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Nomenclature 

 

Latin Symbols 

 

a - van der Waals attractive constant 

A m2 Area, cross-section area 

A - Attractive constant in Lennard Jones potential 

b mm Half of rivulet width 

C - Repulsive constant in Lennard Jones potential 

C0 

cm

s
 

Integration constant 

C1 

1

s
 

Integration constant 

f 2

J

m
 

Helmholtz free energy per unit area 

f - Activity coefficient 

F J Helmholtz free energy 

F N Force 

g 2

J

m
 

Gibbs free energy per unit area 

g 2

m

s
 

Acceleration due to gravity 

G J Gibbs free energy 

h Js Planck constant ( 346.62 10 Js�� ) 

h mm Film / rivulet height 

I eV, J Ionization energy 

k 
,

J eV

K K
 Boltzmann constant ( 23 51.38 10 , 8.617 10

J eV

K K
� �� � ) 

K 

1

mm
 

Curvature 

m�  min

g
 

Mass flow 

n mole Amount of moles, molecules per unit volume 

n - Refractive index 
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NA 

1

mole
 Avogadro number 23 1

6.02 10
mole

� ��� �
� 	

 

p MPa Pressure 

r Å Intermolecular distance 

R mm Radius 

R 

kJ

kmol K�
 

Gas constant 

Ra 
m Roughness 

s mm Arc length 

S 

J

K
 

Entropy 

t s Time 

T K Temperature 

U J Internal energy 

V 3m  Volume 

V 

3m

mole
 

Molar volume 

w 

cm

s
 

Velocity 

w  min

g
 

Mean velocity 

W J Work 

x mm Coordinate direction 

x - Mole fraction 

X - Dimensionless coordinate direction 

y mm Coordinate direction 

z mm Coordinate direction 

z mm Coordinate direction 

Z - Dimensionless coordinate direction 
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Greek Symbols 

 


 

kJ

kmol
 

Chemical potential 

� 

mN

m
 

Interfacial tension 

� 2

kg

m
 

Excess concentration 


 3
,

g kg

ml m
 

Density 

� °, rad Angle 

� - Dimensionless drop parameter 

� °, rad Sessile drop contact angle 

� - Molecular interaction parameter 


 D, Cm Dipole moment 

� 

2
3 ,

Cm
cm

V
 

Polarizability 

� Hz Frequency 

� mm Thickness 

� Pa Shear stress 

� Pa�s Dynamic viscosity 

� °, rad Angle 

� °, rad Angle 

� 

1

mm s�
 

Parameter which comprises material properties of both, 

film as well as continuous phase (according to Eq.8-6) 

� 

1

mm s�
 

Collected material properties according to Eq. 6-8 

� 

1 kg

mm s m s� �
 

Parameter, which comprises material properties of both, 

film as well as continuous phases (according to Eq. 6-36) 

�0 °, rad Film wetting angle 

 

 

 

 

 

 



Nomenclature 

 

viii 

 

Indices 

 


 Dipolar interaction 

0 Equilibrium state 

a Advancing 

a,b Phase 

ad Adhesion 

B Buoyancy 

c Critical 

c Continuous phase 

calc Calculated 

coh Cohesion 

disp Dispersion 

exp Experimental 

f Film 

G Gravitational 

i, j Phase 

ind Induction 

line Linearized 

lv Liquid - vapour 

max Maximum 

min Minimum 

par Parabolic 

r Receeding 

sat Saturated 

sl Solid - liquid 

sv Solid - vapour 
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Summary 
Es ist nicht das Wissen, sondern das Lernen, nicht das Besitzen, sondern das Erwerben, nicht das Dasein, sondern 

das Hinkommen, was den größten Genuß gewährt. Wenn ich eine Sache ganz ins Klare gebracht und erschöpft 

habe, so wende ich mich davon weg, um wieder ins Dunkle zu gehen; so sonderbar ist der nimmersatte Mensch, hat 

er ein Gebäude vollendet, so ist es nicht, um ruhig darin zu wohnen, sondern um ein anderes anzufangen.  

Carl Friedrich Gauß (1777-1855) 

The application of pressurized carbon dioxide in optimizing several processes in chemical 

engineering characterizes a new era in this field. However, some new questions appear at the 

same time. In this thesis, an attempt is made to provide a basis for answering those questions 

and to shed some light in the field of interfacial phenomena and wetting under high pressure 

conditions as well as fluid dynamics of the falling film coming in touch with dense fluid. 

The interfacial tension of water and ethanol pendant drops embedded in high pressure carbon 

dioxide is measured. The quantitative and qualitative results are reported. Due to the mass 

transfer between the coexisting phases, some drop phenomena such as drop kicking, eddy and 

instable emulsification in both phases are observed.  

The wetting ability of water and ethanol on horizontal Teflon, steel and glass surfaces in 

pressurized carbon dioxide is measured. It can be stated that ethanol wets all of the mentioned 

surfaces better than water, whereas steel can be wetted better than Teflon but, under the same 

conditions, glass can be wetted best. Generally, the contact angle rises with the pressure until 

gaseous carbon dioxide turns into supercritical. In supercritical carbon dioxide, the pressure has 

hardly any effect on the wettability of a system. Beyond the critical pressure of carbon dioxide, 

regardless of the increasing pressure, the contact angle remains nearly constant. 

Both experimentally measureable properties, the liquid-vapour interfacial tension and the 

contact angle, are correlated in the Young equation. In this equation, two other properties, i.e. 

the solid-vapour and the solid-liquid interfacial tensions are included but experimentally not 

measureable. To solve the Young equation, another equation is required. Following the 

suggestion from Good and Girifalco, an attempt is made to calculate the molecular interaction 

parameter �sl theoretically. This parameter describes the long-range van der Waals molecular 

interaction between the solid and the liquid. For this purpose, the dipole moment 
, the 

ionization potential I and the polarizability � are required. For pure liquid materials, it is not 

hard to find the required data in the literature. But for the solid materials, this is rather complex 

due to the fact that most of the time, they are mixtures or even polymers. Some assumptions 

regarding the components which play an important role in the molecular interaction between the 

solid and the liquid phases are made in order to provide all of the molecular properties required 

for the computation of the interaction parameter �sl . The values of this parameter for the 

systems water and ethanol in combination with the solid materials Teflon, steel and glass are 

calculated. 
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Using the interaction parameter �sl, the solid-vapour interfacial tension �sv for the systems 

Teflon-carbon dioxide, steel-carbon dioxide and glass-carbon dioxide can be estimated. The 

validity verification of the solid-vapour interfacial tensions �sv cannot be conducted 

experimentally. For this purpose, two conditions have to be fulfilled, an absolute and a 

sufficient condition. Because the interfacial tension �sv is a system property, it has to remain the 

same regardless of the kind of liquid phase that rests on it. This is the absolute condition. That 

means, the calculated solid-vapour interfacial tension �sv of the three solid materials against 

carbon dioxide has to be in the same order of magnitude regardless of whether water or ethanol 

is included in the system. The second condition, the sufficient condition, also called the 

applicability condition, is the requirement that the calculated solid-vapour interfacial tension is 

useable to predict the wettability of other liquids on the given solid material.  

Both conditions are very well fulfilled in the system investigated here. In the operating 

conditions investigated here, the two results of the solid-vapour interfacial tension �sv of the 

three solid materials, Teflon, glass and steel, obtained using water and ethanol are in the same 

order of magnitude. The measured and the calculated contact angle � by means of the estimated 

solid-vapour interfacial tension coincide relatively well. It can be concluded that the 

combination of both the Young equation and the theory of Good and Girifalco, delivers a good 

chance to estimate the solid-vapour interfacial tension, and thus, also the solid-liquid interfacial 

tension under high pressure conditions where the miscibility between the phases is not 

negligible. The difficulties lie however, in the knowledge of the molecular interaction and the 

right choice of the components which come to interact with each other. 

In the second part, the study of the water falling film along vertical glass and stainless steel 

surfaces embedded in pressurized carbon dioxide is started by measuring the geometry of the 

film itself. Commonly, the falling film concept known in the process engineering is a thin, wide 

covering film where the width and the thickness of the film are from different orders of 

magnitude. Falling film in this sense is not available in this work due to apparatus 

unavailability. In the experiments, only narrow film can be made accessible. Specifically, this 

kind of geometry is called a rivulet. For the wetting study of the falling film itself, it is even 

advantageous to first investigate rivulets and then brings this knowledge, from a rivulet forward 

to a continuous film. Because, as experience teaches, the wetting behaviour of a falling film is 

always better than that of a rivulet. In the worst of cases, the wettability of both is the same so 

that regarding the plant design in the process engineering, one is on the safe side when taking 

the wettability of rivulets for the falling film apparatus as an orientation. 

The measured rivulet thickness and width are combined in one single quantity called the 

wetting angle. This is performed assuming that the cross-section of the falling film 

perpendicular to its flow direction is a circular segment. The wetting angle is used as a measure 

of the wetting degree and to compare the wettability of different systems. In the case of a wide 

covering thin film, it is believed that either the lateral wetting angle is smaller than or equal to 

the rivulet wetting angle. 
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In the literature, the Nusselt film condensation theory is widely used to describe the fluid 

dynamics of a falling film assuming that the shear stress at the film surface is negligible. 

However, this condition does not always meet the reality. That is why two other models are 

suggested to describe the fluid dynamics. The first one is the wall model where the shear stress 

is maximum and as a result, the liquid molecules at the film surface are stopped completely. 

They do not flow at all. The second one is the tau model which is more universally valid. Both 

models, the wall and the tau models, are developed and verified in this thesis.  

In the tau model, a velocity boundary layer is assumed where the continuous phase is carried 

along by the film flow. By means of the Newtonian-liquid shear stress equation, the tau model 

can be developed. Here, the film phase velocity profile is visualized by means of a computer 

program written in matlab and the mean film velocity is calculated. The calculated mean film 

velocity is in a good agreement with the experimental value. 

An attempt is made to estimate the interdependency of the change of the film geometry with the 

mass transfer in cases where the miscibility between the film and the continuous phase is not 

negligible. This means, through the saturation or the miscibility between the phases, the 

material properties are changed radically or less radically. And the impact of this change on the 

film thickness is evaluated.  

The transfer of carbon dioxide into the water film phase affects the material properties of the 

film phase such that the film becomes thinner and takes up carbon dioxide at a faster rate till 

saturation is reached. The same mechanism is seen in the system containing corn oil and carbon 

dioxide. 

The thickness of the velocity boundary layer can be estimated and the velocity profile in the 

velocity boundary layer can be visualized by means of a matlab-program. The mean velocity in 

the boundary layer is calculated as well. The shear stress exerted by the continuous phase at the 

film surface according to the tau and the wall models is estimated.     

Comparing the calculated mean film velocity with the experimental values, it can be said that 

the tau model is universally valid for high pressure application. This model describes the fluid 

dynamics very well. At high pressure, the wall model comes very close to the tau model and 

that is why it is not astonishing that at high pressure conditions, the calculated value according 

to the wall model shows a good agreement with the experimental one. In the lower pressure 

range, the wall model assumes a too high shear stress at the surface and thus, is less applicable 

for such operating conditions.  

Although the fluid dynamics developed here consider the rivulet shape, the tau model takes a 

wide covering thin film into consideration as well and hence, it can be applied also for this 

geometry at high pressure conditions.  
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1 Introduction and Aim of Work 
A journey of a thousand miles begins with a single step. 

Lao Tzu 

In daily life as well as in technical and industrial applications, interfaces play an important role 

in many processes. It is worth noting that dealing with the interface between two phases is 

unavoidable and in general, the properties of an interface will be affected by physical or 

chemical changes in either or both of the phases involved. An adequate knowledge and 

understanding of the interfacial phenomenon provide an advantageous basis in improving and 

optimizing a process.  

In this thesis, several core disciplines such as thermodynamics, interfacial phenomena, surface 

physical chemistry, wetting, intermolecular long-range interaction and fluid dynamics are 

combined and observed from an engineering point of view in order to serve as useful tools in 

creating a link between the natural and the engineering sciences. The main interest of this thesis 

is to provide the raw, basic principles derived from the natural sciences to be used in the high 

pressure engineering field.  

High pressure engineering, mainly those processes which use carbon dioxide as a solvent, has 

become more popular [26,67,104,111,116,131,153,155,177]. However, due to the non-inert 

property of carbon dioxide and the combination of both the interfacial phenomena and high 

pressure engineering such as supercritical extraction using carbon dioxide, some unanswered 

questions occur. These questions are closely related to the optimisation of the processes for 

which precise answers are necessary in order to have an optimally designed column. Some 

typical columns used in process engineering are tray columns, spray columns, random and 

structured packing columns. In spray columns, the liquid drop size in the continuous phase 

(either in a gaseous or a liquid phase) decides the ratio of volume to exchange area [114] and 

thus, the effectiveness of the heat and mass transfer between the coexisting phases. The liquid 

drop size is in turn, controlled by its interfacial tension [35,46,51,64,82,131,165,194,197]. 

Therefore liquid interfacial tensions against carbon dioxide, both gaseous and supercritical, are 

measured and reported in this work. 

Packing columns are developed with the objective to provide a large exchange area between the 

coexisting phases coming into touch with each other. This is achieved by forming a film phase 

which flows down the solid material. However, the existence of the solid material to be wetted 

does not guarantee the formation of a wide covering film. The latter is controlled solely by the 

wetting characteristics of the sytems at the given operating conditions [5,95,132,150,160,178]. 

In order to provide an adequate answer to this issue, the wetting characteristics of fluid-solid-

liquid systems are investigated intensively for both static (single sessile drop) as well as 

dynamic systems (falling film).  

In this thesis, the wetting behaviour of various systems which are relevant for industrial 

applications is studied. The investigation of the wetting ability comprises the study of a single, 
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sessile drop which rests on a horizontal surface and, macroscopically seen, is stationary with 

respect to the continuous phase, and the falling film which, compared to a single liquid drop, 

contains a larger amount of liquid and conducts a relative motion towards the embedding 

continuous phase.  

The interfacial phenomena study consisting of one single drop is started in Chapter 2 where the 

interfacial tension of liquid-vapour is explained thermodynamically. The measurement method 

and the results of the measurements containing pressurized carbon dioxide are also given there. 

The wetting behaviour of various systems containing a horizontal solid surface, a drop phase 

and an embedding fluid is reported in Chapter 3. Here, the wettability of a system is given in 

terms of contact angle. Data from the interfacial tension of liquid-vapour and the contact angle 

are correlated in a single equation known as Young equation. In Chapter 4 the physical 

chemistry of the surface and the long-range intermolecular interaction come into play. A 

second, required correlation consisting of the solid-vapour, the liquid-vapour and the solid-

liquid interfacial tension is developed and combined with the initial Young equation in order to 

estimate the magnitude of the solid-vapour interfacial tension. This second correlation is 

initially not for high pressure use. Some cautious adaptations, especially in the choice of the 

molecular properties required, are conducted here with the hope of obtaining the right value of 

the solid-vapour interfacial tension and so that this quantity can provide the right prediction of 

the wetting behaviour of a given system. 

From Chapter 5 to 9, attention is given to the falling film where the relative motion between the 

film and the continuous phase is not negligible. To begin with, in Chapter 5 the dimension of 

the film is measured and both, the thickness and the width of the falling film, are consolidated 

in one single measure, called the wetting angle [106].  

Due to the relative motion of the falling film and the continuous phase, it is necessary to discuss 

the fluid dynamics. In Chapter 6 two extreme models, the Nusselt and the wall models are 

introduced. The Nusselt model is known in the literature and applied for the design of falling 

film apparatus. Here, the shear stress-free state at the film surface is assumed 

[13,22,108,135,138]. However, working with supercritical carbon dioxide, it is interesting to 

find out whether the assumption is still justifiable. In case the assumption does not meet the 

reality, it should be found out how this supercritical phase affects the fluid dynamics of the 

liquid phase which moves relatively to it.  

The wall model describes a state where the shear stress at the film surface is maximum and 

thus, is the other extreme case. Hence, a third, more universally applicable model is required 

since the given operating conditions are not always under extreme conditions. The tau model 

which can be employed on both a wide covering film and a narrow rivulet,  is explained and 

derived in Chapter 6. The mean velocity of the falling film according to these three different 

calculation models is given and compared with the experimental measured value in Chapter 7.  

The tau model postulates the existence of a velocity boundary layer between the film and the 

continuous phase, and a finite shear stress exerted by the continuous phase on the film phase 
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due to the relative motion and the large density of the fluid used as the continuous phase (larger 

friction at the film surface). The thickness and the fluid dynamics in the velocity boundary layer 

are explained in Chapter 8. In both Chapter 6 and 8, the colour-coded simulation results show 

the velocity profile in the film and the boundary layer respectively. In the last chapter, the 

magnitude of the over-the-surface averaged shear stress is shown. 

For further investigation of the wetting behaviour and the fluid dynamics under high pressure 

conditions, experiments with systems containing Teflon, glass, steel (solid material), water, 

ethanol (liquid phase) and carbon dioxide (continuous phase) are conducted at temperatures up 

to 373 K and pressures up to 27 MPa. 
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2 Interfacial Tension  
Look for an occupation that you like, and you will not need to labor for a single day in your life. 

Confucius 

One of the most important properties in the process engineering which decides the effectiveness 

of a process is the interfacial tension. This thermodynamical property is, for instance, 

responsible for the wettability of a system consisting of a solid, a liquid and a fluid phase which 

coexist and are in equilibrium with each other. Interfacial tension is also a main property which 

controls the size and the shape of a liquid drop in a spray process and therefore, it is of a great 

importance to know and understand this property in the engineering processes. 

Interfacial tension has been the objective of much scientific research carried out for years. The 

research on the interfacial tension of liquids embedded in pressurized carbon dioxide are listed 

in Table 2-1. 

Even though it has been quite well investigated, it is always important to develop a theoretical 

solid background for this property. And it is important to fill in gaps that are found in the 

literature. 

Interfacial tension will first be seen from the thermodynamical point of view by means of the 

Gibbs-Duhem equation, based on which the differential equation of a drop according to 

Bashforth and Adams [15] can be derived. Upon solving this equation, the interfacial tension of 

a liquid embedded in a fluid can be estimated if the density difference between the phases and 

the shape of the drop are known. The influence of adsorption on the interfacial tension is 

discussed with help of the Gibbs adsorption equation.  

There are several interfacial tension measurement methods known: 

�� capillary rise method 

�� maximum bubble pressure method 

�� detachment method: drop weight, du Nuöy ring [118], Wilhelmy slide [198] 

�� methods based on the shape of static drops or bubbles: pendant drop and sessile or bubble 

method [15] 

�� dynamic methods: flow methods, capillary waves, maximum bubble pressure. 

Here, only the principles of the pendant drop will be discussed in detail in 2.2, whereas all other 

measurement methods are explained in detail in many sources, for instance [2,10,197]. A brief 

explanation of the static drop method used to measure the interfacial tension is given in 

[4,6,7,43,71,79,163,176].  
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Table 2-1: Overview on already performed interfacial tension research. The investigated systems are 

liquids against dense carbon dioxide. 

 

Source Year System T [K] p[MPa] 

[81] 1957 mercury 311  -  378 68.9 

[81] 1957 water 311  -  411 68.9 

[21] 1965 butane 311  -  353 8.2 

[97] 1978 water 285  - 318 6.2 

[88] 1985 butane 319  -  378 8 

[142] 1986 n-Decane 344  -  377 16.5 

[65] 1989 n-Tetradecane 344.3 16.38 

[82] 1990 linolic + oleic acid 313  -  353 24.6 

[82] 1990 n-hexan 313 7.15 

[82] 1990 oleic acid 313  -  333 26.2 

[82] 1990 pelargonic acid 313  -  353 12.8 

[82] 1990 squalan 313  -  353 21.3 

[66] 1993 synthetic oil 328  -  339 12.9 

[83] 1993 linoleic acid 313  -  353 24.55 

[165] 1993 monoglyceride mixtures 313  -  393 25.9 

[165] 1993 oleic acid 353  -  373 25.2 

[165] 1993 olive oil 313  -  353 24.7 

[165] 1993 pertagonic acid 313  -  393 24.8 

[165] 1993 stearic acid 353  -  393 26.2 

[52] 1994 coffee solution 314  -  344 24 

[52] 1994 coffein solution 315 26 

[52] 1994 water 314  -  344 28 

[127] 1994 oleic acid 313  -  333 17.5 

[127] 1994 methyl myristate 313  -  333 12 

[127] 1994 methyl palmitate 313  -  333 10 

[127] 1994 oleic acid 313  -  333 17.5 

[32]  1995 ethanol + water 278  -  338 17.23 

[32]  1995 isopropyl alcohol + water 288  -  338 17.23 

[32] 1995 methanol + water 278  -  338 15.51 

[32] 1995 water 278  -  344 18.61 

[61] 1996 water 297  -  348 25 

[93] 1996 olive oil 353 42 
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Table 2-1  (cont.)    

Source Year System T [K] p[MPa] 

[93] 1996 coffee oil 323  -  353 48 

[93]  1996 corn oil 313  -  393 47.5 

[93]  1996 lemon oil 323  -  353 12 

[93]  1996 walnut oil 323  -  353 48 

[93]  1996 wheat oil 323  -  353 42 

137  1996 a - tocopherol 313  -  402 37.1 

[194] 1997 water - tert.Butanol 333 7.1 

[194] 1997 water 298  -  333 25 

[194] 1997 water + 1 M natrium salicylat 298  -  333 25 

[194] 1997 water + 1-butanol 333 9 

[92] 1998 citrus oil 323  -  353 13.7 

[92] 1998 coffee oil 323  -  353 48.1 

[92] 1998 coffee solution (40-wt%) 314 24 

[92] 1998 coffeine solution (1-wt%) 314 26.1 

[92] 1998 corn germ oil 313  -  393 40.9 

[92] 1998 corn germ oil 313  -  393 40.9 

[92] 1998 olive oil 313  -  353 42.3 

[92] 1998 silicone oil 313 30.7 

[92] 1998 walnut oil 323  -  353 48.1 

[92] 1998 water 314  -  343 27.9 

[92] 1998 wheat germ oil 313  -  353 42 

[44] 1999 poly (ethylen glycol) nonylphenyl ether 323  -  343 25.5 

[148] 1999 ethanol 293  -  355 10.5 

[148] 1999 water 303  -  354 31 

[173] 2000 crude corn oil 323 30 

[173] 2000 coffee oil 323  -  353 40 

[173]  2000 lemon oil 323  -  353 12.5 

[173]  2000 olive oil 313  -  353 42 

[173]  2000 refined corn oil 313  -  393 50 

[173]  2000 walnut oil 323  -  353 50 

[173]  2000 wheat oil 323  -  353 45 

[147] 2001 ethanol 292  -  354 10.5 

[170] 2001 decane 344.3 12.71 

[35] 2002 vegetable oil 313  -  393 35 

[45] 2002 corn germ oil 313  -  393 45 
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Table 2-1  (cont.)    

Source Year System T [K] p[MPa] 

[45] 2002 olive oil 353 45 

[45] 2002 palm oil 353 46 

[45]  2002 wheat germ oil 353 45 

[123]  2004 polystrene 483  -  503 14.2 

[130] 2004 synthetic oil PAO 313  -  393 5 

[130] 2004 synthetic oil POE 313  -  393 5 

[131] 2005 coffee solution 313  -  353 30 

[202] 2005 crude oil 300  -  331 31.4 

[202] 2005 reservoir brine 300  -  331 31.4 

[202]  2005 crude oil + reservoir brine 300  -  331 31.4 

[85] 2005 Diesel oil ( + additive) 314-344 20 

 

The liquid interfacial tension against dense fluid is required in the study and estimation of the 

solid interfacial tension made in Chapter 4. Therefore, the needed data of interfacial tension are 

measured and reported here. The interfacial tension of water and ethanol and their mixtures are 

measured against dense carbon dioxide at temperatures up to 313 K and pressures up to 

27 MPa. The optical observation made during the mass transfer between the phases is reported 

in Chapter 2.4, whereas the magnitude of the interfacial tension when equilibrium is reached in 

Chapter 2.5.1 and finally as the mass transfer between the phases is proceeding in Chapter 2.5.2. 

The density measurement at high pressure conditions is explained briefly in Chapter 2.3.2 due 

to the fact that density data is required for the estimation of the interfacial tension by means of 

pendant drop method. 

2.1 Thermodynamical Background 

The internal energy of a system or of a homogenous phase � is the energy associated with the 

random, disordered motion of the molecules at microscopic state and denoted by U, which is a 

function of the extensive variables entropy S, volume V and the composition of the phase ni 

( , , )iU f S V n� .        (2-1) 

If a second homogenous phase � coexists and is in equilibrium with the first phase � and they 

are separated by a phase boundary, then this is not to be regarded as a simple geometrical plane 

[37], upon either side of which extend the homogenous phases and that the intensive variables 

in each bulk phases remain uniform up to this boundary before their values are changed 

suddenly. This plane is rather a lamina or film of a characteristic thickness within which the 

intensive quantities such as the density (represents the composition), the temperature and the 
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pressure change gradually, from the value in the first phase � towards the value in the second 

phase � [140].  

The actual values of the extensive properties for the system as a whole are then different from 

the sum of the values of the two bulk phases � and � by an excess or deficiency assigned to the 

surface region [2]. The interfacial phase can be considered as a third phase and handled as self 

dependent. The internal energy is then not only a function of the extensive variables entropy, 

volume and composition but also depends on the area A [10] 

( , , , )iU f S V A n� .        (2-2) 

For an arbitrary set of variations from equilibrium, the variation of the internal energy in the 

boundary phase is  

, , , , , ,

1 , , ,

i i i

j i

V A n S A n S V n

j

i
i i S V A n

U U U
dU dS dV dA

S V A

U
dn

n
�

�

� � � � � �� � �
� � �� � � � � �� � �� 	 � 	 � 	

� ��
� � ��� 	
 

 .  (2-3) 

Each of the internal energy partial derivatives found in Eq. 2-3 is assigned to an intensive 

variable such as the temperature  

, , iV A n

U
T

S

� ��
� � ��� 	

        (2-4) 

the pressure 

, , iS A n

U
p

V

�� �� �� ��� 	
        (2-5) 

and the chemical potential 

, , , j i

i
i S V A n

U

n



�

� ��
� � ��� 	

 .       (2-6) 

The partial derivative of the internal energy U with respect to the area such as given in the third 

term in Eq. 2-3 is defined as the interfacial tension  

, , iS V n

U

A
�

� ��
! � ��� 	

.        (2-7) 

In analogy to the internal energy U, the same derivation using Helmholtz free energy F 

" #, , , iF U TS f T V A n� � �        (2-8) 

and Gibbs free energy G 

" # " #, , , iG U TS pV f T p A n� � � � �      (2-9) 

can be performed and thus, the interfacial tension can be written in terms of the partial 

derivative of the Helmholtz free energy F [99,101] 
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, , iT V n

F

A
�

� ��
�� ��� 	

        (2-10) 

or in terms of the partial derivative of the Gibbs free energy G with respect to the area A 

[10,159] 

, , iT p n

G

A
�

� ��
�� ��� 	

.        (2-11) 

In order to find out the influence of adsorption on the interfacial tension, Eq. 2-3 is rewritten 

1

j

i i
i

dU TdS pdV dA dn� 

�

� � � �       (2-12) 

upon integration  

1

j

i i
i

U TS pV A n� 

�

� � � � .      (2-13) 

A complete differentiation of Eq. 2-13 

1 1

j j

i i i i
i i

dU TdS S dT pdV V dp dA Ad dn n d� � 
 

� �

� � � � � � � �   (2-14) 

has the consequence that the left-hand expression of the Gibbs-Duhem equation [69] (Eq. 2-15) 

has to be zero 

1

0
j

i i
i

SdT Vdp Ad n d� 

�

� � � �       (2-15) 

if the expression in Eq. 2-12 is to be maintained.  

At a constant temperature and pressure, Eq. 2-15 becomes 

1

0
j

i i
i

Ad n d� 

�

� �        (2-16) 

and upon introducing the excess concentration � 

i
i

n

A
� �          (2-17) 

the Gibbs adsorption equation is introduced 

1

j

i i
i

d d� 

�

� � � .        (2-18) 

The chemical potential of a component i is made up of the standard state chemical potential 
i,0 

and its partial molar free mixing enthalpy  

" #,0 lni i i iRT x f
 
� � .       (2-19) 

The partial molar free mixing enthalpy is the product of the gas constant R, the temperature T 

and the natural logarithm of the molar fraction xi multiplied by the activity coefficient fi. Putting 

the expression of the chemical potential in Eq. 2-19 into Eq. 2-18 and assuming a binary 

mixture, the following equation is found [168] 

" # " #1

2 2 2lnd RT d x f� � �� .       (2-20) 
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In a diluted, binary mixture, the activity coefficient approaches unity 

2
2

0
lim 1
x

f
$

�          (2-21) 

and thus Eq. 2-20 becomes 

" # " #1

2 2lnd RT d x� � �� .       (2-22) 

In Eq. 2-22 it can be seen that due to the minus algebraic sign in front of the right-hand term, at 

constant temperature and pressure, an adsorption, which means a positive concentration 

gradient, causes a decrease in the interfacial tension. On the contrary, a desorption means a 

minus gradient of the molar fraction and thus an increase in the interfacial tension (more on this 

topic can be seen later in Chapter 2.5). 

In the following, it will be shown, that the interfacial tension � can be written in terms of 

energy, but this is not always equal to the area related (Helmholtz or Gibbs) free energy. For 

this purpose, the Gibbs free energy G given in Eq. 2-9 is differentiated  

, , , , , ,

1 , , ,

i i i

j i

p A n T A n T p n

j

i
i i T p A n

G G G
dG dT dp dA

T p A

G
dn

n
�

�

� � � � � �� � �
� � �� � � � � �� � �� 	 � 	 � 	

� ��
� � ��� 	
 

   (2-23) 

and written in terms of the extensive variables entropy S, volume V and the intensive properties 

interfacial tension � and the chemical potentials 
 

1

j

i i
i

dG SdT Vdp dA dn� 

�

� � � � �      (2-24) 

if the temperature and the pressure are kept constant 

,T p i idG dA dn� 
� � .       (2-25) 

An integration of Eq. 2-25 delivers 

i iG A n� 
� �         (2-26) 

using the same idea as above, Eq. 2-26 is differentiated completely. Upon maintaining the 

derivative of the Gibbs free energy such as given in Eq. 2-25, following expression has to be 

equal to zero 

1

0
j

i i
i

Ad n d� 

�

� � .       (2-27) 

Upon introducing the Gibbs free energy per unit area 

G
g

A
�          (2-28) 

Eq. 2-26 becomes 

i ig � 
� � �         (2-29) 

and in analogy to this, the Helmholtz free energy per unit area is 
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 ��� iif 
� .        (2-30) 

In Eq. 2-29 and 2-30 is shown, that when no adsorption takes place, which means the surface 

excess concentration �i is equal to zero, interfacial tension is equal to the free energy. In cases 

where the adsorption phenomena are important both properties are definitely not equal [99].  

Thermodynamically seen, it is clear and verifiable that surface or interfacial tension is 

conceptualized in terms of energy, as a measure for the energy or work required to increase the 

surface area [140]. However, in dealing with this property it is not always obvious whether it 

should be referred to as an energy or a force. 

A common explanation of the phenomenon of interfacial tension is that a liquid drop is 

observed to behave as if it were surrounded by an elastic skin with a tendency to contract and 

adopt therefore a nearly spherical shape (depending on the conditions and the solid surface on 

which it rests). Based on this, it is obvious that this property has a direction (up to now, the 

discussion about the direction has not yet begun). An energy can never have a direction, but a 

force does. Therefore interfacial tension is not only referred to as a free energy per unit area, but 

can also be thought of as a force per unit length [2]. 

Starting from this point of view, the discussion on the nature of interfacial tension as a force and 

its direction can be opened. According to Laplace, the explanation about the existence and the 

occurrence of this property is often found in the competition of the attractive and the repulsive 

forces between molecules constituting the liquid [37,162]. The molecules in the bulk phase 

experience solely the attraction force between the neighbouring, like-molecules, also called 

cohesion. Due to the fact that in the bulk phase a molecule is pulling equally in all directions, 

the forces cancel each other out and the net of the force is equal to zero. However, at the liquid 

surface or at the phase interface the molecules experience not only the attraction force inwards 

towards their own bulk phase but also the adhesion. The net of these forces is believed to result 

towards the bulk phase and hereby, the interfacial tension is discovered. As a consequence, the 

interfacial tension is taken to be at right angles with the interface and directed inwards towards 

the bulk phase.  

This seems, however, contradictory to the assumed direction made in the Young equation [204] 

(this equation will be introduced later in Chapter 3). According to Young, interfacial tension is a 

tangentially directed force-vector along the unit length along which the force acts. The concept 

of the tangentially acting force can better be used to explain some phenomena, for instance the 

contraction of liquid which forms a drop. Here, the interfacial tension can be thought of as the 

force acting around the circumference of the drop and pulling it in such manner that it remains 

contracted and in this way maintains its near spherical shape. 

Moreover all of the kinds of interfacial tension measurements which belong to the detachment 

method listed at the beginning of this chapter (drop weight, du Nuöy ring, Wilhelmy slide) 

implicitly assume a tangentially directed force when talking about the interfacial tension. This 

knowledge is used in the estimation of the magnitude of the interfacial tension. As an example, 

the drop weight method which is based on Tate’s law [184] will briefly be explained here. In its 
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simplest form, drops are formed at the tip of a capillary, detached, and collected in a container 

below the capillary. The weight of liquid is accurately determined later and brought into 

correlation with the interfacial tension itself  

2GF R% ��  .        (2-31) 

Here, the interfacial tension is understood in terms of the argument that the maximum force 

available to support the weight of the drop FG is given by the interfacial tension per unit length 

� times the circumference of the tip 2 R% . Thus, the interfacial tension is believed to be a 

tangentially acting force, in this case, opposite to the direction of the acceleration due to the 

gravitation, and therefore holds the whole weight of the drop. Although in the practical use of 

the drop weight method, some corrections regarding Tate’s law have to be carried out due to the 

deviation from the idealization made in the estimation, the principle understanding of the 

direction of the interfacial tension is maintained. The same concept but adapted to the 

circumstances and conditions (geometry involved, etc.) is also used in other detachment 

methods such as the du Nuöy ring and the Wilhelmy slide.  

Although it is clearly explained that the interfacial tension originates from a force vector which 

acts tangentially to the surface or interface, this tension is, according to Young and Laplace (see 

Eq. 2-32), also closely related to the pressure difference between both sides of the curved 

surface. Obviously, this pressure difference has not only a tangential impact but also, such as 

expected, a pressure always directed normally towards a surface. This also explains the popular 

concept of interfacial tension as the unit of work needed to form a unit new surface. 

2.2 Pendant Drop Fundamental Equation 

The pendant drop fundamental equation according to Bashforth and Adams [15] which 

correlates the interfacial tension � and the density difference between the phases with the shape 

of the drop can best be understood by means of the basic equation of capillarity which was first 

introduced in 1805 by Young [204, 205] and Laplace [40]  

1 2

1 1
p

R R
�
� �

& � �� �� �
� 	

 .       (2-32) 

Equation 2-32 describes the pressure difference &p over a meniscus between two fluids. The 

surface or interfacial tension is denoted by � and the principal radii of the curved surface are R1 

and R2. This equation is valid for any arbitrary point P on the surface (see Fig. 2-1 a.) 

1 2

1 1
Pp

R R
�
� �

& � �� �� �
� 	

       (2-33) 

and at the vertex of the drop both radii have the same quantity and thus 

2
Apexp

R
�& � .        (2-34) 
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The apex is taken as the lowest point and used as a reference. In the hydrodynamics the 

hydrostatic pressure between two points depends on the liquid density 
 or on the density 

difference &
 between the phases and the height difference between both points 

Apex Pp p g z
& �& � & .       (2-35) 

Combining the Young-Laplace equation and the hydrostatic pressure between point P and the 

apex, one obtains 

1 2

1 1 2 g z

R R R



�

&
� � � .       (2-36) 

The magnitude of the principal radii of the curved surface R1 and R2 in Eq. 2-36 are still 

unknown. In the following, the radius of curvature of a meniscus at a point will be explained 

and their magnitude will be introduced mathematically. 

 

 
Figure 2-1: a. Pendant drop. b. Curved Surface KLMN cut from the pendant drop. The radii of 

curvature of the surface KLMN are R1 and R2. c. The geometry of two dimensionally projected 

pendant drop. d. Infinitesimal length of the curve C, the arc PV.  

If, from the surface of a pendant drop (Fig. 2-1 a.), an infinitesimal surface area KLMN is 

magnified, the curvature of this surface is given by the radius of curvature. Radii of curvature of 

a meniscus at a point P are the radii of osculating circles R1 and R2 at that point (see Fig. 2-1 b.). 

The two radii of an arbitrarily curved surface describe the surface mathematically and can be 

obtained as follows. A normal to the surface at the point in question is defined and a plane, 



2 Interfacial Tension 

 

15 

 

which contains this normal, is passed through the surface. Generally, the line of intersection 

between these two planes is curved, and the radius of curvature is that for a circle tangent to the 

line at the point involved [20,25]. A second radius of curvature can be obtained if a second 

plane perpendicular to the first one is passed through the surface at the point in question. This 

results in a second line of intersection and a second radius of curvature being obtained. They are 

the two radii R1 and R2 of a curved surface [157]. There is an infinite number of possible pairs 

of radii which can be used to define a curved surface depending on how the first plane is 

oriented (the second plane has always to be perpendicular to the first one and still contain the 

normal defined before). However, the extreme values, i.e. the minimum and the maximum of 

the radii are called the principal radii of curvature and given in Eq. 2-36 as R1 and R2 [201].  

Looking at Fig. 2-1c, the position of point P in the polar coordinate system can be described by 

the angle � 

1

sin
x

R
� �          (2-37) 

or by means of the arc PV (see Fig. 2-1d)  

sin
d z

d s
� �          (2-38) 

with the Pythagorean theorem 
2 2 2ds dx dz� � .        (2-39) 

Putting Eq. 2-39 into Eq. 2-38, the following equation is obtained 

1
2 2

sin

1

dz
dx

dz
dx

� �
� �� ��� �� �� �� 	� 	

 .       (2-40) 

The reciprocal quantity of the radius R1 can be obtained by putting Eq. 2-40 into Eq. 2-37 

1
21 2

1

1

dz
dx

R
dz

x
dx

�
� �� ��� �� �� �� 	� 	

.       (2-41) 

Given that a unit of length along the curve path is ds and that the tangent line changes its 

direction over ds by an angle d�, where � is the angle of the tangent with the x-axis, then the 

curvature is given by [191] 

lim
V P

d
K

s ds

� �
$

&
� �

&
.        (2-42) 

Written in Leibniz notation, the chain rule for Eq. 2-42 

d d dx

ds d x ds

� �
� �         (2-43) 
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with (see Fig. 2-1 d.) 

arctan
dz

dx
� � �� � �

� 	
.        (2-44) 

Differentiating the angle � with respect to x results in 
2

2

2

1

d z
d d x
dx dz

dx

�
�

� �� � �
� 	

.        (2-45) 

Upon employing Eq. 2-39, Eq. 2-42 (the radius of a curvature is the reciprocal of the curvature 

itself [23]) and Eq. 2-45, the curvature K2 as the reciprocal value of R2 can be written  
2

2

3
22 2

1

1

d z
d d x

R ds
dz
dx

�
� �

' (� ��) *� �
� 	) *+ ,

 .      (2-46) 

The quantity of the curvatures in Eq. 2-41 and Eq. 2-46 allow the correlation of the drop shape 

with the material properties like interfacial tension � and density difference &
 such as 

suggested in Eq. 2-36 
3

2 22 2

2

1 2
1 1

d z dz dz g z dz

dx x dx dx R dx



�

� � ' (&� � � � � �� � � � � �� � ) *� � � � � �� �� 	 � 	 � 	) *� 	 + ,
 .   (2-47) 

Equation 2-47 is also known as the pendant drop fundamental equation according to Bashforth 

and Adams [15] which allows the contactless interfacial tension measurement by means of the 

optical drop shape measurement and thus, it is possible to measure the interfacial tension at 

extreme conditions (high pressure and high temperature).  

Relating the axes x and z to the radius R 

x
X

R
�          (2-48) 

z
Z

R
�          (2-49) 

and collecting the material properties, the acceleration due to gravity and the drop radius R in 

one single parameter � 
2g R
�

�
&

� ,        (2-50) 

the dimensionless pendant drop fundamental equation can be written in its dimensionless term 

" #
3

2 22 2

2

1
1 2 1

d Z dZ dZ dZ
Z

dX X dX dX dX
�

� � � �� � � �� � � � � �� � � �� � � �� � � �� 	 � 	� 	 � 	
.   (2-51) 

Upon solving the pendant drop fundamental equation, the interfacial tension can be obtained. 
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2.3 Experimental Setup 

In the following experimental setup of interfacial tension measurement at high pressure 

conditions will be introduced and explained briefly. For the solution of the pendant drop 

fundamental equation, the density difference between the coexisting phases is required. The 

measurement method of this property by means of magnetic suspension balance is given in 

Chapter 2.3.2.   

2.3.1 Interfacial Tension at High Pressure Condition 

 
 

Figure 2-2: Experimental setup for interfacial tension measurement. 

The experiment is performed in a small, pressure-resistant view cell made of stainless steel 

which is designed for the maximal temperature of 393 K and for pressures up to 50 MPa. The 

view cell is cylindrical and has a volume of approximately 30 ml. Through the circular windows 

made of sapphire glass a view in the cell during the experiments is possible.  

The liquid, whose interfacial tension is to be measured, is stored initially in a pressure-resistant 

vessel made of stainless steel 1.4571 with a volume of about 36.5 ml. This liquid is pressed into 

the view cell by means of a hand-pump manufactured by Sitec which can be employed for 

pressures up to 100 MPa.  

The capillary used to hang the liquid drop is also made of stainless steel with an outer diameter 

of 1/32”. Unfortunately the cross-section of this capillary is not perfectly round and it is placed 

in such a direction that the two-dimensional projection of the capillary width is 0.75 mm. The 

accurate width of the projected capillary is crucial because this quantity is used as a reference to 
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convert the pixel amount (seen by the software used to process the images) into the standard 

length unit. 

The images of the drops are recorded by means of a camera. Later they are converted and 

processed by an image processing software called Drop Shape Analysis (DSA) provided by 

Krüss GmbH. This software makes use of the drop shape which is mathematically fitted and 

upon solving the fundamental equation, the interfacial tension can be obtained.  

2.3.2 Density at High Pressure Condition 

 
 

Figure 2-3: Magnetic suspension balance. 

The main difficulty in measuring fluid density, i.e. its weight at extreme conditions, for instance 

at high pressure and high temperature conditions, especially if the miscibility between the 

coexisting phases is not negligible, is that in conventional gravimetric measurement method, 

there is always a direct contact between the sample being measured and the weighing device. At 

extreme conditions a direct contact is neither desirable (high temperature) nor possible (high 

pressure). This problem is solved by using a magnetic suspension balance where contact-less 

measurement is possible. Instead of hanging directly at the balance the sample to be 

investigated is linked to a so-called suspension magnet which consists of a permanent magnet, a 
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sensor core and a device for decoupling the measuring load. This kind of measurement method 

is well known and explained in detail in [47,113,129]. Only a brief introduction will be given 

here. 

A three-mode magnetic suspension balance is to be seen in Fig. 2-3. By means of this three-

mode magnetic suspension balance, the simultaneous measurement of the densities of two 

coexisting phases is possible. The heavy phase, for example a liquid, is put in the view cell 

surrounded by a second, lighter phase. Three measuring positions are possible here: 

�� Zero point: the permanent magnet is in a freely suspended state, allowing the balance to be 

tared and calibrated (see Fig. 2-4 a.) 

�� Measuring point 1: the first sinker is lifted up and its mass is weighed by the balance (see 

Fig. 2-4 b.) 

�� Measuring point 2: the second sinker is raised as well and both sinkers are weighed at the 

same time (see Fig. 2-3).  

The density of the coexisting phases can be obtained by means of force balance between the 

gravitational and the buoyant forces. Subtracting the weight gained in the zero point from the 

one in first measuring point, the density of the light phase can be calculated. The density of the 

heavy phase can be estimated by subtracting the weight in the zero from the one in the second 

measuring point. Furthermore, for the calculation of the density, the mass of the sinkers, the 

measuring load decoupling and the volume of the sinkers are required (the force balance 

equations are reported in [8,185]). 

This method is suitable not only to be used to measure the density of a fluid but also for any 

measurement which needs the contact-less gravimetric method such as sorption (kinetic of mass 

transfer). 

 
Figure 2-4: Magnetic suspension balance. a. Zero point, b. Measuring point 1. 
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2.4 Drop Phenomena 

 
Figure 2-5: Kicking of a drop caused by interfacial turbulence. System: water pendant drop in CO2-

ethanol (9.1 wt %) mixture at 313 K and 10 MPa. Drop age: t = 4 s to 8 s. 

During the measurement of the interfacial tension some unique drop phenomena are observed 

when a system consisting of three components is being involved. Two of the three components  

form the two coexisting phases, and are nearly immiscible but the third component is well 

transportable between both phases. An example is water drop in carbon dioxide environment 

where carbon dioxide is mixed with a certain amount of ethanol. In cases where the system 

consists of only two components, for example only a water drop in carbon dioxide, these drop 

phenomena are not seen. These phenomena are related to the mass transfer between the phases 

as an attempt to reach an equilibrium in the system. Two complicating effects might occur when 

three components coexist in a system, i.e. the interfacial turbulence and the unstable 

emulsification [37,50]. Both of them will be explained by means of the observation made on the 

water pendant drop in CO2-ethanol mixture. Carbon dioxide is saturated by either 9.1 wt% or 

16.7 wt% ethanol at 313 K. At the beginning, the drop phase consists only of water. 

Taking the example given in Fig. 2-5, at some point on the interface an eddy of carbon dioxide 

brings up more ethanol in the water phase than at other points. This can originate in the 

temperature gradient or during the formation of the drop due to the forced convection while the 

drop is pressed against the continuous phase. At those points where the eddies bring up more 

ethanol, the local interfacial tension is lower than the points containing less ethanol and thus, 

there is an interfacial tension gradient around the drop (the eddies around the drop can be seen 

in Fig. 2-5 or even more intensified in Fig. 2-7).  
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To understand the direction in which the drop kicks, the pressure difference over the drop 

meniscus has to be explained first. The pressure inside the drop is a little bit higher than that 

outside of it. The magnitude of the pressure difference can be taken from Chapter 2.5.2 . The 

pressure is shown in Fig. 2-6(a) with arrows which are directed out of the drop. Actually only 

forces can be presented by arrows, not pressures. Because pressure does not have a certain 

direction. It pushes in all direction. The arrows in Fig. 2-6(a) are only there to show that the 

pressure inside is higher than outside.  

The momentary change in the local interfacial tension such as explained above causes a local 

fall in the pressure difference too. That means, at a certain point, the pressure difference is 

smaller than at other neighbouring points. As a result, liquid is sucked in the direction where the 

pressure difference falls. As a help to understand the direction of the liquid motion, imagine a 

pressurized chamber which is filled with water. If there is an opening at the side of this 

chamber—which means a fall in the pressure—then the liquid will flow in this direction. 

Exactly this happens in the drop too. The drop swings in the direction of smaller pressure 

difference (see Fig. 2-5).  

 
Figure 2-6: Interfacial turbulence around a water drop due to the mass transfer of a solute which 

changes the local drop interfacial tension. As a result, the drop kicks in the direction of the eddy (c).  

In the next step, due to the interfacial tension gradient over the drop surface, ethanol spreads 

across the surface, followed by rapid diffusion into the drop. However, the spreading itself, 

enhanced by Marangoni convection, causes liquid movements which, in turn, bring up more 

CO2-ethanol mixture to the same point. Hereby, the originally small effect is intensified.  

The phenomenon of drop kicking is seen most violently at the beginning just after the drop is 

hanging at the tip of the capillary and is damped as time proceeds. The kicking can best be seen 

at higher pressure.   

The second effect, the unstable emulsification is closely related to “diffusion and stranding” and 

can always be observed during the transfer of the third component from one phase to another. 

This phenomenon is studied systematically by Shinoda and Friberg [171]. 

Emulsion is a mixture of two immiscible substances where a dispersed and a continuous phase 

can be found. Taking the same example, CO2  eddies move towards the drop phase bringing 

sufficient amount of ethanol. Larger CO2 amounts can be transported across the phase interface 
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when ethanol is dissolved in it. However, at the interface, alcohol diffuses further into the water 

phase (the solubility of ethanol in water is quite high) whereas the associated CO2 molecules 

become thrown out and left behind. They are stranded in the water in the form of fine emulsion 

drops. This is the so-called unstable emulsification. An emulsification can as well have its 

origin in the interfacial turbulence. Here, the lowering of the local interfacial tension is 

stabilized by the formed fine emulsion drops [158]. 

 
Figure 2-7: Eddy around a water pendant drop in CO2-ethanol (9.1 wt%) mixture at 313 K and 

10 MPa. Drop age: t = 3 s. 

The transport of ethanol into the aqueous phase decreases ethanol concentration in the 

continuous phase. As commonly known, sinking alcohol concentration in carbon dioxide causes 

a lower density of the continuous phase [16]. Together with the eddies explained before, the 

free convection due to this density gradient in the continuous phase around the drop can be seen 

in Fig. 2-7. 

 
Figure 2-8: Stranded CO2-bubbles in water pendant drop at 313 K and 27 MPa. 

The fine emulsion drops of carbon dioxide are unstable in the water phase. They coagulate and 

form larger emulsion drops which rise towards the neck of the water drop, such as seen in Fig. 

2-8. That is why, this mechanism is called the unstable emulsification. This rising bubbles-

effect becomes more intensified at higher pressure and higher concentration of dissolved 

ethanol in carbon dioxide. 

The emulsification can occur in both sides, in the drop as well as in the continuous phase. 

Actually, the solubility of water in CO2 is quite limited, but alcohol might permit more water to 

be dissolved in the continuous phase. However, as ethanol passes into the aqueous phase and 
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the ethanol concentration in CO2 becomes less, water becomes stranded in CO2 and forms 

stable, fine emulsion drops there. As commonly known, emulsion tends to have a cloudy 

appearance because the many phase interfaces (fine drops dispersed in continuous phase) 

scatters light that passes through. This phenomenon is observed and shown in Fig. 2-9. At the 

beginning, i.e. t = 8 s, the picture is very sharp and the drop boundary phase can very well be 

seen. At t = 330 s, the light is scattered in such a way that the picture becomes blurred and less 

sharp. This effect is seen at 3 MPa and 6 MPa but only when a sufficient amount (16.7 wt%) of 

ethanol is dissolved in CO2. 

 
Figure 2-9: Mutual saturation between the water drop and the CO2-ethanol (16.7 wt%) continuous 

phase at 313 K and 3 MPa causes emulsification in each phases. The initial sharp picture at t = 8 s 

becomes cloudy after 330 s because the many phase interfaces scatter light that passes through the 

emulsion. 

These drop phenomena regarding the interfacial turbulence and the unstable emulsification with 

all their concomitants are reported extensively in the literature: 

�� Transport of ethanol from carbon dioxide into water [148] 

�� Acetic acid transported from water into benzene [37] 

�� Ethanol transported from toluene into water. Toluene is saturated with water and mixed with 

14 % ethanol [37] 

�� Acetone transported from toluene in water [37] 

�� Methanol transported from toluene into water [50].   

2.5 Interfacial Tension Results 

In this section, the measurement results of interfacial tension are reported. The interfacial 

tension depends on the composition of the drop and the embedding phases. That is why, in this 

section, the interfacial tension results are discussed in two parts, the interfacial tension in the 

static state and the interfacial tension as mass transfers are proceeding. 

At equilibrium—the phases have reached their saturated state—the value of the interfacial 

tension does not change anymore and depends solely on the operating conditions such as shown 

in Chapter 2.5.1. The interfacial tension of water and ethanol against carbon dioxide will be 
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shown in Chapter 2.5.1 as this data is required for further estimation of the interfacial tension 

�sv in Chapter 4. 

In Chapter 2.5.2 the interfacial tension of aqueous drops against carbon dioxide is shown as a 

function of time, i.e. as the system is reaching equilibrium condition. The main objective here is 

to show that the interfacial tension depends on the mass transfer between the phases, i.e. on the 

adsorption and the desorption. Hereby the interfacial tension can be lowered or increased as the 

process proceeds until equilibrium is reached. In this section, the effect of the bulk phase on the 

interfacial tension is discussed in detail. 

2.5.1 Static Interfacial Tension  

The static interfacial tension of water and ethanol against carbon dioxide at 294 K-313 K is 

given in Fig. 2-10. Here, the interfacial tension is measured when the mass transfer process has 

been completed. That means, the concentration equilibrium between the drop and the 

embedding phases has been reached. The density data required for the calculation of the 

interfacial tension are taken from the literature: for pure water and pure carbon dioxide [144], 

water saturated with carbon dioxide [185] and compressed ethanol [33,36]. 
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Figure 2-10: Interfacial tension of water and ethanol against dense carbon dioxide. 

As can be seen, the interfacial tension of water against carbon dioxide depends on the 

temperature and the pressure. Along an isobaric where carbon dioxide is still gaseous, the 

interfacial tension decreases as the temperature increases from 294 K up to 393 K. However, as 

carbon dioxide turns to supercritical, the interfacial tension decreases with decreasing 
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temperature. The turning point of this temperature dependence is at around the critical point of 

carbon dioxide where it changes from the gaseous to a supercritical one. 

The value of the interfacial tension decreases first drastically with increasing pressure at every 

investigated temperature. Increasing pressure means also a higher solubility of carbon dioxide 

in the drop phase. This is in accordance with the Gibbs adsorption law (see Eq. 2-22) where it is 

stated, that an adsorption—characterized by an increase in the component concentration xi—

causes a fall in the interfacial tension. 

The fall of the interfacial tension in the first part is nearly linear. A further increase in the 

pressure behind this linear fall does not affect the interfacial tension significantly. From here on, 

the interfacial tension remains almost constant [81,194]. This is the second linear part of the 

interfacial tension curve. The linear dependency of the interfacial tension on the pressure at 

lower pressure conditions can be explained by means of the solubility of carbon dioxide in the 

drop phase. At lower pressures, the solubility of carbon dioxide in the liquid phase increases 

linearly with the pressure. However, the gradient of the solubility becomes smaller as the 

pressure increases until the curve reaches a nearly constant value where the solubility changes 

hardly with increasing pressure. This is the explanation for the behaviour of the interfacial 

tension dependency on the pressure. The interfacial tension is lowered with increasing pressure 

as long as the pressure still has an impact on the CO2 solubility. Once the drop phase has been 

saturated, a further increase in the pressure does not bring more carbon dioxide into the drop 

phase, and thus, it has hardly any influence on the interfacial tension. 

The intersection of the first linear and the second horizontal line at 294 K is drawn in Fig. 2-10 

and the turning point is approximately at the critical point of carbon dioxide where it turns from 

the gaseous to the supercritical one at 7.4 MPa. 

The interfacial tension of ethanol is far lower than that of water. The same pressure effect can 

be seen here too. At ambient pressure, it has a value of 22 mN/m but at 5 MPa this value 

becomes 6.7 mN/m. At 373 K and 10 MPa ethanol has an interfacial tension of only 3.5 mN/m. 

2.5.2 Interfacial Tension as Mass Transfer Proceeds 

In Fig. 2-11 the interfacial tension of pure water against carbon dioxide at 294 K and 8 MPa, 

estimated by means of pure drop density as well as mixture density at saturated state, and water-

ethanol mixture against presaturated carbon dioxide at 313 K and 10 MPa are shown. The 

interfacial tension of the two systems change in opposite directions with time.  

An increase in the interfacial tension is seen in the water-ethanol mixture. Here, water is mixed 

with 10 wt% ethanol and the surrounded carbon dioxide phase is also presaturated with a small 

amount of this mixture. The mixture used for the presaturation of the embedding phase is 

approximately 5 g. The view cell used here has an inner volume of about 88.5 ml. 

Apparently, the embedding phase is not saturated yet. The solubility of ethanol in the carbon 

dioxide is far higher than the amount provided for the presaturation. That is why ethanol is 
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transported from the aqueous drop phase to the continuous phase. The desorption of ethanol 

results in an increase of the drop interfacial tension from the initial value 18.5 mN/m to 

21.3 mN/m. Although there are also mutual solubilities of water and carbon dioxide but 

compared to the amount of dissolved ethanol and its impact on the interfacial tension, they do 

not affect this property significantly. This desorption phenomenon which causes an increase in 

the interfacial tension is in good agreement with the Gibb’s adsorption law given in Ch. 2.1. 

The required density data for the calculation of interfacial tension of water-ethanol mixture 

against carbon dioxide are taken from the literature. The density data of water-ethanol mixture 

reported in [152] is used. The density change of the continuous phase due to presaturation is 

assumed to be negligible and the density of pure carbon dioxide in [144] is taken. 

17

22

27

32

37

42

0 200 400 600 800 1000 1200

t [s]

� 
[m

N
/m

]

H2O against
CO2  294 K, 8
MPa, calculated
with saturated
densities

H2O against
CO2  294 K, 8
MPa, calculated
with pure
densities

H2O-Eth against
presaturated 
CO2,    313 K,   
10 MPa

 
Figure 2-11: Interfacial tension of water and water-ethanol mixture during the mass transfer. 

As for the system pure water drop against carbon dioxide, carbon dioxide is brought into the 

drop phase and lowers the interfacial tension of the water phase according to the Gibbs 

adsorption law (Eq. 2-18). Here, considering the composition of the drop phase, the calculation 

of the liquid interfacial tension against carbon dioxide is done twice. First by means of pure 

water density, and later, by using the saturated density of water and carbon dioxide mixture. In 

both cases, it is assumed that the continuous phase contains only carbon dioxide. The solubility 

of water in carbon dioxide is taken as negligible. 

Applying the pure densities of water and carbon dioxide, the interfacial tension falls from 

34 mN/m to 28 mN/m in 800 s. If the saturated density of the mixture of water and carbon 

dioxide is taken for the drop phase, the interfacial tension is lowered from 37 mN/m to 

30.6 mN/m. It is believed that after 800 s the drop phase is saturated by carbon dioxide so that 

after 800 s there is no significant change in the interfacial tension. 
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The consideration about which density is to be used for the drop phase in estimating the 

interfacial tension—whether the pure density or the mixture density—goes back to the already 

aged-discussion about what role the bulk phase plays in the interfacial tension. There exist two 

possibilities. In the first one, the interfacial tension depends solely on the composition of the 

interface. In the second one, not only the interface but also the bulk phase determines the 

interfacial tension.  

Assuming the first possibility (the interfacial tension is affected solely by the composition of the 

interface), the static interfacial tension should have been reached instantaneously after the drop 

is formed. During the formation of the drop, the forced convection around the drop surface 

governs the mass transfer between the phases. Thus, within a very short period of time, the 

concentration at the interface has reached saturation. But the fact is, the water drop shape in 

carbon dioxide still changes during the saturation time of the bulk phase, that is, in 800 s. The 

alteration in the shape of the drop signals that the static interfacial tension has not yet been 

obtained. As it can be seen in Fig. 2-11, the interfacial tension still changes with time regardless 

of whether the pure water density or the mixture density is taken into account in calculating the 

interfacial tension value. The saturation value is obtained after waiting for 800 s.  

Morgner [136] tried to understand this fact by suggesting the idea that the pressure difference 

over the meniscus is responsible for the drop shape alteration during the measurement. The 

relaxation of this pressure difference takes some time and causes the change in the drop shape. 

The alteration of the drop shape has no correlation with the static interfacial tension. To 

Morgner, the static interfacial tension should have been reached immediately (microseconds) 

after it hangs at the tip of the capillary. 

According to him, the pressure difference &p perpendicular to an interface changes as much as 

100 MPa/Å. That means, an interface of 1 Å thick brings a pressure difference of as high as a 

maximum of 100 MPa. Assuming a water drop diameter of 5 mm and letting carbon dioxide be 

transported across the interface, through a computer simulation Morgner stated that due to the 

transfer of carbon dioxide there is a pressure difference as much as 2 MPa over the interface 

[136].  

To reexamine the validity of Morgner’s statement about the magnitude of the pressure 

difference across the interface, the Young-Laplace Equation (Eq. 2-32) is applied. In this 

equation, the pressure difference over the meniscus is correlated with the interfacial tension and 

the principal radii R1 and R2. Here, the radius R1 in the Young-Laplace Equation is set equal to 

R2 (Eq. 2-34). Both radii are the same: 

�� If the drop geometry is assumed as spherical. In this case, the pressure difference &p over 

the meniscus is the same over the whole drop surface. 

�� At apex, such as given in Eq. 2-34. This means, the pressure difference is calculated only at 

the point &pApex . The drop shape remains as it is (no geometrical simplification is made 

here). 
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In the following, the radius of a drop is calculated in cases where the pressure differences over 

its meniscus are 100 MPa (maximal pressure difference possible) and 2 MPa. The system used 

here is water in a carbon dioxide environment at 293 K and pressures up to 25 MPa. The 

interfacial tension data are taken from the literature [61,182]. At 293 K and 0.1 MPa, the 

interfacial tension of water in a carbon dioxide environment is 70.32 mN/m. Following the 

suggestion of Morgner, the radius of the drop should be 14 Å (if the pressure difference is 

100 MPa) or 7 Å if a pressure difference of 2 MPa is assumed. The theoretical radii obtained 

from the calculation can be seen in Table 2-2.  

Table 2-2: Calculated drop radii assuming a pressure difference of 2 MPa and 100 MPa. 

Temp. p &p R � � 

[K] [MPa] [MPa] [Å] [mN/m] Source 

293 0.1 2 7 70.32 [182] 

293 2 2 6 57.27 [182] 

293 4 2 5 46.69 [182] 

293 6 2 3 34.38 [182] 

293 8 2 3 25.92 [182] 

293 10 2 2 24.53 [182] 

293 15 2 2 23.1 [61] 

293 20 2 2 20.3 [61] 

293 25 2 1 13.6 [61] 

293 0.1 100 14 70.32 [182] 

293 2 100 11 57.27 [182] 

293 4 100 9 46.69 [182] 

293 6 100 7 34.38 [182] 

293 8 100 5 25.92 [182] 

293 10 100 5 24.53 [182] 

293 15 100 5 23.1 [61] 

293 20 100 4 20.3 [61] 

293 25 100 3 13.6 [61] 

 

According to the radii values obtained in Tab. 2-2, the radii lie in nanometer range. 

Macroscopically seen, it is impossible to obtain such drops. Probably, the calculated pressure 

difference over the meniscus is overestimated. In the following, an attempt is made to calculate 

the pressure difference over the meniscus of a drop with a diameter of 5 mm. The same system 

as used in Tab. 2-2 is applied here, water drop in a carbon dioxide environment at 293 K and 

pressures up to 25 MPa.  

It can be seen in Tab. 2-3 that the pressure difference over the meniscus is far lower. The 

pressure differences calculated here are 105- to 107-times lower than that forecast by Morgner. 
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Schwuger [168] estimated the pressure difference over the meniscus of a water drop with a 

diameter of 2 mm. He took an interfacial tension of 73 MPa and found out that the pressure 

difference is 1.5 mbar (or 1.5*10-4 MPa) which is in the same order of magnitude as the value 

calculated in Tab. 2-3. 

Table 2-3: Calculated pressure difference over the meniscus of a drop whose diameter is 5 mm. 

Temp. p &p R � � 

[K] [MPa] [MPa] [mm] [mN/m] Source 

293 0.1 5.63E-05 2.5 70.32 [182] 

293 2 4.58E-05 2.5 57.27 [182] 

293 4 3.74E-05 2.5 46.69 [182] 

293 6 2.75E-05 2.5 34.38 [182] 

293 8 2.07E-05 2.5 25.92 [182] 

293 10 1.96E-05 2.5 24.53 [182] 

293 15 1.85E-05 2.5 23.1 [61] 

293 20 1.62E-05 2.5 20.3 [61] 

293 25 1.09E-05 2.5 13.6 [61] 

 

The pressure difference as shown in Tab. 2-3 seems more reasonable than the one calculated by 

Morgner. This is due to the fact that a pressure difference—like a concentration and a 

temperature difference—will cause fluid flow in order to reach an (mechanical) equilibrium. 

There is no reasonable argument which can explain why even though the pressure difference 

over the drop meniscus is as high as 2 MPa (or even 100 MPa), macroscopically seen, the drop 

remains in its static state. 

Hence, the idea that it is the pressure difference which causes an alteration in the drop shape 

during the interfacial measurement is disproved. Later, in his report [136], Morgner also 

admitted that the pressure difference is not the property which is responsible for the geometry 

change of the drop. However, he still could not clearly explain what causes the changes in the 

drop shape during the measurement if the static interfacial tension has really been reached 

microseconds after the drop is formed. 

Although the first possibility cannot be applied to explain the change in interfacial tension with 

time, Morgner’s argument about the instantaneous saturation of the interface is reasonable. It is 

believed that within a very short period of time the interface is saturated. This does not mean 

that the concentration equilibrium between the phases has been reached. Even though the 

interface is saturated, the bulk phase has not yet reached the equilibrium. A certain saturation 

time is still required to reach equilibrium between those bulk phases.  

It is apparent that the composition of the bulk phase does play an important role in the 

interfacial tension. Even though the saturation of the interface is reached instantaneously as the 

drop hangs at the tip of the capillary, the static interfacial tension or the saturated interfacial 
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tension has not yet been reached. The proof that the bulk composition affects the interfacial 

tension is that the drop shape changes as the mass transfer proceeds. And an alteration in the 

drop shape signals a change in the interfacial tension itself. 

To be very precise, the drop density which should be applied in estimating the interfacial 

tension is the instantaneous density of the mixture in the drop phase. This density data can be 

obtained by hanging a drop at a capillary which is connected to a magnetic suspension balance 

(see Chapter 2.3.2). Using this method, the mass transfer into a drop can be tracked very well 

and the density change with time can be obtained. Here, the geometry of the interface is 

important. The diagram of density as a function of time is not the same whether a water drop is 

hung in the carbon dioxide environment or just a plane water surface is brought into touch with 

carbon dioxide. The final saturation density will be the same, but not the instantaneous one 

which is essential in estimating the precise instantaneous interfacial tension. 

If the instantaneous drop density is applied, the degree of mass transfer is considered in the 

interfacial tension estimation. The interfacial tension diagram obtained will lie between both 

curves shown in Fig. 2-11. At the beginning, the drop density is closer to the pure water density. 

Shortly before the equilibrium state is reached, it will be very similar to the saturation density. 

Thus, the real interfacial tension will lie between these two diagrams. It starts from the 

interfacial tension diagram applying the pure drop phase density and ends in the diagram 

applying the saturation density of the drop phase. 

The interfacial tension error appearing here due to the density used for the drop phase can be 

estimated by calculating the difference between the interfacial tension obtained using the pure 

and the saturated density. The mean difference between both interfacial tensions is 2.9 mN/m. 

That means, applying the interfacial tension either calculated by means of the pure drop density 

or by the saturated drop density causes an error in the interfacial tension of less than 2.9 mN/m.  

The degree of importance in using the instantaneous drop mixture density depends on the 

solubility of carbon dioxide into the drop phase. For systems where the solubility between the 

phases is not that high (for example water-carbon dioxide system), it is less important to apply 

the instantaneous drop mixture density. However, once the solubility of carbon dioxide in the 

drop phase is high (for example systems containing alcohols or oil), the change in the 

instantaneous drop mixture density becomes higher. It is therefore more essential to apply the 

instantaneous drop density for such systems in order to minimize the imprecision in the 

interfacial tension estimation. 
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3 Wetting Characteristics of a Sessile Drop 
A pessimist sees the difficulty in every opportunity, an optimist sees the opportunity in every difficulty. 

Sir Winston Churchill 

Basically, wetting is the contact between a fluid and a surface when the two meet each other. 

Wetting can be encountered in a large variety of phenomena in daily life as well as in industrial 

application. A few applications closely related to wetting are lubricating, coating, adhesion, 

detergency and lithographic printing. From the technological point of view, dealing with the 

wetting problem began, as far as we know, with people starting to write with inks. 

Although the wetting problem itself is an old one and commonly known but little research has 

been done on the wetting under high pressure conditions especially when the miscibility 

between the phases coming into touch is not negligible. The study of wetting under high 

pressure conditions reported in the literature up to now is listed in Table 3-1. 

Table 3-1: Review of past wetting research under high pressure conditions. 

 Source Year System T [K] p [MPa] 

[17] 1997 water-aluminium-N2 298  -  443 0.8274 

[194] 1997 water-Teflon-CO2 298-333 30 

[194] 1997 water-stainless steel-CO2 298-333 30 

[194] 1997 water-PVC- CO2 298-333 30 

[194] 1997 water-sapphire- CO2 298-333 30 

[194] 1997 water-glass- CO2 298-333 30 

[92] 1998 water-stainles steel- CO2 293-313 25 

[92] 1998 water-glass- CO2 293 25 

[92] 1998 

corn germ oil-stainless 

steel- CO2 313-353 30 

[160] 2002 crude oil-brine-rock 301  -  468 25 

[112] 2002 toluen-Teflon- N2 295.7 20 

[112] 2002 ethandiol-Teflon- N2 295.7 20 

[112] 2002 formamid-Teflon- N2 295.7 21 

[112] 2002 water-Teflon- N2 295.7 20 

 

The purpose of this chapter is to focus on the wetting properties of a sessile drop in dense 

carbon dioxide. To start with, the theoretical background of the wetting according to Young will 

be introduced, followed by the measurement methods and experimental setup used to measure 

the sessile drop contact angle surrounded by pressurized carbon dioxide. The difficulties 

encountered in the experiments are explained in Chapter 3.3. Finally the measurement results 

are reported in Chapter 3.4 and 3.5. 
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3.1 Theoretical Background 

The Beginning 

A strong debate on wetting phenomena among philosophers had begun in the time of Aristotle 

who observed that a piece of gold leaf or a chip of mahogany wood floats when laid on the 

surface of water. However, a century after Aristotle, Archimedes wrote a treatise on 

hydrostatics and invented the concept of specific gravity. The hydrostatics theory of 

Archimedes is contradictory to the observation made by Aristotle because the specific gravities 

of the floating solid materials are far larger than that of water and thus, hydrostatically seen, 

they cannot float on the water surface. Hereby, the debate between these two ideas started and 

lasted for about 1800 years before this conflict was settled by Galileo in 1612 [63]. He noticed 

that if the solid was denser than water, the flat, thin solid was floating on the water surface but 

the top of the solid was below the surface of the water (see Fig. 3-1). Thereby, he came to 

understand the wetting and spreading problem in modern terms. However, he could not measure 

the contact angle and did not have the concept of surface tension. Sulman [181] is the first to 

explicitly include contact angles in the relation with the floating-dense-solid phenomenon. 

 
Figure 3-1: Galileo’s explanation for the floating of thin sheets of gold or mahogany on water [75]. 

Contact Angle 

The scientific investigation on the wetting phenomena started in earnest 200 years after Galileo. 

Thomas Young [204] was the first to explain the relationship between the interfacial tensions 

and the contact angle. Instead of formulating his concept mathematically, he expressed it clearly 

in words and therefore, the well known equation 

cossv sl lv� � � �� �         (3-1) 

is dedicated to him and referred to as the Young equation even though, strictly speaking, Eq. 3-

1 is the formulation given by Bangham and Razouk [12]. In Eq. 3-1, the interfacial tensions are 

understood in terms of force vectors and considering the projection in the x-axis, the solid-

vapour interfacial tension �sv is correlated with the solid-liquid �sl and the liquid-vapour 

interfacial tension �lv by means of the contact angle �. By definition, the contact angle � is the 

angle between the interfacial tension vectors of �lv and �sl. And therefore, it is clear, that contact 

angle � is the reaction of the interfacial tension vector �lv to maintain the force balance [178] 

and thus, to reach the mechanical equilibrium when a drop rests on a horizontal surface.  
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Figure 3-2: Force balance on the three-phase contact point according to Young [204] 

The Young equation considers only the force balance in the x-axis. However, the inclination of 

the vector �lv presumed the existence of the force component of �lv in the y-axis and therefore, 

Bikerman [19] contended that the Young equation cannot be valid due to the fact that there is no 

opposite balancing force for the projection of �lv in the y-axis direction. Admittedly, Bikerman 

did not take the strain field in the solid below the three-phase line into account which furnishes 

the required balancing force [11,120]. 

Due to the contact angle hysteresis and the poor reproducibility of the contact angle in the 

experiments, there has been doubt about this property as a unique thermodynamic quantity 

which can be used to characterize the wettability of a given system [188]. However, Johnson 

[99] and Marmur [133] showed distinctively that this property is a thermodynamical one and 

can, even under consideration of gravity and adsorption, be derived using the method of Gibbs. 

The contact angle is often roughly and wrongly understood solely as the property of a solid or a 

liquid. Actually, it is absolutely not a material property, but rather a system property. The 

contact angle is, as explained before, the result of the inclination of the interfacial tension �lv, as 

a reaction to the interfacial tensions �sv and �sl to maintain the force balance. And thus, the 

contact angle depends on the three interfacial tensions shown in Fig. 3-2 which also means, that 

the contact angle is a system, not a material property. In general, changing one of the three 

substances results in a new, from the previous one different contact angle mainly when the 

miscibility between the phases is not negligible. 

According to the experimental results, there is a contact angle hysteresis which aggravates the 

reproducibility of this property. The Young equation is derived with the assumption of an ideal 

solid, namely chemically homogeneous, rigid and flat at an atomic scale. If this condition is not 

fulfilled, there will be an advancing �a and a receeding contact angle �r. The advancing contact 

angle can be measured on an initially dry surface whereas the receeding (also called the 

retreating) angle is found when the surface is pre-wetted. The difference between both shows 

the magnitude of the hysteresis itself. Although hysteresis up to 2° is regarded as negligible 

[186], it is common to find hysteresis in the range of 10° or even larger. The influence of 

surface heterogeneity on the contact angle is reported in the literature [28,91,100,122,126,145] 

and particularly on the influence of surface roughness on the contact angle in 

[27,49,87,98,143,150,172,193]. Some of the researchers believe that the drop size plays an 

important role in the contact angle [5,31,76,89,121,186] but this has not yet been fully 

explained. 
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From an engineering point of view, this hysteresis is seen as a challenge to access the real 

contact angle because the employed surface in the industrial application will neither be ideal nor 

homogeneous microscopically seen. In the experiments, this hysteresis problem is solved by 

measuring the contact angle repeatedly and on the whole area available as an attempt to obtain 

an average, representative value of the contact angle and to minimize the error happening 

during the measurement. 

Some measurement methods of contact angle are the sessile drop, Wilhelmy plate and tilting 

plate methods. The sessile drop method is applied to measure both the static and the dynamic 

contact angles although only the static contact angle was used in later calculations. Measuring 

the dynamic angle, the liquid drop is introduced by means of a capillary which remains in the 

drop while additional liquid is added into the drop until the limited value of the advancing angle 

�a is reached. A further addition to such a drop causes a spontaneous spreading. To measure the 

retreating angle, liquid is withdrawn from the drop steadily. In the static angle measurement, a 

drop is detached from the capillary and when equilibrium is reached, the angle is measured.  

The reproducibility of the dynamic angle is less when compared with the static angle because in 

the dynamic method, the drop is still pumped and pressed radially by the liquid added into it. 

The force inserted by the hand pump to introduce more liquid into the drop is not quantified and 

thus, the reproducibility of the angle is also not assured. Furthermore, the existence of the 

capillary held in a fixed position in the drop can under certain conditions, for instance when the 

drop is sufficiently small, distort the shape of the drop and falsify the measured angle. The force 

balance regarding the distorted angle is explained in 3.5.  

In the literature, it is often reported that highly energetic surfaces have better wetting 

characteristics when compared with less energetic surfaces. Two concepts have to be more 

clearly explained: the energetic state of a surface and the quality of wetting. Starting from the 

latter one, the values 0°, 90° and 180° are often used as measures for the degree of wetting 

[2,140]. Total wetting is used to characterize a complete spreading of liquids on a solid surface 

where the contact angle is equal to 0°, whereas total non-wetting appears when the angle is 

180°. If a system has a wetting angle below 90°, it is referred to as well wetted. Above 90°, the 

system is categorized as having a bad wetting characteristics. However, it should be emphasized 

that the wetting measure has not yet been standardized so the above mentioned categories are 

not generally accepted. To be more precise, it is better  to use a qualitative expression for the 

wetting measure together with the absolute value of the angles. 

Most of the materials made of polymers are referred to as low energetic surfaces with large 

contact angle, and thus, low wettability [55,57,207]. On the contrary, steel and glass are often 

categorized as high energetic with smaller contact angle and better wettability. The idea of 

classifying the material according to its energetic state goes back to the force balance at the 

three-phase contact point such as shown in Fig. 3-2. The quantity used to characterize a solid 

material is the solid-vapour interfacial tension �sv. A high �sv value forces the vector �lv to form 

a smaller inclination, and thus a smaller angle, in order to keep the force balance. As a result, 



3 Wetting Characteristics of a Sessile Drop 

 

35 

 

the wetting is good. On the contrary, a low value of �sv does not need a large contribution from 

the vector �lv to maintain the force balance. In such a case, the contact angle will be sufficiently 

large and thus, the wetting is rather poor. In extreme cases, the interfacial tension vector �lv is 

even tilted to the side of the interfacial tension vector �sv because the vector �sv is already 

smaller than the vector �sl. In this case, the wetting angle is larger than 90°. 

The classification of a solid surface using its energetic state comes from the surface chemistry 

point of view where the quantity �sv or generally, the quantity � is understood as energy. As 

explained in detail in Chapter 2.1, from the engineering point of view, the quantity � is seen 

rather as a force. This concept is used in this whole work. 

3.2 Experimental Setup 
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Figure 3-3: Experimental setup to measure the contact angle under high pressure conditions. 

The experimental setup used to measure the contact angle under high pressure conditions is 

shown in Fig. 3-3. It is similar to that used to measure the interfacial tension (see 2.3.1). The 

view cell employed here is made of stainless steel with a volume of 88.5 ml. This view cell is 

designed for a maximal temperature of 393 K and a maximal pressure of 90 MPa. The same 

hand pump and liquid vessel as used in 2.3.1 for the interfacial tension measurement are 

employed here. The liquid is introduced onto the studied horizontal surface through a stainless 
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steel capillary whose outer diameter is equal to 1.59 mm (1/16”). The studied solid material is 

placed on a stainless steel plate with a diameter of 30 mm such as shown in Fig. 3-4. 

The main difficulty in measuring the advancing angle is that at the beginning, the surface has to 

be clean and dry. It should not be prewetted by the liquid used as the drop phase. Therefore, to 

minimize the time- and energy-consuming procedure needed to release the pressure and clean 

the surface after each measurement, a view cell with a magnetic system is employed. This 

magnetic system enables the rotation and the vertical motion of the supporting plate (Fig. 3-4) 

on which the investigated solid surface is placed (see Fig. 3-3). Moving a magnet outside of the 

pressurized system, the solid surface in the view cell under the operating conditions can be 

turned and moved vertically in order to find a clean space to place a fresh drop. This magnetic 

construction permits the contact angle measurement of more than one drop before the whole 

system has to be depressurized to clean the surface. 

 
Figure 3-4: Stainless steel plate on which the investigated solid surface is placed. 

Furthermore, it is often experienced that a small amount of the drop phase contains fluid 

bubbles and has therefore to be repelled at the beginning. This can be performed perfectly by 

moving the supporting plate upwards and placing the capillary in the slit (see Fig. 3-4). In this 

way, liquid can be thrown out without prewetting the solid material.  

Table 3-2: Surface roughness of the investigated materials. 

 Ra [µm] 

Teflon 0.16 

Glass 0.005 

Smooth steel 0.241 

Rough steel 2.557 

 

In this work, the contact angles of water and ethanol on Teflon, steel and glass surfaces are 

measured according to the sessile drop method at temperatures up to 373 K and pressures up to 

27 MPa. Both dynamic and static angles are measured and reported in 3.5 and 3.4 respectively. 

Normally, the surface of a steel is characterized by its surface roughness. The steel investigated 

here is 1.4305 and contains 70-wt% Fe, 9-wt% Ni, 18-wt% Cr, 1-wt% Si and 2-wt% Mn. In 

Table 3-2 the surface of each material used is characterized by its roughness Ra. The average 

roughness Ra is the arithmetic mean of the absolute distances of the surface points from the 
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mean plane. Here, steel with two different kinds of roughness are studied. The steel whose Ra 

equals 0.241 µm is referred to as smooth steel in comparison to the rough one with Ra equal to  

2.557 µm. 

3.3 Some Remarks 

 
Figure 3-5: Contact angle measurement by means of the sessile drop method. 

The contact angle of a sessile drop is measured by means of image processing software. This 

software makes use of the gray scale recognition to fit a mathematically defined curve to the 

drop shape. In this way, the tangent of the drop at the three-phase-contact-point can be 

estimated (see Fig. 3-2 and Fig. 3-5).  

The main point in the measurement of the contact angle using this image processing software is 

the precise positioning of the baseline. The baseline is defined as the place where the drop 

touches the solid surface. The easiest way to place this line exactly at its position is by putting it 

across the two three-phase-contact-points (Fig. 3-5) so that the angle between this baseline and 

the tangent can be determined (see Fig. 3-2). This can be done if the precise identification of the 

three-phase-contact-points is possible.  

 

 
 

Figure 3-6: Relative position between the camera and the solid surface in order to obtain the correct 

contact angle. 

Depending on the position of the camera relative to the solid surface (or the eye just as shown in 

Fig. 3-6, Fig. 3-7 and Fig. 3-9), there are three possible perspectives in measuring the contact 

angle. Theoretically, in order to get the correct contact angle, the camera axis has to be precisely 

at the same height as the solid surface (see Fig. 3-6). Only then can the exact contact angle be 

obtained. 
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A precise measurement of the contact angle is therefore difficult, because a small inclination of 

the camera axis relatively to the solid surface leads to imprecision. If the camera axis is not 

positioned exactly at the same height as the solid surface but forms a negative inclination -� so 

that it looks at the surface from below (see Fig. 3-7) then the measured contact angle is always 

smaller than it actually is.  

 
 

Figure 3-7: Optical error in the contact angle measurement. The drop is seen from a perspective below 

the solid surface.  

This can be explained as follows. Looking at the border between the liquid and the solid phase 

from below causes the incorrect recognition of the baseline. The front border of the solid 

surface appears higher (due to the camera inclination). As a result, this border blocks one part of 

the drop (see Fig. 3-8). Only the upper part of the drop is still to be recognized while the part 

which comes directly into touch with the solid surface remains hidden. A visualization of the 

measured angle (�2) compared with the real one (�1) can be seen in Fig. 3-8. In such a case, the 

measured angle is erroneous. It is always less than it should be, regardless of whether the 

wetting is good (Fig. 3-8, right) or bad (Fig. 3-8, left).  

 
Figure 3-8: Erroneous identification of the solid surface leads to a smaller contact angle �2 regardless 

of whether the real contact angle �2 is larger (left) or smaller (right) than 90°. 

If, on the contrary, the camera axis is put in such a position that the inclination is positive (the 

drop is recorded from above) then the angle measured is also not exactly like the original one. 

But the advantage of this measurement perspective is that the reflection of the drop on the solid 

surface can be recognized very well. And by means of this reflection method, the position of the 

three-phase-contact-points can be detected precisely. This is very important to be sure that the 

position of the baseline is correct.  
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Figure 3-9: Reflection of the contact angle on the solid surface which can be seen only if the camera 

axis is inclined positively (+�) against the solid surface.  

Theoretically seen, the correct method is to have zero inclination between the camera axis and 

the solid surface such as shown in Fig. 3-6. However, in reality, using such a drop image, no-

one can ever be sure whether the inclination is really zero (Fig. 3-6) or if it is minus, such as 

shown in Fig. 3-7. Therefore, a compromise has to be made here. The aim is to measure an 

angle with a negligible deviation from the real angle. The method is to have a small positive 

inclination (Fig. 3-9) which allows the sight of the reflection of the drop on the solid surface. 

The inclination of the camera axis should not be too large because otherwise the angle measured 

is also not precise. Hereby, the baseline can be positioned comfortably by using the two three-

phase-contact-points (compare with Fig. 3-10 and Fig. 3-12) 

 
Figure 3-10: Reflection of the drop on the surface enables a precise optical identification of the 

baseline where the liquid touches the horizontal solid surface. System: water drop on a glass surface in 

CO2-environment at 333 K and 2 MPa. 

For a contact angle near 90°, even using the reflection method is not of great help (see Fig. 

3-11). The tangents of contact angles close to 90° are nearly vertical lines and thus the meeting 

point between the drop and the solid surface is not always clearly recognized. However, the 

error in measuring such an angle is negligible because one can be sure that the angle is around 

90°. 



3.4 Static Wetting Angles 

 

40 

 

 

 
 

Figure 3-11: Drop reflection on the solid surface is not of a great help for the contact angle 

measurements in cases where the angles are very close to 90°. 

To minimize the error of the measurement and to gain a representative, average value of the 

contact angle, the measurement is repeated around 7 times for both, the static and the dynamic 

angles. The values shown in Chapter 3.4 and Chapter 3.5 are the averaged ones. 

3.4 Static Wetting Angles 

 
Figure 3-12: Static wetting angles of water on Teflon, glass and steel against carbon dioxide at 313 K. 

The pictures of the static water drops on Teflon, glass and steel surfaces under the influence of 

gaseous as well as supercritical carbon dioxide can be seen in Fig. 3-12. The static, equilibrium 

contact angles of water drops on these surfaces are measured at temperatures up to 373 K and 

pressures up to 27 MPa.  

The static contact angle values at 313 K presented in Fig. 3-13 and Fig. 3-14 are mean values. 

The measurements on those surfaces are repeated on average 7 times on different spaces of the 

material to minimize the experimental error and to obtain an average value of the contact angle 

where the hysteresis due to the surface heterogeneity is taken into account. The measured values 
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have a variability of 10° which is acceptable because here both, the measurement imprecision 

and the hysteresis are included.  
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Figure 3-13: Contact angle of sessile water drop on Teflon and glass surfaces against carbon dioxide 

(except the data from Klante, they are measured against nitrogen). 

In Fig. 3-13 the contact angles of water drops on Teflon and glass surfaces are shown. Water 

wets Teflon surface with a contact angle of between 75° and 155° at 313 K and in the pressure 

range up to 27 MPa. The wettability of water on Teflon surface becomes less as the pressure 

increases and in supercritical carbon dioxide the contact angle reaches a nearly constant, 

asymptotical value. Comparing the measured contact angle with the values reported in the 

literature, they coincide quite well except at 0.1 MPa and 3 MPa. Wesch [194] and Klante [112] 

reported an angle of around 110° for the contact angle of water on a Teflon surface at 0.1 MPa. 

Although the measurements were repeated several times, the contact angle obtained in this work 

is still far lower than the reported value in the literature.  

Klante [112] measured the contact angle of a water drop on a Teflon surface against nitrogen. 

The miscibility between Klante’s system is negligible and thus, the contact angle changes due to 

increasing pressure are not appreciable. At 295 K in the range of 20 MPa the contact angle 

increases just around 15°. 

The contact angle of water on a glass surface at 313 K and up to 27 MPa lies between 31° and 

78°. As mentioned before, the contact angle increases with increasing pressure only if carbon 

dioxide is still gaseous. In supercritical carbon dioxide the contact angle remains nearly 

constant. Except at ambient pressure, the contact angle reported in [194] by Wesch is always 
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lower than the measured one. The reason might lie in the different composition of the glass 

material employed in the experiment.  
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Figure 3-14: Contact angle of sessile water drop on steel surfaces against carbon dioxide at 313 K. 

The contact angles of sessile water drops on steel surfaces are shown in Fig. 3-14. Two different 

kinds of steel roughness are investigated here, the smooth one has a roughness of Ra equals  

0.24 
m and the rough steel Ra = 2.56 
m. The contact angle shown in Fig. 3-14 is measured at 

313 K and up to 27 MPa. Steel can only be moderately wetted by a water drop under 

pressurized carbon dioxide. The contact angle on both steel surfaces ranges between 71° and 

128°, the wetting angle increases generally with increasing pressure.  

In [19] Bikerman talked about the rugosity effect on the contact angles. According to him, every 

groove, valley or scratch on a solid surface acts as a capillary tube in which the liquid rises in 

case of good wetting or descends if this angle is greater than 90°. Hence, a rough surface 

usually is better wetted than a smooth surface by a well-wetting liquid, while a poorly wetting 

liquid should spread on a smooth surface better than on a rough one.  

In this work however, the influence of the surface roughness on the wetting characteristics can 

clearly be seen only when gaseous carbon dioxide is employed. At pressures below 9 MPa, the 

wetting angle of water drops on the smooth surface is larger than that on the rough surface. 

Wesch [194] also observed the same phenomenon and explained that at lower pressures where 

carbon dioxide is still gaseous, water molecules can fill the micro pores on the steel surface 

better than carbon dioxide molecules. As a result, the contact angle on a rough surface is smaller 

than on a smooth surface. However, once carbon dioxide turns supercritical, the roughness 

effect on the wetting behaviour cannot obviously be seen. The contact angles do not differ 

appreciably. 



3 Wetting Characteristics of a Sessile Drop 

 

43 

 

Only little contact angle data under high pressure conditions can be found in the literature and 

this aggravates the comparison of the obtained data here. Jaeger [92] and Wesch [194] reported 

their measurement results on the wetting characteristics of water on steel surfaces under 

elevated pressure of carbon dioxide. However, Jaeger employed the tilting plate methode and 

Wesch, although he used the sessile drop method, did not specify which kind of steel he used. 

Obviously, the contact angle measured by Wesch is far lower than other values (see Fig. 3-14) 

and therefore, most possibly the steel he used has totally different wetting characteristics. 

From the three investigated solid materials, glass can best be wetted by sessile water drops, 

followed by steel, both the smooth and the rough one. Teflon can be least wetted. This wetting 

behaviour under high pressure conditions is in accordance with other reports for wetting at 

atmospheric condition.  

So far the wetting behaviour of liquids on solid surfaces has been reported and the influence of 

several factors such as the pressure and the surface roughness have been discussed. However, 

the real reason for the wetting behaviour of a system has not yet been explained because this 

cannot be understood solely by observing the change of the contact angle. The change of the 

contact angle itself is just the reaction to maintain the force balance. The root of the wetting 

behaviour itself can only be found and understood by observing the change of the three 

interfacial tension vectors �sv , �lv , and �sl which determine the inclination of the vector �lv and 

thus, the contact angle �. This is the main objective of the next chapter. 

In calculating the magnitude of the interfacial tension vectors �sv and �sl according to the 

Young equation, only the static contact angles are taken into account. During the measurement 

of the dynamic contact angle, liquid is added continuously into the drop until the maximum 

contact angle is found. The force exerted into the drop by pumping during the measurement is 

not considered in the Young equation. Therefore only the static contact angle is used in the 

calculation of the interfacial tension vectors �sv and �sl in the next chapter. 

3.5 Dynamic Wetting Angles 

 
Figure 3-15: Dynamic wetting angles of water and ethanol on glass and Teflon surfaces. 

The dynamic wetting angles of a sessile drop of water and ethanol are measured on glass and 

Teflon surfaces at temperatures up to 373 K and pressures up to 10 MPa. The drop figures can 

be seen in 3-15 and the measurement results in Fig. 3-17. 
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As explained previously, the dynamic wetting is measured while additional liquid is added into 

the drop and the maximum angle is defined as the dynamic contact angle. The tip of the 

capillary remains during the measurement in the drop (see Fig. 3-15). This kind of measurement 

has some weaknesses such as poor reproducibility and drop shape distortion by the capillary. 

The first, commonly known weakness is caused by the difficulty in reproducing the exact 

conditions under which the measurement is performed, for instance the rate at which liquid is 

added into the drop. A pump with a defined flow rate can be used to assure the constancy of the 

liquid flow rate. However, this pump has to be a micro pump due to the small volume of the 

drop. A normal hand pump is far from ensuring a constant liquid flow rate. According to the 

experience gained in this work, the variability of the measured dynamic contact angles is quite 

large. At one operating condition, the maximum difference between the measured values is 

around 20°. An attempt to minimize this variability is to repeat the experiments several times in 

order to obtain a more representative average value at the end. 

When the drop is sufficiently small, whereas the capillary-drop phase interfacial tension �sl is 

small and the capillary-continuous phase interfacial tension �sv is large, it is possible that the 

shape of the drop phase is distorted and the whole liquid is pulled vertically towards the 

capillary (see Fig. 3-16). There is an extra, vertical force component around the capillary which 

contributes to and strengthens the sinus-component of the liquid-fluid interfacial component �lv 

at the three-phase contact point between the drop, the fluid phase and the horizontal surface. In 

such cases, no drop shape in the conventional sense can be recognized. The drop phase is a 

triangular shape (seen two-dimensionally) or funnel-like body (observed three-dimensionally). 

This can be seen clearly in Fig. 3-15 when the dynamic contact angle of ethanol on a Teflon 

surface is measured.  

 
 

Figure 3-16: Force balance in dynamic wetting. 

The dynamic contact angle of water and ethanol sessile drops on Teflon and glass surfaces can 

be seen in Fig. 3-17. The dynamic contact angle of the sessile water drop is measured at 313 K 

whereas for ethanol drop at 353 K (complete data of the measured dynamic angles at other 

operating conditions is listed in Appendix, Chapter 11).  

For comparison purposes, the static contact angles of the liquid drops under the same operating 

conditions are given in the same diagram. A quick visual judgement permits a simple but 
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elementary conclusion that the dynamic contact angle is always greater than the static one. This 

meets the expectation very well that when the drop is still pressed and enlarged, it has to result 

in a larger contact angle than when the drop is in equilibrium. The maximal difference between 

both contact angles shown in Fig. 3-17 is as large as 25°. 

The dynamic contact angle of a water drop on a Teflon surface at 313 K, up to 10 MPa ranges 

between 90° and 150°, on glass between 73° and 95°. Thus, as expected, glass can be far better 

wetted than Teflon, both under atmospheric conditions and under the influence of supercritical 

carbon dioxide. As can be clearly seen, the wetting behaviour of water on Teflon and glass 

surfaces becomes worse as the pressure increases. Contrary to this, the dynamic contact angle of 

ethanol on Teflon becomes less with increasing pressure. Ethanol wets Teflon at 353 K and 

atmospheric pressure with a dynamic contact angle of 32°. But at 10 MPa ethanol spreads 

already on a Teflon surface and thereby forms a contact angle of 0°. The ethanol drop also 

spreads spontaneously on glass surfaces at any conditions. 
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Figure 3-17: Dynamic and static contact angle of sessile-water and -ethanol drops on Teflon and glass 

surfaces. 
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4 On the Solid-Vapour Interfacial Tension  
Only the wearer knows where the shoe pinches. 

Two main properties of fluids, the interfacial tension �lv and the wettability �, have been 

discussed theoretically and the results of the measurements of corresponding experiments are 

reported in Chapter 2 and 3 respectively. In the Young equation (Eq. 3-1), both of them are 

correlated in one single equation. Unfortunately, in that equation, only two of the four variables 

(the liquid-vapour �lv , the solid-vapour �sv , the solid-liquid interfacial tension �sl and the 

contact angle �) are experimentally accessible. The first- and last-mentioned properties can be 

measured directly as can be seen in Chapter 2 and 3.  

Some scientists provided another correlation which allows the solving of the Young equation 

and giving access to the solid-vapour interfacial tension �sv which enables the characterization 

of solid materials (or far better, the characterization of a solid material under the influence of a 

particular fluid or vapour). Some names to be mentioned in this field are Good and Girifalco, 

Fowkes, Zisman, Owens and Wendt, and finally Rabel. Zisman is one of the pioneer scientist 

who tried to gain a better understanding and correlation of both the liquid-vapour interfacial 

tension and the contact angle. A few years later, Good and Girifalco, followed by Fowkes, 

independently developed theories regarding the wettability of a system containing three phases, 

a fluid, a liquid and a solid material. And in this way, they began another era in surface 

chemistry by their attempt at estimating theoretically as well as empirically the magnitude of the 

solid-vapour interfacial tension �sv.  

In this work, emphasis will only be given to the theory of Good and Girifalco since this belongs 

to the initial theory which later becomes the most widespread and, theoretically seen, seems to 

be the best-founded one. Since the beginning, the surface study was in the hands of  surface 

chemists, thus, it is unavoidable that in some concepts, the interfacial tensions are handled and 

referred to as energy.  

Although the theory developed by Good and Girifalco was designed for ambient conditions and 

not for high pressure conditions where appreciable miscibility between the phases has to be 

considered, an attempt is made–with some adjustments–to employ and verify the applicability 

of this theory under extreme pressure conditions and in the presence of carbon dioxide. The 

solid-vapour interfacial tension of Teflon, glass and steel surrounded by carbon dioxide at 

temperatures up to 373 K and pressures up to 27 MPa is estimated by means of the pairwise 

interaction parameter �sl, the liquid-vapour interfacial tension and the contact angle. The 

estimated solid-vapour interfacial tension is, in turn, validated by using the calculated quantity 

to predict the contact angle of a liquid on that particular surface surrounded by carbon dioxide. 

The theoretically calculated value is compared with the experimental measured contact angle to 

allow a conclusion on the applicability of the estimated values of �sl and �sv. The calculated 

values of �sl and �sv at 313 K are reported in Chapter 4.2, the values at other temperatures 
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including the magnitude of the solid-liquid interfacial tension �sl are given in Chapter 11. At the 

end of this chapter, a brief overview of other theories in this field is given. 

4.1 Theoretical Background according to Good and Girifalco 

The main objective in all of the theories studying the surface and its wettability is to find 

another correlation which enables the solving of the Young equation. The same applies to the 

theory of Good and Girifalco which has its root in the free energy of adhesion and cohesion 

(Chapter 4.1.1). Here, the existence of a pairwise molecular interaction parameter �sl is 

postulated. The magnitude of the free energy of adhesion and cohesion is estimated by means of 

the quasi continuum model, with help of the Lennard Jones potential in Chapter 4.1.2. The 

kinds and magnitude of the long range molecular interactions are explained in Chapter 4.1.3. 

Finally the pairwise molecular interaction parameter �sl is formulated in terms of the energy 

ratio or attraction constant ratio A according to the Lennard Jones potential, as found in Chapter 

4.1.2. The finding of an equation considering all of the molecular interactions between the 

phases in one single parameter �sl permits a direct estimation of the solid-vapour interfacial 

tension �sv and thus, the solving of the Young equation. 

4.1.1 Free Energy of Adhesion and Cohesion 

 
Figure 4-1: The process of forming a cohesive (a) and an adhesive (b) joint [73]. 

Following the suggestion of Harkins [80], the work required to bring two unlike bodies i and j 

with unit cross-sectional area reversibly together to form a continuous body is (see Fig. 4-1, b) 
ad

ij i j ijW � � �� � �         (4-1) 

the work of adhesion. The free energy change per unit area, also known as the free energy of 

adhesion is the negative of the work of adhesion 
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ad ad
ij ij i j ijF W � � ��& � � � � .      (4-2) 

By analogy to the work of adhesion, the work of cohesion for a body i (see Fig. 4-1, a ) 

2coh
i iW ��          (4-3) 

and the free energy of cohesion can be written as 

2coh coh
i i iF W ��& � � .       (4-4) 

It is assumed that the initial surfaces are destroyed in the cohesion process so that after joining 

the two bodies, no surface exists between them (Eq. 4-3 and 4-4). The symbol � given in Eq. 4-

1 to Eq. 4-4 denotes the pure interfacial tension of each phase against vacuum. In Eq. 4-2 and 

Eq. 4-4 the free energy of adhesion and cohesion are written in terms of the Helmholtz free 

energy F instead of the Gibbs free energy G. With respect to the surfaces, a distinction between 

both the Helmholtz F and the Gibbs free energy G is not necessary. In all rigorous derivations of 

the Gibbs adsorption equation [1,69], the volume of the reference system is, by definition, set 

equal to the sum of the volumes of the two phases in the real system and hence, the surface 

excess volume is equal to zero and both free energies are equal. 

By analogy to the Berthelot geometric mean hypothesis [18], the van der Waals attractive 

constant between two unlike molecules 1 and 2 is 

12 11 22a a a� .        (4-5) 

In the Berthelot geometric mean hypothesis (Eq. 4-5), the character “a“ denotes the van der 

Waals attractive constants between like (11 and 22) or unlike (12) molecules. 

A proposal is made that the free energy of adhesion between two phases can be given by the 

geometric mean of the free energies of cohesion of each of the separate phases  

" #
1

2ad coh coh
ij i jF F F& � & & .       (4-6) 

Upon employing Eq. 4-2, 4-4 and 4-6 the following correlation can be written 

jijiij 2 ����� ��� .       (4-7) 

Equation 4-7 is found to be a good approximation for the fluorocarbon-hydrocarbon systems, 

but it does not have a general validity for many water-organic liquid systems [73,74].  

The next improvement is to arrange Eq. 4-6 as quotient and call the result an empirical property 

of the interface 
ad

ij
ij coh coh

i j

F

F F

�&
� !

& &
 .       (4-8) 

Equations 4-7 and 4-8 are thermodynamic relationships having no greater physical content than 

the content of the definitions of free energy of adhesion and cohesion. The physical content is 

given later by the predictive evaluation of � as is explained further in 4.1.3.  

The expression in Eq. 4-8 can also be written in terms of the total energy 
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�&
� !

& &

ad
ij

ij coh coh
i j

U

U U
.       (4-9) 

Considering that the ratio of the free energy of adhesion and cohesion is not necessarily equal to 

one (4-6), Eq. 4-7 turns to 

jiijjiij 2 ������ ���        (4-10) 

where Eq. 4-7 stands for particular cases with �sl is equal to unity. For a three-phase system 

including a liquid l , a fluid v and a solid material s, Eq. 4-10 can be rewritten 

2sl sv lv sl sv lv� � � � �� � � �       (4-11) 

and together with the Young equation (3-1), the interfacial tension �sl can be eliminated and the 

interfacial tension �sv can be estimated 

" #2

2

1 cos

4
sv lv

sl

�
� �

�
�

�
       (4-12) 

as long as the liquid-vapour interfacial tension �lv , the contact angle � and the parameter �sl are 

known. The first two properties are experimentally accessible, the last quantity �sl is still 

unknown.  

4.1.2 Quasi-continuum Model 

 
Figure 4-2: Interaction between two semi-infinite bodies, separated by distance z [73]. 

The quasi-continuum model describes the interaction between two semi-infinite bodies, e.g. two 

halves of a homogenous phase or two unlike materials, phase a and b as illustrated in Fig. 4-2 

where the phases are considered to consist of symmetrical particles which are point-centers of 

force. The force of interaction F between two particles, one in the phase a and the other in the 

phase b, is given by the Lennard-Jones potential   

" # 6

ab ab
m

A C
U r

r r

�
� �  .       (4-13) 

(Unfortunately F is required to denote both, force and free energy). 
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The Lennard-Jones potential is a simple mathematical model which represents the fact that 

neutral atoms or molecules are subject to two distinct forces within the limit of large distance 

(attractive force at long ranges) and short distance (a repulsive force at short ranges). In Eq. 4-

13, the attractive constant is denoted by A whereas the repulsive constant is denoted by C with r 

as the intermolecular distance. 

The force of interaction between two particles is 

" # " #
7 1

6 ab ab
m

U r A C
F r m

r r r �

�
� � �

�
.      (4-14) 

This force can be summed over all the molecules in each body, the total force of interaction 

between the two phases separated by the distance z is hence 

" # " #
2 a b

z y x

U r
F z n dy x dx n dr

r
%
- - - �

�
�. . .      (4-15) 

with na and nb as the density in phase a and b in molecules per unit volume. 

The free energy of adhesion &Fab
ad is the negative of the free energy required to transport the 

two phases from the equilibrium intermolecular distance r0 to infinity without altering the 

structure or composition of both phases 

" # " #
0

0 2
ab

ad
ab ab a b

r z y x

U r
F r dz n dy xdx n dr

r
%

- - - - �
�& �

�. . . . .   (4-16) 

In analogy to the free energy of adhesion in Eq. 4-16, the free energy of cohesion can be written 

" # " #
0

0 2
a

coh
a a a a

r z y x

U r
F r dz n dy xdx n dr

r
%

- - - - �
�& �

�. . . .  .   (4-17) 

Upon employing the Lennard-Jones potential in Eq. 4-13 and assuming the constancy of na and 

nb and that the interface is sharp, Eq. 4-17 can be calculated 

" #" #" #2 4
2

24 2 3 4
ad ab ab

ab a b m

A C
F n n

z m m m z
% � �

� ��
�& � �� �� �� � � � � �� 	

.  (4-18) 

When the separation between the two phases is the equilibrium intermolecular distance r0ab, the 

total force between the two phases is equal to zero  

" #0 0abF z r� �         (4-19) 

and hence, the repulsive constant Cab can be written in terms of Aab 

" #" #
" #6

0

2 3

12
ab abm

ab

m m
C A

r �

� �
� .       (4-20) 

Putting the expression for Cab in Eq. 4-20 into Eq. 4-18, the free energy of adhesion becomes 

" #2
0

1 1

6 2 4
ad a b ab

ab
ab

n n A
F

r m

% � ��
�& � �� �� ��� 	

     (4-21) 

and analogous to this, the free energy of cohesion for phase a 
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" #
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2
0

1 1

6 2 4
coh a a

a
a

n A
F

r m

% � ��
�& � �� �� ��� 	

      (4-22) 

and for phase b 

" #
2

2
0

1 1

6 2 4
coh b b

b
b

n A
F

r m

% � ��
�& � �� �� ��� 	

 .     (4-23) 

The parameter �sl according to Eq. 4-8 by means of Eq. 4-21, 4-22, 4-23 

0 0
2

0

ab a b
ab A r

aba b

A r r

rA A
� � � � � .      (4-24) 

The value of r0ab can be set equal to the arithmetic mean of r0a and r0b  

0 0
2

0 0

2

a b
r

a b

r r

r r
� �

�� �
� �
� 	

.        (4-25) 

The parameter �r which is made up by the square of the ratio of a geometric mean to an 

arithmetic mean differs seriously from unity only when the radii are drastically different from 

each other and hence, it is often acceptable to set �r equal to unity. 

The other component of �ab, �A can be evaluated from the parameters that determine the 

intermolecular interactions such as is done in the following section. 

4.1.3 Intermolecular Potential Functions 

In order to determine the parameter �A, the intermolecular forces between molecules or atoms 

have to be evaluated. The fundamental long range physical forces controlling the non-chemical 

interactions among atoms and molecules are of two kinds, the coulombic or the electrostatic 

interactions and those lumped together under the general term of van der Waals forces. The 

coulombic interactions are by far the strongest of the physical interactions. However, they are 

not the most widely encountered type of interaction since they are present only in systems 

containing charged species. 

The universal interaction type which can be encountered between every molecule or pair of 

atoms without the requirements of any particular properties is the van der Waals force. The 

name refers to the Dutch physicist and chemist Johannes Diderik van der Waals who first 

documented these types of forces. This type of interaction includes three separate types of 

atomic or molecular interactions, each of which has its own characteristics, its own theoretical 

basis and its own limitations. They are the Keesom interaction of permanent dipoles, Debye 

induced dipolar interaction and finally, the London dispersion interaction. The first two forces 

are reasonably easy to understand because they are based on relatively straightforward 

electrostatic principles similar to those used for the much stronger coulombic interactions. The 

last one is sometimes less clear because it is quantum mechanical in origin, and quantum 
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mechanics, even in its simplest form, seems to affect adversely the sanity of many who touch 

thereon.  

In the following, the present ideas involved in the three interactions are discussed as simply as 

possible while still conveying the essence of the subject. The intention is to provide an 

understanding of the basis of the interactions leaving the fine points and complications to more 

advanced texts on the subject. 

The discussion will be closed by – treating the intermolecular potentials as being additive – 

linking all of the interaction kinds and using the attraction constants required to go back to the 

formulation of the parameter �ab in Eq. 4-24 explained in 4.1.2. 

 

Permanent Dipole Interaction 

If two polar molecules with dipole moments 
a and 
b approach in a vacuum there will develop 

a dipole-dipole interaction between the ends of the dipoles analogous to the interaction between 

the ends of two magnets. This kind of interaction is known as the interaction due to the 

orientation and thus, the magnitude of the interaction changes all the time depending on the 

relative orientation of the two molecules. The angle-averaged values of the interaction potential 

will never be equal to zero because there will always exist a Boltzmann weighting factor that 

gives priority to some angles or orientations more than to others. That is, those orientations 

which produce lower energy during the interaction will be favored over those with more energy. 

In 1921, Willem Hendrik Keesom [102,103], averaging over all positions, found as a result the 

magnitude of the total energy by orientation effect between two unlike molecules  
2 2

, 6

2

3
a b

abU
kTr


 


� �         (4-26) 

and between like molecules 
4

, 6

2

3
a

aU
kTr




� �         (4-27) 

with 
 as the dipole moment, k the Boltzmann constant (1.3806505*10  Joule/Kelvin or 

8.617343*10  electron-volt/Kelvin), T the temperature and r the intermolecular center-to-

center distance.  

However, the initial Keesom expression in Eq. 4-26 and 4-27 is too large. Israelachvili [90] 

modified the Keesom expression as follows 
2 2

, 6

1

3
a b

abU
kTr


 


� �         (4-28) 

and between like molecules 
4

, 6

1

3
a

aU
kTr




� �         (4-29) 

(compare the initial formulation of �sl by Good et al. in [74,78] with the later improvement in 

[75,77]). 
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Dipole-induced Dipole Interaction 

Debye and Falckenhagen [41,42,53] remarked that the dipoles interaction cannot be the only 

one that exists because this interaction is inversely proportional to the temperature and thus, 

should actually vanish with increasing temperature. But experience shows that the empirical van 

der Waals corrections do not vanish equally rapidly with high temperatures and Debye therefore 

concluded that there has to be, in addition, an interaction independent of temperature.  

Debye suggested an interaction between a polar molecule and a nonpolar one where the force 

field inducing the dipole on the nonpolar molecules arises from the permanent polar molecule. 

Here, the interaction depends on the existence of one single polar molecule. The Debye 

induction effect on the total energy between unlike molecules takes the form 
2 2

, 6
a b b a

ind abU
r

� 
 � 
�
� �        (4-30) 

and between like molecules 
2

, 6

2 a a
ind aU

r

� 

� �         (4-31) 

with � as the polarizability. 

Later, van der Avoird and Hofelich [189] gave the terms in Eq. 4-30 and 4-31 a quantum 

mechanical treatment and found that the correct expression is smaller than the value given 

above. For two molecules of equal polarity and polarizability, the correction factor is 0.5. 

Although the correction factor depends on the relative magnitudes of the polarizability � and 

the dipole moment 
, the above-mentioned correction factor is taken as sufficiently accurate 

and thus 

" #2 2

, 6

0,5 a b b a

ind abU
r

� 
 � 
�
� �       (4-32) 

and 
2

, 6
a a

ind aU
r

� 

� � .        (4-33) 

 

London Dispersion Interaction 

The third interaction type, the London dispersion force—although it does not always make the 

largest contribution to the total van der Waals interaction—is often the most important one due 

to its universal nature, as contrasted to the dipolar and induced-dipolar forces which depend on 

the exact chemical natures of the species involved, and may or may not be significant in a 

particular given case. The London dispersion force is named after the German-American 

physicist Fritz London who published his work on this topic in 1937 [128]. 

The London dispersion interaction is a long range one, may be attractive or repulsive and is 

basically quantum mechanical in its nature because it involves interactions between rapidly 

fluctuating dipoles resulting from the movement of the electron cloud. This electron cloud is not 

always symmetrical with respect to the nucleus. The asymmetric charge distribution produces 
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an instantaneous dipole in the molecule. These very quickly varying dipoles, represented by the 

zero-point motion of a molecule, produce an electric field and act upon the polarizability of the 

other molecule and produce there induced dipoles, which are in interaction with the 

instantaneous dipoles producing them. The total energy coming from this kind of the interaction 

depends on the polarizability �, the frequency � and the intermolecular center-to-center distance 

r and thus, between unlike molecules 

0 0
, 6

0 0

3

4

2

a b a b
disp ab

a b

U h
r

� � � �
� �

� �
�� �

� �
� 	

      (4-34) 

and between like molecules 
2

, 06

3

4
a

disp a aU h
r

�
�� �         (4-35) 

with h as the Planck constant (6.62*10 –34 Js). The multiplication of the characteristic frequency 

� by the Planck constant h is, in all of the cases, nearly equal to the ionization energy I 

[128,151] and thus, between unlike molecules  
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       (4-36) 

and between like molecules 
2

, 6

3

4
a

disp a aU I
r

�
� � .        (4-37) 

Quasi-Continuum Theory with Components of Energy of Interaction 

Combining the dipolar, the dipole-induced dipole and the London interaction, the total energy 

of unlike molecules is given by 

, , ,ab ab ind ab disp abU U U U
� � �       (4-38) 

and between like molecules 

, , ,a a ind a disp aU U U U
� � �  .      (4-39) 

The parameter �sl can be formulated by means of Eq. 4-38 and 4-39 according to Eq. 4-9 or in 

terms of the attraction constants A 

, , ,ab ab ind ab disp abA A A A
� � �        (4-40) 

and 

, , ,a a ind a disp aA A A A
� � � .       (4-41) 

The attraction constant A of each kind of the molecular interaction is listed in Table 4-1 for both 

the interaction between like and unlike molecules. 
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Table 4-1: Attraction constant A derived from the permanent dipole, the dipole-induced dipole and the 

London interaction between unlike ab and like molecules a. 

 ab a 
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Upon employing Eq. 4-21, 4-22 and 4-23 for each type of interactions, the dipolar interaction 

(Eq. 4-28 and 4-29), the induced dipolar interaction (Eq. 4-32 and 4-33) and the London 

interaction (Eq. 4-36 and 4-37) according to Eq. 4-8 or Eq. 4-24, the molecular interaction 

parameter � is 
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Later on, in 1970 [74] , the expression of the parameter � was improved and instead of the 

Lennard-Jones, the Kihara potential [109,110] was employed. Hereby, the molecules are treated 

as shells rather than point centers and instead of using the equilibrium intermolecular center-to-

center distance r0, the equilibrium intermolecular distance between the shells 
0 is employed. 

The quotient of both is between 0.6 and 0.75 

75,0..6,0B
r0

0 /�



.        (4-43) 

Additionally, Pitzer and Donath [156] showed that the ionization energy I should be replaced by 

a somewhat larger number. Thus, following the suggestion of Sinanoglu [174], the ionization 

energy is multiplied by � with � lies between 1 and 2  
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The correction factors or the adjustable parameters B and �’s in Eq. 4-44 are not independent of 

each other. Two sets of the adjustable parameters are given in [74]. However, they are specific 
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for the systems water vs. organic liquids of various degrees of polarity. Since the systems 

investigated can be quite wide-ranging and these adjustable parameters can also well be seen as 

correction factor, the correction as suggested and included in Eq. 4-44 is neglected and instead 

of this equation, the former one (Eq. 4-42) is employed in the following calculations. 

4.2 Solid-Vapour Interfacial Tension of Teflon, Glass and Steel Against 

Carbon Dioxide 

4.2.1 First Attempt 

In order to estimate the magnitude of the solid-vapour interfacial tension �sv of various solid 

surfaces (i.e. Teflon, glass and steel against carbon dioxide) the molecular interaction parameter 

�sl has to be determined first. In the following, the molecular material properties of the 

employed fluids, (i.e. water, ethanol and carbon dioxide) and that of the investigated solid 

materials (i.e. Teflon, glass and steel) are given. These data are used to calculate the molecular 

interaction parameter �sl. Knowing the value �sl for each system (i.e. solid material-water-

carbon dioxide and solid material-ethanol-carbon dioxide) the solid-vapour interfacial tension 

�sv of a solid material against carbon dioxide can be calculated. Two values �sv for each 

material or each system are obtained. They can be compared with each other. The absolute 

condition as a measure for the validity of these values is that both have to be close to each other. 

In turn, the calculated interfacial tensions �sv of the solid materials taken from the system solid 

material- ethanol-carbon dioxide, are put into the following equation 

cos 2 1sv
sl

lv

�
�

�
� � �        (4-45) 

and applied to the system of water with solid material and carbon dioxide. The index l in Eq. 4-

45 denotes the liquid phase, in this case water. The aim is to predict the contact angle of a 

sessile water drop on the solid surface in the presence of carbon dioxide theoretically. 

Later on, the theoretical estimated value of sessile water drop contact angle is compared with 

the measured angle in order to allow a conclusion about the ability of the theory to calculate the 

interfacial tension �sv. This is the sufficient condition which is necessary in order to provide a 

solid-vapour interfacial tension which can be employed in estimating the wettability of a 

system. 
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Molecular Properties of the Employed Materials 

The molecular properties of the studied fluids such as the dipole moment 
, the ionization 

energy I and the polarizability of a molecule � is given below in Table 4-2. 

Table 4-2: Molecular properties of the fluids investigated. 

  
  
  I I  � �  

  [D] [1e-30*Cm] [eV] [1e-18*J] [1e-24*cm3] [1e-40*Cm2/V] 

H2O 1.8546  6.1863 12.6206 2.0193 1.45  1.6133 

Ethanol 1.72  5.7373 10.43 1.6688 5.41  6.0194 

CO2 0  0 13.773 2.2037 2.911  3.2389 

 

The units conversions are as follows: 

1 D = 303.33564 10��  C m�  

1 eV =         191.6 10��  ( )C V or J�  

1 cm3 = 161.11265 10��  2C m

V

�
 

 

The molecular property Y of a phase i which is made up of more than one component, for 

instance when the miscibility between the coexisting phases is not negligible, can be estimated 

by taking the molecular property Y of both components 1 and 2 into account [74] 

1, 1 2, 2i i iY x Y x Y� �         (4-46) 

x is the mole fraction of each component in the phase. This equation is used in estimating the 

molecular properties 
, I and � so that the solubility of carbon dioxide in water and ethanol can 

be considered. For this purpose, the solubility of carbon dioxide in water at 313 K is taken from 

[48]. For other operating conditions, the solubility data is reported in [70,164,169,195,196]. As 

the solubility of carbon dioxide in ethanol, data reported in [54,96,141,183] at 313 K is used 

here. For other operating conditions : [29,30,38,84,115,125,203]. 

As for the molecular properties of the solid materials, it is more complicated because the solid 

materials are often mixtures of more than two components (glass and steel) or even polymers 

(Teflon). In Table 4-3 the assumed material or assumed chemical bond which is important in 

the molecular interaction is listed and the value of each of the molecular properties along with 

the literature source from which the values are taken, are given.  
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Table 4-3: Molecular properties assumed for the solid materials. First attempt. 

 Teflon  Glass  Steel  

 


 [D] 

 

1.2 

 

0.5786 

 

3.88 

 


 [1e-30*Cm] 

 

4 

 

C-F bond 

[78,175]  

1.93 

 

SiO2 

[36]  

12.9423 

 

CrO 

[124] 

 

I [eV] 

 

10.12 

 

11.49 

 

7.7049 

 

I [1e-18*J] 

 

1.6192 

 

 

C2F4 [124]  

1.8384 

 

SiO 

[124]  

1.2328 

 

Mean value 

(mol ratio) 

[124] 

 

� [1e-24*cm3] 

 

3.84 

 

2.8411 

 

8.885 

� 

[1e-40*Cm2/V] 

 

4.2726 

 

 

CF4 [124]  

3.1611 

Lorentz- 

Lorentz 

Relation 

SiO2 [77,78] 

 

9.8859 

 

Mean value 

(mol ratio) 

[124] 

 

Following the suggestion made by Good [78], for the computation of the Teflon interaction 

parameter against liquid �sl, the group moment of C-F bond of 1.2 D [175] is employed, 

whereas for the ionization energy I and the polarizability �, the value of C2F4 and CF4 from 

[124] are used respectively. 

Although glass is made up of a mixture and the mixture of glass material can vary widely, 

initially SiO2 is considered as the main component which actively takes part in the 

intermolecular interaction with the liquid lies on the material. As for the ionization energy, SiO 

is assumed. The data for the polarizability is not always given in the literature. However, this 

property can be estimated by means of the Lorentz-Lorentz relation as recommended by Good 

in [77,78] 

2

2

3 1

4 2A

V n

N n
�

%
� ��

� � ��� 	
        (4-47) 

with V as the molar volume, n the refractive index and NA the Avogadro number 6.02*1023. 

For steel, the dipole moment is taken from CrO. The ionization energy I and the polarizability � 

are mole fraction-averaged value according to Eq. 4-46. The composition of the steel 1.4305 

investigated here is given in 3.2. 

 

Interaction Parameter �sl 

The interaction parameter �sl of six solid material-liquid systems (combination of three solid 

materials and two different liquids) at 313 K and pressures up to 27 MPa is given in Fig. 4-3. 

The pressure dependence of this value is due to the degree of solubility of carbon dioxide in the 

drop phase. The system of a solid material with water has less pressure dependence than a 
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system of a solid material with ethanol. This is as expected because the solubility of carbon 

dioxide in ethanol is far higher than that in water. However, the value is nearly constant over the 

whole pressure range. A larger pressure dependence is seen only in the system of glass with 

ethanol or steel with ethanol. 
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Figure 4-3: The value of the parameter �sl at 313 K. The material properties are taken from tables 4-2 

and 4-3. 

Interfacial Tension �sv 

The molecular interaction parameter �sl calculated in Fig. 4-3 is used to calculate the solid-

vapour interfacial tension �sv of Teflon, glass and steel embedded in carbon dioxide, at 313 K 

according to Eq. 4-12. The contact angle � and the interfacial tension �lv are taken from 2.5.1 

and 3.4. Some of the interfacial tension value �lv at higher pressures are taken from [92,194]. 

The result of the calculation is shown in Fig. 4-4. 

The solid-vapour interfacial tension �sv is a system property which depends only on the nature 

of the solid material and the vapour or the fluid, in which the solid material is put. Therefore, 

calculating the value of this quantity twice by using the parameter �sl obtained from the system 

of a solid material with water and the system of a solid material with ethanol provides a good 

chance to prove the validity of the calculated value �sv. Independence of the liquid used as the 

drop phase, the end results of �sv calculated has to be equal or nearly equal. This is an absolute 

condition which can be used as a criterion for the judgement whether the calculated value is 

right or absolutely wrong, since the value �sv is experimentally not accessible. 
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Figure 4-4: Interfacial tension �sv of Teflon, glass and steel against carbon dioxide at 313 K, calculated 

by means of the parameter �sl  as given in Fig. 4-3. 

According to Fig. 4-4, the interfacial tension �sv falls drastically in gaseous carbon dioxide, but 

at higher pressure, there is no appreciable change in this value. This is as expected due to the 

effect of the pressure on the parameter �sl , the interfacial tension �lv and the contact angle � in 

supercritical carbon dioxide. Neither the interfacial tension �lv (see Chapter 2.5.1) nor the 

contact angle � (see Chapter 3.4) change appreciably in supercritical carbon dioxide and the 

pressure effect on the parameter �sl is also negligible.  

The value �sv of Teflon against carbon dioxide is the same for  both systems (Teflon with water 

and carbon dioxide, and Teflon with ethanol and carbon dioxide) except at 0.1 MPa. At ambient 

pressure, the solid-vapour interfacial tension �sv calculated from the system of Teflon with 

water in carbon dioxide environment is far too high compared with the one obtained from the 

system of Teflon with ethanol embedded in carbon dioxide. The value from the first system is 

around 51.5 mN/m whereas from the second system it is about 21.8 mN/m. As can be seen in 

Table 4-4, the first value is obviously much too high. The second value appears more plausible. 

This erroneous value can be the result of the deviating contact angle of water on Teflon 

measured in 3.4 which is far too low compared with other values reported in the literature (a 

confirmation of this assumption is also given when the calculated and measured contact angles 

are compared such as given in Fig. 4-5). 
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Table 4-4: In the literature reported data of the interfacial tension �sv of Teflon at ambient condition. 

 

Authors 

 

Year 

 

Source sv

mN

m
� ' (

) *+ ,
 

Good & Girifalco 1960 [72] 28 

Zisman  1963 [207] 18 

Good 1964 [78] 24 

Fowkes 1964 [57] 19.5 

Owens & Wendt 1969 [149] 19.1 

Rabel 1971 [159] 18.5 

Kudra 1995 [117] 22.27 

Janczuk 1999 [94] 20.24 

Klante 2002 [112] 23.4 

 

A good agreement between the value �sv obtained from the system of steel with water drop in 

carbon dioxide and the system of steel with ethanol in carbon dioxide can be observed in Fig. 

4-4. Unfortunately, the solid-vapour interfacial tension �sv of glass against carbon dioxide 

obtained from water and ethanol systems are not in good agreement. The discrepancy is quite 

large, as can be seen in Fig. 4-4. 

Hereby, using the solid material properties assumed in Table 4-3, by means of the absolute 

condition mentioned above, i.e. the interfacial tension �sv should be a system property 

independent of the liquid used as the drop phase, it can be said that most likely, the solid-vapour 

interfacial tension �sv found in Fig. 4-4 for the system of Teflon and carbon dioxide, and the 

system of steel and carbon dioxide is correct whereas for glass, the solid material properties still 

have to be reviewed. 

 

Calculated and Experimental Measured Contact Angle � 

Beside the afore-mentioned absolute condition for the validity of the estimated solid-vapour 

interfacial tension �sv, another sufficient condition should also be fulfilled. The sufficient 

condition is related to the applicability of the value �sv to be employed for the prediction of the 

wetting behaviour of a particular liquid rests on the given solid surface surrounded by the fluid. 

This is performed as follows. The value �sv obtained from the system of solid material with 

ethanol drop in carbon dioxide is employed to predict the contact angle of the sessile water drop 

on the particular solid materials. The interaction parameter of each system is taken from Fig. 

4-3. The estimated contact angle on each solid material is compared with the measured values 

(Chapter 3.4), as shown in Fig. 4-5. If the measured and calculated values are exactly the same, 

the points should be located exactly on the line x = y (diagonal bold line). The dashed lines 

show a discrepancy of 100 1 between the measured and calculated values. This deviation is very 

reasonable regarding the contact angle hysteresis and the poor reproducibility of the contact 
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angle in the experiments. However, this kind of comparison can only be performed up to 6 MPa 

for each system because above this pressure, ethanol and carbon dioxide become one phase.  
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Figure 4-5: Comparison between the calculated and the measured water contact angle on Teflon, glass 

and steel against carbon dioxide at 313 K using the parameter �sl (Fig. 4-3) and the interfacial value 

�sv (Fig. 4-4) obtained from the three systems of  solid material with ethanol in carbon dioxide. 

If the theory applied is formulated accurately enough and the value of the material properties in 

Table 4-2, especially for the solid materials in Table 4-3, are precisely chosen, then the points 

should be located close to the bold line. Points falling between the dashed lines show a good 

agreement between the measured and the calculated values whereas which are far outside the 

dashed lines show a poor agreement between the experimental and the theoretical values. 

As can be seen in Fig. 4-5, all three contact angles of water drop on steel lie in the limit given 

which means the agreement between the measured and the calculated values is very good. The 

same can be said for the results of the calculated contact angle values on Teflon. Except at 

0.1 MPa (the most-left point), the accuracy of the estimated contact angles is within 10°. The 

measured contact angle of water on Teflon surrounded by carbon dioxide at 313 K and 0.1 MPa 

is equal to 75° whereas the calculated value is 101°. As has been explained in Chapter 3.4, the 

experimental value is quite different from the reported value in the literature. Wesch [194] and 

Klante [112] measured a sessile water drop angle of around 110° on a Teflon surface at the 

conditions mentioned above. And this value is obviously much nearer to the calculated value of 

101° than to the experimental one. That means, due to an unknown reason and although the 

measurements were repeated several times, the experimental value is far below the one reported 

in the literature. 

The result on the glass surface is, as expected, far outside the range given.  
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4.2.2 Subsequent Improvements 

The molecular properties used to characterize the glass surface as suggested in Table 4-3 are not 

sufficient to describe the intermolecular interaction between the solid surface and the liquid on 

it. That is why, cautious evaluation and subsequent improvement are required.  

As commonly known, glass is a mixture of several components. According to Zachariasen 

[190], the cations which form glass can be divided into network-former and network-modifier. 

Silicon (S), boron (B), germanium (Ge), phosphorus (P) and arsenic (As) belong to the network-

former whereas the oxides of alkali metals and alkaline earth metals such as sodium (Na), 

potassium (K), calcium (Ca) and barium (Ba) belong to the network-modifier [62,154,161]. 

Normally, SiO2 is taken to describe glass chemically. Apparently, this component does not play 

a major role in the dipolar interaction with the liquid (water and ethanol) rests on it. For the 

computation, barium oxide (BaO) is assumed as the component which actively takes part in the 

intermolecular interaction with the liquid which lies on the glass surface. The dipole moment of 

BaO (7.954 D) is used to substitute the initial value of SiO2 (0.5786 D). The ionization energy 

and the polarizability remain the same as listed in Table 4-2.  

Since the model used is highly polar, it is assumed that glass only interact with water and 

ethanol. Carbon dioxide is not polar at all and thus, the existence of carbon dioxide in the drop 

phase does not have to be taken into account in evaluating the intermolecular interaction 

between the drop phase and the solid material.  
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Figure 4-6: Interfacial tension �sv of glass at 313 K, calculated by means of BaO dipole moment value. 

Neglecting the solubility of carbon dioxide in the drop phase, the interaction parameter �sl of 

glass and ethanol becomes 0.49 whereas for the system of glass with water 0.895. Since the 
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miscibility between the phases is considered as negligible, the parameter �sl depends solely on 

the temperature, not on the pressure. The interfacial tension of glass �sv calculated by means of 

the new interaction parameter values is given in Fig. 4-6. Apparently, the absolute condition for 

the validity of the value of �sv is quite well fulfilled. A larger discrepancy between both values 

of �sv is seen only at 6 MPa. 
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Figure 4-7: Comparison between the calculated and the measured water contact angle on Teflon, glass 

and steel against carbon dioxide at 313 K using the interfacial value �sv (Fig. 4-6) obtained from the 

system of ethanol with solid material in carbon dioxide. 

The excellence and applicability of the calculated value of �sv is confirmed by comparing the 

calculated and measured sessile water drop contact angle on the glass surface as shown in Fig. 

4-7. Here, the calculated and measured sessile water drop contact angles on all of the three 

materials against carbon dioxide are presented for the sake of completeness. The complete data 

of the calculated values of �sl , �sv and �sl for all the systems (the combination of Teflon, steel 

and glass with water and ethanol against carbon dioxide) at temperatures up to 373 K is given in 

appendix (Ch. 11). 

Finally, it can be concluded that the Quasi-continuum theory can be applied to estimate the 

molecular interaction parameter �sl in order to estimate the magnitude of the solid-vapour 

interfacial tension �sv. However, extra attention has to be paid in choosing the molecular 

properties, the dipole moment 
, the ionization energy I and the polarizability � if the obtained 

interfacial tension �sv is to be as accurate as possible. 
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4.3 Some Remarks 

Beside the theory explained in details above, there are some other scientists who worked in the 

surface chemistry field and tried to formulate an appropriate theory which allows an access to 

the interfacial tension �sv. Some to be mention are Zisman, Fowkes, Owens, Wendt and Rabel.  

Fowkes’ first report on the solid interfacial tension (he called it boundary energy of solid) is 

given in 1952 [59]. Later, he explained his idea about the additivity of the intermolecular forces 

at interfaces [56,58] which led to the determination of interfacial tensions, contact angles and 

also dispersion forces. Fowkes tried to estimate the magnitude of the solid interfacial tension by 

dividing the interfacial tension itself into two parts, the part due to the dispersion force and the 

part due to other interactions [57], also referred to as the rest part. The other interactions which 

are lumped together under the name ”rest part” depend on the nature of the components 

involved. In addition to the dispersion force, the rest part can consist of the hydrogen bond, the 

metallic bond and dipole interactions [56]. The categorization into dispersion and rest part is 

determined according to the interatomic forces between the coexisting phases very similar to the 

basic idea of Good and Girifalco. However, in his work, Fowkes did not emphasize the 

theoretical derivation such as Good but paid more attention to the empirical method. 

Nevertheless, mathematically seen, the empirical method of Fowkes assumed that Good’s 

interaction parameter �sl is equal to unity. Fowkes tried to isolate and measure the dispersion 

interfacial tension of mercury, water and of some low energy surfaces such as Teflon, 

polystyrene, polyethylene [55,57].  

Following the idea of Fowkes, Owens and Wendt [149] resolved the interfacial tension into 

contributions from dispersion and dipole-hydrogen bonding force whereas Rabel [159] 

suggested splitting the interfacial tension into polar and nonpolar contribution. All of the afore-

mentioned theories are very similar. 

Zisman and his coworkers tried to plot the liquid-vapour interfacial tension �lv directly against 

the cosine of the contact angle � [60]. For homologous series of liquids on a given solid they 

found that the plot is generally a straight line and this led to the development of the concept of 

critical surface tension of wetting �c [207,208]. This empirical quantity is defined by the 

intercept of the horizontal line cos � = 1 with the straight line plot of cos �  vs. �lv. Finally, the 

conclusion is made that aqueous solutions will spread on a low-energy surface when the 

interfacial tension �lv is less than the value �c of the solid. This quantity is used as a solid 

surface characterizing parameter. 

The method of Zisman has less importance, since it is known, that the correlation between the 

interfacial tension �lv and the cosine of the contact angle � is more comprehensive than the 

mere linear correlation. That is why, the plot suggested by Zisman et al. does not always deliver 

one single straight-line [207,208]. When rectilinear bands are obtained, the intercept of the 

lower limb of the band at cos � = 1 is chosen as the critical interfacial tension �c of the solid. 
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Moreover, in order to obtain the critical interfacial tension �c, a wide extrapolation of the 

plotted line is sometimes required [207]. And as commonly known, a wide extrapolation leads 

generally to a greater uncertainty in the result.  

In the literature, there is also the acid-base theory based on the Lifschitz theory. This theory is a 

very chemical one and the discussion of this theory here is beyond the scope of this work. 
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5 Liquid Rivulet Geometry 
The question is not what you look at, but what you see. 

Henry David Thoreau 

5.1 Introduction 

In many chemical engineering processes, falling film apparatus is used to gain higher 

effectiveness regarding heat as well as mass transfer. Vertical condensers [139,166,167], 

horizontal-tube [68] and falling film evaporators [9,119,134] are some of the kinds of apparatus 

to be mentioned. They make use of the advantage of the wide covering falling film to optimize 

the heat exchange between the coexistence phases. Usually these kinds of apparatus are 

operated under ambient pressure condition. Examples of kinds of falling film apparatus which 

are operated at high pressure conditions using dense gases are wetted-wall absorbers and packed 

extraction columns. In many packed extraction columns, the benefit of the large exchange area 

of the falling film is combined with the advantage attained by using supercritical fluid, which is 

an alternative to conventional extraction using liquid organic solvents. Supercritical Fluid 

Extraction (SFE), which is of great interest for industrial use, is applied in many separation 

processes. Some examples of SFE performed in falling film extraction columns are the 

separation of free fatty acids from vegetable oil [206], decaffeination of high concentrated 

coffee solution by means of supercritical carbon dioxide [131], extraction of germ oil [199] and 

fractional extraction of paprika [3]. 

When discussing the falling film, one might imagine a wide-covering, continuous, thin film 

which flows down a vertical flat surface, driven by the gravitational force, and bounded by two 

other phases, the solid phase, on which the film flows, and the adjacent continuous phase. A 

rivulet, on the other hand, is a narrow stream of a liquid flowing down a solid surface, and is 

believed to be the unstable form of a wide covering falling film [106,187]. In contrast to the 

falling film, the thickness and the width of a rivulet are of the same magnitude [106]. This sharp 

distinction is not made for various reasons and both are investigated in this work. The first 

reason is regarding the availability of the apparatus for the falling film investigation. Due to the 

fact that the experiments are performed in a high pressure view cell under the presence of a 

dense fluid, the dimension of the produced liquid sheet is limited by the inner volume of the 

pressure chamber itself. Furthermore, in order to produce a wide covering film, a special 

distribution device is required, such as a distribution plate, which has the function of spreading 

the film phase properly onto the vertical solid. A bad covering of the solid surface area can be 

caused by fluid dynamics, system properties and bad wetting characteristics. However, this can 

also be triggered by a distribution device which is not properly designed. In order to concentrate 

on the most important issues and to avoid erroneous results due to the apparatus construction, 
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no special distribution device is included in the view cell used in this work. Thus, although the 

width of the liquid sheets formed in the experiments is nearly always larger than its thickness, 

(except in cases where the wettability is very low) it is also limited. 

In contrast to the idea, which states that rivulets are the unstable form of the falling film, the 

reverse can also be seen as follows. A rivulet is the unit which forms a wide covering falling 

film. In order to attain adequate knowledge about the falling film, it is recommended to go back 

one step and to start with the single, smaller unit, i.e. the rivulet. This is the second reason for 

including rivulets in this work. And as is mentioned before, the investigation of a large falling 

film is done through studying a narrower sheet of liquid.    

Even though attempts have been made to optimize chemical engineering processes by 

combining the geometry of falling film with the benefit of the advantageous material properties 

of supercritical fluid [86], the result attained is still not as expected [14]. Although the reasons 

have not yet been clarified completely, some of the possible causes can lie in the large axial 

back-mixing, the instability of falling film [200], where, instead of a large covering film, 

rivulets and drops are formed, and the wetting characteristics. The latter aspects regarding the 

instability and the wettability of liquid films or rivulets are the main topics of this chapter. 

In the past, there has been little consideration of wetting characteristics as one factor which can 

lower the effectiveness of a chemical engineering process. In fact, using the Nusselt film 

condensation theory [146], the dimension of the film is predicted according to the 

hydrodynamics and the liquid properties [24,39,108,138,139,179]. This can be done if the 

whole available exchange area is covered perfectly by the film phase. Or in other words, the 

amount of liquid poured onto the solid surface is sufficient to produce a wide covering film.  

As is known from the study described in Chapter 3, wetting characteristics are system 

properties, which means, they depend on the three phases which coexist and interact with each 

other. That is why, here, another approach is made in order to reach a better understanding of 

the fluid dynamics and wetting characteristics of falling film in the presence of gaseous and 

supercritical carbon dioxide.  

The dimensions of the rivulet, which are obtained through experiments performed in this work, 

are used to find a universal parameter, which characterises the wettability of a system 

quantitatively, and in turn, allows a direct comparison between systems regarding their wetting 

characteristics. This universal parameter gained from the rivulet wetting characteristics study 

can be compared with the contact angle of a sessile drop reported in Chapter 3. Finally, a 

stability study of the rivulet is reported at the end of this chapter. 

In Chapter 6 and 8 the fluid dynamics study is described for falling film surrounded by 

pressurized fluid. In contrast to the theories of the afore-mentioned authors, the rivulet fluid 

dynamics study in Chapter 7 is based on the wetting ability finding which is discussed in 

Chapter 5. Generally a wide-covering film thickness prediction is also made based on the fluid 

dynamics found in Chapter 6. Also in the last chapter, the extent of the shear stress exerted on 

the rivulet and the falling film is reported. 
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5.2 Experimental Setup 

 
Figure 5-1: View cell with windows at three of its sides, used in the falling film experiments.  

The experiments are performed in a pressure-resistant view cell made of stainless steel 1.4980 

which is designed for a maximum temperature of 400 K and a maximum pressure of 50 MPa 

(see Fig. 5-1). The view cell used has a volume of  350 ml. The inner diameter is 40 mm and the 

effective height is approximately 160 mm. This view cell has glass windows on three of its 

sides which allow viewing into the pressure chamber while the experiment proceeds. The 

window has a length of 99 mm and a width of 18 mm.  

At the beginning, the liquid, which is used as the film phase, is stored in a high pressure vessel 

made of stainless steel 1.4571. This liquid storage vessel is also designed for a maximum 

temperature of 400 K and a maximum pressure of 50 MPa. 

A circulation pump can be used for saturation purposes if film phase presaturation by the fluid 

is desired (see saturation unit in Fig. 5-2). The circulation pump has the task of intensifying the 

contact between the liquid and the fluid phase in the storage vessel and, in this way, it enhances 

the dissolution of the fluid into the liquid phase until equilibrium is reached. 
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Figure 5-2: Falling film experimental setup.  

To start with, the liquid in the storage vessel is introduced into the view cell by means of a 

pump. The liquid flows through a stainless steel capillary, whose outer diameter is 1/16”. This 

capillary leans on a vertical surface in the view cell. The liquid covers the vertical solid surface 

and in this way forms a rivulet, which is driven down the surface by gravitational force. The 

solid surface placed in the view cell has the dimension 115*15 mm2 and is fixed in a solid 

surface holder made of stainless steel as can be seen in Fig. 5-3.  

 
Figure 5-3: Solid surface holder in the view cell used in the experiments. 

A buffer vessel, which is on the right hand side of the view cell, is used to avoid a large pressure 

drop in the view cell when liquid is released. A large, sudden pressure drop in the view cell 

damages the o-rings used for sealing purpose. 

While the experiments proceed, images of the rivulet can be taken from two sides, the front as 

well as the side view. The recording of the images is not started until a steady flow of the liquid 
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is reached. For the dimension-measurement purpose later, the image taken is magnified. A 

larger picture is obtained, but as a consequence of the magnification, the recording area 

becomes smaller. The magnification used in the recording is a compromise. The picture taken 

has to be large enough that the dimensions, i.e. the thickness and the width of the film, can still 

be seen clearly, and they can later be measured by means of image processing software. At the 

same time, the recording area has to be large enough to get a representative average value of 

these dimensions. The magnification chosen for the film thickness allows an entire 

measurement length of 6 mm. For the width measurement, a length of 35 mm is available. The 

area recorded for the width measurement starts at a point 16 mm below the liquid inlet whereas 

for the thickness, the liquid flows 45 mm before the image is taken. As the picture taken is 

magnified, a reference scale is required to convert the dimensions back to the real sizes. The 

outer diameter of the stainless steel capillary, through which the liquid flows into the view cell, 

is one alternative for this purpose. Another possibility is to use a capillary installed at the 

bottom of the view cell (see Fig. 5-4, 2.a-2.e.).  

In the experiments, the width and the thickness of water rivulet on steel (1.4305) as well as 

glass surfaces are measured. Pure water and water, which is presaturated with carbon dioxide, 

are used. The experiments are performed in dense carbon dioxide at 313 K, up to 27 MPa. The 

liquid phase flow rate varies up to 9 g/min.  
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5.3 Qualitative Results 

 
Figure 5-4: Water rivulet on solid surfaces   

The images of the rivulet taken from the front side are shown in Fig. 5-4. As can be seen in the 

figure, the water rivulet does not always take the shortest path between two points on a vertical 

surface. Instead of flowing straight down the solid surface, it rather forms a sinuously structured 

path called a meander [34,105,107]. 

The difference in wetting can be seen qualitatively. For example on the steel surface, the water 

rivulet at 9 g/min and 0.1 MPa is wider than that at 15 MPa. A qualitative difference can also be 

observed when a glass surface is employed. At a flow rate of 3.6 g/min, the rivulet at 12 MPa 

appears wider than those at 3 and 6 MPa. The explanation for these different wetting 

characteristics lies in the operating conditions such as temperature, pressure and liquid mass 

flow, as well as in the wettability of the investigated system. More on this topic and the 

dimension measurement results can be found in 5.4, 5.6 and 5.7. 
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Due to the fact that the width of the rivulet is not constant as it flows down the vertical surface, 

it is averaged by dividing the whole wetting area by the length of the wetting path. 

The qualitative form of the rivulet surface seen from the side projection is shown in Fig. 5-5. In 

general, the surface is not even, it is rather wavy [192]. The waviness depends on the operating 

conditions and the flow conditions of the rivulet as well as the continuous phase. According to 

the observation made in the experiments, at a constant liquid flow rate, the degree of rivulet-

surface waviness increases with increasing pressure (Fig. 5-5 a-d) until a point is reached, where 

the whole rivulet becomes unstable. It breaks into drops which slide down the surface (Fig. 5-5 

e). This is in line with the finding made by Kerst [108]. Moreover, Stockfleth [180] and Kerst 

found that, at a constant pressure, the waviness is intensified by an increase in the mass flow. 

When, for instance at 7 MPa, the mass flow is increased from 300 g/h up to 5000 g/h (this is an 

increase of approximately 5 g/min to 83 g/min), the initial flat film becomes not only wavy but 

the liquid also loosens itself from the surface [108]. There is a mixture of falling film on the 

vertical surface and liquid drops sprayed in the pressure chamber.  

 
Figure 5-5: Rivulet surface seen from the side view. 

This phenomenon can be explained as follows. On the one hand, the high mass flow of the 

liquid phase on the vertical wall ensures that there is always enough liquid on the vertical 

surface. However, on the other hand, the higher the mass flow is, the larger is the impulse 

inserted into the system. This impulse turns out to be a kind of form-destructing force which 

causes perturbation at the film surface and, when it is large enough, it splashes liquid into drops. 

Since the maximum liquid mass flow in this work is just one-tenth of that applied by Kerst, the 

influence of the mass flow at the film surface is contrariwise. Increasing the mass flow up to 

maximal 9 g/min weakens the waviness. An increase in the mass flow means that additional 

liquid is poured onto the surface. The velocity becomes larger due to the higher mass flow but at 

the same time, the inserted impulse is not large enough yet to perturb the film surface. A more 

even rivulet surface is reached when the liquid mass flow is increased. 
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Figure 5-6:  Measured water rivulet thickness on steel and glass surfaces at 313 K up to 27 MPa. 

To obtain representative results, the dimensions of the rivulet, i.e. its width and thickness, are 

averaged across the whole recorded measurement length. The measured zone for thickness is 

6 mm, whereas for the width, this zone is 35 mm. The thickness of water rivulet on steel and 

glass surfaces in dense carbon dioxide at 313 K is shown in Fig. 5-6. As shown in Chapter 3, in 

pressurized carbon dioxide, water wets glass better than steel. That is why higher water mass 

flow is required to form a stable rivulet on a steel surface. The maximum water mass flow 

applied on the glass surface is 3.6 g/min. This is the lowest water mass flow given on the steel 

surface. At this flow rate, a water rivulet on the steel surface remains stable only in gaseous 

carbon dioxide. As soon as carbon dioxide becomes supercritical, the water rivulet disintegrates 

into drops.  

In Fig. 5-6 the rivulet thickness measurement results on both surfaces at two different mass 

flows are shown. The water rivulet on the steel is much thicker than on the glass. On the one 

hand, this might be the result of the higher mass flow on the steel surface, but on the other hand, 

the poorer water wettability on steel surfaces can also be responsible for the thicker rivulet. 

As might be expected, a higher rate of flow causes not only a faster flowing rivulet, but also an 

increase in its thickness. This can be seen on both surfaces.  

The dependence of rivulet thickness on the pressure at a constant mass flow can be explained by 

means of the wetting characteristics (as will be done later) and the fluid dynamics. From fluid 

dynamics point of view, the density changes play an important role. The density of the liquid 

phase remains nearly the same as pressure increases. In contrast, at 313 K gaseous carbon 

dioxide becomes supercritical as soon as the critical pressure 7.4 MPa is exceeded. The 

transition to supercritical carbon dioxide causes a large rise in the density, so that the density 

difference between the phases becomes smaller as the pressure increases. This has the 
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consequence that the rivulet flows more slowly and becomes thicker. At 27 MPa, the rivulet on 

steel is twice as thick as the one at ambient pressure. On glass, the same pressure rise creates a 

rivulet which is approximately eight times thicker.  

In order to gain a complete picture of the change in the wettability and thus, the dependence of 

the rivulet shape on the afore-mentioned factors, the width is also measured. 
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Figure 5-7:  Measured width of water rivulet on steel and glass surfaces at 313 K up to 27 MPa. 

As can be seen in Fig. 5-7, the rivulet width on the steel surface remains nearly the same in the 

whole pressure range. A rise in the mass flow from 6 g/min to 9 g/min does not change the 

width noticeably. Except at ambient pressure, the rivulet width on the steel surface varies from 

1.2 mm to 1.4 mm. 

In contrast, the width of water rivulet on the glass surface changes appreciably with the 

pressure. In gaseous carbon dioxide the rivulet becomes narrower as pressure increases until it 

reaches a minimum before the rivulet becomes wider with increasing pressure in the 

supercritical carbon dioxide. The width of the rivulet on the glass surface varies between 

1.5 mm and 2.7 mm. A mass flow increase from 1.45 g/min to 2 g/min does not have a great 

impact on the wetting width. 

Conclusions can be drawn based on the rivulet thickness and width measurement results on a 

steel surface as shown in Fig. 5-6 and 5-7. Qualitatively, it is easy to conclude that the 

wettability of a water rivulet on the steel surface becomes poorer at higher pressure. On the 

contrary, the conclusion on the wettability of a water rivulet on the glass surface is not that 

simple, because, although the thickness also increases with increasing pressure, the width of the 

rivulet does not change uniformly as pressure changes. In order to combine both dimensions 

and thus make a clear statement about the wettability of a liquid on a particular solid at given 

conditions, a universal parameter is required.  
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5.5 Theory on Rivulet-wetting Angle 

 
Figure 5-8:  (a) The rivulet. (b) The rivulet cut perpendicular to its flow direction. (c) Enlarged view of 

cross-section of rivulet. 

In order to obtain a universal parameter, which characterizes the wetting of a liquid on a vertical 

solid, the rivulet is, theoretically, cut perpendicular to its flow direction, as can be seen in Fig. 

5-8(a). Adapting the idea of the sessile drop contact angle, a wetting angle �0 exists. The symbol 

�0 with index 0 is used here to distinguish rivulet-wetting angle from the sessile drop contact 

angle. Furthermore, in Chapter 7, � characterizes the polar coordinate. This wetting angle 

cannot be measured directly. 

If a circle with the radius R is cut horizontally at a particular point in y-axis (see Fig. 5-9(a)), a 

slice of circular segment is attained. The cross-section of the theoretically cut rivulet in Fig. 

5-8(a) and (b) is assumed to have the shape of this circular segment slice (5-8(c)). The liquid-

solid contact line (or the x-axis in Fig. 5-9(b) and (c)) and the tangent at the three-phase-contact-

point between the solid, the continuous and the rivulet phase (see Fig. 5-8(b)) forms the rivulet-

wetting angle. As can be seen in Fig. 5-9(a), this wetting angle ranges between 0° and 180°. The 

wetting angle is 0° if there is a total wetting. The opposite of this, is the non-wetting case, i.e. 

when the rivulet cross-section is a perfect circle. The wetting angle is 180°. 
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Figure 5-9:  Assuming the cross-section of the rivulet to be a circular segment (a), the wetting angle 

can be less (b) or larger than 90° (c). 

By means of the measured rivulet dimensions, the thickness �f and half of the rivulet width b, 

the wetting angle can be estimated with the help of the circle geometry in Fig. 5-9(b) 
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if the angle is less than or equal 90° (generally, the index f refers to the film phase, which covers 

the vertical surface, regardless of the stage of covering, whether a rivulet or a wide film is 

formed on the solid surface). If the wetting angle is larger than 90° (Fig. 5-9(c)),  
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For the sake of completeness, the radius of the circle can be calculated according to Eq. 5-4  
2 2

2

f

f

b
R

�
�
�

�         (5-4) 

if the wetting angle is less than 90°. In a case where the wetting angle is equal to or larger than 

90°, the radius of the circle is half of the rivulet width due to the fact that the measured rivulet 

width is the projection of the maximum width (see Fig. 5-9(c)). 
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Figure 5-10:  Pure sessile water drop contact angle and rivulet-wetting angle on a steel surface at 

313 K. 

In Fig. 5-10 the sessile water drop contact angle and the rivulet-wetting angle on a steel surface 

at 313 K are shown in terms of their dependency on the pressure. In general, the water rivulet 

does not wet the steel very well. The wetting angle increases from 50° at ambient pressure up to 

nearly 110° at 27 MPa.   

 

 
Figure 5-11: The change of rivulet cross-section shape due to spreading 

In accordance with the sessile drop contact angle, the water rivulet wets the vertical steel 

surface less well as carbon dioxide pressure increases. A rise in the mass flow from 6 g/min to 

9 g/min has the same effect on the wetting angle. In gaseous carbon dioxide, the increase in the 

wetting angle due to the increase in the mass flow is negligible. However, in supercritical 

carbon dioxide, this causes a wetting angle rise of about 15°. This clearly means, that through 

the increase in the mass flow, the extra amount of water added onto the vertical surface does not 
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spontaneously distribute itself sideways. It accumulates rather in thickness in the y-axis 

direction (see Fig. 5-8(c) and  5-9(b)) and results in a larger wetting angle.  

The shape of the rivulet is held stable by the liquid interfacial tension �lv which acts around the 

circumference adjacent to the continuous phase. As long as the force provided by this interfacial 

tension is large enough, the increase in the mass flow causes a thicker rivulet with a larger 

wetting angle. When the mechanical equilibrium point is exceeded, the whole shape breaks. The 

collapse of the rivulet shape can be related to two aspects. The first factor is related to the 

impulse introduced by the pump. As the liquid mass flow increases, the impulse inserted into 

the system increases as well. In turn, this impulse acts as a form-destructing force and disturbs 

the whole rivulet in that way, so that the spreading is enhanced. Inherently, spreading itself– 

seen from the force point of view–is advantageous.   

The spreading of a rivulet sideways gives a rise in the circumference, around which the liquid 

interfacial tension �lv acts (see Fig. 5-11). As a result, the total force which holds the whole 

geometry of the rivulet stable, increases as well. The spreading of the rivulet sideways can be 

seen as an alternative offered by the natural law, to change the rivulet shape to a more 

advantageous one and, thereby, to provide the required, higher force to maintain the stability of 

the whole geometry. In Fig. 5-11 the alteration of the rivulet cross-section through spreading is 

shown. For example, a drop in the wetting angle from 80° to just half, that is 40°, delivers–at a 

same cross-sectional area–a circle equivalent radius which is 2.5 times larger than the former 

one. Here, it is strictly assumed that the spreading does not bring any change in the cross-

sectional area. In fact, it is conceivable that, through an increase in the mass flow, the cross-

sectional area also becomes larger.  

The spreading as shown in Fig. 5-11 gives a 22% increase in the circumference which also 

means a 22% additional force is available to hold the geometry stable. This is the second 

explanation for the spreading of the rivulet when mass flow increases.  

Conversely, a decrease in the mass flow results in a smaller wetting angle, which means a better 

wetting behaviour. However, a consistent decrease in the mass flow ends in rivulet instability, 

such as discussed in 5.7.  

The water rivulet-wetting angle on a glass surface at 313 K can be seen in Fig. 5-12. Here the 

wetting angle of the water rivulet at 1 g/min, 2 g/min and 3.1 g/min is compared with the sessile 

drop contact angle. On steel as well as glass surfaces, the sessile drop contact angle presents the 

upper limit of the possible angle value of the rivulet, so that, by rule of thumb, when respective 

data of the rivulet-wetting angle is not available, the contact angle of a sessile drop can be 

applied. And thus, one is at the safe side because according to the measurement results in Fig. 

5-10 and 5-12, the rivulet-wetting angle is always smaller than the sessile drop contact angle. 

The difference ranges between 10° and 20°. 

The explanation for the better wetting characteristics of rivulets compared with the sessile drops 

can be found in the dynamics involved. In the case of rivulets, liquid is pumped onto the vertical 

surface. It flows with a certain initial velocity, which is accelerated by the gravitational force 
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and decelerated by buoyancy, wall friction and shear stress exerted by the continuous phase (the 

existence of the shear stress depends on the material properties of the continuous phase and the 

velocity of the liquid phase). Although in a steady state, the liquid rivulet or liquid film is not 

accelerated anymore, it still contains a finite impulse which enhances the wetting on the vertical 

surface. The friction on the vertical wall helps the liquid to spread on the surface as well. This 

kind of impulse and the wall friction effect do not exist when a drop rests on a horizontal 

surface. 
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Figure 5-12:  Sessile drop contact angle and pure water rivulet-wetting angle on a glass surface at 

313 K. 

In general, the rise of the rivulet-wetting angle on the glass surface due to the rise in the applied 

mass flow range is not appreciable. The wetting angle on the glass surface increases from 10° at 

ambient pressure up to nearly 70° at 27 MPa. Besides the wetting characteristics which 

becomes worse as the pressure increases, the fluid dynamics play also a major role. The density 

difference becomes smaller as pressure increases, and as a consequence, a water rivulet flows 

more slowly. The accumulation of the liquid can be seen in the wetting angle which becomes 

larger.  

In accordance to the finding made on the sessile drop contact angle, a water rivulet can wet 

glass better than it can the steel surface. At the same operating conditions (but different water 

rate of flow), the wetting angle of the water rivulet on a glass surface varies between 10° and 

70°, whereas on steel surface, the angle is larger. It is between 50° and 110° (Fig. 5-10). 

The wetting angle results of the carbon dioxide presaturated water on steel and glass surfaces 

can be seen in Fig. 5-13. The presaturation does not affect the wetting characteristics markedly. 

The angle difference due to the presaturation varies between 1° and 5°. This discrepancy can 

also be caused by the errors occuring in the measurement. 
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Figure 5-13: With carbon dioxide presaturated water rivulet-wetting angle on steel and glass surfaces 

at 313 K.  

5.7 Rivulet Instability 

As has been discussed before, a decrease in the rivulet phase mass flow enhances the wetting on 

both surfaces. However, one runs the risk of rivulet instability if the mass flow is decreased 

consistently.  

If the amount of the rivulet phase poured onto the vertical solid is not sufficient to guarantee a 

homogenous, wide covering rivulet, this liquid accumulates and stagnates at certain points on 

the wall for a short period of time. When the gravitational force required to draw the liquid 

down the vertical surface is great enough, the deformed drops, which resemble a nose shape, 

slide down the solid surface (see Fig. 5-4, 1.d, 2.e). At this point, the gravitational force has 

exceeded the forces which prevent the liquid from flowing, i.e. the buoyancy, the wall friction, 

the shear stress exerted on the rivulet surface and the liquid interfacial tension.  

At the beginning, there are both an unsteady flowing rivulet and liquid drops. A further decrease 

in the mass flow increases the unsteadiness of the rivulet flow and in this way enhances drop 

formation until only single drops slide down the vertical surface. 

The measurement results of the minimum mass flow needed to guarantee a stable flowing water 

rivulet on steel and glass surfaces are shown in Fig. 5-14. Generally, the minimum amount of 

water or liquid needed to build a uniform rivulet becomes larger as the pressure increases. This 

is due to the fall in the density difference between the phases. 

The good wetting characteristics of glass in comparison to steel can also be seen in the 

minimum liquid amount needed to form a rivulet. Less liquid is required to form a rivulet on a 

glass surface than on a steel surface. 
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Figure 5-14: Critical mass flow of water rivulet on the steel and glass surfaces at 313 K. 

Although water has a relatively high liquid interfacial tension, the wetting on the glass surface 

under pressurized carbon dioxide is excellent. In Fig. 5-14 the beginning of water rivulet 

disintegration on a glass surface is shown. On this surface, the water rivulet breaks up at 

1.5 g/min at 313 K and 27 MPa. The wetting at ambient pressure is so good, that there is no 

disintegration down to a mass flow of nearly 0.05 g/min. As a result of the presaturation with 

carbon dioxide, more liquid is needed to avoid instability. 

The bar diagram for a steel surface in Fig. 5-14 shows the transition zone of the rivulet regime 

to the drop regime. Above the bars the rivulet regime prevails, whereas below the bars there will 

be only single drops sliding down the vertical surface. Here the bars separate the rivulet and the 

drop regimes. The bar itself represents the transition zone where a mixture of both is expected.  

On the steel surface, at ambient pressure and 313 K, a water rivulet becomes unstable at 

1 g/min, whereas at 27 MPa the instability already begins at 8 g/min. According to the bar 

diagram shown in Fig. 5-14 water presaturation causes unexpectedly a better wetting on the 

steel surface. The amount of water needed to guarantee a stable rivulet becomes less. The 

explanation for this phenomenon might be found in the molecular interaction between the 

phases: water, carbon dioxide and steel material. Further discussion of this phenomenon 

exceeds the scope of the present work. 
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6 Fluid Dynamics of Falling Film 
The state of mind which enables a man to do work of this kind … is akin to that of the religious worshipper or the 

lover; the daily effort comes from no deliberate intention or programme, but straight from the heart. 

Albert Einstein 

The main objective of this chapter is to find a calculation model for the film velocity. The fluid 

dynamics of falling film will be discussed by means of three calculation models, the Nusselt, 

the wall and the tau models. The first two models present the extreme cases. A comparison of 

the calculated film mean velocity with the measured ones shows that both of them are suitable 

to describe the fluid dynamics of the falling film under particular conditions. But a general 

model, which is valid in a wide range of conditions, is required. In the third model, the tau 

model, a finite shear stress at the film surface is assumed. This shear stress is exerted by the 

continuous phase. Based on this assumption, the tau model is developed. 

Assuming that the cross-section of a rivulet has the shape of a circular segment and the wetting 

angle of a rivulet can be smaller or larger than 90°, a distinction in the velocity equation 

regarding the wetting angle is made. This is an attempt to distinguish between the fluid 

dynamics of the liquid when a wall contact exists and the fluid dynamics of the liquid when it 

floats in the continuous phase and holds firmly by the rivulet just by means of the cohesion 

force. 

To give an overview, the film phase velocity equations using three different shapes of cross-

section are summarized in tabular form at the end of this chapter. 

6.1 Nusselt Film Condensation Theory 

In 1916 Nusselt [146] reported in his work on the subject of water steam film condensation on a 

vertical metal surface. He had already put forward a simple theory for the calculation of heat 

transfer in laminar film condensation in tubes and on vertical or inclined walls. 

When a vapour condenses on a vertical surface and a liquid film develops, it flows along the 

surface under the influence of gravity. When the vapour velocity is low and the liquid film is 

sufficiently thin, a laminar flow in the film phase can be assumed. Along with gravity, buoyant 

force and shear stress also exist. Depending on the magnitude of these forces, they might have 

an appreciable influence on the film flow.  

The film condensation theory can be explained as follows. When an infinitesimal volume 

element of the film phase is enlarged such as shown in Fig. 6-1, under the assumption of steady 

flow, the gravitational force FG is balanced by the buoyant force FB and the force exerted by the 

shear stress � 

" #( )G y dy B yF dxdz F dxdz� ��� � � .      (6-1)  
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Figure 6-1: Force balance on an infinitesimal volume element in the film phase. 

Putting the buoyant force on the left hand side and collecting the shear stress terms on the right 

hand side 

" #23 ( )G B y dy yF F dxdz� ��� � � � ,      (6-2) 

substituting the gravitational and the buoyant force by the expressions in terms of the volume of 

the body and its density 
, multiplied by the acceleration due to gravity, and expressing the 

change of the shear stress in differential terms, delivers Eq. 6-3 

" # y
f c g dx dy dz dx dy dz

y

�

 


�
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�
     (6-3) 

(the indices f and c stand for film and continuous phases respectively). For Newtonian fluid, Eq. 

6-4 can be applied to describe the shear stress exerted on a surface 

w

y
� �

� ��
� 0 � ��� 	

.        (6-4) 

Shear stress is an internal force which can be understood as the friction between the molecules 

due to the gradient in the particle velocity vectors. Its magnitude is proportional to the velocity 

gradient perpendicular to the direction of the shear stress with the liquid viscosity �f as the 

proportionality constant.  

The algebraic signs in front of the right hand side term in Eq. 6-4 show the direction of the shear 

stress, whether it accelerates (positive sign) or decelerates (negative sign) the molecules. Due to 

the fact that shear stress is, by definition, a force per unit area, at the same time, the algebraic 

sign on the right hand side of Eq. 6-4 is also required to guarantee a positive force. In this 

context, a negative force does not make any sense (except to show the direction of the force and 

thus, whether it is an accelerating or decelerating force). For the absolute value, the algebraic 

sign in Eq. 6-4 is not required.  

Equation  6-4 is differentiated with respect to the y-axis and put into Eq. 6-3  
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        (6-5)  

where the density difference between the film and the continuous phase is expressed in &
. The 

film velocity second order differential equation in 6-5 depends only on the material properties 

of both phases. To solve this equation, two boundary conditions are needed. Nusselt suggested 

the following boundary conditions: 

�� No-slip condition on the vertical wall: the outermost film phase molecules next to the 

vertical wall stick to the surface past which they flow. The velocity of the liquid on the wall 

is zero: 

( 0) 0w y � � .        (6-6) 

�� The shear stress exerted by the continuous phase at the film surface is negligible. Thus, the 

tangent of the velocity at the film surface is zero 

0
fy

dw

dy ��

� �
�� �

� 	
.        (6-7)  

Nusselt studied the case of film condensation on a vertical wall under ambient pressure without 

any appreciable shear stress at the film surface, and that is why the second boundary condition 

(Eq. 6-7) holds. The term of material properties (&
 and �f ) multiplied by the gravitational 

acceleration constant g on the left hand side in Eq. 6-5 is collectively referred to as �f 

f
f

g

�

�
&

� .         (6-8)  

and the second order differential equation in Eq. 6-5 can be solved by means of the afore-

mentioned boundary conditions: 

2( )
2

f
f fw y y y

�
� �� � � .       (6-9) 

The gained equation in 6-9 is called the film velocity equation according to Nusselt model. 
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6.2 Wall Model 

The Nusselt model describes one extreme condition where the shear stress at the film phase, 

exerted by the continuous phase, is negligible. In contrast to Nusselt, a second, possible extreme 

condition in a static continuous phase is when the shear stress exerted by the continuous phase 

is sufficiently large that the molecules on the film phase stick where they are  

( ) 0fw y �� �         (6-10)  

as if the film flows between two walls. The velocity equation is given in 6-11 

2( )
2 2

f f fw y y y
� � �

� � � .       (6-11) 

The velocity equation according to the wall model (6-11) is similar to the one according to 

Nusselt (6-9). They are only different in the second term on the right hand side. This term in the 

wall equation is just one half of the one in the Nusselt equation. 

6.3 A Comparison of Measured and Calculated Mean Velocity 

In order to check the applicability of the calculation models explained in Chapter 6.1 and 6.2, 

the mean velocities according to these models are calculated, and compared with the measured 

ones. For the purpose of calculating average velocity, the cross-section of the rivulet is assumed 

to be circular (the details in the calculation of the mean velocity can be seen in Chapter 7). The 

results of the calculation according to the Nusselt and the wall models are given in Fig. 6-2. In 

this figure, the mean velocity of water film on a vertical steel surface at 313 K and a mass flow 

of 9 g/min under the presence of pressurized carbon dioxide is given. Here, the mass flow is 

held constant in the whole pressure range. The densities of the phases and the wetting behaviour 

change in accordance with increasing pressure so that the film thickness �f is not constant in the 

investigated pressure range (see Fig. 6-2). 

At lower pressures, the experimental velocities are closer to the Nusselt model. Here, the 

deviation of the measured and calculated mean velocity according to the Nusselt model at 

0.1 MPa is rather large. At this condition, Nusselt should be able to describe the fluid dynamics 

best. The possible reason for this discrepancy might lie in the measurement precision of the film 

thickness and the film width. The mass flow of the film is held constant at 9 g/min for the whole 

pressure range. Due to the fall in the density difference between the phases, the film becomes 

slower. At higher pressures, especially when gaseous carbon dioxide turns to supercritical, the 

experimental values come closer to the wall model. The described phenomenon is seen not only 

when film flows along a steel surface. When a glass surface is involved, the same run of the 

curves is obtained. 
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Figure 6-2: Measured and calculated film mean velocity according to the Nusselt and the wall model 

for water film on a vertical steel surface at 313 K and a mass flow of 9 g/min. The film thickness �f is 

given on the right-hand-side y-axis. 

As can be seen in Fig. 6-2, the calculation results according to these models set the limits within 

which the measured mean velocity exists. Both models describe the extreme conditions, but the 

real one cannot be represented. Using the Nusselt model, the velocity at higher pressure range 

will always be overestimated whereas with the wall model, the velocity will be underestimated. 

The wall model is suitable to describe the fluid dynamics best when the assumed conditions are 

complied with, which occurs only at higher pressures. Thus, a universal model is needed to 

describe the fluid dynamics of the falling film. 

6.4 Parabolic Velocity Profile 

With the objective of developing a calculation model which can describe the fluid dynamics in 

the falling film better than the two former calculation models do, the parabolic profile in the 

film phase is observed more closely. In Fig. 6-3 (left) the possible parabolic profile of the film 

velocity can be seen. For the sake of completeness, two parabolic profiles with opposite 

algebraic signs are given.  
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As has been explained before, the film flows down the vertical surface, driven by the 

gravitational force. This is described in the first part of the parabolic profile (see Fig. 6-3, left). 

When the continuous phase flows countercurrently, the second part where film flows oppositely 

to the gravitation exists. This means that the film does not flow downwards. A part of the film 

phase will be carried away by the countercurrent flow of the continuous phase. Since there is no 

countercurrent flow of the continuous phase in this work, the possibility of the second parabolic 

profile with a minus sign (positive sign of the velocity shows in the direction of the acceleration 

due to gravitation) can be ignored and the whole attention can be given to the first parabola, 

such as shown in Fig. 6-3 (right). 

 
Figure 6-3: Possible parabolic velocity profile in the film phase. With (left) and without (right) 

countercurrent flow of continuous phase.  

There are four possibilities for the form of the parabolic velocity profile in the film phase. They 

are numbered in Fig. 6-3 (right) consecutively from 1 to 4. It is assumed that the falling film has 

a thickness of �f. The four possible velocity profiles in the film phase �f are as follows (compare 

with the parabolic profile in the second column of Tab. 6-1 on page 92): 

�� Position 1: at the film surface, the maximum of the parabola or the maximum velocity is 

reached and thus, the tangent of the velocity on the surface is equal to zero. This is the 

Nusselt model. 

�� Position 2: at the film surface the highest velocity in the whole film phase is reached. But 

this is not the maximum of the parabola. The velocity increases steadily from the wall to the 

film surface but the vertex of the parabola has not been reached yet. This film behaviour is 

conceivable when for instance the continuous phase flows cocurrently. Since in this work 

the continuous phase does not flow at all, this possibility need not be considered (a solid 

mathematical explanation is given later).  

�� Position 3: at the film surface, a finite velocity is reached. The parabola reaches its vertex 

somewhere inside the film. The curve turns back and the velocity becomes smaller 

consistently until it reaches the film surface. This is possible when the shear stress exerted 

by the continuous phase is large enough to force the film slowing down its velocity. 

�� Position 4: the velocity at the film surface is equal to zero. The complete parabola is created 

in the film phase. This can occur when the continuous phase flows countercurrently and the 

velocity of the continuous phase is just sufficient to stop the film or when the shear stress 

exerted by the static continuous phase is large enough to brake the film and stops it exactly 

at the surface. This is the profile of the wall model. 
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In order to give a solid mathematical ground about which of the four possibilities describes the 

reality best, the parabolic equation  

2
1 0( )

2

fw y y c y c
�

� � � � � �       (6-12) 

is solved. In each single case, the no-slip boundary condition is employed. This is used as the 

first boundary condition and delivers the constant  

0 0c � .         (6-13) 

For position 1, the velocity ends at the vertex of the parabola 

0
fy

dw

dy ��

� �
�� �

� 	
        (6-14) 

whereas positions 2 and 3 are caused by any arbitrary shear stress with positive and negative 

signs respectively. The positive sign means the velocity at the film surface is accelerated by this 

shear stress due to the fact that the shear stress acts in the same direction as the film flow. On 

the contrary, the negative sign shows that the film is decelerated. By means of the shear stress 

equation for Newtonian fluid, a second boundary condition for position 2 and 3 can be written 

f fy

dw

dy �

�
��

� �
� 0� �

� 	
.        (6-15) 

The magnitude of the shear stress � in Eq. 6-15 is still unknown. 

For the last one, position 4, the velocity at the film surface is equal to zero, such as is given in 

Eq. 6-10.  

By means of these boundary conditions, the parabolic velocity profile in Eq. 6-12 can be solved. 

The results are given in Table 6-1. The figures of the parabolic velocity profile are also shown 

there. For comparison purposes, the same film thickness �f for every velocity profile is 

assumed. Due to the direction of the shear stress, position 2 is also called � + model and position 

3 is called as � - model. The same magnitude of the shear stress in � + and � - model is assumed. 

The shear stress is finite but still unknown, whereas for the wall model, the shear stress can be 

estimated by means of Eq. 6-4 if the velocity equation is known. 

The mean velocity can be used to compare the models with each other. The velocity is averaged 

over its thickness  

" #
0

1
f

f

w w y dy
�

�
� .         (6-16) 

using the velocity equations given in Table 6-1. 
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Table 6-1: Possible parabolic velocity profile in the film phase with a thickness of �f. The film 

thickness can be obtained experimentally. The magnitude of the shear stress � for �+ and �- model is 

still unknown. 

Nr. 

Parabolic 

profile Shear stress 

Boundary 

conditions  Velocity equation 
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The mean velocity calculated according to Eq. 6-16 can be seen in Table 6-2. A direct 

comparison of the models regarding their mean velocity can be achieved. As it might have been 

expected, the mean velocity according to Nusselt is larger than the one according to the wall 

model. The mean velocity of the Nusselt model is four times as large as the one calculated 

according to the wall model. The mean velocity of � + model is larger than Nusselt, but the 

value of � - model is lower than Nusselt. The difference depends on the magnitude of the shear 

stress �, which is still unknown. Going back to Fig. 6-2, only � - model applies to describe the 

fluid dynamics under high pressure conditions. On the contrary to � + model, using this one, the 

mean velocity lies exactly between both extreme cases, the wall and the Nusselt model. When 

the shear stress is zero, the � - model is equal to the Nusselt model, whereas when the shear 
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stress is sufficiently large, the � - model  describes exactly what the wall model expresses. For 

further discussion, the � + model does not play any important role and thus, the � - model is 

referred to simply as the tau model. 

Table 6-2: Mean, maximum and film surface velocity according to the Nusselt, the � +, the � - and the 

wall model.  

Velocity 
Parabolic 

profile Mean Max. Surface 
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For the sake of completeness, the maximum and the surface velocity are also estimated. The 

maximum velocity is calculated according to Eq. 6-14. In Table 6-2 the position at which this 

maximum is reached is also given. 

 
Figure 6-4: Possible velocity profiles in a film phase whose thickness �f is. 

In Fig. 6-4 the different velocity profiles in the film phase with the thickness �f are shown. The 

mean velocity in each film phase is given as a horizontal line. The horizontal dashed line 

crossing the four film phases shows the Nusselt mean velocity which is used here as a reference.  

A direct comparison of the surface velocities can also be performed qualitatively. 

6.5 Tau Model  

In this section the tau model, which describes the fluid dynamics generally, will be presented. 

First of all, the tau model will be explained for a wetting angle up to 90°. To solve the problem 

with and without the wall contact—in case where the wetting angle is larger than 90°—an 

explanation is given in the last part of this section.  

6.5.1 Wetting Angle up to 90° 

The velocity equation according to the tau model (or previously referred to as � - model) with 

the applied boundary conditions (Eq. 6-6 and 6-15) is as follows 

2( )
2

f
f f

f

w y y y
� �� �

�

� �
� � � �� �� �

� 	
.      (6-17) 

The velocity profile as given in Eq. 6-17, where the shear stress between the phases at the 

surface is taken into account, had been considered by Nusselt. He extended the original model 

by including the influence of the fluid or vapour flow along the condensate film on the velocity 

profile in the film phase. He estimated the shear stress at the film surface by assuming the 

equality of the frictional and the pressure forces. In the calculation, he used the flow in a tube to 

solve the problem.  
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In this work, there is not flow of the continuous phase, which surrounds the film phase. The 

magnitude of the shear stress is calculated in another way, by assuming the existence of a 

velocity boundary layer. 

Eq. 6-17 is derived from a one-dimensional force balance as shown in Fig. 6-1. The shear stress 

� is calculated by means of the velocity gradient 
w

y

�
�

 which is perpendicular to the film flow 

direction (see Fig. 6-5 arrow A). Observing the falling film two dimensionally, the cross-section 

has a circular-segment shape (see Fig. 5-8c). As a result, the velocity gradient necessary for the 

calculation of the shear stress � is actually no longer proportional to 
w

y

�
�

. It is the velocity 

gradient perpendicular to the curved-interface which should be taken into account (see Fig. 6-5 

arrow B). However, from mathematical point of view, it is very complicated to consider the 

velocity gradient normal to the curved-interface. Therefore, the velocity gradient 
w

y

�
�

 

perpendicular to the film flow direction (Fig. 6-5 arrow A) should be regarded sufficient in 

calculating the shear stress. 

 

 
Figure 6-5: The direction of the velocity gradient used in calculating the shear stress. 

In Eq. 6-17 the material properties in �f , which contains the density of both phases and the 

dynamic viscosity of the film phase �f , are known or can be measured. The film thickness �f 

can be measured as well. The only unknown in Eq. 6-17 is the magnitude of the shear stress �.  
Up to now attention has been given only to the film phase. If a finite shear stress exerted by the 

continuous phase is considered, this phase should also be taken into account and linked with the 

film phase to express the interaction between them. 

The force balance between the gravitational force and the force resulted from the shear stress on 

a finite volume element in the continuous phase can be written as follows:  

c
c c c

c

g dy dy
y

�



�
�
�

        (6-18) 

the index c stands for the continuous phase. Making use of the shear stress relation of 

Newtonian fluid such as given in Eq. 6-4, Eq. 6-18 can be rewritten 
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        (6-19) 

where the ratio of the continuous phase properties 
c and �c multiplied by the gravitational 

acceleration constant g are combined in one term called �c . The second order velocity 

differential equation in 6-19 indicates the existence of a velocity boundary layer between both 

phases.  

 
Figure 6-6: Film phase and continuous phase, with a velocity boundary layer, whose thickness �c is. 

From the point of view of macromolecules, the continuous phase does not flow at all. In the 

vicinity of the film surface, molecules in the continuous phase are carried away by the flow of 

the film phase and in this way, the velocity boundary layer arises. The second order differential 

equation in 6-19 refers to the flow in this velocity boundary layer. The velocity in the boundary 

layer is maximum in the vicinity of the film surface where the molecules touch the film phase. 

The larger the distance from the film surface is, the lower is the velocity in this boundary layer. 

The thickness of the boundary layer is �c. Its magnitude is still unknown. At the distance �c 

from the film surface, the velocity reaches zero. Here the velocity boundary layer ends and from 

this point on, the velocity in the continuous phase is zero. For the sake of equation simplicity 

and convenience, a new axis yc is defined. This axis has its initial at �c away from the film 

surface, such as seen in Fig. 6-6. 

To solve Eq. 6-19 two boundary conditions are required, but only one is available at this 

moment 

( 0) 0c cw y � �         (6-20) 

the velocity boundary layer ends at �c away from the film surface or the velocity is equal to zero 

at the initial point of the yc axis. Integrating Eq. 6-19 twice and using the boundary condition in 

Eq. 6-20 results  

" # 2
1

2
c

c c c c cw y y c y
�

� � .       (6-21) 

In equation 6-21 c1c is still unknown. To solve both equations, the velocity equation in the film 

(Eq. 6-17) as well as in the continuous phase (Eq. 6-21), two boundary conditions are needed. 

The velocity at the film surface w0 has to be the same, whether it is approached from the film or 

the continuous phase. This is the first boundary condition  
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" # " # 0c c c fw y w y w� �� � � � .      (6-22) 

The velocity at the film surface, approached from the continuous phase at yc = �c can be 

calculated with help of Eq. 6-21 whereas from the film phase, this velocity can be calculated by 

means of Eq. 6-17. From Eq. 6-22 
2
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1 1
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f f f c f c f
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or in term of c1c 
2
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1 1

2 2

f f
c f c c

c f c

c
� ��� � �
� � �

� � � .      (6-24) 

In Eq. 6-24 the magnitude of �c and � are still unkown. 

At the film surface, the shear stress felt by the film phase is equal to that felt by the continuous 

phase. This complies with the Newton third law of reciprocal actions (for every action force 

there is an equal, but opposite, reaction force). This is the second boundary condition 

" # " #f c c cy y� � � �� � � .       (6-25) 

The shear stress felt by the continuous phase �c can be estimated by differentiating Eq. 6-21 

combined with the shear stress correlation for Newtonian fluid in 6-4. Putting the calculation 

result of this step equals the film phase shear stress (according to Eq. 6-25) gives 

1c c c c cc� � � � �� �         (6-26) 

and solving Eq. 6-26 for c1c 

1c c c
c

c
� � �
�

� � .        (6-27) 

Combining Eq. 6-24 with Eq. 6-27 gives 
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 .      (6-28) 

If the magnitude of �c is known, Eq. 6-28 can be solved. In order to find this value, the 

geometrical consideration of the parabolic velocity profile in the film phase is made. As 

explained previously, the parabolic velocity profile reaches its vertex inside the film phase and 

is turning back as it reaches the film surface. At the film surface, the film velocity is finite but is 

not necessarily equal to zero as suggested in the wall model. 

As mentioned before, the thickness of the velocity boundary layer is �c away from the film 

surface and from this point on, the velocity is equal to zero. With the aim of finding the value of 

�c , the film surface is moved theoretically towards the continuous phase so far, that at the new 

position, the film velocity at the surface is zero. Later, the distance between the real and the 

theoretically moved film surface &� is correlated with the thickness of the velocity boundary 

layer �c. 
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Figure 6-7: Velocity profile in the film phase �f according to the tau model. &� is the additional 

distance required to �f  to obtain a complete parabola. 

Mathematically, the distance between the real position of the film surface and the moved one to 

gain a complete velocity parabola is 

0
2 w f

y

y� ��
�

�

& � � .        (6-29) 

This is the distance gained when from the width of the whole parabola the film thickness �f is 

subtracted. The width of the whole parabola can be estimated by doubling the width of half of 

the parabola where the maximum is reached, such as is seen in Eq. 6-29. 

Differentiating the velocity equation in 6-17 with respect to the y-axis and setting this equal to 

zero, the position of the vertex is found 

0
w f

f fy

y
��

� ��
�

�

� � .       (6-30) 

The expression on the right hand side of Eq. 6-28 is used to substitute the shear stress term in 

Eq. 6-30. Due to the fact, that here, one deals with &� instead of �c , all terms in �c in Eq. 6-30 

have to be replaced by &�. Thus the position of the parabola vertex can be rewritten 
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and putting this expression into Eq. 6-29, the magnitude of &� is found 
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If a linearization of both parabolic velocity profiles in the boundary layer is allowed, the 

following correlation between &� and �c applies 

c
c

f

�
� �

�
� &          (6-33) 

(for linearization details, please see Chapter 6.5.2). The thickness of the velocity boundary layer 

�c is proportional to &� and the proportionality constant is the ratio of the dynamic viscosities of 

both phases. Putting the expression of  &� in Eq. 6-32 into Eq. 6-33 yields the thickness of 

velocity boundary layer 
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Knowing the magnitude of �c, Eq. 6-28 can be solved 

f� �� �          (6-35) 

with " #, , ,c f c ff � � � �� �  and can be estimated by  
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The shear stress is proportional to the film thickness, the proportionality constant is �. The 

parameter � considers the material properties of both phases and can be said to be the 

parameter which links the continuous phase with the film phase.  

Hence, it is clear to be seen how the wetting properties are connected to the fluid dynamics. The 

film thickness which depends on the mass flow rate and the wetting properties, is brought into 

correlation with the shear stress of the film at its surface (see eq. 6-35). The shear stress 

determines, in turn, the fluid dynamics. 

Now, the velocity equation according to tau model can be written as follows 
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� 	
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The magnitude of the parameter � for the system water – carbon dioxide at 313 K can be seen 

in Fig. 6-8. In the investigated pressure range, the value of � varies between 0.5 and 2.5. The 

fall in � is caused mainly by the drop in the density difference between the phases when 

pressure increases. The pressure change does not affect the viscosity of the film phase in the 

system of water - carbon dioxide appreciably. If water is presaturated by carbon dioxide, the 

film phase density increases slightly [185] which causes a slight rise in the density difference 

too. The viscosity of the film phase does not change appreciably when it is presaturated by 

carbon dioxide [131]. The correction in the value of � caused by the presaturation of carbon 

dioxide can be seen in Fig. 6-8.  
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Figure 6-8: The magnitude of the parameter � for the system: water - carbon dioxide at 313 K and 

corn germ oil - carbon dioxide at 333 K. 

In the same diagram, the magnitude of the parameter � for the system corn germ oil and carbon 

dioxide at 333 K is given (corn germ oil is presaturated with carbon dioxide). The material 

properties for corn germ oil are taken from the literature [92,185]. The parameter � for this 

system is calculated at 333 K, but due to the lack of data, the viscosity values at 338 K are 

applied here. As can be seen in Fig. 6-8, the values of � for the system corn germ oil-carbon 

dioxide lie in the same order of magnitude as the water-carbon dioxide system. In contrast to 

water, at the temperature investigated, the dynamic viscosity of corn germ oil at 24 MPa is just 

one fourth of the viscosity at 3 MPa. Despite this radical fall of the oil viscosity, the � value is 

not affected significantly.  

6.5.2 Linearization of the Velocity Profiles 

Equation 6-33 on page 98 shows the correlation between the thickness of the real velocity 

boundary layer �c and the width &�. This is the result of the linearization of the parabolic 

velocity profiles in the velocity boundary layer. In this chapter, this linearization will be proved 

with the help of the assumptions made in the tau model. 

According to the assumption that the shear stress at the film surface has the same magnitude, 

whether it is seen from the continuous or the film phase, the following equation is valid  
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.       (6-38) 
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From this it follows that the ratio of the gradients of the film phase and the continuous phase 

velocity at the surface is equal to the ratio of the viscosities in both phases  
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In Fig. 6-9 the linearization of the film phase and the continuous phase profile is shown. The 

value &�par  is the width needed by the film phase to reach a velocity equal to zero at the film 

surface when the velocity profile remains parabolic. If the velocity profile is linearized, the 

distance needed is equal to &�line . The same logic applies for the continuous phase velocity 

profile. The width needed when the velocity profile is a parabolic one, is �c, par , whereas through 

a linearization it becomes �c, line . 

 

 
Figure 6-9: Linearization of the parabolic velocity profiles of the film &� and the continuous phase �c 

in the velocity boundary layer. 

The angle between the linearized velocity profile �c, line and the vertical line is �1 with 

,
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tan
c line

w

�
� � .        (6-40) 

The complementary angle of �1 is �3 with 

0
3

1 ,

1
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tan c line

w
�

� �
� � .       (6-41) 

The value of tan �3 shows the gradient of the continuous phase velocity profile at the film 

surface 

3tan

c c

c

c y

w

y
�

�
�

� ��
� � ��� 	

.       (6-42) 

The same applies for the film phase  
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which is the complementary angle of �4 

0
4

2

1
tan

tan line

w
�

� �
� �

&
.       (6-44) 

The gradient of the film phase velocity profile at the surface can be given in terms of tan �4   
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 .       (6-45) 

The ratio of the film and continuous phase velocity gradient at the film surface according to Eq. 

6-41 and 6-44 can be given in terms of the width ratio 

3

4 ,

tan

tan
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c line

� �
� �

&
� .        (6-46) 

or in terms of the velocity gradient ratio according to Eq. 6-42 and 6-45, which in turn, 

represents the viscosity ratio of both phases, such as given in Eq. 6-39 
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Upon employing Eq. 6-46 and Eq. 6-47 the ratio of the linearized width of �c, line and &�line can 

be expressed in terms of the viscosity ratio of both phases 

,c line c

line f

� �
� �

�
&

.        (6-48) 

If the difference between the linearized width and the parabolic one is negligible  

, , 0c line c par� �� $         (6-49) 

and 

0line par� �& � & $         (6-50) 

Eq. 6-48 can be rewritten in terms of parabolic profiles (par) or in the initial symbols without 

any indices 
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�
�

�
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�
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.         (6-51) 

Hereby the correlation in Eq. 6-33 on page 98 is mathematically proved. 
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6.5.3 Wetting Angle above 90° 

 
Figure 6-10: Possible film cross-section shapes. 

In Fig. 6-10, three idealistic cross-section shapes are shown if the rivulet is cut perpendicular to 

its flow direction. By means of the measured rivulet width and the projection of its maximum 

thickness, a rectangle can be reconstructed (see Fig. 5-8 c). The real shape of the rivulet cross-

section exists inside this rectangle. The smallest possible cross-sectional area has the shape of a 

triangle (Fig. 6-10 b), whereas the largest possible cross-section fills the whole bordered 

rectangular area given (Fig. 6-10 d). These shapes are two extreme cases. In reality, the cross-

section is probably neither a triangle nor a rectangle. A circular shape such as shown in Fig. 

6-10 c might best be used to describe the geometry of the cross-section. If the last one is 

assumed as the shape of the rivulet cross-section, two wetting cases regarding the fluid 

dynamics have to be distinguished, wetting with an angle smaller and larger than 90°. The fluid 

dynamics for the wetting with angle lower than or equal to 90° is discussed in 6.5.1. In this 

section, the fluid dynamics for the wetting with angles larger than 90° will be explained. 

 

Symmetric Boundary Conditions 

In Fig. 6-11 the circular cross-section of a rivulet which wets the vertical surface (x-axis) with 

an angle �0 larger than 90° is shown. When discussing the velocity profile, attention is focused 

only on one half of the whole rivulet cross-section ABDG because the velocity profile is 

symmetrical with respect to the middle line AG. 

In the area ABFG, the film phase has a direct contact with the vertical wall AB. On the 

contrary, the liquid in the area BCDEF ( 0 0� � �� 4 5 ) does not have direct contact with the 

wall. The liquid floats in the continuous phase, held firmly by the molecules of the film phase at 

the line BF. This floating is shown in Fig. 6-11 (right), where the side projection of the liquid 

slice CE is shown. 

In the first part, the area ABFG, the initial tau model can be applied. In the second part where  

direct wall contact does not exist, the validity of the tau model with the no-slip boundary 

condition on the wall should be reexamined.  
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Figure 6-11: Film cross-section (left) and symmetric conditions (right) for wetting angle �0 > 90°. 

In this section, symmetric boundary conditions used to describe the velocity profile in the area 

BCDEF will be introduced. For this purpose, the parabolic velocity equation with two 

unknowns such as given in Eq. 6-52 

2
1 0( )

2

fw y y c y c
�

� � � �        (6-52) 

is solved using a symmetric condition 

0sin

0
y R

w

y ��

�
�

�
.        (6-53) 

Due to the fact, that the liquid along the whole curvature BCDEF encounters the same carbon 

dioxide, the shear stress exerted by the continuous phase across the borderline DF has to be the 

same as that felt by the liquid across the arc BD. And that is why the velocity profile should be 

symmetrical with respect to the line DJ (see Fig. 6-11 right). This is expressed in the first 

boundary condition given in Eq. 6-53, in which it is stated that the parabolic velocity equation 

reaches its vertex at y= R*sin �0, which is also the position of the line DJ. The angle �0 is the 

value gained if the right angle is subtracted from the rivulet-wetting angle �0. 

Differentiating the velocity equation in 6-52 and setting the tangent at  y= R*sin �0 equals zero 

yields 

1 0sinfc R� �� .        (6-54) 

Actually the main focus is not only to find an expression for the velocity equation in the second 

area, BCDEF, but also to link the velocity equations in a manner, in which the transition from 

one area to the next occurs smoothly. The second boundary condition which achieved the 

connection-function is given by 

F F
w w� ��  .        (6-55) 

This boundary condition assures that at point F, where the transition occurs, the velocity 

approached from the left hand side (minus sign) is the same as that approached from the right 

hand side (plus sign) of point F. The position of this point is 
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02 sinfy R� �� � .        (6-56) 

Upon employing Eq. 6-37 and Eq. 6-56 
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� � �    (6-57) 

and Eq. 6-52 for 
F

w �  

0 0( 2 sin )
F

w y R c�� � �        (6-58) 

the magnitude of c0 can be written 
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By substituting c0 (Eq. 6-59) and c1 (Eq. 6-54) into Eq. 6-52 
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   (6-60) 

the velocity equation in the area without any wall contact is introduced.  

In order to discover how smooth the transition at line BF is, the discrepancy at this position is 

estimated by means of the Eq. 6-37 and Eq. 6-60 

" # " # " #B F B F
w y w w� �& � �        (6-61) 

the velocity jump at line BF depends on the position of y and the film thickness �f 
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     (6-62) 

the magnitude of the film thickness �f at 

0cosx R ��          (6-63) 

is given in Eq. 6-56. The greatest velocity jump occurs at y=0 

2
max ( 0)
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f
f

f
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� 	
      (6-64) 

and the smoothest transition can be found at point F 

min 0( 2 sin ) 0fw y R� �& � � �       (6-65) 

where the discrepancy is equal to zero. 

Despite the attempt made in the second boundary condition (Eq. 6-55), there is still a velocity 

jump at line BF. The visualization and the magnitude of the velocity discrepancy can be found 

in 7.1.2. 
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Continuity Boundary Conditions 

The second boundary condition set which solves Eq. 6-52 and at the same time links both areas 

is called the continuity boundary condition. To reach a smooth transition, not only is the 

velocity at point F from the left hand side (F-) equals that approached from the right hand side 

(F+) 

F F
w w� ��          (6-66) 

but the shear stresses calculated from both sides are also equal 

F F
� �� ��  .         (6-67) 

The velocity approached from the right hand side according to Eq.6-52 is 
2 2

0 0 1 02 sin 2 sinfF
w R R c c� � �� � � � �      (6-68) 

setting Eq. 6-68 equals the velocity at point F- given in Eq. (6-57) leads to 
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The expression for c0 in Eq. 6-69 still contains c1 which can be determined with the help of the 

second boundary condition at point F+  

" #0 12 sinf fF
R c� � � �� � � � �       (6-70) 

and F-  

02 sin
F

R� �� � �         (6-71) 

respectively. 

Upon relating Eq. 6-70 and Eq.6-71, and solving it for c1  
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The value c0 is thus 
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The velocity equation using continuity conditions is 
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As has been done before, the velocity discrepancy at the line BF can be given according to Eq. 

6-61 in order to find out whether the transition from the first to the second area happens 

smoothly 
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The film thickness at point F is 02 sinR �  (Eq. 6-56) so that &w in Eq. 6-75 is equal to zero. The 

applicability of this boundary condition set can be decided best by visualizing the velocity 

profile in the film phase and taking a careful look at the transition border BF. 

 

Near-Wall Boundary Conditions 

Although the velocity discrepancy at the border BF is equal to zero when the continuity 

conditions set is applied, which is a good sign that the boundary conditions are suitable to be 

used, a third boundary condition set will be explained here. In the symmetric boundary 

conditions, it is assumed that the liquid at the film surface along the borderline DF feels the 

same shear stress as it is felt by the liquid on BD due to the fact that the same continuous phase 

comes into touch with this liquid. As a result, the velocity profile is symmetric with respect to 

the middle line DJ. In contrast to this boundary condition set, here, using the near-wall 

boundary condition set, it is assumed that the shear stress exerted on the liquid along the 

borderline DF is not exactly the same as is felt by the liquid along the arc BD. This is caused by 

the wall existence which brakes the flow of the film phase in its vicinity. Even though in the 

area BCDEF there is no direct wall contact, the deceleration by the wall has an impact on the 

liquid flow in the vicinity of point B. Whereas on the opposite side, point F, there is no 

deceleration caused by the wall which needs to be taken into account. Therefore, attention 

should be paid to point B instead of point F. The first boundary condition is that the velocity on 

the right hand side of point B (B+) is the same as that on the left hand side (B-)   

B B
w w� ��  .        (6-76) 

Due to the no-slip condition, the velocity at B- is 

0
B

w � �          (6-77) 

and hereby, the constant c0 in the parabolic velocity equation (6-52) is 

00 �c .         (6-78) 

The shear stress along the borderline BF is the same, whether it is approached from the left or 

the right hand side 

( ) ( )BF BF
� �� ��  .        (6-79) 

The shear stress on the left hand side of the borderline BF is 
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     (6-80) 

and on the right hand side 

" # " #1( ) f fBF
y c� � �� � 0 � � .      (6-81) 

The plus and minus signs in front of the right hand terms in Eq. 6-81 and 6-82 show the sign of 

the velocity gradient with respect to the y-axis. They are there to assure that the calculated shear 

stress is positive. Upon employing Eq. 6-81 and 6-82, and solving the equation for c1  
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The velocity equation using the near-wall boundary condition set is 
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Equation 6-83 is exactly the same as the equation used to describe the velocity profile in ABFG 

(6-37). That means this equation can be used to describe the velocity profile in the whole film 

phase regardless of the existence of the wall contact. Using this boundary condition set, a 

smooth transition is ensured. 

6.6 List of Equations  

In this section a brief overview is given of the calculation models explained in this chapter in 

combination with the geometrical assumptions of the rivulet cross-section. As explained in 

Chapter 6.5.3, there are three mathematical geometries which can be used to describe the shape 

of the rivulet cross-section. They are triangle, circle segment and rectangle. In Table 6-3 the 

interval of the rivulet-wetting angle is estimated by varying the rivulet thickness from nearly 

zero up to its width. This is the maximum thickness a rivulet can have when a circular cross-

section is assumed. Only if the circular shape is assumed, can the rivulet-wetting angle exceed 

the value 90°. Otherwise the angle will always be smaller than or equal to 90°, as shown in 

Table 6-3. 

In Table 6-4 the three calculation models according to the Nusselt, the tau and the wall models, 

assuming a rectangular cross-section, can be seen. The same calculation models using a circular 

(rivulet-wetting angle smaller than or equal to 90°) and a triangular cross-section are given in 

Tables 6-5 and 6-7 respectively. For rivulet-wetting angles which are larger than 90°, the tau 

model in combination with the symmetric, the continuity and the near wall boundary condition 

sets is given in Table 6-6. 

To verify the validitiy of the calculation models introduced in this chapter, the velocity profiles 

in the film phase and the film mean velocity are shown and discussed in the next chapter. 
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Table 6-3: Interval of rivulet-wetting angle depending on the magnitude of the rivulet thickness and 

the assumed shape of the cross-section.  

Shape of rivulet 

cross-section 
0 f b�5 5  f b� �  2fb b�5 5  2f b� �  

Triangle 0…45° 45° 45°…63.4° 63.4° 

Circle segment 0…90° 90 ° 90°…180° 180° 

Rectangle 90° 90° 90° 90° 

 

Table 6-4: Film phase velocity equation assuming rectangular cross-section shape.  

Calculation model and 

film cross-section shape 

Boundary 

conditions 
Velocity equation 

Nusselt 
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Table 6-5: Film phase velocity equation assuming circular cross-section shape. The rivulet-wetting 

angle is smaller than or equal to 90°. 

Calculation model and 

film cross-section shape  

 Boundary 

conditions 
Velocity equation 

Nusselt 
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Table 6-6: Film phase velocity equation assuming circular cross-section shape. The rivulet-wetting 

angle is larger than 90°. 

Velocity equation 

Boundary conditions 
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Table 6-7: Film phase velocity equation assuming triangular cross-section shape.  

Calculation model and 

film cross-section 

shape   

 Boundary 

conditions 

Velocity equation 

Nusselt 
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The borderline of the circular cross-section: 

" # " #0cos cosh x R � �� �        (6-86) 

and triangular cross-section: 
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7 Velocity Profile and Mean Film Velocity 
I saw the angel in the marble and carved until I set him free. 

Michelangelo 

In the previous chapter it is stated and shown that the velocity profile in the film phase cannot 

be described solely by the commonly used Nusselt model nor is it to be forecast by the wall 

model. An attempt has been made to develop a calculation model which is based on the force 

balance according to the classic Nusselt model. The boundary conditions are adjusted to the 

requirements for processes to proceed at high pressure conditions where the miscibility and the 

friction between the phases are not negligible. The tau model, which assumed the existence of a 

finite shear stress at the film surface and, a velocity boundary layer lying between the film 

surface and the static continuous phase, is believed to be able to fulfill this task. However, the 

applicability of the last mentioned model has not been proved.  

This chapter is divided into two large sections, the first one is about the velocity profile in the 

film phase and the second part discusses the film mean velocity. 

In the first part of this chapter, the velocity profile in the film phase is shown. For wetting 

angles smaller than or equal to 90°, the velocity profile in the film phase which flows along a 

vertical glass surface is given according to the three calculation models, whereas for wetting 

angles larger than 90°, the film phase velocity profile on a steel surface is calculated according 

to the tau model, using three different sets of boundary conditions. 

In Chapter 7.2 the mean velocities according to the three afore-mentioned models are 

formulated with the assumption that the cross-section area might have the shape of a rectangular 

segment (total wetting, also called one-dimensional problem), a circle segment (partial wetting, 

for instance a rivulet) and a triangle. For rivulets with a circular cross-section, a distinction of 

the mean velocity depending on the wetting angle is made. In cases where the wetting angle is 

larger than 90°, the mean velocity is calculated according to the tau model with three boundary 

condition sets introduced in Chapter 6.5.3. The calculated mean velocity is compared with the 

experimental one in Chapter 7.3 to allow a conclusion on the applicability of those models to 

describe the fluid dynamics.  

The interdependency of the mass transfer and the film thickness is discussed in Chapter 7.4. An 

attempt is made to estimate the change of the film thickness as the mass transfer proceeds, if the 

miscibility between the adjacent phases is not negligible. This study is made based on the 

systems water-carbon dioxide and corn germ oil-carbon dioxide. Finally, the mean velocity 

equations are summarized in tabular form at the end of this chapter. 



7.1 Velocity Profile in the Film Phase 

 

114 

 

 

7.1 Velocity Profile in the Film Phase 

 

 
Figure 7-1: Assumed rivulet cross-section shape: (a) circular (b) triangular.  

In this section, the visualization of the velocity profile in one half of the film phase will be 

shown. For wetting angles up to 90°, the velocity profiles of the water rivulet which flows along 

a glass surface surrounded by the supercritical carbon dioxide are calculated according to the 

Nusselt (Eq. 6-9), the tau (Eq. 6-37) and the wall models (Eq. 6-11). The experiment is 

performed at 313 K and 24 MPa. The film phase mass flow is 2.1 g/min. The rivulet-wetting 

angle �0 is 45° whereas the circle equivalent radius R is 1.71 mm.  

For wetting angles larger than 90°, the water rivulet which flows along a vertical steel surface is 

taken as an example. The operating conditions are 313 K and 15 MPa, water flows at 9 g/min. 

The rivulet-wetting angle �0 is 104° and the circle equivalent radius R is 0.63 mm. The velocity 

profiles are calculated by means of the tau model. In the area where no direct wall contact 

exists, the afore-mentioned three different sets of boundary conditions (the symmetric boundary 

conditions according to Eq. 6-60, the continuity boundary conditions according to Eq. 6-74 and 

the near wall boundary conditions according to Eq. 6-83) are applied. 

The equations used are developed for a one dimensional problem. Initially, they depend only on 

the y-axis, along which the thickness of the film expands. To draw the velocity profile in the 

cross-section, which means a two dimensional visualization, those equations are adapted. The 

shape of the film cross-section can, theoretically seen, be circular, triangular or rectangular, as 

explained in 6.5.3. The film thickness is constant if the rectangular shape is assumed, whereas if 

a circular or a triangular cross-section is applied, a mathematical expression is required to 

describe the change of the rivulet thickness along its width (see Fig. 7-1). The mathematical 

equations used to describe the borderline of the circular segment and the side of the triangle can 

be found in Chapter 6.6. 

To draw the two-dimensional velocity profile, the film cross-section is divided into several thin 

slices of equal width dx such as seen in Fig. 7-1. The afore-mentioned one-dimensional 

equations are applied in each thin slices. It is therefore assumed that the velocity profile in each 
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slice of width dx and thickness h(x) is that of a uniform draining film of the same thickness. 

Hereby, the two-dimensional velocity profile is created. The adapted two-dimensional equations 

which describe the velocity equations in terms of their dependency on the x- and the y-axes are 

given in Chapter 6.6. 

In this chapter, the visualization of the two dimensional velocity profiles is given based on the 

well-established conception that the cross-section has a circular shape. All colored diagrams can 

be observed in online dissertation at: http://doku.b.tu-harburg.de/volltexte/2007/355/ or 

http://nbn-resolving.de/urn/resolver.pl?urn=urn:nbn:de:gbv:830-tubdok-3556, the URN: 

urn:nbn:de:gbv:830-tubdok-3556.  

7.1.1 Wetting Angle up to 90° 

Nusselt Model 

 

 
Figure 7-2: Velocity profile according to the Nusselt model. The water film phase flows along a 

vertical glass surface at 313 K and 24 MPa. The water mass flow is 2.1 g/min.  

According to the Nusselt model, the film velocity at the wall is equal to zero. This increases 

consistently with increasing distance to the wall until the local maximum in the velocity is 

reached. This happens at the film surface. In Fig. 7-2 the velocity profile in one half of the film 

phase according to the Nusselt model can be seen. The velocity varies from zero to 25 cm/s and 

the maximum velocity in the whole film phase is reached at the top, in the middle of the film 

width (the coloured diagrams is accessible in the electronical thesis). 

 

Tau Model 

The film velocity profile according to the tau model can be seen in Fig. 7-3. The same water 

rivulet as in the previous model is shown here. However, the local velocity varies only in the 

range between zero and 7.5 g/min. There is a great velocity difference in the result gained using 



7.1 Velocity Profile in the Film Phase 

 

116 

 

the tau and the Nusselt model (this can be seen more clearly later when the mean velocities are 

calculated and compared in Chapter 7.3). 

According to the tau model, at the beginning, the film velocity increases with increasing 

distance from the vertical wall until the maximum of the parabola is reached. In the example 

given here, the maximum is reached nearly in the middle of the local film thickness h(x). Going 

further, the parabola turns back and the velocity decreases consistently up to the film surface. At 

the film surface, a finite velocity, which is, in general, different from zero, is reached. The 

velocity profile in the film phase according to the tau model resembles the annular flow in a 

tube.  

 

 
Figure 7-3: Velocity profile according to the tau model. The water film phase flows along a vertical 

glass surface at 313 K and 24 MPa. The water mass flow is 2.1 g/min.  

Wall Model 

In Fig. 7-4 the velocity profile in the film phase is calculated according to the wall model. In 

this model, besides that at the wall the no-slip condition is assumed, the shear stress at the film 

surface is estimated as sufficient to prevent the molecules from flowing.  The local velocity 

varies from zero to approximately 6.5 cm/s, which does not differ very much from the one 

calculated according to tau model (this will be explained later in details in Chapter 7.3). 

The local maximum in the velocity is reached exactly in the middle of the local film thickness 

h(x). The highest velocity is reached in the middle of the film width, exactly in the middle of the 

film thickness at x=0. 

At the given conditions, the velocity profile according to the wall model is very similar to that 

estimated by means of the tau model. This is a good proof that the tau model describes the 

velocity generally, but once the conditions become extreme, the results gained using tau model 

resemble the ones delivered by the wall model. At higher pressures, the assumption that the 
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molecules near the film phase surface do not flow, is plausible and therefore the wall model can 

better be applied at these conditions. 

 
Figure 7-4: Velocity profile according to the wall model. The water film phase flows along a vertical 

glass surface at 313 K and 24 MPa. The water mass flow is 2.1 g/min.  

7.1.2 Wetting Angle above 90° 

Symmetric Boundary Conditions 

 

 
Figure 7-5: Velocity profile according to the tau model using symmetric boundary conditions. The 

water film phase flows along a vertical steel surface at 313 K and 15 MPa. The water mass flow is 

9 g/min. 

If a rivulet wets a vertical surface with a wetting angle larger than 90°, which means a circular 

shape of the cross-section is assumed, one part of the liquid along the wall (in x-axis) is 

supported directly by the wall through its wall contact whereas the other part is bound to the 

rivulet just by the cohesion force between the liquid molecules while it floats in the continuous 
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phase. The visualization of such a velocity profile can be seen in Fig. 7-5. Here, the symmetric 

boundary conditions are used. That means, in the area without any direct wall contact, the 

velocities of the opposite points are equal. The velocity profile in the area where the liquid is 

supported directly through the wall contact appears as expected. However, great attention 

should be paid to the borderline where the transition from the first to the second area occurs. 

This is approximately at x = 0.6 mm and x = 0.61 mm (see Fig. 7-6). 

 
Figure 7-6: Enlarged velocity profile according to the tau model using symmetric boundary conditions. 

The water film phase flows along a vertical steel surface at 313 K and 15 MPa. The water mass flow is 

9 g/min. 

To observe the transition better, the spot is enlarged such as seen in Fig. 7-6. It can be seen very 

clearly that due to the change in the velocity equation used, there is an unexpected jump in the 

velocity (observable through the abrupt color change in the color diagram). The jump seen here 

is not caused by the picture resolution.  

The incontinuity in the velocity was forecast in Eq. (6-62). The maximum velocity jump can be 

found at y = 0, as can be obviously seen in the color difference in Fig. 7-6. At this position, the 

velocity difference between the adjacent molecules is approximately 2 cm/s, which is very 

large.  
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Continuity Boundary Conditions 

The velocity profile calculated by means of the tau model using the continuity boundary 

condition set can be seen in Fig. 7-7. Such as predicted in Eq. 6-75, there is no velocity jump 

from one area to the other. The transition occurs more smoothly when compared with the one 

using the symmetric conditions. However, the isotach lines (lines with constant speed, color-

coded for velocity) in the film phase show a sharp break which is not expected. According to its 

name, the continuity conditions provide a continuous but, at the point where the transition 

occurs, not differentiable velocity profile, which means, there is an edge in the isotach lines. 

 

 
Figure 7-7: Enlarged velocity profile according to the tau model using continuity boundary conditions. 

The water film phase flows along a vertical steel surface at 313 K and 15 MPa. The water mass flow is 

9 g/min. 

Near-Wall Boundary Conditions 

In Fig. 7-8 the velocity profile in the film phase according to the tau model using near wall 

boundary condition set is shown. The isotach lines are continuous in the whole phase and there 

are no edges in the lines. The no-slip effect on the molecules near the wall is also shown there. 

This boundary condition set can be best applied to show the velocity profile in the film phase. 
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Figure 7-8: Velocity profile according to the tau model using near wall boundary conditions. The 

water film phase flows along a vertical steel surface at 313 K and 15 MPa. The water mass flow is 

9 g/min.  

7.2 Mean Film Velocity: Theoretical Background 

7.2.1 Wetting Angle up to 90° 

The main idea in calculating the mean velocity in the film phase is to sum up the product of the 

local velocity with the infinitesimal area in which the velocity is taken as constant and divide it 

by the area itself  

0 0

0 0

( , )
yx

yx

w x y dydx

w

dy dx

�
. .

. .
  .      (7-1) 

The calculation using the infinitesimal term of dx and dy in Eq. 7-1 is required here due to the 

velocity distribution in the whole film phase. For this purpose, the whole film width is divided 

into a large number of thin slices of equal width dx. Furthermore this slice is cut again into 

several small pieces with the dimension dx*dy which is sufficiently small that the velocity in it 

can be taken as constant (see Fig. 7-9 and 7-10) and thus, the mean velocity can be calculated 

provided that the shape of the cross-section is known. 
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Figure 7-9: Film mean velocity averaged over the whole rivulet area by assuming a rectangular (a) or a 

triangular (b) film cross-section shape . 

In the following, only brief explanation is given regarding the integration limits and the function 

h(x) which describes the borderline of the three possible cross-sections. The equations of the 

mean velocity are given at the end of this chapter in Section 7.5.  

 

Rectangular Cross-section Shape 

If a rectangular cross-section is assumed, the calculation in Eq. 7-1 becomes simpler since it has 

to be carried out only in one direction 

0

0
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f
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�
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.

.
        (7-2) 

due to the fact that in a rectangular cross-section the film thickness �f  is constant over the 

whole width and thus, only a one-dimensional problem needs to be solved here. 

 

Triangular Cross-section Shape 

For a triangular cross-section, in y-axis, the equation in 7-1 has to be summed up from zero to 

h(x) and in x-axis from zero to half of the rivulet width b at the position x=x1 (the mean velocity 

is averaged in just one half of the film phase as the velocity profile is symmetrical with respect 

to the middle line or the y-axis) 
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h xb
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The borderline of the film phase is described by the function 

" # f
fh x x

b

�
�� � �         (7-4) 

and the area of half of the rivulet is 
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x h x
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Circular Cross-section Shape 

 
Figure 7-10: Film mean velocity averaged over the whole rivulet area by assuming a circular cross-

section shape. 

The same idea is employed if the rivulet is assumed to have a circular cross-section such as 

shown in Fig. 7-10. The integration of the numerator in Eq. 7-1 in the y-axis is from zero (wall 

surface) up to the rivulet surface h(x) and from the film middle line x=0 up to half of the rivulet 

width b, also called x1 

" #1

0 0

( , )
h xx

w x y dydx. .  .       (7-6) 

The rivulet surface is described by the function 

" #0coscos)( �� �� Rxh        (7-7)  

with  

sinx R ��          (7-8) 

and thus 

1 0sinx R ��          (7-9) 

cosdx R d� �� .        (7-10) 

Half of the rivulet area which is seen in the denominator in Eq. 7-1 can be written in the term of 

its dependency on the circle equivalent radius R and the wetting angle �0 
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The term w(x,y) can be substituted by the velocity equations given in 6.6 for all three 

calculation models. 
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7.2.2 Wetting Angle Above 90° 

 
Figure 7-11: Film cross-section with the wetting angle �0 larger than 90°. 

If a circular cross-section is assumed and the wetting angle is larger than 90°, generally two 

velocity equations are used to describe the fluid dynamics in the film phase. The first one is for 

the area ABFG where a direct wall contact exists and the second one is used to describe the 

velocity profile in the area BDF where no direct wall contact exists. Besides that, the integration 

limits along the y-axis are not the same as well. For ABFG, integration is carried out from the 

wall y=0 up to the rivulet surface h(x) whereas in BDF the calculation is from h2(x) up to h(x). 

The function h(x) refers to the borderline DG whereas h2(x) describes exactly the opposite 

points of the arc DF, that is, the border line BD (see Fig. 7-11 and Fig. 8-3). 

That is why the calculation of the mean velocity is also performed in two steps too  
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Equation 7-13 is written generally in terms of the product of the velocity and the infinitesimal 

area dA. The first term refers to the area ABFG whereas the second one refers to the area BDF. 

The whole area ABDFG is therefore the sum of both 

ABDFG BJGD ABJA A A� �        (7-14) 

with 
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and 

" #
2
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4

ABJ

R
A ��        (7-16) 

and the whole area can be written in terms of its dependency on the circle equivalent radius R 

and the angle �0 (the polar coordinate system � has its initial on the line DJ) 
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In ABFG the velocity is averaged from the wall (y=0) up to the film surface h(x) whereas in 

BDF, it is calculated from h2(x) up to h(x) and from x=x1 (exactly at point B) up to R 

1

1
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0 0 ( ) ( )

1
( , ) ( , )

f

x h x h xR

ABDFG x h x x

w w x y dy dx w x y dy dx
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' (
) *� �
) *+ ,
. . . .    (7-18) 

(instead of h2(x), the lower limit of the integration in second term can also be expressed in the 

term of h(x)-�f (x) with �f (x) as the rivulet thickness which depends on the x-axis). The 

borderlines can be expressed 

" # " # " #2 0sin sinh x h x R � �� � �       (7-19) 

with 

�� " #0
2

for h x
%�4 4  

�� " #0 20 for h x� �� 4 5 . 

The term in x can be expressed in the polar coordinate system 

cosx R ��          (7-20) 

and thus 

1 0cosx R ��         (7-21) 

with 

sindx R d� �� � .        (7-22) 

Hereby the integration in Eq. 7-18 is performed from %/2 to �0 (ABFG) and from �0 to 0 for the 

area BDF. The magnitude of the film thickness itself can be calculated by means of Eq. 7-23 

and Eq. 7-24 such as listed in Table 7-1. 

Table 7-1: Film thickness in term of its dependency on the angle �.  

Area ( )f x�  � 

ABFG )()( xhxf ��               (7-23) 
0

2

%� �4 4  

BDF ( ) 2 sinf x R� ��        (7-24) 
00 � �4 5  

 

The integration result of the first term of Eq. 7-18 (the area ABFG) if the tau model is 

employed, can be seen in Eq. 7-25 
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and if the wall model is taken 
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The wall model calculation equation is valid for the whole area whereas when the tau model is 

applied, there are three different possible equations in BDF, which are obtained using three 

different boundary condition sets. The mean velocity equations obtained are listed in tables 7-2 

and 7-3. 

7.3 Experimental and Calculated Mean Velocity 
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Figure 7-12: Experimental and calculated mean velocity according to the tau model by assuming a 

circular cross-section. System: water rivulet flowing along a vertical glass surface at 313 K and a flow 

rate of 2.1 g/min.  

The calculated mean velocity can be compared with the experimental one to allow a conclusion 

about the applicability of each model to describe the fluid dynamics. In Fig. 7-12 the mean 

velocity of the water rivulet which flows along a vertical glass surface at 313 K and a constant 

flow rate of 2.1 g/min is shown. Here, a circular cross-section shape is assumed. In the 

experimental values, there is a sudden jump of the mean velocity at 9 MPa. This is probably 

caused by the imprecise measurement carried out in the vicinity of the critical pressure of 

carbon dioxide. The uncertainty of the measurement in this pressure range is even enhanced by 

the large density gradient caused by a small pressure or temperature gradient. The schlieren of 

the continuous phase aggravates the optical measurement and thus, leads to imprecision. The 

mean velocity of the rivulet at a constant rate of flow in Fig. 7-12 decreases as pressure 
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increases. This is caused by the density difference which becomes smaller and the buoyant force 

which increases. As a consequence, the rivulet is decelerated and the velocity falls. 

In Fig. 7-12 the tau model is applied under the assumption that the rivulet has a circular cross-

section. As has been explained, there are three calculation models which can be combined with 

three cross-section shapes. The result shown in Fig. 7-12 is just one example of the nine 

theoretically possible combinations. In the study carried out to prove the applicability of these 

models, all nine possibilities are compared with the mean values. The result shows that the tau 

model, in combination with the circular cross-section, coincides best with the measured values. 

However, there are some exceptional points, where the discrepancy between these points is 

rather large, such as seen in Fig. 7-12. In supercritical carbon dioxide, except at 9 MPa, the 

calculated values comply with the measured ones. Whereas in gaseous carbon dioxide, the 

discrepancy is rather large.      
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Figure 7-13: Experimental and calculated mean velocity of the water rivulet flowing along a vertical 

glass surface at 313 K and at a constant flow rate of 2.1 g/min. 

A further analysis of the data according to the nine combination possibilities available to 

forecast the mean velocity yields the diagram seen in Fig. 7-13. Here, all three calculation 

models can be found in one diagram. As can be seen, at atmospheric pressure, the Nusselt 

model approaches the mean value better than the tau model. This is as expected since at 

atmospheric pressure the shear stress exerted at the film surface is negligible and the Nusselt 

model is the one which should be able to describe the fluid dynamics best. If the Nusselt model 

is applied at higher pressure, the mean velocity is overestimated strongly because, in contrast to 

reality, no shear stress is taken into account there. This can be seen at 3 MPa where the 

calculated mean velocity according to the Nusselt model is far higher than the measured one. 
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The tau model can, except at 0.1 MPa, describe the fluid dynamics of the water rivulet very 

well. The discrepancy at 6 MPa and 9 MPa is rather large. But this is probably due to the 

imprecision of the measurement in the vicinity of the carbon dioxide critical pressure.  

The calculation result of the wall model is also shown at higher pressure. The wall model 

underestimates the mean velocity by a large amount if this is applied at lower pressures due to 

the fact, that the shear stress assumed is too large. But in supercritical carbon dioxide, the results 

are in accordance with the tau model and thus, with the measured values.  

The shape of the symbols in Fig. 7-13 gives a hint about the assumed cross-section shape 

employed in the calculation. As can be seen, at the glass surface, due to its good wetting 

characteristics, a relatively thin and wide covering rivulet is formed at lower pressure. That is 

why in gaseous carbon dioxide the rectangular shape can be assumed. The wetting 

characteristics becomes poorer as the pressure increases and in supercritical carbon dioxide the 

circular cross-section has to be taken into account. 
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Figure 7-14: Experimental and calculated mean velocity of the water rivulet flowing along a vertical 

steel surface at 313 K and a flow rate of 9 g/min. 

The mean velocity of the water rivulet drains along a vertical steel surface at 313 K and a flow 

rate of 9 g/min is calculated and compared with the measured value as well. The comparison 

and analysis of the data show nearly the same results as explained before. At atmospheric 

pressure, the Nusselt model delivers the best result. The tau model can be applied in the whole 

pressure range except at atmospheric pressure and the wall model is valid at higher pressure 

such as seen in Fig. 7-14. The mean velocity estimated by means of the wall model always lies 

below the value calculated using the tau model. This is understandable since the wall model 

presents the lower limit of the tau model where the shear stress is maximum.   

The wetting characteristics of steel surrounded by carbon dioxide are not the same as the ones 

of glass. Steel is wetted poorly when compared with glass. As can be seen through the shape of 
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the symbols in Fig. 7-14, at atmospheric pressure, the rivulet cross-section approaches a 

triangular shape. Up to 15 MPa a circular cross-section can be assumed but afterwards, due to 

the poor wettability of the steel, instead of spreading spontaneously, liquid augments itself in 

the thickness direction causing a thick rivulet with a near-rectangular cross-section. 

If at higher pressure circular cross-section is assumed, the mean velocity using the tau model 

has to be calculated in two steps by means of the three different boundary condition sets 

because the wetting angle �0 exceeds 90°. A conclusion about the applicability of these 

boundary condition sets by means of the resulted mean velocity cannot be made since the values 

are simply very similar to each other. This is partly caused by the small area of BDF (the largest 

wetting angle is 107°. As a comparison, the wetting angle of the water rivulet draining along the 

steel surface in Fig. 7-5 is 104°). However, as explained in 7.1.2 a conclusion about the 

usability of these boundary conditions is made based on the velocity profile in the film phase, 

especially at the transition line BF. The wetting angle of the water rivulet at pressures above 

10 MPa is larger than 90°. The mean velocity above this pressure is calculated by means of the 

tau model with the near-wall boundary condition set (see Fig. 7-14). 

A discussion about the shape of the cross-section is needed here because the mean velocity of 

the rivulet has to be compared with the measured one to give a conclusion about the 

applicability of each model at the given operating conditions. If a total wetting of a wide 

covering film can be assured, the discussion about the cross-section shape is not interesting any 

more since the film can only have a rectangular cross-section. This is fulfilled either when the 

wettability of the system at the given operating conditions is very good or when the rate of flow 

of the film phase is adjusted in such a way that a total wetting of the available vertical surface is 

consistently guaranteed. 

As for the wall model, at and above 18 MPa the mean velocity can be predicted quite well by 

means of this model. Here, like in the tau model, a rectangular shape is assumed. Below 18 MPa 

the wall model underestimate the mean velocity. This is a consequence of the overestimation of 

the shear stress at the film surface. 

In the following, the tau model is compared with the wall model by means of its mean velocity 

to allow a prediction of the operating conditions at which the latter approaches the first one. 

Under the assumption of the equality of the mean velocity of both models, the wall model is 

equal to the tau model when 

1

2
f f� �� �  .        (7-27) 

In Fig. 7-15 the right-hand term of Eq. 7-27 (1/2*�f*�f) is plotted against � for the system 

water-CO2 at 313 K and corn germ oil-CO2 at 333 K in the pressure range up to 30 MPa. If 

Eq. 7-27 is fulfilled, the points would lie on the diagonal line seen in Fig. 7-15, where the term 

(1/2*�f*�f) complies exactly with the value of �. At lower pressures the difference between 

both terms is apparently large (observable through the distance of the points to the diagonal 

line). As pressure increases (see the direction of the pressure-axis in Fig. 7-15), the points draw 
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near the diagonal line. At sufficiently high pressure, the points lie exactly on this diagonal line, 

which indicates that there is no difference between the mean velocity calculated by means of the 

tau and the wall model. This is in line with the findings shown in Fig. 7-13 and 7-14. 
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Figure 7-15: If the term (½*�f*�f) is equal to � then the wall model approaches the tau model. 

Investigated systems: water-CO2 at 313 K and corn germ oil- CO2 at 333 K in the pressure range up to 

30 MPa. 

7.4 Interdependency of Mass Transfer and Falling Film Thickness 

According to the continuity equation, if the mass flow  

Awm f
��          (7-28) 

is kept constant, a theoretical comparison of the film thickness at these conditions can be 

performed 
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Here, it is assumed that the liquid covers the available vertical surface very well and thus, a thin 

film with a rectangular cross-section and a constant film width can be assumed. The ratio of the 

film thickness in Eq. 7-29 is estimated by means of the Nusselt and the wall models. If the tau 

model is applied 
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In Eq. 7-29 and 7-30 it can obviously be seen that the film thickness ratio depends, at the same 

mass flow rate, only on the material properties �c , �f , 
c and 
f .  

This kind of film thickness comparison can be carried out for: 

�� two different systems at the same operating conditions  

�� one same system at different operating conditions 

�� one same system at the constant operating conditions but different degree of saturation. 

The first alternative to compare the film thickness of two different systems provides a basis to 

predict the effectiveness of a hitherto unknown process regarding the mass transfer between the 

phases, for instance when an extraction column should be used for a process including a new 

material system. The available data of a system can be used to forecast the effectiveness of the 

unknown system by means of the film thickness ratio. 

Varying the operating conditions means an alteration in the material properties as well. This is 

well known and is not astonishing if, due to the change in the material properties, the film 

thickness changes as well. This change of the film thickness can as well be predicted according 

to the given equations above. 

When at the constant operating conditions the material properties change as the saturation 

process or the dissolution proceeds, it is interesting to discover, how the film thickness is 

affected. Upon employing Eq. 7-29 for the Nusselt and the wall model, and Eq. 7-30 for the tau 

model (1: pure, 2: saturated film phase) the film thickness ratio is calculated. The result for the 

system water-carbon dioxide at 313 K is given in Fig. 7-16. The mixture properties such as the 

viscosity �f  and the density 
f of the water saturated with carbon dioxide are taken from 

[131,185]. At 6 MPa the film thickness of the saturated water is 1% higher than the initial film. 

However the value of the ratio decreases with increasing pressure so that at 30 MPa it becomes 

0.91 (tau model) or 0.93 (Nusselt and wall model). 

The fall of the film thickness ratio is even more radical when corn germ oil is brought in touch 

with pressurized carbon dioxide. The ratio of the film thickness at 333 K calculated by means of 

the Nusselt, the wall and the tau model can be seen in Fig. 7-17. In [185] the density of corn 

germ oil against pressurized nitrogen at 335 K is reported. The viscosity of pure corn germ oil at 

338 K [92] is assumed as constant in the whole pressure range and applied for the calculation of 

the thickness ratio at 333 K. The density of the carbon dioxide saturated corn germ oil is 

reported also in [185] and the influence of the dissolved carbon dioxide on the viscosity of corn 

germ oil at 338 K is taken from [92]. 
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Figure 7-16: Theoretically predicted film thickness ratio between the pure and with carbon dioxide 

saturated water film at 313 K. 
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Figure 7-17: Theoretically predicted film thickness ratio between the pure and with carbon dioxide 

saturated corn germ oil film at 333 K. 

At 3 MPa and 333 K, the saturated film thickness becomes only 92.8% of the initial thickness 

where no carbon dioxide is mixed in the oil phase. The ratio falls consistently and at 30 MPa it 

reaches the value 0.45. At the end of the saturation process, that is when equilibrium is reached, 

the film becomes just one half of its initial thickness. Since the equilibrium process is time-

dependent, the change in the film thickness does not happen suddenly too. As the amount of the 



7.5 List of Equations 

 

132 

 

dissolved carbon dioxide in the oil phase increases, the film becomes thinner. This, in turn, 

gives the carbon dioxide a better chance to be transferred into the bulk phase of the film. Other 

molecules can thus be dissolved at the film surface which causes a further alteration of the 

material properties, the film becomes thinner and so on. This is a snow ball effect which 

enhances and thus from advantage for the mass transfer. 

The difference in the thickness ratio calculated with help of the Nusselt and the wall model 

compared with the tau model shown in Fig. 7-16 and Fig. 7-17 is not appreciable. The solubility 

of carbon dioxide in the oil phase is much higher than that in the water phase. As a 

consequence, the material properties of the oil phase are affected more strongly too. That is why 

the fall in the ratio thickness can be seen more clearly in corn germ oil-carbon dioxide than in 

water-carbon dioxide system. 

7.5 List of Equations 

Table 7-2: Film phase mean velocity for �0 up to 90°.  
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The equations for �f  and � are given in Eq. 6-84 and 6-85 on page 112 whereas the circle 

equivalent radius R is given in Eq. 5-4 on page 79. The integration results ai as a function of the 

wetting angle � from zero to �0 
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cos cos cosi
ia d

�

� � � �� �.       (7-31) 

for i=1 and i =3 are: 

�� i=1: 

" #0 0 0

1
sin cos

2
� � ��        (7-32) 
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�� i=3: 
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0 0 0 0 0 0 0

1 13 3 3
cos sin sin cos cos

4 8 8 2
� � � � � � �� � � �   (7-33) 

The relation between the angle �0 and �0 can be seen in Eq. 5-2 on page 79. 

Table 7-3: Film phase mean velocity for �0 above 90°. 
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8 Velocity Boundary Layer 
Logic will get you from A to B. Imagination will take you everywhere. 

Albert Einstein 

This chapter discusses the thickness and velocity profile in the boundary layer which lies 

between the flowing film phase and the static continuous phase. To give an idea of the 

magnitude of the boundary layer thickness, this is calculated according to the equation given in 

Chapter 6.5.1 on page 99 by means of the measured rivulet thickness. In Chapter 8.2 the general 

theoretical background concerning the fluid dynamics in the boundary layer is explained. 

Regarding rivulets, the fluid dynamics in this boundary layer is distinguished according to its 

wetting angle, whether the angle is smaller than 90° or above 90°. In the theoretical part, the 

equation used to estimate the magnitude of the boundary layer thickness when the wetting is 

poor, is given. A visualization of the velocity profiles in the boundary layer of a water rivulet is 

shown in Chapter 8.3. The boundary layer around a water rivulet flowing along a glass surface 

is taken as an example of the wetting with angles smaller than 90°. For angles above 90° the 

boundary layer around the water rivulet draining along a steel surface is shown. In the last 

section the influence of fluid dynamics and material properties, which depend solely on the 

operating conditions, on the boundary layer thickness is discussed upon the assumption that, 

either the film thickness or the mean film velocity is held constant. A summary of the important 

equations employed in the calculation of the boundary layer thickness and the velocity profile 

can be found at the end of this chapter in tabular form. 

8.1 The Thickness  

The thickness of the velocity boundary layer between static carbon dioxide and the water falling 

film which flows at the rates 2 g/min (along a glass surface) and 9 g/min (along a steel surface) 

at 313 K is shown in Fig. 8-1. This is calculated by means of the material properties and the 

film thickness according to Eq. 8-1 (taken from Eq. 6-34 on page 99) 

" #
( )f f f cc

c
f c c f f

� � � ��
�

� � � � �

�
�

�
.       (8-1) 

For the estimation of the boundary layer thickness, the measured projection of the rivulet 

maximum thickness in Chapter 5.4 is used as the film thickness (assumption of a one-

dimensional problem).  

On the basis of Eq. 8-1, it seems as if the thickness of the boundary layer depends solely on the 

material properties. A direct influence of the fluid dynamics cannot be found in the equation. 

Indeed, this factor is considered and taken into account indirectly through the film thickness �f. 

This is also clearly seen in Fig. 8-1 where the thickness of the boundary layer depends 

additionally on the rivulet mass flow.  
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Even though according to Chapter 5.4, at a constant film phase mass flow, the rivulet thickness 

increases consistently with increasing pressure, the thickness of the boundary layer depends also 

on the change of the material properties. The combination of both delivers a boundary layer 

thickness such as seen in Fig. 8-1. 

A further discussion regarding the influence of the fluid dynamics and the material properties on 

the boundary layer thickness can be found in details in Chapter 8.4. 
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Figure 8-1: Estimation of the boundary layer thickness around a falling film at 313 K by means of the 

measured rivulet thickness. 

8.2 Fluid Dynamics 

In this section, the velocity profiles in the boundary layer for a wetting angle up to and above 

90° are derived. Additionally, the boundary layer thickness in cases where the rivulet wets the 

vertical surface poorly is also given. As explained in Chapter 6.5.3, the velocity profile in the 

boundary layer is calculated and visualized only around one half of the rivulet or film cross-

section because the film and thus the boundary layer velocity profile are symmetrical with 

respect to the y-axis. 

8.2.1 Wetting Angle up to 90° 

As explained in 6.5.1 the parabolic velocity equation in the boundary layer is 

" # 2
1

2
c

c c c c cw y y c y
�

� �        (8-2) 

when a new coordinate system yc is employed in order to let the calculation be as simple as 

possible. It is assumed that the velocity wc is equal to zero at yc = 0. And as a result, the second 

constant c0c  is zero. Upon employing Eq. 6-23 on page 97 and Eq.6-26 on page 97, the constant 

c1c can be written as 
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When the thickness of the boundary layer �c in Eq. 8-3 is substituted by the right-hand term in 

Eq. 8-1, the constant c1c depends only on the film thickness �f and the material properties which 

are summarized in terms of the parameter � 

1c fc �� � .         (8-4) 

The parameter � in Eq. 8-4 is a function of the densities and the viscosities of both phases 

" #, , ,c f c ff � � � �� �        (8-5) 

and can be calculated according to 
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The parabolic velocity equation in the boundary layer according to Eq. 8-2 can be written in 

terms of yc or transformed back to the coordinate system y, so that only one universal 

coordinate system is needed. Both coordinate systems are related by 

" # ccf yy ��� ��          (8-7) 

or 

" # yy cfc ��� ��         (8-8) 

so that 
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Upon employing Eq. 8-4 
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      (8-10) 

or in terms of h(x)  
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    (8-11) 

where the rivulet thickness is written in terms of its dependency on the coordinate system x, 

with h(x) according to Eq. 6-86 for a circular cross-section or Eq. 6-87 for a triangular cross- 



8.2 Fluid Dynamics 

 

138 

 

section (see page 112). For a wide covering thin falling film, where the cross-section is assumed 

to have a rectangular shape, the film thickness is a constant and Eq. 8-10 is valid.   

8.2.2 Wetting Angle above 90° 

The velocity profile such as given in Eq. 8-11 is valid for the boundary layer around the 

borderline DG or in terms of the angle 0 90�1 4 4 1 . An equation which describes the velocity 

around the borderline BD expressed by 0 0� �� 4 5 1  is still unknown.  

 
  

Figure 8-2: A sigmoidal function approximated by two parabolas describes the velocity profile in the 

boundary layer precisely. 

Two simplifications in calculating the velocity profile around the borderline BD are made. The 

first being the velocity profile in the boundary layer. The second is related to the velocity 

gradient taken into account for the calculation of the shear stress �.  
The velocity profile in the boundary layer is a sigmoidal function as can be seen in Fig. 8-2. The 

precise velocity profile in the boundary layer has a s-shape. The sigmoidal curve MNO can be 

approximated by two parabolas which follow the model 2y ax bx c� � � , or 

here 2w a y b y c� � �  with a>0 from point M to point N and a<0 from point N to point O. At 

point M, there is a transition from the boundary layer to the static continuous phase. At this 

point, the curve is continuously differentiable and has a velocity of zero. At point N, the second 

derivation of the velocity with respect to y-axis  
2

2

w

y

�
�

 is equal to zero. It is the inflection point 

of the sigmoidal function. From the mathematical point of view, it is highly complicated to 

perform an analytical solution of the velocity profile having a sigmoidal shape. In addition, if 

the distance MN and the velocity at point N are too small to be significant (see Fig. 8-2), point 

N instead of point M can be considered as the starting point of the function. In other words, as 

long as the width of the real boundary layer �c2 is approximately equal to the width �*
c2 of the 
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section NO of the sigmoidal curve (
2 2

*
c c� �/ , see Fig. 8-2), the sigmoidal function can be 

approximated by a parabola to calculate the velocity profile. This mathematical solution is 

accurate enough although the real profile of the velocity in the boundary layer is not parabolic.   

As for the second simplification, it is stressed once again that the shear stress � is derived from 

the velocity gradient 
w

y

�
�

which is perpendicular to the film flow direction but not to the film 

interface (see explanation in Section 6.5.1, Fig. 6-5). 

In the next step, a force balance on an infinitesimal volume element in the boundary layer 

between the gravitational force and the forces result from the shear stress can be written  

" # " #" #c g dx dy dz y d y y dx dz
 � �� � � � .     (8-12) 

Assuming a flow behaviour of Newtonian fluid 
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c
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       (8-13) 

where the product of the continuous phase density 
c and the acceleration due to the gravitation 

g divided by the viscosity �c is collected in a single term called �c. Thus, the typical parabolic 

velocity equation around the borderline BD is found 

2
1 2( )

2
c

cw y y c y c
�

� � � �  .      (8-14) 

 
Figure 8-3: Estimation of the velocity boundary layer thickness around the borderline BD. 

The velocity profile in the film phase BDF (without any wall contact) along the y-axis is 

reported in 6.5.3 on page 108 . The main idea in solving Eq. 8-14 is to make use of the already 

known velocity profile in the film phase according to the tau model with near-wall boundary 

conditions. To comply with the requirements already made in 6.5.3 for the velocity profile 

around DG, the shear stresses and the velocities in both phases have to be mathematically 

linked.   
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The first boundary condition is regarding the equality of the velocities in both phases at the 

borderline  

" # " #2 2( ) ( )cw y h x w y h x� � �       (8-15) 

h2(x) is a function which describes the curvature and thus, the position of the borderline BD 

relative to the vertical wall (y=0). This function is given in Section 8.5. The thickness of the 

boundary layer around the borderline BD is referred to as 
2c� (see Fig. 8-3). 

Upon employing Eq. 8-14 for the calculation of the velocity profile in the boundary layer 
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and Eq. 6-83 for the film phase 
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and putting them into Eq. 8-15 and solved for the constant c2 
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   (8-18) 

The constant c2 in Eq. 8-18 contains c1 which is still unknown. The boundary layer ends at the 

distance 
2c�  away from the film phase or from the borderline (see Fig. 8-3b). This is used as the 

second boundary condition 

" # " #" #
22 0c cw y h x x�� � �       (8-19) 

upon employing Eq. 8-14 
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Equation 8-20 contains the local thickness of the boundary layer 
2c� whose magnitude is not 

known. Therefore the equality of the shear stresses at the surface is 

" #" # " #" #2 2c y h x y h x� �� � �        (8-21) 

with the magnitude of the shear stress approached from the continuous phase 

" #" #2 1c c c h x c� � �� � �        (8-22) 

and approached from the film phase 
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    (8-23) 

delivers the constant c1 

" # " # " #1 2 2

f
f f c

c f

c h x h x h x
�

� � �
� �

� �� ��
� � � � �� �� �� �� �� 	� 	

   (8-24) 
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and c2 upon employing Eq. 8-18 and Eq. 8-24 

" #
" # " #

" # " #
" # " # " #

2 2

2
2

2 2
2

2 2
2

2 2 2

c c f c f f

c f f c
c f

f f f f f

h x h x
h x

c h x h x

h x h x h x

� � � � � �

� � � �
� �

� � � � �

� �� �
� �

� � � �� �
� �� �� � � �� 	

 (8-25) 

Substituting c1 and c2 in Eq. 8-20 by the expressions in Eq. 8-24 and Eq. 8-25 respectively, and 

factoring the second degree polynomial for the thickness of the boundary layer 
2c�  
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The solution of the second order polynomial in 
2c� delivers two possibilities for the magnitude 

of 
2c� due to the fact that the result of a square root can be positive or negative. The possible 

algebraic signs of the square root are written in terms of k1 which is either +1 or –1 and thus, the 

term in the brackets behind k1 contains only the absolute value.   

At the wall the film phase does not flow, the film velocity at the surface is zero and thus, no 

boundary layer exists there. This can be used as a condition to solve the above mentioned 

mathematical problem. 

At point B (see Fig.8-3a) with  

" #2 0h x �          (8-27) 

the film touches the wall already and due to the no-slip condition at the wall surface, the 

molecules of the film stick on the wall. No film flow means logically there exists no velocity 

boundary layer as well 

0
2
�c�          (8-28) 

and thus at y=0  
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There are two possibilities in factoring the second order polynomial in the last term in the 

brackets of Eq. 8-29. The first one is in terms of " #2f f� �� �  
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and the second possibility is in terms of " #2f f� � ��  
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The afore-mentioned condition can be used as an orientation to decide whether Eq. 8-30 or 8-31 

should be taken, i.e. the square root terms behind k1 comprise now only the absolute value and 

thus, taking the product of the three quadratic terms of Eq. 8-30 out of its square root yields 
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Equation 8-32 is valid if " # 0f f� �� � 8 . Otherwise 

" # " # " # " #
2 1

0

1
c f f f f

c c

h x k h x� � � � �
� �

8

' (
) *� � � � � �
) *
+ ,

�����
.   (8-33) 

Equation 8-33 is derived from Eq.8-31. 

Considering these two possibilities, the condition in Eq. 8-28– �c2 is equal to zero–can only be 

fulfilled with the following criteria for k1: 

�� k1= -1 when " # 0f f� �� � 8  

�� k1= 1 when " # 0f f� �� � 5  

That means, depending on the magnitude of � and (�f * �f) the value of k1 is either equal to 1 or 

–1 and the magnitude of 
2c�  in Eq. 8-26 can be estimated. 
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8.3 Velocity Profile  

8.3.1 Wetting Angle up to 90° 

One half of the velocity boundary layer which exists between the flowing film phase and the 

static continuous phase is shown in Fig. 8-4. This is the boundary layer around a water rivulet 

draining along a glass surface at 313 K and 21 MPa. The flow rate of the rivulet in supercritical 

carbon dioxide is 1.65 g/min. The rivulet wets the vertical surface with an angle of 63.5°, the 

circle equivalent radius is 1.07 mm. 

The thickness of the boundary layer varies between 9.6 µm (at x = 0) and zero where the 

molecules of the film phase stick on the wall (at the three-phase-contact-line between the solid, 

the liquid and the fluid phase). 

The maximal velocity w = 4.2 cm/s is reached exactly at the film surface at x = 0. The enlarged 

velocity profile can be seen clearly in Fig. 8-5. 

 
Figure 8-4: Velocity profile in the boundary layer between carbon dioxide and a water rivulet flowing 

along a glass surface at 313 K, 21 MPa and a water mass flow of 1.65 g/min. 
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Figure 8-5: Enlarged velocity profile in the boundary layer between carbon dioxide and a water rivulet 

flowing along a glass surface at 313 K, 21 MPa and a water mass flow of 1.65 g/min. 

8.3.2 Wetting Angle above 90° 

The velocity profile in the boundary layer lying between the water rivulet flowing along a steel 

surface and supercritical carbon dioxide can be found in Fig. 8-6. The water rivulet flows with a 

rate of 9 g/min at 313 K and 21 MPa. The rivulet wets the vertical surface with an angle of 107° 

whereas the circle equivalent radius is 0.67 mm. The magnitude of the boundary layer thickness 

�c in the middle of the rivulet width at x = 0 is 14 µm and the maximal velocity is 9.1 cm/s. 

The enlarged boundary layer can be seen in Fig. 8-7. 
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Figure 8-6: Velocity profile in the boundary layer between carbon dioxide and a water rivulet flowing 

along a steel surface at 313 K, 21 MPa. Water mass flow: 9 g/min. 

 
Figure 8-7: Enlarged velocity profile in the boundary layer between carbon dioxide and a water rivulet 

flowing along a steel surface at 313 K, 21 MPa. Water mass flow: 9 g/min. 
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8.4 The Influence of Fluid Dynamics and Material Properties 

The most important equations regarding the calculation of the boundary layer thickness and the 

velocity profile in this boundary layer have been introduced. Thus, the discussion which is 

focused on the dependency of the boundary layer thickness on the fluid dynamics and the 

material properties such as density and viscosity can be held. 

If the discussion is focused on a wide covering falling film with an approximately constant 

thickness in its whole width (a one dimensional problem), then the ratio of the boundary layer 

and the falling film thickness can be estimated with help of Eq. 8-1 on page 135. The magnitude 

of this ratio for the system water-CO2 and corn germ oil-CO2 at 313 K and 333 K respectively is 

calculated theoretically and can be seen in Fig. 8-8. The material properties needed for the 

estimation are taken from the literature [92,185]. Due to the lack of data, the dynamic viscosity 

of with carbon dioxide saturated corn germ oil at 338 K is used here. In the calculation, it is 

assumed that the film phase is saturated by the continuous phase. 

The thickness ratio of the boundary layer and the falling film depends solely on the material 

properties, which are, in turn, a function of the operating conditions. The influence of the 

operating conditions on the ratio is seen clearly in Fig. 8-8. The dependency of the thickness 

ratio on the system pressure for the system water-CO2 is different than the one observed when 

corn germ oil is used. 
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Figure 8-8: The thickness ratio of the velocity boundary layer and the falling film for the system 

water-CO2 at 313 K and for corn germ oil-CO2 at 333 K. 

As is commonly known, water density does not change appreciably with pressure whereas the 

density of carbon dioxide does. As a result, the density difference between the phases becomes 

smaller with increasing pressure while the liquid viscosity remains nearly constant. That is why, 
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the value of �f decreases consistently if the pressure is raised. This is also reflected in the 

thickness ratio such as given in Fig. 8-8. In supercritical carbon dioxide, the ratio decreases 

markedly with increasing pressure. However, it remains nearly constant at lower pressure where 

the carbon dioxide is still gaseous. The appreciable jump in the thickness ratio to a higher value 

between 6 MPa and 9 MPa can be explained through the change in the dynamic viscosity of 

carbon dioxide which becomes noticeably larger when it becomes supercritical (it becomes 

twice as large as before when the pressure is raised from 6 MPa to 9 MPa). 

In contrast to the water-CO2 system, the thickness ratio of the corn germ oil increases with 

increasing pressure. This can be understood by observing the dependency of the corn germ oil 

material properties on the amount of dissolved carbon dioxide in it. As pressure increases, 

which means, the dissolved amount of carbon dioxide rises too, the density of the oil increases a 

little bit while the dynamic viscosity drops appreciably. As an example: if the pressure is 

increased at 313 K from 3 MPa to 24 MPa, the oil dynamic viscosity at the higher pressure falls 

to just one fourth of the initial value. 

Although the density difference &
 decreases as pressure increases, the effect of the fall in the 

oil viscosity on the thickness ratio is stronger 

" #2
( )c c

f c
f cf

� � 

� �

� 
 
�
&

� �
& �

.      (8-34) 

This is even enhanced by the rise in the carbon dioxide viscosity and results in an increase in the 

thickness ratio as pressure increases, as can be seen in Eq. 8-34 where the thickness ratio is 

written in terms of the densities and the viscosities instead of the viscosities and the �’s. 

Physically, the whole phenomenon can be very well explained by focusing on the drop in the oil 

viscosity and the rise in the carbon dioxide viscosity. A lower liquid viscosity allows a better 

flow behaviour and thus, at the same operating condition and the same liquid rate of flow, a 

lower viscosity lets the liquid drain faster along the vertical solid surface. And therefore, the 

local film velocity at the surface is also larger, which means a thicker boundary layer is required 

to reduce the velocity down to zero. If at the same time the continuous phase viscosity 

increases, the space needed to hold down the velocity is even greater until the value of zero is 

reached. 

Up to now, the discussion about the thickness ratio in terms of its dependency on the operating 

condition has been carried out. However, the absolute value of the boundary layer thickness 

itself depends not only on the material properties but, as one might expect, it is also affected by 

the fluid dynamics. In order to take both into consideration, either the film thickness or the 

mean velocity is held constant in the whole pressure range. When the film thickness is kept 

constant, the influence of the fluid dynamics and the material properties are considered, whereas 

when the mean velocity remains the same, only the influence of the material properties is 

investigated. In this case, the fluid dynamics are not considered.     
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8.4.1 Constant Film Thickness 

By assuming a constant film thickness of 1 mm over the whole pressure range from 3 MPa up 

to 24 MPa, the thickness ratio calculated for the systems water and corn germ oil films 

embedded in pressurized carbon dioxide at 313 K and 333 K respectively (Fig. 8-8) can be 

employed to estimate the absolute thickness of the velocity boundary layer. The thickness of the 

velocity boundary layer of both systems does not change uniformly as the pressure increases. 

In gaseous carbon dioxide, the thickness of the water film velocity boundary layer remains 

nearly constant. A decrease of the thickness with increasing pressure is seen clearly in 

supercritical carbon dioxide. The explanation for this behaviour can be found in the change of 

the material properties which at the same time affect the fluid dynamics too. 
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Figure 8-9: The thickness of the velocity boundary layer estimated by assuming the film thickness 

�f  = 1 mm. 

The water film thickness can be held constant over the whole pressure range by adjusting the 

film velocity. According to the equation given in 7.5, the mean velocity of a wide covering thin 

film calculated by means of the tau model is a product of 
3 2

f

f

�
�

� ��
�� �� �

� 	
and the square of the 

film thickness. The dependency of the term 
3 2

f

f

�
�

� ��
�� �� �

� 	
on the pressure is shown in Fig. 8-10. 

For the system water-carbon dioxide, the value of 
3 2

f

f

�
�

� ��
�� �� �

� 	
decreases from 

1
2850

mm s
 at 

3 MPa down to
1

270
mm s

 at 24 MPa which means that if the film thickness is to be kept 
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constant in the whole pressure range, the film phase velocity has to be lowered as the pressure is 

increasing. A constant film phase velocity at increasing pressure causes, purely theoretically, a 

thicker film which is not desired here. According to the mass continuity equation, at a constant 

flow cross-section the mass flow has to be lowered if the mean liquid velocity is to be decreased 

(the rise in the liquid density with increasing pressure is negligible). A fall in the rate of flow 

and thus a fall in the mean velocity is responsible for a thinner velocity boundary layer because 

less distance is needed to hold down the velocity which is already sufficiently low. This is the 

explanation for the fall in the boundary layer thickness as the pressure increases. 
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Figure 8-10: The dependency of 
3 2

f

f

�
�

� ��
�� �� �

� 	
on the pressure for the systems water-carbon dioxide at 

313 K and corn germ oil-carbon dioxide at 333 K. 

In contrast to the system water-CO2 , the value of 
3 2

f

f

�
�

� ��
�� �� �

� 	
for the system corn germ oil-

carbon dioxide does not change uniformly as the pressure increases. The diagram resembles a 

parabolic curve with a maximum in the vicinity of the carbon dioxide critical pressure, which 

means this parameter increases first with increasing pressure. After the maximum has been 

reached, the parameter falls as the pressure increases (this is to be seen vaguely in Fig. 8-10 due 

to the scaling of y-axis). The value of 
3 2

f

f

�
�

� ��
�� �� �

� 	
in Fig. 8-10 for the system corn germ oil-

CO2 varies from 
1

55
mm s

 to  
1

160
mm s

. The slight increase in 
3 2

f

f

�
�

� ��
�� �� �

� 	
in the lower 

pressure range forces an increase in the mean film velocity if the film thickness of corn germ oil 
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is to be kept constant. This is reached by increasing the liquid mass flow which has a 

consequence that the force (inserted by the liquid film) which sweeps the molecules in the 

continuous phase to flow in the direction of gravitation, becomes higher. And a larger boundary 

layer thickness is required to obtain a velocity of zero. 

Although at higher pressure range the mass flow of the film phase has to be decreased in order 

to keep the film thickness constant, the influence of the dynamic viscosity of both phases 

becomes more dominant. The increase of the carbon dioxide viscosity, enhanced by the 

decrease in the oil viscosity, is responsible for the rise of the boundary layer thickness even 

when the mass flow is decreased. 

Comparing the boundary layer thickness around both films, water as well as corn germ oil, the 

thickness of the boundary layer around the water film is apparently larger than the corn germ oil 

film (see Fig. 8-9). The boundary layer around the water film ranges between 13 µm and 23 µm 

whereas around the corn germ oil film, it has a thickness of 1.5 µm-3.5 µm. The reason that the 

boundary layer around the water film is, at exactly the same operating conditions and the same 

film thickness, nearly eight times thicker than the one around oil film, lies in the different order 

of magnitude of the liquid viscosities. At 338 K, the viscosity of corn germ oil at 3 MPa is 27 

times that of water, while at 24 MPa the previous one has a viscosity which is 7 times as large 

as the latter one. The high oil viscosity is responsible for the narrower velocity boundary layer 

due to the fact that the high viscosity prevents the film from flowing and thus, less distance is 

needed to stop the molecules flow totally. 

8.4.2 Constant Mean Velocity 

Keeping the mean velocity of the film constant means taking the fluid dynamics out of 

consideration and concentrating only on the effect of the material properties which in turn, 

depend on the operating conditions. If the mean velocity of the film is to be kept constant as the 

pressure increases, the mass flow has to be raised due to the fall in the density difference which 

slows the film and inhibits it from flowing. At the same time the film thickness becomes larger 

and thus, compensates for the fall in 
3 2

f

f

�
�

� ��
�� �� �

� 	
 with increasing pressure (see Fig. 8-10). The 

dependency of the film thickness on the pressure at a constant film mean velocity is given in 

Fig. 8-11. In contrast to the water film thickness, which increases consistently with the pressure, 

the oil film first decreases slightly before it increases with the pressure. This is due to the 

parabolic shaped curve when the value 
3 2

f

f

�
�

� ��
�� �� �

� 	
 is plotted against the pressure (Fig. 8-10). 
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Figure 8-11: The estimated film thickness by assuming a constant mean film velocity of 15 cm/s in the 

whole pressure range. 

Despite the commonly known excellent wetting characteristics of oil, the film thickness of 

water in Fig. 8-11 varies between 0.23 mm and 0.75 mm which is very thin when compared 

with the oil film which ranges between 0.96 mm and 1.65 mm. However, it has to be kept in 

mind that the film thickness is theoretically calculated by assuming a constant liquid velocity 

and that the value of 
3 2

f

f

�
�

� ��
�� �� �

� 	
 –which plays the role of a kind of proportionality constant in 

the equation of the mean velocity–for oil is far lower than that of water. And as a consequence, 

the film thickness of the oil becomes far larger than that of water. The excellent wettability of 

oil when compared with water is of no importance, because here a perfect wetting of the thin, 

wide covering continuous film is assumed regardless of the liquid or the vertical surface 

employed.  

By combining the film thickness obtained with the ratio of the film and the boundary layer 

thickness such as shown in Fig. 8-8, the thickness of the boundary layer at a constant film mean 

velocity can be calculated. The result can be seen in Fig. 8-12. 

Regardless of the liquid material, the boundary layer thickness �c increases with increasing 

pressure. The sharp rise in the water film thickness above 12 MPa (Fig. 8-11) is compensated 

for the fall in the thickness ratio (see Fig. 8-8) which can be seen in the leveling off of the 

thickness of the water velocity boundary layer in Fig. 8-12. 

As for corn germ oil, the slight decrease in the film thickness in the lower pressure range does 

not affect the thickness of the boundary layer appreciably. The boundary layer thickness 

increases consistently with increasing pressure. 
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Even though at the same mean velocity the oil film is far thicker than the water film, the 

boundary layer around the oil film is still thinner than that around the water film. According to 

the calculation made and shown in Fig. 8-12, the boundary layer around the corn germ oil film 

has a thickness of between 1.4 µm and 5.8 µm, while the thickness of the water boundary layer 

ranges between 5.2 µm and 13.2 µm. The explanation for the thin boundary layer around the oil 

film lies in the magnitude of the thickness ratio given in Fig. 8-8. The thickness ratio of the 

boundary layer and the water film lies between 1.7 % and 2.7 %. For oil film, this value ranges 

only between 0.14 % and 0.35 %. 
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Figure 8-12: The estimated boundary layer thickness by assuming a constant mean film velocity of 

15 cm/s in the whole pressure range. 
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8.5 List of Equations 

Table 8-1: Thickness and velocity profile in the boundary layer for 0 4 � 4 %/2. 

 0
2

%�4 4  (around the borderline DG, see Fig.8-3 on page 139) 

Thickness " #
( )f f f cc

c
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' (� � � �
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) *� � �+ ,� �
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for rectangular cross-section (one dimension problem): " # fh x �� . 

Velocity 

for circular and triangular cross-section: h(x) see Eq. 6-86 and Eq. 6-87 in 6.6 on 

page 112. 
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Table 8-2: Thickness and velocity profile in the boundary layer for  -�0 4 � < 0. 

 0 0� �� 4 5  (around the borderline BD, see Fig.8-3 on page 139) 
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Velocity 
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9 Shear Stress Exerted at Rivulet and Film Surface 
Genius is eternal patience. 

Michaelangelo 

Seen in one dimension, the surface shear stress is a product of the parameter � and the film 

thickness itself (see Eq. 6-35 on page 99). However, it can also be written in terms of its 

dependency on the x-axis 

" #0 h x� � � .        (9-1) 

This is the local shear stress at the interphase between the film and the continuous phase at a 

point (x, h(x)). If it is required, the friction between the adjacent molecules in the film phase can 

be estimated with the help of the above mentioned equation so that the shear stress at each point 

(x,y) is known. Depending on the local film thickness h(x), the magnitude of the shear stress is 

not in general homogenous along the whole borderline. In order to give an idea of the 

magnitude of the shear stress, this value is averaged over the whole length of the boundary 

layer. In this chapter, the integration and its limits to obtain the mean shear stress are introduced 

briefly. The theoretical calculation is divided into two parts. One is the wetting angle which is 

smaller than or equal to 90° and the other one is the wetting angle above 90°. For the wetting 

angle up to 90° the three geometrical shapes of the cross-section are applied for the tau and the 

wall model (in the Nusselt model no surface shear stress exists). And for wetting angles above 

90°, the wall model and the tau model in combination with the three different sets of boundary 

conditions are employed. The results of the calculation are compared with the reference shear 

stress value in the second section. And the equations used to estimate the shear stress are given 

in Section 9.3. 

9.1 Theoretical Background 

9.1.1 Wetting Angle up to 90° 

Usually if a theory is developed in order to estimate a measurable quantity, the theory is, in turn, 

proved by means of a comparison between the predicted value and the actual measurement. In 

cases where shear stress is concerned, such a direct comparison is not possible due to the fact 

that the surface shear stress cannot be measured directly. However, a reference quantity is 

required–even though the validity of this value to be used as a reference might still need to be 

proved–to be certain whether the forecast value is reasonable and whether the theory developed 

is applicable or not. For this purpose, this section starts with an attempt to estimate the 

magnitude of the shear stress by using the measured values and is then followed by the 

calculations of the shear stress with the help of the already known theory. Although the 
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estimated value which is used later as a reference is not the experimental value in the sense that 

it is measured directly, this quantity is referred to as the experimental value for practical 

purposes. 

Experimental Value 

To obtain a reference quantity which can be used later as a comparison for the calculated 

values, the surface velocity equation in Chapter 6.4, Table 6-1 on page 92 (also referred to as 

� � -Model) 

" # " #
2

0

2
f

f

y
w y h x y y

�
�

�
� �
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� 	

     (9-2) 

is integrated along the borderline at y= h(x) 
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.

.
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dx

dxyxw

w

0

0

,

.        (9-3) 

Instead of treating the shear stress � as a function of the x- and y-axes, it is taken as a constant 

here in order to enable an integration over the x-axis. Therefore, the shear stress found in Eq. 9-

2 is written as 0� which means the averaged surface (symbolized by the index 0) shear stress. 

The mean velocity calculated in this way is solved for the shear stress 0�  and this quantity is 

referred to as the experimental value of shear stress, in the sense that this value is estimated by 

means of the measured mean velocity and the film thickness. Depending on the cross-section 

shape assumed, there are three experimental values of the shear stress, as an example 

2 2

0

21

3

f f

f f f
f

w b

b

� �
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�

�
� �      (9-4) 

if the cross-section is taken as triangle. The equations for all other shapes are listed in Table 9-1 

on page 161. This is the only reference value which can be used to prove the theory used for the 

shear stress estimation. Nevertheless, this quantity has to be treated carefully in practice for 

comparative purposes because the assumption that the shear stress term in Eq. 9-2 does not 

depend on the x- and y-axis is an oversimplification which is required to enable the integration. 

 

Calculated Shear Stress: Tau Model 

Actually, the equation needed to calculate the local shear stress is already introduced in Chapter 

6.5.1. This shear stress has to be averaged over the borderline by means of integration. The local 

shear stress is multiplied with an infinitesimal arc length of dx, along which the shear stress is 

assumed as constant, and later divided by the arc length s itself 
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.
.        (9-5) 

The arc length of a circular segment  

0s r��          (9-6) 

and of a triangle side 

2 2
fs b�� � .        (9-7) 

 

Calculated Shear Stress: Wall Model 

The same integration as written in Eq. 9-5 can be applied with 

" # " #0

1

2
f fx h x� � ��        (9-8) 

if the wall model is concerned. 

9.1.2 Wetting Angle above 90° 

Experimental Value 

For the calculation of the experimental value when the wetting angle is above 90°, the 

integration has to be carried out twice 
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. .
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.    (9-9) 

The first term concerns the multiplication of the velocity with the infinitesimal arc length dx in 

DFG (see Fig. 7-11 and 8-3) while the second term is the same product of the velocity and the 

arc length dx in BD. This can be seen more clearly in the term of the polar coordinate system 

" # " # " # " #
0

0 0

0 / 2

1
, sin , sinw w x y R d w x y R d

R % �

� � � �
� �

� �
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� 	
. . . (9-10) 

The integration has to be split due to the fact that 

" # " #0sin sinh x R � �� �        (9-11) 

and thus, for 0 4 �0 4 %/2 

" # " #0sin sinh x R � �� �        (9-12) 

whereas for -� 4 �0 < 0 

" # " #0sin sinh x R � �� �  .      (9-13) 
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As explained before, the calculated mean velocity from Eq. 9-10 is solved for the shear stress 

0�  and referred to as the experimental value of the shear stress. 

 

Calculated by Means of the Tau Model: Symmetric Boundary Conditions 

Depending on the velocity equations and the integration limits used, the mean calculated shear 

stress can be split in several terms. Generally written, the whole borderline BDFG is divided 

into three parts BD, DF and FG 

" # " # " # �
�
	

�
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�
�

�
��� ...

FGDFBD sss

BDFG

dxxdxxdxx
s

0

0

0

0

0

00

1 ���� .    (9-14) 

In fact, due to several factors, the terms needed in the calculation might be less than three, such 

as mentioned in Eq. 9-14. For the tau model with its set of symmetrical boundary conditions, 

only two integration terms are required 
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1

0 0 0

0

1
x R
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� �� �� �
� 	
. .      (9-15) 

because the shear stress exerted at DF is exactly the same as that exerted at BD (symmetrical 

conditions) and thus, it is sufficient to average the shear stress along DFG, with 

" # ����� sin,0 RffDF � .       (9-16) 

 

Calculated by Means of the Tau Model: Continuity Boundary Conditions 

The calculation of the averaged shear stress for the tau model with its set of continuity boundary 

conditions needs to be split in three terms 
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because the shear stress at DF is not the same as that at BD. The same reason applies for the tau 

model with its set of near-wall boundary conditions (Eq. 9-18). As for the arc DFG, the 

integration can be performed in one term because the equations employed are the same. 

 

Calculated by Means of the Tau Model: Near-wall Boundary Conditions 

" # " # �
�
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Calculated by Means of the Wall Model 

The shear stress along the arc DF and BD is also the same if the wall model is applied. The 

velocity profile in BDF is symmetrical with respect to the line DK and at the interphase, the 

velocity is equal to zero. Due to this symmetrical condition, the integration can be performed in 

just two steps 
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and the calculated mean shear stress according to the wall model is 

" # 0
0 0
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 .    (9-20) 
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Figure 9-1: Experimental and calculated mean shear stress. System: water rivulet flowing along a 

vertical glass surface at 313 K and a flow rate of 2.1 g/min. 

In Fig. 9-1 the mean shear stresses of the water rivulet which flow along the vertical glass 

surface at a mass flow rate of 2.1 g/min according to the tau and the wall model are compared 

with the experimental value. The symbols give information about the assumption of the cross-

section shape, which is made according to the findings in Chapter 7.3.  

Generally, as expected, the mean shear stress according to the wall model is higher than the one 

calculated according to the tau model. As the pressure increases, the experimental as well as the 

calculated shear stress decrease. This does not mean that the shear stress at higher pressure is 

lower than the shear stress at lower pressure. According to the figure shown in Chapter 7.3, the 

mean velocity is decreasing with increasing pressure due to the fact that the mass flow of the 

film phase is kept constant in the whole pressure range. However, the density difference 

between the phases is decreasing, and thus, the mean velocity is also decreasing. It decreases 
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from approximately 14 cm/s at 3 MPa down to 4 cm/s at 24 MPa. And a decrease in the mean 

velocity means at the same time a lower shear stress between the phases. At a same flow 

velocity, the shear stress at higher pressure is expected to be larger than the one at a lower 

pressure due to the fact that carbon dioxide becomes more viscous when it changes its gaseous 

form to the supercritical one. A higher viscosity means that the friction between the phases 

should increase too. 

The experimental shear stress at 3 MPa seems to be erroneous. The value is far too high, it 

exceeds even the predicted value by means of the wall model. Except at this point, the 

calculated shear stress according to the tau model is in accordance with the experimental value. 

At high pressure, the result of the wall model coincides very well with both the experimental 

and the calculated value according to the tau model. 
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Figure 9-2: Experimental and calculated mean shear stress. System: water rivulet flowing along a 

vertical steel surface at 313 K and a flow rate of 9 g/min. 

In Fig. 9-2 the shear stress between the water rivulet and pressurized carbon dioxide at 313 K 

and a mass flow of 9 g/min is shown. Here, the same shear stress behavior as explained before 

can be observed. The shear stress according to the wall model is far higher than the one 

according to the tau model. Except at 6 MPa, the estimated shear stress by means of the tau 

model complies with the experimental value. The wall model can predict the shear stress better 

when carbon dioxide becomes supercritical.  

At higher pressure where the wetting angle becomes larger than 90°, the mean shear stress 

according to the tau model is calculated with the help of all three sets of boundary conditions. 

The calculations resulting from different boundary conditions are nearly the same. This is 

probably due to the shorter arc of BDF in comparison to the arc FG (the maximal wetting angle 
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is 107°). The mean shear stress according to the tau model presented in Fig. 9-2 is calculated by 

means of the set of near-wall boundary conditions. 

9.3 List of Equations 

Table 9-1: Shear stress calculated by means of experimental values.  
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Table 9-2: Local and mean surface shear stress for the wetting angle �0 smaller than or equals 90°.  
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Table 9-3: Local and mean surface shear stress for the wetting angle �0 larger than 90°.  
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The angle � in Table 9-3 is the absolute value of the angle. The algebraic sign has been taken 

into account in the equations. The equation for the film thickness �f (x) is listed in Table 7-1 on 

page 124. 
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11 Appendix 

11.1 Single Drop 

Liquid-Vapour Interfacial Tension 

Table 11-1: Interfacial tension �lv of water drop embedded in pressurized CO2. 

T p 
conti 
drop �lv  T p 
conti 
drop �lv 

[K] [MPa] [g/ml] [g/ml] [mN/m]  [K] [MPa] [g/ml] [g/ml] [mN/m] 

294 0.1 0.0020 0.9983 70.32  353 0.1 0.0015 0.9721 60.97 

 2 0.0406 1.0040 57.27   2 0.0318 0.9773 55.33 

 4 0.0966 1.0040 46.69   4 0.0680 0.9826 50.01 

 6 0.7678 1.0142 34.38   6 0.1101 0.9876 44.67 

 8 0.8186 1.0189 25.92   8 0.1603 0.9922 41.21 

 10 0.8490 1.0230 24.53   10 0.2216 0.9963 36.17 

           

313 0.1 0.0017 0.9992 66.17  373 0.1 0.0014 0.9586 57.1 

 2 0.0371 0.9976 59.99   2 0.0298 0.9637 52.17 

 4 0.0838 1.0030 50.5   4 0.0627 0.9690 48.04 

 6 0.1490 1.0081 40.47   6 0.0996 0.9739 44.3 

 8 0.2780 1.0128 29.4   8 0.1413 0.9784 40.57 

 10 0.6290 1.0170 21.6   10 0.1886 0.9825 36.53 

           

333 0.1 0.0016 0.9835 63.86       

 2 0.0342 0.9887 57.35       

 4 0.0747 0.9941 50.73       

 6 0.1249 0.9992 44.33       

 8 0.1916 1.0038 38.54       

 10 0.2900 1.0080 32.46       
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Table 11-2: Interfacial tension �lv of ethanol drop embedded in pressurized CO2. 

T p 
conti 
drop �lv 

[K] [MPa] [g/ml] [g/ml] [mN/m] 

294 0.1 0.002 0.7883 22.13 

 2 0.041 0.7899 16.85 

 4 0.097 0.7916 10.07 

 5 0.1407 0.7924 6.74 

373 2 0.0298 0.713 13.53 

 4 0.0627 0.7159 10.57 

 6 0.0996 0.7187 8.19 

 8 0.1413 0.7214 6.05 

 10 0.1886 0.724 3.57 

 

Table 11-3: Equilibrium interfacial tension �lv of water drop embedded in CO2-ethanol mixture 

(yethanol= 9.1-wt%). 

T p 
conti 
drop �lv 

[K] [MPa] [g/ml] [g/ml] [mN/m] 

313 3 0.0589 1.001 33.45 

 6 0.1493 1.008 19.50 

 10 0.6286 1.017 7.42 

 12 0.7178 1.021 7.77 

 15 0.7802 1.025 4.03 

 18 0.8195 1.029 4.50 

 21 0.8488 1.032 4.48 

 24 0.8725 1.034 4.82 

 27 0.8925 1.035 4.66 

 

Table 11-4: Equilibrium interfacial tension �lv of water drop embedded in CO2-ethanol mixture 

(yethanol= 16.7-wt%). 

T p 
conti 
drop �lv 

[K] [MPa] [g/ml] [g/ml] [mN/m] 

313 3 0.0589 1.001 36.10 

 6 0.1493 1.008 25.37 

 10 0.6286 1.017 2.95 

 12 0.7178 1.021 1.27 
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Sessile Drop Contact Angle 

Table 11-5: Sessile water drop contact angle on a Teflon surface in CO2-environment. 

T p � [°]  T p � [°] 

[K] [MPa] static dynamic  [K] [MPa] static dynamic 

294 0.1 92.4 100.0  333 0.1 99.3 100.4 

294 2 98.4 106.4  333 2 96.8 95.8 

294 4 101.4 121.8  333 4 99.5 110.6 

294 6 127.4 131.9  333 6 108.9 117.4 

294 8 135.6 148.4  333 8 124.1 123.7 

294 10 140.4 159.1  333 10 126.5 131.9 

         

313 0.1 75.1 92.1  353 0.1 91.8 93.5 

313 3 97.0 112.0  353 2 97.2 98.4 

313 6 124.7 132.0  353 4 101.1 112.5 

313 9 131.5 152.0  353 6 112.6 118.3 

313 12 147.1   353 8 117.6 121.7 

313 15 155.0   353 10 129.7 131.9 

313 18 153.8       

313 21 152.9   373 0.1 87.5 93.7 

313 24 151.3   373 2 91.8 88.3 

313 27 147.7   373 4 102 98.3 

     373 6 105.7 112.8 

     373 8 112.4 119.0 

     373 10 125.6 119.1 
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Table 11-6: Sessile water drop contact angle on steel surfaces in CO2-environment. 

T p �static [°] 

[K] [MPa] Ra=0.24µm Ra=2.56µm 

313 0.1 70.96 - 

313 3 86.11 75.23 

313 6 102.55 78.04 

313 9 106.39 107.38 

313 12 114.51 112.97 

313 15 113.95 127.60 

313 18 115.51 101.70 

313 21 119.13 109.18 

313 24 122.67 119.22 

313 27 119.58 115.24 

Table 11-7: Sessile water drop contact angle on a glass surface in CO2-environment. 

T p � [°]  T p � [°] 

[K] [MPa] static dynamic  [K] [MPa] static 

294 0.1 49.1 49.5  333 0.1 51.2 

294 2 50.8 53.2  333 2 55.1 

294 4 51.3 66.3  333 4 54.5 

294 6 71.1 66.6  333 6 47.9 

294 8 72.2 96.6  333 8 53.7 

294 10 81.8 91.9  333 10 59.7 

        

313 0.1 30.8 73.1  353 0.1 40.0 

313 3 40.3 66.6  353 2 46.2 

313 6 46.1 75.8  353 4 52.1 

313 9 77.0 95.0  353 6 47.5 

313 12 65.8   353 8 52.9 

313 15 73.9   353 10 51.7 

313 18 77.9      

313 21 73.6   373 0.1 34.4 

313 24 68.8   373 2 37.0 

313 27 73.8   373 4 36.4 

     373 6 47.1 

     373 8 50.3 

     373 10 46.6 
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Table 11-8: Ethanol sessile drop contact angle on a Teflon surface in CO2-environment. 

T p � [°]  T p � [°] 

[K] [MPa] static dynamic  [K] [MPa] static dynamic 

294 0.1 23.8 34.8  353 0.1 - 31.8 

294 2 22.7 37.0  353 2 23.8 31.3 

294 4 7 15.0  353 4 15.0 30.3 

294 6 7 8.7  353 6 7.0 22.4 

     353 8 5.0 14.5 

313 0.1 0 32.4  353 10 0.0 0 

313 2 0 27.9      

313 4 0 21.6  373 2 17.1 29.4 

313 6 0 20.0  373 4 11.5 27.3 

     373 6 7 18.5 

333 0.1 22.9 34.3  373 8 5 0 

333 2 25.5 31.0  373 10 0 0 

333 4 22.7 31.2      

333 6 13.2 19.6      

333 8 7 0      

333 10 0 0      

 

Table 11-9: Ethanol sessile drop contact angle on a steel surface (Ra=0.24 µm) in CO2-environment. 

T p �static 

[K] [MPa] [°] 

313 0.1 0 

313 3 0 

313 6 0 

313 9 0 

313 12 0 

313 15 0 

313 18 0 

313 21 0 

313 24 0 

313 27 0 
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Table 11-10: Ethanol sessile drop contact angle on a glass surface in CO2-environment. 

T p � [°]   T p � [°] 

[K] [MPa] static   [K] [MPa] static 

294 0.1 0   333 0.1 0 

294 2 0   333 2 0 

294 4 0   333 4 0 

294 6 0   333 6 0 

294 8 0   333 8 0 

294 10 0   333 10 0 

        

313 0.1 0   353 0.1 0 

313 3 0   353 2 0 

313 6 0   353 4 0 

313 9 0   353 6 0 

313 12 0   353 8 0 

313 15 0   353 10 0 

313 18 0      

313 21 0   373 0.1 0 

313 24 0   373 2 0 

313 27 0   373 4 0 

     373 6 0 

     373 8 0 

     373 10 0 

 

 

Solid-Vapour Interfacial Tension 

Table 11-11: Molecular properties used to calculate the interaction parameter �sl . 

 µ µ I I � � 

  [D] [Cm] [eV] [J] [10-24 cm3] [Cm2/V] 

H2O 1.8546 6.186E-30 12.6206 2.019E-18 1.45 1.613E-40 

Ethanol 1.72 5.737E-30 10.43 1.669E-18 5.11 5.686E-40 

CO2 0 0 13.773 2.204E-18 2.911 3.239E-40 

Teflon  1.2 4.000E-30 10.12 1.619E-18 3.84 4.273E-40 

Glass 7.954 2.653E-29 11.49 1.838E-18 2.84 3.161E-40 

Steel 3.880 1.294E-29 7.705 1.233E-18 8.885 9.886E-40 
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Table 11-12: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: water-Teflon-CO2. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m]  [-] [mN/m] [mN/m] 

313 0.1 75.08 73.82 0.754 51.28 32.27 

313 3 96.95 61.40 0.763 20.36 27.79 

313 6 124.74 48.54 0.769 3.79 31.46 

313 9 131.53 35.69 0.772 1.70 25.36 

313 12 147.08 26.05 0.773 0.28 22.14 

313 15 155.00 26.17 0.774 0.10 23.81 

313 18 153.83 26.29 0.774 0.12 23.71 

313 21 152.91 26.41 0.775 0.13 23.64 

313 24 151.30 26.41 0.775 0.17 23.33 

313 27 147.73 26.41 0.776 0.26 22.59 

 

Table 11-13: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: water-glass-CO2. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m] [-]  [mN/m] [mN/m] 

313 0.1 30.76 73.82 0.8951 79.64 16.20 

313 3 40.33 61.40 0.8951 59.50 12.70 

313 6 46.07 48.54 0.8951 43.46 9.78 

313 9 77.04 35.69 0.8951 16.69 8.69 

313 12 65.84 26.05 0.8951 16.14 5.48 

313 15 73.94 26.17 0.8951 13.31 6.07 

313 18 77.91 26.29 0.8951 12.00 6.49 

313 21 73.58 26.41 0.8951 13.56 6.09 

313 24 68.80 26.41 0.8951 15.28 5.73 

313 27 73.80 26.41 0.8951 13.48 6.11 
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Table 11-14: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: water-steel-CO2. Roughness of the steel Ra=0.24 µm. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m] [-]  [mN/m] [mN/m] 

313 0.1 70.96 73.82 0.9916 33.01 8.93 

313 3 86.11 61.40 0.9918 17.79 13.63 

313 6 102.55 48.54 0.9918 7.56 18.11 

313 9 106.39 35.69 0.9917 4.68 14.75 

313 12 114.51 26.05 0.9917 2.27 13.07 

313 15 113.95 26.17 0.9917 2.35 12.97 

313 18 115.51 26.29 0.9917 2.17 13.49 

313 21 119.13 26.41 0.9917 1.77 14.62 

313 24 122.67 26.41 0.9917 1.42 15.68 

313 27 119.58 26.41 0.9917 1.72 14.76 

 

Table 11-15: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: ethanol-Teflon-CO2. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m] [-]  [mN/m] [mN/m] 

313 0.1 0 20.30 0.9654 21.78 1.48 

313 3 0 13.25 0.9626 14.30 1.05 

313 6 0 5.95 0.9586 6.48 0.52 

 

Table 11-16: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: ethanol-glass-CO2. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m] [-]  [mN/m] [mN/m] 

313 0.1 0 20.30 0.4896 84.67 64.37 

313 3 0 13.25 0.4896 55.25 42.01 

313 6 0 5.95 0.4896 24.82 18.87 
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Table 11-17: Interfacial tension �sv and �sl calculated with help of the interaction parameter �sl for the 

system: ethanol-steel-CO2. Roughness of the steel Ra = 0.24 µm. 

T p � �lv �sl �sv �sl 

[K] [MPa] [°] [mN/m] [-]  [mN/m] [mN/m] 

313 0.1 0 20.30 0.8295 29.50 9.21 

313 3 0 13.25 0.7699 22.35 9.10 

313 6 0 5.95 0.6918 12.43 6.48 
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11.2 Rivulet 

Rivulet Geometry 

Table 11-18: Water film draining along a vertical glass surface embedded in CO2-environment at 

313 K. Film mass flow up to 1.24 g/min. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

0.1 0.05 0.9922 0.0017 0.10 1.35 17.2 2.29 0.94 

0.1 0.10 0.9922 0.0017 0.10 1.72 13.8 3.61 1.46 

0.1 0.21 0.9922 0.0017 0.14 1.35 24.1 1.66 2.65 

0.1 0.31 0.9922 0.0017 0.18 1.79 22.3 2.35 2.46 

0.1 0.41 0.9922 0.0017 0.20 1.84 24.0 2.26 2.87 

0.1 0.62 0.9922 0.0017 0.22 2.00 25.2 2.35 3.46 

         

0.1 0.83 0.9922 0.0017 0.19 2.09 20.2 3.03 5.32 

3 0.83 0.9935 0.0589 0.15 1.27 27.4 1.38 10.44 

         

3 0.93 0.9935 0.0589 0.17 1.40 27.8 1.50 9.51 

18 0.93 0.9999 0.8195 0.22 1.47 33.9 1.31 6.98 

         

0.1 1.03 0.9922 0.0017 0.19 2.69 15.9 4.90 5.12 

3 1.03 0.9935 0.0589 0.18 1.39 28.8 1.45 10.33 

6 1.03 0.9948 0.1493 0.09 1.02 20.5 1.45 27.61 

12 1.03 0.9974 0.7178 0.25 1.71 32.4 1.59 6.01 

18 1.03 0.9999 0.8195 0.50 1.58 64.1 0.88 3.06 

         

9 1.24 0.9961 0.4855 0.25 1.07 50.8 0.69 11.06 

12 1.24 0.9974 0.7178 0.38 1.52 53.1 0.95 5.16 

15 1.24 0.9987 0.7802 0.36 1.69 46.3 1.17 4.92 

18 1.24 0.9999 0.8195 0.43 1.63 56.1 0.98 4.15 
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Table 11-19: Water film draining along a vertical glass surface embedded in CO2-environment at 

313 K. Film mass flow between 1.45 g/min and 1.86 g/min. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

3 1.45 0.9935 0.0589 0.13 1.63 18.8 2.52 16.52 

9 1.45 0.9961 0.4855 0.29 1.02 58.6 0.60 11.77 

12 1.45 0.9974 0.7178 0.36 1.62 48.0 1.09 5.99 

15 1.45 0.9987 0.7802 0.37 1.76 46.0 1.22 5.32 

18 1.45 0.9999 0.8195 0.44 1.98 48.1 1.33 3.99 

21 1.45 1.0012 0.8488 0.49 2.07 51.0 1.33 3.39 

         

6 1.55 0.9948 0.1493 0.19 1.11 37.2 0.92 18.32 

         

9 1.65 0.9961 0.4855 0.19 1.11 38.5 0.89 18.86 

15 1.65 0.9987 0.7802 0.49 1.98 52.7 1.24 4.09 

18 1.65 0.9999 0.8195 0.43 2.08 45.3 1.46 4.43 

21 1.65 1.0012 0.8488 0.59 1.91 63.5 1.07 3.42 

24 1.65 1.0024 0.8725 0.53 2.36 48.2 1.58 3.18 

         

9 1.86 0.9961 0.4855 0.34 1.30 55.7 0.79 9.88 

12 1.86 0.9974 0.7178 0.37 1.72 46.8 1.18 7.01 

15 1.86 0.9987 0.7802 0.39 1.81 46.0 1.26 6.44 

18 1.86 0.9999 0.8195 0.37 2.04 40.2 1.58 5.95 

21 1.86 1.0012 0.8488 0.57 2.13 56.1 1.28 3.63 

24 1.86 1.0024 0.8725 0.52 2.48 45.9 1.72 3.45 

27 1.86 1.0037 0.8925 0.51 2.46 44.9 1.74 3.59 
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Table 11-20: Water film draining along a vertical glass surface embedded in CO2-environment at 

313 K. Film mass flow between 2.07 g/min and 3.1 g/min. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

0.1 2.07 0.9922 0.0017 0.12 2.68 10.3 7.50 16.15 

3 2.07 0.9935 0.0589 0.19 1.90 22.5 2.48 14.41 

6 2.07 0.9948 0.1493 0.27 1.61 36.5 1.35 11.94 

9 2.07 0.9961 0.4855 0.22 1.46 32.9 1.34 16.27 

12 2.07 0.9974 0.7178 0.44 1.66 55.9 1.00 6.74 

15 2.07 0.9987 0.7802 0.40 2.15 40.5 1.65 5.92 

18 2.07 0.9999 0.8195 0.40 1.91 45.3 1.34 6.57 

21 2.07 1.0012 0.8488 0.47 2.22 46.2 1.54 4.74 

24 2.07 1.0024 0.8725 0.51 2.43 45.4 1.71 4.03 

27 2.07 1.0037 0.8925 0.85 2.51 68.2 1.35 2.23 

         

18 2.58 0.9999 0.8195 0.63 2.13 61.6 1.21 4.47 

21 2.58 1.0012 0.8488 0.68 2.22 63.3 1.24 3.97 

24 2.58 1.0024 0.8725 0.52 2.87 39.7 2.24 4.23 

27 2.58 1.0037 0.8925 0.52 2.74 42.0 2.05 4.36 

         

18 3.10 0.9999 0.8195 0.56 1.99 59.2 1.16 6.50 

21 3.10 1.0012 0.8488 0.60 2.20 57.4 1.31 5.53 

24 3.10 1.0024 0.8725 0.52 2.57 44.0 1.85 5.61 

27 3.10 1.0037 0.8925 0.81 2.94 57.7 1.74 3.07 
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Table 11-21: Saturated water film draining along a vertical glass surface embedded in CO2-

environment at 313 K. Film mass flow up to 2.07 g/min. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

9 1.24 1.015 0.486 0.29 1.12 54.3 0.69 8.99 

         

3 1.45 1.001 0.059 0.14 1.59 19.9 2.34 16.16 

9 1.45 1.015 0.486 0.36 1.15 63.8 0.64 8.05 

         

6 1.55 1.008 0.149 0.23 1.68 30.5 1.65 9.85 

9 1.65 1.015 0.486 0.29 1.13 54.4 0.70 11.74 

12 1.65 1.021 0.718 0.45 1.49 62.4 0.84 5.63 

15 1.65 1.025 0.780 0.46 1.66 57.7 0.98 5.02 

21 1.65 1.032 0.849 0.58 1.81 65.3 1.00 3.53 

24 1.65 1.034 0.872 0.68 2.22 62.6 1.25 2.49 

         

9 1.86 1.015 0.486 0.34 1.31 54.6 0.80 9.88 

12 1.86 1.021 0.718 0.46 1.54 61.9 0.87 5.96 

15 1.86 1.025 0.780 0.45 1.65 57.1 0.98 5.82 

18 1.86 1.029 0.820 0.51 2.16 50.8 1.39 3.92 

21 1.86 1.032 0.849 0.69 2.21 64.2 1.23 2.74 

24 1.86 1.034 0.872 0.47 2.18 47.0 1.49 4.21 

         

3 2.07 1.001 0.059 0.28 1.75 35.5 1.51 10.31 

6 2.07 1.008 0.149 0.22 1.68 29.1 1.73 13.82 

9 2.07 1.015 0.486 0.34 1.16 61.3 0.66 11.93 

12 2.07 1.021 0.718 0.45 1.70 55.5 1.03 6.36 

15 2.07 1.025 0.780 0.43 2.19 42.7 1.61 5.24 

18 2.07 1.029 0.820 0.55 2.23 52.3 1.41 3.94 

21 2.07 1.032 0.849 0.63 2.18 60.0 1.26 3.43 

24 2.07 1.034 0.872 0.49 2.19 48.5 1.46 4.45 
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Table 11-22: Saturated water film draining along a vertical glass surface embedded in CO2-

environment at 313 K. Film mass flow between 2.58 g/min and 3.62 g/min. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

3 2.58 1.001 0.059 0.20 1.59 28.6 1.65 19.88 

6 2.58 1.008 0.149 0.19 1.99 21.3 2.74 17.07 

9 2.58 1.015 0.486 0.25 1.34 41.0 1.02 18.37 

12 2.58 1.021 0.718 0.49 1.60 62.9 0.90 7.56 

15 2.58 1.025 0.780 0.47 2.35 43.4 1.71 5.56 

18 2.58 1.029 0.820 0.67 2.18 63.3 1.22 4.00 

21 2.58 1.032 0.849 0.60 2.16 58.4 1.27 4.52 

24 2.58 1.034 0.872 0.70 2.17 65.9 1.19 3.79 

6 2.89 1.008 0.149 0.27 1.33 44.0 0.96 19.48 

12 2.89 1.021 0.718 0.64 1.70 74.0 0.88 5.90 

         

3 3.10 1.001 0.059 0.22 1.64 30.4 1.62 20.80 

6 3.10 1.008 0.149 0.17 1.13 32.9 1.04 40.26 

9 3.10 1.015 0.486 0.28 1.57 38.7 1.26 17.16 

12 3.10 1.021 0.718 0.45 1.78 53.8 1.11 8.97 

15 3.10 1.025 0.780 0.50 2.33 46.2 1.61 6.30 

18 3.10 1.029 0.820 0.49 2.18 48.4 1.45 6.81 

21 3.10 1.032 0.849 0.51 2.33 47.1 1.59 6.13 

24 3.10 1.034 0.872 0.58 2.26 54.7 1.39 5.39 

         

3 3.62 1.001 0.059 0.42 2.02 44.8 1.44 10.37 

6 3.62 1.008 0.149 0.32 1.16 57.8 0.68 22.93 

9 3.62 1.015 0.486 0.39 1.56 52.9 0.98 14.05 

12 3.62 1.021 0.718 0.45 1.85 51.9 1.18 10.20 

15 3.62 1.025 0.780 0.45 2.37 41.9 1.78 7.98 

18 3.62 1.029 0.820 0.51 2.18 50.2 1.41 7.60 

21 3.62 1.032 0.849 0.60 2.24 56.8 1.34 6.13 

24 3.62 1.034 0.872 0.63 2.23 58.7 1.30 5.91 
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Table 11-23: Water film draining along a vertical steel surface embedded in CO2-environment at 

313 K. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

0.1 3 0.9922 0.0017 0.30 1.15 55.8 0.69 20.5 

0.1 6 0.9922 0.0017 0.41 1.18 69.4 0.63 28.6 

0.1 9 0.9922 0.0017 0.38 1.63 50.3 1.06 34.4 

         

3 3 0.9935 0.0589 0.34 0.96 71.4 0.50 20.8 

3 6 0.9935 0.0589 0.38 1.25 62.8 0.70 29.4 

3 9 0.9935 0.0589 0.42 1.32 64.4 0.73 37.9 

         

6 3 0.9948 0.1495 0.31 0.91 69.2 0.49 24.1 

6 6 0.9948 0.1495 0.37 1.29 59.2 0.75 29.9 

6 9 0.9948 0.1495 0.40 1.35 61.3 0.77 39.0 

         

10 6 0.9965 0.6317 0.56 1.29 82.2 0.65 18.2 

10 9 0.9965 0.6317 0.62 1.28 87.7 0.64 24.5 

         

12 6 0.9974 0.7194 0.52 1.12 85.5 0.56 22.4 

12 9 0.9974 0.7194 0.71 1.19 100.9 0.60 21.7 

         

15 6 0.9987 0.7813 0.55 1.24 83.0 0.62 19.3 

15 9 0.9987 0.7813 0.78 1.25 103.7 0.63 18.7 

         

18 9 0.9999 0.8204 0.76 1.31 99.7 0.65 18.4 

21 9 1.0012 0.8496 0.86 1.33 107.0 0.67 15.7 

24 9 1.0024 0.8732 0.82 1.39 100.4 0.70 16.1 

27 9 1.0037 0.8931 0.85 1.34 105.5 0.67 15.9 
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Table 11-24: Saturated water film draining along a vertical steel surface embedded in CO2-

environment at 313 K. 

p m�  
f 
conti �f width �0 R expw  

[MPa] [g/min] [g/ml] [g/ml] [mm] [mm] [°] [mm] [cm/s] 

3 3 1.0005 0.0589 0.34 0.86 75.7 0.45 23.2 

3 6 1.0005 0.0589 0.37 1.06 69.7 0.56 35.2 

3 9 1.0005 0.0589 0.40 1.19 67.6 0.65 43.4 

         

6 3 1.0083 0.1495 0.37 0.83 83.6 0.42 21.1 

6 6 1.0083 0.1495 0.39 1.05 73.4 0.55 33.0 

6 9 1.0083 0.1495 0.40 1.14 69.7 0.61 45.3 

         

10 6 1.0172 0.6317 0.46 1.21 73.8 0.63 24.5 

10 9 1.0172 0.6317 0.58 1.19 88.9 0.60 27.6 

         

12 6 1.0209 0.7194 0.49 1.00 88.5 0.50 26.4 

12 9 1.0209 0.7194 0.62 1.24 90.2 0.62 24.8 

         

15 6 1.0254 0.7813 0.54 1.12 88.2 0.56 21.2 

15 9 1.0254 0.7813 0.68 1.21 97.5 0.60 22.4 

         

18 6 1.0289 0.8204 0.56 1.08 91.6 0.54 21.0 

18 9 1.0289 0.8204 0.67 1.26 93.2 0.63 22.3 

 



11 Appendix 

 

193 

 

Rivulet Instability 

Table 11-25: Minimal water mass flow required to keep the rivulet draining along a vertical glass 

surface at 313 K stable. 

p mass flow  

 pure sat 

[MPa] [g/min] [g/min] 

0.1 0.05  

3 0.62 1.24 

6 0.93 1 

9 1.00 1.24 

12 1.00 1.45 

15 1.00 1.45 

18 0.93 1.65 

21 1.24 1.65 

24 1.45 1.65 

27 1.65 1.65 

 

Table 11-26: Minimal water mass flow required to keep the rivulet draining along a vertical steel 

surface at 313 K stable. 

p pure   presaturated  

 Mass flow [g/min]  Mass flow [g/min] 

[MPa] drop film  drop film 

0.1 1.01 1.21    

3 1.81 2.02  1.00 1.20 

6 2.22 2.42  1.21 1.81 

10 3.63 3.83  1.63 2.85 

12 4.23 4.64  1.84 3.27 

15 4.84 5.24  2.26 3.90 

18 5.44 5.85  2.88 4.32 

21 5.85 6.25    

24 5.85 6.65    

27 5.85 7.66    
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