
CIRP Journal of Manufacturing Science and Technology 69 (2026) 230–242 

A
1

 

Contents lists available at ScienceDirect

CIRP Journal of Manufacturing Science and Technology

journal homepage: www.elsevier.com/locate/cirpj  

Full-length article

Feeling machines: Prediction of thin-walled workpiece deflection by 

monitoring variations in tool bending moment pattern during 

circumferential milling
Michel Kenneth Seiffert ∗, Sebastian Junghans , Lasse Evers , Jan Hendrik Dege
Institute of Production Management and Technology, Hamburg University of Technology, Denickestraße 17, 21073, Hamburg, Germany

A R T I C L E  I N F O

Keywords:
Milling
Workpiece deflection
Thin-walled workpiece
Sensor
Error compensation

 A B S T R A C T

In circumferential milling, the in-process deflection of thin-walled workpieces induced by feed normal forces 
results in reduced material removal, leading to geometric errors after machining. With the increasing use of 
additive manufacturing technologies and the production of near-net-shape structures, this problem is gaining 
increasing importance. Various strategies attempt to compensate for this geometric errors, for example by 
modeling the occurring cutting forces and workpiece deflection and then applying countermeasures during 
machining. However, this requires a high level of process understanding, and multiple parameters need to 
be considered, including material properties, cutting edge geometry as well as wear state of the tool. This 
paper examines a novel approach to predict workpiece deflection state by analyzing the bending moment 
pattern measured by an in-process sensor system located in the tool holder. It could be demonstrated that 
features extracted and evaluated from the bending moment signal can represent the current deflection state of 
the workpiece in an offline approach, enabling future in-situ toolpath adaptation to reduce geometric errors 
without relying on time-consuming simulation of the workpiece stiffness and with minimal signal processing 
effort.
1. Introduction

Thin-walled structures are becoming increasingly important not 
only in the aerospace industry but also across various lightweight de-
sign applications [1]. At the same time, rising demands for energy and 
resource efficiency in industrial production are pushing manufacturers 
to optimize processes while maintaining high part quality [2,3]. The 
issue is particularly critical when machining expensive and hard to 
machine materials such as titanium alloys. Although titanium pro-
vides an excellent strength-to-weight ratio as well as corrosion and 
high-temperature resistance, it imposes significant challenges when 
machining. Its low thermal conductivity and high tensile strength lead 
to rapid tool wear and high process forces.

In this context, additive manufacturing offers a promising alter-
native to conventional machining processes by enabling the near-net-
shape production of titanium components. It involves building up parts 
layer by layer, placing material only where it is needed. As a result, 
less material needs to be removed compared to machining from solid 
stock, which lowers energy consumption, improves material utilization 
and reduces tooling costs. One suitable field of application is aircraft 
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structural components, which often consist of numerous thin-walled 
stiffening ribs that are only a few millimeters thick. For the manufac-
turing of an example component weighing 0.56 kg, as shown in Fig.  1b, 
the use of a hybrid additive–subtractive process (Fig.  1c) reduced chip 
waste to 2.2 kg, compared to 24.6 kg machined in a fully subtractive 
process (Fig.  1a).

To achieve the required geometric and surface tolerances and to 
remove any possible remaining support structures, additively manufac-
tured parts require a final subtractive machining step [4]. Circumfer-
ential milling is often used to machine surfaces with high productivity. 
As these parts are close to their final shape and therefore very thin 
from the beginning, a major challenge when machining compliant, 
thin-walled parts is their deflection under process forces, as illustrated 
in Fig.  2 [5]. When the workpiece deflects away from the tool, the 
width of cut 𝑎𝑒 decreases, which reduces material removal and causes a 
geometric error once the part springs back after machining. The issue is 
especially critical for additively manufactured parts, which are highly 
compliant due to their near-net-shape.

Milling strategies for reducing this deflection induced geometric 
error can be divided into two groups: Process-related strategies and
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Fig. 1.  Comparison between conventional and hybrid additive–subtractive manufacturing of an aircraft structural component (Ti-6Al-4V): (a) Solid raw part; (b) 
final machined part; (c) additive manufactured part before final machining.
Fig. 2.  Geometric error formation due to deflection of thin-walled work-
pieces, shown in cross-section.

compensation strategies [6]. The aim of process-related strategies is to 
minimize the deflection of the workpiece by reducing the mechanical 
loads. A common approach is the so-called waterline milling in Fig. 
3a, where the thin-walled part is machined in multiple steps, with 
the width and depth of cut being reduced as the final shape is ap-
proached. The depths of cut are selected to ensure that the process 
forces, especially the feed normal force, remain small in relation to the 
workpiece’s local compliance. For this method, productivity losses must 
be taken into account due to multiple machining steps and the reduced 
material removal rate. Furthermore, the tool’s full potential (axial depth 
of cut) is not used, leading to an uneven tool wear along the cutting 
edge. Compensation strategies, on the other hand, allow the workpiece 
to deflect while simultaneously correcting the resulting error through 
adaptation of the toolpath. Fig.  3b illustrates how the tool’s rotation 
axis is tilted by a tilt angle 𝜃𝑡 and how the width of cut 𝑎𝑒 is adjusted 
via a width of cut correction 𝑎corr𝑒  to account for workpiece deflection 
and reduce the resulting geometric error. Since fewer machining steps 
are required due to the higher axial depth of cut compared to waterline 
milling, this strategy significantly improves productivity and makes 
full use of the end mill’s length, resulting in more even wear along 
the cutting edge. To compute an adapted toolpath that minimizes 
geometric error, the workpiece deflection occurring during machining 
must be known in advance. This can be determined either through 
labor-intensive measurements of the geometric error after machining or 
via simulation-based deflection prediction models, which must account 
for numerous parameters such as tool wear, material properties, spe-
cific cutting coefficients or changing workpiece stiffness due material 
removal. However, both approaches can lead to an unfavorable cost–
benefit ratio, which remains a major obstacle to widespread industrial 
adoption, especially when machining small-batch parts [7].

With the recent increase in publications and advances in sensor 
technology, a promising approach is to integrate sensors like force, 
torque, displacement, acceleration and temperature sensors into the 
machining process to collect real-time process data [8]. The data can 
then used to monitor and adapt the machining process in real-time. 
Denkena et al. go so far as to introduce the term ‘‘feeling machines’’, 
emphasizing the ability of machines to monitor and adapt to their 
231 
Fig. 3.  Milling strategies to reduce the geometric error: (a) Multi-step machin-
ing to limit workpiece deflection (waterline milling); (b) Toolpath adaptation 
to mirror workpiece deflection.

environment [9]. Compared to simulation-based approaches, which 
must account for numerous parameters to achieve the desired precision, 
evaluating in-situ sensor data offers the advantage that disturbances in 
the machining process can be directly observed in the data measure-
ments. The main task in evaluating sensor data is identifying which 
features correspond to the phenomena that need to be monitored — in 
this article, the deflection of the workpiece. The challenge in integrat-
ing sensor systems is the limited available space, as it is desirable to 
position the sensors as close as possible to the tool engagement point 
so that the signal is not disturbed by unwanted noise or attenuated 
through damping [8].

Previous efforts for the prediction and compensation of such errors 
are summarized in the following. Denkena and Boujnah present the 
development of ‘‘sensing machine tools’’ for real-time detection and 
compensation of tool deflection in milling processes [10]. Conven-
tional compensation approaches are either model-based, suffering from 
limited accuracy, or rely on external force measurement systems that 
restrict the machine workspace and are therefore of limited industrial 
applicability. To overcome these limitations, Denkena and Boujnah 
integrated strain gauges directly into stiff machine tool components 
such as the spindle head. Due to the high structural stiffness, the 
resulting strain signals are very small, which is addressed by local 
geometric modifications (e.g. notches) that increase strain sensitivity 
by up to 300% with negligible stiffness reduction. In addition, thin-
film strain gauges are used to improve signal quality, while disturbance 
effects such as gravity-induced deformations are compensated in real 
time using polynomial correction models. The tool deflection is esti-
mated by combining measured cutting forces with the identified tool 
stiffness, which is obtained through an automated calibration proce-
dure based on controlled tool–workpiece contact. Experimental results 
show that the estimated deflection correlates well with measured work-
piece deviations, with errors below 10 μm. Two compensation strategies 
are evaluated: adaptive feed control and real-time trajectory offset. 
While feed control improves form accuracy by around 70% at the 
expense of productivity, trajectory compensation achieves up to 80% 
improvement without reducing machining time. Overall, the study 
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demonstrates the feasibility of structurally integrated sensing for accu-
rate and industrially viable real-time compensation of tool deflection 
in milling.

Ratchev et al. present an integrated simulation environment for 
predicting and compensating machining errors in low-stiffness compo-
nents, such as thin-walled aerospace parts [11]. The approach addresses 
the problem that conventional CAD/CAM systems assume rigid work-
pieces and therefore cannot capture elastic deformations induced by 
cutting forces, which lead to significant deviations between nominal 
and actual part geometry. The proposed framework couples multiple 
models within a unified, object-oriented data structure: an analytical 
cutting force model, a finite element analysis (FEA) module imple-
mented via ABAQUS and a voxel-based material removal model. The 
cutting force and workpiece deflection are strongly interdependent, re-
quiring an iterative solution strategy in which forces and deformations 
are repeatedly updated until convergence is reached. Validation experi-
ments on an aluminum thin-walled workpiece demonstrate good agree-
ment between predicted and measured deflections, with convergence 
typically achieved after a small number of iterations. The study high-
lights that the highest deviations occur at tool entry and exit regions 
due to transient cutting conditions. Overall, the work demonstrates the 
feasibility of integrating analytical, numerical and geometrical models 
within a unified simulation environment to improve prediction accu-
racy for flexible workpieces, while also highlighting the computational 
cost associated with iterative force–deformation coupling.

An approach to utilizing sensory information to adapt the milling 
process is by Denkena et al. to compensates for tool deflection by utiliz-
ing the drive signals of a milling center [12]. First, static process forces 
are reconstructed based on the drive signals. Then, using a stiffness 
model of the tool, the tool deflection is calculated, which leads to 
geometric errors during machining. Finally, a controller is designed to 
minimize geometric errors via either feed override control or positional 
control. Another noteworthy approach is proposed by Evers et al. who 
used two eddy current sensors to measure the in situ deflection of the 
workpiece [13]. The eddy current sensors were mounted on the spindle, 
allowing them to travel along behind the thin-walled workpiece during 
machining. The sensor signals are then used in a control loop to adjust 
the toolpath and adapt the width of cut to the measured deflection. This 
enables the finishing of near-net-shape workpieces while maintaining 
high material removal rates. In the study by Alzugaray-Franz et al. 
an acoustic emission sensor that is mounted close to the workpiece 
clamping is used for the online estimation of cutting parameters [14]. 
The proposed method involves extracting time-based features from the 
signal to estimate the width and depth of cut by identifying transitions 
between cutting phases from the corresponding waveforms.

When it comes to machining thin-walled, near-net-shape workpieces 
that are prone to deflection, there is still a noticeable gap in the 
available sensor approaches found in the literature. Some approaches 
do exist, such as the work of Luo et al. [15]. In their method, a thin-film 
polyvinylidene fluoride (PVDF) sensor is attached to the non-machining 
surface of the thin-walled workpiece. Based on an experimentally de-
rived relationship between the measured voltage and the corresponding 
deflection, the workpiece deformation can be monitored in real time 
during machining. This enables both vibration and deflection tracking.

However, existing approaches for monitoring and predicting the 
deflection of thin-walled workpieces or even tool deflection still exhibit 
several limitations. Methods based on sensors attached directly to the 
workpiece require additional manual preparation, may introduce colli-
sion risks during machining and often suffer from reduced signal quality 
for large workpieces due to increased transmission distances when the 
tool moves along the workpiece. Other approaches require sensor sys-
tems to move together with the machining process, which increases col-
lision risk, limits the applicable milling strategies and must additionally 
be considered during CAM programming. In addition, the prediction of 
deflections during machining of thin-walled components by extensive 
232 
simulations remains challenging due to the tight coupling between cut-
ting forces and workpiece deformation. Workpiece deflection changes 
the local engagement conditions, which in turn alters the cutting forces 
and again influences the deformation state. This is especially chal-
lenging for large near-net-shape components that are produced only 
in very small batch sizes. Consequently, there remains a need for a 
sensing and signal evaluation approach that can identify workpiece 
deflection directly during machining without interfering with the ma-
chining process, while avoiding extensive iterative simulations, cutting 
force coefficients, or detailed FEM-based compliance models. Such a 
sensing system should not introduce additional collision risks, restrict 
toolpath strategies or increase the complexity of CAM programming. 
In particular, approaches requiring sensors mounted directly on the 
workpiece are impractical for large components or frequently changing 
geometries, as they require additional manual preparation and increase 
setup time. A promising alternative is the integration of the sensing 
system into the rotating tool holder, which requires robust wireless 
data transmission and reliable onboard power supply under machining 
conditions. Such sensor systems are already commercially available 
and used in industrial applications, making them a promising basis 
for in-process deflection monitoring [16]. Furthermore, low latency 
and near real-time capability are essential requirements in order to 
enable future adaptive toolpath correction during machining. At the 
same time, the extracted signal features must remain robust against 
process disturbances such as tool runout, chatter and process noise.

The remainder of this paper is structured as follows. In Section 2.1, 
the general methodology for predicting workpiece deflection based on 
the analysis of the bending-moment signal is introduced. Therefore, 
Section 2.2 presents a simplified bending-moment calculation at the ref-
erence point on the tool holder. The purpose is to establish the physical 
understanding of the bending-moment signal and to derive the rela-
tionship between characteristic signal features and the effective width 
of cut 𝑎𝑒,eff . In Section 2.3, process data are collected using a sensor-
integrated tool holder, followed by several signal post-processing steps. 
Section 3 then visualizes how characteristic features in the bending-
moment signal change with varying process parameters. The model 
is compared with the measured and post-processed process data and 
the workpiece deflection is predicted directly from the measured signal 
features. Finally, Section 4 summarizes the main findings of the study 
and discusses future work towards in-situ compensation of workpiece 
deflection and adaptive toolpath adjustment.

2. Methodology

2.1. Approach for predicting workpiece deflection

The approach in this paper to predict workpiece deflection extends 
the work of Choi et al. [17], in which the depth of cut 𝑎𝑝 in circum-
ferential milling was predicted based on cutting forces measured by a 
stationary force measurement platform. Since the proposed algorithm 
relies on the cutting force pattern rather than its absolute magnitude, 
the effects of variations in cutting conditions and tool wear can be 
effectively excluded.

The proposed approach is extended to predict changes in the width 
of cut 𝑎𝑒 resulting from the deflection of thin-walled workpieces. This is 
accomplished by analyzing variations in the bending moment pattern 
measured by a process-integrated sensor system, as illustrated in Fig. 
4. The bending moment caused by the process forces is measured using 
strain gauges integrated into the tool holder arranged 90◦ apart around 
the circumference and transmitted wirelessly via a transmitter–receiver 
unit. This enables measurements to be taken in close proximity to the 
cutting zone, thereby minimizing the influence of external disturbances 
on the signal. The space-saving placement of the sensor within the 
tool holder, combined with wireless data transmission that eliminates 
the need for cable connections through the spindle, enables seamless 
integration into existing industrial applications. The strain gauges are 
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Fig. 4. Wireless, process-integrated sensor system for measuring bending 
moments used in this paper.

designed for a specific force range, which in this paper corresponds to 
a maximum bending moment of 𝑀max

𝑏 = 240Nm. They are embedded 
in plastic to protect them from coolant fluid and are therefore not 
replaceable.

Milling is characterized by a varying undeformed chip thickness 
and interrupted tooth engagement along the tool rotation. This causes 
a periodic oscillation of the process forces due to the non-uniform 
crosssection of the uncut chip. For an ideally rigid four-fluted end 
mill and thin-walled workpiece, as illustrated in Fig.  5a, the geometric 
engagement condition is characterized by the depth of cut 𝑎𝑝 and the 
width of cut 𝑎𝑒. From an isometric view, the teeth pass from left to right 
through the contact zone, removing chips from the workpiece along the 
tooth contact lines. The interaction between the tool and workpiece 
generates process forces at these contact lines. These process forces 
generate a resulting total bending moment 𝑀𝑏, which is measured by 
the strain gauges located within the tool holder. As the tool rotates, 
the magnitude of the bending moment 𝑀𝑏 varies due to the changing 
number of simultaneously engaged teeth and the non-uniform cross-
section of the undeformed chip per tooth, as shown on the right in 
Fig.  5a. Another contributing factor is the changing lever arm, as the 
tooth contact lines move upward within the engagement zone toward 
the measurement point.

In Fig.  5b, the compliance of the workpiece is taken into account. 
When machining compliant near-net-shape components, the compli-
ance of the workpiece is often significantly higher than that of the tool 
xand machine combined. Therefore, geometric errors arise primarily 
from workpiece deflection. To limit the complexity of the proposed 
method, the tool and the machine are assumed to be ideally rigid 
and not subject to deformation. At each point along the tooth contact 
lines, the discretized generated process force can be decomposed into 
vector components. The force component acting perpendicular to the 
workpiece surface, integrated and summed over all tooth contact lines, 
is defined as the feed normal force 𝐹𝑓𝑁 , which causes the workpiece to 
deflect away from the tool. This reduces the effective width of cut 𝑎𝑒,eff
which is no longer constant along the axial length of the end mill as a 
result of workpiece deflection. In the isometric view, the reduced size of 
the contact zone and the contact lines of the teeth can be observed. As a 
result, the time instances at which the teeth enter and exit the contact 
zone change. This alters the pattern of the resultant bending load in 
a characteristic way. If the correlation between these changes in the 
bending moment pattern and the deflection state of the workpiece is 
known, the toolpath can be adapted to compensate for the deflection.

In Fig.  5c, the tool’s rotational axis is inclined by the tilt angle 𝜃𝑡
about the tool center point (TCP) towards the workpiece in order to 
reduce the geometric error. Additionally, the deflection at the height 
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Fig. 5.  Principle of predicting workpiece deflection by monitoring variations 
in the resultant bending moment pattern: (a) Ideal case without deformation; 
(b) Workpiece deflection due to feed normal force; (c) Compensation by tilting 
tool axis.

of the TCP is compensated with a width of cut correction 𝑎corr𝑒 . In the 
cross-sectional and isometric view, it can be seen that the width of cut 
𝑎𝑒 is now approximately constant along the depth of cut 𝑎𝑝 of the end 
mill. As a result, the bending moment pattern becomes similar to that 
in Fig.  5a, where no deflection occurs, due to the matched size of the 
contact zone and length of the teeth contact lines.

2.2. Modeling the resultant bending moment pattern

A model was developed to analyze the influence of workpiece 
deflection on the bending moment pattern. This section introduces 
the fundamental equations and the assumptions used in modeling the 
cutting process.

2.2.1. Model description
Fig.  6a shows an isometric view of the interaction between an end 

mill of diameter 𝑑 and a thin-walled workpiece during circumferential 
milling. As the tool rotates with spindle speed 𝑛 and advances with feed 
velocity 𝑣𝑓  parallel to the workpiece, chips are removed in the contact 
zone along the tooth contact lines, highlighted in yellow. To prevent the 
entire cutting edge from engaging simultaneously, which can induce 
vibrations and to improve chip evacuation, the tool teeth are inclined 
by the helix angle 𝜆. The contact zone is geometrically defined by the 
depth of cut 𝑎  and the width of cut 𝑎  of the end mill. Referenced tool 
𝑝 𝑒
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Fig. 6.  Modeling of the bending moment in circumferential milling: (a) Isometric view of the tool–workpiece interaction; (b) Cross-sectional view with angle 
notation; (c) View of an engaging tooth and the resulting process forces; (d) Illustration of the resulting bending moment.
coordinate system is defined with its origin at the TCP, located at the 
bottom center of the tool. The 𝑋-axis points in the direction of the feed 
velocity 𝑣𝑓 , while the 𝑍-axis is aligned with the tool’s rotational axis. 
The tool’s rotation angle is denoted as the engagement angle 𝜙.

In Fig.  6b, a discretized cross-section of the tool–workpiece inter-
action is shown. The tool teeth are numbered in the order in which 
they pass through the positive 𝑌 -axis, ranging from 𝑖 = 1,… , 𝑧, with 𝑧
denoting the total number of teeth. At an engagement angle of 𝜙 = 0◦, 
the first tooth is located at the height of the TCP (𝑍 = 0) on the positive 
𝑌 -axis. Unless otherwise noted, all angles are specified relative to the 
positive 𝑌 -axis. in a discretized cross-section the chip removal begins 
when a tooth passes the entry angle 𝜙𝑖𝑛 and ends when it passes the 
exit angle 𝜙𝑒𝑥, thereby defining the immersion angle 𝜙𝑖𝑚: 

𝜙𝑖𝑛 = arccos
(

2 ⋅ 𝑎𝑒
𝑑

− 1
)

, (1)

𝜙𝑒𝑥 = 𝜋, (2)

𝜙𝑖𝑚 = 𝜙𝑒𝑥 − 𝜙𝑖𝑛. (3)

In down milling, where the tooth engages the material in the same 
direction as the workpiece moves relative to the tool, the entry angle 
𝜙𝑖𝑛 depends on the width of cut 𝑎𝑒 and the end mill diameter 𝑑. The exit 
angle 𝜙𝑒𝑥, on the other hand, is independent of the cutting conditions 
and tool geometry. For any point on the 𝑖th tooth at an axial position 
𝑍 the engagement angle 𝜙𝑖 is given by: 

𝜙𝑖 (𝜙,𝑍) = 𝜙 − (𝑖 − 1) ⋅ 𝜙𝑝 − 𝜙𝑙𝑎𝑔 (𝑍) . (4)

The angular distance between two adjacent teeth, referred to as the 
pitch angle 𝜙𝑝 and the angular delay 𝜙𝑙𝑎𝑔 - which describes how a point 
on the cutting edge at axial position 𝑍 is delayed relative to the bottom 
tip of the tooth due to the helix angle 𝜆 - can be calculated as: 

𝜙𝑝 =
2 ⋅ 𝜋
𝑧

, (5)

𝜙𝑙𝑎𝑔 (𝑍) =
2 tan (𝜆)

𝑑
𝑍. (6)

The cross-sectional view in Fig.  6c illustrates the variable unde-
formed chip thickness ℎ (𝜙𝑖

) as tooth 𝑖 enters the contact zone with 
cutting speed 𝑣𝑐 at the entry angle 𝜙𝑖𝑛. For down milling, when the 
width of cut 𝑎𝑒 is smaller than the end mill radius 𝑑∕2, the undeformed 
chip thickness ℎ (𝜙𝑖

) continuously decreases as the engagement angle 
𝜙 increases, resulting in a comma-shaped chip being removed from the 
workpiece. If the cutting speed 𝑣𝑐 is relatively high compared to the 
feed velocity 𝑣𝑓 , the undeformed chip thickness ℎ

(

𝜙𝑖
) can be described 

as 
ℎ
(

𝜙
)

= 𝑓 sin
(

𝜙 (𝑍)
)

, (7)
𝑖 𝑧 𝑖
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where 𝑓𝑧 is the feed per tooth. For modeling the process forces, the 
cutting force model of Kienzle is applied [18]. It is based on the 
observation of an approximately proportional relationship between the 
tangential force 𝐹𝑡 and the uncut chip cross-section 𝐴: 
𝐹𝑡 ∝ 𝐴 (8)

For circumferential milling with a non-constant uncut chip cross-
section 𝐴 (𝜙), a differential formulation is used. Therefore the tangential 
force 𝐹𝑡,𝑖 is expressed for discretized disk elements along the axial 
direction and for each tooth 𝑖, based on the local undeformed chip 
thickness ℎ (𝜙𝑖

)

, as 

𝑑𝐹𝑐,𝑖 = 𝑘𝑐 ⋅ ℎ(𝜙𝑖), (9)

where 𝑘𝑐 is the specific cutting force coefficient. Deviating from the 
simplified proportionality assumption, experience shows that the spe-
cific cutting coefficient 𝑘𝑐 is not constant. It depends on factors such 
as material properties, cutting speed 𝑣𝑐 , cutting edge geometry and 
undeformed chip thickness ℎ [18]. However, this model assumes that 
the specific cutting coefficient 𝑘𝑐 remains constant despite variations 
in undeformed chip thickness ℎ, in line with the approach of Choi 
et al. [17]. It is therefore introduced as a simplification to reduce 
model complexity and to focus on the qualitative influence of geometric 
process parameters on the signal characteristics. This assumption is 
further justified by the fact that changes in the specific cutting coef-
ficient primarily affect the magnitude of the cutting forces, while the 
characteristic pattern of the signal used for feature extraction is mainly 
governed by the geometric engagement conditions. Perpendicular to 
the tangential force 𝐹𝑡,𝑖 acts the radial force 𝐹𝑟,𝑖, which together span 
the active force 𝐹𝑎,𝑖 in the 𝑋-𝑌  plane. In this paper the ratio between 
the tangential force 𝐹𝑡,𝑖 and the radial force 𝑑𝐹𝑟,𝑖 is assumed to be 
constant. The component of the active force 𝐹𝑎,𝑖 acting perpendicular to 
the plane of the thin-walled workpiece is referred to as the feed normal 
force 𝐹𝑓𝑁,𝑖. It acts in the direction of maximum workpiece compliance 
and causes its deflection.

Fig.  6d illustrates how, in this model, the differential active force 
𝑑𝐹𝑎,𝑖 of a single discretized disk element contributes to the bending 
moment 𝑀𝑏 at the reference point located at a distance 𝑙0 from the TCP. 
First, the differential active force 𝑑𝐹𝑎,𝑖 is decomposed into its 𝑋–𝑌 -
components in the tool coordinate system. Then, its force components 
are multiplied by the lever arm 𝑙(𝑍) to the reference point to obtain the 
corresponding differential bending moments 𝑑𝑀𝑏,𝑋 and 𝑑𝑀𝑏,𝑌 . Finally, 
by integrating along the rotational axis 𝑍 and summing over the 
number of teeth 𝑧, the bending moments 𝑀𝑏,𝑋 and 𝑀𝑏,𝑌  are obtained: 

𝑀𝑏,𝑞 =
𝑧
∑

𝑖=1
∫

𝑍2

𝑍1

𝑙(𝑍) ⋅ 𝑑𝐹𝑞,𝑖 𝑑𝑧, 𝑞 ∈ {𝑋, 𝑌 }. (10)

The lever arm 𝑙(𝑍) is calculated as 
𝑙(𝑍) = 𝑙 −𝑍. (11)
0
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With the bending moments 𝑀𝑏,𝑋 and 𝑀𝑏,𝑌  around the 𝑋- and 𝑌 -axes, 
respectively, the resulting bending moment 𝑀𝑏 is calculated as: 

𝑀𝑏 =
√

𝑀2
𝑏,𝑋 +𝑀2

𝑏,𝑌 . (12)

To account for the deflection in this model, Euler–Bernoulli beam 
theory is applied by representing the thin-walled workpiece as a 
beam with second moment of area 𝐼 and elastic modulus 𝐸. The 
Euler–Bernoulli equation, which describes the relationship between the 
beam’s deflection 𝑤 and the applied load 𝑞, is given by: 
d2

d𝑥2

(

𝐸𝐼 d
2𝑤
d𝑥2

)

= 𝑞. (13)

The main purpose of using the Euler–Bernoulli formulation in this 
model is to capture the approximate qualitative shape of the bending-
moment signal for a deflecting workpiece with a non-constant effective 
width of cut along the tool axis. This reduced-order formulation is used 
to avoid excessive FEM simulations and to provide physical insight into 
how constant variations in 𝑎𝑝, 𝑎𝑒 and non-constant deflection-induced 
changes in 𝑎𝑒,eff  influence the bending-moment signal. Although de-
viations from a full FEM-based solution are expected, the aim is to 
investigate whether the characteristic features of the simulated bending 
moment signal can be compared with those observed in the experimen-
tal measurements. Since the deflection of the beam results in a change 
in the cutting conditions, particularly a change in the width of cut 𝑎𝑒, 
which again results in a change in process forces, an iterative solution 
was applied until equilibrium was reached.

2.2.2. Model postprocessing
In Fig.  7, the model is evaluated for an ideally rigid workpiece 

with no deflection using the defined input parameters, illustrating the 
post-processing of the model output. Fig.  7a depicts the unrolled tool–
workpiece contact zone with the colored contact lines of the individual 
teeth traveling from left to right. Cases i–iv correspond to the instances 
in time when tooth 1 passes through the corners of the contact zone. 
Since these instances are essential for the bending moment pattern 𝑀𝑏, 
in this paper they are labeled A–D in counterclockwise order.

In Fig.  7b, the modeled toothwise bending moment 𝑀𝑏,𝑖 is plotted 
over one tool rotation, with the instances in time marked at which 
tooth 1 passes through A–D. As tooth 𝑖 enters the contact zone at A, 
corresponding to the entry angle 𝜙𝑖𝑛 (case i), the toothwise bending 
moment 𝑀𝑏,𝑖 begins to rise, referred to as the rising point. Maximum 
toothwise bending moment 𝑀𝑏,𝑖 is reached when the tooth arrives at B, 
the exit angle 𝜙𝑒𝑥 and is fully engaged in the contact zone (case ii). With 
further increase of the engagement angle 𝜙, the tooth moves upward 
within the contact zone. Although the cross-section of the undeformed 
chip does not change, the toothwise bending moment 𝑀𝑏,𝑖 is reducing 
due to the shortening lever arm 𝑙. As the tooth’s contact line reaches 
C at the upper boundary of the contact zone (case iii), the toothwise 
bending moment 𝑀𝑏,𝑖 starts to decrease. This point in time is referred to 
as the falling point. The tooth disengages completely from the workpiece 
once D is passed (case iv).

At certain engagement angles 𝜙, multiple teeth are engaged simul-
taneously. In these cases, the toothwise bending moment 𝑀𝑏,𝑖 add up 
to the total bending moment 𝑀𝑏, as shown in Fig.  7c. Since the signal 
pattern repeats at intervals of the pitch angle 𝜙𝑝 (Eq. (5)), the model 
output is restricted to a single period. Within this period the curve 
falls due to the disengagement of the previous tooth (tooth 4). These 
points are marked as 𝐶4 and 𝐷4. As a post-processing step, the signal is 
normalized using a min–max scaler to the range 0-1, in order to better 
illustrate and compare the signal patterns, as shown in Fig.  7d [19].

2.3. Experimental validation

This section summarizes the milling tests on thin-walled workpieces, 
in which an integrated sensor was used to collect in-process data for 
validating the developed bending moment model.
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Fig. 7.  Postprocessing to the signal of the modeled bending moment 𝑀𝑏: (a) 
Unrolled tool–workpiece contact zone; (b) Modeled toothwise bending moment 
𝑀𝑏,𝑖; (c) Modeled total bending moment 𝑀𝑏; (d) Normalized total bending 
moment.

2.3.1. Experimental setup
The milling tests were carried out on a 5-axis gantry machining 

center FOOKE ENDURA 711 Linear, shown in Fig.  8a. The reference 
process considered is based on the manufacturing of lightweight struc-
tural components in the aerospace industry made from titanium alloy 
(Ti-6Al-4V). As a reference analogy part representing a stiffening rib, 
titanium sheets with a thickness of 𝑡𝑟 = 2.5mm were used, clamped at 
the bottom and one side in a clamping device, as shown in Fig.  8b and 
Fig.  8c. Since the compliance and deflection response of the workpiece 
strongly depend on the workpiece geometry and the fixture boundary 
conditions, different configurations result in different bending moment 
patterns. Therefore, this setup was chosen such that the local compli-
ance and thus the deflection of the workpiece varies during machining, 
enabling the collection of a wide range of data for model validation. 
The workpiece has a length of 𝑙𝑟 = 150mm and a height of ℎ𝑟 = 55mm, 
measured relative to the bottom and side clamping. Highlighted in 
yellow, the surface to be machined was measured using a machine 
tool–integrated measuring probe, the Renishaw RMP60, which has a 
repeatability of 1 μm. It was verified that the surface to be machined 
was within a tolerance of ±20 μm relative to an ideal reference plane.

The machining operation was carried out using an unworn, four-
flute solid carbide finishing end mill with a diameter of 𝑑 = 16mm, 
helix angle 𝜆 = 40◦ and constant pitch angle 𝜙𝑝 = 90◦. It consisted of a 
circular tool entry with a radius of 𝑟in = 3mm at half the feed velocity 
𝑣𝑓  to reduce tool wear by minimizing tool exit failure [20]. This was 
followed by parallel advancement at a constant feed velocity 𝑣𝑓  over 
a feed travel of 𝑙𝑓 = 120mm, from the fixed end to the free end of the 
thin-walled workpiece. The nominal depth of cut 𝑎𝑝 and width of cut 
𝑎  were kept constant for each individual test run.
𝑒
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Fig. 8. Experimental setup: (a) FOOKE ENDURA 711 Linear 5-axis gantry 
machining center; (b) Clamping device and workpiece; (c) Schematic repre-
sentation of clamping device and workpiece; (d) Schematic representation of 
rotating sensor system.

2.3.2. Static compliance of experimental setup
In the derived bending moment model, the simplification was made 

that only the workpiece deflects, while the tool and the machine 
are assumed to be ideally rigid. To validate this assumption, a static 
compliance analysis was conducted of all components in the load path. 
The test setup is visualized in Fig.  9a. The handheld force measuring 
device PCE - FG500 was used to apply point loads of 𝐹 = 100N in the di-
rections shown. Along the direction of the applied force the laser-based 
displacement sensor Micro-Epsilon ILD2300-10 was used to measure 
deflection. For the thin-walled workpiece, multiple measurement points 
were recorded on a grid across the machined surface, with finer spacing 
near the free and fixed ends where larger gradients were expected, as 
shown in Fig.  9b.

The measured compliances are shown in Fig.  9c and d, for both 
the machine components and the machined surface of the workpiece. 
At the free end (top-left), the workpiece exhibited a compliance of 
approximately 5 μmN−1, which is around 20 times higher than the 
combined compliance of all other components in the load path, which 
amounts to 0.2 μmN−1. However, near the fixed end, the workpiece 
shows a comparable amount of compliance and the deflection of the 
end mill and machine should be taken into account. In this region, 
deviations between the model and the experimental data may occur, 
as the tool is assumed to be ideally rigid in the model.

2.3.3. Process parameters
Cutting parameters are summarized in Table  1. For each parameter 

combination, two milling experiments were performed to evaluate 
repeatability.

2.3.4. Data acquisition and signal post-processing
Bending moment. The used sensor records the bending moment around 
the 𝑋-direction 𝑀𝑏,𝑋 and in the 𝑌 -direction 𝑀𝑏,𝑌 , as illustrated in 
Fig.  8d, corresponding to the sensor’s internal rotating coordinate 
system. From the two channels the overall bending moment 𝑀𝑏 is 
obtained according to Eq. (12). Maximum bending moment is specified 
as 𝑀max = 240Nm and maximum spindle speed 𝑛max = 18.000 1∕min. 
𝑏
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Fig. 9.  Analysis of static compliance: (a) Measurement points on the ma-
chine/tool; (b) Measurement points on the workpiece; (c) Compliance results 
of the machine/tool; (d) In-plane compliance results of the workpiece.

Table 1
Cutting parameters used in the milling experiments.
 Parameter Symbol Value  
 Cutting speed 𝑣𝑐 35mmin−1, 50mmin−1 
 Spindle speed 𝑛 6961/min, 9941/min  
 Feed per tooth 𝑓𝑧 0.1mm  
 Depth of cut 𝑎𝑝 20mm, 25mm  
 Width of cut 𝑎𝑒 0.5mm  
 Repetitions – 2  

The sensitivity of the sensor system, derived from the measurement 
resolution and the maximum measurable bending moment, is approx-
imately 𝛥𝑀𝑏 = 0.0073Nm. The limited bandwidth of the wireless 
transmission restricts the sensor sampling rate to 𝑓𝑠 = 2000Hz. At a 
cutting speed of 𝑣𝑐 = 50mmin−1, corresponding to a spindle speed of 
𝑛 = 994min−1, this yields approximately 121 sample points per tool 
revolution.

Fig.  10a shows the measured bending moment 𝑀𝑏 in full extent. 
The signal has been trimmed to the section of the linear toolpath, 
removing the tool entry sequence, as shown in Fig.  10b. To enable more 
precise signal processing in the following steps, the signal is artificially 
resampled to a higher sampling rate using the Fourier method [21]. The 
sampling frequency 𝑓𝑠 is artificially increased to provide 360 sample 
points per tool rotation.

Due to runout errors caused by manufacturing limitations, indi-
vidual teeth may have a slightly larger or smaller diameter than the 
nominal tool diameter 𝑑 and thus remove more or less material than 
adjacent teeth. To account for this, a periodic averaging method is 
applied following the approach of Choi et al. [17], enabling a better 
comparison with the model. This method is based on the concept that 
the bending moment 𝑀  signal repeats over the pitch angle period 𝜙
𝑏 𝑝
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Fig. 10.  Measured bending moment 𝑀𝑏: (a) Raw signal; (b) Extracted 
relevant signal; (c) Signal for a single tool rotation; (d) Segmented signal for 
a single tooth passage.

of the teeth. Knowing the tooth passing period 𝑇𝑡𝑝, which is calculated 
as 
𝑇𝑡𝑝 =

60
𝑛 ⋅ 𝑧

, (14)

the signal 𝑥(𝑡) can be processed using 

𝑦(𝑡) = 1
𝑁𝑠

𝑁𝑠
∑

𝑗=1
𝑥(𝑡 + (𝑗 − 1) ⋅ 𝑇𝑡𝑝), (15)

where 𝑁𝑠 denotes the number of periods used for averaging. However, 
the application of periodic averaging limits the method to cutters with 
a constant pitch angle 𝜙𝑝 and helix angle 𝜆. Otherwise, the bending 
moment 𝑀𝑏 signal does not repeat over a pitch period, since the cutting 
volume varies for each tooth. To enable the use of such cutters, the 
model described in Section 2.2 would need to be extended to account 
for non-constant pitch angles 𝜙𝑝 and helix angles 𝜆. After modeling the 
bending moment 𝑀𝑏, periodic averaging could then be applied to the 
modeled signal. The upsampled signal and averaged signal is plotted in 
Fig.  10c for one tool rotation.

In the final step, the signal is segmented into intervals of the tooth 
passing period 𝑇𝑡𝑝, which corresponds to the pitch angle 𝜙𝑝 = 90◦

(Eq. (5)), shown in Fig.  10d. The values within each segment are 
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Fig. 11.  Measured effective width of cut 𝑎𝑒: (a) Overall machined surface; 
(b) Cross-sectional trends of the machined surface.

then normalized to the range [0, 1] using a Min–Max-Scaler to facilitate 
comparison and to highlight small variations in the pattern caused by 
workpiece deflection [19].
Workpiece deflection. To quantify the workpiece deflection during ma-
chining resulting in the geometric error, the workpiece thickness was 
measured before and after machining using the optical 3D coordi-
nate measuring system Keyence VL-500. Fig.  11a shows the calculated 
effective width of cut 𝑎𝑒,eff  of the machined surface. In Fig.  11b, cross-
sections taken every 10mm in the feed direction are plotted, illustrating 
the wavy surface pattern caused by an alternating number of simul-
taneously engaged teeth. This effect is further explained in detail by 
Wimmer et al. [22].

3. Results and discussion

3.1. Model evaluation under varying engagement conditions

In this section, the model from Section 2.2 is evaluated and the ef-
fects of variations in geometric engagement conditions on the bending 
moment 𝑀𝑏 are examined.

3.1.1. Variations in width of cut 𝑎𝑒
To illustrate the influence of variations in the width of cut 𝑎𝑒 while 

keeping all other process parameters constant, Fig.  12 presents the 
evaluated model for three different widths of cut ranging from 𝑎𝑒 =
0.1 − 0.5mm. For better comparison, the curves are plotted in the same 
figure, with transparency levels varying according to the width of cut 
𝑎𝑒, as indicated in the figure color bar. As described in Fig.  7, the red 
dots denote the moments in time when the corresponding tooth contact 
line passes the corners A–D of the contact zone. Illustrated in Fig.  12a, 
a decrease in width of cut 𝑎𝑒 leads to a smaller immersion angle 𝜙𝑖𝑚
(Eq. (3)) and the contact zone is getting narrower. As the width of cut 
𝑎  decreases, the timing of the tooth passing points A and C is delayed. 
𝑒
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Fig. 12.  Effect of variations in width of cut 𝑎𝑒 on: (a) the geometry of the 
contact zone; (b) the toothwise bending moment 𝑀𝑏,𝑖; (c) the total bending 
moment 𝑀𝑏; and (d) the normalized bending moment 𝑀 ′

𝑏 pattern.

Consequently, as seen in Fig.  12b, the curve rises at a later point in 
time after passing A. At the same time, because a smaller portion of 
the cutting edge is engaged simultaneously, the maximum magnitude 
of the toothwise bending moment 𝑀𝑏,𝑖 is reduced as the cutting edge 
hits corner B in the contact zone. This can also be observed in Fig. 
12c for the total bending moment 𝑀𝑏. Nevertheless, the point in time 
at which the maximum occurs remains unchanged. When the cutting 
edge exits the contact zone at its top, the point in time passing edge 
C shifts backward for a decreasing width of cut 𝑎𝑒. This results in Fig. 
12b–c in the curve falling at a higher engagement angle 𝜙.

To summarize, the following characteristics of the normalized bend-
ing moment 𝑀 ′

𝑏 can be observed in Fig.  12d as the width of cut 𝑎𝑒
decreases:

i. The rising point (A) is delayed, resulting in an steeper initial 
slope of the curve.

ii. The falling point (C) is delayed, leading to a steeper decline of 
the curve afterward.

iii. The maximum (B) as well as the point in time at which the 
previous tooth disengages completely (D) is not affected.

3.1.2. Variations in depth of cut 𝑎𝑝
The effect of varying the depth of cut 𝑎𝑝 on the bending moment 𝑀𝑏

is illustrated in Fig.  13. When the depth of cut 𝑎𝑝 is reduced, the height 
of the contact zone decreases, as shown in Fig.  13a. While A and B 
remain geometrically unaffected, C and D shift downward as the depth 
of cut 𝑎𝑝 decreases. For the toothwise bending moment 𝑀𝑏,𝑖 signal, 
plotted in Fig.  13b, this corresponds to the falling point occurring 
earlier in time (C), as well as an earlier moment of disengagement of 
the tooth from the workpiece (D). This is also visible for the toothwise 
summed bending moment 𝑀𝑏 in Fig.  13c. Fig.  13d illustrates the 
corresponding changes in the normalized bending moment 𝑀 ′

𝑏 resulting 
from variations in the depth of cut 𝑎𝑝.

If the depth of cut 𝑎𝑝 decreases:

i. The rising point (A) and the maximum (B) are not affected.
ii. The falling point (C) occurs earlier.
iii. The point at which the previous tooth disengages completely (D) 

occurs earlier.
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Fig. 13.  Effect of variations in depth of cut 𝑎𝑝 on: (a) the geometry of the 
contact zone; (b) the toothwise bending moment 𝑀𝑏,𝑖; (c) the total bending 
moment 𝑀𝑏; and (d) the normalized bending moment 𝑀 ′

𝑏 pattern.

3.1.3. Variations in deflection of workpiece
In the previous sections, the workpiece was assumed to be ideally 

stiff. In this section and Fig.  14, the effect of workpiece deflection on 
the bending moment 𝑀𝑏 pattern is examined for a non-ideally stiff 
workpiece, modeled with Euler–Bernoulli beam theory (Eq. (13)). The 
width of the beam and therefore the second moment of area 𝐼 , was 
altered to observe three different deflection states: No deflection as a 
comparison; Minor deflection, so the width of cut 𝑎𝑒 is halved at the 
top end of the contact zone; Major deflection, so the width of cut 𝑎𝑒
at the top end is zero. In Fig.  14a, the geometry of the tool–workpiece 
contact zone is illustrated for the three different workpiece deflection 
states. For a deflected workpiece, it can be observed that the immersion 
angle 𝜙𝑖𝑚 narrows as the teeth approach the upper free end of the 
workpiece. This occurs because the thin-walled workpiece is clamped at 
the bottom, causing the upper free end to deflect more than the region 
near the fixed support. The effect becomes increasingly pronounced as 
the workpiece deflection grows. As illustrated in Fig.  14a, corners A 
and C are geometrically altered, whereas B and D remain unaffected 
for the deflecting workpiece.

Fig.  14b illustrates the effect on the toothwise bending moment 𝑀𝑏,𝑖. 
Since the contact zone narrows slightly at the bottom, the rising point 
is slightly delayed as the teeth pass point A. In contrast, because the 
contact zone becomes significantly narrower at the free (upper) end of 
the workpiece, the teeth pass point C later compared to a non-deflecting 
workpiece. The engagement angles 𝜙 at which the teeth pass points B 
and D remain unchanged.

Figs.  14c–e illustrate the toothwise summed bending moment 𝑀𝑏, 
the normalized bending moment 𝑀 ′

𝑏 and its first derivative, respec-
tively. The derivative in Fig.  14e clearly indicates the moment when 
the tooth crosses C, causing the curve to decline.

In summary, if the workpiece deflection increases:

i. The rising point (A) is delayed marginally.
ii. The maximum (B) is not affected in terms of timing.
iii. The falling point (C) is delayed.
iv. The point at which the previous tooth disengages completely (D) 

is not affected.
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Fig. 14.  Effect of variations in workpiece deflection on: (a) the geometry of 
the contact zone; (b) the toothwise bending moment 𝑀𝑏,𝑖; (c) the total bending 
moment 𝑀𝑏; (d) the normalized bending moment 𝑀𝑏 pattern; and (e) the first 
derivative of the normalized bending moment 𝑀 ′

𝑏.

3.2. Comparison of in-process data and model

In this section, the post-processed in-process data from Section 2.3 
are compared with the derived model. In Fig.  15a one segment of the 
signal every 5mm of feed travel 𝑙𝑓  is plotted to visualize the trend of 
the pattern as the deflection of the workpiece increases. In addition, 
the model-data is plotted in red for three different workpiece deflection 
states, as introduced in Fig.  14. Fig.  15b shows the first derivative of 
each segment. In Fig.  15c the measured corresponding effective width 
of cut 𝑎𝑒,eff  is plotted. The following findings observed in the model 
with deflection modeled using Euler–Bernoulli beam theory can also 
be identified in the in-process data:

i. The rising point (A) is delayed marginally : Since the workpiece 
deflects more at the top end and only little at the bottom end, as 
this section is closer to the bottom fixed end, the immersion angle 
𝜙𝑖𝑚 decreases marginally. Therefore the time period between the tooth 
passes A and B decreases marginally.

ii. The maximum (B) is not affected in terms of timing : The exit angle 
𝜙𝑒𝑥 does not change under varying engagement conditions (Eq. (2)). In 
addition, this point has been used to align the segment.

iii. The falling point (C) is delayed: This can be better observed in 
Fig.  15b, where the first derivative of the normalized bending moment 
𝑀 ′

𝑏 segments is plotted. Here, the peak preceding the valley between 
points C and D is delayed as the tool approaches the upper free end 
and the workpiece deflects further. This could be an indication of the 
decreasing immersion angle 𝜙𝑖𝑚 at the top end of the workpiece.

iv. The point at which the previous tooth disengages completely (D) is 
not affected: At this point, there is a deviation between the data and 
the model. In Fig.  14e, it can be seen that at point D the curves return 
to a steady, constant state after the tooth passes D. However, in Fig. 
15b, at D the curves have not returned to a steady state but are still 
oscillating. An explanation for this discrepancy cannot be explained by 
239 
Fig. 15.  Processed and segmented bending moment signal: (a) Segmented and 
normalized signal with the plotted model for three different deflection states; 
(b) First derivative of the segmented and normalized signal. (c) Measured 
effective width of cut 𝑎𝑒,eff .

a dynamic effect such as forced vibrations of the workpiece during elas-
tic spring-back when the tooth exits the workpiece. An experimental 
modal analysis was conducted for the workpiece, resulting in a first 
eigenfrequency of 𝑓1 = 2700Hz, which is more than 50 times higher 
than the tooth passing frequency of 𝑓𝑡𝑝 = 46Hz for the experiments with 
a cutting speed of 𝑣𝑐 = 35mmin−1 and 𝑓𝑡𝑝 = 66Hz for the experiments 
with a cutting speed of 𝑣𝑐 = 50mmin−1. Nevertheless, the observed 
discrepancy is not attributed to random vibrations, since all curves in 
Fig.  15b consistently exhibit a steady oscillatory behavior at point D 
over the feed travel 𝑙𝑓 .

In addition, a deviation between the model and the in-process data 
can be expected since the machine and tool are not ideally stiff as 
assumed in the model. This is particularly the case in the feed travel 
𝑙𝑓  range of 0 − 20mm, as shown by the compliance analysis of the 
workpiece (Fig.  9d), since in that range the workpiece is as compliant 
as the machine and tool combined.
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Fig. 16. The point of surface generation is shifted downward due to the tool 
helix angle 𝜆.

3.3. Predicting workpiece deflection from the bending moment pattern

For the previously mentioned correlation, the in-process bending 
moment signal is used to predict the effective width of cut 𝑎𝑒,eff  at 
the upper free end of the workpiece solely from the pattern of the 
signal. Therefore, the peak before the valley is determined for each 
segment. This is done by taking the second derivative and searching for 
a negative zero crossing of the curve. Since D should not be affected 
when neglecting dynamic effects, the immersion angle 𝜙𝑖𝑚 between 
these adjusting points is determined. With the immersion angle 𝜙𝑖𝑚 and 
the rearranged Eq. (3), the effective width of cut 𝑎𝑒,eff  at the upper free 
end of the workpiece can be calculated. Due to the helix angle 𝜆, the 
surface is not generated at the same axial height of the tool when the 
tooth passes C. This is visualized in Fig.  16. When passing C of the 
contact zone, the workpiece surface is created at the bottom end of the 
engaged tooth. At this point in time, the current workpiece deflection is 
transferred to a geometric error at the point of the last tooth/workpiece 
contact.

In Fig.  17a and b, the predicted effective width of cut 𝑎𝑒,eff  at 
the upper free end of the workpiece is plotted against the measured 
width of cut for two different cutting speeds 𝑣𝑐 . The predicted effective 
width of cut 𝑎𝑒,eff  is obtained by evaluating the in-process bending 
moment data, while the effective width of cut 𝑎𝑒,eff  from the milling 
experiments was obtained from the 3D coordinate measuring scan of 
the workpiece. Due to signal loss some datapoints are missing. The 
deviation from the measured to the predicted width of cut 𝑎𝑒,eff  is 
calculated for these two experiments as the root-mean-square deviation 
(RMS), which is 0.053mm and 0.076mm, respectively. At a cutting 
speed of 𝑣𝑐 = 35mmin−1, 72% of the samples lie within a ±50 μm
tolerance band, while the maximum deviation between measurement 
and prediction reaches 480 μm. At 𝑣𝑐 = 50mmin−1, 62% of the samples 
fall within the ±50 μm tolerance band, with a maximum deviation of 
350 μm. Close to the free end of the workpiece at feedtravel 𝑙𝑓 =
120mm, a high deviation between prediction and measurement can be 
observed for both cutting speeds 𝑣𝑐 . Near the edges of the workpiece 
(approximately 2 − 3mm), the data quality deteriorates due to the lack 
of a reliable measurement of the effective width of cut 𝑎𝑒,eff  using 
the 3D coordinate measuring system Keyence VL-500. As measured and 
described in Section 2.3.2, close to the fixed end of the workpiece at 
a feed travel of 𝑙𝑓 = 0mm, the compliance of the workpiece reaches a 
level comparable to the combined compliance of the machine and the 
end mill. As a result, the effective width of cut 𝑎𝑒,eff  is reduced not only 
due to workpiece deflection but also due to deflection of the machine 
and the tool. Nevertheless, the trend of the effective width of cut 𝑎𝑒,eff
can still be predicted in this region. For the experiment at a cutting 
speed of 𝑣𝑐 = 50mmin−1 at a feed travel of 𝑙𝑓 = 0 − 10mm, a deviation 
between the predicted and measured effective width of cut 𝑎𝑒,eff  can be 
observed.

Although the general trend of the effective width of cut 𝑎𝑒,eff  at the 
upper free end of the workpiece along the feed travel 𝑙𝑓  can be pre-
dicted by the proposed method for booth cutting speeds 𝑣𝑐 , deviations 
are still present. One possible reason could be the limited sampling rate 
of 𝑓𝑠 = 2000Hz. At a cutting speed of 𝑣𝑐 = 50mmin−1, corresponding 
to a spindle speed of 𝑛 = 994min−1, the engagement interval of a single 
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Fig. 17. Comparison of the predicted and measured effective width of cut 𝑎𝑒,eff
at the upper free end of the workpiece.

tooth is only about 15ms, during which approximately 30 samples are 
recorded by the sensor. As a result, small variations in the bending 
moment 𝑀𝑏 signal may not be captured with sufficient resolution. This 
is, for example, the case for changes in the distance between points A 
and B when the width of cut 𝑎𝑒 varies, as illustrated in Fig.  12. Another 
example is the distance between points C and D, which changes only 
slightly with increasing workpiece deflection, as shown in Fig.  14. It 
is therefore expected that the prediction accuracy can be improved by 
using a sensor with a higher sampling rate 𝑓𝑠.

4. Conclusion and outlook

4.1. Conclusion

The scope of this work was to predict the deflection of near-net-
shape components, which are becoming increasingly relevant due to 
the growing use of additive manufacturing. For such components, con-
ventional strategies such as waterline milling are often not applicable, 
as the geometry is already close to the final shape. The novelty of this 
approach was to analyze the correlation between the deflection state of 
the workpiece and the pattern of the measured bending moment 𝑀𝑏, in 
order to predict the workpiece deflection and derive the effective width 
of cut 𝑎𝑒,eff . Therefore, a sensor system was used that employs strain 
gauges and wireless data communication, which is already available 
and applied in commercial applications. The bending moment 𝑀𝑏 at a 
lever arm 𝑙0 from the TCP was modeled for circumferential milling of 
thin-walled workpieces. It was investigated how variations in engage-
ment conditions — specifically depth of cut 𝑎𝑝, width of cut 𝑎𝑒 and 
workpiece deflection modeled as a bending cantilever beam — affect 
the pattern of the bending moment 𝑀𝑏.

While other methods often rely on the total magnitude of the 
cutting force — which is influenced by material properties, cutting edge 
geometry, tool wear, workpiece stiffness and other process parameters 
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— the advantage of the proposed method is that it depends solely on 
the tool geometry and the engagement conditions (width 𝑎𝑒 and depth 
of cut 𝑎𝑝). It does not require a simulation of the local stiffness of either 
the workpiece or the tool. The results indicate that the bending moment 
pattern reveals distinct time points when the tool teeth cross the corners 
of the tool–workpiece contact zone. From these features in the signal, 
the deflection of the workpiece at the top end of the contact zone can 
be determined. The measured in-process data showed agreement with 
the derived simple bending moment model and the general trend of the 
effective width of cut 𝑎𝑒,eff  at the upper free end of the workpiece along 
the feed travel 𝑙𝑓  can be predicted by the proposed method. However, 
when compared to the typical wall thickness tolerance used in aircraft 
manufacturing of 𝛥𝑡 = ±0.05mm, only 62%–72% of the predictions 
lie within this range. A possible reason for improving the prediction 
accuracy is the use of a sensor system with a higher sampling rate 𝑓𝑠, 
which would allow better resolution of time-sensitive features in the 
bending-moment signal.

4.2. Outlook

The results have shown that the effective width of cut 𝑎𝑒,eff  can 
still be predicted even when deflection of the tool and machine oc-
curs simultaneously. This indicates that the proposed method is not 
strictly limited to workpiece-only deflection, but inherently captures 
the combined system response reflected in the bending-moment signal. 
Consequently, the approach has the potential to be generalized by 
explicitly accounting for both tool and workpiece compliance, which 
will be investigated in future work. Therefore, the bending-moment 
model needs to be adapted to also account for tool deflection.

The process parameters in this study were selected conservatively 
to ensure stable machining conditions. A key challenge in machining 
thin-walled workpieces is the occurrence of workpiece vibrations and 
chatter, which were not explicitly investigated in this work. Both 
chatter and forced vibrations can introduce additional high-frequency 
components into the bending-moment signal, potentially affecting the 
robustness of feature detection. Even though no chatter was observed in 
the experiments, it is expected that periodic averaging can reduce ran-
dom measurement noise and improve feature robustness under stable 
cutting conditions. However, its effectiveness in the presence of chatter-
related vibrations would require further investigation. Future work 
using the presented sensor system should therefore investigate the ap-
plication of low-pass filtering to reduce the influence of high-frequency 
components. Alternatively, methods to identify chatter prior to signal 
evaluation could be developed, allowing for adaptive adjustment of the 
process parameters accordingly.

In future work, the proposed method is intended to be extended 
towards in-situ prediction of workpiece deflection in order to enable 
adaptive adjustment of the tool path during machining. The current 
signal processing and feature extraction pipeline mainly consists of 
lightweight operations such as signal segmentation, upsampling, peri-
odic averaging and simple arithmetic feature computation. In addition, 
the low feed velocity 𝑣𝑓  typically used when machining titanium 
components allows for comparatively relaxed timing constraints, with 
acceptable latencies on the order of approximately 0.1 s. Therefore, 
the overall computational cost is expected to remain low and suitable 
for implementation on embedded hardware. In particular, deployment 
on a Raspberry Pi-class system is considered feasible, enabling near 
real-time evaluation of the bending-moment signal and subsequent 
process adaptation. Beyond this, future work will also consider the 
development of more advanced evaluation algorithms by incorporating 
robust machine learning methods, such as convolutional neural net-
works (CNNs), to analyze patterns in the bending-moment signal and 
improve the prediction of workpiece deflection.

The presented method is currently limited to predicting the dimen-
sional error at the upper free end of the workpiece and does not yet 
capture the dimensional error along the tool axis. For adaptive toolpath 
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correction, additional information is required to tilt the tool orientation 
relative to the deflecting workpiece. Future work should investigate 
whether the method can also be extended to predict the effective width 
of cut 𝑎𝑒,eff  at the lower end of the depth of cut 𝑎𝑝. Initial evaluations 
in this paper indicate that this is generally feasible, but the results are 
not yet robust. One contributing factor is the limited sensor sampling 
rate of 𝑓𝑠 = 2000Hz, which restricts the resolution of small variations 
in the signal pattern. At the lower end of 𝑎𝑝, the workpiece deflection 
is smaller, resulting in reduced shifts of characteristic points (A and B) 
and therefore requiring a measurement system with higher temporal 
resolution. If the workpiece deflection at both the upper and lower 
ends of the depth of cut 𝑎𝑝 can be determined, compensation could 
be achieved by appropriately tilting the tool. However, this approach 
requires that the resulting dimensional error varies approximately lin-
early along the depth of cut. Such approximately linear dimensional 
error can be achieved by an appropriate choice of the tool, as discussed 
in [22].
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