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The current work investigates the effect of the nodal mass on the macroscopic mechanical behavior of nanoporous 

metals using the Finite Element Method. A nodal corrected beam modeling concept is introduced that allows 

local incorporation of the effective elastoplastic mechanical behavior of the nodal mass in the nodal area of a 

representative volume element (RVE). The calibration to the corresponding Finite Element solid model is achieved 

by integrating additional geometry and material parameters to the so-called nodal areas in the beam model. With 

this technique an excellent prediction can be achieved over a large range of deformation for different types 

of RVEs. From the results of the nodal corrected beam model, modified leading constants are determined in 

the scaling laws for Young’s modulus and yield strength. The effect of the nodal correction is also studied with 

respect to various randomization levels. Finally, the ligament size dependent strength is analyzed by applying the 

proposed model to experimental data. It could be shown that the nodal correction improves the overall agreement 

with literature data, particularly for such data points that are related to samples with a high solid fraction. 

© 2017 The Authors. Published by Elsevier Ltd. 
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. Introduction 

Nanoporous gold (NPG) made by de-alloying can be produced as

acroscopic objects that exhibit a bi-continuous network of nanoscale

ores and solid ‘ligaments ’ which are connected in nodes. The solid frac-

ion 𝜑 of the porous body is approx. 30% [1–4] . 𝜑 is used as the major

arameter in several theoretical models for predicting the macroscopic

echanical behavior of the porous materials [5–9] . The Gibson-Ashby

odel [10] , as the most commonly used one among these models is

eported to significantly overestimate the macroscopic mechanical re-

ponse of nanoporous metals [11–14] . The overestimation indicates that

he mass utilization for deformation in such a material is not as efficient

s assumed by the Gibson-Ashby structural model for open pore foams.

In a wider spectrum of attempts for understanding the extraordi-

ary mechanical responses of nanoporous metals, extensive modeling

pproaches have been conducted. Atomistic and molecular dynamics

imulations have been implemented to investigate the deformation be-

avior under tension and compression [6,15–17] . It was found that the

urface stress has a substantial impact on the tension/compression asym-

etry, anomalous compliance and early yield. The simulations reported

n [16] revealed significant stacking fault formation and dislocation ac-

umulation within the nanosized ligaments, confirming the existence
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f substantial work hardening under plastic deformation as suggested

n [8] . Further modeling work on the microstructural and continuum

evel [18,19] was conducted to explore the origin of the unusual low

oisson’s ratio observed during macroscopic compression of nanoporous

old samples. It was found that on the one hand the elastic Possion’s ra-

io is independent of the ligament size but decreases with increasing

egree of randomization through an increasing percentage of torsion of

he ligaments [18] . On the other hand, the plastic Poisson’s ratio showed

 strong dependency on the ligament size, which could be successfully

eproduced with the Deshpande–Fleck model [19] . 

Other works [20–23] that studied surface elasticity or surface bound-

ry conditions have been conducted aiming to explain the macroscopic

echanical behaviors of this material from a microscopic point of view,

ith a particular emphasis on size effects. Very recently, the signature

f the surface energy was studied by combining macroscopic compres-

ion experiments with a Finite Element beam model of a randomized

iamond structure, enriched by coaxial thin-walled tubular elements

or modeling a switchable surface stress [24] . The results showed in

onjunction with the experimental findings that, contrary to the elastic

oisson’s ratio, the plastic Poisson’s ratio responds strongly to electri-

al surface modulation. This behavior was identified as the signature

f a surface-induced tension-compression asymmetry of the flow stress
7 

 the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

https://doi.org/10.1016/j.ijmecsci.2017.10.011
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmecsci
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2017.10.011&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:jingsi.jiao@hzg.de
https://doi.org/10.1016/j.ijmecsci.2017.10.011
http://creativecommons.org/licenses/by-nc-nd/4.0/


J. Jiao, N. Huber International Journal of Mechanical Sciences 134 (2017) 234–243 

a  

e  

m  

e  

d  

m  

c  

t

 

p  

b  

n  

s  

t  

s  

m  

c  

c  

i  

o  

M  

p  

t  

n

 

v  

fi  

b  

n  

t  

b  

c  

l  

w  

T  

s  

r  

t  

f  

t

 

fi  

t  

t  

i  

m  

w  

l  

t  

f  

d  

t  

b  

m  

l  

f  

u  

t  

a  

o  

b  

d  

s  

I  

p  

r

 

i  

t  

h  

r  

d  

n  

i

 

o  

c  

i  

l  

n  

l  

e  

t  

c  

c  

l  

i  

T

2

 

w  

i  

d  

w  

n  

a  

t

 

t  

a  

m  

d  

h  

a  

o  

R

2

 

F  

p  

T  

c  

m  

w  

n  

A  

v  

i  

b  

o  

d  

[  

b

 

m  

s  

m  

a  
t the level of individual ligaments. In summary, the discussed highly

fficient Finite Element beam models provide valuable insights into the

echanisms that control macroscopic strength and modulus, as well as

lastic and plastic Poisson’s ratio in dependence of solid fraction, ran-

omization and surface energy. Further work should be aimed towards

odeling structures that are more realistic. To begin with, the local in-

orporation of the nodal mass into the structure appears to be among

he most relevant points. 

Attempts for interpreting the significant discrepancy between the

rediction of Gibson-Ashby model and experimental results have also

een the scope of the recent researches. In the works of [8,9,12,25] , the

etwork structure was significantly simplified to unit cell structures,

uch as cubic, diamond or three-point bending beam. In extension to

he Gibson-Ashby model, an additional parameter that incorporates the

ize of the nodes connecting the ligaments is introduced in these refined

odels. The extra mass of the nodes is investigated regarding the cal-

ulation of the solid fraction 𝜑 and the mechanical response of the unit

ell. It is concluded that the nodal mass should be counted as another

mportant factor that is associated with the relation between aspect ratio

f the ligaments, solid fraction and macroscopic mechanical properties.

ore specifically, it was indicated that the discrepancy between the ex-

erimental measurements and the Gibson-Ashby model prediction is due

o that there is a massive mass accumulated at the nodes, which does

ot contribute to the elastic deformation of the unit cell [9,12,25] . 

The effect from the nodes on the elastic-plastic deformation was in-

estigated by comparing results from finite element simulations for a

nite element solid model with spherical nodes and a finite element

eam model, that reduces the nodes to a coupling constraint of the con-

ected beam elements, based on the diamond unit cell [8] . It was found

hat the elastic stiffening caused by the nodes is partially compensated

y the effect of increasing shear deformation for thick ligaments. Con-

erning the plastic deformation behavior, the shortening of the ligament

ength due to the nodal mass was identified as an important effect that

as incorporated as a correction factor in the proposed scaling laws.

hus, for the scaling law of the macroscopic mechanical behavior, the

tructural arrangement of the ligaments is not the only influential pa-

ameter; the different approaches for modeling the nodes in terms of

heir contribution to the solid fraction as well as elastic and plastic de-

ormation behavior will also lead to different scaling laws compared to

he Gibson–Ashby model. 

The studies on nanoporous metals cannot be restricted to a simpli-

ed, geometrically perfect unit cell structure, due to that the real struc-

ure of nanoporous metals is a spatial network structure with complex

opological and morphological characteristics [7,13,26,27] . In order to

nvestigate the structural parameters and obtain a more realistic defor-

ation of the ligaments, highly generalized beam elements are used,

hich offer excellent computational efficiency even with thousands of

igaments modeled in a representative volume element (RVE). Based on

he diamond lattice structure that was established in the work of [8] and

urther refined by [29] , the effects of ligament shape variation and ran-

omization on the various deformation modes of bending, torsion, and

ension/compression was investigated [18] . It could be shown, that the

eam element B31 in ABAQUS [28] is capable of capturing all funda-

ental deformations for even thick beams with a ligament radius to

ength ratio, r / l , up to 0.5 corresponding to a solid fraction of 69%. So

ar one remaining drawback of the RVE built from beam elements is the

nsolved question of how to model the mass in the nodal areas, because

he ligaments in the model are conjugated at virtual nodes. This leads to

 larger compliance and lower strength of the beam model. In the study

f [29] , a correction of the macroscopic yield strength was considered

y increasing the yield strength of the solid phase by a factor that was

erived from the available lever for bending of the ligament which is

hortened by the nodal mass, based on the correction derived in [8] .

t is however unclear, how accurate and how general this approach is,

articularly when the RVE has increasing complexity through adding

andomization or variations of ligament shape. 
235 
In the current work, a modeling concept is proposed to address the

ssue of modeling the connecting nodes without losing the advantages of

he beam model. More specifically, the elastic-plastic response of a tetra-

edron building block modeled with beam elements is adjusted with

espect to the mechanical responses of a corresponding solid model un-

er bending deformation. For the calibration, the beam elements in the

odal area are assigned with parameters defining geometry and mechan-

cal properties that can differ from those of the ligaments. 

The integration of these so-called nodal beam elements into the RVE

f [29] aims at predicting both elastic and plastic mechanical behavior

omparable to the RVE that is built with solid elements and correctly

ncludes the nodal deformation behavior. Furthermore, the scaling re-

ations between the solid fraction 𝜑 and the elastic-plastic properties of

anoporous metals based on the nodal corrected beam model are ana-

yzed and compared to previous studies. Gibson-Ashby scaling laws for

lasticity and plasticity with modified leading constants are proposed

hat incorporate the effect of the nodal mass on the macroscopic me-

hanical response. The role of the nodal mass on the macroscopic me-

hanical response is also analyzed with respect to various randomization

evels. Finally, the ligament size dependent strength of nanoporous gold

s determined by applying the proposed model to experimental data.

he results are discussed in the light of previous studies [29] . 

. Extension of the beam model 

The goal of this section is to develop a RVE built with beam elements,

here the mechanics of the connecting nodes is physically and locally

ncluded in each of the nodes of the beam structure. It shall serve for pre-

icting the elastic-plastic macroscopic response of a nanoporous metal

ith high computational efficiency. This approach would allow elimi-

ating the phenomenological correction factor that has limited accuracy

nd does not allow considering effects of local structural variations in

he vicinity of the nodes. 

In what follows, a beam nodal correction approach will be proposed

hat is based on a tetrahedron structure – the building block of the di-

mond structure – that allows studying the mechanical response on a

ore advanced level compared to a single ligament RVE. The tetrahe-

ron structure serves for adjusting the elastic-plastic deformation be-

avior of the beam model in relation to a solid model of same geometry

gainst bending. The approach will be validated with respect to torsion

n the level of the tetrahedron structure and, in a second step, for larger

VEs that are compared to solid RVEs. 

.1. Tetrahedral building block 

A tetrahedron structure consisting of four ligaments is sketched in

ig. 1 . It serves as the fundamental building block for the RVE, pro-

osed by [8] . Fig. 1 a shows the structure modeled with solid elements.

he geometry consists of the nodal area in form of a spherical mass

onnected with four ligaments, of which only half of the ligament is

odeled. Fig. 1 b demonstrates the equivalent structure that is modeled

ith beam elements. The ligaments are connected by their common

ode via linking all displacement and rotational degrees of freedom.

s the nature of the beam model, the nodal area contains intersecting

olumes of the ligaments. Thus, the solid fraction has to be calculated

ndependent of the volume of the elements in the finite element model

ased on the initial geometry shown in Fig. 1 a. While the calculation

f the solid fraction can be easily carried out for the perfectly ordered

iamond structure [8] and also for the randomized diamond structure

29] , the correct mechanical response requires a modification of the

eam model. 

As bending is the dominant deformation mechanism in nanoporous

etals, the calibration of the model parameters will be carried out for

uch a deformation. This is achieved by applying a transverse displace-

ent w at the end of the top ligament while fixing the other three lig-

ment ends in space (shown in Fig. 1 a and b). The following approach
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Fig. 1. Geometry of the tetrahedron building block for (a) solid model and (b) beam model. 

Fig. 2. Parameters defining the geometry of the ligament-nodal structure (a) solid model and (b) beam model. 

Table 1 

Geometry parameters and resulting solid fractions for simulations with variation of r / l and c R . 

r / l = 0.19 r / l = 0.25 r / l = 0.31 

c R = 1 c R = 1.05 c R = 1.1 c R = 1 c R = 1.05 c R = 1.1 c R = 1 c R = 1.05 c R = 1.1 

𝜑 = 0.126 𝜑 = 0.127 𝜑 = 0.129 𝜑 = 0.207 𝜑 = 0.210 𝜑 = 0.214 𝜑 = 0.301 𝜑 = 0.307 𝜑 = 0.313 
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ims at adjusting geometrical and material parameters of the beam ele-

ents in the nodal area, such that the mechanical response of the beam

odel is equivalent to that of the solid model. 

For introducing the geometrical parameters of the modified beam

odel, one ligament with its connecting node is schematically shown in

ig. 2 a and b. For the solid model in Fig. 2 a, the parameters R and l n 
re the nodal radius and the length between nodal center and the end of

he ligament attached to the node, respectively. In the nodal corrected

eam model, shown in Fig. 2 b, 𝑟 ∗ 
𝑛 

and 𝑙 ∗ 
𝑛 

are adjustable geometrical

arameters describing the larger cross-section of the beam elements in

he nodal area and the length between the node center and the end of the

igament, respectively. The ligament radius r and ligament length l that

s defined as the distance between the two node centers, are common

arameters for the solid model and the beam model. Another parameter

 R is introduced, which is a constant governing the adjustable nodal

ass by linking the ligament radius r and nodal radius R in the form of

 = 

√
3∕2 𝑐 𝑅 ⋅ 𝑟 [8] . 

All the calculations in the study are conducted with the FEA code

BAQUS/Implicit [28] . The geometry of the solid and the beam model

s meshed with R3D3 and B31 elements. In Table 1 three r / l ratios and

 R values are listed that result in nine model realizations. The range of

 / l is selected based on the range from the morphological study for the

igaments of NPG in the work of [9] , which includes the typical range of

he solid fraction of NPG from 0.25 to 0.3 [8,29] . A value of c R = 1 leads

o the minimum possible size of the connecting node where the four

igaments touch, while c R = 1.1 is reported to represent a more realistic

stimation of the node size in nanoporous metals [8] . 
r  

236 
To apply the same loading condition to the solid model as to the

eam model, the solid ligament cross sectional surface ( Fig. 1 a) is cou-

led to a rigid plate with a ‘Coupling ’ constraint that has a ‘Continuum

istribution ’. The loading can be therefore assigned to the center point

f the rigid plate and distributed to the whole surface [28] , ensuring

he maximum level of the similarity between the solid and beam mod-

ls with respect to the load application [18] . 

The material behavior of the solid fraction is assumed to be elastic-

erfectly plastic with a Young’s modulus E S of 81 GPa and a Poisson’s

atio 𝜈 of 0.42. The yield strength 𝜎y,S is 500 MPa and plastic deforma-

ion evolves without work hardening [8,29] . 

.2. Calibration of the nodal beam elements 

As mentioned in the previous section, the calibration of the beam

odel is conducted with the reference to the mechanical response of the

olid model under bending deformation. Fig. 3 illustrates the von Mises

tress distribution for a solid tetrahedron structure ( r / l = 0.25, c R = 1.1)

nder the transverse loading displacement w according to Fig. 1 a that

eads to plastic bending and shearing of the top ligament, but also of the

pper part of the connecting node and its surrounding ligaments. 

The correction for the mechanical response of the beam tetrahedron

tructure is carried out by firstly adjusting its additional geometrical

arameters 𝑟 ∗ 
𝑛 

and 𝑙 ∗ 
𝑛 
. To that end, the stiffness of the tetrahedron (for

oth of the beam and solid models), k = F / w , is computed from the first

oading increment in the elastic regime, such that the structure is un-

ergoing only small elastic deformation. The strength F is read as the

eaction force of the tetrahedron structure in the plastic regime when
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Fig. 3. Mises stress distribution of solid model with r / l = 0.25, c R = 1.1; top ligament and 

upper part of the nodal mass and lower ligaments are plastically deformed. 
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𝑙

𝐸

 / l = 0.017. This deformation value leads to a macroscopic deformation

ithin the plastic regime of the force displacement curve, which is suf-

ciently far from the elastic-plastic transition. The data k solid and F solid ,

etermined from the solid model, are used as references for the cali-

ration of the beam model’s elastic and plastic response, represented

y k beam 

and F beam 

, respectively. Fig. 4 a shows the ratios of k beam 

/ k solid 

black crosses) and F beam 

/ F solid (red circles) for the case of r / l = 0.19 and

 R = 1.1. The analyzis is conducted with systematically varying the pa-

ameters 𝑟 ∗ 
𝑛 

and 𝑙 ∗ 
𝑛 
; and it is done for all geometries listed in Table 1 . The

est fit is found where stiffness and strength results are simultaneously

losest to the value of 1, represented by the yellow plane in Fig. 4 a. 

It can be seen from Fig. 4 a that the stiffness k beam 

smoothly increases

ith 𝑟 ∗ 
𝑛 
. In contrast to that, the strength ratio first increases in the same

ay with 𝑟 ∗ 
𝑛 

but then arrives at a plateau. This is because plastic yielding

ould always initiate at the end of the ligament once the nodal region

s sufficiently strong. Until then, the nodal region also contributes to the

lastic deformation, as shown in Fig. 3 . The magnitude of the plateau

s related to the lever length of the ligament that can be obtained in the

orm of 𝑙 − 𝑙 ∗ 
𝑛 
. A larger value for 𝑙 ∗ 

𝑛 
results in smaller lever length with

he consequence for the yielding to require a larger external force, which

gain leads to an increase of the plateau value as shown in Fig. 4 a. 
ig. 4. Comparison of the mechanical response obtained for the beam and solid model for th

 

∗ 
𝑛 
; best agreement is achieved along the curve 𝑙 ∗ 

𝑛 
∕ 𝑙 𝑛 = 2.23 at 𝑟 ∗ 

𝑛 
∕ 𝑟 = 1.4; (b) Final fitting with 

 

∗ 
𝑛 
to 𝐸 ∗ 

𝑛 
∕ 𝐸 = 0.75. 

237 
It can be noticed from Fig. 4 a, that the stiffness ratio lies consistently

bove the strength ratio for the given low r / l ratio of 0.19. For the re-

ults of larger r / l ratios of 0.25 and 0.31, it was found that the stiffness

atio is consistently below the strength ratio. This discrepancy cannot be

esolved by adjusting the geometrical parameters 𝑟 ∗ 
𝑛 

and 𝑙 ∗ 
𝑛 
. For avoid-

ng a more refined geometrical modeling of the nodal area which might

ead to too many parameters and dependencies, it is feasible to addition-

lly use the Young’s modulus assigned to the beam elements in the nodal

rea, 𝐸 

∗ 
𝑛 
, to independently adjust the effective stiffness of the nodal area.

herefore, with the three adjustable parameters 𝑟 ∗ 
𝑛 
, 𝑙 ∗ 

𝑛 
and 𝐸 

∗ 
𝑛 
, a general

tting approach can be conducted according to the following steps: 

a) The magnitude of 𝑙 ∗ 
𝑛 

is determined such that the strength plateau

(red circles in Fig. 4 a) lies on or slightly above the desired reference

value F beam 

/ F solid ≥ 1 represented by the yellow plane in Fig. 4 a.

This is done by tuning the number of beam elements included in the

nodal area, assigned with the nodal radius, 𝑟 ∗ 
𝑛 
, while the remaining

elements keep the radius of the ligament, r . 

b) 𝑟 ∗ 
𝑛 

is secondly adjusted for the beam model to reproduce the correct

strength of the solid model such that F beam 

/ F solid = 1. 

c) The final calibration of 𝐸 

∗ 
𝑛 

will resolve the remaining calibration of

the stiffness k beam 

/ k solid = 1 without affecting the strength that was

calibrated before. 

According to the steps listed above, for the case shown in Fig. 4 a,

rstly 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 = 2.23 is determined, which is followed by the determination

f 𝑟 ∗ 
𝑛 
∕ 𝑟 = 1.4. The fitting is completed by adjusting 𝐸 

∗ 
𝑛 

to 𝐸 

∗ 
𝑛 
∕ 𝐸 𝑠 = 0.75

nd, as illustrated in Fig. 4 b, a 99% agreement is simultaneously

eached for the stiffness and strength ratio, marked by the rectangle

n Fig. 4 b. It should noted that an exact match in step a) is nor required

either desired, because we want to use the initial discretization of the

igament to form the elements in the nodal areas in the randomized RVEs

tructures. Other approaches with variable element length are also pos-

ible, but would need a remeshing of nodal area as well as the remaining

igament. 

All nine geometries listed in Table 1 were analyzed following the

teps introduced above. An overall fitting accuracy of 98% is achieved

imultaneously for stiffness and strength. The results shown in Fig. 5 a–d

re presented in form of the ratios of the adjustable parameters of the

odal corrected beam model to the corresponding parameters of the

olid model, 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 , 𝑙 ∗ 𝑛 ∕ 𝑙, 𝑟 

∗ 
𝑛 
∕ 𝑟 , and 𝐸 

∗ 
𝑛 
∕ 𝐸 𝑠 respectively. These ratios can

e interpreted as indicators for the geometrical difference of the nodal
e case r / l = 0.19 and c R = 1.1. (a) Scan with variation of geometrical parameters 𝑟 ∗ 
𝑛 

and 

99% accuracy of stiffness and strength by additionally adjusting the material parameter 
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Fig. 5. Identified values for the adjustable parameters of the nodal beam elements providing an 98% agreement of the tetrahedron beam model with the solid model with respect to 

stiffness and strength for the cases listed Table 1 (a) 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 ; (b) 𝑙 ∗ 

𝑛 
∕ 𝑙; (c) 𝑟 ∗ 

𝑛 
∕ 𝑟 ; and (d) 𝐸 ∗ 

𝑛 
∕ 𝐸 𝑠 ratio. 
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rea modeled by beam elements such that it predicts the macroscopic re-

ponse of a solid model. Fig. 5 a shows that the value of 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 is strongly

ependent on the r / l ratio and c R . As it is further shown in Fig. 5 b, the

agnitude of 𝑙 ∗ 
𝑛 
∕ 𝑙 ( l is kept constant) for a given r / l does not depend on

 R . This shows that the dependency of 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 on c R shown in Fig. 5 a is

aused by the calculation of the l n values as function of c R . The decrease

f 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 from 2 ± 0.2 to 1 ± 0.1 in Fig. 5 a suggests that the size of the

odal area is converging with increasing ligament size. In other words,

he beam model’s plastic behavior based on the same geometry is closer

o that of the solid model for larger ligament sizes (this is further dis-

ussed in sect. 4.1). The same line of arguments applies to the ratio 𝑟 ∗ 
𝑛 
∕ 𝑟 ,

ee Fig. 5 c. 

The third adjustable material parameter, 𝐸 

∗ 
𝑛 
, controls the elastic be-

avior of the nodal area. Fig. 5 d demonstrates a general trend that

he ratio of 𝐸 

∗ 
𝑛 
∕ 𝐸 𝑠 increases from 0.75 for r / l = 0.19 to 2.5 ± 0.04 for

 / l = 0.31. The required correction of the effective nodal stiffness in-

reases progressively with increasing r / l ratio and, at the same time,

t shows an increasing sensitivity with regard to the nodal extension,

epresented by c R . The general trend from a value below 1 to increas-

ng values simply results from the discrepancy between the stiffness and

trength ratio that has been discussed in context of Fig. 4 a. That ratio

ollows the opposite and has to be compensated by an increasing local

oung’s modulus assigned to the nodal beam elements. 
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Eqs (1) –(3) are the fitting functions that are generated based on the

ate sets from Fig. 5 (a), (c) and (d), respectively. The fitting constants

re listed in Table 2 . 

 

∗ 
𝑛 
∕ 𝑙 𝑛 = 𝑎 0 + 𝑎 1 ⋅ 𝑟 ∕ 𝑙 (1)

 

∗ 
𝑛 
∕ 𝑟 𝑛 = 𝑎 0 + 𝑎 1 ⋅ 𝑟 ∕ 𝑙 (2)

 

∗ 
𝑛 
∕ 𝐸 = 𝑎 0 + 𝑎 1 ⋅ exp 

(
𝑎 2 ⋅ 𝑟 ∕ 𝑙 

)
(3)

.3. Model validation 

It was reported in the work of [18] that besides bending as the major

eformation mechanism, torsion represents another fundamental defor-

ation that is caused by the spatially curved ligaments and should not

e neglected. The torque in the ligaments occupies approx. 20% of liga-

ent loading under macroscopic compressing of nanoporous gold. The

alidation of the proposed model is therefore firstly comparing the nodal

orrected beam tetrahedron model to the solid model, see Fig. 1 , under

xternal torsion loading. 

Fig. 6 shows the comparison between solid model (SM) and beam

etrahedron under torsion. The torque M has been normalized with Er 3 .
t 
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Table 2 

Fitting constants for Eqs (1) –( 3 ). 

𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 ( Eq. (1) ) 𝑟 ∗ 

𝑛 
∕ 𝑟 𝑛 ( Eq. (2) ) 𝐸 ∗ 

𝑛 
∕ 𝐸 ( Eq. (3) ) 

c R = 1.0 c R = 1.05 c R = 1.1 c R = 1.0,1.05,1.1 c R = 1.0 c R = 1.05 c R = 1.1 

a 0 3.97 3.47 3.11 1.61 0.69 0.62 0.54 

a 1 -9.10 -7.96 -7.13 -1.09 4.97E-4 1.93E-3 4.57E-3 

a 2 25.79 22.25 20.15 

Fig. 6. The mechanical responses of solid model (SM), beam model (BM) and nodal cor- 

rected beam model (NCBM) for the tetrahedron structure under external torsion loading 

for the case of r / l = 0.25, c R = 1.1. 
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a  
he overall fitting of the nodal corrected beam model (NCBM) is com-

arable to that of the beam model (BM), reaching a beam to solid stiff-

ess ratio of 130% and an approx. 80% overall accuracy for the plastic

eformation. The performance for torsion was found to be consistent

cross the whole range of r / l studied in the current work. As in random-

zed RVEs approx. 80% of the ligament deformation is originating from

ending as the governing deformation mechanism and approx. 20% is

elated to torsion [18] , it is reasonable to assume that the overall error

n the macroscopic response of the RVE is kept within 10%. 

As discussed in the introduction, the RVE beam model provides an

deal access for studying the mechanics of nanoporous materials. In con-

rast to the analyzes based on a building block, an RVE however con-

ains thousands of ligaments interconnected in a network structure. Such

 network structure is much more representative of the real material

n terms of structural features, local loading of the ligaments as well

s observable deformation mechanisms. The current nodal correction

ethod is therefore integrated into the RVE beam model using the di-

mond structure, developed in the work of [8] . Three RVEs have been

enerated as solid and beam models for c R = 1.1 and ligament aspect

atios of r / l = 0.19, 0.25, and 0.31. In Fig. 7 a and b the RVEs are shown

or r / l = 0.25 for the solid and the beam model (in rendering mode),

espectively. The RVEs are loaded with the same compression deforma-

ion of 25% engineering strain on the top surface. Although the structure

s perfectly ordered, it represents a further step of validation, because

he macroscopic compression of the RVE translates into a different local

oad distribution and deformation in the tetrahedrons as applied during

he calibration of the nodal corrected elements. 

The resulting agreement for the macroscopic elastic modulus be-

ween the beam and solid RVE is 100 ± 5% for all three cases. Thus,

he nodal corrected beam model is capable of predicting the elastic me-

hanical response of the RVE equivalently to the solid model. 

Because an elastic-perfectly plastic material model is used so far,

arly convergence problems have been faced in all beam RVE simula-

ions, possibly owing to buckling. Therefore, a more realistic elastic-

inear plastic constitutive law is employed to the simulations of RVEs

or both of the beam and solid models, using the same elastic proper-
239 
ies E s = 81 GPa, 𝜈 = 0.42, along with yield stress 𝜎y,S = 500 MPa, but a

on-zero work hardening rate 𝛾 of 1000 MPa [8,13] . Besides the con-

ideration for resolving convergence problems, the application of the

lastic-linear plastic material model is also motivated by the purpose of

xamining the generality of the nodal corrected beam modeling concept

n presence of work hardening. 

Fig. 8 a demonstrates the resulting macroscopic stress-strain response

rom the nodal corrected beam RVE and the solid model RVE for dif-

erent r / l ratios in comparison with the results from the original beam

odel. The nodal corrected beam model (NCBM) significantly improves

he predictions of the macroscopic mechanical response by eliminating

he systematic underestimation of stiffness and strength of the original

eam model (BM). Furthermore, a very good agreement with the solid

odel (SM) is achieved over the whole strain range. Fig. 8 b shows the

atio of the resulting reaction force obtained for the nodal corrected

eam RVE and the solid model RVE against the macroscopic compres-

ion strain, 𝜀 eng . The overall error of the elastic-plastic response of the

odal corrected beam RVE is within about 10% for all solid fractions (i.e.

ll considered r / l ratios). More specifically, the accuracy is 101% ± 5%

or r / l = 0.19 and 0.31, and 103% ± 7% for r / l = 0.25. It can be concluded

hat the nodal corrected beam model provides a sufficiently accurate

lastic-plastic mechanical response that has the same predictive quality

f a corresponding solid model. At the same time it costs much less com-

utation time and provides much more degrees of freedom concerning

he introduction of a random structure [8,29] as well as variation of

igament shapes in the RVE [18] . 

. Discussion of scaling laws 

In this section we will apply the nodal corrected beam RVE proposed

nd validated in the previous sections for analyzing the impact of the

odal correction on the scaling laws for Young’s modulus and strength.

he resulting curves are compared to scaling laws from literature. For

he nodal corrected beam RVE, the solid fraction 𝜑 is derived from the

riginal geometry that corresponds to the solid RVE. 

Fig. 9 a and b represent the scaling behavior of the macroscopic

oung’s modulus and strength that are computed from the RVE nor-

alized to the corresponding material properties of the solid fraction in

he form E / E S , and 𝜎y / 𝜎y,S , respectively. The curves are shown in com-

arison with scaling laws suggested in previous works [8,29] , as well as

he original Gibson-Ashby scaling laws that serve as the common refer-

nce for all models. For open pore foams that imply bending as major

eformation mechanism, the leading constants in Eqs. (4) and ( 5 ) are

 E = 1 and C 𝜎 = 0.3 respectively [10] . 

∕ 𝐸 𝑆 = 𝐶 𝐸 𝜑 

2 (4) 

𝑦 ∕ 𝜎𝑦,𝑆 = 𝐶 𝜎𝜑 

3∕2 (5) 

In Fig. 9 a, the scaling behavior of the Young’s modulus, E / E S , calcu-

ated from the different RVEs is plotted against the solid fraction 𝜑 . The

ifferent 𝜑 values are the results of varying r / l ratios with 0.19, 0.25 and

.31, given in Table 1 . The black solid line corresponds to Eq. (11) in

8] which describes the scaling law of the RVE beam model under con-

ideration of the effect of shear deformation for thick beams, i.e. it is the

pproximation of the lower bound for the diamond RVE. The diamond
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Fig. 7. RVEs for r / l = 0.25 and c R = 1.1 (a) solid model; (b) nodal corrected beam model with the same effective elastoplastic response. 

Fig. 8. (a) Macroscopic stress-strain response for RVEs built as solid model, beam model, and nodal corrected beam model for various r / l ratios; (b) RVE reaction force ratios F beam / F solid 

for different r / l values covering the whole range of elastic and elastic-plastic deformation. 

Fig. 9. Comparison between the nodal corrected beam model and previous studies for (a) Young’s modulus; (b) yield strength. RVE-SM, RVE-NCBM, and RVE-BM denote the results 

from the RVE solid model (this work, Fig. 7 a), the RVE nodal corrected beam model (this work, Fig. 7 b) and RVE beam model [29] , respectively. All results are for perfectly ordered 

diamond structure ( A = 0). 

240 
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nit cell is more compliant than that by Gibson and Ashby, which ex-

lains the comparably low stiffness also for smaller solid fractions. The

VE nodal beam model (RVE-BM) reproduces the agreement between

he scaling law and the numerical results as in [8] . 

The results from the nodal corrected beam model developed in this

ork, represented by the circles (RVE-NCBM), show an increase by ap-

rox. a factor of two compared to the beam model (RVE-BM). The data

rom the solid model (squares, RVE-SM) confirm the level of accuracy

hat is achieved by the incorporation of the nodal correction in the RVE.

The results of the nodal corrected beam model lead to a scaling re-

ation that can be fitted by Eq. (4) with C E = 0.57, entered as green

ashed line in Fig. 9 a. It is understood that this is still describing a per-

ect diamond unit cell. However, the structure of nanoporous metals is

istorted and ligaments are curved and varying in aspect ratio. Previous

tudies showed that randomization of the structure leads to a further in-

rease in compliance [8,29] . In recent studies [14,30] , experimentally

onstructed scaling relations are developed for the macroscopic Young’s

odulus of nanoporous gold, which suggest the power in Eq. (4) being

.5 or 2.8 with C E = 1 or 0.86. However, the incorporation of the nodal

ass in this work does not lead to an exponent different to 2 that ac-

ording to [10] represents the highest power of all types of deformation

tension, compression, shear, bending). At this point the question re-

ains unsolved how higher values in the exponent, as observed from

xperiments, can be explained by a structural model such as the RVE

resented in this work. 

Fig. 9 b shows the results for the scaling behavior of the yield strength

y , normalized by the yield strength of the solid phase 𝜎y,S . Again, the

nalytical solution for the beam model proposed as Eq. (9) in [8] pro-

ides a lower limit that corresponds to the numerical results from the

eam model (RVE-BM). It can be also observed that the Gibson-Ashby

odel with C 𝜎 = 0.3 results in a good agreement with that scaling rela-

ion. 

The analytical nodal correction (black solid line) proposed in the

ork of [8] as Eq. (10) forms the upper limit which agrees well with

he results from the work of [29] represented by rhombus symbols in

ig. 9 b. In [8] the macroscopic strength for the RVE beam model was

orrected by reducing the available lever for bending of the ligament

y the radius of the nodal mass. In [29] this effect was translated into

he beam model by increasing the yield strength of the solid fraction

ccording to this structural strengthening effect. The latter approach

as the advantage, that it does not affect the stiffness of the network

tructure. For both of the works, the nodal mass is taken account as a

hortening of the effective bending lever of the ligaments and assuming

hat yield occurs at the edge formed by the ligament and the node. The

esults shown in Fig. 9 b lead to the conclusion that this type of correc-

ion provides reasonable results for solid fractions 𝜑 ≤ 0.15. It however

ignificantly overestimates the effect of the nodal mass on the macro-

copic strength for 𝜑 > 0.15, which is where the nanoporous metals are

ocated. In view of these insights, we will revisit the analysis of [8] and

29] with support of the nodal corrected beam model in Sect.4.2. 

The results of the nodal corrected beam RVE-NCBM (black circles)

nitially follow the solution for the upper limit but then deviate by con-

inuing in a much less progressive way for 𝜑 > 0.15. This is because

hat the upper limit is constructed under the assumption that the plas-

ic deformation will always happen at the end of the ligament that is

nalytically shortened for the presence of a node. This means that the

odal area for this upper limit is set to be infinitely strong, e.g. no plastic

eformation can happen within the nodal area. However, the visual in-

estigation on the local plastic deformation of the nodal corrected beam

odel and solid model indicates that, the nodal area is also plastically

eformed. This trend becomes more significant with increasing 𝜑 , be-

ause larger solid fractions lead to less geometrical distinction 𝑟 ∗ 
𝑛 
∕ 𝑟 be-

ween the nodal area and the ligament as shown in Fig. 5 c. So that

he nodal corrected model tends to predict a much lower strength at a

igher 𝜑 . A fit of the data using the scaling law, Eq. (5) (green dashed

ine) leads to a leading constant C 𝜎 = 0.72. The increase of the leading
241 
onstant C 𝜎 from 0.3 (Gibson-Ashby) to 0.72 (RVE-NCBM) demonstrates

hat the nodal mass strengthens the diamond structure by a factor of

ore than two. 

. Application in randomized RVEs 

.1. Effect of nodal mass for randomized structures 

Up to this point, the diamond RVE was used with the purpose of

 clean assessment of the effect of the nodal mass on the scaling rela-

ions. For investigating the new possibilities of the nodal corrected beam

lements for a more realistic nanoporous structure, the randomization

arameter A [8] is included in the RVE. This parameter defines a ran-

om displacement applied to each connecting node, leading to a spatial

urvature of the connected ligaments. The parameter A defines the frac-

ion of the amplitude of the equally distributed random displacement in

elation to the unit cell size of the undistorted diamond unit cell. The

ffect of the randomization level on the solid fraction 𝜑 , caused by the

patial lengthening of the ligaments, has been taken into account in the

ollowing analyzis as suggested by [8,29] . Concerning the macroscopic

esponse of the RVE, increasing randomization decreases the values of

 and 𝜎y , as well as the degree of lateral extension. For more details we

efer to [8,29] . 

For the nodal corrected beam model, the randomization character-

stics are also introduced to the nodal areas because the lengthening of

he elements applies to all elements of the model. This gives rise to the

uestion if the lengthening of the elements caused by the randomiza-

ion should be kept as is or if it should be avoided in the nodal areas of

he nodal corrected beam model. For what follows, we assume that the

odal element properties follow the relationships that shown in Fig. 5 .

his means that for a given ratio of 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 an increase in the ligament

ength l n , caused by the randomization, leads to a proportional increase

n the nodal element length 𝑙 ∗ 
𝑛 
. It is thus consistent to let the nodal ele-

ents elongate in the same way as the elements that form the ligament.

s the purpose of the introduction of nodal corrected beam elements ex-

lusively aims at a mechanically equivalent behavior with reference to

he solid model, the calculation of the solid fraction remains unaffected.

All simulations for randomized structures are carried out for c R = 1.1.

ach data point plotted in Fig. 10 represents the average of five real-

zations; the size of the error bar corresponds to the standard devia-

ion. Fig. 10 a shows the ratio of the macroscopic Young’s modulus of

he nodal corrected beam model, E NCBM 

, to beam model, E BM 

, with re-

pect to various randomization levels from A = 0 that is perfect ordered

o A = 0.3 that is strongly disordered. It is shown that for all random-

zation levels the stiffness ratio increases nearly linearly with the solid

raction, indicating the contribution of the nodal mass to the stiffness.

oreover, with increasing randomization level the curves shift right and

own. The right shift is due to the increase of solid fraction that is caused

y the increase of the randomization level. The trend of slightly shift-

ng downwards reveals the effect of the degree of randomization on the

ompliance in the nodal areas, which is slightly reducing the nodal mass

ontribution on the macroscopic elasticity. This effect is about 10% if

e consider the full range from zero to maximum randomization. 

The vertical axis of Fig. 10 b demonstrates the ratio of the yield

trength of the nodal corrected beam model 𝜎y,NCBM 

to the beam model

y,BM 

with respect to various randomization levels. The general trend

f Fig. 10 b to a is opposite, namely, increasing solid fraction leads to a

elative decrease of the contribution of nodal mass to the macroscopic

trength. For better understanding of this effect, the linkage between

he current discussion to the discussions of Fig. 5 a, b and c is required.

n the discussion of Fig. 5 it was stated that with increasing r / l the geo-

etrical gap between a cylindrical shaped node and an actual spherical

ode response is closing with increasing solid fraction, i.e. 𝑙 ∗ 
𝑛 
∕ 𝑙 𝑛 → 1 and

 

∗ 
𝑛 
∕ 𝑟 𝑛 → 1 . It can be also be observed that the strength ratio gradually

hifts downwards from 2.5 to 2 for A = 0 and from 1.8 to 1.5 for A = 0.3.

ecause the plastic deformation initiates in the transition from the nodal
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Fig. 10. Results for the macroscopic properties of the randomized RVE as ratio of the nodal corrected beam model (NCBM) to the beam model (BM) (a) Young’s modulus; (b) yield 

strength. 

Fig. 11. Determined yield strength of the solid phase vs. ligament size, L . Experimental 

data are taken from [32,33] ; model data from [29] . 
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rea to the ligament, the effect on the strength reduces with reducing

ize of the nodal elements. With increasing degree of randomization, the

orrelation between local geometry and macroscopic strength is more

nd more reduced and becomes weak for A = 0.3 and solid fractions of

 ≤ 0.3. 

.2. Analysis of experimental data 

To evaluate the performance of the nodal corrected beam model the

ize dependent yield strength of the ligaments is determined from lit-

rature data on macroscopic compression of nanoporous gold samples

ith different ligament size. 

In the work of [29] , the scaling relation for the macroscopic yield

trength was used as the starting point for fitting the true stress-strain

urves obtained from macroscopic compressing nanoporous gold sam-

les with various ligament size [31,32] using the RVE model. The out-

omes that were from the fitting were a data set of yield strengths for the

olid phase 𝜎y,S in dependence of ligament size, represented by hollow

ircles in Fig. 11 . This data set is plotted against results from the works

f [32,33] as solid black symbols in Fig. 11 , that were determined us-

ng independent approaches. Roschning et al. ’s results are of the same

agnitude as those data reported in the referenced literatures, but one

esult for the 50 nm ligament size appeared to be an outlier which could

ot be explained by [29] . The only difference compared to the other

ata was that it had the highest solid fraction of all samples of 𝜑 = 0.3. 
242 
We re-analyzed the data with the nodal corrected RVE following the

ame approach proposed by [29] with a randomization level of A = 0.23

nd a ligament aspect ratio of r / l = 0.25. The results, shown as solid red

ymbols in Fig. 11 , lead to an elevation of Roschning et al. ’s results. The

odal corrected beam RVE seems to provide an overall closer alignment

ith the results from [32,33] . In particular, the previous outlier is now

loser to the overall trend. 

The different elevation in the yield strength for the different data

oints can be understood with the help of Fig. 9 b. The nodal correc-

ion applied in [29] was based on a correction term which – as a result

f the assumed rigidity of the nodal mass – increasingly overestimates

he geometrical strengthening for increasing solid fraction. Because the

aterials yield strength and the geometrical strengthening effect are

ultiplicative with respect to the macroscopic strength, a reduction of

he geometrical strengthening effect to the accurate value must be com-

ensated by an increased yield strength of the solid fraction, 𝜎y,S . The

igher the solid fraction, the more the identified yield strength is ele-

ated. Consequently, the original outlier, which has the highest solid

raction, gets mostly elevated. 

. Conclusions 

In the current work, a new beam modeling concept for nanoporous

etals has been proposed for predicting the macroscopic elastic-plastic

esponse by incorporating the connecting nodal mass in the junctions

f the network structure. The nodal corrected beam model is calibrated

ased on the mechanical response for bending of a beam tetrahedron

tructure in relation to its corresponding solid model by adjusting three

dditional parameters specifically assigned to the nodal area. An excel-

ent agreement between the nodal corrected beam and solid RVE for

lastic modulus and yield strength has been achieved, which is con-

ucted without losing the advantage of the high computational effi-

iency. 

The nodal correction leads to an increase in the macroscopic stiff-

ess and strength of the beam model. The leading constant in the result-

ng scaling law for Young’s modulus is C E = 0.57 and, compared to the

eam model without nodal correction, about a factor of two larger. It

s however still less stiff than the original Gibson-Ashby model that has

 leading constant of C E = 1. The incorporation of the nodal mass does

ot change the exponent of 2 in the scaling law. 

With respect to macroscopic plastic deformation, the correction sug-

ested in [8,29] significantly overestimates the effect of the nodal mass

or solid fractions above 15%. It was found, that the scaling law of

ibson-Ashby very well fits the data from the simulations with the nodal

orrected RVE, when the leading constant is set to be C 𝜎 = 0.72. This dif-

erence to [8] is now understood as a consequence of the overestimation
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f the effect of the nodal mass on the structural strength by the proposed

orrection term for solid fractions above 15%. After re-analyzing the

iterature data with the nodal corrected beam model RVE, the overall

greement of the size dependent yield strength from different sources is

mproved. 

In line with the referenced literatures, the present work demonstrates

nce more the importance of local geometric features in terms of the

acroscopic mechanical response of nanoporous metals. The nodal cor-

ection proposed in this work is one important element in addition to

andomization and local ligament size variation. A further development

f this modeling approach will offer various possibilities for the imple-

entation of further details without losing its efficiency. 
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ppendix A. Nomenclatures 

Parameters Descriptions 

𝜑 Solid fraction 

w Transverse loading displacement 

R Nodal radius 

l n Length between nodal center and the end of the ligament attached 

to the node 

𝑟 ∗ 
𝑛 

Larger cross-section radius of beam element in the nodal area 

(adjustable) 

𝑙 ∗ 
𝑛 

The length between the node center and the end of the ligament 

(adjustable) 

r Ligament radius 

l Ligament length 

c R Constant governing nodal mass 

R Nodal radius 

E S Young’s modulus 

𝜈 Poisson’s ratio 

𝜎y,S Yield strength 

k solid Stiffness of the solid tetrahedron 

F solid Solid tetrahedron strength 

k beam Stiffness of the beam tetrahedron 

F beam Beam tetrahedron strength 

𝐸 ∗ 
𝑛 

Young’s modulus for the beam elements of nodal area (adjustable) 

a 0 , a 1 , and a 2 Constants for fitting functions Eqs (1) –(3) 

𝜀 eng RVE macroscopic compression engineering strain 

C E and C 𝜎 Constants of Gibson-Ashby model 

A Randomization parameter 

E NCBM Macroscopic Young’s modulus of nodal corrected beam model 

E BM Macroscopic Young’s modulus of beam model 

𝜎y,NCBM Macroscopic yield strength of nodal corrected beam model 

𝜎y,BM Macroscopic yield strength of beam model 
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