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ABSTRACT
This article presents the first complete application of a quantum time-marching algorithm for simulating multidi-
mensional linear transport phenomena with arbitrary boundaries, whereby the success probabilities are problem
intrinsic. The method adapts the linear combination of unitaries algorithm to block encode the diffusive dynamics,
while arbitrary boundary conditions are enforced by the method of images only at the cost of one additional qubit
per spatial dimension. As an alternative to the nonperiodic reflection, the direct encoding of Neumann conditions
by the unitary decomposition of the discrete time-marching operator is proposed. All presented algorithms indicate
optimal success probabilities while maintaining linear time complexity, thereby securing the practical applicability of
the quantum algorithm on fault-tolerant quantum computers. The proposed time-marching method is demonstrated
through state-vector simulations of the heat equation in combination with Neumann, Dirichlet, and mixed boundary
conditions, showing excellent agreement with classical finite differences.

1 | Introduction

Thermofluid dynamic phenomena appear in a large range of applications in industry and academia, covering heat
exchangers in power plants [1], aerodynamic design in aerospace engineering [2], cooling systems in electronics [3], or
atmospheric and oceanic circulation modeling [4]. In general, such problems are solved numerically, since experimental
investigations usually suffer from scaling effects and access to expensive testing facilities is often limited. However, an
in-depth analysis requires extensive high-performance computing efforts, leading to greater demand for computational
power as the spatio-temporal resolution increases. Alongside the challenges of further reducing the transistor size [5],
classical central processing unit technology is approaching its capacity limits to provide the scale resolution required for
these applications. Likewise, comparable scaling constraints apply to general-purpose computing on graphics processing
units [6]. With the objective of resolving smaller length scales [7], Quantum Computers (QCs) offer a promising alter-
native, comprising greater computational resources and more energy-efficient hardware in comparison to the classical
counterparts [8, 9]. The improvements brought about by QCs are based on an exponentially large vector space for com-
putation and the ability to apply operations simultaneously across the entire quantum register [10]. Nonetheless, the
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development of QCs confronts significant challenges to establish quantum advantage, including restricted gate depth,
vulnerability to noise, state preparation, or computation readout, to name a few [11].

In the current era of noisy-intermediate-scale-quantum devices [11], Variational Quantum Algorithms (VQAs) have
emerged [12] as a viable hybrid classical-quantum strategy. VQAs mitigate the I/O problem of QCs by encoding the solu-
tion in the parameters of an ansatz and updating them by measuring a single ancilla qubit [13]. Despite these advantageous
properties, VQA methods rely on solving nonconvex optimization problems, limiting the scalability of such methods and
preventing, for now, industrial applications for Computational Fluid Dynamics (CFD) [14, 15].

To extend the applicability of QCs to engineering problems, the advent of fault-tolerant machines opens the door for
the adaptation of classical time-marching algorithms into the quantum framework [16, 17]. To this end, Hamiltonian
simulations, used to solve the Schrödinger equation [10], are applied to linear [18–23] and nonlinear Partial Differen-
tial Equations (PDEs) [24]. The advantage of this approach is to recover the PDE time evolution using the Schrödinger
equation, as it is the governing model on a QC. For example, linear transport problems described by the wave equation can
be solved under internal and external Dirichlet and Neumann boundary conditions as demonstrated by Costa et al. [21].
Another example is the use of the quantum Fourier transform to efficiently implement dissipation [2, 22], for example,
when solving the wave equation or the advection-diffusion equation.

This change to a nonhybrid methodology increases the requirements for the probabilistic design of the quantum
algorithm, making high success probabilities essential to guarantee its practical feasibility. This critical aspect has
received comparatively less attention in the development of functional quantum algorithms than the implementation
of nonlinearities, for which several approaches exist. In particular, Sanavio et al. [25] apply Carleman linearization
to the Lattice-Boltzmann method, the Navier–Stokes equations, and the Boltzmann equation, showing that although
the method linearizes the dynamics, the circuit depth scales proportional to the truncation order. To mitigate the
deviation of the Carleman-linearized solution after a finite evolution time, Endo and Takahashi [26] approximate
nonlinear PDEs through a linearized formulation with an auxiliary state that requires updating to compensate for the
accumulated temporal error. Additional strategies encode nonlinearities using multiple copies of the quantum state, as
in Hadamard-test-based VQAs [13, 27] or in time-marching evolution of the Burgers’ equation [24].

Beyond nonlinearities, the modeling of dissipation in fluid dynamics breaks the unitariness of quantum operations due
to its irreversible nature and thereby penalizes the success probabilities. Consequently, any sequential application of
nonunitary operations leads to an exponential decay in the cumulative success probability [28], making the direct imple-
mentation on a QC impractical without additional techniques [29], such as uniform singular value amplification [30] at
each time step to bound the success probabilities. However, these measures introduce an unfavorable gate scaling, making
the method, at best, quadratic in the simulation time. An example of an approach with nearly certain success probabil-
ities was proposed by Brearley and Laizet [18], where the discrete time-marching operator of the advection equation
was block encoded [31] in the Hamiltonian simulation to permit central and upwind-biased discretization schemes,
as well as boundaries. The related work of Over et al. [19] suggests an extension including a diffusive term to recover
the advection-diffusion equation while maintaining optimal success probabilities with linear time complexity. Another
methodology is presented by An et al. [20], where a linear combination of Hamiltonian simulations is used to approximate
the nonunitary dynamics described by general Ordinary Differential Equations (ODEs). The works of Jin et al. [32–35]
and Lu and Yang [36] employ a different technique, called Schrödingerization, adapting a discrete ODE into a dilated
system of Schrödinger equations, that is subsequently propagated in time via a Hamiltonian simulation on a QC.

The present publication introduces a novel alternative for treating nonunitary diffusive effects, maintaining optimal suc-
cess probabilities, without the need for additional techniques [29, 30]. The work particularly focuses on the applicability
and feasibility of the quantum time-marching algorithm proposed by Over et al. [19] to deal with engineering boundary
conditions when solving time-dependent linear transport phenomena in multiple dimensions, such as heat conduction.
The strategy applies the Linear Combination of Unitaries (LCU) algorithm for the operator of the governing second-order
linear PDE, which is unitarily decomposed for diffusion problems. To incorporate arbitrary boundary conditions, the
method of images associates the boundary type to the symmetry of the solution over the nonperiodic dimension [37].
Using this domain decomposition technique, the boundaries can be reconstructed from adjacent interior points. An
alternative algorithm is also provided for diffusion problems with Neumann conditions. In this algorithm, the bounded
time-marching operator is decomposed into unitaries that are directly recombined using the LCU method, eliminating
the need for spatial reflection. Both proposed methods to realize boundary conditions retain optimal success probabil-
ities while maintaining linear time complexity. This property of the algorithms is of paramount importance for their
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applicability in CFD simulations, as satisfying the stability criteria for explicitly solving PDEs is associated with small
time steps and, therefore, a large number of them.

The paper is organized as follows. The mathematical model is described in Section 2. Section 3 provides a brief review of
the quantum methods required to implement discrete operations, such as those presented in Section 2 for a fault-tolerant
QC, along with the corresponding quantum circuits. Two-dimensional state-vector simulations of the heat equation with
all types of boundary conditions are benchmarked against classical Finite Differences (FD) solutions in Section 5. Conclu-
sions and future directions are summarized in Section 6. Additionally, the Appendix A illustrates a matrix-circuit analogy
to facilitate the understanding of the quantum circuits, with particular emphasis on the LCU algorithm.

Throughout the publication, continuous vectors are indicated as ◽, discrete vectors in bold, quantum states in the Dirac
(or bra-ket) notation, while matrices and gates are marked with capital letters. Furthermore, the big-endian convention
applies to all quantum circuits and registers.

2 | Mathematical Model

Consider a two-dimensional (𝑑 = 2) domain, with spatial coordinates 𝑥⃗ ∈ [0, 1] × [0, 1] [m], the time 𝑡 ∈ [0, 𝑇 ) [s], a
generic transport scalar 𝜙 [-], a (constant) dynamic viscosity Γ [m2/s] and the dynamics given by the unsteady diffusion
equation, for example, the heat conduction, viz.

𝜕𝜙

𝜕𝑡
− Γ ∇2𝜙 = 0. (1)

This parabolic equation is discretized using an isotropic and equidistant spatial Δ𝑥 [m] and temporal Δ𝑡 [s] spacing
with𝑁 = 𝑁𝑑

x1
and𝑁t supporting points, respectively. For the sake of clarity, the discretization of Equation (1) is demon-

strated for a one-dimensional (𝑑 = 1) problem with𝑁x1
= 𝑑
√
𝑁 supporting points. The differential operators are approx-

imated with a first-order accurate explicit forward Euler method in time and second-order central differences for the
spatial derivative. Moreover, periodic boundary conditions are assumed for simplicity. Accordingly, the discrete form of
Equation (1) reads

𝜙𝑡+1
𝑗

− 𝜙𝑡
𝑗

Δ𝑡
− Γ

𝜙𝑡
𝑗+1 − 2𝜙𝑡

𝑗
+ 𝜙𝑡

𝑗−1

Δ𝑥2 = 0. (2)

Here, the Toeplitz matrix 𝐴 ∈ ℝ𝑁×𝑁 , viz.

𝐴 =

⎡⎢⎢⎢⎢⎢⎢⎣

1 − 2𝑟h 𝑟h 0 𝑟h

𝑟h 1 − 2𝑟h ⋱ 0
⋱ ⋱ ⋱

0 ⋱ 1 − 2𝑟h 𝑟h

𝑟h 0 𝑟h 1 − 2𝑟h

⎤⎥⎥⎥⎥⎥⎥⎦
, (3)

is the time-marching operator in 𝝓(𝑡 + Δ𝑡) = 𝐴𝝓(𝑡), where the nondimensional parameter 𝑟h = Γ Δ𝑡∕Δ𝑥2 [-] character-
izes the spatio-temporal behavior of the diffusive transport. Following the time-marching idea, Equation (1) is solved
sequentially in time, with the time step only being restricted by the stability criteria determined from the magnitude of
𝑟h. This defines a convergence condition of the numerical method applied to the ODE, requiring values below one in all
supporting points for the duration of the entire solution process.

Prior to its application on a QC, the matrix 𝐴 is subjected to modifications. First, the main diagonal is rescaled to one by
𝐴∕(1 − 2 𝑟h). Second, this scaled matrix is decomposed w.r.t. its nonzero diagonals as

𝐴

1 − 2 𝑟h
= 𝐼 +

𝑟h

1 − 2 𝑟h
(𝑆0 + 𝑆

†
0 ), (4)

using the unitaries identity 𝐼 and the shift operator
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FIGURE 1 | Three-qubit example for the implementation of the shift operators𝑆0 and𝑆†
0 . (a) Quantum circuit for𝑆0. (b) Quantum

circuit for 𝑆†
0 .

𝑆0 =

⎡⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 1 ⋮

⋮ ⋱ ⋱ 0
0 0 1
1 0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎦
. (5)

In Equation (4), 𝑆†
0 indicates the conjugate transpose of 𝑆0, and both of them can be efficiently implemented with the

sequence of quantum gates depicted in Figure 1.

3 | Quantum Methods and Algorithms

This section reviews the fundamental methodologies used to implement the discrete operators on a QC. These include
amplitude encoding (Section 3.1), Hamiltonian simulation (Section 3.2), block encoding (Section 3.3), and the LCU
algorithm (Section 3.4), the latter being a specific realization of the general block-encoding strategy. Subsequently, the
LCU algorithm is selected as the most suitable approach for the problem at hand. The treatment of boundary conditions
in combination with this algorithmic framework is described in Section 3.5.

3.1 | Amplitude Encoding

Unlike classical computation, where information is represented by binary strings in the computational basis, arbitrary
variable functions can be encoded in the amplitudes 𝜓𝑗 ∈ ℂ of a quantum state |𝜓⟩ ∈ ℂ𝑁 . Here, the Dirac (or bra-ket)
notation, standard in quantum mechanics, is used. In this notation, a normalized column vector 𝝍 is denoted as |𝜓⟩
and its conjugate transpose reads |𝜓⟩† = (|𝜓⟩⊺)∗ = ⟨𝜓| [38]. Note that the bra-ket notation (⟨⋅| or |⋅⟩) always indicates
a normalized quantum state. For a quantum register consisting of 𝑛 = log2(𝑁) qubits, the state vector of size 𝑁 is thus
given as

|𝜓⟩ = 𝑁−1∑
𝑗=0
𝜓𝑗

|||𝑒𝑗⟩, (6)

where |||𝑒𝑗⟩ form an orthonormal basis of a Hilbert space and 𝜓2
𝑗

represents the probability of measuring the 𝑗th basis

state |||𝑒𝑗⟩ conserving
∑
𝑗 𝜓

2
𝑗
= 1. Operations such as the (inner) scalar and (outer) dyadic product can be compactly

expressed using the bra-ket notation as ⟨⋅|⋅⟩ and |⋅⟩⟨⋅|, respectively. In the special case of concatenating qubit states
represented as two-column vectors or two-row vectors, the Kronecker product ⊗ exemplarily given for an 𝑛 = 2 qubit
system is

⟨𝜌𝜓| = ⟨𝜌|⊗ ⟨𝜓| = [
𝜌1𝜓1, 𝜌1𝜓2, 𝜌2𝜓1, 𝜌2𝜓2

]
= (|𝜌⟩⊗ |𝜓⟩)† = |𝜌𝜓⟩†. (7)
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FIGURE 2 | Generic circuit for the temporal evolution of ||𝜓0⟩ given by the Hamiltonian simulation of Equation (8).

In general, the state vector is prepared either by initializing the amplitudes 𝜓𝑗 through a learning approach [14, 15], by
employing divide-and-conquer strategies [24], by programming through Tensor Trains (TTs) [39–41], or in special cases
by using analytical approaches [13].

3.2 | Hamiltonian Simulation

The Hamiltonian dynamics of a wave function 𝜓(𝑥⃗, 𝑡) are described by the time-dependent Schrödinger equation,

𝑖
𝑑𝜓(𝑥⃗, 𝑡)
𝑑𝑡

= 𝐻̂𝜓(𝑥⃗, 𝑡), 𝜓(𝑥⃗, 0) = 𝜓0. (8)

This ODE represents a linear and dissipation-free (reversible) system, with the Hamiltonian 𝐻̂ being Hermitian, 𝐻̂ = 𝐻̂†,
and 𝑖 =

√
−1 denoting the imaginary unit. For a time-independent 𝐻̂ , the solution to Equation (8) is given by 𝜓(𝑥⃗, 𝑡) =

𝜓0(𝑥⃗) exp(−𝑖𝐻̂𝑡) [10, 38]. Given the fact that the operator Û = exp(−𝑖𝐻̂𝑡) is unitary, a direct implementation of an equiv-
alent quantum circuit exists, providing a deterministic implementation on a QC. The discretized Hamiltonian operator
𝐻 ∈ ℂ𝑁×𝑁 is applied to the spatially discretized initial wave function 𝝍0 ∈ ℂ𝑁 , encoded by the initial quantum state||𝜓0⟩, to approximate its temporal evolution by ||𝜓𝑡⟩ = 𝑈 ||𝜓0⟩ [42], as it is depicted in Figure 2.

There exist multiple algorithms based on this quantum state evolution [43], such as product formulas to expand a unitary
evolution (e.g., Suzuki-Trotter [44]), Taylor series [45], quantum signal processing [46], or the Schrödingerization process
[32–34] in which the underlying PDE is cast into a dilated system of Schrödinger equations (8) to be solved using Hamil-
tonian simulations. A specific application of the Hamiltonian simulation is described in [18, 47] where this technique is
employed to block encode nonunitary operators, cf. Section 3.3.

In all of the applications above, the Hamiltonian simulation is inherently limited to Hermitian operators, which appear
in quantum mechanics but are generally absent in engineering problems. In addition, the compilation of the resulting
unitary operator on the QC hardware introduces a prohibitively large number of gate sequences [41]. As an alternative,
block-encoding strategies provide more flexibility, especially w.r.t the characteristics of the discretized problem.

3.3 | Block Encoding

Applying FD approximations to PDEs results in discrete operators𝑀 , for example, matrix 𝐴 in Section 2. These matrices
are generally nonunitary, so that𝑀†𝑀 ≠ 𝐼 and𝑀𝑀† ≠ 𝐼 , which poses a challenge when implementing them on a QC.
Since quantum dynamics must be expressed through unitary operations to preserve norm and probability amplitudes, a
common approach is to enlarge the underlying vector space and the operator matrix for a unitary embedding, cf. [31],
according to

𝑈M =

[
𝑀∕𝛼 ∗
∗ ∗

]
, (9)

where the subblocks indicated with ∗ are selected differently. Note that the unitary matrix 𝑈M exists only if the singular
values (𝜎𝑟) of any submatrix block are bounded by 1, that is, its spectral norm ||𝑀||2 = 𝜎max(𝑀) ≤ 1 [31], where 𝜎max is the
largest singular value. This implies that the L2-norm of each column of𝑀 must not exceed 1. To satisfy this condition,𝑀
is pre-scaled by a normalization factor 𝛼 ∈ ℝ+ such that 𝛼 ≥ ||𝑀||2. Consequently, for the nonunitary matrix𝑀 ∈ ℂ2𝑛×2𝑛

defined by 𝑛 qubits, an accurate block encoding is achieved primarily by an optimal choice of the subnormalization factor,
that is, 𝛼 = ||𝑀||2. For the sake of clarity, 𝑀̃ is assumed to be the optimal scaling of𝑀 , that is, 𝑀̃ =𝑀∕𝛼. In general, the
scaling increases the condition number of 𝑀̃ [48], making block-encoding strategies for quantum linear system solvers
not practical. In contrast, time-marching approaches do not encounter this problem due to the absence of matrix inversion.
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To complete the block encoding, it remains to select the ∗ entries in Equation (9). This choice is not unique. A general
method proposed by Camps et al. [31] uses nonparameterized subblocks for 𝑈M as

𝑈M =
⎡⎢⎢⎣

𝑀̃
√
𝐼 − 𝑀̃†

𝑀̃√
𝐼 − 𝑀̃†

𝑀̃ −𝑀̃

⎤⎥⎥⎦. (10)

An alternative to compute the square root of 𝑀̃†
𝑀̃ in Equation (10) is also provided in [31], where the appearance of this

term is avoided in the subblocks of 𝑈M. This approach is tailor-made for certain dynamics that recover Toeplitz matrices
with constant nonzero diagonals upon discretization, and it requires more than one ancilla qubit.

A numerically motivated block encoding has been introduced by Lin et al. [49], which determines the subblocks of the
structured matrix

𝑈M =

[
𝑠𝑀 𝐺

𝐹 𝑊

]
, (11)

imposing 𝐹 †𝐹 = 𝐼 − 𝑠2𝑀†𝑀 and 𝐹𝐹 † = 𝐼 − 𝑠2𝑀𝑀† for 𝑈M to be unitary with 𝑠 = 1∕𝜎max(𝑀). The remaining sub-
blocks, 𝐺 and 𝑊 , are numerically constructed using 𝑄𝑅 decomposition on randomly generated matrices of the same
size. Meanwhile, the first 2𝑛 columns of 𝑈M remain unaffected by the𝑄𝑅-based operation since these are orthogonal.

A different block encoding for time-marching operators derived from pure advective transport is based on the Hamiltonian
simulation, cf. Section 3.2. This procedure follows [18] which encodes the nonunitary matrix 𝑀̃ as

ÛM =

[
∗ ∗
𝑀̃ ∗

]
= exp(−𝑖𝐻𝜃), with 𝐻 =

[
0 −𝑖 𝑀̃†

𝑖 𝑀̃ 0

]
. (12)

Brearley and Laizet [18] propose to transform Equation (12) by applying trigonometric identities [47] as follows

ÛM =
⎡⎢⎢⎢⎣
cos(

√
𝑀̃

†
𝑀̃ 𝜃) −𝑀̃† sin(

√
𝑀̃𝑀̃

†
𝜃)√

𝑀̃𝑀̃
†

𝑀̃
sin(

√
𝑀̃

†
𝑀̃ 𝜃)√

𝑀̃
†
𝑀̃

cos(
√
𝑀̃𝑀̃

†
𝜃)

⎤⎥⎥⎥⎦. (13)

In Equations (12) and (13), the control parameter 𝜃 ∈ ℝ denotes a Hamiltonian evolution time, defining both the accuracy
of the block encoding and its probability of success. Equation (13) is used to temporarily evolve the advection dynamics
by applying the unitary operator ÛM in [18]. The application of ÛM to the prepared quantum state ||𝜓𝑡⟩, indicated at the
bottom of Figure 3, implements

ÛM|0⟩||𝜓𝑡⟩ =

[
𝑀̃||𝜓𝑡⟩
𝐼||𝜓𝑡⟩

]
≈

[||𝜓𝑡+1⟩||𝜓𝑡⟩
]
. (14)

In the post-selection step, either the updated state ||𝜓𝑡+1⟩ or the corresponding initial state ||𝜓𝑡⟩ is measured in the com-
putational basis |0⟩ or |1⟩, respectively. This choice is governed by the success probability per time step 𝑝𝑡, which for 𝜃 = 0
results in zero and for 𝜃 = 𝜋∕2, the optimal value of 𝑝𝑡 ≈ 1 is reached.

Mind that𝑈M and ÛM differ in structure with the block encoding of 𝑀̃ located in the upper-left and lower-left subblocks,
respectively. This distinction must be considered for the circuits’ implementation and the post-selection output as it is
depicted in Figure 3.

For all block encoding strategies, the choice of ∗ determines the success probabilities associated with it, as the method
executes a nondeterministic operation on the QC, and introduces a penalty to the overall success probability. For example,
the application of 𝑈M to a quantum register initialized in the state |0⟩⊗ |𝜓(𝑥⃗, 𝑡)⟩ evolves the system to

|0⟩(𝑀∕𝛼|𝜓(𝑥⃗, 𝑡)⟩+ ∗ 0) + |1⟩(∗ |0⟩|𝜓(𝑥⃗, 𝑡)⟩). (15)
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FIGURE 3 | Exemplary quantum circuit implementations of the block encoding strategies for 𝑈M (top) and ÛM (bottom).

Here, the term ∗ 0 indicates the action of the upper-right subblock in Equation (9) on the lower half of the register, while|1⟩ (∗ |0⟩|𝜓(𝑥⃗, 𝑡)⟩) corresponds to the lower row in Equation (9). This transformation is accurately implemented up to
the subnormalization factor 𝛼 = ||𝑀||2, conditioned on measuring |0⟩ on the additional (ancilla) qubit. Thus, the block
encoding prepares the target state𝑀∕𝛼|𝜓⟩ with a success probability of

𝑝 = (1∕𝛼2)⟨𝜓|𝑀†𝑀|𝜓⟩ = 1∕𝛼2||𝑀|𝜓⟩||22 ≤ 1∕𝛼2||𝑀||22|||𝜓⟩||22 = 1∕𝛼2||𝑀||22. (16)

Since 𝛼 and ||𝑀||2 are not chosen independently, for 𝛼 > 1, the cumulative success probability of any time-marching
approach successively decreases with each temporal evolution step. The success probabilities rapidly converge to zero,
making the algorithm impractical except for 𝛼 = 1 [19]. In general, any matrix can be block encoded. However, for nearly
unitary matrices when 𝛼 ≈ 1, the success probability approaches one. This is the case for the block encoding strategy
suggested by Brearley and Laizet [18], where the parameter 𝜃 can be selected to obtain a success probability near unity,
closely canceling the cosine subblocks in the Hamiltonian-simulation embedding of Equation (13). In probabilistic terms,
the strategy proposed in [18], cf. Equations (12) and (13) has clear advantages over the block encoding strategies in
Equations (10) and (11).

Fang et al. [29] proposed using Quantum Singular Value Transformation (QSVT) to correct vanishing probabilities,
thereby restoring practical feasibility. However, the proposed modification comes with an increase from linear to quadratic
complexity in time. In the next section, a further alternative to QSVT, maintaining 𝛼 = 1, is exploited while preserving
the linear time complexity. To this end, the block encoding using the LCU method offers additional degrees of freedom
to cancel the subnormalization factors from the unitary decomposition of time evolution operators.

3.4 | Linear Combination of Unitaries

The LCU algorithm combines a weighted sum of𝑚 unitary operators𝑈𝑘 on a QC [50]. These unitary operators are not nec-
essarily obtained through the block encoding strategies applied to𝑈M in Section 3.3. With this approach, a decomposition
into unitaries of a nonunitary matrix

𝑀 =
𝑚−1∑
𝑘=0
𝜅𝑘𝑈𝑘, (17)

with 𝜅𝑘 ∈ ℝ+ ∪ {0}, can be implemented with the circuits of Figure 4, or Figure 5 for the example of𝑚 = 4, and𝑚 = 8 uni-
taries, respectively. These quantum circuits prepare the final state ||𝜙𝑡+1⟩, using 𝑛anc. = log2(𝑚) ancilla qubits, conditioned
to measure |0⟩⊗𝑛anc. , viz.(

(|0⟩⟨0|)⊗𝑛anc. ⊗ 𝐼⊗𝑛
)
𝑈M |0⟩⊗𝑛anc. ⊗ ||𝜙𝑡⟩ = 𝑀

𝛼
||𝜙𝑡⟩, with 𝑈M = (𝑉 †

𝑘
⊗ 𝐼⊗𝑛) 𝑈c (𝑉𝑘 ⊗ 𝐼⊗𝑛). (18)

Comparing Equation (18) with Equation (9) from Section 3.3, the LCU can be interpreted as a block encoding strategy
where 𝛼 is the scaling factor and 1∕𝛼2 is the penalty in the success probability, as indicated in Equation (16). The LCU
method can also be seen as the implementation of a summation on a QC. Since this operation is not norm-preserving and,
in general, cannot be performed deterministically, it is reflected in losses in the success probability.

In the application of the LCU algorithm, the first step is to decompose the arbitrary matrix into unitaries. To this end,
the Pauli decomposition employs the complete basis formed by Pauli matrices (or their tensor products) to represent the

International Journal for Numerical Methods in Engineering, 2026 7 of 20
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FIGURE 4 | Quantum circuit to implement one explicit time step of the one-dimensional periodic heat equation, Equation (1).

FIGURE 5 | LCU circuit for the two-dimensional periodic heat equation.

operators acting on 𝑛 qubits [51]. Once the unitary decomposition of 𝑀 is achieved, each resulting unitary operator 𝑈𝑘
is implemented in the circuits of Figure 4 or Figure 5, and it can be understood as a block matrix on the main diagonal
of a larger matrix space. Their ordering on the diagonal matrix is defined by the binary selection of the controlled ancilla
qubits, being |00⟩ the first diagonal block matrix element, |01⟩ the second diagonal block, etc. Appendix A describes
the mapping between quantum gates and matrices for the quantum circuit of Figure 4 in greater detail. The weights 𝜅𝑘
are contained in the first column of 𝑉𝑘 as modified coefficients. Any excess unitaries in the power of two can easily be
discarded by setting the corresponding 𝜅𝑘 coefficient in 𝑉𝑘 to zero. Exemplified for 𝑚 = 4, the unitary 𝑉𝑘 reads

𝑉𝑘 =

⎡⎢⎢⎢⎢⎢⎢⎣

√
𝜅0

𝜅0+𝜅1+𝜅2+𝜅3√
𝜅1

𝜅0+𝜅1+𝜅2+𝜅3
…√

𝜅2
𝜅0+𝜅1+𝜅2+𝜅3

…√
𝜅3

𝜅0+𝜅1+𝜅2+𝜅3

⎤⎥⎥⎥⎥⎥⎥⎦
, (19)

with the square roots appearing due to normalization, and the rest of the columns (…) forming an orthonormal basis to
make 𝑉𝑘 unitary. This could be achieved by the application of the Gram-Schmidt process on randomly initialized columns.

In particular, the circuit of Figure 4 (𝑛anc. = 2) prepares the initial state as

|00⟩||𝜙𝑡⟩ →|00⟩Ã00
||𝜙𝑡⟩ + |01⟩Ã01

||𝜙𝑡⟩ + |10⟩Ã10
||𝜙𝑡⟩ + |11⟩Ã11

||𝜙𝑡⟩, (20)

with the matrices

Ã00 =
𝜅0𝑈0 + 𝜅1𝑈1 + 𝜅2𝑈2 + 𝜅3𝑈3

𝜅0 + 𝜅1 + 𝜅2 + 𝜅3
(21)

Ã01 = 1
𝜅0 + 𝜅1 + 𝜅2 + 𝜅3

(
√
𝜅1
(
𝜅0 + 𝜅2 + 𝜅3

)
𝑈1 −

√
𝜅1
(
𝜅0 + 𝜅2 + 𝜅3

)−1(
𝜅2𝑈2 + 𝜅3𝑈3 + 𝜅0𝑈0

)
) (22)

Ã10 =
√

𝜅2(
𝜅0 + 𝜅2 + 𝜅3

)(
𝜅0 + 𝜅1 + 𝜅2 + 𝜅3

)(√(
𝜅0 + 𝜅3

)
𝑈2 −

√(
𝜅0 + 𝜅3

)−1(
𝜅3𝑈3 + 𝜅0𝑈0

))
(23)
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Ã11 =
√

𝜅0𝜅3(
𝜅0 + 𝜅3

)(
𝜅0 + 𝜅1 + 𝜅2 + 𝜅3

)(𝑈3 − 𝑈0
)
. (24)

From Equation (20), it is evident that the state |00⟩Ã00
||𝜙𝑡⟩ needs to be post-selected out of the superposition of the four

computational basis states to recover the action of Ã00 =𝑀∕𝛼 with 𝛼 =
∑
𝑘 𝜅𝑘. The probability of measuring that partic-

ular basis state 𝑝|00⟩ is expressed by the squared Euclidean norm of the quantum state in the Hilbert space, viz.

𝑝|00⟩ = ⟨𝜙|Ã†
00Ã00|𝜙⟩ = ||Ã00|𝜙⟩||22 ≤ ||Ã00||22 |||𝜙⟩||22 = ||Ã00||22 = 𝜎max(Ã00)2 = 𝜆max(Ã

†
00Ã00), (25)

where 𝜎max and 𝜆max denote the largest singular value and eigenvalue, respectively. The same applies to the measurement
probabilities of the other computational basis 𝑝|01⟩ (≤ 𝜎max(Ã01)2), 𝑝|10⟩ (≤ 𝜎max(Ã10)2), and 𝑝|11⟩ (≤ 𝜎max(Ã11)2).

In principle, any unitary decomposition of𝑀 is possible. However, it is crucial to ensure an optimal probability of success.
To this end, the unitary decomposition given in Equation (4) for the time-marching solution of the one-dimensional heat
equation is considered. One step of the first-order temporal evolution 𝝓(𝑡 + Δ𝑡) = 𝐴𝝓(𝑡) can be implemented exclusively
with three unitaries (𝐼, 𝑆0, 𝑆

†
0 ) in the LCU circuit of Figure 4 with 𝜅0 = 1, 𝜅1 = 𝜅2 = 𝑟h∕(1 − 2𝑟h), and 𝜅3 = 0. Note that

the additional constraint 𝑟h ≤ 1∕(2 𝑑) needs to be imposed to guarantee that all the LCU weights are 𝜅𝑘 ≥ 0. Here, the
LCU scaling factor 1∕(𝜅0 + 𝜅1 + 𝜅2 + 𝜅3) = 1 − 2𝑟h cancels the initial subnormalization factor 1∕(1 − 2𝑟h) in Equation (4)
completely and results in the exact recovering of 𝐴 with 𝛼 = 1. Accordingly, the success probability of measuring the
computational basis |00⟩ for one time step is given by 𝑝𝑡 = ⟨𝜙𝑡||𝐴†𝐴||𝜙𝑡⟩ = ||𝝓𝑡+1||22∕||𝝓𝑡||22 since the recovered operator 𝐴
is not unitary [19]. For simulating one step of the two-dimensional heat equation, the quantum circuit in Figure 5 can be
applied in the same manner.

As a result, the time-marching operator 𝐴 can be implemented in the LCU method to resolve the temporal evolution of
the parabolic PDE in a time-marching fashion without vanishing cumulative probabilities 𝑝c due to 𝛼 = 1. In particular,
𝑝c =

∏𝑇

0 𝑝
𝑡 = ||𝝓𝑇 ||22∕||𝝓0||22 and converges for steady-state solutions, depending solely on the temporal distance between

initial and final state. Therefore, it is an intrinsic property of the problem under investigation rather than of the applied
numerical method. The cancellation of the subnormalization factors makes the LCU approach, in comparison to the other
block encodings of Section 3.3, particularly appealing and thus will be applied in Section 5 to solve Equation (1).

3.5 | Nonperiodic Boundary Conditions

The method of images enforces boundary conditions by reflecting the bounded field and thereby exploiting the symmetric
and antisymmetric properties of Neumann and Dirichlet boundaries, respectively [37]. This implies a two-fold increase in
the degrees of freedom per nonperiodic dimension, making the approach less suitable for classical computation. However,
symmetry reflections on a QC can be implemented efficiently by introducing a single qubit for each nonperiodic dimen-
sion in ℝ𝑑 [52], exploiting the exponential scaling in state space of the amplitude encoding strategy [10]. This permits
boundary treatment through the even (sign-preserving) or odd (sign-changing) symmetry of neighboring points using
discrete periodic operators, while conserving the advantage of nonvanishing success probabilities of the time-marching
method, as described in Section 3.4.

The circuits depicted in Figures 6–8 illustrate the implementation of nonperiodic boundary conditions for a single time
step. In these circuits, the initial state ||0 𝜙𝑡⟩ is mirrored from the upper half of the register onto the lower half according
to the desired boundary conditions. Specifically, these circuits implement this reflection for one-dimensional (Figure 6),
two-dimensional (Figure 7), and mixed two-dimensional boundaries (Figure 8). After executing the unitary transforma-
tions 𝑉𝑘, 𝑈c, and 𝑉 †

𝑘
which implement one explicit time step of the quantum time-marching algorithm, the conjugate

transpose of the reflection circuit is applied to uncompute the initial reflection of the prepared state, returning the quan-
tum register to ||0 𝜙𝑡+1⟩ conditioned to measure on the |0⟩⊗𝑛anc. basis. In case of two-dimensional domains, the reflection
circuits require the modifications shown in Figures 7 and 8 for a lexicographic order of the two-dimensional field into
a one-dimensional vector 𝝓̃𝑡 or 𝝓̃𝑡+1. Note that the even (sign-preserving) symmetry found for Neumann boundaries is
implemented with Hadamard and controlled-NOT (CNOT) gates [52], while the odd (sign-changing) reflection in Dirich-
let boundaries employs additional 𝑍 gates.

The boundary method has several limitations. First, boundaries in each nonperiodic direction must be of the same type
and value, since the reflection depends on the boundary type, and different boundary values would produce discontinu-
ities in the reflected field. Second, a prescribed nonzero derivative for inhomogeneous Neumann boundaries cannot be
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FIGURE 6 | Quantum circuit to implement one explicit time step of the one-dimensional nonperiodic PDE defined by the 𝑈c and
𝑉𝑘 blocks. The total number of qubits is six with three qubits dedicated to 𝑁 = 8 supporting points. For the Neumann boundaries,
the even reflection of the register is prepared exclusively with Hadamard and CNOT gates, while the odd reflection of the Dirichlet
condition also includes 𝑍 gates.

FIGURE 7 | Quantum circuit to implement one explicit time step of the two-dimensional nonperiodic PDE defined by the 𝑈c and
𝑉𝑘 blocks. The total number of qubits is nine with four qubits dedicated to 𝑁 = 16 supporting points. For the Neumann boundaries,
the even reflection of the register is prepared exclusively with Hadamard and CNOT gates, while the odd reflection of the Dirichlet
condition also includes 𝑍 gates.

FIGURE 8 | Quantum circuit to implement one explicit time step of the two-dimensional nonperiodic PDE defined by the𝑈c and𝑉𝑘
blocks. The total number of qubits is nine, with four qubits dedicated to𝑁 = 16 supporting points. Mixed boundaries are implemented
with Neumann in the first index and Dirichlet in the second.

implemented using central second-order stencils on the reflected field without applying a correction source term to the
PDE. These limitations on the boundaries are summarized for the heat equation in Table 1.

An alternative to the method of images for implementing homogeneous Neumann boundaries in the heat equation is
presented next. In particular, the LCU method described in Section 3.4 is combined with the unitary decomposition of
the nonperiodic time-marching operator from Equation (3), incorporating the corresponding boundary modifications

10 of 20 International Journal for Numerical Methods in Engineering, 2026
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TABLE 1 | Boundary conditions for Equation (1) supported by the approaches described in Section 3.5.

Homogeneous Inhomogeneous

Dirichlet reflection ✓ ✓
Neumann reflection ✓ ✗

Mixed reflection ✓ ✗

Dirichlet no-reflection ✗ ✗

Neumann no-reflection ✓ ✗

TABLE 2 | Boundary term modifications in Equation (3).

𝒃1,1 𝒃1,𝑵 𝒃𝑵,1 𝒃𝑵,𝑵

Periodic 1 − 2𝑟h 𝑟h 𝑟h 1 − 2𝑟h

Dirichlet 1 − 2𝑟h 0 0 1 − 2𝑟h

Neumann 1 − 𝑟h 0 0 1 − 𝑟h

given in Table 2, as

𝐴Neumann

1 − 2𝑟h
= 𝐼 +

𝑟h

1 − 2𝑟h
(𝑆1 + 𝑆2), (26)

with

𝑆1 =

⎡⎢⎢⎢⎢⎢⎢⎣

0 1 … 0
1 0
⋮ 0 1

1 0
0 … ⋱

⎤⎥⎥⎥⎥⎥⎥⎦
= 𝐼 ⊗ 𝑋, (27)

and

𝑆2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
0 1
1 0

0 1
1 0

⋱

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (28)

This direct embedding of the boundaries has the advantage of reducing the number of qubits required for the reflection,
while preserving the optimal success probabilities per time step with linear time scaling [19]. Analogously to periodic
cases, the LCU block encoding of 𝐴Neumann results in 𝛼 = 1, which guarantees the convergence of the cumulative success
probabilities for nonzero steady-state solutions, as shown in Section 3.4.

The method is straightforwardly extendable to arbitrary dimensions. Inhomogeneous structured grids with non-Cartesian
boundaries can be treated using the application of quantum-inspired techniques [41, 53], which allow the encod-
ing of arbitrary discrete operators into quantum circuits. These approaches are based on TT decompositions and can
represent complex geometries within the quantum framework, either using body-fitting curvilinear coordinates [54] or
using immersed boundary methods [55].

International Journal for Numerical Methods in Engineering, 2026 11 of 20
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FIGURE 9 | Three-qubit quantum circuits implementing 𝑆1 and 𝑆2 for homogeneous Neumann boundary conditions without
reflection in the one-dimensional circuit of Figure 4. (a) Quantum circuit to implement 𝑆1. (b) Quantum circuit to implement 𝑆2.

Here, one (𝑑 = 1) and two (𝑑 = 2) dimensions in strictly homogeneous Cartesian discretizations are described for the
sake of clarity. For the one-dimensional case, the identity 𝐼 and the circuits of Figure 9 for 𝑆1 and 𝑆2 are applied to
the LCU circuit of Figure 4 with the coefficients 𝜅0 = 1, 𝜅1 = 𝜅2 = 𝑟h∕(1 − 2 𝑑 𝑟h), and 𝜅3 = 0. For two dimensions, the
five unitaries 𝐼 , 𝐼 ⊗ 𝑆1, 𝐼 ⊗ 𝑆2, 𝑆1 ⊗ 𝐼 , and 𝑆2 ⊗ 𝐼 are used in the LCU circuit of Figure 5 with the coefficients 𝜅0 = 1,
𝜅1 = 𝜅2 = 𝜅3 = 𝜅4 = 𝑟h∕(1 − 2 𝑑 𝑟h), and 𝜅5 = 𝜅6 = 𝜅7 = 0.

4 | Complexity

Given a problem in 𝑑 dimensions with 𝑁 = 𝑁𝑑
x1

equidistant supporting points, the spatial information is encoded in
the quantum register using 𝑙𝑜𝑔2(𝑁) qubits for the domain discretization, ⌈log2(3 + 2(𝑑 − 1))⌉ ancilla qubits for the LCU
method, and one additional qubit per nonperiodic dimension independent of the type of boundary conditions. As a result,
the total number of qubits scales as 𝑂(log2(𝑁) + log2(𝑑) + 𝑑). Furthermore, the number of attempts required for a suc-
cessful execution of the quantum time-marching algorithm over the time horizon 𝑇 is intrinsically determined by the
inverse of the cumulative probability 𝑝c and it scales accordingly as 𝑂(||𝜙(0)||22∕||𝜙(𝑇 )||22).
The temporal evolution is implemented by sequentially applying the quantum circuits in Figures 6, 7, or Figure 8. These
quantum circuits consist of a constant number of gates per time step, and due to the absence of amplitude amplification,
the gate complexity grows linearly with the number of time steps𝑁t = 𝑇 ∕Δ𝑡. The limiting stability condition 𝑟h implies
Δ𝑡 ∝ Δ𝑥2, where 𝑁x1

∝ 1∕Δ𝑥, such that 𝑁t ∝ 𝑇𝑁2
x1

and for 𝑑 dimensions 𝑁t ∝ 𝑇𝑁2
x1
= 𝑇𝑁2∕𝑑 . Given these contribu-

tions, the implementation has a gate complexity of 𝑂((log2(𝑁) + log2(𝑑) + 𝑑)𝑇𝑁2∕𝑑). The composition of the complexity
is identical to that in Ref. [19], suppressing logarithmic terms, except for the treatment of boundary conditions, which
implies doubling𝑁 per dimension 𝑑.

Analog to the quantum algorithm, the classical implementation also scales in time with 𝑁t ∝ 𝑇𝑁2
x1

in one dimension.
For𝑁 = 𝑁𝑑

x1
supporting points distributed over 𝑑 dimensions, the classical complexity results instead in 𝑂(𝑁 𝑇𝑁2∕𝑑) =

𝑂(𝑇𝑁 (2+𝑑)∕𝑑). Comparing the exponent of the complexities, the factor of 2∕(2 + 𝑑) indicates a polynomial speed up of
the quantum algorithm over classical algorithms. As the approximation schemes in the quantum and classical imple-
mentations are identical, the underlying error of the Euler method and the second-order discretization is not taken into
account.

5 | Simulations

The quantum methods for boundary implementation described above in Section 3.5 are investigated in this section
using a state-vector simulation for the two-dimensional nonperiodic heat equation (Equation (1)). Homogeneous Neu-
mann, Dirichlet, and mixed boundaries are incorporated into the quantum time-marching framework with the method
of images, while the direct embedding of the unitary decomposition in the time-marching operator is used to implement
homogeneous Neumann conditions. For the latter, the matrix 𝐴Neumann is directly implemented with the LCU method
to advance the linear transport by the quantum time-marching framework. Note that, for the evolution of𝑁t time steps,
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the sequential execution of the circuits shown in Figures 6–8 is equivalent to an 𝑁t-sequence of 𝑈𝑐 gates, as the other
quantum gates simplify to identities.

The simulations refer to a spatial unit square 𝑥⃗ ∈ [0, 1] × [0, 1] [m]. The initial condition (𝑡 = 0) for all cases studied is
based on a two-dimensional Gaussian perturbation of the form𝜙(𝑥⃗) = exp

(
−200(𝑥1 − 0.25)2 − 200(𝑥2 − 0.25)2), placed in

the lower left corner of the unit square. The temporal error measure 𝜀 is defined by the L2-norm of the difference between
classical FD and Quantum March (QM) results, that is, 𝜀𝑡 = ||𝝓𝑡FD − 𝝓𝑡QM||2. The probability of success 𝑝𝑡 and failure 1 − 𝑝𝑡
per time step, together with the cumulative probability of success 𝑝c per simulation time interval, are also given in the
results.

5.1 | Neumann BC

This section reports the results obtained from two different implementations of homogeneous Neumann conditions along
the route outlined by the methods described in Section 3.5.

First, the method of images is applied to enforce the boundary conditions using the reflection circuit illustrated in
Figure 7. The 𝑈c gate of this circuit is defined by the controlled unitaries of the LCU circuit in Figure 5 to implement
the time-marching operator 𝐴 of Equation (3). To this end, we define 𝑈0 = 𝐼 , 𝑈1 = 𝐼 ⊗ 𝑆0, 𝑈2 = 𝐼 ⊗ 𝑆†

0 , 𝑈3 = 𝑆0 ⊗ 𝐼 ,
and 𝑈4 = 𝑆†

0 ⊗ 𝐼 , with the LCU coefficients as 𝜅0 = 1, 𝜅1 = 𝜅2 = 𝜅3 = 𝜅4 = 𝑟h∕(1 − 2 𝑑 𝑟h), and 𝜅5 = 𝜅6 = 𝜅7 = 0. Fur-
thermore, the quantum circuits given in Figure 1 are used to implement the upper and lower diagonal shifts 𝑆0 and
𝑆†

0 . The results in Figure 10 depict the QM solution of 𝝓𝑡 computed for 𝑁t = 12, 000 explicit time steps with 𝑟h = 0.2.
The even (symmetric) reflection on the three additional quadrants II, III, and IV, without the register reset by the reflec-
tion part of the circuit in Figure 7, is indicated in Figure 10a, which corresponds to 1000 time steps. The full resolution

FIGURE 10 | Comparison of QM and FD results of 𝝓𝑡 for the two-dimensional heat equation (Equation (1)) with homogeneous
Neumann boundary conditions enforced by the method of images. Results refer to 128 × 128 grid points (including reflection quadrants)
with 14 working qubits and three ancilla qubits, obtained from state-vector simulation for𝑁t = 12, 000 time steps with 𝑟h = 0.2. (a) QM
results of 𝝓𝑡 after 1000 steps for the four reflected quadrants without the uncomputation of quadrants II, III, IV, and being quadrant I
the domain of interest, (b) Temporal evolution of the algorithm probabilities in the state-vector simulation, (c) Temporal evolution of
the error measure 𝜀𝑡 w.r.t. classical FD results.
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FIGURE 11 | State-vector simulation of the two-dimensional heat equation (Equation (1)) with the homogeneous Neumann
boundary conditions embedded directly in the time-marching operator. Results show 64 × 64 grid points for quadrant I (cf. Figure 10)
with 12 working qubits and three ancilla qubits. The stability parameter is 𝑟h = 0.2 and 𝑁t = 12, 000. (a) QM results of 𝝓𝑡 for 𝑁t = 0,
300, 1000, and 12,000. (b) Temporal evolution of the algorithm probabilities in the state-vector simulation. (c) Temporal evolution of
the error measure 𝜀𝑡 w.r.t. classical FD results.

contains 128 × 128 grid points, where 𝑁 = 64 × 64 points correspond to the (non-reflected) domain of interest in the
first quadrant. A total of 17 qubits were used in these simulations, including 14 working qubits and three ancilla
qubits.

Second, the homogeneous Neumann conditions are implemented without reflection by combining the controlled uni-
taries of the LCU circuit (Figure 5) with the circuits given in Figure 9. To directly embed the two-dimensional matrix
𝐴Neumann of Equation (26), the five unitaries in the LCU circuit are defined as 𝑈0 = 𝐼 , 𝑈1 = 𝐼 ⊗ 𝑆1, 𝑈2 = 𝐼 ⊗ 𝑆2, 𝑈3 =
𝑆1 ⊗ 𝐼 , and𝑈4 = 𝑆2 ⊗ 𝐼 with the same weights 𝜅𝑘 as in the boundary reflection method. Figure 11 displays the results of
the QM simulations for an evolution of 𝝓𝑡 over 𝑁t = 12, 000 time steps, again setting 𝑟h = 0.2. Comparing the results of
Figure 10a and Figure 11a, the different color bars need to be taken into account. It should be noted that the absence of
reflection quadrants spares two qubits, maintaining the resolution of 64 × 64 discrete points with 12 working qubits and
three ancilla qubits.

The temporal evolution of the error 𝜀𝑡 reaches maximum values of approximately 10−11 in Figure 10c and Figure 11c. This
validation against classical FD unequivocally demonstrates the accuracy of the proposed QM boundary methods. Fur-
thermore, the probability of success per time step converges to 𝑝𝑡 = ||𝝓𝑡+1||22∕||𝝓𝑡||22 = 1 as the steady state is approached
because 𝛼 = 1 in the block encoding of the time-marching operator, cf. Section 3.4. The application of a nonunitary
operation to represent the irreversible diffusion dynamics of the heat equation explains the decay in the cumulative prob-
ability of success 𝑝c for the transient solution, cf. Figure 10b and Figure 11b. However, the theoretically predicted 𝑝c in
Section 3.4 converges for both methods to 𝑝c = ||𝝓𝑇 ||22∕||𝝓0||22 = 0.123, cf. Figure 10b and Figure 11b, which is intrinsic to
the problem. Although this final converged value of 𝑝c = 0.123 for the steady-state solution can only be increased at the
cost of quadratic time complexity [29], the slope of its decay during the transient stage can be adjusted by modifying the
time discretization, as Δ𝑡 determines the difference between the consecutive solutions𝝓𝑡 and𝝓𝑡+1. However, the selection
of a smaller Δ𝑡with an increase in the number of time steps will not affect the final convergence to the problem’s intrinsic
probabilities.
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5.2 | Dirichlet BC

The homogeneous Dirichlet conditions are implemented by combining the quantum circuits of Figure 5 and Figure 7.
Analogous to Section 5.1, the unitaries in 𝑈c building the time-marching operator 𝐴 of Equation (3) are selected
as, 𝑈0 = 𝐼 , 𝑈1 = 𝐼 ⊗ 𝑆0, 𝑈2 = 𝐼 ⊗ 𝑆†

0 , 𝑈3 = 𝑆0 ⊗ 𝐼 , and 𝑈4 = 𝑆†
0 ⊗ 𝐼 with the circuits of Figure 1 and the LCU

weights 𝜅0 = 1, 𝜅1 = 𝜅2 = 𝜅3 = 𝜅4 = 𝑟h∕(1 − 2 𝑑 𝑟h), 𝜅5 = 𝜅6 = 𝜅7 = 0 with 𝑑 = 2. The approach applied here differs
from the one described in Section 5.1 only in the type of reflection. The method of images maps the initial condi-
tions by applying an odd (antisymmetric) reflection. This is achieved using the 𝑍-gates in Figure 7. The full resolu-
tion is 128 × 128 with 𝑁 = 64 × 64 grid points dedicated to the quadrant of interest (quadrant I). Again, a total of 17
qubits, including three ancilla qubits, are used in the state-vector simulation of 𝑁t = 12, 000 time steps in combination
with 𝑟h = 0.2.

The results are depicted in Figure 12. This figure shows 𝝓𝑡 for four exemplary time instants (𝑁t = 0, 300,
1000 and 12, 000) of the QM temporal evolution in quadrant I (Figure 12a), the algorithm probabilities (Figure 12b),
and the error measure 𝜀𝑡 over time (Figure 12c). The validation of the method is clearly proven by the resulting
low error values, with maximums of the order of 10−13. As shown in Figure 12b, the probability of success per time
step 𝑝𝑡 converges to one. However, the cumulative probability 𝑝c vanishes as the steady-state solution is reached.
This is due to the homogeneous Dirichlet boundaries that force the steady-state solution to converge to zero, and
consequently, the numerator in 𝑝c = ||𝝓𝑇 ||22∕||𝝓0||22 also vanishes. Introducing inhomogeneous Dirichlet conditions
would resolve this issue. Nevertheless, such an approach requires shifting the entire quantum register by a con-
stant value, which is challenging to implement with universal quantum gates. To address this difficulty, TT-based
techniques can be employed to initialize the register (state preparation) [39, 40], encoding the inhomogeneity into
quantum gates.

FIGURE 12 | Benchmarking of QM results for the two-dimensional heat equation (Equation 1) with homogeneous Dirichlet
boundary conditions enforced by the method of images. Results refer to 128 × 128 grid points (including reflection quadrants) with
14 working qubits and three ancilla qubits. State-vector simulation for 𝑁t = 12, 000 time steps with 𝑟h = 0.2. (a) QM results of 𝝓𝑡

for 𝑁t = 0, 300, 1000, and 12, 000. (b) Temporal evolution of the algorithm probabilities in the state-vector simulation. (c) Temporal
evolution of the error measure 𝜀𝑡 w.r.t. classical FD results. Convergence to zero due to a vanishing steady solution.
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5.3 | Mixed BC

Finally, homogeneous mixed boundaries are simulated with the method described in Section 3.5. In the configuration
under investigation, Neumann conditions are applied to the exterior boundaries whose normal points in the 𝑥1-direction
and Dirichlet conditions are applied in the 𝑥2-direction, which implies an even (symmetric) and an odd (antisymmetric)
reflection of the initial conditions, respectively.

For the implementation, the reflection circuit of Figure 8 is combined with the unitary block 𝑈c of the LCU circuit in
Figure 5. The two-dimensional time-marching operator𝐴 of Equation (3) is constructed by means of𝑈0 = 𝐼 ,𝑈1 = 𝐼 ⊗ 𝑆0,
𝑈2 = 𝐼 ⊗ 𝑆†

0 , 𝑈3 = 𝑆0 ⊗ 𝐼 , and 𝑈4 = 𝑆†
0 ⊗ 𝐼 . To this end, the circuits of Figure 1 and the LCU coefficients 𝜅0 = 1, 𝜅1 =

𝜅2 = 𝜅3 = 𝜅4 = 𝑟h∕(1 − 2 𝑑 𝑟h), and 𝜅5 = 𝜅6 = 𝜅7 = 0 with 𝑑 = 2 are employed. The simulation covers 𝑁t = 12, 000 time
steps with the stability parameter 𝑟h = 0.2. The total spatial resolution is defined as 128 × 128 supporting points, including
the reflection quadrants II, III, IV, where 𝑁 = 64 × 64 points are used for the quadrant of interest (I), cf. Figure 10. The
employed 17 qubits are divided into 14 working qubits and three ancilla qubits.

Figure 13a depicts the temporal evolution of 𝝓𝑡 in quadrant I for four exemplary time instants, that is, 𝑁t =
0, 300, 1000 and 12, 000. There, the different effects of the boundaries on the spatial distribution of 𝝓𝑡 can clearly be
observed. As in the previous experiments, the error values in Figure 13c show excellent agreement with results obtained
from classical FD approaches, with maximum values in the order of 10−12.

Paying attention to the probabilities of success, Figure 13b illustrates the convergence of 𝑝𝑡 to unity and 𝑝c to zero. The
latter is a consequence of the steady-state solution approaching zero due to the homogeneous Dirichlet condition along
the 𝑥2-boundaries. As discussed in Section 5.2, this limitation can be addressed by solving for nonhomogeneous boundary

FIGURE 13 | QM results for the two-dimensional heat equation (Equation 1) with homogeneous mixed boundary conditions
enforced by the method of images. The horizontal direction corresponds to Neumann, while the vertical direction to Dirichlet. Results
refer to 128 × 128 grid points (including reflection quadrants) with 14 working qubits and three ancilla qubits. State-vector simulation
for𝑁t = 12, 000 time steps with 𝑟h = 0.2. (a) QM results of𝝓𝑡 for𝑁t = 0, 300, 1000, and 12, 000. (b) Temporal evolution of the algorithm
probabilities in the state-vector simulation. (c) Temporal evolution of the error measure 𝜀𝑡 w.r.t. classical FD results. Convergence to
zero due to a vanishing steady solution.
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conditions. To this end, the problem is substituted using a smooth extension, which requires adding a nonzero constant
to the initial and the boundary conditions, to recover the homogeneous solution. The construction of the corresponding
quantum gates to encode this adjustment can be implemented by TT techniques [41].

6 | Conclusion

This paper presents the complete implementation of time-marching algorithms to solve diffusion problems described by
second-order PDEs with different types of boundary conditions on fault-tolerant QCs. The proposed approaches combine
the LCU algorithm to capture the diffusive dynamics and the method of images to enforce boundaries. In particular,
the implementation of diffusion while maintaining optimal success probabilities constitutes the strongest asset of the
method. Moreover, it is noteworthy to remark that the logarithmic scaling in the number of spatial points makes the
two-fold increase in the reflection for the boundary treatment particularly cheap and efficient on a QC. In the specific
case of Neumann boundaries, the domain reflection in each nonperiodic direction is replaced by directly block encoding
the boundary into the unitary decomposition of the time-marching operator.

The presented results show unequivocally that all types of boundaries can be implemented on a fault-tolerant QC with
very high accuracy compared to classical Euler-FD discretizations. Furthermore, optimal success probabilities with linear
time scaling are demonstrated for two-dimensional simulations, while the proposed approach can straightforwardly be
extended to arbitrary dimensions. The treatment of diffusive dynamics shows potential for implementing other nonuni-
tary processes, while an application of the boundary treatment to other initial-boundary value problems in structural,
fluid, or quantum mechanics is an interesting direction of future research.
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Appendix A

LCU Circuit to Matrix

As an example of state-vector simulation, the matrix-vector operations executed by the LCU circuit of Figure 4 are illustrated here.
Starting from the initial state ||00 𝜙𝑡

⟩
= |0⟩⊗ |0⟩⊗ ||𝜙𝑡⟩ ∈ ℝ2𝑛+𝑛anc.

, (A1)

the circuit sequentially applies the quantum gates 𝑉𝑘, 𝑈0, 𝑈1, 𝑈2, 𝑈3, 𝑉
†
𝑘

, each represented by the corresponding matrix
𝑉 𝑘, 𝑈̃0, 𝑈̃1, 𝑈̃2, 𝑈̃3, 𝑉

†
𝑘
∈ ℝ2𝑛+𝑛anc.×2𝑛+𝑛anc. , evolving into the final state
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|00⟩||𝜙𝑡+1⟩+|01⟩| ∗⟩ + |10⟩| ∗⟩ + |11⟩| ∗⟩ = 𝑉 †
𝑘
𝑈̃3𝑈̃2𝑈̃1𝑈̃0𝑉 𝑘

||00𝜙𝑡
⟩
. (A2)

The matrix 𝑉 𝑘 is built with the matrices 𝑉𝑘 ∈ ℝ2𝑛anc.×2𝑛anc. and 𝐼 ∈ ℝ2𝑛×2𝑛 as

𝑉 𝑘 = 𝑉𝑘 ⊗ 𝐼 =

⎡⎢⎢⎢⎢⎢⎣
𝑉𝑘00
𝐼 𝑉𝑘01

𝐼 𝑉𝑘02
𝐼 𝑉𝑘03

𝐼

𝑉𝑘10
𝐼 𝑉𝑘11

𝐼 𝑉𝑘12
𝐼 𝑉𝑘13

𝐼

𝑉𝑘20
𝐼 𝑉𝑘21

𝐼 𝑉𝑘22
𝐼 𝑉𝑘23

𝐼

𝑉𝑘30
𝐼 𝑉𝑘31

𝐼 𝑉𝑘32
𝐼 𝑉𝑘33

𝐼

⎤⎥⎥⎥⎥⎥⎦
, (A3)

while the 00-controlled gate𝑈0, the 01-controlled gate𝑈1, the 10-controlled gate𝑈2, and the 11-controlled gate𝑈3 result in the matrices

𝑈̃0 =

⎡⎢⎢⎢⎢⎢⎣
𝑈0

𝐼

𝐼

𝐼

⎤⎥⎥⎥⎥⎥⎦
, 𝑈̃1 =

⎡⎢⎢⎢⎢⎢⎣
𝐼

𝑈1

𝐼

𝐼

⎤⎥⎥⎥⎥⎥⎦
, 𝑈̃2 =

⎡⎢⎢⎢⎢⎢⎣
𝐼

𝐼

𝑈2

𝐼

⎤⎥⎥⎥⎥⎥⎦
, and 𝑈̃3 =

⎡⎢⎢⎢⎢⎢⎣
𝐼

𝐼

𝐼

𝑈3

⎤⎥⎥⎥⎥⎥⎦
. (A4)
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