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Summary

In this thesis, we consider linear systems from the discretization of the Navier-Stokes
equations. These systems of (non-linear) partial differential equations model the velocity
and the pressure of a fluid or gas. In a first step, the Navier-Stokes equations have to
be linearized to solve the system of differential equations. This linearization results in a
sequence of linear partial differential equations, so-called Oseen equations.

The discretization of the Oseen equations with the finite element method yields a
typically unsymmetric and indefinite (block) system matrix. The unfavorable (spectral)
properties of the system matrix often result in a slow convergence of most iterative solvers.
The performance of these solvers can be improved by preconditioning of the linear (block)
system. A popular approach is the use of block preconditioners derived from a block
LDU factorization of the system matrix. These preconditioners require easily invertible
approximations to two matrices. One is the upper left block of the 2 x 2 block system
matrix, the other one is the so-called Schur complement.

We consider the application of hierarchical matrices (H-matrices) for (block) precondi-
tioners of saddle point problems. This requires the representation of two sparse matrices as
hierarchical matrices as well as the computation of a third matrix, the (approximate) Schur
complement, with H-matrix arithmetic. In this thesis, we pursue two different strategies
to improve the time required for the preconditioner set-up.

The first is the construction of the hierarchical block structures of the sparse matrices.
We present a new partitioning of the index sets allowing for a sparser block structure of
the matrices required to compute the (approximate) Schur complement. This partition-
ing is based on the connection between the pressure and velocity field described by the
underlying problem, the Oseen equations. Numerical experiments presented in this thesis
illustrate the effectiveness of this block structure for the time-consuming task of computing
an approximate Schur complement. In our tests, we observed a speed-up of about 40%-—
50% with the new partitioning. However, this approach also has a disadvantage. Although
the numerical experiments nonetheless indicate the effectiveness of the partitioning, we
introduce an adapted variant aiming to tackle the disadvantage while preserving the ef-
fectiveness. However, we present results that suggest that, although the adapted variant
indeed tackles the disadvantages, is not as effective as the coupled clustering.

The second option we pursue is the utilization of different approaches to the hierarchi-
cal matrix (H-matrix) arithmetic. Recently, two new variants of the (truncated) H-matrix
multiplication were introduced, both aiming to reduce the time required to perform the
multiplication through a reordering of operations. Since the numerical experiments pre-
sented in the corresponding publication only considered H-matrix approximation of (dense)
matrices stemming from a discretization of integral operators, we evaluate the effectiveness
of both variants for our model problem. For the first variant, the H-matrix arithmetic with
accumulated updates, we observed (if at all) only a negligible benefit for the total time
compared to the standard arithmetic. However, a mix of the standard H-matrix arithmetic
and the arithmetic with accumulated updates yields a speed-up of about 10%-20% in our
tests. The second variant, the H-matrix arithmetic with sum-expressions, effectively re-
duces the time required to compute an approximate Schur complement through the use of
less accurate but fast low-rank truncation methods.



vi

Acknowledgements

In my almost five years at the institute of Mathematics of the Hamburg University of
Technology I was accompanied by friends and colleagues without whom writing this thesis
most certainly would have been more frustrating, if even possible. Therefore, I want to
thank them here.

First, I am deeply thankful to my supervisor, Sabine Le Borne, for her invaluable
advice, feedback and guidance. This has allowed me to learn a great deal from her and
has been incredibly helpful in constantly improving my work.

I would also like to thank Rebekka Beddig, with whom I had the pleasure of sharing
an office for almost three years and who has become a valued friend. For many fruitful
and often encouraging conversations as well as for proofreading large parts of this thesis
and her helpful comments I am deeply grateful to her.

Furthermore, I wish to thank my colleagues and friends Lina Fesefeldt and Thorben
Abel from the Chair of Numerical Mathematics who also proofread parts of this thesis.
After two years of working from home, they let me look forward to travel to work every
day with the welcoming nature and were able to create an enjoyable working environment.
The latter also extends to all other colleagues from the institute of Mathematics.

Finally, I thank my friends and family who accompanied and supported me on my
journey, or even started it by convincing me to study mathematics.



Contents vii

Contents

Abbreviations and Acronyms ix
List of Symbols X
Notational conventions xii
1 Introduction 1
2 Linear algebra basics 5
2.1 Low-rank approximation techniques. . . . . . . . ... ... ... ... ... 5
2.1.1 Singular value decomposition . . . . . .. .. ... 6

2.1.2 Lanczos bidiagonalization . . . . . .. .. ... ... ... .. ... 7

2.1.3 Randomized low-rank approximation . . . . . . ... ... ... ... 10

2.2 Krylov subspace methods . . . . . .. ... ... 13
221 GMResmethod . . . . . . . .. . 13

2.2.2 BiCGStab method . . . . ... .. ... ... ... .. .. .. ..., 15

2.2.3 Preconditioning . . . . . . ... L oL 16

2.3 Saddle point problems . . . . . . .. ... 17
2.3.1 Properties of saddle point problems . . . . . . . ... ... ... .. 17

2.3.2 Preconditioning of saddle point problems . .. ... ... ... ... 18

3 Navier-Stokes equations 20
3.1 Variational formulation for Oseen problems . . . .. .. ... .. ... ... 21
3.2 Galerkin discretization . . . . . . . .. ... 24
3.3 Finite element discretization . . . . . . . . ... Lo 26
34 Upwinding . . . . . . . . e 31

4 Hierarchical matrices 34
4.1 Definitions . . . . . . . .. 34
4.2 Clustering . . . . . . . . . e 40
4.2.1 Geometric bisection clustering . . . . . . .. ... ... ... 40

4.2.2 Domain decomposition clustering . . . . . . . .. .. ... ... 44

4.3 Admissibility conditions . . . .. ... Lo 47
4.4 Arithmetic. . . . . . . . . e 52
4.4.1 H-matrix-vector multiplication . . . . . . ... ... ... ... ... 52

4.4.2 (Standard) H-matrix multiplication . . . . . . . . ... ... ... 53

4.4.3 H-matrix inversion . . . . . . ... 62



viii

4.4.4 H-matrix factorizations . . . . . . . .. ... ...

5 H-LU preconditioning of saddle point problems

5.1 Uncoupled clustering . . . . . . .. ... ... ... .....
5.2 Coupled clustering . . . . . ... ... ... ...
5.3 Coupled clustering with interface decomposition . . . . . . .
5.4 Numerical results . . . . . . . ... .. L.
5.4.1 Model problem . . ... ... ... ... ...
542 Results . ... ...

6 Variants of the H-matrix multiplication
6.1 H-matrix multiplication with accumulated updates

6.1.1 The algorithm . . . ... ... ... ... ......
6.1.2 Numerical experiments . . . . . . .. ... ... ...
6.2 H-matrix multiplication with sum-expressions . . . . . . . .
6.2.1 The algorithm . . ... ... ... ... .. .....
6.2.2 Numerical experiments . . . . . . . ... ... ....

7 Conclusion and outlook

Bibliography

Contents



Abbreviations and Acronyms

Abbreviations and Acronyms

1X

Abbreviation Description First
page
BEM Boundary element method 2
BiCG method Biconjugate gradient method 15
BiCGStab method Biconjugate gradient stabilized method 3
CG method Conjugate gradient method 13
FEM Finite element method 1
GMRes method Generalized minimal residual method 3
‘H-matrix Hierarchical matrix v
‘H-LU factorization | H-matrix LU factorization (cf. Section 4.4.4)
HODLR Hierarchically off-diagonal low-rank 51
i.b.p. Integration by parts 22
ILU Incomplete LU 2
LSC Least squares commutator 19
PBiCGStab method | Preconditioned BiCGStab method 90
PDE Partial differential equation 1
SVD Singular value decomposition 6




X List of Symbols

List of Symbols

Notation Description

- lp p-norm of a vector for 1 < p.

I oo Maximum norm of a vector.

dista(-, -) Distance dista(X,Y) := inf e x yey ||z — y||2 with re-
spect to the Euclidean norm || - ||2.

disteo (-, ) Distance distoo(X,Y") := infzex yey |2 — y|loo With re-
spect to the maximum norm || - || co-

diama(+) Diameter diamg(X) := sup, ¢ x ||z — y||2 with respect
to the Euclidean norm || - ||2.

diamso(+) Diameter diame(X) = sup, yex |2 — Yoo with re-
spect to the maximum norm || - || -

supp(f) Support supp(f) = {x € Q: f(x) # 0} of a function
Q=R (QCR" neN)

V-u Divergence of a function u : R — R

Vf The gradient of a function f: R? — R.

Ay or Au Laplace operator applied to a scalar function u : R% —
R or componentwise to a vector-valued function u :
RY — RY.

L2(Q;R™), L2(2) Lebesgue space of square-integrable functions u :  —
R™. If m =1, R™ is omitted.

£z Norm of the function space L2(£;R™) defined by
”f”ﬁ%g) = fQ Hf(x)H% dr.

HE(Q; R™), H*(Q) k-th Sobolev space (space of k-times (weak) differen-
tiable functions).

HS(Q;R™;T), Hy(;T) | Functions u € HY(Q;R™) with ulr = 0 for I' C 9Q.
Note that ulggq is typically referred to as trace operator
mapping from H*(Q;R™) to L2(0Q;R™) (see, e.g., [7,
p.1.6])

span(vy, ..., vy) Linear span of vectors v1,...,v, € V in a vector space
V.




List of Symbols

Notation Description

Alixs Restriction of a matrix A € RTXJ to R**S for a subset
txsCIxJ.

AT Natural embedding of a matrix A € R™*® into RZ*J
for a superset Z x J Dt X s.

p(A) Spectral radius p(A) := {|A\| : A € 0(A)} of a matrix
A.

o(A) Spectrum o(A) := {\ € C: X is an eigenvalue of A}
of a matrix A.

H(Tzx7, k) Set of hierarchical matrices with local rank k with re-
spect to a block cluster tree Tzx 7 (cf. Definition 4.11).

R(t,s, k) Set of ¢ x s rank-k factors (cf. Definition 2.1).

RS Set of ¢t X s matrices for finite index sets ¢ and s.

X1
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Notational conventions

Throughout this thesis, we will use the following naming and notational conventions.

e Matrices will be named with bold and uppercase letters, e.g., M € R*¢ in most
situations. We will differ from this convention only in a few cases when we have to
name certain block matrices (e.g., in Section 2.3).

e We will use finite index sets to denote the rows and columns of matrices, e.g., in
M € R,

Additionally, we may replace one or both index sets with a positive integer if the
corresponding set is of the form {1,...,m} for m € N. For example, we will write
M € R™*" instead of M € R with ¢t = {1,...,m} and s = {1,...,n}.

e Vectors from the vector space R" (n € N) will be named with bold and lowercase
letters, e.g., x € R™.

e Functions will be named with lowercase Latin or Greek letters. Multidimensional
functions, i.e., functions mapping to R™ for some n € N, will be named with bold
letters.



Chapter 1

Introduction

Many applications, as, e.g., climate simulations or aerodynamic simulations, require mod-
eling (incompressible) fluid or gas flows. A popular tool for describing these flows are the
Navier-Stokes equations. This system of non-linear partial differential equations (PDEs)
models the velocity field and the pressure of a fluid or gas by describing two conservation
laws: the conservation of momentum and the conservation of mass.

Although there are some examples for which a solution to the Navier-Stokes equations
is known, one has, in general, to rely on numerical methods to compute approximate
solutions.

First, the problem has to be linearized, e.g., with the so-called Picard iteration. Next,
we have to discretize the problem, i.e., formulate a finite dimensional problem yielding
an approximate solution. Well-known examples for discretization techniques are, e.g., the
finite difference method, the finite volume method, or the finite element method (FEM).

In combination with the linearization, the discretization techniques mentioned above
yield a sequence of linear systems one has to solve. Since the Navier-Stokes equations
model both the velocity field and the pressure of a fluid in a bounded domain, these linear
systems have a natural 2 x 2 block structure, i.e., are of the form

()= (5 2)6)- () -

This kind of linear 2 x 2 block system is called saddle point problem.

Achieving a sufficient accuracy of the discretization leads to linear systems with a large
number of degrees of freedom, especially for three-dimensional problems. Although the
system matrix M is sparse, solving the system (1.1) with direct methods, as, e.g., Gaufs
elimination, is not feasible in a proper amount of time for a large number of degrees of
freedom since they typically require O(n3) floating point operations where n € N is the
number of degrees of freedom (see, e.g., [18, §3.2]). Instead, one has to rely on (iterative)
approximate methods. A popular choice for these are the so-called Krylov subspace meth-
ods. These iterative methods compute the iterates by projecting the error onto certain
subspaces, the so-called Krylov subspaces. The iterates are then updated by the scaled
projection of the error. An advantage of these methods is that they only use vector and
matrix-vector arithmetic and therefore require O(n?), or in case of sparse matrices O(n)
operations, per iteration step. Hence, Krylov subspace methods are efficient if they con-
verge within few iteration steps.
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However, saddle point matrices, as the system matrix in (1.1), are typically unsymmet-
ric and indefinite, especially the ones obtained from the discretization of the Navier-Stokes
equations, and the lack of symmetry and the indefiniteness of the problem on the other
hand restrict the choice of methods. Typically, one has to decide between a minimization
of the error and a short-term recursion for the update of the approximate solution.

Methods that minimize the error in the Krylov space have to store information from
the previous update steps. Especially for large systems, this can be problematic since
the number of iteration steps to reach a certain accuracy often grows with the size of the
system, and thus the storage requirement may exceed the available memory.

Methods with short-term recursions on the other hand do not have to store information
from all previous iteration steps. However, since they do not minimize the error they
typically converge slower.

Although spectral properties of the system matrix may only describe the worst-case
behavior for both approaches (see, e.g., [9, 35]), saddle point problems as in (1.1) tend
to require a larger number of iteration steps to achieve an acceptable residual error. A
popular approach to reduce the required number of iteration steps is preconditioning, i.e.,

solving
PIM <X) =Pt <r>
Yy S

instead of (1.1) for a suitable matrix P. For fluid flow problems block preconditioners
obtained from a block factorization of the system matrix are a popular and often effective
choice (cf. [4, 30]). These require easily invertible approximations to the matrix block F
and the so-called Schur complement S = BF~'BT.

In this thesis, we will consider approximate triangular factorizations of F and S as
such approximations. Classical examples for such approximate triangular factorizations
are the (sparse) incomplete LU (ILU) factorizations which exist in various variants such
as ILU(p) for p € Ny or ILUT (see, e.g., [35, §10.3]). However, while F is sparse and these
factorizations would be applicable, this is not the case for the Schur complement since it
is typically dense due to the presence of the (dense) inverse of F in its definition.

A data-sparse alternative to sparse factorizations are hierarchical matrix (H-matrix)
factorizations. H-matrices were originally introduced in |25] as a data-sparse matrix format
for discretizations of integral operators. In comparison to dense matrices, they offer almost
linear memory and computational complexity. Since they were introduced, they were also
considered for other applications, as, e.g., the data-sparse representation of matrices from
the discretizations with the boundary element method (BEM) (cf. [1]) or approximate in-
verses or factorizations of FEM matrices (cf. |2, 3, 16]). They were even already considered
for the preconditioning of Oseen equations (cf. [31]). The approximation to F in this case
is an (approximate) H-matrix LU factorization (H-LU factorization) F ~ LgpUp. For the
Schur complement, we first need a suitable representation. We compute an approximate
representation with H-matrix arithmetic, i.e.,

S~ Sy = (BUR') (Lz'BT)

where all solves with triangular matrices and the multiplication are done with the (ap-
proximate) H-matrix arithmetic. From this approximate representation Sy, we can then
compute an H-LU factorization S ~ Sy ~ LgUsg.



However, these approximations to F and S have a major disadvantage. Although all
arithmetic operations of H-matrices can be realized with a nearly linear computational
complexity, the set-up is a time-consuming task in view of rather large constants in the
complexity estimates. In [31], we can observe that the set-up of the preconditioner is
dominated by the explicit computation of the (approximate) Schur complement Sy, which
requires two solves with triangular #-matrices and a multiplication with H-matrices. As we
will see later, the estimates of the computational complexity of these operations depend on
the block structure of the involved matrices. Another thing to note here is that H-matrix
arithmetics heavily rely on rank truncations in order to control the block-wise ranks of the
results. In this thesis, we pursue two options for an improvement of the set-up time of the
H-LU factorizations:

1. In [31], the index sets were divided to achieve a suitable representation of an (ap-
proximate) Schur complement Sy and to achieve a block structure of F optimized
for the computation of an H-LU factorization. We will introduce a new approach for
the division of the index sets, optimized for the time-consuming H-matrix update in
the computation of an (approximate) Schur complement Sy,.

2. Recently, [5] and [11] proposed different concepts for the H-matrix multiplication
improving the standard algorithm originally introduced in [25] by changing the trun-
cation operations. While [5] reduces the number of necessary truncations, [11] refor-
mulates the multiplication algorithm to allow for an easy application of matrix-vector
operations based truncation methods. We will examine the applicability of both vari-
ants to our problem, the set-up of (hierarchical) block preconditioners for the saddle
point problem (1.1), by analyzing numerical experiments.

The remainder of this thesis is structured as follows. First, we will discuss some basics
from numerical linear algebra in Chapter 2. First, in Section 2.1 we will explore some
low-rank approximation techniques. This task is an important part of many H-matrix op-
erations, especially the multiplication and the factorization, in order to control the rank of
the resulting blocks. Additionally, we will briefly describe two Krylov subspace methods for
unsymmetric systems, namely the generalized minimal residual method (GMRes method)
and the biconjugate gradient stabilized method (BiCGStab method) in Section 2.2, as
well as basic results regarding saddle point systems and the preconditioning of such in
Section 2.3.

Next, in Chapter 3, we will briefly discuss the finite element discretization of Oseen
problems, which are a result of the linearization of the Navier-Stokes equations.

Then, in Chapter 4, we will give a detailed description of hierarchical matrices. This
includes methods for the generation of the block structures for the application we explore
in this thesis, namely cluster strategies in Section 4.2 and admissibility conditions in Sec-
tion 4.3. We also present standard (approximate) arithmetic operations for H-matrices
such as the multiplication and the LU factorization of H-matrices in Section 4.4.

Following the description of basics in Chapters 2 to 4, we will introduce our new
approach to the construction of the block structures for the matrices necessary for the
preconditioner set-up. We start with a brief description of the approach proposed in [31]
in Section 5.1 before introducing and analyzing our new approach in Section 5.2. We
already presented this approach in [19] but expand these results here by a further analysis.
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Additionally, we will introduce an adaption of our block structure in Section 5.3 which
aims to tackle some disadvantages of the approach presented in prior section Section 5.2.
Finally, we will compare all approaches with numerical experiments which we will present
in Section 5.4.

While Chapter 5 is about the first option for improvements of the set-up time of the
H-LU factorizations, an optimization of the block structures of the involved H-matrices,
we will examine the variants of the H-matrix multiplication in Chapter 6. We note that
the numerical tests for both variants in [5] and [11], respectively, were done with (typically
dense) matrices from a discretization via the boundary element method. Hence, we review
their applicability to our problem with numerical experiments, since the blocks of the
saddle point problem (1.1) are typically sparse. First, we briefly describe the H-matrix
multiplication with accumulated updates from [5| followed by a presentation of the results of
the numerical experiments in Section 6.1. Then, in Section 6.2, we will briefly describe the
‘H-matrix multiplication with sum-expressions from [11] also followed by the presentation
of the results from the numerical experiments.

Finally, we conclude this thesis with a brief summary of the main discoveries from
Chapters 5 and 6 and open tasks for future work in Chapter 7.



Chapter 2

Linear algebra basics

The main part of this thesis addresses the preconditioning of saddle point problems utilizing
hierarchical matrices. This chapter deals with the necessary linear algebra background.

Arithmetic operations with hierarchical matrices require the approximation of matrices
by low-rank matrices (cf. Section 4.4). Consequently, Section 2.1 introduces some notation
and discusses a selection of low-rank approximation techniques used in this thesis.

Furthermore, we will consider unsymmetric saddle point problems which require effi-
cient solvers, e.g., the Krylov subspace methods examined in Section 2.2. These methods
tend to be less efficient for large-scale indefinite systems and can be enhanced by using a
preconditioner.

Last, we will examine linear saddle point problems in Section 2.3. Since these systems
are typically indefinite, we will also consider block preconditioning techniques for saddle
point problems.

2.1 Low-rank approximation techniques

An important concept in this thesis is the approximation of matrices by matrices of a
lower rank, i.e., for a matrix M € R™*" and a rank k& < min(m, n), find Ap; € R™*F and
By € R™F with M ~ AMBK/I. We define the following set to simplify the notation.

Definition 2.1 (Rank-k factors). Let t and s be finite index sets. Then we define the set
of t X s rank-k factors by

R(t,s, k) := {(A,B) : A € R™* B ¢ R®*F},

Note that a matriz M € R has at most rank k if and only if there are rank-k factors
(Am,Bm) € R(t, s, k) with

M = A\ By, (2.1)

While the singular value decomposition of a matrix, presented in Section 2.1.1, can
be used to construct a best approximation of any given rank, this is a computationally
expensive task. Computing the singular value decomposition of an n x n matrix (n € N)
requires O(n?) operations (see Remark 2.2). Additionally, the matrix is required explicitly
which is either not always possible or may further increase the memory requirements and
the computational complexity.
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In addition to the approximation utilizing the SVD, we will briefly present two methods,
both relying upon matrix-vector operations:

1. low-rank approximation utilizing the Lanczos bidiagonalization (Section 2.1.2),

2. randomized low-rank approximation (Section 2.1.3).

2.1.1 Singular value decomposition

Let M € R™*™, Without loss of generality we assume m > n. Then the singular value
decomposition (SVD) of M is given by

M=UXV'

with U € R™*™ 'V € R™*" orthogonal, ¥ € R™*™ diagonal such that the diagonal entries
o; of 3 are non-negative and in descending order o1 > g9 > --- > g, > 0. Then

M := U|m><k2‘k><k‘(v|n><k)T

is a rank-k best approximation of M in the spectral norm and the Frobenius norm (cf. [18,
Thm. 2.4.8]). The approximation error with respect to the spectral and Frobenius norm,
respectively, can be determined with the remaining singular values:

IM—~M]|s =0p41 and [M—M|p =

Rank-k factors of M are given, e.g., via
Ay = Ulmxk, Br = V]nxkZlkxk- (2.2)

Remark 2.2 (Computational complexity). The computational complexity for the SVD can
be estimated by

Wevp(n,m) < 4m*n + 8mn? + 9n® < 21n3, (2.3)
as discussed in [18, §8.6.3]. We define the mapping
Tsvpk : R — R(m,n, k)
with
Tsvp k(M) = (Ag, Bi)
and Ay, By from (2.2). By combining (2.3) with the cost for the multiplication with the
diagonal matriz Xlgxk in (2.2), we can estimate the computational complexity of the trun-

cation Tsyp k(M) by

Wz syp(m,n, k) < 4m?n + 8mn? + 9n® + kn < 21n® + kn. (2.4)
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Remark 2.3 (Thin SVD). If M = (A, BY) for (A, BY) € R(m,n,¥), i.e., M already has
a low rank £ < m,n, the size of the SVD matrices can be reduced by using QR factorizations
to compute a thin SVD

M=TUxV'

with U € RV e RS € RXE (of. [28, §1.2.5]). As shown in [28, §1.2.5], we can
estimate the computational complexity of finding the thin SVD by

Wikin(m,n,€) < 66*(m + n) + 6—563. (2.5)

A low-rank representation of the rank-k best approximation can be determined even more
efficiently, e.g., by using

AL =TUlpsk, Bi = Vi Sl (2.6)
As in Remark 2.2, we define the truncation mapping
thin,k : R(myn, l) — R(m,n, k) (2.7)
with
Tonins (M) = (A}, By)

with Ag, By from (2.6). By combining (2.5) with the cost for the multiplication with the
diagonal matriz Xlgxk in (2.6), we can estimate the computational complexity of the trun-
cation (‘thin,k:(M) by (cf. [28, Remark 2.18])

W thin(m, n, €, k) < 60*(n +m) + 2203

2.1.2 Lanczos bidiagonalization

A popular approach to compute the SVD of a matrix M € R™*" is the sparsification of
the matrix before computing the singular values. The idea of this approach is to compute
an orthogonally equivalent bidiagonal matrix, i.e., (assuming without loss of generality
m > n) constructing

ar A
0 ax pBe
0 0 ap-1 Bna
0 0 fo'
with
QTW' =M

for suitable matrices Q € R™*™ and W € R"™ " with orthonormal columns, as first
described by Golub and Kahan [17]. Then the matrix TTT is a symmetric tridiagonal
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matrix. This kind of matrices allows for an efficient computation of the eigenvalues and
eigenvectors utilizing Givens rotations. Hence, the singular values and singular vectors of T
(and M) can be computed efficiently. The orthogonal matrices Q and W can be computed
column-wise, as it is done by the Golub-Kahan-Lanczos bidiagonalization algorithm (see,
e.g., [18, Algorithm 10.4.1]). By stopping at step k < n, we obtain Q; € R™** and
W, € R™* with orthonormal columns as well as

ar i
ay P2

T = e RF¥F,

ar—1 Br—1
ap

Let Ay := Qi € R™** and By, := Ty W}, € R™**. Then, we have (Ay, By) € R(m,n, k).
The singular values of T}, yield a good approximation to the largest singular values of M
(cf. [18, §10.4.1]). Hence, [36] proposed to use A;B] as a rank-k approximation for M. It
is shown that the error

||M - AkB-erF

approaches the error of a rank-j best approximation for j < k£ with increasing k. Numerical
tests in [36] indicate that just slightly larger k suffice in most cases.

The computation of (Ag,Byg) follows [11] and is summarized in Algorithm 2.1. The
matrices Qr, Wi and Ty are computed by the Golub-Kahan-Lanczos algorithm stopped
after k steps in lines 2—12.

Remark 2.4 (Computational complexity). As before (see Remark 2.2), we define the
truncation mapping

ijLanczos,k (R™ R(m, n, k)
FEach iteration of the loop (lines 5-12) in Algorithm 2.1 requires

e two matriz-vector multiplications with M and M, respectively,

two scaled vector additions requiring 2m operations each,

two scalings of vectors requiring m operations each,
e and two norm computations requiring 2m operations each.

Additionally, the algorithm requires the multiplication of an m x k matriz by a k x k bidiag-
onal matriz requiring 3m(k — 1) + m operations. Therefore, the computational complexity
of the low-rank approximation using Lanczos bidiagonalization is given by

Wianczos(M, k) = 2kWhyry (M) + 4km + 2km + 4km + 3km — 2m
= 2kWnv (M) + 13km — 2m

where Wiy (M) is the computational complexity required for multiplying M or its transpose
with a vector.
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Algorithm 2.1 Low-rank approximation via Lanczos bidiagonalization

Input: Matrix M € R™*" rank k € N
Output: Rank-k factors (A, By) € R(m,n, k) such that AyB] approximates M
1: function BiLanczosLowRankApproximation(M, k)

2: Generate a random start vector wi; € R™
3: qo < 0

4: By < 0

5: for j=1,...,k do

6: q; < Mw; — Bj-1q;-1
n oyl

8: q; < qj/aj

9: Wit1 & MT — QW
10: B lIwjsall2

11: Wjt1 < Wit1/B;

12: end for

13: a+ (ag,...,a)

14: B+~ (ﬂl,...,ﬁkfl)

15: Ty < bidiag(a, ﬁ)

16: Qg < (qi---q) € R™*K
17: Wi (W1 s Wk) e Rnxk
18: A+ QLTi, Bp+ Wg

19: return (Ag, By)
20: end function
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An advantage of this approach over the computation of a full SVD is that we do not
need the matrix M explicitly but only its action on vectors. Additionally, we do not have
to solve an eigenvalue problem which reduces the computational costs.

If we require an approximation with a fixed error bound instead of a fixed rank, Algo-
rithm 2.1 can be adapted using a stopping criterion as, e.g., developed in [36].

2.1.3 Randomized low-rank approximation

Computing a rank-k approximation M of an arbitrary matrix M € R™*" via its SVD
can be computationally expensive (see Remark 2.2) since one has to compute the full
SVD first. While there exists a wide range of deterministic algorithms avoiding solving an
eigenvalue problem as, e.g., the method presented in Section 2.1.2, randomized approaches
have become popular in the last few years. The key idea of the randomized low-rank
approximation is to reduce the problem dimension by sampling the range of the matrix with
a few random vectors, i.e., generating random vectors wy, ..., w; € R™ and considering

Y (= MQ € R™*F

with = (w1 ---wy) € R™* instead of M. Then, we can obtain a rank-k approximation
of M by constructing a matrix Q € R™**¥ whose columns form an orthonormal basis of
the range of Y. If M has rank k, this basis is a basis of the range of M, and we obtain a
rank-k representation of M with

M :=QQ'™ = A; B,

where Aj, = Q and B, = QTM. If, on the other hand, k < rank(M), it is very likely that
M is a good rank-k approximation of M (depending on the singular values of M). We
refer to [29, 32| for a detailed error analysis and discussion on the probabilities.

The matrix Q can be computed incrementally with the Gram-Schmidt orthogonaliza-
tion method. However, the standard Gram-Schmidt method may lead to a severe loss of
orthogonality among the computed columns of Q (see, e.g., [18, §5.2.7]). Two popular
improvements are

1. The so-called modified Gram-Schmidt method obtained by a rearrangement of the
computations,

2. Additional re-orthogonalizing steps for the computed columns.

Algorithm 2.2 summarizes the randomized low-rank approximation with the Gram-Schmidt
method using additional orthogonalization steps.

Remark 2.5 (Improvements). The results of the method above can be improved in two
ways:

1. by a slight oversampling, i.e., using k+p instead of k random vectors for some p € N,
to increase the probability of a small error,

2. by combining the standard approzimation method described above with a power iter-
ation, 1.e., using

Y = (MMT)‘MQ

for some g € N,
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Algorithm 2.2 Adaptive randomized low-rank approximation

Input: Matrix M € R™*"™ rank k, number of orthogonalization steps +.
Output: Rank-k factors (Ag, Bg) € R(m,n, k)
1. function RandomLowRank(M, k, )

2: Generate a random vector wy € R”
3: y1 ¢ Muw;

4 qr < yi/lly1ll

5: Ql — (ql) € Rm*1

6: for j=1,...,k—1do

7: Generate a random vector wj;y1 € R"
8: Yi+1 < ij+1

9: for{=1,...,vdo
10: Yi+1 ¢ ¥ir1 — QiQJ v+
11: end for
12: Qi1 < Vi1 /[yl
13: Qj+1 ¢ (Qj Qj+1> e Rm* G+
14: end for
15: A+ Qg
16: B, «— M'Q;

17: return (Ag, By)
18: end function
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3. the outer loop (lines 6-14) of Algorithm 2.2 computes a QR decomposition of
Y:M(wl wk>
using the Gram-Schmidt method with v orthogonalization steps. This can be replaced
by any other method for the construction of a QR factorization.
The second approach is especially useful for matrices with slowly decaying singular
values (cf. [29, §4.5]).
Remark 2.6 (Computational complexity). As before, we define the truncation mapping
Trand k : R™" = R(m,n, k)
with
Trana (M) = (Q, QTM),

The computational complexity of Algorithm 2.2 can be estimated as follows. Step j of
the outer for-loop (lines 6-14) of Algorithm 2.2 requires

e one matriz-vector multiplication with M,

o v matriz-vector multiplications with Q;r (lines 9-11) requiring j(2m — 1) operations,
o v matriz-vector multiplications with Q; (lines 9-11) requiring m(2j — 1) operations,
e v vector subtractions requiring m operations,

e one norm computation requiring 2m operations,

e one vector scaling requiring m operations.

Additionally, the algorithm requires one extra matriz-vector multiplication with M, one
extra norm computation, and one extra vector scaling in the beginning as well as one matriz
multiplication of MT with Qy. The matriz multiplication can be performed with k matriz-
vector multiplications with M. Therefore, the computational complexity of Algorithm 2.2
18

=N

—1
Wrand(Mv ka ’Y) = (WMV(M) + ’Y(QJm - ] + 2jm —m+m+2m+ m))
=1
+ Wav (M) + 2m 4+ m + kEWyry (M)

<
I

k—1 k—1

= 2k Wiy (M) + 3ykm +4ym Y j—~ Y j
= =
k(k—1)  k(k—1)

= 2kWanv (M) + 3vkm + 4ym 5 T
k—1
= 2EWanv (M) + 3vkm + vk(4m — 1)T

where Wiy (M) again is the computational complexity for multiplying M or M with a
vector (cf. Remark 2.4).

If we do not require an approximation with a fixed rank but rather an approximation
with a fixed error bound, the method can be adapted to yield such an approximation with
a high probability (cf. [29, §4.3] or [32, §12]).
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2.2 Krylov subspace methods

Solving large-scale linear systems
Mx =b

for M € R™*™ b € R" (n € N) exactly typically requires O (n?’) operations. Due to the
cubic complexity, they can often not be solved directly in a reasonable amount of time.
Therefore, they are usually solved approximately. Among the most popular methods for
solving such large-scale linear systems are Krylov subspace methods some of which are
outlined in this section.

The basic idea of Krylov subspace methods is to find an approximation such that the
residual is contained in a so-called Krylov subspace.

Definition 2.7 (Krylov subspace). Let M € R™*" r € R", and k < n. Then we call

Kr(M,r) :=(r,Mr, ... 71\/I’“*1r)
the k-th Krylov subspace of M and r.

For symmetric positive definite problems, the conjugate gradient method (CG method)
is a well-known method yielding

1. minimization of the error in the energy norm,
2. a short-term recursion for computing the next iterate

in each step. For asymmetric and indefinite systems, on the other hand, one typically has
to compromise on one of these properties. The GMRes method gives up on the short-term
recursion in favor of the minimization of the residual norm while the BiCGStab method
gives up on the error minimization property in favor of a short-term recursion.

2.2.1 GMRes method

The GMRes method minimizes the residuals in each step. It is based on the construction of
an orthonormal basis vy, ..., v, of the m-th Krylov subspace. Then there is an unreduced
upper Hessenberg matrix H,,, € RMADXm with

MV, =V, H, (2.8)

where V,,, contains the basis vectors vi,..., Vv, column-wise. The m-th iterate can be
constructed by solving a least squares problem. Details about the GMRes method can
be found in [35, Section 6.5|, while the GMRes method is summarized in Algorithm 2.3
following the description there.

As we can observe in Algorithm 2.3, we have to store the whole basis vi,...,v,, for
the GMRes method. Therefore, the storage requirements can become too large for a large
number of iterations. There are some variations of the GMRes method, one of them the
restarted GMRes method. The idea of this method is to restart the GMRes method with
the current iterate as a start vector after k steps for some k € N. Note that there is no
guaranteed convergence of the restarted GMRes method. In some cases, it may converge
for smaller restart cycles while failing to converge for larger restart cycles (see, e.g., [14]).



14 Chapter 2. Linear algebra basics

Algorithm 2.3 Preconditioned GMRes method method

Input: System matrix M € R™*™ right hand side b € R", start vector xo € R", maximal
relative residual norm e, maximal number of iteration steps mjter
Output: Approximate solution x with ||b — Mx|| < ¢||b — Mxg||
1: function GMRes(M, b, xq, €, Miter)

2: ro < b — Mxgs
3 p<rol2
4: Vo — p_lro
5: k<+ 0
6: while ||rg|| > €||ro|| and & < Mmjter do
7: k+—k+1
8: wi < Mvy
9: fori=1,...,k do > Orthogonalize w; w.r.t. the first k residuals.
10: hik = (Wk, Vi)2
11: Wp <— Wi — hz’,jvi
12: end for
13: Pt 4 || w2
14: if hk+1,k =0 then
15: break
16: end if
17: Vi1 < (Pryrk) ' wi
18: ﬂk — (hiyj) S R(k+1)xk
19: Vi (V1 s Vk) € Rnrxm
2. yy < argminyenn [|loe; — Hyy]
21: Xg — 2o + ViYi
22: r; < b — Mx;
23: end while
24: return x;

25: end function
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Remark 2.8 (Breakdown). The GMRes method as depicted in Algorithm 2.3 breaks down
in line 14 if in step k the vector wy. is the zero vector after the orthogonalization. This is
only the case if the approzimate solution xy, is exact (see [35, Proposition 6.10]).

2.2.2 BiCGStab method

The BiCGStab method was derived from the biconjugate gradient method (BiCG method)
(cf. [35, Section 7.3]) and was originally described in [38]. The BiCG method computes
biorthogonal bases v1,...,v,, and wi,...,w,, of the two Krylov subspaces

Km(M,rg) =(v1,...,vy) and ICm(MT,?g) =(W1,...,Wp,)

for two initial residuals ro,To € R™. This process is also called Lanczos biorthogonalization.
Then

W MV,, =T,

where V,,, and W, contain columnwise basis vectors v; and w;, respectively, and the
matrix T,, is tridiagonal (cf. [35, §7.1|). The m-th iterate is then constructed by implicitly
solving a system with the matrix T,,. A detailed description can be found, e.g., in [35,
§7.3.1].

The BiCGStab method is based on the observation that all residuals of the BiCG
method are of the form

rj = ¢;(M)rg

for polynomials ¢;. The BiCGStab method on the other hand uses residuals represented
by two polynomials, i.e.

r; = ¥;(M);(M)ro,

where ¢; is the same polynomial as for the BiCG method and ; is a recursively defined
polynomial which aims to stabilize the convergence. In the algorithm, shown in Algo-
rithm 2.4, these polynomials are not evaluated explicitly, but used to derive a recursive
formula for the iterates and the residuals. A detailed description of the BiCGStab method
can be found in [35].

Remark 2.9 (Breakdown). At several points of Algorithm 2.4 a breakdown can occur
(see, e.g., [24]) due to coefficients becoming zero and are closely related to breakdowns of
the Lanczos biorthogonalization as they are discussed in [35, §7.1.2].

If (Mpj,19) = 0 or (Mp;,To) = 0 in line 7 of Algorithm 2.4, then we would divide by 0
or by small values in the computation of aj. Although this produces a (near-)breakdown of
the BiCGStab method, the vectors of the next step can still be defined anyway. This leads
to so-called look-ahead variants of the BiCGStab method avoiding this kind of breakdown
in most cases (see, e.g., [8]).

If wj in line 9 of Algorithm 2.4 is zero, this would result in a division by 0 in line 12. In
this case, the degree of the (implicitly) constructed polynomials does not increase anymore.

If (rj,To) = 0 or (rj,To) = 0 in line 7 of Algorithm 2.4 also results in a division by 0
or by small values in the computation of ;. But in this case, we also have 3j_1 =0 (or
~0) and aj =0 (or = 0) which causes the method to be no longer valid (see, e.g., [24]).



16 Chapter 2. Linear algebra basics

Algorithm 2.4 BiCGStab method

Input: System matrix M € R™*™, right hand side b € R", start vector xg € R”, maximal
relative residual norm e, maximal number if iteration steps mijter
Output: Approximate solution x with ||b — Mx|| < ¢||b — Mxg||
1: function BiCGStab(A, b, Xq, €, Miter)

2: rg < b — Mxg

3: Choose an arbitrary vector ¥y € R™ with (rg,ro) # 0
4: Po < To

5: 7+0

6: while ||r;|| > €||ro|| and j < Mmier do
T: aj = (rj,To)2/(Mp;,To)2

8: Sj < Ij — ajij

9: Wj < <MSj,Sj>/<MSj,MSj>2

10: Xj+1 ¢ Xj + a;p; + w;s;

11: Tjt1 < Sj — ijSj

a e gl

13: Pj+1 ¢ i1+ Bj(pj — wiMpy)
14: e+l

15: end while

16: return Xx;

17: end function

2.2.3 Preconditioning

Many iterative methods for solving sparse linear systems depend on the spectral properties
of the system matrix. These tend to get worse with an increasing size of the system in many
practical applications. One approach to deal with these worse spectral properties would
be to choose schemes, often tailored to the problem, not depending on these spectral
properties. Another popular approach, which allows using the same iterative method
for different problems, is to precondition the system, i.e. altering the system to obtain
favorable spectral properties without changing the solution. For a regular P € R™*™ we
can

1. solve the system P~'Mx = P~ 'b,
2. solve the system MP ™'y = b and obtain x via x = P~ ly
3. using a decomposition P = Py Pr with regular P, Py, solve
P,'MP,'y =P,'b
and then obtain x = PI_%ly.

The first approach is widely known as left preconditioning and can be applied directly to
every iterative method, including the GMRes method and the BiCGStab method discussed
in the previous two sections, while the second approach, the so-called right preconditioning,
involves an additional change of variables. The third approach is typically used (with
Py = PIT{) if symmetry has to be preserved, i.e., for the CG method. But often these
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methods can be reformulated. Then the factorization P = Py Pgr only has to exist in
theory and the preconditioner is applied by solving with P instead (see, e.g., [35, §9.2|).

Remark 2.10. Note that the spectra of the preconditioned matrices are the same in all
three cases, i.€.,

o(P™'M) = o(MP ') = o(P;'MP}}).

This holds, since each of the three matrices P~*M, MP ™!, and leMP]}1 can be obtained
via an equivalence transformation from the others.

2.3 Saddle point problems

In this section, we will discuss saddle point problems, the class of linear systems discussed
in this thesis. We consider saddle point problems, i.e., linear 2 x 2 block systems, of the

N O

with matrix blocks F € R™*" B € R™*", and C € R™*™ as well as right hand side
vectors r € R”, and s € R™ for n,m € N. Saddle point systems can arise from a wide
variety of problems, including the discretization of the Navier-Stokes equations discussed
in Chapter 3. This section discusses some properties of saddle point problems as well as
preconditioning techniques utilizing the block structure following the description in [4]. A
larger list of problems yielding saddle point systems can also be found in [4].

2.3.1 Properties of saddle point problems

We first note that, if F is regular, the block structure in (2.9) imposes the natural block-
LDU factorization

Y P T T G BRI

where S := —C — BF'BT is the so-called Schur complement. From this block factoriza-
tion, we can obtain a first condition for the solvability of the block system (2.9):

e F is regular,
e the Schur complement S is regular.

It turns out that these conditions can be relaxed. Even if F is singular and the Schur
complement therefore does not exist, the saddle point matrix may be regular nonetheless.
This leads to the following theorem from [4].

Theorem 2.11. If the symmetric part H = %(F + FT) of F is positive semidefinite, B
has full rank, and C is symmetric positive semidefinite, then the following holds:

1. if ker(H)Nker(B) = {0} holds, then the saddle point matriz M from (2.9) is regular,
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2. if the saddle point matriz M is regular, then ker(F) Nker(B) = {0} holds.
Proof. See |4, Theorem 3.4]. O

Remark 2.12 (Spectral properties). If the symmetric part H = %(F + FT) is positive
definite and C is symmetric positive semidefinite, then

1 T+ (H BT
H.Q(M+M)<B _C>

is indefinite (cf. [4, §3.4]), i.e., has both positive and negative eigenvalues. Therefore, the
eigenvalues of M are on both sides of the imaginary axis.

2.3.2 Preconditioning of saddle point problems

The convergence analysis of Krylov subspace methods, especially for non-normal systems,
is complicated and the eigenvalues of the system matrix may not describe the convergence
behavior. Nonetheless, it can be beneficial to deal with a system with eigenvalues clustered
away from the origin. Although this may not be the case for arbitrary saddle point problems
as in (2.9), it may be achieved by preconditioning. A popular strategy for preconditioning
saddle point problems as in (2.9) is to utilize the natural block structure of these problems.
This yields so-called block preconditioners. To derive block preconditioners for saddle point
problems (2.9), we consider the following block LDU decomposition of the system matrix
as in (2.10). This decomposition can be used to construct several block preconditioners.
Apart from the obvious choice

O T

which is just as impractical, we can use approximations by omitting either the upper or
lower triangular factor of (2.10), respectively. This leads to the block triangular precondi-

tioner
Put = and Py = (2.12)
o 0 S it B S/ '

Using the upper triangular block preconditioner Py, the (right) preconditioned system
matrix is given by

i )TN ) )

Therefore,

o(Pu M) = o(MP) =0 ((BFI_l 1)) ={1}

holds and the minimal polynomial is given by

u(t) = (¢ — 1>
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This results in a convergence of the GMRes method after at most two steps (see, e.g., [35,
§6.2]).

Instead of omitting only one factor, we can also only use the block-diagonal factor as
preconditioner. For this preconditioner,

()

[33] shows (in the case of C = 0) that the preconditioned system matrix P;*M has the
three eigenvalues 1, %(1 ++/5), and %(1 —+/5) and that the minimal polynomial of P(IlM
is of degree 3. Hence, the GMRes method applied to the preconditioned system would
terminate after at most 3 steps.

Although the preconditioners described above yield a fast convergence of the GMRes
method, they are only of theoretical interest. The application requires the exact inverses
of F and the Schur complement S. Irrespective of possible rounding errors preventing the
computation of the exact inverses, they are typically dense matrices and therefore require
too much memory for large-scale problems. However, we can replace F~! and S™! by
suitable approximations. This may still be enough to decrease the number of iterations to
a small number.

In most cases, suitable approximations are problem-dependent constructions as, e.g.,
the least squares commutator (LSC) for S~! (see, e.g., [12]). In this thesis, we will examine
easily invertible approximations to F and S utilizing hierarchical matrix factorizations (see
Chapter 5).
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Chapter 3

Navier-Stokes equations

One tool for modeling incompressible fluid flows are the Navier-Stokes equations, a system
of (non-linear) PDEs, we will describe in this chapter. The Navier-Stokes equations aim
to model the velocity field u : R¢ — R? and the pressure p : R¢ — R of a fluid in a domain
Q C R? (d = 2,3). Some properties of the fluid are modeled via the kinematic viscosity
v > 0. The equations consist of an equation describing the conservation of momentum of
the fluid as well as an equation describing the conservation of mass.

Now, let Q C R? be a polygonal domain with a Lipschitz continuous boundary T’ := 9
and normal vector nr : I' = R?. We consider boundary value problems with mixed Neu-
mann and Dirichlet boundary conditions. Hence, let I'yy,I'p C I' with 'y UI'p = TI'. Then
a stationary Navier-Stokes boundary value problem is given by:

Find u: R¢ — R% and p : R - R with
—vAu+ (u-V)u+Vp=r onQ (3.1a)
V:u=0 on{ (3.1b)
u=gp onlp (3.1c)
Viu—n =0 onT (3.1d)
onr rp = N .

for a suitable right hand side r : R* — R¢ and Dirichlet boundary value gp : I'p — R%
Since the solution u also describes the advection term, (u-V)u, the problem is non-linear
and thus has to be linearized, e.g., with Picard iterations or Newton iterations. The lin-
earization with Picard iterations results in a sequence of boundary value problems:
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Find uy : Q — R and pg : 2 — R with
—vAug + (ug—1 - V)up +Vpp=r on Q (3.2a)
V-ouy,=0 onQ (3.2b)
u,=gp onlp (3.2¢)
yairuk —nrp, =0 on 'y (3.2d)

with a divergence-free initial guess ug : R* — R% ie., V-ug = 0. For example, we can
choose uy = 0. These problems are called Oseen problems. Therefore, we examine Oseen
problems with a divergence-free convection w € L>(Q;R9):

Find u: Q — R% and p: Q — R with
—vAu+ (w-V)u+Vp=r onQQ (3.3a)
V-u=0 on{} (3.3b)
u=gp onlp (3.3¢)
Viu—n =0 onT (3.3d)
onp rp = N .

The remainder of this chapter is concerned with the discretization of Oseen problems as
in (3.3) with the FEM. Hence, we will consider the variational formulation of these bound-
ary value problems in Section 3.1. While Section 3.2 deals with the Galerkin discretization
of the variational problem, Section 3.3 introduces the corresponding finite element spaces
following the presentation in [13]. This discussion is followed by a brief description of a
stabilization technique, the so-called upwinding, in Section 3.4. The linear system obtained
from the FEM discretization is a saddle point problem as examined in Section 2.3. Last,
we will evaluate numerical tests using an Oseen problem or the Navier-Stokes equations as
a model problem. Therefore, we will introduce all used model problems in ?77.

3.1 Variational formulation for Oseen problems

The starting point of the FEM is the variational formulation of the Oseen problem (3.3).
It is derived from (3.3) by multiplying all equations with suitable test functions combined
with integration of the results. This yields

—V/Au-vdx—i—/(W-V)u-vdx—i—/Vp-vdx:/r-vdx, (3.4a)
Q Q Q Q

/(V ‘u)gdx =0, (3.4b)
Q
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where v : R? — R? and ¢ : R? — R are the test functions. For the first summand, we use
integration by parts (i.b.p.) to obtain

/QAu-VdX:i/viAuidx
Lbp. Z(/UZ nr - Vu;) ds—/VvZ Vuldx>
d
:ZZ_;/F 8np Z/ Ulanp Z/ Vv, - Vu,; dx
:/ V- ads—f—/ V- ds—Z/VvZ Vu; dx.
r, onr ry onr

By choosing test functions v € V := H}(Q;R% T'p) vanishing on the Dirichlet boundary
I'p, the reformulation from (3.5) simplifies to

/Au deve:v/ ﬂdx— /Vvi-Vwidx
— Ja

(3.5)

5) onr
(3.6)
(3.3d) 1

d
=" - v-nrpds — /Vvi'Vwidx.

Additionally, integration by parts yields for p € Q := L?(Q2) and v € V

/Vp-vdx:/npp~vds—/p(V-v)dx
Q r Q
i'b—'p'/ npp-vds—l—/ np-vds—/p(v-v) dx (3.7)
Tp I'n Q

VE:V/ npp-vds—/p(v-v)dx
I'n Q
By using (3.6) and (3.7) in (3.4a), we obtain

/r-vdx(gﬁa) —1//Au‘vdx—i-/(w-V)u~vdx+/Vp-vdx
Q Q Q Q
3.6 d
(i)—/ v~nppd5+l/Z/Vvi-Vuidx
'y — Ja

—i—/(w-V)u-vdx—l—/Vp-vdx

Q Q

3.7) d

(@1 —/ v'nppds—i—l/Z/Vvi-Vuidx
I'y — Ja

—I—/(W-V)u-vdx—i—/ V-nppds—/p(v-v)dx
Q I'n Q

d
:VZ/VUZ"VUidX+/
i=1 7

(W-V)u-vdx/p(v'v)dx.

Q Q
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To summarize the aforementioned, we multiply the equations in (3.3) with functions
from the so-called test spaces

V =H){(Q;R%:Tp) and Q= L2%(Q) (3.9)

and use integration by parts to obtain the variational (or weak) formulation of the Oseen
problem:

Find u € HY(Q;R9) and p € L%(Q) with

va(u,v) +w(u,v) + b(v,p) = r(v) for all v.e V = HY(Q; R4 Tp) (3.10a)
b(u,q) =0 for all ¢ € Q = L%(Q), (3.10b)
u=gp onTI'p (3.10c)

where a,b and w are continuous bilinear forms and r € V' is a functional defined by

3
a(u,v) = Z/QVUZ - V; dx, (3.11a)

3
w(u,v) = ;/Qvi(w - Vu,;) dx, (3.11b)
b(u,p) == — /Qp(V -u)dx,, (3.11c)

r(v) ::/Qr-vdx. (3.11d)

Remark 3.1. The bilinear forms defined above in (3.11a) — (3.11c) can also be seen as
repeated application of scalar variants for each spatial direction:

d
Z a(ug,v;)  with a(u,v) := / Vu - Vv dx,
=1 Q

w(u,v) =

M-

w(ui,v;)  with w(u,v) ::/U(W-Vu) dx,
1 w

)

and

d
Z (ug,p) with b / U x fork=1,...,d.
i1 P owr

The existence of a solution is determined by two properties. These are obtained from a
reformulation of the problem to a single equation in a reduced space (cf. [30, Section 3.1]).
The equivalence of this reduced problem and the weak Oseen problem (3.10) is guaranteed
by the so-called inf-sup stability, i.e. the existence of a constant 5 > 0 with

g b(v,q)
g€Qq#constant ve v, v0 ||VIIH1 () 2]z )

(3.12)
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The reduced problem then can be handled by the Lax-Milgram theorem (see, e.g., [30,
Theorem B.4|) which depends on the coercivity of the bilinear form

f: VXV SR, f(uv)=rva(u,v)+w(u,v), (3.13)
i.e. the existence of a constant a > 0 with
Fv,v) = ol vl g (3.14)

Remark 3.2. While the inf-sup stability (3.12) and the coercivity of f suffice to guarantee
the existence of a solution, this is not the case for the uniqueness of a solution. The
uniqueness depends on the choice of the search space for the pressure solution as well
as the boundary conditions. For pure Dirichlet boundary conditions a pressure solution
p € L2(Q) is only unique up to a constant. The solution would be unique if we would search
for a solution

pel2(Q) = {f € LQ(Q):/Qfdx:O}

instead. For mixed boundary conditions, the existence of Neumann boundary conditions
mmposes the uniqueness of the pressure solution. A detailed discussion can be found, e.g.,

in [30, §3.2].

3.2 Galerkin discretization

The Galerkin discretization of the weak Oseen problem (3.10) is based on the choice of
finite-dimensional subspaces V" C V = H(Q; R%) and Q" C Q = L%(Q). Additionally, we

assume that we have bases
(®1,..., PN, PNy1,- - PNyNy)
of VP and
(Uq,...,¥y)
of Q" such that
(®1,...,®N) = VI = VI NH (QRETp).

In order to apply the Dirichlet boundary conditions, we assume that gp € V", i.e.,

N+Np
h
gn= > ¥
i=N+1
for u}jﬁfﬂ, e vu}JiHND € R. The discrete problem then is:

Find x € RN and y € RM such that u® := Zjvzl z;P; + Z;V:J;v]\fl u;“I)j and p/ :=
22‘4:1 yr W satisfy

a(u ®;) + wu", ®;) + b(®;,p") = r(®;) fori =1,..., N, (3.15a)

b(u", W) =0for k=1,..., M. (3.15b)
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Finding solutions x € R and y € RM corresponds to solving the linear saddle point prob-

lem (cf. [13, §8.3])
F BT X r’
()6 () =

with
F = (fij) eRVN . fio = f(®, ®;) = va(®;, ®;) + w(P;, B,),
B = (by;) € RM*N by = b(P;, ¥y),
N+Np
" = (r;) € RY, v =r(®) = Y ufa(®;,®), (3.17)
j=N+1
N+ND
sh = (s) e RM, Sp = — Z u?b(q)j,\I/k).
j=N+1

The space V" is typically defined as a Cartesian product
d
vi=1[v" (3.18)
i=1

for a finite-dimensional space V' C H!(Q2) with a basis

(01502, -+, P, Prts - - Prtnp )
where
span(@1, ..., ¢n) = Voh =Vhn HO(;Tp).
Then, we obtain a basis (®1,...,®PnNyn,) With N =n-d and Np =np -d
q)i+(k—1)n = €erp;

for i € {1,...n}, k € {1,...,d}, where e; € R? is the k-th unit vector. The boundary
basis functions can be defined as

PN it (k—1)np = €kPn+i

fori € {1,...,np}, k € {1,...,d}. In this case, Remark 3.1 implies the following block
structure of the system matrix:

F (BHT VA +W (BHT
B 0 F (BY)T vVA+W (BO)T |’
B! ... B4 o0 B! B¢ 0

where

A = (aij), aij =alej, ),
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W = (wij), wi = w(pj,vi),
and

k_ 1k E_ g
B _(bij)’ bi; =0

(5, ¥s)

fork=1,...,d.

Remark 3.3. The existence of a solution to the discrete problem depends again on
1. the inf-sup stability (3.12) of the (discrete) saddle point problem,
2. the coercivity (3.14) of the bilinearform f from (3.13).

While the second is directly inherited from the continuous case, this does not apply to the
inf-sup stability. The discrete inf-sup stability depends on the actual choice of the finite-
dimensional spaces V" and Q. We will see an example of a stable pair of spaces in the
next section and refer to [30, §3.5] for abstract criteria and more examples of inf-sup stable
choices.

3.3 Finite element discretization

The goal of the finite element discretization is the construction of spaces V* and Q" for the
Galerkin discretization of the variational formulation from (3.10). These finite-dimensional
spaces are constructed as continuous piecewise polynomial spaces.

For this, we first decompose the domain €2 into simpler domains, i.e. triangles for d = 2
or tetrahedra for d = 3.

Definition 3.4 (Simplex). Let d € {2,3}, k < d+1 and p1,...,Prs1 € R? such that
{pi—pj : j # i} is linear independent for somei € {1,...k+1}. Then K := {p1,...Py+1}
is called a (d-dimensional) k-simplex.

1. p1,...Pa+1 are called vertices of K.

2. If d > 2, then a 2-simplex E C K is called edge of K.

3. Ifd > 3, then a 3-simplex F C K 1is called face of K.
We call 3-simplices triangles and 4-simplices tetrahedra.

Definition 3.5 (Simplex domain). Let K = {p1,...,prs1} C R? be a d-dimensional
k-simplex. Then, we denote the (open) convex hull of a simplex K by

k+1 k+1
K = {x € R?: Zaipi with aq, ..., 0q11 > 0 and Zai =1}
i=1 i=1
and its closure by
E+1 d+1

K = {XGRd : Zaipi with aq,...,ax+1 > 0 and Zai =1}

=1 =1
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Figure 3.1: d-dimensional simplex for d = 2 (left) and d = 3 (right). The figures show the
vertices(black) and edges(gray) of the simplices.

Definition 3.6 (Triangulation). Let d € {2,3} and Q CRe. Let T be a set of d-simplices.
Then we call T a triangulation of 2, if

1. UKGTF:§7
2. K1NK, =0 for all K1,Ks € T with K1 # Ko,

3. for Ki, Ko € T with K1 # Ky and I :== K1 N Ko # 0, the intersection I is either a
common edge, a common vertex, or (if d =3) a common face of K1 and K.

For a triangulation T, we denote the set of vertices of T by

V(T) := U K

KeT

and the set of edges of T by
E(T):={E: ECK is an edge of a simplex K € T }.

We call

h:= di K) = —

max diams (K) max max Ip—dll
the mesh width of T. In the following, we will denote a triangulation T with mesh width
h by T".

Remark 3.7. Typically, one is not only interested in a single triangulation but rather in a
sequence of triangulations with decreasing mesh widths. This sequence can be constructed
from a starting triangulation TH. Let K € TH and vy,...,v441 the vertices of K. Let
mi,...,my be the k = (d;rl) edge midpoints. By connecting these midpoints, we obtain
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Figure 3.2: Division of a triangle into 4 smaller triangles (top) and of a tetrahedron into 8
smaller tetrahedra (bottom) by connecting the edge midpoints.

m =4 (ford =2) orm =8 (for d = 3) pairwise disjoint smaller triangles or tetrahedra
K1, ..., Ky, with U™ K; = K, respectively (cf. Figure 5.2). Doing this for every element
of the triangulation TH yields the triangulation

T = |J {Ki,.. o K}
KeTH

with mesh width h = H/2.

The FEM uses piecewise polynomial spaces as finite-dimensional subspaces for the
Galerkin discretization.

Definition 3.8. Let X C R? and k € N. Then we denote the space of polynomials with
at most degree k by

(X)) :={p: X > R:px) = Z a;z’! 'iﬁild,(li € R for all i € N4},
ieNg
lil<k
where |i| := iy + --- +ig for i € N9,
Definition 3.9. Let T" be a triangulation of Q. Then we define

1. the space of piecewise polynomials with at most degree k € N on T" by
PE(TH) := {u € C(Q) : ul € (K) for all A € T"} (3.20)

and correspondingly the space of piecewise polynomials with at most degree k on T"
and with zero boundary on I'p by

PE(T™ Tp) :== PH(T") N H{(Q: T p).
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2. the space of discontinuous piecewise polynomials with at most degree k € N on T"
by
phdise(Thy .= {u e L*(Q) s ulj, € I, (K) for all K € T"}
We will only consider piecewise linear polynomials. Hence the remaining task is to
construct a suitable basis of the space P1(7™). Since all u € P}(7™) satisfy u| € I, (K),

it is reasonable to choose a basis (1, ..., py), for a suitable n € N, such that

span(eilg; - - -5 ¢nlg) = M(K).
The simplest choice are the so-called hat functions (cf. [13, §1.3]) ¢p € PY(T") with

¢p(q) = {1 e = (3.21)

0 else

for all p,q € V(T"). By enumerating the vertices of the triangulation
{pla s 7pn+nD} = V(Th)a

where p1,...,pn € Q and Pp+1,-- -, Pniny € L', we obtain the basis (o1, ..., Pnin,) With
o= oo, (3.22)
fori=1,...,n+np.

Remark 3.10. 1. There exist similar constructions for higher polynomial degrees k >
2. For example, we can use the edge midpoints

M(Th) = {;(p—l-q) p.ace K, K € Th}

of the simplices in T" as additional auzilliary points. On the extended set of vertices
VYT = V(T U M(T)
we can construct piecewise quadratic polynomials p € P2(7'h) with
pp(a) = {1 yp=d
0 else.
Figure 8.3 illustrates such a piecewise polynomial.

2. It is also possible to use a decomposition of Q into a set Q" of rectangles (d = 2)
or cuboids (d = 3) instead of a triangulation with simplices. Then the used space of
piecewise polynomials is of the form

f:fle(x) = Z aBJfo'--xff,aB’i €R forallicNd, Be Q" ,
ieNd
lijoo <k

where |i|oo 1= max;cqy, . ) ij- A detailed description can be found, e.g., in [13, §1.3].
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r0.8
r0.6

0.4

Figure 3.3: Surface plot of a basis function for polynomial degree 2 introduced in Re-
mark 3.10.

Stable pair of finite element spaces

As stated in Remark 3.3, the discrete inf-sup stability is not inherited from the continuous,
infinite-dimensional spaces V and (). The validity of the discrete inf-sup stability

. b(v,q)
inf
4€Q" gconstant yevh vo |[VIHi @) lg]lL2o

>06>0

depends on the choice of the spaces V* (or V") and Q". A popular choice for these
spaces is the family of Taylor-Hood finite elements, where

VP =PHT") and Q" = P*1(T™).

for kK > 2. Since the discrete inf-sup stability does not depend on the smoothness of the
basis functions but rather on the dimension of the used spaces, another popular approach
is to refine a triangulation 7" by connecting the midpoints of the edges (cf. Figure 3.2)
to obtain a triangulation 7"/2 with halved mesh width. Then P'(7"/2) has the same
dimension as P2(7"), and we obtain an inf-sup stable pair of spaces with

VP =PY(T"/?) and Q" = P (T") (3.23)
We refer to [30, Section 3.6| for a detailed discussion on the inf-sup stability of these pairs
of spaces.

Unstable pair of finite element spaces

If the discrete inf-sup condition is not satisfied, the system has to be stabilized. A pop-
ular approach is to add a penalty term to the second equation. The idea presented here
originates from [10]. We will follow the description in [13, Section 3.3.3].

We start with a triangulation 7" and set

Q" =vh=pYTh). (3.24)
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For this choice of spaces, there is a mismatch between the range of the divergence
restricted to V" and the pressure space @Q". This mismatch can be described by the
L2-orthogonal projection

T LQ(Q) — Po’diSC(Th)

onto the space of discontinuous piecewise constant functions (cf. Definition 3.9) defined
elementwise by

1
(mq)| e = K|/Kq (3.25)

Since V - v € POdis¢(Th) for all v € VI = Hle V" holds, we obtain
b(v,q—mq) =0

for all ¢ € Q" and v € V. The key idea of the stabilization is to penalize ¢ € Q" with
q — mq # 0 by adding the bilinear form ¢ : Q" x Q" — R with

c(p,q) = /Q (p—mp)(q — mq) dx (3.26)

to the second equation of (3.10). This stabilization technique was originally developed for
the FEM discretization of the Stokes equations. In order to apply it to the discrete Oseen
problem, we have to correct for the scaling of the bilinear form a with v. That is done by
scaling ¢ by % which yields the stabilized discrete Oseen problem

find u € V" and p € Q" with
f(u,v) 4+ n(w;u,v) + b(v,p) = r(v) for all ve V", (3.27a)
b(u,q) — %c(p, q) =0 forallqe Q" (3.27b)
u=gp onlp. (3.27¢c)

This results in the linear saddle point system

T uh r
(5 %) () -CC) =

where F, B, r, and s are as before in (3.16) and

C = (cj) € RM>M cij = c(pj, i)

3.4 Upwinding

It can be shown that the stability of the discrete saddle point problem (3.16) depends
inversely on the viscosity constant v, (see, e.g., [30, Lemma 5.13]). Hence, the system
gets unstable for v < 1. A popular approach to tackle these numerical instabilities are
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so-called upwind techniques. In this section, we will describe the upwind triangle method
first introduced in [37]. We will follow the description in [34]
First, let V" and Q" as in (3.23) or (3.24) and V* = [[_, V". Then

vh = span(@i, ..., Pntnp)

for the basis functions introduced in (3.22).
The key idea of the triangle upwind method is to replace the convection part in (3.10),
i.e. the bilinear form w, by an approximation w”. We start by considering the integral

elementwise:

d d
w(u, v) = ;w(ui,vi) - Z/ vi(w - V) dx
—Z Z /vzw Vu;)d

=1 KeTh

(3.29)

On an element K € 7", we can approximate the integral by the quadrature rule

- _ Kl
/K<I>deQK[<I>] .—d_{_l%{@(p) (3.30)

to obtain

M&

/vlw Vu;) dx
K

LS wp)w - V) o)

1 KeTh peK

w(u,v)

..
Il

L KT (3.31)

M&

..
Il

Next, we replace the evaluation of the directional derivative in the vertices with a difference
scheme,using that functions u € V" are piecewise linear polynomials and therefore have
piecewise constant derivatives:

w(p) - Vulg, if w(p) # 0,
0 else,

(w - Vu)(p) ~ {
where K, € T" is a so-called upwind triangle of p.
Definition 3.11. Let p € V(T"). Let K € T" with
1. p is a vertex of K,

2. —w(p) € RY points from p into K.

Then K is called upwind triangle of p.
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Note that there exists at least one upwind triangle for all vertices p with w(p) # 0.

We then define the approximate bilinear form w” via

d
= w"(u, ;) (3.32)
i=1
with
7
" (i, v;) Z —— Z ) - V| i, )vi (). (3.33)
KeTh €K
Remark 3.12. 1. For basis functions ¢;, p; € VP the formula in (3.33) simplifies to
I I8 | \
") = D ) Vel (3.34)
KeThp;eK
since @; is a hat functions (cf. (3.21)) and therefore

vi(p) = {1 P =pi

0 else

holds. Since p; is also a hat function, (3.34) is non-zero if and only if pj € Kp,.

2. There are some examples (see e.g. [34, Example 3.3 in Section I11.3]), for which the
upwind scheme presented above coincides with simple upwind schemes for the finite
difference method.

3. The upwind scheme presented here stabilizes the system by ensuring a discrete mazx-
imum principle for the system matriz. See [34, Section II1.5.1] for more details.
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Chapter 4

Hierarchical matrices

‘H-matrices were first introduced in [25] in 1999 as a data-sparse matrix format. This data
sparsity is achieved by a hierarchical block structure with dense and low-rank matrix blocks.
Since then, H-matrices have been developed further. Arithmetic operations, like matrix-
vector operations, H-matrix-matrix multiplication, inversion, and matrix factorizations
were developed and further analyzed, e.g., in [20, 21, 25].

For dense n x n matrices these arithmetic operations have a computational complexity
of O (n?) (matrix-vector arithmetic) or O (n?) (for matrix-matrix arithmetic), respectively,
while |21, 25] show a typical complexity of O (nlog®(n)), a = 1,2, for H-matrices. The
data sparsity and almost linear computational complexity encourage an application of
hierarchical matrices as preconditioners, as considered, e.g., in [3, 16, 22, 31| for FEM
problems, or in [1] for BEM problems.

The remainder of this chapter is structured as follows. First, all necessary definitions
for the construction of H-matrices, as well as the storage complexity, are discussed in
Section 4.1. The hierarchical block structure of H-matrices is based on a partitioning
of the row and column index sets via certain tree structures which can be constructed
from problem dependent information. Hence, we will discuss several strategies for the
construction of these structures in Section 4.2. The differentiation between dense and
low-rank blocks is made utilizing so-called admissibility conditions. Therefore, we will
motivate and define some choices for these in Section 4.3. Last we will provide definitions
and algorithms for arithmetic operations with H-matrices as well as several complexity
estimates in Section 4.4.

4.1 Definitions

Let Z, J be finite index sets. As already noted in the introduction of this chapter, the block
structure of an H-matrix H € RT*7 is obtained from a hierarchical partitioning of the
product index set Z x J. The hierarchy of the H-matrix blocks is obtained by partitioning
the index sets Z and J first, and then using these to define a suitable partitioning of Z x 7.
All these partitionings are described through tree structures. Therefore, we first define
necessary basics (Definitions 4.1 and 4.2) and (labeled) trees (Definition 4.3) following [28,
Appendix Al.
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Definition 4.1 (Directed Graph). Let V' be a non-empty, finite set, and E CV xV. Then
we call G := (V, E) a directed graph.

1. The elements of V are called vertices, and the elements of E are called edges.

2. In the following, we will use G as an identifier for the vertex set V. Therefore, we
may use the notation v € G instead of v € V.

3. For each vertexr v € V we define the degree of v by the number of outgoing edges
deg(v) = [{w € V' : (v,w) € B}
4. For k € Ny a (k+ 1)-tuple (vo,...,v) € VF*! is called path of length k from vg to
vk, if (Vi,vit1) € E holds for all 0 < i < k.
Definition 4.2 (Son Mapping). Let T = (V, E) be a directed graph (cf. Definition 4.1).
1. We call a mapping
sons: V — P(V)

son mapping, if for all v € V there holds w € sons(v) if and only if (v,w) € E. The
vertices w are called sons of v, and v is called father of the vertices w.

2. If there is a path from a vertex v € V to a vertex w € V', we call v predecessor of w

and w successor of v.
Definition 4.3 ((Labeled) Tree). Let T = (V, E) be a directed graph (cf. Definition 4.1).
1. We call T a tree, if there is a son mapping (cf. Definition 4.2)
sons: V — P(V)
such that the following holds:

(a) There is a unique vertex v € V' that has no father, i.e.,

U sons(v) =V \ {r}.

veV
7

(b) All vertices v € V' are successors of the root r,
(c) Allv e V \ {r} have exactly one father.

2. We call the vertex r root of T and denote it by root(T).

3. We call a tree T' = (V', E') with V! CV and E' C E subtree of T. If additionally
sons(w) = sons’(w) holds for all w € V', where sons’ is the son mapping of T', then
we also denote T' by T (v) with v := root(T").

4. We call T a labeled tree, if there is a set L of labels and a map
V=L

which assigns a label v € L to all vertices v € T .
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Remark 4.4. Note that Definition 4.2 implies that the edges of a tree are uniquely deter-
mined by the son mapping (and vice versa). If we want to build a labeled tree, as we will

do in Section 4.2, we therefore only have to define the son mapping and the labels for all
vertices.

Aside from the definitions above, we will later need the following concepts.
Definition 4.5 (Leaves, level, depth). Let T = (V, E) be a tree.

1. We call the nodes v € T with sons(v) = () leaves and denote the set of leaves with
L(T):={veT:visa leaf}.
2. For vertices v € T, we define the level of v recursively through
level(root(7)) :== 0
and
level(v) = level(w) + 1,
where w is the father of v.

3. We define the depth of the tree T as

depth(7) := maxlevel(v).

veT

Now, these labeled trees can be used to describe a partitioning of the index sets Z and
J, respectively.

Definition 4.6 (Cluster tree, [28]). Let Z be an index set and T = (V, E) a labeled tree

(cf. Definition 4.3) with labels L C P(Z)\ {0}. Then we call T a cluster tree for the index
set L, if

1. the root r = root T is labeled with T =T.

2. for each node t € T \ L(T) the label is the disjoint union of the sons’ labels, i.e.

~

/\: : /
t U t'esons(t) &

We denote cluster trees for an index set T as Tz and call vertices t € Tz clusters. Subtrees

Tz(t) fort € Tz are denoted by T;. In the following, we will also use clusters t as identifiers
for their labels t, e.g.

M|t><s = M|f><§
for matrices M € RTXJ
If the cluster tree Tz is clear from the context, we denote the set of leaves with L.

Remark 4.7. Let T7 be a cluster tree, and t € Tz. Then the subtree Ty = Tz(t) is a cluster
tree for the index set t. All properties are inherited directly from Tz since the son mapping
of Tt is just the son mapping of Tz restricted to Ty.
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The second property in Definition 4.6 guarantees that the set of leaves L7 of a cluster
tree Tz defines a partition of the index set Z. Hence, a partition of Z x J could be directly
obtained from two cluster trees 77 and 77 as

{txs:teLlr,se€ Ly} (4.1)

Theoretically, we could also use an arbitrary cluster tree for Z x J, but storing this tree
would cost O (|Z]|J]) (see [28, Section 5.5]). Therefore, we use the two cluster trees Tz
and T to construct a product tree for which we only have to store the cluster trees with
a cost of O (|Z] + |T)|).

Definition 4.8 (Block cluster tree, |28]). Let Z and J be index sets with cluster trees Tz
and Tz, respectively. Let T = (V,E) be a labeled tree with V' C Tz x Tz where the label
for b € T is denoted with b. Then T is called a block cluster tree if the following holds:

1. The root is given by root(T) = (root(7Tz),root(T7)).
2. Forb=(t,s) € T the label isb =1 x5 € P(T x J).
3. If b= (t,s) € T has sons sons(b), then there holds

sons(b) = {(¥',s') : ' € sons(t), s’ € sons(s)}.

In the following, we denote a block cluster tree for cluster trees Tr and Tz with Tzx 7
and vertices b € Tzx 7 as blocks. Subtrees Tzx 7(b) for blocks b € Tz« are denoted by Tp.

The cluster trees Tz and Tz are also called row cluster tree and column cluster tree
of Trx7, respectively. Clusters t € Tr and s € Ty are called row clusters and column
clusters, respectively.

As for clusters, we will use blocks b as identifiers for their labels b (cf. Definition 4.6),
and if the used block cluster tree Tzx g is known from the context, we denote the set of
leaves by Lzxg = L(Tzx7)-

Remark 4.9. 1. A block cluster tree Trx g is also a cluster tree for T x J. The third
property yields

U t'xs = U t'xs = U t'xs=txs
(t',8")=b'esons(b) t'€sons(t), t’ €sons(t)
s’ €sons(s)

for all (t,s) =be Tzxys.

2. Similar to cluster trees (cf. Remark 4.7) the subtree Ty for b = (t,s) € Tzx7 is a
block cluster tree with row cluster tree Ty and column cluster tree T.

Since a block cluster tree Tzx s is also a cluster tree, we obtain a partition of the
product index set Z x J through the leaves L7147 as in Equation (4.1). This yields a
hierarchical block structure, but later on, we will distinguish between blocks yielding a
low-rank matrix representation and blocks yielding a dense matrix representation. This
distinction is typically done with an admissibility condition.
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Definition 4.10 (Admissibility condition, [28]). Let Z and J be index sets with cluster
trees Tz and Tz, respectively. Then an admissibility condition is a map

adm : Tz x T7 — {true, false}.
With such an admissibility condition, we can construct a block cluster tree Trx g as follows.
1. Set the root as root(Tzx7) = (root(Tz),root(77)).

2. For an already constructed block b = (t,s) € Tzx7, we set

0 if adm(t,s) = true,
sons(b) =< 0 if sons(t) =0 or sons(s) =0
{(t',s") : t' € sons(t), s’ €sons(s)} else.

Then an admissibility condition imposes the division of the leaves of the constructed block
tree Tz« 7 into admissible and inadmissible leaves. Thus, we define the farfield of Tzx 7 as
the set of admissible leaves

LT (Tzx7,adm) := {b= (t,s) € L1x7 : adm(t, s) = true},
and the nearfield of Trx s as the set of inadmissible leaves

L (Tzxg,adm) :={b=(t,s) € L1x7 : adm(t, s) = false}
= L7x7 \ LT (Tzx7,adm).

If the block cluster tree and the admissibility condition are known from the context, we
denote the far- and nearfield by E}XJ = LT (Tzxg,adm) and L7, ; := L (Tzx7,adm),
respectively.

The far- and nearfield blocks let us distinguish between dense and low-rank matrix
blocks and allow us to define hierarchical matrices as follows.

Definition 4.11 (H-matrix, [28]). Let Z and J be index sets with cluster trees Tz and
T7 and a block cluster tree Tz« g constructed with an admissibility condition adm. Then a
matriz H € RT* is called an H-matriz with local rank k € N if for each admissible block
b= (t,s) € E;XJ there is a tuple (Ap, By) € R(t, s, k) with

Hloxs = AyBY,
i.e., rank(H|;xs) is at most k. We denote the set of H-matrices with local rank at most k
by H(Tzxg. k).
Remark 4.12. Let H € H(Tzx7,k) and b € Tzxg. Then the restriction H|, of H to b is
also a hierarchical matriz with local rank k, i.e.,

Hl, € H(To, k).

The analysis of the storage cost for 7{-matrices necessitates two additional assumptions.
Since we have to store dense matrices for nearfield blocks (¢,s) = b € L7, 7, for which
either t € L7 or s € L7, we need a bound for the size of these blocks. Therefore, we
assume that the sizes of the leaf clusters of the cluster trees 77 and 77 have an upper
bound.
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Definition 4.13. Let T1 be a cluster tree for an index set T. We call njear € N a leaf size
bound of Tz if

‘t‘ < Nieaf
holds for allt € L1.

The second assumption concerns the data sparsity of the matrix. For a moment,
consider a sparse matrix (m;;) = M € RT*J. Since only the non-zero entries have to
be stored, the sparsity can be quantified by an upper bound for the number of non-zero
entries per row/column.

€ += masc{ma {5 : my; # O}, max[{i : my; # 0}} (4.2)

For H-matrices the stored data is determined by the leaf blocks. Therefore, we are inter-
ested in an estimate for the number of leaf blocks (¢, s) € Lz« 7 for row clusters t € Tz or
column clusters s € 77, respectively (cf. [28, Section 6.3],[21, Section 2.1.1]).

Definition 4.14 (Sparsity constant). Let Z and J be index sets with cluster trees Tz and
T7. Let Trxg be a block cluster tree for Tr and T7. Then we define the row sparsity
constant of Tzx7 by

Cspaow(Tzx7) = max |{s € Ty = (t,5) € Lzxg}|-
s
Similarly, we define the column sparsity constant of Tzx7 by

Csp,col(szj) = max |{t S 7—2 : (t, 8) S EIXJ}|-
s€Ty

With these constants we obtain the sparsity constant Cs,(Tzx7) of Tzxg via

Csp(’TIXj) = maX{Csp,row(ﬁxj)a C'sp,col[-,Z X \7]}

If the block cluster tree Tzx g is known from the context, we denote Csp(Tzx7) by Cop.

With these constants, we can estimate the memory complexity for hierarchical matrices.
As we will see in the next Lemma, a small memory complexity is obtained if we can assume
both constants, the sparsity constant and the size of the leaves, to be small.

Lemma 4.15. Let Z, J be index sets. Let Tz and Ty, respectively, be corresponding
cluster trees with a leaf size bound niear € N, and Tzx 7 a corresponding block cluster tree
with sparsity constant Csp. Then the storage complexity Sy of matrices H € H(Tzx 7, k)
1s bounded by

Su(Trx7:k) < Csp max{niear, k} ((pz + DIZ| + (07 + DITI) (4.3)
with
pz = depth(7z), and pg = depth(77).

Proof. See |28, Lemma 6.13]. O
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4.2 Clustering

The definition of an H-matrix (Definition 4.11) as well as the estimate for its memory
complexity in Lemma 4.15 imply the importance of the clustering and the admissibility
condition on the block structure and memory complexity of H-matrices. The structure,
i.e., the block structure or the sparsity pattern, of matrices from practical applications is
typically problem dependent. For example, the sparsity pattern of FEM matrices depends
on the decomposition of the domain into finite elements as well as analytic properties of the
chosen basis functions (cf. Section 3.3). Due to these dependencies, it is often beneficial to
consider problem-dependent cluster strategies. We will discuss two of these in this section.

4.2.1 Geometric bisection clustering

In most cases, we can describe an index set Z with geometric information, e.g., points in
a domain or supports of basis functions. Let d € {2,3}. Then, we assume that for each
index i € T there is a bounded set X; C R¢ assigned to this index. Then we also define

X=X (4.4)

ict
for subsets t C 7.

Remark 4.16. The sets X; are supposed to contain geometric information from the un-
derlying problem. They can, for example, be singletons X; = {&} or supports of functions
X; =supp p; (e.g. for PDEs discretized with the finite element method).

The geometric bisection clustering aims to utilize the geometric information obtained
from the sets X; to divide clusters into two subsets. Since it may be hard to handle the
sets X; directly because of complicated geometries, we replace them by bounding boxes.

Definition 4.17 (Bounding box). Let X C R? be bounded. Then an (axis-parallel) bound-
wng box of X 1is the smallest cuboid

B :=a1,b] x -+ X [ag, bg] € R?
with X C B. We denote the bounding box of X by B(X).
Remark 4.18. For i € 7 we denote the bounding box of X; by
B; := B(X;).
Correspondingly for all t C T, we denote the bounding box of X; by
B, := B(Xy).

We start the construction of a cluster tree by setting the root labeled with Z. To
construct sons, we have to divide Z into subsets. This is done by using the bounding box

BI =: [al,bl] X oo X [ad,bd]
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Figure 4.1: Example of the splitting of a bounding box By (left) into two parts Bi, By
(middle). The arising corresponding index subsets s1, s2 have bounding boxes By, Bs,
(right) differing from the boxes obtained via the splitting of the large bounding box.

for the index set Z. This bounding box is then split into the two distinct boxes By and Bs
along the longest axis

k= argmax{|b;, — a;| : i € {1,...,d}}.

Using my, := @, the boxes By and Bs are given by
Bl = [al,bl] X oo X [ak_l,bk_l] X [ak,mk} X [ak+1,bk+1] X - X [ad, bd], (4.5&)
BQ = [al,bl] X oo X [akfl,bkfl] X [mk,bk} X [ak+1,bk+1] X oo X [ad, bd]. (4.5b)

These boxes are utilized to construct two subsets of Z:
s1={i€Z:X;,NBy #0} and s9 =T\ 1.

The subsets s1, so are disjoint subsets of Z with s; U sy = Z. Note that By and Bs are not
bounding boxes for s; and s9, respectively (cf. Figure 4.1).

The splitting described above is repeated subsequently with bounding boxes Bs, for
s1 and By, for s, respectively, until all subsets are small enough (cf. Definition 4.13).
The constructed subsets are used to build a cluster tree, as summarized in Algorithm 4.1.
Figure 4.2 illustrates the clustering for an example.

Remark 4.19. The geometric bisection clustering implies a reordering of the index set T
as follows: we order the indices from the subset s1 before the indices from the subset so.
The further clustering of s1 and sy then implies a reordering within these subsets as well.

Remark 4.20. 1. It is often easier to handle single points instead of supports of basis
functions. Thus, it may be favorable to choose auziliary points & € R for alli € T
and replace X; by

)A(i = {51}

2. If we assume the sets X; to contain only single points &,1 € I, then the two subsets
s1, 82 are given by

si={i€t:& e B} and so =1\ s1.

In this case the new bounding boxes Bs, and Bs, are contained in By and B, respec-
tively.
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1 2 1 2 1 >
s 5 & 3 5 & 3 . 4
.6 .6 .6
8 o 9 3 of 9 ) o 9
10 10 10
J1 J1 J1
12 12 12
{1,2,...,12}
{1,3,5,7,8,11,12} {2,4,6,9,10}

PN

{1,3,5}  {7,8,11,12} {2,4,6}  {9,10}

Figure 4.2: Example of the geometric bisection clustering with the index set 7 =
{1,2,...,12} and assigned points &1,..., &2 € R2. The top row shows from left to right:
the bounding box for all points &, ¢ = 1,...,12, the first subdivision into two disjoint
subsets with respect to the split bounding box along the x-axis, and the subdivision of
both subsets with respect to the new bounding boxes. The resulting tree is illustrated in
the bottom.

Remark 4.21. The geometric bisection clustering as presented in Algorithm 4.1 results in
a binary cluster tree, i.e.

| sons(s)| = 2
holds for all non-leaf clusters (cf. [28, Remark 5.20]).

Additional assumptions on the sets X; allow us to further analyze the cluster tree
constructed with Algorithm 4.1. We assume that we have

X; = supp(pi)

for a function ¢; and that we can choose an auxiliary point & € X; for all ¢ € Z. Addi-
tionally, we assume that the supports X; are locally separated as defined next (cf. [21, 22,
28)).

Definition 4.22. Let T be a finite index set, and let X; C R? for all i € . Then we call
the sets X; locally separated if there are Csep > 0 and nmin € N with

max
i€T

diams(X;
{jEIxMQM%Xﬂgmgﬂ)Hgnmm (4.6)
sep

Remark 4.23. In the case of finite elements, the sets X; are supports supp(y;) of ba-
sis functions @; for all i € I. Furthermore, these supports are unions of simplices (cf.

Section 3.83). For all i,j € T with diste(X;, X;) > 0 one can use that there is at least
one simplex between X; and X; to show that there is a constant p > 0 depending on the



4.2. Clustering 43

Algorithm 4.1 Geometric bisection clustering algorithm

Input: Subset s C 7, leaf size bound njeus.
Output: Cluster tree with root ¢, t = s, and maximal leaf size njgar.
function BisectionClustering(s, njear)

Create a cluster ¢ with ¢ = s and sons(t) = 0 > cf. Definition 4.6
if |s| > njear then > If ¢ is too large, construct sons.
Determine bounding box By > cf. Definition 4.17
Split By into By and By > cf. Equation (4.5)

Slk{iEtZXiﬂBl#(b}
Sg < s\ $1

t; < BisectionClustering(sy, Nieaf)
ty < BisectionClustering(se, Nieaf)

sons(t) < {t1,t2}
end if
return ¢
end function

triangulation such that dista(X;, X;) > pdiamg(X;). Furthermore one can show that for
all i € T the number of intersecting supports

i eT:X;,nX;+#0}

1s bounded by some N € N that also depends on the triangulation. Details about this can
be found in [28, §6.4.3.2].

With Csep > 1/p and nmin > N the inequality from (4.6) holds, i.e., the sets X; are
locally separated.

The assumption of locally separated X; allows us for the following estimate of the depth
of a cluster tree generated by geometric bisection.

Lemma 4.24. Let T be a finite index set and X; C R for all i € T be locally separated.
Let Tz be a cluster tree constructed by Algorithm 4.1 with a leaf size bound Niear = Mmin-
Let h := min;er diamy(X;) and § := diamg(Bz). Then the depth of Tz is bounded by

depth(T7) < dlog, (2\/&0861,6@—1) ~0 (log2 (@—d)) .

Proof. (cf. |21, Lem. 4.5|) First note that each bounding box is divided along the longest
axis (cf. Equation (4.5)). Thus, the diameter is halved after at most d steps. Let ¢t € Tz
and ¢ := level(t). This observation yields

diam,, (By) < 274 diam,, (Bz). (4.7)
Since

Izl < ll2llz < Vel (4.8)
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holds for all z € R?, we obtain

(4.8) (4.7) (4.8)
diamy(B;) < Vddiamy(B;) < Va2 “Udiam, (Br) < vd2~l¥ds (4.9)

Now we will use (4.6) to find a uniform bound for the level of ¢. If ¢ is a non-leaf cluster,
|t| > Nieaf > Mmin holds due to Definition 4.13. From (4.6) and (4.9) we conclude that
there are ¢,j € t with

Definition 4.17

4.6 (4.9)
h < diamy(X;) ) Ciepdista (X, X;) Ceepdiamy(B;) < CaepVd2~ 14/,

Therefore, we obtain
0)d < |€/d] +1 < log, (ﬂcsepag—l) 41 = log, (zﬁcsepéﬁ—l) . (4.10)

Multiplying both sides of (4.10) with d finishes the proof. O

Remark 4.25. Let Tz be a cluster tree as in Lemma 4.24. Then inequality (4.9) also
yields

level(t)/d < level(t)/d] + 1 < log, (ﬂ%) +1=1log (m%) .

Therefore, we get

diam (B7)
level 1 2Vd———= | .
evel(t) < dlog, < \/Ediamoo(Bt)>

4.2.2 Domain decomposition clustering

The geometric bisection cluster strategy clusters geometrically close points together. This
strategy is based on the idea that points with a large distance have less influence on each
other. While this strategy can be used for arbitrary types of matrices, it is typically
used for H-matrix representations of dense matrices, like, e.g., the inverse of finite element
stiffness matrices (cf. [3, 16]). If applied to a stiffness matrix itself, which typically is sparse,
the geometric bisection clustering in combination with the strong admissibility condition,
discussed later in Section 4.3, yields rank 0 for all admissible blocks, while there may be
inadmissible blocks with either no non-zero entries or at least a small number of non-zero
entries. This imposes two approaches for the improvement of the block structure of these
‘H-matrix representations:

1. modifying the admissibility condition for an improved representation of the sparsity
structure,

2. tailoring the clustering to the problem.

We will now consider a suitable clustering, which is tailored for an LU factorization of
an H-matrix representing a sparse matrix. For this application, we do not only desire a
data-sparse representation of the matrix but also have to deal with potential fill-in (cf.
Section 4.4.4). The modification of the admissibility condition based on the clustering
discussed in this section will be part of Section 4.3.
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In the context of sparse matrices, fill-in means that the LU factorization results in some
non-zero entries in the two factors, which were zero entries before. Since the fill-in depends
on the ordering of the index set a suitable reordering can reduce the fill-in (cf. [35]). A
suitable ordering in this context is the nested dissection ordering discussed, e.g., in [35,
Section 3.6.2].

In the context of H-matrices, fill-in describes the increase of the local rank of admissible
blocks. This increase in the local rank happens due to a successive update of blocks, as we
will see later in Section 4.4.4. Therefore, [22, 23| introduced a cluster strategy based on the
decomposition of a cluster into three parts similar to the nested dissection ordering. Two
of the subclusters are disconnected in the matrix graph, hence the corresponding block is
a (large) zero block. Note that there is also a black-box cluster strategy [23| relying only
on the matrix graph. But we will consider the geometric variant introduced in [22] since
we will only consider problems with underlying geometric information which allows for a
simplified construction of the three subsets.

We assume that for each index i € 7 there is a point &; and a function ¢; associated
with the index ¢. Then we set

X := supp(¢;) for all i € Z, (4.11)
X, = U X; for all ¢t C 7. (4.12)
1€T

Our goal is to subdivide the index set Z into three disjoint subsets s1, s2, s3, where the
subsets s1 and sy are separated in the sense of Xg, N X, = (). The subset s3 then acts as
an interface between s1 and ss.

Remark 4.26. The condition X, N X5, = 0 may be too strong. For example in the case
of FEM matrices, it can be relaxed to Xs, N X, being a Lebesque null set, since the entries
i FEM matrices are determined via integrals.

We start with a bounding box Bz for all points &;,4 € Z, and subdivide it into B; and
By along the longest axis as in Equation (4.5). From these boxes By and Bs, we construct
the disjoint subsets

s1:={1€Z:§€DB1}, so:={i€Z:X;NXg =0}, s3:=7)\ (51Us2).

The subsets s; and sy are (geometrically) separated and can be subdivided by the
same approach. The subset s3 on the other hand is handled differently with an adapted
version of the geometric bisection clustering from Section 4.2.1. The construction of a
corresponding cluster tree is summarized in Algorithm 4.2 and Algorithm 4.3.

Definition 4.27. 1. The clusters constructed by Algorithm 4.2 are called interface clus-
ters.

2. The clusters constructed by Algorithm 4.3 are called domain clusters.

3. The set of domain clusters of a cluster tree Tz constructed by Algorithm 4.3 is denoted
by Caom(Tz). If the cluster tree Tz is known from the context, we also use Cgom =

Cdom(’TI)-
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Algorithm 4.2 Subdivision of interface clusters

Input: Subset s C Z, leaf size bound nje,y, distance £ to the nearest domain predecessor
Output: Cluster tree with root t and t = s
function InterfaceClustering(s, nieas, ¢)

Create a cluster t with £ = s and sons(t) = () > cf. Definition 4.6

if |s| > njear then > If ¢ is too large, construct sons.
if / mod d > 0 then

Determine bounding box B > cf. Definition 4.17

Split By into By and By > cf. Equation (4.5)

s1«{i€s:z; € B}
S9 < s\ s1

t; < InterfaceClustering(si, Near, £ + 1)
to < InterfaceClustering(ss, Near, £ + 1)
sons(t) « {t1,t2}
else
t' + InterfaceClustering(s, Nijear, £ + 1)
sons(t) « {t'}
end if
end if
return ¢
end function
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~ e 3{24” 25| A ararvary 21 127 123, 24 25 |
L 18 19 20 718 0 | 708 éo/
13 14 a5 2| a3 5 EresEy] ﬁl)é”
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{1,2,...,25}
{1,2,6,7,...,22} {4,5,9,10,...,25} {3.,8,...,23}
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{1,2,6,7} {16,17,21,22} {11,12} {4,5,9,10} {19,20,24,25} {14,15} {3,8} {13,18,23}

Figure 4.3: Example of the domain decomposition clustering for the index set 7 =
{1,...,25} points &1, ..., &5 € R? as shown in the top row. The sets X; are the union of
the shown triangles with &; as vertex. The top row shows from left to right: The points &;
as well as X7 marked gray on the left, the subdivision into the two domain clusters (light
gray) and the interface cluster (dark gray) in the middle, and the subdivision of these into
corresponding domain clusters and interface clusters on the right. The bottom illustrates
the resulting labeled cluster tree.

Remark 4.28. As for the geometric bisection clustering (cf. Remark 4.19), this domain
decomposition clustering implies a reordering of the index set . We order the indices of
s1 before the indices of sa, and the indices of both sy and so before the indices of ss3.

Remark 4.29. Let h := max;c7 diama(X;). Then the bounding box Bs, has at most width
h in the direction of partition. Thus, the diameter of the bounding box is halved after
at most d — 1 bisections until all axzes have at most width h, while the diameter of the
bounding boxes of domain clusters is halved after at most d divisions. Additionally, s3 is
typically smaller than the two domain clusters s1 and so. Therefore the clustering of s3
with bisection would yield a block structure with long/tall rectangular matrixz blocks for block
clusters (t, s) where eithert or s is a domain cluster, and the other one an interface cluster.
This behavior can lead to a larger fill-in (cf. [22, Remark 11]). Hence, the subdivision of
the interface clusters is delayed every d-th step.

4.3 Admissibility conditions

An important part of the definition of H-matrices is the distinction between dense and low-
rank matrix blocks via admissibility conditions. Up to now, we only discussed methods for
the clustering of index sets but not suitable admissibility conditions. Thus, we will discuss
admissibility conditions suitable for the underlying data.

Let 7 and J be index sets with cluster trees 7Tz and 77, respectively (cf. Definition 4.6).
For i € Z and j € J, assume there are sets X; C R¢ and Y; C R?, respectively (cf.
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Algorithm 4.3 Domain decomposition clustering algorithm

Input: Subset s, leaf size bound njear
Output: Cluster tree with root t and t = s
function DomainClustering(s, Njear)

Create a cluster t with ¢ = s and sons(t) = () > cf. Definition 4.6
if |s| > njear then > If s is too large, construct sons.
Determine bounding box By > cf. Definition 4.17
Split B into By and By > cf. Equation (4.5)

s1<{i€Z:¢& € By}
so+—{iel: X;NX, =0}
83(—Z\(81U82)

t1 < DomainClustering(si, Njeaf)
to + DomainClustering(sa, Njeat)
t3 < InterfaceClustering(ss, Njeaf, 1)
sons(t) « {t1,t2,t3}
end if
return ¢
end function

Remark 4.16). For ¢t C Z and s C J we then use X; and Y; as in Equation (4.4).

Strong admissibility

We first consider an example from [28] to motivate the admissibility condition. Consider
the integral operator defined by

1
(Ku)(z) = /0 log(|z — y)u(y) dy for all z € [0, 1] (4.13)

for w : [0,1] — R. The Galerkin discretization of K with a basis (¢;)iez yields a matrix
(kij) =K € RT*T with

1 1
= /0 /0 log(jz — yl)gi()p; (y) da dy (4.14)

for all i, € Z. Let X; = supp(p;) CR for i € Z. Let t,s CZ and n > 0 with
diamg(X;) < ndista (X, Xs). (4.15)

For simplicity, we will assume that X; = [ay, 5¢] and X = [a, Bs] with oy < B < as < Bs.
As we will see, (4.15) is sufficient to obtain a low-rank approximation of K|;xs with an
exponentially decreasing error.

Now, we consider the Taylor expansion of log(| - —y|) in the barycenter x* = %(Bt + )
of X}, which yields the Taylor polynomial (cf. [28, Example 4.12])

N

—1
Tk(SU,y,I*) :log(|y_$*|)+ (ﬂj‘—l‘
1

-1

*\ 0
e

(4.16)

~
Il



4.3. Admissibility conditions

of degree k € N with the remainder

Ry(z,y,z*) =log(|lz — y|) — Tk (z,y, x ; x—x* 1:6*)5'
Since
|z —a*| < 1(ﬁt — ) = fdiamg(Xt)
and

ly — 2| > (Bt — )+ (0 — B) = %diamQ(Xt) + dista( Xy, X,)

hold, we obtain

|z — 27| 419 |z — 27|
ly —x*| —  diste(Xy, Xs) + diamg(Xy) /2
(428) diama(X;)/2
dista(Xz, Xs) + diama(X;)/2
1 (4.15) 1 n

- o disty (X, X,

) 2401 249
diama (X¢) +1 n +1 241

Therefore, the remainder can be estimated by (cf [28, Remark 4.13])

oo
—1
*®\| * |0

With
(@) = (2’ and by(y) = {bg('y_x') ite =0

1
ey s

for ¢ =0,...,k—1, (4.16) yields a so-called separable expansion

Ti(x,y,2%) =Y an(x)by(y).

From this separable expansion, we can construct the matrix (%ZJ) = K € R with

1 k-1

" 1
i = /O /0 > ara 0} (o)) dody
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23a)



50 Chapter 4. Hierarchical matrices

k=1 . 1
=€Z_% /0 a¢(z)pi(z) dz /0 be(y) i () dy. (4.23b)

As a consequence of (4.23b), K is a rank-k matrix. Additionally, it approximates the block
K’tXS Wlth

k
Klixs = Kll = O (1Rl 9 e, x,) = O ((2177) ) (120

due to (4.21) (cf. |28, Section 4.6]). Note, that we could have also used
diama(X) < ndista (X, Xs) (4.25)

instead of (4.15) to obtain similar results.

The above can also be extended to other integral operators with suitable kernels. For
example, [3| and [16] discuss the existence of an H-matrix for the Galerkin discretization of
integral operators with Green’s function as kernel function. This kind of integral operator
describes the inverse of elliptic differential operators and is therefore closely related to the
inverse of FEM matrices.

The conditions from (4.15) and (4.25) motivate the following admissibility condition.

Definition 4.30. Let n > 0. Then the admissibility condition
adm,, : Tz x Tz — {true, false}
with

true if min{diams(X}), diama(Ys)} < ndiste(Xy, Ys),

adm,(t, s) :=
77( ) {false else.

1s called n-admissibility condition or strong admissibility condition.

Note that the computation of the supports X; and X can be costly. But we can replace
the supports by corresponding bounding boxes B; and By, respectively. The n-admissibility
of a block ¢t x s then uses

min{diamg(By), diamy(Bs)} < ndiste(By, Bs).

Weaker admissibility conditions

Although the n-admissibility condition yields an accurate H-matrix approximation with
low local ranks, e.g., for the inverses of certain FEM matrices, the constant Cy, describing
the sparsity of the block cluster tree may be large (especially for small ). If we assume that
the sets X; are locally separated (cf. Definition 4.22) and the cluster tree 77 is constructed
with Algorithm 4.1, the constant Cyp(7zx7) can be estimated by

CSp(TZxI) =0 (U_d)

as shown in [28, Lemma 6.17].



4.3. Admissibility conditions 51

Thus, several weaker admissibility conditions were introduced, e.g., in |20, 22, 27].
The admissibility condition from [27] was also considered in [25] but was rejected there
since this admissibility does not guarantee exponential convergence of the low-rank ap-
proximations for weakly admissible blocks, as it is the case for strong admissible blocks
(cf. Equation (4.24)). Due to the block structure induced by this admissibility condition
being called hierarchically off-diagonal low-rank (HODLR) format, we will call it HODLR-

admissibility.
Definition 4.31. The admissibility condition

admpoprr : Tz X Tz — {true, false}
with

true, ift #s

admyopLr(t, s) =
false else
1s called HODLR admissibility condition.

Note that the HODLR admissibility condition is only defined for the same row and
column cluster tree, since only in this case the clusters are comparable. For a binary
cluster tree 77, the block tree Trxz constructed with admpoprr yields

Cop = 2.

The other two admissibility conditions from [22] and [20] are tailored for sparse matrices
(aij) = A € RT*J  e.g. FEM matrices. It is assumed that a;; # 0 holds if X; N'Y; # 0.

Therefore, [22] proposed the following admissibility condition allowing for a few non-
zero entries in admissible blocks.

Definition 4.32. Let nyax € N. Then we call the admissibility condition
admsp,nmax : 7-1- X Tj — {true, fa.lse}
with

true Zf |{Z€thmY:9§£®}| < Nmax,

admgp .. (t,8) =
P (t9) {false else

sparse admissibility condition.

If the admissible blocks are required to be of rank k = 0 instead, the following admis-
sibility condition yields as large zero blocks as possible.

Definition 4.33. We call the admissibility condition
adMyeax : 77 X T7 — {true, false}
with
true if dista (X, Ys) > 0,

false else.

adMyeak (t, s) = {

weak admissibility condition.
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Domain decomposition admissibility

Last we will consider an admissibility condition fitted for square matrices and the domain
decomposition clustering from Section 4.2.2. Since different domain clusters on the same
level are not connected in the matrix graph they represent large zero blocks in the system
which remain zero when computing an LU factorization. Thus, it makes sense to declare
these blocks as admissible, which results in the following admissibility condition.

Definition 4.34. Let the cluster tree Tz be generated with the domain decomposition clus-
tering from Algorithm 4.3. Let n > 0. Then we define the strong domain decomposition
admissibility condition

adeD : Tz x Tz — {true, false}

with

t f t t, s € Cdom
admPP(z, 5) = { rue, ift #s fort,s €Cy (4.26)

adm,(t, s), else.

By replacing the strong admissibility condition adm,, in (4.26) by the weaker admissi-
bility conditions admyeax from Definition 4.33 or admgp p,,,.. from Definition 4.32, respec-

. . L. .. DD DD
tively, we obtain the weaker admissibility conditions admyey, and admg,;, .

4.4 Arithmetic

The hierarchical block structure of H-matrices reduces the memory complexity via the
dyadic representation of low-rank matrices and also allows for efficient arithmetic. While
the matrix-vector product for hierarchical matrices can be implemented straightforwardly,
the matrix-matrix sum and product, as well as the LU factorization, require the han-
dling of sums of low-rank matrices. We will now discuss these arithmetic operations,
including estimates for the computational complexity. In Section 4.4.1 we will describe
the H-matrix-vector multiplication. Then Section 4.4.2 is concerned with the sum and
product of H-matrices. The latter necessitates a discussion on the resulting block struc-
ture. With the H-matrix multiplication we will be able to describe the construction of
approximations to the inverses of H-matrices in Section 4.4.3 and the H-LU factorization
in Section 4.4.4. Throughout this section let IC,Z, J be finite index sets with cluster trees
Tic, Tz, T7 (cf. Definition 4.6) with a leaf size bound njeas (cf. Definition 4.13). Further-
more, let Tzx 7, Tzxx and Tix 7 be corresponding block cluster trees (cf. Definition 4.8)
constructed with an admissibility condition as in Definition 4.10.

4.4.1 H-matrix-vector multiplication

Most applications do not only require the matrix-vector product but also updating a vector
by this product. Hence, we consider the update

y <y +aHx (4.27)

for a hierarchical matrix H € H(Tzx7, k), k € N, and vectors x € RY and y € RZ. This
update can be handled recursively. We start with the entire matrix H, i.e., with the root
r = root(Tzx ) of the block cluster tree Tz 7. For any block b =t x s € Tz« 7 we proceed
as follows:
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e If b has sons, we perform the updates
y‘t’ — Y|t’ + H‘t’xs’x‘s’
for all (¢, s’) € sons(b) recursively.

e Ifbe E;X 7 1s an admissible leaf, there are matrices A, € R*** and By € R¥*F with
H|iws = AbB; (cf. Definition 4.11). Thus, the update can be performed through

X BZX‘S,

y\t — y|t + Abi.

o Ifbe L7, ;is an inadmissible leaf, the update has to be performed directly.

The update is summarized in Algorithm 4.4.

Algorithm 4.4 H-matrix-vector update

Input: Scaling factor a, block b = (t,5) € Trx 7, H-matrix H € H (7, k), source vector
x € R®, target vector y € R that is updated (see (4.27))
function addmul_hmatrix_vector(c, b, H, x, y)
if b e ﬁ}'xj then
Determine A € R and B € R®** with H = ABT > cf. Definition 4.11
X+ BTx e R*
y <y + aAx
else
if be L7, ; then
y <y + aHx
else
for b’ = (¢, s') € sons(b) do
addmul_hmatrix_vector(«, V', Hly, x|y, y|v)
end for
end if
end if

end function

Lemma 4.35. Let H € H(Tzx7,k), x € R and y € RZ. Then the computational com-
plexity Wav (Tzx 7, k) of the H-matriz-vector update from Algorithm 4.4 can be estimated
by the memory complezity Sy from Lemma 4.15:

Wwv (Tzx g, k) < 250 (Tzx g, k).
Proof. See |28, Lemma 7.17].

4.4.2 (Standard) H-matrix multiplication

Now, we aim to discuss the update

7 Z+XY (4.28)
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for H-matrices X € H(Tzxi, k1), Y € H(Ticxg, ke), and Z € H( Tz, k3) with local ranks
ki, ko, ks € N. We could just apply the standard dense matrix arithmetic block by block.
But typically we are interested in a particular format for the result. Additionally, the rank
of admissible blocks may increase significantly. The latter typically occurs when adding
matrices to low-rank matrices. Therefore, we first discuss the addition of H-matrices. Then
we will determine a suitable block structure for the representation of XY as an H-matrix.
Typically a different block structure is required in combination with a particular local rank.
Thus, we will furthermore examine approximations of the exact product in the required
formats. All this finally accumulates into a formatted update denoted by

Z+~7ZoX0OY.

Note that, apart from the standard algorithm introduced in [25], there are other variants
developed in [5] and [11]. In this section, however, we will consider the standard algorithm
while the discussion of the other variants is part of Chapter 6.

Addition

First, we illustrate the (formatted) H-matrix addition for summands with the same block
structure. Thus, let k,¢ € N and Zy € H(Tzx7,k) and Za € H(Tzx7,¥).

Since the classical matrix addition is defined element-wise, we can handle the sum block
by block. Inadmissible blocks, i.e. blocks b € L7, ; are handled directly. For admissible
blocks b = t x s € E;XJ Definition 4.11 yields matrices Ay € Rixk, Ao € REXL,
By € R*** and By» € R5*¢ with

Zil, = A, B}, and Zof, = A, ,B[,.

In this case, the sum can be expressed as
-
Zily+ Zoly = Ay Bi; + Ay By, = <Ab,1 Ab,2> (Bb,l Bb,2> (4.29)

Then this matrix block of the sum can be represented as a rank-(k + ¢) matrix by
setting

A, = (Ab,1 Ab,Q) e R+ and B, = (BM Bb,g) e ReX(k+0)

satisfying Z1|p + Za|p = Ang—. Therefore, the rank of Z|, + Zs|; is bounded by & + ¢.

Hence, adding two low-rank matrices does not require any arithmetical operations but
only an agglomeration of the corresponding factors to a rank-(k + ¢) representation. The
rank increase on the other hand may be problematic or undesirable, especially when this
operation is performed repeatedly. The increase of the rank can be handled by truncating
it to a desired quantity, e.g., with the methods explored in Section 2.1. This yields the
formatted H-matrix addition, which is summarized in Algorithm 4.5. The rank of the sum
of low-rank matrices is truncated via SVD (see Remark 2.2) in that algorithm.

Since the addition of low-rank matrices has no computational cost, and the sum of
dense matrices is only computed for the (potentially small) inadmissible blocks, the com-
putational complexity of the truncated H-matrix sum is dominated by the truncation of
the low-rank blocks.
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Algorithm 4.5 Formatted H-matrix addition
Input: Block b = (t,5) € Trxg, source matrix Z1 € H(T ), k), target matrix Zy €
H(T1,s),£) overwritten by Z; @3 Zz, maximal rank r
function add_hmatrix(b, Z;, Zs, r)
if b e E}“XJ then
Determine (A1, B1) € R(t, s, k) with A;B] = Z;. > cf. Definition 4.11
Determine (A, Bs) € R(t,s,f) with AsBJ = Zs.
A «— (A1 Az)

B+« (B1 B2)

Zy < ‘If;gﬁ’r(A, B) > cf. Remark 2.2

else
if be L7, ; then
Zo <— 7o+ 74
else
for v’ € sons(b) do
add_hmatrix(V', (Z1)|y, (Z2)|y, )
end for
end if
end if
end function

Lemma 4.36. Let k := max{ki, k2, Near} and p := max{depth(7z),depth(77)}. Then
the computational complezity Waqq of the (truncated) H-matriz addition is bounded by

Wadd(Tzxg ki, ke) < 24K°Cop(p+ D)(IZ] +171) + 176k Cup,(1Z] + 17 1)
where Csp, is the sparsity constant from Definition 4.14.

Proof. See |21, Remark 2.14]. O

Exact H-matrix product and induced block cluster tree

As it will turn out later, the product XY can be represented blockwise with sums of low-
rank matrices. The block structure of this representation is induced by the block cluster
trees Tzxi and Tix 7 of the factors X € H(Tzxx, k1) and Y € H(Ticx 7, k2), respectively.
Therefore, we consider the product

X|b1Y|b2 = X|t><rY‘r><s

for arbitrary blocks by = (¢,7) € Tzxx and be = (1, s) € Txx7. Then we have to distinguish
the following cases.

1. If b, € E}X,C or by € £2XJ, i.e., either by or by is an admissible leaf block, then there
are matrices Ay, € R™>F B, € R™* or A, € R™*2 By, € R***2 with

X|b1 = Abl]3;)r1 or Y‘b2 = AbQBg;,
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respectively, due to Definition 4.11. Therefore, we obtain
X|p, Y1y, = AB}
with b := (¢, s) and
Ay = Ay, € RPF By = Y] By, € R¥M (4.30)
or
Ay = X[y, Ay, € RP*F2 By := By, € R¥F2, (4.31)

respectively. Note, that if one of the blocks b1 and bs is not a leaf, the corresponding
product

Xy, Ay, or Y|j,By,

can be computed with k; or ke H-matrix-vector products, respectively.

cAf by € L7y or ba € Ly, 7, then Xlp, or Yp, is a dense matrix and either t € Lz,

r € Li, or s € L7 (cf. Definition 4.10), i.e. [t| < Njeat, 7| < Niea, O || < Njeat.
Therefore, we have

X1y, Yo, = ApBy,
where (A, By) € R(t, S, njear) can be computed as follows:

(a) If |t| < nMjear then by is an inadmissible leaf, and we set

Ay =1, Bp:=X|pY]s,- (4.32)
(b) If |7| < nyear then both, by and be, are inadmissible leafs, and we set

Ay :=Xlp,, Bp:=Y|p,. (4.33)
(c) If |s| < nyear then by is an inadmissible leaf, and we set

Ay :=X[p,Yp,, Bpi=1I. (4.34)

The occurring products can be computed with at most nje.s H-matrix-vector multi-
plications.

I by & Lrxx and by & Lix 7, then both blocks have sons with

sons(by) = {(t,r") : t' € sons(t),r" € sons(r)}
and

sons(bg) = {(r',s") : v’ € sons(r), s’ € sons(s)}.
Therefore, the product X|¢x,Y|rxs can be handled block-wise with

(X|t><rY|r><s)|t’><s’ = Z X|t’><r’Y|7"><s’~ (435)

r/€sons(r)
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Remark 4.37. Let r7 := root(7z), rc := root(Tx), and ry := root(T7). Then the
discussion above induces the following block cluster tree Ir;(‘lj defining a block structure for
the exact product. The root is root(’TIjI;‘}j) = (rg,77). For a block b = (t,s) € 7'1“;‘%7, the
set of sons is

sons(b) = {(t',s') : t’ € sons(t), s’ € sons(s)}

if there is a cluster r € T with (t,7) € Trxx \ Lzxic and (r,s) € Tiexg \ Licxg- If, on the
other hand, for all v € T with (t,r) € Tzxx and (r,s) € Tixg the block (t,r) or (r,s) is
a leaf, respectively, the set of sons is

sons(b) = 0.

In the following, we will introduce some helpful definitions to express the result of the
product on the leaf blocks of 7}?37 Due to the tree structure of (block-) cluster trees, each
cluster (or block) has uniquely determined predecessors on the prior levels.

Definition 4.38. Let Z be an index set with cluster tree Tz. Let t € Tz with £ := level(t) >
0. Then there is a unique predecessor t € Tz with t € sons(t). For j € {0,...¢}, we define
the predecessor P (t) of t on level j recursively via

ifj =1
Pi(t) =<1 vifj=0—1
Pi(t) , else.

This allows us to describe a block (XY)]; of the product for b = (t,s) € T2, The
definition for sub-blocks in (4.35) implies that

(XY)|, = > Xl Yles, (4.36)
reTx
level(r)=level(b)
where the summands X|;x, Y |,xs may be a hierarchical matrix or a low-rank matrix. The
latter case occurs, if there was a cluster r* € T with j := level(r*) such that (P7(t),r*) €
Lzxic or (r*,PI(s)) € Lixs (see Figure 4.4).

When b is not a leaf block, ie., b & L(TI“;%), there is at least one summand in
(4.36) which is a hierarchical matrix. It is no problem to subdivide these to obtain a
representation for all sub-blocks of b. But if there is a cluster r € Tx such that (t,7) € Lxx
or (r,s) € Lxxyg, there is one summand which is a low-rank matrix. This has to be
subdivided as depicted in Figure 4.5 to obtain a representation similar to (4.36) for all
sub-blocks of b.

The discussion above imposes that, on the other hand, if b € E(TI“;%) is a leaf block, we
can represent this block as a sum of low-rank matrices. First, we define the following sets
helping to describe low-rank summands occurring in representations of non-leaf blocks.

Definition 4.39. Let b := (t,5) € T, with £ := level(b) = level(t) = level(s). For
j €10,...,¢0}, we define the sets

Pi(t) x r € Trxxc and r x PI(s) € Licxg
U (t,s):=<reTg: or ,
Pi(t) xr € Lz and r X P(s) € Texg
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T T3

e ERY BelY |

- = +|._.D.:+-.HE

(XY)|t><s: X|t><7"1 Y|r1><s + X|t><7"2 Y|7°2><s + X|t><7"3 Y|r3><s

Figure 4.4: Example for the computation for a block of the product XY. Here we have
(t,71) € L1z, (t,r2) € Lzxk, and (r3,P1(s)) € Lixg. Therefore, X|ixr Y| xs,
Xlixry Ylryxs and X[p1(g)xr, Y |ryxpi(s) are low-rank matrices, as depicted in Equa-
tions (4.30) to (4.34). They are restricted to ¢ x s (gray shaded parts) and are summed up
to obtain the result (XY)]¢xs.

v H: n H—

+ I: + I—

Figure 4.5: Block-wise computation of the sum of a hierarchical matrix and a low-rank
matrix. The left (light gray/dark gray) and right (gray/black) low-rank factor is split,
respectively, to obtain a block structure similar to the left summand.
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and their union
l
Uit,s) == Ju(t,s) C Tx.
=0

Now, we utilize these sets to find a block-wise expression of the product as a sum of
low-rank matrices (see also Figure 4.4).

Lemma 4.40. Let b:= (t,s) € T2, with ¢ := level(b) = level(t) = level(s). Then

l

c=U

r
J=0reli(t,s)

s a disjoint union, and

l
XY)ixs=> Y Kl Ylhus= > Xl Yloxs, (4.37)

J=0 retli(t,s) reU(t,s)
with all summands being low-rank matrices.

Proof. See |21, Lemma 2.19]. O

The analysis of the computational complexity necessitates an estimate for the number
of summands in (4.37).

Proposition 4.41. Let b= (t,s) € L2 . Then
17(¢, 5)] < min{Cap(Tzxx), Cop(Tiexr)}
holds for all j € {0,...,level(b)}, and therefore
U(t, 5)| < (min{depth(Tzxx), depth(Tix )} + 1) min{Csp(Tzxx), Csp(Tix7)}-
Proof. See |28, Remark 7.33]. O

With this upper bound, we can estimate the computational complexity for the exact
‘H-matrix product.

Theorem 4.42. Let p := max{7Tz, T, T7}, and let W := XY be the result of the exact
H-matriz product. Let Cs, := max{Csp(Tzxx), Csp(Tkcxg)} (cf. Definition 4.14) and
k := max{k1, ko, njear }. Then

W e H(THY k)
holds with

k< Cop(p+ 1)E.
The computational complexity Wexacty for the exact H-matriz product is bounded by

Wexact (Tzxics Tros s k1, k2) < Cexact (5 + 1)*K2(1Z] + K| + |T1),
where
Coxact = 4C3,

Proof. See |21, Theorem 2.20]. O



60 Chapter 4. Hierarchical matrices

Truncated H-matrix update

In the previous section, we have expressed the (exact) product block-wise as a sum of low-
rank matrices. The block structure for this representation was obtained from an induced
block cluster tree TI”;C}j (cf. Remark 4.37) depending on the factors’ X and Y block cluster
trees Trxx and Tix7. In most applications, on the other hand, the result is required to
have a predefined block structure described by another block cluster tree Tz« 7 as well as
a desired maximal local rank k£ € N. This leads to the truncated product X ©Y which
can be computed from the exact product. But first, we have to deal with the following two
major problems:

1. The blocks of the exact product are sums of low-rank matrices while the H-matrix
format requires low-rank and dense matrix blocks.

2. The block structures defined by the block cluster trees 7z« s and 7%&‘?7 differ.

The first can be handled by computing these sums explicitly for inadmissible leaf blocks
and truncating them to the required rank for admissible leaf blocks.

The second requires a detailed examination of the mentioned differences to convert the
block structure. Since Tzx 7 and TZ“;C} are block cluster trees for the same cluster trees Tz
and 77, they can only differ if there are leaf blocks in one of the block cluster trees which
have sons in the other tree, i.e. blocks b = (t,s) with b € Tzx7 and b € 7};}7 with either
be L(Tzxg)orbe L (7?;(‘17)

We first consider the case b € L(Tzx.7) but b & 5(7}1;‘17) Then b is an admissible leaf
of Tzx 7 (cf. Definition 4.10). In ’TI“;‘%, on the other hand, b has sons. Then we compute
the exact results, i.e., we determine ky € N and Ay € RY %k and By € R ¥k with
AyB] = (XY)|y for all ¥ = (¥, s') € sons(b). Then we can truncate the agglomerations

;&b = Z Ab/|t><kb', ]§b = Z Bb/|s><kb' (438)

b’ €sons(b) b’ €sons(b)

to the required rank, i.e. we set
(X @ Y)|, := ApB] with (Ay, By) = Thyi, 1 (Ap, By),

where k=3 "y coons(p) ko' |
In the other case, i.e. b € L(TFY,) but b & L(Tzx7), the exact result Wy, = (XY)]y is
a sum of low-rank matrices due to Lemma 4.40. This sum has to be computed as

W, = AwBw

with Aw € R*% Byw € R**% L, € N. This result can then be truncated to the desired
local rank to obtain the rank-k representation

A}B] = ‘Zﬁﬁin,k (Aw,Bw). (4.39)

In the next step, we split Aj, and By, to obtain the formatted result (AB] )|y for all sons
b’ € sons(b) in Tzx g (cf. Figure 4.5).
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The truncated H-matrix product requires, in addition to the exact multiplication, the
truncation of low-rank matrices. This truncation can be done afterwards for the exact result
to acquire the best approximation for the truncated low-rank blocks via an SVD or pairwise
through truncating intermediate results (cf. Section 2.1) Note that the sum in (4.38) is an
agglomeration of smaller, disjoint matrix blocks to a larger matrix block. This operation
itself does not require any arithmetic operations (cf. (4.29)). These agglomerations occur
whenever the block structure from the induced block cluster tree ’7'1”;‘{7 is finer than the

block structure from 77 7. Therefore, we have to quantify this difference between Tz« 7
and T, (cf. [21, 28]).

Definition 4.43. Let b = (t,5) € Tzxg with £ := level(b). We define the elementwise
idempotency constant Ciq(t X s) by

Cid(tv 5’7-111;(%7) = |{(t/7 5/) € 7-In>1<(?7 it = lpe(t/)7 s = Pe(sl)Hv
and the block cluster tree idempotency constant Ciq(Tzx7) by

Cid(TIxJ,TIiI;%) = ” sl)ffel%;f JCid(t7377-Iir>l<C1’7)'

If the block cluster tree Tzx 7 is known from the context, we denote Ciq(Tzx7) by Ciq.

If the induced tree ’TI“;% is identical to Tzx 7, the idempotency constant is Ciqg = 1.
The same holds if the induced block cluster tree is coarser than 7zx 7. If, on the other
hand, the induced block cluster tree ’TI”;‘% is finer than Tzx 7, i.e., there are blocks b
with b € 7'1“;%7 \ £ind 7 and b € L7147, then the idempotency constant is bounded from
below by Ciq > 1. In this case, the formatted multiplication requires additional truncated
agglomerations.

The idempotency constant allows an estimation of the rank increase from agglomera-
tions and therefore allows an estimate of the computational complexity of the truncated
H-matrix product.

Theorem 4.44. Let p := max{depth(7z), depth(7x),depth(77)}, and let W := XY be
the result of the exact H-matriz product. Let Cs, = max{Csp(Tzxi), Csp(Tkxg)} and
k := max{ky, ko, neat }. Then

W e ’H(Exja E)
with
% < CidCSp(ﬁ—l— 1)7%

The truncated H-matriz product with a single truncation for all admissible blocks that yields
the best approximation for these blocks has a computational complexity Whest of

Wbest(’TIXICa’ﬁCXJaklvk2) < Cbest(ﬁ"’ 1)3(‘I| + |IC| + ‘\7|)7

where

Chest = 32C5,Cy.
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The truncated H-matriz product with pairwise truncation, on the other hand, has a com-
putational complexity Wy of

Wi (Tzxic, Tex g k1, ka) < Cow <E2(ﬁ+ D*(IZ] + K]+ |71) + 233%3(/% (7] + \JI)>
=0 ((p+D*(IZ] + K+ |T1D)
with
Cpw = 28C3 Cla.
Proof. See [21, Thm. 2.24]. O

By combining the truncated addition and the truncated product, we obtain the trun-
cated H-matrix update

Z—~Zda(XOY)

summarized in Algorithms 4.6 to 4.9 for pairwise truncations.

4.4.3 H-matrix inversion

The (approximate) inversion of H-matrices can be derived from the inversion of block
matrices. Therefore, we first consider the following factorization of a 2 x 2 block matrix
M, where Mj; has to be regular:

Moo (M Miz)  (Mp I MM
M1 Mas. My 1 S

with S = Mgy — MglMilMlg. Hence, if in addition to My; the Schur complement S is

also regular, the inverse
N1 N
M-l — N — 11 12
No1 Na

of M is given by

_ (T M MesT! M}
St ~My M} I

_ Ml_ll + Ml_llMlgsilMglMl_ll —Ml_llMlgsil .
—S™IMy M} St

Therefore, the inversion of the block matrix M can be reduced to matrix multiplications
of the blocks and the recursive inversion of M1; and S, respectively, by

e determine Ny; = M} (4.40a)
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Algorithm 4.6 Truncated update of a rank-k’ matrix by the product of two H-matrices

Input: Scaling factor a € R, clusters t € Tz, r € T and s € Ty with (¢,7) € Tzxk
and (r,8) € Tixg, H-matrices X € H(T (), k1) and Y € H(T; ), k2), rank-E’ factors
(A,B) € R(t,s, k') that are overwritten by rank-k factors of the sum ABT + aXY
truncated to a target local rank k.
function addmul_rkmatrix_hmatrix(a, t, 7, s, X, Y, A, B, k)

if (t,7) € L7xx then
Determine (A, Brp) € R(t, s, k1) with XY = AHBﬁ > cf. (4.30) to (4.34)
A« (A oAp), B« (B aBy)
(A,B) « ‘Zﬁlﬂf]i(g,f’)) > cf. Remark 2.2
else
if (r,s) € Lzxx then
Determine (ABry) € R(t, s, kz) with XY = AfBf, & cf. (4.30) to (4.34)
A« (A aap), B (B aByp)
(A,B) « T (A, B) > cf. Remark 2.2
else
for ¢’ € sons(t), s’ € sons(s) do
A’ 0rx1, B« 0s/x1
for 1’ € sons(r) do
addmul _rkmatrix_hmatrix(a, t', 7/, ', X|yxw, Yl|rxs, A, B/, k)

end for
A (A AH), Be (B BPH)
(A,B) + Tf}lljl_llfk(;&’ B) > cf. Remark 2.2
end for
end if

end if

end function
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Algorithm 4.7 Update of a dense matrix by the product of H-matrices

Input: Scaling factor o € R, clusters t € Tz, r € T and s € Tz with (t,7) € Tzxx and
(r,5) € Tkxyg, H-matrices X € H(T(1r), k1) and Y € H(T, ), ko), matrix Z € R**® that
is overwritten by Z + oXY.
function addmul_matrix_hmatrix(a, ¢, r, s, X, Y, Z)

if (t,7) € L1xx then
Determine (A, B) € R(t, s, k1) with XY = ABT > cf. (4.30) to (4.34)
Z+ Z+aABT
else
if (r,s) € Lzxx then
Determine (A, B) € R(t, s, k2) with XY = ABT > cf. (4.30) to (4.34)
Z <+ Z+aABT
else
for ¢’ € sons(t),r’ € sons(r), s’ € sons(s) do
addmul_matrix_hmatrix(a, t', 7, s, X|ywrs Ylrxs, Llyxs)
end for
end if
end if
end function

Algorithm 4.8 Truncated addition of a rank-k’ matrix to an H-matrix

Input: Scaling factor o € R, clusters t € Tz and s € Tz with (¢, s) € Tzx7, rank-k’ factors
(A,B) € R(t, s, k'), H-matrix Z € H(T ), ), target rank k € N.
function add_hmatrix_rkmatrix(a, t, s, A, B, Z, k)
if (¢,s) € 5'1:\7 then
Determine (A ,), B € R(t,s, ) with Z = A, B (t 5 P cf. Definition 4.11

ts))
K<—(A(t5) aA) 1? (B(m) aB)
B

(Az,Bz) « ThiL (A, B) > cf. Remark 2.2
Z +— A’zB\Z
else
if (¢,s) € L7, 7 then
Z <+ Z+aABT
else > (t,s) & L1xg

for ¢’ € sons(t), s’ € sons(s) do
add_hmatrix_rkmatrix(a, t'; §', Alyxi, Blaxk, Llyxs, k)
end for
end if
end if

end function




4.4. Arithmetic 65

Algorithm 4.9 Truncated H-matrix update with pairwise SVD truncation

Input: Scaling factor o € R, clusters t € Tz, r € T and s € Ty with (t,7) € Trxx and
(r,8) € Tkxg, H-matrices X € H(T (), k1), Y € H(Trs),ka), and Z € H(T 4, ks3),
desired maximal local rank k € N.
function addmul_hmatrix(a, ¢, 7, s, X, Y, Z, k)

if (t,r) € L1xx then

Determine (A, B) € R(t, s, k1) with XY = ABT > cf. (4.30) to (4.34)
add_hmatrix_rkmatrix(a, t, s, A, B, Z, k)
else
if (r,s) € Lxxg then
Determine (A, B) € R(t, s, k2) with XY = ABT > cf. (4.30) to (4.34)
add_hmatrix_rkmatrix(q, t, s, A, B, Z, k)
else > (t, T‘) Q LZXJ) (T‘, S) Q LIXJ
if (t,s) € LF, ; then
Determine (A, B) € R(t, s, k3) with Z = ABT > cf. Definition 4.11
addmul _rkmatrix_hmatrix(ca, ¢, 7, s, X, Y, A, B)
else

if (¢,s) € L7, ; then
addmul _matrix_hmatrix(a, t, r, s, X, Y, Z)
else > (t,s) & L1xg
for ¢ € sons(t),r’ € sons(r), s’ € sons(s) do
addmul _hmatrix(a, t', 1, ', Xl|yxr, Y|rxss Llyxs)
end for
end if
end if
end if
end if
end function
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e compute Ngl = Mgll/\\Tll (4.40b)
e compute ng = NllMlg (4.40c¢)
e compute S = My, — N21M12 (4.40d)
e determine Ngy = S™! (4.40e)
e compute Ng; = Nggﬁgl (4.40f)
e compute Nig = ﬁlgNgg (4.40g)
e compute Nij; = 1(111 — ﬁlgNgl (4.40h)

If we are only interested in the inverse, this computation can also be done in-place.

This 2 x 2 block inverse can be generalized for an arbitrary number of block rows and
columns. For the H-matrix inversion, we just replace all exact updates with truncated
‘H-matrix updates, as described in |21, 28]. But first, we have to fix an order for clusters
on the same level (cf. Remarks 4.20 and 4.28), i.e., we assume that for each non-leaf cluster
t € Tz \ Lz the sons are enumerated by sons(t) = {¢1,...,t,}, where v = |sons(t)|. The
‘H-matrix inversion is summarized in Algorithm 4.10.

Remark 4.45. 1. The regularity of M is not sufficient for the existence of a block-wise
inverse of M. Consider, for example,

M M
M — 11 12
My Moo

Then M is reqular, but the block M1 is not. Hence, the matriz M has to satisfy
stricter conditions. A sufficient condition is, for example, the reqularity of all prin-
cipal submatrices since in this case there is a unique (block) LU factorization (see,

e.g., [18]).
A M1 Mo _ L1y Uir Up
My Moo Loy Lo Usgo

Therefore, M1 = L11Uq1 and S = LosUsy are regular.

2. If the block inverse of an H-matriz exists, the reqularity of the upper left block as
well as the regularity of the Schur complement are equivalent to a full rank of these
matrices. Therefore, the H-matriz inverse can only be computed if all diagonal blocks
are inadmissible. Although this is not required in Definition 4.10, oll admissibility
conditions from Section 4.3, and therefore all block cluster trees constructed with
them, satisfy this condition.

Lemma 4.46. Let M € H(Tzxz1,k1). Then the computational complexity Wiy, of the
H-matriz inversion is bounded by

Winy (Tzxz, k1) < Wow(Tzx1, TzxT: K1, k1),

where Wy 1s the computational complexity of the truncated H-matrix multiplication with
pairwise truncations (cf. Theorem 4.44).

Proof. See |21, Thm. 2.29|. O
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Algorithm 4.10 H-matrix inversion

Input: Cluster t € Tz, H-matrix M € H (7, ), k1) that is overwritten by intermediate re-
sults, auxiliary matrix N € H(T(14),0), target matrix N € H(7(; ), 0) that is overwritten
by M1, target local rank k € N R
function invert_hmatrix(¢, M, N, N, k)

if (¢t,t) € L1x7 then > (t,t) € L7, 7 due to Remark 4.45
N+ M!
else
Nlix¢ < 0
{t1,...,t,} < sons(t)
for/{=1,...,v do

invert_hmatrix(ts, Mly,xe,, Nlext,, Nleyut,, k) > See (4.40a)(4.40¢)
fori=1,....4—1do
N|t[><ti ~—0

addmul_hmatrix(1, ty, te, ti, Nle,xt,s Nl N‘t{Xtiv k) > See (4.40f)
Nlt,xt; < Nlg,xt,

end for
fori=(+1,...,vdo

thxti ~—0 R

addmul_hmeﬂ:rix(l, ty, ty, t;, N|t[><t[a M|te><tiﬂ N|tg><t¢> k?)

M, xt; < Ne,xt, > See (4.40c)
end for

fori=¢+4+1,...vdo
for j=1,....4do
Nli;xt; < 0 R
addmul_hmatrix(—l, t;, to, tj, M’tixtp N|tg><tj7 N‘tixtjv k‘)
~ > See (4.40b)
N|ti><tj — N\tixtj
end for
for j=¢+1,...,vdo
addmul_h.matrix(—l, tz‘, tg, tj, M’tixt“ M’t(gxtja M’tixtjy k)
> See (4.40d)
end for
end for
end for
for/=wv,...,1do
fori=¢—-1,...,1do
for j=1,...,vdo
addmul_hmatrix(—l, t;, to, tj, M’tithv N|tg><tj7 N‘tixtja k)
> See (4.40g),(4.40h)
end for
end for
end for
end if
end function
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4.4.4 H-matrix factorizations

In most applications, the inverse is not required directly but rather its action on vectors
or matrices. A popular alternative to computing the inverse (or an approximation of the
inverse) is to use a factorization, e.g. an LU factorization or Cholesky factorization. As for
the inverse, we first consider the exact LU factorization for a 2 x 2 block matrix. For

M1 Mo
M = :
<M21 M22>

the existence of the LU factorization M = LU directly yields a representation in the block

form
M — M1 Mo _ Li; Uiyr Ugpg
My Moo Loi Lo Uy,

_ Li1Up;y L11U19 LU
Lo1Ui1 LUz + Lo1Usg

Therefore the LU factorization of M can be computed block-wise through
1. Determine Li; and Uy with My; = L1;Uq3.

2. Determine Ujs by solving L1 U2 = Mjs.

3. Determine Lg; by solving UL, = MJ,.

4. Determine Loy and Ugy with LosUgg = Moy — L1 Ujqs.

Besides the computation of the LU factorization for sub-blocks, the computation of the
LU factorization of M requires two forward solves, one with L1; and one with U-lrl, and an
update of a subblock. The update can be computed with H-matrix arithmetic as described
in Section 4.4.2. Computing the LU factorization of the sub-blocks in H-matrix arithmetics
can be handled by a recursive call.

The remaining part is the block forward substitution (exact or with H-matrix arith-
metic). As before, we first consider the exact 2 x 2-block case

N, _N-LX — L1y X4 _ L1 X,y .
N> Loy Lo/ \ X2 Lo X + L2 X

Solving the block system LX = N for X requires
1. solving the equation Li;X; = N; for the respective sub-blocks,
2. computing ﬁg := Ny — L9 X1,
3. solving the equation Loy Xy = 1/\\12.

The H-matrix variants of the operations discussed above require, as for the H-matrix
inversion, fixing an order for clusters on the same level, i.e. we assume that for each
non-leaf cluster ¢ € 77 \ Lz, the sons are enumerated by sons(t) = {t1,...,t,} where
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Algorithm 4.11 H-matrix forward substitution for H-matrices right hand sides

Input: Clusters t € 77 and s € Tz, block lower triangular H-matrix L € H(T ), k2),
right hand side X € H(7(; ), k2) (gets overwritten), desired maximal local rank &k € N.
function hmatrix_forward_substitution(t, s, L, X, k)

if (¢,s) € L7, ; then

for i € s do
hmatrix_vector_forward_substitution(t, L, X|;y ;)
end for
else if (t,s) € L7, ; then
Determine (A, B) € R(t, s, k1) with ABT =X > cf. Definition 4.11

fori=1,...,k do
hmatrix_vector_forward_substitution(¢, L, A]tx{i})
end for
X ¢ zfﬁin,k(Av B) > cf. Remark 2.2
else
{t1,...,tn} < sons(t)
fori=1,...,ndo
for s’ € sons(s) do
hmatrix_forward_substitution(t;, s, Ll xt,, Xlixs, k)
for j=i+1,...,ndo
addmul_hmatrix(—1, tj, t;, 8', Lt xt;, Xlexss Xle;xs, k)
end for
end for
end for
end if
end function

Algorithm 4.12 H-matrix forward substitution for vector right hand sides

Input: Cluster ¢ € Tz, block lower triangular H-matrix L € H(7; ), k), right hand side
matrix x € R’
function hmatrix_vector_forward_substitution(t, L, x)

if t € L7 then >txteLls, s
x +— L 'x
else
{t1,...,tn} < sons(t)
fori=1,...,ndo
hmatrix_vector_forward_substitution(t;, Ll x¢,, X|t)
for j=14,...,ndo
addmul_hmatrix_vector(—1, (t;,%;), Llt;xt;, X[t X|¢;)
end for
end for
end if

end function
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Algorithm 4.13 H-matrix LU factorization

Input: Cluster ¢ € Tz, H-matrix M € H(7(z4), k'), target maximal local rank k.
function lu_decomposition_hmatrix(¢, M)
if t € L7 then >txteLls, s
Compute the LU factorization of the dense matrix M
else
{t1,...,tn} < sons(t)
for /=1,...,ndo
lu_decomposition_hmatrix(ty, M|, xt,)
fori=¢+1,...,ndo
hmatrix_forward_substitution(ts, ¢, Mlt,xt,, Mlt,xt;)
hmatrix_forward_substitution(ty, ¢;, M‘;tl;xtev M\the)
for j=/¢+1,...,ndo
addmul_hmatrix(t;, ts, t;, M|, xt,. M|t1’.><tj7 M, xt;)
end for
end for
end for
end if
end function

v = |sons(t)|. Replacing all exact arithmetic operations with corresponding H-matrix
operations then yields Algorithm 4.11 for the forward substitution with H-matrix right
hand sides, Algorithm 4.12 for the forward substitution with dense matrix (or vector)
right hand sides, and Algorithm 4.13 for the H-LU factorization.

Without further analysis of the block structure, we can estimate the computational
complexity with the complexity of the H-matrix product.

Lemma 4.47. Let M € H(Tzx1,k1) such that there exists an LU-decomposition of M.
Then the computational complexity Wi,y of the H-LU factorization is bounded by

Wiu(Tzxz, k1) £ Wow(Tzxz, Cluster[Z x I}, ki1, k1),

where Wy 1s the computational complexity of the truncated H-matriz multiplication with
pairwise truncation (cf. Theorem 4.44).

Proof. See |28, Lemma 7.39). O
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Chapter 5

H-LU preconditioning of saddle
point problems

We are interested in the application of H-matrix factorizations to block preconditioners
for saddle point problems of the form

46)-6 )66

as described in Section 2.3.2. The main difficulty of these preconditioning techniques
is to find easily invertible approximations F to F and S to the Schur complement S =
BF'BT. In this chapter, we will explore different approaches to the construction of H-
matrix approximations of F and S and their H-LU factorizations. We will only consider
saddle point problems originating from the discretization of Oseen problems with the FEM
with the stable pair of finite element spaces described in Section 3.3, i.e., M is of the form
(cf. (3.19))

F (Bl)T
F BT :
MZ(B 0)2 F BT | o1
B! ... B ¢

Remark 5.1. Since we consider systems from the discretization of Oseen problems with
the stable pair of finite element spaces described in Section 3.3, we can assume the following
to be given:

o The continuous Oseen equations (cf. (3.3)) on a polyhedral domain Q C R? (d €
{2,3}) with boundary T' := 0. The boundary is divided into a part I'p with Dirichlet
boundary conditions and I" y with Neumann boundary conditions.

o A triangulation T" of Q (cf. Definition 3.6), as well as a triangulation T"/? con-
structed from T" by connecting the edge midpoints (cf. (3.23) and Remark 3.7).

o The spaces (cf. (3.18) and (3.23))

d
Q"=PYT"), V'=PYT"?), and V" =][V"
=1
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e Bases (Vy,...,¥y) of Q" and (P15 Ons Prtly -+ Prtnp) of VP such that

(1, 0n) = VI = VInHN(Q;Tp)

(cf. (3.21) and (3.22)).

e The two index sets T = {1,...,n} and J € {1,...,M} for which F € RT*Z

B* ¢ R7*T fork=1,...,d, and S € R7*J,

ForieZ and j € J, we define X; := supp(y;) and Y; := supp(V;), respectively. Further-
more, we use

X ::UXZ- andYt::UYi

€S JEt

for s CT and t C J, respectively, as in Section 4.2. In addition, the functions ¢; are hat
functions for some vertex & € V(T"?) for all i € T (cf. (3.21)). Similarly, V; is a hat
Junction for some vertex x; € V(T for all j € J.

Remark 5.2. Let i € Z. Since T"? is refined from T by connecting the edge midpoints,
one of the following two cases apply to &;:

1.

If €& € V(T") C V(T"?) then there is a j € J with & = X;- Let K € TH? with
&, € K. Then, there is a unique L € T" with K C L. Since T" is a triangulation
(cf. Definition 3.6), this implies that §; = x; is a vertex of L, i.e., § € L. This
implies

Xi=supp(p;) = |J K< |J I =supp(¥;) =Y.

KeTh/? LeTh
¢,eK x;€L

If & € V(TM2)\ V(T"), then it is a midpoint of an edge E € E(T"). Hence, there
are k, 0 € J with E = {x},,x,} and & = 3(xs, + x¢)- Now, let again K € Th2 with
€, € K and L € T" the unique simplex with K C L. Then E has to be an edge of L,
since &; € L. Therefore, we obtain

X; = U K C U L=Y.,NnY,.

KeTh/? LeTh
,eK XksXeEL

To construct F and S with H-LU factorizations, we have to

1.

2.

Represent F as H-matrix Fy, i.e., its sub-blocks F as Fy.
Compute an (approximate) H-LU factorization F= LrUg =~ Fy.
Represent B as H-matrix By, ie, Bl,...,.Bdas B},... , BJ.

Compute Sy := (ByUgp') ® (Lg'BJ,) with #-matrix arithmetic.

. Compute an (approximate) H-LU factorization S = LgUg ~ Sy4.
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Due to the block-diagonal structure of F, its H-LU factorization will be of the form

LrUp

F =
LrUr

Remark 5.3. The discussion above implies that the computations of F and S can be
expressed as follows:

d
_ ~ —1
S = —ByF;/'By = - Y BjFy (Bf)'
k=1

&

d
- Z BY (LyUg) 1(B5)T (1) Compute an H-LU factorization LgUp ~ F

k=1
d 1 1
~—Y (B Up )(Lp (B)T)
k=1
(2) Compute V¥ = B%U;, (3) compute Wk = LEl(B%)T
d d
~ - D@40 o L' BT @ Compute Sy = - @ VF & W*
k=1 =1
~ LgUsg,, (5) Compute an H-LU factorization LgUg ~ Sy

where & and © are the truncated H-matrix addition and product from Section 4.4.2.

The construction illustrated in Remark 5.3 necessitates three different block cluster
trees for the occurring H-matrices:

e A block cluster tree Tzx7 for Fg; and its H-LU factorization.
o A block cluster tree 77«7 for Sy and its H-LU factorization.

e A block cluster tree 77«7 for B%_[, . ,Bgl_l as well as for V1, ..., VZand Wi, ... W¢
from Remark 5.3.

To perform the necessary arithmetic operations, the block structures of the matrices have
to be compatible, i.e., they have to be based on two cluster trees. A cluster tree 77 for the
index set Z from the velocity discretization and a cluster tree 77 for the index set J from
the pressure discretization.

In the remainder of this chapter, we will first describe two different approaches for
the construction of these two cluster trees. The first approach, described in Section 5.1,
was introduced in [31]. The cluster tree 77 is constructed with the domain decomposition
clustering described in Section 4.2.2 to obtain a favorable block structure for the H-LU
factorization of F. The cluster tree 77, on the other hand, is constructed with the (geo-
metric) bisection clustering explained in Section 4.2.1 to obtain a good representation of
the (typically dense) Schur complement S.

In Section 5.2, we will describe a slightly different approach first introduced in [19].
As before, the cluster tree 77 is constructed with the geometric bisection clustering to
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obtain a representation of the Schur complement S. However, the cluster tree 77 is then
constructed for a representation of the matrices B¥ offering a favorable block structure for
the time-consuming multiplication (step (4)). Then, we will discuss a modification of the
second approach in Section 5.3. This modification aims to tackle some disadvantages of
the clustering described in Section 5.2.

Finally, we will examine the results of numerical experiments in Section 5.4.

5.1 Uncoupled clustering

The first approach from [31] is to construct the cluster tree 77 for representing the matrix F
such that its block structure is favorable for computing an H-LU factorization. The cluster
tree 77, on the other hand, is built for the representation of the Schur complement S.
Since the Schur complement is typically dense, we use (geometric) bisection clustering (cf.
Algorithm 4.1) to build 7. One cluster strategy allowing for an efficient computation of the
‘H-LU factorization of H-matrices representing sparse matrices is the domain decomposition
clustering from Section 4.2.2. It reduces the fill-in of the H-LU factorizations, i.e., reduces
the number and ranks of non-zero blocks emerging from the factorization. Additionally,
it implies a reordering of the index set Z resulting in a block-arrowhead structure that is
favorable for the computation of an LU factorization. The two cluster strategies can be
performed independently, which is why we call this approach uncoupled clustering.

Now, let 77 and 77 be cluster trees for the index sets Z and J generated with the
strategies discussed above, i.e., 77 is built with the domain decomposition clustering and
T is built with the geometric bisection clustering. Although both cluster trees are built
independently for (favorable) representations of F and S, we also have to use them both for
representing the matrices B’;{ (and therefore also the matrices V¥ and W* occurring in the
computation of the approximation Sy of the Schur complement). These matrices describe
a coupling of the discrete pressure space Q" and the velocity space V" (cf. Remark 5.1),
and therefore between the index sets J and Z.

As we will see later in Section 5.4, the set-up of the preconditioner, i.e., the computation
of the H-LU factorizations F and S is dominated by the H-matrix multiplication in step
Q.

We will now consider an example for d = 2 as illustrated in Figure 5.1. We recall from
(3.17) that the entries of the matrices B¥, k = 1,...,d are of the form

690'
k ?
Y — I dx 5.2
bﬂ /Q J al‘k ( )

for all ¢ € Z and j € J. Therefore, we may have bfj =% 0 only if the intersection of the
supports supp(¥;) and supp(y;) has a positive Lebesgue measure

A(supp(¥;) Nsupp(p;)) > 0.

On the first level, the cluster tree 77 divides the root r; = root(77) into two clusters
{ri1,m2} = sons(rs) (see Figure 5.1(a)) while the cluster tree 77 divides the root rz =
root(7z) into three clusters {si, s2,s3} = sons(rz) (see Figure 5.1(b)). The cluster trees
also imply a reordering of Z and 7, respectively, as noted in Remarks 4.19 and 4.28. The
indices in 1 are ordered before the indices in 9. The indices in s; are ordered before the
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e D) (= N
‘ a0
q 3 | 4 =
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S
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— _J & _J
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S1. ] 52 53
SR BN
T2

(©)

Figure 5.1: 2D example of the uncoupled clustering and the effect of its induced reordering
of the index sets Z and J. Figure 5.1(a) in the top left shows the first division of J into
r1 and 7o while Figure 5.1(b) shows the division of Z into the domain clusters s; and so
and the interface cluster s3 (marked light gray). These figures also show the support of a
basis function W; with j € 71 (marked dark gray, hatched horizontally) and the support of
a basis function ¢; with ¢ € so (dark gray, hatched vertically). The bottom figure shows
the sparsity pattern of the matrices B*, k = 1,.. ., d with reordered rows /columns and the
block structure induced by the uncoupled clustering.
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indices in s9, and the indices in s3 are ordered after the indices of both s; and ss. The
effect of the reordering is visualized in Figure 5.1(c).

As we can see in Figure 5.1(c), there are only few non-zero entries in B|, x5, and
Bl,,xs,, respectively. These non-zero entries can be explained by overlapping supports
supp(¥;) and supp(p;) for i € sp and j € 1 or i € s; and j € ry (see Figure 5.1(b)). This
yields

adm,)(r1, s2) = false

and therefore the block r| x s € T7«7 is subdivided despite the small number of non-zero
entries and therefore small rank.

5.2 Coupled clustering

In the previous section, we have discovered that the uncoupled clustering can result in
a subdivision of blocks in the matrices B¥ which only have a few non-zero entries and
therefore have a small rank. In this section we describe how we can adapt the clustering
of 7 as well as the admissibility condition for 77«7z to avoid this behavior.

We have seen in Figure 5.1 that these few non-zero entries in the off-diagonal blocks
of B¥ (k = 1,...,d) are the result of the overlap of the supports of few basis functions
@; € VM and v; e Q". We start with a cluster tree 77 already generated with (geometric)
bisection. Then, we adapt the clustering of Z so that indices of Z corresponding to basis
functions generating these non-zero entries are moved to the interface. This is done by
coupling the division of Z to the cluster tree 77. We start with the index set Z and
decompose it with respect to the root ry := root(77) of 77. Later, we will use this by
associating the root rz with r7. The decomposition is done as follows:

o If r7 is already a leaf, Z is not subdivided further.

e If r7 is not a leaf of Tz, it has exactly two sons 71 and r2 (cf. Remark 4.21). Then
we divide Z into the three distinct subsets

s ={i€T:X;NY, =0},
89 1= {2 GIZXiﬂ}/;«l :(D}, (53)
S3 ::Z\(SlUSQ).

The subsets s1 and sg are then (geometrically) separated from ry and r1, respectively,
since by construction supp(y;) N supp(¥;) = @ holds for all i € s; and j € ry or
i € so and j € rp (cf. Figure 5.2). They can be subdivided with respect to r; and
ro, respectively, by the same approach. The subset s3, on the other hand, is handled
similarly to the interface clusters from the domain decomposition clustering, i.e., s3
is subdivided with geometric bisection independently of 77. The decomposition is
also delayed every d-th step analogously to Remark 4.29 and as further explained in
Remark 5.4.

Remark 5.4. For the generation of T; with geometric bisection, the bounding box By was
split along the longest axis. Let k € {1,...,d} be such that this is the k-th axis, i.e.,

k= bi — ai},
gy =)
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Figure 5.2: 2D example of the coupled clustering and the effect of the induced reordering
of the index sets Z and 7. Figure 5.2(a) on the top left shows the first division of 7 into 7
and 7o as in Figure 5.1(a). Figure 5.2(b) on the top right shows the division of Z into the
two domain clusters s; and s9 as well as the interface s3 (marked light gray). These figures
also show the support of a basis function ¥; for j € r; (dark gray, hatched horizontally)
and the support of a basis function ¢; for i € sy (dark gray, hatched vertically). The
bottom figure shows the sparsity pattern of the matrices B¥, k =1, ...,d, with reordered
rows and columns.
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By = H?Zl[ai,bi]. Then Remark 5.2 yields Br C Bg. The clusters r1 and ro were
generated by splitting By along the k-th azxis into

By = a1, b1] x -+ X [ag—1,bp—1] X [ar, mg] X [ag41,bp41] X -+ X [aq, bq]
and

By = [a1,b1] x -+ X [ag—1,bp—1] X [mp, bg] X [agy1,bk41] X -+ X [ag, bal,

where my, = %(ak + b).

Now, let i € s3. Then there are j1 € r1 and jo € 12 such that X; NY; # 0 and
X;NY,, # 0. Note that we can assume that j; and jo are chosen such that the vertices
X;j, and x;, are both vertices of a sumplexr L € T". Then the vertex &; is contained in the
affine span of this simplex, i.c., & € L. Note that since Xj, €71 and x;, € r2 the k-th
components of x;, and x;, satisfy xjx < Mk < Xjo.k (¢f. Equation (4.5)). If the k-th
component of §; satisfies & 1 < my, we obtain

ik — M|l = mp — ik < Xjok — Xik < I, — &l < diamg(L) < h.
If, on the other hand, & > my, holds, we obtain analogously
i — mue| < |Ixg, — &l < diama(L) < h.
This implies that
Bs, Clay,b1] x -+ X [ag—1,br—1] X [mg — h,my + h] X [ag41,bkt1] X -+ X [ag, b,

t.e., Bs; has at most width 2h along the k-th axis.

Since s3 is handled with geometric bisection, we can therefore assume that the bounding
bozes are split along the other axes until all the azes have at most width 2h. This justifies
the delay of the subdivision of interface clusters every d-th step. The diameter of the
interface clusters’ bounding boxes and the diameters of the domain clusters’ bounding boxes
are calibrated, as for the domain decomposition clustering (cf. Remark 4.29).

Remark 5.5. The subsets s1,82 C I are not only separated (geometrically) from ro and
r1, respectively, but also from each other. By construction, we have

X NY, =0 and X, NY, =0.

Now, let i € s1. Then one of the following two cases applies to the corresponding vertex
€ € V(T"?) (see Remark 5.1):

1. & € V(Th) CV(T"?). Then there is a j € J with &, = X; and

X; = supp(pi) € supp(¥;) = Y]

holds (cf. Remark 5.2). Due to the definition of s1 in (5.3) this yields j € r1 and
therefore X; CY,, .



5.2. Coupled clustering 79

2. & & V(T"). Then, there are ji,j2 € J with €, = %(le +x;,) and

X; = supp(p;) € supp(¥;,) Nsupp(¥y,)

holds (cf. Remark 5.2). Due to the definition of s1 in (5.3) this yields j1,j2 € r1 and
therefore X; C'Y,,.

Thus, we conclude Xs, C Y, . Analogously, we obtain X,, C Y,,. Hence, we have
X5, NXs, =0

due to the definition of s1 and sy in (5.3). Therefore, we can also apply the domain de-
composition admissibility conditions from Definition 4.34 for constructing the block cluster
tree Tzxz from Tz.

The construction described above is summarized in Algorithm 5.1. The function
InterfaceClustering called in line 10 of Algorithm 5.1 was defined in Algorithm 4.2.

Algorithm 5.1 Coupled clustering

Input: Subset s C Z, associated cluster r € 77, leaf size bound nje,s for interface clusters
Output: Cluster tree with root ¢ and ¢ = s > see Definition 4.6
1: function CoupledClustering(s, r, Nicar)
2: Create new cluster ¢ with ¢ = s and sons(t) = ()
3: if sons(r) # () then
4: {r1,r9} + sons(r)

81<—{i€S:XiﬂYm:®}
so+{ies: X;NY,, =0}
sg s\ (51U s2)

8: t1 + CoupledClustering(si, r1, Nieaf)
: to < CoupledClustering(ssa, 72, Nieaf)
10: ts + InterfaceClustering(ss, Niear, 1) > see Algorithm 4.2
11: SOHS(t) — {tl, to, tg}
12: end if
13: return t

14: end function

In the following, we will use the same terminology as for the domain decomposition
clustering (cf. Definition 4.27). Additionally, Algorithm 5.1 generates clusters s € Tz with
respect to associated clusters t; € T7. We formalize this association by introducing a
corresponding mapping.

Definition 5.6. Let T7 be a cluster tree generated with Algorithm 5.1.

1. Like for the domain decomposition clustering, we call clusters s € Tz generated by
InterfaceClustering from Algorithm 4.2 interface clusters. Clusters generated by
Algorithm 5.1, on the other hand, are called domain clusters. As in Definition 4.27,
we denote the set of domain clusters of Tz by Caom(7Tz) 07 Cdom-
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2. As noted before, each domain cluster s € Cqom s generated by Algorithm 5.1 with
respect to an associated cluster ts € T7. We define the mapping

*: Cdom — T7; s> ts
formalizing this association.

Remark 5.7. The coupled clustering, as before the domain decomposition clustering (see
Remark 4.28), induces a reordering of the index set . We order si before sa and both of
them before s3.

In Figure 5.2 we can observe the effect of the reordering mentioned in Remark 5.7 on
the matrices B¥, k = 1,...,d. There, we can observe that the coupled clustering results in
a three times larger interface s3 compared to the domain decomposition cluster (see, e.g.,
Figure 5.1). But, on the other hand, the off-diagonal blocks B¥|,,«s, and BF|, «,, are
now zero blocks. These zero blocks can be identified easily with the help of the mapping
2 : Cgom — Tz from Definition 5.6.

This results in the following admissibility condition.

Definition 5.8 (Coupled admissibility condition). Let Tz be a cluster tree generated with
geometric bisection. Let Tz be a cluster tree generated with the coupled clustering from
Algorithm 5.1 and with respect to T7. Then we call the admissibility condition

admy, : T7 x Tz — {true, false}
with

. true if s € Cqom and r # s2,
admy (7, ) =
adm,)(r, s) else
(strong) coupled admissibility condition. As for the domain decomposition admissibility
condition (cf. Definition 4.34), we can replace adm,, by the weaker admissibility conditions
from Definitions /.32 and 4.33 to obtain a weak or a sparse coupled admissibility condition

admy, or admg,, . respectively.

Two important concepts for the analyzation of the computational and the memory
complexity were the sparsity constant Cg, from Definition 4.14 and the leaf size bound
from Definition 4.13. The first is an upper bound for the number of leafs of a block cluster
tree, the second an upper bound for the cardinality of leaf clusters of a cluster tree. If
the block cluster tree was generated with an admissibility condition (cf. Definition 4.10),
the sparsity constant is mainly determined by this admissibility condition. The leaf size
bound, on the other hand, is typically defined when the cluster tree is generated (see,
e.g., Algorithm 4.1). But this is not the case for cluster trees generated with the coupled
clustering, as it is discussed in the following remark.

Remark 5.9. Let T7 be a cluster tree generated with the coupled clustering from Algo-
rithm 5.1. Since we stopped the division of domain clusters s € Cqom when the associated
cluster s* € L7 is a leaf cluster, we can not control the size of the leaves of Tz directly.
But, due to the finite element setting, we can estimate the size of the leaves as follows.
Let s € Lz. Then also s* € Lg. Let njear be a leaf size bound for Ty. Then |s?| <
Nieat- Now, let i € s. Then, as in Remark 5.5, one of the following two cases applies to

£ € V(TH?).
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1. & € V(Th). Then there is a j € s* with §; = X;

2. & & V(T"). Then there are j1,ja € s* with &, = %(le +X;,)s i-€., & is the midpoint
of the edge between x;, and x;,. Note that this edge has to be part of a simplex
L € Th with vertices from V(s*) := {x; : j € s}, since s is separated from other
clusters t € Tz on the same level.

Therefore, we have

|s| < |s*|+ {E € &(T") : ECV(s)}|
< Mieat + {E € E(T") 1 E CV(sM)}.

Hence, the coupled clustering can result in significantly larger leaves compared to the (un-
coupled) domain decomposition clustering. To tackle this, one can continue with domain
decomposition clustering until the leaves are small enough. This would not affect the block
cluster tree Tyxz but only Tz« (cf. Definition 4.10).

Remark 5.10. For the domain decomposition clustering, we arqued that demanding Xs, N
X5, = 0 may be too strict. Instead, it may suffice to demand Xs, N X, to be a Lebesgue
null set. This is, e.g., the case in the context of the FEM. The entries f;; of the matriz F
are zero not only if X;NX; = 0 but already if X; N X; = supp(p;) Nsupp(p;) is a Lebesque
null set (cf. Equations (3.11) and (3.17)). Therefore, we can also relax the conditions in
the case of the coupled clustering by demanding the intersections to be Lebesgue null sets
instead of being empty in all definitions above.

In the (memory and computational) complexity estimates for H-matrices, the depth of
the row and column cluster trees has an important role (see, e.g., Lemma 4.15). Therefore,
we are now interested in an estimate of the depth of the cluster trees generated with the
coupled clustering. As for the estimate in the case of the bisection clustering in Lemma 4.24,
we need additional assumptions.

Since the sets Y}, j € J, are supports of FEM basis functions they are locally separated
(cf. Definition 4.22 and Remark 4.23), i.e., there are Csp > 0 and nmin € N with

max [{k € T : dista(Y;, Y3) < Cipdiamy (V) }| < niin. (5.4)
J
Both Cgep and npmin depend on the triangulation T" (cf. Remark 4.23). Since Th2 is
refined from 7" by connecting the edge midpoints, the sets X; are also locally separated
with
max ‘{Z € T : dista( X, Xy) < C’s;édiamg(Xi)}‘ < Nmin. (5.5)
1€
This follows since the properties of 7" determining the constant Cgep and npyin in (5.4) are

preserved by the refinement. Details about this can be found, e.g., in [28, §6.4.3.2].
Additionally, we assume that nyi, also satisfies

h d
Nmin > 44 <> s (56)

hmin
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where h is the mesh width of the triangulation 7" (cf. Definition 3.6) and

Pmin = min Hp - QH2-
p,acV(T")
pP#q

This allows the following estimate.

Theorem 5.11. Let T7 be a cluster tree generated with geometric bisection and leaf size
bound Nyear > nmin (¢f- Definition 4.13). Let Tr be a cluster tree generated with the coupled
clustering, i.e., with Algorithm 5.1 and with respect to Ty. Let h:= min;c7 diamg(X;) and
0 := diams(By). Then the depth of the cluster tree Tz can be estimated by

depth(Tz) < dlogy (4VdCkpdh ") = O (logy(h™?))

Proof. We will prove the estimate by defining an upper bound for the level of the clusters
in 7z. Therefore, let s € 7z. Then s is either a domain cluster or an interface cluster (cf.
Definition 5.6).

In the first case, i.e., if s is a domain cluster, Lemma 4.24 yields an estimate for the
associated cluster s?. Since 7"/2 was refined from 7" by connecting the edge midpoints,
minje 7 Y; = 2h holds. Therefore, we obtain

Lemma 4.24
level(s) = level(s?) < dlog, (2\/&056135(2@)*1)

—  dlog, (\/&Csepah—1> (5.7)
< dlog, (4\/&C'seph_1> .

Now, assume that s is an interface cluster. Let r be the nearest predecessor of s to be a
domain cluster. Then there is a path

= (r(]arla"'arf)

of length ¢ € N from ry = r to r; = s. Since r is the nearest predecessor of s to be a domain
cluster, the clusters rq,...,r,_1 are all interface clusters. This yields (cf. Definition 4.5)

level(s) = level(r) + £. (5.8)

So, it remains to estimate level(r) and ¢. The first can be estimated with Remark 4.25:

1
leVel(T) = level(ra) < d10g2 (25(mrrlo.w> . (59)
To estimate ¢, we will use the same techniques used for the proof of Lemma 4.24, i.e., the
estimate for the depth of trees generated by geometric bisection. First note, that since
Th/2 was refined from 7" by connecting the edge midpoints, we have

. 1 . . 1

min —qllsg = = min min — = —hmin-

p,qEV(Th)Hp qllz = 5 min min {lp —qf| = 5hmin
p#q p7q
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This implies that there is at least one axis of Bg with a larger width than 2h, since otherwise
(5.6) would yield

d
diamoo (Bs) 4h \? (5.6)
5| < | ) < < Tnin < I3

hmin

Due to the delayed subdivision every d-th step, the diameter of the bounding boxes is
at least halved after at most d steps, i.e.,

diame(By, ,,) < %diamoo(Bk)
holds for k =1,...,¢ — d. Hence, we have
~la) diamoo (B,,)
~la) diamo (B,) (5.10)
L) diamo (B,s).

Now, we assume that s is not a leaf, i.e., |$| > njear > nmin. Since the sets X; are locally
separated, there have to be i, j € s with

diam (Bs) = diamy (By,) <

als  als  als

IN
NN N

IN

diStg(Xi,Xj) > Csepdiamg(Xi). (511)
This directly yields
diamy (By) > dista(&;, £;) > dista(X;, X;) > Cpdiama(X;) > Coph. (5.12)

Together with (5.10), we therefore obtain

2|_§J (520) diamy, (Bya)
- diamqos
diamooBra (513)
diamy(Bs)

5.12
22 ChepVddiam (Bya)h L.

By taking the logarithm on both sides, we finally obtain

d d
Combining (5.14) with (5.8) and (5.9) then finally yields

5.13
(= d£ <d <{£J + 1) ( < ) dlog, (\/&Csepdiamoo(Bra)h_1> +d. (5.14)

(5.8) (5.9) 1
level =" level l dl 20— l
evel(s) evel(r) +4 < dlog, ( diamooBra) +

(5.14)

1
dl 20—
< 082 ( diam

B > + dlog, (\/(stepdiamoo(Bra)hA) +d

= dlog, (2VdCipsh™") +d

— dlog, (4VdCpdh ") .
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5.3 Coupled clustering with interface decomposition

In the previous section, we introduced the coupled clustering where we created the cluster
tree 77 coupled with the cluster tree 77 generated with geometric bisection. This resulted
in large zero blocks in the matrices B* (k = 1,...,d) but also increased the size of the
interface clusters (see, e.g., Figure 5.2) compared to the (uncoupled) domain decomposition
clustering. In Figure 5.3, we can observe that there are just a few nodes from the interface
which are connected to one of the domain clusters.

83

/f./ = 7 e w4
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Figure 5.3: Effect of the reordering induced by the coupled clustering to the structure of
F for a 2D example. The left figure shows the geometric decomposition of Z into the two
domain clusters s1, so and the interface cluster s3 (marked light gray). Additionally, it
shows the support of a basis function ¢; with i € so and the support of a basis function ¢;
with j € s3 (both dark gray, hatched vertically). The right figure shows the effect of the
reordering on the matrix F. The interface s3 was ordered internally so that all nodes in
the middle are ordered first, then all nodes neighboring s; and then all nodes neighboring
S9.

The sparsity plot in Figure 5.3 was obtained by reordering the rows and columns such
that s is ordered before s and both of them before s3. Additionally, the indices in s3 are
ordered such that those neighboring neither s; nor so are ordered first, while the others
are ordered last beginning with those neighboring s;. We can also observe in Figure 5.3
that the non-zero entries in F]S3X51 and F\SSXSQ are in about a third of the rows of the
corresponding blocks. Based on the observations we made, we will now describe a cluster
strategy similar to the coupled clustering but with an additional decomposition of the
interfaces which we call coupled clustering with interface decomposition. We start with the
following statement to formalize the terms "connected" and "neighboring" used above.

Lemma 5.12. Let Tz be generated with the coupled clustering from Algorithm 5.1 coupled
with T7. Let s € Tz be a domain cluster with three sons. Let $1, s2, 83 be these sons such
that s1, so are the domain cluster sons of s and s3 is the interface cluster son. Then

XiNnXs, =0 or X;NX,, =0

holds for all i € s3.
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Proof. First, let 1 and 79 be the sons of the cluster s* € TJ associated with s (cf.
Definition 5.6). Now, let i € s3. Since 7"/? was refined from 7" by connecting the edge
midpoints, we have to distinguish the following two cases:

1. If & € V(T"), then there is a j € s* with X; = & (see Remark 5.5). Let r1,72 be
the sons of s*. Then either j € r; or j € 5. We first assume that j € r1. Note that
then (cf. Remark 5.2)

JET Remark 5.2

Y, 2 o X, (5.15)
holds. Since (cf. Algorithm 5.1)
So={les: X,NY,, =10},

we obtain

(5.15)
X;NnXs,, C Y,NX,, =0
For j € r9, we obtain analogously X; N X, = 0.

2. If & & V(T") then &, is a midpoint of an edge of T, i.e., there are ji,jo € s* with
& = %(le + Xj,). Hence, Remark 5.2 yields

We recall from Algorithm 5.1 that

si={les: XyNY,, =0},

5.17
82:{5682Xgﬁ}/7»1:®}. ( )
(a) If j1,72 € r1, then we obtain
XinXs,, € Y,NX, ="0.
(b) If j1,72 € ro, then X; N X, = 0 follows analogously.
(c) If j1 € r1 and jo € r9 or vice versa, then we obtain
Xi N X$1 - Y;'Q N XS1 = @
and
(5.16) (5.17)
XinX,, C Y, NX, ="0.
O

The generation of the cluster tree 77 is again started with the decomposition of Z with
respect to the root 7 := root(77) of 77 into now up to five subsets:

o If r7 is a leaf, 7 is neither subdivided.
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o If r7 is not a leaf, it has exactly two sons r; and rp (cf. Remark 4.21). Then, we
divide Z into the five (distinct) subsets (where s; and s9 are as before in (5.3)) as
illustrated in Figure 5.4:

si:={1eZ:X;NY,, =0},

so={ieZ:X;NnY;, =0},

s3:={i € T\ (51Us2) : Xi N Xy, = 0 and X; N X, = 0}, (5.18)
sg:={i €T\ (s1Us2): X;N X, #0and X; N X, =0},

ssi={i €T\ (s1Us2): X;N X, =0 andX; N X, # 0}

Note that Lemma 5.12 yields U >, 5; = L. The subsets s; and sy are still (geomet-
rically) separated from 7 and 71, respectively. They can be subdivided with respect
to r1 and o, respectively, by the same approach. The set s3 is (geometrically) sepa-
rated from both, s; and s9, while s4 and s are (geometrically) separated from either
s1 or so, respectively. We handle all of them as before the single interface clusters:
s3, S4, and s5 are subdivided with geometric bisection. The subdivision is delayed
every d-th step for a similar reason this was done for the coupled clustering and the
domain decomposition clustering (see Remarks 4.29 and 5.4).

Algorithm 5.2 Coupled clustering with interface decomposition

Input: Subset s C Z, associated cluster r € T7, leaf size bound nje,s for interface clusters
Output: Cluster tree with root ¢t and t = s
1: function CoupledIDClustering(s, 7, Njeaf)

2: Create new cluster ¢ with £ = s and sons(t) =

3: if sons(r) # () then

4: {r1,r2}  sons(r)

5: 81<—{i€S:XiﬂY}2:®}

6: so+{ies: X;NY,, =0}

7 sg+{ies\(s1Us2): X;N X, =0 and X; N X, =0}
8: S4<—{i€8\($1U82U83):XiﬂXSQZQ)}

9: s5 s\ U?:l Si

10: t1  CoupledIDClustering(si, 71, Nieaf)

11: to + CoupledIDClustering(sa, 72, Neaf)

12: t3 < InterfaceClustering(ss, Niear, 1) > see Algorithm 4.2
13: ty + InterfaceClustering(ss, Mecar, 1)

14: t5 < InterfaceClustering(ss, Nieaf, 1)

15: SOHS(t) — {tl,tQ,tg,t4,t5}

16: end if

17: return t

18: end function

The strategy described above is summarized in Algorithm 5.2. The function called in
lines 12-14 of Algorithm 5.2, InterfaceClustering, is again from Algorithm 4.2. Fig-
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ure 5.4 illustrates the coupled clustering with interface decomposition and its effect on the

block structure of the matrices BF (k= 1,...,d) as well as the matrix F.
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Figure 5.4: Effect of the reordering induced by the coupled clustering with interface de-
composition for a 2D example. The left figure shows the geometric decomposition of Z
into the two domain clusters s; and s9 as well as the three interface clusters s3, s4, and s5
(marked light gray). Additionally, it shows the support of a basis function ; with i € s9
and the support of a basis function ¢; with j € s4 (both dark gray, hatched vertically).
The right figure shows the effect of the reordering to the matrix F.

In the previous section, we used the same terminology for the different clusters gener-
ated by Algorithms 4.2 and 5.1 as for the domain decomposition clustering. Furthermore,
we introduced a mapping ? : Cqom — 77 assigning associated clusters from 77 to domain
clusters from 77 (see Definition 5.6). For the coupled clustering with interface decomposi-
tion, we expand this terminology.

Definition 5.13. Let Tz be a cluster tree generated by Algorithm 5.2, coupled with the
cluster tree Ty generated with geometric bisection (cf. Section 4.2.1).

1. As in Definition 5.6, we call clusters from Tz generated by Algorithm 5.2 domain
clusters and clusters from Tz generated by Algorithm 4.2 interface clusters. We denote
the set of domain clusters of Tz by Caom(Tz) or just Cqom-

2. As in Definition 5.6, we use the mapping
*: Cdom — T7; s+ s
assigning associated clusters s* € T to the corresponding domain clusters s € Cqom-
3. Let s € Tz be a domain cluster with
sons(s) = {s1,...,85}

where s1,...,85 are as defined in Algorithm 5.2. Then s3 is separated from both
domain clusters s1 and so. We call s3 separated interface cluster. The cluster sy is
separated from sy but not from s1, i.e., Xg, N X5, =0 and X, N Xs, # 0 holds. The
cluster s5, on the other hand, is separated from s1 but not from sy. We say that sy
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is connected to s1 and s5 is connected to so and call s4 and s5 connected interface
clusters.

We denote the set of connected interface clusters of Tr with Ceint(Tz) or just Ceiny and
the set of separated interface clusters of Tz with Csint(Tz) or just Csint-

4. Let s € Tz be a connected interface cluster. Then it is connected to a (unique) domain
cluster ts € Cqom with the same father as s. We define the mapping

€ Ceint =+ Cdom

assigning the corresponding connected domain cluster s® = tg to each connected clus-
ter s.

This allows us to define a new admissibility condition for the block cluster tree Tzx7
marking blocks with geometrically separated clusters as admissible.

Definition 5.14. Let Tz be a cluster tree generated with the coupled clustering with inter-
face decomposition. Then we define the (strong) coupled interface decomposition admissi-
bility condition

adm%id : Tz X Tz — {true, false}
with

(true  ift,s € Ciom and t %8,
true  if t € Cqom, s € Ceint and t 7& s¢,
adm;;id(t, s) =< true ift € Ceint, 8 € Cgom and t¢ # s,
true  if t € Cdom, S € Csint 07 t € Csint, S € Cdom,

adm,(t,s) else.

By replacing adm,, in the last case with the weaker admissibility conditions admgp ..
from Definition 4.32 or admyear from Definition 4.33, we obtain a sparse or weak coupled

. oy c e e1s oL cid cid .
interface decomposition admissibility condition admgg,, . or admye,,, respectively.

Remark 5.15. 1. As for the domain decomposition clustering (cf. Remark 4.26) and
the coupled clustering (cf. Remark 5.10), we can replace the stricter conditions like
X;NY, =0 by X;NY,, being a Lebesgue null set. This can be determined, e.g., by
the sparsity pattern of the matrices B* (k=1,...,d). The corresponding conditions

for the sets s3, s4, and ss can then be determined by the sparsity pattern of the matrix
F.

2. In Figure 5.4 we can also observe that the blocks F|s,xs, and F|s xs, are zero blocks.
This can be explained as follows. An entry f;; of F is non-zero not only if X;NX; =0,
but already if X; N X; has Lebesque measure zero, i.e., is a Lebesque null set.

Since the sets X; are of the form

X; =supp(pi) = |J K,

KeTh/?
§iceK
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the intersection is of the form

X; ﬁXj U U KnL.
KeTh/2 LeTh/?
§,eX g€l

Since T"/? is a triangulation (cf. Definition 3.6), the intersection X;NX; is therefore
a union of points, edges, faces (for d = 3) and simplices. Only the latter have a
positive measure and have to contain both, §; and §; as vertices. So X; N X has a
positive measure only if there is a K € T"? with £,§, € K. But fori € s4 and
j € s5 there is no simplex K € T" with £, € K (see, e.g., Figure 5.4). Hence,
we could mark the blocks s4 X s5 and s5 X s4 as admissible blocks. But, due to the
update of these blocks throughout the computation of the LU factorization, we may
get significant fill-in in these blocks.

5.4 Numerical results

In this section, we will evaluate the results of numerical experiments comparing the cou-
pled clustering from Section 5.2, the coupled clustering with interface decomposition from
Section 5.3 and the uncoupled clustering from Section 5.1.

We will start with a brief description of the model problem used in the numerical
experiments in Section 5.4.1. The evaluation in Section 5.4.2 is then structured as follows.

1. Results for the cluster strategies described in Sections 5.1 to 5.3 for a varying system
size and fixed truncation accuracies.

2. Results for the uncoupled clustering and the coupled clustering for a fixed system
size and varying truncation accuracies.

3. Results for the uncoupled clustering and the coupled clustering with different admis-
sibility conditions and a varying system size.

For Oseen equations, the stability of the linear systems obtained from the discretization
depends primarily on the viscosity parameter v (see the discussion in Section 3.4). The
smaller v gets, the less stable the system is. Hence, we will examine the behavior of the
different preconditioners for decreasing v last.

5.4.1 Model problem

As a model problem for our numerical experiments, we will use the Oseen equations (cf.
(3.3)) with the recirculating convection

—sin(7xy)(cos(mzo) sin(mwxs) + sin(mwxy) cos(mxs))
Wie = sin(mxe)(cos(mxy ) sin(mas) — sin(mxy) cos(mxs))
sin(mxs)(cos(mxy) sin(may) + sin(mxy) cos(mxs))

on the cube Q := (—1,1)3. The boundary conditions are homogeneous Dirichlet boundary
conditions, i.e., the Dirichlet part I'p of the boundary is the whole boundary I'p = 02 and
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the boundary values are given by gp = 0. The viscosity parameter v is set to v = 1072,
The continuous problem is discretized using the FEM with piecewise linear basis functions
(cf. Section 3.3) and the upwind method described in Section 3.4. The triangulation 7"
is built from a coarse triangulation 7 by repeated refinement via connecting the edge
midpoints (cf. Remark 3.7). This halves the mesh width with each refinement. The coarse
triangulation 79 decomposes €2 into 6 tetrahedra (see, e.g., [15, Fig. 7.8|). This determines
n=|Z|, M =1|J| (cf. Remark 5.1) as well as the total system size 3n + M. The values of
n, M and 3n + M for different numbers of refinements are shown in Table 5.1.

Refinements 3 4 5 6
M 728 4912 | 35,936 274,624
n 3,375 | 29,791 | 250,047 | 2,048,383
3n+ M 10,853 | 94,285 | 786,077 | 6,419,773

Table 5.1: System sizes of the model problem for different numbers of repeated refinements

Throughout the remainder of this chapter, we will use the following notations for dif-
ferent parameters for the set-up of the required H-matrices:

e We will denote the truncation accuracy for the H-LU factorization of F (step (1)) with
(53{01, the truncation accuracy for the explicit computation of the Schur complement
(steps (2-(4)) with 67 |, and the truncation accuracy for the H-LU factorization of
the Schur complement (step (5)) with 6Zf, . If the same truncation accuracy is used
for all steps, we will also denote it by

5H = 53(131 = 5r7r—fu1 = (%{chur' (519)

e The block cluster trees Tzx7, T7xz, and T7x s are constructed from the cluster trees
Tz and T7 with an admissibility condition (cf. Definition 4.10). We will denote
these admissibility conditions with admzxz, admsx7, and adm sy 7, respectively.
Note that we will use admyx s = adm, in all cases since the weaker admissibility
conditions are not suitable for the representation of the (dense) Schur complement,
i.e., would result in significantly larger ranks for the (admissible) low-rank blocks.

Furthermore, we will use the preconditioned BiCGStab method (PBiCGStab method)
to solve the systems with the block triangular preconditioner (cf. Equation (2.12))

- LyUp
Py = .
tt ( B LSUS>

The PBiCGStab method started with xg = 0 and is stopped when a relative residual norm
of at most 10712 is achieved.

Remark 5.16. Choice of the solver We restricted our tests to preconditioned Krylov
subspace methods since those methods are among the most popular iterative solvers
for linear systems. However, the PBiCGStab method and the preconditioned GMRes
method method performed rather similar in our tests so that we only present the
results for the PBiCGStab method here.
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Stopping criterion The choice of 1072 as maximal relative residual norm is rather
small. In practice, one may consider aligning this value to the discretization error.
However, this parameter does not affect the preconditioner set-up, in which we are
primarily interested. However, a larger number of iteration steps, which is the result
of a smaller value for the mazximal residual norm, may allow for a better estimation
of the application cost (per iteration step) of the preconditioners.

The system solved is the saddle point system

46)-6 )60

obtained from the discretization of the saddle point problem with the finite element method,

and with the right hand side
<r> —M |
S
1

Software All numerical tests presented here were performed using the H2Lib [6], a soft-
ware library for hierarchical matrices written in C. The H2Lib library also provides a
simple FEM discretization for the Poisson equation, but not for the Oseen equations.
Hence, this was added based on the existing implementation.

Hardware All numerical tests were performed sequentially, i.e., with one thread on one
processor core, on the HPC cluster of the TUHH!, using an AMD Epyc 9354 processor
with 32 cores and 3.8 GHz.

5.4.2 Results

In the following, we will present the results of our numerical experiments as well as con-
clusions we draw from the results. The discussion is divided into subsections following the
test settings mentioned in the introduction of this Section 5.4:

1. A varying system size and fixed truncation accuracies.
2. A fixed system size and varying truncation accuracies.

3. Different admissibility conditions with a varying system size.

System size

We fix the truncation accuracies for all (truncated) H-matrix operations of the precondi-
tioner set-up to 67* = 10~! (cf. Equation (5.19)).

Remark 5.17. The choice of 6™ balanced between a faster set-up of a less accurate pre-
conditioner and a slower set-up for a more accurate preconditioner leading to a smaller
number of iteration steps. Although 6™ = 1071 is a rather large choice for the truncation
accuracy, it results in an accurate preconditioner. A smaller choice of 6™ only leads to an
increase of the total time required to solve the system for all tested cluster strategies.

"https://www.tuhh.de/rzt/services/hpc/hardware, last accessed August 8th, 2024
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The system sizes depend on the level of refinement for the triangulation 7" (cf. Ta-
ble 5.1) which is varied between 3 and 6.
In the case of the uncoupled clustering, we used the admissibility conditions

admyy7 = adm?D, admyyxz = adm,, and admgy.y = adm,,. (5.20)

For the coupled clustering, we can utilize the separation of domain clusters from their
associated clusters which is why we used the admissibility conditions

admzy7 = adm?D, admyxz = admy, and admgyy = admy. (5.21)
For the coupled clustering with interface decomposition, on the other hand, we used
admyy7 = admf;d, adm 77 = adm%, and admgy.y = adm,, . (5.22)

Figure 5.5 shows the computation times per degree of freedom for the coupled clustering
and the uncoupled clustering, while Table 5.2 shows the absolute computation times.

Uncoupled clustering

(Tter)
10,853 0.2s 0.7s 1.6s 0.1s 0.05s (9) 3.2s
94,285 5.9s 16.4s 33.8s 2.3s 1.2s (13) 74.8s

786,077 78.0s 214.9s 461.6s 41.3s 19.0s (18) 1,025.9s
6,419,773 782.4s  2,252.6s 5,322.6s 580.1s 268.2s (26) 11,492.6s

Coupled clustering

PBiCGStab
®

#DOF @ ©) @ (Tter) Total
10,853 0.6s 0.4s 0.3s 0.1s 0.06s (9) 1.8s

94,285 10.4s 7.8s 8.2s 2.4s 1.8s (13) 38.3s
786,077 129.3s 106.2s 149.6s 43.5s 29.3s (21) 567.4s

6,419,773 1,286.2s 1,152.8s 2,073.6s 646.2s 445.4s (33) 6,825.1s

Table 5.2: Absolute computation times for the preconditioner set-up and the solve with
the BiCGStab method with the uncoupled clustering (top) and the coupled clustering
(bottom). The time required to solve the system is supplemented by the number of iteration
steps required to achieve a residual error of 10712

Both show a significant speed-up for the computation of the matrices V¥ (step (2) of
the preconditioner set-up) with the coupled clustering. The computation of the matrices
WF (step (3)) requires a similar effort, i.e., this also holds for the computation of W¥,
k=1,...,d. The H-matrix update for the explicit computation of an (approximate) Schur
complement Sy, (step () is significantly faster with the coupled clustering than with the
uncoupled clustering as well. However, we can also observe that the enlarged interface that
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is generated by the coupled clustering affects the time required for the computation of an
H-LU factorization Ly Ug ~ F. Additionally, we can observe that the time required for
solving the system with the PBiCGStab method also slightly increases with the coupled
clustering. This coincides with an increased number of iterations for larger system sizes.
We can also observe that the computation of an H-LU factorization of the (approximate)
Schur complement LgUg & Sy requires a similar amount of time in both cases. This is to
be expected since the block structure of the (approximate) Schur complement is the same
in both cases.

10- Schur complement computation F ~ LyUp & PBiCGStab
101
<3 =3
o o
(=] [m)]
Lo T
uncoupled coupled uncoupled coupled
@ (9 V,=BjU;! —4= (2) V; = B} U;! @ DF~LpUp == () F~LpUp
106 "® @OSu=@VioW, =d= DSy=PVioW; 10-6 @ PBiCGStab == PBiCGStab
® Sy~ (LsUs)n ® S ~ (LsUs)y @ Total —te= Total
104 10° 106 107 10* 10° 109 107
#DOF #DOF

Figure 5.5: Computation times per degree of freedom for the preconditioner set-up and
the solve with the BiCGStab method with the uncoupled clustering (dotted lines, circles)
and the coupled clustering (solid lines, triangles), truncation accuracy 67 = 107!,

Conclusion. Our numerical experiments suggest that the coupled clustering results in a
significant speed-up of the time-consuming task of computing the (approximate) Schur
complement Sy, explicitly. In Figure 5.5 we were able to observe a speed-up of about 50%
for the computation of the matrices V!, V2 and V3 (step (2) of the preconditioner set-up).
For the H-matrix updates in step (4), the speed-up is even greater.

However, the coupled clustering has also disadvantages. In Figure 5.5 and Table 5.2, we
observed that the coupled clustering resulted in a significantly slower computation of an H-
LU factorization for the matrix F. Additionally, the time and number of iterations required
to achieve a residual error of 107! increased slightly. But since the preconditioner set-
up is dominated by the time-consuming explicit computation of the (approximate) Schur
complement Sy; (steps of the preconditioner set-up), the coupled clustering still
yields a speed-up of about 40% — 50% for the total time required to solve the system.

Next, Figure 5.6 and Table 5.3 show the computation times per degree of freedom and
the absolute computation times, respectively, for the uncoupled clustering and the coupled
clustering with interface decomposition.

There, we can observe a different behavior as for the coupled clustering. Especially
for large system sizes the time required for the H-matrix updates in step (4) of the pre-
conditioner set-up with the coupled clustering with interface decomposition is about as
expensive as with the uncoupled clustering.

Conclusion. Although the coupled clustering with interface decomposition provides a simi-
lar, advantageous, block structure of the (reordered) matrices B¥, k = 1,2, 3, the precondi-
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Uncoupled clustering

(Iter)
10,853 0.2s 0.7s 1.6s 0.1s 0.05s (9) 3.2
94,285 5.9s 16.4s 33.8s 2.3s 1.2s (13) 74.8s

786,077 78.0s 214.9s 461.6s 41.3s 19.0s (18) 1,025.9s
6,419,773  782.4s  2,252.6s 5,322.6s 580.1s 268.2s (26) 11,492.6s

Coupled clustering with interface decomposition

(Iter)
10,853 0.2s 0.6s 0.7s 0.1s 0.04s (8) 2.1s
94,285 6.4s 14.1s 20.3s 2.3s 1.1s (12) 58.1s
786,077 92.3s 197.3s 333.9s 41.2s 17.7s (16) 886.8s

6,419,773  973.0s  2,160.7s 4,306.4s 574.1s  267.0s (24)  10,581.1s

Table 5.3: Absolute computation times for the preconditioner set-up and the solve with
the BiCGStab method with the uncoupled clustering (top) and the coupled clustering with
interface decomposition (bottom). The time required to solve the system is supplemented
by the number of iteration steps required to achieve a residual error of 10712,

Schur complement computation

F ~ LyUyp & BiCGStab

[
@)
A
I
~
w
uncoupled coupled(id) uncoupled coupled(id)
! N _ o L SR
& (9 V,=BiU; —&= (2) V;. = B}, U v @ DF~LpUp == () F ~ LpUp
106 "® DSu=OVioW, == DSy=PViOW,; 1070 @ PBiCGStab == PBiCGStab
(® Sy ~ (LsUs)y ® Sy ~ (LsUsg)y =@ Total = Total
104 10° 106 104 10° 106
#DOF #DOF

Figure 5.6: Computation times per degree of freedom for the preconditioner set-up and
the solve with the BiCGStab method with the uncoupled clustering (dotted lines, circles)

and the coupled clustering with interface decomposition (solid lines, triangles), truncation
accuracy 07t = 1071
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tioner set-up seems to be slower. We observed almost no speed-up of the total computation
time compared to the uncoupled clustering. We suspect this to be the result of the addi-
tional interface decomposition leading to a larger number of (smaller) blocks in the block
cluster tree 77«7 in general and a larger sparsity constant Cs,(77xz) in particular. The
results of the numerical experiments suggest that there is no advantage of using the coupled
clustering with interface decomposition for the generation of 77 in this setting.

Next, Figure 5.7 depicts the memory requirements of the matrices that are computed
for the preconditioner set-up, for the uncoupled clustering and the coupled clustering as
well as the uncoupled clustering and the coupled clustering with interface decomposition.

Remark 5.18. The matrices B;“_L, Sy, and an H-matriz representation By of F also need
to be stored. But Fy; and Sy are overwritten by their corresponding H-LU factorizations,
while B];_[ is overwritten by V¥ or W for k = 1,2,3. In all cases, the matrices that
are overwritten require less memory. Furthermore, the matrices V¥, k = 1,2,3, as well
as the matrices W¥, k = 1,2,3, have similar memory requirements. Therefore, we only
consider the memory requirements for the H-LU factorizations Ly Ug and LgUg, both
factorizations stored in a single matriz, respectively, and the memory requirements for the
matriz V.

Memory requirements coupled vs uncoupled Memory requirements coupled(id) vs uncoupled
1073 ‘ .
€3 [,
o o
] [m]
R R
=) )
=10 =10
uncoupled coupled uncoupled coupled(id)
@ (DF~LpUp —t= () F~ LpUp @ (DF~LpUp —t= (D) F ~ LpUp
c@ @ Vi=BiU; k= OV, =BU; ‘@ QVi=BjUy == QV,=BjU
(® Sy ~ LsUs (®) Sy ~ LsUs ® Sy ~ LsUs (®) Sy ~ LsUs
107 - - - 107 - - -
10 10° 106 107 10* 10° 106 107
#DOF #DOF

Figure 5.7: Memory requirements in Megabyte per degree of freedom for the uncoupled
clustering and the coupled clustering (left) as well as the uncoupled clustering and the
coupled clustering with interface decomposition (right).

In Figure 5.7, we can observe that the difference in the memory requirements for the
H-LU factorization Ly Ug with the uncoupled clustering and the coupled clustering is only
negligible, despite the larger interface generated by the coupled clustering. But the matrix
V1!, on the other hand, requires significantly less memory (about 50%) with the coupled
clustering than with the uncoupled clustering.

The coupled clustering with interface decomposition requires less memory for both, the
H-LU factorization LgUg and V!, compared to the uncoupled clustering in both cases.
But, we note that the difference between both cluster strategies for the H-LU factorization
Ly Up is also only marginal.

The memory required for the H-LU factorization LgUsg is similar in all cases which is
to be expected due to the equal block-structure in all cases (The cluster strategy for 77
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and the admissibility condition for 77« 7 are the same).

Conclusion. In Figure 5.7 we were able to observe that both the coupled clustering and
the coupled clustering with interface decomposition reduce the memory required for the
matrix V' significantly. The memory required for the H-LU factorization Ly U, on the
other hand, is increased only slightly with the coupled clustering and even reduced with the
coupled clustering with interface decomposition. Hence, both reduce the required memory
for intermediate results effectively.

Truncation accuracy

Following the tests for different system sizes, we will now consider varying truncation
accuracies with a fixed system size. For our tests, we used n = 250,047 and M = 35,937
resulting in 3n + M = 786,078 total degrees of freedom (cf. Table 5.1).

The results shown in the previous subsection indicated that the coupled clustering
with interface decomposition does not improve the time required for the set-up of the
preconditioner. Therefore, we will only compare the coupled clustering and the uncoupled
clustering from now on.

As for the previous tests, we constructed the block cluster trees with the admissibility
conditions

admryr = adng, admyyx7 = adm,, and admgxs = adm, (1= 16)
in case of the uncoupled clustering and
admryr = adm?D, adm 7«7 = admg, and adm gy s = adm, (n = 16)

in case of the coupled clustering. The truncation accuracies 5\%1 and 52:1[141 are varied one at
the time starting with §7¢

vel*

Remark 5.19. We do not consider varying 5%"":hur, since it only affects the factorization
of the (approzimate) Schur complement Sy;. Here we can expect the same behavior for the
coupled and the uncoupled clustering since the block structure of Sy is the same in both
cases.

We vary 67¢, € {1071,...,107*} and fix the other truncation accuracies to 67t =
6%"Chur = 107!, The results are visualized in Figure 5.8 depicting the computation times
per degree of freedom, as before, as well as the memory requirements for the matrices
computed for the preconditioner set-up (cf. Remark 5.18).

We can observe that increasing the truncation accuracy, i.e., decreasing 53’21, in gen-
eral leads to increased computation times for the H-LU factorization of F, which is to
be expected. But we can also observe an increasing difference between the coupled and
the uncoupled clustering in the computation times as well as the memory requirements.
This can be explained by the fill-in the H-LU factorization introduces. In the case of the
uncoupled clustering, the block structure was chosen to minimize this fill-in. For the cou-
pled clustering the situation is different. We introduced a larger interface to optimize the
block structure for the H-matrix updates for the explicit computation of an (approximate)
Schur complement Sy. But with the larger interface, we have more potential for fill-in,
which we can also observe in Figure 5.9. Although the ranks of the blocks filled in by the
‘H-LU factorization are smaller for the coupled clustering, there are more of these blocks
compared to the uncoupled clustering, many of them tall or wide rectangular blocks.
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Schur complement computation F ~ LrUp & BiCGStab
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Figure 5.8: Top: computation times per degree of freedom for the preconditioner set-up
and the solve with the BiCGStab method with the uncoupled clustering (dotted lines,
circles) and the coupled clustering (solid lines, triangles) for a varying truncation accuracy
67t . Bottom: memory requirements per degree of freedom for matrices computed for the

vel*

preconditioner set-up, 3n + M = 3 - 250,047 + 35,937 = 786, 078 total degrees of freedom.

-y L= =

Figure 5.9: Hierarchical block structure of the H-LU factorization of the matrix F (F €
R™" n = 3,375) stored in a single matrix. (red: dense matrix blocks, white/green:
low-rank blocks). The left figure shows the block structure obtained with the uncoupled
clustering and the right figure the block structure obtained with the coupled clustering.
Both figures show magnified parts with occurring fill-in.
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Conclusion. With a decreased truncation accuracy 53'(‘31, the rank of the low-rank blocks
increases. This results in increased computation times, which we were also able to observe
here. But the block structure induced by the coupled clustering, which generates larger
interface clusters compared to the (uncoupled) domain decomposition clustering, amplifies
this behavior. The estimates for the computational complexity of the H-matrix arithmetic
(see Section 4.4) as well as the block structure we observed in Figure 5.9 suggest that
this is due to a larger number wide/tall rectangular non-zero low-rank blocks in the H-LU
factorization LpUp.

For the total computation time we observed a (slightly) larger increase in case of the
coupled clustering. If 53'(‘31 is decreased further we expect this trend to continue so that
the uncoupled clustering may be faster and therefore favorable for very small truncation
accuracies.

Now, we will consider a varying truncation accuracy 67t | € {107%,...,107*} for the
explicit computation of an (approximate) Schur complement Sy and fix the other trun-
cation accuracies to 5%1 = 5%{(:}“” = 107!, The system size is not changed. The results
are presented in Figure 5.10, showing the computation times and memory requirements,
respectively, per degree of freedom.

As it can be expected, varying 5&11 does not affect the computation time of the H-LU
factorizations of F and the (approximate) Schur complement Sy. For the time required
to compute the H-matrix updates in step (4) of the preconditioner set-up, on the other
hand, we can notice an increase with decreasing 5%111 for the uncoupled clustering and the
coupled clustering, respectively. But we can also observe that the difference between both
approaches diminishes, which is also the case for the memory required for the matrix V1.

As before, we take a closer look at the block structure of the involved matrices depicted
in Figure 5.11. The matrices were obtained with truncation accuracies set to 53{(31 =101
and (ﬂul = 10~%. The total number of degrees of freedom was

n+M=3-3,3754+ 729 = 10, 854.

In Figure 5.11, we can observe a similar rank for the non-zero blocks in the interface.
But, due to the larger interface, the low-rank blocks are wide rectangular blocks instead of
nearly quadratic. This increases the computation time as well as the memory requirements
and diminishes the advantage of the large rank-0 off-diagonal blocks.

Conclusion. As before an increase of the computation times for the steps (2) — (4) is to be
expected when 5%111 is decreased. But we also observed that this increase is larger in case
of the coupled clustering. This suggests that the coupled clustering is also less effective for
a decreased (ﬂul since we also expect this trend to continue for even smaller values. The
block structure depicted in Figure 5.11 suggests that this is due to many wide rectangular
non-zero low-rank blocks in the matrices V¥ and W¥, k = 1,2, 3, respectively.

Admissibility conditions

Besides the clustering, the block structure of hierarchical matrices is determined by the
admissibility condition used for the construction of the block tree (see Definition 4.10). Up
to now, we only considered the strong admissibility condition, although there exist weaker
variants allowing for a coarser block structure (cf. Section 4.3). These weaker variants can
also be utilized as a basis for the domain decomposition admissibility (cf. Definition 4.34)
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Figure 5.10: Top: computation times per degree of freedom for the preconditioner set-up
and the solve with the BiCGStab method with the uncoupled clustering (dotted lines,
circles) and the coupled clustering (solid lines, triangles) for a varying truncation accuracy
‘ﬂul' Bottom: memory requirements per degree of freedom for matrices computed for the

preconditioner set-up, 3n + M = 3 - 250,047 + 35,937 = 786,078 total degrees of freedom.

Figure 5.11: Hierarchical block structure of the matrix V1 € RM>" M = 728 n = 3375
(red: dense matrix blocks, white/green: low-rank blocks). The top figure shows the block
structure obtained with the uncoupled clustering and the bottom figure the block structure
obtained with the coupled clustering.
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and the coupled admissibility condition (cf. Definition 5.8). In the following, we will
compare the coupled and the uncoupled clustering with different admissibility conditions
used. We note that we still use the strong admissibility condition for the block structure
of the Schur complement, i.e., admyyx 7 = adm, with 7 = 16 in all cases. When we refer
to the strong admissibility, we used

DD

admzyr = ame7

as well as admyx7z = adm,, or admyxz = adm%,

where adm 7.7 = admy,, is used in the case of the uncoupled clustering and adm 7«7 = zabdm‘f7
in the case of the coupled clustering. When we refer to the weak or sparse admissibility,
we used

DD
weak

C

as well as adm 77 = admyeax or admyyz = admg,,),

admIX I = adm

or
DD

SP;Mmin

C

or admij = admsp,nmin

admzy7 = adm as well as admyy7 = admgp,

Mmin
with nyi, = 10, respectively.

Remark 5.20. We also tested other values for nymin. But, we observed similar results in
all cases.

We fix the truncation accuracies for all (truncated) H-matrix operations of the precon-
ditioner set-up to 67t = 107! (cf. Equation (5.19)). The system sizes depend on the level
of refinement for the triangulation 7" (cf. Table 5.1) which is varied between 3 and 6. The
computation times per degree of freedom for both operations are shown in Figure 5.12.

First note that we omitted the computation time per degree of freedom for 10,854

degrees of freedom for the strong admissibility plots for distinguishability. What we can
observe there is that there is almost no difference between the weak admissibility and the
strong admissibility with n = 16. Without the omitted first point, the lines would not
be distinguishable. This can be explained by the rather large value chosen for 7. For
the sparse admissibility we can observe that it leads to a speed-up of the preconditioner
set-up in out tests. Note that from the complexity estimate for the H-matrix updates in
Theorem 4.44 and the tree depth estimates, e.g., in Lemma 4.24 and Theorem 5.11, we
would expect the multiplication to require O(klog,(p)?p) operations where p = 3n + M
and k is the maximal local rank of the matrices V¥ and WF for k = 1,2, 3, respectively.
Hence, the plot for the explicit computation of the Schur complement (step (4)) suggests
that the local ranks of the matrices V¥, W* (k = 1,2,3) increase significantly with an
increasing number of degrees of freedom. The H-LU factorization of F and the triangular
solves for the computation of V¥, k = 1,2,3, however, seem to meet this expectation of
log-linear complexity.
Conclusion. The results depicted in Figure 5.12 suggest that the sparse admissibility con-
dition is a suitable and effective choice as admissibility condition for the construction of
Tzx7z with both the uncoupled clustering and the coupled clustering. For the cluster tree
T7xz, however, it is not. Especially for a larger number of degrees of freedom, the #-
matrix updates for the explicit computation of the (approximate) Schur complement Sy
fails to achieve log-linear complexity as it is the case with the other admissibility condi-
tions. Another thing to note here is that there is almost no difference between the weak
and the strong admissibility condition in all cases. This can be explained by the rather
large choice for n (n = 16).
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Figure 5.12: Computation times per degree of freedom for steps of the preconditioner set-up
with different admissibility conditions and the uncoupled clustering (dotted lines, circles)
as well as the coupled clustering (solid lines, triangles), truncation accuracy 6* = 1071,
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Remark 5.21. Our key conclusions drawn from the presented numerical experiments are
summoarized as follows:

e For larger truncation accuracies 53'(‘31 and 531117 e.g., 53'21 = 53141 = 1071, the coupled

clustering yields a favorable block structure of the matrices VF and W* k =1,2,3,
for the time-consuming explicit computation of an (approximate) Schur complement

Sy.

Vel,éz;ful < 107*, the uncoupled clustering
yields a more effective block structure. The larger interfaces generated by the coupled
clustering are disadvantageous in this case.

e For smaller truncation accuracies, e.q., 0%

e A rather large value for the truncation accuracies is sufficient for the construction of
effective block triangular preconditioners for our model problem.

o While the sparse admissibility condition is a suitable choice for the construction of
Trxz, it is not for the construction of Trxz since the H-matriz updates for the
computation of an (approximate) Schur complement do not meet the expected log-
linear complexity estimates. For the construction of Tzxz the weak or the strong
admissibility conditions (or variants based on these) are a better choice.

o While the coupled clustering with interface decomposition improves the time required
for the computation of an H-LU factorization Ly Uy ~ F, as intended, it also results
in significantly more time required for the other steps, (2) — (4), of the preconditioner
set-up compared to the coupled clustering. The total time required for the precondi-
tioner set-up and the solve with the PBiCGStab method is comparable to the one with
the uncoupled clustering.
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Chapter 6

Variants of the H-matrix
multiplication

The multiplication of hierarchical matrices has an important role in the (block) precondi-
tioning with H-matrix factorizations like the H-LU factorization presented in Section 4.4.4.
(Block) H-matrix preconditioners for saddle point problems also require the explicit com-
putation of an (approximate) Schur complement which involves H-matrix updates directly
(cf. Remark 5.3).

In the previous Chapter 5, we described approaches to improve the set-up time of block
preconditioners for saddle point systems by different construction techniques for the hier-
archical block structure of the involved matrices. Now, we will examine the multiplication
algorithm itself.

While we described the multiplication algorithm in Section 4.4.2 as it was first intro-
duced in [25], alternative approaches were developed recently in [5] and [11].

The first alternative approach, the multiplication with accumulated updates, is inspired
by arithmetic operations of H?-matrices, a subclass of H-matrices (see, e.g., [26]). The
second approach organizes the summation of low-rank matrices differently with so-called
sum-expressions. This allows for an easy truncation of the whole occurring sums of low-rank
matrices using only matrix-vector operations and without computing these sums explicitly.

In the remainder of this chapter, we will describe both alternative versions briefly,
and then explore their applicability to the block preconditioning of saddle point problems
with numerical experiments. We start with the H-matrix multiplication with accumulated
updates from [5] in Section 6.1. Then, we will continue with the H-matrix multiplication
with sum-expressions from [11] in Section 6.2.

Throughout this chapter, let Z, J, and K be finite index sets with cluster trees Tz, 77,
and Tx, respectively (see, Definition 4.6), with leaf size bound njeas (cf. Definition 4.13).
Furthermore, let Tzxx, Tkx7, and Tzx 7 be corresponding block cluster trees constructed
with an admissibility condition (see Definitions 4.8 and 4.10) and ’7}1;‘?7 the induced product
tree (see Remark 4.37). Then, we consider the update

Z+—2ZoX0Y (6.1)

for hierarchical matrices X € H(Tzxic, k1), Y € H(Ticx7,k2), and Z € H(Tzx7, ks) with
local ranks ki, k2, k3 € N (see Definition 4.11).
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6.1 H-matrix multiplication with accumulated updates

6.1.1 The algorithm

The original algorithm for the update (6.1) is based on the induced product tree ’7'11X 7
For leaves b = (t,s) € L(T7%;) the product (XY)l¢xs is of the form (cf. (4.23b))

level(b)

XY |t><s - Z Z X|t><'r‘Y’T’><87 (62)

J=0 reUi(t,s)

where the sets U7(t,s), 0 < j < level(b) are from Definition 4.39. If (t,s) & Tzxg, each
summand is added to the corresponding predecessor block Z[g with b € L7 7. This requires

a significant number of truncations for each successor of b in the induced block cluster tree
7-I]><J

The idea of the H-matrix multiplication with accumulated updates is to compute the
(truncated) sum

level(d)

@ @ X’tXrY|r><s

J=0 reUi(t,s)

first, and then add the result to Z[; instead of adding each summand directly to Z[,. If

additionally b ¢ sons(/l;), ie., b is not the father of b but a predecessor multiple levels above
b, the result is computed for all intermediate levels first. This approach ensures that each
block b € L1 7 requires truncated additions only for direct successors and therefore allows
for a decreased computational complexity.

The product is stored in auxiliary matrices R; s € R(t,s, k) for t € Tz,s € T7. When-
ever a product X|;x,Y|rxs for r € T with (t,7) € Tzxx and (r,s) € Tkxs can be
represented as low-rank matrix (see (4.30) to (4.34)), it is added to Ry, followed by a
truncation to rank k. Otherwise, we compute the product on the sub-blocks. To keep
track of the already computed results and the results we have to handle on the sub-blocks,
we introduce accumulators following [5].

Definition 6.1 (Accumulator). Let b = (t,s) € T3%, and k € N. Then, an accumulator
for the block b is a tuple

(Rt,57Pt,s)
with Ry s € R(t, s, k) and
Pis C{(a,1,G,H):a €R, r €T, G € H(T (), k1), and H € H(T(;5), k2)},

where Ty and T, ) are the sub block cluster trees of Trxx and Tixg with roots (t,r) and
(r,s), respectively (cf. Definition 4.8). The set P, s is called the set of pending products.

The H-matrix multiplication with accumulated updates relies on three operations han-
dling accumulators, summarized in Algorithms 6.1 to 6.3:
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e add_product which adds a product aX|ix,Y,xs to an accumulator (R s, P; ) for
(t,r) € Tzxx and (r,s) € Texg. If aXl|ixrY|rxs can be evaluated, i.e., if (¢,r) €
Lzxior (r,s) € Lxxyg, then it is added to Ry s and the result is truncated. Otherwise,
it is added to the set of pending products F; .

e split which creates accumulators (Ry o, Py o) for all b’ = (¢/,s’) € sons(b), from an
accumulator (Rys, Prs) for b= (t,s) € T2,

e flush which performs the summation of an accumulator (R, P; ) to the matrix
Z|ixs for (t,s) € Trxg. If P,y = 0, the matrix represented by the rank-k factors
Ris € R(t,s, k) is added to Z|;xs. Otherwise, the accumulator is split and the sum
is handled for all sons of b = (t, s). If (¢,s) was a leaf block (¢,s) € L1« 7, the result
on the sub-blocks are merged into one large rank-k matrix with merge_hmatrix from
Algorithm 6.4.

The update (6.1) is performed by initializing the accumulator (R, ., Pr; ;) With P, ;.. =
0 and Ry, r, = (0zxk,07xk) € R(Z,J,k). Then the product XY is added to the accumu-
lator with a call of addproduct followed by a call of £lush with the updated accumulator
and Z.

Algorithm 6.1 Add a product to an accumulator (cf. [5, Fig. 5])

Input: Scaling factor o, clusters t € Tz, r € Tk, and s € T, factors X € H(T;), k1) and
Y € H(T(ys), k2), accumulator (Rys, Prs) with Ry s = (Ag,Br) € R(t,s,k) to which
the product XY is added.
function add_product(a, t, r, s, X, Y, R s, Pis)

if (t,8) € Lzxx or (s,7) € Licx7 then
k max{ki, k2, Njeat }
Determine (A,B) € R(t,s, k) with XY = AB > See (4.30) to (4.34)
A(— (AR aA), ]§ — (BR B)
Ris + THEF (A, B) > cf. 2.3.
else
Pt75 < Pt,s U {(O[,T,X,Y)}
end if
end function

Theorem 6.2. Let

p := max{depth(77), depth(77), depth(7x)},

Csp = maX{Csp(EX/C)v Csp(77C><J7)7 Csp(’TIXJ)}?

and k = max{k1, ko, k3, Niear } . Then the computational cost Wyy of the H-matriz update
with

Z—72ZoX0Y
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Algorithm 6.2 Splitting of an accumulator (cf. |5, Fig. 6])

Input: Non-leaf clusters t € Tz \ £z and s € Ty \ L7, accumulator (R, P s) with
Ris = (ARr,BpRr) € R(t, s, k)
Output: Accumulators (Ry s, Py ¢) for all sons of ¢’ of t and s of s.
function split(t, s, Ry, Pis)
for ¢ € sons(t), s’ € sons(s) do
Ry ¢ < (ARlyxk, Brlsxk)
Pt/75/ — @
for (a,r,X,Y) € P, 5 do
for r’ € sons(r) do
add_product(t’, r’, ', X|yw, Y|pxs, Ry s, Prg) > cf. Algorithm 6.1.
end for
end for
end for
return ((Rt/,s’a Pt’,s/))t’,s’
end function

Algorithm 6.3 Flush an accumulator into an H-matrix

Input: Clusters ¢ € 7z and s € Tz, accumulator (Rys, P;s) with Ry = (Agr,BRr) €
R(t,s, k'), target matrix Z € H(T ), k') the accumulator is added to, target rank k.
function flush(¢, s, Ris, Pis, Z, k)

if P,, =0 then

add_hmatrix_rkmatrix(l, ¢, s, Agr, Bg, Z, k) > cf. Algorithm 4.8
else
(Rt’,8’7 Pt’,s’)t’,s’ — Split(tv S, Rt,& Pt,s) > cf. Algorithm 6.2

if (t,s) € Tzx7 \ L1x7 then
for ¢’ € sons(t), s’ € sons(s) do
flush(t', s, Ris, Prs, Llyxs, k)
end for
else B B
Create Z € 7-[(7&“;1), k') with Z = Z
for t' € sons(t), s’ € sons(s) (~io > (t,s) & L(TF,) since P, s # 0
flush(t’, s', Ry ¢, Py g, Z)
end for
if (¢,s) € EEXJ then
Zly < Z,
else > (t,s) € 5'1:\7
7 + merge_hmatrix(t, s, Z) > cf. Algorithm 6.4
end if
end if
end if
end function
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Algorithm 6.4 Merge a hierarchical matrix into a rank-k matrix

Input: Clusters ¢ € 77 and s € 77, H-matrix Z € 7—[(7@’33), k"), target rank k
Output: Rank-k factors (A, B) € R(t,s,k) representing Z merged into one low-rank
matrix truncated to rank k
function merge_hmatrix(t, s, Z)
if then(t,s) € £L(T7%;)
Determine Az, Bz € R(t, s, k') with Z = AzBJ
(A,B) + T, | > cf. Remark 2.3
else 7
A<_0t><k7 B<_Os><k
for ¢’ € sons(t), s’ € sons(s) do
(A’,B’) + merge_hmatrix(t, s, Z|yxs, k)
A (A ar+), Be (B B
(A,B) «+ ‘If}tr]fk > cf. Remark 2.3
end for 7
end if
end function

with accumulated updates can be estimated by
Wan(Tzxic, Txs Trx s bt ko, ks) < CanCoE (5 + D(IZ] + K| + 7)),
where Cyy > 0 is a constant depending on the block cluster trees Trxi, Ticxg, and Trx 7.

Proof. See |5, Theorem 6]. O

6.1.2 Numerical experiments

In the following, we will present and evaluate the results of numerical experiments com-
paring the use of the standard H-matrix arithmetic and the H-matrix arithmetic with ac-
cumulated updates for the set-up of the H-LU factorizations F ~ LpUp and Sy ~ LgUg
(cf. Remark 5.3). The model problem and the test setting is the same as described in
Section 5.4.1. We note that the H2Lib library already offers an implementation of the
‘H-matrix arithmetic with accumulated updates, which we used for our tests. The cluster
trees Tz and 77 were generated with the coupled clustering introduced in Section 5.2, i.e.,
T7 was generated with geometric bisection and 77 was generated coupled with 77 (see,
e.g., Algorithm 5.1). The block cluster trees Tzx7, T7x7, and T« 7 were generated with
the admissibility conditions (cf. Definitions 4.30, 4.34 and 5.8)

DD
weak >’

C

admsz = admweak,

admzyx7 = adm and admy. s = adm, (n=16),

respectively.
As before in Section 5.4, we denote the truncation accuracies by
respectively (cf. (5.19)).

57—[

vel?

57—[

mul’

H
and 5SChur ’

Remark 6.3. From Remark 5.3, we recall the 5 steps of the preconditioner set-up:
Step @ Compute an H-LU factorization LgUp ~ F.
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Step (2) Compute V¥ ~ B”rj_[lvl_1 for k=1,2,3.

Step Compute WF ~ L' (B5)T fork=1,2,3.
H

Step (4) Compute Sy = @2:1(V’“ © Wk),
Step @ Compute an H-LU factorization LgUg = Sy.

First, we compare both H-matrix arithmetic variants for a varying system size and fix
(5‘%1 = (5;’;{ul = 5§{Chur = 107! The results, i.e., the computation times per degree of freedom,

are depicted in Figure 6.1.

Schur complement computation F ~ LrUr & PBiCGStab

1073

1076 Standard . Accumulated . 1076 Standard Accumulated
*® 9 Vi=BjUy =—i— @ Vi =B}U’ o DF~xLpUp == O F~LpUp
@ DSy =@V,oOW;, == @Sy =@PV.0W, = @ PBiCGStab == PBiCGStab
10~ ® Sy ~ (LsUs)y ® Sy ~ (LsUs)n 10~ & Total == Total
104 10° 106 104 10° 106
#DOF #DOF

Figure 6.1: Computation times per degree of freedom for the preconditioner set-up and the
solve with the PBiCGStab method with the standard H-matrix arithmetic (dotted lines,
circles) and the H-matrix arithmetic with accumulated updates (solid lines, triangles) for
a varying system size.

There, we can observe that the H-matrix arithmetic with accumulated updates yields a
speed-up for the H-matrix update required for the computation of an (approximate) Schur
complement Sy (step (4) of the preconditioner set-up) and for the computation of an H-LU
factorization of Sy (step (5) of the preconditioner set-up). The H-LU factorization of F
(step (D) and the triangular solves (step (2) and (3)) are finished faster with the standard
H-matrix arithmetic. Another thing to note here is that the approximations computed
with the H-matrix arithmetic with accumulated updates seem to be less accurate, since
the solving the system requires more time due to a larger number of iteration steps.

Depicted in Figure 6.2 are the computation times per degree of freedom for a mix of
the H-matrix arithmetic with accumulated updates and the standard H-matrix arithmetic,
as well as a set-up only with the standard H-matrix arithmetic. Table 6.2 presents the
absolute times.

For the mixed preconditioner set-up, we used the standard H-matrix arithmetic for the
H-LU factorization of F (step (1)) as well as the triangular solves in steps (2) and (3) of the
preconditioner set-up. For the other operations (steps (@) and (5)), we used the H-matrix
arithmetic with accumulated updates.

In Figure 6.2 and Table 6.2 we observed (almost) no difference between the two ap-
proaches for smaller system sizes. For larger system sizes, on the other hand, we can
observe a small speed-up of about 10% — 20% in favor of the mixed approach.



6.1. H-matrix multiplication with accumulated updates 109

Standard H-matrix arithmetic

(Iter)
10,853 0.6s 0.4s 0.3s 0.1s 0.07s (9) 1.8s
94,285 10.4s 7.8s 8.2s 2.3s 1.8s (13) 38.2s
786,077 128.2s 105.8s 149.1s 43.3s 29.9s (21) 565.4s

6,419,773 1,271.0s 1,149.2s 2,074.7s 654.7s 457.6s (34) 6,823.7s

H-matrix arithmetic with accumulated updates

(Tter)
10,853 0.8s 0.5 035 0.1s 0.1s (15) 2.25
94,285 13.5s 9.3s 7.1s 1.9s 2.2s (18) 43.0s
786,077 161.5s 117.6s 105.7s 26.9s 38.8s (32) 571.2s

6,419,773 1,577.3s 1,231.0s 1,240.1s 318.0s 816.3s (71) 6,480.5s

Table 6.1: Absolute computation times for the preconditioner set-up and the solve with the
BiCGStab method with the standard H-matrix arithmetic (top) and with the H-matrix
arithmetic with accumulated updates (bottom). The time required to solve the system
is supplemented by the number of iteration steps required to achieve a residual error of
10712,

Schur complement computation F ~ LpUr & PBiCGStab
1073 (i Y
________ °
10_4 /ﬂ‘”k—‘ 10_4 .//"___—‘
w w s
8 B 8 B //
+ 10 * 10
w i
1076 Standard . Accumulated . 106 Standard Accumulated
*® (QV,=BjU == () V;=BjUy! <o DF~LpUp == O F~LUp
‘@ @DSy=@PV,0W, =k= @Sy=@BV,0W, + @ PBiCGStab == PBiCGStab
10-7 ® Sy ~ (LsUs)x ® Su ~ (LsUs)u 10-7 =@ Total == Total
10 10° 106 10 10° 109
#DOF #DOF

Figure 6.2: Computation times per degree of freedom for the preconditioner set-up and the
solve with the PBiCGStab method with the standard H-matrix arithmetic (dotted lines,
circles) and the mixed approach (solid lines, triangles) for a varying system size.
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Standard H-matrix arithmetic

(Tter)
10,853 0.6s 0.4s 0.3s 0.1s 0.07s (9) 1.8s
94,285 10.4s 7.8 8.2s 2.3s 1.8s (13) 38.2s
786,077 128.2s 105.8s 149.1s 43.3s 29.9s (21) 565.4s
6,419,773 1,271.0s 1,149.2s 2,074.7s  654.7s 457.6s (34) 6,823.7s
Mixed H-matrix arithmetic
(Tter)
10,853 0.6s 0.4s 0.3s 0.1s 0.07s (10) 1.8s
94,285 10.3s 7.7s 7.0s 1.9s 1.6s (14) 36.0s
786,077 126.4s 104.0s 105.3s 27.28 25.7s (21) 495.6s
6,419,773 1,259.8s 1,134.2s 1,230.7s 333.6s 485.1s (38) 5,642.2s

Table 6.2: Absolute computation times for the preconditioner set-up and the solve with
the BiCGStab method with the standard H-matrix arithmetic (top) and with the mixed
approach (bottom). The time required to solve the system is supplemented by the number

of iteration steps required to achieve a residual error of 10712.
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Conclusion. In Figure 6.1 we observed that the arithmetics with accumulated updates per-
forms slightly better than the standard H-matrix arithmetic for the multiplication in step
(4 and for the H-LU factorization of the (approximate) Schur complement Sy in step (5)
of the preconditioner set-up. With a larger system size this advantage grows. However, we
also observed that the H-matrix arithmetic with accumulated updates requires more time
for the computation of an H-LU factorization of F. Additionally, the whole preconditioner
seems to be less accurate resulting in more iteration steps required to achieve the desired
accuracy. Considering the total computation time it seems to be neither beneficial nor
adverse to use the H-matrix arithmetic with accumulated updates instead of the standard
‘H-matrix arithmetic in this case. But we note, that one may consider the usage of a mix of
both for a small speed-up. In our tests, we observed a small speed-up of about 10%-20%
for a larger system size.

Next, we consider a fixed (total) system size of 3n + M = 3 - 250,047 + 35936 =
786,077 and varying truncation accuracies. First, we vary 53101 € {1071,...,107*} and
fix 6311 = (%{Chur = 10~!. The computation times per degree of freedom are depicted

in Figure 6.3. Here, we can observe that varying 5‘%1 does not have any effect on the

Schur complement computation F ~ LrUr & BiCGStab

s/#DOF

10-5 Standard Accumulated 5 Standard Accumulated

. § 107 . N
@ (QV,=BjU;! == () V; = B}, U;! “® OFx~LpUp == O F=~LpUp
@ @DSy=@V,oW, == @Sy=@PV,0W, = @ PBiCGStab == PBiCGStab
® Sy =~ (LsUs)u ® Sy ~ (LsUs)xn =@ Total == Total

107! 1072 1073 107 1071 1072 1073 107
i i

Figure 6.3: Computation times per degree of freedom for the preconditioner set-up and the
solve with the PBiCGStab method with the standard H-matrix arithmetic (dotted lines,
circles) and the H-matrix arithmetic with accumulated updates (solid lines, triangles) for
a varying truncation accuracy 074 € {1071,...,107*} and fixed 6% = 6%, ~=10"1.
multiplication in step (4) and the computation of the H-LU factorization of Sy in step
(5) of the preconditioner set-up. This is to be expected since the computation time of
these operations depends on 5;[111 and ég{chur’ respectively. For all operations involving the
matrix F or its (approximate) H-LU factorization F ~ LpUp , ie., steps (@D — (3 of the
preconditioner set-up, the computation times increase with a decreasing 53'([31. We also note
that the time required to solve the system slightly decreases with both H-matrix arithmetic
variants. But the total computation time is still dominated by the preconditioner set-up.

Next, we consider a varying truncation accuracy (ﬂul e {1071, ..., 10*4} for the explicit
computation of the (approximate) Schur complement, i.e., steps of the precondi-
tioner set-up. The other truncation accuracies are fixed with 5‘%1 = (5§£Chur = 10"%. The
computation times per degree of freedom are depicted in Figure 6.4. In this figure, we
can observe that the computation times for the multiplications in step (4) increase with a
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Schur complement computation F ~ LyUyr & BiCGStab
1073 {
1073
[V [V
S |y ) S F P —— P —— )
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= } — "
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Figure 6.4: Computation times per degree of freedom for the preconditioner set-up and the
solve with the PBiCGStab method with the standard H-matrix arithmetic (dotted lines,
circles) and the H-matrix arithmetic with accumulated updates (solid lines, triangles) for
a varying truncation accuracy 6%, € {1071,...,107%} and fixed 6% = (%éhur =10"%

decreasing 52;1[111 for both variants of the H-matrix arithmetic. The difference between both
variants of the H-matrix arithmetic seems not to vary for all operations.

Conclusion. The observations described above suggest that the effectiveness of the H-
matrix arithmetic with accumulated updates does not depend on the truncation accuracies
but rather on the block structure of the matrices. The nested-dissection like structure of
the H-matrix representation of F seems to be disadvantageous for the H-matrix arithmetic
with accumulated updates.

6.2 H-matrix multiplication with sum-expressions

In this section, we will discuss the H-matrix multiplication with sum-expressions. This
approach was first introduced in [11] and is based on the idea of utilizing matrix-vector
operations for the truncation of the occurring sums of matrices.

6.2.1 The algorithm

The idea of the H-matrix arithmetic with accumulated updates was to reduce the number
of rank truncations for multiple merges of low-rank matrices to the same larger block by
assembling the result of the product X©Y block-wise in auxiliary matrices R; 5. This idea
stems from arithmetic operations of H2-matrices. While the motivation for the H-matrix
arithmetic with sum-expressions described in [11] was different, both variants are based on
similar ideas (cf. [11, §3.2.4]).

The motivation for the H-matrix arithmetic with sum-expressions was a reordering of
the operations to achieve an easy applicability of matrix-vector operation based truncation
methods. This is achieved by assembling all intermediate low-rank matrices in a set or list
instead of adding them directly to the result or an auxiliary matrix. They are stored until
a final (single) low-rank truncation is applied for the current block.



6.2. H-matrix multiplication with sum-expressions 113

When the rank truncation is based on matrix-vector operations, we do not have to
evaluate the stored sum of (intermediate) low-rank matrices but can use vector updates
applied summand by summand.

In the following, we will use a structure similar to the accumulator from Definition 6.1
to keep track of all matrices to handle. The low-rank matrix of an accumulator is replaced
by a so-called sum-expression of low-rank matrices containing all (intermediate) low-rank
matrices to handle. Additionally, we keep track of H-matrix products to handle with a set
similar to the set of pending products of an accumulator. But in this context, we call it
sum-expression of H-matrices.

Definition 6.4 (Sum-expression). Let b = (t,s) € Tzx7, and let Kr C Tx. Then, we call
Sr(t,s) ={(r,A;,B,) :r € Kr and (A,,B,;) € R(t,s,k) for some k < [t|,|s|}
sum-expression of low-rank matrices for the block (t,s). Similarly, we call
Sy (t,s) C{(ar,r, X|txr, Ylrxs) : 7 € TT, X € H(Tzxxc, k1), Y € H(Ticx 7, k2)}

sum-expression of hierarchical matrices for the block (t,s). Furthermore, we call the tuple

(SR(tv 8), S’H(t7 3))
sum-expression for the block (t, s).

Now, we use these sum-expressions to express the blocks of the product aXY for a € R,
X € H(Tzxx, k1), and Y € H(Ticx 7, ko). We start with rz and r7 and set

Sr(rz,rg) =10
and
Sy (rz,ry) = {(a,r, X, Y)}.

Now, if root(Tzx7) =: r7x7 = (r7,77) &€ L1x7 and rzx g & E(TI“;%), we can express the
product on the sub-blocks as (cf. (4.35))

(XY)‘txs = Z X’tX?“Y’I”XS‘

réesons(ric)
Then one of the following cases applies to all r € sons(ri):

1. If (t,r) € LI, or (r,s) € Lxxy, then we can compute (A,,B,) € R(t,s,k1) or
(A;,B;) € R(t, s, ko) with AB = X|;x,Y|rxs (cf. (4.30) and (4.31)). Hence, we add
(r, A, B,) to the sum-expression of low-rank matrices for (¢, s).

2. If (t,r) € LI, or (r,8) € L, 7, we could compute (A, B,) € R(t, s, near) With
A, B, = X|;x,Y|rxs. But instead, we add (1,7, X|ixr, Y|rxs) to the sum-expression
of hierarchical matrices for (¢, s).

3. If (t,7) € Lzxx and (r,s) € Lxx.7, the product has to be computed on further
sub-blocks. Hence, we add (1,7, X|ixr, Y|rxs) to the sum-expression of hierarchical
matrices for (t, s).
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Therefore, we set

Sr(t,s) :={(r,A;,B,) : 7 € sons(rg), (t,7) € LI, or (r,s) € L’,JEXJ}

and
Sy (t,s) :={(a, 7, X|ixr, X|rxs) :(t,7) € Tzrxic \ E}X,C and
(r,s) € Texg \ L’,JEXJ,T € sons(ri)},
so that
(aXY)|ixs = >  ABT+ > BVW (6.3)
(r,A,B)eSx (t,s) (B,r,V,W)ESy(t,s)

holds for all (¢,s) € sons(rzxs). On the next level, we also have to handle all tuples
contained in the corresponding sum-expressions of low-rank matrices. This can be done
by simply restricting the rows of the given factors to the subclusters. The restriction of
sum-expressions to sub-blocks as described above is summarized in Algorithm 6.5. The
multiplication is then performed by restricting sum-expressions of non-leaf blocks to the
sub-blocks, and evaluating the sum-expressions on the leaf blocks with a truncation if
needed. This is summarized in Algorithm 6.6 The routine addtrunc_sumexpression used

Algorithm 6.5 Construct sum-expressions for sub-blocks

Input: Block b = (t,8) € Tzx7 \ Lzx7, sum-expression S(t, s) := (Sr(t,s), Su(t,s)) for
the block b, successor b’ = (', s’) € sons(b).
Output: Sum-expression S(t',s") = (Sr(t',s"),Sx(t',s")) for the block V', constructed
from the sum-expression S(¢, s).
1: function restrict(b, ¥/, S(t,s))
2 S’R(t/, 8/) — {(T‘, A’t’ka B’s’xk) : (7“, A,B) € S'R(t, S), keN S.t.(A,B) € R(t, S, ]{3)}
3 SH(t/, S/) 0
4: for (a, 7, V, W) € Sy(t,s) do
5
6
7

for 7’ € sons(r) do
if (¢',1') € L 4 or (1, §)€ E,JEXJ then
Determine (A,,B,/) € R(t,s,k) with V], W]y = A Bu(k €

8: SR(t,, S,) — SR(t,, S/) U (T/, A,,B,)

9: else

10: SH(t/, S/) — SH(t/, S,) U (e, r, V0grs Wlpxs)
11: end if

12: end for

13: end for

14: S(t/, S/) — (SR(t/, S/), SH<t/, 8/))
15: return S(t',s)
16: end function

in line 10 of Algorithm 6.6 adds a sum-expression to a low-rank matrix, and truncates the
result to a target rank. This can be done, e.g., by:
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Algorithm 6.6 H-matrix update with sum-expressions

Input: Block b = (¢, s) € Trx 7, sum-expression S(t,s) = (Sr(t,s), Sx(t, s)) representing
the product XY |ixs for X € H(Tzxic, k1) and Y € H(Tixg, k), target H-matrix
Z € H(Ty, k3) that is overwritten by Z @ (X ©® Y)|¢xs, target rank k € N

1: function addmul_hmatrix_sumexpression(b, S(t,s), Z, k)
2 if (t, S) ¢ L1y 7 then
3 for b/ = (¢, s’) € sons(b) do
4 S(t',s") + restrict(b, V', S(t,s))
5: addmul_hmatrix_sumexpression(V/, S(t',s), Z|yxs, k)
6 end for
7 else
8 if (t,s) € L7, ; then
9: Determine (Ap, By) € R(t, s, k3) with Z = Ang > see Definition 4.11
10: (A,B) < addtrunc_sumexpression(S(t,s), Ay, By)
11: Z «+ ABT
12: else > (t,8) € L1, 7
13: Z<+Z+ > ABT + > aVW
(r,A,B)eSR(t,s) (a,r, V,W)€ESy(¢,s)
14: end if

15: end if
16: end function

1. Computing the result explicitly and using a single truncation via SVD (cf. Re-
mark 2.2). In this case, the multiplication with sum-expressions is equivalent to
the original multiplication with single truncations via SVD (see [11, §3.2.2]) and the
corresponding result from Theorem 4.44 can be applied.

2. Computing the result with intermediate truncations via SVD, i.e., pairwise truncation
of the sums. In this case, the multiplication with sum-expressions is equivalent
to the original multiplication with pairwise truncations (see [11, §3.2.3]) and the
corresponding result from Theorem 4.44 can be applied.

3. Computing the result with approximation techniques utilizing matrix-vector oper-
ations such as the randomized low-rank approximation from Section 2.1.3 or the
low-rank approximation via Lanczos bidiagonalization from Section 2.1.2.

In the last case, we estimate the computational complexity with the following result from
[11].

Theorem 6.5. Let X € H(Tzxxc, k1) and Y € H(Tix7, ko). Let ko= max{ki, k2, Njear }
and

7 = max{depth(7z), depth(7k), depth(7T7)}

where Neas s a leafsize bound for Tz, T, and Tz (cf. Definition 4.13). Let T(M, k) be
a truncation method which computes a rank-k approzrimation ApyyBm € R(m,n, k) for a
matriz M € R"™™ with £k matriz-vector operations and N« (k) additional operations. If
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this truncation method is used for the routine addtrunc_sumezpression, then the com-
putational complexity Wyo for the multiplication of X and Y with sum-expressions can be
estimated by

Wse(’]dIXlC777C><\777dI><ja k17k27k) < 25C§p(2€+ 5)/];2162“1‘ + |IC’ + |\7|)
Proof. See [11, Theorem 5.4]. O

Remark 6.6. The proof presented in [11, Theorem 5.4] uses T = K = J. But it can be
extended easily to arbitrary finite index sets T, IC, and J. Whenever the estimate

Y. (tl+alr+sl) < CL(2+a)(p+ 1)IZ|

(tvr)EEXI
(7",5)67’1)(1

is used for a € N (cf. [11, Lemma A.1]), it has to be replaced by the similarly derived
estimate

Y. (t+alr| +1sl) < CL(p+ 1)(IZ] + alK| + [T

(tr)€TzxK
(T‘,S) GT}C xJ

Remark 6.7. The standard H-matriz multiplication described in Section 4.4.2 adds in-
termediate low-rank matrices directly to the result. Therefore, we only have to store one
such matriz at the same time. The H-matriz multiplication with sum-expressions, on the
other hand, is structured differently. We have to store all intermediate low-rank matrices
in order to add and truncate them all at once. Although this allows to use fast truncation
methods, this may also increase the storage required for intermediate results significantly,
especially when the factors, and therefore the intermediate matrices, have a large (local)
rank.

6.2.2 Numerical experiments

In this section, we will again present and evaluate results of numerical experiments. This
time, the experiments aim to compare the standard H-matrix arithmetic with the H-matrix
arithmetic with sum-expression. Since a major advantage of the latter is the ability to use
matrix-vector operation based truncation methods to compute blocks of the result with
a single truncation, we also compare different truncation methods we have introduced in
Section 2.1.

The model problem and the test setting are, again, the same as described in Sec-
tion 5.4.1. Note that, in contrast to the H-matrix arithmetic with accumulated updates, the
H2Lib does not offer an implementation of the H-matrix arithmetic with sum-expressions
which therefore we implemented.

The cluster trees 77 and J were generated with the coupled clustering introduced in
Section 5.2, i.e., T7 was generated with geometric bisection and 77 was generated coupled
with 77 (see, e.g., Algorithm 5.1). The block cluster trees Tzxz, T7xz, and T7x7 were
generated with the admissibility conditions (cf., Definitions 4.30, 4.34 and 5.8)

DD
weak

c
weak

admry7 = adm adm7y7 = adm and admyys = adm, (= 16),
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respectively. As before in Section 5.4, we denote the truncation accuracies by 5\7,'6‘31, (5fr'ful,
and 5§'f;hur, respectively

Figure 6.5 shows the computation times per degree of freedom for steps (1), 2), (4),
and (5) of the preconditioner set-up (cf. Remark 5.3). Table 6.3 shows the absolute
computation times for the steps of the preconditioner set-up with the standard H-matrix
arithmetic and with the H-matrix arithmetic with sum-expressions and randomized low-
rank truncations. Step (3) is omitted due to the similarities of the operation with the one
in step (2). Therefore, we can expect similar results for both.

108 (D F ~ Ly Uy for different truncation methods 10-3 V. = B}, U;! for different truncation methods
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-4 - —4 - ¥ .
10 - 10 . = /
[ - = m .= =
o) o . ’/’ /
5 / g r’
1075 1075
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Figure 6.5: Computation times per degree of freedom for the preconditioner set-up with
the standard H-matrix arithmetic and the H-matrix arithmetic with sum-expression with
different truncation methods.

First, we can observe in Figure 6.5 that there is only a negligible difference between
the standard arithmetic and the H-matrix arithmetic with sum-expressions and rank trun-
cations via SVD. This is to be expected since in this case both approaches are equiva-
lent (cf. [11, §3.2.3]). Next, we can also observe that the matrix-vector operation based
truncation methods both offer a significant speed-up for all steps of the preconditioner
set-up. However, we can also observe that the difference between the truncation via Lanc-
zos biorthogonalization and the randomized low-rank truncation is negligible. The time
required to solve the system, which is depicted in Figure 6.6, is similar for all approaches.
This suggests that the all truncation methods result in (spectrally) similar preconditioners.



118 Chapter 6. Variants of the H-matrix multiplication

-3 PBiCGStab time for different truncation methods 10-3 Total time for different truncation methods
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Figure 6.6: Computation times per degree of freedom for the solve with the PBiCGStab
method and total time per degree of freedom with the standard H-matrix arithmetic and
the H-matrix arithmetic with sum-expression with different truncation methods.

Standard H-matrix arithmetic

(Tter)
10,853 0.6s 0.4s 0.3 0.1s 0.07s (9) 1.8s
94,285 10.4s 7.8s 8.2s 2.3s 1.8s (13) 38.2s
786,077 128.2s 105.8s 149.1s 43.3s 29.9s (21) 565.4s

6,419,773 1,271.0s 1,149.2s 2,074.7s 654.7s  457.6s (34)  6,823.Ts

‘H-matrix arithmetic with sum-expressions and randomized truncation

(Tter)
10,853 0.2s 0.2s 0.1s 0.0s 0.09s (10) 0.8s
94,285 3.98 3.4s 3.4s 0.6s 2.3s (16) 16.2s
786,077 08.1s 53.0s 66.5s 14.8s 35.0s (21) 275.8s

6,419,773  687.3s 646.0s  1,001.2s 274.0s 630.4s (39) 3,846.0s

Table 6.3: Absolute computation times for the preconditioner set-up and the solve with
the BiCGStab method with the standard H-matrix arithmetic (top) and with the H-
matrix arithmetic with sum-expressions (bottom). The time required to solve the system

is supplemented by the number of iteration steps required to achieve a residual error of
10712,
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Last, Figure 6.7 depicts the memory requirements for the H-LU factorization Ly U ~
F, the matrix V| = BHUEI, and the H-LU factorization LgUg (cf. Remark 5.18).
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Figure 6.7: Memory required for the matrices computed for the preconditioner set-up with
the standard H-matrix arithmetic and with the H-matrix arithmetic with sum-expressions
with different truncation methods in Megabyte per degree of freedom.

Again, we can observe that the results with the standard H-matrix arithmetic and the
results with the H-matrix arithmetic with sum-expressions and pairwise SVD truncations
are similar, as it is to be expected since the approach via sum-expressions only delays the
truncations.

However, we can also observe that the two matrix-vector operation based truncation
methods result in computed matrices with a larger memory requirement which suggests
that they result in larger local ranks of the (admissible) low-rank blocks. Additionally,
there is also a difference between the randomized truncation method and the truncation via
Lanczos biorthogonalization. The latter requires more memory for all computed matrices,
i.e., these matrices have an even larger local rank.

Conclusion. Both approaches, the standard H-matrix arithmetic and the H-matrix arith-
metic with sum-expressions, have their advantages and disadvantages. The computation
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times observed in Figures 6.5 and 6.6 suggest that the H-matrix arithmetic with sum-
expressions in combination with matrix-vector operation based rank truncation methods
can result in a significant speed-up of about 40%—50% compared to the standard H-matrix
arithmetic.

However, the standard H-matrix arithmetic requires less intermediate storage (cf. Re-
mark 6.7) and results in more accurate low-rank approximations, i.e., in less memory
required for the computed matrices.

Hence, we conclude that the H-matrix with sum-expressions in combination with
matrix-vector operation based truncation methods are preferable if one does not have to
worry about the additinonally required memory, i.e., if there is enough memory to store the
intermediate low-rank matrices and handling the higher local rank of the computed matri-
ces. In this case, we prefer the rank truncation via Lanczos biorthogonalization. Although
this method results in larger memory requirements than the randomized rank truncation,
the difference is not huge. But an advantage of the rank truncation with Lanczos biorthog-
onalization is that it is deterministic. If, on the other hand, memory is a limited resource,
the standard H-matrix arithmetic is preferable.
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Chapter 7

Conclusion and outlook

We used two different approaches to improve the set-up time of H-LU factorizations for
(block) preconditioners of saddle point problems

()6 56 ()

from a mixed finite element discretization of Oseen problems, as first introduced in [31].
1. An optimization of the block structure of the involved H-matrices.
2. The application of two variants of the H-matrix multiplication.

The first approach was part of Chapter 5. We introduced a new cluster strategy, the
coupled clustering. This new strategy aimed to optimize the block structure of the matrix
B for the time-consuming H-matrix updates necessary for the explicit computation of an
(approximate) Schur complement. Since B describes a coupling of the pressure and the
velocity discretization, the idea was to couple the clustering of the velocity index set with
an already generated cluster tree for the pressure index set. This resulted in a geometric
decomposition of the finite element grid similar to the one generated by the domain decom-
position clustering but with larger interfaces. To compensate for these disadvantageous
larger interfaces, we additionally introduced an adapted version of the coupled clustering,
the coupled clustering with interface decomposition.

From Section 5.4, we summarize the main conclusions drawn from the presented results
of numerical experiments.

e The optimized block structure of the matrix B resulting from the coupled clustering
allowed for a speed-up of about 50% for the computation of an (approximate) Schur
complement. However, it also leads to a slower computation of an H-LU factorization
of F. Nonetheless, the total speed-up for the preconditioner set-up was still about
40% for a truncation accuracy of 107!,

e While the coupled clustering with interface decomposition resulted, as intended, in
a faster computation of an H-LU factorization of F, it had a negative effect on the
time required to compute an (approximate) Schur complement. In total, the set-up
time was comparable to the one obtained with the uncoupled clustering.
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e Smaller truncation accuracies for the H-matrix operations of the preconditioner set-
up lead to larger computation times for the set-up without a significant speed-up for
the time required to solve the system with the PBiCGStab method. Additionally, we
observed that the coupled clustering got less effective due to the block structure of the
involved matrices. For smaller truncation accuracies, we can expect the uncoupled
clustering leading to a faster set-up. However, in our tests a truncation accuracy of
10~ for all operations already lead to effective preconditioners.

In Chapter 6, we analyzed the second approach, the application of variants of the
‘H-matrix arithmetic to our problem.

In case of the H-matrix arithmetic with accumulated updates, we presented results of
numerical experiments that suggested that there is no benefit from using this variant for all
operations of the preconditioner set-up. Although there was an observable minor speed-
up for the H-matrix updates required for the computation of an (approximate) Schur
complement, we also observed a slower computation of an H-LU factorization of F. In
total, there was only a negligible difference in favor of the standard H-matrix arithmetic
for smaller system sizes and in favor of the H-matrix arithmetic for larger system sizes.
However, one may consider using a mix of both variants, the standard H-matrix arithmetic
and the H-matrix arithmetic with accumulated updates. In our tests, we observed a speed-
up of about 10%-20% with this approach.

In case of the H-matrix arithmetic with sum-expressions, we presented results illustrat-
ing the effectiveness of matrix-vector operation based truncation methods. Although these
methods tend to yield less accurate approximations, observable in our results by larger
memory requirements indicating larger local ranks, they also yield a significant speed-up
of about 40%-50% for all operations of the preconditioner set-up. Although the larger
local ranks, and therefore larger memory requirements, may be problematic if the amount
of available memory is limited, we note that the H-matrix arithmetic with sum-expressions
itself may introduce a significant increase of memory required for intermediate results (cf.
Remark 6.7). Hence, the H-matrix arithmetic with sum-expressions may not be suitable
in this case.

We close this thesis with a brief outlook on possible future work based on the results
presented in this thesis.

e In our numerical experiments we used an inf-sup stable pair of finite element spaces.
Another option would have been to stabilize an unstable pair of finite element space.
This results in a saddle point problem of the form

EEIORG

with a non-zero stabilization matrix C. In this case, the discretization of the pressure
and the velocity space can be chosen based on the same triangulation (cf. Section 3.3).
The coupled clustering as we introduced it in Section 5.2, can be adapted for this case
easily. Although we expect the coupled clustering to be also effective, further numer-
ical experiments are required to evaluate the effectiveness of the coupled clustering
in this case.
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e A popular approximation to the Schur complement in fluid dynamical applications is
the least squares commutator (see, e.g., [12, 13]). An advantage of this approximation
is that it can be used easily for a sequence of linear systems as they occur, e.g., when
solving the Navier-Stokes equations. However, the application of the inverse of the
least square commutator requires two solves with a matrix BQ 'BT where Q is
either a diagonal matrix or a mass matrix for the velocity discretization. Computing
BQ!'BT (or its inverse) directly may not be an option for a larger number of degrees
of freedom since it may be dense. Instead, we could use an H-matrix factorization
which has to be computed once for the whole sequence of linear systems. Since the
computation of BQ™'BT is similar to the computation of an (approximate) Schur
complement, the coupled clustering may again yield a favorable block structure for
‘H-matrix representations of B. It remains to be seen how this approach performs
compared to the explicit computation and factorization of an (approximate) Schur
complement as described in Chapter 5.
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