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applied mostly to scalar partial differential equations (PDEs). The extension to the application to
the steady state Oseen equations on (several) scattered node sets is not straightforward but re-
quires novel components which are the subject of this paper. We consider the steady-state Oseen
equations in three spatial dimensions, and as a radial basis function, we restrict ourselves to the
polyharmonic spline (PHS) with polynomial augmentation. However, the following contributions
of our paper may also be applied to other model problems and RBFs. In particular, we will con-
sider the selection of two node sets for the two types of unknowns, velocity and pressure, and
subsequent (flexible order) RBF-FD discretization of the various differential operators in the cou-
pled system. We discuss variants for the discretization of the pressure constraint as well as the
influence of the viscosity parameter on the convergence of the RBF-FD discretization. Finally, we
provide numerical tests for the Oseen equations in three dimensions on complex domains using
several node arrangements, convection directions and parameters inherent to the PHS RBF-FD
method. The tests demonstrate that the proposed method is stable for discretization step widths
between h, = 0.01 and &, = 0.5 and viscosities in the range of 10~% to 1 not just on the unit cube
but also on a more complicated three-dimensional bunny-shaped domain. In particular, for even
degrees of polynomial augmentation of the Laplacian (and lower degrees for involved first order
differential operators), we can reach convergence of the same (even) order.

1. Introduction

The numerical solution of partial differential equations has traditionally been done using mesh-based methods such as the finite
element or finite difference method. In order to circumvent the potentially high computational cost for generating a high quality
mesh, many meshless methods have been suggested in the past few decades, e.g. smoothed particle hydrodynamics [1], generalized
finite difference method [2] and reproducing kernel particle method [3].

The Radial Basis Function - Finite Difference (RBF-FD) method is another meshless method. First introduced in [4], it has been
successfully used for the numerical solution of many PDEs such as the shallow water equations [5], the reaction-diffusion equations
[6], unsteady Navier-Stokes equations [7], transport equations [7] and acoustic wave equations [8].

Despite the fact that the RBF-FD method has been widely applied, there exists only relatively little literature regarding the dis-
cretization of steady-state fluid flow problems such as the Stokes equations [9,10], the Oseen equations [11] or the steady Navier-
Stokes equations [12]. Furthermore, the existing literature mostly treats these equations in only two spatial dimensions or on rather
simple domains such as the unit square or circle. Additionally, the discretizations are mostly illustrated for structured node sets. Two
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$\nu \in [0.001,1]$


$\cL $


$u$


$d\in \N $


$\Omega \subset \R ^d$


$N_I, N\in \N $


$N_I\leq N$


$X=\{x_1,\ldots ,x_N\}\subset \Omega \cup \partial \Omega $


\begin {align*}X_I:=\{x_1,\ldots ,x_{N_I}\}\subset \Omega , \quad X_B:=\{x_{N_I+1},\ldots ,x_N\}\subset \partial \Omega \end {align*}


$K\in \N $


\begin {equation*}X_C:=\{x_{1}^c,\ldots ,x_{K}^c\}\subset \Omega \cup \partial \Omega \end {equation*}


$X_C\subset X$


$X_C=X_I$


$X_C$


$\cL $


$X, X_C$


$|X|=N$


$n\leq N$


$x_c\in X_C$


$\S _c\subset X$


$n$


$\cI _c\subset \{1,\ldots ,N\}$


$x_c$


\begin {equation*}\S _c=\{x_{s_1^c},\ldots ,x_{s_n^c}\}=\{x_i\in X:i\in \cI _c\}\quad \text {for }\ \cI _c:=\{s_1^c,\ldots ,s_n^c\}.\end {equation*}


$\{w_1^c,\ldots ,w_n^c\}\subset \R $


$\S _c$


$\cL $


$u$


$x_c$


\begin {equation}\label {equ:weighted_sum} \cL u(x_c):=\cL u(x)|_{x=x_c}\approx \sum _{i=1}^n w_i^c u(x_{s_i^c}).\end {equation}


$u$


$\Pi _\ell (\R ^d)$


$\ell \in \N _0$


$\{p_1,\ldots ,p_M\}$


$M:=\dim \left (\Pi _\ell \right )=\binom {\ell +d}{d}$


$\ell $


$d\in \N $


$\Omega \subset \R ^d$


$x_i\in \Omega \cup \partial \Omega $


$k\in \N $


$x_i$


\begin {equation*}\Phi _{x_i}:\Omega \cup \partial \Omega \rightarrow \R ,\quad \Phi _{x_i}(x):=\|x-x_i\|_2^{2k-1}.\end {equation*}


$x_c\in X_C$


$\S _c$


\begin {equation}\label {equ:augmentedRBF} u(x) = \sum _{i=1}^n\alpha _i\Phi _{x_{s_i^c}}(x)+\sum _{k=1}^M\beta _k p_k(x)\end {equation}


\begin {equation}\label {equ:polynom_constraint} \sum _{i=1}^n \alpha _i p_k(x_{s_i^c})=0\qquad \text {for all } k=1,\ldots ,M\end {equation}


$\alpha _i,\beta _k\in \R $


$x_c \in \Omega \cup \partial \Omega $


\begin {align*}\cL \bm {\Phi }_c&:=\left [\cL \Phi _{x_{s_1^c}}(x_c),\cdots , \cL \Phi _{x_{s_n^c}}(x_c)\right ]^T \in \R ^n,\\ \cL \bm {p}_c&:=\left [\cL p_1(x_c), \cdots ,\cL p_M(x_c)\right ]^T\in \R ^M\end {align*}


$(n+M)\times (n+M)$


\begin {align*}\begin {bmatrix} A_c & P_c \\ P_c^T & \bm {0} \end {bmatrix}&:= \begin {bmatrix} \Phi _{x_{s_1^c}}(x_{s_1^c}) & \cdots & \Phi _{x_{s_n^c}}(x_{s_1^c}) & p_1(x_{s_1^c}) & \cdots & p_M(x_{s_1^c}) \\ \vdots & \ddots & \vdots & \vdots & \ddots & \vdots \\ \Phi _{x_{s_1^c}}(x_{s_n^c}) & \cdots & \Phi _{x_{s_n^c}}(x_{s_n^c}) & p_1(x_{s_n^c}) & \cdots & p_M(x_{s_n^c}) \\ p_1(x_{s_1^c}) & \cdots & p_1(x_{s_n^c}) & 0 & \cdots & 0 \\ \vdots & \ddots & \vdots & \vdots & \ddots & \vdots \\ p_M(x_{s_1^c}) & \cdots & p_M(x_{s_n^c}) & 0 & \cdots & 0 \end {bmatrix}.\end {align*}


\begin {equation*}w^c:=\left [w_1^c,\cdots ,w_n^c\right ]^T\end {equation*}


\begin {equation}\label {equ:compute_weights} \begin {bmatrix} A_c & P_c \\ P_c^T & \bm {0} \end {bmatrix}\begin {bmatrix} w^c \\ \widetilde {w}^c \end {bmatrix}=\begin {bmatrix} \cL \bm {\Phi }_c \\ \cL \bm {p}_c \end {bmatrix}.\end {equation}


$\ell +1\geq k$


$\ell $


$k$


$k$


$\S _c$


$\Pi _\ell (\R ^d)$


$X=\{x_1,\ldots ,x_N\}\subset \R ^N$


$\Pi _\ell (\R ^d)$


$X$


$q\in \Pi _\ell (\R ^d)$


\begin {equation*}q(x_j) = 0 \quad \forall j\in \{1,\ldots ,N\} \ \implies \ q=0.\end {equation*}


$\cL $


\begin {align}\cL u(x) &= f(x), \quad x\in \Omega , \label {equ:pde}\\ u(x) &= g(x), \quad x\in \partial \Omega , \label {equ:pde_boundary}\end {align}


$f:\Omega \rightarrow \R $


$g:\partial \Omega \rightarrow \R $


$\cL $


$x_j\in X_C=X_I$


\begin {equation}\sum _{i=1}^n w_i^j u(x_{s_i^j})\approx f(x_j),\quad j=1,\ldots ,N_I. \label {equ:approx_system}\end {equation}


$x_{s_i^j}$


\begin {align*}\sum _{\substack {i\in \{1,\ldots ,n\} \\ \text {s.t. }x_{s_i^j}\in \Omega }} w_i^j u(x_{s_i^j}) &\approx \underbrace {f(x_j) - \sum _{\substack {i\in \{1,\ldots ,n\} \\ \text {s.t. } x_{s_i^j}\in \partial \Omega }} w_i^j g(x_{s_i^j})}_{=:\widetilde {f}_j}\end {align*}


\begin {equation*}\widetilde {f}:=(\widetilde {f}_1,\ldots ,\widetilde {f}_{N_I})^T\in \R ^{N_I}\end {equation*}


$B\in \R ^{N_I\times N_I}$


\begin {align}B_{j,r} := \begin {cases} w_i^j &:\exists r\in \{1,\ldots ,n\} \text { such that } r=s_i^j\in \cI _j, \\ &\text { i.e., the interior node } x_r=x_{s_i^j} \text { is in the stencil } \S _j, \\ 0 &: \text {else}, \end {cases}\end {align}


$j,\ell \in \{1,\ldots ,N_I\}$


$B$


$B$


\begin {equation}Bu=\widetilde {f} \label {Xeqn6-9}\end {equation}


$u\in \R ^{N_I}$


$u_j\approx u(x_j)$


$x_j$


$j\in \{1,\ldots ,N_I\}$


\begin {equation}\label {equ:oseen} \begin {aligned} -\nu \Delta {\bm u} + ({\bm b}\cdot \nabla ){\bm u} + \nabla p &= {\bm f}\quad && \text {in }\Omega , \\ \text {div}({\bm u}) &= 0\quad && \text {in }\Omega , \\ {\bm u} &= {\bm g}\quad && \text {on }\partial \Omega , \end {aligned}\end {equation}


$\nu >0$


$\Omega \subset \R ^d$


${\bm f}:\Omega \rightarrow \R ^d$


${\bm g}:\partial \Omega \rightarrow \R ^d$


${\bm b}:\Omega \rightarrow \R ^d$


${\bm u}:\Omega \rightarrow \R ^d$


$p:\Omega \rightarrow \R $


$d$


${\bm u},{\bm b}$


$p$


$\bm f$


$\bm g$


$\bm u$


$p$


$X_{u}\subset \Omega \cup \partial \Omega $


$X_{p}\subset \Omega $


$X_u$


$X_{u,I}$


$X_{u,B}$


\begin {align*}X_{u,I} &= \{x_{1}^u,\ldots ,x_{N_{u,I}}^u\},\quad X_{u,B} = \{x_{N_{u,I}+1}^u,\ldots ,x_{N_{u}}^u\},\quad X_u=X_{u,I}\cup X_{u,B}, \\ X_p &= \{x_{1}^p,\ldots ,x_{N_{p}}^p\}\end {align*}


$N_u:=|X_u|$


$N_{u,I}:=|X_{u,I}|$


$N_{u,B}:=|X_{u,B}|$


$N_p:=|X_p|$


$d$


$\bm u$


$\cL =-\nu \Delta $


$\cL ={\bm b}\cdot \nabla $


$X_I=X_{u,I}$


$X_B=X_{u,B}$


$X_C=X_{u,I}$


$N_{u,I}\times N_{u,I}$


$L$


\begin {equation}\label {equ:linear_system} \begin {bmatrix} L & 0 & 0 & G_1 \\ 0 & L & 0 & G_2 \\ 0 & 0 & L & G_3 \\ D_1 & D_2 & D_3 & 0 \end {bmatrix} \begin {bmatrix} u_{h,1} \\ u_{h,2} \\ u_{h,3} \\ p_h \end {bmatrix} = \begin {bmatrix} \widetilde {f}_1 \\ \widetilde {f}_2 \\ \widetilde {f}_3 \\ \widetilde {f}_4 \end {bmatrix}\end {equation}


$\cL p=\nabla p$


$N_{u,I}$


$N_p\neq N_{u,I}$


$\partial _{x_i},\,i\in \{1,\ldots ,d\}$


$X_{u,I}$


$X_p$


$X_C=X_{u,I}$


$X_I={X_p}$


$X_B=\emptyset $


$G_i$


$X_p=X_{u,I}$


$N_{u,I}=N_p$


$G_i$


$p$


$\cL =\text {div}$


$X_p$


$X_{u}$


$X_p$


$X_{u}$


$X_C=X_{p}$


$X_I={X_{u,I}}$


$X_B=X_{u,B}$


$D_i$


$N_p\times N_{u,I}$


$L$


$G_i$


$D_i$


$i\in \{1,\ldots ,d\}$


$d=3$


$(d\cdot N_{u,I}+N_p)\times (d\cdot N_{u,I}+N_p)$


$\widetilde {f}_i$


\begin {align*}\begin {bmatrix} (u_{h,1})_i \\ (u_{h,2})_i \\ (u_{h,3})_i \end {bmatrix} &\approx {\bm u}(x^u_i) \quad \text {for all } 1\leq i\leq N_{u,I} \text { and } \\ (p_h)_j&\approx p(x^p_j) \quad \text {for all } 1\leq j\leq N_{p},\end {align*}


$h$


$p$


$G_i$


$\widetilde {f}$


\begin {equation}\label {equ:linear_system_ext} \begin {bmatrix} L & 0 & 0 & G_1 & 0 \\ 0 & L & 0 & G_2 & 0 \\ 0 & 0 & L & G_3 & 0 \\ D_1 & D_2 & D_3 & 0 & y \\ 0 & 0 & 0 & y^T & 0 \end {bmatrix} \begin {bmatrix} u_{h,1} \\ u_{h,2} \\ u_{h,3} \\ p_h \\ \lambda \end {bmatrix} = \begin {bmatrix} \widetilde {f}_1 \\ \widetilde {f}_2 \\ \widetilde {f}_3 \\ \widetilde {f}_4 \\ 0 \end {bmatrix}.\end {equation}


$X$


$\Omega $


$h_X$


\begin {equation*}h_X := \frac {1}{2}\min _{x_i,x_j\in X, i\neq j} \|x_j-x_i\|_2.\end {equation*}


$h_u:=2h_{X_u}$


$h_p:=2h_{X_p}$


$h_u\ne h_p$


$X_u$


$X_p$


$X_u$


$h_u$


$X_A$


$X_{u,B}$


$h_u/2$


$x\in X_A$


$x^*=x+h_g\cdot n$


$n$


$x$


$0\leq h_g$


$x^*$


$x$


$X_A$


$X_p$


$h_p>h_g$


$h_g$


$X_{u,B}$


$h_g$


$X_p=X_{u,I}$


$X_p\subsetneq X_{u,I}$


$X_p$


$X_{u}$


$s={\,}^{h_p}/{h_u}$


$X_u, X_p$


$s>0$


$\Omega =[0,1]^2$


$h_u$


$h_p$


$h_g$


$h_u$


$h_p$


$h_g$


$X_p=X_{u,I}$


$h_u=h_p$


$h_g=0$


$X_p=X_{u,I}$


$p$


$p$


$p$


$p(x_1^p)=0$


\begin {equation*}\int _\Omega p(x) \,\rd x = 0.\end {equation*}


\begin {equation}y^Tp_h \approx \int _\Omega p(x) \,\rd x \label {equ:integral_constraint_approx}\end {equation}


$y\in \R ^{N_p}$


$y_i = 1$


$i=1,\ldots ,N_p$


$k\in \N _0$


$\Pi _k$


$L=\dim (\Pi _k)$


$\{p_1,\dots ,p_L\}$


$\Pi _k$


$X_p=\{x_1,\ldots ,x_{N_p}\}$


$L< N_p$


\begin {equation*}P := \begin {bmatrix} p_1(x_1) & \cdots & p_1(x_{N_p}) \\ \vdots & \ddots & \vdots \\ p_L(x_1) & \cdots & p_L(x_{N_p}) \end {bmatrix} \in \R ^{L\times N_p}\end {equation*}


\begin {equation*}b\in \R ^L \quad \text {with} \quad b_i = \int _\Omega p_i(x) \,\rd x \quad \text {for all } 1\leq i\leq L.\end {equation*}


$\Omega $


$b$


\begin {equation}\label {equ:system_p_constraint} Py = b.\end {equation}


$X_p$


$\Pi _k(\R ^d)$


$L<N_p$


$\ell _2$


$\ell _2$


$\mathcal {O}(L^2N_p)$


$L\ll N_p$


$k\leq 11$


$L\leq 364$


$N_p$


$y\geq 0$


$k=0$


$y = \frac {|\Omega |}{N_p}(1,\ldots ,1)^T>0$


$k$


$y$


$y\ngeq 0$


$y\ge 0$


$b$


$\lambda \in \R $


$\lambda $


$\lambda \neq 0$


$\lambda $


$|\lambda |$


$\nu $


$p\in \sC ^1(\Omega ,\R )$


$\bm {u}\in \sC ^2(\Omega ,\R ^d)\cap \sC (\overline {\Omega },\R ^d)$


$\text {div}(\bm {u})=0$


$\bm {b}\in \sC (\Omega , \R ^d)$


\begin {equation*}\bm {f} := \bm {f}_{\nu ,\bm {b},\bm {u},p}:=-\nu \Delta \bm {u}+ (\bm {b}\cdot \nabla )u +\nabla p \quad \text {in } \Omega , \quad \bm {g} := \bm {g}_{\bm {u}} := \bm {u} \quad \text {on } \partial \Omega ,\end {equation*}


$(\bm {u},p)$


$(\bm {u},p)$


$\widetilde {\nu }$


$\bm {f} := \bm {f}_{\widetilde {\nu },\bm {b}, \bm {u},p}:=-\widetilde {\nu }\Delta \bm {u}+ (\bm {b}\cdot \nabla )u +\nabla p$


$\widetilde {\nu }>0$


$\nu $


$\bm {b}=\bm {0}$


$L,D,G$


$(\bm {u},p)$


$\ell ,d,g$


$-\Delta \bm {u}, \text {div} \bm {u}, \nabla p$


$\bm {1}\in \R ^M$


$\nu \in (0,\infty )$


$L\in \R ^{N\times N},\, G\in \R ^{N\times M},\, D\in \R ^{M\times N}$


$\ell ,g,u\in \R ^N,\,d,p,y\in \R ^M$


$M,N\in \N $


$y^T\bm {1}=:c\in (0,\infty )$


$G\bm {1}=\bm {0}$


\begin {align*}\begin {bmatrix} u^* \\ p^* \\ \lambda ^* \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G & 0 \\ D & 0 & y \\ 0 & \nu ^{-1}y^T & 0 \end {bmatrix} \begin {bmatrix} u \\ p \\ \lambda \end {bmatrix} = \begin {bmatrix} f \\ g \\ 0 \end {bmatrix} \quad \implies \quad \begin {bmatrix} u^* \\ p^*+\frac {\nu \lambda ^*}{c}\bm {1} \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G \\ D & \nu ^{-1}yy^T \\ \end {bmatrix} \begin {bmatrix} u \\ p \end {bmatrix} = \begin {bmatrix} f \\ g \end {bmatrix}\end {align*}


\begin {align*}\begin {bmatrix} u^+ \\ p^+ \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G \\ D & \nu ^{-1}yy^T \\ \end {bmatrix} \begin {bmatrix} u \\ p \end {bmatrix} = \begin {bmatrix} f \\ g \end {bmatrix} \quad \implies \quad \begin {bmatrix} u^+ \\ p^+-\frac {y^Tp^+}{c}\bm {1} \\ y^Tp^+ \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G & 0 \\ D & 0 & y \\ 0 & \nu ^{-1}y^T & 0 \end {bmatrix} \begin {bmatrix} u \\ p \\ \lambda \end {bmatrix} = \begin {bmatrix} f \\ g \\ 0 \end {bmatrix}.\end {align*}


\begin {align}\label {eq:system_with_nu} \begin {bmatrix} \nu L & G \\ D & \nu ^{-1}yy^T \end {bmatrix} \begin {bmatrix} u \\ p \end {bmatrix} = \begin {bmatrix} \nu \ell + g \\ d \end {bmatrix}\end {align}


$\nu \in (0,\infty )$


$L\in \R ^{N\times N},\, G\in \R ^{N\times M},\, D\in \R ^{M\times N}$


$\ell ,g,u\in \R ^N,\,d,p,y\in \R ^M$


$M,N\in \N $


$\bm {1}\in \R ^M$


$y^T\bm {1}=:c\in (0,\infty )$


$G\bm {1}=\bm {0}$


$L$


\begin {equation}\label {eq:ubar_pbar} \bar {u} := L^{-1} \ell , \qquad \bar {p} := \argmin _{q\in \R ^{M}, ~y^T q=0} \|g-Gq\|\end {equation}


$\|\cdot \|:\R ^N\rightarrow \R $


\begin {equation*}e_d := d-DL^{-1}\ell =d-D\bar {u}, \qquad e_g := g - G\bar {p}.\end {equation*}


$e_d, e_g$


$\nu $


\begin {align*}p &= \bar {p} + \nu S^{-1}e_d + S^{-1}DL^{-1}e_g, \\ u &= \bar {u} + L^{-1}GS^{-1}e_d + \nu ^{-1}L^{-1}(I-GS^{-1}DL^{-1})e_g\end {align*}


$S:=DL^{-1}G-yy^T$


$\frac {1}{\nu }DL^{-1}$


\begin {align*}\begin {bmatrix} \nu L & G \\ 0 & -\nu ^{-1}S \end {bmatrix} \begin {bmatrix} u \\ p \end {bmatrix} = \begin {bmatrix} \nu \ell + g \\ \widetilde {d} \end {bmatrix}\end {align*}


\begin {align*}S = DL^{-1}G-yy^T\end {align*}


\begin {align*}\widetilde {d} &= d - \nu ^{-1}DL^{-1}(\nu l + g) \\ &= e_d - \nu ^{-1}DL^{-1}G\bar {p} - \nu ^{-1}DL^{-1}e_g \\ &= e_d - \nu ^{-1}\widetilde {S}\bar {p} - \nu ^{-1}DL^{-1}e_g\end {align*}


$\widetilde {S}=DL^{-1}G$


$S$


$L$


\begin {align*}p &= -\nu S^{-1}\widetilde {d} = -\nu S^{-1}(\widetilde {d} - yy^T\bar {p}) = -\nu S^{-1}e_d + \bar {p} + S^{-1}DL^{-1}e_g.\end {align*}


\begin {align*}u &= \nu ^{-1}L^{-1}(\nu \ell + g - Gp) \\ &= L^{-1}\ell + \nu ^{-1}L^{-1}\left (g - G(-\nu S^{-1}e_d + \bar {p} + S^{-1}DL^{-1}e_g)\right ) \\ &= \bar {u} + \nu ^{-1}L^{-1}e_g + L^{-1}GS^{-1}e_d - \nu ^{-1}L^{-1}GS^{-1}DL^{-1}e_g \\ &= \bar {u} + L^{-1}GS^{-1}e_d + \nu ^{-1}L^{-1}\left (I-GS^{-1}DL^{-1}\right )e_g.\end {align*}


$\nu $


$(\bm {u}, p)$


$\bm {f} = \nu \Delta \bm {u} + \nabla p$


$g\in \text {span}(G)$


$d=D\bar {u}$


$e_g$


$e_d$


$u=\bar {u}$


$p=\bar {p}$


$(u,p)^T$


$\nu $


$\nu $


$\bar {u}$


$\bar {p}$


$\nu $


$u$


$p$


$\nu $


$G\bm {1}=\bm {0}$


$\gamma \in \R $


$i$


$y=e_i$


$e_i$


$i$


$y^Tp=\gamma $


$y^Tp=0$


\begin {align*}\begin {bmatrix} u_0 \\ p_0 \\ \lambda _0 \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G & 0 \\ D & 0 & y \\ 0 & \nu ^{-1}y^T & 0 \end {bmatrix} \begin {bmatrix} u \\ p \\ \lambda \end {bmatrix} = \begin {bmatrix} f \\ g \\ 0 \end {bmatrix} \quad \implies \quad \begin {bmatrix} u_0 \\ p_0+\frac {\gamma }{c}\bm {1} \\ \lambda _0 \end {bmatrix} \text { solves } \begin {bmatrix} \nu L & G & 0 \\ D & 0 & y \\ 0 & \nu ^{-1}y^T & 0 \end {bmatrix} \begin {bmatrix} u \\ p \\ \lambda \end {bmatrix} = \begin {bmatrix} f \\ g \\ \gamma \end {bmatrix}.\end {align*}


$y$


$y^T\bm {1}>0$


$L$


$\ell \in \N $


$p\in \Pi _\ell (\mathbb R^d)$


$G$


$\ell $


$g\in \text {span}(G)$


$q\in \Pi _\ell (\mathbb R^d)$


$X_{u,I}$


$e_g$


$e_d$


$\bm {u}$


$d=3$


$\Omega $


$(0,1)^3$


$h_u, h_p$


$s=\frac {h_p}{h_u}$


\begin {align*}{\bm u}^1(x) &= \begin {pmatrix}1\\ 1\\ 1 \end {pmatrix}, & {\bm u}^2(x) &= \begin {pmatrix} \cos (x)\cdot \sin (y)\\ x\cdot \cos (y)\\ z\cdot (x+\sin (x))\cdot \sin (y) \end {pmatrix}.\end {align*}


\begin {align*}p^1(x) &= (x-0.5)\cdot (y-0.5)\cdot (z-0.5) + c_2(\Omega ),\\ p^2(x) &= \sin (\pi x)\cdot \cos (\pi y) + c_1(\Omega )\end {align*}
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\begin {align*}c_1(\text {cube}) &= 0, & c_1(\text {bunny}) &=-0.260568484878944,\\ c_2(\text {cube}) &= 0, & c_2(\text {bunny}) &=-0.001363726470335.\end {align*}


\begin {equation*}\begin {array}{ll} \text {Solution 1:} \, ({\bm u}^1, p^2), & \text {(polynomial velocity, nonpolyn. pressure)},\\ \text {Solution 2:} \, ({\bm u}^2, p^2), & \text {(nonpolynomial velocity and pressure)},\\ \text {Solution 3:} \, ({\bm u}^2, p^1), & \text {(nonpolyn. velocity, polynomial pressure)}. \end {array}\end {equation*}


\begin {align}\label {eq:convections} {\bm b}_1({\bf x}) = \begin {pmatrix}1\\ 0\\ 0 \end {pmatrix}, \qquad {\bm b_2}({\bf x}) = c\begin {pmatrix} 2 x(1-x)(2y-1)z \\ (2x-1)y(y-1)\\ (2x-1)(2y-1)z(z-1) \end {pmatrix}, \qquad {\bm b_3}({\bf x}) = \begin {pmatrix} 0\\ 0\\ 0 \end {pmatrix}\end {align}
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\begin {equation}\label {def:error_e_2} e_2:=e_2(x_{num},x_{exact}):=\frac {\|x_{num}-x_{exact}\|_2}{\|x_{exact}\|_2}.\end {equation}
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exceptions are [9] and [12]: [9] provides three test cases using Halton and random nodes, but the majority of their results is still
shown for structured node sets. [12] provides tests on unstructured node sets, which were obtained using a node repel algorithm,
however, the numerical tests are performed on the unit square and the stream function formulation of the steady-state incompress-
ible Navier-Stokes equation is used. Further more general studies on RBF-FD for time-dependent Navier-Stokes equations are given
in [13-15]. In [13], the Navier-Stokes equations in porous media are treated in three dimensional complex geometries with scattered
nodes generated by the algorithm presented in [16]. Both of [14,15] show results in two spatial dimensions on square domains or
rectangles with a hole. The solution procedure described in [15] uses different scattered node sets for the velocity and pressure. How-
ever, a mesh is required to achieve this[14]. treats the Boussinesq approximation using scattered nodes generated by the algorithm
described in [17].

We will discuss a discretization in the primitive variables, i.e., velocity and pressure, as it is also done in [9-11]. Instead of Halton
or random point sets, we will use the node placing algorithm proposed in [16]. It generates node sets with a prescribed separation
distance which is important for the stability of the RBF-FD method [18]. We will present our results for two different domains: the
unit cube and a bunny-shaped polyhedron (see Fig. 3).

In this paper we extend existing work on RBF-FD and introduce a meshless RBF-FD discretization of the Oseen equations in
three-dimensional, complicated polyhedral domains using unstructured node sets. Our main novel contributions are the following:

» Different scattered node sets in coupled PDEs: The Oseen equations contain two types of unknowns for the velocity field and
pressure, respectively, which may be approximated on different scattered node sets. We will study the relationship between these
two node sets with respect to their separation distances (and hence total number of nodes) and their distance to the boundary
of the domain. We introduce RBF-FD discretizations for the gradient and divergence operators of the Oseen equations which link
these two types of unknowns in the resulting stiffness matrix. Choosing different node sets for the velocity and pressure has also
been done in [15] where the unsteady Navier-Stokes equations were solved. However, there the discretization required a mesh
which is not the case in our approach. In [9], grid-structured staggered node sets as well as (subsets of) pseudo- or quasi-randomly
generated node sets have been used.

Different discretization orders for different differential operators: We allow different degrees of polynomial augmentation
for the different types of differential operators within the Oseen equations and (numerically) study the effect on the convergence
behavior of the discretization. This has previously only been done for the two-dimensional Stokes equations on structured node
sets [9].

¢ Selection and discretization of the pressure constraint: In the case of Dirichlet boundary conditions (enclosed flow), the
pressure is only determined uniquely by the Oseen equations after an additional constraint is imposed. We will show (numerically)
that the type of constraint and its discretization have a significant effect on the convergence behavior of the discretization.
Interplay between viscosity and discretization error: We investigate the dependence of the discretization error on the viscosity
parameter (i.e., on the convection dominance) and in Theorem 1 provide a theoretical justification for our numerical observations.
To the best of our knowledge, this gives new insight into the behavior of the errors in RBF-FD discretizations of the Stokes and
Oseen equations with respect to the viscosity.

In our RBF-FD discretization we will neither use upwind stencils [19,20] nor hyperviscosity [21,22] in order to stabilize the
method at low viscosities. This has not been necessary for the viscosities v € [0.001, 1] and problem sizes that we use in our numerical
tests and we will leave this aspect for future work.

The remainder of this paper is organized as follows. In Section 2 we review the RBF-FD method and briefly explain how it can
be used to (numerically) solve PDEs. Then in Section 3 we derive an RBF-FD discretization of the Oseen equations. We begin with
the selection of node sets within the domain for the velocity field and the pressure and derive differentiation stencils for the various
differential operators within the Oseen equation (Section 3.1). Then we introduce different ways to select and discretize a pressure
constraint (Section 3.2). In Section 3.3, we analyze the solution of the arising linear system with respect to the viscosity. Lastly we
demonstrate the effectiveness of the described discretization with several numerical tests in Section 4.

2. The RBF-FD method

In this section, we will briefly review the approximation of linear differential operators with the RBF-FD method and its application
in the numerical solution of (scalar-valued) partial differential equations.

2.1. RBF and RBF-FD approximation
We wish to obtain an approximation of a linear differential operator £ acting on a sufficiently smooth scalar-valued function u on
a finite set of nodes. For this purpose we define the following node sets.

Definition 1. For a spatial dimension d € N, an open domain Q c RY, N;, N € N with N; < N, a set of pairwise distinct nodes
X ={x],....,xy} CQUOQ, let

Xpi={xp,.oxy, } CQ Xp i={xy 4150, Xy} COQ
be subsets of interior and boundary nodes, respectively. Further, for a K € N, let

Xco i=1{x{,....xx} cQuUIQ
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be a set of pairwise distinct center nodes.

A canonical choice appears to be X C X (e.g, X = X; in the case of Dirichlet boundary conditions) but we will see in Section 3
that there is a need for different choices in the case of coupled PDEs with different types of unknowns (and respective node sets).

In contrast to finite difference discretizations, these nodes may be scattered and not connected by a mesh. Hence, we cannot use
a predefined generic differentiation stencil that is applied at every node as it is often the case in finite difference methods. Instead,
for each center node in X, we choose a set of stencil nodes (typically in the geometric neighborhood) which will later be used to
approximate a differential operator L.

Definition 2. Let X, X be node sets with |X| = N as in Definition 1 and let » < N. For every node x. € X, let S, C X be a stencil
of size n and with index set T, C {1, ..., N} associated to the (stencil) center x, i.e.,

S, = {xx(]»,...,xxﬁ} ={x;eX:iel} for I, :={s],....s;}.
The goal is to find weights {wf, ..., w;} C R such that the weighted sum of function values at the stencil nodes in S, approximates
the action of the linear differential operator £ on the function u evaluated at the stencil center node x,, i.e.,

n
Lu(x,) = Lu()| oy, & D wit(xye)- )
i=1
The weights are computed such that Eq. (1) holds exactly for certain functions u. To this end we introduce the space II,(R?) of
d-variate polynomials of degree at most £ € N, and with a basis {p,,...,py } where M :=dim (Il;) = (fd“’). We call # the degree
of polynomial augmentation. The functions for which we enforce exactness in Eq. (1) are called (polynomially augmented) radial
basis functions. RBFs refer to functions that are radially symmetric with respect to a center point, i.e., the function values depend
solely on the distance of the evaluation node to the center. In this paper we focus on radial basis functions based on polyharmonic
splines (PHS) as they have shown good results in combination with polynomial augmentation in the context of RBF-FD in multiple
recent papers [12,23,24]. Although we focus on the PHS, the following is also applicable to other radial basis functions. However, in
contrast to PHS, many other radial basis functions possess a shape parameter which must be carefully tuned to achieve satisfactory
results.

Definition 3. For a spatial dimension d € N, an open domain Q c R?, a node x; € QU dQ and k € N, we define the PHS(k) radial
basis function (RBF) centered at node x; as
O, 1QUIA-R, D (x):= ||x—xi||§k_1.
Given a fixed stencil center x, € X with stencil S,, we next illustrate the computation of weights such that Eq. (1) is exact for
all functions of the form

M
u(x) = Z @@, () + Y fepi(x) )
i=1 i k=1
that satisfy th’e constraints
iaipk(xsf)zo forallk=1,....,.M 3)
i=1
with cc;efﬁcients a;, B, € R. For a center node x, € QU dQ, we define vectors

T
£d, ;= [E(I)xC(xc),---,ﬁtbe(xc) eRr”,
@

T
Lp, 1= [Lp(x.) . Lppy(x)] € RM
and the (n + M) X (n + M) matrix
_q)xvc (xs'l’) q)xvc (xs?) p](xsf) pM(xs[l )_
¢ 5
[Ac Pc] P (e Dy (xge) pr(xge) e pa(e)
T = 1 n .
P, 0 Py (X"?) Py (Xsf,) 0 0
| pM(xscl) e pyr(xge) 0 0 |

Then Eq. (1) with weights
C . T
= [ )

is exact for functions of the form Eq. (2) that satisfy Eq. (3) if and only if there holds (see e.g. [24,25])
i ollE] - o]
¢ oY ] = el )]
[PCT o||w Lp,
To ensure that system Eq. (4) is uniquely solvable we require that £ + 1 > k (where ¢ denotes the degree of polynomial augmen-
tation and k is the parameter in the radial basis function PHS(k)) and the stencil S, to be l'If(Rd )-unisolvent [18,24].

3
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Definition 4. A (finite) set X = {x,...,xy} C RV of distinct nodes is called I1,(R¢)-unisolvent if there is no nonzero polynomial
that vanishes on all nodes in X, i.e., for all g € TI,(R¢) there holds

gx)=0 Vje({l,...N} = ¢=0.
2.2. RBF-FD for partial differential equations

The approximation to a linear differential operator £ can now be used for the discretization of a partial differential equation of
the form

Lu(x) = f(x), x€Q, (5)
u(x) = g(x), x€oQ, (6)

where f : Q — R is a sufficiently smooth function and g : 0Q — R specifies some Dirichlet boundary conditions. Replacing £ in
Eq. (5) by its approximations Eq. (1) at centers x; € X = X leads to

D wux )~ fx), j=1...Np. 2
i=1 !

Splitting this sum into two parts depending on whether x ; is an interior or a (Dirichlet) boundary node, we obtain

i

2w R [ Y wlatg)
i€{l,...n} ! i€f{l,....n} !
St x €Q s.t.x €0Q
i i

=
which leads to the definition of the right-hand side vector
Fi= o fy)h eRM
and the global system matrix B € RVN1*N1 which contains the weights of each stencil row-wise as follows,
w/ :3re{l,...n}suchthatr=s €1,
B, := i.e., the interior node x, = xj isin the stencil S, (8)
0 : else, ’

for all j,# € {1, ..., N;}. Proving that the matrix B is nonsingular has so far only been achieved in very restricted settings, see e.g.
[26, Appendix A]. In practice, and in particular in our numerical results in Section 4, B turns out to be always nonsingular.
The solution of the system of linear equations
Bu=f ©)

yields the solution « € RN which is the RBF-FD approximation u; ~ u(x;) to the solution of the partial differential Eq. (5), (6) at the
interior nodes x; for j € {1,..., N,}.

3. Discretization of the Oseen equations

We next consider the Oseen equations with Dirichlet boundary conditions, given by the following system of partial differential
equations

—VvAu+ b -Vyu+Vp=f in Q,
div(u) =0 in Q, 10)
u=g on 09,
where v > 0 denotes the viscosity parameter, Q C R¢ is the domain, f : Q - R? an external force (e.g. gravity), g : dQ — R? pre-
scribes the Dirichlet boundary conditions, b : Q — R is a given (divergence free) velocity field, whereas v : Q > R¢ and p : Q - R

are the unknown velocity vector field (in d spatial dimensions) and scalar pressure, resp. The functions u, b and p are assumed to be
sufficiently smooth and f and g are assumed to be bounded.

3.1. Domain discretization

We allow for the discretization of the velocity u and the pressure p on different node sets X, C QU dQ and X, C Q, respectively.
Nodes are pairwise distinct within each respective set, but the same node may appear in both sets. We will later consider the case
where the pressure nodes coincide with the interior velocity nodes as one of our example settings. Different node sets were also
chosen in [15] for the unsteady Navier-Stokes equations and in [9] for the Stokes equations. Both, however, required a mesh or a
grid for the construction of the respective node sets which we will not need.

4



M. Koch and S. Le Borne Journal of Computational Physics 542 (2025) 114375

T
o o o o
o o o ° © o o
° ° o o
u
o o [ ] [ ) - u 5 °
o
o [ ] ) o
[ ] ° o
° ° ° i ]
] 4 ° °
. . - ° . °
e @ o a °
o
o L] | q °
[ ) [ ] °
® [ ]
(mf u [ ]
° o [ ] o
o [ ) o
o
o
° ’ ° °
° ]
o o o o o o °
o o
o ) © o
o
o o]

(a) (b) (©

Fig. 1. Stencils illustrated in two spatial dimensions for the discretization of the convection-diffusion 1(a), the gradient 1(b) and the divergence 1(c)
operators. Pressure nodes are red squares, velocity nodes are blue circles, nodes in a stencil are filled, stencil centers are magenta. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

We divide X, into an interior node set X, ; and a boundary node set X,  (see Definition 1), i.e.,

U u u
X1 = {xl‘,.. XuB= {xN,,,+1""’xN b Xy =X, VX,

u

u
X b
,xh

— (P
Xp = {xps . Np}

with N, :=|X,|, N,y := X, (|, Nyp :=|X, gl and N, :=|X,|.

For each of the d scalar component functions of w in Eq. (10), we discretize the diffusion and the convection operators separately as
described in Section 2. In particular, we set £ = —vA and £ = b - V, resp., and for both use the same node sets X; = X, ;, Xp = X,, p and
X = X, ;. The discretization of the two operators will (usually) differ in the degree of polynomial augmentation. We thereby obtain
two matrices of size N, ; X N, ; whose sum yields the discrete convection-diffusion operator L in Eq. (11) (and some contribution to
the right-hand-side vector through elimination of Dirichlet nodes).

A discretization of the pressure gradient (Lp = Vp) should also result in N, ; equations. However, in general we have N, # N, ;.
Therefore, for each component of the gradient Oy, i €{1,....d}, we choose stencil centers in X, ; but stencil nodes in X, ie.,
Xc =X, X1 = X, Xp =0, see also Fig. 1(b) for a visualization. The discretization yields the blocks G; in Eq. (11) which combined
represent the discrete gradient operator. In the special case that the pressure and (interior) velocity node sets are the same, X, = X, |,
we have N, ; = N, and the blocks G; will be square (since we do not have any boundary conditions for p).

For the discretization of the divergence £ = div, we switch the roles of X, and X, now choosing stencil centers in X, but forming
the corresponding stencils with nodes in X, i.e., Xo = X p X=X, Xg=X,p (see Fig. 1(c)). The respective (first derivative)
discretizations result in matrix blocks D; of size N, X N, ; (and some contribution to the right-hand-side vector through elimination
of Dirichlet nodes) which combined represent the discrete divergence operator.

We denote the matrices for convection-diffusion, gradient and divergence operators by L, G; and D;, i € {1,...,d}, respectively,
and obtain a (block) system of equations (shown for d = 3)

L 0 0 G, Up fl
0 L 0 G, || upo /o

2 =72 11
0 0 L Gy || ups f3 an
D, D, Dy O ps "

with matrix size (d - N, ; + N,) x(d - N, ; + N,). The vectors f; on the right-hand-side are obtained as described in Section 2.2.
The solution of Eq. (11) approximates the analytical solution of the Oseen Eq. (10), i.e.,

[ @p s
(upp); | = u(xy) foralll<i<N,;and
L (,3);

(p)j = p(x)) foralll <j <N,

where the subscript 4 is used to distinguish the discrete solution of Eq. (11) from the continuous solution of the Oseen equations
Eq. (10).

Remark 1. Since the pressure p appears in the Oseen Eq. (10) only as a gradient and without any boundary conditions, it is only
determined up to a constant. This property is carried over to the discrete case: The system Eq. (11) is singular since the vector of all
ones is in the kernel of the matrices G;. This follows since constants are always included in the polynomial augmentation of the PHS
RBF-FD method (constants and linear functions are required to ensure convergence of the PHS RBF-FD method for a first order linear

5
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differential operator [27]). In addition, the system Eq. (11) is typically inconsistent, i.e., the right-hand-side vector f is not in the
range of the matrix. This is further discussed in Remark 2. In Section 3.2 we discuss different ways to introduce pressure constraints
which augment Eq. (11) into a uniquely solvable system Eq. (14).

We characterize different node sets by (half of) the minimal pairwise distance between two points, the so-called separation distance.

Definition 5. Given a node set X in a domain Q, the separation distance sy is defined by

hy i= %x’_,xfgi;m 1) = ;-

In analogy to finite difference methods, we will set the step width equal to two times the separation distance, i.e., h, :=2hy and
hy i=2hy . Typically, the step widths for the velocity and pressure node sets will be different, i.e., , # h,,.

We construct scattered node sets using the node placing algorithm proposed in [16]. It requires as input the spatial dimension, a
(desired) step width and a node set on the boundary of the domain, including outward pointing normal vectors for the boundary nodes.
For the three-dimensional, polyhedral domains that we consider in this paper we proceed as follows: We begin with an equidistant
node spacing along the edges (of the faces) of the polyhedron and then use the node placing algorithm [16] to first fill these faces
and then the interior of the entire three-dimensional domain with nodes. This procedure is implemented in the C+ + library Medusa
[28]. The library also allows for extension to higher dimensions and parameterized boundaries.

In particular, we generate the two node sets X, and X, for a given polyhedron as follows:

generate X, with step width 4, by the procedure described above,

e generate a set of auxiliary boundary nodes X, (including normal vectors) the same way that X,  was generated but with a
possibly different step width (we used the step width &, /2),

» for each auxiliary boundary node x € X 4, generate a so-called ghost node x* = x + h, - n where # is the outward pointing normal
at x and 0 < hg is the ghost node distance (x* inherits the normal vector of x),

e remove the auxiliary boundary nodes in X ,,

use these ghost nodes as a temporary boundary to generate the nodes in X, with step width s, > h, using the node placing

algorithm,

» remove the ghost nodes.

If the ghost node distance A, is large, nodes will be generated closer to the domain boundary, i.e., closer to nodes in X, 5. And
conversely, if A, is small, nodes will be generated farther from the boundary.

A special case arises by choosing X, = X, ; or even subsets X, C X, ;. We will not pursue the latter option but mention that [29]
provides an algorithm to select high quality subsets (in a certain sense) and also compares to other options to select such subsets.
Using the same node sets for the velocity and pressure may be advantageous from a practical point of view, e.g., if certain node sets
are already available.

The sets X, and X, are related by their step width ratio which we describe through the parameter s = hp /h,. In fact, our node
generation allows to give the desired step width ratio as input such that we can generate (families of) point sets X, X, for a given
parameter s > 0.

In Fig. 2, discretizations of the unit square for different choices of the parameters &, h, and h, and the special case X, = X,, ;
are shown in two dimensions (for illustrative purposes, numerical experiments will be performed in three dimensions). In particular,
h, = h, and h, = 0 is not necessarily the same as choosing X, = X,, .

3.2. Uniqueness of the pressure

As mentioned in Remark 1, the pressure p is only determined uniquely up to a constant. In order to obtain a unique pressure p
(and a uniquely solvable system Eq. (11)), one may fix the value of p at one node, e.g. p(xf ) = 0. This can be realized by removing
the corresponding row and column from the divergence and gradient matrices in Eq. (11), respectively, and adjusting the right-hand
side accordingly.

Another possibility, also used in [9], is to enforce (a discrete approximation of) the constraint

/p(x) dx =0.
Q

We will introduce two approximations (i.e., quadrature formulas) of the type
yTph ~ / p(x)dx (12)
Q

where y € RV» denotes the vector of quadrature weights. In [9], y; = | has been used for all i =1, ..., N, which worked well in
numerical tests for the two-dimensional, structured node sets.
For unstructured node sets, we propose to compute the weights as introduced in [30] which is described next.

6
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Fig. 2. Domain discretizations of the unit square Q = [0, 1]* for different step widths h,, h, and hg.

For polynomial degree k € N, in the space of polynomials II, (see Section 2), let L = dim(II;) and {p, ...

With a node set X, = (e xy, ) where L < N,, we define

pi(xp)
P = :
pr(xy)

and

be Rl with b,.=/p,.(x)dx forall1 <i<L.
Q

Journal of Computational Physics 542 (2025) 114375

,pr} be a basis of IT,.

For polyhedral domains Q (which will be the case in our numerical experiments), b can be computed exactly (up to machine precision)
using the procedure described in [31]. We thus obtain the (underdetermined) system of linear equations

Py =b.

13)

This system is consistent if X, is 1, (R9)-unisolvent and L < N, » [30]. Tt is further shown that the solution of minimal #,-norm is
unique. In [30], this unique minimal #,-norm solution is computed by MATLAB’s lsqgminnorm function which uses the complete
orthogonal decomposition. We will also use the complete orthogonal decomposition [32, Section 5.4.7] in our implementation. The
complete orthogonal decomposition has a complexity of O(L>N, »)- Typically, there holds L < N,,. In our numerical experiments we
restrict ourselves to polynomial degree k < 11 (leading to L < 364) such that the algorithm is linear in N,,.

For stability reasons it is desirable to obtain only nonnegative weights, i.e., y > 0 (componentwise). We will adopt the approach
suggested in [30]: Starting with k = 0 results in the quadrature weights y = %(1, .... DT > 0. Then we repeatedly increase k by one

and compute y until y # 0. Finally, we select the previously computed y > 0.
For domains more general than polyhedra, the approach described in [33] could be used to obtain the right-hand side 4 in Eq. (13).

However, this is not further pursued here.

The discrete integral constraint Eq. (12) extends the linear system Eq. (11) in the following way:

L 0 0
0 L 0
0 0 L
D, D, D
0 0 0

o

[e]
BentNent il

14

The extra row incorporates the integral constraint while the extra column has been added to obtain a square matrix. In our numer-
ical experiments the resulting matrix is always regular, however, we are not aware of any proof that guarantees this for RBF-FD
discretizations on scattered node sets. The unknown 4 € R may be discarded after solving the system.

Remark 2. If the component 4 in the solution of Eq. (14) equals zero, then the original (singular) system Eq. (11) has been consistent.
In our numerical experiments, we have A # 0 (4 is typically multiple magnitudes larger than the machine precision or solver tolerance)
when solving Eq. (14). This behavior has also been observed in [9]. On the positive side, || is decreasing as the number of unknowns

is increased.
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3.3. The influence of the viscosity v on the discretization error

The following will be useful in explaining some of the phenomena observed in the numerical results in Section 4.
Let p € €1(Q,R), u € FX(Q,R?Y) N E(Q,R?) with div(u) = 0 and b € B(Q, R?). If we set

fi=Ffibup :=—VvAu+@b-Vu+Vp inQ, g:=g, :=u onoQ,

then (u, p) solves the Oseen problem Eq. (10). In fact, (u, p) is the solution of the Oseen problem with viscosity v and force term
f = Fibuyp = —VAu+(b- Viu+ Vp for any v> 0.

The following Theorem 1 will illustrate how this invariance with respect to v will change in the discretized setting for the case b = 0
(Stokes problem). In the following Proposition and Theorem, one may interpret the matrices L, D, G as discretized versions of the
Laplacian, divergence and gradient, respectively. Given an exact (continuous) solution (u, p), the vectors #, d, g may be interpreted as
evaluations of —Aw, divu, Vp at the underlying (velocity/pressure) nodes. We will go into further interpretations after the Theorem 1.
First we convert our system of Eq. (14) into a form that will be more convenient for the analysis in the following Proposition 1.

Proposition 1. Let 1 € RM be the vector of all ones and v € (0, ). Let L € RM*N, G e RV*M D e RMXN ¢ ¢ ue RN, d,p,y e RM
for M, N € Nwith y'1 =: ¢ € (0, ) and G1 = 0. Then there holds

u* vL G 0w f e UL G » 7
p* | solves | D 0 ylirl=1|g = . v . | solves . =
; 1,7
Q% 0 VflyT oll A 0 P+ Tl D vy 4 g
and

i i ut vL G o« f

ut vL G u f T+
solves _ = = +_ Y2 1 |solves| D 0 yllel=1g|

Pt D v'wlp] T e b ¢

| | ypt 0 vy o]4 0

Proof. Plug the solution into the system. O

Theorem 1. Given the linear system

L
v —IGT ul _ vl + g (15)
D vy ||p d
where v € (0,00), L€ RN*N G e RNV*M DeRM*N ¢ ¢ uec RN, d,p,yeRM for M,N € N. Let 1 € RM be the vector of all ones and
assume that y"'1 =: ¢ € (0, 00) and G1 = 0. Assume that the system matrix as well as the first diagonal block L are nonsingular. Define
i:=L""7, p i=argmingepm ,r,-0llg — Gqll (16)

where || - || : RN — R is an arbitrary norm. Further, we define the following two vectors which may be interpreted as errors (or deviations)
in the divergence and gradient compared to the continuous setting,

e :=d—-DL™'¢ =d - Da, e, 1=g—Gp.

Then the velocity and pressure components of the discrete solution can be expressed in terms of the vectors e, e, and the viscosity v as follows:
p=p+ vS_]ed + S_IDL_leg,
u=a+ LGS ey +vIILTI (I - GST' DL e,

where S := DL~'G — yy” denotes the (scaled) Schur complement.

Proof. We transform the system into block upper triangular form by subtracting é DL~! times the first block equation from the second
and obtain

o 2l

where
S=DL'G-yT
and
d=d-v'DL'\(vi+g)
=e; — vI'DL'Gp—v! DL_leg
=e;— v_1§[1 - v_lDL_leg
where § = DL1G. The Schur complement S is nonsingular in view of our assumption that the system matrix and L are nonsingular.
Therefore, we obtain

p= —vS~ld = —vS_l(dN— w'p) = —vS_led +p+ s DL_leg.



M. Koch and S. Le Borne Journal of Computational Physics 542 (2025) 114375

We can then compute
u=v 'L\ (v¢ + g — Gp)
=Ll +viL! (g - G(—vS_led +p+ S_]DL_'eg))
=a+v 'L, + L7'GS e, —v'LT'GSTI DL e,
=a+ LGS ey, +vIILTH(I - GST' DL )e,.
O

For the continuous case, we had argued that varying the factor v for the Laplace term does not change the continuous solution
(u, p) if the external force is adjusted accordingly to f = vAw + Vp. This property carries over to the discrete setting only in the very
special case when both g € span(G) and d = Dii hold. In this case, the vectors e, and e, are zero vectors and there holds u = # and
p=p Egs. (15) and (16).

However, typically a discretized system satisfies neither one of the above two conditions, and hence the discrete solution vector
(u, p)T changes when v changes in Eq. (15). Then the (v-invariant) vectors i and j in Eq. (16) can be viewed as approximations to the
(v-invariant) continuous solution that share this invariance property. We will later use the representations obtained for u and p from
Theorem 1 to explain the numerically observed dependence of the discrete pressure and velocity errors on v. A related argument is
also well-known for non-divergence-free mixed Finite Element methods [34,35].

The proof of Theorem 1 has not required any information on the discretization that was used to obtain the linear system Eq. (15).
It can therefore be applied to any discretization which leads to this type of system.

We now show that Theorem 1 is applicable to our RBF-FD discretized system Eq. (14). The assumption G1 = 0 is fulfilled by
construction of the RBF-FD method (see Remark 1). Note that setting the value of the pressure to y € R at the i-th pressure node
is equivalent to setting y = ¢; where e; is the i-th unit vector and requiring y” p = y. However, we can restrict ourselves to the case
yT'p = 0, because the following holds under the assumptions of Proposition 1:

U vL G Off u f 1) vL G Oflu f
po | solves | D 0 yllpl=1g = |py+ fl solves | D 0 ylipl=|g!l
Ao 0 vy o4 0 Ao 0 vy o4 y

For the three pressure constraints which we discussed to obtain the vector y, there holds y”'1 > 0. Therefore, in all three cases we
can apply Proposition 1 to transform the system Eq. (14) into the form Eq. (15). If we further assume the diagonal block L and the
system matrix in Eq. (15) to be regular, we can apply Theorem 1 to our RBF-FD discretization. Our numerical results in Section 4.6
indicate that this regularity assumption is justified in our test cases.

A special case is discussed in the following Remark.

Remark 3. If the pressure is a polynomial of degree at most # € N, i.e., p € I1,(R¢), and the degree of polynomial augmentation used
in the PHS RBF-FD method to assemble the matrix G is also (at least) #, then g € span(G). This results from the PHS RBF-FD weights
being constructed such that Eq. (1) holds exactly for all ¢ € IT,(R?) evaluated at points in X «1- Therefore, in Theorem 1, the error e,
will vanish. One can argue analogously that e, will vanish if each component of the velocity u is a polynomial of at most the degree
of polynomial augmentation.

4. Numerical results

In this Section, we show numerical tests for the Oseen Eq. (10) in d = 3 spatial dimensions where the domain Q is a unit cube
(0, 1)* or a bunny-shaped polyhedron (scaled to fit within the unit cube) shown in Fig. 3.

We will set the boundary conditions and force function in the Oseen equations such that the exact solution is known to us and
can be used to measure the discretization error and in particular assess convergence for decreasing step widths &, h, (and hence
increasing system sizes). In Section 4.1, we list those exact solutions and give some general information regarding the parameters of
the RBF-FD method.

In the subsequent subsections, we show our numerical results, in particular

o for discretizations with different ratios s = h—” of the step widths (Section 4.2),

o for different pressure constraints (Section 4.§),

o for different convection directions (Section 4.4),

o for different combinations of degrees of polynomial augmentation (Section 4.5) and
o for different viscosities (Section 4.6).

Furthermore, we will discuss scalibility aspects in Section 4.7.
4.1. General information

We will perform numerical tests for manufactured problems whose analytical solution is known to us. In particular, we select
solutions that will illustrate different convergence behavior of the RBF-FD discretization depending on whether the solution is of

9
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Fig. 3. Bunny domain, originally obtained at https://github.com/OpenGP/OpenGP/blob/master/data/bunny.off, scaled version available at https:
//github.com/mkochh/OseenRBFFD/Tests/OFF _Files/bunny.off.

polynomial or non-polynomial type. The velocity will be one of the following two (divergence-free) functions,
1 cos(x) - sin(y)
ul(x) =11}, uz(x) = x - cos(y)
1 z - (x + sin(x)) - sin(y)
For the pressure, we use one of the following two functions
Px)=(x=05) - (y=0.5) - (z = 0.5) + (),
p2(x) = sin(zx) - cos(zwy) + ¢ (Q)
where the constants c;(Q) are set such that there holds fQ p(x)dx = 0 (up to machine precision), in particular,
¢;(cube) = 0, ¢, (bunny) = —0.260568484878944,
¢,(cube) = 0, ¢y(bunny) = —0.001363726470335.
Tests will be performed for the following three continuous solutions:

Solution 1: (u', p?), (polynomial velocity, nonpolyn. pressure),
Solution 2: (u?, p?),  (nonpolynomial velocity and pressure),
Solution 3: (u?,p'),  (nonpolyn. velocity, polynomial pressure).

Further we will perform tests for the following three divergence-free convection directions,

1 2x(1 = x)2y— 1z 0
b=[ol  bm=¢ ex-yy-D | bm=|0 a”
0 2x—=1DRy—-1Dz(z-1) 0

with ¢ = 6.40936351829 such that f[0,1]3 b, (@)|l, de ~ 1 = f[0,1]3 [Iby()]l, dee. The third option b; leads to the Stokes equations which
will be useful for comparison in some test cases.

For the choice of the exponent k of the PHS(k) (see Definition 3), the degree of polynomial augmentation # and the stencil size n,
we follow the recommendations in [24]. That is to say, we first choose the degree of polynomial augmentation ¢ € N as it determines
the convergence order [27]. Then we set the stencil size to

n=2M + [In2M)| with M = <"ﬂ :; d)
and the parameter k in PHS(k) to

max { D, % } if 7 is odd,
k =
max 3 D, g } if 7 is even

where D is the order of the differential operator, in our case D = 2 for the Laplacian and D = 1 for convection, gradient and divergence
operators. Stencils are formed by choosing n nodes which are closest to the center node in the euclidean norm. We use the C+ +
library nanoflann [36] which uses a kd-tree to find the nearest neighbors.

We choose the order # of polynomial augmentation separately for each (Laplacian, convection, gradient, divergence) operator
and use the shorthand notation /cgd for the respective orders, e.g., lcgd = 3222 stands for using ¢ = 3 for the Laplacian, # = 2 for the
convection, etc.

10
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Table 1
Number of pressure nodes N, and velocity nodes N, ; for different values of 4, and 5, (step widths rounded
to fourth decimal place).

s 2.0 1.4 1.0

h, 0.05 0.0152 0.0089 0.05 0.0152 0.0089 0.05 0.0152 0.0089

h, 0.1 0.0303 0.0179 0.07 0.0212 0.0125 0.05 0.0152 0.0089
Nyr 5,976 230187 1,139,097 5,976 230,187 1,139,097 5,976 230,187 1,139,097
N 715 28483 49,183 2,173 84,023 415,879 6,161 232,677 1,149,010

P

In our results we show relative 2-norm errors: Given a numerical solution x,,,, € R and an exact solution x,,,., € R" (analytical
solution evaluated at the nodes), we compute
”xnum - X

exacr”Z . (18)

ey 1= ey (X,ums X, )=

num» “*exact ”xexact ”2
We solve the discrete linear systems iteratively with a preconditioned BiCGstab method which stops when the 2-norm relative residual
is reduced below 10~'2? (or a maximum number of 1024 iterations is reached). While the analysis of iterative solvers for RBF-FD systems
is a subject of its own interest, our focus of this paper lies in the analysis of the discretization error. We have chosen a stopping criterion
with a rather small relative residual norm such that we expect the measured errors e, to be of the same order as errors obtained with

exact solvers.
4.2. Discretizations with different step widths

In the following we discuss the impact of the quotient s = h,/h, as well as the distance of the pressure nodes to the boundary
on the discretization error. The distance of the pressure nodes to the boundary is determined by the ghost node distance 4, (see

Section 3.1). We first show results for a fixed ratio hy,/h, =25 (i.e., hy = h,/2.5) and vary the values for the ratio s = % Since

our experiments are performed in d = 3 spatial dimensions, it holds that s*N » ~ N, 1. In Table 1, we show the number of pressure
nodes N, and velocity nodes N, , for the smallest, a medium and the largest velocity node step widths (&, = 0.05, , = 0.0152 and
h, = 0.0089, resp.) used in our numerical tests.

Fig. 4 shows the convergence for a range of different values of s. The exact solution in these experiments was either Solution 1
(Fig. 4(a) and (b)) or Solution 3 (Fig. 4(c) and (d)) with convection b, on the cube with polynomial augmentation /cgd = 4333 and
viscosity v = 1072, The results were (qualitatively) similar for other degrees of polynomial augmentation and viscosities v. Results for
the bunny-shaped domain were also qualitatively similar. Tests using Solution 2 showed behavior comparable to those with Solution
1.

For Solution 1, we see in Fig. 4(a) that reducing s from 2.4 down to 1.4 (and therefore increasing the number of pressure nodes N p)
gradually reduces the relative pressure error e, ,. At around s = 1 (N, ; ~# N,), the improvements stagnate. For s = 0.8, our iterative
solver did not reach the solver tolerance of 10~!2. These observations are similar to the findings in [9] where the authors proposed
that the condition N,/N, < 1 should hold to guarantee stability of the numerical scheme.

The situation changes somewhat when we look at the results for Solution 3 (polynomial pressure) in Fig. 4(c). For A, < 0.02, the
relative errors are very similar when using s = 1.4,2.0,2.4. For larger values of h, (i.e., coarser node sets), choosing s = 1.4 results
in smaller relative errors compared to s = 2.0,2.4. Lowering s beyond 1.4 leads to an increase in relative errors. The iterative solver
again did not converge for the case s = 0.8. The case of polynomial pressure was not considered in [9].

We further observe that the relative velocity error e, , behaves qualitatively very similar to the relative pressure error e, ,, showing
that the two errors are coupled to each other. For example, the spike for s = 1 at s, ~ 0.3 for Solution 1 (Fig. 4(a) and (b)) occurs for
both the pressure and the velocity errors. This may be explained partially by Theorem 1 where both errors e, and e, appear in the
representation of both solution vectors u and p.

We now fix s = h,/h, to be 1, i.e., h, = h,, and vary the way we place the pressure nodes X,,. The first option is to set X, = X, ;.
The second option uses the ghost node distance 4, = 0 while the third uses &, = h,/2.5 (and hence allows pressure nodes closer to
the boundary).

In Fig. 5 we see that h, = 0 achieves slightly worse relative errors compared to the other two options for both exact solutions. The
option i, = 0 also shows a somewhat irregular convergence behavior in both test cases. For h, = h,/2.5 and X, = X, ; the convergence
is more comparable and convergence is more regular for Solutions 1 and 3, except for two outliers. The reason for these outliers is
not clear, but we hypothesize that matrices become more ill-conditioned as s is lowered.

Obviously we cannot cover every possible node placement and merely want to show that even minor changes in the discretization
can lead to a quite different convergence behavior. As a conclusion from the tests in this subsection, we will use s = 1.4 and h, = h,/2.5
for all remaining tests since this setting performed well across the range of our experiments.

For comparison purposes we also present results obtained using the second and third order Taylor-Hood mixed finite element
discretization [37,38], i.e., we choose finite element spaces

V, = Hé @9 n P (T )? for the velocity,
0, = H'(Q) nP_,(T) for the pressure,

11
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Fig. 4. Discretization errors Eq. (18) for different values of s = h, /h, for the exact Solution 1 ((a), (b)) and exact Solution 3 ((c), (d)) with convection
b, on the cube with polynomial augmentation legd = 4333 and viscosity v = 0.01.

where k € {2,3}, T is a triangulation of Q consisting of simplices r and
P(T)={ve®): v, ell, forallzeT}.
We denote the k-th order Taylor-Hood space by TH(k) and define the maximum diameter of the simplices of the triangulation as

h

max = max diam, (7).

€T
Analogously to the definition of N,; and N, (see Section 3.1), we denote the number of degrees of freedom for the velocity per
dimension by Ny, and for the pressure by N,. The total number of (finite element) degrees of freedom is then given by Npofp 1=
3- Ny + N (compared to Npop :=3- N, + N, for RBF-FD).

We use the Python interface of the open-source C+ + library NGSolve (see https://ngsolve.org/) [39] to generate a (non-uniform)
mesh, assemble the FEM matrices and then solve the linear system of equations. The results for Solution 1 on the cube with convection
b, and viscosity v = 102 can be seen in Table 2.
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Fig. 5. Discretization errors Eq. (18) of the velocity for different placements of the pressure nodes X » for the exact Solution 1 Fig. 5(a) and Solution
3 Fig. 5(b) with convection b, on the cube with lcgd =4333 and v =0.01, s = 1.

Table 2
Errors for the Taylor-Hood mixed finite element discretization compared to
an RBF-FD discretization.

TH(2)

Pax Ny, No nnz nnz/Npor e, e,
0.158 5,062 1,177 607,451 37.1 5.7e-2  1.5e-2
0.082 39,933 7,124 5,124,853 40.4 9.3e-3  3.1e-3
0.044 333,215 49,838 44,230,804  42.1 1.3e-3  9.5e—4
TH(3)

Pax Ny Ny nnz nnz/Npor e, e,
0.306 2,178 1,257 495,440 63.6 1.4e-1 1.5e-1
0.158 18,511 7,824 4,666,872 73.7 1.4e-2  3.3e-2
0.082 140,818 51,067 37,311,720  78.8 1.3e-3  7.0e-3

RBF-FD (Icgd =3222, s = 1.4)

h, Ny NP nnz nnz/Npop e, e,

0.050 5,976 2,173 1,234,497 61.1 1.0e-3 1.6e-3
0.030 27,926 10,191 5,912,130 62.8 1.3e-4 5.6e—4
0.015 230,187 84,023 49,642,210 64.0 2.4e-5 1.6e—4

A full comparison, which we do not provide here, would require an analysis of the computational time involved per degree of
freedom. Our comparison here should merely indicate that RBF-FD discretization is competitive with some standard finite element
discretization techniques.

4.3. Different pressure constraints

Here we numerically compare the three methods described in Section 3.2 to make the pressure unique which we denote as follows:

o “set”: Set the value of the pressure at the node that was generated last (which is typically near the center of the domain) to the
value of the exact solution at that node.

e “average”: Use the simple (averaging) quadrature rule Eq. (12) with all quadrature weights y; set equal to one.

“quad poly”: Use the more complicated quadrature rule with quadrature weights computed via Eq. (13).

Fig. 6 shows numerical results for the three different options on the bunny domain for Solution 2, convection b,, viscosity v = 1072
and polynomial augmentation degrees /cgd = 4333. In Fig. 6(b), we see that the advanced option “quad poly” leads to significantly
smaller pressure errors compared to the other two options, especially for larger numbers of degrees of freedom (i.e., smaller 4,).
Fig. 6(a) shows that all three variants produce similar relative errors for the velocity when &, > 0.016. For A, < 0.016, fixing the value
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Fig. 6. Discretization errors Eq. (18) when using the different strategies (quad poly, set, average) to make the pressure unique.

of the pressure at one node leads to slightly larger errors compared two the other two methods. Therefore, different pressure constraints
may lead to different solutions for the velocity (as well as the pressure). The velocity errors in Fig. 6(a) are indistinguishable for the
options “quad poly” and “average”. However, there are indeed small deviations between the velocity solutions obtained with “quad
poly” or “average” constraints. The relative 2-norm difference between these two solutions is about one to three orders of magnitude
smaller than the relative 2-norm error to the exact velocity solution e, shown in Fig. 6(a). In [9] it is mentioned that setting the value
of the pressure at one node may produce local distortions in the solution. These distortions could be due to the inconsistency of the
system (see Remark 2). As mentioned in Section 3.3, the “set” option can be viewed as a particular case with zero quadrature weights
except for one non-zero entry in y at the chosen pressure node. Therefore, the Lagrange multiplier 4 - y corrects the right-hand side
vector f, in Eq. (14) only locally at the chosen pressure node. In contrast, for the other two methods the quadrature weights are
typically all nonzero such that the divergence inconsistency is distributed globally instead of only locally. In our following numerical
experiments, we will always use “quad poly” as it clearly performs best out of the tested options.

4.4. Different convection directions

In this section, we look at results for the different convection directions b; with i = 1,2,3 (see Eq. (17)). We set the viscosity to
v = 1073, use polynomial augmentation /cgd = 4333, s = h,/ h, = 1.4 and Solution 1 on the bunny-shaped domain. The results are
shown in Fig. 7.

Convection b; corresponds to the Stokes equations and results in the smallest relative errors e, for pressure and velocity when
compared to the convections b, and b,. This is explained by the fact that there is no convection for b; and therefore convection
dominance cannot negatively impact the solution. Meanwhile, for convections b, and b,, the velocity error e, is up to an order of
magnitude larger compared to the one for b;. Our discretization does not use a specific strategy to deal with the convection dominance,
such as upwind stencils or hyperviscosity. Therefore, this behavior is expected. As seen before, the pressure error behaves qualitatively
similar to the velocity error and quantitatively appears to be even slightly more affected by the convection dominance than the velocity
error. The pressure errors for b, and b, can be up to two orders of magnitude larger than for b; at small step widths &,. Overall, the
error discrepancy between b; and the other two convections increases as , decreases.

4.5. Different degrees of polynomial augmentation

In this section we investigate the convergence behavior for different degrees of polynomial augmentation (which imply different
stencil sizes). In Fig. 8 we show our results for Solution 2 (Fig. 8(a) and (b)) and Solution 3 (Fig. 8(c) and (d)) which behave
qualitatively quite similar. Only for /cgd = 2121 do we see a clear difference: For Solution 2, using /cgd = 2121 or Icgd = 3222 achieve
very similar errors whereas for Solution 3 the errors are indistinguishable for /cgd = 2121 and lcgd = 2111. A similar behavior has
also been observed for higher degrees (e.g. Icgd = 3232) but is not included here. We currently do not have an explanation for this.
However, we once more see a strong coupling between the velocity and pressure errors.

The spikes in the convergence behavior observed for /cgd = 5444 might be due to higher condition numbers of the system matrices.
In [24] it was shown through numerical experiments for the Poisson equation that the condition number of the system matrix increases
with the total number of nodes as well as the order of polynomial augmentation.
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Fig. 7. Discretization errors Eq. (18) for different convections on the bunny for v = 1073, lcgd = 4333, s = 1.4, Solution 1.

Table 3
EOC for various values of polynomial augmentation /cgd for Solution 2 (see Fig. 8(a)
and (d)) and Solution 3 (see Fig. 8(c) and (d)).

Solution 2 Solution 3
legd EOC velocity EOC pressure EOC velocity EOC pressure
2111 2.0064 1.9371 1.7217 0.8125
2121 2.3794 1.4934 2.3769 1.2488
3222 2.0159 1.9600 2.2584 2.1984
4333 3.8760 3.8598 4.3550 3.3738
5444 6.9997 6.3637 4.6932 4.3559

We have used our numerical results to compute experimental orders of convergence (EOC) which are listed in Table 3. The EOC
is calculated by fitting the function f(x) = a- x® to the data points (h,, e,) which correspond to the five smallest values of 4, using
MATLAB’s nlinfit function. The EOC is then given by the parameter b.

While the general trend is for the EOC to increase with increasing degrees /cgd of polynomial augmentation, we do not recognize
a clear pattern how this increase depends on these parameters, especially since the EOCs are different for the two test problems with
different exact solutions.

It seems though that even polynomial degrees should be preferred for the Laplacian as odd degrees do not give much improvement
as can be seen when going from /cgd = 2111 to lcgd = 3222 in Table 3. For even degrees of augmentation for the Laplacian, the EOC
of the velocity seems to be equal to said degree. This was also observed for a Poisson problem in [23] and a general elliptic equation
in [12].

Similarly, in [11] the Oseen equations were solved on a square domain using a right-angled and a hexagonal node layout. For both
node layouts, the EOCs for the velocity were roughly smaller by one than the polynomial augmentation degree. On the hexagonal
node layout, the EOC of the pressure was equal to the degree of polynomial augmentation and on the rectangular node layout the
EOC of was smaller by one.

In [27], it is proven that PHS can achieve at most a convergence rate of # + 1 — D when approximating pointwise derivatives of
order D with polynomial augmentation of degree # in Sobolev spaces. These rates are also obtained experimentally in [9] for the
Stokes equations.

Overall, the convergence orders observed in our experiments are in good agreement with the literature up to some smaller
deviations.

4.6. Varying viscosities

We will now discuss the impact of the viscosity parameter v on the errors. In Fig. 9(a) and (b) we see results for Solution 2
(nonpolyn. pressure) with convection b, and for v = 10°, 1071, 1072, 1073.

We see a clear dependence of the velocity error on v. In particular reducing v by an order of magnitude increases the relative
velocity error by roughly an order of magnitude. As discussed in Section 3.3, ideally we would want the error to remain unchanged
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Fig. 8. Discretization errors Eq. (18) for different degrees of polynomial augmentation for Solution 2 (Fig. 8(a), 8(b)) and Solution 3 (Fig. 8(c) and

(d)) with convection b, and v = 1072 on the cube, s = 1.4.

as our exact solution also did not change. For v = 1073 errors are even larger, which as mentioned in Section 4.4 is most likely due to
effects associated with convection dominance. (All iterations converged in the sense that a relative residual below 10~!> was reached
before 1024 steps.) The pressure errors remain almost the same for small v. Only for v = 10~ do we see larger pressure errors.

In Fig. 9(c) and (d) results for Solution 3 (polynomial pressure) and convection b, are shown. Now the previously seen effect almost
completely reverses and we see that the velocity errors remain almost the same when varying v (except again v = 1073). Instead, the
pressure error now changes when varying v. Though contrary to the first case, now lowering v also reduces the pressure error.

In Theorem 1 we predicted this behavior for the Stokes equations. We now see that the Oseen equations show a similar behavior
at least for small viscosities v where the behavior of Stokes and Oseen equations is expected to be similar.

We also performed the same test for the Stokes equations for viscosities v € [1074, 1]. The results can be seen in Fig. 10. Here we

see exactly the behavior predicted by Theorem 1.

As explained in Remark 3 if the pressure is a polynomial of certain degree and the degree of polynomial augmentation at least
matches this then the norm of the error e, vanishes. Therefore, the relative error for the velocity becomes independent of v. This

g

can be seen in Fig. 10(c) for the Stokes equations. Otherwise, we have a dependence of the velocity error on v~! as can be seen in
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Fig. 9. Influence of parameter v for Solution 2 (Fig. 9(a) and (b)) and Solution 3 (Fig. 9(c) and (d)) with convection b,, lcgd = 4333, domain = cube.

Table 4
1-norm condition estimates for system matrix from Eq. (14) on the unit cube with con-
vection b, and two different viscosities v.

1-norm condition estimate of Eq. (14)

N,, N, 3N, +N, v=10"2 v=10"

5,976 2,173 20,102 2.059584e + 06 2.059584e + 06
8,042 2,933 27,060 3.321600e + 06 3.321600e + 06
10,429 3,809 35,097 4.842553e +06 2.688118e+07
20,788 7,614 69,979 1.161410e + 07 1.508755e +07
33,346 12,236 112,275 2.175120e +07 5.311748e+07

Fig. 10(b). We also see the dependence of the pressure error on v for Solution 3 as expected (see Fig. 10(d)). We believe that this not
visible for Solution 2 (see Fig. 10(b)) because [le,; || < |le, |-

4.7. Scalibility

In this section we briefly comment on time and storage complexity of the proposed method. Let N :=max(N,, N,). Then the
domain discretization described in Section 3.1 is of complexity O(N log N) [16]. A kd-tree is used here which has storage complexity
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Fig. 10. Influence of parameter v for Solution 2 (Fig. 9(a) and (b)) and Solution 3 (Fig. 9(c) and (d)) with convection b; (corresponds to Stokes
equation), /cgd = 4333, domain = cube.

O(N) [40]. Storing the velocity and pressure nodes is also of storage complexity O(N). For constant step widths A, 2, a uniform-grid
based spatial search structure could also be used which would improve the time complexity to O(N) (see [16] for details). Let n
be the maximal stencil size used in the discretization of the Oseen equations. The task of finding the stecils of size n for each node
can be done in O(nN log N) when a kd-tree as used [40]. This is the case for the library nanoflann [36] which we use. The storage
complexity for the kd-tree is once again O(N) and storing the stencils is O(nN). Computing the stencil weights for all nodes with a
direct method such as partially pivoted LU factorization as we do is of complexity O(n® N). This task is also easily parallelized and
Medusa [28] automatically parallelizes if compiled with OpenMP. Storing the weights in a sparse matrix is then of storage complexity
O(nN). In total, we achieve time complexity O(N log N) and storage complexity O(N). We conclude that the discretization is therefore
scalable to large problems. Without going into too much detail, we mention that in our experience solving the resulting linear system
Eq. (14) requires by far the most computational resources. The solution process has also been identified as the bottleneck in terms
of computational time in [23, Section 3.4] which presented the RBF-FD method for solving Poisson’s equation also utilizing Medusa
[28] and the node generation algorithm from [16]. We leave exploring solution procedures for the resulting saddle point systems
Eq. (14) for future work (see [41] for an overview). Another aspect related to the solution procedure is the condition number of the
linear system. It is well known that the condition number increases in finite element methods as the size of the elements is decreased
(the size of the linear system increases) or the discretization order is increased (leading to additional nonzero entries per row). We
also observe this for our method and give a small example in Table 4. We present 1-norm condition estimates which are computed
using Algorithms 4.1 from [42] which is implemented in the C+ + library Eigen [43].
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The condition estimates scale roughly linearly with the matrix size (with more variance for the case viscosity v = 1073).
5. Conclusion

We presented an almost completely meshless discretization (only requiring a surface mesh of the domain) of the Oseen equations
in three dimensions using the PHS RBF-FD method. Different node arrangements and different strategies to make the pressure unique
were described and illustrated numerically. Further we provided a novel theoretical insight into the behavior of the discretization
error for the Stokes equations, showing a dependence of the discrete pressure and velocity on the viscosity parameter v in Theorem 1.
We performed numerical tests in three dimensions for the unit cube and a more complex bunny-shaped domain for a multitude of
parameters and confirmed the theoretical predictions of Theorem 1. Moreover, we were able to reach small relative errors and high
orders of convergence for all our tests.

We have neither discussed the iterative solution procedure nor the computational time to obtain discrete solutions. This will
be part of future work where we will investigate different preconditioners to solve the linear systems arising from the presented
discretization. We might also consider to include timings for the discretization procedure.
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