the manipulability and accuracy, through velocity 

ellipsoids and condition number in Section 5.3; in Section 5.4, the singularity will be analysed, 

based on four applications scenarios; in Section 5.5., a conclusion will be made. 

5.2 Workspace Analysis 

Workspace is one of the most important kinematic indices for diverse mechanical mechanisms, 

including serial and parallel mechanisms. The workspace of a robot is affected by various 

factors, such as, working range of the actuators, mechanical limits of passive joints, 

self-collisions of main and auxiliary parts, and also, the split caused by singularities. In this 

section, the workspace of the passive joints, limitation of actuators and collisions between 

actuators will be analysed to form workspaces of the whole structure. 

5.2.1 Workspace Analysis of Double Cardan Joints 

The constraints of a double Cardan joint comprise collisions between axis-3 and the frame of 

axis-2, between the joint column and limb coupling, between two limb couplings (or between 

following limbs), and between the vertices of limb couplings and base surface. Due to the 
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special one-in-two-out structure, the workspace of single output will be firstly considered, 

followed by the constraint between the two outputs. The workspace of this joint will be 

divided into 3 sections, and will be described as the ranges of displacements of each axis. 

Also, only the most rigorous conditions are considered; e.g., if only one limb coupling can 

reach one certain position while the other one cannot, the position will be excluded from the 

workspace of both. In addition, inside workspace sections, all the axes should move 

symmetrically in both directions, and the sections should be wide enough to accommodate the 

specific tolerances. Otherwise, if the symmetrical characteristic of axes motion is lost, the 

workspace must be discussed in 4 or 8 quadrants, which increases the computation quantity 

without significant expansion of workspace. 

 

(a)        (b) 

Figure 5.1 (a) The first group of collision conditions of a double Cardan joint on 

extreme positions and (b) its corresponding workspace section.  

1) Workspace Section-1 

The limb couplings are allowed to revolve around axis-3 until they collide with the ground or 

other entities. The first collision takes place when their inner edge meets the upper boundary 

surface of the holding column, coloured as red in fig. 5.1(a). At this position, axis-2 reaches 

its extreme displacement, since the collision happens between axis-3 and the frame inner edge 

of axis-2, coloured blue in the figure. If axis-1 rotates so that the red edge slides along the red 

surface until the it meets the vertical edge of the holding column, coloured green, the extreme 

displacement of axis-1 will be reached. This section can be roughly described as an oval cone 
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with a sphere cap, as illustrated in fig. 5.1(b), which obtains a half major angle of 59.83o and a 

half minor angle of 54.33o. 

2) Workspace Section-2 

Fig. 5.2(a) illustrates another extreme position outside of workspace section-1. If the 

displacement of axis-3 exceeds the range of ±54.33o, the inner edge of limb coupling could 

collide with the vertical edge of holding column before the blue collision in fig. 5.1(a) took 

place. Thus, under this condition, the working range of axis-2 is reduced to ±7.99o, and the 

collision is coloured green. The motion of axis-3 will not cease until the apex of this limb 

coupling, or its neighbour, collides with the ground. For this extreme position, the working 

range of axis-3 is ±37.19o. The workspace section-2 of one output shaft of double Cardan 

joint can be illustrated in fig. 5.2(b) as the cladding area formed by blue lines. 

 

(a)         (b) 

Figure 5.2 (a) The second group of collision conditions of a double Cardan joint 

on extreme positions and (b) its corresponding workspace section.  

3) Workspace Section-3 

From the architecture of the joint, the motion ranges of axis-1 and axis-3 are obviously wider 

than that of axis-2. Thus, it is more reasonable to limit the range of axis-1 and -3 to avoid 

collisions. If the displacement of axis-1 exceeds the aforementioned two ranges and is over 

70.13o or under -70.13o, axis-3 will be limited inside the space between the two vertical 

surfaces formed by two holding columns, seeing fig. 5.3(a). In this case, axis-2 can move 

between ±26.08o, while axis-3 can move only between 2.16o and 6.52o. Otherwise, the limb 
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coupling vertex and the ground, or the outer edge of limb coupling and inner vertical surface 

of holding column will collide. If the motion of axis-1 is limited inside ±68.13o, the range of 

axis-3 will be extended to at least ±40.79o. Outside this range, the blue or green collision in 

fig. 5.3(a) could take place. Thus, the workspace of this section can be abstracted as two 

symmetric sphere parts, as shown in fig. 5.3(b). 

 

(a)        (b)       

Figure 5.3 (a) The third group of collision conditions of a double Cardan joint on 

extreme positions and (b) its corresponding workspace section.  

Table 5.1 Three workspace sections of double Cardan joints and their 

corresponding joint parameters.  

 Axis-3 Aixs-2 Axis-1 

Section 1 [-54.33o, 54.33o] [-30.04o, 30.04o] [-59.83o, 59.83o] 

Section 2 
[-88.40o, -54.33o]∪  

[54.33o, 88.40o] 
[-7.99o, 7.99o] [-37.19o, 37.19o] 

Section 3 [-40.79o, 40.79o] [-26.08o, 26.08o] 
[-70.13o, -59.83o] 

∪ [59.83o, 70.13o] 

4) Workspace Summary for Double Cardan Joint 

From the former analysis, 3 sections of workspace are given and listed in table 5.1. There 

exist overlaps between sections, which ensures the motion continuity of joints. The three 
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sections can be merged as a part spherical shown in fig. 5.4. The boundary of the workspace is 

marked as a red curve. This area was obtained under the design above. Through optimization 

of its mechanical components, the workspace could be further extended. 

 

Figure 5.4 The whole workspace of a double Cardan joint as a part sphere  range 

formed by three workspace sections.  

Except the listed areas, there exist divers aspects of possible configurations. For example, in 

fig. 5.5(a), axis-2 was limited in a narrower range, and the motion range of axis-3 lost its 

symmetrical characteristic without obviously expanding workspace. The blue and red areas on 

the sphere represent different workspaces under different positions of axis-2. These areas were 

thus neglected. Another workspace was excluded for the same reason and is shown in fig. 

5.5(b). Besides the asymmetries, the possible collision between the following limbs and the 

ground should also be taken into account, thus, the workspace of the joint should not exceed 

the north semi-sphere w.r.t the present coordinates. It should be noted that the workspace was 

originated for only one of the two output ends of the joint. The output orientations of the two 

ends belong to a 4-dimensional space and could be challenging to illustrate it in a 3 

dimensional figure. The motions of asxis-1 and -2 were determined by orientation of two 

output ends. Despite this, the workspace constraints in table 5.1 still stand, since they are the 

necessary conditions for a collision free motion. 
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(a)         (b) 

Figure 5.5 The excluded working areas of the double Cardan joint. The red and 

blue zones illustrate the positions where the axis -3 can reach under 

different displacement of axis-2. The overlapped purple area can be 

reached for two configurations of axis -2, however, they are not 

connected since the two configurations are not continuous.  

5.2.2 Workspace Analysis of Cardan Joints 

The universal joint is also known as Cardan joint, named after its inventor. It is a typical 

non-constant velocity joint and formed by three parts: input and output hinges, and one cross 

shaft. To compromise the dilemma of structural strength and workspace of a Cardan joint, the 

profile of it should be optimized. In this case, the Cardan joint in fig. 5.6(a) was adopted. Its 

topological structure is straightforward and obtains two orthogonal axes, named as axis-1 and 

axis-2. For the present design, working range of axis-2 should be equal to the displacement of 

axis-1. The working space of this Cardan joint is illustrated by the blue area in fig. 5.6(a) and 

the real measurement can be found in fig. 5.6(b). 
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(a) 

 

(b) 

Figure 5.6 The workspace of a Cardan joint (a) in 3-dimensional space. (b) The 

measured, design and fitted working range of axis-2 over axis-1. 

5.2.3 Working Range and Profile Constraints of Actuators 

1) Workspace on Sleeve Ends 

In this design, the lead screw linear actuators were used. The overall dimensions of it can be 

found in fig. 5.8. For the convenience of kinematic analysis, it is the most instinctive strategy 

to arrange the 6-SPS mechanism as a 3-3 PKM form. That will ease the computational burden 

for singularity analysis and increase the installation precision. Unfortunately, considering the 
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installation dimension of solidary lead screws, utilization of double Cardan joint on the sleeve 

side could be troublesome. A 6-3 PKM deployment with Cardan + double Cardan was 

adopted in this case, as illustrated in fig. 5.7. 

 
Figure 5.7 The possible joints deployment of a 6-3 PKM. To avoid the collision 

between two legs, limb-A and –F should be mounted oppositely. 

 

Figure 5.8 Overall dimension of linear actuators (UBA0).  

The installation of double Cardan joint on the sleeve side is invalid. In fig. 5.9(a), for example, 

the angle is limited bigger than 27.14o, and the minimum distance of the two ends of lead 

screws is 335mm. That is obvious an invalid design to form a reasonable moving platform on 

the shaft side of lead screws. Even if considering a linearly mounted motor, its smallest 

profile size is still more than 36mm, this permits a confined workspace for the two output 

ends. In fact, no matter parallel or linearly arranged motors, the angle between two output 
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ends of a joint will be limited in a big range. For a workspace up to 1000mm, the minimum 

angle between two output ends will reach 5.756o, as illustrated in fig. 5.9(b). This requires a 

lead screw, which obtains a maximum profile smaller than 42.05mm on its narrowest side. 

 

(a)          (b) 

Figure 5.9 An invalid design of joints on sleeve ends of linear actuator: (a) the 

minimum flare angle is up to 27.14 o; (b) the minimum flare angle of a 

3-3 PKM design must be smaller than 5.765 o. 

 

Figure 5.10 The collision condition and colliding profile of sleeve en d with hip 

platform when γL-C = 0o. 

For a PKM[6,3] deployment, to ensure the maximum motion range along x and y direction of 

the lead screws, the Cardan joints are so installed that their axis-1s are along the x-direction of 
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the hip platform. Due to the size of parallel mounted motor, the part of the profile, coloured as 

red, could collide with the ground surface, coloured as blue in fig. 5.10. These collisions 

happen only on limb -A and -F. The mounting angle, γL-C, is the determinant parameter to the 

decreasing of workspace shown in fig. 5.6. 

 

Figure 5.11 The working ranges of axes-2 over axes-1 under different γL-C. 

 

Figure 5.12 the representational working ranges of Cardan joints with angularly 

different mounted linear actuator sleeves.  

Fig. 5.11 shows the detailed work ranges of two axes of a Cardan joint under different 

mounting angles. These ranges were obtained considering the red profile in fig. 5.10. The 

working ranges are given in fig. 5.12. Both illustrations show that the mounting angle will 
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cause loss of working range either in axis-1 or -2 direction, depending on the required 

working area. To avoid the collision between limbs and between legs, the linear actuators on 

limb -C and -D are mounted with γL-C= 60o and 120o, while axis-1 are along the y direction of 

the hip platform, as shown in fig 5.7. The working range of a Cardan joint with lead screw can 

be fitted as shown in fig 5.13(a) and expressed in eq. (5.1). For the computation efficiency, the 

fitted curve was limited in maximum 2nd order. For limb -A and -F, due to the difference of 

installation angle, the working ranges of corresponding Cardan joints are reversed. Taking 

leg-1 as example, the installation angles are γL-C1A and γL-C1F. Their working ranges can be 

found in fig. 5.13 (b, c). 

 

(a) 

 

(b)          (c) 

Figure 5.13 The general fitted working range curve of Cardan joints with linear 

actuators (a) under 60o mounting angle and its projections on (b) 

limb-1A and (c) limb-1F. 
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2) Workspace on Shaft Ends 

Contrarily to the sleeve ends of lead screws, the shaft ends are much narrower and obtain 

isotropy on different directions. Thus, they were connected to the moving platform with 

double Cardan joints, as illustrated in fig. 5.7. Seeing fig. 5.14, the minimum angle of the two 

output ends should be bigger than 9.85o. In the workspace of double Cardan joint in fig. 5.4, 

there will be no collisions between lead screw shaft and the moving platform. 

 

Figure 5.14 The minimum flare angle of shaft ends on double Cardan joint.  

3) Workspace of Lead Screws 

The nominal stroke of a lead screw is 400mm, however, the practical measurement is around 

440mm. Here, the stroke was adopted as 420mm. The rest shaft part outside the sleeve is 

32mm. Including the length of Cardan joint and the frame of double Cardan joint, the working 

space of a lead screw is between 860mm~1280mm. 

 
Figure 5.15 The dimensional working range of lead screws. 
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5.2.4 Workspace of One Leg 

The workspace analysis is a vital aspect of kinematic analysis and the precondition of gait 

patterning of walking mechanisms. As former discussed, the collision conditions for different 

joints are also different. The biped walking mechanism, CENTAUROB, comprises of two legs. 

Each leg contains two platforms, 6 linear actuators, 6 Cardan joints and 3 double Cardan 

joints. The workspaces of the main parts were analysed in last subsections. In this subsection, 

the workspaces will be summarized as one leg. A discrete searching method will be used and 

the whole workspace will be sliced in a series of sub-workspaces. 

1) Workspace Requirements 

Based on the mission properties, namely, pace transporting with ability of slope-climbing and 

turning, the workspace of one leg should meet following demands: 

1) The moving platform should obtain lengthy move ability in x direction (forward and 

backward). 

2) The moving platform should obtain certain move ability in y direction (side direction). 

3) The moving platform should obtain certain rotation ability in its own x-y surface to adapt 

various terrains with different inclination degrees. 

4) The turning of robot will take place only when the robot stays standing. This means the 

relative rotations between two platforms along z direction will happen only when the two 

platforms obtain an identical x-y location. 

5) Any collisions should be avoided, referring the aforementioned subsections. 

Thus, the 6-dimensional workspace of the moving platform can be divided into 3 modes: 

standing, agile reachable and constant-orientation reachable. In the standing mode, the 

z-rotation ability will be verified for different height. For an agile reachable mode, the x-y 

rotation ability of the moving platform at different locations will be studied. A 

constant-orientation reachable workspace is a space including all the locations where the 
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moving platform can reach with some certain poses. Concerning the practical demands in this 

case, the constant-orientation reachable mode is limited to a horizontal pose of the moving 

platform, corresponding for a walking process on a flat surface. 

 

Figure 5.16 The searching algorithm in a 3-dimensional space defined by the 

translational displacement of moving platform. The displacement is 

𝒅H−F𝑖 = [𝜌 cos𝜑 𝜌 sin𝜑 𝑧]. 

Through the inverse kinematics, the pose and position points will be converted to axis rotation 

angles for each joint. The angles will be checked according to joints working ranges listed in 

last subsections. For a Cardan joint, the axis motion can be calculated through equation (4.18), 

hereby, it is recalled as 

{
 

 𝛽H−sleeve𝑖𝑗 = sin
−1 𝑙𝑖𝑗𝑦

{C}
,

𝛼H−sleeve𝑖𝑗 = tan−1 (
𝑙𝑖𝑗𝑥

{C}

𝑙𝑖𝑗𝑧
{C}

) .
 

(5.2) 

𝑙𝑖𝑗𝑥
{C}

 𝑙𝑖𝑗𝑦
{C}

 and 𝑙𝑖𝑗𝑧
{C}

 are the entries of 𝒍𝑖𝑗
{C}

, its definition can be found in equation 

(4.10) and with respect to the Cardan joints’ coordinates, {C}. The axis motions of axis-3, -1 

and -2 of double Cardan joint A-F can be obtained through equation (4.20). Here, it was 

recalled as  
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{
 
 

 
 𝛾𝑥 = sin−1

𝑒𝑖A𝑦

√1 − 𝑦𝒙𝑖AF2

𝛾𝑦 = − tan
−1 (

𝑧𝒙𝑖AF
𝑥𝒙𝑖AF

)

𝛾𝑧 = sin−1 𝑦𝒙𝑖AF

 

(5.3) 

2) Workspace Searching Algorithm 

Hereby, the eq. (4.3) and (4.4) will be retrospect. The translational displacement, 𝒅H−F𝑖, will 

be surveyed in different heights, zi. For each height, circular searching ranges with increasing 

radius, 𝜌, will be analysed. The searching variable, 𝜑, is in a range between 0 to 2π. At the 

end, a boundary at this height will be generated. In the neighbourhood of this boundary, the 

searching step length, ∆𝜌, will be decreased to refine the boundary curve. This process is 

illustrated in fig. 5.16. 

 

(a)          (b) 

Figure 5.17 The agile workspace searching algorithm of rotational displacements 

around axis (a) on x-y plane (e.g. swinging and landing of moving 

platform) and (b) in 3-dimensional space (e.g. standing spinning).  

For an agile reachable workspace, at each position in fig. 5.17(a), the moving platform should 

operate rotations around an axis on x-y plane. Referring eq. (4.6), it corresponds to rotations 
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with 𝛽H−F𝑖 = 0, while for a constant-orientation reachable workspace, 𝝎H−F𝑖 = 𝟎. In a 

standing mode, the moving platform should be able to rotate around z-axis for different pose 

of the moving platform, as shown in fig. 5.17(b). 

In summary, the boundary searching process starts with a height, 𝑧min. The points at this 

height will be checked for the collision conditions in a circular sequence. All the points, at 

which the moving platform can operate certain rotations, belong to an agile workspace, 

otherwise, they belong to a constant-orientation workspace. The process is described as a 

flowchart in fig. 5.18. 

 

Figure 5.18 The flowchart of the workspace searching process.  
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3) Collision Conditions 

As described in advance, the workspace was constrained by the collision conditions inside 

one leg. Besides, the collision between legs is not referred in this part and will be concerned 

in the trajectory planning parts. The necessary conditions can be summarized as three parts: 

1) The length of one limb should not exceed the range between 860mm and 1280mm. 

2) The axis angles of Cardan joints should not exceed the range shown in fig. 5.6, especially 

for limbs -A and -F, the axis angles should obey the constraint shown in fig. 5.13 and eq. 

(5.1). 

3) the axis angles of double Cardan joints should in the range of table 5.1 and the angle 

between two ends should be bigger than. 9.85o. 

For each pose and position, when one or more conditions were not fulfilled, this point will be 

excluded from the workspace. 

4) Case Study of Workspace 

For an acknowledgment of the workspace of one foot in general, a case study in the whole 

possible space was made. The ranges of searching parameters can be found in table 5.2. Due 

to the limitation of the length of linear actuators, the searching radius was limited less than 

1280mm. 

Table 5.2 The workspace searching variables of one leg of CENTAUROB.  

𝒅H−F𝑖 𝒓H−F𝑖 

𝑧 𝜌 𝜑 max(𝛼H−F𝑖) max(𝛾H−F𝑖) max(𝛾𝑧) 

[−1280 −860] [0 1280] [0° 360°] 
360° (𝑎𝑔𝑖𝑙𝑒)

0° (𝑐𝑜𝑛𝑠𝑡. )
 
30° (𝑎𝑔𝑖𝑙𝑒)

0° (𝑐𝑜𝑛𝑠𝑡. )
 
30° (𝜌 = 0)

0° (𝜌 ≠ 0)
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(a)           

 

(b)           

Figure 5.19 (a-b) The workspaces under two classifications: (a) agile reachable 

workspace, (b) constant-orientation workspace with 𝝎H−F𝑖 = 𝟎. 

The workspaces in two conditions, namely agile and constant-orientation, are shown in fig. 

5.19(a) and (b), respectively. The two graphs show the boundary of the workspaces. The 

extreme range in x-direction of a leg with demanded rotation is ±761mm, while a 
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constant-orientation reachable range is ±852mm. In y-direction, the moving platform can 

reach from -870mm to 481mm with rotations, and can reach from -900mm to 700mm without 

rotations. In z-direction, there is a 27mm maximum depth loss if compare agile and 

constant-orientation workspaces. The result shows, the quantity of constant-orientation 

workspace is obviously larger than an agile one. Due to the constraints, there are different gap 

spaces where the rotations in table 5.2 are not entirely allowed. The projections of two 

workspaces on x-z and y-z planes show distinct difference, seeing fig. 5.19(c, d). However, the 

main difference exists above -800mm altitude, because the moving platform can move higher 

on the y-plus side. This implies that the loss of agility in forward and sideway directions (x 

and y-minus directions) is not conspicuous. 

 

(c)           

 

(d)           

Figure 5.19 (c-d) The projections of agile-reachable and constant-orientation 

workspaces on x-z plane(c) and y-z plane (d). 

Two remarks should be noted in this case. Firstly, since the main aim of the robot is the 

transportation of objects mainly on flat terrain, the reachable workspace, where the moving 

platform can reach with at least one orientation, was not studied, but the positions where can 
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be reached with only a horizontal orientation. Secondly, the searching object is the workspace 

of leg-1 of the robot, which was mounted on the right side (y-minus) according to the 

coordinates in fig. 5.19. Thus, the left half (y-plus) workspace must be cut off in the later 

research of trajectory planning phase. For the same reason, the side way motion range of the 

whole robot is in fact smaller than the for-backward motion range. 

5.2.5 Section Summary of Workspace Analysis 

In this section, the workspace of one leg of CENTAUROB was analysed in detail. The 

working ranges of all the passive and active joints were modelled and provided as well. 

Various collision conditions were given for Cardan joints and double Cardan joints. The 

working ranges of Cardan joint were studied combining the dimensions of linear actuators 

with different installation angles. At the same time, the workspace of a double Cardan joint 

was divided into 3 sections, and the joint parameters of each section were listed. Based on 

these collision conditions, the workspace of one leg of the biped robot was represented as 

constant-orientation workspace and agile reachable workspace. 

5.3 Manipulability and Accuracy 

Manipulability provides more information than condition number, since the former represents 

not only the isotropy scale, but also the isotropic magnitude after each direction. However, 

condition number plays an important role of kinematic design, especially, when the general 

kinematic performances in whole workspace with different design parameters should be 

compared. In this section, the manipulability and accuracy will be analysed in forms of 

velocity ellipsoid and condition numbers, respectively. 

5.3.1 Velocity Ellipsoids 

Velocity ellipsoid is a hyper geometric entity, which describes the motion performance of a 
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robot. According to the ratio relations between principle axes, the motion ability along 

different directions can be determined. The boundary of the ellipsoid shows in fact the 

maximum velocity in the corresponding direction.  

1)  Definition of Velocity Ellipsoid 

The inverse Jacobian of one leg of the robot can be found in eq. (4.16), which is a mapping 

from the operational space to the joint space. The entries were listed in vector forms but not in 

matrix form. Hereby, the velocity relations of one joint and of one leg are respectively 

recalled and listed in matrix form as eq. (5.4) and eq. (5.5). 

𝑙𝑖̇𝑗 = 𝑱𝑖𝑗
−1(𝑿H−F𝑖)𝑿̇H−F𝑖 = 𝒆𝑖𝑗

T𝒗H−F𝑖 − 𝒆𝑖𝑗
T 𝒅̃F𝑖−F𝑖𝑗
{H𝑖} 𝝕H−F𝑖

= [

𝑒𝑖𝑗𝑥
𝑒𝑖𝑗𝑦
𝑒𝑖𝑗𝑧

]

T

𝒕̇H−F𝑖 +

[
 
 
 𝑒𝑖𝑗𝑧 𝑑F𝑖−F𝑖𝑗𝑦

{H𝑖} − 𝑒𝑖𝑗𝑦 𝑑F𝑖−F𝑖𝑗𝑧
{H𝑖}

𝑒𝑖𝑗𝑥 𝑑F𝑖−F𝑖𝑗𝑧
{H𝑖} − 𝑒𝑖𝑗𝑧 𝑑F𝑖−F𝑖𝑗𝑥

{H𝑖}

𝑒𝑖𝑗𝑦 𝑑F𝑖−F𝑖𝑗𝑥
{H𝑖} − 𝑒𝑖𝑗𝑥 𝑑F𝑖−F𝑖𝑗𝑦

{H𝑖}
]
 
 
 
T

𝒓̇H−F𝑖

= 𝑱𝑡𝑖𝑗
−1𝒕̇H−F𝑖 + 𝑱𝑟𝑖𝑗

−1 𝒓̇H−F𝑖 

(5.4) 

𝒒̇𝑖 = [
𝑱𝑡𝑖A
−1

⋮
𝑱𝑡𝑖F
−1

𝑱𝑟𝑖A
−1

⋮
𝑱𝑟𝑖F
−1
] 𝑿̇H−F𝑖 = 𝑱𝑖

−1𝑿̇H−F𝑖    (5.5) 

Note that, the reference coordinates frame is {Hi} in this case and the definition of 𝑿̇H−F𝑖 can 

be found in eq. (4.16). Let the maximum velocity of each joint be 𝑞̇𝑚𝑎𝑥, the bounded 

Euclidean norms of the joint velocities are bounded by 

|𝒒̇𝑖|
2 = 𝑞̇𝑖A

2 + 𝑞̇𝑖B
2 +⋯+ 𝑞̇𝑖F

2 ≤ 6𝑞̇𝑚𝑎𝑥
2     (5.6) 

The inverse Jacobian 𝑱𝑖
−1 can map this relation into operational space of the moving platform, 

so that it will form a 6-dimensional hyper ellipsoid expressed in following form. 

|𝒒̇𝑖|
2 = 𝒒̇𝑖

T𝒒̇𝑖 = 𝑿̇H−F𝑖
T
(𝑱𝑖
−1T𝑱𝑖

−1) 𝑿̇H−F𝑖 = 𝑿̇H−F𝑖
T
𝑷𝑿̇H−F𝑖 ≤ 6𝑞̇𝑚𝑎𝑥

2  (5.7) 

The matrix, 𝑷, must be positive definite, this is to say, 𝑱𝑖 must be full rank. The matrix 𝑷 is 
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symmetric and contains 6 eigenvectors, 𝒗𝑖𝑘, and 6 eigenvalues, 𝜆𝑖𝑘, where, 𝑘 = 1,2, … ,6. 

Each eigenvector represents the orientation of the semi-axis with respect to the basis formed 

by 𝑿̇H−F𝑖  and the length of semi-axes are represented by 1 √𝜆𝑖𝑘⁄ . The projections of 

eigenvectors on each component of 𝑿̇H−F𝑖  represent how the 𝒒̇𝑖  is amplified on this 

direction in the operational space. Through the illustrated ellipsoid on each position, the 

moving ability, or manipulability, can be shown and analysed in the whole workspace. 

The velocity ellipsoid brings two information. The first one is that the motion can be operated 

faster along the major axis. The second one is that the velocity errors of actuators can be more 

easily amplified on that same direction. If the length of one axis is approaching infinity, this 

position is approaching a singularity of the mechanism and any disturbance on actuators can 

cause a huge motion on the end effector. 

It is worth to notice, that the boundary of velocity ellipsoids is based on the limitation of the 

active joints, namely the linear actuators, but not on the velocity limitation of passive joints, 

such as Cardan joints or double Cardan joints. The maximum velocity of passive joints is 

considered as infinity. 

 

Figure 5.20 Two cases in which the translational velocity demanding (e.g. 

obstacle overcoming) and rotational velocity demanding (e.g. terrain 

adaption) of the moving platform are higher.  

2) Case Study of Velocity Ellipsoid of One 6-3 PKM 

For most application scenarios with higher velocity requirement of biped walking 

mechanisms, for example, obstacle overcoming or stepping, the relative rotation between hip 

platform and foot platform is minor, thus, for a swing phase of one leg, the 𝒓̇H−F𝑖 in eq. (5.4) 
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can be disregarded. On the other hand, for cases, such as uneven terrain adaption, the rotation 

velocity is a major task, thus 𝒕̇H−F𝑖, can be thought as 0, as shown in fig. 5.20. For the same 

reason, the velocity ellipsoids can be divided into two groups: swing phase and landing phase. 

Each group is corresponding to a series of 3-dimensional ellipsoids, which can be objectively 

shown in a 3-dimensional space. In the agile workspace shown in fig. 5.19, the velocity 

ellipsoids are plotted as fig. 5.21. For a finer reading experience, the terrain adaption ability 

was only analysed on the terrain height, which is at 1100mm. 

In the translational velocity survey in fig. 5.21(a), ellipsoids show similar disc shapes. The 

shape parameters can be found in fig. 5.22(a). One disc-ellipsoid is given based on the square 

root mean values of all the samples. The deviation of 𝜆𝑖1 is in a range of ±15%, that of 𝜆𝑖2 

is in a range of ±18%, and for 𝜆𝑖3, it is between -0.2% to 0.3%. Although the values of 

eigenvalues, 𝜆𝑖𝑘, describes the velocity amplification effect, the ratios between them illustrate 

the anisotropy. The ratio of 𝜆𝑖1 𝜆𝑖3⁄  and 𝜆𝑖2 𝜆𝑖3⁄  show that all the samples obtain the same 

anisotropy properties. It can be concluded that the moving platform exhibits substantial 

velocity amplifying effect in the first and second direction of the ellipsoids and weak one in 

the third direction. The minor axes intersect near the origin of the leg on the hip platform. The 

angles between the third eigenvectors and the foot displacement vectors are in a range of 

8.04o to 14.22o, the RMS value of all the samples is 11.36o. This fact suggests that the 

translational velocity can be intensively amplified in the near of the plane vertical to the 

orientation vector of the leg. 

The rotational velocity amplifying effect on the ground surface is shown in fig. 5.21(b). The 

ellipsoids are fusiform, with their major axis pointing towards the leg origin on the hip 

platform, too. The deviation of the major axes from the position vector of moving platform is 

between 7.17o and 13.37o, while its RMS value is 10.52o. The shape parameters of the 

fusiform ellipsoids can also be found in the figure. The length deviation range of the major 

axis is -15.6% ~ 17.2%. The deviation ranges of the 2nd and minor axis are -9.1% ~18.2% and 

-2%~3%, respectively. The ratios of major axis to 2nd and minor axes are given in the graph. 
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There exists slight difference between the two ratios, but the shape of the ellipsoids is in 

general a fusiform. The ellipsoids illustrate that the rotation along the foot displacement 

vector can be easily amplified. 

 
(a)            

 
(b)            

Figure 5.21 Velocity ellipsoids. (a) The translational velocity ellipsoids in the 

whole workspace; (b) the rotational velocity ellipsoids on the ground 

plane (-1100mm) of the workspace.  
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(a) 

 

(b) 

Figure 5.22 The shape parameters of velocity ellipsoid were given as statistic. (a) 

The ellipsoids for translational velocity show obvious disc forms, 

while (b) the ones for rotational velocity are fusiform.  

5.3.2 Condition Number 

Except velocity ellipsoids analysis, there are other manipulability indices, such as condition 

numbers of a mechanism. The condition number is also a dexterity index based on the 

analysis of Jacobian matrix. It is an important accordance for the robust and sensitivity 

analysis, as well. As the condition number increases, the system tends to react more fiercely to 

a disturbance of the input end. 
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1) Definition of Condition Number 

For a linear system described by eq. (5.5), the norm of 𝒒̇𝑖 = 𝑱𝑖
−1𝑿̇H−F𝑖 can be defined as  

‖𝑱𝑖
−1‖ = max

𝑿̇H−F𝑖

‖𝑱𝑖
−1𝑿̇H−F𝑖‖

‖𝑿̇H−F𝑖‖
, ‖𝑱𝑖‖ = min

𝑿̇H−F𝑖

‖𝑿̇H−F𝑖‖

‖𝑱𝑖
−1𝑿̇H−F𝑖‖

. 

(5.8) 

Defining the relation of disturbance, 𝑱𝑖
−1𝛿𝑿̇H−F𝑖 = 𝛿𝒒̇𝑖 , the following relations can be 

derived.  

1

𝜅(𝑱𝑖)

‖𝛿𝒒̇𝑖‖

‖𝒒̇𝑖‖
≤
‖𝛿𝑿̇H−F𝑖‖

‖𝑿̇H−F𝑖‖
≤ 𝜅(𝑱𝑖)

‖𝛿𝒒̇𝑖‖

‖𝒒̇𝑖‖
 

(5.9) 

Where the condition number, 𝜅(𝑱𝑖) = ‖𝑱𝑖
−1‖‖𝑱𝑖‖. 𝑱𝑖  is a 6 by 6 matrix and should be 

semi-positive definite. This index expresses the upper and lower boundaries of the 

disturbances of end-effector caused by the disturbances of the linear actuators. Comparing to 

velocity ellipsoid, the condition number reflects the maximum and minimum amplifying 

effect of the control efforts of the actuators, but does not provide the specific direction of 

disturbance amplifying. For this reason, condition number is usually used as a standard for the 

stability of the mechanism at different positions. 

2) Case Study of the Condition Number 

Contrarily to velocity ellipsoids analysis, the condition number shows more considerable 

importance for low velocity and high load scenarios. This is due to the proportional relations 

shown in eq. (5.9). Assuming the overshoots or other disturbance of joint velocity controller is 

constant, if velocity demands decreases, the ratio of disturbance will increase proportionally. 

If the load on one joint increases, the assignable effects of external disturbances, such as 

friction and mechanical deformations, will emerge. The disturbance will hence reflect to the 

operational space of end effector, and condition number is the determinant factor of the upper 

and lower boundary of the disturbances on end effector. In general, one optimal design of a 

system should limit the condition number in the whole workspace, and the positions with 
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huge condition number should be excluded from the high load and low speed trajectories, 

even excluded from the workspace. 

Based on the analysis above, there are some occasions should be especially treated carefully 

in a view of biped walking mechanism: 

1. The starting and end phase of the hip platform moving (high load and low velocity); 

2. Landing phase of one step (low velocity); 

3. Rising phase of the hip (high load). 

4. Spinning phase of the hip at place (high load and low velocity). 

At but not only at these phases, the mechanism operates with a high load low speed mode, as 

shown in fig. 5.23. In some occasions, such as foot swinging phase, the standing leg obtains 

no velocity demand and the limbs can be locked by the brakes embedded in the motor units. 

Unlike the velocity ellipsoids, the condition number is a scalar number, thus there is no 

demand of visualization while distinguishing rotational and translational motions. However, 

the metric units of these two type motions are different, namely, the values of rotations are 

normally much smaller than that of translations. It is necessary to multiply a coefficient to the 

rotation columns of Jacobians, which is chosen as the inverse of the actual length of the leg. 

 
Figure 5.23 Four high load and/or low velocity scenarios: 1. the start/end moving 

of hip platform; 2. ground contacting. 3. hip lifting; 4. The start/end of 

a spinning. 
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(a) 

 

(b) 

Figure 5.24 The 3-dimensional condition numbers distribution (a) in the whole 

agile workspace. (b) The condition numbers distribution over the 

displacement distance and its fitted curve.  
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As illustrated in fig. 5.24(a), the condition numbers distribution for an agile workspace is in a 

range of 103 to 256. It can be observed in fig. 5.24(b) that the condition number increases as 

the distance between the end effector and the hip increases. This relation is not definitively 

proportional, however, it can be concluded that the condition number is positively related to 

the displacement of end effector. In other words, the velocity accuracy is negatively related to 

the displacement of end effector. The most representative workspaces are the ones on the x=0 

and y=0 planes, since the walking mechanism will work most frequently these two directions. 

Fig. 5.25 shows the condition number distributions on these two planes. On the x-direction 

(forward and backward), the maximum condition number is smaller than that on y-direction. 

The maximum condition number in the y-direction appears at the left vertex of the plot, 

corresponding to the right side of the robot in fig. 5.21. 

 

Figure 5.25 The condition numbers distributions projected on y=0 and x=0 planes. 

The values increase along the directions where the distance between 

moving platform and hip platform increases.  
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3) Design Optimisation Based on GCI 

Referring to previous works of Tesfay Tesfu ([5.20]), the GCI (Global Condition Index) 

comparison based on the ratio of principal axes of hip platform joint assignments was made, 

the present design is already a compromise between workspace and condition number. The 

GCI is defined as the mean value of the condition numbers in the workspace. 

𝐺𝐶𝐼 =
∑𝜅𝑖
max 𝑖

 

(5.10) 

Obviously, a smaller GCI means better response accuracy of the present workspace. Hereby, 

only several comparisons between different joint assignments are made. It can be seen in fig. 

5.26, the mounting locations of the joints on hip can be described by two principal axes 

lengths, a and b, of an ellipse. The condition numbers of several a-b ratios under the present 

scale (b = 315.2mm) can be seen in fig. 5.27. At the present scale, as long as the a-b ratio 

increases, the condition number decreases. The fitted curve of the condition numbers is a line, 

whose slope rate decreases along the increasing of a-b ratio, too. This slope represents the 

relationship of the condition numbers distribution over the displacements of the end effector. 

A higher slope value indicates a more unstable velocity performance at the far ends in a 

workspace. 

For an overview of the slope and GCI variations for different designs of hip joints, fig. 5.28 

can be observed. In the figure, the slope is illustrated as scattered spheres and their colours 

represent the values of them. Disregarding the space limitation, the velocity performance will 

be optimal if the largest scale of dimensions was adopted. However, a larger hip platform will 

increase the weight and the size of the whole robot. Thus, the present design was adopted, in 

which a = 405.16mm and b = 315.2mm. The global condition index is 155.18, and the slope 

of condition number distribution is 0.2176. The velocity accuracy and the distance sensitivity 

are both in a relatively good range. 
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Figure 5.26 One design parameter: the joints assignment oval. The global 

condition number changes if the oval varies.  

 
Figure 5.27 The condition numbers distribution over moving platform 

displacement under four typical joints oval shapes.  The distributions 

were fitted as lines as that in fig. 5.24. 
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Figure 5.28 Hip joints assignment optimization after GCI variation and the 

condition distribution slope over displacement of moving platform. 

5.3.3 Section Summary of Kinematic Performance 

In this section, the kinematic performance of one leg of the robot was evaluated in two aspects, 

namely manipulability and accuracy. Through velocity ellipsoids, the translational 

manipulability was studied in the whole agile workspace and the rotational manipulability 

was studied on a hypothetical ground plane. It can be concluded that the translational motion 

ability will be enhanced in the directions approximately orthogonal to the displacement vector 

of the foot platform. Conversely, the rotational velocity is maximally amplified along the 

same vector direction. The translational velocity can be amplified slightly stronger on 

x-direction than on y-direction, while the rotational velocity can be amplified slightly stronger 

on y-direction than on x-direction.  

The velocity accuracy was analysed through condition numbers. For the sake of a narrower 

limited velocity error, a smaller condition number is in general pursued. From the simulation 

results, it can be concluded that the value of condition number rises while the foot platform 

moves away from the hip platform. The joint assignment on the hip platform was analysed for 

a better condition number distribution. At last, a proper joint deployment was proposed. 
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5.4 Singularity Analysis  

The singularity is an important drawback of both parallel and serial kinematic mechanisms. If 

the singularity happened, the whole mechanism will lack control, there could be extra 

unexpected DOF on the end effector, or, the end effector could lose some DOFs when the 

actuators move. During the motion planning, the singular configurations should be avoided, or, 

the mechanism should keep some ‘distance’ from singularities. There are various methods of 

singularity analysis, though, hereby, three methods will be introduced and the latter one is 

especially capable for the singularity analysis of PKM[6,3]. 

1) Determinant Analysis 

The most straightforward method of studying the singularity problem is that to analyse the 

determinant of Jacobian matrix, det(Ji
-1), at each configuration. Ji

-1 is singular if det(Ji
-1) = 0. 

One of the disadvantages of this method is the difficulty of constructing an analytical 

expression of the determinant. Moreover, using det(Ji
-1) can only judge the singularity of 

specific configurations, but cannot provide the kinematic information and type of singularity. 

2) Grassmann Line Geometry 

Grassmann line geometry provides clear kinematic and geometrical conditions of a parallel 

mechanism at a singular configuration. Since this computation method is based on the inner 

and outer product of Plücker vectors, its numerical stability is enhanced. There are some good 

applications of Grassmann line geometry on singularity studies. Nevertheless, due to the 

higher dimension of the singularity space, it is impractical to derive the analytical expression 

of singularities. 

3) Screw Singularity Indicator for 6-3 Gough-Stewart PKM 

For any rigid body obtains a definite velocity screw, there should be 3 random non-collinear 

points on it with three velocity vectors. The three nominal planes of these velocity vectors 

should intersect at a point on the plane formed by these 3 non-collinear points. Contrarily, if 
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the three nominal planes of velocity vectors intersect on the plane formed by the three points, 

there is a non-zero screw on the rigid body. 

As discussed in Chapter 2, a PKM[6,3] obtains 4 BKCs and the velocities of the 3 joint 

locations totally determine the velocity of the moving platform (the foot platform). In this 

consequence, the first 3 BKCs are equivalent to 3 1-RS mechanical chains, referring fig. 2.8. 

If the actuators are locked, the velocities of S3BC, S3DE and S3FA are orthogonal to the planes of 

3 BKCs, respectively, and the connectivity of the whole mechanism should be zero. However, 

if the planes of the first 3 BKCs intersect, there will be at least one extra connectivity. 

According to the proof of Yi et. al. in [5.21], this principle can be used as the necessary and 

sufficient condition to determine the singularities of the 6-3 Gough-Stewart platform. 

Since the continuity of the rigid body motion, the determinant of Jacobian matrix, det 𝑱𝑖
−1 =

|𝑱𝑖
−1|, will decrease during the value of Δ𝑋 = |𝑋F𝑖 − 𝑋SF𝑖| decreases, where, 𝑋𝑆𝐹𝑖 is the 

singular configurations of moving platform and 𝑋F𝑖 is the present configuration of moving 

platform. However, det 𝑱𝑖
−1 cannot express the quantization of the distance to a singularity 

loci. On the other hand, the distance of the intersection point of three normal planes and the 

plane formed by S3BC, S3DE and S3FA can be geometrically measured.  

5.4.1 Singularity Analysis Method 

As shown in fig. 5.29, a PKM[6,3] can be abstracted as three planes, πBC πDE and πFA, formed 

by three BKCs, and one plane where the moving platform lies in, as πF. The intersection point 

of πBC, πDE and πFA is Pπ. The distance between Pπ and πF will be named as Screw Singularity 

Indicator, Is, in the following text. For instance, the moving platform rotates after screw 

𝑿H−F𝑖 = [𝑟𝑥 𝑟𝑦 0 0 0 𝑧0]T, as shown in fig. 5.30(a). The corresponding Is distribution 

over 𝑿H−F𝑖 can be seen in fig. 5.30(b). The value of Is is in a range between -927mm to 

100mm. The colour for positive value is between red and green, while the colour for negative 

is between yellow and blue. The borderline between red and yellow zones represents the value 

variations around positive zeros and negative zeros of Is. Thus, it can be concluded that the 



 

134 

singular configurations lay in the near of the borderline, namely, the red yellow borderline is 

with high singular risks. 

 
Figure 5.29 The definition of the screw singular indicator, Is in a 6-3 Gough 

-Stewart platform. Pπ is the intersection point of πBC πDE and πFA. 

 

(a)          (b) 

Figure 5.30 The singularity loci (b) of the rotations on the x-y plane (a). Yellow 

on (b) illustrate Is = -0 and red illustrate Is = +0, thus the red-yellow 

borderline indicates the singularities.  
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5.4.2 Singularity Analysis with Screw Singularity Indicator 

Under screw singularity indicator principle, there will be no singular configurations if the 

moving platform does not rotate, i.e., 𝒓H−F𝑖 = 𝟎. This is because that for this orientation, the 

three BKC planes will not intersect on the plane formed by joints on foot, until the foot joints 

plane coincides with the joints plane on the hip. Thus, the singularity analysis of present 

design can mainly focus on the application scenarios with rotation demands, such as spinning 

phases and terrain adaption cases. Similar to velocity ellipsoid analysis, the singularity 

analysis will be divided into four cases: 

1) spinning phase: Is values where 𝒕H−F𝑖 = [0 0 𝑧0]
T  𝒓H−F𝑖(1) = [𝑟𝑥 𝑟𝑦 0]T  and 

𝒓H−F𝑖(2) = [0 0 𝑟𝑧]
T, Note that, the rotations happen in sequence, the rotation matrix 

should be 𝑒𝒓H−F𝑖(2)𝑒𝒓H−F𝑖(1), but not 𝑒𝒓H−F𝑖
(2)+𝒓H−F𝑖(1).; 

2) rising phase: Is values where 𝒕H−F𝑖 = [0 0 𝑧0~𝑧0 + 𝑧ℎ]
T and 𝒓H−F𝑖 = [𝑟𝑥 𝑟𝑦 0]T, 

𝑧ℎ is the rising height of the hip; 

3) swinging phase: Is values where 𝒕H−F𝑖 ≠ 𝟎 and 𝒓H−F𝑖 = 𝟎; 

4) terrain adaption phase: Is values where 𝒕H−F𝑖 = [𝑥 0 𝑧0]
T or 𝒕H−F𝑖 = [0 𝑦 𝑧0]

T 

and 𝒓H−F𝑖 = [𝑟𝑥 𝑟𝑦 0]T. 

1) Case 1 Study 

For the 1st case, the hip rotates around the z-axis at its standing position. The rotation angle is 

between ±30o, corresponding to the rotation limitation of left and right spinning. The 

searching was made for different poses with a rotation on x-y plane, as shown in fig. 5.31(a). 

Fig. 5.31(b) illustrates the value distribution of the spinning Is for different terrains. The Is 

value always falls in a range between 774mm and 966mm. Concurrent, on every surveyed 

point, the value is continuous positive. This suggests that the intersection point, Pπ, is always 

at the same side of the plane πF, and the minimum distance between Pπ and plane πF is 774mm. 

During the observation of the colour scope of different layers of fig. 5.31(b), there is no keen 

variation of Is between surveyed points. Thus, there is no singular configuration in case 1. 
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(a)         (b)      

Figure 5.31 (a) The robot spinning with a non-horizontal located standing foot 

platform and (b) its Is distribution for different spinning angles.  

  
(a)         (b)      

Figure 5.32(a) The robot rising with a non-horizontal located standing foot 

platforms and (b) its Is distribution for different rising distance.  

2) Case 2 Study 

In case 2, the hip platform will be lifted from 860mm to 1240mm with tilt foot platforms. The 

tilt angle is in a range of 0o~30o and the rotation angle stays in the x-y plane, as illustrated in 
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fig. 5.32(a). Similarly, in case 2, the Is is always positive at all the surveyed points, Pπ is 

consequently always at the same side of the plane πF. The minimum value of Is is 670mm, 

while the maximum value is 1135mm. From fig. 5.32(b), it can be seen that the singularity 

possibility will decrease if the height of hip platform increases. The colour changes gradually 

from green to red along the column radius expand. This implies a rising singular risk along 

the tilt angle increases. However, the Is value shows no singularity in the surveyed workspace. 

 

Figure 5.33 The Is distribution for the whole agile reachable workspace.  

3) Case 3 Study 

The swinging phase was studied for its manipulability as velocity ellipsoid. Its motion mode 

can be found in fig. 5.20. As former analysed, there will be no singularity if the foot platform 

does not rotate until it coincides with the hip platform. However, it is still necessary to analyse 

the Is distributions to understand the distance between the workspace and the singularity loci. 

In this part, the Is was computed in the whole agile workspace and shown in fig. 5.32. The 

value of Is stays in a range of 698mm~1098mm, and all the surveyed value are continuously 

positive. There is thus no proof that Pπ passes through plane πF. Note that, in this case, the 

foot platform is without any rotations. Therefore, the πF tends to coincide with one or more 

planes of πBC πDE and πFA if the foot platform was lifted. This is also the reason that the colour 

turns red at higher points in the workspace. From the range and gradual variation of the Is 
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value, it can be concluded that there is no obvious risk of singularity in this case. 

 (a)   

 (b)   

Figure 5.34 The Is distribution with x-y rotations along (a) x- and (b) y-axis 

displacement. 

4) Case 4 Study 

Fig. 5.20 can be referred to as the motion mode of case 4; the results were shown in fig. 5.34. 

In this case, the foot platform will rotate on the x- and y- directions at the height z0 = 1000mm. 

The rotation axis lays on the x-y plane, and the rotation angle is limited in ±30o. In the 

x-direction, the Is stays in a range between +550mm and +1053mm. At the top left and bottom 
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right vertex of the column in fig. 5.34(a), the minimum values of Is appears. At these two 

directions, πF tends to coincide with one or more planes of πBC πDE and πFA, similar to the 

highest points in case 3. This condition happens at the top vertexes and bottom vertexes 

(obscured) in fig. 5.34(b) for the same reason. The Is value was limited inside +434mm to 

+1123mm. In the listed workspace, no risk of singularity was found. 

5.4.3 Section Summary of Singularity Analysis 

In this section, the singularity of CENTAUROB was studied with a novel screw singularity 

indicator. The distance of one configuration to a singular configuration was evaluated as the 

distance, labelled as Is, of one plane intersection point, Pπ, to the end effector plane, πF. If Pπ 

stays on πF, this configuration can be determined as singular. If the distance, Is, obtains 

continuity and stay on the same side of end effector plane, there will be no singularity. 

Based on the application scenarios, the singularity analysis was divided into four cases, in 

each case the DOF was limited less than 4, whereby, the singularity ‘distance’ can be 

visualized. From the simulation results, it can be observed that in the workspace specified by 

application scenarios, the values of Is are always continuous and the Pπ is always at the same 

side of the πF, which leads to no singularity risk. 

5.5 Chapter Summary and Discussions 

In this chapter, the kinematic performance was studied as three aspects: workspace, velocity 

performance and singularity. The formation and quantity of a workspace decide the 

configurations an end effector can reach. The velocity performance is highly related to the 

speed and quality of the control. Singularities are the configurations where the kinematic 

system lacks control and the machine should avoid. There is no unified performance index for 

PKMs under different application scenarios. Normally, the design of a machine in use of fine 

machining and finishing majorly emphasizes a dexterous angular reachable workspace, high 
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accuracy and repeatability, while less attention was paid to its workspace size. The design of a 

pick-and-place PKM requires a faster response to translational and limited rotational 

commands. The entertaining PKMs tend to realise higher dynamic responses but lower 

positioning and velocity accuracy. For a PKM utilized as legs of a biped locomotive machine, 

the size of workspace in specific directions (e.g. forward/backward and sideway) is pursued, 

as well as the velocity in these directions. Also, the rotation ability to fulfil the terrain 

adaption and spinning is needed. 

The workspace of a kinematic mechanism depends not only on the synthesis realizations, but 

also highly on the joint adopted and their deployments. The Cardan joints are used as the 

passive joints on the hip platform and double Cardan joints on foot platforms. The relation of 

two axes of a Cardan joints are measured and adopted in a 1:1 linear range between ±85o. 

However, due to the connected linear actuators, the 1:1 relations distorted to various curves, 

depending on the mounting angle of the linear actuators. The collision conditions of a double 

Cardan joint are more complicated because of its 1-in-2-out design. Thus, its workspace was 

divided into 3 overlapped sections and finally merged as one semi-sphere like zone. Some 

non-continuous and non-symmetric workspace intervals were trimmed from its workspace. 

The workspace was obtained as the intersections of workspaces of all the joints. In the 

analysis, the agile and constant-orientation workspaces were represented. 

The velocity performance was analysed through manipulability ellipsoids and condition 

number. From the manipulability analysis, it was shown that the translational velocity could 

be strongly amplified vertically to the foot displacement vector, while the rotational one along 

the same vector. The velocity accuracy was studied with help of condition numbers. The 

accuracy condition is better in the range near range of hip platform. By adjusting the hip joints 

deployment, different distributions of condition number value were obtained and different 

joints deployments were studied for an optimal GCI and condition number distribution.  

The singularity was analysed by dint of a special screw singularity indicator. The value of this 

indicator expresses the 'distance' of the present configuration to a singular one. Through this 
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indicator, the closed-form solutions of 6-3 PKMs with some z-direction rotations can be 

derived. However, from a practical design perspective, the 'risk' of singularity was more 

concerned. By dissecting the application scenarios, the workspace was proven with no 

singularity risks. 
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Chapter 6 

Dynamics Modelling of CENTAUROB 

In this chapter, the acceleration states will be firstly analysed, then, the dynamic models will 

be built concerning the friction and inertial parameters of actuators and moving platforms. 

The latter is essential for a walking mechanism, since it refers to the balance control of the 

robot. The dynamic model will be built based on the virtual work principle and modified 

according to three motion modes. Through the simulation of dynamic models, the actuating 

forces will be predicted for four motion cases. 

6.1 State of the Art 

Inverse dynamic modelling (IDM) is of great significance in the motion control and planning 

of parallel mechanism and, especially, of biped walking mechanism. There are some aspects it 

mainly involves in: such as motion control, dynamic simulation, collision detection, safety 

control and dynamic optimization. 

There are some common methods for IDM of PKMs. Müller has classified these methods as 

two groups in his work [6.2]: analytic and synthetic. The former uses Lagrange to obtain the 

energetic state of the mechanism and derive the equation of motion by differentiating it. The 

latter analyses the states of generalized forces applied on single rigid bodies and introduces 

constraints to obtain the equation of motion. Kalani et al ([6.3]) considered that all the 

dynamic modelling methods follow one of following three theories: Newton-Euler law, Euler- 

Lagrange formulations and virtual work principle. 
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Among these methods, Newton-Euler method is an inverse dynamics modelling method based 

on the principle of Lagrangian dynamics. By deriving the kinetic and potential energies of the 

robot system, the relationships between joint forces and actuating force and robot states are 

established. This method is suitable for parallel robots with complex structures, and a more 

accurate dynamic model can be obtained. Dasgupta and Mruthyunjaya ([6.1]) have developed 

and implemented a comprehensive and complete Newton-Euler formulation based IDM for 

the Gough-Stewart platform in 1998, concerning the friction and limbs inertia variations 

along the configuration changes. Based on Newton-Euler equations and introducing Lie group 

theory, Müller has also developed a systematic motion equation generation method for both 

PKM and SKM ([6.2]). Bi and Kang have built and surveyed the dynamic model of on 

over-constrained PKM and, further optimized its structure based on Newton-Euler 

formulations in [6.5]. 

Recursive inverse dynamics method is a commonly used and relatively intuitive inverse 

dynamics modelling method. First, starting from the end effector of the robot, the force/torque 

or driving torque of each joint is calculated step by step in a recursive manner. This method is 

suitable for some parallel robots with simple structures, but it may be complicated and 

time-consuming for robots with complex structures. Li and Staicu have built the velocity and 

acceleration relations of a 3-PRC mechanism through recursive matrices and solved the 

dynamic of it through virtual work method in [6.4]. Ibrahim and Khalil have developed the 

generalized recursive solution of the serially connected parallel mechanisms and implemented 

it on their proposed hybrid robot ([6.6], [6.7]). The dynamic model of a 7 DOF hybrid 

manipulator under space object capture scenario was also built in recursive form by He et al 

in their work ([6.8]). It might be worth to notice that, the CENTAUROB proposed by this 

dissertation can also be classified to this serially connected parallel mechanism group 

mentioned in above two examples. 

The virtual work principle is a method based on Lagrange mechanics. The inverse dynamics 

model established by the virtual work method is called an approximate solution, because in 
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this method, certain simplifications and assumptions are usually used to obtain the kinetic 

equations. Due to the complexity and nonlinear characteristics of the robotic system, it is 

difficult to obtain an accurate analytical solution in practical applications, so the inverse 

dynamics model is obtained based on some approximation and linearization assumptions. For 

example, in [6.9], [6.10] and [6.11], there are some approximations of the inertial parameters. 

Note that, the [6.11] developed the generalized dynamic modelling method for serial-parallel 

hybrid mechanisms. There are also some modified applications of the dynamics modelling 

with virtual work principle, which, in some degrees, enhanced the accuracy of modelling. For 

instance, Li et al have reported their application of visual sensor-based model identification in 

[6.12]; Zhang, Ye and Li have utilized the so-called time-delay-estimation method in the 

control phase to optimize the dynamic model in [6.13]; or, some necessary correctness of 

dynamic model can be realized through multi-body dynamic software, as Arian, Isaksson and 

Gosselin have implemented in [6.14]; and so on. 

Dynamic models can also be identified, verified or modified through different approaches, 

especially experiment-based ones. Rosyid and El-Khasawneh have identified the IDM with 

linear least square after observing a certain exciting trajectory in [6.15], as well as the 

utilization of the accompanied measurement instruments; Righettini et al ([6.16]) have built 

the dynamic model with help of sensors on joints and end-effecter. 

Limited by the experimental conditions, in this work, the IDM will be built according to 

virtual work principle considering the friction model and be verified through simulations. This 

chapter will be arranged as following: in Section 6.2, the acceleration will be analysed in 

detail, concerning the actuators; at the end of this section, the simulation result of 

accelerations will be prohibited; in Section 6.3, the inverse dynamic models will be built and 

modified according to motion modes, the friction model and inertial parameters will be listed, 

too; in Section 6.4, a simulation of the IDM of CENTAUROB in four cases will be made, the 

results of with and without friction will be compared; the chapter will be summarized and 

discussed in Section 6.5. 
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6.2 Inverse Acceleration Analysis 

The acceleration state is the basis of the analysis of dynamics of a PKM since it is the 

accordance of the general forces applied on a rigid body. To obtain the inverse acceleration of 

the mechanism is to find the second-order kinematic relation between the end-effecter and, 

not only the actuating kinematic pairs, but also the passive links. Unlike the velocity analysis, 

it would be more convenient to analyse the acceleration under the inertial frame, since the 

velocity of rigid body will affect the acceleration of mass points, too. During the derivation, it 

should be concerned that, due to the double Cardan joints on the foot platforms, the limbs are 

coupled in a degree. 

6.2.1 Basic Definitions 

The velocity relations between all the coordinates system, including the world frame, were 

discussed in Chapter 4. In this chapter, the accelerations will be analysed only in the world 

frame, namely the inertial frame. Except specially noted, the reference frame will be omitted. 

As a result, the acceleration of a single rigid body k can be described as  

𝑿̈𝑘 = [𝒕̈𝑘
T 𝒓̈𝑘

T]T 𝑘 = {H}, {C𝑖𝑗C}, {L𝑖𝑗N}, {L𝑖𝑗S}, {D𝑖𝑗2}, {D𝑖𝑗1} 𝑎𝑛𝑑 {F𝑖}. 

(6.1) 

The parts represented by k are, hip platform, the cross shaft connected to the j-th linear 

actuator on the i-th foot, the sleeve and the shaft on the same linear actuator, the axis 2 and the 

axis 1 of the double Cardan joint, and the i-th foot platform, respectively. Thus, given the 

distance from 𝒑0 to 𝒑, the acceleration of a point, p (rigidly or factitious), attached to rigid 

body, k, can be obtained as 

𝒅̈𝑘(𝒑) = 𝒕̈𝑘(𝒑0) + 𝒓̈𝑘 × 𝒅𝒑0−𝒑 + 𝒓̇𝑘 × (𝒓̇𝑘 × 𝒅𝒑0−𝒑).    (6.2) 

6.2.2 Acceleration Analysis of Kinematic Pairs 

One leg of CENTAUROB comprises of 4 BKCs, as discussed in Chapter 2. The motion of 
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limbs in first 3 BKCs are determined by the relative position of the three joints, namely, two 

Cardan joints on hip platform and one R-pair on the foot platform. The accelerations of 

Cardan joints, common axis and support of double Cardan joints, and P-R linear actuators will 

be dissected.  

1) Cardan Joints 

A Cardan joint comprises of an input end ({I}), an output end ({O}) and a cross shaft ({C}). 

The kinematic relations were analysed in Chapter 4. They are repetitively brought up as 

following, including the acceleration of one point on the output end. The vectors can be found 

in fig. 6.1. 

𝒅O(𝒑O) = 𝒅I(𝒑C) + 𝑒
𝒓̃I𝑒𝒓̃C𝑥𝑒𝒓̃C𝑦 𝒍O

{O}
     (6.3-1) 

𝒅̇O(𝒑O) = 𝒅̇I(𝒑C) + 𝒓̃̇O𝒍O      (6.3-2) 

𝒅̈O(𝒑O) = 𝒅̈I(𝒑C) + (𝒓̃̈O + 𝒓̃̇O
2
) 𝒍O     (6.3-3) 

In which, 𝒓̈O = 𝒓̈I + 𝒓̈C𝑥 + 𝒓̈O𝑦, 𝒓̇O = 𝒓̇I + 𝒓̇C𝑥 + 𝒓̇O𝑦. 

 

Figure 6.1 The composition and vectors of one Cardan joint.  

𝒓̈O is the full rotational acceleration expression of the output end of a Cardan joint. If the 

rotational acceleration of input end, 𝒓̈I, and the velocities were known, the acceleration of 

cross shaft and output end must be solved to obtain the full acceleration expression of the 

output end and following solid connected linear actuator sleeve. From eq. (6.3-3), the 
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following relation in eq. (6.4) was derived. 

(𝒓̃̈C𝑥 + 𝒓̃̈O𝑦)𝒛O = 𝑫C        (6.4) 

Where, 𝑫C = −𝑙
−1 [𝒅̈O(𝒑O) − 𝒅̈I(𝒑C) − (𝒓̃̈I + 𝒓̃̇O

2
) 𝒍O]. 

Project eq. (6.4) to the x-axis and y-axis (also the y-axis of output end) of cross shaft, it can be 

solved. Taking the rotational acceleration of input end into account, there is  

𝒓̈O = 𝒓̈I − cos
−1 𝛾𝑦 (𝒚O

T𝑫C)𝒙I + (𝒙O
T𝑫C)𝒚O    (6.5) 

Where, 𝒅̈O(𝒑O) can be obtained through eq. (6.8-1) as 𝒅̈N(𝒑0|𝑑N=0). Thus, the acceleration 

of passive rotation should be the projection of 𝒓̈O in eq. (6.3-3) on the axis of output end, as 

𝒓̈𝑝𝑎𝑠𝑠𝑖𝑣𝑒 = 𝒓̈O
T𝒍𝒍.       (6.6) 

 
Figure 6.2 The vectors and kinematic constraints of on linear actuator.  

2) Linear Actuators 

The geometric and velocity relations of one linear actuator were analysed in Chapter 4. 

Hereby, they were repetitively brought up as following. The vectors are illustrated in fig. 6.2 

and, for reading convenience, the names of vectors are simplified. 

{
𝒅N(𝒑N) = 𝒅S(𝒑0) + 𝑒

𝒓̃L𝑥𝑦𝒛𝑑N
𝒅S(𝒑S) = 𝒅S(𝒑0) + 𝑒

𝒓̃L𝑥𝑦𝒛𝑑S
     (6.7-1) 
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{
𝒅̇N(𝒑N) = 𝒅̇S(𝒑0) + 𝒓̃̇L𝑥𝑦𝑒

𝒓̃L𝑥𝑦𝒛𝑑N + 𝑒
𝒓̃L𝑥𝑦𝒛𝑑̇N

𝒅̇S(𝒑S) = 𝒅̇S(𝒑0) + 𝒓̃̇L𝑥𝑦𝑒
𝒓̃L𝑥𝑦𝒛𝑑S

    (6.7-2) 

{
𝒅̈N(𝒑N) = 𝒅̈S(𝒑0) + (𝑑̈N𝑰 + 𝑑N𝒓̃̈L𝑥𝑦 + 2𝑑̇N𝒓̃̇L𝑥𝑦 + 𝑑N𝒓̃̇L𝑥𝑦

2
) 𝑒𝒓̃L𝑥𝑦𝒛

𝒅̈S(𝒑S) = 𝒅̈S(𝒑0) + 𝑑S (𝒓̃̈L𝑥𝑦 + 𝒓̃̇L𝑥𝑦
2
) 𝑒𝒓̃L𝑥𝑦𝒛

 

(6.7-3) 

Note that, in the equations above, the rotation vectors, 𝒓̃L𝑥𝑦 = [𝑟𝑥 𝑟𝑦 0]T and 𝒓̃L𝑧∗ =

[0 0 𝑟𝑧∗]
T. These three equation groups express the kinematic states of the axial points on 

two rigid bodies that constrained by a rotational pair and a prismatic pair. At the point 𝒑0 and 

𝒑𝑙, there exist 

{
𝒅̈N(𝒑0|𝑑N=0) = 𝒅̈S(𝒑0) + (𝑑̈N𝑰 + 2𝑑̇N𝒓̃̇L𝑥𝑦)𝑒

𝒓̃L𝑥𝑦𝒛

𝒅̈S(𝒑0|𝑑S=0) = 𝒅̈S(𝒑0)
   (6.8-1) 

{
𝒅̈N(𝒑𝑙|𝑑N=𝑙) = 𝒅̈S(𝒑0) + (𝑑̈N𝑰 + 𝑙𝒓̃̈L𝑥𝑦 + 2𝑑̇N𝒓̃̇L𝑥𝑦 + 𝑙𝒓̃̇L𝑥𝑦

2
) 𝑒𝒓̃L𝑥𝑦𝒛

𝒅̈S(𝒑𝑙|𝑑S=𝑙) = 𝒅̈S(𝒑0) + 𝑙 (𝒓̃̈L𝑥𝑦 + 𝒓̃̇L𝑥𝑦
2
) 𝑒𝒓̃L𝑥𝑦𝒛

 

 (6.8-2) 

From eq. (6.8-2), it can be derived that 

(𝑑̈N𝑰 + 𝑙𝒓̃̈L𝑥𝑦)𝑒
𝒓̃L𝑥𝑦𝒛 = 𝑫L.       (6.9) 

Where 𝑫L = 𝒅̈N(𝒑𝑙) − 𝒅̈S(𝒑0) − (2𝑑̇N𝒓̃̇L𝑥𝑦 + 𝑙𝒓̃̇L𝑥𝑦
2
) 𝑒𝒓̃L𝑥𝑦𝒛 . In which, 𝒅̈S(𝒑0)  and 

𝒅̈N(𝒑𝑙) can be obtained from eq. (6.23), 𝒓̃̇𝑥𝑦 is the component of rotational velocity on the 

plane orthogonal to the linear actuator axis, 𝑑̇N is the length variation velocity of the linear 

actuator. If project eq. (6.9) to the z-axis and x-y plane of linear actuator, 

𝑑̈N = 𝑫L
T𝑒𝒓̃L𝑥𝑦𝒛,       (6.10) 

𝑙𝒓̃̈L𝑥𝑦𝒛L𝑥𝑦𝑛 = 𝑒
𝒓̃L𝑛 [

𝒙L𝑛
T

𝒚L𝑛
T

𝟎

]𝑫L      (6.11) 

𝑑̈N  is the length variation acceleration of linear actuators. Eq. (6.11) represents the 

acceleration caused by the rotational acceleration on the x-y plane after a 𝑒𝒓̃𝑥𝑦 rotation. Since 
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the cross product was done by two orthogonal vectors, 𝒓̈𝑥𝑦 can be solved, there is  

𝒓̈L𝑥𝑦 = 𝑙−1𝑒𝒓̃L𝑛 [
−𝒚L𝑛

T

𝒙L𝑛
T

𝟎

]𝑫L.      (6.12) 

The subscripts, n, stands for N or S, implies that DL can be projected either to sleeve or shaft 

and then inversely projected to the inertial frame. Bring eq. (6.10) and (6.12) to (6.8-1) and 

(6.8-2), the acceleration of the sleeve on 𝒑0 and the acceleration of shaft on 𝒑𝑙 can be 

obtained. The former can be used to solve the full acceleration of the output end of the Cardan 

joints, while the latter will be used to solve the same elements of double Cardan joints. 

3) Shafts of Linear Actuators 

The kinematic pairs of linear actuators shafts are between shafts inter-limbs, besides between 

sleeve and shaft. These pairs are shown in fig. 6.3. The rotations of them can be assumed as 

the rotations around common x-axis and the rotation orthogonal to this axis, thus, the 

kinematic states can be listed in three following equation groups. 

{
𝒅1S(𝒑1S) = 𝒅S(𝒑0) + 𝑒

𝒓̃L𝑦𝑧S𝑒𝒓̃L1𝑥S𝒛𝑑S
𝒅2S(𝒑2S) = 𝒅S(𝒑0) + 𝑒

𝒓̃L𝑦𝑧S𝑒𝒓̃L2𝑥S𝒛𝑑S
     (6.13-1) 

{
𝒅̇1S(𝒑1S) = 𝒅̇S(𝒑0) + (𝒓̃̇L𝑦𝑧S + 𝒓̃̇L1𝑥S)𝑒

𝒓̃L𝑦𝑧S𝑒𝒓̃L1𝑥S𝒛𝑑S

𝒅̇2S(𝒑2S) = 𝒅̇S(𝒑0) + (𝒓̃̇L𝑦𝑧S + 𝒓̃̇L2𝑥S)𝑒
𝒓̃L𝑦𝑧S𝑒𝒓̃L2𝑥S𝒛𝑑S

  (6.13-2) 

{
𝒅̈1S(𝒑1S) = 𝒅̈S(𝒑0) + 𝐴1 + (𝒓̃̈L𝑦𝑧S + 𝒓̃̈L1𝑥S)𝑒

𝒓̃L𝑦𝑧S𝑒𝒓̃L1𝑥S𝒛𝑑S

𝒅̈2S(𝒑2S) = 𝒅̈S(𝒑0) + 𝐴2 + (𝒓̃̈L𝑦𝑧S + 𝒓̃̈L2𝑥S)𝑒
𝒓̃L𝑦𝑧S𝑒𝒓̃L2𝑥S𝒛𝑑S

  (6.13-3) 

In which, 𝐴𝑗 = (𝒓̃̇L𝑦𝑧S + 𝒓̃̇L𝑗𝑥S)
2
𝑒𝒓̃S𝑦𝑧𝑒𝒓̃L𝑗𝑥S𝒛𝑑S = 𝒓̃̇L𝑗S

2
𝒛L𝑗S𝑑S, 𝑗 = 1,2.  The last two 

elements of eq. (6.13-3) are along the y-axis and x-axis of shafts, respectively. Thus, letting 

𝑑S = 𝑙, they can be projected to these axes to eliminate each other, as 

{
𝒙L𝑗S

T𝒓̃̈L𝑦𝑧S𝒛L𝑗S =
1

𝑙
𝒙L𝑗S

T(𝒅̈𝑗S(𝒑𝑗S) − 𝒅̈S(𝒑0) − 𝐴𝑗)

𝒚L𝑗S
T𝒓̃̈L𝑗𝑥S𝒛L𝑗S =

1

𝑙
𝒚L𝑗S

T(𝒅̈𝑗S(𝒑𝑗S) − 𝒅̈S(𝒑0) − 𝐴𝑗)

 

   (6.14) 
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(a)         (b)      

Figure 6.3 (a) The rotational kinematic pair between two limbs and (b) the vector 

relations between two shafts of two linear actuators.  

Similar to eq. (6.12), the rotational acceleration along xcommon will be 

𝒓̈L𝑗𝑥S = −𝑙−1[𝒚L𝑗S
T(𝒅̈𝑗S(𝒑𝑗S) − 𝒅̈S(𝒑0) − 𝐴𝑗)]𝒙L𝑗S.   (6.15) 

As dissected in fig. 6.3 (b), the component of 𝒓̈𝑦𝑧 on two y-axes can be obtained, as 

𝒓̈L𝑗𝑦S = 𝑙−1[𝒙L𝑗S
T(𝒅̈𝑗S(𝒑𝑗S) − 𝒅̈S(𝒑0) − 𝐴𝑗)]𝒚L𝑗𝑦S,   (6.16) 

the component of 𝒓̈𝑦𝑧 on two z-axis of shaft-1 and can be obtained as 

𝒓̈L1𝑧S = −
1

𝑙‖𝒛̃L1S𝒛L2S‖
[𝒙L2S

T(𝒅̈2S(𝒑2S) − 𝒅̈S(𝒑0) − 𝐴2)

− 𝒙L1S
T(𝒅̈1S(𝒑1S) − 𝒅̈S(𝒑0) − 𝐴1)(𝒚L1S

T𝒚L2S)]𝒛L1S 

(6.17) 

Note that, 𝒅̈S(𝒑0) can be obtained through eq. (6.23) as 𝒅̈L𝑖𝑗S(𝒑F𝑖𝑗), 𝒅̈𝑗S(𝒑𝑗S) can be 

obtained through eq. (6.8-2) as 𝒅̈S(𝒑𝑙|𝑑S=𝑙). Since 𝒓̈L𝑦𝑧S = 𝒓̈L𝑗𝑦S + 𝒓̈L𝑗𝑧S, the acceleration 

component on the common y-z plane need to be calculated only once for two shafts. Thus, the 

acceleration of shafts is 

𝒓̈L𝑗S = 𝒓̈L𝑗𝑥S + 𝒓̈L𝑦𝑧S.       (6.18) 
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4) Support of Double Cardan Joints 

The couplings between a shaft of a linear actuator and the support of a double Cardan joint are 

purely rotational, as fig. 6.4. The rotation of the common axis of two limbs, {D3}, depends 

only on the rotations of linear actuators. Since the constraint between {S} and {D3} is a 

rotation vertical to xcommon in fig.6.3, there exist following relations. 

𝑒𝒓̃S𝑦𝑧 = 𝑒𝒓̃D1𝑒𝒓̃D2𝑦𝑒𝒓̃D3𝑧      (6.19-1) 

𝑒𝒓̃S𝑦𝑧 𝒓̃̇S𝑦𝑧 = (𝒓̃̇D1 + 𝒓̃̇D2𝑦 + 𝒓̃̇D3𝑧)𝑒
𝒓̃D1𝑒𝒓̃D2𝑦𝑒𝒓̃D3𝑧   (6.19-2) 

𝑒𝒓̃S𝑦𝑧 𝒓̃̈S𝑦𝑧 = 𝑒
𝒓̃D1𝒓̃̈D1𝑒

𝒓̃D2𝑦𝑒𝒓̃D3𝑧 + 𝑒𝒓̃D1𝑒𝒓̃D2𝑦 𝒓̃̈D2𝑦𝑒
𝒓̃D3𝑧 + 𝑒𝒓̃D1𝑒𝒓̃D2𝑦𝑒𝒓̃D3𝑧 𝒓̃̈D3𝑧 

(6.19-3) 

 

Figure 6.4 The composition of the support part and their coordinates of one 

double Cardan joint.  

Applying the rotational acceleration to a z-vector, the rotational accelerations of rigid bodies 

{D2} will be, 

𝒓̈D2𝑦 = 𝒛̃𝑒−𝒓̃D2𝑦𝑒−𝒓̃D1(𝑒𝒓̃S𝑦𝑧 𝒓̃̈S𝑦𝑧 − 𝑒
𝒓̃D1𝒓̃̈D1𝑒

𝒓̃D2𝑦)𝒛    (6.20) 

Bring it back to eq. (6.19-3), the rotational acceleration of {D2} in tensor form can be solved. 

𝒓̃̈D3𝑧 = 𝑒
−𝒓̃D3𝑧𝑒−𝒓̃D2𝑦(𝑒−𝒓̃D1𝑒𝒓̃S𝑦𝑧 𝒓̃̈S𝑦𝑧 − 𝒓̃̈D1𝑒

𝒓̃D2𝑦𝑒𝒓̃D3𝑧) − 𝑒−𝒓̃D3𝑧 𝒓̃̈D2𝑦𝑒
𝒓̃D3𝑧 

(6.21) 

Thus, the rotational accelerations of all the parts of a double Cardan joint are 
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{

𝒓̈D1 = 𝒓̈D1
𝒓̈D2 = 𝑒𝒓̃D1𝑒𝒓̃D2𝑦𝒓̈D2𝑦

𝒓̈D3 = 𝑒𝒓̃D1𝑒𝒓̃D2𝑦𝑒𝒓̃D3𝑧𝒓̈D3𝑧

       (6.22) 

Where, 𝒓̈D1 was obtained through the acceleration of foot platform. 

6.2.3 Acceleration Integrations of the Complete Mechanism 

The accelerations of all the parts of a parallel mechanism can be confirmed if the motion of 

end effector and base platforms are confirmed. The assembly of CENTAUROB are shown in 

fig. 6.5. The whole robot will be handled as three platforms, {H}, {F1} and {F2}, and 24 

linear actuator parts, {LijN} and {LijS}, where i = 1,2, j = A, B, …, F. Since the inertia of shafts 

of Cardan joints are much smaller comparing to the platforms and linear actuators, their 

accelerations can be found in former parts but will not be discussed in this part. 

The accelerations will be analysed according to some characteristic points, they are, 𝒑H0, 

𝒑F𝑖0, 𝒑H𝑖𝑗 and 𝒑F𝑖𝑗, which are defined at the geometric centres of hip and foot platforms, 

rotational centres of Cardan joints and double Cardan joints, respectively. Since all the 

kinematic pairs between the platforms and the linear actuators are concentrically rotational, all 

the parts of them (such as the cross shaft, input and output shafts of a Cardan joint, axis-1, -2 

and -3 of a double Cardan joint) obtain the same translational acceleration at the rotational 

centre of them. The accelerations of two end points of one linear actuator can be obtained as 

{
𝒅̈L𝑖𝑗N(𝒑H𝑖𝑗) = 𝒅̈H(𝒑H𝑖𝑗) = 𝒕̈H(𝒑H0) + 𝒓̈H × 𝒅𝒑H0−𝒑H𝑖𝑗 + 𝒓̇H × (𝒓̇H × 𝒅𝒑H0−𝒑H𝑖𝑗)

𝒅̈L𝑖𝑗S(𝒑F𝑖𝑗) = 𝒅̈F𝑖(𝒑F𝑖𝑗) = 𝒕̈F𝑖(𝒑F𝑖0) + 𝒓̈F𝑖 × 𝒅𝒑F𝑖0−𝒑F𝑖𝑗 + 𝒓̇F𝑖 × (𝒓̇F𝑖 × 𝒅𝒑F𝑖0−𝒑F𝑖𝑗) .
 

(6.23) 

Based on the acceleration trajectories of three platforms, {H}, {F1} and {F2}, the acceleration 

of them on characteristic points can be derived through eq. (6.23). Bring eq. (6.23) to eq. 

(6.10) and eq. (6.12), the length variation acceleration of linear actuator, 𝑑̈L𝑖𝑗 , and the 

rotational acceleration projection of linear actuator on x-y plane of it, 𝒓̈L𝑖𝑗𝑥𝑦, can be obtained. 

Bringing 𝑑̈L𝑖𝑗 and 𝒅̈L𝑖𝑗S(𝒑F𝑖𝑗) to eq. (6.8-1), the translational acceleration of rigid body 
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{LijN} on point pFij is then obtained, as 𝒅̈L𝑖𝑗N(𝒑F𝑖𝑗). Bring it to eq. (6.4), (6.5) and (6.6), and 

replacing 𝒅̈O(𝒑O)  and 𝒅̈I(𝒑C)  with 𝒅̈L𝑖𝑗N(𝒑F𝑖𝑗)  and 𝒅̈L𝑖𝑗N(𝒑H𝑖𝑗) , the rotational 

acceleration of {LijN}, 𝒓̈L𝑖𝑗N, can be derived as 𝒓̈L𝑖𝑗N = 𝒓̈L𝑖𝑗𝑥𝑦 + 𝒓̈L𝑖𝑗N𝑧.  

 

Figure 6.5 Assembly of CENTAUROB. The characteristic points in inertial frame 

and coordinates systems are also marked.  

Introducing eq. (6.23) to eq. (6.8-2), the acceleration of rigid body {LijS} on point pHij can be 

derived with corresponding subscripts, as 𝒅̈L𝑖𝑗S(𝒑H𝑖𝑗). Bring it to eq. (6.15), the rotational 

acceleration of {LijS} along their common axis is 𝒓̈L𝑖𝑗S𝑥. Further, through eq. (6.16), (6.17) 

and (6.18), 𝒓̈L𝑖𝑚S  and 𝒓̈L𝑖𝑛S  can be obtained, where m = B, D, F and n = A, C, E. 

Since the numerous subscripts of different components of each rigid body, the derivation of 

complete acceleration expressions will be given in the flowchart form, as fig 6.6. 
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Figure 6.6 The equations introduction flowchart of accelerations. 

6.2.4 Acceleration Simulations 

Four motion cases will be simulated: the rotations around z and y –axes, and the translational 

along x and z –axes, as shown in fig. 6.7. The trajectory parameters are provided in table. 6.1. 

Since the symmetry of joint assignment of joints on the hip platform, the rotational 

accelerations of only three sleeves are shown in the results. 
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Figure 6.7 Four hip motion cases  for acceleration simulation.  

Table 6.1 Trajectories of four hip motion cases for acceleration simulation.  

Cases Trajectories (simulation time: T=2s) 

1 𝑋H(𝑡) = [0 0 0 0 0 0.25𝜋 sin 𝜋𝑡 𝑇⁄ ]
T
 

2 𝑋H(𝑡) = [0 0 0 0.25𝜋 sin 𝜋𝑡 𝑇⁄ 0 0]
T
 

3 𝑋H(𝑡) = [500 sin
𝜋𝑡

𝑇⁄ 0 0 0 0 0]
T
 

4 𝑋H(𝑡) = [0 0 200 sin 𝜋𝑡 𝑇⁄ 0 0 0]
T
 

Case-1: In this case, the hip rotates along z-axis of the world coordinates, as shown in fig. 

6.8-1. The accelerations are shown in fig. 6.8-2. The vectors of rotational acceleration of 

sleeves, 𝒓̈L𝑖𝑗N, are shown as scatters on a green unit sphere. The colour and size of scatters 
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are positively related to the norms of 𝒓̈L𝑖𝑗N. Besides, the norms of 𝒓̈L𝑖𝑗N are shown as single 

curves. The result shows, the length variation accelerations, 𝑙L̈𝑖𝑗, of three limbs are similar. It 

is also notable that the accelerations are too small to observe when t = 0. Looking back upon 

eq. (6.3-3) and (6.4), the main component of 𝒓̈L𝑖𝑗N is 𝒓̃̇L𝑖𝑗N
2
𝒍L𝑖𝑗 at t = 0. Compare to other 

cases, 𝒓̇L𝑖𝑗N is almost parallel to 𝒍L𝑖𝑗N, which leads to zero initial rotational acceleration. On 

the other hand, the rotation accelerations are rough-equally distributed between limbs. 

Case-2: Here, the hip rotates along the x-axis w.r.t the world coordinates, as fig. 6.9-1. The 

vectors are illustrated inheriting the setups in Case-1, as fig. 6.9-2. Differ from Case-1, the 

rotational acceleration of limb increases along the distance increasing between the rotation 

centre to the joint centre. For same rotational amplitude and velocity, the maximum rotational 

accelerations are smaller than which in Case-1, while 𝑙L̈1C locates in a bigger range. 

Case-3: Here, the hip moves along the x-axis w.r.t the world coordinates, as fig. 6.10-1. The 

vectors are illustrated inheriting the setups in Case-1, as fig. 6.10-2. In this case, the rotational 

accelerations distributed equivalently among limbs and their directions were limited in a small 

zone on the unitary sphere, since all the limbs rotate steady towards the same direction. There 

is an obvious direction switching phase of the rotational acceleration when limb-A and -B are 

moving over the y-z plane of the world coordinates. This is not happening on the limb-C since 

its initial pose already exceeded the x=0 plane (seeing fig. 6.5). 

Case-4: Here, the hip moves along the z-axis w.r.t the world coordinates, as shown in fig. 

6.11-1. The vectors are illustrated inheriting the setups in Case-1, as fig. 6.11-2. The rotational 

accelerations are limited in a small range due to the limited change of their poses. However, 

the direction of them diverse along the distance increasing between the hip and hip joint 

centres, such as between limb-A and limb-C. In this case, the differences of 𝑙L̈𝑖𝑗 among limbs 

are not notable. 
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Figure 6.8-1 The trajectory of hip platform and linear actuator accelerations in 

Case-1. 

 

Figure 6.8-2 The rotational acceleration of sleeves in Case-1. 
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Figure 6.9-1 The trajectory of hip platform and linear actuator accelerations in 

Case-2. 

 

Figure 6.9-2 The rotational acceleration of sleeves in Case-2. 
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Figure 6.10-1 The trajectory of hip platform and linear actuator accelerations in 

Case-3. 

 

Figure 6.10-2 The rotational acceleration of sleeves in Case-3. 
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Figure 6.11-1 The trajectory of hip platform and linear actuator accelerations in 

Case-4. 

 

Figure 6.11-2 The rotational acceleration of sleeves in Case-4. 
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6.3 Inverse Dynamic Model 

In this section, the inverse dynamic model (IDM) will be formulated following the virtual 

work principle, and the actuating forces will be predicted. As a biped walking mechanism, 

CENTAUROB obtains two motion phases: leg swing and hip moving. During the leg swing 

phase, the robot can be considered as a full-rank 6- or 12-dimensional system (depending on 1 

or 2 actuated legs), while for a hip moving phase, the system will be involved into a semi-12 

dimensional case. The so-called ‘semi-’ implies a case that the moving platform obtains only 

6-dimensional motions, while it is driven by 12 actuators. Till the end of this chapter, the 

model will be limited in a full-rank 6 or 12 dimensional space, or in other words, only the 

swing phase will be analysed. 

6.3.1 Methodology 

Under d’ Alembert theory, the accelerations applied on mass systems are taken as inertial 

forces, the dynamic system will be described in equivalent static equations, as 

∑𝑭ext−𝑖 +∑𝑭inn−𝑖 +∫−𝒂(𝑿)𝑑𝑚 = 𝟎. 

    (6.24) 

In which, 𝑭ext−𝑖 is the i-th external force applied on the system, while 𝑭inn−𝑖 is the i-th 

inner force between mass points, 𝒂(𝑿) is the acceleration of position 𝑿. The inner, external 

and inertial forces in the equation are named as general force. 

The principle of virtual works states that, for a static-definite system, if a virtual infinitesimal 

displacement was applied on the rigid bodies, the virtual work sum of all the forces should be 

0, since the system is in fact static. If taking d’ Alembert theory into consideration, this 

principle is also capable for system of general forces. For a multi-body system, the virtual 

work equation is 

𝛿𝒒T𝝉 +∑𝛿𝑿𝑖
T𝑭𝑖 = 0. 

       (6.25) 
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Where, 𝛿𝒒 is the virtual displacement of action point of active forces, 𝝉. 𝛿𝑿𝑖 is the virtual 

displacement vector of the mass centre of rigid body i. 𝑭𝑖 is the general force applied on 

rigid body i. Due to that the sum of virtual works of inner forces is always 0, only the inertial 

forces of 𝑭𝑖 will be considered. The virtual displacements obey the mechanical constraints of 

the system, given a virtual displacement of controlled body, 𝛿𝑿𝑘, there exist the following 

relations 

{
𝛿𝒒 = 𝑱𝒒𝛿𝑿𝑘,

𝛿𝑿𝑖 = 𝑱𝑖𝛿𝑿𝑘 .
        (6.26) 

In which, 𝑱𝒒 and 𝑱𝑖 are the Jacobians between the velocity of controlled body, namely 𝒒̇ =

𝑱𝒒𝑿̇𝑘 and 𝑿̇𝑖 = 𝑱𝑖𝑿̇𝑘. Bring eq. (6.26) to eq. (6.25), there is 

𝛿𝑿𝑘
T (𝑱𝒒

T𝝉 +∑𝑱𝑖
T𝑭𝑖) = 0. 

      (6.27) 

Because of the universality of all virtual displacements, the active forces can be obtained 

through  

𝑱𝒒
T𝝉 = −∑𝑱𝑖

T𝑭𝑖 . 

       (6.28) 

Note that, the equation system represented by eq. (6.28) is not necessarily full rank in the 

dynamic point of view. If the rank of 𝑱𝒒 is smaller than the dimension of 𝝉, there will be no 

unique solution, extra constraints should be introduced. 

6.3.2 Expanded Inverse Jacobians on Mass Centres of Rigid Bodies 

The kinematic problem of the main component of CENTAUROB was discussed in Chapter 4. 

However, the focus was laid on the solution of control variables and the compensation of 

passive rotation. During the discussion of dynamics, the motion of all the main parts must be 

fully expressed, such as rotational and translational velocities of hip, foot platforms and 

sleeves and shafts of linear actuators. 



 

166 

The rotational and translational velocities of different parts of were derived in Chapter 4. 

Hereby, the velocities will be transformed to the mass centres of all the parts and assembled as 

inverse Jacobians. Since the rotational velocity are irrelevant to the coordinates centre, only 

translational will be rewritten. Most Jacobians of rigid bodies depend on the relative positions 

of two platforms, the general coordinates for the whole mechanism are consequently defined 

as  

𝑿Σ = [
𝑿H
𝑿F1
𝑿F2

].         (6.29) 

1) Velocity Transformation 

As illustrated in fig. 6.12, the position of a point on one rigid body-i can be obtained by  

𝒅𝑖(𝒑𝑖C) = 𝒅𝑖(𝒑𝑖O) + 𝑒
𝒓̃𝑖 𝒑𝑖O−C
{𝑖}

.      (6.30) 

Where, the subscript O denotes the coordinates origin of a rigid body. The first order 

differentiate of it over time is 

𝒅̇𝑖(𝒑𝑖C) = 𝒅̇𝑖(𝒑𝑖O) + 𝑒
𝒓̃𝑖 𝒓̃̇𝑖
{𝑖}

𝒑𝑖O−C
{𝑖}

= 𝒕̇𝑖 − 𝒑̃𝑖O−C𝒓̇𝑖 = [𝑰 −𝑹𝑖 𝒑̃𝑖O−C
{𝑖} 𝑹𝑖

T]𝑿̇𝑖. 

(6.31) 

The second order differential of eq. (6.30) will be 

𝒅̈𝑖(𝒑𝑖C) = 𝒅̈𝑖(𝒑𝑖O) + 𝑒
𝒓̃𝑖 𝒓̃̇𝑖
{𝑖} 2

𝒑𝑖O−C
{𝑖}

+ 𝑒𝒓̃𝑖 𝒓̃̈𝑖
{𝑖}

𝒑𝑖O−C
{𝑖}

= [𝑰 −𝑹𝑖 𝒑̃𝑖O−C
{𝑖} 𝑹𝑖

T]𝑿̈𝑖 + 𝒓̃̇𝑖
2
𝑹𝑖 𝒑𝑖O−C

{𝑖}
 

(6.32) 

Substituting the subscripts with different parts of the whole mechanism, the translational 

accelerations of mass centres will be obtained, while the rotational velocity and acceleration 

are unchanged. For instance, the velocity and acceleration of the hip platform will be 

{
𝒅̇H(𝒑HC) = [𝑰 −𝑹H 𝒑̃HO−C

{H}
𝑹H

T]𝑿̇H,

𝒅̈ (𝒑C) = [𝑰 −𝑹H 𝒑̃HO−C
{H} 𝑹H

T]𝑿̈H + 𝒓̃̇H
2
𝑹H 𝒑HO−C

{𝑖} .
   (6.33) 
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Figure 6.12 The transformation of vectors between different points. 

2) Inverse Jacobians of Platforms 

The velocities of hip and foot platforms on the mass centres are 

𝒅̇𝑘(𝒑𝑘C) = 𝒅̇𝑘(𝒑𝑘O) − 𝒑̃𝑘O−C𝒓̇𝑘 = 𝒕̇𝑘 − 𝑹𝑘 𝒑̃𝑘O−C
{𝑘} 𝑹𝑘

T𝒓̇𝑘 .    (6.34) 

Where, k stands for, H and Fi. Thus, the inverse Jacobians of platforms are 

𝑿̇𝑘C = [
𝒅̇𝑘(𝒑𝑘C)

𝒓̇𝑘
] = [𝑰 −𝑹𝑘 𝒑̃𝑘O−C

{𝑘} 𝑹𝑘
T

𝟎 𝑰
] [
𝒕̇𝑘
𝒓̇𝑘
] = 𝑱𝑘C

𝑖𝑛𝑣𝑿̇𝑘    (6.35) 

Respectively, the relations between platforms and general coordinates are 

{

𝑿̇HC = [𝑱HC
𝑖𝑛𝑣 𝟎 𝟎]𝑿̇Σ = 𝑱̅HC

𝑖𝑛𝑣𝑿̇Σ

𝑿̇F1C = [𝟎 𝑱F1C
𝑖𝑛𝑣 𝟎]𝑿̇Σ = 𝑱̅F1C

𝑖𝑛𝑣 𝑿̇Σ

𝑿̇F2C = [𝟎 𝟎 𝑱F2C
𝑖𝑛𝑣 ]𝑿̇Σ = 𝑱̅F2C

𝑖𝑛𝑣 𝑿̇Σ

      (6.36) 

3) Inverse Jacobians of Linear Actuator Sleeves and Shafts 

The velocities of linear actuator sleeves and shafts at mass centres are 

𝒅̇L𝑖𝑗𝑛(𝒑L𝑖𝑗𝑛C) = 𝒅̇L𝑖𝑗𝑛(𝒑L𝑖𝑗𝑛O) − 𝒑̃L𝑖𝑗𝑛O−C𝒓̇L𝑖𝑗𝑛 = 𝒕̇L𝑖𝑗𝑛 − 𝑹L𝑖𝑗𝑛 𝒑̃L𝑖𝑗𝑛O−C
{L𝑖𝑗𝑛}

𝑹L𝑖𝑗𝑛
T𝒓̇L𝑖𝑗𝑛 

(6.37) 

In matrix form, it will be 

𝑿̇L𝑖𝑗𝑛C = [
𝒅̇L𝑖𝑗𝑛(𝒑L𝑖𝑗𝑛C)

𝝕L𝑖𝑗𝑛
] = [𝑰 −𝑹L𝑖𝑗𝑛 𝒑̃L𝑖𝑗𝑛O−C

{L𝑖𝑗𝑛}
𝑹L𝑖𝑗𝑛

T

𝟎 𝑰
] [
𝒕̇L𝑖𝑗𝑛
𝒓̇L𝑖𝑗𝑛

]

= 𝑱L𝑖𝑗𝑛C
𝑖𝑛𝑣 [𝑱L𝑖𝑗𝑛−H

𝑖𝑛𝑣 𝑱L𝑖𝑗𝑛−F𝑖
𝑖𝑛𝑣 ] [

𝑿̇H
𝑿̇F𝑖

] 

    (6.38) 
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Where, n stands for N or S, indicates the sleeve (screw nut) or shaft of linear actuators. Thus, 

for linear actuators of leg-1 and leg-2, there are 

{
𝑿̇L1𝑗𝑛C = [𝑱L1𝑗𝑛C

𝑖𝑛𝑣 𝑱L1𝑗𝑛−H
𝑖𝑛𝑣 𝑱L1𝑗𝑛C

𝑖𝑛𝑣 𝑱L1𝑗𝑛−F1
𝑖𝑛𝑣 𝟎]𝑿̇Σ = 𝑱̅L1𝑗𝑛C

𝑖𝑛𝑣 𝑿̇Σ

𝑿̇L2𝑗𝑛C = [𝑱L2𝑗𝑛C
𝑖𝑛𝑣 𝑱L1𝑗𝑛−H

𝑖𝑛𝑣 𝟎 𝑱L2𝑗𝑛C
𝑖𝑛𝑣 𝑱L2𝑗𝑛−F2

𝑖𝑛𝑣 ]𝑿̇Σ = 𝑱̅L2𝑗𝑛C
𝑖𝑛𝑣 𝑿̇Σ

   (6.39) 

Sleeves 

The inverse Jacobians can be obtained by the analysis in Chapter 4, they are given as 

following for the sleeves of linear actuators attached by Cardan joints.  

𝑱L𝑖𝑗N
𝑖𝑛𝑣 = [𝑱L𝑖𝑗N−H

𝑖𝑛𝑣

(6×6)
𝑱L𝑖𝑗N−F𝑖
𝑖𝑛𝑣

(6×6)
]

= [
𝑰 𝟎
𝟎 𝒎C𝑖𝑗

] [[
𝑰 −𝑹H 𝒑̃H𝑖−H𝑖𝑗

{H} 𝑹H
T

𝑰 − (𝑹H 𝒑̃H𝑖−H𝑖𝑗
{H} 𝑹H

T + 𝒍̃𝑖𝑗)
] [

𝟎 𝟎

−𝑰 𝑹F𝑖 𝒑F𝑖−F𝑖𝑗
{F𝑖} 𝑹F𝑖

T]]

+ [[
𝟎 𝟎
𝟎 𝑰

] 𝟎(6×6)] 

(6.39-1) 

In which, 𝒎C𝑖𝑗 = 𝑙𝑖𝑗
−1[𝒚L𝑖𝑗N −cos 𝛾𝑖𝑗𝑦

−1 𝒙H 𝟎]𝑹L𝑖𝑗N
T. 𝛾𝑖𝑗𝑥 and 𝛾𝑖𝑗𝑦 are the rotational 

displacements along the two axes of Cardan joints, 𝒚L𝑖𝑗N is the y-axis of sleeve on the 

Cardan joint and 𝒙H the x-axis of hip platform. 

Shafts 

The virtual work based on inverse Jacobians can be obtained by distinguishing linear in one 

BKC. Letting j = B, D, F and k = C, E, A, the Jacobians of the i-th shafts of linear actuators 

attached by double Cardan joints are given as following. 

𝑱L𝑖𝑗S
𝑖𝑛𝑣 = [𝑱L𝑖𝑗S−H

𝑖𝑛𝑣

(6×6)
𝑱L𝑖𝑗S−F𝑖
𝑖𝑛𝑣

(6×6)
] = [

𝑰 𝟎
𝟎 𝑒𝒓̃L𝑖𝑗S

] [[
𝟎 𝟎
𝑨D𝑖𝑗S

] [
𝑰 −𝑹F𝑖 𝒑F𝑖−F𝑖𝑗

{F𝑖} 𝑹F𝑖
T

𝑩D𝑖𝑗S
]] 

(6.39-2) 

In which, 
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𝑨D𝑖𝑗S =
1

𝑙𝑖𝑗
[
 
 
 

0 −1 0
1 0 0

(𝒚L𝑖𝑗S
T𝒚L𝑖𝑘S)

|𝒆̃𝑖𝑘𝒆𝑖𝑗|
0 0

]
 
 
 

𝑹L𝑖𝑗S
T[𝑰 −𝑹H 𝒑̃H𝑖−H𝑖𝑗

{H} 𝑹H
T]

−
1

𝑙𝑖𝑘|𝒆̃𝑖𝑘𝒆𝑖𝑗|
[
0 0 0
0 0 0
1 0 0

]𝑹L𝑖𝑗S
T[𝑰 −𝑹H 𝒑̃H𝑖−H𝑖𝑘

{H} 𝑹H
T], 

𝑩D𝑖𝑗S =

(

 
 1

𝑙𝑖𝑘|𝒆̃𝑖𝑘𝒆𝑖𝑗|
[
0 0 0
0 0 0
1 0 0

]

−
1

𝑙𝑖𝑗
[
 
 
 

0 −1 0
1 0 0

(𝒚L𝑖𝑗S
T𝒚L𝑖𝑘S)

|𝒆̃𝑖𝑘𝒆𝑖𝑗|
0 0

]
 
 
 

)

 
 
𝑹L𝑖𝑗S

T[𝑰 −𝑹F𝑖 𝒑F𝑖−F𝑖𝑗
{F𝑖} 𝑹F𝑖

T]. 

Letting j = B, D, F and k = C, E, A, the Jacobians of the k-th shafts of linear actuators attached 

by double Cardan joints are given as following. 

𝑱L𝑖𝑘S
𝑖𝑛𝑣 = [𝑱L𝑖𝑘S−H

𝑖𝑛𝑣
(6×6)

𝑱L𝑖𝑘S−F𝑖
𝑖𝑛𝑣

(6×6)]

= [
𝑰 𝟎
𝟎 𝑒𝒓̃L𝑖𝑘S

] [[
𝟎 𝟎

𝑨D𝑖𝑘S(3×6)
] [

𝑰 −𝑹F𝑖 𝒑F𝑖−F𝑖𝑗
{F𝑖} 𝑹F𝑖

T

𝑩D𝑖𝑘S(3×6)
]] 

(6.39-3) 

In which, 

𝑨D𝑖𝑘S =
1

𝑙𝑖𝑘
[
 
 
 

0 −1 0
1 0 0

−
𝒚L𝑖𝑗S

T𝒚L𝑖𝑘S

|𝒆̃𝑖𝑘𝒆𝑖𝑗|
0 0

]
 
 
 

𝑹L𝑖𝑘S
T[𝑰 −𝑹H 𝒑̃H𝑖−H𝑖𝑘

{H} 𝑹H
T]

+
1

𝑙𝑖𝑗|𝒆̃𝑖𝑘𝒆𝑖𝑗|
[
0 0 0
0 0 0
1 0 0

]𝑹L𝑖𝑘S
T[𝑰 −𝑹H 𝒑̃H𝑖−H𝑖𝑗

{H} 𝑹H
T] 
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𝑩D𝑖𝑘S =

(

 
1

𝑙𝑖𝑗|𝒆̃𝑖𝑘𝒆𝑖𝑗|
[
0 0 0
0 0 0
1 0 0

]

+
1

𝑙𝑖𝑘
[
 
 
 

0 1 0
−1 0 0

𝒚L𝑖𝑗S
T𝒚L𝑖𝑘S

|𝒆̃𝑖𝑘𝒆𝑖𝑗|
0 0

]
 
 
 

)

 𝑹L𝑖𝑘S
T[𝑰 −𝑹F𝑖 𝒑F𝑖−F𝑖𝑗

{F𝑖} 𝑹F𝑖
T]. 

4) Inverse Jacobians of Actuators 

The actuating forces are applied between the two parts of linear actuators along the axial 

direction. The virtual work of actuating forces depends on the velocities of length variations 

of linear actuators. The inverse Jacobians of lengths variations can be found in eq. (5.4), as 

𝒒̇𝑖𝑗 = 𝑱𝑖−H
𝑖𝑛𝑣 𝑿̇H + 𝑱𝑖−F𝑖

𝑖𝑛𝑣 𝑿̇F𝑖       (6.40) 

Thus, the inverse Jacobians for length variations of leg-1 and leg-2 are respectively 

𝒒̇1 = [𝑱1−H
𝑖𝑛𝑣 𝑱1−F1

𝑖𝑛𝑣 𝟎]𝑿̇Σ = 𝑱̅1
𝑖𝑛𝑣𝑿̇Σ,

𝒒̇2 = [𝑱2−H
𝑖𝑛𝑣 𝟎 𝑱1−F2

𝑖𝑛𝑣 ]𝑿̇Σ = 𝑱̅2
𝑖𝑛𝑣𝑿̇Σ.

      (6.41) 

Where, 

𝑱𝑖−H
𝑖𝑛𝑣 = [

−𝒆𝑖A
T 𝒆𝑖A

T𝑹H 𝒑̃H−H𝑖A
{H} 𝑹H

T

⋮ ⋮

−𝒆𝑖F
T 𝒆𝑖F

T𝑹H 𝒑̃H−H𝑖F
{H} 𝑹H

T

] , 𝑱𝑖−F𝑖
𝑖𝑛𝑣 = [

𝒆𝑖A
T −𝒆𝑖A

T𝑹F𝑖 𝒑̃F𝑖−F𝑖A
{F𝑖} 𝑹F𝑖

T

⋮ ⋮

𝒆𝑖F
T −𝒆𝑖F

T𝑹F𝑖 𝒑̃F𝑖−F𝑖F
{F𝑖} 𝑹F𝑖

T

]. 

6.3.3 Generalized Forces 

Letting 𝒕̈ be the translational acceleration of a rigid body on its mass centre and 𝒓̈ be the 

rotational acceleration, the generalized forces of platforms applied on their mass centres are 

𝑭𝑘 = [
𝒇𝑘
𝝉𝑘
] = [

𝒇𝑒𝑘 +𝑚𝑘(𝒈 − 𝒕̈𝑘)

𝝉𝑒𝑘 − 𝑰𝑘𝒓̈ − 𝒓̃̇ (𝑰𝑘𝒓̇ )
].     (6.42) 

Where, k stands for H and Fi. 𝒇𝑒𝑘 and 𝝉𝑒𝑘 are the external forces and torques applied on the 

platform k. 𝑚𝑘 and 𝑰𝑘 are the mass and moment of inertia tensor at mass centre. g is the 

gravitational acceleration. Note that, the inertia tensor 𝑰𝑘 = 𝑹𝑘 𝑰𝑘
{𝑘} 𝑹𝑘

T is with respect to 
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the inertial frame and tensor 𝑰𝑘
{𝑘}

 is with respect to the body fixed frame.  

𝑭L𝑖𝑗𝑛 = [
𝒇L𝑖𝑗𝑛
𝝉L𝑖𝑗𝑛

] = [
𝑚L𝑖𝑗𝑛(𝒈 − 𝒕̈L𝑖𝑗𝑛C)

−𝑰L𝑖𝑗𝑛𝒓̈L𝑖𝑗𝑛 − 𝒓̃̇L𝑖𝑗𝑛(𝑰L𝑖𝑗𝑛𝒓̇L𝑖𝑗𝑛)
]    (6.43) 

In which, n = N or S, thus LijN and LijS denote the sleeve (screw nut) and shaft of the j-th 

linear actuator on the i-th leg.  

6.3.4 Inverse Dynamic Model Based on Virtual Work Principle 

Based on eq. (6.25), given a virtual displacement of each part of the system, the virtual work 

of the generalized forces should be 0. Then there exist the following relations, 

∑𝛿𝒒𝑖
T𝝉𝑖

2

𝑖=1

+ ∑ 𝛿𝑿𝑘C
T𝑭𝑘

H,F1,F2

𝑘

+∑∑(𝛿𝑿L𝑖𝑗NC
T 𝑭L𝑖𝑗N + 𝛿𝑿L𝑖𝑗SC

T 𝑭L𝑖𝑗S)

F

𝑗=A

2

𝑖=1

= 0. 

(6.44) 

Bring in the expanded inverse Jacobians of all the parts,  

𝛿𝑿Σ
T [∑ 𝑱̅𝑖

𝑖𝑛𝑣T𝝉𝑖

2

𝑖=1

+ ∑ 𝑱̅𝑘C
𝑖𝑛𝑣T𝑭𝑘

H,F1,F2

𝑘

+∑∑(𝑱̅L𝑖𝑗NC
𝑖𝑛𝑣 T

𝑭L𝑖𝑗N + 𝑱̅L𝑖𝑗SC
𝑖𝑛𝑣 T

𝑭L𝑖𝑗S)

F

𝑗=A

2

𝑖=1

] = 0 

(6.45) 

The actuating force vector will be obtained through 

𝑱̅𝝉
𝑖𝑛𝑣T𝝉 = − [ ∑ 𝑱̅𝑘C

𝑖𝑛𝑣T𝑭𝑘

H,F1,F2

𝑘

+∑∑(𝑱̅L𝑖𝑗NC
𝑖𝑛𝑣 T

𝑭L𝑖𝑗N + 𝑱̅L𝑖𝑗SC
𝑖𝑛𝑣 T

𝑭L𝑖𝑗S)

F

𝑗=A

2

𝑖=1

] . 

(6.46) 

Where, 𝑱̅𝝉
𝑖𝑛𝑣 = [𝑱̅1

𝑖𝑛𝑣T 𝑱̅2
𝑖𝑛𝑣T]

T
. The size of 𝑱̅𝝉

𝑖𝑛𝑣T is 18x12, which is degenerate and obvious 

not full rank. The actuating force vector 𝝉 = [𝝉1
T 𝝉2

T]T should be derived by dividing the 

system of equations according to different motion phases.  

6.3.5 Modified Inverse Dynamic Model for Different Motion Phases 

For different motion phases, different entries of 𝑿̇Σ = [𝑿̇H 𝑿̇F1 𝑿̇F2]
T will be constant, 
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depending on the platforms which assumedly fixed on the ground. The virtual work equations 

in eq. (6.46) of that platform will thus be equal to zero. For example, in a swing phase, the 

standing foot will be considered as fixed on the ground, while for a hip moving phase, both 

feet will be considered as fixed. To meet various dynamic scenarios, the dynamic models 

should be handled in 3 cases: 1) One leg supporting with one actuating leg, 2) one leg 

supporting with two actuating legs and 3) two legs supporting. 

1) Swing Phase (One Leg Actuated) 

If the supporting leg were locked by brake systems of servo motor units, the supporting leg 

and hip platform should belong to one rigid body. The virtual work equation eq. (6.46) should 

be modified as 

𝑱̅𝝉−Mod
𝑖𝑛𝑣 T

𝝉𝑚 = −[𝑱̅F𝑚C−Mod
𝑖𝑛𝑣 T

𝑭F𝑚 +∑∑(𝑱̅L𝑚𝑗𝑛C−Mod
𝑖𝑛𝑣 T

𝑭L𝑚𝑗𝑛)

F

𝑗=A

N,S

𝑛

] 

(6.47) 

Where, m=1, 2, indicates the swinging foot platform, n = N, S, indicates the sleeve and shaft 

of linear actuator. According to eq. (6.41), (6.36) and (6.39), the modified inverse Jacobians in 

eq. (6.47) are 

{

 𝑱̅𝝉−Mod
𝑖𝑛𝑣     =   𝑱𝑚−F𝑚

𝑖𝑛𝑣 ,

 𝑱̅F𝑚C−Mod
𝑖𝑛𝑣   =   𝑱F𝑚C

𝑖𝑛𝑣 ,

 𝑱̅L𝑖𝑗𝑛C−Mod
𝑖𝑛𝑣  =   𝑱L𝑚𝑗𝑛C

𝑖𝑛𝑣 𝑱L𝑚𝑗𝑛
𝑖𝑛𝑣 .

      (6.48) 

In this case, the dimension of eq. (6.47) was decreased to 6. If 𝑱̅𝝉−𝑚
𝑖𝑛𝑣  is full rank, the actuating 

forces of leg-m can be predicted as 

𝝉𝑚 = −𝑱𝑚−F𝑚
𝑖𝑛𝑣 −T

[𝑱F𝑚C
𝑖𝑛𝑣 T

𝑭F𝑚 +∑∑(𝑱L𝑚𝑗𝑛
𝑖𝑛𝑣 T

𝑱L𝑚𝑗𝑛C
𝑖𝑛𝑣 T

𝑭L𝑚𝑗𝑛)

F

𝑗=A

N,S

𝑛

] 

(6.49) 

2) Swing Phase (Two Legs Actuated) 

Under some higher dynamical scenarios, it is demanded to move the hip and swinging foot 

simultaneously. Thus, all the three platforms must be treated as three separate rigid bodies and 



 

173 

all the 12 servo motors should be actuated. In this case, only the virtual work applied on the 

standing foot must be 0, eq. (6.46) will be modified as 

𝑱̅𝝉−Mod
𝑖𝑛𝑣 T

𝝉 = −[∑ 𝑱̅𝑘C−Mod
𝑖𝑛𝑣 T

𝑭𝑘

H,F𝑚

𝑘

+∑∑(𝑱̅L𝑗𝑛C−Mod
𝑖𝑛𝑣 T

𝑭L𝛴𝑗𝑛)

F

𝑗=A

N,S

𝑛

] . 

(6.50) 

The modified inverse Jacobians and general forces in this case are 

{
 
 
 
 
 

 
 
 
 
 𝑱̅𝝉−Mod

𝑖𝑛𝑣 = [
𝑱1−H
𝑖𝑛𝑣 𝑱1−F1

𝑖𝑛𝑣

𝑱2−H
𝑖𝑛𝑣 𝟎

]
𝑚=1

, = [
𝑱1−H
𝑖𝑛𝑣 𝟎

𝑱2−H
𝑖𝑛𝑣 𝑱1−F2

𝑖𝑛𝑣  
]
𝑚=2

,

𝑱̅𝑘C−Mod 
𝑖𝑛𝑣 = [   𝑱HC

𝑖𝑛𝑣 𝟎     ]𝑘=H , = [   𝟎      𝑱F𝑚C
𝑖𝑛𝑣 ]𝑘=F𝑚,

𝑱̅L𝑗𝑛C−Mod 
𝑖𝑛𝑣 = [

   𝑱L1𝑗𝑛C
𝑖𝑛𝑣 𝑱L1𝑗𝑛−H

𝑖𝑛𝑣 𝑱L1𝑗𝑛C
𝑖𝑛𝑣 𝑱L1𝑗𝑛−F1

𝑖𝑛𝑣

 𝑱L2𝑗𝑛C
𝑖𝑛𝑣 𝑱L1𝑗𝑛−H

𝑖𝑛𝑣 𝟎
]

𝑚=1

,

= [
   𝑱L1𝑗𝑛C

𝑖𝑛𝑣 𝑱L1𝑗𝑛−H
𝑖𝑛𝑣 𝟎

 𝑱L2𝑗𝑛C
𝑖𝑛𝑣 𝑱L𝑖𝑗𝑛−H

𝑖𝑛𝑣 𝑱L2𝑗𝑛C
𝑖𝑛𝑣 𝑱L2𝑗𝑛−F2

𝑖𝑛𝑣
]

𝑚=2

,

𝑭L𝛴𝑗𝑛 = [
𝑭L1𝑗𝑛
𝑭L2𝑗𝑛

] .

 

(6.51) 

Till here, the 12-dimensional equation systems were obtained. If 𝑱̅𝝉−MOD
𝑖𝑛𝑣  is full rank, the 

actuating forces for both legs can be solved as 

𝝉 = −𝑱̅𝝉−MOD
𝑖𝑛𝑣 −T

[∑ 𝑱̅𝑘C−MOD
𝑖𝑛𝑣 T

𝑭𝑘

H,F𝑚

𝑘

+∑∑(𝑱̅L𝑗𝑛C−MOD
𝑖𝑛𝑣 T

𝑭L𝑗𝑛)

F

𝑗=A

N,S

𝑛

] . 

(6.52) 

3) Hip Moving Phase 

This phase is special, since the both feet stay on the ground, during the hip platform moves. 

This leads to a 12-dimensional 𝝉 but a 6-dimensional equation systems. In other words, the 

solution of 𝝉 is a 6-dimensional space. In this case, eq. (6.46) can be modified as, 

𝑱̅𝝉−Mod
𝑖𝑛𝑣 T

𝝉 = −[𝑱HC
𝑖𝑛𝑣T𝑭H +∑∑∑(𝑱̅L𝑖𝑗𝑛C−Mod

𝑖𝑛𝑣 T
𝑭L𝑖𝑗𝑛)

F

𝑗=A

N,S

𝑛

2

𝑖=1

] 

(6.53) 

Where, the modified inverse Jacobians are 
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{
𝑱̅𝝉−Mod
𝑖𝑛𝑣    = [

𝑱1−H
𝑖𝑛𝑣

𝑱2−H
𝑖𝑛𝑣

] ,

𝑱̅L𝑖𝑗𝑛C−Mod
𝑖𝑛𝑣 = 𝑱L𝑖𝑗𝑛C

𝑖𝑛𝑣 𝑱L𝑖𝑗𝑛−H
𝑖𝑛𝑣 .

      (6.54) 

It is obvious that 𝑱̅𝝉−Mod
𝑖𝑛𝑣  is a 12x6 matrix and not full rank, thus there is no unique solution 

of 𝝉. To limit 𝝉 to a 0-dimensional space, some constraints must be introduced, e.g. stability 

indices, energy consumption indices, minimizing actuating force and/or others. This will be 

discussed in Chapter 7. 

6.3.6 Friction Model 

Friction plays an important role in the dynamic analysis and control of a robotic system. In 

general, the frictions can be classified into three types: Coulomb friction, static friction and 

viscous friction. Since the present system is composed by rotational and prismatic kinematic 

pairs and the prismatic pair is realized by rolling ball stokes, the composite friction of linear 

actuators weighs the most. Through the experiments, it can be concluded that the frictional 

behaviour of linear actuators is a combination of viscous friction with constant-velocity and 

static friction at the moving-starting phase. The experiments results are shown in fig. 6.13. 

The result shows different current outputs with different external loads (excluding the 

self-weight of linear actuators) at different steady motor speeds. According to the working 

principle of servo motor, the commutation current is proportional to the load. From fig. 6.13, 

it can be revealed that, the load is only positively related to the steady rotational speed of the 

motor but not affected by the load. On the other hand, there is no obvious difference for the 

starting currents under different loads. Thus, a simplified experimental model of friction can 

be derived as fig. 6.14, and described as 

𝜏𝑓𝑖 =

{
 
 

 
 𝐾𝜏𝐶(𝐶0−− + 𝐾𝑓𝐶𝑞̇𝑖) 𝑞̇𝑖 < 0

𝐾𝜏𝐶(𝐶0++ + 𝐾𝑓𝐶𝑞̇𝑖) 𝑞̇𝑖 > 0

𝐾𝜏𝐶𝐶0+ 𝑞̇𝑖 = 0+ 𝑡0 > 𝜀0
𝐾𝜏𝐶𝐶0− 𝑞̇𝑖 = 0− 𝑡0 > 𝜀0.

    (6.55) 

In which, 𝐾𝜏𝐶 is the conversion ratio between commutation current and output force on the 



 

175 

output end of linear actuators, whose unit is (N/mA).  

 

Figure 6.13 Experimental motor currents under different loads with different 

steady motor speed. 

 

Figure 6.14 Simplified friction model of linear actuator units expressed by motor 

currents. 
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According to the catalogues of motor and linear actuators supplier, the ratio 𝐾𝜏𝐶 = 0.072. 

𝐶0−− and 𝐶0++ are the currents when motor moves with small velocity near zero at both 

directions. 𝐶0+ and 𝐶0− are the starting currents caused by static friction when the velocity 

demands are positive and negative. In practice, the velocity trajectory could pass through zero 

point, thus, it is necessary to set a time threshold, 𝜀0, of static time.  

The simplified friction model shows that, the basic friction of an actuator unit is around 

103.25N. Since the transmission ratio between linear actuator is 30/13(mm/round), the 

friction ratio can be written as 𝐾𝜏𝐶𝐾𝑓𝐶 ≈ 1.26(N m ∙ s−1⁄ ), in the view of control variables. 

6.3.7 Inertia Matrices of Links and Parts 

Since the methodology of inertia measurement is not the aim of this work and limited by the 

experimental conditions, only software based inertial properties were adopted.  

1) Inertia Property of Hip Platform 

The mass centre of hip platform and attached Cardan joint bases are marked on the drawing in 

fig. 6.15 and the inertial properties are listed in table 6.2. 

Table 6.2 Inertial properties of hip platform assembly.  

Mass (kg) 𝑚H = 23.586 

Mass centre w.r.t. local 

coordinates (mm) 

𝒑HO−C
{H} = [

0
0

37.937
] 

Inertia tensor w.r.t local 

coordinates (kg·mm2) 

𝑰H
{H} = [

833326.290 0.002 0.476
0.002 365688.203  −0.361
0.476 −0.361 1194102.424

] 



 

177 

 

Figure 6.15 The mass centre of hip platform and attached components 

2) Inertia Property of Sleeve of Linear Actuators 

The mass centre of sleeve of linear actuators and attached Cardan joint bases are marked on 

the drawing in fig. 6.16 and the inertial properties are listed in table 6.3. 

Table 6.3 The inertial properties of a sleeve assembly.  

Mass (kg) 𝑚L𝑖𝑗N = 3.234 

Mass centre w.r.t. local 

coordinates (mm) 

𝒑L𝑖𝑗NO−C
{L𝑖𝑗N}

= [
28.801
−1.007
−187.417

] 

Inertia tensor w.r.t local 

coordinates (kg·mm2) 

𝑰L𝑖𝑗N
{L𝑖𝑗N}

= [
74792.215 −101.604 3519.502
−101.604 77570.545  210.323
3519.502 210.323 4273.298

] 
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Figure 6.16 The mass centre of sleeve and attached components.  

3) Inertia Property of Shaft of Linear Actuators 

The mass centre of shaft of linear actuators and attached double Cardan joint bases are 

marked on the drawing in fig. 6.17 and the inertial properties are listed in table 6.4. 

Table 6.4 The inertial properties of a linear actuator shaft.  

Mass (kg) 𝑚L𝑖𝑗S = 0.651 

Mass centre w.r.t. local coordinates 

(mm) 

𝒑L𝑖𝑗SO−C
{L𝑖𝑗S}

= [
−0.944
0

295.826
] 

Inertia tensor w.r.t local coordinates  

(kg·mm2) 

𝑰L𝑖𝑗S
{L𝑖𝑗S}

= [
14239.190 0 131.829

0 14323.324  0
131.829 0 130.193

] 

 

Figure 6.17 The mass centre of linear actuator shaft and attached components. 
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4) Inertia Property of Big Foot Platform 

The mass centre of small foot platform and attached double Cardan joint bases are marked on 

the drawing in fig.6.18 and the inertial properties are listed in table 6.4 

Table 6.5 The inertial properties of big foot platform assembly.  

Mass (kg) 𝑚F2 = 3.476 

Mass centre w.r.t. local 

coordinates (mm) 

𝒑F2O−C
{F2}

= [
0

−51.203
−36.289

] 

Inertia tensor w.r.t local 

coordinates (kg·mm2) 

𝑰F2
{F2} = [

23336.032 −0.193 0.010
−0.193 20074.221  1885.383
0.010 1885.383 39878.542

] 

 

Figure 6.18 The mass centre of big foot platform and attached components.  
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5) Inertia Property of Small Foot Platform 

The mass centre of small foot platform and attached double Cardan joint bases are marked on 

the drawing in fig. 6.19 and the inertial properties are listed in table 6.5 

Table 6.6 The inertial properties of small foot platform assembly.  

Mass (kg) 𝑚F1
{F1} = 2.915 

Mass centre w.r.t. local 

coordinates (mm) 

𝒑F1O−C
{F1}

= [
0

35.109
−34.133

] 

Inertia tensor w.r.t local 

coordinates (kg·mm2) 

𝑰F1
{F1} = [

14183.555 −0.195 0.010
−0.195 10289.704  −1304.706
0.010 −1304.706 21244.101

] 

 

Figure 6.19 The mass centre of small foot platform and attached components.  



 

181 

6.4 Simulation of Inverse Dynamic Model 

In this section, four motion cases will be simulated. To eliminate the deviation caused by 

overtop starting up velocities, the velocity trajectories will be sinus curve. On the other hand, 

since the actuating force assignment problem will be involved if the hip moves during the 

both feet contacting the ground, the single-foot-moving dynamics will be simulated in this 

section. The force assignment problem will be studied in the next chapter. In the simulations, 

the foot platform on leg-1 was moved and all the actuators on two legs were actuated during 

both with and without friction concerned. 

 

Figure 6.20 Four simulation cases of one foot platform.  

Table 6.7 Trajectories of four foot-motion cases for actuating forces simulation.  

Cases Trajectories (simulation time: T=4s) 

1 𝑋̇F1(𝑡) = [0 0 0 0 0 0.25𝜋 sin 𝜋𝑡 𝑇⁄ ]
T
 

2 𝑋̇F1(𝑡) = [0 0 0 0.25𝜋 sin 𝜋𝑡 𝑇⁄ 0 0]
T
 

3 𝑋̇F1(𝑡) = [500 sin 𝜋𝑡 𝑇⁄ 0 0 0 0 0]
T
 

4 𝑋̇F1(𝑡) = [0 0 400 sin 𝜋𝑡 𝑇⁄ 0 0 0]
T
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Case-1: In this case, the foot on leg-1 rotated along z-axis. Without friction, the actuating 

force on leg-1 compensated only the gravity and acceleration. During the pose changing, there 

is obvious force diversion between actuators. There are also obvious symmetry properties 

between actuator-1, -3, -5 and actuator-2, -4, -6, due to the centrosymmetric assignment of 

foot joints (see fig. 6.5). On the standing leg-2, the actuator-1 and -6 are supporting most of 

the weight, since they are close to centre of gravity of the whole structure. Actuator-2 and -5 

are providing constrictions to generate torques against the falling tendency due to gravity. If 

the frictions are introduced, as fig. 6.21-3, the actuating forces on leg-1 prohibit more 

non-linearity. The friction took dominancy and the force direction fiercely changed during the 

moving direction changed. Contrarily, the standing leg-2 was not obviously affected by the 

friction, and the amplitude of actuating force was decreased by the static frictions. 

Case-2: In this case, the foot on leg-1 rotated along x-axis. Similar to case-1, the mass centre 

did not vary and the actuating forces compensated only the rotational momentum and gravity 

of the foot platform. The rotation happened along x-axis, which implies that the motion is 

symmetric about y-z plane; the forces on actuator-1, -2, -3 are same as on actuator -6, -5, -4, 

respectively. This symmetry still maintains if the friction is introduced in fig. 6.22-3. The 

standing leg did not show distinct difference from case-1, since the load on it barely changed. 

Case-3: In this case, the foot platform moved forward and backward. Without friction, the 

peak power took place when the foot platform moves to the furthest position. The loads on 

standing leg-2 illustrate symmetry about y-z plane, besides the initial gravitational loads. 

Friction plays the most important role if was introduced to leg-1. The static friction also 

reduced the actuating forces on the static leg-2. 

Case-4: In this case, the foot platform was hoisted and then lowered back to the ground. If 

there is friction on leg-1, the power will be mainly consumed by it, and the value is 

proportional to the velocity value. Otherwise, the actuating forces were limited to a small 

range during the whole process and primarily to compensate the gravity. 
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Figure 6.21-1 The trajectory of foot platform on leg-1 in case-1. 

 

Figure 6.21-2 Actuating forces on linear actuators without friction  in case-1. 

 

Figure 6.21-3 Actuating forces on linear actuators with friction  in case-1. 
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Figure 6.22-1 The trajectory of foot platform on leg-1 in case-2. 

 

Figure 6.22-2 Actuating forces on linear actuators without friction in case-2. 

 

Figure 6.22-3 Actuating forces on linear actuators with friction  in case-2. 
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Figure 6.23-1 The trajectory of foot platform on leg-1 in case-3. 

 

Figure 6.23-2 Actuating forces on linear actuators without friction  in case-3. 

 

Figure 6.23-3 Actuating forces on linear actuators with friction  in case-3. 
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Figure 6.24-1 The trajectory of foot platform on leg-1 in case-4. 

 

Figure 6.24-2 Actuating forces on linear actuators without friction  in case-4. 

 

Figure 6.24-3 Actuating forces on linear actuators with friction in case-4. 
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6.5 Chapter Summary and Discussions 

In this chapter, the inverse dynamic model of CENTAUROB was built in the form of two 

serially connected 6 DOF PKM[6,3]. Firstly, the acceleration equations of each part were 

derived, including the active and passive. During this procedure, attention should be paid to 

the analysis of double Cardan joint. The acceleration of the common axis (xcommon in fig. 

6.3(a)) on one double Cardan joint is only determined by the coupled two linear actuators. 

This increased the computation complexity, compared to a 6-UPS mechanism, since for the 

latter, the same acceleration is determined by the acceleration of two end points on one linear 

actuator. From the simulation results, it can be found the accelerations obey the symmetry of 

the joint assignment. The resultant accelerations obtain continuity for the continuous platform 

motions. The results are thus proven to be valid.  

In the second part of this chapter, the inverse dynamic model with virtual work principle was 

built. For this purpose, the complete inverse Jacobians for each main part (those with 

significant mass) were derived under the general coordinates for the whole mechanism. By 

means of the utilization of double Cardan joint, the inverse Jacobians of the adjacent limbs in 

one BKC are coupled and should be distinguished. On the other hand, for a biped working 

mechanism, if the two feet contacting the ground and both of them are actuated, the model is 

in an over-actuated condition. For this reason, only the cases with one foot on the ground 

were analysed in this chapter. 

The friction of a single linear actuator unit was identified through experimental approaches 

and a simplified friction model was built in a reasonable manner. The inertial parameters were 

identified through software and necessary assumptions were made, i.e. the materials are even 

and the manufacturing errors were negligible. 

At the end of this chapter, the dynamic simulations were conducted and the actuating forces 

under 4 motion cases were predicted. The results shown that, for the swinging leg, the main 

load is in fact from the friction, compared to the inertial forces. Conversely, the static friction 
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for the standing leg compensated partly the actuating forces if both legs are actuated. Another 

remarkable phenomenon is the sudden change of the frictional load while changing the 

velocity direction, which could lead to the control delay. From the simulation results of the 

standing leg(leg-2), the main dynamic load on it is not only the weight of the hip and 

swinging leg, but also the torque caused by the displacement of the GCoM. 
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Chapter 7  

Stable Walking 

Despite the parallel composition, CENTAUROB provides its mobility in the manner of biped 

walking. Due to this characteristic, its gait planning should adhere to stability criteria like other 

legged walking mechanisms. The stability of the robot is based on the foot rotation indicator, a 

conceptual extension of zero moment point. Due to the parallel structured legs, the expected 

actuating forces of the linear actuators must be obtained through the inverse dynamic model 

obtained in last chapter. The dynamic load will be split considering the stability criteria as well. 

The typical walking patterns, such as straight walking, side-walking, and turning, will be 

simulated, and their stability conditions will be discussed. 

7.1 State of the Art 

For biped walking mechanisms, and indeed all the legged mechanisms, the walking stability is 

the utmost important aspect. Besides, regard should also be given to the velocity and comfort of 

the passenger. The main stability criteria can be roughly classified into two groups: 

simultaneous and periodic. The latter focuses on the long-term stability. Although the robot is 

instable for some moments, the stability will recover in the next step period or next several steps. 

For the latter, the Poincare return map is a powerful tool. The former includes: ground centre of 

mass (GCoM), zero moment point (ZMP)/ foot rotation point (FRI), capture point (CP).  

The GCoM is a static walking criterion, while the ZMP/FRI and CP belong to the dynamic 
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criteria. To determine the stability of bipedal gait with GCoM, the bigger foot and slower 

motion are normally needed ([7.1]). It requires the robot to maintain the GCoM inside a kernel 

area of the support polygon (SP) without extraordinary dynamic load. 

Vukobratovic and Stepaneko have firstly proposed the concept of ZMP in 1972 ([7.2]). If the 

ZMP stays in the SP, the standing foot will not leave the ground and the contacting surface can 

provide 6-dimensional reactive forces to support the whole static and dynamic loads. There are 

many earlier practical examples of utilization of ZMP. To the knowledge of author, the earliest 

successful example is the WL-10RD ([7.3]), which was developed by the Kato laboratory of 

Waseda university. The step time was decreased from 9 seconds to 1.3 seconds by using ZMP 

strategy. From the definition of ZMP, Yamaguchi et al. ([7.4]) have derived the relation 

between the robot acceleration and the ZMP locus and further realized stable walking on 

WL-12 robot. Afterward, Yamaguchi et al. ([7.5]) have determined the joints trajectories from 

optimal ZMP loci by using the concept of fast Fourier transform (FFT), further realized stable 

walking on humanoid robot, WABIAN. Huang et al. ([7.6]) have parameterized the trajectory 

of hip and swing leg, then searched in the parameter space and obtained the optimal parameter 

combination according to the ZMP index. ZMP were used as stability criteria for BHR series 

([7.7]) and THBIP series ([7.8]).  

In recent years, the researches around ZMP approaches are still making progress. Various 

control methods based on ZMP were developed. Piperakis and Trahanias have developed the 

state estimator based on non-linear ZMP ([7.9]). ZMP was treated as an indirect manipulation 

variable and a novel control method was thus developed in the work of Sugihara et al. ([7.10]). 

ZMP was also used as trajectory optimization constraints for non-legged robots in [7.11]. 

FRI was nominated by Goswami in 1999 ([7.12]). The ZMP and FRI coincide in the SP if the 

standing foot is not rotating. If the ground cannot provide enough reactive force, the foot will 

rotate and FRI will fall out of the SP. The deviation of FRI can be used as the metric margin of 

stability. Vukobratovic and Borovac have re-defined the ZMP in [7.13] and proven the 

equivalency of ZMP and FRI. 
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CP is a frequently used stability indicator. In a simplified manner, the ground position of CP can 

be calculated as 𝒑CP = 𝒑ZMP −𝑴𝑿̇𝑥𝑦 𝒈⁄ . Where 𝒑ZMP, 𝑴, 𝑿̇𝑥𝑦 and 𝒈 are the location of 

ZMP, angular momentum, robot velocity on the horizontal plane and gravity acceleration, 

respectively. There are some application examples of CP theory, such as [7.14] and [7.15].  

The periodical stability means rather cyclic stable steps, than stable states for every instance 

([7.16]). In Poincare return map theory, the state variables will return to the stable range along 

the state periodic orbit in the state space ([7.17]). Nonetheless, this method is more capable for 

high periodical and low disturbance walking scenarios. Thus, it is mainly applied on passive 

robots, such as [7.18] and [7.19], and jumping robots, such as [7.20] and [7.21]. 

The contents of this chapter will be arranged as follows: Firstly, the stability index will be 

introduced and the definition of stability will be discussed; then, the stable motions of one foot 

swinging and two feet standing will be analysed; especially, the load split strategy for two feet 

standing will be developed with consideration of single foot stability; three typical motions: 

straight walking, side-walking and turning will be simulated; at the end, the chapter will be 

summarized and perspective suggestion of dynamic walking will be made. 

7.2 Stable Walking  

The topics around biped walking are mainly about stability indices, walking pattern planning or 

walking pattern control. The walking pattern planning is to generate the desired trajectory of 

stable walking, on- or off- line. It is frequently used as the feed-forward input of real-time 

control. The walking pattern control is to fix the motion pattern in real-time and ensure the 

stability of walking. During the walking process, pattern control information can be obtained by 

the sensors and algorithms and used as the feedback of the stability control. A stability index 

represents the stable condition of walking under control strategies. It is the basis of stable 

walking studies. The walking stability and its margin can be determined by the location of 

stability index. Hereby, ground projection centre of mass (GCoM), zero moment point (ZMP) 
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and foot rotation indicator (FRI) will be introduced. 

7.2.1 Walking Stability Indices 

1) Ground Projection Centre of Mass 

For a multi-body system with n rigid bodies, the mass centre projection on horizontal ground 

can be intuitively obtained, as 

𝒑GCoM = [𝒙 𝒚 𝟎] [

𝑝FΣC𝑥
𝑝FΣC𝑦
𝑝FΣC𝑧

] =
1

∑𝑚𝑖
[
1 0 0
0 1 0
0 0 0

]∑(𝑚𝑖𝒑𝑖C)

𝑛

𝑖=1

. 

(7.1) 

𝑚𝑖 is the mass of the i-th rigid body and its mass centre locates at 𝒑𝑖C. The mass centre 

represents only the application point of gravity. Thus, the robot is statically stable if 𝒑GCoM 

stays in the support polygon. In other words, the robot will not fall without any velocity or 

acceleration except gravity. 

2) Zero Moment Point 

ZMP is the point on the contacting surface of foot and ground, where the ground reactive force 

produces no rotational moment parallel to contact surface. At ZMP, the resultant supporting 

force provided by the ground can be expressed as 

[𝒙 𝒚 𝟎]∬ (𝒑 − 𝒑ZMP) × 𝒇R(𝒑)𝑑𝒑
{𝒑SP}

𝒑ZMP

= 𝟎. 

(7.2) 

𝒇R is the ground reactive force at point 𝒑; its distribution can be measured by force sensors. 

{𝒑SP} is the set of points on SP. The definition of ZMP is, in fact, equivalent to centre of 

pressure (CoP). It is notable that if the robot is falling and the standing foot is actuated to stay on 

the ground, there is also the possibility of ZMP not reaching the contour of support polygon, 

neither. Consequently, the usage of ZMP must be accompanied by the trajectory of robot. 

Considering the trajectory referred to the standing foot, if the ZMP is inside the support polygon 

but not on the contour, the walking can be considered stable. 
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3) Foot Rotation Indicator 

FRI is a conceptual extension of ZMP and is also known as FZMP (fictitious ZMP). A ZMP is 

normally measured by the sensor units beneath the foot and used to correct its deviation from an 

optimal ZMP. According to the definition of eq. (7.2), the ZMP will not leave the support 

polygon, as when the robot falls, the reactive force of the ground will concentrate at the last 

contacting point, with its component being only the force orthogonal to the ground plane. 

On the other hand, FRI is derived from the motion analysis of the standing foot. If the standing 

foot is stable, the resultant torque applied to it should be zero at any point. Choosing the centre 

of vertical reactive forces of the ground, namely CoP, and making torque about it, the horizontal 

moment should be zero, as eq. (7.3). 

[𝒙 𝒚 𝟎][(𝒑F𝑖C − 𝒑FRI) × 𝒈𝑚F𝑖 +𝑴F𝑖 − 𝒑FRI × 𝑭F𝑖] = 𝟎 

(7.3) 

 

Figure 7.1 The stable case and instable case according to FRI theory.  

At point 𝒑FRI, the ankle load (𝑭F𝑖,𝑴F𝑖) and gravity 𝒈𝑚F𝑖 will not cause any resultant torque 

parallel to the horizontal plane. It can be seen that the FRI is not limited in the SP. The ground 

cannot provide enough passive supporting forces to form a CoP outside SP. This fictitious CoP 

is named as FRI. Inside SP, the CoP, ZMP and FRI coincide, while only FRI can locate outside 

SP. The distance between the FRI and the contour of SP can be used as the index of instability of 

the standing foot. 

7.2.2 Classification of Stable Walking 

The walking of a robot is to transport the mass with reciprocating contact with the ground and 
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the reactive force of the motion originates only from the ground. The stability of the walking is 

to make sure the motion is always under control and will not permanently lose the ground 

reactive force to drive the robot as required. This is to say, some unstable static pose could be 

stable during the dynamic process, if the FRI stability still remains. 

If the static stability index (GCoM) is always maintained during the walking, the ground 

reactive force can at least sustain the static load for different pose configurations. The main load 

is induced by the gravity; the walking pattern is classified as static walking. 

 

Figure 7.2 Different walking mode classifications.  

In comparison, if the FRI is always maintained in the support polygon, the ground can convey 

enough reactive force to the motion of the robot in every moment. This state is classified as a 

semi-dynamic walking. 

If time variable is introduced, the robot will need to recover its semi-dynamic stability 

periodically. The under-actuated state will take place but it can be eliminated through the 

foundation of new support polygon, which will cover the FRI. This is in fact the running pattern 

of most legged animals including human. 

7.2.3 Discussions about Stability Indicator 

From the definition of ZMP/FRI, it can be seen that the aim of stability under this criterion is in 

fact to prevent under-actuated rotation of the standing foot. Nevertheless, this criterion is not 

the sufficient condition of a stable walking. When the rest parts of the robot are falling, the 

ZMP/ FRI can still locate inside the SP if the actuators are not actuated and ankle joint force will 
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be zero. The ZMP/FRI is neither the necessary condition of a stable walking, since natural 

walking or running of animals is not obeying the ZMP/FRI stability. ZMP/FRI is indeed a 

conservative criterion of walking stability. A more proper utilization of ZMP/FRI criterion 

should be like: a desired trajectory should be firstly generated, and then the ZMP/FRI stability 

should be verified. In this work, the trajectories of different walking phases will be designed 

and the corresponding FRI loci will be surveyed. 

7.3 Motion with One Standing Foot 

In a one-foot-standing phase, the whole mechanism is 12-dimensionally actuated and two 

platforms can be moved, namely the hip and swinging foot. In most scenarios, the aim of a 

swinging phase is to let the swinging foot forming a new contact surface so that the locomotive 

purpose can be realized. Based on the inverse dynamic model provided in Chapter 6, the loci of 

stability indicators can be generated for various trajectories. Conversely, loci of stability 

indicators will be used to revise the trajectories. For this sake, some trajectories will be 

generated according to the FRI. 

7.3.1 The Generation of FRI Point in a One-Foot-Standing Phase 

For a quasi-dynamic walking case, the standing foot remains static, which means that the 

reactive force provided by the standing foot through the double Cardan joint is always along the 

axis of a linear actuator. Making torques about the coordinate origin, the sums of forces and 

torques applied on the standing foot platform should be 

{
 
 

 
 
𝑭F𝑖 = −∑𝝉𝑖𝑗

F

𝑗=A

=∑𝜏𝑖𝑗𝒆𝑖𝑗

F

𝑗=A

,

𝑴F𝑖 = −∑𝒑̃F𝑖𝑗𝝉𝑖𝑗

F

𝑗=A

=∑𝜏𝑖𝑗𝒑̃F𝑖𝑗𝒆𝑖𝑗

F

𝑗=A

,

𝑖 = 1,2. 

(7.4) 
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Figure 7.3 The active forces provided by linear actuators during the 

one-foot-standing phase (leg swing phase). The actuating forces pairs 

are along the z-axis of linear actuators.  

Naming the resultant ground reaction force and torque as FR and MR, the FR was applied on 

point PCoP on the ground plane, where 𝒑 = OP̅̅ ̅̅CoP. PCoP is the CoP. In this case, the source of the 

resultant torque is only the friction and MR is vertical to the ground plane. Making torque to the 

coordinate origin, the following relation exists if there is no rotational acceleration on the foot. 

𝑴R + 𝒑 × 𝑭R + 𝒑F𝑖C × 𝒈𝑚F𝑖 +𝑴F𝑖 = 𝟎.     (7.5) 

Making torque to the CoP, there will be 

𝑴R + (𝒑F𝑖C − 𝒑) × 𝒈𝑚F𝑖 +𝑴F𝑖 − 𝒑 × 𝑭F𝑖 = 𝟎.    (7.6) 
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Assuming an infinite ground friction provided by the contacting surface, the rotational 

acceleration exists only on the horizontal ground plane. Projecting eq. (7.6) on the ground, 𝑴R 

will be eliminated since it is vertical to the projecting plane, there will be 

[𝒙 𝒚 𝟎][(𝒑F𝑖C − 𝒑) × 𝒈𝑚F𝑖 +𝑴F𝑖 − 𝒑 × 𝑭F𝑖] = 𝟎.   (7.7) 

Where, 𝒑F𝑖C is the location of the mass centre of the foot {Fi}, 𝒑F𝑖C = 𝒑F𝑖 + 𝑒
𝒓F𝑖 𝒑

{F𝑖}
F𝑖O−C. 

Note that, eq. (7.7) is tenable only if the point PCoP is inside the contact polygon of the standing 

foot, because the reaction force cannot be applied outside it. If any point (inside or outside the 

support polygon) fulfils eq. (7.7) by replacing 𝒑 by 𝒑FRI, it can be denoted as a foot rotation 

indicator (FRI). 

 

Figure 7.4 The force analysis of a standing foot and the location of centre of 

pressure is denoted as PCoP. 

Definition 7.1 ([7.12]): A foot rotation indicator (FRI) is the point on the foot/ground contact 

surface, within or outside the convex hull of the foot-support area, at which the resultant 

moment of the force/torque impressed on the foot is normal to the surface. 

Rewrite eq. (7.7),  

[𝒙 𝒚 𝟎][𝑨 + 𝒑FRI × 𝑩] = 𝟎.      (7.8) 

Where {
𝑨 = 𝒑F𝑖C × 𝒈𝑚F𝑖 +𝑴F𝑖 = [𝑎𝑥 𝑎𝑦 𝑎𝑧]T,

𝑩 = 𝑭F𝑖 + 𝒈𝑚F𝑖 = [𝑏𝑥 𝑏𝑦 𝑏𝑧]T.
 

For a horizontal plane, letting 𝒑FRI = [𝑝𝑥 𝑝𝑦 0]T, the location of FRI will be solved as 
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{
 
 

 
 𝑝𝑥 = −

𝑎𝑦

𝑏𝑧
=
𝑝F𝑖C𝑥𝑔𝑚F𝑖 −𝑀F𝑖𝑦

𝐹F𝑖𝑧 + 𝑔𝑚F𝑖
,

𝑝𝑦 =
𝑎𝑥
𝑏𝑧
=
𝑝F𝑖C𝑦𝑔𝑚F𝑖 +𝑀F𝑖𝑥

𝐹F𝑖𝑧 + 𝑔𝑚F𝑖
.

 

(7.9) 

7.3.2 The Gait Optimization Model Based on FRI (FZMP) 

The aim of the gait optimization problem of the robot is the minimal FRI distance from the 

optimal FRI to avoid the rotation of the standing foot, as eq. (7.10). Despite the strategy to 

optimize the trajectory of the swing foot, it is also an alternative to introduce a compensating 

hip trajectory. 

𝑚𝑖𝑛(‖𝒑FRI − 𝒑OPT‖)       (7.10) 

For any given gait, the inverse dynamic model can be derived (seeing Chapter 6), as well as 

determining the actuating forces and the FRI. Due to the complexity of inexplicit forward 

dynamic models of PKMs, it is inconvenient and time-consuming to generate a hip 

compensating trajectory originating from the torque and force it needed to maintain the stability, 

although which is straightforward from the inversion of eq. (7.9). To this end, the compensation 

trajectory will be generated through the discrete searching of hip locations over time. 

1) Searching Algorithm 

The searching method can be found in fig. 7.5. For any discrete time 𝑛∆𝑡, the location of the 

hip at (𝑛 + 1)∆𝑡 will be searched near its present location, as the searching radius is 𝜌max and 

the searching direction is defined by 𝜑. The location of the hip platform at time (𝑛 + 1)∆𝑡 is 

𝒕H(𝑛 + 1) = 𝜌[cos𝜑 sin𝜑 0]T + 𝒕H(𝑛).     (7.11) 

Given an arbitrary acceleration, the velocity and acceleration demanding to realize this 

displacement can be derived as table 7.1 by solving the displacement 𝒕H(𝑛 + 1) as eq. (7.12). 

{

𝒕H(𝑛 + 1) = 𝜌[cos𝜑 sin𝜑 0]T + 𝒕H(𝑛),

𝒂H(𝑛 + 1) = 2 (𝒕(𝑛 + 1) − 𝒕(𝑛) + 𝒗(𝑛)∆𝑡) ∆𝑡
2⁄ ,

𝒗H(𝑛 + 1) = 𝒗(𝑛) + 𝒂H(𝑛 + 1) ∙ ∆𝑡.

 

(7.12) 
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Table 7.1 The state variables between two motion frames.  

𝑡 𝑛 ∙ ∆𝑡  (𝑛 + 1) ∙ ∆𝑡 

𝒂H 𝟎 𝒂(𝑡) = 𝒂1 𝒂1 

𝒗H 𝒗(𝑛) 𝒗(𝑡) = 𝒗(𝑛) + ∫ 𝒂(𝑢) 𝑑𝑢
𝑡

𝑛∙∆𝑡

= 𝒗(𝑛) + 𝒂1 (𝑡 − 𝑛 ∙ ∆𝑡) 𝒗(𝑛) + 𝒂1 ∙ ∆𝑡 

𝒕H 𝒕(𝑛) 

𝒕(𝑡) = 𝒕(𝑛) + ∫ 𝒗(𝑢)𝑑𝑢
𝑡

𝑛∙∆𝑡

= 𝒕(𝑛) + 𝒗(𝑛)(𝑡 − 𝑛 ∙ ∆𝑡)

+
1

2
𝒂1[𝑡

2 − (𝑛 ∙ ∆𝑡)2]

− 𝒂1 𝑛 ∙ ∆𝑡 (𝑡 − 𝑛 ∙ ∆𝑡) 

𝒕(𝑛) + 𝒗(𝑛)∆𝑡

+
1

2
𝒂1 ∙ ∆𝑡

2 

Bring the state variables at time (𝑛 + 1)∆𝑡 to the inverse dynamic model, the location of FRI, 

𝒑FRI((𝑛 + 1)∆𝑡), will be obtained. A set of FRIs will be generated and the corresponding 

𝒕H((𝑛 + 1)∆𝑡) with the smallest distance to the optimal FRI location will be adopted as the 

new searching centre. The searching step length and range will be decreased to find the optimal 

state variables for the new iteration. The iterations will be repeated until the difference between 

the biggest and smallest ‖𝒑FRI − 𝒑OPT‖  under a threshold value. Once the optimal state 

variables were obtained, they will be evaluated to the trajectory of the hip for the next frame. 

This procedure can be illustrated as the flowchart in fig. 7.6. 

 

Figure 7.5 The searching strategy of optimal hip compensation trajectory.  
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Figure 7.6 The flowchart of hip compensation generation algorithm. 

 

Figure 7.7 The translational displacement of swinging foot and the generated hip 

compensation trajectory.  
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Figure 7.8 The FRI loci between with and without compensating hip motion. With 

the compensation, the FRI was limited to a 36mm range around the 

optimal FRI. 

2) Case Study of FRI with Hip Compensation 

Refer to Case-3 in table 6.7, foot-1 swings along x-axis forward and back to the initial position. 

With the aid of the scheme in fig. 7.6, the compensation trajectory of hip platform is generated, 

as illustrated in fig. 7.7. Under this compensation, the FRI was ameliorated and its distance to 

the optimal FRI location decreased to 36mm, comparing to 98mm before the compensation 

motion of hip was introduced. 
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7.4 Motion with Two Standing Feet 

If both feet contact the ground and the hip platform is the only motive part, it turns into an over 

actuated system. As mentioned in eq. (6.53), a set of 6 dimensional general forces is applied on 

12 actuators. This leaves a 6-dimensional space of actuating forces. As a result, the dynamic 

loads should be divided reasonably to hold each foot stable. 

7.4.1 Dynamic Analysis of Two-Feet-Stance 

During one-foot-standing phase, the actuating forces applied to the standing foot can be 

intuitively obtained; this force set can also represent the dynamic load required to drive the 

entire structure at the same time. 

Assuming that the robot is operating in a swinging phase with two actuating legs (seeing 

Chapter 6), the actuating forces ∑𝝉𝑖𝑗 can be obtained through eq. (6.51). The forces applied to 

the system are the actuating forces ∑𝝉𝑖𝑗 and the ground supporting forces (𝑭R,𝑴R). These 

forces sustain the motion of the system. If the swing leg is not moving and its mass is 0, the 

mentioned forces are used to drive the moving part, while both feet are supported by the ground. 

This is equivalent to the two-feet-stance, despite (𝑭R,𝑴R) being assigned on the polygon 

formed by two feet, as illustrated in fig. 7.9. To this end, the dynamic load of moving parts can 

be obtained through eq. (6.51), by letting 𝑚F1 = 0. No matter the robot is supported by one 

foot or two feet, for the same motion, the sum of the forces for moving parts should be the same. 

Letting the dynamic load induced by the system in the dashed line bracket in fig. 7.9 be 

(𝑭Σ,𝑴Σ), there is 

[
𝑭Σ
𝑴Σ

] = [
[𝐹FΣ𝑥 𝐹FΣ𝑦  𝐹FΣ𝑧]T

[𝑀FΣ𝑥 𝑀FΣ𝑦 𝑀FΣ𝑧]T
] =∑∑[

𝝉𝑖𝑗
(1)

𝒑̃F𝑖𝑗𝝉𝑖𝑗
(1)
]

F

𝑗=A

2

𝑖=1

=∑∑[
𝝉𝑖𝑗
(2)

𝒑̃F𝑖𝑗𝝉𝑖𝑗
(2)
]

F

𝑗=A

2

𝑖=1

. 

(7.13) 

Where, 𝝉𝑖𝑗
(1)

 is the actuating force vector for one-foot-stance and 𝝉𝑖𝑗
(2)

 is for two-feet-stance. 

𝒑F𝑖𝑗 is the joint location on feet. 



 

205 

 

Figure 7.9 The forces needed to drive the robot for the one-foot-stance is shown on 

the left side. The dynamic system comprises of the ground, one standing 

foot and the rest parts. The forces for the same motion while two feet are 

contacting the ground are shown on the right side. The dynamic system  

comprises of the ground, two standing feet and the rest parts of the robot.  

Thus, the dynamic load (𝑭Σ,𝑴Σ) can be obtained through eq. (6.51) and the first equality in eq. 

(7.13). Giving a load split diagonal matrix 𝑨1, there will be  

∑[
𝝉1𝑗
(2)

𝒑̃F1𝑗𝝉1𝑗
(2)
]

F

𝑗=A

= 𝑨1 [
𝑭Σ
𝑴Σ

] = [
𝒂𝑓1 𝟎

𝟎 𝒂𝑚1
] [
𝑭Σ
𝑴Σ

] , 

(7.14) 

∑[
𝝉2𝑗
(2)

𝒑̃F2𝑗𝝉2𝑗
(2)
]

F

𝑗=A

= (𝑰 − 𝑨1) [
𝑭Σ
𝑴Σ

] . 

(7.15) 

Where,  

𝒂𝑓1 = diag(𝑎𝑓1𝑥, 𝑎𝑓1𝑦, 𝑎𝑓1𝑧), 𝒂𝑚1 = diag(𝑎𝑚1𝑥, 𝑎𝑚1𝑦, 𝑎𝑚1𝑧). 

(7.16) 

Thus, the forces applied to the feet will be 

[
𝑭F𝑖
(2)

𝑴F𝑖
(2)
] = −∑[

𝝉𝑖𝑗
(2)

𝒑̃F𝑖𝑗𝝉𝑖𝑗
(2)
]

F

𝑗=A

𝑖 = 1,2. 

(7.17) 
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The needed actuating forces will be  

𝝉𝑖
(2)
= −[

𝒆𝑖A ⋯ 𝒆𝑖F
𝒑̃F𝑖A𝒆𝑖A … 𝒑̃F𝑖F𝒆𝑖F

]
−1

[
𝑭F𝑖
(2)

𝑴F𝑖
(2)
] 

(7.18) 

 

Figure. 7.10. The global FRI should stay in the supporting polygon (SP) formed by 

two feet and the local FRI should stay in the SP of the foot it belongs. 

7.4.2 The FRIs for Two-Feet-Stance 

As mentioned before, the FRI location depends only on the forces applied on the ankle joint. If 

there are two standing feet, the global FRI, 𝒑FRI−Σ, should be maintained inside the support 

polygon formed by two feet to prevent the rotation of the whole structure. At the same time, the 

local FRIs, 𝒑FRI−1 and 𝒑FRI−2, should also stay inside the support polygon formed by single 

feet to prevent the rotation of them, as illustrated in fig. 7.10. 

The 𝒑FRI−Σ can be modified only by modifying the trajectory of the hip due to eq. (7.13), since 

dynamic load (𝑭Σ,𝑴Σ) is nothing but the function of general forces. However, 𝒑FRI−𝑖 can be 

modified through changing 𝑨1. Letting the loci of local FRIs be 𝒑FRI−𝑖 = [𝑝𝑥−𝑖 𝑝𝑦−𝑖 0]T, 

they can be obtained similar to eq. (7.9), as eq. (7.19). 
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{
 
 

 
 𝑝𝑥−1 =

𝑝F1C𝑥𝑔𝑚F1 − 𝑎𝑚1𝑦𝑀FΣ𝑦

𝑎𝑓1𝑧𝐹FΣ𝑧 + 𝑔𝑚F1
𝑝𝑦−1 =

𝑝F1C𝑦𝑔𝑚F1 + 𝑎𝑚1𝑥𝑀FΣ𝑥

𝑎𝑓1𝑧𝐹FΣ𝑧 + 𝑔𝑚F1

𝑝𝑥−2 =
𝑝F2C𝑥𝑔𝑚F2 − (1 − 𝑎𝑚1𝑦)𝑀FΣ𝑦

(1 − 𝑎𝑓1𝑧)𝐹FΣ𝑧 + 𝑔𝑚F2

𝑝𝑦−2 =
𝑝F2C𝑦𝑔𝑚F2 + (1 − 𝑎𝑚1𝑥)𝑀FΣ𝑥

(1 − 𝑎𝑓1𝑧)𝐹FΣ𝑧 + 𝑔𝑚F2

 

(7.19) 

𝑝F𝑖C𝑥 and 𝑝F𝑖C𝑦 are the mass centre locations of the foot-i in x- and y-directions. This equation 

set is 3-dimensional; the variables are any three elements of {𝑝𝑥−1, 𝑝𝑦−1, 𝑝𝑥−2, 𝑝𝑦−2, 𝑎𝑚1𝑥, 

𝑎𝑚1𝑦 , 𝑎𝑓1𝑧 }. Correspondingly, the global FRI, 𝒑FRI−Σ = [𝑝𝑥−Σ 𝑝𝑦−Σ 0] , is only the 

function of (𝑭Σ,𝑴Σ), further of state variables, {𝑿Σ, 𝑿̇Σ, 𝑿̈Σ} (see eq. (6.29)). 

𝑝𝑥−Σ =
𝑝FΣC𝑥𝑔𝑚FΣ −𝑀FΣ𝑦

𝐹FΣ𝑧 + 𝑔𝑚FΣ
, 𝑝𝑦−Σ =

𝑝FΣC𝑦𝑔𝑚FΣ +𝑀FΣ𝑥

𝐹FΣ𝑧 + 𝑔𝑚FΣ
. 

(7.20) 

Where, the mass sum of two feet is 𝑚FΣ = 𝑚F1 +𝑚F2 and the mass centre of two feet is 

𝒑FΣC = [𝑝FΣC𝑥 𝑝FΣC𝑦 𝑝FΣC𝑧]T = ∑ (𝑚F𝑖[𝑝F𝑖C𝑥 𝑝F𝑖C𝑦𝑚F𝑖 𝑝F𝑖C𝑧𝑚F𝑖]T)2
𝑖=1 𝑚FΣ⁄ . 

7.4.3 The Dynamic Load Split Strategy 

The aim of dynamic load splitting is to divide (𝑭Σ,𝑴Σ) reasonably by modifying 𝑨1 in eq. 

(7.16). The parameters in 𝑨1 can be divided into two groups: horizontal parameters 𝑎𝑓1𝑥, 

𝑎𝑓1𝑦 and 𝑎𝑚1𝑧; vertical parameters 𝑎𝑓1𝑧, 𝑎𝑚1𝑥 and 𝑎𝑚1𝑦. The location of FRIs depends only 

on the vertical parameters, while the horizontal ones relate to the ground contact frictions. 

1) Determination of 𝑎𝑓1𝑧 

From fig. 7.11, for a hip motion in x-direction, the load variation mainly occurs on 𝑴Σ in 

y-direction. This is caused by the variation of 𝐹Σ𝑧 location, or, namely the variation of the 

global FRI in x-direction. Thus, it is reasonable to split the 𝐹Σ𝑧 based on the distance between 

the global FRI to a stable local FRI. As illustrated in fig.7.12, the local FRIs can be seen as the 

centres where the 𝐹F𝑖𝑧  applied. If the optimal local FRIs are given as 𝒑opt−𝑖 =

[𝑝opt𝑥−𝑖 𝑝opt𝑦−𝑖 0]T, the parameter 𝑎𝑓1𝑧 can be determined as  

𝑎𝑓1𝑧 =
‖𝑝𝑥−Σ − 𝑝𝑥−opt2‖

‖𝑝𝑥−Σ − 𝑝𝑥−opt1‖ + ‖𝑝𝑥−Σ − 𝑝𝑥−opt2‖
 

(7.21) 
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Figure 7.11 The total dynamic load (𝑭Σ,𝑴Σ) distribution in 6 dimensions . 

If the global FRI exceeds the interval between two optimal local FRIs, namely 𝑎𝑓1𝑧 > 1 or 

𝑎𝑓1𝑧 < 0, the load 𝐹FΣ𝑧 should be applied on the nearest SP, namely, 𝑎𝑓1𝑧 = 1 or 𝑎𝑓1𝑧 = 0. 

 

Figure 7.12 The load in z-direction will be split according to the distance between 

global FRI and optimal FRIs. Symbols can be found in fig. 7.10. 

2) Determination of 𝑎𝑚1𝑥 and 𝑎𝑚1𝑦 

As eq. (7.19), the locations of two local FRIs can be modified in a 3-dimensional space. Once 

one local FRI is determined, the other FRI can only locate on a line (see fig. 7.13). The contact 

area of {F1} is smaller than {F2}, the local FRI, 𝒑FRI−F1, should be ensured in priority, i.e., 

𝒑FRI−1 = 𝒑opt−1 = [𝑝opt𝑥−𝑖 𝑝opt𝑦−𝑖 0]T . Bring 𝒑FRI−F1 = 𝒑opt−1 and 𝑎𝑓1𝑧 in eq. (7.21) 

to eq. (7.19), 𝑎𝑚1𝑥 and 𝑎𝑚1𝑦 can be determined as  

{
 
 

 
 𝑎𝑚1𝑥 =

𝑝opt𝑦−1(𝑎𝑓1𝑧𝐹FΣ𝑧 + 𝑔𝑚F1) − 𝑝F1C𝑦𝑔𝑚F1

𝑀FΣ𝑥
,

𝑎𝑚1𝑦 =
𝑝F1C𝑥𝑔𝑚F1 − 𝑝opt𝑥−1(𝑎𝑓1𝑧𝐹FΣ𝑧 + 𝑔𝑚F1)

𝑀FΣ𝑦
.

 

(7.22) 
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Figure 7.13 For the same dynamic load (𝑭Σ,𝑴Σ), once the FRI on one foot is fixed, 

the FRI of the other foot locates on one line.  

3) Determination of 𝑎𝑓1𝑥, 𝑎𝑓1𝑦 and 𝑎𝑚1𝑧 

The horizontal force components, 𝐹F𝑖𝑥 , 𝐹F𝑖𝑦  and 𝑀F𝑖𝑧 , will cause the translational and 

rotational slips of the feet. The maximal value of static friction of the ground is proportional to 

the vertical load, 𝐹F𝑖𝑧. The parameters, 𝑎𝑓1𝑥, 𝑎𝑓1𝑦 and 𝑎𝑚1𝑧, can thus be set equal to 𝑎𝑓1𝑧 

and smaller than the friction parameter of the contacting surface. 

𝑎𝑓1𝑥 = 𝑎𝑓1𝑦 = 𝑎𝑚1𝑧 = 𝑎𝑓1𝑧 

(7.23) 

7.4.4 Simulation Results 

The aim of a hip moving phase in the walking cycle is to transport the load on the hip. 

Regardless of goods or human transportation, unnecessary vertical hip motions should be 

avoided. The motion of hip can be illustrated as shown in fig.7.14, and the trajectory of the hip 

platform is thus defined as 

𝑿H(𝑡) = [𝑎𝑚𝑝
𝑡

𝑇
−
𝑎𝑚𝑝

2𝜋
sin 2𝜋

𝑡

𝑇
0 0 0 0 0]

T

. 

(7.24) 

As fig. 7.16 shows, during the hip motion, the global FRI is not leaving the SP formed by two 

feet. This implies that the trajectory of the hip is capable in the view of semi-dynamic stability 

and there is no risk of the whole structure to rotate. 
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Figure 7.14 The trajectory of the hip is defined in x-direction; the motion time T is 

defined as 2 seconds and the motion amplitude is amp=500mm. 

 

Figure 7.15 Load split parameters of the hip motion. The whole load was applied on 

one foot during the load-free phase of the other foot. The load free 

phases are determined by the vertical load according to eq. (7. 21). 

The dynamic load was split between two feet as shown in fig. 7.15. There are two respective 

load-free time intervals for two feet, while the hip moves from one foot to another. 

Simultaneously, the whole dynamic load shifted from leg-2 to leg-1. Since the parameter 𝑎𝑓1𝑧 

is determined by the distance between local and global FRIs only in x-direction, the local FRIs 

of {F1} deviated in the y-direction to compensate the lack of torques along y-axis. However, the 
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global FRI is basically along the line between the two optimal local FRIs, the local FRIs did not 

exceed the support polygons. This phenomenon is shown in fig. 7.16. According to fig. 7.15, 

initially, the main load is gravity (time = 0). As long as the acceleration increases, the global 

FRI shifts so that the load is applied only on {F2} (time = 0.30s). 

 

Figure 7.16 The local FRIs and global FRI are shown during the moving of the hip 

platform. The symbols are defined inheriting fig. 7.10. 

The demanding actuating forces can be found in fig. 7.17. Without frictions of linear actuators, 

actuating forces should be 0 on the load free foot in the load free intervals (0.15s~0.45s and 

0.14s~2s). Nevertheless, the actuating forces on leg-1 are not 0 in its load free interval. The 

reason can be found from parameter 𝑎𝑚1𝑥  in fig. 7.15 and eq. (7.22). The 𝑎𝑓1𝑧  is only 

determined by the load distribution on x-direction, and the parameters 𝑎𝑚1𝑥 and 𝑎𝑚1𝑦 must 

be modified to ensure the optimal FRI of foot-1. The residue torque in x-direction was thus 

induced by the y-deviation of vertical force. In contrast, the FRI of foot-2 was not considered 

during the load splitting. In its load-free interval, (𝑭Σ,𝑴Σ), was applied on foot-1.  
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The load split can also be determined as illustrated in fig.7.13, however, the obtained 𝒑FRI−2 

could contradict eq. (7.21). A larger part of torque 𝑴Σ could be provided by only one foot, 

thereby enlarge the load on single actuators. 

 
Figure 7.17 The actuating forces with and without actuator frictions according to eq. 

(7.18) under the hip moving phase.  

7.4.5 Optimization of Hip Motion 

Under the simulation configurations that T = 1s, amp = 500mm in eq. (7.24), the global FRI 
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shows no more stability, as fig. 7.18. This is because the acceleration amplitude distributed too 

dispersed and the motion time is too short. Or in other word, the acceleration and velocity are 

excess at the beginning and the end of the motion. The motion can be optimized if a more 

reasonable acceleration distribution was adopted and a more reasonable motion time is set.  

 
Figure 7.18 The global FRI loci using sinus acceleration trajectory.  

The acceleration distribution ( 𝑿̈H(𝑡) ) can be modified through various approaches. For 

example, 𝑋̈H𝑥(𝑡) can be 1st order fold line and the peak value is a function of the time on which 

the peak value takes place. The 𝑿̈H(𝑡) is divided into two time intervals: acceleration and 

deceleration. The areas formed by two acceleration curves should be equal, illustrated in fig. 

7.19, 𝑡0𝑎p + (𝑇 − 𝑡0)𝑎v = 0, so that the motion will stop at the end, thus 

𝑎v = −
𝑡0𝑎p

𝑇 − 𝑡0
 

(7.25) 

The adjustable parameters of accelerations are 𝑡p , 𝑡0  and 𝑡v . The motions with specific 

configurations were simulated as the three accelerations parameters vary, as fig. 7.20 shows. 

The furthest distance of the FRI loci from the feet centre was marked in different colours. Note 

that, for the concerning of comfort of possible passengers, the simulation results with drastic 

accelerations changing will be excluded, meanwhile, the peak value of acceleration is also 

limited under g/2. As the matter of fact, the maximum distance of FRI to the feet centre shows 

obvious continuity under continues acceleration parameters. This suggests a high confidence 

level of single minimum of maximum FRI distances, which will be called as FRI range in the 
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following text. The optimal combination of 𝑡p, 𝑡0 and 𝑡v can be found. 

 

Figure 7.19 Adjustable fold line acceleration trajectory. The areas enveloped by the 

acceleration and deceleration lines should be  equal.  

 

Figure 7.20 One example set of acceleration parameters.  The height of hip is 1m and 

the motion time is defined as 1.5s.  The maximum distances of global 

FRIs to the centre of two feet are illustrated as the colour of scatters. The 

minimum value in present searching density is 318mm. 

The minimum FRI ranges under different trajectory setting are surveyed with motion time of 1s, 

1.25s and 1.5s, and the hip height of 1m, 0.95m and 0.9m, as shown in fig. 7.21. The average 

minimum FRI ranges increase in pace with the hip height increases and motion time decreases, 

since the centre of mass and maximum acceleration rise. However, the robot will not be stable 

with survey parameters of accelerations if the motion time is 1.25s or 1s, since the minimum 

FRI range is over 325mm, which landed outside the support polygon. 

Furthermore, the optimal loci of the global FRI for each hip height and motion time are given, 
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as well as the corresponding hip trajectories. The motion shows higher stability if the hip moves 

lower; however, a safer motion with all heights should be not shorter as 1.5s, as shown in 

fig.7.23. Compare to a hip motion with sinus acceleration trajectory in fig. 7.22, a proper fold 

line trajectory in fig.7.23 decreases the global FRI range to a stable condition. 

 

Figure 7.21 Minimum global FRI ranges, min
𝑡𝑝,𝑡𝑣

|max𝒑FRI−Σ −min𝒑FRI−Σ| , under 

different motion configurations along the  variation of 𝑡0. 
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Figure 7.22 The global FRI loci with sinus hip acceleration trajectory.  

 

Figure 7.23 The global FRI loci with different motion configurations. The result 

suggests that the stability increases if the height decreases . 
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One phenomenon should be noticed is that, for the same average hip motion velocity (e. g. 

700/2.1mm/s = 500/1.5mm/s = 333.3mm/s), the stability increases along the increasing of step 

length, as illustrated in fig. 7.24. Fig. 7.25 shows the variation of global FRI range excluding 

the step length in x-direction. In the view of stability, the length step should be set as long as 

possible in the workspace. 

 

Figure 7.24 The global FRI loci of the hip motions with same average velocity but 

different step length. The stability of 700mm displacement in 2.1 second 

is higher than that of 500mm displacement in 1.5 second. 

 

Figure 7.25 The FRI range subtracting step length. Higher values imply bigger 

distances of FRI beyond the foot centre. 
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7.5 Walking Motions 

A walking pattern of CENTAUROB comprises of alternate phases, leg swings and hip moving, 

no matter for straight walking, side-walking or turning. As forehead discussed, the stability is 

always the first consideration. For present design, only the semi-dynamic walking is assured, 

seeing fig. 7.2. The GCoM can fall out from the support polygon (SP) but the FRI will not. The 

FRI switches between the two-feet-SP and one-foot-SP, for the two phases respectively. 

Secondarily, the comfort and velocity should also be considered. To preserve the comfort, the 

acceleration slope rate was limited as sub-section 7.4.5 discussed. For the hip moving phase, 

only the loci of global FRI will be illustrated, while the load split strategy was given in 

sub-section 7.4.3 and will not be illustrated to preserve reading convenience.  

7.5.1 Straight Walking 

The straight walking happens in the x-direction of the robot’s coordinates. The smaller foot 

({F1}) will start its swing phase at the beginning. Once {F1} landed, a new SP of two feet forms 

and the hip moving phase will start. Then, the swing of {F2} will start. Letting the positions in 

the x-direction be labelled as: x0, x1, x2, … , the motion sequence is as table 7.2. 

Table 7.2 The motion sequence of straight walking.  

Time 

intervals 
0~1s 1~2.5s 2.5~3.5s 3.5s~5s 

… 

𝑿F2 𝑥0 − 𝑥0 − 𝑥0 → 𝑥2 𝑥0 − … 

𝑿H 𝑥0 − 𝑥0 → 𝑥1 𝑥1 − 𝑥1 → 𝑥2 … 

𝑿F1 𝑥0 → 𝑥1 𝑥1 − 𝑥1 − 𝑥1 − … 

The simulation result was presented in fig. 7.26. The motion of the robot was illustrated in the 

figure above; the foot prints (support polygons) and the corresponding FRIs were shown in the 

figure beneath. The result shows a semi-dynamic stable walking pattern since the FRI located in 

their present SPs. Fig. 7.28 shows that, during the walking, there are time moments that the 
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GCoM fell out from the SPs, while the FRI loci was always inside the SP, e.g. the foot print at x 

= 700mm. This phenomenon can be explained by the figure on the right of fig. 7.28. At the end 

of the swing of the left leg {F2}, a torque, MF2, must be applied to it to brake. The reactive 

torque of it is against the direction of the torque generated by the deviated centre of mass. The 

same situation happens at the beginning of the swing, except that the torque directions are 

inversed. The reactive torque dragged the FRI back to the SP and partly neutralized the 

tendency of robot falling. 

7.5.2 Transverse Walking 

The robot is also able to move along its secondary direction, y-axis. Since the obstacle of the 

other leg, there will be no leap over swing motion like the {F2} during 2.5s~3.5s in table 7.2. 

The velocity is not highly demanded in y-direction motion. The simulation was thus operated 

with a step length of 500mm in 4.2 seconds.  

Table 7.3 The motion sequence of side-walking. 

Time 

intervals 
0~1.2s 1.2~3s 3~4.2s 4.2s~5.4s 

… 

𝑿F2 𝑦0 → 𝑦1 𝑦1 − 𝑦1 − 𝑦1 → 𝑦2 … 

𝑿H 𝑦0 − 𝑦0 → 𝑦1 𝑦1 − 𝑦1 − … 

𝑿F1 𝑦0 − 𝑦0 − 𝑦0 → 𝑦1 𝑦1 − … 

The result shows a stable motion sequence since all the FRIs located in the SPs. The loci of FRI 

are shown on the left side of fig.7.29 and the FRIs of hip motion were shifted 100mm to 

x-direction. On the right side of the figure, the loci of FRI and GCoM in the first 1 second were 

illustrated. Similar to the case in straight walking, the brake torque of the end half of the motion 

is MF2, while the reactive torque, -MF2, is against the torque caused by the deviation of the CoM. 

Thus, the loci of FRI and GCoM move to the left, while, at the brake phase, the moving FRI 

obvious slows down and stays inside the SP. 
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Figure 7.27 One example of semi-dynamic walking pattern. The loci of GCoM 

obviously exceeded the SP at the beginning and the end of the swing of 

the other leg, while the loci of FRI did not. The reason can be illustrated 

by the figure on the right. To brake the swinging leg, torque MF2 was 

applied on it, and the reactive torque -MF2 has dragged the FRI to the 

support polygon of the standing foot.  

  
Figure 7.28 (left) One side-walking step simulation. The definition of symbols can 

be found in fig. 7.26. The loci of hip moving FRI was slid, too. The step 

length was 500mm and was operated in 4.2s (2 swings for 2.4s and one 

hip moving for 1.8s).  (right)   
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7.5.3 Turning 

The process of turning can be found in fig.7.29. The maximum turning angle is 35.16o, the 

turning angle is set to be 30o for each turning segment, as fig. 7.30. For a turning of 90o, three 

turning segments must be operated. The motion sequence of each segment is {H}-{F2}-{F1}. 

 

Figure 7.30 The rotation of two feet is limited in 30 o; and the rotation centre is the 

centre of circular toes. 

7.6 Chapter Summary and Discussions 

In this chapter, the walking patterns of CENTAUROB were studied. The motion of two phases, 

leg swing phase and hip moving phase, of walking were analysed. For this purpose, two efforts 

were done in advance. Firstly, the gait optimization of leg swing phase was done by introducing 

the hip motion as compensation. As a result, the FRI locus was regularized to a better range 

(from 98mm max FRI deviation to 36mm). Secondly, the load split strategy was introduced in 

the view of the stabilities of each single foot and both feet as a whole. It turns out that the 

dynamic load in the vertical direction can be divided according to the distance from global FRI 

to the optimal local FRIs of the single feet. Simulation result shows that the load split strategy 

ensured the stability of both feet, during a globally stable hip motion. 

The dynamic load applied on the standing platform/s was not obtained directly by the dynamic 

equations of Lagrange method, as represented in [7.12]. Instead, it was indirectly obtained as 

actuating forces obtained from single foot (eq. (6.51) modified with zero swing foot mass and 

velocity, as eq. (7.13)). Fig. 7.9 illustrates this process. This process saves the computation time, 

since the motion energy does not need to be re-calculated. 
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In the hip motion phase, the local foot stability depends on the load split strategy, while the 

global stability of the robot as a whole depends only on the trajectory of the hip. No matter in 

the view of energy-saving or of comfort of passenger, the motions should be constrained only in 

one direction. Thus, the one-dimensional acceleration was the only adjustable variable. In this 

chapter, the hip motion was optimized in a manner of adjustable fold lines and three adjustable 

parameters were set. The maximum FRI deviations of different acceleration parameters were 

represented in fig.7.20 and the optimal acceleration trajectory was generated. The height of the 

hip platform is also a vital factor for the FRI distribution. The hip motion with lower hip height 

but same x-trajectories generated shorter global FRI loci. In addition, the step length affects the 

stability margin, too. Fig. 7.24 shows a bigger FRI stability margin with longer step length, 

while the velocities stays 333.3mm/s. Fig. 7.25 shows the statistic relation between step length 

and stability of hip motion. 

At the end of this chapter, 3 typical motions, straight, side walking and turning, of 

CENTAUROB were simulated. The results showed stable motions and semi-dynamic 

characteristics. For the straight walking, despite the starting and end steps, the velocity can 

reach 280mm/s (700mm in 1s for leg swing and 1.5s for hip moving). The effect of inverse 

pendulum during the leg swing eased the deviation of FRI, as fig. 7.28 illustrated. This effect 

happened in the side-walking motion, too. In fig. 7.29, the locus of GCoM obviously exceeded 

the SP. At the deceleration phase, the FRI slowed down its motion towards the moving direction 

of swing leg and stayed in the SP. 

The above mentioned phenomenon can also be explained by introducing double inverted 

pendulum walking model, such as [7.22]. As matter of fact, the swing of the leg is a transition 

between the kinetic energy and potential energy. The highest potential energy takes place where 

the leg is away from the hip joint of leg, as ppotential, since without any actuating forces and 

ground support, the leg will fall back to the balancing position beneath the hip joint, pkinetic. The 

position beneath the hip joint obtains no potential energy. If one swing is a 100 percent 

transition between the kinetic energy and potential energy, the system will not need any energy 

input, Eext = 0. The reactive force to generate the external energy is the ground. 
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Figure 7.31 Forced swing and natural swing. The former costs extra energy. 

 

Figure 7.32 Passive-similar walking. The kinetic energy transits among the two feet 

and hip platform, while the sum of them should be constant.  

Using this principle, the highest velocity of swing leg should take place at pkinetic, while the 

lowest velocity at ppotential. The reality is, the standing foot will not provide enough reactive 

force unless the standing foot is big enough or it is fixed on the ground. Thus, the horizontal 

force component applied on the hip joint of swing leg should cause a reasonable motion of the 

hip at the same time. As forehead mentioned, ZMP/FRI is a conservative stability indicator. The 

system can also imitate the under-actuated falling while the standing foot is not rotating. Using 

imitate, because the standing foot will not stay still during an under-actuated falling and the 

height of the hip will not change as real falling do. Then, the aim of control will be the walking 

with constant kinetic energy and the actuating force will play a role as inner force to transmit 

energy between platforms. The stability will be indicated by the condition: if the standing foot 

can provide enough vertical force to support the gravitational potential energy before the next 

SP is formed. The walking study of CENTAUROB in the future could bend itself to the 

dynamic walking with higher continuity as fig. 7.32 shows.  
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Chapter 8  

Conclusion and Future Works 

The biped robot, CENTAUROB, with PKM-structured legs has been provided since almost two 

decades. The working principle and general kinematic are straightforward according to the 

inverse kinematic of its inspiration, Gough-Stewart platform. However, the systematic structure 

synthesis and the detailed kinetic analysis were not comprehensively provided before this work. 

Therefore, during the control strategy design phase, operators could only in general take the 

dynamic loads as random disturbance and utilize the position control of the servo drivers of 

actuators. On the other hand, both walking robot and 6-DOF PKMs are highly coupled and 

non-linear systems. There is accessible lack of control effect if the disturbance depends only on 

a roughly approximated dynamic model. It is thus necessary to provide relative accurate 

feed-forward dynamic information. This work has provided a thorough develop process from 

the structure synthesis, kinematics, dynamics, to load prediction and stability study based on 

walking simulations. 

8.1 Thesis Conclusions 

In this work, the structure synthesis of a general 6-DOF PKM was first performed. Different 

structures were topologically discussed. A PKM[6,3] structure was confirmed for 5 reasons: 1) 

the mechanism size is smaller than the original Gough-Stewart platform with comparable load 

capacity; 2) the topological coupling degree is 1, implies a 1-degree searching dimension for a 
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FKP solution, which can highly increase the computation speed; 3) the most complex passive 

joint in an original PKM[6,3] is a double sphere joint, whose manufacture and application cost 

is acceptable compared to a triple sphere joint (seeing fig. 2.9); 4) a PKM[3,3] structure as fig. 

2.10 obtains the same coupling degree as a PKM[6,3] structure, will only increase the cost, but 

not decrease the computation speed of FKP solution; 5) the double sphere joint can be replaced 

by the double Cardan joint with extra rotational freedoms. Furthermore, the equality of design 

with double Cardan joints and design with double sphere joints was proven. The difference of 

two designs took place at the local DOF of the output shaft of them. The axial local DOF of 

sphere joint is complete, while of double Cardan joint it is semi-local and dependent to the 

common axis of two output shafts. This dependency can turn to controllable by changing the 

passive rotation induced length, as discussed in Chapter 4. Till here, the structure of a modified 

6-DOF PKM was proven and confirmed. 

In Chapter 4, the complete kinematic model was derived using two approaches. In former 

researches, the kinematic analysis was mainly made by neglecting the passive rotation of 

linear actuators. Especially, the relative rotation between upper and lower parts of them was 

thought inconsequential. That is true for a hydraulic driven PKM since, in such cases, the 

relative rotations are purely local DOFs and their dynamic effects can be neglected. However, 

in the occasion with lead screws, as Chapter 2 confirmed, the relative rotation is inevitable, 

since it is the precondition to realize its equality with a sphere joint. This excludes the 

possibility of replacing the lead screw with a pure prismatic joint (only 1-DOF). The relative 

rotation will cause the length deviation in a small scale, but will cause the destructive internal 

tension in a rigid-like body system. It is thus necessary to quantify and compensate it. 

The kinematic model was built in matrix form and quaternions form. Both are the 

representations of the same motion of rigid bodies. Normally, the quaternion offers 

advantages during the machine computation and path planning, since it needs only four 

entries to represent a rotation, while a matrix needs nine entries. But to compute the passive 

rotation problem, the rotation angles must be frequently inversely solved, this increases the 

computational burden and diminished the advantages, as discussed in Sub-section 4.2.3.  
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Several aspects of kinematic properties were analysed in Chapter 5. The work range of double 

Cardan joints showed advantages compared to double sphere joints. The former can work in 

almost a semi-sphere range, while for the latter it is always limited to a 30o~40o range. 

Integrating the work ranges of passive joints and actuators, very detailed and applicable 

workspaces of one leg were generated in agile and constant-orientation forms. The 

manipulability was studied using velocity ellipsoids. The principle axes of velocity ellipsoid 

showed obvious centripetalism pointing to the geometric centre of hip joints on a single leg. 

The difference between rotational and translational ones is that the centripetal principle axes 

are the longest and shortest, respectively. The condition number was analysed in the agile 

workspace and the design was optimized using GCI. In fact, the kinematic performance 

criteria are not isolated from each other. A higher dexterity relates to a high sensitivity and 

low robust in the same direction. During the design, the compromises among them should be 

considered. Regarding the singularity research, a special geometric method based on screw 

theory was used. This method is not yet proven for all the 6-DOF PKMs, however, it was 

already proven feasible for PKM[6,3] structures. The results showed low risk of singular 

configurations within the main motion scenarios in the agile workspace. 

Similar to the kinematic model, the dynamic model of CENTAUROB is also highly coupled. 

The acceleration state of individual parts depends on multiple other parts. This was 

represented specifically by the acceleration analysis of double Cardan joints. To generate the 

complete acceleration model for them, the 6 acceleration components of three parts need to be 

integrated, as fig.6.6 showed. The simulation results of four motion cases were operated and 

the acceleration trajectories of three actuator sleeves were graphically depicted. 

The IDM was built through virtual work principle. This principle is straightforward once the 

complete inverse Jacobians of all the mass entities are clarified, while the constraint forces 

between them are not involved. For such a walking mechanism, there are indeed three moving 

platforms. The complete inverse Jacobians were derived around their mass centres and w. r. t. 

the trajectories of three platforms. The actuating forces were derived with and without 

frictions. The actuating forces without friction are equivalent to the dynamic loads to sustain 
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the motion of the whole mechanism. This work is an important accordance to design and 

optimize the control strategy. 

Along with the derivation of the IDM, the walking stability of the robot can be discussed 

accordingly. In Chapter 7, the walking patterns were classified into three groups: static, 

semi-dynamic and dynamic. The stability can be distinguished as instantaneous and long term. 

At the present development phase, only instantaneous stability was discussed. One major 

problem for the non-static biped walking with longer step length is the load delivery between 

two feet. The load is always 6-dimensional, while the actuating force is 12-dimensional. Thus, 

the load was split into two parts according to the local stabilities (local FRIs) of each foot, 

while ensuring the stability of the whole mechanism (global FRI). During this, the load split 

result and actuating results were shown. At the end of simulation, three typical walking 

patterns were shown. The results showed that the semi-dynamic stability was maintained. The 

GCoM was sometimes outside SP while the FRI was inside the SP for the whole time. The 

simulations showed that the stable walking is realizable with proper control strategy. 

8.2 Prospect of Future Works 

Up to this point, the development process, including structure synthesis, model building and 

walking stability analysis, of the biped walking robot, CENTAUROB, was thoroughly 

presented. The future development can be considered in terms of the following aspects. 

Firstly, the mass properties used in this work were obtained through software simulation. In 

the future work, they can be physically measured through technical approaches. The 

modelling of the robot could be further optimized and more accurate feed-forward 

information could be provided to enhance the control effect. 

Secondly, during the two-feet-standing phase, the load was split considering only stability. In 

fact, the loci of FRI or other stability indicators is one or two dimensional. There is still room 

to take the power consumption of actuators and to derive more exhaustive load split strategy. 
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Similar considerations should also be applied to trajectory generation strategy. 

The third prospect is the dynamic walking pattern approximating passive walking. In an ideal 

walking pattern, the velocity of hip and swing of legs consume no extra energy in total. An 

isolated ideal system needs no more energy from outside; but the kinetic energy ‘flows’ 

among all the rigid bodies inside the system. In a real walking pattern, the initial and end 

energy input will be needed to start and stop the walking, while extra energy will be used only 

to conquer the friction and contact energy loss. The energy efficiency will be highly increased 

if the research on such aspect was performed. 

Lastly, the research was based on simulations. The present practical control algorithm is 

basically the local PID controller on the servo driver. Only position and velocity trajectories 

were used as control input. In the future works, a higher level control algorithm with load 

trajectories should be introduced. Accordingly, the load recognition algorithm can also be 

developed to recognize the random disturbances.



 

 

 


