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Abstract

Developing clinically viable tissue-engineered structural cardiovascular implants—such as vascular grafts and heart valves—
remains a formidable challenge. Achieving reliable and durable outcomes requires a deeper understanding of the fundamental
mechanisms driving tissue evolution during in vitro maturation. Although considerable progress has been made in modeling
soft tissue growth and remodeling, studies focused on the early stages of tissue engineering remain limited. Here, we present
a general, thermodynamically consistent model to predict tissue evolution and mechanical response throughout the in vitro
maturation of passive, load-bearing soft collagenous constructs. The formulation utilizes a stress-driven homeostatic surface
to capture volumetric growth, coupled with an energy-based approach to describe collagen densification via the strain energy
of the fibers. We further employ a co-rotated intermediate configuration to ensure the model’s consistency and generality.
The framework is demonstrated with two numerical examples: a uniaxially constrained tissue strip validated against experi-
mental data and a cruciform-shaped biaxially constrained specimen subjected to load perturbation. These results highlight
the potential of the proposed model to advance the design and optimization of tissue-engineered structural cardiovascular
implants with clinically relevant performance.

Keywords Cardiovascular implants - Tissue engineering - Regenerative medicine - Anisotropic growth - Remodeling

1 Introduction

Cardiovascular diseases (CVDs) are the primary cause of
death worldwide (Di Cesare et al. 2024). Deaths attributed
to CVDs have sharply increased in the last few decades
(Amini et al. 2021). Tissue-engineered implants offer a
promising long-term solution to treat CVDs by improving
patients’ lifestyles compared to alternative implant types.
This stems from their ability to grow, remodel, and adapt to
hemodynamic conditions (Yacoub and Takkenberg 2005;
Pashneh-Tala et al. 2016), combined with their resistance
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to calcification (Turner et al. 2024), making them a viable
option to alleviate the limitations of existing cardiovascu-
lar implants. Tissue-engineered implants are fabricated in a
process called the maturation process. Developing a matura-
tion process capable of producing complex cardiovascular
implants, such as heart valves or vascular grafts with suf-
ficient mechanical properties remains a challenging task.
Cardiovascular tissue engineering encompasses different
approaches, such as in vitro and in situ. In vitro tissue engi-
neering involves culturing tissue constructs under controlled
laboratory conditions before implantation, allowing precise
control over the environment. In contrast, in situ tissue engi-
neering relies on implanting biodegradable scaffolds directly
into the body, where endogenous cells and biological sig-
nals drive tissue regeneration and remodeling at the site of
implantation. Replicating conditions within the human body
during in vitro experiments remains difficult, which often
leads to discrepancies between the results of in vitro and
in vivo experiments. An example is the concept of contact
guidance, which is used to tailor the mechanical properties
of textile-based tissue-engineered implants. Contact guid-
ance was found to be ineffective in large animal experiments
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(Uiterwijk et al. 2020), contradicting findings from in vitro
experiments (Foolen et al. 2012; Hermans et al. 2022). This
underscores the necessity to develop a fundamental under-
standing for the mechanobiology of tissue-engineered mate-
rials. The regulatory and financial limitations on performing
large animal experiments demonstrate the need for accurate
and predictive in silico models. Furthermore, in silico mod-
els together with experiments provide deeper insights into
the growth and remodeling process, which are necessary to
optimize the maturation process and implant design. In this
work, we relied on in vitro experiments; however, the model
was developed using a general, thermodynamically consist-
ent approach. Our long-term vision is to apply this model to
in situ tissue-engineering problems as well.

The maturation process involves the secretion of extracel-
lular matrix (ECM) which provides structural support for
the tissue through a network of protein fibers such as elastin
and collagen fibers. Collagen fibers are the primary struc-
tural constituent of the tissue. The changes in the mechani-
cal properties of the tissue are driven by the evolution of
collagen density and orientation. Consequently, researchers
have extensively studied the mechanisms governing collagen
fiber evolution (Huang and Yannas 1977; Wyatt et al. 2009;
Siadat and Ruberti 2023; Ruberti and Hallab 2005). Dur-
ing the maturation process, internal stresses develop within
the biological tissue. Biological tissues achieve equilibrium
at a certain level of stress, called homeostatic stress, in a
phenomenon known as tensional homeostasis (Stamenovié
and Smith 2020). Experimental investigations by Eichinger
et al. (2021) demonstrated that the homeostatic stress level
depends on collagen density. The process of regulating tis-
sue homeostatic stress drives changes in tissue shape and the
reorientation of collagen fibers. ECM homeostasis has been
thoroughly investigated in the context of cancer research.
Investigations by Paszek et al. (2005) revealed that the stiff-
ness of the ECM influences cell contractility and the ten-
sional homeostatic behavior of the tissue. These findings
align with the results obtained from studies on soft tissue
constructs by Eichinger et al. (2021). In another study, Cox
and Erler (2011) investigated the influence of homeostatic
conditions on ECM remodeling.

Researchers have explored various approaches to model
biological growth and remodeling. Common approaches
are (i) kinematic-based models (Rodriguez et al. 1994),
(i1) constrained mixture models (Humphrey and Rajagopal
2002), and (iii) agent-based models (Bonabeau 2002; An
et al. 2009). Kinematic models can be classified as either
macroscopic or microscopic. Macroscopic models adopt
a phenomenological approach, while microscopic models
focus on describing the mechanobiological behavior of the
material at the cellular level. Among the extensive literature
on microscopic models, the following papers are particularly
relevant to our work (Zahalak et al. 2000; Alisafaei et al.
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2019; Shenoy et al. 2016; Alisafaei et al. 2025). Macroscopic
models are especially advantageous for computing structural
problems due to their computational efficiency. Constrained
mixture models require defining material parameters for
each tissue constituent such as smooth muscle cells, elas-
tin, and collagen fibers. Experimental identification of these
parameters is highly challenging.

In this work, we propose a kinematic-based macro-
scopic framework. Biological growth occurs either as a
change in shape, which is referred to as volumetric growth,
or as changes in the densities of tissue constituents. Both
forms alter the total mass of the system. Kinematic models
describe volumetric growth using the multiplicative split of
the deformation gradient into elastic and inelastic growth
parts (Rodriguez et al. 1994). The growth part is called the
growth tensor. This approach has been applied to various
problems, including studying growth mechanisms in heart
valves (Oomen et al. 2018) and in-stent restenosis (Manjuna-
tha et al. 2022, 2023). Reviews on growth models and their
applications can be found in Ambrosi et al. (2011); Kuhl
(2014); Eskandari and Kuhl (2015); Ambrosi et al. (2019).
Early modeling approaches introduced heuristic assump-
tions about growth direction by prescribing the orientation
of the growth tensor based on prior knowledge about growth
orientation. While these approaches are effective in many
cases, and can give excellent results as demonstrated in
Emmert et al. (2018); Drews et al. (2020). These methods
may face limitations when applied to general constrained
boundary conditions, potentially leading to unphysical pre-
dictions (Braeu et al. 2017, 2019; Soleimani et al. 2020;
Lamm et al. 2022). To address these limitations, Braeu et al.
(2019) developed an anisotropic growth model based on the
concept of homeostatic stress, while Soleimani et al. (2020)
introduced a stress-driven anisotropic growth framework.
Another approach was proposed in Lamm et al. (2022)
which derives growth tensors from the homeostatic stress
surface defined in the principal stress space. This ensures
thermodynamic consistency and accurately describes the
evolution of residual stresses. Later Holthusen et al. (2023)
developed a two-surface model for growth and remodeling.
Additionally, the physics-based inelastic Constitutive Arti-
ficial Neural Networks framework (Holthusen et al. 2025)
has demonstrated promising results in modeling volumetric
growth.

Despite extensive research in biomechanics on modeling
growth and remodeling, most models focus on native tissues.
Studies addressing modeling the tissue-engineering process
are limited. Szafron et al. (2019) demonstrated that numeri-
cal models can significantly improve the design of tissue-
engineered implants; however, the study did not demonstrate
thermodynamic consistency. Later Drews et al. (2020) used
a very similar theoretical framework to model the reversal
of stenosis. Similarly, Loerakker et al. (2013, 2016), Sanders
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et al. (2016) and Emmert et al. (2018) provided valuable
insights into heart valve mechanobiology. However, these
models neglected volumetric growth and lacked proof of
satisfying the laws of thermodynamics. The constitutive
model introduced in Sesa et al. (2023) to model the matura-
tion process of textile-reinforced tissue-engineered implants
considers collagen density evolution to be driven by bio-
chemical and mechanobiological factors. The strain energy
in collagen fibers was chosen as the driving factor for the
mechanobiological stimulation, ensuring the thermodynamic
consistency of the model. However, the model neglected
volumetric growth and fiber reorientation. Consequently,
the cumulative increase in internal stresses driven by shape
evolution was neglected. A more realistic model should con-
sider volumetric growth, as well as the evolution of colla-
gen density and orientation. Modeling these interdependent
phenomena requires constructing a coupled system of evo-
lution equations to fully capture the behavior of the tissue.
The models for collagen densification (Sesa et al. 2023), as
well as volumetric growth and remodeling (Holthusen et al.
2023) provide a solid theoretical basis for the construction
of a generalized and thermodynamically consistent growth
model for tissue-engineered implants.

In this contribution, we introduce a predictive model
describing how the mechanical properties of biological tis-
sue evolve throughout the maturation process. The model
describes the underlying phenomena of collagen fiber
build-up and the shape evolution. During the maturation
process, biological tissues undergo significant changes in
their mass, volume, and mechanical properties. This unique
behavior renders models developed to describe the evolution
of native tissues unsuitable. Existing models developed to
optimize the implant’s design such as Szafron et al. (2019),
are valuable. However, the development of objective and
thermodynamically consistent constitutive models may fur-
ther enhance the accuracy of predictive models for tissue-
engineering processes. These considerations motivated us to
develop a more general and thermodynamically consistent
approach.

This work presents significant distinctions from our previ-
ous work in (Holthusen et al. 2023; Sesa et al. 2023). First,
unlike our prior work in Sesa et al. (2023), which modeled
collagen density evolution in textile-reinforced implants
without considering collagen reorientation and volumetric
growth, this study incorporates both of these crucial factors
to simulate the behavior of unreinforced tissues. This distin-
guishes our approach from Holthusen et al. (2023), where
collagen density evolution is neglected. Another distinction
is our focus here on modeling tissues that initially lack any
collagen content and computing their evolution for a period
of four weeks, compared to 1-2 days in Holthusen et al.
(2023). These considerations require for the first time defin-
ing the homeostatic stress as a function of collagen density,

rather than a constant (Lamm et al. 2022; Holthusen et al.
2023). Additionally, we introduce a one-surface approach
with two pseudo-potentials, which combine the benefits of
a two-surface approach in separately describing the evolu-
tion of the matrix and collagen parts (Holthusen et al. 2023),
while eliminating the need to define two homeostatic stress
parameters for the matrix and collagen parts, which are
experimentally challenging to identify.

The next sections are organized as follows. Section 2,
introduces the theoretical aspects of the model, including
constitutive laws and evolution equations. Then, Section 3
provides a concise description of the finite element imple-
mentation. In Section 4, we compute two structural exam-
ples. The first example mimics the experimental setup for
the in vitro maturation of uniaxially constrained construct.
Experimental data are used to identify material parameters
and validate the numerical model. In the second example,
we computed the evolution of a cruciform-shaped construct
subjected to biaxial constraints and biaxial load perturba-
tion. The aim is to study the capabilities of our framework
in describing structures under complex loading conditions.
Then, Section 5 discusses the results and the limitations of
the model. Finally, in Section 6, we present our conclusion
and outlook for future studies.

2 Continuum mechanics model

This section presents a constitutive modeling framework
based on continuum mechanics to describe the evolution
of biological material during maturation. To ensure the
simplicity of the model, we focus only on constituents and
mechanisms that significantly affect the material’s mechani-
cal response. A common approach to model soft collagen-
ous tissues is to split the total Helmholtz free energy into
an isotropic matrix part and an anisotropic collagen part.
The validity of this modeling approach for tissue-engineered
constructs was confirmed in Sesa et al. (2023), which meas-
ured the stress—strain response of biological constructs and
the corresponding alterations in collagen density at differ-
ent time points during the maturation process. Building on
this work, we propose here a model that better describes the
evolution of the tissue’s mechanical properties during the
maturation process. The model considers three phenomena
as the main factors influencing the mechanical response: i)
collagen density distribution, ii) collagen orientation, and
iii) volumetric growth.

We start by introducing the kinematic relations and
the relevant balance equations. Then, we derive the Clau-
sius—Duhem inequality. Next, we extend our equations to
account for the decomposition of the Helmholtz free energy
into an isotropic matrix and anisotropic collagen parts.
Afterward, we introduce the evolution equations describing
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volumetric growth, collagen density evolution, and fiber
reorientation. Finally, we define specific Helmholtz free
energy functions chosen for the matrix and collagen parts.

2.1 Kinematics

The first step in constructing our continuum mechanics
model is to define the kinematic relations. In a three-dimen-
sional continuum body, the function ¢ maps between the ref-
erence configuration € at time ¢ = 0 and the current config-
uration € at time ¢. The position vector for a material particle
in the reference configuration is X, and the corresponding
position vector in the current configuration is X = ¢(X, 7).
The mapping from the reference configuration to the cur-
rent configuration is achieved by applying the deforma-
tion gradient tensor F = 0x/0X. Then we obtain the right
Cauchy—Green tensor C = FT F and the left Cauchy—Green
tensor B = FF".

The growth of biological materials is an inelastic process.
The kinematics of such a process can be described using the
multiplicative decomposition of the deformation gradient

F=FF o

where F, is the growth part, and F, is the elastic part (Rodri-
guez et al. 1994). In the next step, we define the elastic and
growth-related right Cauchy—Green tensors, respectively:

T _ T
C,:=F.F,=FCF,

@)
C, :=F,F,.

The tensor F, maps the reference configuration € to a stress-
free intermediate configuration. This intermediate configura-
tion is characterized by its rotational non-uniqueness. The
polar decomposition operation F, = R, U, splits the tensor
into the rotation tensor R, and the right stretch tensor U,
From this split, it was identified that U, is uniquely defined,
while R, suffers from rotational non-uniqueness. To address
this issue, we apply the framework from Holthusen et al.
(2023) which proposed performing a pull-back operation of
the kinematic quantities and structural tensors to a uniquely
defined configuration called the co-rotated intermediate
configuration (cic). By applying this operation, the right
Cauchy—Green tensor in cic becomes

~ ._p-1 _xr—1 —1
C.:=R;'C,R,=U'CU;, 3)

where we refer to quantities defined in cic using the nota-
tion ().

2.2 Balance of linear momentum

When modeling the maturation process of biological tis-
sues, various time scales must be considered. The growth
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and remodeling processes take place over weeks, while the
elastic response occurs on the order of milliseconds. This
means that our model can be simplified by applying the
slow-growth assumption (Goriely 2017), which means that
the balance of mass is satisfied without additional considera-
tions, as demonstrated in Sesa et al. (2023). Consequently,
the inertia effect from the added mass is negligibly small,
allowing us to consider our system to be quasi-static, and
apply the standard balance of linear momentum equation

Div(FS) + b, =0, )

where S is the second Piola—Kirchhoff stress, and by, is the
body force vector in the reference configuration.

2.3 Clausius-Duhem inequality
The Clausius—Duhem inequality is
%s-(’:—u/+50>0, ®)

where S, is an additional term that accounts for both the
local entropy production and the entropy flux through the
boundaries of an open system (Kuhl and Steinmann 2003).
The material time derivative is denoted by the shorthand
notation ().

During the maturation process, the build-up of collagen
content significantly influence the mechanical response of
the material. This necessitates introducing the collagen
density in the reference configuration pgo as an argument in
the Helmbholtz free energy function y (Sesa et al. 2023) as
expressed here

w =w(C,. H,p). ()

The generalized structural tensor H defined in Eq. 20 is used
to consider the anisotropic behavior of collagen fibers.

The material rate of the Helmholtz free energy becomes
. .
v=yg=—-C,+ —=-H+ —Peo

oC, ¢ oH 0 oo 7
where Ce, H and are defined in the cic, and p(c’0 is defined in
the reference configuration.

To reformulate the Clausius—Duhem inequality in Eq. (5),
we introduce the growth-related velocity gradient in the cic

o
L, =00 ®)

Using the definition of L, in Eq. (8), we can formulate the
following rate quantities

= _ _1 . _1 - —_ - -
C.=U;'Ccu' - C.L,-L; C,. )
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- . —_ —_ — _T
H=U,HU,+L H+HL,. (10)

From the Coleman—Noll procedure (Coleman and Noll
1963), we get the following expression for the second
Piola—Kirchhoff stress

L0
_ 1 1
$=2U; 2 U, (11)

and the reduced dissipation inequality becomes

=:2 =ZY
oy oy
- 174 (77—
Deg: =|2C.,— - 2—H|-L
red f:ace oH g
A 4 (12)

Wy -

-U, —
foH ¢ 9%

Py + So 20,

=G

where £ and Y are stress-like tensor quantities defined in
the cic.

By exploiting the symmetry of the tensor I' (Svendsen
2001; Reese 2003; Holthusen et al. 2023), the dissipation
inequality in Eq. (12) can be rewritten as

T T : W
‘@red;F-Dg—G'H—ap0 Py T S0 20, (13)

co

with Dg = sym(I:g).
2.4 Extension to a multi-constituent material

The ECM in tissue-engineered materials consists of various
constituents, with fibrous constituents such as collagen and
elastin fibers significantly affecting the tissue’s mechanical
behavior. Elastin fibers are short and dispersed, providing
elasticity, while the collagen network tends to be stiffer and
exhibits a complex structure that results in highly nonlinear
mechanical behavior. Thus, decomposing the material into
an isotropic ground matrix and anisotropic collagen fibers is
applicable here as demonstrated in Sesa et al. (2023). Based on
this, we formulate the total Helmholtz free energy as

w =w(C, H,p)) =0y(C. ) + Wo(C. L H.p2).  (14)

where y,, and y refer to the Helmholtz free energies for the
matrix and collagen parts, respectively. In a similar manner,
we decompose the deformation gradient into a matrix part
(m) and a collagen part (co) (Holthusen et al. 2023)

F:=F F, =F_ F, . (15)

From the deformation gradients introduced in Eq. (15), we
get the corresponding elastic part of the right Cauchy—Green
tensor

C. = FTC, Fej, (16)

where we refer to the matrix and collagen parts using the
index j = {m,co}. This is then transformed to the cic by
applying the same procedure presented in Eq. (3), to get

~ .yl ~1
C, :=1,'cy,". (17)

The next step is to introduce the anisotropic behavior of col-
lagen fibers into the constitutive equations using structural
tensors. For a vector a which defines the mean orientation
of the collagen fibers, we get the following structural tensor

M:=a®a. (18)

Then it can be transformed to the cic using the transforma-
tion process used in (Holthusen et al. 2023; Reese 2003)
M=—1_U, MU

- Cg ‘M & & (19)
Furthermore, it is important to consider the dispersion of
fiber orientation in collagen bundles. Therefore, we apply
the generalized structural tensor formulation from Gasser
et al. (2006)

H:=xI+ 1 -3x)M, (20)

where H lies in the cic, and 0 < k < %

By applying the decomposition into the matrix and col-
lagen parts to the expression of the second Piola—Kirchhoff
stress in Eq. (11), we obtain the following expression

.

— — 1 1

S=25=2)7, = Uy 21
j e;

Furthermore, the reduced dissipation inequality in Eq. (13)
can be rewritten as

Drea: = 2m 'I_‘gm + (ico - Yco + ﬁco) .I:gcu
=T, =:Fco (22)
. o
= Geo H - 0%, o020
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2.5 Evolution equations

The next step is to introduce a set of evolution equations
to describe the material behavior during the maturation
process. The three phenomena considered are i) volumetric
growth, ii) collagen density evolution, and iii) collagen
reorientation. These phenomena and their interactions are
the main driving factors influencing the evolution of the
tissue’s mechanical behavior. Therefore, constructing a
coupled system of evolution equations is essential for a
realistic description of the material response.

2.5.1 Volumetric growth

The term volumetric growth is often used to describe
the biological process of morphogenesis. This process
involves a change in the shape of the tissue, and conse-
quently the build-up of internal stresses. In this work,
volumetric growth is modeled using the concept of homeo-
static surface, which was first introduced by Lamm et al.
(2022). It was later extended by Holthusen et al. (2023)
to model anisotropic soft collagenous tissues. The study
compared a one-surface and two-surface approach. The
numerical investigations in Holthusen et al. (2023) showed
that a two-surface provides higher accuracy in modeling
growth and remodeling. However, it requires introduc-
ing two material parameters for the homeostatic stresses
in the matrix and collagen parts, whereas a one-surface
model requires only one parameter for the total homeo-
static stress.

Experimental Identification of the homeostatic stresses
for each constituent can be highly challenging. Hence, no
relevant investigations have been found in the literature.
Therefore, we chose a one-surface approach. However,
we developed a non-associative growth model with two
pseudo-potentials g, and g, for the matrix and collagen
constituents, respectively. This approach makes it is possible
to define separate evolution equations for the matrix and col-
lagen parts without the need to introduce additional material
parameters for the homeostatic stress of each constituent.
We examined various formulations for the homeostatic sur-
face, and chose this formulation as it was able to describe
tensional homeostasis:

1 2 1 2
by 1= VD) + f — Qo — u(Y)P, 23)
where
~ -1 s -1 & yr-1
F=U <Ugm WU 4T, £, Ugw) U,
N g , 24)
=Y,

g
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is the co-rotated Kirchhoff stress tensor. 7 lives in the co-
rotated configuration crc and has the same eigenvalues as the
Kirchhoff stress z. Furthermore, Yg has the same eigenvalues
as 7. Therefore, the homeostatic stress function ¢g in Eq.
(23) is formulated as a function of Y.

Investigations on homeostatic stress shows that its value is
influenced by the composition of biological tissue. An exten-
sive investigation by Eichinger et al. (2021) on soft collagen-
ous tissues found a linear correlation between collagen density
and homeostatic stress. This relationship arises because cells
sense and respond to the mechanical properties of their local
extracellular matrix, primarily determined by collagen den-
sity, through mechanotransduction pathways (Humphrey et al.
2014). It is important to consider that homeostasis is regu-
lated locally (Humphrey and Cyron 2022). These considera-
tions are especially important when modeling the maturation
process because the initial state of our system is collagen-free.
In this situation considering a constant value for the homeo-
static stress o, is far from accurate. Therefore, we define the
homeostatic stress as a function of the local collagen density
in the p., using the following expression:

P
Oy = 040 <1 +r — > (25)

pco, f

Here we introduced the initial homeostatic stress o, , [MPa]
and the coupling coefficient r; [MPa] as additional material
parameters. The value of r; determines the influence of col-
lagen density on the homeostatic stress o,. The collagen
density in the current configuration is p., = % p(c)0 and p,
is an additional parameter representing the average collagen
density in the specimen measured at the end of the matura-
tion process.

The next step is to define the pseudo-potentials for each
constituent. For the matrix part, we use the following Rankine-
like function

1 1 2 _
;tr(ng), ﬁ tr(ng) + ﬂg =0

1 /1
;tr(ng) + ﬁtr(ng) + B, else.
(26)

Case differentiation is introduced to avoid numerical insta-
bilities that occur when the value under the square root
approaches zero.

The growth potential in the collagen part is

8m =

1 1 =
8co = ——Fco :

- = C. M).
JC., M sym©e M @7

From these potential functions, we can compute the growth
directions in each constituent as
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_ %
g - 82_1j , (28)
and the normalized evolution equation is
57N,

where , is the growth multiplier.

The evolution equations are based on the concept devel-
oped by Perzyna (1971) to model visco-plastic problems.
The growth multiplier is a rate quantity, which depends on
the stress deviation from the homeostatic surface (Lamm
et al. 2022; Holthusen et al. 2023). The growth multiplier
Y, is computed by solving the following equation

¢y — (407 = P, 1) =0, (30)

where My is the growth relaxation time, and Vg is an addi-
tional parameter that describes the nonlinearity of the rate-
dependent response.

2.5.2 Collagen density evolution

The next step is to introduce evolution equations describ-
ing changes in collagen density. Here we apply the evolu-
tion equations introduced in Sesa et al. (2023). The pri-
mary concept in this work is to decompose the collagen
evolution into biological and mechanobiological parts as
presented in the following equation

.0 : .0
Peo = pobiO + Prnech? (3D

where the quantities p2 ,

reference configuration.

This approach was essential to make the model compat-
ible with experimental observations which showed that
unconstrained and unloaded specimens show a significant
build-up of collagen content during in vitro maturation.
Thus, models that describe collagen densification only as
a function of mechanical stimulation fail to describe this
behavior. Therefore, we introduced a term to describe the
biologically driven part of collagen evolution as

0

are defined in the
mech

p gio and P

0 _ .
Prio = A1 Ceell Xpios (32)

where a, [pg/cells]is a coefficient of the biologically driven
collagen evolution and c is the cell density. The term d,;,
is the time derivative of the S-shaped Weibull cumulative
distribution function

h—1
Ui, = ge_(t/f)l <£> , (33)

T

where the parameters = and 4 in Eq. (33) control the half-
time and the steepness of the curve, respectively. For more
details about the specific reasons behind choosing a Weibull
cumulative distribution function, we refer the reader to Sesa
et al. (2023).
The mechanobiologically driven part is

0 Weo,m=Werit)

-0 _ a Ccellfmech pco T’ Yeo, m e Werit>

Prech = (34)
e O’ II"co, m < Werit-

In Eq. (34), we introduced the coefficient of mechanobio-
logical stimulation a, [mm? /cells/day]. Furthermore, y,
is the strain energy per unit mass stored in collagen fibers.
The parameter y,; is the threshold for mechanical stimu-
lation. In addition to that, we introduced the exponential
decay function f;,., which ensures collagen density increase
reaches the saturation level at the end of the maturation pro-
cess. The exponential decay function is described by the
following expression

(0
fmech —e (ﬂco/ﬂm)’ (35)

where the collagen saturation level is controlled by the
parameter py,.

In our previous paper (Sesa et al. 2023), parameters a;,
t, and h were considered to be independent of other param-
eters in the case of a constrained but unloaded tissue strip.
This simplification was possible since volumetric growth
was neglected. However, in this model, the evolution of the
specimen shape and collagen density influence each other,
since the equations are coupled.

2.5.3 Collagen fiber reorientation

One of the unique characteristics of living tissues is their
ability to reorient their fibrous content to adapt to mechani-
cal loading conditions. Since collagen is the main structural
constituent of the tissue, the reorientation of collagen fibers
significantly affect the mechanical properties of the implant.
Numerical and experimental studies were done to identify
the driving factors for collagen reorientation. These findings
of these studies can be broadly divided into two groups,
namely (i) stress-driven, and (ii) strain-driven fiber reorien-
tation. In this work we choose a stress-driven approach. This
choice is motivated by experimental observations which we
will discuss in the next section.

In a stress-driven approach, collagen fibers shall reori-
ent themselves toward the direction of the main principal
Cauchy stress. It is important to consider that the vector a
that was introduced in Eq. (18) which describes the mean
orientation of a collagen bundle is defined in reference
configuration, while the Cauchy stress tensor is defined in
the current configuration. To overcome this challenge, we
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follow the approach presented in Holthusen et al. (2023)
which takes advantage of the fact that both the Cauchy stress
o and the co-rotated Kirchhoff stress 7 that we introduced in
Eq. (24) share the same eigenvalues. This allows us to write
down the evolution equation for fiber reorientation in the
co-rotated configuration crc. The relation between collagen
orientation a in the reference configuration and a in the crc is

1
a=—"Un
va-C-a (36)

In the next step, we identify the target orientation &, using
the following eigenvalue decomposition

3 3
T = Z T,a; ®a; = 2 T ag ® a;. (37)

since the eigenvalues of 7 and 7 are equal. The target ori-
entation &,,,,, is the eigenvector a; corresponding to the
maximum eigenvalue ;.

The fiber reorientation toward the main principal orienta-
tion is defined using the following evolution equation

P A ~
a= Z—m(a X Ayrger) X A, (38)

where 7, is the relaxation time for fiber reorientation (Hol-
thusen et al. 2023).

2.6 Specific choices of the Helmholtz free energies

In the previous subsections, we introduced the general form
of the Helmholtz free energies. The next step is to define
our specific choices of Helmholtz free energies. Finding
reasonable choices for the Helmholtz free energy function
to describe tissue-engineered collagenous materials was the
subject of the work Sesa et al. (2023). In this study, we used
measurements of the stress—strain response and the collagen
fiber density at various time points during a maturation pro-
cess that lasted 28 days. These data were then used to choose
the Helmholtz free energy function and the corresponding
material parameters. The study showed that the matrix part
can be described by the following Neo-Hookean material
law

~ - A - -
Wy = g (tr(C, ) =3) = uInQ, )+ @2 —1-2in0, ),
(39
where jem = 1/det((_?em) represents the elastic volumetric

change of the matrix part.

The collagen part is modeled using the Fung-type con-
stitutive model (Fung 1990) introduced by Holzapfel et al.
(2000), leading to the following term
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where E,, = tr(C, H) - 1.

The energy function in Eq. (40) is scaled by the relative
energy density ,o(c)0 / Peo. 1 tO take into account the influence
of collagen density evolution. Such a linear correlation
between collagen density pgo and energy ., was identified
in Sesa et al. (2023).

3 Numerical implementation

In Section 2 we introduced a set of evolution equations
defining volumetric growth, collagen density change, and
fiber reorientation. Solving this set of ordinary differen-
tial equations (ODEs) requires implementing a robust time
integration solution scheme. The unknown quantities that
need to be solved using our solution scheme are the vectors
U, .U, andain addition to the growth multiplier y, and
the collagen density pgo. A system of ordinary differen-
tial equations is solved at each Gauss point using a fully
implicit temporal integration scheme. To ensure the com-
putational efficiency, we applied the exponential time inte-
gration algorithm developed by Vladimirov et al. (2008) to
solve finite elastoplasticity problems. Such an integration
scheme was later successfully applied to modeling bio-
logical growth (Lamm et al. 2022; Holthusen et al. 2023).

Our computational framework is implemented in the
finite element program FEAP (Taylor 2020). Choosing
FEAP was motivated by the possibility to easily develop
user-defined material and element routines. In our imple-
mentation of the material and element routines, we relied
on the automatic differentiation tool AceGen (Korelc 2002,
2009). Automatic differentiation was utilized to compute
the derivative of the residual vector with respect to the
internal variables, and the consistent tangent operator.

The numerical examples presented in Section 4 are
computed using the continuum finite element formulation
Q1STc (Barfusz et al. 2021; Pacolli et al. 2025). Q1STc is
an eight-node first-order isoparametric element. The ele-
ment contains one Gauss point and applies the concept
of enhanced assumed strain for hourglass stabilization.
This approach eliminates volumetric and shear locking
and reduces the computational cost compared to standard
finite element formulations.
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4 Numerical examples

The next step is to evaluate our model’s capabilities. The
two examples explored here represent two different experi-
mental setups. In the first example, we simulate the matu-
ration process of a uniaxially constrained soft collagenous
tissue. The setup was used by BioTex to study the in vitro
maturation process. Then, we compare our numerical results
with experimental data. In the second example, we study
a cruciform-shaped biaxially constrained specimen under
load perturbations. The experimental setup was developed
by Eichinger et al. (2020), and later numerical computed by
Holthusen et al. (2023), which used the experimental data to
validate the in silico model. These earlier investigations pri-
marily focused on studying stress homeostasis over 42 hours
in tissues with nearly constant collagen content. This differs
from our work here, where the focus is on modeling the bio-
mechanical behavior of the tissue over a maturation process
that lasts for 28 days.

The contour and vector plots presented in this section
were generated using the open-source software ParaView
(Ahrens et al. 2005). Curves and histograms were plotted
using Matplotlib (Hunter 2007).

4.1 Uniaxially constrained tissue strip

In this example, we investigate a uniaxially constrained tis-
sue strip. The initial dimensions and boundary conditions
are illustrated in Fig. 1. The schematic shows a tissue strip
constrained from both ends. This simple geometry allows
us to easily cultivate a large number of samples in a biore-
actor. The mechanical and biological characteristics of the
cultivated tissues are then investigated. Previous investiga-
tions (Sesa et al. 2023), showed that scaling the energy term
Y., as shown in Eq. (40) allows us to accurately describe
the experimentally measured stress—strain response using a
single set of material parameters.

Initially, the sample does not contain any collagen con-
tent. During the in vitro maturation process, we observe
the synthesis of ECM which leads to increase in collagen

w = 2 [mm)]

Yy 1 =16 [mm)]
zZ T

Fig. 1 Schematic representation of the boundary value problem for a
uniaxially constrained soft tissue construct

content. Collagen density was measured using a chemical
process called hydroxyproline assay. Experimental meas-
urements are plotted in Fig. 2. The black dots indicate the
mean value of collagen density, and the black bars show
the upper and lower range of the measurements. In Sesa
et al. (2023), we used these experimental results to identify
the parameters = and & which describe the Weibull cumula-
tive curve. That was possible in our previous investigation
because the model neglected volumetric growth and fiber
reorientation, which are driven by the evolution of internal
stresses. That differs significantly from the model applied
here, where our system of equations takes into account
the influence of volumetric growth and fiber reorientation
on collagen evolution. Consequently, the computed colla-
gen density is influenced by all model parameters listed in
Table 1. In this example, we compute the average collagen
density p(c)O for all elements in the computational domain.
The computed results are then used to identify the parame-
ters of our evolution equations. The plot in Fig. 2 shows that
the model can accurately describe the experimental results.
To ensure the accuracy of our finite element results, we
performed a mesh convergence study. The geometry pre-
sented in Fig. 1 was discretized using three different finite
element mesh refinements of 256, 504, and 1024 elements.
Then we computed the boundary value problem using each
mesh refinement and obtained corresponding reaction forces
along the x-direction. The reaction forces computed for each
mesh refinement are plotted in Fig. 3. The plot shows excel-
lent mesh convergence behavior even with a mesh of only
256 elements. The results we present in this section were
computed using a mesh with 1024 elements. In this mesh,
the computational domain is discretized along the x, y, and
z-directions using 64, 8, and 2 elements, respectively. Such
a fine refinement allows us to accurately compute variations
in collagen densities and orientations on the local level.
Another aspect investigated during the experiments is the
evolution of the specimen shape and collagen fiber orienta-
tions. As ECM evolves, internal stresses build up within the
tissue. These internal stresses alter the specimen shape, and
fiber orientations. Our theoretical formulations in Section 2
are based on the following two hypotheses (i) biological tis-
sues seek to maintain homeostatic stress, and (ii) collagen
fibers orient themselves along the main principal stress ori-
entation. Experimental results show that the tissue width
w shrinks during the maturation. The behavior of collagen
fibers depends on their position within the specimen. Here
we study the behavior of collagen fibers along the mid-plane
(middle region) and at the unixally constrained boundary
(leg region). The positions of these two regions are indi-
cated in Fig. 8a. Furthermore, the two-photon microscopy
image in Fig. 4a shows that the collagen fibers are uniaxially
oriented in the middle region, while Fig. 4b shows that in
the leg region, the collagen fibers orientations are highly
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Table 1 Material parameters

. . Symbol Description Value Units Reference
for modeling the maturation
of uniaxially constrained A First Lamé constant of matrix 0.5 [MPa] Selected
collagenous tissue strip U shear modulus of matrix 0.25 [MPa] Selected
ky Stiffness-like parameter for 0.825 [MPa] Sesa et al. (2023)
the collagen part
ky Exponential coefficient for 4.0 [—] Sesa et al. (2023)
the collagen part
K Collagen fibers dispersion parameter 0.15 [-] Sesa et al. (2023)
a, biologically driven collagen 1x1073 [pg/cells] Fitted
evolution coefficient
T Weibull cumulative distribution 7 [days] Fitted
function half- time
h Weibull cumulative distribution 1.65 [-1 Fitted
function parameter
a, Mechanically driven collagen 2.5%x107% [mm?/cells/day] Fitted
evolution coefficient
Werit collagen fibers Helmholtz free energy 2 x 10~5  [J/pg] Fitted
per unit mass growth threshold
P exponential coefficient controlling 6.5 [pg/mm3] Fitted
collagen density saturation level
Peo. Final collagen density 38.7 [pg/mm?] Sesa et al. (2023)
Ceell Valvular interstitial cell density 15x10°  [cells/mm?] Hermans et al. (2022)
g0 Initial homeostatic stress 0.2 [MPa] Selected
r Homeostatic stress coupling coefficient 0.15 [MPa] Selected
B, Stress-like apex parameter 1 [MPa] Holthusen et al. (2023)
Mg Volumetric growth relaxation time 50 [days] Fitted
7 Fiber reorientation relaxation time 5 [days] Fitted
Vo Perzyna exponent 1 [-1 Holthusen et al. (2023)
40 1
Z 0.8 R
— _ ‘
& %0 - ;
g o 0.6 ;
~ o i
§ 20 2 "/
o8 § 047 /
QU 8 ]

10 - & ' --- 256 elements
—FEM g 0.2+ J/ -~ --504 elements
re— Experimental data - . 1024 elements

0 0 +==""" \ \ \ \ \
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time [day] Time [day]

Fig.2 Collagen density evolution during the maturation process. The
experimental data are measured after 7, 14, 21, and 28 days of matu-
ration

dispersed. This is clearly demonstrated in Fig. 5, which pre-
sents the fiber orientation distributions for both regions.

In our computations, the initial collagen orientations
are randomly defined and the initial collagen density is
zero. The results in Fig. 6 show that the specimen shape
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Fig.3 Evolution of the reaction force during the maturation process
of uniaxially constrained tissue strip. Computations are performed
using three different mesh refinements

evolves. Furthermore, collagen fibers are visualized in
Fig. 6 using green lines, where the length of the fibers
refers to the local collagen density at the corresponding
element. We can observe that the density increases over
time, and collagen fibers reorient themselves. Similar to
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(b)

Fig.4 Two-photon microscopy images for the specimen after 15 days
of maturation. Collagen fibers are labeled green. (a) Collagen distri-
bution in the middle region, and (b) in the leg region. The positions
of each region in the specimen are illustrated in Fig. 8a

microscopy images, the results obtained using our model
show that collagen fibers in the middle region are uniaxi-
ally oriented, while they don’t show the same level of uni-
axial orientation in the leg region. These results highlight

1%
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© o o
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| | |
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[\)
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O T T T T
0 20 40 60 80

Fiber direction [degrees]

the ability of the model to describe the physical phenom-
ena observed during the experiments.

The distribution of collagen density in the current con-
figuration p, is visualized in Fig. 7. We can observe that
the variation in collagen density across the sample is small.
Such a result is expected since no external load is applied
on the sample. Only deformation at the local level occurs
due to internal stresses. Furthermore, we performed a quan-
titative analysis of fiber orientations at the middle and leg
regions illustrated in Fig. 8. Collagen fiber orientations are
represented at various time steps using histograms. The two
charts at the top show the initial distribution of collagen ori-
entations which are randomly defined. The charts on the left
show collagen orientations in the middle region, while the
charts on the right show the orientations in the leg region.
Zero degree represents a fiber orientation along the longitu-
dinal direction. The histograms show clearly that in the mid-
dle region, collagen fibers orient themselves along the lon-
gitudinal direction, while in the leg region fiber orientation
is dispersed. The collagen orientation histograms at day 14
(Fig. 8) closely resemble the fiber orientation distributions
observed in Fig. 5 from the in vitro cultivation experiment.

The displacement boundary conditions imposed on the
tissue from both sides as illustrated in Fig. 1 lead to the
build-up of internal stresses within the material as it seeks
to reach homeostatic stress. This behavior manifests itself
in the development of reaction forces on these constrained
boundaries. The results in Fig. 3 show a steep increase in
the reaction force in the first 14 days. After that, the rate of
increase in the reaction force slows down significantly. This
behavior is influenced by defining the homeostatic stress as
a function of collagen density. This makes the model more

1%
— 081
S 0.6
@]
£
<
5 0.4 -
2
[
0.2
0 T T T T

0 20 40 60 80
Fiber direction [degrees]

Fig.5 Collagen fiber orientation in the middle region (left) and foot region (right) after 15 days of cultivation
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7 [days] 14 [days]

21 [days] 28 [days]

Fig.6 Evolution of collagen fiber density and orientation during the maturation process of the tissue-engineered construct
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21 [days] 28 [days]
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- ' !
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Fig. 7 Evolution of collagen density
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realistic, as we know from mechanical tests that the build of
ECM during the maturation process increases the stiffness
of the tissue (Sesa et al. 2023). In our numerical studies, we
observed that neglecting this increase in homeostatic stress
caused by the increase in collagen content leads to an ini-
tial contraction of the specimen width, followed later by an
increase in width because lower levels of strain are necessary
to maintain the homeostatic stress. This result contradicts
experimental observations and exemplify the importance of
defining homeostatic stress as a function of collagen density.

4.2 Biaxially constrained cruciform-shaped
construct

In the second example, we examine more complex mechani-
cal loading conditions. Here, we investigate a cruciform-
shaped construct with biaxial constraints. This setup was
used to experimentally investigate tensional homeostasis
(Eichinger et al. 2020). Later, Holthusen et al. (2023) frame-
work demonstrated an excellent capability in replicating
experimental results. In this work, we go one step further
by investigating this boundary value problem in the context
of tissue maturation over a period of 28 days. Our goal is to
examine the ability of the model proposed here to compute
a problem with complex loading conditions.

The boundary value problem that we investigate here is
illustrated in Fig. 9. The figure illustrates the biaxial bound-
ary conditions applied to the specimen. We compute the
maturation for a period of 28 days. At the time point of
t = 17 days, a biaxial load perturbation of 20% is applied.
The geometry of the specimen is discretized using 626
cubic elements, with two elements along the thickness
(y-direction).

The next step is to define the values of the material
parameters. The parameters can be divided into two
groups: i) stiffness-like parameters, and ii) parameters
describing the evolution equations. For the first group,
namely 4, u, k;, and k, we used the values identified in
Holthusen et al. (2023). Furthermore, for the parameters
o, o and v, we applied the values identified in Holthusen
et al. (2023). For the remaining parameters, we have
selected values that were found to produce reasonable
results. The values for 7 and % in the Weibull cumula-
tive distribution function, and the final collagen density
Peo,t Were first identified in Sesa et al. (2023). Regard-
ing the relaxation times #, and 7, our choice was guided
by earlier investigations in Holthusen et al. (2023), which
showed that 7, tends to be significantly longer than 7. As
shown in the previous section, the results were fitted using
ny = 5. For the choice of ay, a,, v, and p,, we selected
values where both the chemo-biological evolution and
mechanobiological stimulation contributed meaningfully
to collagen growth. Later in this section, we performed an

extensive parameter study, which is discussed in detail in
Section 5. The parameter values and the corresponding
references are listed in Table 2.

We begin by verifying that the choice of time-step size
does not substantially affect our results. To investigate this,
we performed the computation using three different time-
step sizes: 0.01, 0.025, and 0.05 days. We then plotted the
evolution of the reaction forces along the x-direction for
each time-step size. Plots in Fig. 10 show that the results
are almost identical for the three computations, indicat-
ing that the results are largely insensitive to the choice of
time-step size.

Figure 11 shows the evolution of collagen fibers. Simi-
lar to the first example, collagen density is represented
using the length of the green lines. The collagen density
distribution at these time points is shown in the contour
plots in Fig. 12. In this example, we observe that fibers are
highly oriented in the axial section, while in the middle
region where there is biaxial loading conditions, colla-
gen fibers have a dispersed orientation. Collagen orienta-
tions resemble the results in Holthusen et al. (2023). A
closer look at the collagen density distribution in Fig. 11,
shows lower collagen density in the middle region. This
can be explained by Eq. 34 where mechanical stimulation
of collagen growth is defined as a function of the energy
term ., . Fiber dispersion lowers the value of the strain
energy Yeo m-

The stress contours in Fig. 13 and 14 show the evolution
of the stresses along the X and Z-directions, respectively.
In both figures, we observe a significant increase in the
stress following the load perturbation. However, as mate-
rial returns to the homeostatic stress levels, we observe
that stress at time points 17~ and 28 days are almost iden-
tical. 17~ here refers to the last time point before the load
perturbation at t = 17. This can be observed in Fig. 15,
where the force response returns to the homeostatic level
following the load perturbation.

To better understand the model, we analyzed how vari-
ous parameters affect the evolution of reaction forces along
the boundary conditions. The first parameter we exam-
ine is the coupling parameter r;, introduced in Eq. 25. In
Fig. 15, we present the force response plots along both the
x- and z-directions. The plots show nearly identical force
responses in both directions. Therefore, in subsequent par-
ametric studies, we present only the force response along
the x-direction. Figure 16 explores the effects of the relax-
ation times 7, and #,. Additionally, Fig. 17 examines the
influence of the parameters a;, a,, W..i,> P> 7> and h on the
mechanical response of the material. These parameters,
which describe the evolution of collagen density, were ini-
tially introduced in Sesa et al. (2023), where a parameter
study on collagen density evolution was presented.
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«Fig. 8 (a) Schematic highlighting regions where collagen orientations
are quantified. (b) Collagen fiber orientation at various time points.
Figures on the left side fiber distribution at the middle of the speci-
men, while on the right side is the distribution at the leg region

5 Discussion

The main objective of this work is to develop a thermody-
namically consistent framework for modeling the evolution
of soft collagenous tissue shape, as well as collagen den-
sity and orientation during the maturation process, without
relying on growth tensors with predefined orientations. The
model also accounts for the evolution of homeostatic stress,
ensuring that key mechanobiological regulatory mechanisms
are represented. In Section 4.1, we investigate the in vitro
cultivation of uniaxially constrained tissue. A comparison
between the fiber orientations predicted by our in silico
model (Fig. 8) and those observed experimentally (Fig. 5)
shows that the model captures the key mechanobiological
phenomena reasonably well.

The second example presented in Section 4.2 builds
on the work of Holthusen et al. (2023), who modeled the
mechanical response over 42 h. In Holthusen et al. (2023),
ten experimental setups were studied, but only three were
used to identify material parameters. The model successfully
predicted the responses of the remaining setups. Here, we
extend the investigation to the tissue’s long-term evolution
over 28 days. The same problem was recently studied by
Alisafaei et al. (2025), who found that the tissue shows a
high level of anisotropy in the axial sections of the specimen,
while the middle region is almost isotropic. These results
resemble those in Fig. 11, where we observe collagen fibers
highly oriented in the axial regions, resulting in a highly
anisotropic material, while in the middle region, fiber ori-
entations are dispersed, leading to isotropic behavior. Due to
the lack of experimental data on reaction forces for in vitro
cultivation over such a long period, we subdivided our
parameters into two groups (as explained in Section 4.2). For
the first group, which describes the short-term mechanical
response, we used parameters from Holthusen et al. (2023),
while for the remaining parameters, we selected values that
seemed plausible and performed a parameter study.

The parameter studies presented in Fig. 15, 16, and 17
used the baseline parameter set in Table 2, with one param-
eter varied at a time. The applied displacement at r = 17*
remains constant, leading to 20% load perturbation in the
base case, but this may change with parameter variation.
The plots in Fig. 15 show that r, significantly influences
the reaction forces. Choosing r; = 0 means collagen density
does not affect the homeostatic stress. A higher r, value leads
to a steeper increase in reaction force, particularly early in
the maturation process when densification rate is high. This
highlights the importance of considering collagen density

influence on the homeostatic stress. Relaxation times 7, and
n, also strongly affect material response, as shown in Fig. 16.
As expected, shorter relaxation times lead to reaching home-
ostasis faster. However, changing 7, slightly affects the final
reaction force, while modifying #, has minimal influence in
this regard. This is because 7, controls volumetric growth
rate, which impacts the mechanically driven densification
rate and thus homeostatic stress, whereas 7, mainly affects
collagen reorientation rate.

Next, we investigate collagen density evolution param-
eters. The coefficient a, is particularly influential, affecting
the densification rate in early stages and consequently reac-
tion forces (Fig. 17a). In contrast, Fig. 17b shows that vary-
ing the mechanically driven densification coefficient a, has
limited effect on the results since deformations are small in
this example. A more pronounced effect can be observed
under large deformations, as demonstrated in Sesa et al.
(2023). Figure 17c¢ shows that the model is highly sensi-
tive to the energy threshold y;,; lower values lead to sig-
nificantly higher mechanically driven densification rates, as
described by Eq. 34. Additionally, Fig. 17d examines py,
which also controls the mechanically driven collagen den-
sification rate. Smaller values slow densification when col-
lagen density is high. Finally, we investigate = and / from the
Weibull cumulative distribution function. A higher z value
slows biologically driven evolution initially, lowering the
initial reaction forces. Interestingly, this makes the material
less stiff, leading to higher deformation, higher mechanically
driven densification, and consequently higher final reaction
force (Fig. 17e). In contrast, i controls the steepness of the
Weibull curve; higher & values result in a steeper S-shaped
curve, with slower early biologically driven densification
rate, followed by a sharp acceleration around time z. Con-
sequently, reaction forces follow a similar pattern (Fig. 17f).

Regarding the limitations of the model proposed here, the
main limitation, as is often the case with phenomenologi-
cal models, lies in identifying a relatively large number of
parameters and validating the model. This process requires
conducting a large number of experiments. Additionally,
experimental data used for parameter identification exhibit
high variability, introducing considerable uncertainty into
the model outcomes. To address this issue, Brandstaeter
et al. (2021); Wirthl et al. (2023) proposed global sensitiv-
ity analysis approaches. In addition to this typical issue in
growth modeling, here we face an additional problem: our
model was designed based on data from in vitro cultiva-
tion experiments. However, the ultimate goal is to apply this
model to in situ tissue-engineering problems. Due to the
generality of the model we introduce here, the basic math-
ematical formulations should be valid for in situ maturation.
However, extensive and costly in situ experiments are still
necessary to validate the model before applying it to clinical
applications.
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41.2 [mm)

Fig.9 Schematic representation of the boundary value problem for a
cruciform-shaped biaxially constrained tissue construct

Table 2 Material parameters for modeling the maturation of cruci-
form-shaped biaxially constrained construct

Symbol Value Units Reference

818 [uN/mm?] Holthusen et al. (2023)
u 982 [uN/mm?] Holthusen et al. (2023)
k, 3351 [uN/mm?] Holthusen et al. (2023)
k, 14996 [-] Holthusen et al. (2023)
K 0.10 [-1] Selected
Gy 0 22.9 [pN/mm?] Holthusen et al. (2023)
r 10 [UN/mm?] Selected
a 2x 1073 [pg/cells] Selected
T 7 [days] Selected
h 1.65 [-1 Selected
a, 5% 107  [mm?3/cells/day]  Selected
Werit 3x10™*  [/pgl Selected
P 10 [ug/mm?] Selected
Peo.t 38.7 [pg/mm?] Selected
Ceell 15%x10°  [cells/mm?] Hermans et al. (2022)
Be 1 [uN/mm?] Holthusen et al. (2023)
g 100 [days] Selected
7N 5 [days] Selected

1

[-1

Holthusen et al. (2023)

Another major limitation here is that the biologically

driven part of collagen density evolution equations is
described as a function of time rather than being defined by
the chemo-biological factors. This approach was followed
by Szafron et al. (2019) to model tissue-engineering process
of vascular grafts, and was applied in our earlier work (Sesa
et al. 2023). This significantly reduces the number of param-
eters in the model, and allows us to focus on understanding
the mechanobiological factors of the growth process. How-
ever, to fully describe the chemo-biological factors driving
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Fig. 10 The evolution of reaction forces along the specimen bounda-
ries in the x-direction, computed using three different time-step sizes

the tissue-engineering process, a more general chemo-bio-
logical approach should be pursued.

6 Conclusion and Outlook

This work presents a novel framework for modeling growth
and remodeling during the maturation of tissue-engineered
implants. A key feature is the explicit treatment of collagen,
the main structural constituent in soft biological tissues,
whose density and orientation evolve over time. Addition-
ally, volumetric growth is governed by a homeostatic surface
approach that ensures compliance with the second law of
thermodynamics, thereby providing a more comprehen-
sive and physically consistent model compared to earlier
efforts (Lamm et al. 2022; Sesa et al. 2023; Holthusen et al.
2023). A central theoretical advancement is the dependence
of homeostatic stress on local collagen content, allowing
for spatial variability in tissue composition. Implementing
a single homeostatic surface, combined with two growth
potentials defined in a non-associative manner, also affords
greater flexibility in handling multiple tissue constituents
without resorting to multi-surface formulations.

The model was tested in two numerical examples. In the
first, the in vitro maturation of a uniaxially constrained tissue
strip provided experimental data for parameter identifica-
tion, verifying the model’s ability to capture collagen den-
sity evolution and reorientation with reasonable accuracy.
Parameters describing overall tissue stiffness were taken
from prior work (Sesa et al. 2023). In the second example, a
cruciform-shaped biaxially constrained tissue was subjected
to load perturbation, underscoring the model’s capability to
handle more complex boundary conditions.

Looking ahead, the proposed modeling framework can
be applied to three-dimensional tissue-engineered implants
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Fig. 11 Evolution of collagen fiber density and orientation during the maturation process of a cruciform-shaped biaxially constrained tissue

like vascular grafts and heart valves, offering opportunities
for more rigorous validation and parameter tuning under
clinically relevant conditions. Expanding the model to
reinforced biohybrid implants (Boehm et al. 2023) could
further illuminate the mechanobiological effects of dif-
ferent scaffold types. Ultimately, embedding this consti-
tutive approach into a multi-physics fluid-solid-growth

framework (Figueroa et al. 2009) would enable even more
realistic simulations. Another promising direction involves
leveraging automatic model discovery techniques (Hol-
thusen et al. 2024, 2025) to refine or generalize the growth
and remodeling laws, potentially leading to new insights
and clinically relevant predictions.
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Fig. 12 Evolution of collagen density during the maturation process of a cruciform-shaped biaxially constrained tissue
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Fig. 13 Evolution of the Cauchy stress in the x direction at different time steps. 17~ refers to the last time step before the 20% load perturbation,
and 177 refers to first time step after the load perturbation
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Fig. 14 Evolution of the Cauchy stress in the z direction at different time steps. 17 refers to the last time step before the 20% load perturbation,
and 177 refers to first time step after the load perturbation
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«Fig. 17 Parameter study for the evolution of reaction forces along the
boundary conditions defined in the x-direction. The modeling param-
eters investigated are: a;, a,, Wi, Py, T, and i
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