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We investigate unitary and state z-designs from a computational complexity perspective. First, we
address the problems of computing frame potentials that characterize (approximate) ¢-designs. We present
a quantum algorithm for computing frame potentials and establish the following: (1) exact computation
can be achieved by a single query to a #P oracle and is #P-hard; (2) for state vectors, deciding whether the
frame potential is larger than or smaller than certain values is BQP-complete, provided that the promise
gap between the two values is inverse polynomial in the number of qubits; and (3) for both state vectors
and unitaries, this promise problem is PP-complete if the promise gap is exponentially small. Second, we
address the promise problem of deciding whether or not a given set is a good approximation to a design.
Given a certain promise gap that could be constant, we show that this problem is PP-hard, highlighting
the inherent computational difficulty of determining properties of unitary and state designs. We further
identify implications of our results, including variational methods for constructing designs, diagnosing
quantum chaos, and exploring emergent designs in Hamiltonian systems.
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I. INTRODUCTION

Quantum randomness is a fundamental resource
in quantum information processing. It is commonly
formulated by a Haar-random unitary, a unitary drawn
uniformly at random with respect to the uniform
probability measure on the unitary group, i.e., the nor-
malized Haar measure. Applications of quantum random-
ness range from quantum cryptography [1-5], algorithms
[6-10], and sensing [11-14], to quantum communica-
tion [15-24]. In theoretical physics, quantum randomness
provides powerful tools to explore far-from-equilibrium
dynamics, yielding novel insights into thermalization
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[25-30], the holographic principle [31-33], and scram-
bling [34-40]. Experimentally, it plays a key role in bench-
marking noisy quantum devices [41-50] and studying
complex quantum many-body dynamics [51,52].

A Haar-random unitary is, however, computationally
expensive, as most unitaries require exponentially many
quantum gates to implement [53]. This fact necessitates
approximations of a Haar-random unitary [54,55], among
which a unitary t-design is a commonly used formu-
lation. A unitary ¢-design is a random unitary that has
the same 7th moment as a Haar-random one. Similarly,
a state t-design is defined as a random state vector that
has the same t#th moment as a Haar-random state, i.e.,
a state vector obtained by applying a Haar-random uni-
tary to a fixed state vector. In many applications, unitary
and state 7-designs can be used instead of Haar-random
ones.

Given their significance, implementations of designs
have long been studied. While it has been known in
combinatorial mathematics [56,57] that unitary and state
t-designs exist for any ¢, their explicit constructions have
been found only recently [58,59]. In quantum information,
approximate implementations have attracted substantial
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attention. A standard approach is to use quantum cir-
cuits on 7 qubits [60—70], and it has recently been shown
that O(tlogn/§) depth circuits suffice for generating the
d-approximation of a unitary z-design [69,70]. Another
approach leverages the frame potential, which achieves
its minimum for 7-designs, enabling variational construc-
tions of designs [71]. Additionally, implementations of
designs that exploit quantum many-body dynamics offer
a more exotic method [38,51,72—76], further introducing
novel frameworks to study complex quantum many-body
systems, such as deep thermalization [29,30] and complete
Hilbert-space ergodicity [39,40].

In recent years, computation-theoretic properties of
designs have also been studied, since designs and related
concepts [51,54] have proven to be extremely useful for,
e.g., cryptography uses [3—5]. A fundamental question
in this context is: Can we efficiently determine whether
a given distribution constitutes a design? Since designs
can be characterized by the frame potential, this question
can be reframed as: Can we efficiently compute the frame
potential? Given the numerous applications of designs,
these questions are not only foundational but also of
practical importance.

In this paper, we formulate these questions as computa-
tional problems and initiate a computational complexity-
theoretic analysis of unitary and state design properties.
We begin by providing a quantum algorithm for estimat-
ing the frame potential and show that while the algorithm
achieves 1/poly(n) accuracy for state vectors in polyno-
mial time, where n is the number of qubits, achieving
exponential accuracy or estimating the frame potential of
unitaries takes exponential time.

To check if more efficient algorithms exist, we intro-
duce and investigate computational problems about the
frame potential. First, we show that exactly computing
the frame potential can be achieved by a single query to
a #P oracle and is #P-hard. We then consider a prob-
lem of approximately computing frame potentials. We
formulate this as a promise problem to decide whether
the frame potential of a given set is larger or smaller
than certain values, with the promise that either one
of the two is the case. For state vectors, this problem
is shown to be BQP-complete and PP-complete if the
promise gap between the two values is ©(1/poly(n)) and
©Q27PoY®) " respectively. For unitaries, the problem is
PP-complete if the promise gap is @(27PoY™) These
results imply that general algorithms, whether quantum
or classical, for computing the frame potential with expo-
nential accuracy in polynomial time are unlikely to exist,
indicating that our quantum algorithm cannot be drastically
improved.

We also propose and investigate the problems more
directly related to designs, i.e., promise problems to decide
whether a given set is a §-approximate t-design or not a
8’-approximate ¢'-design, where ¢ < ¢, under the promise

that only one of the two is the case. We show that this
promise problem is in PP for # = ¢ if the gap between &’
and § is not too small. We also show that, for any ¢ < ¢,
this problem is PP-hard if 8’ — § € @2 ~978) for ¢ < ¢
and 8’ — 8§ € ©(27"6) for t = ¢, where ¢ = 1 for a set of
state vectors and ¢ = 2 for a set of unitaries. This result
is particularly remarkable when # = ¢ + 1. By setting § as
© (2™ for state vectors and ®(272") for unitaries, our
result implies that it is PP-hard to decide if a given set
is an exponentially accurate approximation to a 7-design
or a worse-than-constant approximation to a (# + 1)-design
that is not an exponentially accurate approximate z-design.
This large gap in the approximation accuracy in particular
demonstrates the computationally hard nature of checking
unitary and state design properties.

Due to the broad generality of our complexity-theory-
based approach and the universal significance of unitary
and state designs, our results have the following immediate
implications:

(1) Variational constructions of designs. A promising
application of the frame potentials is a variational
construction of designs [71]. Our results suggest that
variational methods with a general ansatz do not
scale due to the absence of efficient algorithms for
computing frame potentials, highlighting the crucial
importance of choosing a good ansatz.

(2) Quantum chaos through OTOCs. The {frame
potential of a set of unitaries is closely related to
the out-of-time-ordered correlators (OTOCs) [37].
Therefore, our hardness results for computing frame
potentials directly apply to OTOCs. As OTOCs
are used to diagnose quantum chaos [36], this
reveals the complex nature of quantum chaos from a
computational viewpoint, establishing a connection
between quantum many-body physics and complex-
ity theory.

(3) Designs in quantum many-body systems. Several
lines of evidence suggest that sufficiently com-
plex quantum many-body Hamiltonian dynamics
are highly useful for generating a unitary or state
design [38,51,72—76]. Except a few solvable cases
in the thermodynamic limit [74,75], most studies
rely on numerical simulations. Our results indicate
that direct numerical simulations do not scale unless
they are specifically tailored to the Hamiltonian
dynamics being investigated.

This paper is organized as follows. We begin with pre-
liminaries in Sec. II, where we explain our notation and
overview basic properties of unitary and state designs.
Our results and their implications are all summarized in
Sec. III. Proofs are provided in Secs. IV, V, and VI. After
the conclusions in Sec. VII, we provide supplementary
proofs in the appendices.
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II. PRELIMINARIES

We introduce our notation in Sec. Il A. A brief overview
of unitary and state designs is provided in Sec. IIB.
The computational complexity classes that we use are
summarized in Sec. I1 C.

A. Notation

We use the Schatten p-norms for linear operators, which
are defined by || X, := (Tr[|XIPD'? (p € [1,00]) with
|X| = vXTX. We particularly use the trace (p = 1), the
Hilbert-Schmidt (p = 2), and the spectral (p = co) norms.
They satisfy

[0l = 11012 < 101
< vrank(0)[|O]|2 < rank(O0)[| Ol (1)

For superoperators, we use the diamond norm || - ||,, which
is defined by || 7 ||, = max,>1 |7 ® id, |- 1, where id, is
the identity map on the n-dimensional Hilbert space, and
I1E€1—1 = maxy [[EX)|1 /11X ]l1, with the maximization
over all nonzero operators X .

Throughout the paper, we consider probability measures
over multisets of state vectors or unitaries. An average is
written as £y~ [ - ] for the probability measure u of state
vectors and as Ey.,[ -] for the probability measure v of
unitaries. When a finite multiset of state vectors or uni-
taries is given, the uniform distribution over the multiset is
naturally defined. Hence, with a slight abuse of notation,
we use the same symbol for the multiset and the uniform
distribution over the multiset. For instance, for a finite
multiset of state vectors S = {|v/;)};=1,..kx, We express its
average such as Ky ~s[-] = 1/K Zle (+). Hereafter, we
refer to a multiset as a set unless it is necessary to clearly
distinguish them.

An important probability measure on the unitary group
U(d) is the (normalized) Haar measure H. A unitary
U drawn uniformly at random with respect to the Haar
measure H is called a Haar-random unitary and is conven-
tionally denoted by U ~ H.

By applying a Haar-random unitary to a fixed state vec-
tor |¢o), a unitarily invariant probability measure on the set
of all state vectors can be defined, which we call a Haar-
random state. Due to the unitarily invariant property of
a Haar-random unitary, a Haar-random state is indepen-
dent of the choice of the fixed vector |¢pg). Similarly to a
Haar-random unitary, we use the notation |p) ~ H for a
Haar-random state.

.....

B. Unitary and state designs

We provide a brief overview of definitions and important
properties of state and unitary designs.

1. State designs

In the original definition from design theory [56,57], a
state t-design (¢ € Z") is defined as the uniform distribu-
tion over a finite set (not a multiset) of state vectors that has
the same rth moment as a Haar-random state. However,
in quantum information, it is common to define a design
as the uniform distribution over a finite multiset, which
more closely aligns with the concept of a weighted t-design
in design theory. We follow the convention in quantum
information and adopt the following definition of a state
design.

Definition 1 (5-approximate state t-design). When the
uniform probability measure over a finite multiset S of
d-dimensional state vectors satisfies

3
[Er~s [0 012 ] =By [) 01® ]| . = 7. @
t
it is called a §-approximate state t-design. Here, d; =
(d+§71) is the dimension of the symmetric subspace in
(CH®" When § = 0, it is called an exact state t-design.

The expectation of the second term in Eq. (2) can be
explicitly spelt out using Schur-Weyl duality. Denoting
by IMgm the projection onto the symmetric subspace in
(CH®! we have

HS m
Ejyy~n [1¥) (v ®] = Ty 3)

In Definition 1, we measure the approximation precision
by using the spectral norm following one of the original
proposals [77]. In recent years, the trace norm has also
been used instead, to define a §-approximate state t-design
by

||E|1/f)~5 [|W><W|®r] — Ejyy~H [|1ﬁ)(1//|®t]”1 <68 (4

This definition is weaker than Definition 1 in the sense that
Eq. (2) implies Eq. (4), which is due to Eq. (1) and the fact
that the support of the operators is the symmetric subspace
in (C%)®. Hence we use Definition 1 in this paper.

A useful quantity that characterizes a state design is a
state frame potential.

Definition 2 (State frame potential). Let u be a prob-
ability measure on a multiset of state vectors. The state
frame potential of degree ¢, (1), is defined as

2
F(u) := | By [1¥) (¥ 1#] 5 Q)
= By ipp~n [1(¥10)17]. (©)

Important properties of the state frame potential are
summarized in Proposition 1. These properties are well
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known, but for completeness, we provide a proof in
Appendix A. Note that the assumption ¢ < d in Proposition
1 is for the sake of convenience. Even if it is not satisfied,
similar statements hold.

Proposition 1. Let d,t € Z" be such that ¢ < d, and
let d, = (“*""). The following hold for the state frame
potential of degree #:

(1) Ft(H) = l/dr'
(2) For any probability measure u on a nonempty set of
state vectors,

Fi(w) € [1/d,, 1], (7

where equality of the lower bound holds if and
only if it is an exact state z-design. For the uniform
measure on a finite set S with cardinality X,

Fy«(S) € [max {1/d,,1/K},1]. )

(3) If a finite set S of state vectors is a §-approximate
state #-design, then

2

1 8
F, — 4 .
(S) < a + 7 ©)

(4) If a finite set S of state vectors satisfies

2

F(S) < ! +8
t _dt dtza

(10)
then S is a §-approximate state r-design.

(5) For a finite set S of state vectors to be a §-
approximate state #-design, it has to contain at least
K (d,t,8) state vectors, where

dy

Kst(d, t, 5) = m

(11

From property (2) in Proposition 1, one observes that the
frame potential is indeed a potential in the sense that a state
t-design can be obtained by minimizing the frame potential
of degree ¢. This is extended to approximate state designs
by properties (3) and (4). However, if the frame potential
F,(S) takes the value such as

2 2

L% hy <148
-+ = < <=+,
d & ! d, ' d,

12)
we cannot conclude whether or not the set is a §-
approximate unitary f-design. The final property (5)
implies that if a set has small cardinality, it cannot be a
state design. This is naturally expected, as state designs
should be able to mimic the uniform distribution over the
set of all state vectors.

2. Unitary designs

To define a §-approximate unitary ¢-design, it is con-
venient to use the moment operator of degree t of a
probability measure of unitaries. So, let i be a probability
measure on the unitary group U(d). The moment operator
is given by

M =By, [U* @ U*], (13)

where denotes the complex conjugate in a fixed
orthonormal basis.

Based on the moment operator, a unitary 7-design can be
defined as follows.

Definition 3 (5-approximate unitary t-design). When
the uniform probability measure over a finite multiset U =
{U;}j=1...k satisfies

O _ 0
|1 —

=9, (14)

it is called a 8-approximate unitary t-design. When § = 0,
it is called an exact unitary ¢-design.

Similarly to state designs, Schur-Weyl duality allows us
to identify the expectation in Eq. (14) over the Haar mea-
sure. Let 7, : U € U(d) — U® ® U®' be a representation
of the unitary group U(d). Then, taking the expectation
yields a projection onto trivial irreducible representations
of ;.

Approximate unitary designs can also be defined in
terms of different norms to measure the approximation.
One of the standard definitions is based on the diamond
norm of superoperators. For a given probability measure
11 on the unitary group U(d), let G’ be the CPTP map
given by

G (X) =By~ [USXU™], (15)

where X is an operator on a d’-dimensional Hilbert space.
A §-approximate unitary z-design in terms of the diamond
norm is the uniform probability measure over a finite
multiset U that satisfies

g9 —a), <. (16)

While these two definitions are not exactly the same,
using either one generally does not yield significant dif-
ferences in applications of unitary designs. Indeed, if U is
a §-approximate unitary ¢-design in one of the two defini-
tions, then U is a (poly(d')8)-approximate unitary #-design
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in the other definition. This is guaranteed by

—2t ] ®
d MU — MH

lot o

i

<d My M) (17)

1

(for the derivation, see the comment after Proposition 2).
As most circuit constructions of §-approximate unitary ¢-
designs on n qubits use poly(n,t,log1/5) gates [60—70],
the overhead of the number of gates due to the factor
poly(d) = poly(2™) in the approximation accuracy § is
only linear in #n, which is not dominant in most cases.

It is also important that one can, in general, amplify the
approximation accuracy simply by repeating the unitaries.
That is, for any §-approximate unitary #-design U = {U; };
in terms of the moment operators (Definition 3), U” =
(U, .- U }j,,..m 18 a (d'8™)-approximate or even better
unitary #-design in terms of the diamond norm. Hence, if
one has an accurate approximate unitary #-design in terms
of the moment operators, such as § = d~!, it can be con-
verted to an accurate approximate z-design in the diamond
norm by a constant number of repetitions.

For these reasons, we mostly focus on the definition
based on Definition 3 in this work.

Unitary designs are also characterized by the unitary
frame potential. With a slight abuse of notation, we use
the same symbol F; as the state frame potential.

Definition 4 (Unitary frame potential). Let u be a prob-
ability measure of unitaries. The unitary frame potential of
degree ¢ is defined as

2t
Fi(w) = IMO13 =B [[Te[UTA]]. (18)

The unitary frame potential has similar properties to the
state frame potential, which are summarized in Proposition
2. The assumption ¢ < d in the proposition is for the sake
of simplicity. A proof is provided in Appendix A, to be
self-contained.

Proposition 2. Let d,t € Z' be such that ¢t < d. The
following hold for the unitary frame potential:

(1) F:(H) =1¢.
(2) For any probability measure ¢ on a nonempty set in
U@),

Ft(M) € [t!adzl]a (19)
where equality of the lower bound holds if and only
if it is an exact unitary #-design. For the uniform
measure on a finite set U with cardinality X,

F,(U) € [max {#,d*/K},d"]. (20)

(3) If a finite set U of unitaries is a §-approximate
unitary #-design, then

Fi(U) <1 482 (21)
(4) If a finite set U of unitaries satisfies
52
Fi(U) <!+ e (22)

then U is a §-approximate unitary f-design.

(5) For a finite set U of unitaries to be a §-approximate
unitary 7-design, it has to contain at least K,;(d, ¢, §)
unitaries, where

t

Kuni(d, 1,8) = (23)

482

(6) Let G be the superoperator defined by Eq. (15) for
a probability measure i on U(d). For a finite set U
of unitaries, it satisfies

d~'JF(U) — F,(H) < Hgf?— 9l

=< dr\/ F,(U) —F,(H). (24)

The final property (6) implies Eq. (17) by using the fact
that

s = a0 (25)

5 = th(U) — Fi(H)
and Eq. (1).

C. Complexity classes

The standard idea for characterizing the difficulty of
a computational problem is to identify which complexity
class the problem belongs to and to show that it is among
the most difficult problems in that class. We briefly review
the complexity classes #P, PP, PQP, BQP, and FP*,
which are important for this work.

The class #P is a set of all problems of counting
the number of accepting paths of a nondeterministic
polynomial-time Turing machine. By definition, the output
of a #P-problem is a non-negative integer.

We take the common view in quantum information the-
ory that the classes PP, PQP, and BQP are promise
problems [78,79]. For such a problem, the answer is either
true or false but has to be given (correctly) only for certain
problem instances, which are specified by a promise. That
is, each problem comes along with a potential promise and
only has to be solved when it is fulfilled.

The class PP is the set of promise problems for
each of which some classical algorithm with polyno-
mially bounded run-time (more formally, a probabilistic
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TABLE I. A summary of the problems that we introduce in this paper and our results about their computational complexity. As our
main focus is on state and unitary designs, we have assumed here that the cardinality of the set is at least K (2", ¢, 8) for a set of state
vectors and K, (2", ¢, ) for a set of unitaries. See the respective theorems for the cases that do not satisfy these assumptions.

Compute FP Decide: FP > o versus FP < o0 — ¢ Decide: a §-approximate t-design
or not a §’-approximate #'-design
compSFP(?) SFP(¢,¢) StDes(1,7,8,8")
State vectors - Problem (Problem 1) (Problem 3) (Problem 5)
PP for t = ¢ and suitable é and &'.
FP™ ( #P-hard BQP-complete for ~ PP-complete for PP-hard if
Complexity . a(ri g €€Q/polym) e OQPNM) . OQY-g§), fort <t
(Theorems 3 and 4) (Theorems 7 and 8) (Theorems 9 and 10) OQ7"8), fort="7.
(Theorems 13 and 14)
. compUFP(?) UFP(, ¢) UniDes(z,7,8,8")
Unitaries Problem (Problem 2) (Problem 4) (Problem 6)
PP for t = ¢ and suitable é and &'.
P pp boly(n) PP-hard if
. FP™ N #P-hard -complete for e € ®(27POY™) ©(220~0n8)  fort<{
Complexity e orems 5 and 6) (Theorems 11 and 12) §—se @22—2"5), ), fZi t z .

(Theorems 15 and 16)

polynomial-time Turing machine) can output their correct
answer with probability strictly larger than 1/2. Since the
probability may be exponentially close to 1/2, PP contains
the problems that are unlikely to be solvable by classical
algorithms in polynomial time. The class PQP is a quan-
tum analog of PP, in which the probabilistic polynomial-
time Turing machine is replaced with a polynomial-time
quantum algorithm. The class BQP is defined similarly to
PQP but with a higher success probability of >2/3.

Obviously, BQP € PQP and PP C PQP. 1t is also
known that PQP C PP [79]. Hence BQP C PQP = PP.
It is expected that BQP # PQP, ie, PQP = PP is
expected to contain problems that are intractable even for
scalable universal quantum computers.

We will rely on the concepts of hard and complete prob-
lems. Informally, a problem is hard for some class if it
is at least as difficult as the most difficult problem of that
class in the sense that a solver for that problem can be used
to solve any other problem of the class with some “small
overhead.” Technically, hardness is always defined with
respect to a specific type of reduction, which depends on
the class in question. If a problem is hard for some class
and, at the same time, a member of that class, then it is
complete for that class.

Particularly important complete problems in this work
are #SAT and MAJ-SAT, which are #P-complete and PP-
complete problems, respectively.

Definition 5 (#SAT). Given the input as a classically
efficiently computable function f : {0, 1} — {0, 1} spec-
ified by a Boolean circuit, output the number of x € {0, 1}
satisfying f(x) = 1.

Note that this problem #SAT is equivalent to calculat-
ing the number of satisfying assignments of a Boolean
formula, which is the origin of its name.

Definition 6 (MAJ-SAT [80]). Let f :{0,1}" —
{0, 1} be a Boolean function that is computable in classi-
cal polynomial time and let s(f) be D . 10.1ymf (). Decide

whether 0 < s(f) < 2m=1 grpm=1 < s(f) < 2™,

Theorem 1 (See, e.g., Ref. [81]). #SAT is #P-complete
and MAJ-SAT is PP-complete.

Finally, FP*® is the class of functions that can be com-
puted by a deterministic algorithm in polynomial time with
additional query access to a solver for #SAT. That is, once
a part of the algorithm has specified an instance of #SAT,
its solution can be obtained in a single computation step.

ITI. MAIN RESULTS

In this section, we provide our main results about com-
plexities of various computational problems. We begin
with a condition that must be satisfied by the sets of
states or unitaries for our complexity results to hold, and
then summarize our results. A summary of our complexity
results is also given in Table I. The proofs will be pro-
vided in later sections. As usual, if necessary, complex
numbers are represented by floating-point numbers, with
finite precision controlled by the number of digits.

A. Data format for sets of states and unitaries

When we consider computational problems related to
unitary or state designs, it is natural to suppose that the
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input of the problem is a set of unitaries acting on C? or
states in C?. If a set consists of poly(d) elements, such
problems may be tractable in polynomial time with respect
to d. However, in a quantum setting, it is standard to start
with quantum circuits on » = log, d qubits consisting of
poly(n) gates and to ask about the efficiency in terms of .
Throughout the paper, we focus on such situations.

When concerned with designs on n qubits, we need to
deal with the set consisting of 2 (exp(n)) elements. In fact,
property (5) in Proposition 1 and property (5) in Propo-
sition 2 imply that a set S of n-qubit state vectors with
cardinality |S| < K(2",¢,6) is not a §-approximate state
t-design and that a set U of n-qubit unitaries with cardi-
nality |U| < Kuni(2",¢,8) is not a §-approximate unitary
t-design. Note that both Ky(2",¢,8) and Kyni(2",¢,6) are
exponentially large in 7.

To efficiently handle a set with an exponentially large
cardinality, the set should be well structured. We formalize
this by introducing a set of unitaries with a computation-
ally efficient description.

Definition 7 (Computationally efficient descriptions). A
multiset U = {U; }jK: . € U(2") of n-qubit unitaries, where
K € O2POY™) s said to have a computationally efficient
description if it is specified by a partial function f defined
on {0,1}" with m := [log, K1, which is computable in
classical polynomial time, that outputs a classical descrip-
tion £ (j) (G € {0,1}") of a poly(n)-sized quantum circuit
of U;.

Trivial instances of a set of unitaries with a computation-
ally efficient description are a set of n-qubit Pauli operators
and that of n-qubit Clifford unitaries. The former can be
specified by 2n bits x € {0, 1}?", and the description £ (x)
specifies a tensor product of single-qubit Pauli unitaries,
which is a quantum circuit with depth 1. The latter can
be similarly specified by O(poly(n)) bits with a suitable
efficiently computable function f that identifies a Clifford
circuit of circuit size O (n*/log(n)), which is sufficient to
represent any Clifford unitary [82].

A set of m-qubit unitaries appearing in a one-
dimensional local random quantum circuit (1D LRC) with
O(poly(n)) depth is also an important instance of a set
with a computationally efficient description. A 1D LRC
repeats two layers of two-qubit unitaries organized in a
brickwork fashion. In the first layer, two-qubit gates, each
randomly and independently drawn from a fixed gate set
G, are applied to odd-even qubits in parallel. Similarly,
in the second layer, random and independent two-qubit
gates from G are applied to even-odd qubits. To spec-
ify each quantum circuit generated in this way, we need
O({# of gates} log, |G|) bits, where |G| is the cardinality
of the gate set G. The number of gates is O(poly(n))
whenever the depth is O(poly(n)). In a standard case, |G|
is constant, but even if |G| € O(exp(n)), each quantum

circuit generated in this way can be specified by poly(n)
bits (in the latter case, we need to assume that each gate in
G has a constant-size description). This is also the case for
local random quantum circuits on any graph in which the
graph describes the two qubits to which a two-qubit gate is
applied.

Other important sets of unitaries are those generated
by Hamiltonian dynamics. When a Hamiltonian H satis-
fies certain conditions, it is known that the corresponding
time evolution e~ can be simulated efficiently in terms
of the time ¢ by quantum circuits with small error (see,
e.g., Ref. [83]). Hence, by sampling discrete times #; €
[0,poly(m)] G =1...,K with K € ®(2P°Y™)) in an effi-
ciently computable manner, we can define a set {e~"" }5_|
of unitaries with computationally efficient descriptions.
This type of set of unitaries may be of particular interest
in numerical or experimental approaches to the emergent
designs in quantum many-body systems [38,51,72—76].
Note that in numerical or experimental settings, continu-
ous degrees of freedom typically must be discretized and,
hence, it is natural to consider discrete choices of time.
Instead of discrete times, one may also consider a set of
Hamiltonians {H;}f_, and one may define {e~""}%_ at
a fixed time t € O(poly(n)). This set also has a compu-
tationally efficient description as far as the Hamiltonian
dynamics can be simulated efficiently by quantum circuits.

We also introduce a set of state vectors with a compu-
tationally efficient description. It is a set of state vectors
generated by applying a set of unitaries with a computa-
tionally efficient description to a fixed initial state vector
that can be prepared in a quantum polynomial time, such
as a computational-basis state.

B. Quantum algorithm for computing frame potentials

Propositions 1 and 2 imply that we can check if a given
set of unitaries or states is a unitary or state design by
computing their frame potentials. This motivates us to
first provide quantum algorithms for estimating the unitary
and state frame potentials. The idea behind the quantum
algorithm comes from the fact that the frame potentials are
defined by a sum of inner products between state vectors
or unitaries. By “encoding” all the inner products into a
single quantum state, we can compute the frame potential.

In Fig. 1, we provide a key quantum circuit of our quan-
tum algorithm, which is based on a multiqubit controlled
unitary ctrl-U, constructed from the set U, of unitaries
to be investigated. In the case of state vectors, U, is a
set of unitaries that generates the state vectors. Let us
denote U, = {U;};_1,. x,, and let 4 be a «,-qubit system
(k, := log K,) and B,, be an n-qubit system (m = 1, ..., ).
We define the controlled unitary ctrl!-U%" as

Kn
ctel!-Ulm =Y "|j)(j ! @ U™ (26)

j=1
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|4y @rn A >y o oot/umi
spst/uni B Un ______ ”
SDst/uni By Un_ _______ _H|
A ! A— —U,H
FIG. 1. A key quantum circuit for estimating the state or uni-

tary frame potentials of degree 7. The system A consists of
Kk, = log K, qubits, initially prepared in |+)®. Each B, (m =
1,...,7) is an n-qubit system and is initially prepared in ¢ :=
[0)(0]®" and " := /2" for computing the state and unitary
frame potentials, respectively. Each multiqubit-controlled uni-
tary applies U; onto B,, when 4 is in |j ). The value of the state
or unitary frame potential can be obtained from the purity of the
output state o*/"™ on 4.

Note that when U, has a computationally efficient descrip-
tion, the controlled unitary ctrl-U, can be efficiently imple-
mented by quantum circuits obtained from classically
controlling the Boolean function f that classically spec-
ifies the poly(n)-sized quantum circuit. Denoting B; ... B,
simply by B, which is a (n)-qubit system in total, we
define

t
otrl!-U2 := [ ] ctrt*-UZ". 27)
m=1

Denoting |+)® by |+,), |0)®" by |0,), and a maxi-
mally entangled state between B,, and R,, by |®,)5Rn we
introduce

(28)

t
o)™ = ctrl-U7 (|+Kn>A X |0n>3m) ,

t
|ouni)**® = ctrl!-U] <|+K,,>A (09 |d>n>BmRm) .9

m=1

Note that the former is the output state of the circuit in
Fig. 1, when the initial states in B,, are ¢, and the latter
is a purification of the output state of the circuit in Fig. 1,
when the initial states in B,, are ¢"™, where R =R, ... R,
is the purifying system.

We then have the following lemma about the frame
potentials.

Lemma 1. Let o4 and o . be the reduced density matrix
in 4 of |og)*8 and |oui)*5¥, respectively. Then, the state

.....

frame potential of U, are given by
F(S) =Tr[(e?],  FUy) =2""Tr [(0)’]. (30)
respectively.

Lemma 1 implies that the frame potentials can be
evaluated by the purities of the corresponding quantum
states, which can be achieved by, e.g., the SWAP test
or an amplitude-estimation algorithm. This leads to the
following theorem.

Theorem 2. Let U, be a set of n-qubit unitaries with
a computationally efficient description, the cardinality of
which is K, and let S, be a set of n-qubit state vectors
with a computationally efficient description that is gener-
ated by applying the U, to a computational zero state |0,,).
The following hold:

(1) Forn € (max{d,',K;'},1]and € € (0,7 — K, 1), it
takes tM queries to ctrl-U,, and its inverse to deter-
mine whether Fy(S,) > n or F(S,) <n— € with
success probability at least 2/3, where

My =0 (émin{ K, — 1, 1}) .G

(2) For 7 e (max({#!,2*"K'},22"] and € € (0,n —
22K 1), it takes tMyy queries to ctrl-U, and
its inverse to determine whether F,(U,) > n or

F,(U,) <n — e with success probability at least
2/3, where

nt

My = O (2— min {\/nKn — oo, 2’”}) . (32)

€

The details of Lemma 1 and Theorem 2 are provided in
Appendix B.

For a set of state vectors, the complexity of this quantum
algorithm is determined merely by the required accuracy
€. This is because the algorithm uses «, = log K, ancil-
lary qubits and tMy queries to ctrl-U, both of which are
efficient if a set of state vectors has a computationally effi-
cient description. Also, My is at most O(e~!). Thus, one
can estimate the state frame potential with 1/poly(r) accu-
racy in poly(n) time for sets of n-qubit state vectors with
computationally efficient descriptions. On the other hand,
the algorithm fails to estimate the state frame potential with
1/ exp(n) accuracy in polynomial time. We will see below
that improving this algorithm is unlikely to be possible.

In contrast, this algorithm fails to compute the unitary
frame potential in polynomial time even for, e.g., constant
accuracy. This is merely due to the factor 2™ in Eq. (32),
which can be further traced back to the fact that Tr [ (¢"™)?]
should be evaluated with at least exponential accuracy for
estimating F;(U) with constant accuracy [see Eq. (30)].
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C. Complexity of computing frame potentials

To address the question of whether the quantum
algorithm can be improved, we formulate and inves-
tigate the problems of computing the frame potentials
in a complexity-theoretic manner. We first formulate
the problem of computing the state frame potential as

compSFP(?).

Problem 1 (compSFP(?)).
Input:

(1) asetS, of state vectors of n qubits with a computa-
tionally efficient description
(2) t € Z" (degree)

Output: the state frame potential F,(S,,) of degree ¢.

In the definition of compSFP(¢), we do not put any
assumption on the structure of S,. However, since our
primary concern is a state t-design, we mainly deal with
candidate sets of designs and do not consider any sets
that are apparently not a state #-design. For instance, if the
cardinality of a given set after removing the multiplicity
is substantially smaller than K(2",¢,§), the set is clearly
not a §-approximate state #-design due to property (5) in
Proposition 1. Such sets are out of our interest.

In the definition of compSFP(¢), we do not include
these assumptions on S,, simply to keep the problem
as minimal as possible. When necessary, we explicitly
mention that we consider only candidate sets of designs.
This remark applies to all computational problems that we
introduce below.

We can show that, for any constant r € Z*, compSFP(¢)
can be solved by using a single query to a #P oracle and is
#P-hard. For the proofs, see Sec. IV A.

Tléeorem 3. For any constant ¢ € Z*, compSFP(¢) €
FP™.

Theorem 4. For any constant ¢ € Z*, compSFP(¢) is
#P-hard. This is the case even if the cardinality K,, of the
set satisfies K, > K (2",1,0).

From Theorems 3 and 4, we observe a gap between
the inclusion and the hardness of compSFP(¢). This is
merely due to the fact that the answer to COmMpSFP(?) is
a non-negative real number but answers to the problems
in #P are non-negative integers. This gap can be closed
by restricting the class of state vectors and by considering
a normalized frame potential. The corresponding compu-
tational problem, defined similarly to compSFP(¢), can
be shown to be in #P for any constant 7 € Z*. For the
complete statement, see Theorem 17 in Sec. IV.

We next consider the problem of computing the unitary
frame potential compUFP (7). When one is concerned with
unitary designs, one may additionally put assumptions on
the set.

Problem 2 (compUFP(1)).
Input:

(1) aset U, of unitaries on n qubits with a computation-
ally efficient description
(2) t € Z* (degree)

Output: the unitary frame potential F,(U,).

We obtain the results similar to those for compSFP(7).
The proofs are given in Sec. IV B.

Téeorem 5. For any constant ¢ € Z*, compUFP(¢) €
FP™.

Theorem 6. For any constant ¢ € Z*,compUFP(?) is
#P-hard. This is the case even if the cardinality K, of the
set satisfies K, > Ky, (2",¢,0).

D. Promise problems on frame potentials

From the results in the previous section, it follows that
an efficient general algorithm, whether classical or quan-
tum, for exactly computing frame potentials, is unlikely to
exist. It is then natural to consider approximate computa-
tion. One approach to address this question is to formulate
it as a promise problem.

We introduce the state frame potential problem
SFP(z,¢) as follows.

Problem 3 (SFP(t,¢)).
Input:

(1) asetS, of K,, n-qubit state vectors with a computa-
tionally efficient description

(2) t € Z* (degree)

3) a > B = max{l/d;, 1/K,} such that « — 8 > € >
0.

Promise: the state frame potential F,(S,) is either > « or
=B

Output: decide which is the case.

From the definition of SFP(¢, €) as a promise problem,
the frame potential F,(S,) is guaranteed to either be > «
or < 8, where @ > B. The difference between « and 8 is
characterized by €, which is called a promise gap. Note that
we have assumed § > max{1/d;, 1/K,} simply to avoid a
trivial situation. See property (2) in Proposition 1.

An algorithm for solving SFP(z,¢) would allow us
to approximately compute the frame potential by, e.g., a
binary search with logarithmic overhead.

In Sec. I1I B, we have already provided a polynomial-time
quantum algorithm for computing the state frame potential
within the inverse-polynomial accuracy (see Theorem 2).
In terms of the computational complexity, this implies the
following.
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Theorem 7. For any constant ¢ € Z*, SFP(¢,¢) € BQP
ife € Q(1/poly(n)).

We can further show that SFP(¢, €) is BQP-hard even if
€ is constant. For the proof, see Sec. V A.

Theorem 8. For any constant ¢t € Z*, there exists a
constant € such that SFP(¢, ¢) is BQP-hard. This is the
case even if the cardinality K, of the set satisfies K, >
K« (2",¢,0).

Combining these two, we conclude that, for any constant
t € 7%, SFP(t, 2(1/poly(n))) is BQP-complete.

The inverse-polynomial accuracy of the state frame
potential is, however, not sufficient for checking whether
or not a given set is a state design. In fact, properties (3)
and (4) in Proposition 1 imply that an inverse-exponential
accuracy is needed to decide which is the case. For this
reason, we investigate SFP (¢, €) for exponentially small e
and show the following. For the proof, see Sec. V B.

Theorem 9. For any constant ¢t € Z*, SFP(t,¢) € PP if
€ € Q (27PVm),

Theorem 10. For any constant ¢ € Z*, SFP(¢, €) is PP-
hardife € O(1/ (KfZ”)), where K, is the cardinality of the
set. This is the case even if K,, > K (2",1,0).

Note that K, € O(2PY™) for a set of state vectors with
a computationally efficient description. Hence Theorems 9
and 10 imply that SFP (¢, ® (27P°Y®)) is PP-complete for
any constant t € Z7.

We can similarly formulate the unitary frame potential
problem UFP(¢, €).

Problem 4 (UFP(t,¢)).
Input:

(1) aset U, of K, n-qubit unitaries with a computation-
ally efficient description

(2) t € Z* (degree)

(3) a > B > max{#!,2>"/K,} such thata — B > € > 0

Promise: the unitary frame potential F,(U,) is either > «
or < B.
Output: decide which is the case.

The lower bound on B is for avoiding trivial situations
[see property (2) in Proposition 2].

We obtain the following results about the complexity
class of UFP(t, €). For the proofs, see Sec. V C.

Theorem 11. For any constant ¢t € Z*, UFP(z,¢) € PP
ife € Q (27PoV™),

Theorem 12. For any constant te Z*, UFP(,
O(220=bn/K2y) is PP-hard, where K,, is the cardinality of
the set. This is the case even if K,, > K, (2",¢,0).

In Theorem 12, the required promise gap is O(22¢=D/
K?), which can be large if the cardinality K, is small. How-
ever, when one is concerned with a set of unitaries that is
a candidate of a unitary 7-design, its cardinality should be
at least Ky, &~ 22" In this case, the required promise gap
is O(27POY™) That is, it is, in general, hard to compute
the unitary frame potential for a candidate set of unitary
designs with exponential accuracy.

These results imply that it is unlikely to drastically
improve the quantum algorithm in the previous section. A
general algorithm, whether quantum or classical, that com-
putes the state frame potential with exponential accuracy in
polynomial time is highly unlikely to exist.

E. Promise problems about designs

So far, we have considered problems related to frame
potentials. We can also consider a problem of deciding
whether a given set is a good approximation to a design.
This problem directly captures the main computational
complexity of designs, as it is natural to expect that more
fine-grained problems related to quantum designs are at
least as difficult.

To this end, we introduce the state design problem
StDes(t,7, 8, 8’) for a set of state vectors as follows.

Problem 5 (StDes(t,7,8,8")).
Input:

(1) asetS, of K, n-qubit state vectors with a computa-
tionally efficient description

(2) t <t € Z* (degree)

B)0=<és<¢

Promise: S, is either a §-approximate state z-design or not
a §’-approximate state #-design. Only one of the two is the
case.

Output: decide which is the case.

The problem StDes(t,7,8,8") has four parameters
(t,¢,8,8"), which can be split to two different types. One is
apair (¢,¢), corresponding to the degree of designs, and the
other is (8, 4’), corresponding to the approximation accu-
racy. We propose the problem with four parameters, ¢, ¢, §,
and &8’ so as to deal with these different notions in a unified
manner. For the conceptual visualization of the problem,
see Fig. 2.

Due to the mixture of two conceptually different types
of parameters in StDes(z,7,8,8"), we need to explicitly
state that the promise is exclusive. Without this exclusive
promise, both could be the case, as a set of state vectors
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FIG. 2. A conceptual visualization of StDes(s,7,48,58") and
UniDes(t,7,6,8’). The “yes” instances, namely, §-approximate
t-designs, are indicated by a blue box and the “no” instances,
i.e., the sets that are not §’-approximate #-design, are indicated
by a red box. They form boxes because, e.g., a §-approximate
t-design is a S-approximate 7-design for any 7 < ¢. Note that
the “yes” and “no” instances are not exclusive in general, but
in StDes(z,7,8,8") and UniDes(s,7,6,6'), it is promised that a
given instance belongs to only one of the “yes” or “no” instances.
See the text. The upper bound in the figure is given by approx-
imately d, for StDes and approximately 2%* for UniDes. In
particular, we show that StDes(z,7, 8, 8") and UniDes(,7, 8, 8")
with/ =1+ 1,8 € ®27"), and 8’ € O(1) is PP-hard, where
¢ = 1 for StDes and ¢ = 2 for UniDes.

could be a good approximate z-design and a bad approx-
imate #-design at the same time, making the problem ill
defined.

When ¢ = ¢, we can use the computational complexity
of SFP(¢, €) for showing that StDes(s,¢,8,8") is in PP if
the promise gap is not too small.

Theorem 13. For any constant t € Z* and §” — d,6* €
Q (27PoV), StDes(1,1,8,8") € PP.

In contrast, we can obtain the hardness result for any
t<t.

Theorem 14. For any constant t <7 € Z*, § € Q
(27PoY™) "and §' that satisfies

@(2“—0"5), fors <7,
§—5e { ort= (33)

e (279), fort =17,
StDes(t,7,68,8') is PP-hard under polynomial-time map-

ping reductions. This is the case even if the cardinality K,
of the set satisfies K, > K;(2",¢,0).

Note that Eq. (33) implies that §' € ® (2¢~"8) for any
t < t. For the proofs of Theorems 13 and 14, see Sec. VI A.

As a direct corollary of Theorem 14, it follows that,
for any € Z* and § € Q27PY™), it is PP-hard to
determine whether a given set of state vectors is a §-
approximate state 7-design or not a ®(2"§)-approximate
state (¢ + 1)-design. If the latter is the case, the set is not a
d-approximate state #-design due to the promise. Hence an
efficient general algorithm is unlikely to exist to decide if
a given set is an exponentially accurate approximation to a
state 7-design or a worse-than-constant approximation to a
state (¢ + 1)-design that fails to form an accurate #-design.

This inherent difficulty of distinguishing good designs
from bad designs highlights the computational hardness
of general verification methods of state designs. Hence, in
practical applications of state designs, developing a veri-
fication technique specifically tailored to the method that
generated the set of state vectors is of crucial importance.
Our result may also find applications in adversarial scenar-
ios such as quantum cryptography, because it implies that
an adversary can easily cheat by preparing a bad (¢ + 1)-
design instead of a good #-design. This may potentially
offer a new cryptographic primitive but we leave a concrete
application as a problem for future research.

We similarly formulate the unitary design problem
UniDes(z,7,68,68’) for a set of unitaries and show similar
results. For the proofs, see Sec. VIB.

Problem 6 (UniDes(t,7,38,4")).
Input:

(1) aset U, of K, n-qubit unitaries with a computation-
ally efficient description

(2) t <1 € Z* (degree)

3)0=<é<¥é

Promise: U, is either a §-approximate unitary ¢-design or
not a §’-approximate unitary #-design. Only one of the two
is the case.

Output: decide which is the case.

The same remarks as those for StDes(z,7, 8, 8") apply to
UniDes(s, 7,38, 8). Specifically, the problem has two types
of parameter (¢,¢') and (8, ") and the exclusive promise is
also important.

Theorem 15. For any constant # € Z*+ and 82 — 22"§% ¢
Q(27POV®™) UniDes(t,1,3,8") € PP.

Theorem 16. For any constant ¢t <¢ € Z*, § € Q
(27POYMY M o(22(=Dm) "and §' that satisfies

O (220'-0n8) | fort < ¢
5’—36{ < ) =T 3y

© (27%3), fort="¢,
UniDes(s,7, 38, 8") is PP-hard under polynomial-time map-
ping reductions. This is the case even if the cardinality K,
of the set satisfies K,, > K, (2",7,0).
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By setting ¥ = ¢+ 1, Theorem 16 implies that it is com-
putationally hard to decide whether a given set of unitaries
is a §-approximate unitary t-design or not a ®(22"§)-
approximate unitary (f + 1)-design. The exclusive promise
further guarantees that if the latter is the case, the set is
not a §-approximate unitary #-design. Thus, similarly to a
state design, an efficient algorithm is unlikely to exist for
distinguishing a good approximate unitary #-design from a
bad approximate unitary (¢ + 1)-design that fails to form a
good approximate ¢-design. This also has implications to
verifying unitary designs in practical applications and to
future applications in adversarial situations.

F. Implications of our results

Our approach is based on computational complexity
theory. Due to its broad applicability, our results have
immediate implications for the topics related to unitary or
state designs. Below, we outline three such implications
along with a brief overview of the literature.

1. Variational approach to constructing designs

Generating §-approximate unitary 7-designs is of fun-
damental importance. In Ref. [60], the first efficient
circuit construction has been proposed, which uses
O(tn*(tn + log 1/8)) gates if t € O(n/logn) and t < 2/0
[84]. Later, the number of gates has been improved to
O Dn(tn + log 1/8)) for any ¢ by local random circuits
[64] and to (t+ 1)n> 4+ nlog1/s + O(n) for t € o(/n)
by phase-Hadamard-cocktail random circuits [62], where
the term “phase-Hadamard-cocktail” has been proposed
in Ref. [85]. Recently, structured random circuits with
O(tn(logn + log 1/8)) gates have been shown to suffice
[69,70]. Due to the substantial importance of designs and
related concepts, more and more circuit constructions have
been proposed [65—69].

These results have been obtained first by proposing
specific quantum circuits, such as local random circuits
or phase-Hadamard-cocktail random circuits, and then by
analyzing their design properties.

An alternative approach is a variational method,
explored in Ref. [71], to construct a design with small car-
dinality. The variational method is based on a variational
ansatz set A with computationally efficient descriptions
and an update protocol, such as gradient descent, and may
proceed as follows:

(1) Initialize an ansatz set A.

(2) Compute the frame potential of A and its derivative.

(3) Update the ansatz set A to reduce its frame potential.

(4) Repeat steps (2) and (3) until the frame potential
approaches its minimum sufficiently closely.

Such a variational method performs well in small sys-
tems [71]. Moreover, Theorem 7 indicates that, for state

vectors, this method may work well on quantum comput-
ers until the frame potential approaches its minimum with
an accuracy of Q(1/poly(n)). However, achieving higher
accuracy for state vectors, such as @(27PoY®), and deal-
ing with a set of unitaries requires careful consideration. In
fact, Theorems 9—12 immediately imply the following.

Corollary 1. 1f the ansatz set A can represent arbitrary
sets with computationally efficient description, there is no
variational method that outputs an approximate #-design
in quantum and classical polynomial time, assuming that

PP # BQP and PP # BPP, respectively.

Our results, therefore, highlight that it is essential to
restrict the representability of the ansatz set A for the
variational approach to scale up to a large system.

2. Computational complexity of chaos via OTOCs

The unitary frame potential is closely related to OTOC:s,
which are widely used as diagnostics for quantum chaotic
dynamics in many-body systems. A 2t-point OTOC is
defined for an n-qubit state p, an n-qubit unitary U, and
2t n-qubit observables {O; };_1.... 5 as follows:

OTOCx(p, U,{0;})
= Tr[(0202-1(U) ... 0,0:(V)) p], (35)

where O; (U) = U'O; U. Note that the unitary is applied
only to operators with odd indexes. The OTOCs are impor-
tant quantities for characterizing chaotic behavior in quan-
tum many-body systems, where p is a thermal state of
a given Hamiltonian H, U = e T with T being time,
and observables are commonly chosen to be single-qubit
Pauli operators. Under these settings, the OTOCs typically
decrease as time 7T increases and the speed of the decrease
characterizes quantum chaotic dynamics in terms of the
Lyapunov exponent [36].

Reference [37] has shown that the OTOCs are closely
related to the frame potential. To explain this, let us set p to
be the completely mixed state 7z, corresponding to the infi-
nite temperature, and let us take the average of the OTOCs
over a given set U, of n-qubit unitaries. By summing each
observable O; over an operator basis B,,, such as a set of all
n-qubit Pauli operators, we can define an average 2¢-point
OTOC at infinite temperature as

OTOCy, (V)

1
= Sam Z Ey~u,

{07} B}

OTOC,, (7, U, {0;})[*. (36)

This quantity is shown to be equivalent to the unitary frame
potential of U, of degree ¢, namely,

1
OTOC»(U,) = WFt(Un)- (37)
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From Eq. (37) and Theorems 5 and 6, it directly follows
that computing the average 2#-point OTOCs at infinite
temperature is hard for any constant ¢ € Z*.

Corollary 2. For any constant ¢ € Z*, computing
OTOCy(U,) for a set U,, of unitaries with a computation-
ally efficient description is in FP** and #P-hard.

This indicates that verifying quantum chaotic dynamics
via OTOC:s is, in general, computationally hard in large
systems, which characterizes the complex nature of chaotic
dynamics from the computational complexity perspective.

3. Verification of emergent state designs

The concepts of unitary and state designs have also been
applied to investigate higher-order properties of thermal-
ization and ergodicity in quantum many-body systems.

Let H be a Hamiltonian on a composite system 4B of
n + m qubits, where n and m are the number of qubits in 4
and B, and let | W (7)) = e HT|0)®"+™ be the state vector
in AB at time 7. By measuring the subsystem B in the com-
putational basis, the following ensemble P of pure states is
realized in 4:

(38)
where  |W;(T)) == (I* ® (j |I®)|¥(D)//p; with p; =
|(I1 ® (j |%)|W(T))|?. This ensemble is called a projected
state ensemble. 1t is conjectured, with supporting numer-
ical evidence, that if the Hamiltonian A is chaotic and
lacks conservation laws, the projected state ensemble
obtained by measuring a sufficiently large subsystem B
after long-time evolution forms an approximate state ¢-
design [38,51]. By leveraging the connection between state
designs, thermalization, and ergodicity, this insight has
been extensively applied to the study of complex quantum
many-body systems [29,30,39,40,72—76]. Novel concepts
in quantum many-body physics through the framework of
designs, such as deep thermalization [29,30] and complete
Hilbert-space ergodicity [39,40], have also emerged.

The conjecture has been analytically addressed in a few
solvable models in the thermodynamic limit [74,75] but
numerical approaches are crucial for the further studies.
While general numerical simulations of a projected state
ensemble are difficult, as they have to compute the mea-
surement probability distributions, there may exist a class
of Hamiltonians for which this is also computationally
tractable. Even in such cases, our results highlight the
importance of developing numerical methods that account
for the specific dynamics governed by the Hamiltonian H
and the measurement. In particular, the following corollary
is obtained from Theorem 14.

Corollary 3. Let P be a projected state ensemble of
n qubits obtained by measuring the (n + m)-qubit state

generated by Hamiltonian dynamics with Hamiltonian H
after time 7, which has a computationally efficient descrip-
tion. Assuming that PP £ BQP for the quantum case and
that PP # BPP for the classical case, there is no general
quantum or classical polynomial-time algorithm that can
check whether P is a §-approximate state z-design or not
a §'-approximate state #-design if 8’ — § € ® (27 ~98) for
t<tandd —8e€®Q27"8) fort=".

Corollary 3 particularly implies that, toward the proof of
the conjecture in general situations, it is of crucial impor-
tance to develop an algorithm that is specifically tailored
to exploit problem-specific properties, such as the property
of Hamiltonian dynamics by H, or additional constraints
beyond the general case.

G. Proof sketch

Below, we provide a brief overview of our proof meth-
ods. We first focus on the inclusion results and then explain
the methods that we use for proving the hardness results.

1. Methods for the inclusion results

Our strategy to obtain the inclusion results is to begin
with quantum algorithms, which are not necessarily effi-
cient, and to dequantize them. The inclusion results for
compSFP and compUFP are obtained by dequantiz-
ing the quantum algorithm based on Lemma 1, which is
achieved by a similar technique in Ref. [86]. For SFP
and UFP, we propose variants of the quantum algorithm.
In this case, the dequantization step follows from the
equivalence that PQP = PP [79].

From these inclusion results of the computational prob-
lems related to frame potentials, the inclusion results of
StDes and UniDes can be immediately obtained as frame
potentials characterize designs.

2. Methods for the hardness results

Proving hardness results is less straightforward. To
establish those results, we employ a technique that we call
“hide a hard instance in a set.” This consists of three steps.
First, we choose a computationally hard instance relevant
to the desired proof. Second, we embed the hard instance
in state vectors or unitaries and, finally, we hide them in a
set of state vectors or unitaries with known properties.

The specific hard instance depends on the statement
to be shown. For the #P-hardness of compSFP and
compUFP, we use a #P-complete problem #SAT. For the
PP-hardness of SFP and UFP with suitable parameters, a
PP-complete problem MAJ-SAT is used. For the BQP-
hardness of SFP(z, 2 (1/poly(n))), we use a quantum
circuit that solves a BQP-complete problem.

These problems are embedded in a pair of state vectors
or unitaries with a computationally efficient description.
This embedding is such that the solution of the problems
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is given by the inner product of the pair. The pairs are then
“hidden” in a set of state vectors or unitaries that we know
the details of. In the case of the computational problems
related to frame potentials, this is enough for obtaining
the hardness result: as the frame potential is a function
of inner products, the frame potential of the resulting set
should contain the information about the solution of the
hard instance. That is, if one can evaluate the frame poten-
tial of the resulting set, one can use the same method to
obtain the solution of the hard instance. This provides a
polynomial-time reduction from a complete problem to the
corresponding computational problem.

This “hide-a-hard-instance-in-a-set” technique is also
useful for proving the hardness results of StDes and
UniDes, in which the main concern is to evaluate the
approximation accuracy of a given set to a design. In the
proofs, we similarly use the MAJ-SAT problem and embed
it into a pair of state vectors or unitaries. We then hide
the pair in an approximate design. Although these steps
are similar to those in the proof of the problems related to
frame potentials, the proofs are more intricate due to the
following two challenges.

First, unlike the frame potential, it is not immediately
obvious if the approximation accuracy of the set is directly
related to the inner product. Note that it is the inner product
of the hidden pair that contains the solution of MAJ-SAT.
Through careful evaluations of matrix norms, we explicitly
compute the approximation accuracy of the resulting set
and show that it is given as a function of the inner product
of the hidden pair. This evaluation is tight, which is also
crucial, as the tightness is the key factor to guarantee that
any Boolean function can be embedded into StDes and
UniDes while keeping their exclusive promise.

The second difficulty is that, in general, hiding even
a single pair of state vectors or unitaries in approximate
designs significantly degrades their approximation accu-
racy. This imposes a substantial restriction on the param-
eter § in StDes(z,7,8,8") and UniDes(z,7, 8, 8"), prevent-
ing us from dealing with accurate designs in the problems.
That is, we cannot choose, e.g., 8 € O(27PV™M) We cir-
cumvent this limitation by using the multiplicity degree of
freedom of approximate designs. Specifically, we use the
fact that the multiplicity of approximate designs can be
arbitrarily increased without changing the approximation
accuracy. By hiding hard instances into a sufficiently large
set, we can control the restriction on the approximation of
the set after hiding and can remove the restriction on §.

IV. ANALYSIS OF COMPLEXITY OF compSFP
AND compUFP

In this section, we investigate the computational com-
plexity of compSFP and compUFP and provide proofs
for Theorems 3 to 6. We address compSFP in Sec. IV A
and compUFP in Sec. IV B.

A. Complexity of compSFP

We prove Theorem 3 by explicitly constructing a classi-
cal algorithm to compute the state frame potential that uses
a single query to a #P oracle. The algorithm is based on the
quantum algorithm in Lemma 1.

Theorem 3 (restated). For any constant f¢€ Z*,
compSFP(r) € FP*.

Proof of Theorem 3. From Lemma 1, we have F,(S,) =
Tr[(¢3)?], where g% is the marginal state of |og)*~,
defined in Eq. (28). Let A" and B’ be isomorphic to A4
and B, respectively, and denote by 44" = Y. i ) (il
the SWAP operator between 4 and A’, where {|j)}; is
an orthonormal basis. The state frame potential can be
rephrased as

Fi(Sn)

= (leal® ® (04" ) B & 1) (104)"" & o)™ ).
(39)

Below, we simply denote the right-hand-side by (og|%?
(F4 @ 188')| 04)®2. The statement of Theorem 3 follows
from the fact that this expectation value is obtained by
counting the number of satisfying instances of an appropri-
ate Boolean function that is computable in classical poly-
nomial time. We show this by using a technique similar to
the one used in Ref. [86].

We first map the state |0y )®? to the one that is generated
by a quantum circuit consisting only of the Hadamard and
Toffoli gates. To this end, let ), (xq + iva)|at) (Xg, Ve € R)
be an expansion of |oy)®? in the computational basis.
Using this notation and Eq. (39), the frame potential is
given as

Fi(S) = (0| F & I")|0y)®? (40)
=) (p — ivp) (e + adh(a, ) (41)

a.p
=) @axp + yayp)hie, B), (42)

a.p

where h(a, 8) = (B|(F ® I)|a). In the last line, we have
used the fact that (e, 8) = h(B, @), which is either O or 1.

We now introduce one more ancillary qubit and define
l03%) by

65 =) o) ® (xal0) +yal1)). (43)

This is a state on 2(k,, 4+ nt) + 1 qubits, where «, = log K,,,
and K, is the cardinality of S,. When |04)®? can be effi-
ciently generated by a quantum circuit, which is the case in
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our problem, it is known that |5&?) can also be efficiently
generated from the computational zero state only by using
the Hadamard and Toffoli gates [87]. Furthermore, it holds
that
(@I @ 1" @ 1)0F7) = Y _(aXp + yayp)h(e, B),
o.p

(44)

which is equal to the frame potential F,(S,) due to Eq. (42).
Hence the state frame potential can be obtained as an
expectation value by the state |6$?) that is generated by
the quantum circuit consisting only of the Hadamard and
Toffoli gates. Below, we denote by M the total number of
gates in the quantum circuit generating |5?) and by 4 the
number of Hadamard gates in the circuit. The number of
Toffoli gates is M — h.

Let H be a “rescaled” Hadamard gate v/2H, where H
is the Hadamard gate. Denoting by G,, the unitary on
(2(k,, + nt) + 1) qubits corresponding to a single Hora
Toffoli gate in the quantum circuit, we can rewrite [05°) as
follows:

Gl |O) ®2(kp+nt)+1 )

109%) = 27"2Gy Gy . ... (45)

By substituting the identity / = ), |or) (| after each G,
where |o) are the computational basis states, we obtain

05 =272 Z ]‘[gmmm,am Dlew),  (46)

where gm(ama am—l) - (O{m|Gm|am—l)a and |Ot0> =
|0)®20ntm0+1 - Since [p%2) is a state on 2(k, + nt) + 1
qubits, a,, € {0, 1}2®»*++1 Below, we use the notation

2@) =1, gn@m an_1) for @ = (a1,...,ay). With
this notation, we have
637 =277 g(@)on) (47)
and
F(S) =273 "g(@ Bhlaw, Bu),  (48)
ap
where  g(@,f) = g@g(B), and h(ew, Bu) = (Bul

(FAA’ ® 158 ®1) laas) € {0, 1.

Since G,, is a unitary corresponding to either single A or
a single Toffoli gate, g, (&, ®;—1) 1s computable in clas-
sical polynomial time. This further implies that g(a) is
also computable in classical polynomial time, and so is
g(a, ,3) Clearly, h(au, Bur) is also computable in classical
polynomial time.

We now define a Boolean function f : {0, 1}/*! —

{0, 1}, where L = 2M (2(k,, + nt) + 1), by

1, ifg@,p)h(an, Bu) = b

49
0, otherwise. “9)

f@&m={

As both g(a, B) and h(ayy, Bu) are computable in classical
polynomial time, so is f (a, B, b).
We claim that
Ft(sn) =27

" (s(f) =25 (50)

where  s(f) = |(@B,b) € (0,141 1 £ @, 6.b) = 1)]
This claim implies that the state frame potential can
be computed by counting the number s(f) of satisfying
instances of an efficiently computable Boolean function £ .
As counting s(f) is in #P, one can compute the state frame
potential by a single access to a #P oracle.

To show Eq. (50), let s+ and 5o be the number of (a, ,3)
such that

2@, Bh(ans, Bu) = *1,0,

(51)
respectlvely As the left-hand side is either £1 or 0 for any
@ and B, s_ + so + 54 = 2. It also follows from Eq. (48)
that F,(S,) = 27" (s, —s_).

By_ definition, the number of (a, ,B) such that
f(a, ,8 0) =1 and the number of those satisfying
f(a, ,8 1) =1 are s+ +s¢ and s;, respectively. This
implies that s(f) = 254 + so. As s_ + 5o + 5. =2, we
have s(f') = 2L + 5, — s_. This implies Eq. (50). |

We next show the hardness of compSFP, i.e., Theorem
4. To this end, we provide a polynomial-time reduction
from #SAT to compSFP.

Theorem 4 (restated). For any constant e Z*,
compSFP(?) is #P-hard. This is the case even if the
cardinality K, of the set satisfies K,, > K(2",1,0).

Proof of Theorem 4. For a Boolean function f that is
computable in classical polynomial time, consider a set of
quantum circuits on n qubits that generates the set S, =

(1), 1P)} U {1;)}/272, where

fy=2""22 3" @),  (52)
xef{0,1}n—2

Ip) = [+)®"2(1)]0), (53)

l¥) = lg;)I1). (54)

Here, |[+) = (0) + |1))/+/2, and S, 1= {|¢])}K" s any
set of (n — 1)-qubit state vectors with a computatlonally
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efficient description such that F(S,) can be computed in
classical polynomial time.

The set S, constructed in this way also has a compu-
tationally efficient description. In fact, one can obtain the
description of S, by adding one bit to the computationally
efficient description of S, and by using the added degree of
freedom for conditioning if we generate either |[f) or |p),
or some state in S,.

Since (f |p) = 2~ 2s(f) and {f |¥;) = (p|¥;) = O for
all j = 1,...,K, — 2, the state frame potential F,(S,) is
directly computed as

_ K%)ZFr(Sw) + Ii [1 + (;ifz) }

(55)

Since F; (Sw) is polynomial-time computable by assump-
tion, this equation directly yields a polynomial-time
reduction from a #P-complete problem, #SAT, to
compSFP. |

In the proof of Theorem 4, we have used a set S, of
(n — 1)-qubit state vectors with a computationally efficient
description, for which we can compute the state frame
potential in polynomial time. For completeness, below we
provide three instances of such a set.

The first one works when K, — 2 < 27! In this case,
we can trivially use any orthonormal basis {|e;)};—1, . x,—2-
The frame potential F(S,) is simply 1/(K,, — 2).

A more nontrivial choice of S, is

|0) + 297/ Kn=2)|1)

lo;) = 7

Let K := K,, — 2 and assume that K > . The frame poten-
tial ;(S,) can be computed as

® [0"72).

(56)

1 £ t
FiSo) = 25 2 leleo

(57)
J k=1
K
1 (k=)
== Z cos (—n (58)
K? o= K
1 K—1 ]
== (K — |j]) cos™ (ET(> (59)
j=1-K
K—1 ] 1
= — > (K—j)cos™ (zn) - % (60)
j=0
K—1 .
=—) cos¥ <J—n>, (61)
K K

where, in the last line, we have used the following:

K-1

22(1( ])cos (;{ )
j=0
K1 j K K—j
=) (K—j)cos* (—71) + ) jcos¥ (—n)
Z ) 5=k
(62)
K—1
= (K —j)cos* ( ) Z]cos ( >+K
j=0
(63)
K-1 .
=K 1+Zcos2’ (%n) . (64)
j=0

Moreover, we can further simplify Eq. (61) by using Ref.
[88, Theorem 2.1], which results in

F(S,) =2'7* (2;__ 11>. (65)

For any constant ¢, Eq. (65) can be computed in classical

constant time. Note that by using this set, we can vary the

cardinality K, without changing the frame potential 7(S,).
We may also generalize Eq. (56) to

|0) + QZiJ‘ﬂ/(Kn—Z)H)
lp;) =
V2

for any natural number 1 < m < n — 1. By a similar calcu-
lation, the frame potential can be shown to be

21-2m (2"" B 1). (67)
mt — 1
This value can be dependent on the number # of qubits if
we choose m as a function of n.

From Theorems 3 and 4, we conclude that compSFP <
FP*" and is #P-hard. Although there is a gap between the
result about the inclusion and the hardness, this is merely
due to the fact that the answer to compSFP is a real num-
ber, while the answer to #P problems is a non-negative
integer. One way to close the gap is to restrict a set of state
vectors and consider a “rescaled” frame potential. A possi-
ble example is a set Sy of state vectors on n qubits in the
form of

) ® 10"y (66)

W) = x "7 (=%, (68)

xeX

where X' C {0,1}" with cardinality x := |X|, and aj €
{0, 1}. We call this type of state a subset phase state. The
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subset phase states and their relations to a state design
have been studied in a general context from the view-
point of entanglement and thermalization phenomena [89].
In recent years, special types of subset phase states have
also been of particular interest in quantum cryptogra-
phy because the state reduces to a phase-random state
[54,90,91] when x = 2" and each a;, is randomly chosen,
and to a random subset state [92,93] when X is ran-
domly chosen and a;; = 0. Both are known to be useful
as quantum cryptographic primitives.

For the subset phase states, we can show that computing
a rescaled state frame potential is in #P.

Theorem 17. Let Sy be a set of n-qubit subset phase
states, with a;, being efficiently computable in classical
polynomial time, and let K, := |S+| be its cardinality. For
any constant ¢ € Z", computing

x*K;

2

(1= F,(Sx)) (69)
is in #P. This is the case even if K, > K4 (2",t,0).

Proof of Theorem 17. The frame potential of degree ¢
for Sy is given by

K, 2t
1 - i
FiSx) = —5 ) | (-1t (70)
T j.k=1lxex
1 &
~ K2 Z Z (=Dl (T
njhk=13ex2
where a3 = (@j,...,a4y,,) and gz + a| = Zi’zl

(@jx,, + Ak,), With all the addition taken as exclusive-OR
(XOR).

For simplicity, we introduce a (K, x x) matrix 4 =
(ax)jx and define a Boolean function f(j,k, X) from
{0, 1}2UogKntlog 0 6 {0, 1}, such as

f/“l(]aka-;é) = |aj} + ak€|' (72)

As we have assumed that a;, are efficiently computable in
classical polynomial time, f;(j, k,X) is also computable in
classical polynomial time. Using s(fy) = Zj xifaU sk, X),
which is the number of inputs satisfying f4(j,k,X) = 1, it
follows that

Fi(Sx) =

K,

1 " L

2K2 Z Z (_I)IA(I’k’X) (73)
X n j’kzl)?Gth
_ xPKG = 25(f)

T (74)

which further implies that

2tK2
s = L5 (1= Fi(Sa)). (75)
Thus, computing Eq. (69) is in #P. ]

B. Complexity of compUFP

We now turn to compUFP. Both the inclusion and the
hardness of compUFP can be shown in a similar way to
compSFP.

Theorem 5 (restated). For any constant € Z*,
compUFP(¢) € FP™.

The proof of Theorem 5 is almost the same as that of
Theorem 3, except for the point that, instead of using |o),
we simply use |ouni), Which is defined in Eq. (29).

We next prove Theorem 6.

Theorem 6 (restated). For any constant e Z*,
compUFP(¢) is #P-hard. This is the case even if the
cardinality K, of the set satisfies K,, > K,,1(2",¢,0).

Proof of Theorem 6. Let f :{0,1}""2 — {0,1} be a
Boolean function that is computable in classical polyno-
mial time. Consider a set U, = {U;,U,} U {Uj}fgz of
unitaries, where

U = =2 DB Z, (76)
Up = (-1 —2Ip)p) ® Z, (77)
U =V®l, (78)

where 1, _; is the identity operator on (n — 1) qubits, |[f') =
2D e @) and [p) = [+)20D @
[1) are the states on (n — 1) qubits, Z is the one-qubit
Pauli-Z operator, and V,,_; = {Vj}][il_2 is any set of uni-
taries on (n — 1) qubits with a computationally efficient
description, the frame potential of which, of degree ¢, can
be computed in classical polynomial time. As V,_; has a
computationally efficient description, so does the set U,,.
A straightforward calculation leads to

2\? 2
F,(U,) = 2% (1 - ;) F,(V,o1) + o [22" + g (s(F))],
(79)

where  g(x) = (2" — 8+ 2*2”+7x2)2t and
Zx{o,1}n72f(x)-

Since we have assumed that F; (V,_1) is computable
in classical polynomial time, this equation yields a
polynomial-time reduction from a #P-complete problem,
#SAT, to compUFP. |

s(f) =
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Similarly to the comment after the proof of Theorem 4,
we can choose various sets V,_; with a computationally
efficient description as far as its unitary frame potential can
be computed in classical polynomial time.

V. ANALYSIS OF COMPLEXITY OF SFP and UFP

In this section, we explain our results about the promise
problems SFP and UFP in detail. In Secs. VA and VB,
we consider SFP with the promise gap (1/poly(n))
and O(1/exp(n)), respectively. The unitary case, UFP, is
investigated in Sec. V C.

A. Complexity of SFP with a promise gap
L (1/poly(n))
Theorem 8 (restated). For any constant ¢ € Z*, there
exists a constant € such that SFP(¢, €) is BQP-hard. This

is the case even if the cardinality K, of the set satisfies
Kn Z Kst(2n’ ta O)

This result is obtained by providing a reduction from a
BQP-complete problem to SFP.

Proof of Theorem 8. We denote the length of a bit string
x by |x].

Let L = (Lyes, Lno) < {0, 1}* be a BQP-complete prob-
lem. By definition, for x € L, there exists a unitary U,
corresponding to a polynomial-sized quantum circuit on
m € poly(|x|) many qubits such that the probability

q1() = (0" UL (1] @ I®"~HUL|0™)  (80)
of measuring the first qubit in state |1) satisfies:

(1) if x € Lyes, then g (x)
(2) ifx € Ly, then g1 (x)

2
=3
<

1
3
We assume m > 2 without loss of generality. We define
Ve i= (UL ® H)CZy i1 (Uy ® H), with CZyy1 and H
being the controlled-Z (Cz) gate applied on the first and
(m + 1)th qubits and the Hadamard gate, respectively. As

shown in Ref. [94], g1 (x) = |(0"1|V;]|0"*1)| holds.
We consider the set {|v;), |a;) }]K=1 of state vectors, where

|0) + 2/ /K1)

V2o
|0) + >/ 1)

V2o
and K is set to be larger than ¢. Since {U,}, is a uni-
form family of polynomial-sized quantum circuits, this
is a multiset of state vectors with a computationally
efficient description. For simplicity, let |¢;) := (]0) +
ImIK|1)) /2 forall 1 </ <K.

lv) i= V40" @ (81)

la;) :=10") ® 1) ® (82)

The state frame potential of degree ¢ for the above set is

K
1
5 2 (1P + ey la) P+ 20 o)) (83)
J k=1
1 + ql(x)2t 1 K 5
=— |e Z [ars] (84)
Jj.k=1
1+q 0¥ (2t —1
T ’ (85)
4 t—1

where we have used Eq. (65) to derive the last equation.
From Eq. (85), we can solve the BQP-complete problem
by deciding whether the frame potential is at least

(=), G5

TR (86)
or at most
2t—1 2t—1
(t—l) (t—l)
. 87
T T &7

Therefore, the promise gap € is

1 1 2t—1
= : (88)
9t 36! t—1

and hence, it is constant. ]

B. Complexity of SFP with a promise gap
O(1/exp(n))

Theorem 9  (restated). For any constant
SFP(t,¢) € PP if e €  (27POV™),

teZ",

Our proof of Theorem 9 is based on the complexity class
PQP, i.e., is a quantum analog of PP.

Proof of Theorem 9. Consider the following algorithm:

(1) With probability p = 2/(2 + « + B), proceed to the
next step. With the remaining probability, output
“reject.”

(2) Choose i and j from {1,2,...,K,} uniformly at
random.

(3) Perform the SWAP test for |/;)® and |v;)®’, where
|¥i), |¥;) € S,. If the outcome is 0 (1), output
“accept” (“reject”).

Note that the second step, choosing i and j, can be done
in poly(n) time since we consider a set with a computa-
tionally efficient description, the cardinality of which is
K, € O(2PV™),
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The acceptance probability of this algorithm is

1+ l/lel/fj |2’ 1+ Fi(Sy)
e Z T (89)
" iy=1
Therefore, the acceptance probability is either
1 1 -
> pﬂ = — & (90)
2 2 2Q+4a+pB)
or
1 1 —
<pfh_ Ll _e-h (1)
2 2 2Q+4+a+p)

This means that SFP(z,¢) is in PQP if « — 8 > € €
Q (27POY®™). The proof is completed by the fact that
PQP = PP. m

This proof also provides an alternative proof of Theorem
7, stating that SFP(z,¢) € BQP when € € Q(1/poly(n)).

We next provide the proof of the hardness of SFP for
sufficiently small promise gaps.

Theorem 10 (restated). For any constant € Z",
SFP(t,¢) is PP-hard if € € O(l/(K32")), where K, is
the cardinality of the set. This is the case even if K, >
Ky(2",1,0).

To show Theorem 10, we provide a polynomial-time
reduction from a PP-complete problem, MAJ-SAT, to
SFP. Below, we prove Theorem 10 by explicitly embed-
ding the quantity s(f) in MAJ-SAT to the state frame
potential F,(S,).

Proof of Theorem 10. Let f :{0,1}""2 — {0,1} be a
Boolean function that is computable in classical polyno-
mial time. Consider the same set S, defined by Egs. (52)
to (54), which has a computationally efficient description.
As in Eq. (55), the state frame potential F; of degree ¢ for
S, is given by

- 2\2 ) S\

92)
We set @ and 8 as
2\° 2 .
o= (1_5) F,(S,) + K—3[1+2 1, (93)
2\2 2 273 1\
=<1—Fn> Ft(S)+K—3|:1+<2n—_2) :|
(94)

It suffices for solving MAJ-SAT to determine either
F.(S,) >a or <B. As MAJ-SAT is PP-complete
(Theorem 1), SFP(¢,a — B) is PP-hard.

The promise gap, i.e., « — B, is evaluated as

| 1 \¥
a—pB= PoigE |:1 - <1 - 2n_3> :| (95)
t
= 22t—-1g2 (2n—4 + l‘)’ (96)
where we have used (1 — €)” < (1 4+ me)~". |

C. Complexity of UFP

In a similar way to SFP, we can clarify the computa-
tional complexity class of UFP.

Theorem 11 (restated). For any constant ¢ € Z™,
UFP(t,¢) € PP if e € Q (27POV™).

Proof of Theorem 11. Let o := a/2°"
B/2%™. We run the following algorithm:

and B :=

(1) With probability p =2/(2 + o’ + '), proceed to
the next step. With the remaining probability, output
“reject.”

(2) Selectiandj from {1,2,...
dom.

(3) Let |®) = (1//2") Y2,  |kk) be a maximally
entangled state. Perform the SWAP test for

, Ky} uniformly at ran-

) = (1" @ U,) |9))™ (97)
and
W) = (1% @ U;) |8))*, (98)

where U;, U; € U,,. If the outcome is 0 (1), output
“accept” (“reject”).

The acceptance probability of this algorithm is

1+ Fi(U,)/2*"

1+|‘1’|‘1’ |2
22 > ., (99)
niJ 1
which is either
1 ’ 1 I _
st L, a7 F (g
2 2 20+a+p)
or
1 ’ 1 /Y,
A N /ﬁ . (o1
2 2 20+a+p)

This implies that UFP(¢,¢) is in PQP. The fact that
PQP = PP completes the proof. |
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Unlike the case of SFP(z, €), this proof does not imply
that UFP(z, ¢) is in BQP even if € € Q(1/poly(n)). This
is due to the factor 272" in o’ and B'.

Theorem 12 (restated). For any constant e Z*,
UFP(t, O(22¢=Dn/K2)) is PP-hard, where K, is the cardi-
nality of the set. This is the case even if K, > Kni(2",¢,0).

Proof of Theorem 12. We provide a polynomial-time
reduction from a PP-complete problem, MAJ-SAT,
to UFP(t,€). Let f :{0,1}""2 — {0,1} be a Boolean
function that is computable in classical polynomial time.
Consider the same set U, defined by Egs. (76)+78), of
unitaries on # qubits, which has a computationally efficient
description. As in Eq. (79), the unitary frame potential for
U, is

2 2
Fi(U,) =2% <1 - E) Fi(Vp-1)

n

2
+ 5 22" + g s(F ],

n

(102)

where g/(x) = (2" — 8 + 2*2"+7x2)2t.

We set « and B such as

2\? 2
o =2% (1 — ?) FiVa-) + 25 [2* +2 (2"7)],
(103)

2\* 2
B =2 (1 - E) Fi(Von+ 25 [+ 2 (27 = 1)].
! (104)

If one can determine whether F;(U,) > « or < 8, one can
also determine if M < 2”73 or M > 2"3. Since the latter is
MAJ-SAT and PP-complete due to Theorem 1, the former
is PP-hard.

The promise gap € = o — 8 is computed as

212" — 6)* (1+0@2™)
€ >
T K270 —6) + 1]

€ ®2=Dn /K2y, (105)

This concludes the proof. ]

VI. ANALYSIS OF COMPLEXITY OF StDes AND
UniDes

We investigate the complexity class of StDes in
Sec. VI A and that of UniDes in Sec. VIB.

A. Complexity of StDes

The fact that StDes is in PP if §’ and § satisfy a certain
condition directly follows from Theorem 9, i.e., from the
statement that SFP(¢, ¢) € PP if ¢ is not too small.

Theorem 13 (restated). For any constant ¢ € Z* and
8% — d,8* € Q (27PV™), StDes(t,1,8,8') € PP.

Proof of Theorem 13. Due to the promise of the prob-
lem, it is guaranteed that a given set S, is either a
S-approximate or not a §'-approximate state f-design. If
the former is the case, F;(S,) < 1/d, + 6%/d, and, if the
latter is the case, Fy(S,) > 1/d, +8’2/d,2. Since (1/d, +
87/d?) — (1/d, + 8% /d)) € @ (27P°Y™) by assumption,
checking which is the case is in PP due to Theorem 9.
Hence StDes(z,1,8,8") € PP. |

We next show the hardness of StDes. The following is
the restatement of Theorem 14.

Theorem 14 (restated). For any constant ¢t < ¢ € Z*,
§ € Q27PW®) and §' that satisfies

O (2¢-0n8), fort <"
5’—5e{ ( ) =t 330

O (2719), fort="7,
StDes(1,7,68,8’) is PP-hard under polynomial-time map-
ping reductions. This is the case even if the cardinality K,
of the set satisfies K,, > K«(2",¢,0).

Proof of Theorem 14. In the proof, we use the nota-
tion d = 2" for simplicity. Let / : {0,1}""! — {0,1} be a
Boolean function that is computable in classical polyno-
mial time, and let |f') and |p) be n-qubit state vectors given
by, respectively,

)= \/g > W,

xe{0,1)n—1

lp) = |4+ 1.

(106)

(107)

Let &y be such that §y € 0(8/d), and D, be a set of n-qubit
state vectors with a computationally efficient description
that forms an exact state 1-design and a §p-approximate
state 7-design. Such designs exist as 8 € (27POY™)_ For
instance, it can be generated by first applying Pauli opera-
tors uniformly at random to a fixed state and then applying
a local random circuit with poly(n) depth. The first appli-
cation of Pauli operators guarantees that the generated
states form an exact state 1-design. We denote by D the
cardinality of D,.
We define a multiset S, (f) of state vectors by
S.(f) = {If ), Ip)}¥" U Dy, (108)
where @m implies the multiplicity m € Z*. A key quantity
in the proof is D/m, which we will later choose appropri-
ately depending on §. Here, we note that D/m can be an
arbitrary positive rational number because we can choose
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arbitrarily large positive integers m and D. Note that this
is the case for D since, given a J§p-approximate state
¢-design with some cardinality, one can increase its car-
dinality by changing the multiplicity of each state vector.
The resulting multiset is a §p-approximate state #-design
with cardinality that is an integer multiple of the original
one.

For t € {1,t,¢}, the set S,(f) is a 8, (f)-approximate
state T-design, where

5:() = d |AF), HOO (109)
with
()
NGRS L [le)te®]. (110)
Sn(f) " d.r l@)~Sn(f") (2% .

Here, T1{7) is the projection onto the symmetric subspace
H) , dy = Tr [Hé;r)n], and

sym> “'T

Eip)~s, i) [19)(01°7]
= 5 [ (10 1= + 1) 1)

+ DEj)~p, [|¢)(§0|®T]] .

Below, we compute §;(f).
We begin by checking the eigenvalues of |f)(f|®7 +

Ip)(p|®7. By expanding |f )% as a;|p)®* + /1 — a?|q),
where

(111)

. 2s(F)\"

@ = plf) =( g) , (112)
with s(f') = Y .11/ (), and |g) orthogonal to |p)®*,
we have

T T 1+ 2 T 1 —a?
15 + 1) (p® =< S % z“’)
o1 — oz 1 —a;

(113)

where the matrix representation is in terms of {|p)®, |g)}.
Hence the eigenvalues are 1 £ ;. Below, we denote the
corresponding eigenvectors by |o; 4 ).

When 7 = 1, we can use the fact that D, is an exact state
1-design. That is,

Ejp)~p, [l9)tel] = —. (114)
Also, TI{}), = I and d; = d. Hence it follows that
m
) = 21 —d 115
1) 2m+D” T+ IP) Dl (115)
1
=—F(d+2 -2 116
D/m+2(+s(f) )s (116)

where we have used that the eigenvalues of |f){(f | +
lp)(plare 1 £ ay, whichis 1 £ 2s(f)/d.

When t > 1, we derive an upper and a lower bound
on &, (f). Using the eigenvectors |a, 1), a lower bound on
3. (f) is given as

de max { (@ s ALY o) (@1 ATy o )|}
=< &:(f), (117)
which turns out to be
de (e ¢ 1AL lote )] < 8:(F). (118)
As |ar y) € HE),, we have
() _
<ar,+|Asn(f)|ar,+) = d_r - 2m+D (m( + ay)
+ Doz 4 |Ejgy~p, [l (0% ] ler 1)) -
(119)
Hence,
8:(f) = |1 d: (m(1+ o)
— m o
‘ - 2m+ D ’
+D(or +|Ejp)~p, [19) (0% ] e 1)) |- (120)
Moreover, as t €{l,,f} and t</¢, Dy is a §-
approximate state t-design. This implies that
1-36 1+56
y < (@t |Eigpen, [19)(0]% ] lotrs) < y .
(121)

From Egs. (120) and (121), we obtain a lower bound on
3. (f), which reads as

D

Remember that o, = (2s(f)/d)*. For the later conve-
nience, we introduce a real-valued function L, (q,x) as

1 2x\ T
L.(q,x) :=m{[1+(g) }df—z—q(so}. (123)

Using this notation, we can rephrase the lower bound as

L. (D/m,s(f)) < 8:(f).
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It is easy to obtain an upper bound on §,(f). From the
triangle inequality, we obtain

H(T) D
31- < dr sym _ R T
() =< d P D oD [lo)(0]®7]
o
md.
. ot ol (124
+ o WOV el (124)

As Dy is a §p-approximate state t-design, it holds that

ng,) D

m_—]E N ®-[

4 2+ D e~Dy [1o)(01®7]
<(1 b Ly D % (125)
- 2m+D)d, 2m+Dd,’

We also have
[ + 1) 17| = 1+, (126)

from the diagonalization of |f){f |®* + |p){p|®*. Hence
we obtain

1 D
8:(f) = Dim+2 |:(1 +a)d; +2+ Z301| . (127)

Similarly to the lower bound, we introduce a real-valued
function U, (g, x) as

7,'( s ) . 2 { < 7) T 0}5

and write the upper bound as 6. (f) < U, (D/m, s(f")).
To summarize so far, we have obtained

d—+2 -2
51(f)=i,

D/m+2 (129)

and for ¢ > 1, a lower and an upper bound on &, (f):

D D
L, (-:S(f)> =&()=U: (—,S(f)) - (130)
m m

Importantly, for any fixed ¢ > 0, both L. (¢, x) and L. (g, x)
are monotonically increasing in x when x > 0.

We now choose D/m. For our purpose, we specifi-
cally use D/m that approximately satisfies the following:

ift=1,
d—+2sg—2
i:(s, (131)
D/m+2

withsg = d/4 —2/3,and if > 1,
(132)

As L, is defined as Eq. (123), the latter equation is explic-
itly given by

1 . 1 4fd 5 D/m 55
sl G- )] s

(133)

As D/m can be an arbitrary positive rational number by
choosing the appropriate cardinality D of Dy and multiplic-
ity mof {|f'), |p)} in S,(f), the solutions of these equations
can be approximated by D/m with arbitrary precision.
With this choice of D/m, we set 8’ as follows. If ¥ =1,

d+2s; —2
’ZL, (134)
D/m+2
withs; =d/4 —1/3,and if ¥ > 1,
8 =1, bd_1 (135)
T \m’4 3
= ! 1+ ! 2 / dy +2
D/m+2 2 3d g
D/m
. 136
Djm 12 (136)

From simple calculations and using &y € 0(5/d), it follows
that
8§ € O 's). (137)
Clearly, 8’ — 8 € ©(8') = ©(d’~'8) for t < ¢. When ¢ =
¢, it is also straightforward to see that 8’ — § € ©(5/d).
Below, we show that MAJ-SAT can be solved by a sin-
gle use of the algorithm A for solving StDes(s, 7, 8,8"). By
definition, the algorithm A can determine whether S, (f)
satisfies
S:(f)>38 or 8(f)<3$, (138)
under the exclusive assumption that only one of the two
holds.
We begin by checking that, for any Boolean function
f :{0,1})"! — {0, 1}, the corresponding set S,(f) must
exclusively satisfy one of the two conditions in Eq. (138).
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We check this condition separately for three cases. The first
caseist =1 = 1,the second caseist = 1 < ¢, and the last
caseisl <t <Y.

In the first case, in which 1 = ¥ = 1, we observe from
Egs. (129), (131), and (134) that

&v>58¢:s0)5ap=§—§, (139)
s =8 e oL g 2o, (140)

4 3
As s(f) is a non-negative integer, these cases are equivalent
to

&v>sa¢¢sv>s§—1, (141)

31(f)>8’(=);—i§s(f). (142)
It is clear that all Boolean functions must exclusively
satisfy one of the two.

In the second case, in which t = 1 < ¢, as shown above,
81(f) <4 is equivalent to s(f) < d/4 — 1. On the other
hand, if §,(f) > &, it follows from Egs. (130) and (135)
that

Dd 1 D
Uy <—,— — —> =68 <8() < Uy (—,s(f)) . (143)
m4 3 m

As Uy(g,x) is monotonically increasing in x for any fixed
q > 0, this implies that s(f') > d/4 — 1/3. As s(f) is a
non-negative integer, we conclude that §,(f') > & implies
that s(f') > d/4. We also show that if s(f') > d/4, then
8¢(f) > &'. That is, 8,(f) > &' is equivalent to s(f') >
d/4. We show the contraposition of this statement. To this
end, it is crucial to note that

U D d 1 I D d
| —, = | <Lyl —,—
1m54 3 tm:4’

which is obtained by the direct calculation using 1 < 7,
and the fact that Dy is a §p-approximate state ¢ -design with
80 € 0(8/d). As &' for ¢ > 1 is defined as Eq. (135), this

implies that
, D d
5 < Lt, s .
m 4

Thus, if §,(f ) < §’, we obtain, by using Eq. (130),

(144)

(145)

LK<QAUU>ESAf)§5’<Lﬂ<9,g>- (146)
m m 4

Using the monotonicity of Ly (g, x), this reduces to s(f') <
d/4. That is, §,(f) < 8’ implies that s(f) < d/4. Tak-
ing the contraposition of this, we obtain that s(f' ) > d/4
implies that 8, (f ) > §'.

All together, in the case of t = 1 < ¢, we have

m«>sa¢:sv>5§—1, (147)

8/(f) > 8 j—: <s(f). (148)
Clearly, all Boolean functions must exclusively satisfy one
of the two.

Finally, when | <¢</¢, we begin by rephrasing
8:(f) <4 in terms of s(f). If §,(f) < 8, we have, from
Egs. (130) and (132),

D d 2

L«Qmm)smmfszu(ﬂ———) (149)
m m 4 3

As L,(g,x) is monotonically increasing in x for any fixed
q > 0, together with the fact that s(f) is a non-negative
integer, this implies that s(f') < d/4 — 1. We can also
show that d/4 — 1 > s(f) implies that §,(f ) < §. To this
end, we consider the contraposition. The crucial observa-

tion is
D d D d 2
Ul—=-—-1)=<L|—= -3, (150)
m 4 m 4 3

which can be shown using 1 < ¢ and the fact that Dy is a
dp-approximate state 7-design with 8y € 0(8/d). Note that
t < ¢.From Eq. (132), this implies that

(151)

Hence, if §;(f ) > 8, then

D d D
Ul|—-—-1)<8<§()<U|—,s(f)), (152)
m 4 m
where we have used Eq. (130). Using the monotonicity
of U;(q,x), this further implies that d/4 — 1 < s(f). By
taking the contraposition, we obtain that d/4 — 1 > s(f)
implies that §,(f ) < 4.
Therefore, when 1 < ¢ < ¢, we have

5,(f)§8<:>s(f)§%l—l, (153)

8t/(f)>8’<:>;—1§s(f). (154)
Note that the latter follows from Eq. (148). Thus, also in
the case of 1 < ¢ < ¢, all Boolean functions must exclu-
sively satisfy one of the two conditions in Eq. (138).

We finally show that the algorithm A for solving
StDes(t, 7, 68,8") can be used to solve MAJ-SAT. We sim-
ply apply the algorithm A to the set S, (f) constructed from
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a Boolean function f. As we have shown, S, (f) satisfies
the exclusive promise of StDes(z,7, 8,8’) and, hence, the
algorithm 4 can determine which of the following two is
the case:

S,(f)>8 or 8&(f)<S. (155)

From Egs. (141), (142), (147), (148), (153), and (154), it is
clear that, for any 7 < 7, the algorithm A can decide

s(f) >

EE SN

d
=2"2 or s(f)fz—1:2”‘2—1.
(156)

Hence one can efficiently solve MAJ-SAT with one query
to A. [ |

B. Complexity of UniDes

The same proof technique as for Theorems 13 and 14
can be applied to proving Theorems 15 and 16, respec-
tively.

Theorem 15 (restated). For any constant ¢ € Z* and
87 — 2252 ¢ Q27PN UniDes(t,1,48,8") € PP.

Proof of Theorem 15. Due to the promise of the prob-
lem, it is guaranteed that a given set U, is either a
S-approximate or not a &'-approximate unitary f-design.
If the former is the case, F,(U,) < #! + 8% and, if the
latter is the case, F,(U,) > t! 4+ 87/2%". Since (¢! +
87 /2%y — (1! + 8%) € Q@ (27POV™) by assumption, check-
ing which is the case is in PP due to Theorem 11. Hence
UniDes(1,t,68,68") € PP. |

Below is a restatement of Theorem 16 for clarity.

Theorem 16 (restated). For any constant ¢t < ¢ € Z*,
§ € QQ27PNMY M (220=Dm) "and §' that satisfies

s {@ (22“’—’)"5), fort <1,

. (34a)
® (2728), fort =17,

UniDes(s,7, 4, §") is PP-hard under polynomial-time map-
ping reductions. This is the case even if the cardinality K,
of the set satisfies K, > K,;(2",7,0).

Proof of Theorem 16. The proof is almost in parallel
with that of StDes, though we make use of unitaries
instead of state vectors. Let f :{0,1}""! — {0,1} be a
Boolean function that is computable in classical polyno-
mial time and let |f') and |p) be n-qubit state vectors given

by, respectively,

)= \/g > W),

(157)
xe{0,1}n—1
p) = 1)®"7H1). (158)
Using these states, we define unitaries as
Vi=1=2f){f], and V, =1=2p){pl. (159)

Let 8y be such that 8, € O(8%/d*) and let Dy be a 8-
approximate unitary #-design of n qubits with a compu-
tationally efficient description, which can be generated by,
e.g., local random circuits with poly(n) depth. We denote
by D the cardinality of D,.

We define a multiset U, () of unitaries by

Un(f) = (V. V,}®" U Dy, (160)

where @m implies the multiplicity m € Z*. Later, we
determine D and m depending on § such that D/m is appro-
priately set for our purpose. Note that D/m can be an
arbitrary positive rational number.

Let © € {t,/}. The set U,(f) is a §.(f)-approximate
unitary t-design, where

5.(f) == ‘M(” (161)

)
Unr) — M

1

Here, M) = Ey,[U® ® U®"] is the moment operator.
Below, we compute a lower and an upper bound on § (f).

The moment operator of the Haar measure is a projec-
tor onto the irreducible representation of 7, : U~ U®* ®
U®T . Denoting the projector by I'Ii(:r)ep, the moment operator
of the uniform measure on U, (f) is in the form of

M(T) _ H(T) _|_ H(T)lM(T) H‘(T)l

Un(f) — *irrep irrep ©" U, (f) © Tirrep 2 (162)

where 194 =7 — 1)

. A _H’FCP rrep”
irreducibility. Hence,

Note that we have used the

5:() = [ &M | (163)
with
M5y =B, [ (D] (164)

[ (e () + (7)) + DME) |

) + 2m
(165)
From the triangle inequality, we have that
|mA — DB|
D+2m
<&:(f) < A+ DB), 166
< (f)_D+2m(m-|- ) (166)
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where
H“fﬁlﬁ (e (V) + (V) | (167)
B=|noMg Ny | <. (168)

Note that the upper bound on B follows from the fact that
Dy is a §p-approximate t-designas v € {t,/}and t < 7.
To compute 4, we use the expansion that

nr(Vf) + nr(V )
= 2T+ TS (. (V) + e (V) T

irrep irrep irrep

(169)

and the fact that the first and the remaining term in the
right hand side have orthogonal support. Hence, using

=Tr [1‘[( ) ] we obtain

irrep

| (V) + (V)]

= |Gy (e + ) MRy | +2et (70)
In Appendix C, we show that
|7 + 7T, = Acs(F)) . (A7)
Here, A (x) is defined for x € [0,d/2] as
A (x)
(2 = 2
5 53
(172)

and 7,,(z) = cosmb, where z = cos 0, are the Chebyshev
polynomials of the first kind. Hence,

A=A (s(f)) =21l (173)

Substituting 4 and B into Eq. (166), we obtain

D
m (Ar (s(f)) —2t! - Z%)

(Ar (s(f)) — 27! + 250) .
m
(174)

Sar(f)fm

In the lower bound, we have assumed that & is sufficiently
small. We will check this condition later.

For later convenience, we introduce functions U, (g, x)
and L. (q,x) by

1
Ur(g,x) = ) (Ar (x) = 27!+ gdo) (175)
1
L.(q,x) = ) (A7 (x) — 27! — o), (176)
using which we have
D D
L, (—,s(f)) <& ()< U; (—,s(f)) . (177)
m m

Importantly, for any fixed ¢ > 0, these functions are
monotonically increasing as x increases for sufficiently
large d. Indeed, the leading-order expansion of A.(x) is
given by

A (x) =2d"" — 8td*™ ! (1 2;) +0O(d7?),
(178)

as shown in Appendix C. Thus, if d is sufficiently large,
A+ (x) is monotonically increasing in x, and so are U (g, x)
and L. (¢, x) for a fixed ¢ > 0.

We now choose D and m such that D/m satisfies

D d 2
L, — =] =6.
m4 3

From the order estimation of A;(x) and the facts that
8o € O(8%/d*) and 8§ € o(d?>“~V), which implies that § €
o(d®), we have D/m € ©(d*/§). We also check the
assumption on &y in Eq. (174), which is that §; is suf-
ficiently small such that L, (D/m,s(f)) > 0. As D/m €
©(d*/$), this condition is satisfied when 8y € O(82/d*),
which we have assumed. We also set 8" as

(179)

Dd 1
8 =U, (Z’ 1 §> € O (>’ 0s). (180)

Clearly, 8’ — 8 € ©(d*'~968) for t <. When ¢t =7, we
need more careful analysis based on Eq. (178), from which
it turns out that 8’ — 8 € O(d~28) fort = 7.

With this choice of D/m, we below show that an
algorithm A to solve UniDes(t,7,8,8’) can be used to
solve MAJ-SAT. By definition, the algorithm can deter-
mine

8(f)>48, or

&(f) =, (181)

under the exclusive promise that only one of the two holds.
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Let us first check if U, () constructed from any Boolean
function f :{0,1}"~! — {0,1} satisfies the exclusive
promise. To this end, we show that

8/(f) > 8 < s(f) > %i, (182)
a,(f)smzm(f)s;—i—l. (183)

From these two, it is clear that all Boolean functions must
exclusively satisfy one of the two conditions §,(f ) < § or
/() > 4§

To show Eq. (182), we begin by assuming that 8y (f') >
8'. If this is satisfied, it follows from Eqgs. (177) and (180)
that

Ut/ <2,c—i — l) =4 < 51/(/[) =< Ut’ (Q:S(f)> . (184)
m4 3 m
Using the monotonicity of Uy(g,x) in x, we have d/4 —
1/3 < s(f). Moreover, s(f) is a non-negative integer, lead-
ing to d/4 < s(f).
On the other hand, if d/4 < s(f), 8,(f) > §'. To show
this, we use the fact that, for sufficiently large d,

s (Pd_1\_, (Dd
‘Nwa"3) " wa)

which is shown in Appendix D using the assumption
that § € o(d2?~V). Hence, if 8,(f) < &, it follows from
Egs. (177) and (180) that

(185)

D
Ly (Z’Sm) <&(f)=<d

D d 1 D d
:Ut/ —, - — = <Lt/ — =]
m 4 3 m 4

From the monotonicity of Ly(g,x) in x, we conclude
that §,(f) < 8’ implies that s(f') < d/4. Taking the con-
traposition, we obtain that if s(f') > d/4, then 8,(f) >
5.

(186)

To show Eq. (183), if 8,(f) <48, we have, from
Egs. (177) and (179), that

L, (l—),s(f)) <&(f)<é=L; (9,21 — %> . (187
m m4 3
Using the monotonicity of L;(g, x) in x and the fact that s(f")
is a non-negative integer, this implies that s(f ) < d/4 — 1.
To show that s(f') < d/4 — 1 implies that §,(f' ) < §, we
consider its contraposition. A key observation is

D d D d 2
U(=.5—1) <L (=.5-%).  ass)
m 4 m4 3

shown in Appendix D, using the assumption that § €
o(d*“~V). Hence, if 8,(f ) > 8, we have, from Egs. (177)

and (179), that

D d D d 2
Ul=5-1)<L(=5-3)=
m 4 m4 3

<5 <0, (%s(f))- (189)

From the monotonicity, we have d/4 — 1 < s(f). By tak-
ing the contraposition, we obtain that s(f) < d/4 — 1
implies that §,(f ) < §.

We finally show how the algorithm A for solving
UniDes(z,7,8,58") can be used to solve MAJ-SAT. As
U, (f) satisfies the exclusive promise of UniDes(¢,7, 6, 8")
for any Boolean function /', the algorithm is capable of
determining whether U, (f) satisfies

8:(f)>48" or

&i(f) <. (190)

From Egs. (182) and (183), this implies that A can deter-
mine

s(f) >

LN RSW

d
=2"2 or s(f)fz—lzz”‘z—l.
(191)

Hence one can efficiently solve MAJ-SAT with one query
to A. |

VII. CONCLUSIONS AND DISCUSSION

In this paper, we have initiated computational
complexity-theoretic analyses about the problems related
to unitary and state designs and have paved the way to
understanding randomness in quantum systems from the
complexity perspective. We have begun with an explicit
quantum algorithm for computing the state and unitary
frame potentials and then clarified the complexity classes
of exactly computing the frame potentials, compSFP ()
and compUFP(¢), which have been shown to be #P-hard
and to be achievable by a single query to a #P oracle.

We have then introduced promise problems, SFP(, €)
and UFP(z,¢), to decide whether the frame potential is
larger than or smaller than certain values with a promise
gap €. These problems are important to address the com-
plexity of approximately computing the frame potentials.
For SFP(z,€), we have proven that the problem is BQP-
complete for € € ®(1/poly(n)), but is PP-complete for
€ € ®(27POY™) The latter has been shown to be the case
for UFP(z, ¢).
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We have finally addressed promise problems that are
directly related to state and unitary designs: whether
a given set is a S-approximate #-design or not a §'-
approximate #-design, under the promise that only one
of the two is the case. We have shown that these prob-
lems, StDes(z,7,48,58") and UniDes(z,7,8,8"), are in PP
if t =¢ and the gap between § and § is not too small.
We have also shown the hardness result. Specifically, these
problems are PP-hard if the gap is 8’ — 8 € ©(2¢¢ 1)
for t<? and 8’ — 6§ € ®©27"8) for t =1, where ¢ =
1 for StDes(z,7,8,8") and ¢ =2 for UniDes(z,7,3,4).
We would like to emphasize that these results imply the
computational hardness of deciding if a given set is an
exponentially accurate approximation to a 7-design or a
constant-away approximation to a (# + 1)-design that is not
an accurate #-design, highlighting the computationally hard
nature of checking design properties.

These results have far-reaching implications, owing
to the broad applicability of complexity theory and the
universal significance of designs. Specifically, we have
demonstrated their relevance to variational constructions
of designs, the characterization of quantum chaos via the
average OTOC, and the emergence of designs in Hamil-
tonian systems. Notably, our results imply that, for algo-
rithms addressing these problems to scale efficiently to
large systems, it is crucial to tailor them to leverage the
specific structure of the underlying problems.

While we have thoroughly investigated the computa-
tional complexity classes of the introduced problems, the
complexity in some parameter regions, such as UFP(z, €)
for € € Q(1/poly(n)), remains open. Investigating these
cases is an important future work. While it is natural to
expect that UFP (¢, €) with inverse-polynomial or constant
€ is computationally easy, showing this is not straightfor-
ward, at least in our approach. The difficulty is intrinsic in
our approach, where we start with a quantum algorithm
to compute the purity of a quantum state that encodes
all the information of the unitary frame potential. This
approach inevitably introduces the prefactor 27" between
the unitary frame potential and the purity. Therefore,
for estimating the frame potential with constant approx-
imation in our approach, it is necessary to evaluate the
purity with exponential accuracy, which is, in general,
computationally intractable. This is, however, the diffi-
culty specific to our approach, and it is open if UFP(z,¢€)
with inverse-polynomial or constant € is computationally
feasible. Developing a new approach toward this is an
interesting open problem.

Regarding StDes(z,7, 8, 8") and UniDes(t,7,8,8'), it is
of great interest to further investigate the problems when
t="7. In this case, we have succeeded in proving the
hardness only with small gap 8§’ — §. To this end, how-
ever, our methods, i.e., to hide a hard instance in a set, may
not work. It may also be interesting to consider the com-
putational problems related to other definitions of unitary

designs, such as the one based on the diamond norm. As
different definitions do not lead to significant differences
in applications, this is not practically important but may
still be of theoretical interest. In this case, the key is to
tightly compute the approximation accuracy as we have
done for proving the PP-hardness of UniDes in terms of
the moment operators.

Our results, showing the computationally hard nature of
checking design properties, indicate that there may exist
pseudo-t-designs, namely, a set of state vectors or unitaries
that is not a #-design but is indistinguishable from 7-designs
in polynomial time. This direction may be of interest in
regard to the recent progress in computationally secure
quantum cryptography based on pseudorandom states or
unitaries. We expect that our results, that good #-design
cannot be efficiently distinguished from bad (¢ + 1)-design
that fails to be a good #-design, could offer an interesting
starting point toward this direction.

From a more practical viewpoint, it will also be impor-
tant to consider restricted sets of state vectors or unitaries,
for which the problems that we have introduced in this
work become solvable in classical or quantum polyno-
mial time. This direction is of significant importance for
developing the practical variational ansatz for construct-
ing designs or algorithms for studying emergent designs in
Hamiltonian systems.

ACKNOWLEDGMENTS

We would like to thank Ozgiin Kum for discussions
on computational complexity theory and Masaki Owari
for discussions about the algorithms for computing the
frame potential. Y.N. is supported by Japan Society for
the Promotion of Science (JSPS) KAKENHI Grant No.
JP22K 03464, Ministry of Education, Culture, Sports, Sci-
ence and Technology (MEXT)-KAKENHI Grant-in-Aid
for Transformative Research Areas (A) “Extreme Uni-
verse” Grants No. JP21H05182 and No. JP21H05183,
Japan Science and Technology Agency (JST) CREST
Grant No. JPMJCR2313, and JST PRESTO Grant No.
JPMIJPR2456. Y.T. is partially supported by JST Moonshot
R&D—MILLENNIA Program Grant No. JPMJMS2061.
M.K. is supported by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation) within the
Emmy Noether program (Grant No. 441423094) and
Fujitsu Germany GmbH as part of the endowed profes-
sorship “Quantum Inspired and Quantum Optimization.”
A.D. is supported by MEXT-KAKENHI Grant-in Aid for
Transformative Research Areas (A) “Extreme Universe”
Grant No. 21H05183.

DATA AVAILABILITY

No data were created or analyzed in this study.

030345-27



NAKATA, TAKEUCHI, KLIESCH, and DARMAWAN

PRX QUANTUM 6, 030345 (2025)

APPENDIX A: PROOFS OF PROPOSITIONS 1
AND 2

1. Proof of Proposition 1

Here, we provide a proof of Proposition 1 for com-
pleteness. Note that we assume that ¢ < d, but similar
statements hold even for ¢ > d.

Proposition 1 (restated). Letd,t € 7 be such that ¢ <
d,and d, = (d+’ 1) The following hold for the state frame
potential of degree :

(1) F(H) = 1/d,.
(2) For any probability measure p on a nonempty set of
state vectors,

Fi(w) € [1/d,, 1], (7a)

where equality of the lower bound holds if and
only if it is an exact state z-design. For the uniform
measure on a finite set S with cardinality K,

F,(S) € [max {1/d,,1/K},1]. (8a)

(3) If a finite set S of state vectors is a §-approximate
state 7-design, then

2

F(S)<l+8— 9
t =274 (%a)

(4) If a finite set S of state vectors satisfies

2

d—tz, (103)

1
Fi(S —
t()fdt'l‘

then S is a §-approximate state t-design.

(5) For a finite set S of state vectors to be a §-
approximate state #-design, it has to contain at least
K (d,t,8) state vectors, where

dy

Kst(d, 1, 5) = m

(11a)

Proof of Proposition 1. The state frame potential for a
uniformly distributed state can be calculated directly using
Egs. (3) and (5).

To show the second statement, e begin with the fact
that the support of the state ZJ VU (W 1% /K s the
symmetric subspace, as it is a probabilistic mixture of sym-
metric states. The frame potential is defined by the squared
Hilbert-Schmidt norm of the state and its minimum 1/d;
is attained by the completely mixed state on the subspace,
which corresponds to a state averaged over an exact state
t-design. The upper bound follows from the simple facts
that [(¢|y¥)| <1 for any state vectors |¢) and |i). For

the uniform probability measure over a finite set S with
cardinality K, the frame potential further satisfies

1 K t

FAS) = = 3 |wiluy) [ (A1)

ij=1

1 K
zfzmww| (A2)

P
_ ! A3
== (A3)

To show the third statement, we start with the definition
of a state design. Ifa set S is a §-approximate state z-design,

Eq. (2) holds. Since || - ||2 < +/Tank(-)] - ||oo, We have

sym (n, 1) )

K
Wy |®' = ————| < —,
I R

2

(A4)

where we have used Eq. (3). By direct calculation and
Eq. (5), the left-hand side satisfies

2
sym("l t)

Z‘

_E®—1

Zw,w@

(A5)
2

Hence the third statement holds.
The fourth statement is shown as follows. Suppose that

.....

direct calculat10n leads to

- (n, )
}: Y — D00 0 (ae)
j=1 t 5
As |- lloo < II - ll2, we obtain
m(n, f
= Z I ) (i |2 — M <8/d, (A7)
o0

which implies that S is a §-approximate state #-design.
Finally, suppose that the cardinality K of a set S =

.....

Eq. (A3) we have

1 1 82
F(S)>—=>—+—.

A8
K d 4 (A8)

Due to the contraposition of the third statement, this
implies that S is not a §-approximate state 7-design. |
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2. Proof of Proposition 2

We next show Proposition 2. Similarly to the state frame
potential, we assume that ¢ < d just for simplicity. Similar
statements hold even for ¢ > d.

Proposition 2 (restated). Let d,t € Z* be such that r <
d. The following hold for the unitary frame potential:

(1) F,(H) =1
(2) For any probability measure ¢ on a nonempty set in
U@,

Fp) € [t,d"], (19a)

where equality of the lower bound holds if and only

if it is an exact unitary #-design. For the uniform

measure on a finite set U with cardinality K,

FU) € [max {¢,d/K},d"]. (20a)

(3) If a finite set U of unitaries is a §-approximate
unitary #-design, then

FU) < 1! + 82, (21a)
(4) If a finite set U of unitaries satisfies
82
FU) <t + i (22a)

then U is a §-approximate unitary z-design.

(5) For a finite set U of unitaries to be a §-approximate
unitary ¢-design, it has to contain at least K, (d, ¢, &)
unitaries, where

2t

Kuni(d, 1,8) := (23a)

1482
(6) Let G be the superoperator defined by Eq. (15) for
a probability measure o on U(d). For a finite set U

of unitaries, it satisfies
d'/F,)

—FH) = |90 - 6|

<d'F,\U) — F,(H). (24a)

Proof of Proposition 2. The unitary frame potential for
the Haar measure is given by the number of trivial irre-
ducible representations of U+ U®' ® U®', which is 1!
when ¢ < 2", This is the first statement.

For the second statement, since the Haar measure is the
left- and right-unitary invariant measure,

2
| =m0 = Fw - i,

(A9)

for any probability measure u on U(d). As the left-hand
side is non-negative, F,(H) < F,(u). Also, using the first

property, we have #! < F;(11). The upper bound is obtained
from the fact that Tr [Lﬁ V] <d for any unitary U,V €
U(d). For the uniform probability measure on a finite set U
with cardinality K, the frame potential satisfies

K
Z )Tr[UT ‘

F(U) = 17 (A10)
K
[? ; ‘ (A11)
d2t
== (A12)

If a set U is a §-approximate unitary #-design, it satisfies

O _ 40
| -

=8 (A13)

Since || - |l2 < || - |1, the first statement and Eq. (A9) lead
to F,(U) < ¢! + §2.

Suppose that a set U satisfies F,(U) < ¢! + §2/d*. From
the first statement and Eq. (A9), it follows that

(0 ®
i

,<o/d. (Al4)

As |-l < +/rank()|l - l2, we obtain HM,‘;) -M| <.

That is, U is a §-approximate unitary ¢-design.
Finally, suppose that the cardinality K of aset U=

.....

w1th Eq (A12), the frame potential satlsﬁes

2t

F,(U) > = > 82, (A15)

Due to the contraposition of the third statement, S is not a
§-approximate unitary z-design.

To show the Ilast statement, we use the Choi-
Jamiotkowski representation of a superoperator. For 7, it
isgivenby J(7) := 7 ® id(|P)(®P|), where | D) is a maxi-
mally entangled state. It is known that || J(7)|; < |7 ]lo <
d||3(T)|1, where d is the dimension of the input Hilbert
space. Using this relation, we have

oo~ = o -

< GO _

We further use the vectorization of an operator: O =
>k Cikli ) (kl = lo) = Z/kc,ky ) ® |k), where - repre-
sents the complex conjugate in a fixed orthonormal
basis. This map preserves the Hilbert-Schmidt norm,
e., Ol = lllo)|l.. We consider the vectorization of

<

<d

o), wo
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J (gf,’) — gf_?). For simplicity, let 4 be denoted by the d'-

dimensional input Hilbert space of G (1 € {U,H}), and
B, C, and D by the systems isomorphic to 4. Denoting
the systems on which operators act by superscripts, the
vectorization is given by

(- or<oror.

A direct calculation shows that the Hilbert-Schmidt norm
of this vector is d~'\/F,(U) — F;(H). Thus, we have

[3(69 - 69)[, = VAR -F®. @)

The desired statement is obtained by combining Eq. (A16),
this equality, and the relations between norms given in
Eq. (1). ]

APPENDIX B: ANALYSIS OF QUANTUM
ALGORITHM FOR COMPUTING FRAME
POTENTIALS

Here, we provide proofs of Lemma 1 and Theorem 2.

Lemma I (restated). Let o2 and o . be the reduced den-
sity matrix in 4 of |0g)*? and |oui)*?X, respectively. Then,

unitary frame potential of U, are given by
F(Sy) =Tr[(©@0%], FiU,) =2""Tr[(e)’], (30a)
respectively.
Note that the states |04 )5 and |0y )42R are defined by

t
low) " = ctrl!-Uy <|+Kn>f‘ X |on>3m> :

m=1

(BD)

t
|Quni>ABR = CtﬂA'Uf (|+Kn )A ® |d)n>BmRm> s (BZ)

m=1
respectively. The controlled unitary is given by Eq. (27).

Proof of Lemma 1. By a direct calculation, it can be
shown that

K,
1 & ‘
A4 _ - 17, N aA
=7 ;(<on|q Ul0n) 161, (B3)
L] =
4 RS TA\STVI
omi = 3 2 (Tr[U[U]) g1t @4
"ij=1
This implies Eq. (30). |

We next show Theorem 2.

Theorem 2 (restated). Let U, be a set of n-qubit uni-
taries with a computationally efficient description, the car-
dinality of which is K),, and let S,, be a set of n-qubit state
vectors with a computationally efficient description that is
generated by applying the U, to a computational zero state
|0,,). The following hold:

(1) Forn € (max{dfl,Kn_l}, 1]and e € (0,7 —Kn_l),it
takes tM queries to ctrl-U,, and its inverse to deter-
mine whether F,(S,) > n or F(S,) <n — € with
success probability at least 2/3, where

My =0 (é min {‘/nK,, 1, 1]) . (la)

(2) For 7 e (max{#!,2*"K'},2>"] and € € (0,n —
22K 1) it takes tMyy queries to ctrl-U, and
its inverse to determine whether F;(U,) > n or
F,(U,) <n— e with success probability at least
2/3, where

271[
My = O (— min {\/nKn — o, 2'"}) . (32a)
€

To show this, we refer to a quantum algorithmic result
for computing the Hilbert-Schmidt distance between two
states [95].

Theorem BI (Quantum algorithm for £*-closeness with
purified query access [95]). Givene,v € (0, 1) and mixed
states p and o on a D-dimensional system, the puri-
fied states of which can be generated by U, and U,
respectively, it takes

o))

queries to U,,, U;, Us,, U(T, to decide whether ||p — o, > €
or [p — o]z < (1 —v)e with success probability at least
2/3.

(BS)

The former query complexity in Theorem BI, i.e.,
@ (\/l_)/ (ev)), is achieved by using block encoding and

the latter by combining the SWAP test and amplitude
estimation.

Proof of Theorem 2. For our purpose, we may estimate

||Q’S4t/um — ||, instead of Tr [(Q’:t/um)z], where 774 is the
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completely mixed state on A4, since

0% wi — 715 (B6)
=Tr [(Q/sqt/uni - nA)Z] (B7)

= Tr[(Q%tyun)’] — 2Tr [0fjumiw ] + Tr [(x)?] (BY)

Here, T,,,(z) = cosmf with z = cos6 are the Chebyshev
polynomials of the first kind.

We first decompose the Hilbert space Hy = (C*)®" to
a two-dimensional (2D) subspace H, spanned by |f') and
|p), and the remaining one H,_,. We also fix the orthonor-
mal basis of H, as {|p), |p*)}, where |p*) is orthogonal to
|p) such that (f |[p+) € R. Under this decomposition, we

1
432
=Tr [('Qst/uni) ] K (B9) can write V,, forw =f ,p asw @ I;_ 5. The 2 x 2 matrix w
" is given by I, — 2|w)(w| or, more explicitly,
Using Eq. (30), we obtain
~ 1 —2a> —2aB ~ -1 0
1 = =
F(Sp) = llog — I3 + ®10) 7 ( —2af  1- 2/32) - and P < 0 1) :
Ky
. (C2)
F,(U,) = 2*" A.—n“+—>. B11l
1(Un) (Ilaum 12 X, B11 in our fixed basis, where o = (f |p) = 2s(f)/d, and g =
T— o2
From this fact, it is easy to obtain Theorem 2. | ! o .
Using this notation, we have
APPENDIX C: DERIVATION OF EQ. (171) (V) = ngr (C3)
We show “nr(Vf) +7Tr(Vp)||l = Ar(s(f))l where 7, ~ ®271
is a representation given by U U®* ®@ U®T, V, = =W laa) (€4
I —2w)(w| for w=f,p with |f) and |p) defined by 2t
Egs. (157) and (158), respectively, and - PP (v”v@S ® 16;@3’*”) . (CY)
s=0 sym
Ar(x) ’
27 e s ) where
s X
=2 d—2)"* Tors | = )
()= () (3)
(CD)
J
(zxr)terms
B (e ) = (oS ) o (@ eu2ewne S ") oo (I @) (o)

sym

is a full symmetrization of the tensor product. As this holds
both for w = £, p, we have

)70 = D (72 +77) 0155

s=0 sym
(€7
Hence we have
EEAEEAUSIE
2t 2T
=) < S >(d— DTSR - (CB)
s=0

To compute )V ®s 4 pos

, we note that both f and p are
1

unitary and use the unitary invariance of the trace norm.
This leads to

7o +5%| = H (75)" +5

: (C9)

1 1

where I, is the 2 x 2 identity matrix. From the matrix
representation of / and p given in Eq. (C2), we have

1__2‘;?2) . (C10)

=~ 202 — 1
fp=< 208

030345-31



NAKATA, TAKEUCHI, KLIESCH, and DARMAWAN

PRX QUANTUM 6, 030345 (2025)

The eigenvalues of this unitary are e™ with 6 =
arccos(2a® — 1). Hence,

~ o5 L\ ®s :
7o +5° =H(fp) 17 (C11)
1 1
_ i: S\ | o —i(s—r)
= le"e +1]  (C12)
=0 r
_ (S) |ei(2rfs)9 + 1‘ (C13)
r=0 r
—2XS: Nleos@r -5 2| (14
N —\r 2
d 0
—2 <S) cos|2r—s|—’. (C15)
—\r 2

Using the Chebyshev polynomials of the first kind,
we have cos [2r — s| % = Tjor—s (cos6/2). It further turns
out that cos8/2 = +«. Using the fact that |7, (+x)| =
|T,,(x)|, we have

‘V Qs + ﬁ [2)

‘1 :2§<i> | Tpr—si(@)|. (C16)

Substituting this into Eq. (C8) completes the derivation.
We next show that, for x € [0,d/2], A (x) is given by

2
A (x) = 24%7 — 8?1 <1 _ %) +0 (er—Z)’

(C17)

to the second leading order of d.

From the definition of A (x), an expansion up to the sec-
ond leading order is obtained by expanding the summation
over s up to s = 1, such as

J

(€ n (=3) v

27
+2 Z <2:> d—2)¥
=2

As T (x) = cos(arccosx) = x,

(3)]-

i

Ar(0)/2=(d—-2)% +41(d—-2)""!

(2]

(C18)

The Chebyshev polynomials of the first kind can be explic-
itly given by

2x
folg)="
2x 2x 2x
Ti{ — ) = cos | arccos | — = —.
d d d

Substituting these results in Eq. (C17).

(C19)

(C20)

APPENDIX D: DERIVATIONS OF EQS. (185)
AND (188)

We show that, for sufficiently large d,
D d 1 D d
Ut/ Y <Lt/ N R
m4 3 m 4
D d D d 2
Ul _7__1 <Ll‘ N E
m 4 m 4 3

which are used in the analysis of UniDes(¢,7, 8,4’). These
functions are defined by Eqgs. (175) and (176).
For the former, a direct calculation leads to

(D1)

(D2)

From the Taylor expansion of the Chebyshev polynomials 7,,(x) around x = 1/2, we have

T, (% —s) = cos (?) +

RHS — LHS
_ 1 A d A d 1
ot () (53]
2D/m
We also have
(3-5))
===
2 3d
(s 1 1 2
() (s ()| (5-5)]) - 0
2 2
- — ﬁ)' =37 (D5)
2?’1 sin (?) e+ 0O (82) . (D6)
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This leads to

(- ()

4/3)2r — 5|
<= " 40
< o +

. 1 2
r=si\2 7 34

(@) =230

o O(d?).

(D7)

Note that we have used the fact that s, r € [0, 2¢]. Hence it
holds that

V(@) (i)

> gdZt/—Z L0 (dzt’—3)

1631 & (20 (s
I anr £ () o

s=2 r=0
— 13ﬂd2’,_2 +0 (d2/—3) ' (D9)
All together, we obtain
RHS — LHS
> ! (ﬂdﬂz +0 <d2/3)) _ _2D/m 5.
D/m+2\ 3 D/m 7510)

As D/m € ©(d?*/8) and 8, € O(8%/d*), this reduces to

1) 16f/C 27 —2 ,
RHS—LHSZﬁ<Td -8, (D11)
with some positive constants ¢ and ¢/, to leading order.
Hence, as far as & € o(d®*?~") that follows from the
assumption § € o(d?~V) of the theorem, the leading term
is positive. That is, for sufficiently large d, we have

D d 1 D d
Ut/ T, T T <Ll‘/ Y .
m4 3 m 4

The latter inequality can be similarly shown. In this case,

(D12)

RHS — LHS
M (i5) ()]
e — Al‘ - - = _At —_1
D/m+2 4 3 4
2D/m

The right-hand side of this equation is exactly the same as

that of Eq. (D10), since
T 12\ 2
"\2 a)| 3

s (L4
"\2 34

(D14)

which has the same value as Eq. (D5), and

(7o G =3a) | (-2

8/3¢
e D15
= od + (D15)

O(d?),

which is the same as Eq. (D7). Thus, the difference
between the left-hand side (LHS) and the right-hand side
(RHS) in this case is the same as previously, implying that
RHS — LHS is positive as well, to leading order.
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