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ARTICLE INFO ABSTRACT

Dataset link: https://doi.org/10.15480/882.94 Knowledge of the bottom topography, also called bathymetry, of rivers, seas or the ocean is important for
03 many areas of maritime science and civil engineering. While direct measurements are possible, they are
time consuming, expensive and inaccurate. Therefore, many approaches have been proposed how to infer
the bathymetry from measurements of surface waves. Mathematically, this is an inverse problem where an
unknown system state needs to be reconstructed from observations with a suitable model for the flow as
constraint. In many cases, the shallow water equations can be used to describe the flow. While theoretical
studies of the efficacy of such a PDE-constrained optimisation approach for bathymetry reconstruction exist,
there seem to be few publications that study its application to data obtained from real-world measurements.
This paper shows that the approach can, at least qualitatively, reconstruct a Gaussian-shaped bathymetry in a
wave flume from measurements of the free surface level at up to three points. Achieved normalised root mean
square errors (NRMSE) are in line with other approaches.
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1. Introduction

Knowing topography of river beds or sea or ocean floors, also called
bathymetry, is important for many areas of science and engineering.
Two of many examples would be the prediction of meteorological
tsunamis [1] or the prediction of the circulation of hazardous mate-
rials in estuaries [2]. Knowledge of shallow water bathymetry is also
important for nautical navigation to avoid stranding.

Various methods exist to measure bathymetry. Using sonar measure-
ments from research vessels like ships or remotely operated vehicles,
the bathymetry can be measured on a width as much as twice the water
depth [3]. However, this technique is time-consuming, expensive and
there is the risk of stranding [4]. In a second technique, the bathymetry
is measured by an airborne LIDAR (Light Detection And Ranging)
system. Airborne LIDAR bathymetry systems can be used to remotely
collect accurate, high-density measurements for both bathymetry and
topography of dry areas in coastal regions [5]. However, this technique
is still expensive and only works in areas that allow flying [4]. As an
alternative approach, satellite images can be used to obtain information
about the bathymetry of areas that are difficult to reach by airplane or
boat. Depth information obtained by analysing satellite images is called
satellite derived bathymetry (SDB) [6]. Using satellites, bathymetry
information of a large area can be tracked much faster than by
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oceanographic vessels [3]. However, data quality and pre-processing
steps comprise a critical part of the SDB. Special attention is needed, for
example, regarding atmospheric effects, sun reflection, and the ripple
of the sea surface [7].

Bathymetry information can also be obtained from measurements
of the height of waves on the water surface. The advantage of this
approach is that it only requires sea surface measurements which
are often easier and cheaper to obtain than measurements of the sea
floor. Mathematically speaking, finding the bathymetry from measuring
surface waves is an inverse problem where an unknown state of a
system is being inferred from observations. There are a variety of
approaches in the literature on how to solve this inverse problem.
Many papers use a form of minimisation with forward and adjoint
models to compute a descent direction. Khan et al. [8,9] reconstruct the
bathymetry using the one-dimensional shallow water equations (SWE)
and variational assimilation. They show that using more observation
locations improves the results and that the application of a low-pass
filter on the algorithm removes small-scale noise. Furthermore, they
analyse the sensitivity of surface waves to errors in the bathymetry
reconstruction. Sanders and Katopodes [2] derive a continuous adjoint
problem from the conservation form of the shallow water equations
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with nonlinear bottom friction term and the corresponding sensitivity
equations. Cocquet et al. [10] approximate the unsteady SWE with
a Helmholtz equation and use a subspace trust-region method for
the minimisation. They consider a continuous optimisation problem
for the weak form of their steady-state equation, prove continuity
of the control-to-state operator, existence of an optimal solution and
convergence of the Finite Element approximation. Schéfer Aguilar and
Ulbrich [11] prove convergence of discretisation schemes for the ad-
joint equation of a hyperbolic conservation law with boundary control.
Riffo [12] performs reconstruction using PDE-constrained optimisation
but under assumptions for which the SWE reduce to a steady state
Helmholtz problem. Losch and Wunsch [13] use a linearised shallow
water model to reconstruct a bathymetry with a sensitivity approach.
In the dissertation of Wu [14], coastal bathymetries are inferred from
surface waves using a high-order spectral method for simulations and
a variational data assimilation method for the reconstruction. In Chap-
ter 3 of the dissertation a detailed list of references on bathymetry
reconstruction is provided.

There are also a variety of approaches that do not use an adjoint
problem. Vasan et al. [15] consider two inverse problems: Bathymetry
reconstruction from free-surface deviation and velocity as well as ve-
locity deduction from surface deviation and approximate bathymetry.
They use one reconstruction algorithm for both problems at once.
Hajduk et al. [16] discretise the SWE with (dis)continuous Galerkin
approaches and use a pseudo-time stepping scheme to reconstruct the
bathymetry. Gessese and Sellier [17,18] use a one-shot technique,
where they replace water depth over ground in the SWE by the surface
elevation and solve numerically for the difference. Drahne et al. [19]
simulate long wave run-up on a beach with a DG method and validate
with experimental data but do not consider the inverse problem. Hao
et al. [20] use machine learning based techniques developed for image
inpainting to fill in bathymetry data from measurements at the coast
or beach. Their approach can provide normalised root means square
errors (NRMSE) of around 20%. They also provide a detailed discussion
of the relevance of bathymetry reconstruction. Kar and Guha [21]
compute the bathymetry by taking time averages of velocities and
the free surface elevation using the fact that a hill in the bathymetry
creates a dip in the free surface in the case of sub-critical flow. Xie
et al. [22] use a neural network to reconstruct the bathymetry from
side scan measurements. Liu et al. [23] use a deep-learning based
surrogate model for shallow water. They solve the inverse problem with
a gradient descent method and automatic differentiation instead of a
continuous adjoint.

While there are different techniques and theoretical analyses, so
far there seem to be only few studies of how the PDE-constrained
optimisation approaches fare for real data, in particular with a contin-
uous adjoint. One notable exception is the work by Lacasta et al. [24,
25], who use a continuous adjoint of the one-dimensional SWE to
reconstruct inlet boundary conditions from experimental data in a
similar setting as ours, although their wave tank is significantly larger.
However, they treat the bathymetry as known and do not attempt to
reconstruct it.

As Khan et al. [8] state in their 2021 paper on bathymetry recon-
struction, “while the theoretical results from such models are promis-
ing, their applicability to real-world measurements has not been estab-
lished”. To our knowledge, our paper is the first attempt at demon-
strating that PDE-constrained optimisation with a continuous adjoint
can be used to reconstruct a bathymetry from real-world measurements
in an experimental setting. Both the used code [26] and data [27] are
available and allow for the reproduction of all results reported in the
paper.

2. Problem description

Fig. 1 shows a sketch of our problem setting. The aim is to recon-
struct the bathymetry b from observations of the free surface elevation
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Fig. 1. Free surface elevation H (dotted blue), bathymetry » (brown) and water depth
h. Our aim is to reconstruct b from point measurements of H.

H := h + b. We will study both simulated data and experimen-
tal measurements, generated by inserting a manufactured, roughly
Gaussian-shaped bathymetry into a wave flume. A sketch of the exper-
imental setup is shown in Fig. 2. Waves are generated at the left by a
back-and-forth motion of a spindle actuated wave flap. Four sensors are
positioned throughout the flume at increasing distance from the flap.
The bathymetry is positioned between sensor 2 and sensor 3. At the
right, a beach is installed to minimise reflections. In all simulations,
we use the readings from sensor 1 to define the left boundary condi-
tion while readings from sensors 2, 3, 4 are used to reconstruct the
bathymetry. A detailed explanation together with the data is available
for download [27]. The water depth & and the depth averaged velocity
u of a homogeneous, incompressible fluid in the flume can be modelled
by the nonlinear shallow water equations (SWE)

h hu 0
() () = ()

with a linear bottom friction term, where we set the corresponding
coefficient to k = 0.2. We experimented with more complex friction
terms as well but found the impact on the accuracy of the model
negligible. The gravitational acceleration is set to g = 9.81m/s?. Let
Q = [L, R] be the spatial domain and Q := 2 x [0,T] the space-time
domain for some final time 7.

Suppose we have an observation H,, of the surface elevation. As
we want to model waves in the flume, we need to carefully choose
the boundary conditions such that the numerical solution of the SWE
coincides with measurements obtained by the sensors. At time 7 = 0
the water is at rest. After a short time, the wave flap, see Fig. 2, starts
moving back and forth, generating almost sinusoidal waves. We use
the observation H, at sensor 1 to obtain the left boundary value for
h and thus set L = 1.5m, corresponding to the distance of sensor 1 from
the wave flap. As we use the data from the first sensor to set the left
boundary condition, data from sensors 2 to 4 is left to be used in the
objective function of the optimisation.

We observed good agreement between measurements and simula-
tion when setting the right boundary condition for the velocity u to zero
and defining the right boundary to R = 15m so that the computational
domain is longer than the actual water flume. Setting the velocity at
the boundary to form a simple wave can be beneficial for matching the
experimental data when using finite volume methods [19], but realising
this boundary condition in the used simulation framework proved to be
unstable. As the water is at rest at the start of the experiment, we set the
initial velocity to zero. In summary, the initial and boundary conditions
read

h(-,0) = Hypo(0)— b on Q (2a)
u(n0)=0 on Q (2b)
R(L,") = Hypg(L,-) = b(L) on [0,T] (20)
u(R,)=0 on [0,T]. (2d)

Note that in forward simulations during the reconstruction process, b
is the approximation to the exact bathymetry in the current iteration.
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Fig. 2. Sketch of used experimental setup using the wave flume at the Institute of Mechanics and Ocean Engineering at Hamburg University of Technology. The parameter y,; is

the flap angle.
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Fig. 3. Measured points (top) and Dedalus representation (bottom) of the bathymetry that was used in the experiment. The Dedalus representation in the lower figure was
generated by manually copying the coordinates from the data points in the upper sketch and connecting them using SciPy’s CubicSpline function.

2.1. Implementation

The numerical solution of the SWE and its adjoint is computed
with the open-source spectral solver framework Dedalus [28] written
in Python. We used a Chebyshev basis as ansatz functions and a four-
stage Runge Kutta IMEX method of third order included in the Dedalus
package. To keep computation times reasonable, we chose a relatively
coarse resolution with a grid size of M = 64 and time step of 1 x 1073 s.

The representation of the bathymetry in Dedalus was generated
by manually reading the data points in the technical sketch of the
actual bathymetry in Fig. 3 (top) and interpolating them using SciPy’s
CubicSplines function, resulting in the representation shown in Fig. 3
(bottom). Note that the representation of the manufactured bathymetry
in Fig. 3 was plotted with a much finer resolution than the one we
used for the computations. However, we emphasise that although the
two bathymetries look similar, they are not identical. This mismatch
between the actual bathymetry and its representation in the code is
part of the errors reported below, since the bathymetry reconstructed

by our algorithm is compared against the representation in Dedalus and
not the physical bathymetry.

2.2. Validation of the forward model

Fig. 4 shows the simulated surface elevation for the bathymetry
sketched in Fig. 3 (bottom) as dotted line, the average of the n =
20 measurements with bathymetry as dashed line and the two-sided
95% confidence interval [29] as grey area for three sensors. For the
computation of the confidence intervals we use the t-value 1.729 [30]
for n — 1. Note that because the generated waves change very little
between the measurements, the confidence intervals are small and
difficult to see in the plot.

Since measurements at sensor 1 provide the left boundary condition,
we naturally have perfect agreement at x = L. At sensor 2, model and
experiment are in very good agreement with both phase and amplitude
of the waves being very similar. For sensors 3 and 4, we start to see
an underestimation of amplitude in the model and a slightly too slow
wave speed. Most likely, this is due to dispersive effects not captured
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Sensor 3 at 5.5m
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Fig. 4. Measured (dashed) free surface elevation H (dashed) with 95% confidence interval (grey) and numerical simulation (dotted).

by the SWE. While using the Euler- or Navier-Stokes equations to also
model changes in density and velocity with depth would likely generate
a better match, it would also drastically increase computational cost.
Therefore, we retain the relatively cheap SWE as model which, as
we will show below, is already sufficient to provide a reasonable
reconstruction of the bathymetry. With M = 64 and a time step of
5t = 1x 1073 s, the relative #2-errors between simulated and measured
time series at sensor positions 2, 3, 4 are around 1.9x1073, 1.6x1073 and
1.3x1073. Taking a finer spatial resolution with M = 100 modes reduces
these errors only marginally to 1.2 x 1073, 1.2 x 1073 and 1 x 1073, We
therefore use M = 64 for all reconstructions for the sake of efficiency.

The information that can be used to reconstruct the bathymetry is
the difference in the free surface elevation in the presence and absence
of bathymetry. Fig. 5 shows the difference between the average of the
20 experiments with and the average of the 20 experiments without
bathymetry. Again, the 95% confidence interval is shown in grey. Here
we used the r-value 1.686 [30] for 2(n — 1), because we have a two-
sample problem with two different experiments [29]. The maximum
differences in the water depth with and without bathymetry are around
1.5mm at sensor 2 and 3 mm at sensors 3 and 4.

3. Optimisation

Bathymetry reconstruction can be formulated as a minimisation
problem with the shallow water Eq. (1) as constraint. We define a
functional that measures the error between the simulated free surface
elevation and the observation for a given bathymetry b. Let v, 48, A, 4, >
0. We define the objective functional

J(b, H) :=§ /Q(H — Hgpo)? d(x, 1) + g /Q(H(v,T) — Hgpo (-, T))? dx

A 5 Ay 5
— b d —= b d
+2/g x+2 Qxx

which consists of the L?-error in the observation plus regularisation
terms. Note that the point in time 7 has measure zero and therefore
does not contribute to the first integral in the objective functional J.
This also shows up in the discrete scheme: If the source term of the ad-
joint is discretised implicitly, the mismatch at time 7 has no influence

3

on the adjoint and thus the gradient. To have the flexibility of taking
the mismatch at the final time into account we include the second
term in the objective functional, leading to a final time condition for
the adjoint equation. We regularise to ensure well-posedness of the
PDE-constrained optimisation problem

4

min J(b, H) subject to (1).
beH ()
In this context, the SWE are called the forward model. To find a solution
of (4), we use gradient descent, and thus solve adjoint equations to
compute the gradient. Since the gradient of the bathymetry b, appears
in the SWE, we need to use the H'-gradient. We obtain the adjoint
equations using the Lagrange function [31] which in our case is defined
as

L(h,u,b,p)=J(b,H)— /(h, + (hw),)p, d(x,1)
o

- / (u, +uu, +gh, +gb, + Ku) pp d(x,1)
pt (5)
- /0 (h(L,-) — Hops(L, ) + b(L))p3 dt

- /Q (A, 0) = (Higps(,0) = B))py dx

with Lagrange multipliers p := (py, ..., py). Finding the minimum of this
function corresponds to solving (4) while partial derivatives of £ yield
the continuous adjoint equations and the L2-gradient of the objective
functional.

3.1. Adjoint problem and gradient

The adjoint equations for the SWE in quasi-linear form can be
determined using the optimality condition

Ly(h,u,b,p)p =0 Vo & CF(Q)

- (6)
L,(h,u,b,p)p =0 Vo€ C(Q).
The adjoint problem reads
Protupyy+ 8Py =7 (h+b— Hops) -

Doy +hpyx +upy =Kp;
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Fig. 5. Difference between the averages of measurements with and without bathymetry (dashed) and 95% confidence interval (grey).

with final and boundary conditions

p1(T) =5 (h(,T)+b— Hyps(-, T)) (8a)

pp(T) =0 (8b)
L,-

PL) = =5 (80

p(R,) =0, (8d)

see Appendix for the detailed derivation. Note that the division in (8c)
is meant pointwise and allowed as h(L,t) > 0 Vt € [0,T]. Let

T
0 :=/ y(h+b— Hgps) + 8py . dt
0

€©)]
+ 8 (h(.T) +b— Hyps(-T)) + Arb— Ayb, — py.
Then the H'-gradient is the solution v of the problem
v—Av=17
v(R)=0 (10)
v(L) =0.

By choosing homogeneous Dirichlet boundary conditions for (10) we
assume that the bathymetry does not change at the boundaries. As
we initialise the bathymetry with zero throughout all reconstruction
experiments in this paper we have b(L) = 0. Therefore, in (2c) we
always have A(L,-) = Hgy(L,-). A different boundary condition for
the gradient, however, could also model non-zero bathymetry at the

domain boundary.
3.2. Minimisation of the objective function

We use gradient descent for minimisation as it is easy to implement.
Given an observation of the surface elevation H,, it starts with an
initial guess for the bathymetry b. Using an adaptive step size a; found
by Armijo line search [32], the algorithm descends in the direction
of the antigradient. In each iteration of gradient descent the forward
Eq. (1) and the adjoint problem (7) need to be solved. The results and
the current bathymetry b are then used to compute the gradient v.

Our algorithm stops if the #2-norm of the gradient is smaller than a
user-defined tolerance e.

Spatial derivatives in the objective functional and the gradient are
computed with the Dedalus function Differentiate. Since Dedalus
uses a global spectral basis, derivatives of the approximations are
computed analytically in Fourier space. For the computations of the
integrals we use Simpson’s rule as provided by the SciPy function

simpson.
4. Reconstruction from simulated observations

In this section, we analyse how well the reconstruction works for
data that have been generated by the forward model. This allows us to
control noise, eliminates the effect of model error and provides a “best
case” to compare reconstruction from experimental data against. We
use the Dedalus representation of the exact bathymetry shown in Fig. 3
(bottom). To generate the observation, we compute the solution (4, u)
of (1) to (2d) for the exact bathymetry b., and determine H s = h+ bey
on the whole spatial domain. We used M 128 spatial grid points
and a time step of 5 x 107> s to compute H,,. This is a finer resolution
than the one used for forward and adjoint problem in the reconstruction
process. Using exactly the same discretisation would ignore the discreti-
sation error in the optimisation and is called an “inverse crime” that
should be avoided [33]. In order to deal with the different resolutions,
Dedalus’s change_scale function is used to interpolate between
spatial meshes and SciPy’s CubicSpline function to interpolate in
time.

Note that the bathymetries in this section are only shown for x <
10 m for better visibility. The oscillations in the interval [10m, 15 m] are

fairly small and thus negligible for the plots.

4.1. Observation on the whole spatial domain

The minimisation is performed as described in Section 3, with a
computed observation that is available on the whole spatial domain.
We set the coefficients in the objective functional (3) to y = 6 = 0.5,
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Fig. 6. Reconstructed bathymetries from simulated data with and without noise (left) and relative #2-error to exact bathymetry (right).

A, =107% and A, = 1077, For a second reconstruction from noisy data
we added normally distributed noise to the computed observation with
zero mean and a standard deviation of 5% of the highest observed
local wave amplitude. For this case, we increased the regularisation
parameter to A; = 107>, The corresponding reconstructions and relative
errors to the exact bathymetry are shown in Fig. 6. Noise in the
observation leads to some additional oscillations in the reconstructed
bathymetry. In the case without noise, the algorithm stopped early as
there was no step size found for which the update of the bathymetry
leads to a smaller value of the objective functional, indicating that the
approximated anti-gradient was no longer a descent direction. This is
most likely due to the discretisation error which is significantly larger
than in the observation. When using an observation on a coarser grid
instead, the optimisation algorithm runs until the stopping criterion
for gradient descent it satisfied. The reconstruction in Fig. 6 for the
observation without noise has a relative #2-error of around 29.44%.
In order to investigate the sensitivity of the parameters y, 4, 4;, 4,, we
did the same reconstruction using 90% and 110% of the chosen values.
This slightly changes the relative #2-error in the bathymetry to values
between 29.08% and 29.89%.

4.2. Observation at sensor positions

In order to get closer to the experimental setup, we additionally
reconstructed the bathymetry from observations only at three points
in space where there are sensors in the real experiment. Let x;, i =
l,...,m,, be the sensor positions and Hgp,,(7) the interpolated cor-
responding observations. To avoid using Dirac distributions in the
objective functional, we replace the point measurements by Gaussians
centred at the sensor positions, with maximum value equal to H ;.
The variance of the Gaussians is set to 1/0.045, making it narrow but
still somewhat wider than the distance between two adjacent points on
the grid. This changes the objective functional (3) to

mp )2 2
J(b ) =L / <Z<H(x,-,t)—Hobs,,-(t»exp <—%%>> d(x,1)
0\ =l :

m 2
5 - 1 (x—x)
+ 35 /Q <;(H(x,., T) — Hgps :(T)) exp <—§ W)) dx

A 2 /12/2
— b d = b- dx.
+2/Q x+2 Qxx

Fig. 7 shows the reconstruction for this case without noise as well as
with noise added to the observation. The parameters are the same as for
the previous case with observation on the whole spatial domain. Since
the algorithm has a lot less information to work with, the reconstructed
bathymetry is less accurate. However, with and without added noise,
the maximum of the hill is approximately at the correct position,
although the height is underestimated and the hill is somewhat smeared
out. There are also more spurious oscillations between sensor 3 and
sensor 4.

1D

5. Reconstruction from experimental observations

For the reconstruction from experimental measurements we used
the same parameters as for the optimisation from simulated observation
at sensor positions with added noise in Section 4. Fig. 8 shows the
reconstruction from the measurement data obtained by sensors 2, 3 and
4. The maximum of the reconstructed hill is at the correct position, but
second hill at x ~ 8 m has appeared. Compared to the reconstruction
from the simulated observation with added noise, the unwanted hill on
the right is larger, but the height of the hill at 4 m is minimally closer
to the exact bathymetry (0.111 m versus 0.105m). In order to measure
the quality of the reconstructions, we compare the #2- and #%- errors
as well as the normalised root mean square error (NRMSE)

1 M
M Z,‘:l(bi - bex,i)2

NRMSE = b

(12)

ex, max _ “ex, min
with M = 64 being the number of points where the representation of
the exact bathymetry b, is defined.

We show relative errors and NRMSEs of different configurations
for simulated and experimental observations in Table 1. For simulated
observation, where model errors are absent, errors increase when using
less data. However, using only sensors 2 and 3 provides a reconstruc-
tion that is almost as accurate as using all three sensors, indicating that
sensor 4 contributes little useful information. Adding noise increases
the #2- and #*-error but has little impact on the NRMSE.

For real measurements, £*-errors are comparable to those for sim-
ulated observations while #2-errors and NRMSE are higher. In contrast
to simulated observations, the lowest errors are achieved when using
only sensors 2 and 3 for reconstruction. This is likely because of the lack
of dispersive effects in the SWE and the resulting mismatch between
reality and model at sensor 4. Interestingly, Lacasta et al. [25] also
report issues with the shallow water model, although in their case the
reason is wave breaking. To put these numbers into context, for their
state-of-the-art ML-based approach, Hao et al. report NRMSE between
20.6% and 31.8% [20, Table 2] for real-world test cases. Considering
that our setup is simpler, the NRMSE of about 14% for measured
observations in Table 1 seems reasonable.

6. Conclusions

This paper analyses the performance of a PDE-constrained optimi-
sation approach with a continuous adjoint for the reconstruction of
bathymetry from experimental data. Our setup consists of a roughly
Gaussian shaped bathymetry placed in a wave flume with four sensors
providing point measurements over time. Data from the first sensor
is used to prescribe the boundary condition for the model, leaving
measurements from the remaining three sensors for the reconstruction.

To establish a baseline without the influences of modelling errors,
we first perform the reconstruction using simulated observations with
and without added noise. Then we perform the reconstruction from
experimental data using data from all three sensors, two sensors or
only a single sensor. Even though the differences in wave heights with
and without bathymetry are only a few millimetres, the approach can
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Fig. 7. Reconstructed bathymetries from simulated data at sensor positions (left) and relative #2-error to exact bathymetry (right).
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Fig. 8. Reconstructed bathymetry from measurements (left) and relative #?-error to exact bathymetry (right).

Table 1

Relative error in the #?- and #*-norm and normalised root mean squared error
(NRMSE) between reconstructed bathymetry and the model representation of the exact
bathymetry for reconstructions using data from different sensors.

Observation £2-error £ -error NRMSE

Type Used sensors

Simulated 2,3,4 57.84 35.35 10.12
2,3 59.08 34.91 10.34
2 65.60 43.33 11.48
3 89.92 67.83 15.73

Simulated + noise 2,3,4 61.53 42.75 10.76
2,3 70.42 52.07 12.32
2 67.77 55.91 11.85
3 86.77 76.89 15.18

Measured 2,3,4 93.89 51.65 16.42
2,3 83.76 51.20 14.65
2 90.43 55.64 15.82
3 97.82 59.47 17.11

provide a qualitatively correct reconstruction of the bathymetry. The
maximum of the bathymetry is placed approximately at the correct
position, even though its height is underestimated and the reconstruc-
tion is somewhat smeared out compared to the original. Achieved
normalised root mean square errors (NRMSE) of around 14% are found
to be in line with recent results from the literature for a machine
learning based approach. Our results also suggest that the quality
of the reconstruction is sensitive to sensor placement. In theory, the
optimisation approach could also be modified to also adjust sensor
placement but investigating this is left for future work. Other possible
directions for future research would be validation against the steady
state benchmark problem by Delestre et al. [34, Chapter 3.1.3-3.1.5].
However, this would require a wave flume that can produce constant
in- and outflow, which is not possible for the flap-generated waves
used here. Our approach could also be extended to the two-dimensional
shallow water equations to model variations in the cross section of the
flume. This would require the derivation of the 2D adjoint equation
as well as measures to mitigate the increase in computational cost but
could be done without substantial modifications to the approach.
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Appendix. Derivation of adjoint equations and gradient
Continuous adjoints to the nonlinear SWE have been derived be-
fore [2,24,25], but for the conservative form of the SWE and a dif-

ferent bottom friction term. Here we derive adjoint equations for the
quasi-linear form. The Lagrangian for our problem reads

L(hubp) =L /(h +b— Hype)? d(x,1)
2Jo
+9 /(h(-,T) +b— Hgg (-, T))? dx
2 Q

A 2 /12/2
— b° d —= b d
+2L x+2 b X

- / (hy + (hu),)py d(x,1) (A1)
Q
- / (u; + uu, + gh, + gb, + ku) py d(x,1)
Qo
T
—'/0 (A(L, ) = Hops(L, ) + b(L))p; dt

- / (h(-,0) = (Hops(0) = b))py dx.
Q

with Lagrange multipliers p, ...
condition

,ps- We use the necessary optimality

Vihay LC1 1, b, p) = 0 (Aa.2)

to determine the continuous adjoint. Using integration by parts we get

—_

L,(h,u,b,p)p = y/ h+b— Hobs) @ d(x,1)
Q

+6 [ (hC.T)+b— Hype(-. 7)) @(-,T) dx
—/q),pl d(x,r)—/(rpu)xpl d(x,t)—/gtﬂxpz d(x,1)
(9] Q Q

T
—/ @(L,")p; dt—/(p(~,0)p4 dx
0 Q

=y/ (h+b— Hy) @ d(x,1)
o

Ie]

+ 5/ (h(.T) + b — Hype -, T)) 9(-, T) dx
Q

-
+/(P1’1.r d(x,t)—/ [@p1], dX+/rpupl,x d(x,1)
o Q Q

T T
—/ [oup, ]} dt+/g(ﬂp2,x d(x,t)—/ [sops], dt
0 Q 0

T
—/ (L, -)ps dt—/(ﬂ(uo)m dx,
0 Q

(A.3)
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which has to be zero for all ¢ € (S(0)} due to the optimality condi-
tion (6). We obtain

/Q (v (h+b—Hyps) +p1,+upy +8pyy) @ d(x,1) =0

and, using the fundamental lemma of calculus of variations, we get the
first part of the adjoint problem

Piytupix+8py=-7 (h +b-— Hobs) . (A.4)

Now we let single conditions to the function ¢ vary in order to
determine terminal and boundary conditions for the adjoint equation.
By allowing any value for ¢(-,T) in Eq. (A.3) we get the final time
condition for the first adjoint variable

1 T) =68 (h(-,T)+ b— Hype(-, T)) . (A.5)
Without the condition ¢(-,0) = 0 we obtain

pi(0)=p,4 (A.6)
and letting (R, -) vary we get

gp(R,)) = 0. (A7)
Dropping the condition ¢(L,-) = 0 yields

p3 =u(L,)py(L,-) + gp,(L,-) (A.8)

for the Lagrange multiplier p;. The next partial derivative is

L,(hu,b,pp=— / (ho),p; d(x,1) — / (@; + W)y + k@) py d(x,1)
o o

T
R
=/h<pp1,x d(x,t)—/ [hop, ], dt+/(ppz,t d(x,1)
0 0 )

T
- / [@pa], dx+ / upp; . d(x,1)
Q o
T
R
—/ [“(PPZ]L dt—/rc(pp2 d(x,t).
0 o

(A.9)
Hence, the second part of the adjoint equation is
P+ hpyx +upy i = Kkpy. (A.10)

We let ¢(-,T) vary and obtain the terminal condition for the second
adjoint variable

n(GT)=0. (A11)
If we leave out the condition ¢(L,-) = 0, we get
u(L, )py(L,-) = —py (L, (L, )

o py(L) = _Z(é ";pz(L, 3. (A12)
Together with (A.8) this implies that
P = <g - %) (L, ). (A.13)

To rewrite the adjoint problem as an initial value problem we set
7 :=T —t and define

p(x,7) :=p(x,T —1)
h(x,7) = h(x,T — 1)
w(x,7) ==ulx, T —1).
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The time transformed adjoint problem reads

ﬁl,r - ﬁﬁl,x - gﬁz,x =7 (il +b— ﬁobs)
Prr — hPy, — Py, = —Kp,
51(.0) =6 (A(,0) + b — Hyps(-, 0))

0 =0 (A14)
.

AL = =5 L)

PR =0.

The derivative with respect to b is

T
£,(h.u, b, p)sb = y/ / (h+b—Hy) dt 5b dx
QJ0

+ 5/ (h(-\T) + b — Hy(-, T)) 6b dx
Q

T
+ ﬁI/béb dx+ﬁz/bx(5b)x dx—// gp, dt (8b), dx
Q2 Q2 QJ0
T
—/ 5b(L)p, dt—/p45b dx
0 Q

(A.15)

Now we use integration by parts. As we demand no change of the
bathymetry at the boundaries, we have §b(L) = 0 and obtain

T
Ly(h,u,b,p)éb = / </ y(h+b— Heyp) + 8Ds dt) b dx
2 \Jo

+ / (8 (h(,T) +b = Hpg(-,T)) + 4yb — Ayb. — p,) b dx.
Q

(A.16)

Thus, the L2-gradient is

T
b 1=/ y(h+b— Hgp) +8py  dt
0

(A.17)

+ 8 (h(.T) +b— Hops(-T)) + 41b = Ayb, . — py
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