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Abstract
An efficient implementation of quantum algorithms is often hindered by the lack of efficient
primitives for operators and state preparation. This limits both the ability of near-term quantum
hardware to simulate complex problems and the potential of fault-tolerant algorithms to achieve
practical quantum advantage. To address this, we propose a framework that maps discrete oper-
ators onto compact, structured quantum circuits. The resulting variational circuits can be tai-
lored to the connectivity and long-range interaction of the target hardware. The learning process
employs backpropagation together with a cost function that efficiently optimizes unitary oper-
ators and non-unitary—dense or sparse—operators using only a single ancilla qubit for block
encoding. Additionally, we introduce a regularization term that reduces the approximation error.
The approach is validated for both quantum mechanical and engineering applications. In the for-
mer case, we learn propagators that arise in native quantum problems—such as quantum simu-
lation and quantum chemistry—and achieve improved resource scaling in comparison to stan-
dard Suzuki–Trotter expansions. In the latter case, we demonstrate the approach’s ability to imple-
ment the second-order central finite difference approximation of the Laplace operator—relevant
for solving partial differential equations—while improving upon current error metrics. The final
example deals with learning a dense, non-unitary operator that arises in the analysis of invis-
cid potential flow around an airfoil. These results motivate the extension of the framework to a
broader class of operator-synthesis problems beyond the prototypical engineering and quantum
applications considered here.

1. Introduction

Over the past decades, numerical methods for scientific computing have achieved significant
advances [1]. Nevertheless, in-depth analysis requires extensive high-performance computing resources,
as classical algorithms exhibit inherent scaling limitations as the system size increases [2]. At the same
time, the challenge of further reducing transistor sizes [3, 4] restricts performance improvements in clas-
sical hardware. In this context, quantum processing units (QPUs) offer a transformative alternative by
leveraging the exponentially large vector spaces present in many-body quantum mechanics. QPUs enable
novel computational paradigms in which quantum algorithms might achieve substantial improvements
in runtime and memory complexity, while potentially offering superior energy efficiency compared to
classical architectures [5].

Despite the great prospects of universal QPUs [6, 7], current hardware limitations prevent the obser-
vation of practical quantum advantage. Today’s noisy intermediate-scale quantum (NISQ) devices suffer
from finite coherence times, gate errors, and restricted qubit connectivity, which constrain achievable
circuit depth and significantly increase the cost of multi-qubit operations [8–10]. These hardware con-
straints limit the complexity of circuits that can be executed reliably, making compact and noise-aware
circuit design essential for near-term applications.
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Even looking beyond NISQ, early fault-tolerant devices face a distinct but equally serious challenge: a
disparity in clock speeds between classical processors and logical quantum qubits, typically estimated to
span several orders of magnitude [11]. This means that quantum algorithms must deliver sufficient algo-
rithmic speedup to compensate for this inherent slowdown, highlighting the importance of early-stage
near-hardware algorithmic design. In practice, asymptotic quantum speedups are frequently offset by
large constant prefactors arising from block-encoding overheads, quantum state preparation (QSP) costs,
and measurement complexity [11]. In the worst case, the decomposition of generic multi-qubit unitaries
and QSP requires resources that scale exponentially with the number of qubits [12], further eroding any
theoretical advantage. Practical algorithms must therefore be carefully optimized and tailored to specific
target platforms—whether superconducting [8], neutral atom [13], trapped ion [14], or photonic [15]
hardware—highlighting the critical importance of early-stage algorithmic development and hardware-
software co-design.

Quantum circuit synthesis (QCS) provides a unified framework for translating vectors and matri-
ces into quantum gate sequences, encompassing two central tasks: QSP and the programming of oper-
ators. QSP concerns the efficient loading of classical data or quantum states into a quantum register,
which is a prerequisite for many quantum algorithms. QSP circuits can be constructed through opti-
mization [16], analytically [17], or deterministically using tensor networks (TNs) [18]. In particular, ten-
sor trains (TTs) [19] -one-dimensional (1D) TNs—enable the efficient representation of weakly corre-
lated data [20–23], which can then be translated into quantum gate sequences [24–29]. The program-
ming of operators constitutes the other critical frontier in QCS, including, for example, analytical algo-
rithms [17], or variational quantum compilation, which involves efficiently executable low-depth param-
eterized quantum circuits (PQCs) [30–36]. Along this route, [30] propose a hybrid partitioning scheme
to distribute large quantum systems into subsystems, focusing on current hardware, where the recom-
bination happens classically. Similarly, [31] advance the design of bricklayer circuits to minimize circuit
depth in Hamiltonian simulations. With a particular focus on time evolution and Trotterization strate-
gies, [32–36] also address simulation of Hamiltonians, whereby [36] employs machine-learning (ML)
strategies to optimize circuit compilation tailored for two-dimensional (2D) chips.

As a more general alternative to PQCs, latest research determines the quantum gates directly [37–
45]. This transformation process entails the additional challenge of ensuring the unitarity of the resulting
gates, since—unlike when using PQCs—this is not inherently guaranteed. Such a solution based on TT
is demonstrated in [37–39] and involves TT-sweeping strategies combined with polar decomposition,
whereas [39] incorporate the adaptivity for 2D chips. Alternatively, other approaches [40–42] leverage
TT-based Riemannian optimization to build upon the underlying manifold’s structure of unitary opera-
tors. Notably, the former works demonstrate a viable alternative to Trotterization for resource optimiza-
tion by effective compression using TTs [37–42]. In addition, [42] apply Riemannian optimization to
engineering problems, thereby demonstrating the versatility and broad applicability of such approaches
beyond quantum mechanics. In [42], non-unitary dynamics are embedded into larger unitaries within
the optimization procedure; this represents an alternative to the block-encoding technique for handling
non-unitary operators, as presented in [43].

Despite the efficient realization of shallow circuits by 1D TN models [42], their limited ability to
capture the long-range correlations of the operator restricts their applicability in scientific comput-
ing or ML [28]. To address these limitations, [43] propose employing higher-dimensional TNs that
better match the 2D connectivity of certain quantum hardware architectures. In this regard, [44, 45]
advance QCS techniques for 2D quantum chips by employing higher-dimensional TNs, although the
preparation time grows exponentially with system size [44]. Integrating gate-sets to Riemannian opti-
mization is introduced by [46], who utilize brick-wall circuit layouts in conjunction with TTs for real
1D linear nearest neighbor (LNN) architectures. Notably, variational QCS for quantum hardware with
higher-dimensional connectivity or long-range programmable interactions—often realized with neutral
atoms [13] and trapped ions [14]—remains relatively unexplored, and the identification of scalable clas-
sical compression approaches is still an open problem.

Within this work, we explore QCS in a way that allows certain characteristics of quantum hard-
ware to be taken into account during the algorithmic design, specifically by restricting the qubit sup-
port of each trainable gate to a user-specified connectivity list (see section 2.2). To this end, we develop
a backpropagation-based operator learning algorithm that accommodates a given qubit connectivity
via register permutations. The algorithm itself is thus hardware-agnostic, whereas each learned cir-
cuit is specific to the supplied topology (see section 2.2.1). The approach is demonstrated for 1D and
2D topologies in section 3 and can incorporate the chip layout as well as long-range and multi-body
programmable interactions into the development of optimal quantum gates. Therefore, the current
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Figure 1. Illustration of the entire quantum operator learning approach.

implementation operates in the full operator space and does not rely on PQC or TT approaches. Non-
unitary operators are block-encoded, similar to [42, 43], but only with one additional ancilla qubit. Gate
sequences are optimized by combining an automatic differentiation-based steepest descent approach with
a projection technique based on singular-value decomposition, as it has been introduced by [27]. This
approach is inspired by the TN-based optimization algorithms from [47] and presents an alternative to
Riemannian optimization [42]. To homogenize the accuracy across the resulting operators, we introduce
an error-based regularization term into the learning procedure, which effectively reduces error outliers.
The method can be extended to TN representations using standard techniques, e.g. [39], while preserv-
ing the optimization features of the full-space approach.

The article is organized as follows. The mathematical framework, the probabilistic features, and the
computational strategy are described in sections 2.1 and 2.2. Section 2.2 also addresses the optimization
strategy and analyzes the complexity of the entire framework. Section 3 presents four applications, from
quantum mechanics, quantum chemistry, and engineering sciences. A summary and conclusions are pre-
sented in section 4. We denote arbitrary discrete vectors and matrices by Latin letters, and normalized
vectors (quantum states) are indicated by the Dirac (bra-ket) notation. For representations of quantum
systems, we employ the big-endian convention. The quantum applications are based on second quantiza-
tion, whereas the engineering applications employ amplitude encoding.

2. Methodology

In the following, we present the mathematical and computational framework that forms the basis of the
proposed methodology for mapping discrete, potentially non-square operators onto quantum hardware.
Learned operators obtained within this framework can be employed in a variety of quantum comput-
ing tasks, including quantum signal processing [43], quantum linear solvers [48] as an alternative to
Trotterized time-evolution circuits [49], incorporations into variational quantum algorithms [50–52],
and fault-tolerant algorithmic frameworks [53–55]. To this end, we consider a generic problem and out-
line a strategy to derive a gate-level representation optimized for the target quantum hardware through
efficient operator learning. An overview of the programming pipeline is illustrated in figure 1.

The synthesis begins with discretizing the target problem (see figure 1: ¬), arising in application
fields such as quantum mechanics, quantum chemistry, or engineering. The discretization yields an
operator A, e.g. representing a linear system Ax= b or a quantum time-evolution operator A≈ U(t) =
e−jHt. Since A is generally non-unitary, it is represented on quantum hardware via block-encoding into
a larger unitary operator (see section 2.1). The encoding of A into a quantum circuit is strongly influ-
enced by hardware features (see figure 1: ­), including chip architecture, qubit connectivity, gate size,
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and decoherence time. Current devices typically feature one- or 2D qubit layouts with restricted connec-
tivity, such as LNN, ladder, or square-lattice topologies.

The contribution presented here covers chip interconnection and layout, which are incorporated into
the development of optimal quantum gates. These differences are illustrated by the example in figure 1,
which depicts a 1D configuration (LNN) and a corresponding 3-qubit gate implementation of nearest
neighbor interactions. Next to it, the ladder structure with a 4-qubit gate, relying also exclusively on
nearest-neighbor interactions, exhibits comparable maximum information path lengths. In the case of
an ideal, full inter-connectivity (all-to-all connectivity) [6], arbitrarily complex, i.e. arbitrarily large, qubit
gates can be represented through local 2-qubit nearest-neighbor interactions. Notably, very few studies
have addressed this aspect to date. Most studies are based on a simple 1D LNN configuration, which
does not always reflect the reality of existing hardware. The method presented here aims to facilitate the
development of optimal quantum gates for given hardware configurations. To this end, the study also
investigates whether this significantly more flexible approach offers advantages in capturing correlations
and structures.

In the following, connectivity generally relates to the topology, the chip inter-connection, as well as
short- or long-range qubit interactions. The cost function J quantifies the approximation of the imple-
mented operator G to the target operator A, which is approximated by a sequence of fixed-body qubit
gates assembled as a sequential ansatz. The range of the gates can thereby vary from nearest neighbor
to long-range interaction. In the final step (see figure 1: ®), the derived gate sequence is brought to the
target hardware, e.g. being superconducting or ion-trap machines. Specific considerations of individ-
ual steps within the operator learning protocol follow in the next sections. A detailed description of the
mathematical framework is given in section 2.1. The learning strategy, the sequential ansatz, and the
optimization approach are part of the computational strategy, which is discussed and exploited along the
algorithm in section 2.2.

2.1. Mathematical framework
We consider a problem described by a discrete operator A ∈ CN×M : N,M ∈ N, with an arbitrary struc-
ture. As a preprocessing step, the non-square operator is embedded into a larger square operator by
setting N=M=max(N,M), where additional entries are filled with zeros. To implement the opera-
tor on a quantum device, at least ns = ⌈log2N⌉ system qubits are required, so that the dimension of
the qubit Hilbert space, 2ns , is at least as large as the operator dimension N. The number of qubits
required depends on the encoding, and additional qubits are needed when the operator is not unitary
(A†A ̸= I ̸= AA†). More precisely, a non-unitary target operator A requires an embedding into a larger
vector space, a procedure known as block encoding [10]. Block encoding is generally characterized by
the normalization factor c, the number of ancillary qubits na, and an approximation error τ . The block-
encoding on the full register n= ns + na is defined as∥∥A− cTranc [PG]

∥∥
fro
⩽τ , P= |0na⟩⟨0na | ⊗ I{ns} , (1)

where G ∈ C2n×2n is a unitary operator, I{ns} is the identity matrix of size 2ns × 2ns , Tranc[ · ] is the par-
tial trace over the ancilla sub-system and ∥ · ∥fro indicates the Frobenius norm. The complete quantum
register |0na⟩⊗ |ψ⟩ consists of the ancilla system (|0na⟩) and the computational state (|ψ⟩), and the target
operator is encoded into the space prescribed by the projector P. Since G is unitary, its block Tranc[PG]
must be a contraction, i.e. its largest singular value cannot exceed unity. This condition is ensured by
the normalization factor c⩾cideal, where cideal = σmax(A) = ∥A∥2 denotes the spectral norm of A, such
that A/cideal has a largest singular value of exactly one. In the absence of approximation errors (τ = 0),
an exact encoding Tranc[PG] = A/c is possible for any c⩾cideal, with c= cideal being the smallest admis-
sible choice. The normalization factor, however, suppresses the post-selection success probability since
the approximation A≈ cTranc[PG] implies ∥Tranc[PG] |ψ⟩∥2 ∝ c−2 [56], where ∥ · ∥ denotes the Euclidean
norm of a vector. Therefore, a small normalization factor c≈ cideal is desirable, which motivates the sta-
bilizing term introduced in equation (7). Since the success probability also depends on the state [56], we
report its average over all input states, i.e.

p(PGP) =
∥PGP∥2fro

2ns
. (2)

If A is unitary, as in the case of a Hamiltonian simulation, the block encoding using ancillas is not
required (na = 0), the projector P is the identity matrix I{n}, c= cideal = 1, and p(A) = p(G) = 1.

In this work, we consider a single-qubit block encoding na = 1. We note that our procedure can
be realized with any number of qubits, unlike other approaches [42, 43] which require a problem-
dependent number of ancilla qubits. We assume that G is a sequence of parameterized quantum gates
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expressed by a generic ansatz introduced in section 2.2. We aim to find solutions to equation (1) with
small truncation error τ . For this reason, we define the residual for two matrices A, B as

E (A,B) = A−B (3)

and the relative error as

ε(A,B) =
∥E (A,B)∥fro

∥A∥fro
. (4)

Our approach optimizes only the average error. Norms that capture the worst-case error, such as the
spectral norm, generally require iterative procedures within tensor-network implementations, whose
efficiency and convergence cannot be guaranteed at the scale required for large systems. Nevertheless,
appendix A discusses the worst-case error, as measured by the spectral norm, for the numerical results
presented in this study.

The optimization problem for learning the target operator A is defined as
min
c,G

J(c,G,A) := ∥E(A,cTranc[PG])∥2
fro

2ns (5a)

s.t.

G†G= GG† = I{n} (5b)
∥R(E(A,cTranc[PG]))∥2

fro
2ns = 0 , (5c)

where 2ns realizes a normalization, making sure that the objective remains finite with increasing system
sizes, and R is a variant of ℓ2-regularization.

The purpose of regularization is to limit error outliers, maintaining constant error magnitudes
throughout the optimization, or in other terms, that a non-zero residual E should be sufficiently
smooth. This is achieved by penalizing the objective with a filter contribution evaluated for the entries
of the matrix E . The filter is defined as a five-point stencil on two dimensions with periodic boundary
conditions, such that the regularization term defined at location ij is

R(E)ij =
(
Ei−1j + Eij−1 − 4Eij + Ei+1j + Eij+1

)
ij
. (6)

For implementation, the constrained problem (5) is reformulated as an unconstrained one. First, the
evolution of a closed quantum system is unitary. Each gate in the circuit must therefore correspond to a
unitary operator, which in turn ensures that the full circuit is unitary, as expressed in equation (5b). We
enforce this unitary constraint on the individual gates by combining a relaxation strategy with a retrac-
tion onto the unitary manifold, as described in detail in section 2.2. Second, the regularization (5c) is
handled by a penalty approach, incorporating the constant penalty term ρ ∈ R+ [57]. As a result, the
unconstrained optimization problem achieves optimality with respect to its contributions, and is explic-
itly described by

min
c,G

J (c,G,A,ρ,µ) :=
∥E (A, cTranc [PG])∥2fro

2ns
+ ρ

∥R(E (A, cTranc [PG]))∥2fro
2ns

+µc2 . (7)

The additional term µc2, with weight µ ∈ R+, penalizes large normalization factors. Without this term,
the optimization can converge to solutions with c≫ cideal. An example is presented in appendix B. For a
suitably chosen µ, we did not observe a significant loss in approximation accuracy, while such solutions
are avoided.

The solution of equation (7) is characterized by a stationary point, given by optimal controls c∗, G∗.
At this point, the partial derivatives of J w.r.t the control vanish for all variations δc, and the admissible
variations δG at G, viz.,

∂J
∂c

δc= 0 ∀δc , (∇RJ , δG) = 0 ∀δG ∈ TGU(2n) , (8)

with (·, ·) being the respective inner product of the underlying unitary manifold U(2n), and ∇R the
Riemann gradient, and TGU(2n) is the tangent space at G [58, 59]. We employ a retraction based on
the singular value decomposition (SVD) (see algorithm 2), enforcing the constraint in equation (5b).
This system of first-order optimality conditions can be directly associated with each contribution to the
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cost function. For example, the solution for c is obtained by imposing the first-order optimality condi-
tion associated with the quadratic cost function defined in equation (7) and solving equation (8) w.r.t c.
This results in an analytical expression for the normalization constant, which is

c∗ = Re

Trsys
[
A†Tranc [PG]

]
+ ρTrsys

[
R(A)† R(Tranc [PG])

]
2nsµ+ ∥PGP∥2fro + ρ

∥∥R(Tranc [PG])
∥∥2
fro

 , (9)

where Re(·) indicates the real-part. As evident from the equation above, the optimal c∗ depends directly
on G and can therefore be eliminated as a degree of freedom. The computational treatment of first-order
optimality is further addressed in section 2.2.1. An investigation of the performance of the regularizer R
is part of the numerical studies, presented in section 3.

2.2. Computational strategy
Building on the mathematical framework introduced above, this section presents the computational
implementation of the proposed operator learning approach. We employ a hybrid strategy in which gate
primitives are trained on classical hardware and the resulting operators are prepared for subsequent real-
ization on quantum devices. Accordingly, the focus here is on the treatment of the classical optimization
problem, with particular emphasis on the hierarchical optimization scheduler of section 2.2.1 and the
algorithm’s complexity specifications of section 2.2.2.

Since our algorithm is hardware-agnostic, we employ as a default ansatz a general circuit without
constraints in the layout, illustrated in figure 2. Thereby, we ensure to fit any hardware into the same
computing layout, which allows adapting to connectivity, long-range quantum gates, or other device-
specific characteristics. Furthermore, we consider a standard n-qubit register |q⟩= |q1⟩⊗ · · · ⊗ |qn⟩ ∈ C2n

and the trainable quantum circuit defined as

G=
l∏

j=1

mj∏
i=1

Gj
i , (10)

where the gates are organized into l layers, each containing mj gates. Each trainable gate Gj
i is a unitary

operator, satisfying the unitary condition (Gj
i)
†Gj

i = I , where I is the respective identity matrix, and that

acts non-trivially only on a subset of qubits G j
i = {g1, . . . ,gr} ⊆ {1, . . . ,n} .

More precisely, Gj
i is the canonical embedding into the full n-qubit Hilbert space of a local opera-

tor G̃j
i acting on the rj qubits indexed by G j

i , while acting as the identity on all remaining qubits. The

gate Gj
i is often referred to as an rj-body gate. A further classification of the gates is provided by their

range, defined as the maximum distance between any two qubits in the support G j
i . This distance is mea-

sured with respect to the placement of the qubits in the underlying hardware architecture. Consequently,
the gate sizes may range from two-qubit gates up to many-body gates acting on the entire register. To
this end, the variables l, mj and rj are explicitly set with G j

i prescribed by the user. Thereby, different
connectivity patterns can be straightforwardly implemented to model, e.g. long-range interactions or
two-dimensional lattice (2DL) structures. For example, the gate G 1

1 = G̃1
1 ⊗ I3 ⊗ . . .⊗ In is illustrated in

figure 2 where Ii ∈ R2×2 is the identity matrix associated to qubit i. The gate G 1
1 acts non-trivially only

on the first two qubits of the register, corresponding to the subset G1
1 = {1,2}. Therefore, it is a two-

body gate (r1 = 2), and for a linear hardware layout following the qubit enumeration, it is a range–2
(or nearest-neighbor) gate. Instead, the last gate Gl

ml acts on the first and last two qubits of the register
given by the subset G l

ml = {1,n− 1,n}, which makes it an rl-qubit gate (rl = 3), and for linear hardware,
therefore a long-range interacting gate. The number of gates mj in each layer and the number of qubit
supports rj, i.e. the number of qubits each gate acts on (assumed to be uniform within a layer) can be
chosen independently for each layer. This allows the approach to be adapted to external constraints, such
as the connectivity or native gate sizes of a given hardware platform.

In the following section, we describe how the trainable quantum circuit G is learned by optimizing
the non-trivial component of each trainable gate.

2.2.1. Strategy
This section focuses on the optimization strategy by which the gates G—assembled as introduced in the
previous section—are iteratively updated to minimize the objective J . Rather than utilizing Riemannian

6
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Figure 2. Illustration of an l-layer trainable quantum circuit ansatz G, see equation (10). For each gate, the subset of qubits on

which it acts non-trivially, denoted by G ji , is indicated by the closed vertices, or equivalently by its connectivity list illustrated
with curly brackets. The first layer is composed ofm1 = n− 1 nearest-neighbor two-qubit gates, whereas the lth layer consists of
ml = n− 2 three-qubit gates, of which all but the first are long-range gates.

gradient [59], we adopt automatic differentiation [27] that can be naturally extended to TN representa-
tions [60]. To this end, the presented approach employs a gradient-based optimizer, where the deriva-
tives are approximated by backpropagation through the computational graph—involving the computa-
tion of the environment tensor—as it is common in ML [61].

To reduce the computational cost, we perform the optimization at the level of the local gate prim-
itives G̃j

i, rather than using their full Hilbert-space embeddings Gj
i. This avoids manipulating exponen-

tially large matrices whenever only a few qubits are involved, leading to a substantial reduction in com-
putational overhead (see section 2.2.2). For clarity of presentation, however, we formulate the algo-
rithm below in terms of the embedded gates Gj

i. We refer the reader to [39] for the efficient gradient-
evaluation procedure based on the non-embedded gates. This modification affects only the implementa-
tion of the gradient computation, and the structure of the remaining algorithm stays unchanged.

The update of the local gate primitives then follows gate-wise in the steepest descent direction as

Ḡj
i = G̃j

i − η
∂J
∂G̃j

i

∀ i ∈
[
1,mj

]
, j ∈ [1, l] , (11)

where Ḡj
i are non-unitary local latent gates, η is the learning rate (stepsize), and ∂J /∂G̃j

i is the
Euclidean derivative. Using the Euclidean update violates the unitary constraint in equation (5b), such
that all Ḡj

i require to be corrected. This is done by a retraction, realized by performing an SVD on each
latent gate primitive, viz.,

SVD
(
Ḡj
i

)
= UΣV† → G̃j

i = UV† , (12)

where we replace the diagonal matrix of singular values Σ with the identity I ∈ R2r
j
×2r

j

, retracting the
latent gate back onto the unitary group U(2r

j
). This retraction is an approximation to the Riemannian

exponential map [58]. Although this retraction of the operator back onto the manifold of the unitary
group introduces an error, G̃j

i is, by construction, the unitary matrix closest to Ḡj
i in the Frobenius

norm [62]. More specifically, for a gate acting on rj qubits, G̃j
i ∈ U(2r

j
). Since min

G∈U(2r
j
)
∥ejϕḠ−G∥2fro =

min
G∈U(2r

j
)
∥Ḡ−G∥2fro, the gate’s global phase ϕ ∈ R does not affect the retraction error. The approach

can be understood as a polar decomposition and is inspired by the algorithm [47]. For QSP, this
approach has been recently applied in [27], where [29] highlighted improvements over Riemannian
descent methods, further motivating the protocol presented below.

With the corrected local gates, the operator programming protocol first canonically embeds the local
gate primitives G̃j

i (r
j-qubit gate) into the corresponding n-qubit Hilbert space, resulting in Ĝj

i. Secondly,

a quantum permutation S(G j
i) is applied to align with the given connectivity and hardware support G j

i ,

viz., S(G j
i)
†Ĝj

iS(G
j
i) = Gj

i. In a last step, the gate G results from equation (10), which allows to compute
the normalization c and to finally evaluate the cost-function value J .
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Algorithm 1Hierarchical optimization protocol.

Require: l, tol, maxit, G ji
1: mj←G ji {Initialize gate counts}
2: for j = 1 to l do

3: for i = 1 to mink=1,...,jmk do

4: Optimize (G̃ 1
i , . . . , G̃

j
i) by executing algorithm 2

5: end for

6: Jointly optimize {G̃ k
i : 1⩽k⩽j, 1⩽i⩽mk} by executing algorithm 2

7: end for

8: Train all gates {G̃j
i : 1⩽j⩽l, 1⩽i⩽mj} by executing algorithm 2

The optimization procedure is subordinate to a hierarchical optimization approach, which is based
on prioritizing the training of the most significant qubits first. A differential relevance among individual
qubits is particularly present using amplitude encoding, commonly employed for running scientific com-
puting problems on QCs. The hierarchical optimization procedure is detailed in algorithm 1 and builds
upon [63].

Algorithm 1 builds up the circuit layer by layer. For each layer j, the gates with index i are first opti-
mized together with the gates of the same index in all preceding layers (see algorithm 1—line 4), before
all gates of layers 1 to j are optimized jointly (see algorithm 1—line 6). Once the last layer has been
added, all gates are trained in a final global optimization (see algorithm 1—line 8). Without the hierar-
chical stages, only the final global optimization is performed, see algorithm 1—line 8. Throughout, gates
that have already been optimized but are not part of the current step are held fixed. To reduce compu-
tational effort, all gates that have not yet been optimized are excluded from the evaluation, so that the
operator learning protocol starts with a one-gate quantum circuit. Within each call of algorithm 2 (see
algorithm 1—lines 4, 6 and 8), the optimization is started for a user-defined maximum number of iter-
ations maxit and is terminated based on a user-defined tolerance tol on the objective’s derivative. The
underlying optimization procedure is summarized in algorithm 2.

For the gradient-based optimization denoted in algorithm 2—line 16, we employ two algorithms,
which are either the L-BFGS [57] or the ADAM [64] algorithm. The ADAM optimizer is particularly
advantageous for enhancing barren plateau (BP) robustness, while problems that are more likely to be
convex are addressed using the Quasi-Newton approach (L-BFGS), to reduce computational costs. In
both cases, we incorporate informed initial guesses whenever available, otherwise, the method initial-
izes the gates with identities. By omitting unused layers during backpropagation, we significantly reduce
computational costs. In combination with hierarchical learning, we observed that L-BFGS achieves
higher optimization accuracy and restricted our implementation to this optimizer. The following section
(see section 2.2.2) discusses in detail the computational complexity and scalability of the proposed
protocol.

To improve BP resilience, we incorporate multiple strategies, comprehensively reviewed in [65]. First,
the hierarchical optimization algorithm presented in algorithm 1 reduces the optimization’s sensitiv-
ity by avoiding sub-optimal local minima encountered in non-convex optimization landscapes. This
advantage is elaborated upon in [28], which implements a sophisticated strategy to mitigate BPs and
achieves improved accuracy. Second, the inclusion of developed regularization techniques shows promise
in enhancing robustness against BP phenomena. Further options for resolving BP issues include opti-
mized initial guesses, leveraging classical shadows [66], or using classically motivated surrogate mod-
els [67, 68] closely related to this work.

2.2.2. Complexity
This section analyzes the computational complexity of the proposed method. In particular, we focus on
the dominant costs arising in algorithms 1 and 2, and their implications for the subsequent quantum
hardware implementation. For comparison with the existing literature, we consider the worst case of a
constant number of gates m=maxjmj per layer and a constant gate size r=maxj rj throughout the cir-
cuit, which yields an upper bound on the resources required for the general ansatz. Throughout, r is
assumed to be as small as the desired expressivity permits, in particular sufficiently smaller than n, since
the cost of implementing an r-qubit gate grows exponentially with r. Further, we assume the global opti-
mization (see algorithm 1—line 8) as a worst-case scenario since this algorithmic step incurs the highest
computational costs. Therefore, we concentrate on estimating the cost of algorithm 2.

8
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Algorithm 2 Optimization procedure used for efficient operator learning.

REQUIRE ρ, µ, imax, jmax, A, ns, tol, maxit, G ji
1: if A†A= AA† = Ins then
2: na = 0 and P= Ins
3: else

4: na = 1 and P= |0na ⟩⟨0na | ⊗ Ins
5: end if

6: k= 0

7: Assemble S(G ji) based on connectivity list G ji
8: while ∥∂J /∂G∥> tol and k<maxit

9: Canonically embed G̃j
i as Ĝ

j
i

10: Compute Gj
i=S†(G ji)Ĝ

j
iS(G

j
i) {Apply connectivities}

11: Compute B=Tranc[PG]

12: Compute c=Re
((

Trsys[A†B] + ρTrsys[R(A)†R(B)]
)
/
(
µ2ns + ∥B∥2fro + ρ∥R(B)∥2fro

))
13: Evaluate J =∥E(A, cB)∥2fro/2ns + ρ∥R

(
E(A, cB)

)
∥2fro/2ns +µc2

14: for all Gj
i, where i⩽imax and j⩽jmax do

15: Compute required derivatives by backpropagation ∂J /∂G̃j
i

16: Apply Euclidean update Ḡj
i= G̃j

i− η∂J /∂G̃j
i using a local gradient based approach

17: Enforce constraint (5b): SVD(Ḡj
i)=UΣV† ⇒ G̃j

i = UV† {Retract onto U(2r
j

)manifold}

18: end for

19: k= k+ 1

20: end while

In the operator encoding protocol, each local gate primitive belonging to the unitary group U(2r)
is parametrized by a 2r × 2r matrix with complex-valued entries. The corresponding control vector
λ is constructed by concatenating the parameters of all gates, ordered layer-wise from top to bottom
and, within each layer, from left to right, terminating at Gm

l . Since each matrix entry can be in gen-
eral complex-valued, each entry is represented by two real parameters, i.e. λi +λi+1j, with j being the
imaginary unit. Consequently, the number of parameters per gate results in 22r+1. This number reduces
by half when the target operator is restricted to real values. If we now assume l layers with m gates per
layer and a complex-valued operator to be learned, the total number of degrees of freedom scales with
O(lm22r+1).

For evaluation of the cost function, these local gate primitives G̃j
i are canonically embedded into the

group U(2n) to perform the matrix multiplication given in equation (10). This multiplication is subject
to the computational cost of O(23n). If local primitives G̃j

i are used instead of embedded gates Gj
i, the

contraction cost can be improved to O(22n 2r). As this contraction is performed for l layers and m gates
the contraction complexity is Ccont. =O(22n 2r lm).

Another central property of the optimization procedure described in algorithm 2—line 17 is the
enforcement of the constraint (5b) by the retraction on the unitary manifold after each gradient-based
update of the local gates G̃j

i. This retraction requires computing an SVD for each gate modification, with
the computational effort for m gates and l layers scaling as CSVD =O(23r lm). Accounting for all contri-
butions during the optimization, the total cost per k iterations is

Copt = k (CSVD + Ccont.) = k lmO
(
23r + 22n 2r

)
. (13)

This computational effort is accumulated across the hierarchical optimization strategy (see algorithm 1).
However, this increase is partially mitigated by reducing the degrees of freedom within early hierarchical
steps, as discussed in section 2.2.1.

Equation (13) indicates an exponential scaling with the system size n and the gate size r. The scal-
ing with respect to n is intrinsic to any classical approach that does not rely on TN. In TN implementa-
tions, the algorithm does not scale exponentially with the system size but instead polynomially with the
complexity of the TN described by the auxiliary dimension [39]. However, the presented protocol can
rely on small multi-qubit gates and therefore can meet the hardware requirements. Therefore, individual
problems come with individual gate complexities, for which the computational resources are estimated
by equation (13).

For estimating the gate complexity Cgate, we assume that decomposing a general r-qubit gate
into CNOTs requires on the order of 4r−1 gates [69]. The total CNOT count of the circuit is then
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Figure 3. Gate complexity Cgate over number of qubits for layers l= {1 (solid), 3 (dashed), 5(dotted)} (line-type) and gate sizes
r= {2(×), 3(◦), 4(⋆)} (symbol), see equation (14).

approximately

Cgate ≈
∑
i,j

4r−1 gates, (14)

which is shown in figure 3 for different values of l and r. For a fixed or at most polylogarithmically
growing number of layers l, this count scales polylogarithmically with the operator dimension N. Note
that in this figure, the combination of l= 1(solid) with r= 2(cross) is equivalent in gate resources to a
Suzuki–Trotter (ST) first-order decomposition, see section 3.1.

Considering non-unitary operations, the approaches in [42, 43] require multiple ancilla qubits,
depending on the auxiliary dimension of the employed TN approach. Alternatively, the Linear
Combination of Unitaries (LCU) algorithm unitary decomposes a matrix A in κ unitaries employing
na = ⌈log2(κ)⌉ ancillas. Instead, the presented framework solely requires one ancilla qubit na = 1 for
non-unitary embeddings. Despite differences in ancilla requirements, the success probability derived in
equation (2) matches averaging the probability in [43], which shows an alignment with the LCU charac-
teristics, as confirmed here.

3. Applications

This section demonstrates the capabilities of the presented operator learning protocol across four differ-
ent applications, covering quantum and engineering problems. The learning process is shaped by spec-
ifications of the underlying quantum hardware, which in turn determine the final circuit architecture.
To this end, key considerations within this demonstration include the availability of short- and long-
range interaction in the quantum gates and the qubit connectivity defined by the chip architecture. First,
the section 3.1 benchmarks our framework by learning propagators arising in native quantum problems
such as the simulation of quantum many-body systems (see section 3.1.1) and quantum chemistry (see
section 3.1.2). In addition, both cases cover comparisons to standard ST expansions. Second, engineering
applications are specifically addressed in section 3.2, where we initially discuss the learning of a second-
order finite difference approximation (see section 3.2.1) and then apply the learning protocol to a prob-
lem motivated by computational fluid dynamics (CFD) (see section 3.2.2). Note that the two engineering
applications employ amplitude encoding together with the application of the regularization term given in
equation (6).

To keep the benchmark comprehensive, we restrict ourselves to constrained layouts, namely 1D
LNN and 2DL topologies. Instead of a simple line array topology (LNN), where inner qubits have two
direct neighbors, the inner qubits in the 2DL chip have four neighbor interconnections (see figure 1).
Additionally, the quantum chemistry application (see section 3.1.2) specifically addresses long-range
interacting gates. For clarity, the hardware specifications for each case are defined individually in the
corresponding section. The complexity and the accuracy of the framework are evaluated based on the
relative error, see equation (4), and the probabilistic characteristics. Appendix A assesses the ratio of the
spectral norm error ∥E(A, cTranc[PG])∥2 to the Frobenius norm error ∥E(A, cTranc[PG])∥fro for the final

10
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result of the following applications. Furthermore, all simulations have been performed on classical CPU
hardware using PyTorch, assuming perfect qubit simulation.

3.1. Quantum applications
In this section, we benchmark our algorithm on the compression of the propagator (time-evolution
operator), of the time-independent Schrödinger equation,

|ψ (t)⟩= U(t) |ψ (0)⟩ , U(t) = e−jHt , (15)

where t⩾0 denotes time, |ψ(t)⟩ ∈ C2n is a quantum many-body state encoded on n qubits, and H :
C2n → C2n is a time-independent many-body Hamiltonian acting on the corresponding Hilbert space.
Since the Hamiltonian is Hermitian, H=H †, the propagator U(t) is unitary. Accordingly, the prop-
agator A≈ U(t) is also unitary (st. A†A= AA† = I), and, therefore the operator does not require a
block-encoding to be applied on quantum hardware. As this is valid for all the applications, the success
probability stabilizer is µ= 0. These applications are based on second quantization and not on ampli-
tude encoding as they represent quantum many-body systems. Interactions are inherently local or decay
rapidly with the distance between the qubits. In this case, we disable the regularizer in the cost function
(see ρ= 0 in equation (7)).

Our benchmark problems are chosen to represent two important classes of applications: quan-
tum many-body physics (see section 3.1.1) and a quantum chemistry application (see section 3.1.2).
Although both paradigms are inherently quantum, they exhibit important structural differences. These
include variations in the interaction range, the presence of additional symmetries, and distinct connec-
tivity structures. As we discuss below, these differences lead to different requirements and strategies in
the optimization procedure. In both cases, we compare our findings with Trotterized time evolution
schemes, often employed to simulate Hamiltonian dynamics on digital quantum hardware.

3.1.1. Quantum simulation
To benchmark our approach in quantum simulations, we consider the 1D transverse-field Ising model
with an additional longitudinal field, viz.

H=−gzz

n−1∑
i=1

ZiZi+1 − gx

n∑
i=1

Xi − gz

n∑
i=1

Zi , (16)

where n again denotes the number of qubits. The operators Z= |0⟩⟨0| − |1⟩⟨1| and X= |1⟩⟨0|+ |0⟩⟨1|
correspond to the Pauli-Z and Pauli-X operators acting on the ith qubit, respectively. In our numerical
experiments, we consider system sizes n= 4–12 and set the coupling parameters to gzz = 1.0, gx = 0.8,
and gz = 0.3. These values are chosen to enable direct benchmarking against [42]. To set the time
scale in our simulations, we normalize the Hamiltonian by its spectral norm density N = ∥H∥2/n ,
and replace H by H/N . This ensures that the rescaled Hamiltonian has unit spectral norm density
∥H∥2/n= 1.

As benchmarks for compressing the propagator U(t) = e−jHt, we employ the first- and second-order
ST [49] expansions

UST1 (δt) =
n−1∏
i=1

e−jhi δt , UST2 (δt) = (UST1 (δt/2))
TUST1 (δt/2) , (17)

where (·)T denotes the matrix transpose. For a product of matrices, this reverses the ordering of the fac-
tors, i.e. (AB)T = BTAT, such that UST2 corresponds to applying the same sequence of exponentials in
reverse order followed by the forward sequence. The approximation error satisfies ε(U(δt),USTm(δt))∝
δtm+1 and the Hamiltonian densities hi are defined as

hi = fi ∀i ∈ [2,n− 2] , h1 = f1 −
gx
2
X1 −

gz
2
Z1 , hn−1 = fn−1 −

gx
2
Xn −

gz
2
Zn , (18)

where

fi =−gzzZiZi+1 −
gx
2
(Xi +Xi+1)−

gz
2
(Zi +Zi+1) . (19)
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Figure 4. Application of the learning algorithm to multiple quantum many-body scenarios and comparison against commonly
used Trotter decompositions in terms of timestep δt with constant system size n= 8 (a), system size n with constant timestep
δt= 0.1 (b), and relative error ε. Same symbols denote identical quantum resources.

We aim to compare trainable quantum circuits with ST expansions over a range of time steps δt and
different system sizes n. For this reason, we keep the quantum resources close to the Trotter’s and pick
three different trainable ansätze, viz.,

G1 =
n−1∏
i=1

Gi, Gi = (i, i+ 1) , G2 =
2∏

j=1

n−1∏
i=1

G j
i , G j

i = (i, i+ 1) ,

G3 =
n−2∏
i=1

Gi, Gi = (i, i+ 1, i+ 2) .

(20)

The ansatz G1 mirrors the gate count and topology of the first-order expansion UST1 , see
section 2.2.2. The ansatz G2 has the same gate count as UST2 but different topology. Finally, the ansatz
G3 is a 3-body generalization of the ansatz G1. All three circuits can be efficiently implemented by a 1D
LNN hardware layout. The trainable circuits (G1,G3) are always initialized from the first-order expansion
UST1(δt). The circuit G2 is similarly initialized as (UST1(δt/2))

2. Across all time steps and system sizes
tested, this initialization strategy was found to perform better than initializing the gates as identity oper-
ators. Especially, for the n= 12 instance, we found it significantly more efficient to initialize the opti-
mization from the gates obtained for the optimized n= 10 instance, rather than from UST1 . Specifically,
the two additional qubits are inserted between the qubits at positions n/2 and n/2+ 1 of the previously
optimized system. The two, three, or six (l= 2) additional gates introduced by this enlargement are then
initialized from the neighboring optimized gates of the smaller system.

We employ the learning strategy described in algorithm 1. We found that maxit = 10 steps of indi-
vidual gate optimization and maxit ∼ 103 global optimization steps provide adequate performance
across all cases considered. The learning rate is set to a constant η = 0.2, and the optimization is ter-
minated upon satisfying the convergence criterion ∥∂J /∂G∥⩽tol = 10−13.

Figure 4(a) shows the dependence of the relative error ε(U(δt),Gi), see equation (4), on the time
step δt, and compares it with that of the ST expansions in equation (17) by keeping the system size con-
stant at n= 8. The variational circuit G1 yields an improved error scaling compared to the topologically
equivalent first-order Trotter expansion UST1 . Specifically, ε(U(δt),G1)/ε(U(δt),UST1)∝ δt, indicating an
additional suppression by one power of δt. For small time steps, the error of G1 is approximately 150
times smaller than that of UST1 . For G2 and G3, the improvement over UST2 is roughly three orders of
magnitude for small time steps with fitted power-law scalings, ε(U(δt),G2)∝ δt4.26, ε(U(δt),G3)∝ δt5.14.

The approximate algebraic error scaling observed for the learned circuits suggests the existence of
topologically equivalent Trotter formulas with the same order of accuracy. Indeed, the structure of
the Ising Hamiltonian (see equation (16)) enables the construction of a second-order Trotter formula
topologically equivalent to G1. This formula is obtained by grouping the operators in the sequence
UX(δt/2)UZ(δt)UX(δt/2), where UX contains the Pauli-X terms and UZ contains all terms composed
of Pauli-Z operators. For G2 and G3, however, we did not identify Trotter formulas exhibiting the same
algebraic error scaling.
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Importantly, these results are not artifacts of fine-tuning on small systems. Figure 4(b) shows that,
at fixed time step δt= 0.1, the error remains stable across all system sizes, n= 4–12. The only excep-
tion is G2 at n= 12, where the optimization appears to become less effective. In general, our results
show a remarkable improvement and are consistent with recent related work [39, 42], indicating that the
proposed optimization can compress native quantum dynamics beyond conventional product-formula
approximations.

In a direct comparison, the G3 ansatz yields results approximately one order of magnitude bet-
ter than those reported in [42]. A corresponding comparison for the G1 and G2 ansatz is not possible
because of insufficient available data. Reference [42] additionally presents results for r= rj = 4,5-qubit
gates, for which similar improvements are expected. Furthermore, it is found that the quality of the opti-
mized circuit depends sensitively on the choice of initialization. For sufficiently small time steps δt, ST
formulas provide a natural and effective initialization. For larger time steps and system sizes, however,
this initialization becomes less reliable, and confirms the effect of improved initialization strategies.

This behavior is consistent with the Lieb–Robinson bounds [70] governing information propagation
in locally interacting quantum systems. These bounds imply that information spreads at a finite veloc-
ity that remains constant in time. As a result, for evolution times δt∼O(1), the unitary operator U(δt)
effectively entangles only qubits separated by a distance of order O(1). Consequently, the optimal gates
are not expected to be significantly affected by the addition of new qubits, provided that the system size
remains much larger than this distance. This confirms the insights found for the initialization strategy
employed for jump-starting the larger systems.

3.1.2. Quantum chemistry
In this section, we consider quantum chemistry models, whose fundamental degrees of freedom are
interacting fermionic modes rather than spins. To simulate intrinsically fermionic systems on a qubit-
based QC, the fermions need to be mapped to qubits. Fermionic creation and annihilation operators
obey anticommutation relations, mapping these Hamiltonians to qubits requires transformations such as
Jordan–Wigner or Bravyi–Kitaev [71, 72], which can introduce parity strings and nonlocal Pauli oper-
ators. This additional nonlocal structure makes their digital simulation more demanding than the spin
models considered in the previous section.

We consider the Pariser–Parr–Pople (PPP) model [73, 74] as a minimal semi-empirical description
of the π-electron sector of butadiene [75], CH2 = CH−CH= CH2. In this approximation, the active
space is restricted to the four carbon pz orbitals, Norb = 4, participating in the conjugated π system. Each
spatial orbital supports two spin states, so that the fermionic problem contains Nso = 2 ·Norb = 8 spin
orbitals.

The PPP Hamiltonian is

HPPP =−
Norb−1∑
i=1

∑
σ∈{↑,↓}

ti
(
c†iσci+1σ + c†i+1σciσ

)
+U

Norb∑
i=1

ni↑ni↓ +
Norb∑
j=2

j−1∑
i=1

Vij (ni − 1)
(
nj − 1

)
, (21)

where i, j ∈ {1, . . . ,Norb} label the carbon sites along the conjugated chain and σ,τ ∈ {↑,↓} label the spin
projections. The fermionic operators obey the canonical anticommutation relations {ciσ, c†jτ}= δijδστ ,

with {ciσ, cjτ}= {c†iσ, c
†
jτ}= 0. We define the spin-resolved number operator niσ = c†iσciσ and the total

site occupation ni = ni↑ + ni↓.
The first term of equation (21) describes hopping between neighboring pz orbitals, the second term

is the on-site Coulomb repulsion, and the third term contains long-range Coulomb repulsion with a
neutralizing background corresponding to one π electron per carbon atom. The Hamiltonian conserves
the total fermion number [HPPP,Nf] = 0, where Nf =

∑4
i ni. Butadiene is described by the half-filling

sector (Nf = 4) of the Hamiltonian.
For the numerical examples below, we adopt the standard PPP parameters for polyenes [76]:

a uniform hopping parameter ti = 2.4 eV and on-site interaction U= 11.26 eV. The long-
range Coulomb matrix elements are chosen using the Ohno interpolation formula [77] as Vij =

14.397
((

14.397
U

)2
+ dij

2
)−1/2

eV, where dij = 1.4|i− j| Å—measured in Angstrom (Å) – is assumed for

a uniform butadiene chain. We adopt the interleaved spin-orbital ordering

qubit p 1 2 3 4 5 6 7 8
spin orbital 1 ↑ 1 ↓ 2 ↑ 2 ↓ 3 ↑ 3 ↓ 4 ↑ 4 ↓ ,

to reduce the dimension of each degree of freedom to two and allow a mapping to a spin-qubit model.
We then map the fermionic operators associated with the eight spin orbitals to eight qubits using the
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Jordan–Wigner transformation [72], viz.,

ciσ =

p(i,σ)−1∏
ℓ=1

Zℓ

 Xp(i,σ) + jYp(i,σ)

2
, c†iσ =

p(i,σ)−1∏
ℓ=1

Zℓ

 Xp(i,σ) − jYp(i,σ)

2
. (22)

Thus, the qubit PPP Hamiltonian for butadiene has the form

Hqubit
PPP = Eshift +

Nso∑
p=1

hpZp +

Nso∑
q=2

q−1∑
p=1

WpqZpZq −
1

2

Nso−2∑
p=1

tp
(
XpZp+1Xp+2 +YpZp+1Yp+2

)
, (23)

where Eshift = U is a constant energy offset, tp = ti = 2.4 eV, hq =−U/4 and

Wpq =


U

4
, p= (i,↑) , q= (i,↓) ,

Vij

4
, p= (i,σ) , q= ( j, τ) , i ̸= j .

(24)

As a consequence of the interleaved ordering, the mapped Hamiltonian is at most three-local in the
Pauli representation: The Coulomb sector is diagonal and two-local, while the hopping sector is three-
local. This locality structure is important for digital simulation schemes in which native gates may act on
non-neighboring qubits but are restricted to few-body interactions.

Due to the complexity of the PPP Hamiltonian, we perform only a first-order ST expansion. The
decomposition is organized to reduce the number of elementary evolution blocks by combining terms
that can be implemented on the same few-qubit support. In particular, the three-body hopping contri-
butions are grouped with local and interaction terms that act on the same contiguous support, while
the remaining long-range density-density interactions are implemented as separate two-body gates. The
resulting first-order step is written as UST1(δt) = U3

ST1
(δt)U2

ST1
(δt) and consists of 21 gates in total. The

contribution U3
ST1

contains six three-body gates associated with the hopping terms, and U2
ST1

contains
15 two-body gates corresponding to the remaining density-density interactions, with the gate layout
specified below.

We solve the problem described above, keeping the ST resources constant and the system aligned to
n= Nso = 8. For the learning, we employ maxit = 10 steps of individual gate optimization and maxit ∼
103 global optimization steps. The learning rate has been set to η = 10−5 for short-range and η = 10−3

for long-range interaction and the gradient criterion is set as ∥∂J /∂G∥⩽tol = 10−15. This short- and
long-range interacting ansatz, illustrated for n= 8 in figure 5(a), is given by

G= G2G1, where

G1 =
1∏

j=1

n−2∏
i=1

G j
i , G j

i = (i, i+ 1, i+ 2) , G2 =
n−3∏
j=1

n−2−j∏
i=1

G j
i , G j

i = ( j, i+ j+ 2) .
(25)

Figure 5(b) compares the error of the optimized variational circuit, ε(U(δt),G), with that of the
first-order ST approximation, ε(U(δt),UST1(δt)), for several time steps δt. We initialize the learning pro-
cedure from the first-order ST expansion. We observe a consistent reduction in the error of approxi-
mately εST/εG − 1≃ 20% across the full range of time steps considered.

This improvement is appreciable, although substantially smaller than the orders-of-magnitude reduc-
tion obtained for the Ising Hamiltonian in the previous section. We attribute this difference to the lower
sparsity of the Trotterized gate generators in the PPP model, which restricts the ability of the learned cir-
cuit to improve significantly over the first-order ST initialization. We also tested extensions of the ansatz,
including an additional three-body gate layer and extra two-body gates, but did not observe a significant
improvement over the results reported here.

3.2. Engineering applications
In this section, we explore the application of the operator learning protocol to engineering problems.
The first case concerns the accurate programming of the finite-difference operator associated with the
centered second-order approximation of second derivatives, see section 3.2.1. This application is broadly
relevant across computational science and engineering, as it underlies the solution of partial differential
equations on quantum hardware.
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Figure 5. (a) Quantum circuit implementation of the butadiene PPP Hamiltonian, consisting of 21 nearest-neighbor and
long-range interaction gates. (b) Time-step-induced errors as a function of the time-step size for the ST and learned-circuit
propagators.

Secondly, in section 3.2.2, we focus on learning a dense operator that arises in CFD during the anal-
ysis of inviscid flow around a 2D airfoil, modeled using the Hess-Smith panel method [78]. Both appli-
cations employ amplitude encoding, whereby the value of the classical field at each grid point is encoded
in the amplitude of the quantum state associated with the corresponding grid-point basis state. The
operators are encoded using the big-endian notation. In this setting, local features of the classical field
may result in long-range quantum correlations. Consequently, reducing local errors in the classical field
often involves fine-tuning multiple local gates, making such errors challenging to correct. This provides
a useful benchmark for the ℓ2-regularization term in equation (6), controlled by ρ, which is actively
used in both sections. Furthermore, the success probability stabilizer µ is chosen independently for each
experiment.

Unlike the quantum mechanics applications discussed in section 3.1, the matrices encountered here
are generally non-unitary and thus necessitate block encoding. Throughout the experiments, we assess
the framework’s complexity and accuracy by analyzing relative errors, success probabilities, and compu-
tational effort.

3.2.1. Finite approximation of second derivative
In the following, we consider the prototypical problem of implementing the discretized second spa-
tial derivative, represented by the 1D Laplace operator. Without loss of generality, we assume a spatial
equidistant 1D finite difference discretization, i.e. xi+1 − xi =∆x, with 2ns supporting points i. For the
approximation of the second spatial derivative of some generic scalar field f(x), we employ a second-
order accurate central difference scheme, viz.,

∂2f

∂x2
≈ fi−1 − 2fi + fi+1

∆x2
. (26)

Furthermore, we assume homogeneous Dirichlet boundary conditions for the scalar field f(x), which
compiles the domain with non-cycling but closed boundary conditions. Rewriting equation (26)
in matrix-vector form and including the boundary conditions, results in the matrix A ∈ R2ns×2ns

defined as

A=



−2 1 0 . . . 0

1 −2 1
. . .

. . .
. . . 1 −2 1

0 . . . 0 1 −2


. (27)

Exploiting the tridiagonal Toeplitz structure, the operator A is efficiently represented by TTs with a
resource scaling of O(ns). In particular, it can be represented as a TT of ns local tensors with auxiliary
dimension R(A) = 5 for any grid size [79]. This finding [79] is applied for the initialization of the tensor
quantum programming routine in [42]. In contrast, our work goes beyond this low-bond decomposition
by leveraging correlations over all scales. Accordingly, it should be understood as an alternative learn-
ing approach (see section 1). We note that the operator in equation (27) cannot be written as a product
or a sum of operators with local (range-O(1)) operator densities. As a result, the exact encoding of the
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operator requires multi-body gates, and finding an accurate approximation by limiting the gate size is
therefore challenging.

The learned operator is assessed by the relative error and the success probability. Additionally, in this
application, the system size and the qubit connectivity are varied. The base gate size rj is estimated by
assuming an auxiliary dimension of R= 5 [79]. Therefore, we employ four-qubit gates with a gate size
r= rj = ⌈log2(R)⌉+ 1= 4, as in unitary tensor-network decompositions [42]. The number of gates per
layer is set to mj =m= n− 3, which yields overlapping gates. The number of layers has been chosen
heuristically as l= 4, since additional layers did not reduce the cost function further. As the operator A
is not unitary, we use na = 1 ancilla qubit for block encoding throughout. Furthermore, we employ a
constant ansatz emulating an LNN-fashioned topology, given by the gate layout

GLNN =
4∏

j=1

n−3∏
i=1

G j
i , G j

i = (i, i+ 1, i+ 2, i+ 3) . (28)

We also employ a variant of 2DL topology for which the ansatz is inspired by a block encoding using
quantum signal processing. Every gate in quantum signal processing (local rotation and signals) is
applied to the ancilla qubit, a feature we incorporated in our ansatz,

G2DL =
4∏

j=1

n−3∏
i=1

G j
i , G j

i = (1, i+ 1, i+ 2, i+ 3) . (29)

This ansatz particularly addresses a 2D lattice chip topology, with qubit 1 located at the center and the
remaining qubits arranged peripherally. For comparison, both ansätze use only nearest-neighbor four-
qubit gates while enabling correlations to propagate over larger length scales across the 2D lattice. If the
system size grows beyond ten qubits, the realization of G2DL requires long-range programmable hard-
ware, since all gates involve the same qubit in position 1. In the following, we assess their accuracy and
probabilistic performance, and subsequently demonstrate the hierarchical training strategy together with
the impact of regularization using the LNN ansatz.

a. Success probability and accuracy are first evaluated to characterize their scaling behavior with increasing
system size ns. The maximum number of iterations is set to maxit ∼ 103, with the final training stage
extended to maxit ∼ 104 iterations. Throughout all experiments, the learning rate is kept constant at
η = 0.02 and regularization is disabled (ρ= 0). The weight of the stabilizing term µ is adapted to the
attainable accuracy, i.e. µ= 10−18 (ns = 4), 10−15 (ns = 5), and 10−5 (ns = 6–9), such that it prevents
c≫ cideal without limiting the accuracy, see equation (9) and appendix B. In addition to the iteration
limit, convergence is determined by the gradient criterion ∥∂J /∂G∥⩽tol = 10−9. To assess the sensitiv-
ity of the learning protocol to the underlying hardware connectivity—1D versus 2D chip topologies—
the experiments compare the two ansätze (28) and (29). The corresponding results are presented in
figure 6, where Subfigures (c) and (d) illustrate representative quantum circuit implementations for
n= 6 qubits. We observe a highly accurate representation of the operator for both ansätze for system
sizes ns < 6 qubits, where crosses and circles denote the LNN and 2DL results, respectively. For both,
the accuracy reaches machine precision, while the probability of success approximately converges to the
operator’s intrinsic probability of p(A/∥A∥2)≈ 0.3734, see equation (2). As the system size increases,
performance limitations emerge for both ansätze. The error increases to values on the order of 10−2, yet
remains approximately constant with further growth of the system size. Likewise, the success probability
p exhibits only moderate variations and remains within the same order of magnitude. Overall, the results
demonstrate improvements compared to literature [42], particularly visible for smaller system sizes. The
enhancements are reflected not only in the reconstruction error (see equation (3)) but also, and more
notably, in the achieved success probabilities.

Training the discretized second derivative operator A requires the representation of long-range
interactions. For smaller system sizes, these interactions can be captured more accurately using a fixed
arrangement of 4-qubit gates. As the system size increases, the gates span progressively smaller portions
of the quantum register, thereby reducing the effective expressiveness of the ansatz. Together with poten-
tial BP issues during optimization, arising from the absence of an accurate initialization protocol, this
provides a plausible explanation for the observed behavior. Comparing the two architectures, the 2DL
ansatz outperforms the LNN approach. The differences can be attributed to the ansatz’s ability to realize
long-range interactions more effectively by coupling each gate to the first register qubit, i.e. the ancilla.
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Figure 6. Operator learning of the discrete second derivative operator for varying system sizes ns. The relative error
ε(A, cTranc[PG]) and success probability p are shown in (a) and (b), respectively. The LNN and 2DL learnable circuit architec-
tures used for n= 6 qubits are shown in (c) and (d).

b. Training strategy and regularization were introduced in section 2.2.1 and are now evaluated quantita-
tively. In the context of amplitude encoding, the ordering and structure of the gate sequence during
optimization are expected to strongly influence the learned representation. Since the ns = 5 qubit case
already exhibits excellent agreement, with errors approaching machine precision (see figure 6), the fol-
lowing analysis focuses on the more challenging ns = 6 qubit case.

To assess the influence of the optimization strategy, the matrix A for a system size of 26 is trained
under three different configurations: A) without hierarchical optimization, B) with hierarchical optimiza-
tion, and C) with hierarchical optimization and additional ℓ2-regularization.

In experiment A, the hierarchical optimization is disabled, such that only a global optimization
(see algorithm 1—line 8) is performed. In the other two experiments, B and C, the hierarchical opti-
mization stages are performed analogously, each with maxit ∼ 103 iterations. For experiment C, a regu-
larization term with weight ρ= 4×10−8 is included, yielding an additional contribution to the objective
function. For all configurations, the final optimization stage is executed with maxit ∼ 104 iterations,
and the convergence criterion on the derivative’s norm is set to ∥∂J /∂G∥⩽tol = 10−7. All experiments
employ the same numerical stability parameter for the success probabilities, viz. µ= 10−6, as well as an
identical initial learning rate of η = 0.2, which is adaptively modified within the L-BFGS optimization
procedure. Compared with the system-size study above (see figure 6), the stabilizing penalty is relaxed
from µ= 10−5 to µ= 10−6 to allow for a further gain in accuracy. The corresponding results are sum-
marized in figure 7.

The upper row of figure 7 shows the target matrix A and the learned matrix G resulting from exper-
iment C (see figure 7(b)), where the entries i, j = 1 . . .64 correspond to the encoded target operator A.
The evolution of the objective function J for all three experiments is shown in figure 7(c), where exper-
iment A terminates after approximately 2× 103 iterations, whereas experiments B and C terminate after
approximately 2× 104 iterations.

Experiment A, which employs only global optimization, achieves a reduction of less than two orders
of magnitude in the objective function. The relative error converges to ε(A, cTranc[PG])A ≈ 0.2790, while
the resulting success probability pA ≈ 0.4146 remains only slightly above the operator’s intrinsic proba-
bility of p(A/∥A∥2)≈ 0.3734, see equation (2). The limited quality of the approximation is further illus-
trated in figure 7(d), where the absolute residual satisfies |E(A, cTranc[PG])A| ∼ 10−1, see equation (3). In
contrast, the advantages of the hierarchical optimization strategy become clearly visible in experiments
B and C, as shown in figure 7(c). The discontinuous jumps in the objective function correspond to
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Figure 7. Application of the learning protocol to the discretized second derivative operator. The ground-truth operator A is
shown in (a), and the reconstructed operator obtained from the learned block encoding G of experiment C is shown in (b). The
reconstruction recovers the dominant diagonal structure of the target block Tranc[PG] in the upper-left corner, while also induc-
ing population in the remaining subblocks. Panel (c) shows the cost-function evolution for the different experiments. Panels
(d)–(f) show the corresponding absolute residuals |E(A, cTranc[PG])A|, |E(A, cTranc[PG])B|, and |E(A, cTranc[PG])C|, respec-
tively. The results demonstrate that hierarchical learning with regularization suppresses spurious noise and enhances the stability
of the recovered operator.

increases in the hierarchy level following the termination of algorithm 1—line 6. Both experiments con-
verge to a stationary point, and the hierarchical optimization strategy allows a reduction of the objec-
tive function by approximately five orders of magnitude, corresponding to an improvement of approxi-
mately four orders of magnitude relative to experiment A. The converged relative errors for experiments
B and C are ε(A, cTranc[PG])B ≈ 1.72×10−3, and ε(A, cTranc[PG])C ≈ 7.17×10−4, respectively. Their
associated absolute residual is shown in figures 7(e) and (f). Experiment C not only achieves lower over-
all error levels but also demonstrates substantially suppressed outliers. This gain in accuracy is achieved
without a loss in success probability. Experiment C achieves a success probability of pC ≈ 0.3628, com-
pared with pB ≈ 0.3597 in experiment B. Hence, with the stabilizing term active, including the regular-
ization term does not compromise the success probability.

3.2.2. Potential flow analysis
The final application deals with the steady flow around a 2D NACA 0012 airfoil. The airfoil is sub-
ject to a uniform free-stream velocity of U∞ and set at an angle of attack (AoA) α= 5◦ as depicted in
figure 8. The underlying physical model is based on an inviscid potential flow, and the numerical algo-
rithm employs a Hess-Smith panel method [78].

The physical model assumes irrotational and solenoidal velocity fields and is typically associated with
the limiting case of infinitely large Reynolds numbers, i.e. Re= U∞c̄/ν→∞, with c̄ being the chord
length of the airfoil, and ν the fluid’s kinematic viscosity. Under these assumptions, the velocity vector
can be expressed as u⃗=∇ϕ, where ϕ is a scalar potential field satisfying the Laplace equation ∆ϕ = 0
as a direct consequence of the conservation of mass. The linearity of the Laplace equation permits the
construction of flow configurations through the superposition of elementary solutions to ∆ϕ = 0, such
as uniform flow as well as sources and free vortices of unknown strength [78]. The panel method rep-
resents the flow around arbitrary geometries as superpositions of such discrete elementary solutions. In
this study, the potential ϕ is decomposed into contributions from the approaching uniform flow U∞,
sources, and a single vortex. The unknowns to be determined are the strengths of the sources and the
vortex. These are determined from the kinematic flow condition [78] and the Kutta [80] condition, the
former ensures that no flow passes through the body, while the latter guarantees that the flow leaves the
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Figure 8. Illustration of the flow around a NACA 0012 airfoil subjected to an approach flow U∞ at AoA α (left) and geometry
discretization by P panels with collocation points in the center of each panel (right).

Figure 9. Sparsity and correlation measures of the potential flow operator A ∈ RP+1×P+1. Subfigure (a) depicts the evolution of
singular values σi of the central partition matrix A♯ for multiple discretizations P= 2ns − 1. Subfigures (b), (c) show the target
matrix A for a system size P+ 1= 32 as well as the learned operator G in its block-encoded version (regularization disabled),
with the approximation to A located in the upper-left corner.

trailing edge tangentially. For this purpose, the profile geometry is discretized into P panels, with a col-
location point defined at the center of each panel where the kinematic flow condition must be satisfied,
see figure 8. To satisfy the Kutta condition, the magnitudes of the tangential velocities at the upper and
lower trailing-edge panels must match. This leads to a system of linear equations for P+ 1 unknowns (P
sources qj plus one vortex γ) for a geometry discretized by P panels, viz.

P∑
j=1

Aijqj +Ai(P+1)γ = bi : ∀i ∈ [1,P+ 1] . (30)

Since the elementary solutions essentially correspond to global ansatz functions, the matrix A is fully
populated—in contrast to matrices resulting from typical local ansatz functions.

To improve our understanding of the complexity of the matrix A, we study the singular value spec-
trum of a suitable partition of the matrix shown. Given A ∈ C2ns×2ns where 2ns = P+ 1, we bipartition
the ns-qubit Hilbert space into two subsystems of dimension d= 2ns/2. The matrix is first reshaped into
a rank-four tensor AiL,iR,jL,jR ∈ Cd×d×d×d, where iL, iR label the row indices and jL, jR label the column
indices of the two subsystems. We then realign the tensor by fusing the index pairs (iL, jL) and (iR, jR),
yielding the matrix A♯(iL,jL),(iR,jR) =AiL,iR,jL,jR . The singular-value spectrum σi studied here is the spectrum

of A♯, visualized in figure 9(a). The method employed corresponds to the Schmidt decomposition or the
realignment of A with respect to the bipartition L|R. For all investigated discretizations P= 2ns − 1 with
ns ∈ {6,8,10,12}, a significant number of sufficiently large singular values appear. This highlights the
complex structure of A and makes its exact encoding into a quantum circuit a challenge.

Figure 9(c) displays the learned matrix G for a discretization with P= 31 panels, where 16 panels are
located on the upper side (suction side) and 15 panels on the lower side (pressure side) of the airfoil.
The dense structure of the target matrix A is shown in figure 9(b) and requires ns = 5 and na = 1 qubits
for encoding.
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Figure 10. Results for the learning of an inviscid airfoil flow operator showing the evolution of the cost functional (a) – without
ρ= 0 (red) and with ρ= 10−6 (black) regularizer—and the absolute residual |E(A, cTranc[PG])| to the target matrix A without
(b) and with regularization (c).

The optimization is performed using the L-BFGS optimizer setting stepsize η = 0.02, maximum
number of iterations maxit ∼ 103 for each of the hierarchical learning sequences in algorithm 1 and
maxit ∼ 4×103 for the final training executed in algorithm 1—line 8. Furthermore, the convergence cri-
terion is defined on the gate-wise derivative of the cost function, see equation (8), as ∥∂J /∂G∥⩽tol =
10−15. Two experiments were conducted for demonstration purposes: one with regularization disabled
(ρ= 0, experiment A) and one with regularization enabled (ρ= 10−6, experiment B). In both cases, the
stabilizer for the success probability was set to µ= 0.0.

The quantum circuit is constructed out of l= 4 layers, where gate primitives are set to nearest-
neighbor r= rj = 4-qubit gates. This corresponds to the gate sequence for LNN-like chip topologies,
which has been used in the previous experiment and is visualized in figure 6(c). Additional hardware
topology constraints along the learning are not imposed, such that

G=
4∏

j=1

n−3∏
i=1

G j
i , G j

i = (i, i+ 1, i+ 2, i+ 3) . (31)

The learned operator G in its block-encoded version is shown in figure 9(c), in which the entries
i, j = 0 . . .31 correspond to an approximation to the target matrix A with regularization disabled (ρ= 0).
The convergence of the normalized cost function and the relative errors obtained with and without
regularization are displayed in figure 10. The convergence history of the objective functional displays
small fluctuations, which are due to the Wolfe-Conditions employed within the L-BFGS optimizer, and
a greater descent in experiment B. Regardless of whether regularization is used, the cost function J
decreases by more than 15 orders of magnitude. The use of amplitude encoding implies long-range qubit
interactions, as the correlations of the target operator are not aligned with those of the qubit register.
Despite this mismatch, the presented method achieves high accuracy in the learned operator with the
relative error of ε(A, cTranc[PG])A ≈ 1.78×10−9 (regularization disabled) and ε(A, cTranc[PG])B ≈ 4.10×
10−10 (regularization with ρ= 10−6), see figures 10(b) and (c). These figures show that the inclusion
of the regularization term provides an improvement, w.r.t. the maximum relative error. Furthermore,
a substantial reduction of the outliers, which reduces the relative error ε(A, cTranc[PG]), is observed in
the results. For practical calculations, the averaged success probabilities outlined in equation (2) are rel-
evant. These also improve as a result of regularization. Using a single ancilla qubit (na = 1), they stand
at p≈ 0.02766 without regularization and p≈ 0.04824 with regularization. Generally, the experiments
confirm the learning of dense and strongly correlated operators, and highlight potential to encode other
structured dense operators arising in classical scientific computing.

4. Conclusion

In this work, we introduced a hardware-agnostic variational operator-learning framework for compil-
ing discrete operators into compact quantum circuits. The method is designed to treat both unitary and
non-unitary operators, and to incorporate hardware constraints directly at the circuit-construction level,
including restricted qubit connectivity, long-range gates, and multi-qubit interaction patterns. To this
end, the algorithm maps a target operator to a trained circuit, minimizing the normalized Frobenius
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error between the two operators during training. The protocol integrates a backpropagation-based opti-
mization strategy combined with manifold retraction capable of learning unitary operators directly, while
non-unitary operators are learned through a cost-efficient block encoding. Unlike methods whose ancilla
number scales with auxiliary dimension or LCU terms, the proposed block encoding uses only one
global ancilla for non-unitary operators. Finally, the hierarchically executed learning process can incor-
porate a regularizer for smoothing residual errors in order to suppress localized outliers and improve the
learned amplitude-encoded operators.

We quantitatively assess the generality of our programming protocol across a range of application
domains, including quantum physics (many-body dynamics), quantum chemistry (butadiene molecule),
and engineering (finite-difference approximations, potential flow analysis). These examples demonstrate
that (a) the method yields compact circuit representations with higher accuracy compared to published
reference techniques, (b) operator learning can serve as a practical programming layer between classical
discretized models and quantum hardware, and (c) the protocol offers powerful capabilities for circuit
compression, thereby effectively adapting resource consumption in quantum computations to specified
constraints.

In conjunction with quantum applications, the proposed framework is evaluated using unitary time-
evolution operators, where it outperforms standard Suzuki-Trotter decompositions and exhibits lower
approximation errors in all experiments. The largest performance gains are observed for Hamiltonians
exhibiting pronounced structure and locality, where the ansatz can exploit correlations that are not effi-
ciently captured by fixed-order Trotter schemes. At the same time, the results indicate that circuit quality
depends heavily on the initialization strategy, highlighting initialization as a crucial component.

For all engineering applications examined here, accuracy close to machine precision is achieved up
to the 5-qubit instance, while requiring fewer ancilla qubits than TN-based constructions. The frame-
work successfully learned both sparse, structured and non-sparse (dense), unstructured operators. This
suggests that the approach is not restricted to sparse Hamiltonian operators and motivates its appli-
cation to more general operators, for instance, those associated with the unstructured computational
grids encountered in classical scientific computing. A principal limitation observed, particularly for
the approximation of the Laplacian, is the lack of a scalable initialization strategy. Consequently, this
remains an important aspect for future work.

The algorithm could be improved and extended in various ways. First, scalability beyond the cur-
rent implementation in the full Hilbert space requires an extension based on TNs, see, e.g. [39]. Such
a formulation would reduce the classical memory and contraction cost, at the price of restricting the
method to operators that admit efficient TN compression. Second, the circuit ansatz could be made
adaptive by adding gates according to gradient-based criteria, in the spirit of ADAPT-VQAs [81]. Related
adaptive strategies have recently shown strong performance in quantum state learning [82], and could
provide a systematic way to allocate circuit resources only where they are most effective. Third, versa-
tility can be further enhanced by investigating retraction alternatives such as QR-decomposition-based
approaches (Householder/Givens projections or Newton–Schulz iteration), and introducing an adaptive
learning rate as well as derivative-dependent regularization terms. Finally, while qubit connectivity and
device layout already enter the ansatz through the gate supports G j

i , the native gate set and the gate sizes
rj are currently fixed prior to the optimization. Including these choices directly into the optimization
problem, e.g. by adjusting connectivity lists induced by a given qubit assignment, would extend the pre-
sented algorithm to incorporate non-trivial logical-to-physical qubit maps, which constitutes an impor-
tant research direction. Beyond that, noise-aware optimization, in which the dissipative channels of the
respective hardware noise model are incorporated directly into the optimization procedure, is a promis-
ing direction for future work.

In conclusion, the four test cases presented here demonstrate the applicability of our method to
non-trivial operators arising in quantum computing and computational engineering. Extending it to a
broader class of operator programming problems is a promising direction for future research.
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Appendix A. Spectral-to-Frobenius ratio of the residual

The relative error ε(A,B), defined in equation (4) and used throughout this work to assess accuracy,
is built on the Frobenius norm. This norm measures the average, and not the worst-case, deviation
between the target A and the learned operator B. For example, a residual can have a small Frobenius
norm while still acting almost maximally wrongly on one specific input state. For a quantitative demon-
stration, we take the Frobenius norm of the residual in equation (3), where the residual is E(A,B) =
A−B with B= cTranc[PG]. To this end, assume A= I, B= I− |0⟩⟨0| of size 2n × 2n, for which the error
is ε(A,B) = 1/

√
2n and obviously decreasing with rising system size. This issue gets set into relation by

the norm inequality [84], viz.

∥E (A,B)∥fro√
N

⩽ ∥E (A,B)∥2 ⩽ ∥E (A,B)∥fro . (A1)

Herein, the worst-case error is governed by the spectral norm

∥E (A,B)∥2 = max
∥|ψ⟩∥=1

∥∥E (A,B) |ψ⟩∥∥ , (A2)

where ∥ · ∥ denotes the Euclidean norm of a vector. Equation (A2) makes the dependence on the input
state explicit, as the spectral norm is the error for the least favorable input state. The lower bound in
equation (A1) is Frobenius-norm based and corresponds to the average over input states. Averaging over
Haar-random input states gives [85]

Eψ
[∥∥E (A,B) |ψ⟩∥∥2 ]= Tr

(
E† (A,B) E (A,B)

)
N

=
∥E (A,B)∥2fro

N
. (A3)

Thus, ∥E(A,B)∥fro/
√
N is the root-mean-square error over input states. Equation (A1) is therefore the

statement that the worst case is never below, and at most
√
N times above, the average measure.

As a consequence of the discussion above, we employ the ratio of the two measures to relate the
average error to the worst-case scenario, viz.

ζ (A,B) =
∥E (A,B)∥2

∥E (A,B)∥fro
/√

2ns
=

√
2ns ∥E (A,B)∥2
∥E (A,B)∥fro

. (A4)

This ratio ζ measures how far the worst-case exceeds the average, and hence how uniformly the residual
is spread over input states. For the sake of completeness, ζ = 1 is reached when the singular values of
E(A,B) are uniform, whereas ζ =

√
N when E(A,B) is rank one, which recovers the exemplary given

situation above.
For clarity, we therefore report ζ for the optimal (converged) result of each application presented in

section 3, within the next sections.

A.1. Quantum applications
Figure 11(a) shows ζ(U(δt),∗) for the three trainable ansätze G1, G2, and G3 as a function of the num-
ber of system qubits n, with the time step fixed at δt= 0.1. These are the same simulations shown in
figure 4(b). Over the system sizes tested, ζ increases only weakly and appears to scale subexponentially
with n, in contrast to the exponential scaling of its upper bound. This suggests that error concentration
does not become more pronounced over the tested range.

Figure 11(b) shows ζ(U(δt),G) for the butadiene PPP propagator as a function of the time step δt,
with n= 8 fixed. These are the same simulations shown in figure 5(b). Here, ζ remains approximately
constant as δt varies, indicating no increase in error concentration over the time steps tested.
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Figure 11. Spectral-to-Frobenius ratio ζ(U(δt),∗) for the quantum applications, see equation (A4). Quantum Simulation
results are shown in Subfigure (a), as a function of system size n at fixed δt= 0.1, for ansätze G1, G2, G3, whereas results for
the Quantum Chemistry application, given in subfigure (b), maintain a constant system size n= 8 demonstrating the error for a
changing δt.

Figure 12. Spectral-to-Frobenius ratio ζ(A, cTranc[PG]) for the engineering applications, see equation (A4). Simulation results
for the discretized second-derivative operator are shown in Subfigure (a), as a function of system size ns, for LNN and 2DL
ansätze, whereas results for the potential flow analysis application with and without regularization are given in table (b).

A.2. Engineering applications
Figure 12(a) shows the spectral-to-Frobenius ratio ζ(A, c Tranc[PG]) for the discretized second-derivative
operator. The ratio is plotted as a function of system size ns for the LNN and 2DL ansätze, using the
simulations shown in figure 6(a). Although the ratio is considerably smaller than its upper bound, the
data are consistent with superpolynomial scaling. Oscillations in the numerical results, however, prevent
a reliable fit. No regularization is used in these simulations (ρ= 0).

Figure 12(b) reports the spectral-to-Frobenius ratio for the panel-method operator without (ρ= 0)
and with (ρ= 10−6) regularization, see section 3.2.2. In this example, regularization reduces both the
average relative error and ζ .

Overall, ζ provides a simple measure of error concentration. In most of the cases tested, minimizing
the average error yields worst-case and typical errors that do not differ substantially.

Appendix B. Influence of the normalization factor

This appendix illustrates the role of the stabilizing term µc2 in equation (7) for the discretized second-
derivative operator of section 3.2.1 with ns = 6. For this operator, cideal = ∥A∥2 ≈ 3.998. If the residual is
small, A≈ cTranc[PG], the average success probability, equation (2), behaves as

p(PGP)≈
∥A∥2fro
2ns c2

= p(A/∥A∥2)
( cideal

c

)2
, (B1)

with the operator-intrinsic value p(A/∥A∥2)≈ 0.3734, see figure 6(b). Any increase of c beyond cideal
therefore reduces the success probability quadratically.

Table 1 compares four configurations, using the same optimization settings as in section 3.2.1: (A)
no hierarchical optimization, (B0) hierarchical optimization without the stabilizing term (µ= 0), (B)
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Table 1. Normalization factor c, relative error ε(A, cTranc[PG]) and average success probability p for the discretized
second-derivative operator with ns = 6. The operator-intrinsic values are cideal ≈ 3.998 and p(A/∥A∥2)≈ 0.3734.

Configuration µ ρ c≈ ε≈ p≈

A: no hierarchical 10−6 0 3.64 2.79×10−1 0.4146

B0: hierarchical 0 0 96.74 2.07×10−3 0.0006

B: hierarchical 10−6 0 4.07 1.72×10−3 0.3597

C: hierarchical+ regularized 10−6 4×10−8 4.06 7.17×10−4 0.3628

hierarchical optimization with µ= 10−6, and (C) hierarchical optimization with µ= 10−6 and regular-
ization (ρ= 4×10−8). Configurations A, B, and C correspond to the experiments shown in figure 7.

For the inaccurate result of configuration A, c falls slightly below cideal and, consequently, p slightly
exceeds the operator-intrinsic value. This is possible because cTranc[PG] is only an approximation to the
discretized second-derivative operator, whereas the bound c⩾cideal applies to exact encodings (τ = 0),
see section 2.1. Without the stabilizing term (B0), the optimization converges to a normalization factor
c≫ cideal and, in accordance with equation (B1), to a correspondingly small success probability. Since
the residual depends only on the product cTranc[PG], a smaller block combined with a larger c repro-
duces A equally well, and the cost function provides no incentive to prefer c≈ cideal. With µ= 10−6 (B),
c remains close to cideal, the success probability increases by almost three orders of magnitude, and the
relative error is even slightly lower than for B0. Experiment C achieves lower overall error levels, while
its success probability, pC ≈ 0.3628, remains almost identical to pB ≈ 0.3597 of experiment B.
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