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Abstract

The widespread availability of computing and communication technology promotes the develop-
ment of Cyber Physical Systems of Systems (CPSoS) which couple subsystems in the physical
and cyber domains. CPSoS enable cooperation between subsystems and thereby facilitate novel
applications in diverse domains such as energy systems, robotic teams, vehicle fleets, and beyond.
Distributed Model Predictive Control (DMPC) is a promising framework for control of CPSoS as
it builds upon centralized Model Predictive Control (MPC)—a framework which is widely consid-
ered in academia and industry—while also addressing the needs of CPSoS. One promising avenue
relies on the use of decentralized optimization algorithms to solve a cooperative Optimal Control
Problem (OCP) online without a coordinating entity. However, the iterative nature of decentralized
optimization induces the need for repeated communication between coupled subsystems, which
may jeopardize real-time feasibility due to delays.

For centralized Nonlinear MPC (NMPC), real-time feasibility is achieved through Real-Time Iter-
ations (RTIs) that enable fast control sampling and exhibit strong performance in implementations.
This thesis presents a novel decentralized RTI (dRTI) scheme for DMPC. The proposed approach
decomposes the computations of RTI schemes by exploiting the sparse coupling structure of CP-
SoS. The framework builds upon a novel decentralized Sequential Quadratic Programming (dSQP)
method which parallelizes expensive computations among subsystems via the Alternating Direc-
tion Method of Multipliers (ADMM). We first prove the local convergence of dSQP to regular
OCP solutions in the presence of non-convex constraints by viewing dSQP as an inexact Newton
method. Subsequently, we show the local exponential stability of the closed-loop system-optimizer
dynamics and we provide quantifiable bounds on the number of optimizer iterations that guarantee
stability. This improves earlier results, because dRTI does not require centralized coordination,
it does not rely on feasible initializations, and local optimizer convergence is rigorously shown
and not assumed. From a computational point of view, dRTI requires subsystems to solve convex
quadratic programs instead of nonlinear programs, which is beneficial in embedded implementa-
tions. We demonstrate the efficacy of dRTI in hardware experiments for the formation control of
mobile robots and holonomic hovercraft, studying scenarios of increasing difficulty ranging up to
collision avoidance in dynamic environments. There, we show that dRTI allows to run DMPC
on embedded hardware at sampling frequencies of 20 Hz, which is five times faster than previ-
ously reported implementations. In addition to the above theoretical and practical contributions,
we showcase the computational efficacy of dRTI through simulation case studies. Specifically, we
consider linear-quadratic and nonlinear DMPC for frequency control problems in electric power
grids with up to 1,800 states and 333,000 decision variables. For the considered scenarios, a par-
allelized dRTI implementation achieves nearly centralized closed-loop control performance but
requires less than 7 % of the computation time needed by state-of-the-art interior point solvers.
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1 Introduction

The continuous progress in computing gives rise to an ever-increasing number of Cyber-Physical
Systems which combine communication, control, and computing with physical systems [Rajku-
mar et al. 2010; Kim and Kumar 2012]. Modern communication networks are fast and reliable
and they foster the realization of ensembles of Cyber-Physical Systems, so-called Cyber-Physical
Systems of Systems (CPSoS). These systems enable cooperation between subsystems and thus
provide additional functionality and greater performance compared to individual Cyber-Physical
Systems [Allgöwer et al. 2019]. In many application domains, CPSoS are sometimes referred to
as smart, e.g. smart transportation, smart manufacturing, and smart grids. The latter illustrate
the relevance of CPSoS particularly well, because energy systems are critical infrastructure for
any modern society and they exhibit many of the characteristic properties of CPSoS: They are
large in scale, interconnected in the physical and cyber domains, and spatially distributed. While
power grids already incorporate many elements of CPSoS, the transition towards sustainability
requires to adopt even further technologies attributed to CPSoS. Specifically, the integration of re-
newable distributed energy resources needs active—or smart— distribution grids as transmission
system operators have little observation and lack control over these new installations [Allgöwer
et al. 2019]. Thus, existing centralized control architectures for the operation of power grids will
possibly be combined with distributed methods where subsystems cooperate to meet application
demands [Molzahn et al. 2017].

CPSoS, distributed control, and the control of critical infrastructure networks constitute three
key contemparory research challenges due to the paramount need for scalable methods which fos-
ter cooperation among subsystems [Lamnabhi-Lagarrigue et al. 2017]. Computational complexity,
reliability, and limited communication bandwidth form crucial bottlenecks for centralized control
of CPSoS, where a single controller governs all subsystems [Scattolini 2009], cf. Figure 1.1. In-
stead, distributed control assigns one controller to each subsystem and communication between
the controllers of coupled subsystems improves performance. Crucially, distributed control does
not require a centralized coordinator, which avoids a single point of failure and thus promotes
resilience.

Centralized Hierarchical Distributed Decentralized

Figure 1.1: Control architectures for CPSoS as proposed in [Scattolini 2009]. Diagrams inspired
by [Scattolini 2009] and figure adapted from [Stomberg et al. 2023].
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1 Introduction

As mentioned above, research on the distributed control of CPSoS is driven by different appli-
cations such as energy systems, water distribution networks, and traffic management [El Fawal
et al. 1998; Kersbergen et al. 2016; Molzahn et al. 2017; Havlena et al. 2014; Li and De Schutter
2022]. Further target domains are multi-robot systems, spacecraft formations, automotive con-
trol, and building control [Bullo et al. 2009; Ramirez-Riberos et al. 2010; Guanetti et al. 2018;
Lefebure et al. 2022]. For these applications, centralized control paradigms can be translated to
distributed control by adapting the methods to the graph structures present in CPSoS and we refer
to the textbooks [Lunze 2022; Bullo 2024] for recent treatments on distributed output and state
feedback control. An alternative branch of research discusses tailored variants of Model Predictive
Control (MPC) for CPSoS. The latter can be traced back at least to [Mesarovic et al. 1970] and
forms the main topic of this thesis.

1.1 Model Predictive Control Architectures

We begin our introduction to predictive control with centralized Nonlinear MPC (NMPC) based
on nonlinear discrete-time systems of the form

x(t + 1) = f δ(x(t), u(t)), x(0) = x0, (1.1)

where δ > 0 is the control sampling interval, x ∈ X ⊆ Rnx is the system state, u ∈ U ⊆ Rnu

is the control input, f δ : Rnx × Rnu → Rnx are the system dynamics, t ∈ N0 is the discrete time
index, N0 are the natural numbers extended by zero, and x0 ∈ R

nx is the initial state. The MPC
control input u(t) is determined by solving a discrete-time Optimal Control Problem (OCP) such
as

min
x,u

N−1∑︂
τ=0

ℓ(x[τ], u[τ]) + βVf(x[N]) (1.2a)

subject to

x[τ + 1] = f δ(x[τ], u[τ]) ∀τ ∈ I[0,N−1], (1.2b)

x[0] = x(t), (1.2c)

x[τ] ∈ X ∀τ ∈ I[0,N], (1.2d)

u[τ] ∈ U ∀τ ∈ I[0,N−1]. (1.2e)

Let (a, b) ∈ Rna+nb denote the concatenation of two vectors a ∈ Rna and b ∈ Rnb into one
column vector and let I[0,N] denote the integers in the range [0,N]. The decision variables in
OCP (1.2) are the predicted state and input trajectories x ≐ (x[0], . . . , x[N]) ∈ R(N+1)·nx and
u ≐ (u[0], . . . , u[N − 1]) ∈ RN·nu , where N ∈ N is the prediction horizon, N are the natural
numbers, and predicted variables are denoted by square brackets to distinguish between open-loop
and closed-loop trajectories. The stage cost ℓ : Rn × Rm → R and terminal penalty Vf : Rn → R

2



1.1 Model Predictive Control Architectures

encode the control objective, e.g. by penalizing deviations from a setpoint. OCP (1.2) includes
a scaling parameter β ≥ 1 for the terminal penalty to avoid additional constraints on the terminal
state x[N] [Limon et al. 2006] . The control input at time t is then selected as the first part of the
optimal input trajectory u⋆, i.e. u(t) ≐ u⋆[0]. MPC has been widely adopted in industrial applica-
tions [Qin and Badgwell 2003] and we refer to [Maciejowski 2002; Camacho and Bordons 2007;
Grüne and Pannek 2017; Rawlings et al. 2019] for more details on centralized MPC.

Predictive control is a prime candidate for controlling CPSoS due to its versatility with respect
to the system model used for prediction, dimensions of control input and system output, and con-
straints on inputs, states, and functions thereof. The intrinsic applicability to multi-input-multi-
output systems facilitates the simple conceptualization of centralized MPC schemes as described
above [Scattolini 2009]. Essentially, this approach views all subsystems as a single dynamical
system of large dimension which is then controlled using MPC. However, centralized MPC may
be prohibitive due to application-specific considerations such as the lare geographic scale of power
systems [Venkat et al. 2008] or because of the computational complexity associated with solving
large-scale OCPs online. Thus, tailored MPC variants have been proposed for CPSoS which can
be grouped into the control architectures of Figure 1.1 [Scattolini 2009]. For instance, decentral-
ized MPC alleviates the computational bottleneck of centralized MPC by assigning one controller
to each subsystem [Cohen 1977]. These controllers do not communicate with each other, which
reduces computational complexity but is often insufficient for strongly coupled subsystems [Scat-
tolini 2009]. Moreover, decentralized control fails to capitalize on key CPSoS technologies such as
modern communication networks, views other subsystems as distubances, and thus compromises
cooperation and ultimately performance. To balance the coordination and performance of central-
ized MPC with the resilience and scalability of decentralized MPC, hierarchical and Distributed
MPC (DMPC) schemes have been proposed [Scattolini 2009; Christofides et al. 2013]. Hierar-
chical control schemes comprise a centralized coordinator as well as individual controllers for the
subsystems and, in the context of MPC, date back at least to the 1970s [Mesarovic et al. 1970].
The computational restrictions of centralized MPC are alleviated by shifting costly computations
to the subsystems, but the drawbacks of having a single point of failure persist.

To overcome this issue, DMPC designs should alleviate the need for a coordinator while re-
quiring only neighbor-to-neighbor communication. Communicated variables between controllers
typically entail predicted trajectories such that each subsystem can adapt its behavior based on
the forecasts of neighbors. A common taxonomy in DMPC is to distinguish between noniter-
ative and iterative schemes, i.e., methods with one or many communication rounds per control
step [Scattolini 2009]. One may also distinguish between non-cooperative and cooperative meth-
ods, i.e., schemes where the subsystems pursue individual versus joint objectives. Notably, differ-
ent definitions exist on possible combinations between iterative and cooperative dimensions. For
instance, [Müller and Allgöwer 2017] allows for cooperative sequential schemes, whereas [Scat-
tolini 2009] only allows iterative schemes to be called cooperative, claiming mutual consideration
between subsystems can only result from iterative optimization. Throughout this thesis we fol-
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low the latter notion and extend the definition of [Scattolini 2009] to the case of early optimizer
termination, even if this results in only one communication round per time step.

1.2 Cooperative Distributed Model Predictive Control –

State of the Art

This section summarizes the state of the art in cooperative DMPC and highlights the limitations
of existing approaches. While the focus is primarily on cooperative DMPC, we occasionally give
reference to other approaches such as sequential DMPC or hierarchical MPC. For detailed surveys
on DMPC beyond cooperative schemes, we refer to [Scattolini 2009; Christofides et al. 2013;
Müller and Allgöwer 2017].

1.2.1 Problem Statement

We assume that the centralized system (1.1) is partitioned into an index set S = {1, . . . , S } of
subsystems, each of which is governed by the system dynamics

xi(t + 1) = f δi (xi(t), ui(t), xN in
i

(t)) xi(0) = xi,0.

For all subsystems i ∈ S, xi ∈ Xi ⊆ R
nxi is the subsystem state, ui ∈ Ui ⊆ R

nui is the input,
f δi → R

nxi ×Rnui ×Rnin
i → Rnxi , and xi,0 ∈ R

nxi . Given an index setN , let (a j) j∈N denote the vertical
concatenation of the vectors a j for all j ∈ N into one column vector. The vector xN in

i
≐ (x j) j∈N in

i
∈

Rnin
i collects the state vectors of all in-neighbors in the index set N in

i ⊆ S which we will define
below. At time t, the subsystems cooperatively solve the OCP

min
x,u

∑︂
i∈S

⎛⎜⎜⎜⎜⎜⎝N−1∑︂
τ=0

ℓi
(︂
xi[τ], ui[τ], xN in

i
[τ]

)︂
+ βVfi(xi[N])

⎞⎟⎟⎟⎟⎟⎠ (1.3a)

subject to for all i ∈ S

xi[τ + 1] = f δi
(︂
xi[τ], ui[τ], xN in

i
[τ]

)︂
∀τ ∈ I[0,N−1], (1.3b)

xi[0] = xi(t), (1.3c)

xi[τ] ∈ Xi ∀τ ∈ I[0,N], (1.3d)

ui[τ] ∈ Ui ∀τ ∈ I[0,N−1], (1.3e)

(xi[τ], x j[τ]) ∈ Xi j ∀ j ∈ N in
i , ∀τ ∈ I[0,N]. (1.3f)

Each subsystem then selects its control input from the OCP solution, i.e. ui(t) ≐ u⋆i [0] for all i ∈ S.
As shown in Figure 1.2, the cooperative OCP (1.3) is a decomposed version of the centralized
OCP (1.2) which arises from the partition of the centralized system into subsystems, see [Chanfreut
et al. 2021b] for partitioning methods in the context of DMPC. That is, OCPs (1.2) and (1.3)
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Centralized MPC Cooperative distributed MPC

OCP

OCP

Figure 1.2: Partitioning of a centralized MPC scheme into subsystems for cooperative DMPC. The
cooperative OCP shaded in gray is decomposed among individual controllers and is
equivalent to the centralized OCP on the left. A distributed control scheme arises
because the cooperative OCP is solved with decentralized optimization algorithms,
where the exchanged variables between controllers depend on the type of optimization
algorithm. The functions J, g, and h represent the objective, equality constraints, and
inequality constraints in abstract form and the notation x+ is a shorthand for x(t + 1).

are equivalent from a mathematical point of view. The centralized components read x = (xi)i∈S,
u = (ui)i∈S,

X ≐
{︂
x ∈ Rnx | xi ∈ Xi, (xi, x j) ∈ Xi j ∀ j ∈ N in

i , ∀i ∈ S
}︂
, U ≐ U1 × · · · × US ,

and similarly for the centralized system dynamics f δ and the OCP objective.
Since the centralized and cooperative OCPs are equivalent in theory, the key essence of cooper-

ative DMPC is to solve the OCP without centralized computation in order to obtain a distributed
control scheme. This can be done using iterative decentralized optimization algorithms which ex-
ploit the sparse coupling between subsystems. The coupling in OCP (1.3) can be described by a
graph G(S,E) with edges E ⊆ S × S, where the coupling of subsystem i ∈ S is captured by the
sets of in- and out-neighbors

N in
i ≐ { j ∈ S \ {i} | ( j, i) ∈ E} and Nout

i ≐ { j ∈ S \ {i} | (i, j) ∈ E}. (1.4)

The set N in
i collects all subsystems which directly influence subsystem i and vice versa for Nout

i .
Note that this neighborhood definition allows not only for coupling in the system dynamics, but
also in the objectives and constraints. For instance, neighbors could be other buses in a power grid
because of coupled dynamics or other robots in a multi-robot system because of a joint control
objective or collision avoidance constraints.
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Assumption 1.1 (Bi-directional communication). Throughout the thesis, we assume that all sub-
systems i ∈ S can communicate with their neighborsNi ≐ N

in
i ∪N

out
i to solve OCP (1.3) online. □

Remark 1.1 (Connected coupling graph G). Without loss of generality, we assume the undirected
coupling graphG to be connected. If G is disconnected, then the centralized system can be trivially
split into independent CPSoS, each of which can be controlled individually. □

Origin and advantages of cooperative DMPC Cooperative DMPC schemes as outlined above
date back at least to [El Fawal et al. 1998; Du et al. 2001; Jia and Krogh 2001]. Rooted in hierar-
chical MPC and decomposition-coordination optimization methods [Mesarovic et al. 1970; Cohen
1978], the pioneering scheme in [El Fawal et al. 1998] for water irrigation networks exhibits two
charateristic design elements still commonly used in state-of-the-art cooperative DMPC: First, sub-
systems share predictions with neighbors through copied state variables. Second, the OCP is solved
via an augmented Lagrangian-based optimization algorithm to decompose the coupling between
original and copied variables. The main advantage of cooperative DMPC is that, in principle, the
strong performance of centralized MPC can be attained as OCPs (1.2) and (1.3) are equivalent.
However, inevitable computation and communication delays in decentralized optimization chal-
lenge the real-time feasibility and limit the number of optimizer iterations which can be performed
in each control step. Thus, a crucial factor in the design and implementation of cooperative DMPC
is the choice of the decentralized optimization method which solves OCP (1.3) online. We defer
a detailed discussion of possible algorithms to Chapter 2 and instead first focus on the design,
experimental validation, and numerical performance of cooperative DMPC.

1.2.2 OCP Design and Stability

Since the cooperative OCP (1.3) is a reformulation of the centralized OCP (1.2), the design and
stability analysis of cooperative DMPC typically adapts prior results from centralized NMPC to
the sparse coupling structure of CPSoS.

Terminal ingredients A common approach for designing stabilizing (N)MPC schemes is to
incorporate a tailored terminal penalty Vf and to enforce an additional constraint on the terminal
state x[N] [Mayne et al. 2000]. If the linearized system (A, B) formed at the setpoint is stabilizable
and if ℓ(x, u) ≐ x⊤Qx/2 + u⊤Ru/2 where Q ∈ Rnx×nx is positive semi-definite such that (A,Q) is
detectable and where R ∈ Rnu×nu is positive definite, then a suitable terminal penalty can be found
by solving the algebraic Riccati equation [Rawlings et al. 2019]. However, this approach is not
directly applicable to DMPC, because the resulting weight matrix P ∈ Rnx×nx is generally dense.
This challenge is addressed for linear systems with coupling in the dynamics through the tailored
design of separable terminal penalties and constraints in [Conte et al. 2016]. Similar approaches
that further allow for coupled state constraints are presented in [Darivianakis et al. 2020; Aboudo-
nia et al. 2020] while [Wang and Manzie 2022] further presents a robust design which additionally

6



1.2 Cooperative Distributed Model Predictive Control – State of the Art

considers bounded disturbances in the system dynamics. Moreover, the terminal ingredients can
be adapted online to allow for piecewise-constant reference signals [Aboudonia et al. 2022a].

Modeling, partitioning, and plug-and-play Most DMPC approaches assume that state space
models are available. Alternatives are to model uncertain coupled nonlinear dynamics as Gaussian
processes [Grancharova et al. 2023] or, in the case of Linear Time-Invariant (LTI) systems, to em-
ploy data-driven predictive control based on behavioral systems theory [Allibhoy and Cortés 2021].
Moreover, OCP (1.3) assumes that the coupling graph G is given and time invariant. Depending
on the application, G can also be designed in order to balance performance and coordination, ac-
celerate decentralized optimization, and increase resilience with respect to failed communication
links [Chanfreut et al. 2021b]. A related problem concerns the dynamic reconfiguration of DMPC
if subsystems enter or leave the network. This is addressed in plug-and-play DMPC schemes by
updating the terminal ingredients [Zeilinger et al. 2013; Aboudonia et al. 2022b] or by imposing
additional constraints on coupled states [Lucia et al. 2015]. For multi-robot systems where com-
munication links require proximity between neighbors, the connectivity of G can be enforced in
the OCP [Carron et al. 2023].

Closed-loop stability The real-time requirements in control only allow for a finite number
of optimizer iterations per control step such that any cooperative DMPC implementation must
cope with suboptimal control inputs. Early approaches to guarantee stability of suboptimal linear
and nonlinear DMPC employ feasible-side convergent algorithms [Stewart et al. 2010; Stewart
et al. 2011]. Stability is then inferred using standard arguments for the stability of centralized
NMPC [Mayne et al. 2000]. However, these DMPC algorithms either require all subsystems to
access the centralized system dynamics or need feasible initializations. The former might vio-
late privacy concerns of the subsystems whereas the latter is in general difficult to obtain without
centralized coordination. For linear-quadratic DMPC, i.e., DMPC schemes where the OCP is a
convex Quadratic Program (QP), these limitations can be overcome by Dual Decomposition (DD)
at the cost of infeasible optimizer iterates. Stability despite the primal infeasibility of DD can
be ensured via constraint tightening in combination with a sufficient OCP horizon [Giselsson and
Rantzer 2014] or terminal ingredients [Köhler et al. 2019]. For nonlinear DMPC based on the Al-
ternating Direction Method of Multipliers (ADMM), a stopping criterion for terminating ADMM
in each control step while guaranteeing stability is derived in [Bestler and Graichen 2019]. How-
ever, therein ADMM is assumed to converge linearly to the OCP minimizer, which is a strong
assumption as convergence guarantees which cover the decentralized ADMM implementations
common in DMPC and non-convex constraints appear to be yet unavailable. Moreover, stopping
criteria complicate real-time implementations and often introduce global communication require-
ments among all subsystems. As an alternative to ADMM, a decentralized augmented Lagrangian
method for real-time DMPC is presented in [Hours and Jones 2016]. The bi-level optimization
method enjoys linear convergence guarantees for sufficiently many inner iterations per outer iter-
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ation. Moreover, closed-loop convergence of the optimizer is derived under the assumption that
the changes in the system state between subsequent control samples are small, e.g. for fast sam-
pling frequencies. However, the convergence result only refers to the optimizer and stability of the
system is not considered. In contrast, stability guarantees which first prove the linear convergence
of the optimal control algorithm and then infer stability for continuous-time nonlinear DMPC are
available for Sensitivity-Based DMPC (SB-DMPC) [Pierer von Esch et al. 2025b]. SB-DMPC
has appeared shortly after the framework proposed in this thesis and we provide more details on
SB-DMPC in Chapter 4.

Thus, there appear to be no prior stability results for cooperative nonlinear DMPC which en-
compass both system and optimizer, allow for suboptimal inputs as well as infeasible optimizer
iterates, and do not require online stopping criteria or a centralized coordinator.

1.2.3 Experimental Validation

Compared to the manifold efforts on the theoretical foundations of DMPC, the validation in hard-
ware experiments is rare. Therefore, this section not only surveys results for cooperative DMPC,
but also for non-cooperative and hierarchical schemes.

Non-cooperative DMPC and hierarchical MPC Experiments with non-cooperative DMPC
require a great level of domain knowledge to achieve desired closed-loop properties with only few
communication rounds per control step. For robot formation control, early results in this direction
require the communication of predicted trajectories between neighbors and let each robot solve an
individual OCP once per control step [Richards and How 2005]. Similar approaches are tested with
centralized computation, i.e., with one computer performing the computations for all subsystems,
on a four tank system [Mercangöz and Doyle 2007], a tractor-trailer combination [Kayacan et
al. 2014], mobile robots [Mehrez et al. 2017], and quadcopters [Luis and Schoellig 2019; Luis
et al. 2020]. For distributed computation, i.e., for experiments where neighboring subsystems
in the coupling graph run on distinct computing hardware, related schemes have been applied to
mobile robots [Kuwata et al. 2007; Kanjanawanishkul and Zell 2008a; Kanjanawanishkul and Zell
2008b], vehicles [Katriniok et al. 2022], and quadcopters [Vargas et al. 2022; Erunsal et al. 2024].
A hierachical MPC scheme based on a distributed SQP method is applied to the coordination
of vehicles at intersections in [Hult et al. 2020]. The SQP scheme requires subsystems to solve
small-scale convex subproblems and performs a line search on a central coordinator. The line
search improves the convergence radius of the SQP scheme at the cost of centralized computation
due to an ℓ1 merit function. The experiments feature distributed computation and use a tailored
wireless protocol for vehicle-to-vehicle communication.

Cooperative DMPC Motivated by the different needs in applications, the above experiments
on non-cooperative DMPC employ a wide range of tailored algorithms. As summarized in Fig-
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ure 1.3, the validation of cooperative DMPC instead appears to focus on only four decentral-
ized optimization algorithms: Jacobi iterations [Stewart et al. 2010], Distributed Gradient Pro-
jection (DGP) [Stewart et al. 2011], ADMM [Kögel and Findeisen 2012; Summers and Lygeros
2012], and SB-DMPC [Pierer von Esch et al. 2025b]. Linear-quadratic DMPC based on Jacobi
iterations with centralized computation is tested on a four tank system in [Ferramosca et al. 2013]
and on mobile robots in [Ebel and Eberhard 2021]. While Jacobi iterations are feasible-side con-
vergent, the DMPC scheme requires subsystems to incorporate system models from neighbors and
needs a feasible initialization which complicates distributed implementations. In a similar vein,
the nonlinear DMPC scheme based on DGP guarantees feasibility of the optimizer iterates, but re-
quires all-to-all communication between subsystems [Stewart et al. 2011]. This approach has been
tested in mobile robots experiments with centralized computation [Rosenfelder et al. 2022] and
distributed computation [Ebel et al. 2024]. DMPC based on ADMM overcomes these limitations,
but achieves feasibility only asymptotically. The experimental validation of DMPC using ADMM
dates back at least to [Hentzelt et al. 2014], where a nonlinear DMPC scheme is devised for a
four tank system. The experiments feature distributed and embedded execution by assigning one
Raspberry Pi to each subsystem for running ADMM. The Raspberry Pis communicate with neigh-
bors via Ethernet and the nonlinear subproblems in ADMM are solved with a tailored real-time
gradient method [Graichen and Käpernick 2012], performing 15 ADMM iterations per NMPC
step with approximately 200 ms computation time. A similar nonlinear DMPC scheme is applied
to the formation control of mobile robots in dynamic environments in [Van Parys and Pipeleers
2017]. Therein, the robot kinematics are represented via splines, which allows to enforce collision
avoidance constraints continuously over the prediction horizon. However, the large computational
footprint of solving the subsystem Nonlinear Programs (NLPs) onboard with ipopt only allows to
run one ADMM iteration within each 250 ms sampling interval [Wächter and Biegler 2006]. Faster
control sampling with more ADMM iterations is considered in [Burk et al. 2021a] which runs a
distributed ADMM implementation on a single PC.

It deserves to be remarked that all of the above experiments with sampling intervals in the Mil-
lisecond range feature systems with decoupled dynamics. A notable difference thus is the exper-
imental validation of SB-DMPC on physically coupled magnetic levitation devices in [Pierer von
Esch et al. 2025a]. There, nonlinear DMPC runs without centralized computation on Raspberry
Pis which communicate via Ethernet, achieving sampling intervals of 200 ms. As for the theoret-
ical contribution [Pierer von Esch et al. 2025b], the experiments in [Pierer von Esch et al. 2025a]
appeared after the results to be presented in this work and we provide more details in Chapter 5.

To summarize, experimental results for cooperative DMPC based on ADMM have demonstrated
satisfactory performance with few optimizer iterations and do not require feasible initializations.
However, solving NLPs online can be a bottleneck for embedded implementations, convergence is
not guaranteed for non-convex constraints, and prior distributed implementations only accommo-
date control sampling frequencies of up to 4 Hz.
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2013

Jacobi iterations
[Ferramosca et al. 2013]

centralized
linear, four tank
δ = 15 s, 1 iteration

2014

ADMM
[Hentzelt et al. 2014]

distributed
nonlinear, four tank
δ = 1 s, 15 iterations

2017

ADMM
[Van Parys and Pipeleers 2017]

distributed
nonlinear, mobile robots
δ = 250 ms, 1 iteration

2021

Jacobi iterations
[Ebel and Eberhard 2021]

centralized
linear, mobile robots
δ = 50 ms, 1 iteration

ADMM
[Burk et al. 2021b]

centralized
nonlinear, mobile robots
δ = 33 ms, 6 iterations

2022

DGP
[Rosenfelder et al. 2022]

centralized
nonlinear, mobile robots

δ = 250 ms, max. 10 iterations

2024

DGP
[Ebel et al. 2024]

distributed
nonlinear, mobile robots
δ = 100 ms, 3 iterations

2025

SB-DMPC
[Pierer von Esch et al. 2025a]

distributed
nonlinear, mag. levitation
δ = 200 ms, 18 iterations

Figure 1.3: Timeline of cooperative DMPC hardware experiments with employed optimization al-
gorithm, reference, type of computation, class of prediction model, system to be con-
trolled, control sampling interval δ, and number of optimizer iterations per control step.
The computation architecture is called distributed, if neighboring subsystems compute
on distinct machines. In centralized computation, the computations of all or some
neighboring subsystems run on the same machine.

1.2.4 Computational Performance

A key reason for the development of DMPC is to remedy the computational limits of centralized
control for large-scale CPSoS. Unless centralized schemes prove impractical due to application-
specific considerations such as privacy concerns, the computational performance of DMPC for
large networks is pivotal to justify the engineering overhead associated with the design, analysis,
and real-time implementation of cooperative DMPC compared to centralized MPC.

Centralized algorithms for large-scale optimization Decomposing large-scale OCPs to im-
prove computational tractability is not a unique feature of DMPC as can be seen from the rich lit-
erature on parallel MPC [Abughalieh and Alawneh 2019; Bernal Neira et al. 2024]. For instance,
parallel linear algebra packages offer an easy-to-use option to improve the scalability of centralized
optimizers such as the Operator Splitting Quadratic Program (OSQP) solver [Stellato et al. 2020;
Intel 2024]. Alternatively, internal decomposition methods can exploit problem-level sparsity, e.g.
for accelerating the solution of the Karush-Kuhn-Tucker (KKT) system inside interior points meth-
ods [Zavala et al. 2008]. More recent efforts have focused on the deployment of centralized solvers
on Graphics Processing Units (GPUs) to exploit their massive parallelism. A parallel GPU imple-
mentation of ADMM for convex QPs is presented in [Yu et al. 2017]. There, the computationally
expensive step of solving an equality-constrained QP is done via direct solution of the KKT system
and the corresponding matrix-vector multiplication is parallelized on a GPU. For OSQP, the costly
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solution of an equality-constrained QP within each optimizer iteration is parallelized on a GPU
via a preconditioned Conjugate Gradient (CG) method in [Schubiger et al. 2020]. Specifically, the
matrix-vector multiplication of each CG iteration is executed on the GPU, outperforming serial and
parallel OSQP implementations on Central Processing Units (CPUs) for strongly convex-quadratic
OCPs with approximately 105 decision variables or more. An adaptation of this approach to Field
Programmable Gate Arrays (FPGAs) provides even further speedup [Wang et al. 2023]. GPU im-
plementations of condensed interior point methods for linear-quadratic MPC and non-convex Al-
ternating Current Optimal Power Flow (AC-OPF) are considered in [Cole et al. 2023] and [Pacaud
et al. 2024; Shin et al. 2024], respectively. For AC-OPF problems with 200,000 decision variables,
the latter demonstrates a speedup of approximately 10 over ipopt [Wächter and Biegler 2006]
running on a CPU, showcasing the strong potential of tailored GPU implementations.

Where to: centralized or distributed MPC? In view of the above, it is not clear when DMPC
indeed provides computational benefits over centralized MPC. A precursor to this question con-
cerns the scalability of DMPC to large networks. Early simulation results show that, for the con-
sidered scenarios, the convergence speed of ADMM depends on the

• coupling strengh,

• number of connections between subsystems,

• and stability of the subsystem dynamics,

but not on the number of subsystems in the network [Conte et al. 2012]. A possible explanation for
this is the exponential decay of sensitvity in graph-structured NLPs by which changes to a CPSoS
have little effect on distant subsystems in the graph [Shin et al. 2022]. The same phenomenon
is observed in simulations with energy networks [Behrunani et al. 2024]. There, the OCP is a
mixed integer linear program and the addition of new subsystems to the network does not increase
the number of required ADMM iterations. As a result, DMPC scales favorably compared to cen-
tralized MPC, even though centralized MPC is faster than DMPC for the considered use cases. A
similar observation has been made for the nonlinear DMPC of coupled van der Pol oscillators [Hu-
ber et al. 2022], where the addition of new subsystems does not affect the per-subsystem ADMM
execution time. The scalability of ADMM for linear-quadratic DMPC based on system level syn-
thesis is investigated in [Alonso et al. 2023]. DMPC there shows better scalability than centralized
MPC for a mesh of second-order systems with coupled swing dynamics, exhibiting a solve time
which is proportional to the number of states in the centralized system. While the latter three stud-
ies show competitive scalability of DMPC compared to centralized MPC, they execute ADMM
sequentially on a single machine and the reported time measurements only assume computations
among subsystems could be parallelized. In contrast, a comparison between parallel implementa-
tions of ADMM, dual decomposition, and the interior point solver of CPLEX [IBM 2009] for QPs
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is presented in [Kozma et al. 2015]. There, decentralized solvers were found not to compare well
with CPLEX in terms of overall runtime.

Hence, existing results suggest DMPC has the potential to scale well, because the addition of
more subsystems has little effect on the decentralized optimizer convergence. However, as there
also has been tremendous algorithmic and computational progress for centralized algorithms, the
potential for time savings of parallel DMPC over centralized implementations has not been fully
explored yet. In particular, it is not clear at which scale these savings will be realized and whether
employing a finite number of decentralized optimizer iterations will lead to a significant loss in
control performance.

1.3 Thesis Outline and Contributions

Cooperative DMPC aims to reconcile the strong performance of centralized MPC with the scala-
bility and resilience of distributed control. To this end, decentralized optimization algorithms are
employed to solve a cooperative OCP online without requiring centralized computation. However,
real-time requirements only allow for a finite number of optimizer iterations to be performed in
each sampling interval, causing an inherent trade-off between cooperation and decentralization.
The above summary on the state of the art of cooperative DMPC uncovered the following limita-
tions of existing approaches:

1. Stability: Preceding stability guarantees for nonlinear cooperative DMPC either require fea-
sible initializations—which are difficult to obtain in practice—or assume optimizer conver-
gence to infer system stability.

2. Implementation: While prior hardware experiments showed promising results, the attainable
sampling interval under distributed computation was limited to 100 ms. For ADMM, the
computational complexity of solving Nonlinear Programs (NLPs) on each subsystem was
found to be a bottleneck when running DMPC on embedded hardware.

3. Scalability: DMPC was found to scale well in numerical simulations, but a detailed com-
parison between decentralized methods and state-of-the-art centralized solvers appears to be
missing. Thus, it is unclear when cooperative DMPC pays off from a computational point of
view.

The remainder of this thesis addresses these limitations as follows.

Chapter 2—Optimization Algorithms for Cooperative Distributed Model

Predictive Control

Chapter 2 summarizes the main classes of optimization algorithms available in the literature for
solving cooperative OCPs. The chapter places particular emphasis on decentralized optimization
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methods, i.e. algorithms which require no centralized coordinator. We begin with a discussion on
decentralized convex optimization methods which has appeared in [Stomberg et al. 2022a] and we
place particular emphasis on the Alternating Direction Method of Multipliers (ADMM), because
of its widespread success in theory, simulation, and real-world implementations of cooperative
DMPC. We then move on to non-convex NLPs where, compared to convex QPs, fewer decentral-
ized methods with guarantees appear to be available. Notably, most algorithms with guaranteed
convergence in the presence of non-convex constraints require subsystems to solve NLPs, which
can complicate embedded control implementations.

Chapter 3—Decentralized Sequential Quadratic Programming

Chapter 3 addresses this gap and proposes a bi-level decentralized Sequential Quadratic Program-
ming (dSQP) framework with convergence guarantees for non-convex constraints. Instead of solv-
ing NLPs, the subsystems only have to solve small-scale convex QPs, which—as we will see in
Chapter 5—proves benefitial in embedded implementations. The method combines an inequality-
constrained SQP scheme on the outer level with ADMM on the inner level for solving the aris-
ing QPs. Convergence to regular Karush-Kuhn-Tucker (KKT) points under early termination of
ADMM within each SQP step is ensured through a tailored inexact Newton-type stopping crite-
rion. This allows to view dSQP as an inexact Newton method, where ADMM decentralizes the
computations among subsystems. The chapter concludes with a numerical example on Alternating
Current-Optimal Power Flow (AC-OPF), demonstrating competitive performance of dSQP when
compared to state-of-the-art algorithms. The core algorithmic idea, convergence analysis, and
numerical results are based on the conference paper [Stomberg et al. 2022b]. Here, we addition-
ally present a novel two-block dSQP variant with simplified convergence analysis under coupled
inequality constraints.

Chapter 4—Decentralized Real-Time Iterations

Chapter 4 discusses the application of dSQP to nonlinear DMPC and presents the main theoretical
contribution of the thesis. To address the real-time requirements in control and inspired by the
success of Real-Time Iteration (RTI) schemes for centralized NMPC, we apply only one or few
outer dSQP iterations per control step. Moreover, we remove the inexact Newton stopping crite-
rion and instead fix the number of ADMM iterations on the inner level. This facilitates real-time
execution and results in a decentralized RTI (dRTI) algorithm. We derive a novel bound on the
inner ADMM iterations guaranteeing linear convergence of dSQP to regular KKT points. Then,
we combine the linear dSQP convergence with stability guarantees for centralized RTIs from the
literature and prove the local exponential stability of the combined system-optimizer dynamics in
closed-loop. To the best of the author’s knowledge, this is the first theoretical stability guarantee
which studies both system and optimizer in cooperative nonlinear DMPC that does not require
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1 Introduction

centralized coordination or feasible optimizer initializations. In contrast, prior results from the
literature assume the convergence of either system or optimizer to infer stability for the other. We
conclude the chapter by testing dRTI in simulation for the swing up of a chain of coupled inverted
pendulums. This chapter is based on the journal article [Stomberg et al. 2025a].

Chapter 5—Application to Multi-Robot Formation Control

Chapter 5 tests dRTI in hardware experiments with robot formations. The distributed software
and computing environments implement neighbor-to-neighbor communication between machines,
which allows to investigate the effect of communication delays on real-time execution. We first
study the formation control of mobile robots and then continue with a team of hovercraft mov-
ing on an air hockey table. By testing a range of scenarios on two distinct hardware platforms,
we showcase the strenghts, prospects, and current limitations of dRTI. We cover test cases with
control sampling intervals between δ = 200 ms and δ = 50 ms and increase the difficulty from
linear-quadratic DMPC via nonlinear DMPC with inter-robot collision avoidance to experiments
in dynamic environments. The chapter presents the following two main contributions. First, our
experiments with mobile robots appear to be the first hardware tests of a DMPC scheme which
solves non-convex OCPs and enjoys nominal stability guarantees. Second, the experiments with
hovercraft improve upon the state of the art by increasing the possible sampling frequency of em-
bedded cooperative DMPC from 5 Hz to 20 Hz. The latter achievement is facilitated by the low
onboard computation footprint of dSQP compared to nonlinear ADMM which requires to solve
NLPs onboard, limiting the optimizer iterations and control sampling interval in prior embedded
DMPC experiments [Van Parys and Pipeleers 2017]. The results demonstrate that dRTI can be
real-time feasible in relevant control applications, even when subject to slow wireless communica-
tion. Analyses of the DMPC solve times reveal that both subsystem computations and neighbor-
to-neighbor communication can be equally relevant, with communication taking the major share
in experiments with wireless communication. The results of this chapter have been published in
the journal article [Stomberg et al. 2023] and the conference paper [Stomberg et al. 2025c].

Chapter 6—Computational Performance for Large-Scale Optimal Control

Superior scalability compared to schemes with a central coordinator is often quoted as a main
motivation for DMPC, alleviating the existence of a single computational bottleneck. However,
comparisons between the numerical performance of centralized and distributed MPC appear to
be scarce. Chapter 6 thus analyzes the scalability of dRTI by reference to numerical simulations
for the frequency control of power grids. We compare the computational performance of dRTI to
state-of-the-art interior point solvers for OCPs with up to 333, 000 decision variables. To this end,
we test a multi-threaded dRTI implementation on a multi-core CPU cluster and, to provide a fair
comparison, use multi-threaded linear algebra packages inside the centralized solvers. Our case

14



1.3 Thesis Outline and Contributions

study investigates the effects of (i) the number of subsystems in the network, i.e. the total grid size;
(ii) subsystem size, i.e. the number of grid buses per subsystem; (iii) subsystem difficulty, i.e. the
number of loads per subsystem; and (iv) required coordination between subsystems, i.e. the distri-
bution of loads and generators in the grid. The results show fast convergence of dRTI to suboptimal
inputs, achieving good control performance in closed loop. Finally, the number of subsystems has
little impact on the required dRTI iterations across a wide range of scenarios, indicating good scal-
ability for large networks. This chapter is based on the conference paper [Stomberg et al. 2025b].

Chapter 7 summarizes the thesis and provides an outlook on future work.
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2 Optimization Algorithms for Cooperative
Distributed Model Predictive Control

This chapter surveys state-of-the-art methods for solving partially separable programs arising in
cooperative DMPC. Section 2.2 discusses algorithms for solving partially separable convex QPs
that appear in linear-quadratic DMPC and Section 2.3 then focuses on non-convex NLPs arising
from nonlinear dynamics or otherwise. Section 2.4 summarizes key properties about the covered
methods and presents a small-scale example to illustrate possible pitfalls arising from infeasible
optimizer iterates.

The discussion on algorithms for linear-quadratic DMPC in Section 2.2, the summary of the
essentially decentralized Interior Point (d-IP) method, and the numerical example have appeared
in the survey [Stomberg et al. 2022a].1 The essentially decentralized Active Set Method (d-ASM)
was first presented in [Stomberg et al. 2021] and d-IP is from [Engelmann et al. 2021b].

2.1 Problem Statement

The cooperative OCP (1.3) to be solved in DMPC can be written as the partially separable NLP

min
z

∑︂
i∈S

fi(zi) (2.1a)

subject to gi(zi) = 0 | νi ∀i ∈ S, (2.1b)

hi(zi) ≤ 0 | µi ∀i ∈ S, (2.1c)∑︂
i∈S

Eizi = b | λ. (2.1d)

Each subsystem i ∈ S is assigned a decision variable zi ∈ R
ni , an objective fi : Rni → R, and

constraints gi : Rni → Rngi and hi : Rni → Rnhi . We assume the functions fi, gi, and hi are three times
continuously differentiable for all i ∈ S. The constraint (2.1d) with sparse matrices Ei ∈ R

nc × Rni

and b ∈ Rnc couples neighboring subsystems. Notice that any coupled optimization problem may
be formulated as (2.1) by introducing decision variables that are then coupled via (2.1d).

The notation in NLP (2.1) describes that νi ∈ R
ngi , µi ∈ R

nhi , and λ ∈ Rnc are the Lagrange
multipliers to the respective constraints. We denote the concatenation of vectors x and y into
a column vector by (x, y), the vertical concatenation of matrices A and B by (A, B), and their
horizontal concatenation by [A, B]. The centralized variables of NLP (2.1) are z ≐ (z1, . . . , zS ) ∈
Rn, ν ≐ (ν1, . . . , νS ) ∈ Rng , and µ ≐ (µ1, . . . , µS ) ∈ Rnh . The NLP can be written in centralized

1The open-access article [Stomberg et al. 2022a] has been published under the CC BY 4.0 license, cf. https:
//creativecommons.org/licenses/by/4.0/.
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2 Optimization Algorithms for Cooperative Distributed Model Predictive Control

form (A.1) by setting

f (z) ≐
∑︂
i∈S

fi(zi), g(z) ≐ (g1(z1), . . . , gS (zS )), h(z) ≐ (h1(z1), . . . , hS (zS )), and E ≐ [E1 . . . ES ].

Assumption 2.1 (Linearly independent coupling constraints). The centralized coupling matrix E
has full row rank. □

Assumption 2.1 is a prerequisite for the Linear Indepence Constraint Qualification (LICQ) which
we require in many of the following algorithms. Moreover, Assumption 2.1 ensures that con-
straint (2.1d) is feasible for all b ∈ Rnc . A crucial property of NLP (2.1) is the sparsity of the
coupling matrices Ei which results from the underlying graph structure of the centralized OCP. All
algorithms covered in this chapter exploit the sparsity of E to decentralize computations. As noted
in [Engelmann et al. 2020], the coupling constraints (2.1d) generalize the widely adopted notion
of consensus problems [Nedić and Liu 2018]. We detail the relation between consensus problems
and the partially separable program (2.1) with the following two definitions. We denote the j-th
row of a matrix A by [A] j and the component at position (i, j) by [A]i j.

Definition 2.1 (Assigned coupling constraints and n-assignment [Engelmann et al. 2020, Defini-
tion 1]).
A subsystem i ∈ S is said to be assigned to coupling constraint j ∈ {1, . . . , nc}, if [Ei] j ≠ 0.
We collect all subsystems assigned to coupling constraint j ∈ {1, . . . , nc} in the set S( j) ≐ {i ∈
S | i is assigned to j}. A coupling constraint j ∈ {1, . . . , nc} is said to be n-assigned, if |S( j)| = n.
Furthermore, the partially separable program (2.1) is said to be n-assigned, if |S( j)| ≤ n for all
j ∈ {1, . . . , nc}.

Definition 2.2 (Consensus problem in partially separable form). The partially separable pro-
gram (2.1) is said to be a consensus problem, if b = 0 and if, for all j ∈ {1, . . . , nc}, there exists
one element for which [E] jo = 1, one element for which [E] jc = −1, and if [E] jl = 0 for all other
elements l ∈ {1, . . . , n}/{o, c}.

That is, we define consensus problems as 2-assigned partially separable programs where each row
of E has two non-zero entries and where the right-hand side of (2.1d) is zero.

Rewriting an OCP as consensus problem in partially separable form The reader may
wonder how we arrive at the partially separable NLP (2.1) coming from the cooperative OCP (1.3):
A common procedure for reformulating the OCP is to replace, for all i ∈ S, the in-neighbor state
x j by a copy w ji for all j ∈ N in

i when evaluating ℓi, f δi , and the coupling constraint (1.3f) [El Fawal
et al. 1998; Bestler and Graichen 2019; Stomberg et al. 2022a]. Define wi ≐ (w ji) j∈N in

i
and let

wi ≐ (wi[0], . . . ,wi[N]) ∈ R(N+1)·nin
i denote the prediction by subsystem i for the state trajectories

of in-neighbors. The decision variable of subsystem i then is zi ≐ (xi,ui,wi) and the coupling
constraints in (2.1d) match original and copied variables, i.e., they enforce the constraints

x j[τ] − w ji[τ] = 0 for all τ ∈ I[0,N], j ∈ N in
i , and i ∈ S.
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2.2 Algorithms for Linear-Quadratic DMPC

Example 2.1 (Formulating a cooperative OCP as a partially separable NLP [Stomberg et al.
2022a]). To illustrate the reformulation via state copies, consider three subsystems with coupled
dynamics

x1[τ + 1] = x1[τ] + u1[τ], x1[0] = x1(t),

x2[τ + 1] = x1[τ] + x2[τ], x2[0] = x2(t),

x3[τ + 1] = x2[τ] + x3[τ], x3[0] = x3(t).

By introducing the copies w2 ≐ x1 and w3 ≐ x2, we can rewrite the dynamics as

x1[τ + 1] = x1[τ] + u1[τ], x1[0] = x1(t),

x2[τ + 1] = w2[τ] + x2[τ], x2[0] = x2(t),

x3[τ + 1] = w3[τ] + x3[τ], x3[0] = x3(t),

For N = 1, the decision variables are z1 = (x1[0], x1[1], u1[0]), z2 = (x2[0], x2[1],w2[0]), and
z3 = (x3[0], x3[1],w3[0]). The coupling between original and copied states then reads⎡⎢⎢⎢⎢⎢⎣1 0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ⏞
E1

z1 +

⎡⎢⎢⎢⎢⎢⎣0 0 −1
1 0 0

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ⏞
E2

z2 +

⎡⎢⎢⎢⎢⎢⎣0 0 0
0 0 −1

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ⏞
E3

z3 = 0.

□

Distributed, decentralized, and essentially decentralized algorithms

We categorize optimization algorithms based on their communication architecture. Distributed
optimization algorithms decompose expensive computations among the subsystems, but still per-
form some computations centrally [Bertsekas and Tsitsiklis 1989]. Decentralized optimization,
in contrast, does not require a central coordinator and instead exclusively relies on neighbor-to-
neighbor communication [Nedić et al. 2018]. As a middle ground, essentially decentralized al-
gorithms perform computationally simple steps with network-wide communication but without
centralized computation [Engelmann et al. 2021b]. Figure 2.1 links the MPC architectures pro-
posed in [Scattolini 2009] and discussed in Chapter 2 to the corresponding types of optimization
algorithms. Centralized MPC solves the OCP with centralized optimization methods, hierarchical
MPC employs distributed optimization, and cooperative DMPC relies on decentralized optimiza-
tion algorithms.

2.2 Algorithms for Linear-Quadratic DMPC

An important class of optimization problems for DMPC are partially separable QPs which arise if
the system dynamics are linear, the constraints are polyhedral, and the cost functions are quadratic,

min
z

∑︂
i∈S

1
2

z⊤i Hizi + a⊤i zi (2.2a)
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2.2 Algorithms for Linear-Quadratic DMPC

subject to AE
i zi = bE

i | νi ∀i ∈ S, (2.2b)

AI
izi ≤ bI

i | µi ∀i ∈ S, (2.2c)∑︂
i∈S

Eizi = b | λ. (2.2d)

Here, ai ∈ R
ni , AE

i ∈ R
ngi×ni , and AI

i ∈ R
nhi×ni for all i ∈ S. The Hessians Hi ∈ R

ni×ni are typically
positive semidefinite or positive definite for all i ∈ S and the convexity requirements differ among
algorithms, with positive definite Hessians usually allowing for faster convergence guarantees.
Observe that copied state variables also have to be assigned weights in (2.2a) if Hi is required to
be positive definite. For some algorithms, it is convenient to rewrite QP (2.2) as

min
z1∈Z

QP
1 ,..., zS ∈Z

QP
S

∑︂
i∈S

f QP
i (zi) subject to

∑︂
i∈S

Eizi = b | λ,

where

f QP
i (zi) ≐

1
2

z⊤i Hizi + a⊤i zi and ZQP
i ≐

⎧⎪⎪⎨⎪⎪⎩zi ∈ R
ni

⃓⃓⃓⃓⃓
⃓⃓ AE

i zi = bE
i

AI
izi ≤ bI

i

⎫⎪⎪⎬⎪⎪⎭ .
Likewise, we write the subsystem constraints in centralized form as ZQP ≐ ZQP

1 × · · · × Z
QP
S .

2.2.1 Dual Decomposition

We define the Lagrangian L : Rn × Rnc → R and dual function q : Rnc → R to QP (2.2) as

L(z, λ) ≐
∑︂
i∈S

(︂
f QP
i (zi) + λ⊤Eizi

)︂
− λ⊤b and q(λ) ≐ min

z∈ZQP
L(z, λ).

In its simplest form, Dual Decomposition (DD) solves QP (2.2) by applying gradient ascent to the
dual problem

max
λ

q(λ). (2.3)

For all i ∈ S, let f QP
i be strongly convex with convexity parameter µc as defined in Appendix A.3

and let the set ZQP
i be convex and compact. Then, QP (2.2) satisfies strong duality [Bertsekas 2016,

Proposition 6.2.2]. Moreover, q(λ) is continuously differentiable and the dual gradient reads [Bert-
sekas 2016, Proposition 7.1.1]

∇q(λ) =
∑︂
i∈S

Eizλ,⋆i − b where zλ,⋆i ≐ argmin
zi∈Z

QP
i

f QP
i (zi) + λ⊤Eizi for all i ∈ S.

The gradient ascent update with step size c > 0 reads

λk+1 = λk + c∇q(λk)

and convergence to the unique optimum is guaranteed if c ∈ (0, 2/Lq), where Lq > 0 is a Lipschitz
constant of ∇q(λ) [Bertsekas 2016, Proposition 1.2.2]. Here, the smallest Lipschitz constant of ∇q
is [Richter et al. 2011, Theorem 4]

L⋆q =
⃦⃦⃦⃦
EH−

1
2

⃦⃦⃦⃦2

2
, (2.4)
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where H ≐ diag(H1, . . . ,HS ) is a block diagonal matrix with block Hi at block position (i, i).
Reformulating (2.4) yields

L⋆q =
⃦⃦⃦⃦
EH−

1
2

⃦⃦⃦⃦2

2
≤ ∥E∥22 ·

⃦⃦⃦⃦
H−

1
2

⃦⃦⃦⃦2

2
= ∥E∥22 ·

(︂
σmax(H−

1
2 )
)︂2
= ∥E∥22 · λmax

(︂
H−1

)︂
=
∥E∥22
µc

and thus DD converges for any c ∈ (0, 2µc/∥E∥22) [Braun and Grüne 2018]. The DD iterations read

zk
i = argmin

zi∈Z
QP
i

f QP
i (zi) + λk⊤Eizi ∀i ∈ S (2.5a)

λk+1 = λk + c

⎛⎜⎜⎜⎜⎜⎝∑︂
i∈S

Eizk
i − b

⎞⎟⎟⎟⎟⎟⎠ . (2.5b)

The step (2.5a) requires each subsystem to solve a small-scale strongly convex QP and the up-
date (2.5b) can be decentralized with the following three steps: First, note that (2.5) yields

zk+1
i = argmin

zi∈Z
QP
i

f QP
i (zi) +

⎛⎜⎜⎜⎜⎜⎜⎝λk⊤ + c

⎛⎜⎜⎜⎜⎜⎜⎝∑︂
j∈S

zk⊤
j E⊤j − b⊤

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎠ Eizi ∀i ∈ S

Crucially, if j ≠ Ni ∪ {i}, then E⊤j Ei = 0 and hence

zk+1
i = argmin

zi∈Z
QP
i

f QP
i (zi) +

⎛⎜⎜⎜⎜⎜⎜⎝λk⊤ + c

⎛⎜⎜⎜⎜⎜⎜⎝ ∑︂
j∈Ni∪{i}

zk⊤
j E⊤j − b⊤

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎠ Eizi ∀i ∈ S.

That is, each subsystem only needs to receive the iterates zk
j from its neighbors, but not from

subsystems outside its neighborhood. Second, let each subsystem i store a local version λi ∈ R
nc

of λ satisfying
λ⊤Ei = λ

⊤
i Ei ∀i ∈ S. (2.6)

That is, λi includes those multipliers which correspond to coupling constraints that affect subsys-
tem i. Third, the product E⊤j Ei is sparse for all j ∈ Ni ∪ {i} and subsystem i only requires coupled
components [zk

j]p for all

p ∈
{︃
I[0,n j]

⃓⃓⃓⃓ [︂
E⊤j Ei

]︂
p
≠ 0

}︃
(2.7)

of subsystem j to compute λk+1
i . The decentralized implementation of DD is given in Algorithm 2.1

which maintains (2.6) in Step 6.

Dual Decomposition With Fast Gradients

The classical DD Algorithm 2.1 applies gradient ascent to the dual problem (2.3) and exploits
the sparsity of the coupling matrices Ei to decentralize the gradient calculation. This decompo-
sition for ∇q can applied to a wide range of first-order methods, including Fast Gradient Meth-
ods (FGMs) [Necoara and Suykens 2008; Nesterov 2018]. For instance, a Nesterov-type accelera-
tion is used for DD in [Conte et al. 2012],

λk+1 = λ̄k +
1
Lq
∇q(λ̄k) (2.8a)
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Algorithm 2.1 Decentralized DD for solving (2.2) [Braun and Grüne 2018].

1: Initialization: k = 0, λ0, {λ0
i }i∈S satisfying (2.6), kmax, c

2: while k < kmax do
3: zk

i = argmin
zi∈Zi

f QP
i (zi) + λk⊤

i Eizi for all i ∈ S.

4: Send [zk
i ]p for all p ∈

{︃
I[0,ni]

⃓⃓⃓⃓ [︂
E⊤i E j

]︂
p
≠ 0

}︃
to all j ∈ Ni and for all i ∈ S.

5: Receive [zk
j]p for all p satisfying (2.7) from all j ∈ Ni and for all i ∈ S.

6: λk+1
i = λk

i + c

⎛⎜⎜⎜⎜⎜⎜⎝ ∑︂
j∈Ni∪{i}

Eizk
j − b

⎞⎟⎟⎟⎟⎟⎟⎠ for all i ∈ S.

7: k ← k + 1
8: end while

αk+1 =
αk

2

(︂ √︁
(αk)2 + 4 − αk

)︂
(2.8b)

βk =
αk(1 − αk)

(αk)2 + αk+1 (2.8c)

λ̄k+1 = λk+1 + βk
(︂
λk+1 − λk

)︂
. (2.8d)

Here, λ̄ ∈ Rnc is an intermediate iterate and β > 0 is the step size. The fastest convergence can be
obtained by inserting the smallest Lipschitz constant L⋆q from (2.4) into the update (2.8a) [Richter
et al. 2011]. Algorithm 2.2 summarizes a decentralized version using this fast gradient update.

Assumptions, convergence, feasibility, and termination Strong convexity of the objective
and compactness of the constraint set together guarantee differentiability of the dual function and
thus well-definedness of DD and DD-FGM [Bertsekas 2016, Proposition 7.1.1]. The convergence
in q(λ⋆) − q(λk) is guaranteed to be at least sublinear with rates O(1/k) for DD [Nesterov 2018,
Theorem 2.1.14] and O(1/k2) for DD-FGM [Richter 2012, Equation 9.10]. The iterates zk

i are
feasible with respect to ZQP

i , but the coupling constraints (2.2d) are only satisfied asymptotically.
Stopping criteria usually specify tolerances for ∇q(λ), i.e., the coupling constraint residual.

Closed-loop stability, warm-starting, and communication If the subsystems are only cou-
pled via the cost functions, then feasibility of zk

i with respect to the subsystem constraints guar-
antees closed-loop stability for appropriately designed terminal ingredients. However, if coupling
is also present in the dynamics or system constraints, then infeasibility with respect to the cou-
pling constraints (2.2d) must be considered. Constraint tightening can guarantee closed-loop sta-
bility through tailored stopping criteria or for sufficiently many optimizer iterations per control
step [Giselsson and Rantzer 2014; Köhler et al. 2019]. DD is warm-started with a guess λ0 ∈ Rnc

and thus does not require a feasible initialization. A benefit over an initialization z0 ∈ Rn is that
the coupling dimension nc is typically much smaller than n. This can be exploited to obtain warm-
starts through supervised learning [Chanfreut et al. 2021a]. The sparsity of the coupling matrices
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Algorithm 2.2 Decentralized DD with fast gradients [Conte et al. 2012].

1: Initialization: k = 0, λ0, {λ0
i }i∈S satisfying (2.6), λ̄0

i = λ
0
i for all i ∈ S, α0 = (

√
5−1)/2, kmax, Lq

2: while k < kmax do
3: zk

i = argmin
zi∈Z

QP
i

f QP
i (zi) + λ̄k⊤

i Eizi for all i ∈ S.

4: Send [zk
i ]p for all p ∈

{︃
I[0,ni]

⃓⃓⃓⃓ [︂
E⊤i E j

]︂
p
≠ 0

}︃
to all j ∈ Ni and for all i ∈ S.

5: Receive [zk
j]p for all p satisfying (2.7) from all j ∈ Ni and for all i ∈ S.

6: λk+1
i = λ̄k

i +
1
Lq

⎛⎜⎜⎜⎜⎜⎜⎝ ∑︂
j∈Ni∪{i}

Eizk
j − b

⎞⎟⎟⎟⎟⎟⎟⎠ for all i ∈ S.

7: αk+1 =
αk

2

(︂ √︁
(αk)2 + 4 − αk

)︂
.

8: βk =
αk

(︂
1 − αk

)︂
(︁
αk)︁2
+ αk+1

.

9: λ̄k+1
i = λk+1

i + βk
(︂
λk+1

i − λk
i

)︂
for all i ∈ S.

10: k ← k + 1
11: end while

Ei allows to decentralize DD and Algorithms 2.1 and 2.2 exchange 2nc floats per iteration between
neighbors.

Extensions and applications Similar to most other methods covered in this chapter, DD is
a family of algorithms instead of a specific method and comes with different flavors in terms of
problem formulation and employed first order updates. For instance, it is possible to not only du-
alize the coupled equality constraints (2.2d) of the partially separable QP, but to dualize coupled
inequality constraints directly [Giselsson et al. 2013]. In this case, a projected gradient method is
applied to the dual problem to ensure non-negativity of the Lagrange multipliers to the coupled
inequality constraints. Exemplary applications of DMPC based on DD include building automa-
tion, microgrid control, and water distribution networks [Trnka et al. 2011; Velasquez et al. 2019;
Razzanelli et al. 2020; Braun et al. 2020; Lefebure et al. 2022].

2.2.2 Alternating Direction Method of Multipliers

ADMM is an augmented Lagrangian-based decomposition framework which is applicable to a
wide range of optimization problems, including non-convex NLPs. We here present a two-block
ADMM variant whose application to DMPC dates back at least to [Summers and Lygeros 2012;
Conte et al. 2012].

In general, ADMM has received widespread attention for both linear-quadratic DMPC and non-
linear DMPC, see e.g. [Summers and Lygeros 2012; Conte et al. 2012; Rostami et al. 2017; Bestler
and Graichen 2019; Tang and Daoutidis 2019; Burk et al. 2021b; Alonso et al. 2023]. However, to
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the best of our knowledge, convergence guarantees for the decentralized variant of ADMM which
we discuss here have only been established if the subsystem constraint sets Zi are convex. Thus,
we dicuss ADMM in this section on linear-quadratic DMPC. Nonetheless, we present the ADMM
iterations for NLPs like (2.1)—and not only for QPs—to reflect nonlinear DMPC schemes based
on ADMM as well. We comment on the difficulties for non-convex constraint sets at the end of
this section.

To apply ADMM, we rewrite NLP (2.1) as the two-block NLP

min
y,z

∑︂
i∈S

fi(yi) (2.9a)

subject to yi ∈ Zi ∀i ∈ S, (2.9b)

z ∈ E, (2.9c)

yi − zi = 0 | γi ∀i ∈ S, (2.9d)

where y ≐ (y1, . . . , yS ) ∈ Rn and γ ≐ (γ1, . . . , γS ) ∈ Rn. The subsystem constraint sets Zi and the
coupling constraint set E are defined as

Zi ≐

⎧⎪⎪⎨⎪⎪⎩yi ∈ R
ni

⃓⃓⃓⃓⃓
⃓⃓ gi(yi) = 0

hi(yi) ≤ 0

⎫⎪⎪⎬⎪⎪⎭ and E ≐

⎧⎪⎪⎨⎪⎪⎩z ∈ Rn

⃓⃓⃓⃓⃓
⃓⃓ ∑︂

i∈S

Eizi = b

⎫⎪⎪⎬⎪⎪⎭ .
NLP (2.9) owes its name to the two blocks of decision variables, y and z. Both blocks are coupled
through the consensus constraint (2.9d). We define the augmented Lagrangian to NLP (2.9) as

Lρ(y, z, γ) ≐
∑︂
i∈S

Lρ,i(yi, zi, γi) ≐
∑︂
i∈S

(︃
fi(yi) + γ⊤i (yi − zi) +

ρ

2
∥yi − zi∥

2
2

)︃
.

The ADMM iterations for solving NLP (2.9) are given by

yk+1
i = argmin

yi∈Zi

Lρ,i(yi, zk
i , γ

k
i ) ∀i ∈ S (2.10a)

zk+1 = argmin
z∈E

Lρ(yk+1, z, γk) (2.10b)

γk+1
i = γk

i + ρ(y
k+1
i − zk+1

i ) ∀i ∈ S. (2.10c)

The updates (2.10a) for the first block of decision variables y and (2.10c) for the Lagrange mul-
tipliers γ trivially decompose between the subsystems because of the partially separable structure
of NLP (2.9). We next discuss how the z-update (2.10b) can be implemented as a decentralized
averaging step for consensus problems [Boyd et al. 2011, Chapter 7]. To this end, we first derive
some technical results on the ADMM averaging step (2.10b).

Lemma 2.1 (Algebraic expression of the ADMM averaging step). Consider the two-block NLP (2.9),
suppose Assumption 2.1 holds, and define the averaging matrix

Mavg ≐ I − E⊤
(︁
EE⊤

)︁−1 E.

Then, the following holds for the iterates
{︂(︂

yk, zk, γk
)︂}︂

produced by ADMM:
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Algorithm 2.3 ADMM for NLP (2.1).

1: Initialization: k = 0, λ0, γ0
i = E⊤i λ

0, z0
i for all i ∈ S, kmax, ρ

2: while k < kmax do
3: yk+1

i = argmin
yi∈Zi

Lρ,i(yi, zk
i , γ

k
i ) for all i ∈ S.

4: zk+1 = argmin
z∈E

Lρ(yk+1, z, γk).

5: γk+1
i = γk

i + ρ(y
k+1
i − zk+1

i ) for all i ∈ S.
6: k ← k + 1
7: end while

i) If Mavgγ
k = 0 and if b = 0, then zk+1 = Mavgyk+1.

ii) If Mavgγ
k = 0 and if b = 0, then Mavgγ

k+1 = 0.

iii) If γ0 ≐ E⊤λ0 for any λ0 ∈ Rnc , then Mavgγ
0 = 0.

iv) The Lagrange multipliers satisfy γk+1 = E⊤λk+1 for all k ≥ 0.

Proof. i) The z-update (2.10b) requires to solve a strongly convex equality-constrained QP and
thus can be solved in closed form by solving the KKT system⎡⎢⎢⎢⎢⎢⎣ρI E⊤

E 0

⎤⎥⎥⎥⎥⎥⎦ ⎡⎢⎢⎢⎢⎢⎣zk+1

λk+1

⎤⎥⎥⎥⎥⎥⎦ = ⎡⎢⎢⎢⎢⎢⎣ρyk+1 + γk

0

⎤⎥⎥⎥⎥⎥⎦ . (2.11)

This yields

zk+1 =
(︂
I − E⊤(EE⊤)−1E

)︂⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
Mavg

(︄
yk+1 +

γk

ρ

)︄
= Mavgyk+1 + Mavg

γk

ρ⏞ˉ̄⏟⏟ˉ̄⏞
0

,

where EE⊤ is invertible because E has full row rank.
ii) We begin by proving

M2
avg = (I − E⊤

(︁
EE⊤

)︁−1 E)(I − E⊤
(︁
EE⊤

)︁−1 E)

= I − 2E⊤(EE⊤)−1E + E⊤ (EE⊤)−1EE⊤⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
I

(EE⊤)−1E

= I − E⊤(EE⊤)−1E = Mavg.

The γ-update (2.10c) yields

Mavgγ
k+1 = Mavgγ

k + ρMavg(yk+1 − zk+1)

= ρMavg(yk+1 − Mavgyk+1)

= ρ(Mavgyk+1 − M2
avgyk+1)

= ρ(Mavgyk+1 − Mavgyk+1) = 0.
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iii) Let γ0 ≐ E⊤λ0. Then

Mavgγ
0 = MavgE⊤λ0 = (I − E⊤(EE⊤)−1E)E⊤λ0 = E⊤λ0 − E⊤ (EE⊤)−1EE⊤⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

I

λ0 = 0.

iv) The γ-update (2.10c) and the top block rows in the KKT conditions (2.11) yield

γk+1 = γk + ρ(yk+1 − zk+1)

= γk + ρyk+1 − ρzk+1

= γk + ρyk+1 − (ρyk+1 + γk − E⊤λk+1)

= E⊤λk+1. (2.12)

■

If NLP (2.1) is a consensus problem, then the update zk+1 = Mavgyk+1 can be efficiently evalu-
ated as an averaging step with decentralizd communication. We next adapt the discussion on the
averaging step from [Boyd et al. 2011, Chapter 7] to the two-block NLP (2.9).

Remark 2.1 (Averaging step in ADMM for consensus problems). By Definition 2.2, each coupling
constraint j ∈ {1, . . . , nc} in a consensus problem enforces the equivalence between two compo-
nents of the centralized decision vector z. These two components can be regarded as two instances
of a global variable xg ∈ R. The consensus constraint j is met if the two instances hold the same
numerical value for xg.

We denote the index set of the global variables in a consensus problem by G ≐ {1, . . . , n − nc}.
For all g ∈ G and for all i ∈ S, we collect the indices of the components of zi that are instances of
xg in the set Igi ≐

{︂
p ∈ {1, . . . , ni}

⃓⃓⃓
[zi]p = xg

}︂
. For all indices g ∈ G, we collect the subsystems

that hold an instance of xg in the set Sg ≐
{︂
i ∈ S

⃓⃓⃓
Igi ≠ ∅

}︂
. The z-update (2.10b) then reads

min
z,{xg},g∈G

∑︂
g∈G

∑︂
i∈Sg

∑︂
p∈Igi

(︃
ρ

2
[zi]2

p − ρ[y
k+1
i ]p[zi]p − [γk

i ]p[zi]p

)︃
(2.13a)

subject to xg = [zi]p ∀p ∈ Igi , ∀i ∈ Sg, ∀g ∈ G. (2.13b)

By resolving the consensus constraint (2.13b), this is equivalent to the unconstrained QP

min
{xg},g∈G

∑︂
g∈G

∑︂
i∈Sg

∑︂
j∈Igi

(︃
ρ

2
x2

g − ρ[y
k+1
i ] jxg − [γk

i ] jxg

)︃
.

Solving the conditions of optimality for xg yields

xk+1
g =

1
Ng

∑︂
i∈Sg

∑︂
p∈Igi

(︂
[yk+1

i ]p + [γk
i ]p/ρ

)︂
∀g ∈ G, (2.14)

where Ng ≐
∑︁

i∈Sg
|Igi | is the total number of instances of xg. Hence, if

∑︁
i∈Sg

∑︁
p∈Igi

[γk
i ]p = 0 for all

g ∈ G, then the update is given by

xk+1
g =

1
Ng

∑︂
i∈Sg

∑︂
p∈Igi

[yk+1
i ]p ∀g ∈ G. (2.15)

27



2 Optimization Algorithms for Cooperative Distributed Model Predictive Control

That is, the update xk+1
g is the average value of all instances stored in the vector yk+1 that correspond

to the scalar xg. The averaging step zk+1 = Mavgyk+1 can hence be implemented in decentralized
fashion by completing the following three steps for all g ∈ G:

1. For all i ∈ Sg and for all p ∈ Igi , communicate [yk+1
i ]p to a subsystem s ∈ S.

2. Let subsystem s evaluate the average (2.15) to compute xk+1
g .

3. Communicate xk+1
g to all i ∈ Sg and set [zk+1

i ]p = xk+1
g for all p ∈ Igi and for all i ∈ Sg. □

Remark 2.2 (Decentralized implementation of ADMM for DMPC). Consider a reformulation of
the cooperative OCP (1.3) as a partially separable NLP (2.1) through the introduction of copied
state variables as illustrated in Example 2.1. The global variables then are the predicted central-
ized state and input trajectories x and u. For all i ∈ S, we have

S[xi[τ]]p = N
out
i ∪ {i} for all p ∈ {1, . . . , nxi} and for all τ ∈ I[0,N].

That is, only subsystem i and its out-neighbors hold instances of the predicted state trajectory xi.
Specifically, subsystem i optimizes over the original trajectory xi and each out-neighbor j ∈ Nout

i

optimizes over the copy trajectory wi j, i.e., each subsystem in the set Nout
i ∪ {i} holds one instance

of each global decision variable in xi. In contrast, predicted input trajectories are not shared in
this formulation such that only subsystem i optimizes over ui.

For all i ∈ S, we partition the two ADMM decision variable blocks as yi ≐ (xi,ui,wi) and
zi ≐ (x̄i, ūi, w̄i) such that x̄i = xi, ūi = ui, and w̄i = wi upon convergence. If Mavgγ

k = 0, then the
z-update can be implemented with neighbor-to-neighbor communication:

1. For all i ∈ S, send wk+1
ji to all j ∈ N in

i and receive wk+1
i j from all j ∈ Nout

i .

2. Let each subsystem i ∈ S compute the average x̄k+1
i =

1
|Nout

i | + 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝xk+1
i +

∑︂
j∈Nout

i

wk+1
i j

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.
3. For all i ∈ S, send x̄k+1

i to all j ∈ Nout
i and receive x̄k+1

j from all j ∈ N in
i .

4. For all i ∈ S, set ūk+1
i = uk+1

i and w̄k+1
ji = x̄k+1

j for all j ∈ N in
i .

5. For all i ∈ S, stack w̄k+1
i = (w̄k+1

ji ) j∈N in
i

and form zk+1
i = (x̄k+1

i , ū
k+1
i , w̄

k+1
i ). □

Assumptions, convergence, feasibility, and termination The consensus dual variable γ is
guaranteed to converge to a solution γ⋆ and consensus is achieved in the limit, if the objectives
fi are convex, closed, and proper2, if the constraints Zi are convex, and if a solution exists for
NLP (2.1) [Boyd et al. 2011, Chapter 3], cf. [Bertsekas 2016, Proposition 6.1.6]. For more specific

2See Appendix A.3 for a definition of convex, closed, and proper functions.
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convex problems such as QPs, convergence also to a primal optimum as well as a linear conver-
gence rate can be shown [Yang and Han 2016; Han 2022]. If problem (2.1) is a strictly convex
QP, then ADMM converges q-linearly in the vector w ≐ (z, γ/ρ), cf. Appendix A.5. Linear con-
vergence for non-strictly convex QPs can also be shown, albeit to the solution set as the minimizer
is not necessarily unique [Yang and Han 2016]. The decision variable y is feasible with respect
to the subsystem constraints and the decision variable z satisfies the coupling constraints (2.1d)
Feasibility of the consenus constraints (2.9d) is only achieved asymptotically. Termination cri-
teria can be based for instance on the dual residual sk+1 ≐ ρ(zk+1 − zk) and the primal residual
rk+1 ≐ yk+1 − zk+1 [Boyd et al. 2011, Chapter 3].

Closed-loop stability, warm starting, and communication Thanks to the linear conver-
gence rate, stability for linear-quadratic DMPC can be shown via RTI arguments [Zanelli 2021].
Chapter 4 will discuss this in greater detail. The method is warm-started with z0

i and γ0
i for all

i ∈ S, which can be taken from the previous MPC step. Choosing γ0
i = E⊤i λ

0 for some λ0 ∈ Rnc

is not strictly necessary, but ensures Mavgγ
0 = 0 and thus helps facilitate the averaging step as

discussed in Lemma 2.1. Otherwise, the dual variables γi also need to be communicated between
subsystems to evaluate the average via (2.14). This is the case if the subsystems execute ADMM
asynchronously as only synchronous execution ensures Mavgγ

k+1 = 0 via Lemma 2.1 iii) and iv).

Extensions and applications Since the inception of ADMM in the 1970s [Glowinski and Mar-
roco 1975; Gabay and Mercier 1976], many extensions and subvariants have been explored such
as generalized ADMM [Deng and Yin 2016] and multi-block proximal ADMM [Yashtini 2021].
Especially asynchronous variants seem promising in the context of DMPC as they aim to reduce
the time spent waiting for neighbors [Burk et al. 2021c]. DMPC based on ADMM has been stud-
ied in the context of e.g. robot formations [Van Parys and Pipeleers 2017; Burk et al. 2021b] and
energy systems [Liu et al. 2019; Behrunani et al. 2024]. Moreover, ADMM forms the basis for
the open-source DMPC codes omg-tools [Van Parys and Pipeleers 2017] and GRAMPC-D [Burk
et al. 2021a].

Application to nonlinear DMPC ADMM has been found to work well in practice for nonlinear
DMPC in experiments with a four tank system [Hentzelt et al. 2014] and robot formations [Van
Parys and Pipeleers 2017]. From a theoretical point of view, however, convergence guarantees for
ADMM that would be meaningful for nonlinear DMPC appear to be unavailable because of the
non-convex constraint sets Zi. In general, there exist convergence guarantees for ADMM also in the
presence of non-convex constraints [Li and Pong 2015; Wang et al. 2019; Themelis and Patrinos
2020]. These discussions shift the non-convexity into the objective via indicator functions and con-
sider more general two-block or even multi-block constraints than the consensus constraint (2.9d).
However, the available convergence guarantees require assumptions on the smoothness of the ob-
jectives and the rank of the constraint matrices which are not satisfied by the decentralized ADMM
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versions used in DMPC. For instance, the result in [Themelis and Patrinos 2020] would require to
solve all OCPs with non-convex constraints in a central coordinator, which would contradict the
idea of decomposing computationally expensive steps in DMPC among subsystems. Nonetheless,
ADMM has the potential to be used in nonlinear DMPC and respective stability guarantees have
been derived in [Bestler and Graichen 2019] under the assumption that ADMM converges linearly
to the OCP minimizer. One disadvantage in practical implementations can be that Step 3 requires
each subsystem to solve a non-convex NLP, which was found to be the computational bottleneck
in experiments with embedded hardware [Van Parys and Pipeleers 2017].

2.2.3 NLP Formulation for ADMM with one Communication Round per

Iteration

As discussed in Remark 2.1, the above ADMM variant decentralizes the update for zk+1 via an
averaging step which requires two rounds of communication: Step 1 exchanges w between neigh-
bors and Step 3 exchanges the averaged values x̄. It is, however, also possible to reformulate the
partially separable NLP such that the above ADMM variant requires only one round of communi-
cation per iteration. This can be of interest in decentralized implementations if the delay associated
with two communication rounds is found to be a bottleneck.

Recall that we reformulate the cooperative OCP by introducing state copies w ji for all j ∈ N in
i

and for all i ∈ S as demonstrated in Example 2.1. The following example illustrates how this
reformulation affects the ADMM averaging matrix Mavg.

Example 2.2 (OCP reformulation for ADMM with two communication rounds per iteration). Con-
sider three subsystems with states x1, x2, and x3 and suppose the first and last subsystems optimize
over equality constraints g1(x1, x2) = 0 and g3(x3, x2) = 0, respectively. For simplicity, we do
not specify further components of the OCP and assume that the prediction horizon is N = 1. The
procedure outlined above for formulating a partially separable program thus introduces the copies
w21 and w23 of state x2 and assigns those copies as decision variables to the first and last subsys-
tem, i.e., z1 ≐ (x1,w21), z2 ≐ x2, and z3 = (x3,w23) such that the subsystem equality constraints
become g1(x1,w21) = 0 and g3(x3,w23) = 0. The coupling constraints (2.1d) read⎡⎢⎢⎢⎢⎢⎣0 −1

0 0

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞
E1

z1 +

⎡⎢⎢⎢⎢⎢⎣11
⎤⎥⎥⎥⎥⎥⎦⏞⏟⏟⏞

E2

z2 +

⎡⎢⎢⎢⎢⎢⎣0 0
0 −1

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞
E3

z3 = 0.

The averaging matrix thus is given by

Mavg = (I − E⊤(EE⊤)−1E) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0
0 1/3 1/3 0 1/3
0 1/3 1/3 0 1/3
0 0 0 1 0
0 1/3 1/3 0 1/3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and the averaging update for state x2 becomes

x̄k+1
2 = w̄k+1

21 = w̄k+1
23 =

1
3

(︂
xk

2 + wk
21 + wk

32

)︂
.

The procedure outlined in Remark 2.2 evaluates this computation by having subsystems one and
three send wk

21 and wk
23 to subsystem two, having subsystem two then evaluate the above average

to obtain x̄k+1
2 , and by then sending x̄k+1

2 to subsystems one and three. □

As an alternative to the above reformulation, it is also possible to not only introduce copies
wi j of state xi, but additional copies vi j which then become decision variables of subsystem i ∈
S. As before, we assign the copies wi j as decision variables to the out-neighbors j ∈ Nout

i for
evaluating expressions that contain the state xi. The copies vi j become additional decision variables
of subsystem i, i.e. subsystem i optimizes over additional copies of its own state xi. This allows to
formulate the coupling constraints (2.1d) as vi j − wi j = 0 instead of xi − wi j = 0, which leads to an
ADMM variant with only one communication round per iteration, as we show below. The price to
pay, however, is that the OCP then contains additional decision variables and that subsystem i is
assigned additional subsystem equality constraints xi−vi j = 0 for all j ∈ Nout

i . That is, consistency
between the original state x j and copied variables is not enforced via the coupling constraint (2.1d),
but via additional equality constraints (2.1b).

Example 2.3 (OCP reformulation for ADMM with one communication round per iteration). Con-
sider again the three subsystems of Example 2.2 with states x1, x2, and x3 and equality con-
straints g1(x1, x2) = 0 and g3(x3, x2) = 0. We introduce the copies w21, w23, v21, and v23 of
state x2 and define the decision variables z1 ≐ (x1,w21), z2 ≐ (x2, v21, v23), and z3 = (x3,w23).
The subsystem equality constraints for the partially separable NLP then read g1(x1,w21) = 0,
g2 ≐ (x2 − v21, x2 − v23) = (0, 0), and g3 = (x3,w23) = 0. The coupling constraints become⎡⎢⎢⎢⎢⎢⎣0 −1

0 0

⎤⎥⎥⎥⎥⎥⎦ z1 +

⎡⎢⎢⎢⎢⎢⎣0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎦ z2 +

⎡⎢⎢⎢⎢⎢⎣0 0
0 −1

⎤⎥⎥⎥⎥⎥⎦ z3 = 0

and the ADMM averaging matrix reads

Mavg =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 0.5 0 0.5 0 0 0
0 0 1 0 0 0 0
0 0.5 0 0.5 0 0 0
0 0 0 0 0.5 0 0.5
0 0 0 0 0 1 0
0 0 0 0 0.5 0 0.5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The key difference compared to the reformulation of Example 2.2 is that each row of Mavg now
contains at most two non-zero elements. Put differently, each average requires information of at
most two subsystems,

w̄k+1
21 = v̄k+1

21 =
1
2

(︂
wk

21 + vk
21

)︂
, w̄k+1

23 = v̄k+1
23 =

1
2

(︂
wk

23 + vk
23

)︂
.
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Thus, neighbors can exchange both w and v simultaneously and let each of the two coupled sub-
systems evaluate the average. □

This alternative reformulates the OCP as a 2-assigned partially separable program [Engelmann
et al. 2020] where each column of the centralized coupling matrix E has at most one non-zero
entry. Let Mavgγ

k = 0. The procedure for decentralizing the z-update in ADMM then becomes:

1. For all i ∈ S, send wk+1
ji to and receive vk+1

ji from all j ∈ N in
i ; send vk+1

i j to and receive wk+1
i j

from all j ∈ Nout
i .

2. For all i ∈ S, compute the averages

v̄k+1
i j =

1
2

(︂
vk+1

i j + wk+1
i j

)︂
∀ j ∈ Nout

i and

w̄k+1
ji =

1
2

(︂
vk+1

ji + wk+1
ji

)︂
∀ j ∈ N in

i .

Notice that this reformulation does not change the number of variables that must be communicated
between neighbors compared to the reformulation of Example 2.1. Rather, the difference is that
instead of communicating x̄k+1 in Step 3 of Remark 2.1, subsystems here communicate vk+1 in
Step 1 concurrently to wk+1 before forming the average. A potential advantage in applications thus
is that all communication of ADMM can happen in one communication round.

To summarize, this subsection has presented an alternative for reformulating OCPs as partially
separable programs such that ADMM only requires one communication round per iteration. The
disadvantage, however, is that this requires additional decision variables and subsystem equality
constraints. Notably, the reformulation discussed in this section only affects the components of
the partially separable NLP (2.1) whereas the ADMM iterations continue to read as presented in
Algorithm 2.3. The theoretical analysis of ADMM applies to partially separable NLPs and is thus
valid for both types of OCP reformulations, with or without copies vi j. What changes, however,
is the size of the subsystem programs to be solved in Step 3 of Algorithm 2.3, the number of
communication rounds for Step 4, and the length of the Lagrange multiplier vector γ. Thus, the
theoretical analyses to be developed in the remainder of this thesis apply to both OCP reformula-
tions. We note, however, that all numerical and experimental results presented in this work rely on
the reformulation without vi j and thus require two communication rounds per ADMM iteration.

2.2.4 Essentially Decentralized Active Set Method

We next recall the bi-level d-ASM method from [Stomberg et al. 2021] and which is summarized in
Algorithm 2.4, combining a primal active set method on the outer level [Nocedal and Wright 2006,
Chapter 16] with essentially decentralized Conjugate Gradients (d-CG) on the inner level [Engel-
mann et al. 2020]. To this end, we define the active set of subsystem i ∈ S as

Ai(zi) ≐
{︃

j ∈
{︁
1, . . . , nh,i

}︁ ⃓⃓⃓⃓[︂
AI

i

]︂
j
zi =

[︂
bI

i

]︂
j

}︃
.
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Algorithm 2.4 Essentially decentralized ASM [Stomberg et al. 2021].

1: Initialization: k = 0, z0 ∈ Z ∩ E,W0
i for all i ∈ S, ε

2: while true do
3: Compute f k

i , Ck
i , Zk

i , and Yk
i for all i ∈ S.

4: Condense QP (2.16) by computing H̄k
i , f̄ k

i , Ēk
i , S k

i , and sk
i for all i ∈ S.

5: Solve the linear system of equations (2.23) with d-CG and obtain λk.
6: Obtain step directions ∆zk

i via (2.24) for all i ∈ S.
7: if ∥∆zk

i ∥∞ < ε for all i ∈ S then
8: Compute Lagrange multipliers µk

i via (2.20) for all i ∈ S.
9: if [µIk

i ] j ≥ 0 for all j ∈ Wk
i and for all i ∈ S then

10: return zk
i for all i ∈ S.

11: else
12: Find the constraint and subsystem (i⋆, j⋆) = argmin[µIk

i ] j s.t. , j ∈ Wk
i .

13: Remove constraint j⋆ from the working set by updatingWk+1
i⋆ =W

k
i⋆ \ { j

⋆}.

14: SetWk+1
i = Wk

i for all i ∈ S \ {i⋆}.
15: k ← k + 1
16: go to Step 3.
17: end if
18: else
19: Compute a feasible step length αk

i via (2.17) for all i ∈ S.
20: Select αk and the blocking subsystem i⋆ and constraint j⋆ via (2.18)–(2.19).
21: Add the blocking constraint to the working setWk+1

i⋆ =W
k+1
i⋆ ∪ { j

⋆}.
22: SetWk+1

i =Wk
i for all i ∈ S \ {i⋆}.

23: zk+1
i = zk

i + α
k∆zk

i for all i ∈ S.
24: k ← k + 1
25: go to Step 3.
26: end if
27: end while

Starting from a feasible point zk ∈ Z ∩ E, each subsystem treats a subset of inequality con-
straints, referred to as the working setWk

i ⊆ Ai(zk
i ), as equality constraints while disregarding the

remaining inequality constraints. The d-ASM update reads

zk+1
i = zk

i + α
k∆zk

i ∀i ∈ S,

where the step size αk ∈ [0, 1] is the same for all subsystems. The step directions ∆zk
i ∈ R

ni are
found by solving the equality-constrained QP

(︂
∆zk

1, . . . ,∆zk
S

)︂
= argmin
∆z1,...,∆zS

∑︂
i∈S

(︄
1
2
∆z⊤i Hi∆zi + f k⊤

i ∆zi

)︄
(2.16a)
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subject to Ck
i∆zi = dk

i | µ
k
i ∀i ∈ S (2.16b)∑︂

i∈S

Ei∆zi = bk | λk, (2.16c)

where

f k
i ≐ Hizk

i + ai, Ck
i ≐

⎡⎢⎢⎢⎢⎢⎢⎣ AE
i[︂

AI
i

]︂
Wk

i

⎤⎥⎥⎥⎥⎥⎥⎦ , dk
i ≐

⎡⎢⎢⎢⎢⎢⎢⎣ bE
i − AE

i zk
i[︂

bI
i

]︂
Wk

i
−

[︂
AI

i

]︂
Wk

i
zk

i

⎤⎥⎥⎥⎥⎥⎥⎦ , and bk ≐ b −
∑︂
i∈S

Eizk
i .

The above notation indicates that the matrix [AI
i]Wk

i
is the horizontal concatenation of the rows

[Aj
i] j for all j ∈ Wk

i . Note that the right-hand sides dk
i and bk vanish for all i ∈ S, if zk is feasible.

However, we include dk
i and bk in our derivation, because they allow to find feasible initializations

with essentially decentralized computation as described later. For now, we assume a feasible iterate
zk is available.

The step size αk is determined such that primal feasibility with respect to all constraints is
maintained. If zk ∈ Z, then the constraints (2.16b) imply Ck

i∆zi = dk
i = 0 and thus Ck

i (zk
i +

αk∆zk
i ) = 0 for any αk, i.e., any step length preserves feasibility with respect to the subsystem

equality constraints as well as the inequality constraints inside the working set. The same applies
to the coupling constraints due to (2.16c). However, feasibility only holds for sufficiently small
step lengths for inequality constraints j ≠ Wk

i if [AIi ] j∆zk
i > 0, because [AIi ] j(zk

i + α
k∆zk

i ) >
[bIi ] j if αk is too large. Thus, each subsystem checks for potential increases of inactive inequality
constraints along the step direction ∆zk

i and computes a feasible step length [Nocedal and Wright
2006, Equation 16.41]

αk
i ≐ min

⎛⎜⎜⎜⎜⎝1, min
j∉Wk

i ,[A
I
i ] j∆zk

i >0

[bI
i] j − [AI

i] jzk
i

[AI
i] j∆zk

i

⎞⎟⎟⎟⎟⎠ . (2.17)

All subsystems then apply the same step length

αk ≐ min
(︂
αk

1, . . . , α
k
S

)︂
(2.18)

to preserve feasibility. If αk < 1, then the blocking subsystem and constraint are determined by

(i⋆, j⋆) = argmin
i∈S, j∉Wk

i ,[A
I
i ] j∆zk

i >0

[bI
i] j − [AI

i] jzk
i

[AI
i] j∆zk

i

(2.19)

and the constraint j⋆ is added to the working set of subsystem i⋆. Then, all subsystems update zi

and form a new equality-constrained QP (2.16). This process is repeated until ∆zk
i = 0 for all i ∈ S,

which indicates that an optimum over the active constraints has been reached. Then, the subsystem
constraint Lagrange multipliers µk

i are computed through the KKT system of QP (2.16),

µk
i =

(︂
Ck

i C
k⊤
i

)︂−1
Ck

i

(︂
− Hi ∆zk

i⏞⏟⏟⏞
0

− f k
i − E⊤i λ

k
)︂
=

(︂
Ck

i C
k⊤
i

)︂−1
Ck

i

(︂
− f k

i − E⊤i λ
k
)︂
∀i ∈ S. (2.20)

If [µk
i ] j ≥ 0 for all j ∈ Wk

i , then dual feasibility and thus a solution to QP (2.2) has been reached.
Otherwise, a negative Lagrange multiplier to an inequality constraint implies that a lower objective
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value can be found by removing the respective constraint from the working set. We remove the
constraint corresponding to the most negative Lagrange multiplier from the working set and then
construct a new equality-constrained QP (2.16) [Nocedal and Wright 2006, Chapter 16].

Inspired by Bi-Level ALADIN (BL-ALADIN), d-ASM solves QP (2.16) with essentially decen-
tralized Conjugate Gradients (d-CG) [Engelmann et al. 2020]. To this end, we recast QP (2.16) as
a linear system of equations such that d-CG becomes applicable. Crucially, we condense QP (2.16)
from n decision variables to a system of equations in nc variables. This reduces the number of d-CG
iterations and lowers the communication footprint. To condense the QP, we apply the null-space
method to the subsystem constraints (2.16b) [Nocedal and Wright 2006, Chapter 16]. Let

∆zk
i = Zk

i vk
i + Yk

i wk
i , (2.21)

where the columns of Zk
i ∈ R

ni×(ni−nk
gi

) form a basis of the null space of Ck
i ∈ R

nk
gi
×ni and where

Yk
i ∈ R

ni×nk
gi is such that the square matrix [Yk

i ,Z
k
i ] has full rank for all i ∈ S. For instance, Yk

i

can be chosen such that the columns of Yk
i form a basis for the range space of Ck⊤

i for all i ∈ S.
We define the centralized constraint Jacobian Ck ≐ diag(Ck

1, . . . ,C
k
S ) and the centralized null-space

matrix Zk ≐ diag(Zk
1, . . . ,Z

k
S ).

Assumption 2.2 (Assumptions for d-ASM). The following holds for all i ∈ S and for all k ≥ 0:

i) The Jacobian Ck
i has full row rank.

ii) The condensed Hessian H̄k
i ≐ Zk⊤

i HiZk
i is positive definite.

iii) The matrix [Ck⊤E⊤]⊤ has full row rank, i.e. LICQ holds. □

We note that Assumption 2.2 i) is weaker than Assumption 2.2 iii) and is only specified sepa-
rately to pinpoint where LICQ is required. Assumptions 2.2 i) and ii) ensure that the matrices Ck

i Yk
i

and H̄k
i are regular, which we need for condensing the QP via the null-space method. In a numeri-

cal implementation, the full row rank of Ck
i only needs to be checked at the first iteration. This is

because full row rank of C0
i implies full row rank of Ck

i for all k > 0 by design of d-ASM [Nocedal
and Wright 2006, p. 476]. The assumption on the positive definiteness of H̄i is mild and holds if
Hi is positive definite, because Zk

i has full column rank.
Inserting the null-space approach (2.21) into (2.16) yields the condensed QP

min
v1,...,vS

∑︂
i∈S

1
2

v⊤i H̄k
i vi + f̄ k⊤

i vi (2.22a)

subject to
∑︂
i∈S

(︂
Ēk

i vi + EiYk
i wk

i

)︂
= bk | λk, (2.22b)

where
wk

i ≐ (Ck
i Yk

i )−1dk
i , f̄ k

i ≐ Zk⊤
i f k

i + Zk⊤
i HiYk

i wk
i , and Ēk

i ≐ EiZk
i .
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To obtain a linear system of equations for d-CG, we apply the Schur-complement method to the
condensed QP [Nocedal and Wright 2006, Chapter 16]. Solving the KKT conditions

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
H̄k

1 . . . 0 Ēk⊤
i

0 . . . 0
...

0 . . . H̄k
S Ēk⊤

S

Ēk
1 . . . Ēk

S 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
vk

1
...

vk
S

λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− f̄ k
1
...

− f̄ k
S

bk −
∑︂
i∈S

EiYk
i wk

i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
for vk

i yields vk
i = H̄−1

i

(︂
− f̄ k

i − Ēk⊤
i λ

k
)︂

for all i ∈ S. Inserting back into the bottom block rows of the
KKT conditions yields the linear system of equations(︃∑︂

i∈S

Ēk
i (H̄k

i )−1Ēk⊤
i⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

≐ S k
i

)︃
λk =

∑︂
i∈S

(︃
EiYk

i wk
i − Ēk

i (H̄k
i )−1 f̄i −

bk

S⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
≐ sk

i

)︃
. (2.23)

The system (2.23) is solved via d-CG and backsubstitution yields

∆zk
i = Zk

i (H̄k
i )−1

(︂
− f̄ k

i − Ēk⊤
i λ

k
)︂
+ Yk

i (Ck
i Yk

i )−1dk
i ∀i ∈ S. (2.24)

To solve (2.23) with d-CG, we have to ensure that the matrix S k ≐
∑︁

i∈S S k
i is positive definite,

cf. Appendix A.6. To this end, we derive the following lemma which has appeared in a slightly
different form for bi-level ALADIN [Engelmann et al. 2020] and which we prove here for a self-
contained presentation of d-ASM.

Lemma 2.2 (Applicability of d-CG to d-ASM). Let Assumptions 2.1 and 2.2 hold. Then the matrix
S k =

∑︁
i∈S S k

i is symmetric positive definite for all k ≥ 0. □

Proof. We first prove, (a), that the matrix Ēk ≐ [Ēk
1, . . . , Ē

k
S ] ∈ Rnc×(n−nk

g) has full row rank. Then,
(b), we show that full row rank of Ēk and positive definiteness of H̄−1 together imply positive
definiteness of S .

(a) By Assumption 2.2 i), the matrix Ck ∈ Rnk
g×n has full row rank and thus the null-space basis

Zk ∈ Rn×(n−nk
g) has full column rank. Furthermore, we have CkZk = 0 by design of Zk. The matrix

[Ck⊤E⊤]⊤ ∈ R(nk
g+nc)×n has full row rank because of LICQ. By Sylvester’s inequality [Horn and

Johnson 2013, Section 0.4.5], we have

rank

⎛⎜⎜⎜⎜⎜⎝⎡⎢⎢⎢⎢⎢⎣Ck

E

⎤⎥⎥⎥⎥⎥⎦ Zk

⎞⎟⎟⎟⎟⎟⎠ ≥ rank

⎛⎜⎜⎜⎜⎜⎝⎡⎢⎢⎢⎢⎢⎣Ck

E

⎤⎥⎥⎥⎥⎥⎦⎞⎟⎟⎟⎟⎟⎠ + rank
(︂
Zk

)︂
− n = (nk

g + nc) + (n − nk
g) − n = nc.

Since ⎡⎢⎢⎢⎢⎢⎣Ck

E

⎤⎥⎥⎥⎥⎥⎦ Zk =

⎡⎢⎢⎢⎢⎢⎣ 0
Ēk

⎤⎥⎥⎥⎥⎥⎦ ,
we have rank

(︂
Ēk

)︂
= nc.
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(b) We have to show that λ⊤Ēk
(︂
H̄k

)︂−1
Ēk⊤λ > 0 for all λ ≠ 0. Let v = Ēk⊤λ. By (a), Ēk has

full row rank and thus Ēk⊤ has full column rank. The rank-nullity theorem [Horn and Johnson
2013, Equation 0.2.3.1] thus implies that the dimension of the null space of Ēk⊤ is zero and hence
v = 0 ⇐⇒ λ = 0. Assumption 2.2 ii) states that

(︂
H̄k

i

)︂−1
is positive definite. We therefore have

λ⊤Ēk
(︂
H̄k

)︂−1
Ēk⊤λ = v⊤

(︂
H̄k

)︂−1
v > 0 ∀λ ≠ 0.

Symmetry of S k follows from the definition of the matrices S k
i . This concludes the proof. ■

Computing a feasible initialization Algorithm 2.4 requires a feasible initialization z0 ∈ Z∩ E

to maintain feasibility for any step length αk. In general, obtaining an initial guess that satisfies
both the subsystem and coupling constraints by distributed or decentralized computation can be
challenging. However, we can initalize d-ASM with essentially decentralized computation as fol-
lows. The constraints (2.16b) and (2.16c) ensure that all subsystem equality constraints, inequality
constraints in the working sets, and coupling constraints will be satisfied by zk+1

i = zk
i + ∆zk

i for all
i ∈ S. That is, if we apply the step length αk = 1, then zk+1 is guaranteed to satisfy all constraints
except for inequality constraints outside the working sets, even if zk is infeasible. We can thus
warm-start d-ASM by initializing with an empty working set, solving QP (2.16) for ∆zk

i for all
i ∈ S, finding a guess by zk+1

i = zk
i +∆zk

i , and by adding violated inequality constraints to the work-
ing sets. This process is repeated until a feasible initialization has been found. We note that this
heuristic approach is not guaranteed to find feasible initializations for all QPs, but is guaranteed to
work for OCPs with input box constraints and no state constraints.

Assumptions, convergence, and feasibility Linear independence of the active subsystem
constraints and strict convexity allow to reformulate the equality-constrained QP as a linear system
of equations via the null-space and Schur-complement methods. LICQ, i.e., linear independence of
the active subsystem and coupling constraints, further guarantees the well-definedness and finite-
time convergence of d-CG. If no cycling occurs, then the method converges in finitely many outer
iterations [Nocedal and Wright 2006, Chapter 16]. All outer iterates zk are feasible with respect to
the subsystem and coupling constraints.

Closed-loop stability, warm-starting, and communication The feasible-side convergence
of d-ASM guarantees closed-loop stability for appropriate OCP designs [Scokaert et al. 1999].
The method can be warm-started with the working sets and solution of the previous MPC step.
However, a new feasible initialization is required in the presence of model-plant mismatch or other
disturbances. Algorithm 2.4 requires global communication for finding a feasible step length αk

in Line 19 and for determining the smallest Lagrange multiplier in Line 12. Furthermore, d-CG
requires to communicate 2nc floats on a neighbor-to-neighbor basis and two floats globally per
d-CG iteration, cf. Appendix A.6.
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2.2.5 Jacobi Iterations

Some of the first optimization algorithms that were explored for cooperative DMPC are based
on parallel Jacobi iterations [Bertsekas and Tsitsiklis 1989, Chapter 3]. Early DMPC approaches
using Jacobi iterations consider coupling in the linear system dynamics and decoupled input con-
straints [Venkat et al. 2005; Stewart et al. 2010]. This section summarizes an overlapping variant
that is applicable OCPs with coupling in the cost, dynamics, and input and state constraints [Doan
et al. 2017].

To present Jacobi iterations, we deviate from the notation used in QP (2.2) and the other algo-
rithms presented in this section. Instead, we write the centralized OCP as

min
z

1
2

z⊤Hz + g⊤z (2.25a)

subject to CEz = bE, (2.25b)

CIz ≤ bI, (2.25c)

with the centralized decision variable z ≐ (x,u) ∈ Rn. That is, we do not introduce trajectory
copies to couple the subsystems via (2.2d), but instead couple neighboring systems through the
matrices H, CE, and CI. Each subsystem minimzes QP (2.25) over a subset of the components
of z. The implementation and performance of the algorithm depends on the assignment of decision
variables to subsystems. One option is to choose the overlapping decomposition [Doan et al. 2017]

zi ≐ (x j,u j) j∈{Ni∪{i}} ∈ R
ni , (2.26)

where subsysem i is assigned its own and neighboring trajectories as decision variables. Let z−i ≐

(x j,u j) j∉{Ni∪{i}} ∈ R
n−ni . That is, the vectors zi and z−i together contain all centralized decision

variables z. We rewrite the centralized objective as ϕ : Rni × Rn−ni → R, ϕ(zi, z−i) ≐ z⊤Hz/2 + g⊤z.
At iteration k, and given an iterate zk

−i, subsystem i solves

zk,⋆
i ≐ argmin

zi

ϕ(zi, zk
−i) (2.27a)

subject to CE
i zi +CE

−iz
k
−i = bE

i , (2.27b)

CI
izi +CI

−iz
k
−i ≤ bI

i (2.27c)

to obtain the intermediate iterate zk,⋆
i ∈ Rni . The notation in (2.27a) denotes that subsystem i

minimizes the centralized objective with respect to zi while keeping zk
−i constant. The constraints

(2.27b) and (2.27c) respectively include the non-zero rows of (2.25b) and (2.25c) for the compo-
nents of zi. For the chosen overlapping decomposition, this includes the system dynamics and state
and input constraints of subsystem i and its neighbors. Subsystem i then combines the optimized
variables zk,⋆

i with zk
−i to form a guess zk,i ∈ Rn for the centralized decision variables. The subsys-

tems then communicate and compute the next centralized iterate in Step 5 of Algorithm 2.5 as a
convex combination of the vectors zk,i with weights

ωi ≥ 0 ∀i ∈ S and
∑︂
i∈S

ωi = 1. (2.28)
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Decentralization Algorithm 2.5 is decentralized, because the sparsity of H, CE
i , and CI

i allows to
decompose the summation in Step 5 as follows. Consider the convex combination of the predicted
state and input trajectories of subsystem i,⎡⎢⎢⎢⎢⎢⎣xk+1

i

uk+1
i

⎤⎥⎥⎥⎥⎥⎦ = ωi

⎡⎢⎢⎢⎢⎢⎣xk,i
i

uk,i
i

⎤⎥⎥⎥⎥⎥⎦ +∑︂
j∈Ni

ω j

⎡⎢⎢⎢⎢⎢⎣xk, j
i

uk, j
i

⎤⎥⎥⎥⎥⎥⎦ + ∑︂
p∈S\{Ni∪{i}}

ωp

⎡⎢⎢⎢⎢⎢⎣xk,p
i

uk,p
i

⎤⎥⎥⎥⎥⎥⎦ ,
where xk, j

i and uk, j
i refer to those components of zk, j, j ∈ S, that correspond to the predicted state

and input trajectory of subsystem i ∈ S, respectively. By definition (2.26) and by the design of the
subsystem QPs (2.27), the subsystems p ∈ S \ {Ni ∪ {i}} do not minimize over (xi,ui) and thus
(xk,p

i ,u
k,p
i ) = (xk

i ,u
k
i ). Therefore, subsystem i only needs to receive (xk, j

i ,u
k, j
i ) from all j ∈ Ni and

can evaluate ⎡⎢⎢⎢⎢⎢⎣xk+1
i

uk+1
i

⎤⎥⎥⎥⎥⎥⎦ = ωi

⎡⎢⎢⎢⎢⎢⎣xk,i
i

uk,i
i

⎤⎥⎥⎥⎥⎥⎦ +∑︂
j∈Ni

ω j

⎡⎢⎢⎢⎢⎢⎣xk, j
i

uk, j
i

⎤⎥⎥⎥⎥⎥⎦ + ∑︂
p∈S\{Ni∪{i}}

ωp

⎡⎢⎢⎢⎢⎢⎣xk
i

uk
i

⎤⎥⎥⎥⎥⎥⎦,
where (xk

i ,u
k
i ) is available from the previous Jacobi iteration. The updated trajectories (xk+1

i ,u
k+1
i )

are then sent to all subsystems j ∈ N̄i, where the extended neighborhood N̄i ⊆ S includes all
subsystems which require the trajectories of subsystem i to form their parameter vector z− j [Doan
et al. 2017, Remark 3.2].

Assumptions, convergence, and termination If QP (2.25) is convex, then the objective
f (zk) ≐ zk⊤Hzk/2+g⊤zk converges to a constant c ≥ 0 [Doan et al. 2017, Lemma 3.7]. Convergence
to a minimum is not guaranteed in general, but can be derived for chain-linked systems [Doan et al.
2017, Theorem 4.1]. The algorithm can be terminated if the step size ∥zk+1 − zk∥ is small [Venkat
et al. 2005].

Feasibility and stability All iterates zk
i are feasible with respect to the centralized constraints

(2.25b) and (2.25c), because the constraints are convex, the iterates zk,⋆
i are feasible, and be-

cause Step 5 of Algorithm 2.5 is a convex combination [Doan et al. 2017, Lemma 3.6]. Stabil-
ity therefore follows for stabilizing OCP designs with appropriately designed terminal costs and
constraints [Scokaert et al. 1999].

Warm starting and communication All initial iterates z0
i must be feasible, which complicates

the decentralized implementation for problems with coupled constraints. The solution from the
previous MPC step can be used, if there is no plant-model mismatch and if feasible predicted
trajectories can be easily generated from the prior solution. While the method is decentralized,
communication with the extended neighborhood defined above is required to distribute zk+1. This
is a difference compared to the methods previously described in this section, where neighbor-to-
neighbor communication is limited to the neighborhood defined by the OCP coupling graph G.
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Algorithm 2.5 Jacobi iterations [Doan et al. 2017].

1: Initialization: k = 0, z0 feasible, {ωi}i∈S satisfying (2.28), kmax

2: while k < kmax do
3: zk,⋆

i = argmin
zi

ϕ(zi, zk
−i) s.t. CE

i zi +CE
−iz

k
−i = bE

i , CI
izi +CI

−iz
k
−i ≤ bI

i for all i ∈ S.

4: Merge zk,⋆
i and zk

−i into zk,i for all i ∈ S.
5: zk+1 =

∑︂
i∈S

ωizk,i.

6: Distribute zk+1 among the subsystems and form zk+1
−i for all i ∈ S.

7: k ← k + 1
8: end while

2.3 Algorithms for Nonlinear DMPC

Recall the partially separable NLP (2.1) to be solved in each NMPC step,

min
z

∑︂
i∈S

fi(zi) (2.29a)

subject to gi(zi) = 0 | νi ∀i ∈ S, (2.29b)

hi(zi) ≤ 0 | µi ∀i ∈ S, (2.29c)∑︂
i∈S

Eizi = b | λ. (2.29d)

2.3.1 Essentially Decentralized Interior Point Method

We next summarize the bi-level d-IP method for solving NLP (2.29) presented in [Engelmann
et al. 2021b], which combines a centralized primal-dual interior point method on the outer level
with with d-CG on the inner level. The interior point method on the outer level guarantees local
convergence and d-CG on the inner level decomposes the computations among the subsystems.
We reformulate the inequality constraints (2.29c) and form the barrier problem

min
z,w

∑︂
i∈S

(︁
fi(zi) − 1⊤δ ln(wi)

)︁
(2.30a)

subject to gi(zi) = 0 | νi ∀i ∈ S, (2.30b)

hi(zi) + wi = 0 | µi ∀i ∈ S, (2.30c)

wi ≥ 0 ∀i ∈ S, (2.30d)∑︂
i∈S

Eizi = b | λ, (2.30e)

where wi ∈ R
nh,i are slack variables for all i ∈ S, w ≐ (w1, . . . ,wS ), δ > 0 is the barrier parameter,

1 is the column vector of appropriate dimension with all components equal to 1, and the ln(·)
is evaluated componentwise. In each outer iteration, d-IP applies one Newton step to (2.30) and
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subsequently decreases δ. This process is repeated until a solution to NLP (2.29) is recovered in
the limit δ→ 0.

We define the primal-dual vector pi ≐ (zi,wi, µi, µi) and Lagrangian Li(pi) ≐ fi(zi) − 1⊤ ln(wi) +
ν⊤i gi(zi) + µ⊤i (hi(zi) + wi) for all i ∈ S. Given a primal-dual iterate (pk

1, . . . , p
k
S , λ

k) and a barrier
parameter δk, a Newton step for (2.30) reads⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇Fk⊤
1 0 . . . 0 Ē⊤1

0 ∇Fk⊤
2 . . . 0 Ē⊤2

...
...

. . .
...

...

0 0 . . . ∇Fk⊤
S Ē⊤S

Ē1 Ē2 . . . ĒS 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆p1

∆p2
...

∆pS

∆λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Fk
1

−Fk
2
...

−Fk
S

b −
∑︂
i∈S

Eizk
i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, where (2.31)

Fδi (pi, λ) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∇ fi(zi) + ∇gi(zi)νi + hi(zi)µi + E⊤i λ

−δkW−1
i 1 + µi

gi(zi)
hi(zi) + wi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ and

∇Fδ⊤i (pi) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∇2

zizi
Li(pi) 0 ∇gi(zi) ∇hi(zi)
0 −W−1

i diag(µi) 0 I
∇gi(zi)⊤ 0 0 0
∇hi(zi)⊤ I 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
For all i ∈ S, Fk

i and ∇Fk
i are shorthands for Fδ

k

i (pk
i , λ

k) and ∇Fδ
k

i (pk
i , λ

k), respectively, Wi ≐

diag(wi), and Ēi ≐
[︂
Ei 0 0 0

]︂
.

The key idea of d-IP is to decompose the Newton step among the subsystems via d-CG. Close
to a regular KKT point, ∇Fk

i is invertible for all i ∈ S and we condense the Newton system (2.31)
via the Schur complement method to obtain∑︂

i∈S

S k
i∆λ =

∑︂
i∈S

sk
i , (2.32)

where
S k

i ≐ Ēi

(︂
∇Fk⊤

i

)︂−1
Ē⊤i and sk

i ≐ Eizk
i − Ē⊤i

(︂
∇Fk⊤

i

)︂−1
Fk

i −
1
|S|

b. (2.33)

Furthermore, the matrix S ≐
∑︁

i∈S S i is positive definite close to regular KKT points [Engelmann
et al. 2021b] such that d-CG can be applied, cf. Appendix A.6. Crucially and in contrast to d-
ASM, d-CG here is terminated early to reduce the number of inner iterations in d-IP. We define the
residual to (2.33), rk

λ ≐
∑︁

i∈S S k
i∆λ

k −
∑︁

i∈S sk
i . The d-CG stopping criterion reads ∥rk

λ∥∞ ≤ c1

(︂
δk

)︂η
with parameters c1 > 0 and η > 1, which enforces more accurate d-CG solutions as δk → 0. Each
subsystem obtains the Newton step direction ∆pk

i = (∆zk
i ,∆wk

i ,∆ν
k
i ,∆µ

k
i ) via back substitution as

given in Step 5 of Algorithm 2.6 and updates the barrier parameter

δk+1
i = θ

(︄
wk⊤

i µ
k
i

nhi

)︄γ+1

(2.34)
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Algorithm 2.6 d-IP [Engelmann et al. 2021b]

1: Initialization: k = 0, {p0
i }i∈S, µ0, λ0,δ0, ε

2: while ∥Fk∥∞ > ε do
3: Local condensing: (S k

i , s
k
i ) via (2.33).

4: Solve
∑︂
i∈S

S k
i∆λ

k =
∑︂
i∈S

sk
i with d-CG until ∥rλi ∥∞ ≤ c1(δk)η for all i ∈ S.

5: Compute the Newton step direction ∆pk
i = −

(︂
∇Fk⊤

i

)︂−1 (︂
Fk

i + Ē⊤i ∆λ
k
)︂

for all i ∈ S.
6: Compute δk+1

i , αp,k
i , and αd,k

i for all i ∈ S via (2.34)–(2.35).
7: Compute (δk+1, αp,k, αd,k) via (2.36).
8: Compute the next iterate λk+1 = λk + αk

d∆λ
k and pk+1

i via (2.37) for all i ∈ S.
9: k ← k + 1

10: end while

with parameters γ > 0 and θ ≈ 1. The fraction-to-the-boundary-rule yields

α
p,k
i = min

⎛⎜⎜⎜⎜⎝τ min
∆[wk

i ]n<0

(︄
−

[wk
i ]n

∆[wk
i ]n

)︄
, 1

⎞⎟⎟⎟⎟⎠ and αd,k
i = min

⎛⎜⎜⎜⎜⎝τ min
∆[µk

i ]n<0

(︄
−

[µk
i ]n

∆[µk
i ]n

)︄
, 1

⎞⎟⎟⎟⎟⎠ , (2.35)

where τ = 1 − (δk)β and β > γ [Nocedal and Wright 2006, Chapter 19]. Then, the subsystems
communicate and determine the centralized barrier parameter update and step sizes

δk+1 = max
i∈S
δk+1

i , α
k
p ≐ min

i∈S
α

p,k
i , and αk

d ≐ min
i∈S
αd,k

i . (2.36)

The centralized step sizes ensure wk+1
i > 0 and µk+1

i > 0 such that Fk+1
i and ∇Fk+1

i are well-defined
for all i ∈ S. Finally, each subsystem updates the primal and dual variables as

zk+1
i = zk

i + αp∆zk
i , wk+1

i = wk
i + αp∆wk

i , ν
k+1
i = νk

i + αd∆ν
k
i , and µk+1

i = µk
i + αd∆µ

k
i . (2.37)

Assumptions, initialization, feasibility, and convergence The method is well defined close
to a regular KKT point [Engelmann et al. 2021b, Assumption 1]. The slack variable and Lagrange
multiplier initialization must satisfy w0

i , µ
0
i > 0 and the fraction-to-the-boundary rule (2.35) guar-

antees wk
i , µ

k
i > 0 for all i ∈ S and for all l ∈ N. The iterates zk

i are infeasible and satisfy the
constraints (2.29b)–(2.29d) asymptotically. Local convergence of the primal-dual variables to a
regular KKT point is guaranteed at a superlinear rate [Engelmann et al. 2021b, Theorem 2].

Communication and stability Algorithm 2.6 requires neighbor-to-neighbor communication
inside d-CG as well as global communication for d-CG and to complete Step 7. These global
communication steps only involve scalars and thus d-IP is essentially decentralized. To the best
of our knowledge, there exist no stability guarantees for DMPC using d-IP yet, but the superlinear
convergence potentially qualifies d-IP for analyses similar to [Graichen and Kugi 2010; Bestler
and Graichen 2019; Zanelli et al. 2021].
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Related work and applications A bi-level interior point method for convex NLPs with ADMM
on the inner level is presented in [Pakazad et al. 2014]. Similar to d-IP, the algorithm requires
centralized communication to determine step sizes on the outer level. A decentralized interior
point method tailored to the DMPC of chain-linked linear systems is proposed in [Necoara et al.
2013], factorizing the Newton system with neighbor-to-neighbor communication. The method
in [Necoara and Suykens 2009], also for convex problems, can be seen as a hybrid between the
algorithm of [Necoara et al. 2013] and d-IP: The Newton system on the outer level is transformed
into a linear system of equations for the coupling constraint Lagrange multiplier λ and a sparsity-
exploiting factorization is used on the inner level. A distributed interior point method for non-
convex NLPs is proposed in [Hult et al. 2022], where the coupled part of the Newton system is
solved on a central coordinator. A distributed interior point method splitting a convex NLP into
small-scale NLPs to be solved on each subsystem and a coupling QP to be solved by a coordi-
nator is presented in [Bitlislioğlu et al. 2017]. Besides the multi-agent viewpoint, there also exist
distributed interior point methods for large-scale parallel computing [Zavala et al. 2008]. For in-
stance, expensive computations for forming the Schur complement of the Newton system can be
parallelized among subsystems [Kang et al. 2014; Word et al. 2014]. Exemplary applications are
vehicle coordination [Hult et al. 2022], building control [Bitlislioğlu et al. 2017], process sys-
tems [Zavala et al. 2008; Kang et al. 2014; Word et al. 2014], and Optimal Power Flow (OPF) [En-
gelmann et al. 2021b; Engelmann et al. 2022].

2.3.2 Distributed Gradient Projection

Distributed Gradient Projection (DGP) is one of the earliest algorithms to be proposed for nonlinear
DMPC [Stewart et al. 2011]. According to the taxonomy adopted here, the method is essentially
decentralized and proceeds as follows for solving condensed cooperative OCPs of the form

min
u

V(u) subject to ui ∈ Ui for all i ∈ S.

The nonlinear system dynamics are substituted into the twice-continuously differentiable non-
convex centralized objective V : Rnu·(N+1) → R and the predicted input trajectories lie in the convex
compact constraint sets Ui. To accommodate this condensing, all subsystems have full knowledge
of the centralized system dynamics. In each NMPC step, all subsystems are initialized with a fea-
sible guess for the centralized input trajectory u. Each subsystem performs an individual gradient
projection and Armijo line search to compute a candidate step for ui. Then, a decrease condition
for the centralized objective V is checked for the candidate updates. This can either be done on a
central coordinator or, to obtain an essentially decentralized method, by communicating all candi-
date updates to all subsystems such that each subsystem checks the centralized decrease condition.
The algorithm terminates if the decrease condition is met or else updates the step lengths for the
individual subsystems.
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Assumptions, feasibility, and stability DGP is applicable to cooperative OCPs with coupled
nonlinear dynamics, coupled costs, and convex compact input constraints. A feasible initialization
is required for the centralized input trajectory u and all subsequent optimizer iterates are feasible
with respect to all constraints. The feasible guess can be set to the solution of the previous NMPC
step. Thanks to the condensing of the state variables, this warm start is feasible even in the presence
of model-plant mismatch or other disturbances. The method converges to a stationary point of
the centralized objective and closed-loop stability follows from the feasible optimizer iterates for
appropriate OCP designs, both with or without terminal state constraints [Stewart et al. 2011].

Implementation and applications The price to pay for these strong feasibility guarantees is
that all subsystems must optimize over the centralized system dynamics, which can limit scalability
and may violate privacy concerns. Moreover, the method either requires all-to-all communication
or a coordinator for evaluating the decrease condition on V . DGP has been validated in mobile
robot experiments with formation control [Rosenfelder et al. 2022] and cooperative object trans-
portation [Ebel et al. 2024].

2.3.3 Augmented Lagrangian Alternating Direction Inexact Newton

Method

ALADIN is a distributed method for partially separable NLPs and combines ideas from ADMM
for decomposing expensive computations with elements of SQP methods for guaranteeing conver-
gence in the presence of non-convex constraints [Houska et al. 2016]. In each ALADIN iteration,
each subsystem first solves a small-scale non-convex NLP which is similar to the subsystem NLP
to be solved in Step 3 of ADMM. Then, each subsystem approximates the Hessian of Li and eval-
uates the Jacobian of the active constraints. These derivatives formulate a coupling QP which is
solved on a central coordinator. If desired, the coordinator can further perform a globalization
routine.

Assumptions, convergence, and stability If the augmented Lagrangian penalty parameter
is sufficiently large, then ALADIN inherits the local convergence properties of inexact Newton
methods and converges quadratically to regular KKT points [Houska et al. 2016]. If an additional
globalization routine is employed, then ALADIN even converges in finite time under further mild
technical assumptions [Houska et al. 2016, Theorem 2]. In the context of DMPC, these guarantees
qualify ALADIN for a closed-loop stability analysis based on real-time iterations [Zanelli et al.
2021], a concept we will discuss in more detail in Chapter 4.

Variants, implementation, and applications While ALADIN was originally conceived for
non-convex problems, the algorithm is also effective for linear-quadratic DMPC [Houska and Shi
2022] and there exist derivative-free variants for non-smooth problems [Houska and Jiang 2021].
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The strong convergence guarantees come at the cost of centralized computation for solving the
coupling QP. BL-ALADIN decomposes the coupling QP as a sparse linear system of equations to
be solved using ADMM or d-CG, converting ALADIN into a decentralized or essentially decen-
tralized algorithm, respectively [Engelmann et al. 2020]. Indeed, this decentralization via d-CG
motivated the development of the bi-level algorithms d-ASM and d-IP. ALADIN and its variants
have been applied to e.g. AC-OPF [Engelmann et al. 2019], smart grid control [Jiang et al. 2021],
and solar parabolic trough plants [Chanfreut et al. 2023]. Open source implementations of the
classical and BL-ALADIN variants can be found in the ALADIN-α toolbox [Engelmann et al.
2021a].

2.3.4 Further Algorithms

Further distributed bi-level algorithms for non-convex partially separable NLPs are the Bi-Level
Sequential Convex Programming (BL-SCP) scheme in [Necoara et al. 2009], the Distributed SQP
method in [Hult et al. 2016; Zanon et al. 2017; Hult et al. 2020], and the ELLADA algorithm [Tang
and Daoutidis 2023]. Additional decentralized bi-level algorithms with convergence guarantees
for non-convex constraints are the Optimality Tracking Splitting Algorithm (OTSA) for NLPs
with polynomial objectives and constraint functions [Hours and Jones 2016] and the Two-Level
Augmented Lagrangian Method (TL-ALM) with ADMM on the inner level from [Sun and Sun
2021; Sun and Sun 2023]. Notably, OTSA and TL-ALM exhibit local convergence guarantees for
non-convex constraints but do not require a coordinator. OTSA assumes polynomial objectives and
equality constraints and assigns subsystems to groups which execute expensive steps per iteration
in sequence and not in parallel. TL-ALM covers more general problem settings, but requires each
subsystem to solve an NLP in each inner ADMM iteration.

2.4 Algorithm Comparison

Tables 2.1 and 2.2 summarize key properties of the covered algorithms. We note that the conver-
gence results and analyses presented in the given references often include technical assumptions
which we omit here for brevity, especially in the case of non-convex optimization. Moreover, the
algorithms are typically presented for problem formulations that differ slightly from NLP (2.1).
For the sake of readability, Tables 2.1 and 2.2 present key results in the notation of this chapter,
sometimes at the cost of mathematical inaccuracies compared to their original presentation. The
tables thus provide an algorithmic overview with relevant properties in the context of DMPC, but
we refer the reader to the individual references for detailed discussions.

As shown in Table 2.1, there exist numerous decentralized algorithms which enjoy convergence
guarantees for linear-quadratic DMPC. Jacobi iterations produce feasible iterates, which simplifies
the analysis of closed-loop properties, but complicates their implementation due to the require-
ment of feasible initializations. Thus, dual algorithms based on DD and ADMM allow for infea-
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sible initializations at the cost of asymptotic consensus. From this point of view, d-ASM forms a
compromise as it is feasible-side convergent with an essentially decentralized procedure for com-
puting feasible initializations for OCPs without state constraints. Nonetheless, ADMM can be
regarded as a prime candidate for solving the QPs arising in linear-quadratic DMPC, thanks to
its amenability for infeasible warm-starts, linear convergence, decentralized implementation, and
practical performance [Conte et al. 2012; Stomberg et al. 2022a].

The landscape of algorithms for non-convex NLPs is more nuanced, see Table 2.2. This is caused
by the inherent difficulty associated with non-convexity, especially by non-convex constraints. As
a result, many algorithms rely on a centralized coordinator, e.g. ALADIN, BL-SCP, Distributed
SQP, and ELLADA. Important algorithmic features which typically necessitate either centralized
or essentially decentralized communication are dynamic step sizes, e.g. line search procedures,
because all subsystems must usually agree on the same step size in a given iteration or because
a centralized merit function is employed. Decentralized algorithms with convergence guarantees
for nonlinear DMPC date back at least to DGP. From a feasibility point of view, this method
can be seen as the NLP counterpart to Jacobi iterations: all iterates are feasible, but a required
feasible initial guess limits the applicability. This drawback is overcome by the decentralized bi-
level algorithms OTSA, BL-ALADIN/d-ADMM, and TL-ALM. The latter two were first applied
to AC-OPF problems [Engelmann et al. 2020; Sun and Sun 2021], where the computing hardware
can be assumed to be sufficiently strong such that the solution of NLPs on each subsystem is not a
major concern. However, in the context of nonlinear DMPC, solving NLPs on embedded hardware
can form a computational bottleneck which limits real-time feasibility [Van Parys and Pipeleers
2017]. OTSA only requires projected gradient steps to be computed on a subsystem level, which
is computationally less expensive than solving NLPs. On the other hand, BL-ALADIN and TL-
ALM enjoy convergence guarantees for more general problems as OTSA assumes that the system
dynamics are polynomial.

Compared to the widespread attention received by ADMM for linear-quadratic DMPC, only few
results investigate the performance of the above algorithms for nonlinear DMPC in simulations or
real-time experiments. Thus, we conclude this comparison by observing that a decentralized algo-
rithm for nonlinear DMPC with convergence guarantees, small subsystem computation footprint,
and experimental validation appears to be unavailable.

2.5 Adversarial Example: What Can Go Wrong With

Infeasible Iterates?

A key feature discussed above is an algorithm’s ability to generate feasible iterates. While feasible-
side convergent algorithms improve closed-loop stability, their decentralized initialization is im-
practical. Therefore, the rest of this thesis discusses real-time algorithms with infeasible iterates.
This section recalls an adversarial example to illustrate the dangers associated with infeasibil-
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ity [Stomberg et al. 2022a]. Consider the three coupled first-order systems

ẋ1(t) = u1(t), ẋ2(t) = x1(t) + 4x2(t), ẋ3(t) = x2(t) + 4x3(t), x(0) = (1, 2, 3)

with constraints −1000 ≤ u1 ≤ 1000 and −200 ≤ xi ≤ 200 for all i ∈ S. While the centralized
system is controllable, subsystems two and three are unstable and must be stabilized through u1.
We discretize the systems with an exact zero-order hold at a sampling interval δ = 0.040 and design
the cooperative OCP (1.3) with horizon N = 50 and decoupled stage costs ℓ1(x1, u1) ≐ 5x2

1 + 0.5u2
1,

ℓ2(x2) ≐ 5x2
2, and ℓ3(x3) ≐ 5x2

3. Moreover, we guarantee stability for feasible iterates by imposing
the terminal constraint x[N] = 0 in the OCP.

We compare d-ASM, DD, DD-FGM, ADMM, d-IP, and Jacobi Iterations with the following
settings. For d-ASM, we set ε = 10−6, specify r < 10−8 when terminating d-CG, and compute a
feasible initial guess as described above. We select the ADMM penalty parameter as ρ = 60,
choose the DD step length c = 0.99 · 2µc/∥E∥22, and set the Lipschitz constant for DD-FGM
to L = ∥EH−0.5∥22 [Richter et al. 2011]. For d-IP, we set (c1, γ, β, η, ε) = (1, 1.01, 2, 1.01, 10−7)
and tune to get θ = 0.1 and δ0 = 1. We obtain a feasible initialization for Jacobi Iterations by
solving a feasibility problem with the centralized OCP constraints and zero objective. Then, we
set ωi = 1/|S| for all i ∈ S.

Figure 2.2 shows the convergence of the six methods to the unique OCP minimizer z⋆ after a
cold start with z0 = 0 in the first MPC step. Here and in Figures 2.3–2.4, the iteration count for
the bi-level algorithms d-ASM and d-IP refers to the inner (d-CG) iterations. Jacobi Iterations,
d-ASM, and d-IP are the fastest to converge to high accuracy. However, note that Jacobi Iterations
started from a solution found with a centralized QP solver. DD, DD-FGM, and ADMM struggle
to achieve high accuracy in z but converge to the optimal control input in a few hundred iterations.
Figure 2.3 illustrates the closed-loop control performance and shows the final system state x(t f )
after 125 MPC steps versus the number of optimizer itertions per control step. Because we warm
start the algorithms with the solutions obtained in the prior MPC step shifted by the time index,
ADMM and DD-FGM stabilize the system with less than 500 iterations per control step. However,
Jacobi Iterations, d-ASM, and d-IP require far less iterations, showcasing the benefits of feasible
iterates or, in the case of d-IP, superlinear convergence. Indeed, Figure 2.4 highlights the dangers
of infeasibility as 70 ADMM iterations per MPC step are stabilizing, but 69 iterations are not.
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Figure 2.2: Convergence to the OCP minimizer in the first MPC step. Figure adapted
from [Stomberg et al. 2022a] which has been published under the CC BY 4.0 license,
cf. https://creativecommons.org/licenses/by/4.0/.
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Figure 2.3: Final state x(t f ) after 125 MPC steps depending on the number of optimizer iterations
per control step. Figure adapted from [Stomberg et al. 2022a] which has been published
under the CC BY 4.0 license.
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2.6 Summary

This chapter has summarized the state of the art on optimization algorithms for cooperative DMPC.
We have presented the main ideas underlying dual decomposition, ADMM, Jacobi iterations, d-
ASM, and d-IP and we have discussed their advantages and disadvantages for DMPC. Moreover,
we have summarized key assumptions and theoretical properties of DGP, ALADIN, and further
bi-level algorithms based on augmented Lagrangian or second-order methods in the context of
nonlinear DMPC. A numerical example with unstable and uncontrollable subsystems demonstrates
the risks of early termination and the associated lack of consensus. The example illustrates the
importance of system partitioning in CPSoS as controllability of the centralized system suffices
in theory to obtain stability, but not necessarily in practical implementations subject to real-time
constraints. Despite its asymptotic convergence towards consensus, ADMM appears to be among
the most promising methods for linear-quadratic DMPC thanks to its theoretical guarantees and
observed performance. In contrast, it is less well understood which algorithms perform well for
nonlinear DMPC. Especially decentralized algorithms with guarantees in the presence of non-
convex constraints are scarce, many of which require to solve NLPs on the subsystem level.

Consequently, there is a need for decentralized algorithms with, (a), guaranteed convergence in
open and closed loop, (b), low computational cost to facilitate embedded implementations; and,
(c), experimental validation. To address this gap, the next chapter presents an efficient algorithm
based on ADMM and proves convergence, even for non-convex constraints.
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3 Decentralized Sequential Quadratic
Programming

This chapter presents two bi-level algorithms based on SQP and ADMM for solving non-convex
partially separable NLPs. We first present the core ideas of the approach and provide a basic al-
gorithmic variant using a tailored stopping criterion for ADMM. We then prove local convergence
by combining the Newton-type analysis of SQP schemes with the ADMM convergence for convex
QPs. The active set requires special attention in the convergence analysis and we illustrate possible
pitfalls for a small-scale example in Section 3.3. Moreover, we present a second algorithmic vari-
ant which allows for a simpler inequality constraint analysis. Finally, we analyze the performance
of both proposed algorithms for an optimal power flow problem.

The basic algorithmic framework, the main steps in the convergence analysis, and parts of the
numerical results have appeared in the conference paper [Stomberg et al. 2022b]. The example
illustrating the active set stability of ADMM has appeared, in shortened form, in the revised version
of [Stomberg et al. 2022b] that is avilable online.1 The two-block algorithm in Section 3.4 has not
been published before.

3.1 Bi-level Decentralized SQP and ADMM

We recall the partially separable NLP (2.1)

min
z

∑︂
i∈S

fi(zi) (3.1a)

subject to gi(zi) = 0 | νi ∀i ∈ S, (3.1b)

hi(zi) ≤ 0 | µi ∀i ∈ S, (3.1c)∑︂
i∈S

Eizi = b | λ. (3.1d)

Assumption 3.1 (Differentiability of the NLP functions). The functions fi, gi, and hi are three
times continuously differentiable for all i ∈ S.2 □

Centralized SQP schemes are well-established methods which repeateadly generate and solve
convex QP approximations of NLP (3.1) [Boggs and Tolle 1995]. The fast local convergence
behavior, cf. Appendix A.4, and the amenability for warm starts have encouraged their use RTI
schemes [Diehl et al. 2002a; Gros et al. 2020]. This motivates the use of SQP methods in DMPC

1https://arxiv.org/abs/2204.08786
2The algorithms presented in this chapter can also be applied if the functions fi, gi, and hi are only twice continuously

differentiable. However, we here assume three times continuous differentiability to invoke the Basic Sensitivity
Theorem A.3 from Appendix A.2 when proving local convergence.
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and we present a decentralized SQP scheme which exploits the structure of the partially separable
NLP (3.1) by solving the arising subproblem QPs in decentralized fashion via ADMM. The method
owes its name to the bi-level structure with SQP iterations on the outer level and ADMM iterations
on the inner level. We index outer iterations by k and inner iterations by l. Thus, we denote SQP
iterates by a superscript ·k and the ADMM iterates in the k−th SQP step by a superscript ·k,l.

Recall the Lagrangian of NLP (3.1),

L(z, ν, µ, λ) ≐
∑︂
i∈S

Li(zi, νi, µi, λ) − λ⊤b with Li(zi, νi, µi, λ) ≐ fi(zi) + ν⊤i gi(zi) + µ⊤i hi(zi) + λ⊤Eizi.

Consider a convex approximation of NLP (3.1) at a point pk ≐ (zk, νk, µk, λk) ∈ Rnp ,

min
z

∑︂
i∈S

f QP,k
i (zi) (3.2a)

subject to gk
i + ∇gk⊤

i (zi − zk
i ) = 0 | νi ∀i ∈ S, (3.2b)

hk
i + ∇hk⊤

i (zi − zk
i ) ≤ 0 | µi ∀i ∈ S, (3.2c)∑︂

i∈S

Eizi = b | λ. (3.2d)

The objective functions are defined as f QP,k
i ≐ (zi − zk

i )
⊤Hk

i (zi − zk
i )/2 + ∇ f k⊤

i (zi − zk
i ) where Hk

i ≈

∇2
zizi

Li(zk
i , ν

k
i , µ

k
i ) are Hessian approximations for all i ∈ S. The symbols gk

i and ∇gk
i in QP (3.2)

are shorthands for gi(zk
i ) and ∇gi(zk

i ), respectively and the same holds for functions fi and hi. As
we will prove in this section, QP (3.2) has a unique centralized KKT point if pk is close to a
regular KKT point p⋆. We denote the KKT point of QP (3.2) as pk,⋆ = (zk,⋆, νk,⋆, µk,⋆, λk,⋆), where
zk,⋆ = (zk,⋆

1 , . . . , z
k,⋆
S ), νk,⋆ = (νk,⋆

1 , . . . , ν
k,⋆
S ), and µk,⋆ = (µk,⋆

1 , . . . , µ
k,⋆
S ).

To apply ADMM, we introduce a local decision variable yi ∈ R
ni for each i ∈ S and we rewrite

QP (3.2) in two-block form as

min
y,z

∑︂
i∈S

f QP,k
i (yi) (3.3a)

subject to gk
i + ∇gk⊤

i (yi − zk
i ) = 0 | νi ∀i ∈ S, (3.3b)

hk
i + ∇hk⊤

i (yi − zk
i ) ≤ 0 | µi ∀i ∈ S, (3.3c)∑︂

i∈S

Eizi = b | λ, (3.3d)

yi − zi = 0 | γi ∀i ∈ S. (3.3e)

We define the centralized variables and components y ≐ (y1, . . . , yS ), Hk ≐ diag(Hk
1, . . . ,H

k
S ),

∇ f k ≐ (∇ f k
1 , . . . ,∇ f k

S ), and Zk ≐ Zk
1 × · · · × Z

k
S with

Zk
i ≐

⎧⎪⎪⎨⎪⎪⎩yi ∈ R
ni

⃓⃓⃓⃓⃓
⃓⃓ gk

i + ∇gk⊤
i (yi − zk

i ) = 0

hk
i + ∇hk⊤

i (yi − zk
i ) ≤ 0

⎫⎪⎪⎬⎪⎪⎭ .
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3.1 Bi-level Decentralized SQP and ADMM

Moreover, we define the augmented Lagrangian of QP (3.3) as

Lk
ρ(y, z, γ) ≐

∑︂
i∈S

Lk
ρ,i(yi, zi, γi) ≐

∑︂
i∈S

(︃
f QP,k
i (yi) + γ⊤i (yi − zi) +

ρ

2
∥yi − zi∥

2
2

)︃
.

The ADMM iterations for solving QP (3.3) read

(yk,l+1
i , νk,l+1

i , µk,l+1
i )← min

yi∈Z
k
i

Lk
ρ,i(yi, zk,l

i , γ
k,l
i ) ∀i ∈ S (3.4a)

zk,l+1 = argmin
z∈E

Lk
ρ(y

k,l+1, z, γk,l) (3.4b)

γk,l+1
i = γk,l

i + ρ(y
k,l+1
i − zk,l+1

i ) ∀i ∈ S. (3.4c)

The above notation indicates that Step (3.4a) updates the decision variables yi as well as the sub-
system constraint multipliers νi and µi.

Let ∥ · ∥ refer to any norm on Rn or its induced matrix norm, respectively. Algorithm 3.1 sum-
marizes the bi-level dSQP method. The scheme starts from a primal-dual initialization p0 =

(z0, ν0, µ0, λ0) in Step 1, constructs QP (3.2) in Step 4, applies ADMM in Steps 7–9, and then
updates the SQP iterates in Step 12. To ensure the ADMM solution in the k–th SQP step is suffi-
ciently accurate, we enforce a tailored stopping criterion in Step 6. This inner stopping criterion
and the outer termination criterion in Step 2 are based on the maps

F̃(p) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇z1 L1(z1, ν1, µ1, λ)
g1(z1)
...

∇zS LS (zS , νS , µS , λ)
gS (zS )∑︂

i∈S

Eizi − b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and F(p) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇z1 L1(z1, ν1, µ1, λ)
g1(z1)

min(−h1(z1), µ1)
...

∇zS LS (zS , νS , µS , λ)
gS (zS )

min(−hS (zS ), µS )∑︂
i∈S

Eizi − b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.5)

Here,
min(x, y) ≐ (min([x]1, [y]1), . . . ,min([x]n, [y]n))

denotes the vector of componentwise minima for two vectors x, y ∈ Rn. Moreover, Fk, F̃k, and
∇F̃k in Algorithm 3.1 are abbreviations for F(pk), F̃(pk), and ∇F̃(pk). Compared to F̃, the map F
additionally includes the complementarity conditions min(−hi(xi), µi) for all i ∈ S.

Remark 3.1 (Decentralized implementation). An important advantage of dSQP is its amenability
to decentralized implementation. To decentralize Algorithm 3.1, one must decompose the evalua-
tion of the stopping criterion in Step 6 and the z update of ADMM in Step 8. The former can be
achieved by choosing ∥ · ∥∞ in the stopping criterion, because zk,l ∈ E for all k, l ≥ 0. To decentral-
ize ADMM, we implement the z update as an averaging step, if NLP (3.1) is a consensus problem
as specified in Definition 2.2, cf. Remark 2.1. □
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3 Decentralized Sequential Quadratic Programming

Algorithm 3.1 Bi-level decentralized SQP for solving (3.1) [Stomberg et al. 2022b]

1: SQP initialization: k = 0, (z0
i , ν

0
i , µ

0
i , γ

0
i = E⊤i λ

0) for all i ∈ S, η0 < 1, ϵ
2: while ∥Fk∥ ≰ ϵ do
3: compute ∇ f k

i , gk
i , ∇gk

i , hk
i , ∇hk

i , and Hk
i for all i ∈ S

4: construct F̃k and ∇F̃k

5: ADMM initialization: l = 0, (zk,0
i , γ

k,0
i , ν

k,0
i , µ

k,0
i ) = (zk

i , γ
k
i , ν

k
i , µ

k
i ) for all i ∈ S

6: while l = 0 or ∥F̃k + ∇F̃k⊤(pk,l − pk)∥ ≰ ηk∥F̃k∥ do
7:

(︂
yk,l+1

i , νk,l+1
i , µk,l+1

i

)︂
← min

yi∈Z
k
i

Lk
ρ,i(yi, zk,l

i , γ
k,l
i ) for all i ∈ S

8: zk,l+1 = argmin
z∈E

Lk
ρ(y

k,l+1, z, γk,l)

9: γk,l+1
i = γk,l

i + ρ(y
k,l+1
i − zk,l+1

i ) for all i ∈ S
10: l← l + 1
11: end while
12: (zk+1

i , ν
k+1
i , µ

k+1
i , γ

k+1
i ) = (zk,l

i , ν
k,l
i , µ

k,l
i , γ

k,l
i ) for all i ∈ S

13: choose ηk+1 ≤ ηk

14: k ← k + 1
15: end while
16: return zk

i for all i ∈ S

Remark 3.2 (Dual iterates of the coupling constraints). If Step 8 is implemented via the ADMM
averaging procedure as discussed in Remark 2.1, then Algorithm 3.1 does not compute the coupling
constraint Lagrange multipliers λk. However, only E⊤i λ is required to evaluate Steps 2, 4, and 6
such that we can exploit the fact that E⊤i λ

k = γk
i . For more details, see Lemma 2.1. □

3.2 Convergence Analysis

The centralized SQP convergence analysis in Theorem A.6 exploits the local equivalence to New-
ton’s method and serves as a blueprint for the analysis presented in this section. In order to improve
the numerical performance of dSQP, we terminate ADMM early on the inner level. The resulting
approximate nature of the SQP steps requires additional attentation in the analysis and the con-
vergence proof therefore follows in two stages. First, we derive convergence on the outer level
based on the stopping criterion in Step 2 of Algorithm 3.1. Then, we rely on the ADMM conver-
gence Theorem A.8 from Appendix A.5 on the inner level. Figure 3.1 summarizes key steps of
the proof and visualizes intermediate convergence radii to assist the reader during the remainder
of this section.
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Partially separable NLP (3.1) Two-block QP (3.3) in k-th SQP step

Outer convergence Inner convergence

centralized exact SQP convergence

centralized inexact SQP convergence if active set is correct

decentralized SQP convergence

(Theorem A.5)

(Lemmas 3.1−3.2)

(Theorem 3.1) (Lemmas 3.3−3.4)

(Lemma 3.3)

ADMM

SQP

correct active set of the next ADMM iteration

correct active set of all future ADMM iterations

Figure 3.1: Summary of intermediate results for proving local convergence of dSQP. As we show
below, ADMM converges r-linearly in ∥(zk,l, yk,l)− (zk,⋆, γk,⋆)∥ and the inexact Newton-
type stopping criterion to be derived for the SQP steps ensures that ADMM terminates
inside B((zk,⋆, γk,⋆), ε3) to stay at the correct active set.

3.2.1 Outer Convergence

Let z⋆ be a local minimum of NLP (3.1) and denote the active set of subsystem i at z⋆i asAi(z⋆i ) ≐
{ j ∈ {1, . . . , nhi} | [hi(z⋆i )] j = 0}.

Assumption 3.2 (Regular KKT point). The point p⋆ = (z⋆, ν⋆, µ⋆, λ⋆) is a KKT point of NLP (3.1)
which, for all i ∈ S, satisfies

i) hi(z⋆i ) + µ⋆i ≠ 0 (strict complementarity),

ii) z⊤i ∇
2
zizi

Li(z⋆i , ν
⋆
i , µ

⋆
i )zi > 0 for all zi ≠ 0 with ∇gi(z⋆i )⊤zi = 0 (stronger SOSC)3

Furthermore, the matrix ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇g1(z⋆1 )⊤
. . .

∇gS (z⋆S )⊤[︂
∇h1(z⋆1 )⊤

]︂
A1(z⋆1 )

. . . [︂
∇hS (z⋆S )⊤

]︂
AS (z⋆S )

E1 . . . ES

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
3This condition is slightly stronger than the Second-Order Sufficient Conditions (SOSC), because we exclude the

conditions ∇[hi(zi)]⊤j zi = 0 for all j ∈ Ai(z⋆i ) and Eizi = 0, cf. (A.4).
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3 Decentralized Sequential Quadratic Programming

has full row rank, i.e., z⋆ satisfies the Linear Independence Constraint
Qualification (LICQ).

□

We denote the open ε neighborhood around the KKT point by B(p⋆, ε) ≐ {p ∈ Rnp | ∥p − p⋆∥ <
ε}. The centralized SQP convergence Theorem A.6 is based on the fact that the sequence of exact
SQP iterates {pk} satisfies the Newton iteration Fk +∇Fk(pk+1 − pk) = 0 if pk ∈ B(p⋆, ε1) for some
ε1 > 0 [Geiger and Kanzow 2002]. We relax this requirement and, inspired by [Curtis et al. 2014],
instead impose the inexact Newton stopping criterion [Dembo et al. 1982]⃦⃦⃦

Fk + ∇Fk⊤(pk+1 − pk)
⃦⃦⃦
≤ ηk

⃦⃦⃦
Fk

⃦⃦⃦
(3.6)

with 0 < ηk < 1.

Lemma 3.1 (Local convergence with inexact SQP steps). Suppose Assumption 3.1 holds and let
p⋆ denote a KKT point of NLP (3.1) which satisfies Assumption 3.2. Form QP (3.2) with the
Hessian Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Let the sequence {pk} generated by Algorithm 3.1

satisfy the inexact Newton stopping criterion (3.6) for all k ≥ 0. Then there exist constants ε2 > 0
and η ∈ (0, 1) such that the following holds for all p0 ∈ B(p⋆, ε2):

i) If ηk ≤ η for all k ≥ 0, then the sequence {pk} converges q-linearly to p⋆.

ii) If additionally ηk → 0, then the convergence rate is q-superlinear.

iii) If additionally ηk = O(∥Fk∥), then the convergence rate is q-quadratic. □

Proof. Due to the centralized SQP convergence Theorem A.6 from Appendix A.4, we can choose
0 < ε2 ≤ ε1 such that ∇F(p) is regular inside B(p⋆, ε2). To obtain statement i), we can therefore
adapt [Dembo et al. 1982, Theorem 2.3] which proves the following: For any a ∈ (η, 1), there
exists ε2 > 0 such that, if p0 ∈ B(p⋆, ε2), then the sequence {pk} converges linearly to p⋆ in the
sense that ⃦⃦⃦

∇F(p⋆)⊤(pk+1 − p⋆)
⃦⃦⃦
≤ a

⃦⃦⃦
∇F(p⋆)⊤(pk − p⋆)

⃦⃦⃦
(3.7)

for all k ≥ 0. Similar to [Morini 1999, Equation 7], we obtain, for all k ≥ 0,⃦⃦⃦
pk+1 − p⋆

⃦⃦⃦
=

⃦⃦⃦⃦(︁
∇F(p⋆)⊤

)︁−1
∇F(p⋆)⊤(pk+1 − p⋆)

⃦⃦⃦⃦
≤

⃦⃦⃦⃦(︁
∇F(p⋆)⊤

)︁−1
⃦⃦⃦⃦
·
⃦⃦⃦
∇F(p⋆)⊤(pk+1 − p⋆)

⃦⃦⃦
≤

⃦⃦⃦⃦(︁
∇F(p⋆)⊤

)︁−1
⃦⃦⃦⃦
· a

⃦⃦⃦
∇F(p⋆)⊤(pk − p⋆)

⃦⃦⃦
≤

⃦⃦⃦⃦(︁
∇F(p⋆)⊤

)︁−1
⃦⃦⃦⃦
·
⃦⃦⃦
∇F(p⋆)⊤

⃦⃦⃦
· a∥pk − p⋆∥

= cond(∇F(p⋆)⊤) · a
⃦⃦⃦

pk − p⋆
⃦⃦⃦
.

We have used inequality (3.7) to arrive at the third row and defined

cond(∇F(p⋆)⊤) ≐
⃦⃦⃦⃦(︁
∇F(p⋆)⊤

)︁−1
⃦⃦⃦⃦
·
⃦⃦⃦
∇F(p⋆)⊤

⃦⃦⃦
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3.2 Convergence Analysis

as the condition number of ∇F(p⋆)⊤. Choosing η, a, and ε2 sufficiently small yields q-linear
convergence with the contraction factor c = cond(∇F(p⋆)⊤) · a < 1. Since {pk} converges to p⋆,
statements ii) and iii) follow from [Dembo et al. 1982, Corollary 3.5]. ■

Observe that the proof of Lemma 3.1 shows that η must be chosen small if cond(F(p⋆)⊤) is
large to guarantee linear convergence, i.e., ill-conditioned problems require more accurate ADMM
solutions.

The inexact Newton stopping criterion (3.6) guarantees local convergence and is well-defined
if p0 ∈ B(p⋆, ε2). However, in practice it is often unknown whether p0 ∈ B(p⋆, ε2). The block
rows min

(︂
−hi(zk

i ), µ
k
i

)︂
of F are not necessarily differentiable outside B(p⋆, ε2) and thus it may not

be possible to evaluate (3.6) outside B(p⋆, ε2). To address this differentiability issue, we propose a
modified stopping criterion which is equivalent to (3.6) if ADMM returns an inexact solution with
the correct active set, but which can be evaluated for all p ∈ Rnp . The modified criterion reads⃦⃦⃦

F̃k + ∇F̃k⊤(pk+1 − pk)
⃦⃦⃦
≤ ηk

⃦⃦⃦
F̃k

⃦⃦⃦
, (3.8)

where F̃(p) is defined in (3.5) and

∇F̃k⊤ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇2
z1z1

Lk
1 . . . 0 ∇gk

1 . . . 0 ∇hk
1 . . . 0 E⊤1

∇gk⊤
1 . . . 0 0 . . . 0 0 . . . 0 0
...

. . .
...

...
. . .

...
...
. . .

...
...

0 . . . ∇2
zS zS

Lk
S 0 . . . ∇gk

S 0 . . . ∇hk
S E⊤S

0 . . . ∇gk⊤
S 0 . . . 0 0 . . . 0 0

E1 . . . ES 0 . . . 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Observe that F̃ does not include the block rows min (−hi(zi), µi) to avoid potential differentiability
issues outside B(p⋆, ε2). Omitting these block rows is not critical if ADMM produces inexact QP
solutions with the correct active set, as we show next.

Lemma 3.2 (Modified stopping criterion). Suppose Assumption 3.1 holds, let p⋆ denote a KKT
point which satisfies Assumption 3.2 and let pk ∈ B(p⋆, ε1) with ε1 > 0 from Theorem A.6. Form
QP (3.2) with the Hessian Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S.

If pk+1 = (zk+1, νk+1, µk+1, λk+1) lies at the same active set as p⋆, i.e., if

[hk
i ] j + [∇hk⊤

i (zk+1
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, (3.9a)

[µk+1
i ] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S, (3.9b)

then ⃦⃦⃦
F̃k + ∇F̃k⊤(pk+1 − pk)

⃦⃦⃦
≤ ηk

⃦⃦⃦
F̃k

⃦⃦⃦
=⇒

⃦⃦⃦
Fk + ∇Fk⊤(pk+1 − pk)

⃦⃦⃦
≤ ηk

⃦⃦⃦
Fk

⃦⃦⃦
.

Proof. Strict complementarity at p⋆ implies that, for all pk ∈ B(p⋆, ε1), [Geiger and Kanzow 2002,
Equation 5.77 – Eq. 5.78]

−[hk
i ] j < [µk

i ] j ∀ j ∈ Ai(z⋆i ) ∀i ∈ S
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3 Decentralized Sequential Quadratic Programming

[µk
i ] j < −[hk

i ] j ∀ j ∈ Ii(z⋆i ) ∀i ∈ S.

Hence, the block rows of F corresponding to the inequality constraints are locally differentiable
and the respective rows in the left-hand side of the inexact Newton stopping criterion (3.6) read

−[hk
i ] j − [∇hk⊤

i (zk+1
i − zk

i )] j ∀ j ∈ A(z⋆i ) ∀i ∈ S,

[µk+1
i ] j ∀ j ∈ I(z⋆i ) ∀i ∈ S.

These block rows are zero because of (3.9) and hence⃦⃦⃦
Fk + ∇Fk⊤(pk+1 − pk)

⃦⃦⃦
=

⃦⃦⃦
F̃k + ∇F̃k⊤(pk+1 − pk)

⃦⃦⃦
.

Since
⃦⃦⃦
F̃k

⃦⃦⃦
≤

⃦⃦⃦
Fk

⃦⃦⃦
, we obtain the assertion. This concludes the proof. ■

3.2.2 Inner Convergence

To apply the modified stopping criterion (3.8), we require ADMM to return approximate QP so-
lutions with the correct active set as defined in (3.9). This subsection shows that ADMM locally
meets this requirement, first for the iterate yk,l+1 obtained by soving the subsystem QPs in Step 7,
and then for the averaged iterate zk,l+1.

Lemma 3.3 (Active set of the ADMM subsystem QPs). Suppose Assumption 3.1 holds and let
p⋆ denote a KKT point of NLP (3.1) which satisfies Assumption 3.2. Let pk ∈ B(p⋆, ε1) and form
QP (3.2) with the Hessian Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Then there exists a unique solution to

the two-block QP (3.3) (yk,⋆, zk,⋆, νk,⋆, µk,⋆, λk,⋆, γk,⋆) and a constant ε3 > 0 such that the following
holds. If the ADMM initialization (zk,0, γk,0) ∈ B((zk,⋆, γk,⋆), ε3), then

[hk
i ] j + [∇hk⊤

i (yk,l
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, ∀l > 0,

[µk,l
i ] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S, ∀l > 0.

□

Proof. We first recall that, a), the solution to the two-block QP (3.3) is unique and inherits the
active set and strict complementarity from the KKT point p⋆. Then, b), we apply the Basic Sen-
sitivity Theorem (BST, Theorem A.3 in Appendix A.2) and show that the optimal active set of
the subsystem QP (3.11) is constant for all (zk,l, γk,l) close to (zk,⋆, γk,⋆). Then, c), we invoke the
ADMM convergence Theorem A.8 to show that all iterates (yk,l, µk,l) stay at the correct active set.

a) From the proof of Theorem A.6 in the appendix, we have that the solution pk,⋆ of the partially
separable QP (3.2) satisfies LICQ, strict complementarity, and the stronger SOSC condition

y⊤i ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i )yi > 0 for all yi ≠ 0 with ∇gk⊤

i yi = 0 (3.10)

for all pk ∈ B(p⋆, ε1). The reformulation into two-block form preserves (3.10) and LICQ. More-
over, we have that if zk,⋆ is the minimizer to the single-block QP (A.8), then yk,⋆ = zk,⋆ is the
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3.2 Convergence Analysis

minimizer of the two-block QP (3.3). Thus, strict complementarity also applies to the two-block
QP solution.

b) Step 7 solves the subsystem QPs, which in centralized form read

min
y∈Zk

1
2

y⊤Hky + ∇ f k⊤y + γk,l⊤(y − zk,l) +
ρ

2

⃦⃦⃦
y − zk,l

⃦⃦⃦2

2
. (3.11)

The centralized subsystem QP is parameterized by zk,l and γk,l. Comparing the KKT conditions
of the subsystem QP (3.11) and the two-block QP (3.3), we see that if (zk,l, γk,l) = (zk,⋆, γk,⋆),
then the solution of (3.11) is given by (yk,⋆, νk,⋆, µk,⋆). Because of a), (yk,⋆, µk,⋆) satisfies strict
complementarity, the stronger SOSC (3.10), and LICQ. Hence, we can apply the BST Theorem A.3
to the subsystem QP (3.11) perturbed by (zk,l, γk,l) = (zk,⋆, γk,⋆) + ξk,l. Thus, there exists an ε4 > 0
such that the active set stays constant if (zk,l, γk,l) ∈ B((zk,⋆, γk,⋆), ε4). That is, if pk ∈ B(p⋆, ε1) and
if (zk,l, γk,l) ∈ B((zk,⋆, γk,⋆), ε4), then

[hk
i ] j + [∇hk⊤

i (yk,l+1
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S,

[µk,l+1
i ] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S.

c) From a) we have that y⊤i ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i )yi > 0 for all yi ≠ 0 with ∇gk⊤

i yi = 0. Lemma A.1
thus guarantees that the subsystem QP cost functions f QP,k

i are strictly convex over Zk
i for all i ∈ S.

Hence, Theorem A.8 guarantees the convergence of ADMM and from (A.24) we obtain

ρ
⃦⃦⃦
zk,l+1 − zk,⋆

⃦⃦⃦2

2
+

1
ρ

⃦⃦⃦
γk,l+1 − γk,⋆

⃦⃦⃦2

2
≤ a2

1

(︄
ρ
⃦⃦⃦
zk,l − zk,⋆

⃦⃦⃦2

2
+

1
ρ

⃦⃦⃦
γk,l − γk,⋆

⃦⃦⃦2

2

)︄
with a1 < 1. Since 0 < ρ < ∞, the above inequality implies that there exists an ε3 > 0 such that,
for all l ≥ 0, (zk,l, γk,l) ∈ B((zk,⋆, γk,⋆), ε4) if (zk,0, γk,0) ∈ B((zk,⋆, γk,⋆), ε3) and hence

[hk
i ] j + [∇hk⊤

i (yk,l
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, ∀l > 0,

[µk,l
i ] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S, ∀l > 0.

This finishes the proof. ■

Lemma 3.3 guarantees that the solution of the subsystem QP stays at the optimal active set if pk

is close to p⋆ and if the ADMM initialization is sufficiently good. However, to invoke the modified
stopping criterion, we require the averaged iterate z to be at the correct active set. To this end, we
make the following assumption which states that no inequality constraints involve variables that
are directly coupled between subsystems. This assumption can be met without loss of generality
by an appropriate problem reformulation, cf. Subsection 3.3 below.

Assumption 3.3 (Decoupled inequality constraints and consensus problem). The inequality con-
straints and the coupling constraint in NLP (3.1) satisfy ∇h(z)⊤E⊤ = 0 for all z ∈ Rn. Furthermore,
the right-hand side of the coupling constraint (3.1d) satisfies b = 0. □
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3 Decentralized Sequential Quadratic Programming

Lemma 3.4 (Active set of the averaged ADMM iterate). Let Assumption 3.3 and the assumptions
of Lemma 3.3 hold and take ε3 from Lemma 3.3. Furthermore, let the Lagrange multiplier initial-
ization satisfy Mavgγ

k,0 = 0, where Mavg is the ADMM averaging matrix Mavg = (I −E⊤(EE⊤)−1E).
If pk ∈ B(p⋆, ε1) and if (zk,0, γk,0) ∈ B((zk,⋆, γk,⋆), ε3), then

[hk
i ] j + [∇hk⊤

i (zk,l
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, ∀l > 0,

[µk,l
i ] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S, ∀l > 0.

□

Proof. Lemma 3.3 states that

[hk
i ] j + [∇hk⊤

i (yk,l
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, ∀l > 0,

[µl
i] j = 0, ∀ j ∈ Ii(z⋆i ), ∀i ∈ S, ∀l > 0.

From Lemma 2.1 on the ADMM averaging we have

zk,l+1 = (I − E⊤(EE⊤)−1E)yk,l+1.

Hence we obtain

hk + ∇hk⊤(zk,l+1 − zk) = hk + ∇hk⊤(yk,l+1 − zk) + ∇hk⊤(zk,l+1 − yk,l+1)

= hk + ∇hk⊤(yk,l+1 − zk) + ∇hk⊤((I − E⊤(EE⊤)−1E)yk,l+1 − yk,l+1)

= hk + ∇hk⊤(yk,l+1 − zk) − ∇hk⊤E⊤⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞
= 0

(EE⊤)−1Eyk,l+1

= hk + ∇hk⊤(yk,l+1 − zk)

and thus

[hk
i ] j + [∇hk⊤

i (zk,l
i − zk

i )] j = [hk
i ] j + [∇hk⊤

i (yk,l
i − zk

i )] j = 0, ∀ j ∈ Ai(z⋆i ), ∀i ∈ S, ∀l > 0.

■

3.2.3 Local Convergence of Decentralized SQP

Equipped with the convergence guarantees for the outer and inner iterations, we are now ready to
state the main result of this section.

Theorem 3.1 (Local convergence of dSQP). Suppose Assumptions 3.1 and 3.3 hold and let p⋆

denote a KKT point of NLP (3.1) which satisfies Assumption 3.2. Form QP (3.2) with the Hessian
Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Then there exist constants ε > 0 and η ∈ (0, 1) such that the

following holds for all p0 ∈ B(p⋆, ε):
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3.2 Convergence Analysis

i) If ηk ≤ η for all k ≥ 0, then the sequence {pk} generated by Algorithm 3.1 converges to p⋆

and the convergence rate is q-linear in the outer iterations.

ii) If additionally lim
k→∞
ηk = 0, then the convergence rate is q-superlinear in the outer iterations.

iii) If additionally ηk = O
(︂⃦⃦⃦

F̃k
⃦⃦⃦)︂

, then the convergence rate is q-quadratic in the outer iterations.

□

Proof. We first show that, a), the ADMM initialization (zk,0, γk,0) = (zk, γk) lies inside a neighbor-
hood of the QP solution (zk,⋆, γk,⋆). We then show that, b), this neighborhood can be chosen such
that the ADMM iterates remain at the correct active set. Finally, c), we invoke Lemmas 3.1–3.2 to
prove convergence.

a) We first choose ε ∈ (0, ε2] with ε2 from Lemma 3.1. The exact SQP convergence implies that
if pk ∈ B(p⋆, ε), then pk,⋆ ∈ B(p⋆, ε) and thus⃦⃦⃦

pk − pk,⋆
⃦⃦⃦
=

⃦⃦⃦
pk − p⋆ − (pk,⋆ − p⋆)

⃦⃦⃦
≤

⃦⃦⃦
pk − p⋆

⃦⃦⃦
+

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦
≤ 2ε.

Recall that ∥x∥ ≤ ∥(x, y)∥ for any two vectors x and y. Hence,⃦⃦⃦
(zk, λk) − (zk,⋆, λk,⋆)

⃦⃦⃦
≤

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
≤ 2ε

=⇒

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣I 0
0 E⊤

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ ⃦⃦⃦

(zk, λk) − (zk,⋆, λk,⋆)
⃦⃦⃦
≤

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣I 0
0 E⊤

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ · 2ε

=⇒

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣I 0
0 E⊤

⎤⎥⎥⎥⎥⎥⎦ ⎡⎢⎢⎢⎢⎢⎣ zk − zk,⋆

λk − λk,⋆

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ ≤ max

{︂
1,

⃦⃦⃦
E⊤

⃦⃦⃦}︂
· 2ε⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

≐ ε5

=⇒
⃦⃦⃦
(zk, γk) − (zk,⋆, γk,⋆)

⃦⃦⃦
≤ ε5.

b) The dSQP initialization γ0
i = E⊤i λ

0 for all i ∈ S implies Mavgγ
0 = 0 for any λ0 ∈ Rnc .

Since b = 0 because of Assumption 3.3, Lemma 2.1 ii) thus implies Mavgγ
k,l = 0 for all k, l ≥ 0.

Lemma 3.4 hence guarantees that the ADMM iterates (zk,l+1, γk,l+1) stay at the correct active set,
if (zk,0, γk,0) ∈ B((zk,⋆, γk,⋆), ε3). If ε ≤ min(ε2, ε3/(2max{1, ∥E⊤∥})), then ε5 ≤ ε3 and thus the
ADMM iterates (zk,l+1, γk,l+1) stay at the correct active set for all l ≥ 0 and for all k ≥ 0.

c) Since the ADMM iterates stay at the correct active set, we can apply the modified stopping
criterion (3.8) to guarantee convergence. Moreover, the ADMM convergence Theorem A.8 guaran-
tees that, for all k ≥ 0, the ADMM iterates satisfy (3.8) for sufficiently large l. By Lemma 3.2, satis-
faction of (3.8) together with the correct active set implies satisfaction of the inexact Newton stop-
ping criterion (3.6). Lemma 3.1 then implies q-convergence in the outer iterations. The q-quadratic
convergence in iii) follows because

⃦⃦⃦
F̃k

⃦⃦⃦
≤

⃦⃦⃦
Fk

⃦⃦⃦
and thus ηk = O

(︂⃦⃦⃦
F̃k

⃦⃦⃦)︂
=⇒ ηk = O

(︂⃦⃦⃦
Fk

⃦⃦⃦)︂
. This

finishes the proof. ■
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Remark 3.3 (Difference to [Stomberg et al. 2022b]). Theorem 3.1 and the preceding convergence
analysis on the outer and inner levels are largely based on [Stomberg et al. 2022b]. However,
part c) in the proof of [Stomberg et al. 2022b, Lemma 4] fails to address effects of the ADMM
averaging step on the active set in the presence of coupled inequality constraints.4 Thus, we have
added Assumption 3.3 and adjusted the proof of Lemma 3.4. □

3.3 Numerical Example: ADMM Active Set

In the previous analysis, Assumption 3.3 ensures ADMM returns an iterate zk+1 with the correct
active set. Specifically, the assumption states that there exist no coupled inequalities such that the
averaging step preserves the active set of the iterate yk,l found by solving the subsystem QPs. To
illustrate potential pitfalls regarding the active set of ADMM, we consider the strongly convex QP

min
x∈R

10(x − 10)2 + (x − 1)2 subject to x ≤ 1 | µ. (3.12)

The global minimum lies at x⋆ = 1 with corresponding Lagrange multiplier µ⋆ = 180. We first
reformulate QP (3.12) as a partially separable QP

min
z1∈R,z2∈R

10(z1 − 10)2 + (z2 − 1)2

subject to z1 ≤ 1 | µ1

z1 − z2 = 0 | λ

and then as the two-block QP

min
(y1,y2,z1,z2)∈R4

10(y1 − 10)2 + (y2 − 1)2 (3.13a)

subject to y1 ≤ 1 | µ1 (3.13b)

z1 − z2 = 0 | λ (3.13c)

y1 − z1 = 0 | γ1 (3.13d)

y2 − z2 = 0 | γ2. (3.13e)

That is, we split the objective among two subsystems and assign the inequality constraint to the
first subsystem. The unique KKT point of QP (3.13) is given by y⋆1 = y⋆2 = z⋆1 = z⋆2 = 1,
λ⋆ = γ⋆1 = γ

⋆
2 = 0, and µ⋆ = 180. Since E1 = 1 and E2 = −1, the averaging matrix is given by

Mavg = I − E⊤(EE⊤)−1E =

⎡⎢⎢⎢⎢⎢⎣0.5 0.5
0.5 0.5

⎤⎥⎥⎥⎥⎥⎦
and the ADMM iterations read

yl+1
1 = argmin

y1

(︃
10(y1 − 10)2 + γl

1y1 +
ρ

2
(y1 − zl

1)2 subject to y1 ≤ 1
)︃

4A corrected version of the originally published conference paper is available at https://arxiv.org/abs/2204.
08786.
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yl+1
2 = argmin

y2

(︃
(y2 − 1)2 + γl

2y2 +
ρ

2
(y2 − zl

2)2
)︃
=

2 − γ2 + ρz2

ρ + 2⎡⎢⎢⎢⎢⎢⎣zl+1
1

zl+1
2

⎤⎥⎥⎥⎥⎥⎦ = Mavg

⎛⎜⎜⎜⎜⎜⎝⎡⎢⎢⎢⎢⎢⎣yl+1
1

yl+1
2

⎤⎥⎥⎥⎥⎥⎦ + ⎡⎢⎢⎢⎢⎢⎣γl
1/ρ

γl
2/ρ

⎤⎥⎥⎥⎥⎥⎦⎞⎟⎟⎟⎟⎟⎠
γl+1

1 = γ
l
1 + ρ(y

l+1
1 − zl+1

1 ), γl+1
2 = γ

l
2 + ρ(y

l+1
2 − zl+1

2 ).

The KKT point is a fixed point, because setting (zl
i, γ

l
i) = (1, 0) for i ∈ {1, 2} gives

yl+1
1 = argmin

y1

(︃
10(y1 − 10)2 +

ρ

2
(y1 − 1)2 subject to y1 ≤ 1

)︃
= 1

yl+1
2 =

2 − 0 + ρ
ρ + 2

= 1

zl+1
1 = zl+1

2 =
yl+1

1 + yl+1
2

2
= 1

γl+1
1 = γ

l+1
2 = 0 + ρ(1 − 1) = 0.

However, if we perturb the initialization and instead choose γl
1 = −γ

l
2 = ε with ε ≪ 1, then

yl+1
1 = argmin

y1

(︃
10(y1 − 10)2 + εy1 +

ρ

2
(y1 − 1)2 subject to y1 ≤ 1

)︃
= 1

yl+1
2 =

2 + ε + ρ
ρ + 2

zl+1
1 = zl+1

2 =
yl+1

1 + yl+1
2

2
=

1
2

(︄
1 +

2 + ε + ρ
ρ + 2

)︄
≠ 1.

The perturbation ε causes yl+1
2 and hence the averaged variable zl+1

1 to leave the active set, i.e.,
zl+1

1 ≠ 1. To remove the influence of the perturbed yl+1
2 on zl+1

1 , we add a decision variable to the
first subsystem and we rewrite the problem as

min
(y1,z1,y2,z2)∈R6

10
(︂[︂

1 0
]︂

y1 − 10
)︂2
+ (y2 − 1)2 (3.14a)

subject to
[︂
1 0

]︂
y1 ≤ 1 | µ1 (3.14b)[︂

1 −1
]︂

y1 = 0 | ν1 (3.14c)[︂
0 1

]︂
z1 − z2 = 0 | λ (3.14d)

y1 − z1 = 0 | γ1 (3.14e)

y2 − z2 = 0 | γ2. (3.14f)

Here, the first component of y1 participates in the inequality constraint (3.14b), but only the second
component of y1 is coupled to subsystem two via (3.14d). The averaging matrix becomes

Mavg =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 0.5 0.5
0 0.5 0.5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and the perturbed iterations read

yl+1
1 =

⎡⎢⎢⎢⎢⎢⎣11
⎤⎥⎥⎥⎥⎥⎦ , yl+1

2 =
2 + ε + ρ
ρ + 2

, zl+1
1 =

⎡⎢⎢⎢⎢⎢⎣ 1
1
2

(︂
1 + 2+ε+ρ

ρ+2

)︂⎤⎥⎥⎥⎥⎥⎦ , and zl+1
2 =

1
2

(︄
1 +

2 + ε + ρ
ρ + 2

)︄
.

The perturbation in yl+1
1 hence only affects the second component of zl+1

1 such that hk
1 + ∇hk

1(zl+1
1 −

zk
1) = h1(zl+1

1 ) = 0 as required by the stopping criterion (3.8). However, this comes at the cost of an
additional decision variable and the additional equality constraint (3.14c), which potentially slows
down convergence.

3.4 Two-block Decentralized SQP

As discussed in the previous section, small perturbations in combination with coupled inequality
constraints can cause the ADMM iterates zk,l to leave the correct active set such that the stopping
criterion (3.8) is no longer applicable. Besides problem reformulations that require additional
decision variables, this problem can be addressed by a slight modification of dSQP.

Recall that, in each SQP step, Algorithm 3.1 linearizes NLP (3.1), reformulates the resulting QP
into two-block form, and applies ADMM. Moreover, dSQP updates the primal variable in Step 12
as zk+1 = zk,l instead of zk+1 = yk,l. This is because the choice zk+1 = zk,l ensures zk+1 ∈ E such that
the corresponding block-rows in F̃ vanish and thus the stopping criterion in Step 6 of Algorithm 3.1
can be evaluated in decentralized fashion.

However, updating the SQP iterate with the averaged decision variable zk,l negatively affects
the stability of the active set and hence Assumption 3.3 is made to invoke the modified stopping
criterion (3.8) for proving convergence in Theorem 3.1. These drawbacks can be overcome by
switching the sequence of steps in the derivation of a two-block QP for ADMM, i.e., by first
reformulating NLP (3.1) into two-block form and by then linearizing the two-block NLP. This
approach leads us to the two-block dSQP method given in Algorithm 3.2.

Figure 3.2 compares the derivation of the two-block QP for ADMM to the steps of Algo-
rithm 3.1. The different strategies could be referred to as linearize, then decentralize for dSQP
shown in green and decentralize, then linearize for two-block dSQP shown in blue. The key dif-
ference compared to Algorithm 3.1 is that two primal variable blocks, y and z, are updated on the
outer level. This alleviates the need for Assumption 3.3 to ensure stability of the active set in the
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Algorithm 3.2 Two-block decentralized SQP for solving (3.1)

1: SQP initialization: k = 0, (y0
i , z

0
i , ν

0
i , µ

0
i , γ

0
i = E⊤i λ

0) for all i ∈ S, η0 < 1, ϵ
2: while ∥F̄k∥ ≰ ϵ do
3: compute ∇ fi(yk

i ),∇gi(yk
i ),∇hi(yk

i ), H̄
k
i for all i ∈ S

4: construct ˜̄Fk and ∇ ˜̄Fk

5: ADMM initialization: l = 0, (zk,0
i , γ

k,0
i , ν

k,0
i , µ

k,0
i ) = (zk

i , γ
k
i , ν

k
i , µ

k
i ) for all i ∈ S

6: while l = 0 or ∥ ˜̄Fk + ∇ ˜̄Fk⊤( p̄k,l − p̄k)∥ ≰ ηk∥ ˜̄Fk∥ do
7: (yk,l+1

i , νk,l+1
i , µk,l+1

i )← min
yi∈Z̄

k
i

L̄k
ρ,i(yi, zk,l

i , γ
k,l
i ) for all i ∈ S

8: zk,l+1 = argmin
z∈E

L̄k
ρ(y

k,l+1, z, γk,l)

9: γk,l+1
i = γk,l

i + ρ(y
k,l+1
i − zk,l+1

i ) for all i ∈ S
10: l← l + 1
11: end while
12: (yk+1

i , z
k+1
i , ν

k+1
i , µ

k+1
i , γ

k+1
i ) = (yk,l

i , z
k,l
i , ν

k,l
i , µ

k,l
i , γ

k,l
i ) for all i ∈ S

13: choose ηk+1 ≤ ηk

14: k ← k + 1
15: end while
16: return (yk

i , z
k
i ) for all i ∈ S

convergence analysis, because the map

F̄( p̄) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇y1 L̄1(y1, ν1, µ1, γ1)
−γ1 + E⊤1 λ

g1(y1)
min(−h1(y1), µ1)

y1 − z1
...

∇yS L̄S (yS , νS , µS , γS )
−γS + E⊤S λ

gS (yS )
min(−hS (yS ), µS )

yS − zS∑︂
i∈S

Eizi − b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
evaluates the inequalities at y and not at z. The Lagrangian for the two-block NLP is defined as

L̄ ≐
∑︂
i∈S

L̄i − λ
⊤b ≐

∑︂
i∈S

(︁
fi(yi) + ν⊤i gi(yi) + µ⊤i hi(yi) + γ⊤i (yi − zi) + λ⊤Eizi

)︁
− λ⊤b,

where the vector of primal-dual variables is defined as p̄ ≐ (y, z, ν, µ, λ, γ). Crucially, the two-
block dSQP method evaluates the function derivatives at yi such that, for all i ∈ S, f̄ QP,k

i (yi) ≐
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1
2 (yi − yk

i )H̄
k
i (yi − yk

i ) + ∇ fi(yk
i )
⊤(yi − yk

i ) with H̄k
i ≈ ∇

2
yiyi

L̄i(yk
i , ν

k
i , µ

k
i ),

Z̄k
i ≐

⎧⎪⎪⎨⎪⎪⎩yi ∈ R
ni

⃓⃓⃓⃓⃓
⃓⃓ gi(yk

i ) + ∇gi(yk
i )
⊤(yi − yk

i ) = 0

hi(yk
i ) + ∇hi(yk

i )
⊤(yi − yk

i ) ≤ 0

⎫⎪⎪⎬⎪⎪⎭ ,
and

L̄k
ρ(y, z, γ) ≐

∑︂
i∈S

L̄k
ρ,i ≐

∑︂
i∈S

(︃
f̄ QP,k
i (yi) + γ⊤i (yi − zi) +

ρ

2
∥yi − zi∥

2
2

)︃
.

Similarly to (3.8), we exclude the inequality constraints inside the area of constant active set when
evaluating the ADMM stopping criterion in Step 6 of Algorithm 3.2 and we define

˜̄F( p̄) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇y1 L̄1(y1, ν1, µ1, γ1)
−γ1 + E⊤1 λ

g1(y1)
y1 − z1
...

∇yS L̄S (yS , νS , µS , γS )
−γS + E⊤S λ

gS (yS )
yS − zS∑︂

i∈S

Eizi − b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.15)

In contrast to (3.5), this includes the consensus constraint residual y−z. The components −γ+E⊤λ
and

(︁∑︁
i∈S Eizi

)︁
−b are zero at all iterations by similar arguments as in Lemma 3.2 and they are only

included in (3.15) for completeness.

Theorem 3.2 (Local convergence of two-block dSQP). Suppose Assumption 3.1 holds and let p⋆

denote a KKT point of NLP (3.1) which satisfies Assumption 3.2. Denote the corresonding KKT
point of the two-block NLP by p̄⋆ = (z⋆, z⋆, ν⋆, µ⋆, λ⋆, E⊤λ⋆). Form the two-block QP with the
exact Hessian H̄k

i = ∇
2
yiyi

L̄i(yk
i , ν

k
i , µ

k
i ). Then there exist constants ε > 0 and η ∈ (0, 1) such that the

following holds for all p̄0 ∈ B( p̄⋆, ε):

i) If ηk ≤ η for all k ≥ 0, then the sequence { p̄k} generated by Algorithm 3.2 converges to p̄⋆

and the convergence rate is q-linear in the outer iterations.

ii) If additionally lim
k→∞
ηk = 0, then the convergence rate is q-superlinear in the outer iterations.

iii) If additionally ηk = O
(︃⃦⃦⃦⃦

˜̄Fk
⃦⃦⃦⃦)︃

, then the convergence rate is q-quadratic in the outer iterations.

□
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Partially separable QPPartially separable NLP

Two-block NLP Two-block QP

Two-block QP

Linearize at

Reformulate

Linearize at 

Reformulate

Figure 3.2: Comparison of dSQP (green) and two-block dSQP (blue) showing the transposed steps
to derive a two-block QP for ADMM. The two-block QPs use different block variables
to evaluate the NLP function derivatives on the outer level. Two-block dSQP evaluates
the derivatives at yk

i to form f̄ QP,k
i and Z̄k

i . In contrast, dSQP forms f QP,k
i and Zk

i with
the derivatives evaluated at zk

i .

Proof. The proof proceeds similarly to the convergence analysis in Section 3.2. We first show
that, a), the reformulation into two-block form preseves regularity of the KKT point. Then, b),
outer convergence based on the inexact-Newton type stopping criterion in Step 6 follows if the
iterates (yk, µk) stay at the correct active set. We then show that, c), the ADMM iterates (yk,l+1, µk,l+1)
meet this requirement for all k, l ≥ 0.

a) Strict complementarity carries over to the two-block NLP, because y⋆ = z⋆ and hence h(y⋆)+
µ⋆ = h(z⋆) + µ⋆ ≠ 0. LICQ also holds at p̄⋆, because the matrix⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇g1(y⋆1 )⊤
. . .

∇gS (y⋆S )⊤

[∇h1(y⋆1 )]⊤
A1(y⋆1 )

. . .

[∇hS (y⋆S )]⊤
AS (y⋆S )

I −I
. . .

. . .

I −I
E1 . . . ES

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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has full row rank. What remains to be shown is that a stricter version of SOSC as in Assump-
tion 3.2 ii) also applies to p̄⋆, i.e., we need to show that, for all i ∈ S,

(yi, zi)⊤
⎡⎢⎢⎢⎢⎢⎣∇2

yiyi
L̄i(y⋆i , ν

⋆
i , µ

⋆
i ) 0

0 0

⎤⎥⎥⎥⎥⎥⎦ (yi, zi) > 0 for all (yi, zi) ≠ 0 with

∇gi(y⋆i )⊤yi = 0 and yi − zi = 0.

(3.16)

By inserting y⋆i = z⋆i , the last statement is equivalent to

z⊤i ∇
2
zizi

Li(z⋆i , ν
⋆
i , µ

⋆
i )zi for all zi ≠ 0 with ∇gi(z⋆i )⊤zi = 0,

and thus to Assumption 3.2 ii). Condition (3.16) thus holds.
b) Since Assumption 3.2 carries over to p̄⋆, local convergence follows from inexact Newton

arguments similar to Lemmas 3.1–3.2, if ADMM terminates at the correct active set, i.e., if

[hi(yk
i )] j + [∇hi(yk

i )
⊤(yk,l

i − yk
i )] j = 0, ∀ j ∈ Ai(y⋆i ), ∀i ∈ S, ∀l > 0, (3.17a)

[µk,l
i ] j = 0, ∀ j ∈ Ii(y⋆i ), ∀i ∈ S, ∀l > 0. (3.17b)

c) As in Lemma 3.3, we apply the BST Theorem A.3 to the perturbed subsystem QPs solved in
Step 7 and see that their active sets stay constant, if (zk,l, γk,l) ≈ (zk,⋆, γk,⋆). By Lemma A.1, the
subsystem QP cost functions f QP,k

i are strictly convex over Zk
i and for all i ∈ S, and we can thus

invoke the ADMM convergence guarantees from Theorem A.8 such that (3.17) holds if (zk,0, γk,0) ∈
B((zk,⋆, γk,⋆), ε6) for some ε6 > 0. As discussed in part b) of the proof of Theorem 3.1, this is the
case for all k ≥ 0 if we choose ε > 0 sufficiently small. Hence, the ADMM iterates stay at the
correct active set and convergence in the outer iterations follows from b). Q-quadratic convergence
in the outer iterations follows, because

⃦⃦⃦⃦
˜̄F
⃦⃦⃦⃦
≤

⃦⃦⃦
F̄
⃦⃦⃦
. This finishes the proof. ■

The crucial difference compared to the proof of Theorem 3.1 is (3.17a), which requires the
iterates yk,l

i to be at the correct active set and not zk,l
i .

Comparison to the Literature

As mentioned in Chapter 2, there exists a wide range of bi-level decentralized algorithms that com-
bine centralized methods from nonlinear optimization on the outer level with decentralized meth-
ods on the inner level. Closely related to the dSQP algorithms presented in this section are schemes
combining Sequential Convex Programming (SCP) with Dual Decomposition (DD) [Necoara et
al. 2009], SQP and DD [Ma et al. 2011], SCP and ADMM [Le and Nghiem 2020], and SQP
and ADMM [Lu 2015; Liu and Jian 2020; Shorinwa and Schwager 2023]. The scheme in [Liu
and Tran-Dinh 2020] is guaranteed to converge for problems with non-convex objectives and
linear coupling constraints, but it does not allow for non-convex constraints or inequality con-
straints. In [Lu 2015], also non-convex constraints are considered, but no convergence proof is
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presented. The method in [Shorinwa and Schwager 2023], which appeared shortly after our con-
ference paper [Stomberg et al. 2022b], is very similar to dSQP. The main differences to dSQP are
that [Shorinwa and Schwager 2023] considers quasi Newton updates for Hk

i and does not terminate
ADMM early in each SQP step.

3.5 Numerical Example: Optimal Power Flow

We next analyze the performance of dSQP and two-block dSQP for an AC-OPF example. Mo-
tivated by the growing penetration of distributed energy resources in electric power systems, de-
centralized and distributed optimization and control methods are being developed to augment ex-
isting centralized architectures in power system operation, including the solution of OPF prob-
lems [Molzahn et al. 2017]. In general, OPF problems seek to minimize power generation costs in
electrical grids subject to grid constraints and we refer to [Frank and Rebennack 2016] for more
details on OPF formulations and to [Engelmann 2020, Chapter 5] for an overview of distributed
OPF.

Here, we consider AC-OPF problems of the form [Engelmann et al. 2019]

min
θ,v,Pg,Qg

∑︂
m∈P

c1,mP2
m + c2,mPm + c3,m (3.18a)

subject to

Pg
m − Pd

m = vm

∑︂
r∈D

vr(Gmr cos(θm − θr) + Bmr sin(θm − θr)) ∀m ∈ D (3.18b)

Qg
m − Qd

m = vm

∑︂
r∈D

vr(Gmr sin(θm − θr) − Bmr cos(θm − θr)) ∀m ∈ D (3.18c)

Pg
m = Qg

m = 0 ∀m ∈ D \ P (3.18d)

Pm ≤ Pm ≤ Pm, Q
m
≤ Qm ≤ Qm ∀m ∈ P (3.18e)

vm ≤ vm ≤ vm ∀m ∈ D (3.18f)

v1 = 1, θ1 = 0, (3.18g)

where D = {1, . . . |D|} is the bus set, P ⊆ D is the generator set, Y = G + jB ∈ CN×N is the bus
admittance matrix, v = (v1, . . . , vN) ∈ RN and θ = (θ1, . . . , θN) ∈ RN are the voltage magnitudes
and angles, Pg = (Pg

1, . . . , P
g
N) ∈ RN and Qg = (Qg

1, . . . ,Q
g
N) ∈ RN are the injected active and

reactive powers, and Pd = (Pd
1, . . . , P

d
N) ∈ RN are the active and reactive power demands. The

objective (3.18a) with coefficients c1,m > 0 penalizes power injection and refers to the generation
cost. The constraints (3.18b) and (3.18c) are the power flow equations, the inequalities (3.18e)–
(3.18f) enforce lower and upper bounds on the injected powers and the voltages, and (3.18g) sets
the voltage for the so-called slack bus, chosen here as m = 1.

Specifically, we consider the IEEE 118-bus AC-OPF test case which has also served as a bench-
mark to test distributed OPF based on ADMM, ALADIN, and d-IP [Erseghe 2014; Engelmann
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et al. 2019; Engelmann and Faulwasser 2021]. To apply these methods, we use the reformulation
as a partially separable NLP (3.1) provided in [Engelmann et al. 2017].5 Therein, the 118 buses of
the test case are partitioned into four subsystems and NLP (3.18) is reformulated as a consensus
problem in partially separable form.

The benchmark NLP has n = 576 decision variables, ng = 470 nonlinear equality constraints,
nh = 792 affine inequality constraints, and nc = 52 coupling constraints. For comparison to the
dSQP algorithms, we consider four other optimization methods. The first method for comparison is
standalone ADMM, which solves (3.1) directly and which we refer to as ADMM in the remainder
of this section. The second and third methods are BL-ALADIN variants, where the coordination
QP is solved via essentially d-CG or via an ADMM variant (d-ADMM) [Engelmann et al. 2020].
For all algorithms, we initialize voltage magnitudes as 1 and all other primal-dual variables as 0.

For ADMM, we tune ρ in the set {100, 700, 800, 900, 103, 104} and choose ρ = 800 for fastest
convergence. For both dSQP variants, we choose η0 = 0.8, ηk+1 = 0.9ηk, tune ρ in the set
{600, 700, 800}, and choose ρ = 700. For the BL-ALADIN variants, we use the open-source
toolbox ALADIN-α [Engelmann et al. 2021a], tune ρ in the set {10, 50, 100, 150, 200, 1000} to
obtain ρ = 150, and we run 70 inner iterations per ALADIN iteration for ALADIN/d-CG and
100 inner iteration per ALADIN iteration for ALADIN/d-ADMM. We leave the remaining AL-
ADIN parameters at the default values specified by ALADIN-α. For d-IP, we use the same code
and parameters as [Engelmann et al. 2021b]. The subsystem NLPs in ADMM and ALADIN are
solved with ipopt [Wächter and Biegler 2006] and the subsystem QPs in dSQP are solved with
qpOASES [Ferreau et al. 2014]. We use CasADi to compute derivatives in all algorithms [Ander-
sson et al. 2019].

For dSQP and two-block dSQP, we set Hk
i = ∇

2
zizi

Lk
i and regularize if needed. To this end, we

follow a heuristic regularization procedure and change the sign of negative eigenvalues as fol-
lows [Engelmann et al. 2021a]. First, we compute an eigenvalue decomposition ∇2

zizi
Lk

i = ViΛiV⊤i .
Then, we set Hk

i = ViΛ̃iV⊤i , where for all j ∈ {1, . . . , ni},

[Λ̃i] j j ≐

⎧⎪⎪⎨⎪⎪⎩ ε, if [Λi] j j ∈ [−ε, ε] with ε = 10−4,

|Λi j j |, else,

Figure 3.3 shows the convergence to a local minimizer found by ipopt. For the bi-level algo-
rithms dSQP, two-block dSQP, BL-ALADIN, and d-IP we count the inner iterations. The top plot
shows that both dSQP variants perform similarly well compared to ADMM and d-IP. However, the
dSQP variants only require to solve QPs on a subsystem level, whereas ADMM solves NLPs. As
a result, our prototypical Matlab implementation of ADMM takes 48 s on a desktop computer to
achieve ∥z − z⋆∥ < 10−6, whereas dSQP only takes 11 s and two-block dSQP takes 17 s. We note
that dSQP and two-block dSQP could likely be further accelerated by switching to sparse solvers
for the subsystem QPs. This is because condensing the QPs, which would benefit qpOASES, is

5The specific NLP parameterization is available at https://github.com/alexe15/ALADIN.m/blob/master/
test/problem_data/IEEE118busPrbFrm.mat.
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Figure 3.3: Convergence of dSQP, two-block dSQP, ADMM, ALADIN, and d-IP for the 118-bus
OPF test case. The crosses for dSQP, two-block dSQP, and d-IP mark outer iterations
and the x-axis on the bottom applies to both plots. Figure adapted from [Stomberg
et al. 2022b].

typically not favorable in DMPC as it destroys the sparsity of NLP (3.1) which is critical to de-
centralize computations. Sparse alternatives to qpOASES would be e.g. OSQP or the Proximal
Interior-Point Quadratic Programming (PIQP) solver [Schwan et al. 2023].

With respect to communication, all methods require to communicate 2nc floats for all subsys-
tems combined on a neighbor-to-neighbor basis in each inner iteration. The essentially decentral-
ized methods d-IP and ALADIN/d-CG additionally require to communicate two floats globally
per inner iteration. Finally, the dSQP variants and d-IP exchange convergence flags among all
subsystems when terminating the inner algorithms in each outer iteration.

The bottom plot in Figure 3.3 shows the number of inequality constraints that toggle between
being active and inactive for dSQP and two-block dSQP, where a tolerance of 10−8 is used to
determine whether a constraint is active. Both algorithms settle at a constant active set within the
first two hundred iterations. This suggests that the correct active set is reached, as we assume when
evaluating the modified inexact Newton stopping criteria.

Remark 3.4 (Relation to bi-level ALADIN, d-ASM, and d-IP). The bi-level dSQP method takes
a similar conceptual approach as BL-ALADIN, d-ASM, and d-IP: Decentralize an established
optimization framework by means of an inner algorithm. As in d-IP, convergence under early
truncation on the inner level is derived via inexact Newton methods. A distinguishing feature of
dSQP to the above algorithms, however, is the inequality constraint treatment on the inner level.
Whereas BL-ALADIN, d-ASM, and d-IP manage inequality constraints on the outer level, dSQP
solves inequality-constrained QPs on the inner level. As a result, dSQP does not have to explicitly
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3 Decentralized Sequential Quadratic Programming

identify the correct active set and it does not compute centralized step sizes on the outer level. □

3.6 Summary

This chapter has presented two novel bi-level SQP algorithms where the subproblem QPs are
solved in decentralized fashion via ADMM. Local convergence to regular KKT points is guaran-
teed by tailored inexact Newton-type stopping criteria for the inner level. A small-scale exam-
ple highlights potential pitfalls for the basic dSQP variant in the presence of coupled inequality
constraints, which can be overcome by appropriate problem reformulations or a two-block dSQP
reformulation. Both algorithms show competitive performance to further optimization methods
for an AC-OPF test case. These results raise the question of whether dSQP can be an interest-
ing algorithmic foundation for nonlinear DMPC. However, the real-time requirements of feedback
control benefit from deterministic execution times, i.e., dynamic termination based on stopping cri-
teria is undesirable. Moreover, the impact of non-negligible communication times on closed-loop
properties warrants further investigation. We address these challenges in the next chapter.
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The previous chapter introduced dSQP for solving non-convex partially separable NLPs. This
chapter discusses the application of dSQP to nonlinear DMPC and analyzes the stability in closed-
loop. To address real-time requirements, we remove the inexact Newton stopping criterion from
dSQP and instead apply a fixed number of ADMM iterations in each SQP step. The resulting
algorithm can be viewed as an SQP-based RTI scheme where ADMM decentralizes the computa-
tions. We therefore first recall RTI schemes and their stability guarantees for centralized NMPC.
Then, we prove convergence of dSQP with fixed inner iterations and present the stabilizing dRTI
scheme. Finally, we consider an example with coupled inverted pendulums to study the perfor-
mance for nonlinear open-loop unstable systems. The results of this chapter have appeared in the
article [Stomberg et al. 2025a].

4.1 Problem Statement

We consider a centralized nonlinear dynamical system

ẋ(tc) = f c(x(tc), u(tc)), x(0) = x0, (4.1)

where x ∈ X ⊆ Rnx is the state, u ∈ U ⊆ Rnu is the input, tc ≥ 0 is time, and f c : Rnx × Rnu → Rnx .
The sets X and U are assumed to be closed. By sampling f c with a piecewise constant input signal
at a sampling interval δ > 0, we obtain the corresponding discrete-time dynamics

x(t + 1) = x(t) +
∫︂ (t+1)δ

tδ
f c(x(tc), u(t)) dtc ≐ f δ(x(t), u(t)), x(0) = x0, (4.2)

where f δ : Rnx × Rnu → Rnx , t ∈ N0 is the discrete time index, and N0 are the natural numbers
extended by zero.

Remark 4.1 (Sparsity of the centralized dynamics). The careful reader may wonder how the cen-
tralized dynamics (4.2) relate to the sparse coupling structure present in the cooperative OCP (1.3),

xi(t + 1) = f δi
(︂
xi(t), ui(t), xN in

i
(t)

)︂
, xi(0) = xi,0 ∀i ∈ S. (4.3)

Indeed, the centralized dynamics f δ obtained through the integration of the continuous-time dy-
namics f c are generally dense and do not admit a sparse decomposition. Nonetheless, the existence
of coupled dynamics like (4.3) with |N in

i | ≪ |S| is a typical assumption in discrete-time cooper-
ative DMPC as it facilitates the use of decentralized optimization [Zeilinger et al. 2013; Conte
et al. 2016; Braun and Grüne 2018; Köhler et al. 2019]. Thus, in practice, approximations of the
integral in (4.2) are required to obtain a sparse cooperative OCP, unless the structure of f c natu-
rally yields a sparse f δ. The latter applies for instance to decoupled subsystem dynamics. For the
theoretical background to be developed in this chapter, however, we shall assume that f δ admits
an exact and sparse representation like (4.3) also for coupled dynamical systems. □
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Throughout this chapter, we consider the setpoint stabilization problem around the origin. That
is, we assume f c(0, 0) = 0 and we wish to design a centralized feedback law κc : Rnx → Rnu such
that the solutions of (4.2) driven by u(t) = κc(x(t)) satisfy

lim
t→∞

x(t) = 0 and (x(t), κc(t)) ∈ X × U for all t ∈ N0.

To this end, we devise an NMPC scheme where the OCP to be solved at time t reads

V(x(t)) ≐ min
x,u

N−1∑︂
τ=0

ℓ(x[τ], u[τ]) + βVf(x[N]) (4.4a)

subject to

x[τ + 1] = f δ(x[τ], u[τ]) ∀τ ∈ I[0,N−1], (4.4b)

x[0] = x(t), (4.4c)

x[τ] ∈ X ∀τ ∈ I[0,N], (4.4d)

u[τ] ∈ U ∀τ ∈ I[0,N−1]. (4.4e)

Here, ℓ : Rnx × Rnu → Rn is the stage cost, Vf : Rnx → R is the terminal penalty, and β ≥ 1 is
a weighting parameter. We denote by x⋆ ≐ (x⋆[0], . . . , x⋆[N]) and u⋆ ≐ (u⋆[0], . . . , u⋆[N − 1]) a
globally optimal solution of OCP (4.4). Let X0 ⊆ R

nx be a closed set with nonempty interior and
let OCP (4.4) be feasible for all initial states x(t) ∈ X0. We denote the value function of OCP (4.4)
by V : X0 → R and define the centralized NMPC feedback law κc : X0 → R

nu as the map from the
current state x(t) in (4.4c) to the first part u⋆[0] of the optimal input trajectory.

We next assume that a decomposition of the centralized OCP (4.4) into a set of subsystems
S = {1, . . . , S } is available, cf. [Chanfreut et al. 2021b]. The subsystems can be coupled through
the cost (4.4a), dynamics (4.4b), and constraints (4.4d). To reduce notation, we only consider
coupling in the state constraints and we note that the extension to coupled input constraints is
straight forward. The decomposed version of OCP (4.4) reads

min
x,u

∑︂
i∈S

Ji

(︂
xi,ui, xN in

i

)︂
(4.5a)

subject to for all i ∈ S

xi[τ + 1] = f δi
(︂
xi[τ], ui[τ], xN in

i
[τ]

)︂
∀τ ∈ I[0,N−1], (4.5b)

xi[0] = xi(t), (4.5c)

xi[τ] ∈ Xi ∀τ ∈ I[0,N], (4.5d)

ui[τ] ∈ Ui ∀τ ∈ I[0,N−1], (4.5e)

(xi[τ], x j[τ]) ∈ Xi j ∀ j ∈ N in
i , ∀τ ∈ I[0,N]. (4.5f)

For all i ∈ S, let nin
i ≐

∑︁
j∈N in

i
nx j , ℓi : Rnxi × Rnui × Rnin

i → R, Vf,i : Rnxi → R, and

Ji

(︂
xi,ui, xN in

i

)︂
≐

N−1∑︂
τ=0

ℓi
(︂
xi[τ], ui[τ], xN in

i
[τ]

)︂
+ βVf,i(xi[N]).
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OCP (4.5) and its centralized counterpart (4.4) are equivalent by design. That is, the components
of (4.5) are derived from the components of (4.4) for a given decomposition of the centralized
system into a set of subsystems. Considering the centralized system with OCP (4.4) allows to
transfer existing RTI stability guarantees from centralized NMPC to distributed NMPC. However,
the proposed numerical implementation is decentralized, because we solve (4.5) online via dSQP.

4.2 Centralized Real-Time Iterations

Tailored RTI schemes reduce the computation time when evaluating the control law κc in closed-
loop [Wolf and Marquardt 2016]. From a numerical point of view, these schemes can be derived
from different classes of underlying algorithms. Especially SQP-based schemes have received
widespread attention [Li and Biegler 1988; Diehl et al. 2002a; Zavala and Biegler 2009; Gros et
al. 2020], but there also exist alternatives based on e.g. indirect optimal control [Ohtsuka 2004;
Graichen and Käpernick 2012]. These RTI algorithms warm-start the optimizer with the solution
obtained in the previous NMPC step and they apply only few iterations to reduce the computation
time.

The stability analysis of RTI schemes is closely related to suboptimal NMPC [Graichen and
Kugi 2010] and guarantees for SQP-based RTI algorithms are presented in [Diehl et al. 2003;
Diehl et al. 2007]. This subsection recalls centralized NMPC stability guarantees for a generic
RTI framework from [Zanelli et al. 2021]. The analysis is applicable to a wide range of RTI
schemes and is not limited to a specific optimization algorithm. Instead, the key requirement
on the optimizer is local q-linear convergence, a common assumption in the stability analysis of
centralized and distributed suboptimal NMPC [Graichen and Kugi 2010; Bestler and Graichen
2019].

To present the RTI framework, we formalize the relation between the system state x, the primal
dual-variables p of OCP (4.4), and the NMPC control law κc with the following notation. First,
p̄ : X0 → R

np maps from the current state x(t) in (4.4c) to the primal-dual variables p⋆ ∈ Rnp at a
global minimum of OCP (4.4). Second, the matrix Mu,p ∈ R

nu × Rnp with ∥Mu,p∥ = 1 selects the
control u⋆[0] from p̄(x), i.e., κc(x) = u⋆[0] = Mu,p p̄(x). Third, let the superscript ·k refer to the
iteration index of the optimization method which is used to solve OCP (4.4).

The considered RTI scheme proceeds as follows. At time t, the current state x(t) is sampled
and the optimization method is initialized with the solution from the previous control step, i.e.,
p0(t) = pkmax(t − 1), where kmax ∈ N is the number of optimizer iterations per control step. Then,
kmax optimizer iterations are applied to OCP (4.4) and a primal-dual iterate pkmax(t) is obtained.
The control u(t) = Mu,p pkmax(t) is applied to the system and the scheme proceeds with the next
sampling step. The optimization method and the system together form the system-optimizer dy-

75



4 Decentralized Real-Time Iterations

namics [Zanelli et al. 2021] ⎡⎢⎢⎢⎢⎢⎣ x(t + 1)
pkmax(t + 1)

⎤⎥⎥⎥⎥⎥⎦ = ⎡⎢⎢⎢⎢⎢⎣ f δ(x(t),Mu,p pkmax(t))
Φ(x(t), pkmax(t))

⎤⎥⎥⎥⎥⎥⎦ , (4.6)

where Φ : Rnx × Rnp → Rnp maps the OCP initial state x(t) and iterate pkmax(t) to the approximate
solution pkmax(t + 1) at the next time step. Observe that the system-optimizer dynamics are param-
eterized by the sampling interval δ. This parameterization is stated explicitly in the top row of the
right-hand side of (4.6) and is also included implicitly in our definition of Φ, because p̄(x(t + 1))
depends on x(t + 1) and thus on δ, cf. [Zanelli et al. 2021, Equation 15]. We next summarize the
required assumptions and constants to guarantee stability of (4.6) for sufficiently small sampling
intervals δ.

Throughout this chapter, let ∥ · ∥ denote the Euclidean norm of a vector and the spectral norm
of a matrix, respectively, and let B̄(a, ε) denote the closed ε neighborhood around a point a ∈ Rn,
B̄(a, ε) ≐ {b ∈ Rn | ∥a − b∥ ≤ ε}. Moreover, we denote the Minkowski sum of two sets A and B by
A ⊕ B ≐ {a + b|a ∈ A, b ∈ B}.

Assumption 4.1 (Value function requirements [Zanelli et al. 2021]). The value function V : X0 →

R of OCP (4.4) is continuous and there exist positive constants a1, a2, a3, and V̄ such that, for all
x ∈ XV̄ ≐ {x ∈ Rnx | V(x) ≤ V̄},

a1∥x∥2 ≤ V(x) ≤ a2∥x∥2 (4.7a)

V( f δ(x, κc(x))) − V(x) ≤ −δ · a3∥x∥2. (4.7b)

Furthermore, there exists a constant LV,x > 0 such that, for all x, x′ ∈ XV̄ ,⃓⃓⃓⃓ √︁
V(x) −

√︁
V(x′)

⃓⃓⃓⃓
≤ LV,x∥x − x′∥.

Moreover, there exists a constant r̂x > 0 such that XV̄ ⊕ B̄(0, r̂x) ⊆ X0. □

Assumption 4.2 (Lipschitz controller [Zanelli et al. 2021]). There exists a positive constant Lp,x

such that, for all x ∈ XV̄ and for all x′ ∈ XV̄ ∪ B̄(x, r̂x),

∥ p̄(x′) − p̄(x)∥ ≤ Lp,x ∥x′ − x∥ .

Moreover, p̄(0) = 0. □

The assumption p̄(0) = 0 holds if the origin is an equilibrium of the system dynamics which
minimizes the stage cost ℓ and terminal penalty Vf , a common design in stabilizing NMPC. How-
ever, the assumption does not hold for economic NMPC without further modification. We next
adapt [Zanelli et al. 2021, Assumption 10] by assuming, at time t, q-linear optimizer convergence
to the current OCP solution p̄(x(t)) as follows.
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Assumption 4.3 (Q-linear optimizer convergence [Stomberg et al. 2025a]). There exist positive
constants r̂p > 0 and ap < 1 such that, for all x(t) ∈ XV̄ and all p0(t) ∈ B̄( p̄(x(t)), r̂p), the sequence
{pk(t)} of optimizer iterates at time t satisfies⃦⃦⃦

pk+1(t) − p̄(x(t))
⃦⃦⃦
≤ ap

⃦⃦⃦
pk(t) − p̄(x(t))

⃦⃦⃦
∀k ∈ N0. □

Assumption 4.4 (Lipschitz continuous-time system dynamics [Zanelli et al. 2021]). The origin
is an equilibrium of the centralized system dynamics, f c(0, 0) = 0. Moreover, there exist positive
finite constants r′p, ρ, Lc

f ,x, and Lc
f ,u such that, for all x′, x ∈ XV̄ ⊕ B̄(0, ρ) and for all u′ = Mu,p p′

and u = Mu,p p with p′, p ∈ B̄(p̄(x), r′p),

∥ f c(x′, u′) − f c(x, u)∥ ≤ Lc
f ,x ∥x

′ − x∥ + Lc
f ,u ∥u

′ − u∥ .

Lemma 4.1 (Lipschitz discrete-time dynamics [Zanelli et al. 2021]). Let Assumption 4.4 hold.
Then, there exists a positive constant δ1 such that, if x ∈ XV̄ , p ∈ B̄( p̄(x), r′p), and δ ≤ δ1, then⃦⃦⃦

f δ(x,Mu,p p) − x
⃦⃦⃦
≤ δ ·

(︂
Lδ1f ,x∥x∥ + Lδ1f ,u

⃦⃦⃦
Mu,p p

⃦⃦⃦)︂
,

where Lδ1f ,x ≐ eLc
f ,xδ1 Lc

f ,x and Lδ1f ,u ≐ eLc
f ,xδ1 Lc

f ,u. Furthermore, if δ ≤ δ1, then⃦⃦⃦
f δ(x, u′) − f δ(x, u)

⃦⃦⃦
≤ δLδ1f ,u ∥u

′ − u∥ (4.8)

for all x ∈ XV̄ , all u′ = Mu,p p′, u = Mu,p p such that p, p′ ∈ B̄(r′p). □

Because of the Lyapunov decrease (4.7b), the set XV̄ is positive invariant under the ideal NMPC
feedback law κc. As we show next, this also holds for small perturbations in the controller.

Lemma 4.2 (Forward invariance under perturbed optimizer [Stomberg et al. 2025a]). Let Assump-
tions 4.1 and 4.4 hold. Then, there exists a positive constant r′′p ≤ r′p such that

f δ(x,Mu,p p) ∈ XV̄

for all x ∈ XV̄ , all p ∈ B̄( p̄(x), r′′p ), and if δ ≤ δ1. □

Proof. For the remainder of this proof, let us define the shorthands

x⋆+ = f δ(x,Mu,p p̄(x)) and x+ = f δ(x,Mu,p p).

The Lyapunov decrease (4.7b) in Assumption 4.1 ensures that V(x⋆+) ≤ V(x) − δa3∥x∥2. If x = 0,
then V(x) = V(x⋆+) = 0 < V̄ . Otherwise, if x ≠ 0, V(x⋆+) ≤ V̄ − δa3∥x∥2 < V̄ . Thus, there exists a
positive constant ϵV such that

V(x⋆+) + ϵV ≤ V̄ .

By Assumption 4.1, XV̄ lies in the interior of X0 and V is continuous over X0. Thus, there exists a
constant ϵx > 0 such that [Rawlings et al. 2019, Appendix A.11]

|V(x′) − V(x⋆+)| < ϵV for all ∥x′ − x⋆+∥ < ϵx.
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Let r′′p ≤ r′p. Because the system dynamics are Lipschitz continuous, (4.8) yields, if δ ≤ δ1,

∥x+ − x⋆+∥ ≤ δL
δ1
f ,u∥p − p̄(x)∥ ≤ δLδ1f ,ur′′p .

Let δ ≤ δ1 and let r′′p < min{r′p, ϵx/(δL
δ1
f ,u)}. Then, ∥x+ − x⋆+∥ < ϵx such that V(x+) < V(x) + ϵV ≤ V̄ .

By the definition of the level set XV̄ , we have that x+ ∈ XV̄ . This finishes the proof. ■

We next adapt [Zanelli et al. 2021, Lemma 11] to the q-linear convergence Assumption 4.3.

Lemma 4.3 (Contraction [Stomberg et al. 2025a]). Let Assumptions 4.1–4.4 hold and consider the
system-optimizer dynamics (4.6). Then, there exist positive constants rp ≤ min{r̂p, r′′p } and rx ≤ r̂x

such that, for all x(t) ∈ XV̄ and all pkmax(t) ∈ B̄( p̄(x(t), rp), the following holds. If δ ≤ δ1 and if
∥x(t + 1) − x(t)∥ ≤ rx, then⃦⃦⃦

pkmax(t + 1) − p̄(x(t + 1))
⃦⃦⃦
≤ ap

⃦⃦⃦
pkmax(t) − p̄(x(t))

⃦⃦⃦
+ apLp,x ∥x(t + 1) − x(t)∥ . (4.9)

□

Proof. Under Assumptions 4.1 and 4.4 and because rp ≤ r′′p , Lemma 4.2 yields that x(t + 1) =
f δ(x(t),Mu,p pkmax(t)) ∈ XV̄ . By Assumption 4.2 on the continuity of the KKT point, we thus have

∥ p̄(x(t + 1)) − p̄(x(t))∥ ≤ Lp,x ∥x(t + 1) − x(t)∥ ≤ Lp,xrx.

By selecting rp and rx such that rp ≤ min{r′′p , r̂p − Lp,xrx} and rx < min{r̂x, r̂p/Lp,x}, we obtain⃦⃦⃦
pkmax(t) − p̄(x(t + 1))

⃦⃦⃦
≤

⃦⃦⃦
pkmax(t) − p̄(x(t))

⃦⃦⃦
+ ∥ p̄(x(t + 1)) − p̄(x(t))∥

≤ rp + Lp,xrx ≤ r̂p.

Thus,
⃦⃦⃦

pkmax − p̄(x(t + 1))
⃦⃦⃦

lies inside the q-linear optimizer convergence radius. Recall that we
warm-start the solver by setting p0(t + 1) = pkmax(t). Assumptions 4.2 and 4.3 thus yield⃦⃦⃦

pkmax(t + 1) − p̄(x(t + 1))
⃦⃦⃦
≤ (ap)kmax

⃦⃦⃦
pkmax(t) − p̄(x(t + 1))

⃦⃦⃦
≤ ap

⃦⃦⃦
pkmax(t) − p̄(x(t + 1))

⃦⃦⃦
≤ ap

⃦⃦⃦
pkmax(t) − p̄(x(t))

⃦⃦⃦
+ ap ∥ p̄(t) − p̄(x(t + 1))∥

≤ ap

⃦⃦⃦
pkmax(t) − p̄(x(t))

⃦⃦⃦
+ apLp,x ∥x(t) − x(t + 1)∥

where we have used that (ap)kmax ≤ ap < 1 to obtain the last row. This concludes the proof. ■

To compute a sufficiently small sampling interval δ̄ which guarantees stability of the system-
optimizer dynamics, we define the constants

η ≐ Lδ1f ,x + Lδ1f ,uLp,x, rV̄ ≐

√︄
V̄
a1
,
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δ3 ≐ min

⎛⎜⎜⎜⎜⎜⎜⎝δ, δ1,
rx

ηrV̄ + Lδ1f ,urp
,

rp(1 − ap)

Lp,xap

(︂
Lδ1f ,urp + ηrV̄

)︂⎞⎟⎟⎟⎟⎟⎟⎠ , κ ≐ ap

(︂
1 + δ3Lp,xLδ1f ,u

)︂
,

LV ≐ 2
√︁

V̄LV,x, ā ≐
a3

a2
, Le ≐ LV Lδ1f ,u, LV,p ≐ Lc

f ,ueδ1Lc
f ,x LV,x, r̃p ≐ min

(︄
rp,

āV̄
Le

)︄
β′ ≐

ā
√

a1

4Lp,xapη
, δ′4 ≐

(1 − κ)r̃p
√

a1

V̄1/2Lp,xapη
, and δ5 ≐

β′(1 − κ)
LV,p

. (4.10)

Lemma 4.4 (Centralized RTI stability [Stomberg et al. 2025a]). Suppose that Assumptions 4.1–4.4
hold and define

δ̄ ≐ min
(︁
δ3, δ

′
4, δ5

)︁
. (4.11)

If the sampling interval satisfies δ ≤ δ̄, then the origin is a locally exponentially stable equilibrium
with region of attraction

Σ ≐
{︂(︂

x, pkmax
)︂
∈ Rnx+np

⃓⃓⃓
x ∈ XV̄ ,

⃦⃦⃦
pkmax − p̄(x)

⃦⃦⃦
≤ r̃p

}︂
for the closed-loop system-optimizer dynamics (4.6). □

Proof. The proof proceeds similarly to the analysis in [Zanelli et al. 2021]. Since the q-linear
optimizer convergence Assumption 4.3 differs from [Zanelli et al. 2021, Assumption 10], we re-
place [Zanelli et al. 2021, Lemma 11] by Lemma 4.3. The optimizer contraction inequality (4.9)
is equivalent to [Zanelli et al. 2021, Inequality 26] in the proof of [Zanelli et al. 2021, Proposition
16]. The remaining analysis in [Zanelli et al. 2021] is still applicable such that local exponential
stability follows from [Zanelli et al. 2021, Theorem 25]. ■

The above lemma is a specialized version of [Zanelli et al. 2021, Theorem 25]. First, we here
only consider quadratic terms ∥x∥2 in Assumption 4.1 and the resulting constants in (4.10) whereas
[Zanelli et al. 2021, Theorem 25] allows for more general Lyapnuov functions. That is, we set
q = 2, where q is in the notation of [Zanelli et al. 2021]. Second, we define the optimizer state
based on the map p̄ from the current system state to the primal-dual variables, because of the dSQP
convergence to be presented in the next section. In contrast, [Zanelli et al. 2021, Theorem 25]
considers any map p̄ as long as the control can be selected as u = Mu,p p̄(x). Third, we explicitly
allow for kmax ≥ 1 optimizer iterations per control step to provide more freedom when tuning
the bi-level dSQP algorithm. Instead, [Zanelli et al. 2021, Theorem 25] discusses RTI schemes
with kmax = 1, a common choice in centralized RTI schemes [Diehl et al. 2002a]. We note that
the extension to kmax > 1 is straight forward, because the q-linear convergence Assumption 4.3
implies an appropriate decrease in the optimizer error also holds for kmax > 1. That is, if kmax = 1
is stabilizing, so is any kmax > 1. Furthermore, Lemma 4.4 and [Zanelli et al. 2021, Theorem 25]
differ in the sampling intervals for which stability is guaranteed. Here, we first select a candidate
sampling interval δ and design OCP (4.4) such that the OCP value function meets Assumption 4.1.
Subsequently, we let Assumptions 4.2–4.4 hold, compute δ̄ via (4.11) and then obtain closed-loop
stability guarantees, if our candidate sampling interval δ lies below δ̄. On the other hand, the

79



4 Decentralized Real-Time Iterations

analysis in [Zanelli et al. 2021] lets an assumption similar to Assumption 4.1 hold for a range of
sampling intervals to then infer closed-loop stability for all sampling intervals below δ̄, not only
for a single candidate sampling interval.

Remark 4.2 (Stability guarantees and compensation of computational delay). Throughout this
chapter, we neglect optimizer computation times and instead assume instantaneous feedback. That
is, we assume that, at time t, the state measurement x(t) is instantly available, the optimizer iter-
ations are completed without any delay, and the control input u(t) is immediately applied to the
plant. In practice, each of these steps will incur inevitable computational delay and, as we will
see in Chapter 5, decentralized optimization in DMPC can take up a siginificant portion of the
control sampling interval δ due to communication latencies. A classic approach for compensating
computational delay in MPC is to, at time t, predict the next state x(t + 1) and to solve OCP (4.4)
with initial condition x(t + 1) in (4.4c) [Findeisen 2006; Gros et al. 2020]. Notably, the stability
guarantees of Lemma 4.4 also hold if such a delay compensation is applied, if a perfect prediction
of x(t+ 1) is available, cf. [Zanelli et al. 2021, Remark 8]. We here omit a detailed analysis for the
sake of brevity and note that this would require to define u(t) ≐ Mu,p p0(t), replace the inequality in
the q-linear optimizer convergence in Assumption 4.3 by⃦⃦⃦

pk+1(t) − p̄(x(t + 1))
⃦⃦⃦
≤ ap

⃦⃦⃦
pk(t) − p̄(x(t + 1))

⃦⃦⃦
,

and to adapt the system-optimizer dynamics (4.6) and the optimizer contraction Lemma 4.3 ac-
cordingly. For the remainder of this chapter and for simplicity, however, we shall assume that
instantaneus feedback is available, u(t) ≐ Mu,p pkmax(t), and that the system-optimizer dynamics
and q-linear optimizer convergence are as stated in (4.6) and Assumption 4.3, respectively. □

4.3 dSQP Convergence with Fixed ADMM Iterations

Lemma 4.4 guarantees closed-loop stability of RTI schemes for sufficiently small sampling inter-
vals, if the optimization method locally converges to a globally optimal OCP solution p̄(x) at a
q-linear rate. In this section, we show that dSQP meets this requirement. Chapter 3 discusses the
local convergence of the dSQP Algorithm 3.1, where an inexact Newton-type stopping criterion
on the inner level terminates ADMM. However, such a stopping criterion is undesirable in control
applications, where real-time requirements typically only allow for a fixed number of iterations.
Thus, we adapt dSQP as summarized in Algorithms 4.1 and 4.2, where kmax, lmax ∈ N are constant.
The notation in Step 3 of Algorithm 4.1 denotes that each subsystem i ∈ S updates the primal vari-
able yi as well as the Lagrange multipliers νi and µi to the subsystem constraints (3.2b) and (3.2c),
respectively.
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Algorithm 4.1 ADMM for solving QP (3.2) in the k–th SQP iteration [Stomberg et al. 2025a]

1: Initialization: zk,0
i , γ

k,0
i , lmax for all i ∈ S

2: for l = 0, . . . , lmax − 1 do
3:

(︂
yk,l+1

i , νk,l+1
i , µk,l+1

i

)︂
← min

yi∈Z
k
i

Lk
ρ,i

(︂
yi, zk,l

i , γ
k,l
i

)︂
for all i ∈ S

4: zk,l+1 = argmin
z∈E

Lk
ρ

(︂
yk,l+1, z, γk,l

)︂
5: γk,l+1

i = γk,l
i + ρ

(︂
yk,l+1

i − zk,l+1
i

)︂
for all i ∈ S

6: end for
7: return zk,lmax

i , νk,lmax
i , µk,lmax

i , and γk,lmax
i for all i ∈ S

Algorithm 4.2 dSQP with fixed iterations for solving NLP (3.1) [Stomberg et al. 2025a]

1: Initialization: z0
i , ν

0
i , µ

0
i , γ

0
i = E⊤i λ

0, kmax, lmax for all i ∈ S,
2: for k = 0, . . . , kmax − 1 do
3: compute ∇ f k

i , gk
i , ∇gk

i , hk
i , ∇hk

i , and Hk
i for all i ∈ S and build QP (3.2)

4: initialize ADMM in Algorithm 4.1 with zk
i , γ

k
i for all i ∈ S and lmax

5: run Algorithm 4.1 and denote the output by zk+1
i , νk+1

i , µk+1
i , and γk+1

i for all i ∈ S
6: end for
7: return zkmax

i , νkmax
i , µkmax

i , and γkmax
i for all i ∈ S

4.3.1 Outer Convergence

The dSQP convergence analysis in Chapter 3 is based on inexact Newton steps. Because Al-
gorithm 4.1, however, terminates without any stopping criterion, similar Newton-type arguments
are not directly applicable. Instead, we present an analysis based on the truncated SQP method
in [Zanelli 2021, Algorithm 2].

Lemma 4.5 (Inexact SQP convergence [Stomberg et al. 2025a]). Suppose Assumption 3.1 holds
and let p⋆ denote a KKT point of NLP (3.1) which satisfies the regularity Assumption 3.2. Form
QP (3.2) at a primal dual point pk = (zk, νk, µk, λk) with the exact Hessian Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i )

for all i ∈ S and denote the unique KKT point of QP (3.2) by pk,⋆. Consider an inexact SQP
scheme, whose iterates

{︂
pk

}︂
, for all k ∈ N0 and for some a < 1, satisfy⃦⃦⃦

pk+1 − pk,⋆
⃦⃦⃦
≤ a

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
. (4.12)

Moreover, let āp be a constant such that āp ∈ (a, 1). Then, there exists a constant ε7 > 0 such
that the following holds. If p0 ∈ B̄(p⋆, ε7), then the sequence

{︂
pk

}︂
generated by the inexact SQP

scheme converges q-linearly to p⋆,⃦⃦⃦
pk+1 − p⋆

⃦⃦⃦
≤ āp

⃦⃦⃦
pk − p⋆

⃦⃦⃦
for all k ∈ N0.

□

Proof. The centralized SQP convergence Theorem A.6 implies that there exists a constant ε1 > 0
such that, if p0 ∈ B̄(p⋆, ε1), then QP (3.2) is feasible, pk,⋆ is unique, and⃦⃦⃦

pk,⋆ − p⋆
⃦⃦⃦
≤ C

⃦⃦⃦
pk − p⋆

⃦⃦⃦2
(4.13)
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for some C > 0 and for all k ∈ N0. Let ε7 ≤ ε1. Combining the truncated SQP condition (4.12)
with the q-quadratic convergence (4.13) yields⃦⃦⃦

pk+1 − p⋆
⃦⃦⃦
≤

⃦⃦⃦
pk+1 − pk,⋆

⃦⃦⃦
+

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦
≤ a

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
+

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦
≤ a

(︂⃦⃦⃦
pk − p⋆

⃦⃦⃦
+

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦)︂
+

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦
= a

⃦⃦⃦
pk − p⋆

⃦⃦⃦
+ (1 + a)

⃦⃦⃦
pk,⋆ − p⋆

⃦⃦⃦
≤ a

⃦⃦⃦
pk − p⋆

⃦⃦⃦
+ (1 + a)C

⃦⃦⃦
pk − p⋆

⃦⃦⃦2

=
(︂
a + (1 + a)C

⃦⃦⃦
pk − p⋆

⃦⃦⃦)︂⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
!
< āp

⃦⃦⃦
pk − p⋆

⃦⃦⃦
.

Choosing
⃦⃦⃦

p0 − p⋆
⃦⃦⃦
< (āp − a)/((1 + a)C) with a < āp < 1, we obtain⃦⃦⃦

pk+1 − p⋆
⃦⃦⃦
≤ āp

⃦⃦⃦
pk − p⋆

⃦⃦⃦
for all k ∈ N0.

Thus, if p0 ∈ B̄(p⋆, ε7) with ε7 ≤ min(ε1, (āp − a)/(1 + a)C), then the sequence
{︂
pk

}︂
converges

q-linearly to p⋆. ■

Lemma 4.5 guarantees local convergence, if the SQP iterates satisfy condition (4.12). ADMM
meets this requirement if the iteration number lmax is chosen appropriately, as we show next.

4.3.2 Inner Convergence

To obtain a sufficient bound on the ADMM iteration number, we first derive an expression for lmax

as a function of constants associated with QP (3.2) and the penalty parameter ρ. Subsequently, we
discuss the computation of the required constants for computing lmax inside a local convergence
neighborhood. To this end, we first define

c1 ≐ max(1, ∥E⊤∥/ρ), D1 ≐

⎡⎢⎢⎢⎢⎢⎣ Mavg

(EE⊤)−1Eρ

⎤⎥⎥⎥⎥⎥⎦ [︂I I
]︂
, d1 ≐ ∥D1∥ , and c2 ≐ d1+d1d2+d2, (4.14)

where Mavg = I − E⊤(EE⊤)−1E is the ADMM averaging matrix and d2 > 0.

Lemma 4.6 (ADMM convergence with fixed iterations [Stomberg et al. 2025a]). Suppose As-
sumption 3.1 holds and let p⋆ denote a KKT point of NLP (3.1) which satisfies the regularity
Assumption 3.2. Form QP (3.2) at a primal-dual point pk = (zk, νk, µk, λk) using the exact Hessian
Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Initialize Algorithm (4.1) with zk,0

i = zk
i and γk,0

i = E⊤i λ
k for all

i ∈ S and lmax. Then, there exist an ADMM contraction factor 0 < aw < 1 and constants d2, ε > 0
such that the following holds for all 0 < a < 1.

If pk ∈ B̄(p⋆, ε) and if

lmax ≥ 1 +max
(︄
0,

⌈︄
logaw

(︄
a

c1c2

)︄⌉︄)︄
(4.15)
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with constants c1 and c2 defined in (4.14), then the iterates pk,lmax = (zk,lmax , νk,lmax , µk,lmax , λk,lmax)
returned by Algorithm 4.1 satisfy ⃦⃦⃦

pk,lmax − pk,⋆
⃦⃦⃦
≤ a

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
.

Furthermore, the active set stays constant, i.e., for all i ∈ S[︂
hk

i + ∇hk⊤
i (yk,l

i − zk
i )
]︂
Ai(z⋆i )

= 0 for all l ∈ N,[︂
µk,l

i

]︂
Ii(z⋆i )

= 0 for all l ∈ N. □

Proof. The proof is similar to the proof of Lemma 3.3 and proceeds in five steps. First, a), we
recall that pk,⋆ is regular if pk ≈ p⋆. Then, b), we recall that QP (3.2) is strictly convex over the
constraints and thus ADMM converges q-linearly in the vector w ≐ (z, γ/ρ). Then, c), we recall
that the active set stays constant and bound the error of the subsystem QP Step 3. Then, d), we
bound the error of the ADMM averaging Step 4. Finally, e), we derive the iteration bound (4.15).

a) Let 0 < ε ≤ ε1, where ε1 > 0 is the exact SQP convergence radius from Theorem A.6.
As discussed in part a) of the proof of Theorem A.6 in the appendix, we can apply the BST
Theorem A.3 to QP (3.2) and obtain that pk,⋆ is a regular KKT point of QP (3.2) if pk ∈ B̄(p⋆, ε)
for some ε > 0. That is, if pk ∈ B̄(p⋆, ε), then pk,⋆ satisfies strict complementarity, LICQ, and the
stronger SOSC condition

y⊤Hky > 0 for all y ≠ 0 with ∇gk⊤y = 0. (4.16)

b) Thus, Lemma A.1 implies that the QP cost functions f QP,k
i are strictly convex over Zk

i for all
i ∈ S. By Lemma A.8, ADMM therefore converges q-linearly in w and, for all pk ∈ B̄(p⋆, ε) and
for some aw < 1, ⃦⃦⃦

wk,l+1 − wk,⋆
⃦⃦⃦
≤ aw

⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
for all l ∈ N0. (4.17)

c) As discussed in part b) of the proof of Lemma 3.3, we can view the subsystem QPs solved
in Step 3 of Algorithm 4.1 as parametric QPs with parameter ρwk,l = (ρzk,l, γk,l). By the regularity
of pk,⋆ from a), we can thus apply the BST Theorem A.3 to the centralized subsystem QP (3.11).
As a result, there exists a constant ε8 > 0 such that the map from wk,l − wk,⋆ to the subsystem
QP solution (yk,l+1, νk,l+1, µk,l+1) is continuously differentiable and the active set is constant for all
wk,l ∈ B̄(wk,⋆, ε8). That is, if wk,l ∈ B̄(wk,⋆, ε8), then[︂

hk
i + ∇hk⊤

i

(︂
yk,l+1

i − zk
i

)︂]︂
Ai(z⋆i )

= 0 for all i ∈ S,[︂
µl+1

i

]︂
Ii(z⋆i )

= 0 for all i ∈ S.

Since local continuous differentiability implies local Lipschitz continuity, there exists a constant
d2 < ∞ such that, for all wk,l ∈ B̄(wk,⋆, ε8) and for all pk ∈ B̄(p⋆, ε),⃦⃦⃦⃦⃦

⃦⃦⃦⃦⃦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
yk,l+1

νk,l+1

µk,l+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ −
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
yk,⋆

νk,⋆

µk,⋆

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦ ≤ d2

⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
. (4.18)
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Finally, the q-linear ADMM convergence (4.17) implies that there exists a constant ε ∈ (0, ε1) such
that wk,l ∈ B̄(wk,⋆, ε7) for all l ∈ N0, if pk ∈ B̄(p⋆, ε).

d) We define

∆yk,l ≐ yk,l − yk,⋆, ∆zk,l ≐ zk,l − zk,⋆, ∆νk,l ≐ νk,l − νk,⋆, ∆µk,l ≐ µk,l − µk,⋆

∆λk,l ≐ λk,l − λk,⋆, and ∆γk,l ≐ γk,l − γk,⋆.

The KKT conditions of the averaging Step 4 in Algorithm 4.1 yield, for all l ∈ N0,

zk,l+1 = Mavg

(︂
yk,l+1 + γk,l/ρ

)︂
+ E⊤

(︁
EE⊤

)︁−1 b,

λk,l+1 =
(︁
EE⊤

)︁−1 Eρ
(︂
yk,l+1 + γk,l/ρ

)︂
−

(︁
EE⊤

)︁−1
ρb.

Likewise,

zk,⋆ = Mavg

(︂
yk,⋆ + γk,⋆/ρ

)︂
+ E⊤

(︁
EE⊤

)︁−1 b,

λk,⋆ =
(︁
EE⊤

)︁−1 Eρ
(︂
yk,⋆ + γk,⋆/ρ

)︂
−

(︁
EE⊤

)︁−1
ρb.

and hence ⎡⎢⎢⎢⎢⎢⎣∆zk,l+1

∆λk,l+1

⎤⎥⎥⎥⎥⎥⎦ = ⎡⎢⎢⎢⎢⎢⎣ Mavg(︁
EE⊤

)︁−1 Eρ

⎤⎥⎥⎥⎥⎥⎦ [︂I I
]︂

⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
D1

⎡⎢⎢⎢⎢⎢⎣∆yk,l+1

∆γk,l/ρ

⎤⎥⎥⎥⎥⎥⎦ . (4.19)

Since d1 = ∥D1∥, we obtain⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣∆zk,l+1

∆λk,l+1

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ ≤ d1

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣∆yk,l+1

∆γk,l/ρ

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ for all l ∈ N0. (4.20)

e) Combining the error bounds (4.18) and (4.20) yields, for all pk ∈ B̄(p⋆, ε) and for all l ∈ N0,

⃦⃦⃦
pk,l+1 − pk,⋆

⃦⃦⃦
=

⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦⃦⃦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∆zk,l+1

∆νk,l+1

∆µk,l+1

∆λk,l+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦⃦⃦ ≤

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣∆νk,l+1

∆µk,l+1

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦ +

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣∆zk,l+1

∆λk,l+1

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦

≤ d2

⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
+ d1

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣∆yk,l+1

∆γk,l/ρ

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦

≤ d2

⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
+ d1

⃦⃦⃦
∆yk,l+1

⃦⃦⃦
+ d1

⃦⃦⃦
∆γk,l/ρ

⃦⃦⃦
≤ (d1 + d1d2 + d2)⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

c2

⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
. (4.21)

From Lemma 2.1 and the initialization γ0 = E⊤λ0, we have γk,l = E⊤λk,l for all k, l ∈ N0. Thus, for
all l ∈ N0,

wk,l − wk,⋆ =

⎡⎢⎢⎢⎢⎢⎣I 0 0 0
0 0 0 E⊤/ρ

⎤⎥⎥⎥⎥⎥⎦ (︂pk,l − pk,⋆
)︂
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and hence ⃦⃦⃦
wk,l − wk,⋆

⃦⃦⃦
≤

⃦⃦⃦⃦⃦
⃦⃦
⎡⎢⎢⎢⎢⎢⎣I 0 0 0
0 0 0 E⊤/ρ

⎤⎥⎥⎥⎥⎥⎦
⃦⃦⃦⃦⃦
⃦⃦⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

c1

⃦⃦⃦
pk,l − pk,⋆

⃦⃦⃦
. (4.22)

The q-linear ADMM convergence (4.17) together with the Lipschitz bounds (4.21) and (4.22)
yields, for all pk ∈ B(p⋆, ε),⃦⃦⃦

pk+1 − pk,⋆
⃦⃦⃦
=

⃦⃦⃦
pk,lmax − pk,⋆

⃦⃦⃦
≤ c2

⃦⃦⃦
wk,lmax−1 − wk,⋆

⃦⃦⃦
≤ c2(aw)lmax−1

⃦⃦⃦
wk,0 − wk,⋆

⃦⃦⃦
≤ c1c2(aw)lmax−1

⃦⃦⃦
pk,0 − pk,⋆

⃦⃦⃦
= c1c2(aw)lmax−1⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

!
a

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
.

Rearranging a = c1c2(aw)lmax−1 yields

lmax = 1 + logaw

(︄
a

c1c2

)︄
and we obtain the iteration bound (4.15), because ADMM is only well-defined if lmax ≥ 1. ■

The iteration bound (4.15) depends on the ADMM contraction factor aw in (4.17), the constant
d2 in the subsystem QP error (4.18) for computing c2, and on the parameter a ∈ (0, 1). Observe
that the penalty parameter ρ enters (4.15) through c1 and also via c2 and aw, as we will show below.
The design parameter a can be tuned: Choosing a small results in a larger lmax, but also increases
the sampling interval δ̄ for which stability is guaranteed via Lemma 4.4. With respect to aw and d2,
there does not, to the best of our knowledge, yet exist a way to compute these constants explicitly
for a given QP and for any wk,l ∈ R2n. However, we can quantify aw and d2 for wk,l ≈ wk,⋆ in the
area of constant active set.

To this end, we denote the centralized active and inactive sets as

A ≐
{︂
j ∈ {1, . . . , nh}

⃓⃓⃓ [︁
h(z⋆)

]︁
j = 0

}︂
and I ≐

{︂
j ∈ {1, . . . , nh}

⃓⃓⃓ [︁
h(z⋆)

]︁
j < 0

}︂
.

Furthermore, we introduce the shorthands

hk
A ≐

[︂
h(zk)

]︂
A
, ∇hk⊤

A ≐
[︂
∇h(zk)⊤

]︂
A
, µA ≐

[︁
µ
]︁
A , and µI ≐

[︁
µ
]︁
I .

If pk ∈ B̄(p⋆, ε) with ε from Lemma 4.6, then, for all l ∈ N0, the centralized KKT matrix of the
subsystem QPs in Step 3 of ADMM is regular and reads

Kk ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Hk + ρI ∇gk ∇hk

A

∇gk⊤ 0 0
∇hk⊤
A

0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
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We further define the matrix

Dk ≐ ρ
(︂
Kk

)︂−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
I −I
0 0
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (4.23)

Lemma 4.7 (Lipschitz constant of the subsystem QP [Stomberg et al. 2025a]). Suppose Assump-
tion 3.1 holds and let p⋆ denote a KKT point of NLP (3.1) which satisfies the regularity As-
sumption 3.2. Form QP (3.2) at a primal-dual point pk = (zk, νk, µk, λk) using the exact Hessian
Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Initialize Algorithm (4.1) with zk,0

i = zk
i and γk,0

i = E⊤i λ
k for all

i ∈ S and lmax. Let pk ∈ B̄(p⋆, ε) with ε from Lemma 4.6.
Then, the Lipschitz constant d2 in (4.18) is given by

d2 = max
pk∈B̄(p⋆,ε)

⃦⃦⃦
Dk

⃦⃦⃦
. (4.24)

□

Proof. Recall from the proof of Lemma 4.6 that the active sets of NLP (3.1), QP (3.2), and the
centralized subsystem QP (3.11) to be solved in Step 3 of Algorithm 4.1 are equivalent, if pk ∈

B̄(p⋆, ε). Moreover, strict complementarity, LICQ, and the stronger SOSC condition (4.16) hold
at (yk,l+1, µk,l+1) for all l ∈ N0. The KKT system of the centralized subsystem QP reads⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Hk + ρI ∇gk ∇hk
A

∇gk⊤ 0 0
∇hk⊤
A

0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
= Kk

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
yk,l+1

νk,l+1

µk,l+1
A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−∇ f k − γk,l + ρzk,l

−gk + ∇gk⊤zk,0

−hk
A
+ ∇hk⊤

A
zk,0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

Furthermore, µk,l+1
I
= 0. The KKT matrix Kk is regular for all pk ∈ B̄(p⋆, ε) because of LICQ

and the stronger SOSC condition (4.16), cf. [Nocedal and Wright 2006, Lemma 16.1]. The above
KKT system yields⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yk,l+1

νk,l+1

µk,l+1
A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
(︂
Kk

)︂−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−∇ f k − γk,l + ρzk,l

−gk + ∇gk⊤zk,0

−hk
A
+ ∇hk⊤

A
zk,0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ and

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
yk,⋆

νk,⋆

µk,⋆
A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
(︂
Kk

)︂−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−∇ f k − γk,⋆ + ρzk,⋆

−gk + ∇gk⊤zk,0

−hk
A
+ ∇hk⊤

A
zk,0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
Thus, ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆yk,l+1

∆νk,l+1

∆µk,l+1
A

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = ρ
(︂
Kk

)︂−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
I −I
0 0
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦∆wk,l+1. (4.25)

Because µk,l+1
I
= µk,⋆

I
= 0, we obtain (4.18) with d2 = maxpk∈B̄(p⋆,ε)

⃦⃦⃦
Dk

⃦⃦⃦
. ■

Equipped with (4.24) for computing the constant d2, the last constant required for evaluating
the ADMM iteration bound (4.15) is the contraction factor aw. To compute aw, we next show that,
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inside B̄(p⋆, ε), ADMM is an asymptotically stable LTI system. To this end, we first partition the
top block rows of Dk defined in (4.23) as[︂

I 0 0
]︂

Dk ≐
[︂
T k −T k

]︂
, (4.26)

which yields the block matrix T k ∈ Rn×n. The ADMM system matrix reads

Ak ≐

⎡⎢⎢⎢⎢⎢⎣ MavgT k Mavg(I − T k)
(I − Mavg)T k (I − Mavg)(I − T k))

⎤⎥⎥⎥⎥⎥⎦ . (4.27)

Lemma 4.8 (ADMM contraction factor [Stomberg et al. 2025a]). Suppose Assumption 3.1 holds
and let p⋆ denote a KKT point of NLP (3.1) which satisfies the regularity Assumption 3.2. Form
QP (3.2) at a primal-dual point pk = (zk, νk, µk, λk) using the exact Hessian Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i )

for all i ∈ S. Initialize Algorithm (4.1) with zk,0
i = zk

i and γk,0
i = E⊤i λ

k for all i ∈ S and lmax. Let
pk ∈ B̄(p⋆, ε) with ε from Lemma 4.6.

Then, the ADMM iterations read

wk,l+1 − wk,⋆ = Ak
(︂
wk,l − wk,⋆

)︂
. (4.28)

Furthermore, the ADMM contraction factor aw < 1 in (4.17) is given by

aw = max
pk∈B̄(p⋆,ε)

⃦⃦⃦
Ak

⃦⃦⃦
. (4.29)

□

Proof. Lemma 4.6 implies that the active set of the centralized subsystem QP stays constant for all
l ∈ N0 if pk ∈ B̄(p⋆, ε). Thus, the subsystem QP error is given by (4.25). Rewriting the top block
rows of (4.25) yields

∆yk,l+1 =
[︂
T k −T k

]︂
∆wk,l. (4.30)

From Lemma 4.6, recall the error of the ADMM averaging step (4.19),

∆zk,l+1 = Mavg

(︂
∆yk,l+1 + ∆γk,l/ρ

)︂
. (4.31)

By inserting (4.30) into (4.31), we obtain

∆zk,l+1 =
[︂
MavgT k Mavg(I − T k)

]︂
∆wk,l. (4.32)

From the dual update in Step 5 of ADMM, we obtain

∆γk,l+1

ρ
=
∆γk,l

ρ
+

(︂
∆yk,l+1 − ∆zk,l+1

)︂
and hence

∆γk,l+1

ρ
=

[︂
(I − Mavg)T k (I − Mavg)(I − T k)

]︂
∆wk,l. (4.33)
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By combining (4.32) and (4.33) with the definition w = (z, γ/ρ), we can write ADMM as the LTI
system (4.28),

∆wk,l+1 =

⎡⎢⎢⎢⎢⎢⎣ MavgT k Mavg(I − T k)
(I − Mavg)T k (I − Mavg)(I − T k))

⎤⎥⎥⎥⎥⎥⎦⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
Ak

∆wk,l. (4.34)

Hence, ⃦⃦⃦
∆wk,l+1

⃦⃦⃦
≤

⃦⃦⃦
Ak

⃦⃦⃦ ⃦⃦⃦
∆wk,l

⃦⃦⃦
.

The q-linear ADMM convergence (4.17) yields, for all pk ∈ B̄(p⋆, ε),

⃦⃦⃦
Ak

⃦⃦⃦
= max
∆wk,l≠0

⃦⃦⃦
Ak∆wk,l

⃦⃦⃦⃦⃦⃦
∆wk,l

⃦⃦⃦ = max
∆wk,l≠0

⃦⃦⃦
∆wk,l+1

⃦⃦⃦⃦⃦⃦
∆wk,l

⃦⃦⃦ < 1

and so we obtain the worst-case contraction factor aw inside B̄(p⋆, ε) via (4.29). ■

Combining Lemmas 4.6–4.8 shows how many inner ADMM iterations lmax suffice to guarantee
local convergence of the inexact SQP steps via Lemma 4.5.

4.3.3 Local Convergence of dSQP with Fixed Iterations

We next combine the outer convergence (Lemma 4.5) and inner convergence (Lemma 4.6) to derive
the q-linear convergence of Algorithm 4.2, as required by the centralized RTI stability Lemma 4.4.

Theorem 4.1 (dSQP convergence with fixed ADMM iterations [Stomberg et al. 2025a]). Suppose
Assumption 3.1 holds and let p⋆ denote a KKT point of NLP (3.1) which satisfies the regularity
Assumption 3.2. Form QP (3.2) at a primal-dual point pk = (zk, νk, µk, λk) using the exact Hessian
Hk

i = ∇
2
zizi

Li(zk
i , ν

k
i , µ

k
i ) for all i ∈ S. Let 0 < a < āp < 1. Then, there exists a constant ε > 0 such

that the following holds.
Compute the constants d2 and aw via (4.24) and (4.29). If p0 ∈ B̄(p⋆, ε) and if the number

lmax of ADMM iterations per SQP iteration satisfies (4.15), then the sequence {pk} generated by
Algorithm 4.2 converges to p⋆ and⃦⃦⃦

pk+1 − p⋆
⃦⃦⃦
≤ āp

⃦⃦⃦
pk − p⋆

⃦⃦⃦
for all k ∈ N0. □

Proof. The outer convergence (Lemma 4.5) implies that there exists a constant ε7 > 0 such that
the following holds. If p0 ∈ B̄(p⋆, ε7) and if⃦⃦⃦

pk+1 − pk,⋆
⃦⃦⃦
≤ a

⃦⃦⃦
pk − pk,⋆

⃦⃦⃦
for all k ∈ N0,

then the sequence {pk} converges q-linearly to p⋆ with contraction factor āp. By the inner conver-
gence (Lemma 4.6), there exists a constant ε > 0 such that the iterates produced by ADMM meet
this requirement for all pk ∈ B̄(p⋆, ε). By choosing ε ∈ (0, ε7), we thus obtain q-linear convergence
of {pk} to p⋆. This finishes the proof. ■
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Algorithm 4.3 Decentralized Real-Time Iterations [Stomberg et al. 2025a]

1: Initialization: dSQP warm start p0
i (0) for all i ∈ S, kmax, lmax

2: for NMPC step t = 0, 1, 2, . . . do
3: measure the current system state xi(t) for all i ∈ S
4: update the OCP initial condition in (3.1b) with xi(t) for all i ∈ S
5: warm start dSQP by setting p0

i (t) = pkmax
i (t − 1) for all i ∈ S

6: for SQP iteration k = 0, . . . , kmax − 1 do
7: evaluate ∇ f k

i , gk
i , ∇gk

i , hk
i , ∇hk

i , and Hk
i for all i ∈ S

8: initialize ADMM by setting zk,0
i = zk

i and γk,0
i = γ

k
i for all i ∈ S

9: for ADMM iteration l = 0, . . . , lmax − 1 do
10: solve subsystem QP

(︂
yk,l+1

i , νk,l+1
i , µk,l+1

i

)︂
← min

yi∈Z
k
i

Lk
ρ,i

(︂
yi, zk,l

i , γ
k,l
i

)︂
for all i ∈ S

11: solve zk,l+1 = argmin
z∈E

Lk
ρ

(︂
yk,l+1, z, γl,k

)︂
via decentralized averaging procedure

12: update γk,l+1
i = γk,l

i + ρ
(︂
yk,l+1

i − zk,l+1
i

)︂
13: end for
14: set pk+1

i = pk,lmax
i for all i ∈ S

15: end for
16: select the control input ui(t) = ukmax

i [0] from pkmax
i (t) for all i ∈ S

17: apply the control input ui(t) for all i ∈ S
18: end for

Similar to the convergence analysis in Chapter 3, the proof of Theorem 4.1 is divided into the
convergence on the outer and inner levels. However, in contrast to Chapter 3, Theorem 4.1 does
not rely on inexact Newton-type arguments, but instead ensures sufficient accuracy of ADMM via
condition (4.12) on the QP error pk+1 − pk,⋆.

4.4 Closed-Loop Stability with Decentralized Real-Time

Iterations

This section presents the dRTI scheme and combines the q-linear convergence of dSQP with the
centralized RTI stability Lemma 4.4 to guarantee stability of dRTI.

Consider the setpoint stabilization for the network S of coupled dynamical subsystems with
dynamics (4.5b). Algorithm 4.3 summarizes the dRTI scheme, where the dSQP Algorithm 4.2 is
used to obtain approximate solutions to OCP (4.5) online. For the sake of readability, we suppress
the dependence of the SQP and ADMM iterates on the current time t in Steps 6–15 of Algo-
rithm 4.3. Moreover, we collect the primal-dual variables stored on subsystem i ∈ S in the vector
pi ≐ (zi, νi, µi, γi).

In each control step, the system state x(t) is measured. Then, the optimizer is warm-started with
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4 Decentralized Real-Time Iterations

the solution obtained in the previous NMPC step, i.e. p0(t) ≐ pkmax(t − 1), and dSQP applies kmax

SQP iterations and lmax ADMM iterations per SQP iteration. We define the distributed NMPC
control law κd : Rnx × Rnp → Rnu as the map from the current centralized state x(t) and optimizer
initialization p0(t) to the first part ukmax[0] of the predicted input trajectory obtained with dSQP. Un-
der the feedback law κd, the centralized system (4.2) and dSQP together form the system-optimizer
dynamics (4.6). Here, Φ maps the current system state x(t) and dSQP iterate pkmax(t) to the dSQP
solution at the next time step. We are now ready to state the main result of this chapter.

Theorem 4.2 (dRTI stability [Stomberg et al. 2025a]). Suppose that Assumptions 4.1 and 4.4 hold
and that p̄(0) = 0. Further assume that, for all x ∈ XV̄ , Assumption 3.1 holds and that p̄(x)
satisfies the regularity Assumption 3.2. Consider a constant a ∈ (0, 1) for Theorem 4.1. For all
x ∈ XV̄ , denote the dSQP convergence radius and contraction factor from Theorem 4.1 with ε(x)
and āp(x), compute the constants d2(x) and aw(x) according to Lemmas 4.7 and 4.8, and assume
the number of ADMM iterations lmax satisfies (4.15). Set r̂p = minx∈XV̄

ε(x) and ap = maxx∈XV̄
āp(x),

and compute r̃p and δ̄ via (4.10)–(4.11). Then, the following holds.
If the control sampling interval satisfies δ ≤ δ̄, then the origin is a locally exponentially stable

equilibrium with region of attraction

Σ ≐
{︂(︂

x, pkmax
)︂
∈ Rnx+np

⃓⃓⃓
x ∈ XV̄ ,

⃦⃦⃦
pkmax − p̄(x)

⃦⃦⃦
≤ r̃p

}︂
for the closed-loop system-optimizer dynamics (4.6). □

Proof. Consider the reformulation of OCP (4.5) as a partially separable NLP (3.1). According
to the dSQP convergence (Theorem 4.1), Algorithm 4.3 converges q-linearly to the primal-dual
solution p̄(x(t)) for any initialization p0 ∈ B̄( p̄(t), r̃p) and for all x ∈ XV̄ . Thus, dSQP satisfies
the q-linear convergence Assumption 4.3. The KKT points are regular (Assumption 3.2), the
functions in NLP (3.1) are twice continuously differentiable, and the Jacobian ∇gk is continuously
differentiable with respect to the initial condition x(t). Thus, the Lipschitz continuity of the map p̄
(Assumption 4.2) follows from the BST Theorem A.3. Therefore, the exponential stability of the
origin for the closed-loop system-optimizer dynamics follows from Lemma 4.4. ■

Remark 4.3 (Estimated region of attraction). If the initial state x(0) and the iterate pkmax(0) re-
turned by dSQP in the first NMPC step lie inside Σ, then the system-optimizer dynamics converge
to the origin. Recall that XV̄ is the set over which Assumptions 3.1, 3.2, 4.1, and 4.4 hold. The
optimizer attraction radius r̃p can be computed via (4.10). □

Remark 4.4 (Continuity of V and Lipschitz continuity of
√

V). Assumption 4.1 requires the value
function V to be continuous for all XV̄ and

√
V to be Lipschitz continuous at the origin. Both

conditions hold, if V is Lipschitz continuous over XV̄ and twice continuously differentiable at the
origin [Zanelli et al. 2021]. This is indeed the case under the regularity Assumption 3.2, because
the functions in NLP (3.1) are twice continuously differentiable in (z, x(t)) [Fiacco 1983, Theorem
3.4.1]. □
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4.5 Numerical Example: Coupled Inverted Pendulums

Figure 4.1: Chain of coupled inverted pendulums on carts. Figure adapted from [Stomberg et al.
2025a].

Remark 4.5 (Stability close to global optima). The centralized RTI stability Lemma 4.4 requires
optimizer convergence to a global minimum of OCP (4.4). Consequently, this assumption carries
over to the dRTI stability Theorem 4.2. In general, OCP (4.5) is non-convex for nonlinear system
dynamics and thus dSQP can only be expected to converge to local minima. However, we observe
stability in simulations and experiments despite the convergence to local minima. Centralized and
decentralized RTI stability guarantees which only require convergence to local minima appear to
be so far not known and remain a topic for future work, both for OCPs with and without terminal
constraints. For the former, the infeasibility of RTIs challenges standard arguments whereas the
latter typically invokes the OCP value function and thus, by definition, only applies to global
minima, cf. [Rawlings et al. 2019, Chapter 2]. □

Remark 4.6 (Application to linear-quadratic DMPC). In the special case where NLP (4.5) is a
partially separable convex QP, dSQP reduces to ADMM. Due to the q-linear convergence (4.17)
of ADMM for convex QPs, Theorem 4.2 then guarantees stability for any ADMM iteration number
lmax per NMPC step, if the sampling interval δ ≤ δ̄. This follows by replacing the primal-dual
variables p by the vector w = (z, γ/ρ) in the system-optimizer dynamics (4.6), cf. [Zanelli 2021].

□

4.5 Numerical Example: Coupled Inverted Pendulums

To illustrate the stabilizing behavior of dRTI, we consider a chain of coupled inverted pendulums
as shown in Figure 4.1. Each pendulum is attached to a cart and neighboring carts are coupled via
springs. The control task is to swing up the pendulums and stabilize the upright equilibrium.

System Model

For each pendulum i ∈ S, qi is the cart position, φi denotes the angular deviation from the upright
position, and xi ≐ (qi, q̇i, φi, φ̇i) ∈ R4 is the state. The carts are actuated and the control input
of subsystem i is the force ui = Fi ∈ [−100 N, 100 N] applied to the cart. Let Mc = 2 kg and
m = 0.25 kg be the masses of each cart and pendulum, respectively, denote the pendulum length
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4 Decentralized Real-Time Iterations

by l = 0.2 m and the spring stiffness by k = 0.1 N/m. For all i ∈ S, the equations of motion read

q̈i =
ui +

3mg
4 sin(φi) cos(φi) − ml

2 φ̇
2
i sin(φi) + F left

i + Fright
i

Mc + m − 3m
4 (cos(φi))2

,

φ̈i =
3g
2l

sin(φi) +
3
2l

cos(φi)q̈i,

where g = 9.81 m/s2 is the gravity of earth. If applicable, the coupling forces to the left and right
neighbors in the chain are given by F left

i = k(qi−1 − qi) and Fright
i = k(qi+1 − qi), respectively. The

above equations of motion yield the continuous-time dynamics

ẋi(t) = f c
i (xi(t), ui(t), xN in

i
), xi(0) = xi,0 for all i ∈ S,

where f c
i : R4 × R × Rnin

i → R4 and xNi are the coupled states from neighboring carts. That is,
xNi ≐ qi+1 if i = 1, xNi ≐ qi−1 if i = S , and xNi ≐ (qi−1, qi+1) otherwise. To obtain the discrete-
time dynamics f h

i : R4 × R × Rnin
i → R4, we discretize the above continuous-time dynamics

via the explicit fourth-order Runge-Kutta method (RK4) with shooting interval h = 40 ms. For
this discretization, we keep the control ui and the coupled states xN in

i
constant over the shooting

interval when evaluating f c
i . Assuming coupled states to be constant over the shooting interval is

a simplification, which preserves the coupling structure. That is, for all i ∈ S, f h
i only depends on

the immediate neighbors in the chain. However, this simplification worsens the accuracy because
the integration order with respect to coupled states reduces to one. If desired, a more accurate
discretization can be obtained via distributed multiple shooting [Savorgnan et al. 2011]. Therein,
state trajectories are expressed as linear combinations of basis functions and a sparse coupling
between subsystems is obtained by matching the basis function coefficients between neighbors.

Optimal Control Problem Design

We design a stabilizing OCP (4.5) such that the value function satisfies inequalities (4.7) from
Assumption 4.1 for the control sampling interval δ = 40 ms. In order to reduce the computational
burden, we opt for an OCP design without terminal constraints as proposed by [Limon et al. 2006].
The only inequalities present in the resulting OCP are input box constraints. Hence, the omission
of terminal constraints here avoids state constraints altogether, which usually makes an OCP easier
to solve [Rawlings et al. 2019, p. 144]. However, if desired, terminal constraints could be added
to the OCP.

For all i ∈ S, we choose separable quadratic costs

ℓi(xi, ui) =
1
2

x⊤i Qixi +
1
2

u⊤i Riui and Vf,i =
β2

2
x⊤i Pixi,

with Ri = 0.001 and with Qi = diag
(︂
1, 10−4, 10, 10−4

)︂
from [Mills et al. 2009]. The components

β2 ≥ 1 and Pi ∈ R
4×4 are determined as follows.

First, the coupling between carts is neglected, the dynamics are discretized via RK4 with the
sampling interval δ = 40 ms, and the discretized dynamics are linearized at the origin. Thus we
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obtain, for all i ∈ S, a linearized model (Ai, Bi) with matrices Ai ∈ R
4×4 and Bi ∈ R

4×1. This allows
to solve the discrete-time algebraic Riccati equation

Pi = A⊤i PiAi − (A⊤i PiBi)(Ri + B⊤i PiBi)−1(B⊤i PiAi) + Qi (4.35)

for each pendulum individually to obtain Pi and a terminal control law

ui = Kixi with Ki = −(B⊤i PiBi + Ri)−1(B⊤i PiAi).

Then, we discretize the centralized continuous-time dynamics f c : R4S × RS → R4S via RK4 with
the control sampling interval δ = 40 ms to obtain discretized dynamics f̃ δ : R4S × RS → R4S . The
notation f̃ δ highlights that neighboring states are not assumed to be constant in the discretization
process, unlike the discretization f h

i . Then, we linearize f̃ δ at the origin to obtain the centralized
LTI model (A, B) with dense matrices A ∈ R4S×4S and B ∈ R4S×S . Here, the terminal controller
K ≐ diag(K1, . . . ,KS ) found via the above Riccati equation for the decoupled models (Ai, Bi) also
stabilizes the coupled centralized system, i.e., the matrix Ak ≐ A + BK is Schur stable. Note that
this design approach is not guaranteed to stabilize any coupled linearized system, but is successful
for the pendulum example considered here.

Let Q ≐ diag(Q1, . . . ,QS ), R ≐ diag(R1, . . . ,RS ), and P ≐ diag(P1, . . . , PS ) denote the central-
ized weight matrices. The centralized cost functions read

ℓ(x, u) =
1
2

x⊤Qx +
1
2

u⊤Ru and Vf =
β2

2
x⊤Px.

If the centralized terminal penalty Vf locally meets the sufficient decrease condition

Vf

(︂
f̃ δ(x,Kx)

)︂
− Vf(x) ≤ −ℓ(x,Kx), (4.36)

then the OCP value function V satisfies inequalities (4.7) for all β ≥ 1 in a neighborhood around the
origin [Rawlings et al. 2019, p. 145]. Since AK is Schur stable, we can choose β2 such that (4.36)
holds in a neighborhood around the origin by slight modifications to the design procedure described
in [Rawlings et al. 2019, Section 2.5.5]. To this end, consider the Lyapunov equation

A⊤Kβ2PAK + µQ̃ = β2P, (4.37)

where the paramter µ > 1 is in the notation of [Rawlings et al. 2019, Section 2.5.5]. We can solve
the Lyapunov equation to obtain Q̃ = −β2

(︂
A⊤KPAK − P

)︂
/µ. Then, we increase β2 until the matrix

∆Q ≐ Q̃ − QK is positive definite, where QK ≐ Q + K⊤RK. We choose µ = 1.01 and obtain
β2 = 1.1. To see why this ensures that the sufficient decrease condition holds in a neighborhood of
the origin, we rewrite (4.36) as

Vf

(︂
f̃ δ(x,Kx)

)︂
− Vf(x) ≤ −

1
2

x⊤Qkx. (4.38)

Because Q̃ = QK + ∆Q with positive definite ∆Q, inequality (4.38) holds, if

Vf

(︂
f̃ δ(x,Kx)

)︂
− Vf(x) ≤ −

1
2

x⊤Q̃x. (4.39)
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The Lyapunov equation (4.37) yields

Vf(x) = Vf(AK x) +
µ

2
x⊤Q̃x

and inserting the above equation into (4.39) gives

Vf

(︂
f̃ δ(x,Kx)

)︂
− Vf(AK x) ≤

µ − 1
2

x⊤Q̃x. (4.40)

That is, the sufficient decrease condition (4.36) holds if (4.40) is met. This is indeed the case in
a neighborhood around the origin, because the discretized pendulum dynamics are twice continu-
ously differentiable [Rawlings et al. 2019, Section 2.5.5].

To summarize, the OCP is designed by tuning Q and R, computing P via individual Riccati
equations for the decoupled pendulum dynamics, and scaling the factor β2 until Vf meets the suffi-
cient decrease condition. A similar approach of computing terminal costs via decoupled dynamics
is suggested in [Stewart et al. 2011, Remark 4]. While this procedure is not guaranteed to stabilize
any coupled system, the approach produces an appropriate terminal cost and terminal controller
for the considered pendulum example. Further decentralized control designs for linear systems are
discussed in the classic textbook [Siljak 1991].

Swing-Up Simulation

The dRTI scheme is tested in simulations for a chain of S = 20 pendulums. The prototypical
Matlab implementation uses CasADi to evaluate derivatives in the SQP scheme and is available
online.1 The subsystem QPs are solved in each ADMM iteration via OSQP with tolerances ϵabs =

ϵrel = ϵdual = ϵdual = 10−8, where the tolerances are defined in [Stellato et al. 2020]. The pendulums
are simulated by propagating the centralized system dynamics via RK4 with integration step size
equivalent to the sampling interval δ = 40 ms. That is, the simulation does not keep neighboring
states constant within the integration interval and thus is more accurate than the discretization
used in the OCP. We tune the ADMM penalty paramter by choosing ρ = 1 from the set ρ =
{0.1, 1, 10, 100} for fastest convergence to a local minimizer found by ipopt [Wächter and Biegler
2006].

We analyze three different test cases with varying initial conditions and solver settings as sum-
marized in Table 4.1, where GN refers to the Gauss-Newton Hessian approximation Hk ≐ ∇2

zz f k.
In each case, the pendulums initially rest in the lower equilibrium position xi(0) = (qi(0), 0, π, 0),
where the initial displacement qi(0) varies between test cases. The control task is to stabilize the
upright equilibrium xi = 0 for all i ∈ S. In all simulations, the sampling interval is δ = 40 ms, the
horizon length is T = 0.4 s, and the scaling parameter in the OCP cost function is set to β = 1.
OCP (4.5) is rewritten as a partially separable NLP like (3.1) as demonstrated in Example 2.1.
Here, we penalize all state copies with a quadratic penaly and weight 10−5 such that the regularity
Assumption 3.2 holds in a neighborhood around the origin.

1https://github.com/OptCon/real-time-dmpc
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Table 4.1: Test case specifications. All cases consider a sampling interval δ = 40 ms [Stomberg
et al. 2025a].

Case qi(0) h [ms] N H kmax lmax n ng nh nc

1 −1i 40 10 exact 1 6 1518 880 440 418
2 i 40 10 exact 3 6 1518 880 440 418
3 i 57 7 GN 2 3 1104 640 320 304

The further parameters in Table 4.1 are the shooting interval h in the OCP, the discrete-time
horizon N = T/h, the type of Hessian used to build QP (3.2), the number of outer and inner
iterations kmax, lmax, and the NLP dimensions.

For test cases one and two, we choose the exact Hessian ∇2
zzL if it is positive definite and the

GN Hessian approximation ∇2
zz f otherwise. For case three, we always select the GN Hessian

approximation. In the first NMPC step, dSQP is initialized with a local minimum found by ipopt.
Subsequently, we warm start dSQP with the solution produced in the previous NMPC step.

Table 4.2 summarizes the control performance and execution times. To measure performance,
we compare the averaged closed-loop cost

Jcl ≐
1

tn + 1

tn∑︂
t=0

∑︂
i∈S

ℓi(xi(t), ui(t)), (4.41)

where tn ≐ T f /δ and where T f = 10 s denotes the simulated time span. Moreover, we measure
the dSQP execution time on a desktop computer, where each simulation is completed ten times
to account for stochasticity in the time measurements. Specifically, we measure the overall dSQP
execution time for all subsystems combined, summarized in columns two and three of Table 4.2.
This measurement encompasses all steps in dSQP, including the creation and desctruction of inter-
mediate data structures that would be avoided in embedded implementations. Therefore, columns
four and five report time measurements for each subsystem individually, where only essential steps
in dSQP are included. The per-subsystem measurements only include code blocks for evaluating
derivatives via CasADi, solving the subsystem QPs via OSQP, evaluating the averaging Step 4 of
ADMM as an efficient matrix-vector product, and performing the dual update in Step 4 of ADMM.
Column six summarizes the percentage of per-subsystem execution times that were faster than the
sampling interval δ.

Figure 4.2 shows the closed-loop system-optimizer trajectories for the cart positions qi, pendu-
lum angles φi, control inputs ui, and primal-dual variables p. The swing up is successful for all
test cases and dSQP converges to a local minimum found by ipopt. The initial conditions for the
cart discplaments are more challenging in cases two and three than in case one. Therefore, case
two requires more outer iterations kmax than case one to achieve the swing up and stabilize the
upper equilibrium, which also increases the execution times. Case three improves the solve time
compared to case two by choosing the GN Hessian approximation and by increasing the shooting
interval h, a well-known technique in RTI schemes for reducing computation times [Diehl et al.
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Table 4.2: Computation times per NMPC step and closed-loop performance Jcl for a prototypical
Matlab implementation. The fast computation times demonstrate the real-time feasibil-
ity of decentralized real-time iterations [Stomberg et al. 2025a].
Case all subsystems combined per subsystem Jcl

median [ms] max. [ms] median [ms] max. [ms] ≤ δ

1 239.07 448.19 12.03 29.24 100 % 65.86
2 697.04 2394.02 35.10 210.38 93.54 % 156.05
3 227.06 746.51 10.76 60.25 99.90 % 180.66

2002a]. This reduces the NLP dimensions and requires less time to form QP (3.2), because the
GN Hessian approximation is evaluated offline. However, this worsens the control performance
and is not covered by the dRTI stability guarantees, because Theorem 4.2 only holds if h = δ and
if H = ∇2

zzL.
The solve times reported in Table 4.2 are mostly faster than the control sampling interval δ.

However, a decentralized implementation for execution on multiple machines would not necessar-
ily be real-time feasible, depending on the hardware setup and the communication latencies. For
instance, the experimental results reported in the next chapter indicate that an additional execution
time of 10 ms per subsystem can be expected for 6 ADMM iterations, if Ethernet communication
is used. Thus, test cases one and three in the pendulum simulations are conceivably real-time fea-
sible in practice, but the settings in test case two would require either a faster implementation or
more computation power.

Validity of Assumptions and dRTI Parameter Estimation

We next comment on the assumptions made in the stability Theorem 4.2 and the computation
of lmax via (4.15) and δ̄ via (4.11). As discussed above, the OCP value function V satisfies the
Lyapunov function requirements (4.7) in Assumption 4.1 because of the terminal penalty. The
simulations further show that the KKT points found by ipopt are regular (Assumption 3.2) close to
the setpoint. Consequently, the continuity conditions in Assumptions 4.1 and 4.2 hold, albeit for
a KKT point p⋆ at a local minimum. Finally, the pendulum dynamics satisfy Assumption 4.4 and
the functions in NLP (3.1) are three times continuously differentiable (Assumption 3.1).

We estimate the ADMM iteration number and control sampling interval guaranteeing stability
for δ = 40 ms via Theorem 4.2 as follows. First, we proceed similarly to [Zanelli et al. 2021]
and estimate the constants required for computing δ5 via simulations where we solve OCP (4.4)
with ipopt to evaluate the ideal NMPC feedback law κc. These simulations yield a1 = 0.5326,
a2 = 7.1530, a3 = 0.2113, Lc

f ,x = 86.2704, Lc
f ,u = 3.6685, Lp,x = 51.3647, LV,x = 1.7908, and

LV,p = 207.1090. From the QP approximation of OCP (4.5) at x = 0, we obtain the constants
c1 = 1.7321 and c2 = 251.5737 for computing lmax via (4.15). To estimate the ADMM contraction
factor, we formulate the ADMM system matrix Ak for the QP approximation at the setpoint. The
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Figure 4.2: Simulation results for the coupled inverted pendulums [Stomberg et al. 2025a]. The
y-axis labels on the left apply to all columns and the x-axis labels on the bottom apply
to all rows.

singular value ∥Ak∥ is close to 1. To slightly reduce conservatism, we instead estimate aw by
sampling the ADMM LTI dynamics for random w and obtain aw = 0.9989. Nonetheless, the
estimates (4.11) for δ5 and (4.15) for lmax yield that lmax = 24, 007 ADMM iterations suffice for
stability for δ5 = 40 ms. This estimate is conservative and we observe stability in simulations for
far fewer iterations.

4.6 Communication Requirements

The only step of dRTI that requires communication is the z-update of ADMM in Step 11 of Algo-
rithm 4.3. If the cooperative OCP is formulated as a partially separable NLP using trajectory copies
as discussed in Chapter 2, then this update can be performed as an averaging procedure which only
requires neighbor-to-neighbor communication. Specifically, one can choose between different re-
formulations for rewriting the OCP as a partially separable NLP such that dSQP can be applied.
The reformulation discussed in Example 2.1 assigns state copies wi j of xi to the out-neighbors of
subsystem i ∈ S, which results in an ADMM averaging procedure with two communication rounds
per iteration, cf. Example 2.2. This kind of reformulation is applied to the inverted pendulum ex-
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4 Decentralized Real-Time Iterations

ample considered in this chapter.
An alternative would be to additionally assign copies vi j of xi to subsystem i ∈ S, which leads

to an ADMM averaging procedure with only one communication round per iteration, cf. Sec-
tion 2.2.3. The stability guarantees of Theorem 4.2 apply to both reformulations as long as the
respective assumptions on NLP (3.1) hold. From a practical point of view, the different refor-
mulations result in different OCP dimensions with potentially different SQP convergence speeds.
Consequently, the number of sufficient ADMM iterations lmax will likely also differ between both
reformulations. It warrants further practical investigation which of the reformulations indeeed
results in faster convergence.

4.7 Comparison to the Literature

There exist further approaches which adapt RTI ideas to DMPC and we briefly comment on their
similarities and differences to dRTI as summarized in Figure 4.3. A distributed RTI scheme for
nonlinear DMPC is discussed in the context of wind farm control in [Gros 2014]. Therein, one
iteration of a second-order dual decomposition method is applied to the centralized OCP in each
control step. This requires each subsystem to solve one small-scale QP, which can be done in par-
allel for all subsystems. A centralized coordinator then applies one Newton step to the centralized
dual function and communicates the update for the coupling Lagrange multipliers to the subsys-
tems. Conceptually, the approach in [Gros 2014] and dRTI thus both apply one Newton step to
the OCP in each control step. Notably, the scheme of [Gros 2014] only requires two communi-
cation rounds per control step to perform an exact Newton step, whereas dRTI requires multiple
ADMM iterations on the inner level. However, this comes at the cost of a centralized coordinator
for performing the second-order dual update in [Gros 2014].

A further bi-level decentralized algorithm for real-time nonlinear DMPC is OTSA [Hours and
Jones 2016]. Similar to dRTI, OTSA completes a fixed number of optimizer iterations per NMPC
step and proves closed-loop optimizer convergence for sufficiently many inner iterations and suffi-

Distributed RTI [Gros 2014]

Coordinator

Only one iteration per time step

Centralized coordinator needed

Subsystems optimize in parallel

OTSA [Hours and Jones 2016]

Mutliple iterations per time step

Does not require a coordinator

Groups optimize sequentially

dRTI [Stomberg et al. 2024]

SB-DMPC [Pierer von Esch et al. 2025]

Does not require a coordinator

Mutliple iterations per time step

Subsystems optimize in parallel

Figure 4.3: Comparison of the dRTI framework to related approaches.

98



4.8 Summary

cient proximity between subsequent state measurements. OTSA assumes the objective and equality
constraints to be polynomial and assigns subsystems into groups which run sequentially. In con-
trast, dRTI covers three times continuously differentiable NLP components and allows subsystems
to execute expensive computations in parallel. Moreover, Theorem 4.2 proves the stability of sys-
tem and optimizer, whereas [Hours and Jones 2016, Theorem 5] assumes stability of the dynamical
system to infer optimizer convergence. We note, however, that we here use the more recent cen-
tralized RTI stability results from [Zanelli et al. 2021] and that stability of the system-optimizer
dynamics presumably may also be derived for OTSA thanks to its linear convergence.

In addition to the above algorithms for discrete-time control, a Sensitivity-Based DMPC (SB-
DMPC) algorithm for the cooperative control of nonlinear systems in continuous time is presented
in [Pierer von Esch et al. 2025b]. The theoretical stability analyses of SB-DMPC and dRTI were
developed concurrently, with the preprint to [Pierer von Esch et al. 2025b] appearing shortly after
the preprint to [Stomberg et al. 2025a]. Conceptual similarities between SB-DMPC and dRTI are
that both schemes are decentralized, require multiple iterations per control step, and allow subsys-
tems to optimize in parallel. Main differences refer to the types of problems solved on a subsystem
level and the number of communication rounds per time step. Per iteration, SB-DMPC requires
each subsystem to solve a nonlinear OCP and relies on one communication round. In contrast,
subsystems in dRTI only solve convex QPs, but, depending on the NLP formulation, one or two
communication rounds are performed in each ADMM iteration, cf. Section 4.6. From a theoretical
point of view, the stability analyses of SB-DMPC and dRTI follow similar arguments as both prove
linear convergence of the optimizer to infer closed-loop stability under stabilizing OCP designs.
An advantage of SB-DMPC is that it considers coupled dynamics in continuous time and thus
avoids difficulties related to sparse discretizations, cf. Remark 4.1. A drawback of the theoretical
guarantees of SB-DMPC is that they do not consider state constraints, but require compact input
constraints which are assumed to be decoupled and convex. Moreover, the dRTI guarantees pre-
sented in this section quantify the number of sufficient ADMM iterations whereas the guarantees
for SB-DMPC only show the qualitative existence of a sufficiently short prediction horizon and
sufficient iteration number which guarantee stability. However, the latter point likely carries little
practical relevance as the quantitative iteration bound for lmax in dRTI is conservative. Of greater
importance is the fact that both SB-DMPC and dRTI enjoy closed-loop stability guarantees for
nonlinear DMPC without centralized coordination.

4.8 Summary

This chapter has presented the dRTI framework for cooperative nonlinear DMPC based on an
adapted version of dSQP with a constant number of iterations [Stomberg et al. 2025a]. The result-
ing closed-loop system-optimizer dynamics are stable if sufficiently many ADMM iterations are
performed and if the control sampling interval is sufficiently small. To the best of our knowledge,
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4 Decentralized Real-Time Iterations

Theorem 4.2 thus is the first stability guarantee for system and optimizer in cooperative nonlinear
DMPC which proves, instead of assuming, decentralized optimizer convergence and which does
not require a centralized coordinator or feasible initializations. Moreover, a numerical example
with coupled inverted pendulums demonstrates the framework’s ability to control open-loop un-
stable constrained nonlinear systems with coupled dynamics. However, the derived conditions for
guaranteeing stability are conservative as they estimate an excessive number of ADMM iterations
for the considered pendulum example. Performing a large number of optimizer iterations would,
however, contradict the fundamental idea of real-time iterations and threaten real-time feasibility,
especially in the presence of communication delays. Thus, the next chapter analyzes the practical
performance of dRTI for robotic systems in distributed computing environments.
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5 Application to Multi-Robot Formation Control

This chapter complements the theoretical analysis of dRTI presented in the previous chapter with
experimental results for multi-robot formation control. We first discuss the DMPC design and give
an overview of the chapter results. Section 5.2 and 5.3 then present experiments with mobile robots
and hovercraft moving on an air hockey table, respectively. Finally, we discuss the results and
their implication for control performance and real-time feasibility. This chapter is closely based
on the formation control of mobile robots in [Stomberg et al. 2023] and holonomic hovercraft
in [Stomberg et al. 2025c].

5.1 Problem Statement and Chapter Overview

We consider position-based formation control of a robotic swarm S = {1, . . . , S }. The control task
is formalized as a setpoint stabilization problem

lim
t→∞

⃦⃦⃦
x(t) − xd

⃦⃦⃦
= 0 for the centralized state x ≐ (x1, . . . , xS ),

where the reference state xd encodes the formation by specifying a desired absolute position for
each robot i ∈ S. The scheme exhibits three common characteristics for position-based forma-
tion control [Oh et al. 2015]. First, all robots share a global coordinate system. Second, each
robot measures its absolute position within the global coordinate system. Third, while commu-
nication between robots is in principle not necessary for solving the above setpoint stabilization
problem, the communication between robots enhances performance compared to decentralized
control. Here, the improved performance results from inter-robot collision avoidance constraints
which are facilitated by communication between neighbors.

Collision and Obstacle Avoidance

Let px,i and py,i denote the position x- and y-coordinates of the geometric center of robot i ∈ S.
To prevent collisions between neighboring robots and with obstacles, we implement the collision
avoidance constraints⃦⃦⃦

(px,i, py,i) − (px, j, py, j)
⃦⃦⃦2

2
≥ d2

min for all j ∈ N in
i , for all i ∈ S, (5.1a)⃦⃦⃦

(px,i, py,i) − (px,obs(t), py,obs(t))
⃦⃦⃦2

2
≥ d2

min for all i ∈ S. (5.1b)

Here, dmin > 0 is a specified minimum distance and px,obs and py,obs is the obstacle position at sam-
pling time t. The constraints (5.1) are non-convex state constraints and, together with the linear
robot dynamics to be presented in Sections 5.2 and 5.3, yield a non-convex Quadratically Con-
strained Quadratic Program (QCQP) as OCP. In the absence of the collision avoidance constraints,
the OCP is a convex QP. Throughout this chapter, the considered robots have a circular shape such
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Figure 5.1: Linearization of the non-convex collision avoidance constraints with dSQP. The lin-
earized constraint set Xlin is shaded in gray and is bounded by a separating hyperplane
between the robot and the obstacle.

that the constraints (5.1) are a simple and natural choice. When solved with dSQP, the nonlin-
ear inequality constraints h(z) are linearized to obtain a state constraint set Xlin ≐ {hlin(z) ≤ 0}.
Figure 5.1 illustrates the linearization for a robot position (px, py) = (1, 1) m, an obstacle at
(px,obs, py,obs) = (0, 0) m, and a minimum distance dmin = 0.2 m. The boundary of the linearized
constraint forms a separating hyperplane between the robot and the obstacle. Thus, while the con-
straint formulation (5.1) is relatively simple, the application of dSQP numerically recovers estab-
lished collision avoidance frameworks such as the on-demand collision avoidance and separating
hyperplane approaches in [Luis and Schoellig 2019; Van Parys and Pipeleers 2017]. The figure
further highlights the conservative nature of the linearization. On the one hand, this takes away
one of the main advantages of the constraints (5.1) by shrinking the feasible set of the subsystem
QPs. On the other hand, however, the conservatism is more forgiving with respect to the con-
sensus error of ADMM under early termination. Finally, notice that the separating hyperplane in
Figure 5.1 is drawn for fixed robot and obstacle positions. In contrast, a closed-loop DMPC imple-
mentation produces one hyperplane for each predicted state over the horizon and further updates
the hyperplanes in each SQP iteration.

The hard collision avoidance constraints (5.1) may become infeasible due to inevitable dis-
turbances in experiments and the absence of tailored terminal ingredients in our OCP design.
Therefore, we introduce slack variables and implement the collision avoidance via soft—always
feasible—constraints [Luis and Schoellig 2019] and we found the following approach to work
well. We add one scalar slack variable per robot for the inter-robot constraints (5.1a),⃦⃦⃦

(px,i[τ], py,i[τ]) − (px, j[τ], py, j[τ])
⃦⃦⃦2

2
+ si ≥ d2

min, si ≥ 0, for all j ∈ N in
i , i ∈ S,

where τ is the time index in the OCP prediction. A main advantage of choosing a scalar slack
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5.2 Experiments with Mobile Robots

(a) Custom mobile robot at the Insti-
tute of Engineering and Compu-
tational Mechanics, University of
Stuttgart, Germany. Picture by Henrik
Ebel [Stomberg et al. 2023].

(b) Holonomic hovercraft ”Holohover” at
the Automatic Control Laboratory,
EPFL, Switzerland. Picture by Roland
Schwan.

Figure 5.2: Robot hardware used in the formation control experiments.

variable for each subsystem is the reduced OCP dimension compared to soft constraints with one
slack variable per constraint, cf. [Maciejowski 2002, Equation 3.91]. However, we found one slack
variable per constraint to work better for the obstacle avoidance constraints (5.1b),⃦⃦⃦

(px,i[τ], py,i[τ]) − (px,obs(t), py,obs(t))
⃦⃦⃦2

2
+ sobs

i [τ] ≥ d2
min, sobs

i [τ] ≥ 0, for all i ∈ S, τ ∈ I[1,N].

We penalize the slacks by adding the quadratic terms cs2
i and

∑︁N
τ=1 c

(︂
sobs

i [τ]
)︂2

with c = 106 to the
OCP objective of subsystem i ∈ S.

The rest of this chapter presents two series of experiments and their respective OCP designs,
dRTI algorithms, experimental setups, and results. Section 5.2 considers custom mobile robots as
the one shown in Figure 5.2a [Ebel and Eberhard 2022] and Section 5.3 describes experiments with
multiple hovercraft as the one depicted in Figure 5.2b [Schwan et al. 2024]. The fundamental OCP
and dRTI designs are similar for all experiments and Figure 5.3 highlights key features, similarities,
and differences of Sections 5.2 and 5.3.

5.2 Experiments with Mobile Robots

This section summarizes formation control experiments with four mobile robots as the one depicted
in Figure 5.2a. The section is based on the journal article [Stomberg et al. 2023].

5.2.1 OCP Design and dRTI Algorithm

The mobile robots in Figure 5.2a are equipped with Proportional-Integral-Derivative (PID) con-
trollers which command the actuators to track a defined velocity reference. The prediction model
used in the DMPC design thus is given by the single integrator dynamics

xi(t + 1) = xi(t) + δ · ui(t) for all i ∈ S,
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Section 5.1: Mobile Robots

1. Offboard execution on workstation PCs

2. Communication via Ethernet

3. Comparison: with vs. without collision avoidance

4. Algorithm 5.1: synchronous ADMM

5. ADMM averaging step: 

Section 5.2: Hovercraft on Air Hockey Table

1. Comparison: offboard vs. onboard execution

2. Comparison: Ethernet (offboard) vs. WiFi (onboard)

3. Comparison: with vs. without dynamic obstacle

4. Algorithm 5.2: synchronous ADMM with fallback to

asynchronous ADMM in case of package loss/delay

5. ADMM averaging step: 

Chapter 5: Robot Formation Control

I. Experiments with four robots/hovercraft

II. Distributed computation: neighboring controllers run on

distinct machines and exhibit communication delay

III. Compensation of computational delay in the OCP

for asynchronous

execution

Figure 5.3: Overview of Chapter 5. The block diagram is taken from [Stomberg et al. 2023] and
shows the path graph coupling structure underlying all experiments with four coop-
eratively controlled robots/hovercraft Σi. The controllers Ci exchange predicted state
trajectories x̄i and copies wi j with neighbors.

where xi = (px,i, py,i) is the position and ui ∈ R
2 is the velocity of robot i. Let s ≐ (s1, . . . , sS ) denote

the centralized slack variable. The OCP with soft inter-robot collision avoidance constraints reads

min
x,u,s

∑︂
i∈S

⎛⎜⎜⎜⎜⎜⎝N−1∑︂
τ=0

ℓi (x[τ], ui[τ]) + Vf,i(x[N]) + cs2
i

⎞⎟⎟⎟⎟⎟⎠ (5.2a)

subject to for all i ∈ S

xi[τ + 1] = xi[τ] + δ · ui[τ] ∀τ ∈ I[0,N−1], (5.2b)

(xi[0], ui[0]) = (xi(t), ui(t)), (5.2c)

−ûi ≤ ui[τ] ≤ ûi ∀τ ∈ I[0,N−1], (5.2d)

d2
min ≤

⃦⃦⃦
xi[τ] − x j[τ]

⃦⃦⃦2

2
+ si ∀ j ∈ {i − 1} ∩ S, ∀τ ∈ I[0,N], (5.2e)

0 ≤ si. (5.2f)

The stage cost and terminal penalty for robot i ∈ S are given by

ℓi(x, ui) ≐
∑︂
j∈N in

i

1
2

(xi − xd
i )Qi j(x j − xd

j) +
1
2

u⊤i Riui and Vfi ≐
∑︂
j∈N in

i

1
2

(xi − xd
i )Pi j(x j − xd

j). (5.3)

The cost matrices are chosen as Q11 = Q22 = Q33 = diag(20, 20), Q44 = diag(10, 10), Qi j =

diag(−10,−10) for all j ∈ {i − 1, i + 1} ∩ S, Ri = diag(1, 1), and Pi j = Qi j for all i, j ∈ S. The
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5.2 Experiments with Mobile Robots

set of in-neighbors of robot i thus is N in
i ≐ {i − 1, i + 1} ∩ S. Each robot is subject to input box

constraints with the maximum velocity ûi ≐ (0.2, 0.2) m/s. The horizon is chosen as N = 7 and the
control sampling interval is δ = 200 ms.

Remark 5.1 (Compensation of computational delay). Constraint (5.2c) specifies an initial condi-
tion on the state and the input of robot i, which allows to compensate the computational delay of
solving the OCP. Decentralized algorithms such as ADMM and dSQP may take up a substantial
part of the control sampling interval, especially in the presence of communication delays. Thus,
we solve OCP (5.2) for the input u[1] to be applied in the next control step [Findeisen 2006].
Therefore, dRTI is real-time feasible as long as the total OCP solve time is below the sampling
interval δ. □

To apply dRTI, we translate OCP (5.2) into a consensus problem in partially separable form
like (3.1) via state copies as illustrated in Example 2.1. Recall that this assigns the predicted copy
trajectories wi ≐

(︂
w ji

)︂
j∈Nout

i
as decision variables to subsystem i, where w ji is a copy of x j. The

OCP additionally contains the slack variable si for all i ∈ S and the two decision variable blocks
read

yi ≐ (xi,ui,wi, si) ∈ Rni and zi ≐ (x̄i, ūi, w̄i, s̄i) ∈ Rni for all i ∈ S.

Algorithm 5.1 summarizes the dRTI steps, where ADMM is decentralized via the averaging Step 12.

5.2.2 Experimental Setup

Figure 5.4 sketches the hardware setup used in the experiments at the Institute of Engineering and
Computational Mechanics at the University of Stuttgart. Each of the four robots is assigned one
workstation PC for running Algorithm 5.1. The PCs run Debian Linux and are equipped with either
an Intel Core i7-9750H (2.6 GHz), Intel Xeon E5530 (2.4 GHz), or Intel Xeon E31245 (3.3 GHz)
processor. Ethernet is used to communicate the predicted state trajectories in Steps 11 and 13
between PCs and to receive the position measurements in Step 3. Communicated variables are in-
sinuated in Figure 5.4 and the coupling graph in Figure 5.3 details the exchanged variables between
subsystems. Recall that the states xi here are the robot positions. Consequently, the motion cap-
turing system provides a full state measurement and no additional observer is required. The robot
poses are measured by an Optitrack system using six Prime 13 W cameras and the commercial
Motive software. Custom software publishes the state measurements via User Datagram Protocol
(UDP) multicast and the Lighweight Communications and Marshalling (LCM) library for delivery
to the DMPC PCs [Huang et al. 2010]. The DMPC control input is sent to each robot wirelessly
using UDP multicast and the LCM library. Further details of our open-source C++ implementation
are summarized in Appendix B.1.1

The robots have a cylindrical shape with a diameter of 290 mm and a detailed description of the
design is given in [Ebel 2021]. As mentioned above, we control the team of robots via a bi-level

1https://github.com/OptCon/dmpc_rto
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Algorithm 5.1 Synchronous dRTI for cooperative DMPC on robot i [Stomberg et al. 2023]

1: Initialization: t = 0, ui(0), xd
i , z

0
i (0), γ0

i (0) = E⊤i λ
0, kmax, lmax, ρ

2: for NMPC step t = 0, 1, . . . , do
3: estimate the current state xi(t) and apply the control input ui(t)
4: update the OCP initial condition (5.2c) with xi(t) and ui(t)
5: initialize dSQP by setting z0

i and γ0
i to zkmax

i (t − 1) and γkmax
i (t − 1) shifted by the time index

6: for SQP iteration k = 0, . . . , kmax − 1 do
7: evaluate ∇ f k

i , gk
i , ∇gk

i , hk
i , and ∇hk

i

8: initialize ADMM by setting zk,0
i = zk

i and γk,0
i = γ

k
i

9: for ADMM iteration l = 0, . . . , lmax − 1 do
10: solve subsystem QP yk,l+1

i = argmin
yi∈Z

k
i

Lk
ρ,i(yi, zk,l

i , γ
k,l
i )

11: send wk,l+1
ji to all j ∈ N in

i and receive wk,l+1
i j from all j ∈ Nout

i

12: compute average state trajectory x̄k,l+1
i =

1
|Nout

i | + 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝xk,l+1
i +

∑︂
j∈Nout

i

wk,l+1
i j

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
13: send average x̄k,l+1

i to all j ∈ Nout
i and receive average x̄k,l+1

j from all j ∈ N in
i

14: set ūk,l+1
i = uk,l+1

i , w̄k,l+1
ji = x̄k,l+1

j for all j ∈ N in
i , and s̄k,l+1

i = sk,l+1
i

15: form zk,l+1
i = (x̄k,l+1

i , ūk,l+1
i , w̄k,l+1

i , s̄k,l+1
i )

16: γk,l+1
i = γk,l

i + ρ(y
k,l+1
i − zk,l+1

i )
17: end for
18: zk+1

i = zk,lmax
i , γk+1

i = γk,lmax
i

19: end for
20: extract ui[1] from zkmax

i (t)
21: set ui(t + 1) = ui[1] to compensate delay
22: end for

architecture with the cooperative DMPC scheme on the upper level and PID controllers for each
robot on the lower level. The DMPC scheme computes a desired velocity ui ∈ R

2 at a sampling
frequency of 5 Hz. The PID controllers run on microcontrollers onboard the robots and command
the motors at a sampling frequency of 100 Hz to track the desired velocity. Even though the four
robots share the same design, manufacturing imperfections result in different dynamics for each
robot [Eschmann et al. 2021]. Moreover, the true robot dynamics are more complicated than the
single integrator model, because of friction, wheel-floor contacts, and the PID controllers on the
inner level.

To summarize, the hardware setup exhibits three important characteristics which would also
affect real-world DMPC implementations. First, the communication between PCs incurs com-
munication delays and losses. Second, the imperfect robot hardware results in non-negligible
model-plant mismatch. Third, the heterogeneous computing power of the PCs causes the DMPC
programs to wait for neighbors to stay synchronized, adding to the overall DMPC execution time.
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Figure 5.4: Hardware setup with four mobile robots. Each robot is assigned one workstation PC to
run the dRTI Algorithm 5.1. Optimizer iterates are exchanged via Ethernet and control
signals are sent via WiFi. Figure adapted from [Stomberg et al. 2023].

5.2.3 Experimental Results: Linear-Quadratic DMPC and ADMM

We first test linear-quadratic DMPC without the collision avoidance constraints (5.2e). The OCP
is a convex QP without slack variables and, in centralized form, has n = 216 decision variables,
ng = 72 subsystem equality constraints, nh = 56 inequality constraints, and nc = 96 coupling
constraints. Since the OCP is a QP, dSQP reduces to ADMM so that the SQP Steps 6–8 and 18–19
in Algorithm 5.1 as well as the updates on the slack variables s are omitted. We tune the ADMM
penalty parameter by choosing ρ = 1 from the set {0.1, 1, 10, 100} for fast convergence to the OCP
minimizer and we choose lmax = 5 iterations per MPC step. Furthermore, we initialize the dRTI
algorithm with ui(0) = 0 m/s and z0

i (0) = γ0
i (0) = 0 for all i ∈ S at t = 0.

Figure 5.5 illustrates the scenario and a video recording is available online in the supplementary
material of the article [Stomberg et al. 2023].2 The first robot drives along a rectangular path en-
coded via the desired position xd

1(t). The remaining robots follow their predecessor at a distance
∆xd ≐ (−0.4, 0) m, i.e., xd

i (t) ≐ xd
i−1(t) + ∆xd for all i ∈ {2, 3, 4}. The closed-loop trajectories and

optimizer error for the control input are shown in Figure 5.6, where the left and right columns
refer to the x- and y-coordinates in the global reference frame, respectively. The DMPC con-
trollers track the desired setpoints, meet the input box constraints, and achieve a cm/s accuracy
in the commanded velocity compared to the optimal control u⋆ found by ipopt. This illustrates
the system-optimizer convergence discussed in Chapter 4 and aligns with previous findings which
showed that few ADMM iterations per control step can suffice in closed-loop control [Burk et al.
2021b; Stomberg et al. 2022a; Van Parys and Pipeleers 2017].

Table 5.1 summarizes the median and maximum ADMM execution times recorded in two ex-
periments with a total duration of approximately three minutes. The top row reports the overall
time ADMM took to solve the OCP in each MPC step using lmax = 5 iterations. The maximum
solve time of 22.27 ms is below the control sampling interval δ = 200 ms and is thus compensated
by the MPC scheme. The remaining rows report the times for one ADMM iteration, divided into

2https://doi.org/10.1016/j.conengprac.2023.105579
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tc = 0 s tc = 35 s tc = 45 s tc = 75 s

Figure 5.5: Rectangle scenario using linear-quadratic DMPC based on ADMM: camera images
and rectangular path (dashed line), closed-loop trajectory of robot one (solid blue line),
and current formation (solid orange line). Pictures by Henrik Ebel [Stomberg et al.
2023].

Table 5.1: ADMM solve time divided into the main steps of Algorithm 5.1 [Stomberg et al. 2023].
Median [ms] Maximum [ms]

Solve OCP (5.2) with ADMM 6.61 22.27
Time per ADMM iteration 0.98 16.71
Solve one subsystem QP (Step 10) 0.09 14.57
Communicate w (Steps 11–12) 0.29 11.92
Communicate x̄ (Step 13) 0.25 11.63

the most expensive steps. For the communication of y in Step 11 and z in Step 13, the times span
the following five substeps: (i) write the optimizer variables into an LCM message, (ii) publish
the LCM message, (iii) wait for messages from neighbors, and (iv) cache the received optimizer
iterates. The execution time of the y-communication further includes the evaluation of the averag-
ing Step 12. The table shows that the communication delay here dominates the ADMM exeuction
time. This can also be seen from Table 5.2 which reports the relative execution times each robot
spends on either solving the subsystem QP or waiting/communicating. The differences between
the individual robots highlight the varying computational power of the employed workstation PCs.

5.2.4 Experimental Results: Collision Avoidance and dSQP

We next consider nonlinear DMPC including the inter-robot collision avoidance constraints (5.2)
with minimum distance dmin = 0.4 m. The remaining OCP parameters are left unchanged and

Table 5.2: Fraction of the ADMM execution time spent computing and communicating [Stomberg
et al. 2023].

Robot 1 2 3 4
Solve subsystem QP (Step 10) 37.37 % 33.38 % 14.52 % 15.51 %
Communicate (Steps 11–13) 62.10 % 66.24 % 85.23 % 84.15 %
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Figure 5.6: Rectangle scenario using linear-quadratic DMPC based on ADMM: closed-loop tra-
jectories and optimizer error. Figure adapted from [Stomberg et al. 2023].

the resulting non-convex QCQP is solved using dSQP with kmax = 5 and lmax = 3 iterations. We
reformulate the OCP as a partially separable QCQP as demonstrated in Example 2.1 and the cen-
tralized QCQP has n = 219 decision variables, ng = 72 equality constraints, nh = 83 inequality
constraints, and nc = 96 coupling constraints. We again tune the penalty parameter for fastest con-
vergence to an OCP minimizer found by ipopt and choose ρ = 1 from the set ρ = {0.1, 1, 10, 100}.
To avoid costly derivative computations and regularization procedures, we use the GN Hessian
approximation Hi = ∇

2
zizi

fi for all i ∈ S.
Figure 5.7 shows a formation-change scenario where the center robots swap positions when

transitioning between the formations marked by the green and red crosses. As for the experiments
on linear-quadratic DMPC, a video recording is available online [Stomberg et al. 2023]. The
considered scenario is more challenging than the above rectangle maneuver. Indeed, the above
linear-quadratic DMPC scheme without collision avoidance constraints fails to perform the forma-
tion change in simulations because robots two and three collide. The corresponding closed-loop
trajectories are depicted in Figure 5.8 and show that the input constraints are active after each set-
point change. Moreover, the bottom plots show how dSQP converges to the minimizer found by
ipopt. However, the optimizer accuracy is reduced at the beginning of the experiment and after the
setpoint change at tc = 20 s, because the dSQP initialization is worse in these NMPC steps.

Table 5.3 presents the median and maximum times recorded in twelve experiments with a total
duration of twelve minutes. The top row refers to the total time needed by dSQP to solve the
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tc = 0 s tc = 10 s tc = 22 s tc = 30 s

Figure 5.7: Formation-change scenario using nonlinear DMPC based on dSQP: camera images
and formation one (green crosses), formation two (red crosses), and current formation
(solid orange line). Pictures by Henrik Ebel [Stomberg et al. 2023].

Table 5.3: dSQP solve time divided into the main steps of Algorithm 5.1 [Stomberg et al. 2023].
Median [ms] Maximum [ms]

Solve OCP (5.2) with dSQP 33.81 53.06
Time per dSQP iteration 6.23 24.57
Build subsystem QP (Step 7) 0.30 1.09
Run ADMM per dSQP iter 5.99 24.29
Time per ADMM iteration 2.01 15.37
Solve subsystem QP (Step 10) 0.81 12.40
Communicate w (Step 11–12) 0.64 12.17
Communicate x̄ (Step 13) 0.32 11.53

OCP and the remaining rows refer to the most expensive steps per optimizer iteration. The maxi-
mum solve time per NMPC step is less than 54 ms, which highlights the real-time capabilities of
the algorithm. Most of the execution time is spent on ADMM and the derivative computation is
comparatively fast thanks to the GN Hessian approximation. Table 5.4 further shows the relative
solve time required by each subsystem for building and solving the subsystem QP and for com-
municating. While robots one, three, and four spend more time on communication than on local
computations, this is not the case for robot two. On the one hand, this is due to the weaker com-
puting power of PCs one and two compared to PCs three and four. On the other hand, recall from
the OCP formulation (5.1) that, in this experiment, only robots two to four are subject to collision
avoidance constraints, whereas robot one has no state constraints. As a result, the subsystem QP
for robot one is less complex than for the other robots and, because of the heteregenous computing
power, robot two thus requires longer solve times than the other robots.

5.3 Embedded DMPC and Experiments with Hovercraft

We continue with formations consisting of four hovercraft like the one shown in Figure 5.2b. The
hovercraft move on an air hockey table and this section is based on the conference paper [Stomberg
et al. 2025c].
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Figure 5.8: Formation-change scenario using nonlinear DMPC based on dSQP: closed-loop trajec-
tories and optimizer error. Figure adapted from [Stomberg et al. 2023].

Table 5.4: Fraction of the dSQP solve time spent computing and communicating [Stomberg et al.
2023].

Robot 1 2 3 4
Build subsystem QP (Step 7) 5.37 % 4.72 % 3.10 % 4.34 %
Solve subsystem QP (Step 10) 34.02 % 68.49 % 41.56 % 29.46 %
Communicate (Steps 11–13) 60.23 % 26.46 % 55.11 % 65.89 %

5.3.1 OCP Design and dRTI Algorithm

Each hovercraft i ∈ S is modeled as a double integrator with state xi ≐ (px,i, py,i, vx,i, vy,i, φi, ωi) ∈
R6 and input ui ≐ (ux,i, uy,i, uφ,i) ∈ R3, where pi ≐ (px,i, py,i) denotes the position of the hover-
craft center in a fixed global reference frame, φi is the yaw angle, and (vx,i, vy,i) and ωi are the
translational and rotational velocity, respectively. For all i ∈ S, the continuous-time dynamics read

ṗi(tc) = vi(tc), φ̇i(tc) = ωi(tc), (v̇i(tc), ω̇i(tc)) = ui(tc), xi(0) = xi,0.

Given a control sampling interval δ and a piecewise-constant input signal, the corresponding
discrete-time dynamics in abstract form read

xi(t + 1) = Aixi(t) + Biui(t), xi(0) = xi,0.

Here, we drop the dependence of the matrices Ai ∈ R
6×6 and Bi ∈ R

6×3 on δ for notational sim-
plicity. Every hovercraft is actuated by six propellers, each of which is driven by a brushless direct
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current motor. For all i ∈ S, the desired acceleration ui is determined by the DMPC scheme and is
converted into motor signals using a control allocation based on a nonlinear thrust model [Schwan
et al. 2024]. The true hovercraft dynamics are more complex than the adopted double integrator
model because of the actuator dynamics, inaccuracies in the thrust model, and complex aerody-
namic effects. Moreover, unavoidable surface irregularities of the air hockey table add to the
model-plant mismatch. To achieve offset-free tracking despite these disturbances, we adopt a
constant-disturbance prediction model

xi[τ + 1] = Aixi[τ] + Biui[τ] + Bidi(t), xi[0] = xi(t), for all τ ∈ I[0,N−1]

with disturbance di ∈ R
3. For all i ∈ S, the augmented state ξi ≐ (xi, di) is estimated from

discrete-time measurements for the pose (px,i, py,i, φi) using a continuous-time Extended Kalman
Filter (EKF) [Simon 2006, p. 405]. The soft-constrained OCP to be solved in step t reads

min
x,u,s,sobs

∑︂
i∈S

⎛⎜⎜⎜⎜⎜⎝N−1∑︂
τ=0

ℓi (x[τ], ui[τ]) + Vf,i(x[N]) + cs2
i +

N∑︂
τ=0

c
(︂
sobs

i [τ]
)︂2
⎞⎟⎟⎟⎟⎟⎠ (5.4a)

subject to for all i ∈ S

xi[τ + 1] = Aixi[τ] + Biui[τ] + Bidi(t) ∀τ ∈ I[0,N−1], (5.4b)

(xi[0], ui[0]) = (xi(t), ui(t)), (5.4c)

−p̂i − si ≤ pi[τ] ≤ p̂i + si ∀τ ∈ I[0,N], (5.4d)

−ûi ≤ ui[τ] ≤ ûi ∀τ ∈ I[0,N−1], (5.4e)

d2
min ≤ ∥pi[τ] − p j[τ]∥22 + si ∀ j ∈ {i − 1, i + 1} ∩ S, ∀τ ∈ I[0,N], (5.4f)

d2
min ≤ ∥pi[τ] − pobs(t)∥22 + sobs

i [τ] ∀τ ∈ I[0,N], (5.4g)

0 ≤ si, 0 ≤ sobs
i [τ] ∀τ ∈ I[0,N]. (5.4h)

Here, sobs ≐ (sobs
1 [0], sobs

1 [1], . . . , sobs
S [N − 1], sobs

S [N]) collects all slack variables for the obstacle
avoidance constraints (5.4g) and c = 106. We test two sampling intervals δ = 50 ms and δ = 150 ms
and the horizon N is chosen such that the continuous-time horizon T ≐ N · δ ≈ 1 s, i.e., we set
N = 20 for δ = 50 ms and N = 7 for δ = 150 ms. For N = 7, the partially separable QCQP consists
of n = 568 decision variables, ng = 204 subsystem equality constraints, nh = 302 inequality
constraints, and nc = 288 coupling constraints. For N = 20, we have n = 1504, ng = 516, nh = 900,
and nc = 756. The costs have the same structure (5.3) as in the mobile robots experiments. We
set Q11 = Q22 = Q33 = diag(28, 28, 18, 18, 40, 18) and Q44 = diag(14, 14, 9, 9, 20, 9) as well as
Qi j = −diag(14, 14, 9, 9, 20, 9) for all j ∈ N in

i ≐ {i − 1, i + 1} ∩ S and Ri = diag(0.1, 0.1, 0.1) for all
i ∈ S.

In contrast to the mobile robots, the simple choice P = Q is ineffective for the hovercraft and
caused poor control performance in experiments with large oscillations near the setpoint. Thus,
we here design dedicated terminal penalties by solving, for all j ∈ N in

i and for all i ∈ S, the
discrete-time algebraic Riccati equation (4.35) for the pair (Qi j,Ri) to obtain the weight matrix
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5.3 Embedded DMPC and Experiments with Hovercraft

Pi j ∈ R
6×6. Specifically, we tuned the weight matrices Q and R iteratively in simulations and

experiments to dampen the eigenvalues of the centralized closed-loop system matrix AK ≐ A+BK,
where A ≐ diag(A1, . . . , AS ), B ≐ diag(B1, . . . , BS ), and where K is obtained as a byproduct when
solving the discrete-time algebraic Riccati equation for the centralized system (A, B) with weight
matrices Q = [Qi j]i, j∈S and R = diag(R1, . . . ,RS ).

The position box constraints (5.4d) with p̂ ≐ (0.96, 0.42) m impose a 30 mm margin to the
table boundaries and the commanded accelerations are limited to ûi ≐ (5 m/s2, 5 m/s2, 15 rad/s2).
The obstacle is a fifth hovercraft which does not participate in the cooperative DMPC scheme.
The cooperating hovercraft know the current obstacle position pobs(t) ≐ (px,obs(t), py,obs(t)), but
not the future obstacle motion. The inter-robot and obstacle collision avoidance constraints use a
minimum distance dmin = 200 mm which, given the hovercraft diameter of 150 mm, leaves 50 mm
as clearance in case of constraint violations.

The implemented dRTI algorithm is similar to the one used in the mobile robots experiments,
but is summarized again in Algorithm 5.2 for a self-contained presentation. The major difference
between Algorithms 5.1 and 5.2 lies in the ADMM averaging procedure in Steps 11–12. Since
both algorithms implement the dRTI scheme of Chapter 4, they are intended to run synchronously.
That is, subsystems are expected to wait for messages from neighbors before continuing with
the computations. The C++ implementation used in the mobile robots experiments enforces a
synchronous execution as it waits indefinitely for messages in Steps 11 and 13. However, this
proved not viable when running dRTI onboard the hovercraft due to the longer latencies in wireless
communication. Therefore, each hovercraft only spends a maximum waiting time in Steps 11
and 13 of Algorithm 5.2 and continues without having received all messages, if necessary.

Recall from Chapter 2 that the average in Step 12 of Algorithm 5.1 only solves the coordination
QP for the z update in ADMM if Mavgγ = 0, i.e., if the average of γ vanishes. For the here-
considered consensus problems in partially separable form, the only decision variables that are
coupled between subsystems—and must thus be averaged—are the predicted state trajectories x̄i

for all i ∈ S. Therefore, the condition Mavgγ
k,l = 0 can be written as

1
|Nout

i | + 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝γk,l
i,xi
+

∑︂
j∈Nout

i

γk,l
j,wi j

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ = 0 for all i ∈ S, (5.5)

where γi,xi ∈ R
(N+1)·nx,i and γ j,wi j ∈ R

(N+1)·nx,i are the components of γi and γ j that correspond to the
constraints xi − x̄i = 0 and wi j − w̄i j = 0, respectively. That is, the average of all multipliers in γ
which correspond to the predicted state trajectory xi or its copies wi j must be zero.

Moreover, recall that the ADMM updates ensure that condition (5.5) holds as long as the sub-
systems are synchronized, cf. Lemma 2.1. In other words, the averaging steps in Algorithms 5.1
and 5.2 are equivalent if dRTI runs synchronously. However, once the subsystems run asyn-
chronously, then condition (5.5) no longer holds.

Remark 5.2 (Differences between Algorithms 5.1 and 5.2.). In contrast to Algorithm 5.1, the

113



5 Application to Multi-Robot Formation Control

Algorithm 5.2 Asynchronous dRTI for cooperative DMPC on hovercraft i [Stomberg et al. 2025c].

1: Initialization: t = 0, ui(0), xd
i , z

0
i (0), γ0

i (0), kmax, lmax, ρ

2: for NMPC step t = 0, 1, . . . , do
3: estimate the current state xi(t) and apply the control input ui(t)
4: update the OCP initial condition (5.4c) with xi(t) and ui(t)
5: initialize dSQP by setting z0

i and γ0
i to zkmax

i (t − 1) and γkmax
i (t − 1) without time shift

6: for SQP iteration k = 0, . . . , kmax − 1 do
7: evaluate ∇ f k

i , gk
i , ∇gk

i , hk
i , and ∇hk

i

8: initialize ADMM by setting zk,0
i = zk

i and γk,0
i = γ

k
i

9: for ADMM iteration l = 0, . . . , lmax − 1 do
10: solve subsystem QP yk,l+1

i = argmin
yi∈Z

k
i

Lk
ρ,i(yi, zk,l

i , γ
k,l
i )

11: send wk,l+1
ji and γk,l

i,w ji
to all j ∈ N in

i and receive wk,l+1
i j and γk,l

j,wi j
from all j ∈ Nout

i

12: compute average x̄k,l+1
i =

1
|Nout

i | + 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝xk,l+1
i +

γk,l
i,xi

ρ
+

∑︂
j∈Nout

i

⎛⎜⎜⎜⎜⎜⎜⎝wk,l+1
i j +

γk,l
j,wi j

ρ

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

13: send average x̄k,l+1
i to all j ∈ Nout

i and receive average x̄k,l+1
j from all j ∈ N in

i

14: set ūk,l+1
i = uk,l+1

i , w̄k,l+1
ji = x̄k,l+1

j for all j ∈ N in
i , and s̄k,l+1

i = sk,l+1
i

15: form zk,l+1
i = (x̄k,l+1

i , ūk,l+1
i , w̄k,l+1

i , s̄k,l+1
i )

16: γk,l+1
i = γk,l

i + ρ(y
k,l+1
i − zk,l+1

i )
17: end for
18: zk+1

i = zk,lmax
i , γk+1

i = γk,lmax
i

19: end for
20: extract ui[1] from zkmax

i (t)
21: set ui(t + 1) = ui[1] to compensate delay
22: end for

averaging Step 12 in Algorithm 5.2 averages primal and dual variables and thus solves the coor-
dination QP in ADMM for any γ ∈ Rn. Hence, Step 12 returns the correct z-update even if the
iteration counters k, l differ among subsystems, i.e., if synchronization among subsystems is lost.
The price to pay for allowing asynchronous execution is the additional communication of the La-
grange multipliers γk,l

i,w ji
for all i ∈ S in Step 11. Fortunately, this only increases the size but not the

number of messages that are exchanged between subsystems.

As for the experiments with mobile robots, we here tune the penalty parameter ρ for fast con-
vergence in simulation to an OCP minimizer found by ipopt and obtain ρ = 4. Moreover, we
compensate any computational delay below the control sampling interval by solving OCP (5.4) for
the control input u[1] to be applied in the next control step.
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5.3.2 Experimental Setup

Figure 5.2b depicts one of the hovercraft used in the experiments at the Automatic Control Labo-
ratory, EPFL, Switzerland. The design combines a 150 mm diameter foam base with racing drone
hardware and is light enough to float above an air hockey table. Six propellers provide thrust in
each direction and result in holonomic kinematics in the 2D plane. The hovercraft pose (pi, φi)
is measured during experiments using an Optitrack system and a detailed description of an ear-
lier hovercraft design as well as a deep learning approach for identifying the complex actuator
dynamics is presented in [Schwan et al. 2024]. Compared to [Schwan et al. 2024], the design in
Figure 5.2b contains several improvements. With respect to the experiments discussed in this chap-
ter, the major enhancement consists of a Radxa Zero 3W which is installed onboard the hovercraft,
allowing to run the EKFs and DMPC controllers onboard the hovercraft as shown in Figure 5.9b.

Alternatively, the dRTI algorithm can run offboard on workstation PCs. As indicated in Fig-
ure 5.9a, the setup is equipped with two Minisforum UM790 Pro PCs to host the DMPC and EKF
applications. By assigning subsystems one and three to PC one and subsystems two and four to PC
two, we ensure that dRTI messages in the offboard experiments are always transmitted to neigh-
bors via Ethernet. That is, even though we assign multiple subsystems to the same computer, we
can test the DMPC scheme in a distributed computing environment.

Communication in both the offboard and onboard experiments happens via the Robot Operating
System (ROS2) [Macenski et al. 2022]. We use the reliable transport protocol provided by ROS2,
because the best effort approach dropped many messages. For offboard experiments, messages
with pose measurements and optimizer iterates are communicated via Ethernet whereas DMPC
control inputs are sent via WiFi. For onboard experiments, all communication is wireless, includ-
ing the pose measurements and dRTI iterates. Appendix B.2 details further implementation aspects
and our open-source C++ implementation is available online.3

5.3.3 Experimental Results: Embedded DMPC

The dRTI scheme is tested in three different point-to-point transition scenarios and each scenario is
completed with onboard and offboard DMPC execution. Video recordings are available online as
a supplement to the conference paper [Stomberg et al. 2025c].4 Table 5.5 summarizes the settings,
control performance, and optimizer execution times. The first two scenarios span T f = 120 s, are
without obstacle, and use a control sampling interval of δ = 50 ms and δ = 150 ms, respectively.
With the exception of the control sampling interval and number of optimizer iterations, both sce-
narios are equivalent. They include formation changes from a line into a rectangle and, similar to
the experiments with mobile robots, a position change between neighboring hovercraft, see the top
two rows in Figure 5.10. By comparing different combinations of sampling interval and optimizer
iterations, i.e., δ = 50 ms and lmax = 2 versus δ = 150 ms and lmax = 6, we can investigate the

3https://github.com/PREDICT-EPFL/holohover
4https://www.youtube.com/watch?v=-ojLJUFMong
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Hovercraft 1

Hovercraft 2

Hovercraft 3

Hovercraft 4

Motion capturing

PC 1 PC 2 Camera PC
WiFi 

access point

Ethernet

(a) Offboard DMPC execution on PCs. Optimizer
iterates are communicated via Ethernet and con-
trol inputs are sent to the hovercraft via WiFi.

Hovercraft 1

Hovercraft 2

Hovercraft 3

Hovercraft 4

Motion capturing

Camera PC
WiFi 

access point

Ethernet

(b) Onboard DMPC execution on the hovercraft’s
Radxa boards. Position measurements and op-
timizer iterates are sent wirelessly.

Figure 5.9: Hardware setup for the formation control of four hovercraft on an air hockey table. The
DMPC controllers run either offboard (left) or onboard (right). Hovercraft graphic by
Roland Schwan [Stomberg et al. 2025c].

so-called real-time dilemma of MPC [Diehl et al. 2002b; Gros et al. 2020]: Choosing fast control
sampling with suboptimal feedback versus slow control sampling with optimal feedback based
on outdated information. As columns two and four of Table 5.5 show, faster sampling with less
ADMM iterations here results in more collisions but better tracking accuracy, quantified by the
averaged closed-loop cost Jcl (4.41). The worse tracking performance for δ = 150 ms likely results
from disturbances and model-plant mismatch.

The third scenario includes an obstacle which moves in a circle near the table center as shown
in the bottom row of Figure 5.10 and in Figure 5.11. Meanwhile, the cooperative hovercraft cross
the table from left to right and back while avoiding collisions. Since the hovercraft are only aware
of the current obstacle position when solving the OCP, δ = 150 ms proved insufficient for adapting
to the obstacle motion. The plot at tc = 0.50 s in the bottom row of Figure 5.10 illustrates the
consensus error due to the low number of ADMM iterations: While the hovercraft should ideally
stay in a vertical line formation, the predicted trajectories of subsystems further down the coupling
graph make less progress towards the setpoint.

Figure 5.12 summarizes the dRTI exeuction times for the three scenarios with embedded DMPC.
The times refer to the total durations spent on the respective dRTI step per control sampling in-
terval. For instance, the plot on the left of the figure shows that the median time for solving the
subsystem QP twice per hovercraft and per control step is approximately 11 ms in the first sce-
nario. The plots show that dRTI executes mostly in real time, with the exception of outliers in the
scenarios one and three. Most of the time is spent on wireless communication or waiting, which
can also be seen from Table 5.5. In each control step, the derivative evaluation in Step 7 took at
most 3.4 ms per subsystem for all optimizer iterations combined and is thus omitted from the plot.
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Table 5.5: Performance statistics for hovercraft experiments. The table extends [Stomberg et al.
2025b, Table 1].

Onboard Offboard
Obstacle no no yes no no yes
Horizon N 20 7 20 20 7 20
Sampling interval δ [ms] 50 150 50 50 150 50
kmax 1 1 1 1 3 1
lmax 2 6 2 30 30 30
# decision variables n 1504 568 1548 1504 568 1548
T f 120 s 120 s 130 s 120 s 120 s 130 s
Jcl 8.102 14.07 11.50 4.737 22.21 5.096
# constraint violations/tn 0.065 0.050 0.0773 0.039 0.055 0.039
# collisions 3 1 19 0 2 0
Timely MPC steps 99.50 % 100 % 98.62,% 100 % 100 % 100 %
Async. w comm. steps 0.69 % 6.19 % 6.50 % 0 % 0 % 0 %
Async. x̄ comm. steps 1.61 % 8.41 % 16.83 % 0 % 0 % 0 %
Time spent computing 39.32 % 13.34 % 37.79 % 60.16 % 47.25 % 62.79 %
Time spent waiting/comm. 60.68 % 86.66 % 62.21 % 39.84 % 52.75 % 37.21 %

5.3.4 Experimental Results: Offboard DMPC

The three scenarios are repeated with offboard computation which allows for more optimizer iter-
ations as summarized in Table 5.5. The resulting performance improves and collisions are avoided
for a control sampling interval of δ = 50 ms. However, the performance does not improve for
δ = 150 ms, which confirms that the challenging hovercraft dynamics require fast control sam-
pling. Figure 5.13 shows one of the maneuvers in scenario three, where the obstacle moves in a
circle and the hovercraft cross the table from left to right. While the DMPC scheme successfully
avoids a collision, the plot on the top right shows that the scheme struggles to accuarately track
the desired yaw angle. On the one hand, this is due to the cost matrices Qi j which penalize yaw
differences φi − φ j between neighbors i, j ∈ S. This choice fosters cooperation in the hovercraft
orientation, but also propagates disturbances in the yaw angle to neighbors. On the other hand,
these disturbances presumably result from model-plant mismatch and δ = 50 ms appears to be
insufficient for higher accuracy tracking. Less oscillations in the yaw angle occur for the obstacle
whose linear-quadratic regulator uses a control sampling interval of 10 Hz.

The plots in the bottom row of Figure 5.13 further show, for all i ∈ S, the distances dneighbor to
the next hovercraft i + 1 ∩ S, dobstacle to the obstacle, and dboundary to the edge of the table. The soft
state constraints are violated when the hovercraft dodge the obstacle at tc ≈ 3 and tc ≈ 13 s, but
collisions are avoided thanks to the additional clearance.
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Figure 5.10: Snapshots of three maneuvers with onboard DMPC and δ = 50 ms. The y- and x-axis
labels on the left and bottom apply to all plots. The time stamps on the top refer to
all plots within one column. The borders of each plot coincide with the boundaries
of the air hockey table and circles mark the hovercraft at their current position. The
cooperating hovercraft one to four are shown in blue, orange, yellow, and purple. The
obstacle hovercraft is shown in red. Crosses mark the position set points pd

i , dotted
lines show the predicted trajectories p̄i, and solid lines mark closed-loop trajectories.
The future obstacle trajectory is shown by the dashed line, but is unknown to the
cooperative hovercraft. Figure adapted from [Stomberg et al. 2025b].

The execution time statistics are summarized by Figure 5.14, demonstrating the real-time capa-
bilities with solve times below the control sampling interval. In contrast to the embedded DMPC
execution, communication is not a clear bottleneck when using Ethernet, similar to the mobile
robots experiments in Section 5.2. The time required to evaluate derivatives via CasADi in Step 7
is negligible with a maximum of 0.1 ms per control step.

5.4 Communication Requirements and Related Work

Before discussing the relation to further results from the literature, we remark that no centralized
coordinator was used in the experiments and that each subsystem ran an individual DMPC control
application. Moreover, recall that Algorithms 5.1 and 5.2 rely on the reformulation of the cooper-
ative OCP into a partially separable NLP like (3.1) via trajectory copies to decentralize ADMM.
Specifically, we adopted the reformulation illustrated in Example 2.1 such that ADMM requires
two communication rounds per iterations, i.e., neighbors communicate once before and once after
updating the averaged state trajectory x̄k,l+1. Note that different reformulations can be employed
to rewrite OCPs (5.2) and (5.4) as partially separable NLPs. As discussed in Section 2.2.3, one
can also introduce even more state copies such that the two-block ADMM variant considered in
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5.4 Communication Requirements and Related Work

Figure 5.11: Camera images of a point-to-point transition with a dynamic obstacle and embedded
DMPC. Solid lines with dotted markers are predicted trajectories and lines without
markers show the latest closed-loop trajectories. Pictures by Roland Schwan.

Figure 5.12: Onboard DMPC execution times per control step. Vertical lines show the minimum,
lower quartile, median, upper quartile, and maximum. Colored areas display prob-
ability densities and the y-axis labels on the left apply to all plots. Figure produced
with daviolinplot [Karvelis 2024] and adapted from [Stomberg et al. 2025b].

this thesis can be implemented with only one communication round per iteration, i.e., neighbors
communicate once and then compute averages for their own and neighboring copy trajectories.
The price to pay, however, is that this increases the NLP dimension compared to the reformulation
adopted in this chapter.

Related work Section 1.2.3 provided a detailed timeline of related experiments on cooperative
DMPC and we here highlight key differences to the results of this chapter. The most similar prior
experiments to our validation of dRTI in terms of optimization algorithm, computing environment,
and system to be controlled are reported in [Van Parys and Pipeleers 2017]. There, cooperative
nonlinear DMPC of mobile robots with collision avoidance is considered based on ADMM with
one iteration per 200 ms sampling interval. The computations were performed on Raspberry Pis
that were mounted onboard the robots such that communication happened wirelessly. Nonetheless,
solving NLPs in each ADMM iteration via ipopt was found to be the bottleneck which prevented
more optimizer iterations or faster sampling. The small per-subsystem computation footprint of
dSQP alleviates this bottleneck and thus enabled the fast sampling of 20 Hz for controlling the
hovercraft, even with onboard execution. To the best of our knowledge, only the DMPC scheme
based on Jacobi iterations in [Ebel and Eberhard 2021] achieved equally fast control sampling,
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Figure 5.13: Closed-loop trajectories and optimizer residual for a point-to-point transition with
dynamic obstacle, offboard execution, and δ = 50 ms. The x-axis labels and legend
on the bottom apply to all plots.

albeit with centralized computation.
Combined with the theoretical analysis of Chapter 4, the experiments presented in this chapter

imply that, to the best of our knowledge, dRTI is the first cooperative DMPC scheme with stabil-
ity guarantees and practical validation that does not require centralized coordination or feasible
warm starts. Notably, Sensitivity-Based DMPC (SB-DMPC) also enjoys stability guarantees and
has been validated in hardware experiments [Pierer von Esch et al. 2025a]. A comparison of SB-
DMPC and dRTI from a theoretical point of view is given in Section 4.7. Here, we compare the
experimental validation of SB-DMPC applied to magnetic levitation movers in [Pierer von Esch
et al. 2025b] to our earlier results [Stomberg et al. 2023] and [Stomberg et al. 2025c]. As for the
mobile robot experiments in Section 5.2, the experiments with SB-DMPC use a sampling interval
of δ = 200 ms and rely on Ethernet for neighbor-to-neighbor communication. For the experiments,
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5.5 Summary

Figure 5.14: Offboard DMPC execution times per control step. Figure produced with daviolin-
plot [Karvelis 2024] and adapted from [Stomberg et al. 2025b].

SB-DMPC ran on Raspberry Pis whose computational power is closer to the Radxas installed on-
board the hovercraft than to workstation PCs. The magnetic levitation movers are equipped with
low-level PID controllers such that the movers are modeled as double integrator dynamics in the
OCP, similarly to the hovercraft in Section 5.3. An important advantage of the SB-DMPC exper-
iments is that they contain scenarios where the movers are physically connected via springs, i.e.,
some of the SB-DMPC experiments feature dynamically coupled subsystems whereas this chap-
ter exclusively discusses decoupled dynamics. In contrast, an advantage of the dRTI hovercraft
experiments is that they consider much faster control sampling intervals of 50 ms and wireless
communication. Note that the specifications of each experiment, i.e. wired vs. wireless com-
munication or coupled vs. decoupled dynamics, depends on the available laboratory equipment.
Thus, the above comparisons refer to differences in the experiments, but not to inherent strengths
or weaknesses of dRTI and SB-DMPC.

5.5 Summary

This chapter has presented experimental results for dRTI applied to robot formation control. Dis-
tributed hardware setups allowed to test cooperative DMPC in real time, both on embedded systems
and offboard workstations. In particular, the dRTI scheme facilitated control sampling intervals be-
tween 50 ms and 200 ms and solved non-convex state constraints, recovering established collision
avoidance strategies by linearizing minimum-distance constraints on the SQP layer. While the
DMPC scheme proved effective accross a wide range of scenarios, the experiments also highlight
current limitations of the approach. First, the cooperative DMPC scheme could not attain the fast
sampling frequencies possible with classical decentralized control methods. While this is to be
expected of most distributed control schemes subject to communication delays, the applicability
to systems which require sampling frequencies of 100 Hz or faster remains challenging. Second,
the early termination of ADMM limits the consensus between subsystems, causing violations in
coupled constraints. However, these limitations are not fundamental drawbacks of dRTI, as can
be seen from the theoretical guarantees provided in Chapter 4. In fact, future implementations on
faster hardware may yield even better performance, also for fast mechatronic systems.
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6 Computational Performance for Large-Scale
Optimal Control

The previous chapters discuss the dRTI framework for DMPC and its application to robot forma-
tion control. This chapter investigates the numerical performance of dRTI for large-scale systems
on the example of frequency control for power networks. By considering networks of increasing
size, we test the scalability for linear-quadratic DMPC using ADMM and for nonlinear DMPC
using dSQP. On the one hand, we analyze the change in solver performance if new subsystems
are added to a network. On the other hand, we test state-of-the-art centralized solvers to contrast
the performance of DMPC and centralized MPC. The results of this chapter have appeared in the
conference paper [Stomberg et al. 2025b].

6.1 Power Network Benchmark and Implementation

We consider meshed power networks as depicted in Figure 6.1 and note that a similar system serves
as benchmark for linear DMPC based on system level synthesis in [Alonso et al. 2023]. Here, we
additionally consider nonlinear system dynamics and we use parameters similar to [de Jong and
Lazar 2023].

Power Network Model

Each network is described by a bus index setD which can be partitioned into a set of synchronous
generators P and a set of uncontrollable loads L. The state of bus n ∈ D is qn ≐ (θn, ωn) ∈
R2, where θn denotes the voltage angle and ωn is the angular velocity. The state is measured
relative to a synchronous equilibrium, i.e., if ωn = 0, then bus n is synchronous to the nominal
grid frequency of 50 Hz. The considered control task is to synchronize all buses at the nominal
frequency, which corresponds to an output regulation problem where the system output ωn is to be
steered to the origin for all n ∈ C. Each bus n ∈ D is subject to the nonlinear synchronous machine
dynamics [Dörfler and Bullo 2012]⎡⎢⎢⎢⎢⎢⎣ θ̇n(tc)

Mnω̇n(tc)

⎤⎥⎥⎥⎥⎥⎦ = ⎡⎢⎢⎢⎢⎢⎣ ωn(tc)
−Dnωn(tc) + Pn(tc) + pn(tc) + wn(tc)

⎤⎥⎥⎥⎥⎥⎦ (6.1)

Pn(tc) ≐ −
∑︂

m∈Mn

anm sin (θn(tc) − θm(tc)) .

For all n ∈ D, the inertia and damping constants are denoted by Mn,Dn > 0, Pn is the power
transfer with neighboring buses, andMn ≐ {m ∈ D | anm > 0} is the set of neighbors. The coupling
weights anm ≥ 0 are symmetric such that anm = amn for all n,m ∈ D. For all generators n ∈ P,
pn ∈ [−0.3, 0.3] pu is the controllable power injection and wn ∈ R is the uncontrollable load for
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Network A Network B

Figure 6.1: Power networks with 81 buses. Figure adapted from [Stomberg et al. 2025b].

all n ∈ L. We assume that each bus is either a generator or a load and thus we set wn = 0 for all
n ∈ P and pn = 0 for all n ∈ L. In addition to the above generator constraints, the state of bus
n ∈ D is constrained to the set [de Jong and Lazar 2023]

Qn ≐

⎧⎪⎪⎪⎨⎪⎪⎪⎩qn ∈ R
2

⃓⃓⃓⃓⃓
⃓⃓⃓ − 1.6 π/s ≤ ωn ≤ 1.6 π/s

−
π

2
≤ θn − θm ≤

π

2
∀m ∈ Mn

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (6.2)

Besides nonlinear DMPC via dSQP, the scalability analysis to be presented below also considers
linear DMPC via ADMM. The latter employs a linearization of the nonlinear dynamics (6.1),
where the power transfer with neighboring buses is replaced by Plin

n (t) ≐ −
∑︁

m∈Mn
anm(θn(t)−θm(t)).

Optimal Control Problem Design

To obtain a distributed control scheme, we partition the network by assigning each bus n ∈ D to
one subsystem i ∈ S. There exists a range of possible strategies for designing the coupling graph
topology associated with the set of subsystems S [Chanfreut et al. 2021b]. Here, we consider
partitions of square networks into square subsystems as shown in Figure 6.1. This choice allows to
easily scale up the overall network size |D| by adding more subsystems and thus new buses to the
network. We denote the set of buses assigned to subsystem i ∈ S byDi ⊆ D and we assume that

D = ∪
i∈S
Di and Di ∩D j = ∅ for all i, j ∈ S if i ≠ j.

The sets of generators and loads assigned to subsystem i ∈ S are denoted byPi andLi, respectively.
For all i ∈ S, the subsystem state is xi ≐ (qn)Di , the input is ui ≐ (pn)n∈Pi , and the uncontrollable
loads are modeled as disturbance di ≐ (wn)n∈Li . The DMPC scheme considers coupling based on
the in-neighbors

N in
i ≐

{︂
j ∈ S

⃓⃓⃓
∃(n,m) ∈ Di ×D j such that anm > 0

}︂
for all i ∈ S.

We denote the set of coupled buses in neighboring subsystems by Min
i ≐ ∪n∈NiMn \ Di. The

neighboring state of subsystem i ∈ S then is xN in
i
≐ (θm)m∈Min

i
. That is, as for the inverted pendulum
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example in Chapter 4, xN in
i

only collects those states in (x j) j∈N in
i

which directly affect subsystem i
in order to avoid unnecessary decision variables in the OCP.

For all i ∈ S, the continuous-time dynamics in abstract form read

ẋi(tc) = f c
i (xi(tc), xN in

i
(tc), ui(tc), di(tc)), xi(0) = xi,0, (6.3)

where f c
i : Rnxi × Rnin

xi × Rnui × Rndi → Rnxi . In contrast to Section 4.1, the dynamics (6.3) in-
clude disturbances di for all i ∈ S which are treated as parameters in the OCP. For simplicity,
the disturbance predictions over the horzon are set equal to the current disturbance di(t) which is
assumed to be known. An alternative that could improve control performance would be to forecast
loads [Hong et al. 2020]. We discretize continuous-time dynamics with a zero-order hold on ui,
xN in

i
, and di using the explicit second-order Heun method. The integration step size is equal to the

control sampling interval δ and the zero-order hold on xN in
i

preserves the sparse coupling structure
between subsystems at the cost of a reduced integration accuracy, similar to the inverted pendulum
example in Chapter 4. For all i ∈ S, the state constraint sets Xi and Xi j, j ∈ N in

i in OCP (4.5)
include the bus constraint sets Qn for all n ∈ Di. Specifically, the box constraints on ωn and the
angle differences θn − θm for all n,m ∈ Di in (6.2) are included in Xi and the phase difference
constraints θn − θm with respect to coupled buses m ∈ D j are included in Xi j, where j ∈ N in

i and
i ∈ S. For all i ∈ S, the generator box constraints translate into an input box constraint set Ui.

The control sampling interval δ = 0.1 s, discrete-time OCP horizon N = 100, coupling weights
anm = 0.2 if applicable, and nominal values M = 0.167 pu · s2 and D = 0.0045 pu · s are chosen
similar to [de Jong and Lazar 2023]. For all i ∈ S, we design OCP (4.5) with quadratic costs

ℓi(xi, ui) ≐
∑︂
n∈Di

1
2

(︁
q⊤n Qqn + p⊤n Rpn

)︁
and Vfi ≐

∑︂
n∈Di

1
2

q⊤n Pqn

with Q = diag(0, 1), R = 0.1, and P = Q. The scaling parameter for the terminal penalty in
OCP (4.5) is chosen as β = 1.

To apply ADMM or dSQP, we reformulate OCP (4.5) as a partially separable NLP like (3.1)
by introducing copies for the neighboring states xDin

i
, cf. Example 2.1. Moreover, we regularize

the OCP by adding the quadratic penalty cz⊤i zi with weight c = 10−4 to the cost function fi for all
i ∈ S, which ensures that the GN Hessian approximations Hi = ∇

2
zizi

fi are positive definite.

Implementational Details

To evaluate the performance of ADMM and dSQP for the considered power networks, we have
implemented multi-threaded versions of both methods in Julia v. 1.10.5. The source code to run
the simulations is available online.1 All simulations are carried out on a Debian Linux Virtual
Machine (VM). The VM ran on a server at TU Dortmund University which is equipped with two
AMD EPYC 7742 64-core processor sockets and 1 TB RAM of which the VM can access 40 CPU

1https://github.com/OptCon/dmpc_scalability
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cores and 64 GM RAM. The server did not execute any further jobs during the simulations to avoid
interference on the solver time measurements. For centralized MPC, we test centralized solvers
in combination with parallel linear algebra packages. Thus, both distributed MPC and centralized
MPC benefit from the multi-core CPU architecture in our implementation.

For solving QPs in centralized linear-quadratic MPC, we test CPLEX v. 22.1.0 and OSQP v.
0.8.1, subsequently referred to as centralized OSQP [IBM 2024; Stellato et al. 2020]. We interface
CPLEX via JuMP v. 1.23.2 which we use to construct a centralized QP model [Lubin et al. 2023].
For centralized OSQP, we use Intel oneMKL Pardiso as a parallel linear algebra package [Intel
2024; Schenk et al. 2001]. For linear-quadratic DMPC, we use ADMM as given in Algorithm 4.1.
To accelerate the execution of ADMM, we parallelize the solution of the subsystem QPs in Step 3
and the dual update in Step 5 of Algorithm 4.1. The averaging Step 4 is implemented as the
efficient matrix-vector product

zl+1 = Mavgyl,

where the ADMM averaging matrix Mavg is computed offline. The subsystem QPs are solved using
OSQP running the sequential QDLDL linear algebra solver [Stellato et al. 2020].

For non-convex NLPs arising in centralized NMPC, we use the interior point solver MadNLP
v. 0.8.4 in combination with Intel oneMKL Pardiso [Shin et al. 2021; Shin et al. 2024]. As
decentralized method for nonlinear DMPC, we test a dSQP implementation with fixed ADMM
iterations on the inner level as summarized in Algorithm 4.2. The derivatives in Step 3 of dSQP
are evaluated using automatic differentiation via JuMP’s MathOptInterface v. 1.32.2 [Legat et al.
2021]. The derivative computation is parallelized by assigning one thread to each subsystem and
on the inner level we use the multi-threaded ADMM implementation from above.

The scalability analysis to be presented below investigates the number of iterations required
by centralized OSQP, ADMM, and dSQP to obtain approximate OCP solutions. To this end, we
terminate these methods based on the residual

r ≐

⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F1(z1, ν1, µ1, λ)
...

Fs(zS , νS , µS , λ)∑︂
i∈S

Eizi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦⃦⃦⃦⃦
⃦
∞

with Fi(zi, νi, µi, λ) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇zi Li(zi, νi, µi, λ)
gi(zi)

max(0, hi(zi))
min(0, µi)(︂[︁

µi
]︁

j · [hi] j

)︂
j∈{1,...,nh,i}

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

In order to keep the overall ADMM and dSQP execution time low, we set the the OSQP tolerances
in the subsystem QP solves as ϵabs = ϵrel = ϵdual = ϵdual = tol/10, where tol denotes the specified
tolerance on r. Put differently, we allow for approximate subsystem QP solutions for the sake of
reducing the OSQP execution time inside ADMM.
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6.2 Scalability Study

Table 6.1: Problem parameters for the open-loop scalability study. Table adapted from [Stomberg
et al. 2025b].

Case |Di| |Li| | f̃n,0| Results shown in Figure
1 9 2 32 mHz Fig. 6.2 (QP) and Fig. 6.3 left columns (NLP)
2 16 4 32 mHz Fig. 6.2 (QP) and Fig. 6.3 center columns (NLP)
3 25 5 32 mHz Fig. 6.2 (QP) and Fig. 6.3 right columns (NLP)
4 9 4 32 mHz Fig. 6.4 (NLP)
5 9 6 32 mHz Fig. 6.4 (NLP)
6 9 2 48 mHz Fig. 6.5 (NLP)
7 9 2 64 mHz Fig. 6.5 (NLP)

6.2 Scalability Study

We investigate the optimizer performance for a range of OCP parameters including the number
of decision variables n, the number of buses per subystem |Di|, the number of subsystems |S|, the
number of load buses per subsystem |Li|, and the initial condition for the frequency f̃ = ω/(2π).

Case Study Design

Table 6.1 summarizes the parameter values for seven different test cases. For each test case, the
number of subsystems in the network is increased from 4 to 36 such that n grows, but the remaining
parameters are kept constant. The OCPs within each test case are constructed as follows. First,
we sample random parameters from uniform distributions Mn ∈ [0.9, 1.1]M, Dn ∈ [0.9, 1.1]D,
and f̃n,0 ≤ | f̃n,0| for all n ∈ D1. Moreover, for all n ∈ D1, we decide at random whether n ∈ P1

or n ∈ L1. The initial condition for the angles is θn(0) = 0 for all n ∈ D1. Then, we add
subsystems with the same parameters as the first subsystem to obtain square networks as shown in
Network A in Figure 6.1. Choosing the same parameters for all subsystems ensures that the only
major change between the networks within a test case lies in the number of subsystems and thus
the problem dimension n, but not the initial condition, bus parameters, or placement of loads and
generators. For centralized OSQP, ADMM, and dSQP, we tune the penalty parameter ρ for each
test case based on the network with four subsystems. The parameter ρ thus only depends on the
test case and not on the network size.

We evaluate the optimizer performance based on the required number of iterations and the as-
sociated time for solving the OCP. For centralized OSQP, ADMM, and dSQP this refers to sub-
optimal solutions based on a pre-specified tolerance for the residual r defined above. In contrast,
the interior point solvers CPLEX and MadNLP solve each OCP to high accuracy. Specifying low
accuracies yielded little reduction in the MadNLP solve time, because fast convergence occurred
primarily in the final interior point iterations. Omitting these final MadNLP iterations degraded
the solution quality, but had little effect on the overall execution time.
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Figure 6.2: Computational performance for convex QPs with |Di| = {9, 16, 25} buses per subsys-
tem. Figure adapted from [Stomberg et al. 2025b].

For our custom ADMM and dSQP implementations, we first initialize all data structures prior
to the time meausrements, which includes one call to OSQP for solving the subsystem QPs. The
reported measurements thus cover the code that would run in an online DMPC implementation.
However, the simulations run on a single server and thus DMPC communication delays that would
occur in decentralized implementations are not included. All measurements are taken five times to
account for runtime uncertainty.

Simulation Results

Linear-quadratic DMPC: Figure 6.2 summarizes the results where OCP (4.5) is a convex QP with
the linearized power exchange Plin. The legend on the bottom of the figure applies to all plots and
each plot includes two x-axes. The x-axis on the top refers to the number of decision variables n
in the centralized OCP, rounded to the nearest thousand, and the x-axis on the bottom indicates the
number of subsystems |S| present in the network. For both x-axes, the axis labels on the top and
bottom apply to all plots within one column. Likewise, the y-axis description on the left applies
to all plots within one row. For the time measurements, crosses mark the median and shaded areas
highlight the range from minimum to maximum of the five runs of each simulation and the same
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Figure 6.3: Computational performance for non-convex NLPs with |Di| = {9, 16, 25} buses per
subsystem. Figure adapted from [Stomberg et al. 2025b].

applies to all other figures in this section.
The top two rows of Figure 6.2 show the solve times for each method and the center row is

an enlarged version for better visualization. CPLEX is much slower than ADMM and centralized
OSQP, but also obtains high-accuracy solutions. The solve times of CPLEX on the one hand and
ADMM and OSQP on the other hand are thus not directly comparable. The CPLEX results rather
show that solving large-scale OCPs on multi-core CPUs is currently computationally infeasible,
even with a state-of-the-art solver and parallelization. Centralized OSQP and ADMM, however,
rapidly converge to suboptimal solutions and scale favorably. Notice how the required number
of iterations for ADMM and OSQP depends on the problem dimension ni per subsystem and on
the desired accuracy, but not on the number of subsystems. This suggests that both methods scale
favorably, as long as the per-iteration time can be kept constant through parallelization. For central-
ized OSQP, implementations for GPUs and FPGAs may provide even further speedup compared
to the multi-core CPU architecture considered here [Schubiger et al. 2020; Wang et al. 2023].

Nonlinear DMPC: Figure 6.3 shows the effects of the subsystem size for non-convex NLPs with
the nonlinear dynamics (6.1). MadNLP and dSQP require nearly constant iterations when new sub-
systems are added to the network, again indicating promising scalability if the per-iteration time
stays constant. However, the execution times of MadNLP and dSQP are not directly comparable,
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Figure 6.4: Computational peformance of dSQP for non-convex NLPs with |Li| = {2, 4, 6} loads
per subsystem. Figure adapted from [Stomberg et al. 2025b].

because MadNLP converges to higher accuracy. The results illustrate the remaining challenges of
solving large-scale NLPs to optimality with parallelization on multi-core CPUs. However, paral-
lelization on GPUs seems promising for overcoming this bottleneck of centralized NMPC [Pacaud
et al. 2024; Shin et al. 2024].

So far, we have analyzed the scalability of networks with varying subsystem size, cf. Figures 6.2
and 6.3. In contrast, Figures 6.4 and 6.5 investigate the effect of different subsystem settings, but
with a constant size of nine buses per subsystem. Specifically, Figure 6.4 shows what happens if
generators within a subsystem are replaced by loads, which corresponds to control inputs being
replaced by disturbances. The figure confirms that intuitively more challenging control problems
also require more optimizer iterations to reach convergence. However, as for problems with vary-
ing subsystem size, we observe that the number of optimizer iterations is largely independent of
the number of subsystems in the network. The same applies to Figure 6.5, where we increase the
magnitude of the initial disturbance. Thus, the crucial observation that DMPC scales with a con-
stant number of optimizer iterations applies to a wide range of settings, confirming the potential of
dRTI for large-scale CPsoS.

Remark 6.1 (Distributed vs. centralized MPC). The results in Figures 6.2 and 6.3 do not imply
that ADMM and dSQP are better suited than CPLEX and MadNLP for all OCPs in general. In
fact, the results in [Kozma et al. 2015] include examples where ADMM does not compare well with
centralized solvers. Instead, our results demonstrate that the graph structure in OCPs can result
in a constant iteration requirement for decentralized optimization methods. This, together with
the constant per-iteration execution times for ADMM observed in [Huber et al. 2022], indicates
good scalability of cooperative DMPC. Centralized MPC can also benefit from this effect, because
we observe constant iteration numbers for OSQP and MadNLP when subsystems are added to
the network. Thus, both centralized MPC and DMPC have the potential to scale well if the per-
iteration execution time can be kept low through parallelization. □
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Figure 6.5: Computational peformance of dSQP for non-convex NLPs with initial frequency dis-
trubance | f̃n,0| ≤ {32, 48, 64} mHz. Figure adapted from [Stomberg et al. 2025b].

6.3 Closed-Loop Control Performance

The analysis in the previous section shows that, for the considered scenarios, the required number
of ADMM and dSQP iterations for reaching suboptimal solutions is largely independent of the
number of subsystems. The scalability of DMPC thus depends on the control performance that
results from these suboptimal controls. This section analyzes the performance of suboptimal linear
and nonlinear DMPC in simulation.

Case Study Design

We test linear-quadratic and nonlinear DMPC on the two 81-bus networks shown in Figure 6.1.
The grids differ in the positioning of loads and buses. Whereas each subsystem in Network A
contains loads and generators, the subsystems in Network B include either loads or generators.
Network B therefore requires closer cooperation between subsystems, which allows us to test
the effect of coupling constraint violations due to the early ADMM termination in each control
step. Figure 6.6 illustrates the scenario, where all buses are initially synchronized. The loads then
exhibit a random jump of up to −0.1 pu at t = 0.1 s. We quantify control performance as the
averaged closed-loop cost Jcl defined in (4.41). We first test the ideal centralized controller where
the OCP is solved to high accuracy via CPLEX (linear-quadratic MPC) or MadNLP (NMPC) and
we denote the resulting averaged closed-loop cost as J⋆cl. Then, we apply ADMM (linear-quadratic
DMPC) or dSQP (nonlinear DMPC) to obtain the averaged closed-loop cost Jcl. The suboptimality
due to the early termination is the relative control performance J/J⋆.

Simulation Results

The plots on the left of Figure 6.6 show the trajectories for the angles θn, frequency f̄n ≐ f̃ +50 Hz,
and injected power un for all n ∈ D. The plot on the bottom left shows both the generator inputs pn
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Figure 6.6: Closed-loop nonlinear DMPC simulation for Network B of Figure 6.1. The OCP for
the 81-bus Network contains n = 31815 decision variables and is solved via dSQP with
kmax = 1 and lmax = 10. Generator trajectories are shown in gray and load trajectories
are shown in orange. Figure adapted from [Stomberg et al. 2025b].

and loads wn for better visualization, even though the loads wn are strictly speaking disturbances
and not inputs. The simulation demonstrates the system-optimizer convergence of dRTI in closed
loop: The chosen number of iterations lmax = 10 is less than the 40 iterations required in Figure 6.4
to reach an accuracy of 10−3, but dSQP synchronizes the buses thanks to the warm-starting.

Figure 6.7 summarizes the relative control performance Jcl/J⋆cl and solve time for ADMM and
centralized OSQP, where the solve times are given as percentage of the CPLEX solve time. Shaded
areas mark the span from minimum to maximum recorded solve times and crosses denote the
median. The results show that few iterations yield good control performance and require a fraction
of the CPLEX solve time, both for centralized MPC using OSQP and for DMPC using ADMM.

The same phenomenon can be observed in Figure 6.8 which compares nonlinear DMPC using
dSQP to centralized NMPC using MadNLP. Nonlinear DMPC achieves 99 % control performance
with lmax = 7 ADMM iterations per control step, requiring less than seven percent of the MadNLP
execution time. Thus, the suboptimal inputs can indeed suffice in closed-loop. In combination
with the results from the previous section, this suggests that DMPC has the potential to scale well.
However, the simulations also highlight a drawback of ADMM-based DMPC: For systems that
require a high level of consensus, the control performance deteriorates unless more iterations are
applied per control step. This can be seen from Figures 6.7 and 6.8, where the control performance
obtained with few optimizer iterations is clearly worse for Network B than for Network A, because
Network B requires the subsystems to cooperatively balance power supply and demand.
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Figure 6.7: Relative control performances and solve times for DMPC (ADMM) and suboptimal
centralized MPC (centralized OSQP) compared to centralized MPC using CPLEX.
Figure adapted from [Stomberg et al. 2025b].
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compared to centralized NMPC using MadNLP. Figure adapted from [Stomberg et al.
2025b].

6.4 Summary

We have investigated the computational performance of dRTI for large-scale OCPs with up to
333,000 decision variables in simulations with electric power grids. Similarly to [Conte et al. 2012;
Behrunani et al. 2024], the number of subsystems in the network was found to have little effect
on the required number of optimizer iterations per control step and we observe this phenomenon
for a range of problem settings with different grid sizes, load scenarios, and initial disturbances.
This promises good scalability since expensive computations are parallelizd between subsystems.
In contrast to prior work, we further compared the proposed DMPC approaches to centralized
MPC based on parallelized interior point solvers, showing comparatively fast convergence of dRTI
to suboptimal control inputs. Moreover, we demonstrated that the resulting suboptimal feedback
yields strong control performance thanks to the system-optimizer convergence in closed loop.
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The increasing prevalence of CPSoS in engineering domains such as manufacturing, robotics, en-
ergy systems, and beyond calls for novel optimization and control architectures which scale and
leverage modern information technology to deliver high performance. Cooperative DMPC is a
promising way forward in this direction as it combines the strengths of centralized MPC and dis-
tributed control. However, threats to real-time feasibility can inhibit real-world implementations,
because iterative decentralized optimization methods with multiple communication rounds can
cause significant delay when solving the OCP to determine the next control input. As such, real-
time feasibility is a challenge which is not unique to DMPC, but may also arise in centralized
NMPC. There, tailored Real-Time Iteration (RTI) schemes have significantly reduced the compu-
tational burden over the last decades, allowing to deploy NMPC at microsecond sampling intervals.
It thus stands to reason that RTI schemes can also help accelerate DMPC as long as computations
can be efficiently decomposed among subsystems.

7.1 Real-Time Iterations for Distributed MPC

This thesis has developed a decentralized RTI (dRTI) approach for cooperative nonlinear DMPC
based on a novel bi-level decentralized Sequential Quadratic Programming (dSQP) method. The
dSQP algorithm combines an SQP method with ADMM to solve partially separable NLPs subject
to non-convex constraints. Computational advantages are that each subsystem must only solve
small-scale convex QPs online and that the linearized inequality constraints are passed to ADMM
such that an explicit identification of the active set is avoided. We addressed the following chal-
lenges which are crucial for the real-time control of CPSoS.

Stability The early termination in RTI schemes results in OCP solutions which are not only
suboptimal, but even infeasible. This complicates the stability analysis for closed-loop control,
because standard arguments based on the feasibility of suboptimal solutions are not available.
Thus, the stability of the system-optimizer dynamics hinges on the fast local convergence of the
employed optimization algorithm, with q-linear convergence to the OCP minimizer being a com-
monly adopted sufficient condition for closed-loop stability. To this end, we prove that dSQP
converges locally at a q-linear rate to regular KKT points if sufficiently many ADMM iterations
are applied in each SQP step. The number of ADMM iterations can be kept constant inside the
controller and a sufficient number of iterations to guarantee stability can be computed offline. Sta-
bility of the system-optimizer dynamics then follows from established guarantees for centralized
NMPC under the assumptions that the OCP design is stabilizing and that the control sampling fre-
quency is sufficiently high. The approach is flexible with respect to the adopted OCP design such
that different synthesis methods from the DMPC literature, with or without terminal constraints,
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can be applied. These stability guarantees improve upon the state of the art as they are, to the best
of the author’s knowledge, the first stability guarantees for nonlinear DMPC without a centralized
coordinator that do not assume—but prove—convergence of the optimization algorithm.

Implementation The primary aim of dRTI is to improve and demonstrate the real-time feasibil-
ity of cooperative DMPC in the hope that this helps pave the way towards real-world applications
of DMPC in CPSoS. To this end, we have studied the performance of cooperative DMPC based on
dRTI in hardware experiments with distributed computation to capture crucial effects such as lim-
ited computational resources, imperfect communication, and delays. Six test series on two robotic
hardware platforms investigated a wide range of scenarios and allowed to contrast the dRTI per-
formance for convex vs. non-convex OCPs, Ethernet vs. WiFi communication, embedded vs.
offboard computation, and static vs. dynamic environments. Moreover, we analyzed the real-time
dilemma of MPC by exploring the tradeoff between fast control sampling and more optimizer iter-
ations which, in the context of DMPC, can also be understood as a tradeoff between fast sampling
and close collaboration through higher levels of consensus. The experiments demonstrated that
the approach indeed is real-time feasible such that the proposed dRTI scheme is, to the best of the
author’s knowledge, the first DMPC algorithm without centralized coordinator that enjoys theo-
retical guarantees and has been validated in practice. Moreover, the computational efficiency of
dSQP allowed to run embedded DMPC at 20 Hz, a fivefold increase over prior results.

Scalability CPSoS are interconnected dynamical systems with many states and inputs and thus
the scalability of any DMPC algorithm is vital. Throughout Chapters 2–4, we have considered
small- to medium-scale optimization problems such as the IEEE 118-bus AC-OPF example with
n = 576 decision variables, the swing-up of coupled inverted pendulums with n = 568–1504, and
hardware experiments with n = 216–1504. These problems tackled different challenges such as
complicated non-convex constraints, unstable nonlinear dynamics, and real-time collision avoid-
ance, but they did not focus on numerical performance for large problem dimensions. The scal-
ability study in Chapter 6 on the frequency control of electric power grids thus investigated the
dRTI performance for convex-quadratic and nonlinear OCPs with n = 13,000–333,000 decision
variables. Across a wide range of scenarios, we observe that the required number of optimizer iter-
ations needed to converge to a pre-specified accuracy does not depend on the number of subystems
in the CPSoS. This is encouraging with respect to real-time feasibility, because dRTI decomposes
computations among subsystems such that the execution time in practice should only depend on
the number of optimizer iterations, but not on the number of subsystems. A key improvement over
prior scalability studies related to DMPC is that we provide runtimes for state-of-the-art centralized
solvers and dRTI, all of which we parallelize on a multi-core CPU server. The results demonstrate
that centralized interior point solvers with parallelization on multi-core CPUs struggle to produce
accurate solutions with moderate solve times. In contrast, dRTI rapidly finds suboptimal OCP
solutions and, for convex QPs, is on par with OSQP. Compared to centralized MPC based on in-
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terior point methods, dRTI achieves 99 % closed-loop control performance in less than 7 % of the
execution time. For the considered example, DMPC thus outperforms centralized MPC from a
computational point of view.

7.2 Open Challenges in Distributed MPC: Real-Time

Execution and Beyond

This thesis dicussed tailored optimization algorithms for implementing DMPC in real time, an
important prerequisite for applying DMPC in practice. Nonetheless, several challenges remain
before cooperative DMPC can be expected to deliver on its promise of reconciling centralized
performance with distributed control in real-world applications.

Real-time feasibility With respect to numerical optimization and real-time feasibility, the per-
haps most fundamental open challenge is the development of optimizaton algorithms which pro-
vide a high level of consensus in decentralized implementations. An ideal decentralized optimiza-
tion algorithm for DMPC would be feasible-side convergent such as Jacobi iterations, but allow for
infeasible warm starts like ADMM. However, these specifications contradict one another to some
extent and it is not clear how this conflict can be resolved. Future DMPC schemes may thus benefit
from structured analyses on the lack of consensus and its implications for closed-loop control to
derive design guidelines and recommendations for practitioners on how to cope with asymptotic
feasibility.

Asynchronous and interoperable DMPC design and operation Cooperative DMPC as dis-
cussed in this thesis essentially follows a top-down approach: First formulate a centralized OCP,
then decentralize computations by means of a suitable optimization algorithm. While this method-
ology does not require subsystems to share individual problem data such as objective functions
and system dynamics online, the theoretical stability analysis and offline tuning of the optimiza-
tion methods utilized the centralized availability of problem information. However, industrial
applications may require a bottom-up approach where individual subsystems design their parts of
the cooperative OCP autonomously when forming a CPSoS. In a sense, this could be regarded as
a design-phase counterpart to asynchronous optimization algorithms which can proceed without
receiving all desired information from neighbors. In the context of DMPC, developments into this
direction date back at least to the 2010s with the advent of plug-and-play DMPC, discussing the
dynamic reconfiguration of the centralized OCP if subsystems enter or leave a network. Inter-
operability, however, requires even further generalizations to the cooperative OCP design and its
numerical solution. For instance, is it possible to allow for heterogeneous sampling intervals δ,
prediction horizons N, and tuning parameters such as ρ in ADMM across subsystems? Can the
DMPC scheme react to changes in the CPSoS without manual retuning, for instance if the control

137



7 Summary and Outlook

objectives or system dynamics change? These questions are presently addressed via decentral-
ized MPC and one open challenge for DMPC is to promote interoperability without compromising
cooperation and performance.

CPSoS challenges in DMPC Since distributed control schemes form an integral part of the
ecosystem in which they are embedded, DMPC inherits some of the challenges generally present
in CPSoS. In view of the above, cross-vendor interoperability is an open challenge for DMPC
which may necessitate standardization as is commonly adopted in e.g. communication networks.
The latter is closely linked to distributed control and in particular to cooperative DMPC, because
fast and reliable communication is mandatory for running the controllers. This tight interaction
between communication and control has sparked manifold research efforts in both communities
such as time sensitive networking to ensure the reliable and timely transmission of highly critical
messages or event-triggered control to reduce the load on the communication network. Moreover,
joint initiatives are under way to incorporate the requirements of both domains in the respective
designs, i.e. by encoding the needs of communication networks directly in the control synthesis
and vice versa. A further major challenge in CPSoS are privacy and security, which are in parts
already being addressed by tailored DMPC schemes and which can be expected to further impact
the design and solution of cooperative OCPs. Finally, applications impose additional technical
and economic requirements for DMPC schemes that need to be addressed. For instance, how can
subsystems be incentivized to participate in cooperative DMPC even if this will result, at times, in
suboptimal performance with respect to the individual objective? These challenges are not unique
to DMPC and will require joint efforts between the systems and controls community with other
domains to facilitate and promote the control of CPSoS.
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A Numerical Optimization Background

This appendix recalls standard concepts from numerical optimization and key convergence results
that are used frequently throughout the thesis.

A.1 Nonlinear Programming

Consider the NLP

min
z

f (z) (A.1a)

subject to g(z) = 0 | ν, (A.1b)

h(z) ≤ 0 | µ, (A.1c)

Ez = b | λ, (A.1d)

with the decision variable z ∈ Rn. We write the linear equality constraint (A.1d) separately instead
of incorporating it into (A.1b) in order to harmonize the notation with the other chapters. The
functions f : Rn → R, g : Rn → Rng , and h : Rn → Rnh are assumed to be three times continuously
differentiable, E ∈ Rnc×n is assumed to have full row rank, and b ∈ Rnc . The notation in (A.1)
highlights that ν ∈ Rng , µ ∈ Rnh , and λ ∈ Rnc are Lagrange multipliers. The feasible set of
NLP (A.1) is given by Z ≐ {z ∈ Rn | g(z) = 0, h(z) ≤ 0, Ez = b}. For z ∈ Z, the sets of active and
inactive inequality constraints are defined as A(z) ≐ { j ∈ {1, . . . , nh} | [h(z)] j = 0} and I(z) ≐ { j ∈
{1, . . . , nh} | [h(z)] j < 0}, respectively.

Definition A.1 (Local minimizer [Geiger and Kanzow 2002, Definition 1.1]). A point z⋆ ∈ Z is
called a local minimizer of NLP (A.1), if there exists an ε > 0 such that f (z⋆) ≤ f (z) for all
z ∈ Z ∩ B(z⋆, ε). □

Definition A.2 (Strict local minimizer [Geiger and Kanzow 2002, Definition 1.1]). A point z⋆ ∈ Z
is called a strict local minimizer of NLP (A.1), if there exists an ε > 0 such that f (z⋆) < f (z) for
all z ∈ Z ∩ B(z⋆, ε) with z ≠ z⋆. □

Definition A.3 (LICQ [Geiger and Kanzow 2002, Definition 2.40]). A point z ∈ Z satisfies LICQ,
if the matrix ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∇g(z)⊤

[∇h(z)]⊤
A(z)

E

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
has full row rank, i.e., if the gradients of the equality constraints and the active inequality con-
straints are linearly independent. □
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We define the primal-dual variables p ≐ (z, ν, µ, λ) ∈ Rnp and the Lagrangian to NLP (A.1) as

L(z, ν, µ, λ) ≐ f (z) + ν⊤g(z) + µ⊤h(z) + λ⊤(Ez − b). (A.2)

Definition A.4 (KKT conditions [Geiger and Kanzow 2002, Definition 2.35]). A point p⋆ =
(z⋆, ν⋆, µ⋆, λ⋆) is called a KKT point of NLP (A.1), if it satisfies the KKT conditions

∇zL(z⋆, ν⋆, µ⋆, λ⋆) = 0, (A.3a)

g(z⋆) = 0, (A.3b)

h(z⋆) ≤ 0, µ⋆ ≥ 0, µ⋆⊤h(z⋆) = 0, (A.3c)

Ez⋆ = b. (A.3d)

□

The complementarity conditions (A.3c) are equivalent to min(−h(z⋆), µ⋆) = 0, where min(a, b) ≐
(min([a]1, [b]1), . . . ,min([a]n, [b]n)) is the vector of componentwise minima for two vectors a, b ∈
Rn.

Theorem A.1 (Necessary conditions of optimality [Geiger and Kanzow 2002, Theorem 2.41]). Let
z⋆ ∈ Z be a local minimizer of NLP (A.1) which satisfies LICQ. Then there exist unique Lagrange
multipliers ν⋆ ∈ Rng , µ⋆ ∈ Rnh , and λ⋆ ∈ Rnc such that p⋆ = (z⋆, ν⋆, µ⋆, λ⋆) is a KKT point of
NLP (A.1). □

Definition A.5 (Strict complementarity [Nocedal and Wright 2006, Definition 12.5]). Let z⋆ be a
local minimizer of NLP (A.1) and let z⋆ and µ⋆ ∈ Rnh satisfy (A.3c). Strict complementarity is said
to hold, if exactly one of [z⋆] j and [µ⋆] j is zero for each index j = {1, . . . , nh}, i.e., if [µ⋆] j > 0 for
all j ∈ A(z⋆). □

By definition, strict complementarity rules out weakly active inequality constraints at z⋆, i.e.,
there is no constraint j such that [h(z⋆)] j = [µ⋆] j = 0. An equivalent definition of strict comple-
mentarity is that (A.3c) holds and µ⋆ + h(z⋆) ≠ 0 [Geiger and Kanzow 2002, p. 47].

Theorem A.2 (SOSC with strict complementarity).
Let p⋆ = (z⋆, ν⋆, µ⋆, λ⋆) be a KKT point of NLP (A.1) and let strict complementarity hold. If

z⊤∇2
zzL(z⋆, ν⋆, µ⋆)z > 0 for all z ≠ 0 with (∇g(z⋆)⊤, [∇h(z⋆)]⊤

A(z⋆), E)z = 0, (A.4)

then z⋆ is a strict local minimizer of NLP (A.1). □

The conditions (A.4) are called Second-Order Sufficient Conditions (SOSC) and Theorem A.2
is an adapted version of [Nocedal and Wright 2006, Theorem 12.6] for KKT points where strict
complementarity holds.
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A.2 Sensitivity Analysis

Consider the parametric NLP

min
z

f (z, ξ) subject to g(z, ξ) = 0, h(z, ξ) ≤ 0, (A.5a)

where z ∈ Rn is the vector of decision variables, ξ ∈ Rm is a perturbation parameter, f : Rn ×Rm →

R, g : Rn ×Rm → Rng , and h : Rn ×Rm → Rnh . We refer to the perturbed NLP (A.5) parameterized
by ξ as P(ξ). The following Basic Sensitivity Theorem (BST) originally appeared in [Fiacco 1976]
and we here recall a version from the textbook [Fiacco 1983, Theorem 3.2.2].

Theorem A.3 (Basic Sensitivity Theorem [Fiacco 1983]). Let z⋆ be a local minimizer of P(0). If

i) the functions f , g, and h in NLP (A.5) are twice continuously differentiable in z,

ii) the functions g and h and the Jacobians ∇z f , ∇zg, and ∇zh are once continuously differen-
tiable in ξ in a neighborhood of (z⋆, 0), and

iii) SOSC, LICQ, and strict complementarity hold at z⋆ with Lagrange multipliers ν⋆ ∈ Rng and
µ⋆ ∈ Rnh ,

then

a) z⋆ is a local isolated minimizer and the Lagrange multipliers ν⋆ and µ⋆ are unique,

b) for ξ in a neighborhood of 0, there exists a unique, once continuously differentiable function
p(ξ) = (z(ξ), ν(ξ), µ(ξ)) satisfying SOSC for P(ξ) and hence z(ξ) is a locally unique local
minimizer of P(ξ) with associated Lagrange multipliers ν(ξ) and µ(ξ), and

c) for ξ near 0, the set of binding inequalities is unchanged, strict complementarity holds, and
LICQ holds at z(ξ). □

We use Theorem A.3 to study the sensitivity of the quadratic subproblems to be solved in dSQP.
To this end, we note that part b) of the BST can be adapted to obtain, for ξ near 0,

z⊤∇2
zzL(z⋆, ν⋆, µ⋆, 0)z > 0 for all ∇g(z⋆, 0)⊤z = 0 (A.6)

=⇒ z⊤∇2
zzL(z(ξ), ν(ξ), µ(ξ), ξ)z > 0 for all ∇g(z(ξ), ξ)⊤z = 0.

This follows by adapting the proof in [Fiacco 1983, p. 75] to the stronger SOSC version (A.6).

A.3 Convex Analysis

The design and analysis of optimization algorithms for solving NLP (A.1) depends on the con-
vexity of the NLP components, which we define in this section. To this end, we first recall basic
notions of convex analysis from [Nocedal and Wright 2006, Chapter 1] and [Bertsekas 2016, Ap-
pendix B].
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Definition A.6 (Convex set [Nocedal and Wright 2006]).
A set X ⊆ Rn is called convex if αx + (1 − α)y ∈ X for all x, y ∈ X and for all α ∈ [0, 1]. □

Definition A.7 (Convex and strictly convex function [Nocedal and Wright 2006]).
Let X ⊆ Rn be a convex set. A function f : X→ R is called

1. convex, if f (αx + (1 − α)y) ≤ α f (x) + (1 − α) f (y) for all x, y ∈ X and for all α ∈ [0, 1],

2. strictly convex, if the above inequality is strict for all x, y ∈ X with x ≠ y and for all
α ∈ (0, 1). □

Definition A.8 (Epigraph, effective domain, and closed and proper function [Bertsekas 2016]).
Let X ⊂ Rn be a convex set and let f : X→ [−∞,∞].

1. The epigraph of f is defined as the set epi( f ) ≐
{︂
(x,w) ∈ Rn+1

⃓⃓⃓
x ∈ X,w ∈ R, f (x) ≤ w

}︂
.

2. The effective domain of f is defined as the set dom( f ) ≐ { x ∈ X | f (x) < ∞} .

3. The function f is said to be closed, if epi( f ) is a closed set.

4. The function f is said to be proper, if dom( f ) is nonempty and if f (x) > −∞ for all x ∈ X. □

The analysis of Dual Decomposition (DD) assumes the objective functions to be strongly con-
vex. Similar to the definition via [Bertsekas 2016, Equation B.3], we here define strong convexity
for continuously differentiable functions.

Definition A.9 (Strongly convex function). A continuously differentiable function f : Rn → R is
said to be strongly convex with strong convexity parameter µc > 0 if

f (y) ≥ f (x) + ∇ f (x)⊤(y − x) +
µc

2
∥x − y∥2 ∀x, y ∈ Rn. (A.7)

□

The above definition is a slight modification to the definition in [Bertsekas 2016] as we addi-
tionally define the strong convexity parameter µc. This is motivated by the analysis of dual decom-
position presented in [Braun and Grüne 2018] and we refer to [Braun 2016] for a more detailed
discussion of strong convexity.

Theorem A.4 (Strong convexity [Bertsekas 2016, Proposition B.5 (b)]). If f : Rn → R is a twice
continuously differentiable function, then f satisfies (A.7) if and only if the matrix ∇2 f (x) − µcI is
positive semi-definite for all x ∈ Rn. □

Theorem A.4 serves as a practical guide for checking strong convexity in implementations. That
is, a twice continuously differentiable function f is strongly convex with convexity parameter µc if
and only if the smallest eigenvalue of the Hessian satisfies λmin(∇2 f (x)) ≥ µc for all x ∈ Rn.
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A.4 SQP Convergence

SQP methods are centralized algorithms for solving NLP (A.1) which proceed by solving a se-
quence of quadratic subproblems [Boggs and Tolle 1995; Nocedal and Wright 2006]. This section
presents the centralized QP to be solved in each SQP step, discusses the uniqueness of the QP
solution, and summarizes a classic SQP convergence result for regular KKT points.

Consider a QP approximation of NLP (A.1) at a primal-dual point pk ≐ (zk, νk, µk, λk) ∈ Rnp ,

min
z

1
2

(z − zk)⊤Hk(z − zk) + ∇ f k⊤(z − zk) (A.8a)

subject to gk + ∇gk⊤(z − zk) = 0 | ν, (A.8b)

hk + ∇hk⊤(z − zk) ≤ 0 | µ, (A.8c)

Ez = b | λ, (A.8d)

where Hk ≈ ∇2
zzL(zk, νk, µk) is symmetric. The symbols gk and ∇gk are shorthands for g(zk) and

∇g(zk), respectively and the same holds for functions f and h. We denote a primal dual-solution to
QP (A.8) as pk,⋆ = (zk,⋆, νk,⋆, µk,⋆, λk,⋆) and recall the following standard SQP convergence result.

Definition A.10 (Convergence rates [Ulbrich and Ulbrich 2012, Definition 10.2]). The sequence
{pk} ⊂ Rnp is said to converge to p⋆ ∈ Rnp

i) q-linearly, if ∥pk+1 − p⋆∥ ≤ c∥pk − p⋆∥ for all k ≥ k0 and some c < 1 and k0 ≥ 0,

ii) q-superlinearly, if pk → p⋆ and ∥pk+1 − p⋆∥ = o(∥pk − p⋆∥) for k → ∞,

iii) q-quadratically, if pk → p⋆ and ∥pk+1 − p⋆∥ = O(∥pk − p⋆∥2) for k → ∞. □

An equivalent definition for q-quadratic convergence is to say there exists a constant C > 0 such
that ∥pk+1 − p⋆∥ ≤ C∥pk − p⋆∥2 for all k ≥ 0 [Ulbrich and Ulbrich 2012, Definition 10.2].

Theorem A.5 (Centralized SQP convergence). Let p⋆ = (z⋆, ν⋆, µ⋆, λ⋆) denote a KKT point of
NLP (A.1) which satisfies strict complementarity, LICQ, and SOSC (A.4). Consider an exact-
Hessian SQP scheme with Hk = ∇2

zzL(zk, νk, µk), where the next iterate pk+1 is set to the KKT point
pk,⋆ of QP (A.8) closest to pk. Then, there exists a constant ε0 > 0 such that the sequence {pk}

generated by the centralized SQP scheme converges q-quadratically to p⋆ for all p0 ∈ B(p⋆, ε0). □

Proof. Recall that we assume the maps f , g, and h in NLP (A.1) to be three times continuously
differentiable. Therefore, the Hessians ∇2 f , ∇2[g]i, i ∈ {1, . . . , ng} and ∇2[h] j, j ∈ {1, . . . , nh} are
Lipschitz continuous if pk ≈ p⋆. Local q-quadratic convergence therefore follows from [Geiger
and Kanzow 2002, Theorem 5.31]. ■

We define the map

F(p) ≐

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∇zL(z, ν, µ, λ)

g(z)
min(−h(z), µ)

Ez − c

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
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The convergence proof presented in [Geiger and Kanzow 2002] shows that, inside B(p⋆, ε0), the
centralized SQP iterates {pk} are equivalent to the iterates generated by Newton’s method applied
to the nonlinear system of equations F(p) = 0. Hence, the SQP scheme inherits the fast local
convergence from Newton’s method. In particular, for all p ∈ B(p⋆, ε0), F(p) is continuously
differentiable, the Jacobian ∇Fk⊤ ≐ ∇F(pk)⊤ is regular, and the Newton iteration

Fk + ∇Fk⊤(pk+1 − pk) = 0

is well defined, where Fk ≐ F(pk).
Furthermore, observe that QP (A.8) may have multiple KKT points under the assumptions in

Theorem A.5, even if pk ≈ p⋆ [Geiger and Kanzow 2002]. This can be addressed in the theoretical
analysis of SQP methods by defining the next iterate pk+1 of the SQP scheme to be the KKT point
of QP (A.8) which is closest to pk [Geiger and Kanzow 2002, Algorithm 5.30], cf. [Robinson
1974]. Here, we instead strengthen the SOSC assumption on p⋆ to guarantee that QP (A.8) indeed
only has one KKT point. We define

Zk ≐

⎧⎪⎪⎨⎪⎪⎩z ∈ Rn

⃓⃓⃓⃓⃓
⃓⃓ gk + ∇gk⊤(z − zk) = 0

hk + ∇hk⊤(z − zk) ≤ 0

⎫⎪⎪⎬⎪⎪⎭ .
Lemma A.1 (Unique solution of the SQP subproblem). Let QP (A.8) be feasible, let ∇gk⊤ have
full row rank, and let

z⊤Hkz > 0 for all z ≠ 0 with ∇gk⊤z = 0. (A.9)

Then, the objective function

f QP,k(z) ≐
1
2

(z − zk)⊤Hk(z − zk) + ∇ f k⊤(z − zk)

is strictly convex over Zk, that is,

f QP,k ((1 − λ)x + λy) < (1 − λ) f QP,k(x) + λ f QP,k(y)

for all x, y ∈ Zk with x ≠ y and all λ ∈ (0, 1). Furthermore, there exists a unique global minimizer
zk,⋆ of QP (A.8).

If zk,⋆ additionally satisfies LICQ, i.e., if the matrix⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∇gk⊤

[∇hk]⊤
A(zk,⋆)

E

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (A.10)

has full row rank, then there exists a unique KKT point pk,⋆ ≐ (zk,⋆, νk,⋆, µk,⋆, λk,⋆) of QP (A.8). □

Proof. The proof proceeds in four steps. First, a), we show that the reduced Hessian is positive
definite on the null space of the equality constraints. Then, b), we show that f QP is strictly convex
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over Zk. Then, c), we show that a strict global minimum zk,⋆ exists and that there is no other local
minimum. Then, d), LICQ implies uniqueness of the Lagrange multipliers and thus of the KKT
point pk,⋆.

a) For any matrix A ∈ Rm×n, the fundamental theorem of linear algebra states that Rn = Null(A)⊕
Range(A⊤), where the null and range spaces are defined as [Nocedal and Wright 2006, p. 603]

Null(A) ≐ {z ∈ Rn | Az = 0} and Range(A⊤) ≐
{︁
z ∈ Rn | z = A⊤w for some w ∈ Rm}︁

.

Because ∇gk⊤ ∈ Rng×n has full row rank, we can decompose any vector (z − zk) ∈ Rn via the null
space method [Nocedal and Wright 2006, Chapter 16] as

z − zk ≐ Zv + ∇gkw, (A.11)

into components v ∈ Rn−ng and w ∈ Rng . The matrix Z ∈ Rn×(n−ng) is a null space basis of ∇gk⊤, i.e.,
∇gk⊤Z = 0. We can rewrite the stronger version of SOSC (A.9) as

(z − zk)⊤Hk(z − zk) > 0 for all z ≠ zk with ∇gk⊤(z − zk) = 0. (A.12)

Inserting (A.11) into (A.12) yields

v⊤Z⊤HkZv > 0 for all v ∈ Rng , (A.13)

where we have used that the matrix ∇gk⊤∇gk is invertible and thus ∇gk⊤(z − zk) = 0 implies w = 0.
Hence, the reduced Hessian H̄ = Z⊤HkZ is positive definite.

b) Let z ∈ Zk and thus
gk + ∇gk⊤(z − zk) = 0. (A.14)

Inserting the null space approach (A.11) into the constraint (A.14) yields w = −(∇gk⊤∇gk)−1gk,
i.e., w is unique. Hence, for any points x, y ∈ Zk, we can write the difference (x − zk) − (y − zk) as

x − zk − (y − zk) ≐ Zvx + ∇gkw − (Zvy + ∇gkw) = Z(vx − vy) (A.15)

for some vx, vy ∈ R
n−ng . Note that f QP,k is quadratic and thus continuously differentiable every-

where. Hence, f QP,k is strictly convex over Zk if and only if [Ulbrich and Ulbrich 2012, Theorem
6.3]

∇ f QP,k(x)⊤(y − x) < f QP,k(y) − f QP,k(x) (A.16)

for all x, y ∈ Zk and x ≠ y. We next show that (A.16) indeed holds. Define the shorthands
∆x ≐ x − zk and ∆y ≐ y − zk and note that y − x = ∆y − ∆x. Inserting the definition of f QP,k

into (A.16) yields, for all x, y ∈ Zk with x ≠ y,

(Hk∆x + ∇ f k)⊤(y − x) <
1
2
∆y⊤Hk∆y −

1
2
∆x⊤Hk∆x + ∇ f k⊤(y − x)

(Hk∆x)⊤(y − x) <
1
2
∆y⊤Hk∆y −

1
2
∆x⊤Hk∆x
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(Hk∆x)⊤(∆y − ∆x) <
1
2
∆y⊤Hk∆y −

1
2
∆x⊤Hk∆x

0 <
1
2
∆x⊤Hk∆x − ∆x⊤Hk∆y +

1
2
∆y⊤Hk∆y

0 <
1
2

(∆x − ∆y)⊤Hk(∆x − ∆y)

0 <
1
2

(x − y)⊤Hk(x − y).

Inserting (A.15) into the last inequality yields, for all vx, vy ∈ R
n−ng with vx ≠ vy,

0 <
1
2

(Z(vx − vy))⊤Hk(Z(vx − vy))

0 <
1
2

(vx − vy)⊤Z⊤HkZ(vx − vy).

The last inequality holds, because the reduced Hessian H̄k = Z⊤HkZ is positive definite. Thus,
f QP,k is indeed strictly convex over Zk.

c) QP (A.8) is feasible by the assumptions stated in the theorem. Furthermore, the objective
f QP,k is bounded below over Zk, because H̄k is positive definite. Thus,

f QP,k,⋆
Zk ≐ inf

z∈Zk
f QP,k(z) =

inf
v∈Rn−ng

f QP,k(Zv + ∇gkw)

s.t. hk + ∇hk⊤(Zv + ∇gkw) ≤ 0

w = −(∇gk⊤∇gk)−1gk

> −∞,

i.e., the optimal value f QP,k,⋆
Zk is finite. The Frank-Wolfe theorem [Frank and Wolfe 1956] thus

asserts that there exists a solution for the QP [Bertsekas 2016, Exercise 3.1.19]

min
z∈Zk

f QP,k(z). (A.17)

At the same time, because f QP,k is strictly convex over Zk, problem (A.17) has at most one min-
imum which is a strict global minimum [Ulbrich and Ulbrich 2012, Theorem 6.5]. Because the
feasible set Zk ≐ Zk ∩ {z ∈ Rn | Ez = c} of QP (A.8) is a subset of Zk, f QP,k is bounded below and
strictly convex on Zk. Thus, by the same arguments as for QP (A.17), QP (A.8) has a unique global
minimizer zk,⋆ and no further local minimizers.

d) Because LICQ holds at zk,⋆, Theorem A.1 guarantees the existence of unique Lagrange multi-
pliers νk,⋆, µk,⋆, and λk⋆ such that pk,⋆ = (zk,⋆, νk,⋆, µk,⋆, λk,⋆) is a KKT point of QP (A.8). Moreover,
pk,⋆ is the only KKT point, because zk,⋆ is the only minimizer. ■

Theorem A.6 (Centralized SQP convergence with unique pk,⋆). Let p⋆ = (z⋆, ν⋆, µ⋆, λ⋆) denote a
KKT point of NLP (A.1) which satisfies strict complementarity, LICQ, and

z⊤∇2
zzL(z⋆, ν⋆, µ⋆)z > 0 for all ∇g(z⋆)⊤z = 0. (A.18)

Then, there exists a constant ε1 > 0 such that the following holds. If p0 ∈ B(p⋆, ε1), then QP (A.8)
has a unique KKT point pk,⋆. Moreover, the iterates {pk} produced by a centralized exact-Hessian
SQP scheme with Hk = ∇2

zzL(zk, νk, µk) and update pk+1 = pk,⋆ converge q-quadratically to p⋆. □
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Proof. By the assumptions stated in the theorem, the solution pk,⋆ to QP (A.8) formed at p⋆ satis-
fies LICQ, the stronger SOSC (A.18), and strict complementarity with the same active inequality
constraints as p⋆. We can regard QP (A.8) formed at pk as a perturbed version of the QP formed
at p⋆ by setting pk = p⋆ + ξk, where ξ is the perturbation parameter in the BST. Because f , g, and
h are three time continuously differentiable, the components of Hk, ∇ f k, ∇gk, and ∇hk of QP (3.2)
are continuously differentiable with respect to ξ, as required by the BST. The BST thus asserts that
there exists a constant ε1 > 0 such that, for all pk ∈ B(p⋆, ε1), the active set stays constant and
strict complementarity as well as LICQ also hold for the solution to the perturbed QP (A.8). The
stronger SOSC condition

y⊤∇2
zzL(zk, νk, µk)y > 0 for all y ≠ 0 with ∇gk⊤y = 0 (A.19)

also carries over to the perturbed QP, which follows from similar arguments as in [Fiacco 1983,
p. 75]. Thus, Lemma A.1 guarantees the uniqueness of the KKT point pk,⋆ and we can drop the
specification of Theorem A.5 to take the KKT point closest to pk. By further restricting ε1 to be
smaller than ε0 from Theorem A.5, we obtain q-quadratic convergence. ■

A.5 Linear Convergence of ADMM for Convex QPs

There exists a wide range of ADMM variants and a plethora of options to reformulate a given
problem such that ADMM becomes applicable. This section recalls a linear convergence result
for the specific ADMM variant and two-block QP formulation considered in this thesis. Such QPs
arise in the context of linear-quadratic DMPC or as subproblem QPs in dSQP, for instance.

Consider the feasible two-block QP

min
y,z

1
2

(y − c)⊤H(y − c) + f ⊤(y − c) (A.20a)

subject to g + Jg(y − c) = 0 | ν, (A.20b)

h + Jh(y − c) ≤ 0 | µ, (A.20c)

Ez = b | λ, (A.20d)

y − z = 0 | γ, (A.20e)

where H ∈ Rn×n is symmetric, y, z, c, γ, f ∈ Rn, g ∈ Rng , Jg ∈ R
ng×n has full row rank, h ∈ Rnh ,

Jh ∈ R
nh×n, E ∈ Rnc×n has full row rank, and b ∈ Rnc . QP (A.20) is said to be in two-block form,

because it contains two blocks of decision variables, y and z. We define the polyhedral constraint
sets

Z ≐

⎧⎪⎪⎨⎪⎪⎩y ∈ Rn

⃓⃓⃓⃓⃓
⃓⃓ g + Jg(y − c) = 0

h + Jh(y − c) ≤ 0

⎫⎪⎪⎬⎪⎪⎭ and E ≐ {z ∈ Rn | Ez = b} ,

and the augmented Lagrangian

Lρ(y, z) ≐
1
2

(y − c)⊤H(y − c) + f ⊤(y − c) + γ⊤(y − z) +
ρ

2
∥y − z∥22 ,
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where ρ > 0 is a penalty parameter. The ADMM updates at iteration l ∈ N0 read

yl+1 = argmin
y∈Z

Lρ(y, zl, γl) (A.21a)

zl+1 = argmin
z∈E

Lρ(yl+1, z, γl) (A.21b)

γl+1 = γl + ρ(yl+1 − zl+1). (A.21c)

Theorem A.7 (Linear convergence of ADMM for strictly convex QPs). Let the Hessian H in
QP (A.20) be positive definite and denote the unique minimizer of QP (A.20) by y⋆ = z⋆. Let
LICQ hold at y⋆, i.e., let the matrix (Jg, [Jh]A(y⋆), E) have full row rank, and denote the unique
consensus Lagrange multipler at the KKT point by γ⋆. Define the vector w ≐ (z, γ/ρ). Then, there
exists a constant a1 < 1 such that, for any w0 ∈ R2n, the iterates {wl} produced by ADMM satisfy

∥wl+1 − w⋆∥2 ≤ a1∥wl − w⋆∥2 ∀l ∈ N0. (A.22)

□

Proof. The presented convergence result is a special case of [Yang and Han 2016, Theorem 14]
and we obtain (A.22) by exploiting the fact that z⋆ is unique because H is positive definite and
by setting A = I, B = −I, and b = 0, where A, B, and b are in the notation of [Yang and Han
2016]. ■

The results in [Yang and Han 2016] extend to more general convex problems, including prob-
lems with positive semi-definite Hessian, piecewise linear-quadratic objective functions, and more
general two-block consensus constraints. An overview of further linear convergence results for
ADMM is given in [Han 2022].

Theorem A.7 guarantees linear convergence if the Hessian H in QP (A.20) is positive definite.
However, in the context of SQP methods, Hk ≐ ∇2

zzL(zk, νk, µk) is not necessarily positive definite,
even close to a regular KKT point. Instead, Hk is only guaranteed to be positive definite on the null
space of the constraints. ADMM converges nonetheless, as we show next.

Theorem A.8 (Linear convergence of ADMM for the SQP subproblem). Let the Hessian H in
QP (A.20) be positive definite on the null space of the equality constraints (A.20b), i.e., let

z⊤Hz > 0 for all z ≠ 0 with Jgz = 0. (A.23)

Then, QP (A.20) has a unique minimizer y⋆ = z⋆. Furthermore, let LICQ hold at y⋆, i.e., let the
matrix (Jg, [Jh]A(y⋆), E) have full row rank, and denote the unique consensus Lagrange multipler at
the KKT point by γ⋆. Consider the vector w = (z, γ/ρ). Then, there exists a constant a1 < 1 such
that, for any w0 ∈ R2n, the iterates {wl} produced by ADMM satisfy

∥wl+1 − w⋆∥2 ≤ a1∥wl − w⋆∥2 ∀l ∈ N0. (A.24)

□
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Proof. The proof proceeds in two steps. First, a), we show that the minimizer y⋆ is indeed unique.
Then, b), we use the strict convexity of the objective function over the constraint set to invoke a
standard ADMM convergence result.

a) QP (A.20) can be regarded as a reformulation of the SQP subproblem (A.8) into two-block
form. By assumption (A.23), QP (A.8) satisfies the conditions of Lemma A.1 and thus has a unique
global minimizer and a unique KKT point. The reformulation into two-block form preserves
uniqueness of the solution, which we show by contradiction. Suppose the two-block QP (A.20)
has a local minimizer ỹ⋆ = z̃⋆ ≠ y⋆ = z⋆. Then, z̃⋆ is also a local minimizer of the single-block
QP (A.8). However, by Lemma A.1, QP (A.8) only has a single minimizer z⋆, which is a contra-
dition. Thus, QP (A.20) has a unique global minimizer. Moreover, the two-block QP (A.20) also
satisfies LICQ and thus the KKT point is unique.

b) The ADMM convergence guarantee in [Yang and Han 2016] is stated for a convex objective
function f : Rn → R to be minimized over a polyhedron X ⊆ Rn, where x ∈ Rn, f , and X refer to
the first block in ADMM and are in the notation of [Yang and Han 2016]. Crucially, the analysis
in [Yang and Han 2016] also applies if f only is convex over the constraint set X. Because of
Lemma A.1, the objective (A.20a) is strictly convex over the constraint set Z. Thus, we can invoke
Theorem [Yang and Han 2016, Theorem 14] and obtain the q-linear ADMM convergence (A.24).

■

We note that the analysis in [Yang and Han 2016] and hence Theorems A.7 and A.8 also hold
in the absence of the constraints (A.20b)–(A.20d), even though Rn strictly speaking is not a poly-
hedron.

A.6 Essentially Decentralized Conjugate Gradients

We consider the linear system of equations(︃∑︂
i∈S

S i⏞⏟⏟⏞
≐S

)︃
λ =

∑︂
i∈S

si⏞⏟⏟⏞
≐s

, (A.25)

where λ, s ∈ Rnc , S i = S ⊤i ∈ R
nc×nc for all i ∈ S, and S is symmetric positive definite. This type

of problem appears for instance in each outer iteration of BL-ALADIN, d-ASM, and d-IP [En-
gelmann et al. 2020; Stomberg et al. 2021; Engelmann et al. 2021b]. Therein, the matrices S i

inherit favorable sparsity properties from the coupling matrices Ei of the partially separable pro-
gram (2.1). The sparsity allows to decentralize the well-known conjugate gradient method [No-
cedal and Wright 2006].

This section briefly recalls the d-CG algorithm. Further details, including an extension to the
case where S is only symmetric positive semi-definite, can be found in [Engelmann and Faulwasser
2021].
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Algorithm A.1 d-CG [Engelmann 2020]

1: Initialization: l = 0, λ0, r0 = p0 = s − Sλ0, ε
2: λ0

i = IC(i)λ
0 =, r0

i = IC(i)r0, p0
i = IC(i) p0, and η0

i = r0⊤
i Λ

−1
i r0

i for all i ∈ S
3: η0 =

∑︁
i∈S η

0
i

4: while ∥rl
i∥∞ > ε for all i ∈ S do

5: σl
i = pl⊤

i Ŝ i pl
i

6: σl =
∑︁

i∈S σ
l
i

7: λl+1
i = λ

l
i +

ηl

σl pl
i

8: rl+1
i = rl

i −
ηl

σl

∑︁
j∈Ni∪i Ii jŜ j pl

j

9: ηl+1
i = rl+1⊤

i Λ−1
i rl+1

i

10: ηl+1 =
∑︁

i∈S η
l+1
i

11: pl+1
i = rl+1

i +
ηl+1

ηl pl
i

12: l← l + 1
13: end while

For all i ∈ S, we define the set of constraints assigned to subsystem i as

C(i) ≐
{︂
j ∈ {1, . . . , nc}

⃓⃓⃓
[Ei] j ≠ 0

}︂
.

We map from centralized to subsystem variables using the matrix

IC(i) ≐
(︂
e⊤j

)︂
j∈C(i)
∈ Rnci×nc ,

where e j ∈ R
nc is the j-th unit vector and nci ≐ | C(i) |. For this section, we define the neighborhood

of subsystem i as Ni ≐ { j ∈ S \ {i} | IC(i)IC( j)⊤ ≠ 0}. This definition is equivalent to (1.4), if (A.25)
is derived from a partially separable program in BL-ALADIN, d-ASM, and d-IP. The alternative
definition presented here also allows to apply d-CG (A.25) to more general problems than as inner
algorithm of the before-mentioned bi-level algorithms.

Algorithm A.1 summarizes d-CG, where Λ ≐
∑︁

i∈S I⊤
C(i)IC(i), Λi ≐ IC(i)ΛI⊤

C(i), Ŝ i ≐ IC(i)S iI⊤C(i),
and Ii j ≐ IC(i)I⊤C( j). The d-CG iterates for each subsystem are the coupling Lagrange multipli-
ers λi ∈ R

nci , the residual ri ∈ R
nci , the step direction pi ∈ R

nci , and the step length σ/η ∈ R.
The residual update (8) requires the communication of 2nc floats across for the entire network
on a neighbor-to-neighbor basis, i.e., a similar communication demand as one iteration of DD or
ADMM. Additionally, Steps 3, 6, and 10 sum the scalars σi and ηi over all subsystems. These
summations can be carried out via hopping and without a central coordinator and we therefore
refer to d-CG as an essentially decentralized algorithm [Engelmann 2020, Remark 12].
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B Implementational Details for Hardware
Experiments

B.1 Mobile Robots

We have implemented two versions of Algorithm 5.1 in C++ and the source code is available
online.12 The first version considers linear-quadratic DMPC using ADMM and the second version
implements nonlinear DMPC using dSQP. In addition to the C++ standard library, we rely on four
external libraries: (i) Eigen3 to store vectors and matrices; (ii) qpOASES [Ferreau et al. 2014] to
solve the subsystem QPs in Step 10; (iii) CasADi [Andersson et al. 2019] to evaluate derivatives
in Step 7 using automatic differentiation; and (iv) LCM to communicate states and inputs in Step 3
as well as predicted state trajectories in Steps 11 and 13. To reduce the online execution time, we
allocate any dynamic memory and initialize qpOASES prior to running the controllers. Moreover,
we use the efficient hotstart procedure of qpOASES to update the current position and velocity in
the OCP.

The communication of position measurements, control inputs, and optimizer iterates occurs
via the LCM library and follows a publish-subscribe pattern. Each subsystem runs one DMPC
program which maintains a separate thread for receiving and caching incoming messages. Algo-
rithm 5.1 fetches data from the cache and waits for all required data before proceeding with the
next step such that the subsystems stay synchronized. Since the employed User Datagram Pro-
tocol (UDP) is only a best-effort protocol, we specify a maximum waiting time for the position
measurements so that the algorithm may proceed if a state message is lost. For the optimizer steps
of dSQP and ADMM, however, subsystems always wait until all required messages have arrived
to maintain synchrony. To this end, we first synchronize all subsystems at the startup of the pro-
grams by exchanging messages with neighbors. During this synchronization step, we check and
retransmit missed messages on the application layer to account for heterogeneous launch times of
the individual programs. For the ensuing optimizer execution in closed-loop control, however, sub-
systems do not retransmit potentially lost messages. While we have not observed any difficulties
in practice, we note that this approach may in principle result in deadlocks if messages are lost,
because subsystems would wait indefinitely for neighbors. To prevent difficulties originating from
packet loss, an alternative would be to use the transmission control protocol instead of UDP when
implementing ADMM as done in [Burk et al. 2021a].

Remark B.1 (Relation to [Bhanderi et al. 2021] and optimization over 5G networks). Prior to the
above ADMM implementation used in the robot experiments, a separate ADMM code was created

1https://github.com/OptCon/dmpc_rto
2We gratefully acknowledge openly available code by Carlo Cappello and Petr Listov which we used in our DMPC

implementation for reading matrices from disk and for converting between Eigen and CasADi, respectively.
3https://eigen.tuxfamily.org
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at TU Dortmund University for execution on 5G communication networks [Bhanderi et al. 2021].
The implementations of [Bhanderi et al. 2021] and [Stomberg et al. 2023] are written in C++ and
they rely on the same third-party libraries. As done in [Bhanderi et al. 2021], the implementation
in [Stomberg et al. 2023] stores Eigen matrices in row major format and we follow the approach
of [Bhanderi et al. 2021] for passing Eigen variables to qpOASES. Furthermore, parts of the
code of [Bhanderi et al. 2021] were subsequently reused in the implementation of [Stomberg et al.
2023], namely for specifying the print options of qpOASES and for storing the QP solutions found
by qpOASES in Eigen variables. Apart from these similarities, the two implementations adopt dif-
ferent software architectures and implement different ADMM variants as [Bhanderi et al. 2021]
implements the ADMM version presented in [Houska et al. 2016], cf. [Stomberg et al. 2021, Algo-
rithm 3]. We further note that [Bhanderi et al. 2021] not only discusses ADMM, but also presents
C++ implementations of d-ASM and d-CG which, together with ADMM and dSQP implementa-
tions similar to the ones of Chapter 5, were tested in combination with time-sensitive networking
in [Kurtz et al. 2022]. There, DMPC served as an application example to showcase the potential of
advanced communication networks for future CPSoS, demonstrating reliable packet transmission
for the highly critical DMPC algorithms in the presence of low-criticality cross traffic. □

B.2 Hovercraft

Similar to the code for the robot experiments, the C++ implementation of Algorithm 5.2 and
further modules required for controlling the hovercraft is available online.4 The dRTI code is
derived from the code used in the mobile robots experiments and uses Eigen for storing vectors
and matrices and CasADi for evaluating derivatives. Instead of the LCM library, ROS2 is used for
communication to integrate dRTI into the hovercraft software framework. The subsystem QPs in
Step 10 are solved via the sparse interface of the Proximal Interior-Point Quadratic Programming
(PIQP) solver [Schwan et al. 2023]. As mentioned in Chapter 5, the subsystems do not wait
indefinitely for neighboring messages and proceed asynchronously if necessary. Specifically, in
each of Steps 11 and 13 of Algorithm 5.2, each subsystem waits at most 25 ms or until 75 % of the
control sampling interval have elapsed, whichever is earlier. We first initialize Algorithm 5.2 with
ui(0) = 0 and z0

i (0) = γ0
i = 0 for all i ∈ S. Then, we apply 10 SQP iterations to warm-start dSQP

before continuing with the first NMPC step.

4https://github.com/PREDICT-EPFL/holohover
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Christofides, P. D., R. Scattolini, D. Muñoz de la Peña, and J. Liu (2013). “Distributed Model
Predictive Control: A Tutorial Review and Future Research Directions”. In: Computers &
Chemical Engineering 51, pp. 21–41.

Cohen, G. (1977). “On an Algorithm of Decentralized Optimal Control”. In: Journal of mathemat-
ical analysis and applications 59.2, pp. 242–259.

Cohen, G. (1978). “Optimization by Decomposition and Coordination: A Unified Approach”. In:
IEEE Transactions on Automatic Control 23.2, pp. 222–232.

Cole, D., S. Shin, F. Pacaud, V. M. Zavala, and M. Anitescu (2023). “Exploiting GPU/SIMD Archi-
tectures for Solving Linear-Quadratic MPC Problems”. In: 2023 American Control Conference
(ACC), pp. 3995–4000.

Conte, C., C. N. Jones, M. Morari, and M. N. Zeilinger (2016). “Distributed Synthesis and Stability
of Cooperative Distributed Model Predictive Control for Linear Systems”. In: Automatica 69,
pp. 117–125.

Conte, C., T. Summers, M. N. Zeilinger, M. Morari, and C. N. Jones (2012). “Computational
Aspects of Distributed Optimization in Model Predictive Control”. In: 2012 IEEE 51st IEEE
Conference on Decision and Control (CDC), pp. 6819–6824.

Curtis, F. E., T. C. Johnson, D. P. Robinson, and A. Wächter (2014). “An Inexact Sequential
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Graichen, K. and B. Käpernick (2012). “A Real-Time Gradient Method for Nonlinear Model Pre-
dictive Control”. In: Frontiers of Model Predictive Control. Ed. by T. Zheng. Rijeka: Inte-
chOpen. Chap. 1.

Grancharova, A., I. Valkova, N. Hvala, and J. Kocijan (2023). “Distributed Predictive Control
Based on Gaussian Process Models”. In: Automatica 149, p. 110807.

Gros, S. (2014). “A Distributed Algorithm for NMPC-based Wind Farm Control”. In: 53rd IEEE
Conference on Decision and Control, pp. 4844–4849.

Gros, S., M. Zanon, R. Quirynen, A. Bemporad, and M. Diehl (2020). “From Linear to Nonlinear
MPC: Bridging the Gap via the Real-Time Iteration”. In: International Journal of Control
93.1, pp. 62–80.

Groß, D. and O. Stursberg (2013). “On the convergence rate of a jacobi algorithm for cooperative
distributed MPC”. In: Proc. 52nd IEEE Conference on Decision and Control, pp. 1508–1513.
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