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ABSTRACT

Coherent phase transformations in interstitial solid solutions or intercalation compounds with a miscibility gap are of practical relevance
for energy storage materials and specifically for metal hydride or lithium-ion compound nanoparticles. Different conclusions on the size-
dependence of the transformation conditions are reached by modeling or theory focusing on the impact of either one (internal, solid-state-)
critical-point wetting of the nanoparticle surface or coherency constraints from solute-saturated surface layers. We report a hybrid numer-
ical approach, combining atomistic grand canonical Monte Carlo simulation with a continuum mechanics analysis of coherency stress and
modeling simultaneously wetting and mechanical constraints. When the ratio between chemical and misfit-strain-related contributions to
the solute-solute interaction energy takes values realistic for interstitial solutions—which are typical for energy storage materials—we find
that the impact of solid-state wetting is weak and that of coherency stress is dominant. Specifically, mechanical interaction can act to reduce
the phase transformation hysteresis at small system size, and it can make the solid more binding for solute, thereby reducing the “plateau”
chemical potential at phase coexistence. We present equations for the impact of coherency stress on the size-dependence of upper consolute
temperature, plateau chemical potential, and charging/discharging hysteresis.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0247515

I. INTRODUCTION

Important energy storage scenarios exploit the reversible inser-
tion and extraction of interstitial solute species, such as hydrogen
or lithium, in small particles of a crystalline host substance."”
As a general rule, solute atoms in interstitial solutions or inter-
calation compounds generate misfit strain in the host crystal lat-
tice. Misfit strain contributes an effectively attractive term to the
net (chemical and mechanical) solute-solute interaction energy;
this term promotes a miscibility gap in the alloy phase diagram.’
Rapid solute exchange—which can be attractive in technologi-
cal scenarios—favors the retention of crystalline coherency during
phase change.”” Rapid exchange is promoted by nanoscale parti-
cle size, and the enhanced role of surfaces at small size will typically
introduce a size-dependence into the alloy phase diagram.’ " Size-
dependent coherent phase transformations are the subject of the
present study.

The simplest analysis of phase equilibrium can be based on free
energy density functions that depend on the local solute fraction and
that may typically be evaluated at constant and uniform tempera-
ture and pressure. One of the corrections to that notion originates
in Cahn-Hilliard type chemical gradient energy terms—the local
free energy density at a given position depends significantly on the
solute fraction in regions of the crystal separated by one or more
interatomic spacings.!” The second correction comes from long-
range elastic interactions, which are an immediate consequence
of the misfit strain. Elastic interactions have a profound influ-
ence on the conditions for and the mechanism of coherent phase
transformations.”'”**"** Their consequences depend strongly on
the dimensionality, the shape, and the size of the host crystal.'****

Nonlocal interactions are particularly relevant for the phase-
change when surfaces act as sources of heterogeneity and when
particles are small with a significant surface-to-volume ratio. Specif-
ically, solid solutions can exhibit surface layers that are strongly
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enriched in solute; this is exemplified by observations of electro-
chemical underpotential deposition of H on transition metal sur-
faces”® or by implications of density functional theory (DFT) studies
of Li segregation to the surface of Li-ion battery cathode materi-
als.”” By virtue of the nonlocal interactions, the surfaces then bias
the entire system toward the more concentrated phase, reducing the
driving force required for initiating the phase change in the bulk.
Gradient-energy terms may contribute to this reduction”**” and
may even initiate the phase change through a critical-point wet-
ting transition’ underneath the surface of the solid. Wetting has
been proposed as controlling the phase change onset in LiFePQ,.”""'
Yet, it has been pointed out that the coherency stress may have
a substantial impact”' '’ and may be the dominant mechanism
by which solute-enriched surface layers affect the phase change in
energy storage particles.'®

While the impact of each, chemical gradient energy or elas-
tic interactions, on phase change in small coherent systems has
been studied in isolation, it is not understood how the two terms
cooperate or compete in affecting coherent phase change if—as one
must assume—they are simultaneously active.'® Here, we explore
this question. Investigating a finite-size open system that under-
goes a coherent phase transformation while it exchanges solute
with a reservoir, we aim to identify the most fundamentally rel-
evant materials parameters and to study qualitatively their role
in affecting the phenomenology. With that in mind, our study
focuses on the simplest possible scenario and specifically on con-
stitutive behavior with the minimum amount of required material
parameters.

The study is based on an atomistic Monte Carlo scheme that
inherently embodies the action of gradient energy and which we
adapt to incorporate elastic interactions for a simple but relevant
geometry. Different relative magnitudes of chemical bond energy
and misfit strain energy are explored.

Il. PHENOMENOLOGICAL APPROACH
A. Contributions to the bulk free energy

Our phenomenological description considers a finite-sized
solid body B in the absence of external load. We take B as a lin-
ear elastic interstitial solid solution on a single-crystal lattice with
a constant amount of matrix component and, therefore, a constant
amount Ny of identical sites for interstitials. We focus initially on
bulk behavior, ignoring surface effects.

We explore scenarios where B exchanges solute at equilibrium
with an external reservoir R at chemical potential . In exper-
iments with R, a gas or electrolyte, the effective value of u” is
controlled via the partial pressure or the electrode potential, respec-
tively. The thermodynamic potential of B that is minimized at
equilibrium is here a grand canonical potential, O° = G® - 4°N,
with G and N the net free energy and the net solute content of B,
respectively.

We approximate G® by the volume integral over a local free
energy density, ¥, and we take ¥ = p, g, the product of a uniform site
density p, and a molar free energy g. We decompose g into addi-
tive terms””’ accounting separately for the chemical bond energy
or enthalpy (there are, in general, mixed mechanical boundary
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conditions) hchm, the misfit strain energy g, the coherency strain
energy heon and a contribution, —Tsyix, from the entropy of mixing,

g= hchm + hmft + hcoh — T'smix» (1)

where T is the temperature. Each of these contributions will now be
discussed.

B. Chemical bond energy and entropy

The net bond energy, Hchm, is taken as the sum over all unlike
neighbor bonds, each with the bond energy e. This is embodied in
the expression

1
Hpm = 762 ‘Oi - 0j|> (2)
2w

with the o the occupancies, 0 or 1 for empty or occupied inter-
stitial sites, respectively, and with the summation carried over all
nearest-neighbor pairs. The factor 1/2 corrects for double-counting
of neighbor pairs ij, ji. For attractive solute-solute interactions that
result in a miscibility gap, it is required that € > 0.

The bond-counting model’s equilibrium configuration can fea-
ture significant chemical short-range order; a closed-form equation
of state accounting for this effect is not available.” Our Monte Carlo
scheme (see below) implements this scenario numerically.

As a benchmark, we also consider the regular solution (Ref. 34,
Sec. 6.23) as an approximation ignoring chemical short-range order
and assuming, instead, a random distribution of the solute over the
lattice sites. Then, in a homogenized continuum approximation with
x the local solute fraction (fraction of occupied interstitial sites), the
local molar entropy of mixing is

Smix(x) = -R[xIn x+ (1 —x)In (1 -x)], (3)

with R the gas constant.

Except for a solute-matrix interaction term that is linear in
x and that will not affect the phenomenology of phase change, the
local molar energy in the stress-free solid is'*”

Behm (%) = ©chm [x(l -x)+ /12(% - x)vzx], (4)

where W, is the chemical part of the solute-solute interaction para-
meter, in other words, that part which—in the atomistic approach
of Eq. (2)—is modeled by the near-neighbor bonds. Ignoring the
solute-matrix interaction term means shifting the solute chemical
potential y of all states by a constant; this has the same effect as
changing the definition of the reference state for y.

Bond counting shows that

Wchm = ZO€NA, (5)

with M'x Avogadro’s number and zp the nearest-neighbor coor-
dination number of the crystal lattice. Furthermore, the effective
interaction distance A scales with the nearest-neighbor distance, rnn,
as A = rNN/\/g.”

In Eq. (4), the term containing the Laplacian V2x accounts,
in lowest order, for nonlocal interactions in the bond-counting
model.”” When phenomena at the outer surface can be neglected,
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it can be beneficial to convert this term to one depending on the gra-
dient square, (Vx)?, of the composition by applying the divergence
theorem;'” that representation is commonly used in phase-field sim-
ulation. The composition-gradient contribution to the local free
energy density ¥ is then Wgrq = %K(Vx)z with « the gradient energy
coefficient and « = % Po wamA?. For reference in the discussion in
Sec V, we here retain the natural, V2x-based expression.

C. Misfit and coherency strain energies

We define strain relative to the stress-free solid at x = 0, and we
refer stress as well as all densities to referential (Lagrangian) coor-
dinates. In this frame, we take the solute to cause an isotropic and
linear dilatation of the crystal lattice, so that the macroscopic strain
tensor E in the stress-free state relates to x by

E = 4Ux, (6)

with U the unit tensor in 3D and # a concentration-strain coupling
constant, independent of x.

We also limit our consideration to linear and isotropic elastic-
ity. For a uniform solid solution, one then has the molar misfit strain

3,36

energy
g (x) = Ax(1 - x), @)
with the Eshelby parameter

YQui?

A= R
1-v

®)
where Y is the Young’s modulus, v is the Poisson’s ratio, and Q = py 1
is the molar volume of the interstitial sites.

When the composition is nonuniform, there will generally be
long-range stresses that imply the additional “coherency” strain
energy heon. We here consider this quantity for the special case of
a plate of constant thickness, infinitely extended in the plane, and
fully coherent; compositional variations are restricted to 1D in the
thickness direction.'® The coherency then implies that the in-plane
lattice parameter is uniform, independent of the local composition.
Then”’

heon = A(x - %)%, ©)
with x the mean solute fraction in the plate.

D. Net free energy of the uniform solid solution

Let us first consider a regular solution of uniform x and of con-
stant and uniform pressure. The equation of state for the free energy,
here gp, can then be written as®’

8p(T,x) = hehm (%) + hmg (%) — Tsmix (%) = wpx(1 - x)
+RT[xInx+(1-x)In(1-x)], (10)

with
Wp = Wehm + A, (11)

the total solute-solute interaction parameter; it is this interaction
term that applies at constant pressure, in the absence of coherency
stress.
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Equation (10) is invariant upon x — 1 — x. Since this symmetry
also applies to the compositions of the coexisting phases at equi-
librium, the associated “plateau” chemical potential must satisfy
P = 0. This refers to phase coexistence at equilibrium, either within
a single, incoherent two-phase particle or in an ensemble of single-
phase particles sampling the two phases. The uP* value determines
the working partial pressure (for the example of a hydrogen stor-
age material) or the electrode potential (for the example of a battery
electrode) in the constant-potential, two-phase region.

For reference below, we summarize selected properties of reg-
ular solutions, leaving w arbitrary so that the results can be applied
to various scenarios. Here, the equation of state for the molar free
energy is"’

S, T,x) =wx(1-x) +RT[x In x+ (1 —x)In (1 —x)],
and the chemical potential for interstitials, 4 = dg/dx|r, obeys

(w0, T,x) = w(1 - 2x) + RT In li (12)
- X

The binodals (equilibrium phase coexistence lines in the alloy phase
diagram) are here obtained by setting 4 = 0 and solving for the tem-
perature. The binodal temperature and composition are then related
by (Ref. 34, Sec. 6.23)

~bi 1-2x
" (w) = -2 : 13
@=-% = (13)
Setting du/dx = 0 provides the spinodal line as
Tspi 2w
T (w) = —x(1 -x). (14)

R
Binodal and spinodal of the regular solution meet at composition
x = 1/2 and upper consolute temperature,

T (w) = —. 15
(@)= 52 (15)

For the incoherent system and phase coexistence at constant
pressure, the upper consolute temperature is Tg = Tc(a)p). It is
often convenient to parameterize T in terms of the dimensionless
temperature parameter

T=T/Ts = T/T (wp), (16)

and this is here performed in all figures.

The chemical potential hysteresis, Au™®, is the difference
between the y for the transformation onsets during charging and
discharging (Fig. 1). That difference contributes to the irreversible
energy loss during the charging/discharging cycle and, thereby, to
the efficiency of a storage device. The maximum value of Au™ is
found when the open system becomes unstable at its spinodals; then,
analysis of Eq. (12) shows that

@h‘/s(w) = 2w(\/1 — T, — Te arctanhy/1 — Tw), (17)

where 7, = T/T(w). It is readily verified that, for 7, 2 0.5, Eq. (17)
is well approximated by Au™*(w) w~ to(1- 70)*2.
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FIG. 1. Schematics illustrating chemical potential isotherm and hysteresis. Labels
indicate the plateau chemical potential value 4™ as well as the binodal and
spinodal points. Green dashed horizontal arrows: phase change by instability
at the chemical spinodal; solid vertical arrow: the associated chemical potential
hysteresis Au™®.

E. Solution with a 1D composition gradient

Next, we include the coherency strain energy for the plate with
a 1D composition gradient (Sec. IT C), adding Eq. (9) to Eq. (10). By
29,38

then taking the variational x-derivative (Ref. 3, Sec. 4.1.1), one
finds the solute chemical potential at

X

feoh = Wehm (1 = 2x = 2A%x"") + RT In +A(1-2%).  (18)

1-x

In the special case of uniform composition, we have x =% and
x"=0 everywhere, and with Egs. (11) and (12), one then finds
™ = (ap, ).

Equation (18) illustrates the impact of coherency on the equi-
librium in configurations with a 1D composition gradient.'® The
elastic interaction affects the chemical potential only through the
mean composition X, not through the local composition x. In a
closed system, where X is a constant, the elastic interactions will then
not contribute to the driving forces for phase separation. In other
words, the Bitter-Crum theorem™'® applies, and the misfit strain
energy contribution to the local solute-solute interaction energy is
effectively switched off. Consequently, the x-dependence here scales
only with wchm. This will reduce the upper consolute temperature
of the miscibility gap and depress both the binodals and the spin-
odals. This situation is familiar in the context of coherent spinodal
decomposition, which exemplifies coherent 1D composition modu-
lation; the depression of the coherent spinodal in infinitely extended
solids is well established.”” In finite-sized systems, the depression
of TC has been shown to depend on the size and shape of the
system.”1 24255

F. Size dependence due to coherency stress

With attention to finite-sized systems, we here admit that the
solute-solvent interaction at the surface may differ from that in the
bulk. For simplicity and to avoid introducing additional materials
parameters, we restrict attention to the limiting case of a large, neg-
ative enthalpy of segregation in all sites of superficial layers L of
thickness ¢ at each surface. The layers are then “inert,” saturated in
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solute at solute fraction x" = 1, in the entire range of u that is of inter-
est to the bulk phase transformation. Considering again a plate of
constant overall thickness d, we take the central bulk, of thickness
d — 2t, as occupied by the uniform active system A that is the subject
proper of the analysis.

In the coherent plate, the uniform in-plane lattice parameter
depends on the mean (averaging over both the inert layers and
the active bulk) solute fraction. Specifically, this fixes the in-plane
lattice parameter in A at a value that exceeds the local stress-free lat-
tice parameter, resulting in a tensile stress, the magnitude of which
depends on the local solute fraction.'® Tensile bulk stress, induced by
solute-enriched interfacial layers, has been demonstrated in experi-
ments on nanoscale Pd-H.*" A compressive stress in L compensates
the tensile stress in A. In a phenomenological description of the sur-
face as a 2D manifold, the stress state in L would be described by the
surface stress.”’ The stress state in A exemplifies a surface-induced
bulk stress, as embodied in the generalized capillary equation for
solids.*”

An approximate analysis of the present scenario emerges when
the gradient interaction in Eq. (18) is ignored. At equilibrium, the
solute fraction x must then be uniform in A and

E:x+% (x"—x), (19)

with & = d/t a dimensionless plate thickness parameter. Substituting
X in Eq. (18) with Eq. (19) and comparing the result with Eq. (12),
one finds that y =" (wplate, X) + Aphplare, With the solute-solute
interaction parameter

2A

Wplate = WP — ?> (20)
and with the constant additive term
2A

Bptge = ¢ (1-25"), 1)

The same results were obtained in Ref. 18 from a different
derivation.

Equations (20) and (21) show that the values of both w and
P decrease with decreasing size. This embodies weaker binding of
solute by other solute and stronger binding of solute by the matrix.
The solute-solute interaction is weakened since the coherency con-
straints diminish the composition-induced strain, thereby reduc-
ing the elastic interaction strength. The solute-matrix binding is
strengthened since the solute, as a center of dilatation, is more
readily alloyed into the pre-expanded (tensile stress) lattice sites.

Consistent with Eq. (15), the miscibility gap here closes at the
temperature

A

C C
Tlate: TP _R7£a

; (22)

independent of x".
As adding the constant Au, . to u does not affect the com-
position at phase coexistence, we expect the binodals for the bulk to
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agree with those of the extended system. Entering the corresponding
solute fractions into Eq. (12) would give y = 0, and accounting for
the additional term of Eq. (21) with x" = 1, one obtains the plateau
value of y at

2A
‘upla = A/"plate‘XL:I = _?- (23)

Finally, the approximate form (see Sec. II D) of Eq. (17) implies
here for the hysteresis

3 T

3/2
h 4 T
A.“Pi’:te R = Wplate (1 - C1 *) > (24)
plate

where wplae and Tglate are given by Egs. (20) and (22), respectively.

Inert layers will also interact with the active bulk through chem-
ical gradient energy contributions. Those contributions are embod-
ied in our atomistic description and explored in the numerical part
of our study.

G. Exemplary materials parameters

We aim for materials parameter values that are qualita-
tively consistent with a typical interstitial metal hydride and, to
this end, use data matched to the Pd-H system.”‘H The lat-
tice of interstitial sites is face-centered cubic (fcc) with lattice
parameter ag = 389.0 pm,* zp = 12 nearest neighbors, and four
interstitial sites per unit cell. The incoherent upper consolute tem-
perature is T5 = 566K,"""’ the (polycrystalline) Young’s modulus is
Y = 120 GPa, Poisson’s ratio is v = 0.396,*° and the concentration-
strain coefficient is 7 = 0.060."" '

Based on the Ty value and Eq. (15), one finds wp = 9.41 kJ/mole
for Pd-H. Furthermore, the elastic parameters imply that
A = 6.17 kJ/mole, hence wehm = wp — A = 3.24 kJ/mole.

As an important simplification, we find that the above-
mentioned parameters enter our computation through a single
quantity, which we refer to as the misfit strength parameter, Q. It
is defined as

Q-2 A4 (25)

wp Wchm + A ’

and is closely analogous to the atomic-scale “elastic misfit
parameter” of Ref. 52. As Q = 0.656 for Pd-H, about two-thirds
of the attractive solute-solute interactions are here from the misfit
strain, and only about one-third is from the chemical bonds.

Strong enrichment of H at Pd surfaces, as supposed in our
“inert layer” scenarios, is well documented by studies of underpo-
tential deposition.”® The experiment suggests a thickness ¢ = 1.0 nm
of H-rich layers at surfaces'® or grain boundaries”'"”” in Pd-H; this
corresponds to 4-5 dense-packed crystal planes.

On top of Pd-H, analogous data for (Li)FePO,—as an impor-
tant lithium-ion battery electrode material—are of interest. The
estimates provided in Sec. S1 of the supplementary material here
suggest Q = 0.64. This is quite similar to Pd-H and qualifies the
results of our numerical analysis as equally relevant for the metal
hydride and the lithium-ion compound.
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lll. ATOMISTIC APPROACH
A. Implementation in the atomistic Monte Carlo study

For identifying states of local equilibrium and thermodynamic
averages of their composition fields in an atomistic approach,
we used a grand canonical Metropolis Monte Carlo (gcMMC)
simulation”" on a rigid, 3D fcc lattice with nearest-neighbor
bonds. The code is based on our implementation of kinetic Monte
Carlo simulation of alloy corrosion.” >

The model’s restriction to a rigid lattice prevents the imple-
mentation of mechanical interactions for general composition fields.
Yet, if the system is either uniform or exhibits composition gradients
along only one dimension, then Eq. (18) applies, and the mechanical
interactions enter simply through a shift of the equilibrium chemical
potential that depends on the current value of the mean solute frac-
tion, Ay = A(1 — 2x). As compared to the uniform grand-canonical
system, the work of exchanging the amount 6N of solute with the
reservoir is then modified by AudN. Therefore, one may replace the
chemical potential, yR, in the reservoir with

pet = 4" — A(1 - 2%), (26)

when computing event probabilities. For 1D gradients, this affords
inclusion of mechanical interaction in the simulation, even though
site displacements are not explicitly implemented.

The gcMMC elementary event is swapping the occupancy of
a site between the two possible values, 0 or 1, for vacant or solute-
occupied. Repeatedly, a site is selected at random, and the swap is
executed with probability p. When the swap changes the system’s
energy by AH and its net number of solute atoms by N = +1, and
when the reservoir is at chemical potential 7, then p may be taken

55,59

as

AH - 8NpR NAI)] 27)

5= Min| 1, B
p 1n[ exp( T

where Ma and k represent Avogadro’s number and Boltzmann’s
constant, respectively, and the term 8N R accounts for the work of
exchanging solute between the system and reservoir.

Specifically for the present study, site j is initially at occu-
pancy o;, and it has z;}“l unlike neighbor bonds. The changes in the
amount of solute and in the net number of unlike neighbor bonds are
then Nj = 1 - 20j and Az‘}“1 =z - 22‘}“1, respectively. The net bond
energy changes by AH; = eAz}ml. Accounting for the mechanics-
related work and Eq. (26), we may replace 47 in Eq. (27) with .
The swapping probability, p;, for site j is then

L _ . -1
pi= Mln[l, exp (_AI_IJ (1 kz;]).ueff NA )] (28)

Evaluating the system evolution by Eq. (28) amounts to searching
for states that statistically minimize a grand canonical potential.
For a given system, T and u" are the variables through which the
simulation explores the phase behavior.
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As outlined in Sec. S2, Eq. (28) is implemented, in our code, in
terms of dimensionless parameters. The materials parameters, and
specifically the solute-solute interaction energies, enter this imple-
mentation through a single quantity, namely the misfit strength
parameter QQ, which completely parameterizes the relevant mate-
rials characteristics. As summarized in Table I, simulations used
Q = 0 for scenarios with wp = Wy, (no misfit strain) and Q = 0.656
(see Sec. 11 G) for scenarios that do account for size misfit.

Equilibrium states were identified and analyzed as follows. The
net solute fraction, xit = N/Np, with N the net amount of solute in
the active simulation volume A and N, the amount of interstitial sites
in A, was evaluated every 50 x Ny successful swap events. A state of
equilibrium was determined when the change in x: between two
successive evaluations was less than 10™*. The mean composition in
each crystal plane parallel to the surface was then computed every
Ny successful swap events. This was repeated 50 times successively,
and the equilibrated composition profile was calculated by averag-
ing the 50 composition values of each crystal plane. The equilibrated
compositions of bulk, xpi, and net, xwor, as well as the superficial
excess in solute, were determined based on this averaged com-
position profile. For scenarios with free surfaces or inert layers,
crystal planes with sufficiently small composition variation relative
to their neighboring plane, Ax < 107>, were identified as “near-
center planes,” and x,)x was computed as the average composition
in that set of planes.

Approximations to the equilibrium phase diagrams were com-
puted by setting 4® to the estimated plateau chemical potential value
(Secs. II D and II F) and computing the solute fraction vs tem-
perature. Simulations started at 7 =1/3 and successively scanned
up to 7=7/6 in a discrete step of At =0.1/6, using the previous
solution as the starting configuration. To access the dilute and the
concentrated binodal, two separate runs used approximations to
the dilute and the concentrated phase, respectively, as the initial
configurations.

For each scenario, we computed chemical potential isotherms
for 0.5 <7< 0.9 in steps of 0.1. The computation of each isotherm
was initialized with the pure matrix. It then equilibrated successively
at stepwise increasing y up to an upper vertex value and continued
by stepping ¢ back down. Each step started from the configuration
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at the end of the previous step. The isotherms afforded a verification
of the plateau chemical potential estimates and an inspection of
hysteresis.

The Gibbs excess, I, in solute was determined as

_ N — No Xpix

r
ApS

, (29)

with A the total area of surface (both sides of the plate sample) and
pS the area density of sites in a dense-packed (here, 111-type) crystal
plane. This definition provides I' in units of dense-packed monolay-
ers (ML). The permanently bound solute in the inert layers is not
included in our I value.

B. Simulation geometry and surface-specific
interactions

The geometry under study is a 3D plate-shaped sample with
(111) surfaces and {110}- and {112}-type side faces. Periodic
boundary conditions apply either in-plane or in all three dimen-
sions. The simulation acts to equilibrate the solute concentration
in A, which consists of n” crystal planes. Except for the scenario
with #* = 18, all other scenarios had n” = 36 (see Table 1). In terms
of the interplanar spacings, dy, of the side faces, the lateral exten-
sions were 275d119 and 146d112. There were 80 300 sites in total for
each (111) crystal plane, and in total, 2.89 x 10° active sites for the
scenarios with n® = 36.

As detailed in Sec. IV A below, some scenarios had A bounded,
at each of its two surfaces, by solute-saturated layers L, each compris-
ing n" inert crystal planes. In the code, L is not actually implemented
in the form of additional sites. Instead, bond counting for the outer-
most crystal planes of A here accounts for bonds crossing the A — L
interface and for o = 1 in the layers.

Whether or not layers and bulk interact mechanically by
coherency stress is determined by the tracking of x for use in
Eq. (26). In scenarios with coherency stress, X includes all sites
and all solute atoms in A and in L, whereas X in scenarios without
coherency stress accounts exclusively for solute in A.

TABLE . Listing the scenarios of the numerical study. Columns indicate, successively, the scenario acronym, the presence (Y) or absence (N) of an inert surface layer, the value,
Q, of the misfit strength parameter, the solute fraction x“ in the inert layers, the number n" of coherent, stiffening crystal planes in each inert layer, the number n* of crystal
planes in the active region of the plate, the nature (2D or 3D) of the periodic boundary conditions (pbc), and a comment on the nature of the scenario. Non-applicable table cells

show % as entry.

Acronym Inert layer Q x n n pbc Comment

bchm % 0 % % 36 3D Bulk for reference, chemical interaction only

bmft % 0.656 % % 36 3D Bulk for reference, with misfit

fchm N 0 % % 36 2D Free surface, chemical interaction only

fmft N 0.656 % % 36 2D Free surface, with misfit

ichm Y 0 1 0 36 2D Inert layers, chemical interaction only

imft Y 0.656 1 0 36 2D Inert layers, misfit, no coherency stress

icoh Y 0.656 1 4 36 2D Inert layers, misfit, with coherency stress

icoh-thin Y 0.656 1 4 18 2D Inert layers, misfit, with coherency stress, thinner active region
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IV. RESULTS FOR THE PHASE-CHANGE BEHAVIOR
A. Model scenarios

As a simple model geometry—incorporating the effects of
coherency stress, size, and surfaces—we studied a laterally extended,
planar, and crystallographically coherent single-crystal plate, S, of
uniform thickness, d, and with uniform bond energy and elas-
tic parameters. Different assumptions were made on the nature of
the solute-solute interaction energy and of the bounding surfaces.
Table I summarizes the resulting scenarios, and Fig. 2 provides an
illustration.

The solute-solute interaction was assumed to be either of exclu-
sively chemical origin or due to a combination of chemical and misfit
strain interaction with the misfit strength parameter Q matched to
Pd-H (see Sec. II G). The respective scenarios have acronyms with
“chm” or “mft,” respectively.

Reference scenarios explored bulk behavior (acronyms bchm
and bmft) by featuring periodic boundary conditions in three
dimensions. In all other scenarios, S was bounded, in each out-of-
plane direction, by a surface.

In an idealized finite-size scenario [Fig. 2(a)], the surfaces
simply truncate the lattice of interstitial sites, reducing the coordi-
nation number of near-surface solute but with no further impact on
bond energies or stress. We refer to this scenario as “free surface”
(acronyms fchm and fmft).

More realistic are scenarios in which a strong enthalpy of
segregation fixes the composition in “inert” layers L at x" =1
(see Sec. I F). For dense-packed surfaces with nearest-neighbor
interaction, only the innermost crystal plane of each inert layer
forms bonds with the active region of the bulk crystal lattice, and this

(a) free surface
free de-\ active bulk

formation
[ ]

saturated
layer

(b) - chemical
actly bonding
compression saturate d '
layer chemical
(c) bonding &
o coherency

constraint
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chemical interaction is independent of the layer thickness t when-
ever L comprises at least one monolayer. Scenarios ichm and imft
[Fig. 2(b)] explored this variant of the inert layer scenario in isola-
tion, excluding the mechanical interaction between layers and bulk.
These scenarios naturally include gradient-energy interactions at the
interface, thereby admitting a conceivable wetting transition.

The coherency stresses depend—through Eq. (9)—on x and,
thereby, on the net solute content in L, which scales with t. Scenar-
ios icoh and icoh-thin [Fig. 2(c)] explored the combined impact of
cross-interface chemical bonding and of coherency stress for layers
with two different thicknesses.

B. Bulk alloy

For verification of the simulation scheme, we started out with
studying the uniform bulk phases that emerge when 3D periodic
boundary conditions are applied. The temperature-dependent com-
positions at 4® =0, which approximate the binodals, are shown
in Fig. 3. For reference, the gray solid line shows the binodals,
Tbi"(wp), of the regular solution, Eq. (13), with solute-solute inter-
action parameter wp. Here and throughout this work, the diagrams
parameterize the temperature by 7 [Eq. (16)], thereby referring the
temperature scale to the upper consolute temperature of the inco-
herent regular solution with the same wp as the respective simulation
scenario.

The squares in Fig. 3(a) represent numerical results for sce-
nario bchm, the solution with no atomic size misfit and, hence,
wp = Wehm- Its upper consolute temperature emerges as 7€ = 0.84.
The reduction, compared to the regular solution, and the nar-
rowed miscibility gap are well-known consequences of the chemical

“icoh-thin

FIG. 2. Schematic representation of the model scenarios, which are plates with periodic boundary conditions in the plane and with surfaces of different nature. Left hand
side: Cartoons illustrating elements and boundary conditions; right hand side: renderings of atomic-scale simulation results, showing atoms in cutouts from the laterally much
larger simulation box. (a) At free surfaces, the uniform bulk crystal lattice is simply truncated; the surface atoms differ from bulk only by a reduced coordination number.
In scenario fchm, the solute—solute interaction is exclusively from chemical bonds, whereas scenario fmft also include mechanical interaction due to atomic size misfit. (b)
Scenarios ichm and imft consider the surface of the active bulk in contact with an inert layer, saturated in solute, that interacts with the bulk exclusively through chemical
bonds across the bulk-layer interface. Those bonds can promote wetting. The mechanical interaction between layer and bulk is ignored. (c) On top of the through-interface
chemical bonds, scenarios icoh (36 crystallographic planes in the active bulk) and icoh-thin (18 planes) also account for coherency stresses between the inert layer and the
active bulk. The layer is then strained in compression while the bulk is in tension. Color code for renderings and orientation of the surface normal are indicated.
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FIG. 3. Simulation results for bulk scenarios with 3D periodic boundary conditions. (a) Solute fraction x at chemical potential 4 = 0 vs dimensionless temperature, 7.
Red squares and label bchm: Scenario with only chemical interaction; green circles and label bmft: scenario with chemical and misfit interaction, with interaction strength
parameter matched to Pd-H. Gray solid line: Regular solution, Eq. (13) with w = wp. Gray dashed line: Approximate interpolation of the bchm data, used as benchmarks
in later figures. (b) Isotherms of chemical potential, x, normalized to the total solute-solute interaction parameter we, vs solute fraction x at reduced temperature = = 0.7.
Symbols as in part (a); the gray line represents the regular solution, Eq. (12) with w = wp. Open (closed) symbols refer to simulation scanning to increasing (decreasing)
w; lines connect the symbols. (c) Normalized chemical potential hysteresis, Au™ /wp, between charging and discharging reactions plotted vs the temperature variable
&t = 1 — 7. Symbols: Numerical results; solid line: theory for spinodal instability of the regular solution, Eq. (17); dashed line: straight-line fit to the bchm data for reference
in later figures. Note the excellent agreement for scenario bmft, acknowledging misfit strain energy.

short-range order, which is ignored in the regular solution model
(Ref. 34, Sec. 6.24). The dashed line in the graphics is a guide
to the eye, marking the bond-counting model’s binodal for refer-
ence in phase diagrams for other scenarios (see below). For 7 > 7°,
the degeneracy is lifted in favor of a single phase with x|HQ=0 =1/2
[vertical line in Fig. 3(a)].

Next, we studied the bulk alloy phase diagram for the solution
with misfit, scenario bmft. As can be seen in Fig. 3(a), the binodals
here follow closely those of the regular solution. That is intuitively
right: the chemical short-range order is here expected to be weak, as
it arises from the chemical near-neighbor bonding—as opposed to
the misfit strain energy—which here makes up only about one third
of the solute-solute interaction strength.

Figure 3(b) exemplifies chemical potential isotherms, here at
reduced temperature 7 = 0.7, for the two above-mentioned scenar-
ios. The figure also shows the regular solution result, Eq. (12).
Consistent with the discussion earlier, the bulk scenario with misfit
agrees closely with the regular solution isotherm.

It is also significant that the isotherms in Fig. 3(b) can be
followed sensibly up to their spinodal points (marked by hori-
zontal tangents); at this point the solution becomes unstable and
switches over to the other phase. Specifically for scenario bmft,
which acknowledges misfit strain contributions, Fig. 3(c) shows that
the full spinodal spread between the charging and discharging tran-
sitions is exploited, quite precisely as predicted by Eq. (17). This
confirms that phase-change in the potential scan of our gcMMC sim-
ulation setup occurs quite near the spinodal instability. Therefore,
the behavior of the simulation is empirically consistent with that of
open coherent systems in experiment, where a macroscopic energy
barrier prevents thermally activated nucleation® and where the phase
change is initiated, instead, by a continuous switchover instability
that acts at the chemical spinodal.'**’ We may, therefore, compare
the hysteresis in the gcMMC isotherms to the theory prediction for
hysteresis.

C. Finite-thickness plate with free surfaces

As an additional verification, we investigated the free-surface
scenarios, fchm with chemical interaction only and fmft including
misfit. Figure 4 displays the results (symbols), along with the bulk
regular and bulk bond-counting solutions (gray lines) as bench-
marks. The simulation data for the binodals in Fig. 4(a) here take
the form of two separate composition values at each temperature,
the net solute fraction X (closed symbols) and the bulk value Xy
(open symbols) that represents the central region of the plate. Both
are seen to agree closely with the results from the bulk simulation for
the respective scenario. The close agreement between plate and bulk
is here also found for the sorption isotherms, Fig. 4(b). The central
observation from these scenarios is that the presence of free surfaces
affects the equilibrium solute distribution only weakly.

A detailed inspection of the results in Fig. 4(a) reveals a slightly
narrowed miscibility gap for the xi: as compared to the xp val-
ues, indicating a weak enrichment of solute at the surface in the
dilute phase and depletion in the concentrated phase. The effect
is somewhat stronger for the scenario with only chemical interac-
tion. The graph of the Gibbs excess, I, in solute for the terminal
solutions of Fig. 4(c) confirms this observation. For the chemical-
interactions-only simulation, T increases throughout the approach
to the upper consolute temperature, whereas the simulation with
misfit interaction finds I' at maximum at an intermediate temper-
ature. In each case, the graph is symmetric between excess (I > 0) in
the dilute phase and depletion (I < 0) in the concentrated one. This
is consistent with the nature of the free surface, which involves no
symmetry-breaking interaction term.

The observation of a surface excess may appear surprising,
since scenarios fchm and fmft include no surface-specific interac-
tion term. Yet, the observation has a natural explanation in terms of
Eq. (5). That equation links the chemical solute-solute interaction
parameter to the coordination number, zo. That quantity is reduced
at the surface, a simple consequence of the missing neighbors. The
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FIG. 4. Simulation results for thin (36 active 111-layers) slabs with free surfaces and 2D in-plane periodic boundary conditions. (a) Solute fraction x at chemical potential
u = 0vs dimensionless temperature, . Red squares and label fchm: Scenario with only chemical interaction; green circles and label fmft: scenario with chemical and misfit
interaction, with interaction strength parameter matched to Pd-H. Open symbols: bulk solute fraction xp; closed symbols: net solute fraction xi,. Gray solid and dashed
lines: Bulk regular solution and bulk atomistic model, respectively, as in Fig. 3. Note close agreement with the results for the bulk scenarios. (b) Isotherms of chemical
potential, y, normalized to the total solute-solute interaction parameter wp, vs the net solute fraction Xy, at reduced temperature = = 0.7. Symbols as in part (a). Gray
line: Regular solution as a benchmark. Open (closed) symbols refer to simulation scanning to increasing (decreasing) y; lines connect the symbols. (c) Gibbs excess, T,
in solute vs 7 at y = 0, i.e., for the states represented in part (a). Open symbols and positive values refer to dilute bulk, while closed symbols and negative values refer to
concentrated bulk. Note that the fmft graph (with misfit interaction) has been multiplied by 10 for visibility on the same scale as the fchm graph (chemical interaction only).

outermost layer at the surface is thus at a higher homologous tem-
perature, compared to TC, and so favors local solute fractions closer
to 1/2 than the bulk. This leads to a solute-enriched surface in the
dilute phase and a solute-depleted surface in the concentrated one,
as observed.

Figure 2(a) includes renderings for scenarios fchm and fmft,
just before their transformation onsets near the respective 7°. In
agreement with the small T values, the solute distribution is essen-
tially uniform along the thickness direction. In scenario fchm,
clusters of both species illustrate the substantial short-range order.

D. Inert surface layers coupling by chemical
gradient energy

Next, we studied specimens with solute-saturated inert lay-
ers, ignoring coherency stress but accounting for chemical bonds
between layers and the active bulk.

For scenario ichm, the full squares in Fig. 5(a) show phase
coexistence lines at u” = 0, plotted vs the net solute fraction, xt,
in the active layer. Sufficiently below T, the graph for the con-
centrated phase coincides with that for bulk. By contrast, the dilute
phase shows a substantial net enrichment, implying solute-enriched
regions at the surfaces. These regions result from gradient energy
terms that tend to shift the solute fraction near the surface of the
active bulk toward that, x = 1, in the inert layers. As the temperature
is increased, the enrichment eventually leads to a phase change to
the concentrated phase, well below the bulk TC. The critical point
is here approached along the concentrated binodal, even when the
system started out in the dilute phase.

The circular symbols in Fig. 5(a) refer to scenario imft. Here,
the dilute and the concentrated phase both move closely along the
bulk binodals. The phase transformation is again initiated with a
finite downshift from T, yet by a substantially smaller shift than in
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FIG. 5. (a—c) Simulation results for thin (36 active 111-layers) slabs with solute-saturated surface layers that interact with the active bulk via chemical bonds but not via
coherency stress. Red squares and label ichm: Scenario with only chemical interaction; green circles and label imft: scenario with chemical and misfit interaction, with
interaction strength parameter matched to Pd-H. All other elements as in Fig. 4. In (a), note the restricted temperature range of stability for the dilute phase. In (c), note that
the imft graph (with misfit interaction) has been multiplied by 30 for visibility on the same scale as the ichm graph (chemical interaction only).
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the chemical-interaction-only scenario. Those observations may be
understood as the consequence of the weak gradient energy coeffi-
cient in scenario imft. Recall that, in our model, this coefficient scales
with the chemical part of the solute-solute interaction energy, which
is here only one third of that in scenario ichm.

The chemical potential isotherm of scenario ichm [squares in
Fig. 5(b)] is slightly shifted downwards, reflecting the effect of the
attractive solute-solute interaction originating in the inert layers and
propagating into the active part by virtue of the gradient interaction.
Furthermore, the hysteresis is diminished in that scenario. By con-
trast, the isotherm of scenario imft (circles) agrees closely with that
of the respective bulk scenario.

Figure 5(c) shows the temperature variation of I' for the con-
figurations (at the plateau chemical potential) of Fig. 5(a). Scenario
ichm, with the strong chemical bonding, is distinguished by a sub-
stantial superficial excess when the matrix phase is dilute. The excess
is not noticeable when the matrix phase is concentrated, and it is
small and positive in the single phase states above 7°. For a dilute
matrix and starting out from low temperature, one initially finds
I increasing with increasing temperature. As the bulk transitions to
the concentrated phase, I' drops back to a small value. Maximum
values of T can reach several monolayers. The ichm rendering in
Fig. 2(b) illustrates the thick solute-rich region underneath the sur-
faces of scenario ichm. This is similar to a solid-state critical-point
wetting scenario, yet the I'(7) function is continuous, with no sign of
a wetting transition.

For the imft scenario with misfit, the excess is almost two
orders of magnitude smaller than for the ichm scenario with strong
chemical interaction. The imft rendering in Fig. 2(b) illustrates that
superficial solute enrichment is insubstantial in this scenario. Note
that the imft data in Fig. 5(c) have been multiplied by 30 for visibility
on the scale of the much larger excess of the ichm scenario.

The central finding from this part of our study is that the inter-
action between an inert surface layer and the bulk can have a strong

ARTICLE pubs.aip.org/aipl/jcp

effect on the location of the phase-change instability in composition-
temperature space. Yet, we also observe that this is restricted to
solutions with small misfit strain. When a realistic misfit strength
parameter for interstitial solutions is accounted for, the gradient-
energy mediated interaction between the solute-enriched surface
layer and the bulk is weak, and it causes only a little shift in the phase
change behavior.

E. Inert surface layers coupling by coherency stress

The scenarios here again comprise solute-saturated inert lay-
ers and their chemical bonds with the bulk. As a distinction to the
previous scenarios, they now admit for coherency stress.

Phase coexistence lines are shown in Fig. 6(a) for plates
36 and 18, with active bulk crystal planes thick in scenarios icoh
and icoh-thin, respectively, and covered with inert layers compris-
ing an extra four crystal planes at each surface. When comparing
the graphs to that of the uniform regular solution, one immediately
perceives that the lines for both phases, dilute and concentrated, are
substantially displaced to lesser temperature, increasingly so as the
plate thickness is decreased.

The sorption isotherms in Fig. 6(b) are displaced to lesser
chemical potential, and they exhibit a reduced hysteresis. Here again,
the effect increases as the layer thickness is reduced.

Inspection of the I'(7) graphs in Fig. 6(c) reveals an extremely
small superficial excess in solute, only a small fraction of a crys-
tallographic monolayer. The renderings in Fig. 2(d) confirm the
lack of significant superficial solute enrichment in either of the
two scenarios. Clearly, the shift of the phase coexistence lines is
not due to excess solute near the surface. In other words, the
change in the phase coexistence lines is almost exclusively an
effect of the coherency stress. That is consistent with the theory in
Ref. 18, which predicts a downshift of the critical temperature
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FIG. 6. Simulation results for thin (36 or 18 active 111-layers) slabs with solute-saturated surface layers that interact with the active bulk via chemical bonds and via coherency
stress. (a) Solute fraction x at the plateau chemical potential [Eq. (23)] vs dimensionless temperature, . Green circles and label icoh: 36 layer thick plate; blue lozenges and
label icoh-thin: 18 layer thick plate. Open symbols: bulk solute fraction xy; closed symbols: net solute fraction xt. Gray solid and dashed lines: bulk regular solution and
bulk atomistic model, respectively, as in Fig. 3. Note the size-dependent shift of phase boundary lines and restricted temperature range of instability for the dilute phase. (b)
Isotherms of chemical potential, yR, normalized to the total solute-solute interaction parameter wp vs the net solute fraction xio at reduced temperature = = 0.7. Symbols
as in part (a). Gray line: regular solution as a benchmark; dashed lines: plateau chemical potentials from Eq. (23). Open (closed) symbols refer to simulation scanning to
increasing (decreasing) u%; lines connect the symbols. (c) Gibbs excess, T, in solute vs 7 at 4R = 0, i.e., for the states represented in part (a). Open symbols and larger
values refer to dilute bulk, while closed symbols and smaller values refer to concentrated parts.
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because the coherency stresses reduce the effective solute-solute
interaction energy in the bulk.

F. Summary of metrics characterizing
the size-dependence

We now compare results, from theory and simulation, for
metrics characterizing the size-dependence of the phase change in
scenarios with inert surface layers. We start out by summarizing the
theory for the impact of coherency stress in a reduced notation. This
is obtained by using Eq. (25) to substitute QQ for A in Egs. (22)-(24).
This yields

Thiate 2Q
e - (30)
pla
@:_@’ (31)
wp ¢
Al 4(. 20 Er
o) @

emphasizing again that the misfit strength parameter Q embodies
the relevant material characteristics here.

Figure 7 summarizes the size-dependency of the upper con-
solute temperature. The open circle labeled fmft represents the
free-surface scenario. Scenario imft (the second open circle) dif-
fers by the presence of a saturated inert layer that interacts with
the outermost active surface layer by chemical gradient energy. This
interaction is seen to induce a weak reduction in 7°. The down-
ward shift in 7¢ is much stronger for the scenarios with coherency
stress (closed circles). Here, 7° decreases in proportion to the inverse
thickness. The numerical findings agree with Eq. (30), except for an
extra depression that is similar in magnitude to that between fmft
and imft. This observation is compatible with the notion that the
downwards deviation from Eq. (30) reflects the action of the chem-
ical gradient energy at the surface. Additional simulation results,
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FIG. 7. Size-dependence of upper consolute temperature in samples with
coherency stress. Dimensionless upper consulates temperature parameter
1C plotted vs the inverse of the dimensionless thickness parameter £. Symbols:
simulation; dashed line: Eq. (30). For reference, data points labeled “bmft,” “fmft,”
and “imft” show bulk limit, scenario with free surface, and scenario with inert layer
but ignoring coherency stress, respectively.
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FIG. 8. Composition profiles at the plateau chemical potential and right before the
onset of the transformation to the concentrated phase near the upper consolute
temperature, 7°. Open symbols: solute fraction x vs the layer number j through

the thickness of plates with 36 active layers. Closed symbols and shaded regions:
inert layers. Labels indicate scenarios (see Table |) and their °.

confirming this notion, are shown in the supplementary material,
Sec. S3. Therefore, gradient energy has a noticeable contribution
to the suppression of 7°, yet the impact of coherency strains is
substantially stronger.

Figure 8 shows composition profiles, averaged over each active
crystal plane, for different inert-layer scenarios in states right before
the onset of the transition to the concentrated phase. Thick wetting
layers are apparent in scenario ichm, which neglects misfit strain
and assumes chemical interaction only. By contrast, the scenarios
with misfit have only small solute enrichment near their surfaces.
The large concentration jump at the interfaces between the active
bulk and the inert layers shows that the action of the gradient energy
is here too weak for substantially affecting the composition pro-
file. The observations further emphasize the comparatively weak
impact of gradient energy terms on the solute distribution and on
the phase change in interstitial solutions with misfit and the absence
of solid-state wetting there.

In its panels (a) and (c), Fig. 9 shows plateau chemical poten-
tials and charging/discharging hysteresis in y for scenarios where
gradient energy is included but coherency constraints are ignored.
Symbols represent the simulation. It is seen that the AuP® are only
weakly shifted from their bulk value, 0. The Au™* also remain close
to the values of the corresponding bulk scenarios, represented by
lines. Obviously, size and inert layers have only a weak impact on
the chemical potential’s plateau and hysteresis values if coherency
constraints are ignored.

The picture changes when coherency constraints—that is,
the mechanical interaction between the bulk and coherent inert
layers—are accounted for. Panel (b) in Fig. 9 shows the strong down-
ward shift of AuP® for the associated scenarios. The shift increases
with decreasing sample thickness. What is more, Fig. 9(d) shows that
the Au™* also decreases strongly relative to the corresponding bulk
graph, which is the gray straight line in the figure. Instead, the data
for both layer thicknesses are in excellent agreement with Eq. (32),
the colored curved lines.
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FIG. 9. Summarizing the impact of the scenarios on the chemical potential plateau
and hysteresis values, 4”2 [(a) and (b)] and A™* [(c) and (d); on log-log scales],
respectively. Chemical potentials are shown normalized to the total solute—solute
interaction parameter, wp, and plotted vs reduced temperature parameters = or
&t = 1 — 7. Left column of graphs: Scenarios ignoring coherency constraints; right
column: scenarios accounting for constraints. All scenarios account for gradient
energy contributions and, therefore, include conceivable wetting phenomena. Note
that scenario ichm, with chemical interaction only, is not realistic for interstitial solu-
tions. Realistic scenarios have a noticeable shift in plateau value and a noticeable
deviation of hysteresis from bulk behavior [gray solid line, Eq. (17)] only when
coherency constraints are accounted for. Colored solid lines: in (b), Eq. (31) for
42 in (d), Eq. (32) for 4. Dashed line in (c): Fit to numerical model for bulk with
chemical interactions only [scenario bchm, fit in Fig. 3(c)] for reference.

Summarizing this part of our study, scenarios accounting for
misfit strain exhibit substantial shifts in plateau and hysteresis chem-
ical potentials only when mechanical coherency constraints are
accounted for. It is emphasized that scenario ichm—which displays
thick wetting layers and noticeable shifts of " and u™* without
coherency strain—is not a natural representation of interstitial solid
solutions, as it ignores the misfit strain that is inherent in their
atomic structure.

V. DISCUSSION

We have studied the coherent phase change in finite-size inter-
stitial solutions, with an eye on the relative importance of critical
point wetting and coherency stress. We have allowed for surface
layers that are strongly enriched in solute, biasing the bulk toward
the concentrated phase. Composition-gradient energy terms and/or
elasticity provide for nonlocal interaction by which the surfaces
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interact with the bulk. Both interaction mechanisms act in our
numerical simulation.

Misfit strain, an inherent property of interstitial solutions,
prompts an attractive solute-solute interaction (positive interaction
parameter w) and, hence, the trend for a miscibility gap. Based on
Pd-H and LiFeQj as canonical examples, we work with a misfit con-
tribution to w that is twice as large as the contribution from chemical
bonds; in other words, we take a misfit strength parameter value
Q ~ 2/3 as exemplary for interstitial solutions. For reference, we also
inspect solutions with no misfit and exclusively chemical interaction;
hence Q = 0.

With Q =0, we find only moderate downward shifts in the
plateau chemical potential 4P* and in the charging/discharging
hysteresis Au™, yet a substantial decrease in the upper consolute
temperature T and a strong (up to several dense-packed crystal
monolayers, ML) Gibbs excess, T, in solute at the surface. I increases
as T is approached, and this increase eventually initiates the phase
transformation. The large I' may be understood with reference to
the theory of critical point wetting.”’ Yet, our study resolves no
first-order wetting transition.

With Q ~ 2/3, we find that T never exceeds a small fraction of
1 ML; in other words, wetting can be disregarded in our canon-
ical interstitial solutions. However, finite-size and surface effects
here shift 4”® quite noticeably to negative, increasingly so as the
system size decreases. The bulk solution with Q ~ 2/3 has a larger
Au™ than the bulk Q = 0 one. In small systems with misfit, how-
ever, the coherency stress reduces Au™* substantially. Equally pro-
nounced is the coherency-induced decrease, at small size, in TC. We
emphasize that the findings can be unequivocally identified as conse-
quences of the coherency stress and not as wetting related: when the
coherency stress is switched off while the layer-bulk coupling by gra-
dient energy is maintained, we find that the size-dependent effects
diminish drastically.

With attention to solutions with strong misfit, we present equa-
tions for the contribution of coherency stress to the size dependence
of T, 4", and Au™*. The materials’ properties enter these rela-
tions exclusively through Q. The coherency constraints are shown
to (1) make the solute-solute interaction less attractive (less pos-
itive interaction parameter, w) and to (2) make the matrix-solute
interaction more attractive (negative shift in the plateau chemical
potential, "), The simulation results agree well with that theory,
yet T exhibits a small extra size-dependence due to nonlocal chem-
ical interaction. That latter effect prevails even though I' < 1 ML.
In other words, the nonlocal chemical interaction is relevant even
though no wetting layer is formed.

Our observations invite comparison to the theory in Ref. 27 for
the impact of solid-state wetting. That theory has y for the transfor-
mation onset shifting in proportion to the inverse system size and
to the square-root of the Eshelby parameter. In other words, the
theory predicts no shift when there is no misfit strain. This is not
intuitively obvious, as one would expect the gradient energy to drive
wetting, whereas the mechanical energy would act to stiffen the com-
position profile and, thereby, to oppose wetting. Consistent with that
expectation, and contrary to the theory of Ref. 27, our results exhibit
pronounced wetting layers only when there is no misfit strain.

Approaches to a continuum theory of critical point wetting
rely on a gradient-square contribution to the free energy in the
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bulk, along with superficial boundary conditions that are derived
from that contribution. Yet, as was shown by Cahn and Hilliard,"
nonuniformity enters the energy of the Ising-type bond counting
model—as it underlies our numerical analysis—inherently through
the second derivative of the composition profile. Upon transform-
ing the equations to the gradient-square form by partial integration,
one generates a residuum that depends on Vx at the surface."” Avail-
able continuum approaches to critical point wetting”*"*"°" do not
include the superficial energy term corresponding to the residuum
and so do not strictly apply to our scenarios. Furthermore, our
simulation reveals discontinuous jumps in the composition at the
interface between the bulk and the solute-rich superficial layers;
these jumps are again not immediately accounted for in simple con-
tinuum analysis. For want of appropriate theory, our work restricts
itself to a qualitative discussion of the observations concerning
wetting.

We emphasize that the absence of misfit strain in the Q =0
scenarios makes them unrealistic as representations of interstitial
solutions for energy storage. Thereby, the size dependence of the
phase change in realistic representations is controlled by coherency
strain contributions and not by wetting.

At the heart of the suppression of wetting in misfit-dominated
solid solutions is the weakness of their Cahn-Hilliard gradient
energy constant x. As x is commonly taken to scale with chemi-
cal (wehm) as opposed to mechanical interaction strength (wpmg),
x is small in solutions with large Q.°* Then, composition-gradient
energy may not achieve efficient coupling between solute-enriched
layers and the bulk. In our simulation, this is confirmed when com-
paring the T for our ichm (Q = 0) and imft (Q ~ 2/3) scenarios:
the first has I’ reach up to 8 ML, whereas the second provides the
maximum value of 0.1 ML, or 80 times less.

Linear continuum elasticity does not provide for gradient-
square terms, supporting the scaling between x and wchm, N0t W
By contrast, the microscopic lattice-based elasticity theory of Ref. 62
does suggest a misfit-related contribution to «. Yet, that contribu-
tion is negligible unless the concentration-strain coupling coefficient
exceeds 7 = 0.1.°* Our canonical examples remain well below that
value.

Our study contributes to identifying the mechanism through
which the small size and the surfaces affect the conditions for phase
change in interstitial solid solution nanoparticles for energy stor-
age, and it presents equations for the impact of the size on the
upper consolute temperature of the miscibility gap, the plateau
chemical potential, and the charging/discharging hysteresis. Those
parameters provide metrics that are of immediate relevance for the
performance of energy storage materials, since they contribute to
determining practicable temperature domains, voltage or pressure
values for stable operation, and energy dissipation during charg-
ing/discharging. Clarifying their size dependence may contribute to
a rational design of energy storage schemes.

SUPPLEMENTARY MATERIAL

The supplementary material provides the following items,
concatenated in a single PDF file: S1—exemplary materials para-
meters for (Li)FePO,; S2—details of the numerical implementation,
and specifically its use of dimensionless units; S3—results of the
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supporting study of a hypothetical scenario with coherency stress
but no cross-interface bonds.
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potential based on ¢ in our per-mole notation, and we accounted for the fact that
the swap is here between solute and a vacancy at chemical potential 0.
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