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Summary

Evolution equations are partial differential equations (PDEs) describing the evolution
over time of, e.g., heat, waves, or epidemics. To account for random perturbations, random
coefficients or noise terms are added to the model, resulting in a random or stochastic evo-
lution equation, respectively. Adding random data often renders a numerical solution the
only possibility. This entails taking the random data into account during approximation.
For evolution equations with random coefficients, this is done by using polynomial chaos
approximation (PCE) to reduce to a deterministic problem. For stochastic PDEs (SPDEs),
the noise has to be incorporated into the space and time discretisation. Quantifying the
speed of convergence provides helpful insights for numerical simulations.

The contributions of this thesis are twofold. First, a joint rate of convergence in ran-
domness, space, and time is obtained for the full discretisation error under certain regularity
conditions. Second, stability, qualitative, and quantitative convergence are obtained for
the pathwise uniform error in time for semilinear SPDEs in the hyperbolic Kato setting.

Regarding random evolution equations, our focus lies on C0-semigroups induced by
a form, for which a novel quantified version of the Trotter–Kato theorem yields spatial
convergence rates. PCE error estimates are extended from the one-dimensional scalar-
valued to the multivariate vector-valued case. To obtain a deterministic coupled system
of abstract Cauchy problem structure, PCE has to be applied in a non-straightforward
manner, leading to a different semi-discretisation in randomness than the PCE of the
mild solution. Using semigroup theory, we derive pathwise estimates and lift them via a
composition estimate. A modified Trotter–Kato argument then yields polynomial decay of
the semi-discretisation error of arbitrary order, depending on the regularity of the initial
values in the random parameter and, in analogy to the deterministic case, also the spatial
regularity. Further approximating in space and time, we derive regularity conditions on the
form under which convergence rates are conserved for the full discretisation. Applications
cover a parabolic equation with random anisotropic diffusion.

For semilinear SPDEs with Gaussian noise, optimal bounds on the uniform strong error
E∞
k := (E supj∈{0,...,Nk} ∥U(tj)− U j∥pX)1/p are derived, where p ∈ [2,∞), X is a 2-smooth

Banach space, U is the mild solution, U j is the temporal semi-discretisation, k is the step
size, and Nk = T/k for some final time T > 0. Under conditions on the nonlinearity and
the noise, for a large class of time discretisation schemes, we show

• E∞
k ≲ k

√︁
log(T/k) (linear equation, additive noise, general S);

• E∞
k ≲

√
k
√︁

log(T/k) (nonlinear equation, multiplicative noise, contractive S);

• E∞
k ≲ k

√︁
log(T/k) (nonlinear wave equation, multiplicative noise).

The bounds obtained coincide with the optimal bounds for SDEs. The logarithmic factor
can be removed if the exponential Euler method is used. Error estimates are extended
to the full time interval [0, T ] via novel path regularity results. Stability in the pathwise
uniform sense is proven by martingale techniques. By virtue of a regularisation argument,
convergence, albeit without rate, is extended to rough initial values and irregular Lipschitz
nonlinearities and noise. For stochastic Maxwell equations, Schrödinger equations, and
wave equations, these results improve and reprove several existing results with a unified
method and provide the first results known for implicit Euler and Crank–Nicolson.
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2 Chapter 1. Introduction

1.1 Why study Evolution Equations with Random Data?

The functional analytic treatment of a time-dependent partial differential equation (PDE)
results in a description of it as an ordinary differential equation in a Banach space; that is,
the PDE is formulated as an abstract Cauchy problem; see, e.g., the classical monographs
on this topic [45, 66, 111]. From a practical point of view, this allows us to model a
variety of different physical phenomena, such as heat conduction or diffusion phenomena
[4, 110], wave propagation [23, 132], how a quantum mechanical state evolves over time
[2], or electromagnetic fields [28, 107].

In applications, the coefficients of these PDEs often originate from material laws in-
volving material parameters, which may be unknown or can only be determined up to
some uncertainty. It can also be that a random forcing is present in the system under in-
vestigation or there are randomly appearing fluctuations, which disturb our model. As an
example, one could think of random particle movements (described by Brownian motion)
or measurement noise. Moreover, this is an important factor in order to take unforeseen
events and external influences into account when modeling, say, the spreading of a dis-
ease in the population [145], which has undeniably been of significant societal importance
during the preparation of this thesis.

When modeling such situations with uncertain data, from a mathematical point of
view, one has to decide which class of equations to consider. In this thesis, we distinguish
between two different types of incorporating uncertainty in the model: evolution equations
with random coefficients and stochastic evolution equations with (additive or multiplicative)
noise. In both cases, the equations can typically not be solved analytically. Supposing
well-posedness of the model thus obtained, in order to then approximate the solution, one
has to perform suitable discretisations, taking the randomness into account. Naturally,
the question arises of how the randomness affects the convergence behaviour compared to
the deterministic setting. For applications, it is paramount to quantify this convergence
behaviour depending on the regularity of the equation and the numerical scheme employed
in order to make reliable predictions on the accuracy of simulations.

The first possibility of modeling uncertainty consists of choosing suitable random vari-
ables (or stochastic processes, random fields) to describe the coefficients in the PDE. This
approach results in a random time-dependent PDE, where the coefficients are assumed to
be determined by finite-dimensional noise. Evolution equations with parametric or random
coefficients have been treated extensively in the past decades; see [53, 101, 119, 138] and
references therein, as well as [8, 9, 10, 26, 27, 44, 47, 56, 125, 139, 140, 141, 142, 143] (just
to mention a few), with an emphasis on stochastic computation as well as approximation.
From a numerical analysis point of view, a large portion is devoted to elliptic PDEs. To
obtain a numerical approximation, one has to perform suitable discretisations with respect
to the randomness, the spatial, as well as the temporal variables. One of the central aims
of this thesis is to provide such an approximation, including convergence results, in the
framework of random evolution equations given by abstract Cauchy problems with random
generators. We work mainly from a functional analytic point of view and, for this type of
equations, solely work in the Hilbert space setting.

While in the first model the randomness can be treated separately for the discretisation,
eventually resulting in a deterministic system as an approximation, this is not the case
for the second model considered: introducing a random forcing term in the equation,
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which might even depend on the solution itself, leads to the notion of stochastic partial
differential equations (SPDEs). This can be viewed as infinite-dimensional noise, which
is classified as multiplicative or additive, depending on whether it depends on the solution
itself or not. Mathematically, this noise is modeled by a (cylindrical) Brownian motion.
Consequently, and in contrast to the first model, a wide range of tools from stochastic
analysis are required, first and foremost, stochastic integration. The structure of the
equation forces us to incorporate the discretisation of the noise into the space and time
discretisation by approximating the action of the Brownian motion. Since the presence
of the Brownian motion leads to significantly lower regularity in time of solutions of the
SPDE, many challenges arise for the temporal discretisation. In general, we cannot expect
similarly high convergence rates as in the deterministic case. The main contribution of
this thesis to the temporal approximation of SPDEs consists of a general framework for
hyperbolic SPDEs that yields optimal convergence rates for the pathwise uniform error.
This improves and extends various results for specific hyperbolic SPDEs from recent years
(see, e.g., [2, 28, 132]). Our framework allows us to consider such equations not only in
Hilbert spaces, but in a special class of Banach spaces, to be specified later.

1.2 Evolution Equations with Random Coefficients

As an illustrative example of an evolution equation with random coefficients, let us consider
the heat equation with random coefficients given by

∂t˜︁u(t, x, ω) = div ˜︁aω(x) grad ˜︁u(t, x, ω) (t > 0, x ∈ G,ω ∈ Ω),˜︁u(t, x, ω) = 0 (t > 0, x ∈ ∂G, ω ∈ Ω),˜︁u(0, x, ω) = ˜︁u0(x, ω) (x ∈ G,ω ∈ Ω),

where G ⊆ Rd is a bounded domain, (Ω,F ,P) is a probability space, and, for ω ∈ Ω, ˜︁aω
maps to Kd×d and is P-almost surely uniformly elliptic and bounded, grad acts on the
x-coordinate, and ˜︁u0 is the initial condition. Here, K ∈ {R,C} denotes the scalar field of
all vector spaces appearing throughout. We assume that the random fields (x, ω) ↦→ ˜︁aω(x)
and (x, ω) ↦→ u0(x, ω) are determined by finite-dimensional noise; that is, there exists a
random vector Z : Ω → RN such that ˜︁aω(x) = aZ(ω)(x) for all x ∈ G and ω ∈ Ω for some
a : G × RN → Kd×d. Such finite-dimensional noise can be obtained by, e.g., a truncated
Karhunen–Loève expansion [79, 82, 103]. Pushing the random heat equation forward w.r.t.
Z, we obtain another random heat equation, where now the random parameter comes from
the probability space (RN ,B(RN ),PZ):

∂tu(t, x, z) = div az(x) gradu(t, x, z) (t > 0, x ∈ G, z ∈ RN ),
u(t, x, z) = 0 (t > 0, x ∈ ∂G, z ∈ RN ),
u(0, x, z) = u0(x, z) (x ∈ G, z ∈ RN ).

Taking the functional analytic point of view, we set H := L2(G) and consider the un-
bounded operator Az := −div az grad on H for z ∈ RN . Note that Az is the operator
associated with some form az for z ∈ RN . Thus, we obtain the family of random abstract
Cauchy problems

u′z(t) = −Azuz(t) (t > 0), uz(0) = u0,z
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for z ∈ RN . Considering (Az)z∈RN as a multiplication operator A on the Hilbert space
H := L2(RN ,PZ ;H) results in the abstract Cauchy problem in H

u′(t) = −Au(t) (t > 0), u(0) = u0.

In order to solve this problem numerically, we perform three independent discretisations:

(i) discretisation in randomness: here we choose the (generalised) Polynomial Chaos
Expansion (PCE); cf. [136, 140],

(ii) discretisation in space: here we choose an abstract Galerkin method (a finite element
method for the concrete example above); cf. [22, 51],

(iii) discretisation in time: here we use an A-stable method; cf. [21, 41].

Clearly, in the deterministic case, approximation results and convergence rates are clas-
sical and well-known; see, e.g., [49, 124] and references therein. As it turns out, there
is an intricate relationship between spatial and temporal discretisation. In particular,
when first discretising in space, spatial regularity is also required for the estimation of the
semi-discretisation error in time. We will exploit the corresponding relationship for the
discretisation in randomness and in space-time, and find a similar behaviour for the full
discretisation in the random setting.

Using PCE, we can obtain a deterministic coupled system as an approximation, which
again has the form of an abstract Cauchy problem, now in Hn := Hdn , where dn is the
number of H-valued equations determined by the discretisation parameter n and the di-
mension N of the noise. This system can then be approximated in space and time, resulting
in a fully discretised approximation. What we will trace explicitly is the interplay between
these two discretisation steps (randomness vs. space-time). One has to be careful to use
PCE in a meaningful way to maintain the abstract Cauchy problem structure when de-
riving the deterministic coupled system. In particular, the semi-discretisation un(t) of
u(t) in randomness does not agree with the PCE approximation of u(t) in most cases.
Therefore, the estimation of the semi-discretisation error ∥u(t) − un(t)∥H is more than a
simple application of a PCE error bound. Instead, in Theorem 3.70, we employ a modified
Trotter–Kato argument based on pointwise in z estimates of Az and its resolvent, which
are then lifted to Sobolev subspaces of H via a composition estimate. In analogy to the
deterministic case, spatial regularity is required for the estimation of the part of the full
error due to semi-discretisation in randomness.

Altogether, we then obtain an estimate of the form

∥u(t)− Jn,mun,m,k(t)∥H ≤ C
(︁
n−ℓ +m−px + τpt

)︁
∥u0∥H2ℓ

ρ (RN ,PZ ;Dmax{α+1,pt})

in the case of symmetric forms az (see our main result in Theorem 3.74). Here, Jn,m
is an embedding, n is the PCE parameter, m the spatial discretisation parameter, k the
temporal discretisation parameter, τ the maximal step size for the time discretisation, and
t a temporal grid point. Moreover, ℓ ∈ N0, ρ is a suitable weight, px and pt are the rates
for the spatial and the temporal methods, respectively, and α > 0 is such that the spatial
method converges with rate px on Dα, where D is the by assumption common domain of
the Az’s. If the forms az are not PZ-almost surely symmetric, additional spatial regularity
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is required, and we only consider specific time discretisation schemes. In this case, for all
ε > 0, in Theorem 3.75, we show

∥u(t)− Jn,mun,m,k(t)∥H ≤ Cε
(︁
n−ℓ +m−px + τpt

)︁
∥u0∥H2ℓ

ρ (RN ,PZ ;D1+max{α,pt}+ε).

In the time-independent elliptic case, we note that we can use the tensor product
structure L2(RN ,PZ ;L2(G)) = L2(RN ,PZ)⊗L2(G), so discretisations in randomness and
space can be performed simultaneously; see, e.g., [9]. Moreover, the case when the diffusion
coefficient is affine in the random inputs has been thoroughly studied; cf. [27, 47, 125]. In
contrast, we allow for fairly general dependence of the coefficients on the random inputs;
in particular, they need not be holomorphic as in [26].

1.3 Stochastic Evolution Equations

The second main contribution of this thesis concerns the temporal discretisation of non-
linear stochastic PDEs driven by additive or multiplicative Gaussian noise. The equations
we consider can be written as abstract stochastic evolution equations on a Hilbert space
X of the form {︄

dU +AU dt = F (U) dt+G(U) dWH on [0, T ],

U(0) = u0 ∈ Lp(Ω;X).
(1.3.1)

Here, −A is the generator of a C0-semigroup (S(t))t≥0, WH is a cylindrical Brownian
motion, F and G are globally Lipschitz, u0 is the initial data, and p ∈ [2,∞).

Our aim is to obtain strong convergence rates for temporal discretisation schemes that
cover the hyperbolic setting. The hyperbolic setting has been extensively studied in recent
years (see [2, 3, 11, 14, 20, 23, 28, 29, 30, 31, 33, 36, 37, 62, 70, 75, 91, 92, 93, 96, 132,
133] and references therein). In the parabolic setting, (i.e., (S(t))t≥0 being an analytic
semigroup) regularisation phenomena occur, which make it possible to prove very different
convergence results. In the non-parabolic case, new methods to show convergence rates
are needed and related to a way to obtain regularity. Kato’s setting for the hyperbolic case
from his seminal work [84] creates a way to obtain this regularity, which has proven to be
very useful in the analysis of quasilinear equations as well as their numerical treatment
[43, 67, 68, 89, 116].

The main idea in Kato’s setting is to consider two spaces X and Y with Y ↪→ X (or
sometimes even three spaces) on which the operator A and the nonlinearities F and G can
be analysed. In this way, one can obtain regularity of U and better mapping properties
of the nonlinearities. In numerical approximations, the obtained regularity can be used to
obtain convergence rates, as illustrated for the deterministic case in the references above.

The above setting often also applies to the parabolic case, in which, however, the
required mapping properties of F on Y can often be avoided due to the regularising effect
of the convolution with the analytic semigroup S. For these equations, it does not seem
necessary to work with the Kato setting, as regularisation phenomena can be exploited.
For details on the parabolic case, the reader is referred to [4, 12, 13, 16, 34, 42, 59, 76,
77, 78, 81, 94, 95, 97, 104, 131] and references therein. Consequently, our focus lies on the
hyperbolic setting.
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Leaving the Kato setting and merely assuming global Lipschitz continuity and no fur-
ther regularity assumptions on the nonlinearity F and noise G, we cannot expect to obtain
a convergence rate. Rather, our goal is to show pathwise uniform convergence of contractive
time discretisation schemes for such irregular nonlinearities and rough initial data.

1.3.1 The setting

In the above-mentioned literature on the hyperbolic case (and often in the parabolic case),
the error considered usually is the pointwise strong error

sup
j∈{0,...,Nk}

E∥U(tj)− U j∥pX , (1.3.2)

where U denotes the mild solution to (1.3.1) and (U j)Nk
j=0 an approximation thereof. The

latter is recursively determined by U0 = u0,

U j = RkU
j−1 + kRkF (U

j−1) +RkG(U
j−1)∆W j , j = 1, . . . , Nk, (1.3.3)

for some time discretisation scheme Rk ∈ L(X) that is an approximation of the semigroup
S at time k > 0. Here, Nk = T/k is the number of time grid points, k = tj − tj−1 is the
uniform step size, tj = jk, and ∆W j =WH(tj)−WH(tj−1).

When performing numerical simulations to approximate the solution of a stochastic
equation, one naturally wants the simulation to be close to the solution of (1.3.1). However,
(1.3.2) being small does not provide enough information to conclude this, see Example 1.1.
Also, from a probabilistic point of view, (1.3.2) contains no information on the convergence
of the path. Instead, it is a more meaningful question to find convergence rates for the
uniform strong error

E sup
j∈{0,...,Nk}

∥U(tj)− U j∥pX , (1.3.4)

where now the supremum over j is inside the expectation. Hence, it describes moments of
the maximal error in time rather than the maximum in time of moments of the error. In
the deterministic setting, there is no difference between (1.3.2) and (1.3.4). In the presence
of noise, it can, however, not be controlled by the simpler pointwise strong error (1.3.2)
without a loss of rate. Indeed, if the pointwise strong error converges at rate α > 0, i.e.,
(1.3.2) is bounded by CN−αp for some C > 0, then

E sup
j∈{1,...,N}

∥U(tj)− U j∥pX ≤ E
N∑︂
j=1

∥U(tj)− U j∥pX =

N∑︂
j=1

E∥U(tj)− U j∥pX

≤ N sup
j∈{1,...,N}

E∥U(tj)− U j∥pX ≤ CN1−αp. (1.3.5)

Taking p-th roots, convergence at rate α − 1
p is obtained. Since we have arbitrarily slow

rates α ∈ (0, 12 ] and are also interested in the case p = 2, this estimate is not strong enough
for our purposes. Still, convergence of the whole path can be expected, as numerical
simulations suggest [2, 28, 132].

It is a widely known open problem in the field to find optimal estimates for (1.3.4).
Estimates where the supremum is inside the expectation are usually referred to as maximal
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estimates, and ample literature is available on them for general stochastic processes [121].
However, for processes that do not have any Gaussian or martingale structure, it can be
quite complicated to prove (sharp) maximal estimates. Even maximal estimates for the
mild solution U to (1.3.1) with F = 0 and G(u) replaced by a progressively measurable
g ∈ L2(Ω× (0, T );X), are unknown in general (see the survey [127, Section 4] for details).
The difference between the errors (1.3.2) and (1.3.4) is illustrated in the following simple
example.

Example 1.1. Let Ω = [0, 1] and let P denote the Lebesgue measure. For γ ∈ (0, 1], let
vN : Ω× [0, 1] → R be given by vN (ω, t) = 1 if |t−ω| < 1/(2Nγ), and zero otherwise. Then
one can check that the following error estimates hold:

sup
t∈[0,1]

E|vN (t)|p ≤
1

Nγ
and E sup

t∈[0,1]
|vN (t)|p = 1.

One even has supt∈[0,1] |vN (ω, t)| = 1 for any ω ∈ Ω. This shows the discrepancy between
having the supremum inside the expectation or not. Continuity of vN plays no role here.
Indeed, one can easily replace the indicator function by a continuous function without
influencing the above error estimates.

In the case where S generates a C0-group, it is known how to estimate the uniform
strong error (1.3.4) for the exponential Euler method (i.e., Rk = S(k)). In this case, one
can use the group structure in the following way∫︂ t

0
S(t− s)g(s) dWH(s) = S(t)

∫︂ t

0
S(−s)g(s) dWH(s),

and, similarly, for the discrete approximation. This makes it possible to avoid maximal es-
timates for stochastic convolutions and use martingale techniques instead. This technique
was first applied in [132] to obtain optimal convergence rates for the uniform strong error
of the exponential Euler method for abstract wave equations. Later, this technique was
extended to other settings (see [2, 14, 28, 38]), and, in particular, applied to stochastic
Schrödinger and Maxwell equations. However, if S is not a group, this technique is no
longer applicable. Equations in which S is not a group include transport equations, equa-
tions with dissipation (e.g. damped wave equations), parabolic equations, etc. Of course,
there are also many important systems where groups are unavailable (e.g. if a parabolic
equation is coupled to a wave or transport equation). Even more importantly, for schemes
involving rational approximations (e.g. implicit Euler, Crank–Nicolson), it is unclear how
to use the C0-group structure to estimate the uniform strong error, since the group does
not appear in the scheme.

On the other hand, for other discretisation schemes estimates for the simpler pointwise
strong error (1.3.2) are available (see e.g. the above-mentioned papers in the hyperbolic
case). Moreover, simulations suggest that optimal rates of convergence for the uniform
strong error (1.3.4) hold as well. The main goal of Chapter 4 is to prove such optimal
bounds for (1.3.4) for more general semigroups and more general schemes. In particular,
proofs of such bounds are presented under the condition that S and R are contractive.
This solves the open problem on optimal rates for (1.3.4) for this class of semigroups and
numerical schemes.
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Structural assumptions on the nonlinearity F and the noise G have to be made to
obtain convergence rates for (1.3.4). Namely, we suppose that the spatial regularity of the
argument is preserved in the sense of the mapping property F : Y → Y , and likewise for G.
Moreover, F and G are assumed to be of linear growth on Y and the initial data shall be of
the same additional regularity. Naturally, the question arises whether these assumptions
can be relaxed. Clearly, we cannot expect to preserve the convergence rate because this
already fails in the linear deterministic case. The convergence can be arbitrarily slow if
the initial values alone are rough. However, it is an open question whether qualitatively,
pathwise uniform convergence holds under weaker assumptions on F and G as well as for
rough initial data from Lp(Ω;X). The second main goal of Chapter 4 is to prove that
this question can be answered positively, merely assuming global Lipschitz continuity of
F and G on the full space X. This allows us to treat stochastic evolution equations with
significantly more irregular nonlinearities and noise.

1.3.2 Main results

As in Kato’s setting for the hyperbolic case, let X and Y be Hilbert spaces with Y ↪→
X. For α ∈ (0, 1] we say that a time discretisation scheme R : [0, T ] → L(X), k ↦→ Rk
approximates S to order α on Y if there is a constant Cα ≥ 0 such that for all x ∈ Y ,
k > 0, and j ∈ {0, . . . , Nk}

∥(S(tj)−Rjk)x∥X ≤ Cαk
α∥x∥Y ,

where Rjk = (Rk)
j denotes the j-th power of the scheme at time step k. Such a time dis-

cretisation scheme is called contractive if ∥Rk∥L(X) ≤ 1. Denote the set of Hilbert–Schmidt
operators from a Hilbert space H to X by L2(H,X). Our main result on convergence rates
for (1.3.4) is as follows.

Theorem 1.2. Let X and Y be Hilbert spaces such that Y ↪→ X. Let −A be the generator
of a C0-contraction semigroup (S(t))t≥0 on X and Y . Suppose that (Rk)k>0 is a time
discretisation scheme which is contractive on both X and Y , that R approximates S to order
α ∈ (0, 1/2] on Y , and that Y ↪→ D(Aα). Suppose that F : X → X and G : X → L2(H,X)
are Lipschitz continuous, and that F : Y → Y and G : Y → L2(H,Y ) are of linear growth.
Let p ∈ [2,∞), u0 ∈ Lp(Ω;Y ), and U be the mild solution to (1.3.1). Let k ∈ (0, T/(2p)]
and let (U j)Nk

j=0 be given by (1.3.3). Then there is a constant CT ≥ 0 not depending on u0
and k such that⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥X
⃦⃦⃦⃦
Lp(Ω)

≤ CT (1 + ∥u0∥Lp(Ω;Y ))k
α
√︁

log(T/k). (1.3.6)

In particular, the approximations (U j)j converge at rate α as k → 0 up to a logarithmic
factor.

Explicit formulas for CT are included in the main text. Our second main result con-
cerning the convergence for irregular nonlinearities and noise is the following.

Theorem 1.3. Let X be a Hilbert space. Suppose that −A generates a C0-contraction
semigroup (S(t))t≥0 on both X and D(A). Let (Rk)k>0 be a contractive time discretisation
scheme on both X and D(A) that approximates S to some order α ∈ (0, 1] on D(A).
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Suppose that F : X → X and G : X → L2(H,X) are Lipschitz continuous. Let T > 0,
p ∈ [2,∞), and u0 ∈ Lp(Ω;X). Denote by U the mild solution to (1.3.1) on [0, T ]. Let
k ∈ (0, T/2] and (U j)j=0,...,Nk

be given by (1.3.3). Define the piecewise constant extension
Ũ : [0, T ] → Lp(Ω;X) by Ũ(t) := U j for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk − 1, and Ũ(T ) := UNk .
Then

lim
k→0

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)− Ũ(t)∥X
⃦⃦⃦⃦
Lp(Ω)

= 0.

Theorems 1.2 and 1.3 follow from Theorems 4.24 and 4.57 in the main body of this
thesis, respectively. They hold beyond the Hilbert space setting. More precisely, X and
Y can be arbitrary 2-smooth Banach spaces, including, among others, Lp-spaces for p ∈
[2,∞). The noise then has to be considered as mapping into the space γ(H,X) of γ-
radonifying operators (cf. Section 2.5), which coincides with the space of Hilbert–Schmidt
operators if X is Hilbert.

Among the schemes covered by Theorems 1.2 and 1.3 are

• exponential Euler (EE): Rk = S(k);

• implicit Euler (IE): Rk = (1 + kA)−1;

• Crank–Nicolson (CN): Rk = (2− kA)(2 + kA)−1.

Higher-order implicit Runge–Kutta methods such as Radau methods, BDF(2), Lobatto
IIA, IIB, and IIC, and some DIRK schemes are covered as well. Contractivity of the
scheme R on X and D(A) in the case of (EE) and (IE) is an immediate consequence
of the contractivity of the semigroup S. For other rational schemes, the contractivity of
Rk = r(kA) follows from the holomorphy of the corresponding rational function r : C− → C
and |r(z)| ≤ 1 for all z ∈ C−, which, in particular, is satisfied for A-acceptable or A-stable
schemes. These assertions follow from functional calculus (see Proposition 2.28).

In the above, one usually takes Y to be a suitable intermediate space between X and
D(A). In the special and important case that Y = D(A), one can take α = 1

2 for all
aforementioned schemes. More general convergence rates can be found in Table 1.1.

Exponential Euler Implicit Euler Crank–Nicolson
α β ∧ 1

2
β
2 ∧ 1

2
2β
3 ∧ 1

2

Table 1.1: Convergence rates α in case Y = D(Aβ) in Theorem 1.2

Up to the logarithmic factor, the estimate (1.3.6) is optimal in the sense that the rate
is the same as the rate for the initial value term on its own (i.e. with F = 0 and G = 0).
Theorem 1.2 follows from Theorem 4.24. In the case of exponential Euler, we show that
the logarithmic factor can be omitted, see Corollary 4.26. In the case of additive noise,
a similar result is obtained in Theorem 4.1 for the range α ∈ (0, 1] for semigroups and
schemes which are not necessarily contractive.

The error estimate (1.3.6) can be extended from the grid points to the full time interval
[0, T ] assuming higher integrability of the initial values. Provided that u0 ∈ Lp0(Ω;Y ) holds
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for some p0 ∈ (2,∞) in addition to the assumptions of Theorem 1.2, the pathwise uniform
error on the full time interval can be estimated as (see Theorem 4.32 below)⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− Ũ(t)∥X
⃦⃦⃦⃦
Lp(Ω)

≤ CT (1 + ∥u0∥Lp0 (Ω;Y ))k
α
√︁
log(T/k) (1.3.7)

for all p ∈ [2, p0) and the piecewise constant extension Ũ of (Uj)j=0,...,Nk
to [0, T ]. This

rate is known to be optimal already for scalar SDEs, implying optimal convergence rates
on the full time interval [0, T ]. In practice, this implies that the rate of convergence in the
grid points is maintained already for a piecewise constant interpolation to other times. The
error estimate relies on new optimal path regularity estimates of stochastic convolutions
in suitable log-Hölder spaces, which will be presented in Proposition 4.31.

Applications to Schrödinger and Maxwell equations are included in the main text (see
Subsections 4.1.3, 4.4.4, and 4.4.5). Our results improve several results from the litera-
ture to more general schemes and general rates α. In Section 4.5, we include a setting
for abstract wave equations, which was considered in [132] only for the exponential Euler
method. We prove similar higher-order convergence rates for more general schemes and,
in particular, recover [132] as a special case. A Schrödinger equation with irregular non-
linearities for which previous results [2, Thm. 4.3] or Theorem 1.2 are not applicable is
investigated in Subsection 4.6.2 and convergence is shown.

Let us emphasise that schemes involving rational approximations, such as implicit Euler
or Crank–Nicolson, are in the focus of our work. While we improve existing results for
exponential Euler, the main novelty of our work lies in the possibility to treat other schemes
with a semigroup approach. To the best of the author’s knowledge, the present work is the
first contribution to pathwise uniform convergence (rates) for hyperbolic problems from a
theoretical point of view, both in the generality and for the concrete examples listed above.
The main innovations are:

• first optimal pathwise uniform convergence rates for implicit Euler, Crank–Nicolson,
and any other contractive time discretisation scheme for hyperbolic SPDEs

• first use of Kato’s framework for SPDEs to systematically treat hyperbolic problems

• maximal estimates for the convergence rate rather than pointwise estimates

• path regularity results allowing to consider the error on the full time interval

• novel pathwise uniform stability estimates

• convergence up to order 1 for abstract wave equations for any contractive scheme

• pathwise uniform convergence for irregular nonlinearities and noise as well as rough
initial values which do not fall into the Kato setting

It was recently shown in [32] that one can transfer (1.3.2) to (1.3.4) using some of
the Hölder continuity in the p-th moment at the price of decreasing the convergence rate
via the Kolmogorov–Chentsov theorem. The strength of this lies in the generality of
possible applications. However, to get practically useful bounds in concrete cases, there
are limitations. A more detailed comparison is made in Remark 4.25.



1.3. Stochastic Evolution Equations 11

To make the above results applicable to implementable numerical schemes for SPDEs,
one would additionally need a space discretisation. Since the main novelty of our work
for SPDEs lies in the treatment of temporal discretisations, we will only consider the
latter in Chapter 4. Space discretisation for SPDEs is usually performed by means of
spectral Galerkin methods [75, 78, 81, 133], finite differences [4, 31, 59], or finite elements
[3, 30, 91, 92, 93, 96, 97], sometimes combined with a discontinuous Galerkin approach
[11, 70], or other methods in space or space-time [12, 37, 38, 42, 62, 100].

A detailed understanding of the globally Lipschitz setting is a quintessential step to-
wards the treatment of locally Lipschitz nonlinearities, which occur more frequently in
practice. Our result should be seen as a first step towards a convergence analysis in the
locally Lipschitz setting.

1.3.3 Method of proof

For the proof of the convergence rate, we need several ingredients. Firstly, we need to
prove that the mild solution actually is continuous with values in the subspace Y . This
can be seen as the replacement of the usual regularisation one has for parabolic equations
in spirit of the Kato setting explained before. Surprisingly, we do not need any Lipschitz
assumptions on F and G as mappings from Y to Y , but linear growth conditions suffice.
This is crucial since Lipschitz estimates typically fail for Nemytskij mappings on Sobolev
spaces of higher order (see [40] and Remark 4.15).

A key estimate in the proof is a new maximal inequality for discrete convolutions. In
particular, this inequality will be used to prove the stability of schemes such as (1.3.3), i.e.,

E sup
j∈{0,...,Nk}

∥U j∥pY ≤ C,

where C is independent of the step size k. But it also plays a role in further estimates for
the convergence.

A second key ingredient is an improved version of an estimate recently proven in [128],
which allows estimating stochastic integral processes that contain a supremum

E sup
i∈{1,...,n}

sup
t≥0

⃦⃦⃦ ∫︂ t

0
Φi(s)dWH(s)

⃦⃦⃦p
X

(1.3.8)

by certain square functions with a square-root-logarithmic dependency on n (see Proposi-
tion 2.62 below).

Finally, to prove the desired convergence rate of Theorem 1.2 we need to split the error
obtained in (1.3.3) into

1 (initial value part) + 4 (deterministic terms) + 5 (stochastic terms) = 10 terms.

To estimate these terms we require precise estimates for ∥S(tj) − Rjk∥L(Y,X), E∥U(t) −
U(s)∥pX , stability estimates, and maximal estimates for continuous and discrete convolu-
tions. Stability of the scheme can be obtained by a dilation argument in Hilbert spaces X
and Y . This is no longer possible in general 2-smooth Banach spaces. Instead, the key in-
gredient of the stability proof is a novel maximal inequality for discrete convolutions based
on a martingale argument. Lemma 4.18 illustrates how martingale (difference) sequences
are used in this argument, resulting in stability as stated in Proposition 4.19.
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In the end, we derive an estimate for the error in terms of itself, and we apply a
standard discrete Gronwall argument to deduce the desired error bound. In the case of
exponential Euler, some terms disappear since S(tj) = Rjk, which makes it possible to omit
the logarithmic terms originating from terms such as (1.3.8).

Passing to irregular nonlinearities and noise, linear growth on more regular subspaces of
X no longer holds true and the initial values are not pathwise more regular. To circumvent
this problem, we regularise the nonlinearity, the noise, and the initial values occurring in
(1.3.1) according to

mF := mR(m,−A)F, mG := mR(m,−A)G, mu0 := mR(m,−A)u0

for some regularisation parameter m ∈ N, where R(m,−A) := (m + A)−1 denotes the
resolvent. By construction, mF maps to D(A), mG maps to L2(H,D(A)), and mu0 ∈
Lp(Ω;D(A)), giving the desired additional regularity in structure with the more regular
space being Y = D(A). Hence, this enables us to apply the quantified convergence results
of Theorem 1.2 for the regularised discretisation given by

mU
j := Rk(mU

j−1) + kRk(mF (mU
j−1)) +Rk(mG(mU

j−1))∆Wj , mU
0 := mu0, (1.3.9)

for 1 ≤ j ≤ Nk. They approximate the mild solution mU of the regularised evolution
equation

mU = (−AmU + mF (mU)) dt+ mG(mU) dWH(t), mU(0) = mu0 ∈ X. (1.3.10)

Theorem 1.2 yields convergence of the pathwise uniform discretisation error (1.3.4)
of the regularised problem as k → 0. Note that this convergence is not uniform in the
regularisation parameter m ∈ N. The main task consists in proving convergence of the
regularisation error, both for the mild solutions to (1.3.10) and for the discretisations
(1.3.9), as m → ∞ uniformly in the number of time steps Nk. For the continuous regu-
larisation error, this is achieved by a combination of a maximal inequality for stochastic
convolutions, continuity of paths of the nonlinearities evaluated at the mild solution, and
a classical continuous Gronwall argument.

An analogous straightforward estimate of the discrete regularisation error fails. Instead,
the maximal inequality for discrete convolutions already used in the stability proof in 2-
smooth Banach spaces proves helpful. In addition, a clever splitting of the error is required
so that it can be rewritten in terms of the continuous regularisation error, the discretisation
error of the regularised problem, as well as the full error, i.e., the discretisation error of
the original problem (1.3.1). The regularisation parameter m ∈ N can then be fixed large
enough such that the first error becomes small, and we already showed uniform convergence
of the second as k → 0. Finally, we thus derive an estimate for the full error in terms of
itself, and we apply a standard discrete Gronwall argument, finally resulting in the desired
convergence statement for irregular nonlinearities.

1.4 Overview

Let us outline the rest of the thesis. Chapter 2 contains the preliminaries for the rest of
the thesis. Evolution equations with random coefficients are investigated in Chapter 3,
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corresponding to Section 1.2 of this introduction. The results presented in this chapter are
contained in the publication [85] by the author of the thesis. Chapter 4 is devoted to the
temporal approximation of stochastic evolution equations, as outlined in Section 1.3. The
results stated in Sections 4.1-4.5 and Section 4.6 can be found in the author’s publications
[86] and [87], respectively. Please note that, contrary to [86], all results are formulated
in 2-smooth Banach spaces using the extension discussed in [87, Section 3]. Moreover, a
complete proof of the well-posedness result in Section 4.2 has been added in this thesis.

We give a more detailed overview of the content of the thesis, highlighting novel results
obtained in the respective sections.

• The analysis of evolution equations with random coefficients commences with a for-
mal introduction of the random evolution equations considered and a reminder of
properties of the corresponding semigroups in Section 3.1.

• Section 3.2 reviews and collects the facts needed for the three discretisations per-
formed in space, time, and randomness separately. In space, the focus lies on the
approximation of form-induced semigroups and includes a novel quantified version
of the Trotter–Kato theorem for form-induced semigroups in Theorem 3.8. Corol-
lary 3.36 contains an extension of PCE error estimates from the one-dimensional
scalar-valued to the multivariate vector-valued case.

• Results on joint convergence rates for space-time discretisation in the deterministic
case are recalled from the literature in Section 3.3.

• The main part of Chapter 3 is Section 3.4, where we prove a joint convergence rate
for the full discretisation (see Theorems 3.74 and 3.75).

• An application to a parabolic equation with random anisotropic diffusion is contained
in Section 3.5.

• Section 4.1 discusses temporal approximation of SPDEs with additive noise and semi-
groups that are not necessarily contractive. We prove convergence at rate α up to
order one, in case the noise and data are regular enough. This is proved under the
assumption that the numerical scheme Rk approximates the semigroup at rate α.
Results are illustrated for the Schrödinger equation, for which the obtained results
improve several bounds from the literature for the exponential Euler scheme, and pro-
vide the first uniform bounds for a large class of other numerical methods including
implicit Euler and Crank–Nicolson.

• In Section 4.2, we introduce the nonlinear evolution equation with multiplicative
noise that we consider in the rest of the thesis. After providing a detailed proof of a
standard well-posedness result, we introduce a special case of the Kato setting and
prove that the solution has regularity in the subspace Y in case of linear growth in
the Y -setting (see Theorem 4.14). This novel well-posedness result holds without
assuming Lipschitz continuity on Y .

• Section 4.3 is concerned with the stability of the discretisation schemes for the non-
linear evolution equation introduced in Section 4.2. The main stability result can be
found in Proposition 4.19 and only requires linear growth. Hence, it is applicable
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on both X and Y . A simpler proof in Hilbert spaces resulting in better constants is
given in Proposition 4.16.

• Section 4.4 is central in the thesis, and here we prove the main result stated in
Theorem 1.2 on convergence rates for the pathwise uniform error in time for the
nonlinear evolution equation introduced in Section 4.2 (see Theorem 4.24 for the
extended version). Moreover, we prove the error bound (1.3.7) on the full time
interval in Theorem 4.32. For this, we first establish a new optimal path regularity
result for the solution in Proposition 4.31, which is of independent interest. In
Subsections 4.4.4 and 4.4.5, we present applications to the Schrödinger equation as
well as the Maxwell equation.

• In Section 4.5, we consider abstract stochastic wave equations, and obtain conver-
gence rates up to order one (see Theorem 4.48). Although we are not in the setting of
Section 4.4, an inspection of the proofs given there shows that certain terms behave
better for abstract wave equations by virtue of their second-order nature. Again,
convergence rates are obtained for a large class of numerical schemes, and versions of
(1.3.7) are obtained. Examples with trace class, space-time white noise, and smooth
noise are included and can be found in Subsections 4.5.4, 4.5.5, and 4.5.6, respec-
tively. All these results are new for schemes different from exponential Euler. Most
notably, for smooth noise, we can explain the numerical convergence rates one sees
in [132, Fig. 6.1] for implicit Euler and Crank–Nicolson.

• Section 4.6 contains the second main result for SPDEs: We state and prove con-
vergence for irregular Lipschitz nonlinearity and noise as well as rough initial data,
which leads to Theorem 1.3. The result is illustrated for a version of the nonlinear
stochastic Schrödinger equation that does not fall into the Y -setting.



Chapter 2

Preliminaries

In this chapter, we recall fundamental results from the different areas of mathematics
required in order to follow the subsequent chapters: functional analysis, more specifically
semigroup and interpolation theory, numerical analysis, and stochastic analysis. The reader
interested in the approximation of evolution equations with random coefficients presented
in Chapter 3 is advised to read Sections 2.1, 2.2, and 2.3. Sections 2.4 - 2.10 only become
relevant for the analysis of stochastic PDEs in Chapter 4.

Semigroups, generators, resolvents, and relations inbetween them are introduced in
Section 2.1 alongside evolution equations and forms. Approximation of semigroups both
in space and time is reviewed in Section 2.2, before some concepts from interpolation the-
ory are recalled in Section 2.3. Section 2.4 introduces a special class of Banach spaces,
the 2-smooth Banach spaces, on which a generalisation of Hilbert–Schmidt operators can
be defined, the so-called γ-radonifying operators studied in Section 2.5. These operators
become relevant when extending the stochastic integral introduced in Section 2.6 along-
side other fundamental notions from stochastic analysis to the realm of 2-smooth Banach
spaces in Section 2.7. A useful martingale inequality from stochastic analysis is discussed
in Section 2.8. We introduce Besov–Orlicz spaces in Section 2.9 and give estimates for
stochastic integrals in these spaces before finishing the preliminaries with different versions
of Gronwall’s lemma in Section 2.10.

15
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2.1 Fundamentals of Semigroup Theory

The mathematical centrepiece of this thesis are C0-semigroups. They provide a particu-
larly useful functional analytic tool to analyse partial differential equations. We review
central concepts such as the relation to infinitesimal generators and resolvents, generation
theorems, and how to solve evolution equations using semigroup theory, based on one of
the standard textbooks in the field [45].

Definition 2.1. A (one-parameter) semigroup onX is a family (S(t))t≥0 of bounded linear
operators on a Banach spaceX satisfying the functional equation S(t+s) = S(t)S(s) for all
t, s ≥ 0 and S(0) = I. It is a strongly continuous semigroup or C0-semigroup if S(t)f → f
as t↘ 0 for all f ∈ X. If the functional equation holds for all t, s ∈ R and strong continuity
holds as t→ 0 then S : R → L(X) is a C0-group.

Henceforth, all semigroups studied are strongly continuous ones. Consequently, we use
the notions “semigroup” and “C0-semigroup” equivalently in the following.

Every semigroup is exponentially bounded. Different types of semigroups are classified
by the value of the exponential boundedness constants.

Proposition 2.2 (Proposition I.5.5 in [45]). For every C0-semigroup (S(t))t≥0, there exist
constants w ∈ R, M ≥ 1 such that ∥S(t)∥ ≤Mewt for all t ≥ 0.

Definition 2.3. For a given semigroup (S(t))t≥0, let w ∈ R and M ≥ 1 be the constants
from Proposition 2.2. Then (M,w) is called the type of S or, equivalently, S is said to
be of type (M,w). It is called quasi-contractive if it is of type (1, w) for some w ∈ R and
contractive or contraction semigroup if it is of type (1, 0), i.e., ∥S(t)∥ ≤ 1 for all t ≥ 0.

Another central building block of semigroup theory consists of the generator of a semi-
group. It is obtained by differentiating the orbit maps ξx : [0,∞) → X, t ↦→ S(t)x for those
x ∈ X for which ξx is differentiable.

Definition 2.4. The (infinitesimal) generator −A : D(A) ⊆ X → X of a strongly contin-
uous semigroup (S(t))t≥0 on a Banach space X is the (unbounded) operator

−Ax := lim
t↘0

S(t)x− x

t

with the domain D(A) consisting of all x ∈ X for which the limit exists.

By definition, −A is a linear operator. Moreover, it is closed, densely defined, and
determines the semigroup uniquely. If A is bounded, the corresponding semigroup is given
by the matrix exponential S(t) = e−tA for t ≥ 0. C0-semigroups can be interpreted as
an extension of the exponential function to unbounded operators. The following lemma
establishes a relation between semigroup and generator, reminiscent of the fundamental
theorem of calculus.

Lemma 2.5 (Lemma II.1.3 in [45]). Let −A be the generator of a C0-semigroup (S(t))t≥0.
If x ∈ D(A), then S(t)x ∈ D(A) and d

dtS(t)x = −AS(t)x = −S(t)Ax for all t ≥ 0.
Moreover, for every x ∈ X and t ≥ 0, we have

∫︁ t
0 S(s)x ds ∈ D(A). Furthermore, for every

t ≥ 0, we have

S(t)x− x = −A
∫︂ t

0
S(s)x ds = −

∫︂ t

0
S(s)Ax ds,

where the first equality holds for all x ∈ X and the second one only for x ∈ D(A).
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As, for some instances, it is difficult to determine the domain of the generator precisely,
one works with (often more regular) subspaces that are “large enough” in the following
sense.

Definition 2.6. A subspace D ⊆ X is called a core for −A if −A|D = −A. Equivalently,
D is a core for −A if D ⊆ D(A) is dense for the graph norm defined via ∥x∥2D(A)

:=

∥x∥2X + ∥Ax∥2X for x ∈ D(A).

Typical examples of cores for −A are given by D(Aℓ) for ℓ ∈ N.
The third central element besides semigroups and generators is given by resolvents.

The resolvent of A in λ ∈ C is given by R(λ,A) := (λ − A)−1. It is defined for all λ in
the resolvent set ρ(A), which contains all λ ∈ C such that R(λ,A) ∈ L(X), i.e., such that
λ − A is boundedly invertible. A simple calculation shows the following useful identities
for resolvents.

Proposition 2.7 (First and second resolvent identity). Let A,B be closed operators on a
Banach space X. For all λ, µ ∈ ρ(A), we then have

R(λ,A)−R(µ,A) = (µ− λ)R(λ,A)R(µ,A)

and for all λ ∈ ρ(A) ∩ ρ(B),

R(λ,A)−R(λ,B) = R(λ,A)(A−B)R(λ,B).

Since we will frequently use fractional powers of the negative generator, we want the
negative generator to be positive, and thus let −A be the generator throughout. Conse-
quently, we are considering the resolvents R(λ,−A) = (λ + A)−1. The resolvent can be
directly obtained from the semigroup via the Laplace transform as illustrated in part (a)
of the following theorem.

Theorem 2.8 (Theorem II.1.10 in [45]). Let (S(t))t≥0 be a C0-semigroup of type (M,w)
on a Banach space X. For the generator −A of (S(t))t≥0, the following properties hold.

(a) If there is λ ∈ C such that R(λ)x :=
∫︁∞
0 e−λsS(s)x ds exists for all x ∈ X, then

λ ∈ ρ(−A) and R(λ) = R(λ,−A).

(b) If Reλ > w, then λ ∈ ρ(−A) and the resolvent is given by the integral in (a).

(c) ∥R(λ,−A)∥ ≤ M
Reλ−w for all Reλ > w.

The integral representation of the resolvent R(λ,−A) in (a) has to be understood as an
improper Riemann integral in the strong sense.

Provided that (λR(λ,−A))λ≥w is bounded (which does not follow from Part (c) in
general), strong convergence to the identity is obtained as λ→ ∞.

Lemma 2.9 (Lemma II.3.4 in [45]). Let A : D(A) ⊆ X → X be a closed, densely defined
operator on a Banach space X. Suppose there exist w ∈ R and M > 0 such that [w,∞) ⊆
ρ(−A) and ∥λR(λ,−A)∥ ≤ M for all λ ≥ w. Then the following convergence statements
hold for λ→ ∞.
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(a) λR(λ,−A)x→ x for all x ∈ X.

(b) λAR(λ,−A)x = λR(λ,−A)Ax→ Ax for all x ∈ D(A).

Knowing how to pass from the semigroup to the generator and the resolvent, naturally,
the question arises of when a given unbounded operator generates a semigroup. The answer
is given by the following celebrated generation theorem due to Hille and Yosida. We state
the version for semigroups of arbitrary type due to Feller, Miyadera, and Phillips rather
than the original version formulated for contraction semigroups.

Theorem 2.10 (Hille–Yosida generation theorem, Theorem II.3.8 in [45]). Let A : D(A) ⊆
X → X be a linear operator on a Banach space X and let w ∈ R,M ≥ 1. Then the
following properties are equivalent.

(i) −A generates a C0-semigroup (S(t))t≥0 of type (M,w).

(ii) A is closed, densely defined, and for every λ > w, we have λ ∈ ρ(−A) and for all
n ∈ N it holds that ∥[(λ− w)R(λ,−A)]n∥ ≤M .

(iii) A is closed, densely defined, and for every λ ∈ C with Reλ > w, we have λ ∈ ρ(−A)
and ∥R(λ,−A)n∥ ≤M(Reλ− w)−n for all n ∈ N.

In practice, verifying the bounds for the n-th power of the generator is often not feasible
due to a lacking explicit formula for powers of the resolvent. This challenge is overcome by
applying the generation theorem of Lumer and Phillips instead. This requires the notion
of dissipativity, which is easier to verify for a given operator.

Definition 2.11. We call a linear operator A : D(A) ⊆ X → X on a Banach space X
dissipative if ∥(λ−A)x∥ ≥ λ∥x∥ for all λ > 0 and x ∈ D(A).

Theorem 2.12 (Lumer–Phillips generation theorem, Theorem II.3.15 in [45]). For a
densely defined, dissipative operator −A : D(A) ⊆ X → X on a Banach space X the
following statements are equivalent.

(i) The closure −A of −A generates a contraction semigroup.

(ii) The range of λ+A is dense in X for some (hence all) λ > 0.

Via the inverse Laplace transform, also known as complex inversion formula, the semi-
group can be obtained directly from the resolvent on the domain of the generator.

Theorem 2.13 (Corollary III.5.15 in [45]). Let (S(t))t≥0 be a C0-semigroup on a Banach
space X. Then

S(t)x = lim
n→∞

1

2πi

∫︂ w+in

w−in
etλR(λ,−A)x dλ (x ∈ D(A), t ≥ 0, w > ω0(S)),

where the convergence is uniform on compact time intervals. Here, ω0(S) denotes the
growth bound of S defined as the infimum over all w ∈ R such that S is of type (Mw, w)
for some Mw ≥ 1.
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Our main motivation to study semigroups is to solve an important class of partial
differential equations (PDEs), namely, evolution equations. They describe the evolution
of a given quantity over time. The simplest equation to describe an evolution over time
is the ordinary differential equation (ODE) u′(t) = −αu(t) for all t ≥ 0, some α ∈ C,
and u(0) = u0 ∈ C. Clearly, the solution to this equation is given by u(t) = e−αtu0.
Keeping this simple equation in mind, we introduce abstract Cauchy problems, which can
be interpreted as reformulating a PDE as an ODE in another space. The price one has
to pay is passing from a finite-dimensional space on which the PDE is formulated to a
typically infinite-dimensional space for the ODE. The operator determining the differential
equation becomes an unbounded operator, but as in the scalar example above, the solution
is determined by the initial values and the exponential function, i.e., the C0-semigroup
in the general (infinite-dimensional) case. Due to the infinite-dimensional nature of the
problem, we distinguish between different types of solutions.

Definition 2.14. The abstract Cauchy problem associated with −A and the initial value
u0 ∈ X is given by the initial value problem

u′(t) = −Au(t) (t ≥ 0) u(0) = u0 ∈ X. (ACP)

A function u : [0,∞) → X is called a classical solution of (ACP) if u is continuously
differentiable, u(t) ∈ D(A) for all t ≥ 0, and (ACP) holds. It is called a mild solution of
(ACP) if

u(t) = S(t)u0, (t ≥ 0).

One can show that every classical solution to (ACP) is also a mild solution.
So far, we have considered the homogeneous problem (ACP). The semigroup approach

also allows us to treat the inhomogeneous problem with some time-dependent right-hand
side f . More precisely, given a function f : [0,∞) → X and an initial value u0 ∈ X, the
inhomogeneous abstract Cauchy problem consists of finding a function u : [0,∞) → X that
satisfies

u′(t) = −Au(t) + f(t) (t ≥ 0), u(0) = x. (iACP)

Here and in the following, we write Lp(a, b;X) for Lp((a, b);X) with X a Banach space
and a, b ∈ [0,∞) such that a < b.

Definition 2.15. Let X be a Banach space, u0 ∈ X, and f ∈ L1(0,∞;X). Suppose that
−A generates a C0-semigroup (S(t))t≥0 on X. Then the function u : [0,∞) → X defined
by

u(t) := S(t)x+

∫︂ t

0
S(t− s)f(s) ds (t ≥ 0)

is called the mild solution of (iACP). If a function u : [0,∞) → X that fulfils (iACP) is,
in addition, continuously differentiable and u(t) ∈ D(A) for t ≥ 0, we call it a classical
solution.

As for the homogeneous case (f = 0), every classical solution of (iACP) is also a mild
solution of (iACP), whence classical solutions of (iACP) are unique.

Another useful classical result from semigroup theory will prove useful to prove a sta-
bility result in Section 4.3. The following famous dilation theorem [120, Thm. I.4.2] is
stated in the version of [115].
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Theorem 2.16 (Sz.-Nagy dilation theorem). Let H be a Hilbert space. Every contraction
S : H → H has a unitary dilation U : H̃ → H̃ to a Hilbert space H̃ having H as a subspace.
That is, there exist a contractive projection P : H̃ → H, a contractive injection J : H → H̃,
and a unitary mapping U : H̃ → H̃ such that Sn = PUnJ for all n ∈ N0.

In particular, choosing the C0-semigroup at time t as S in the above, this ensures the
existence of a C0-group U on a larger Hilbert space such that S(nt) = PU(nt)J .

In Hilbert spaces, an interesting class of generators are those associated with a form.
Let V be a Hilbert space. A form on V is a sesquilinear mapping a : V × V → K, and
we write a(u) := a(u, u) for the corresponding quadratic form. For a given form a we
call a∗ : V × V → K, a∗(u, v) := a(v, u) the adjoint form. A form a is called sectorial
if there exists c ≥ 0 such that |Im a(u)| ≤ cRe a(u) for all u ∈ V or, put differently,
the numerical range N (a) := {a(u) : u ∈ V, ∥u∥V = 1} is contained in the sector
Σθ := {z ∈ C \ {0} : |arg z| ≤ θ} ∪ {0} with θ := arctan c. We call the form a symmetric
if a∗ = a and bounded if there exists M ≥ 0 such that |a(u, v)| ≤ M∥u∥V ∥v∥V for all
u, v ∈ V . Moreover, a is called coercive if there exists κ > 0 such that Re a(u) ≥ κ∥u∥2V for
all u ∈ V . Note that bounded coercive forms are sectorial of angle less than π

2 . Weakening
the coercivity condition slightly results in accretive forms, which merely satisfy Re a(u) ≥ 0
for all u ∈ V .

Let H be a Hilbert space such that V ↪→ H densely. We can associate an unbounded
operator A with D(A) ⊆ H to a form a acting on V such that (Au | v)H = a(u, v) for
all u ∈ D(A), v ∈ V under suitable conditions on the form. The construction of A for
bounded and coercive forms is explained in detail in Subsection 3.2.1. We call an operator
A an accretive operator if (Au |u)H ≥ 0 for all u ∈ D(A). Clearly, A is accretive if it
is associated with an accretive form. For some results to hold, a stronger notion than
accretivity is required. An accretive operator A is said to be m-accretive or, equivalently,
maximal accretive if, in addition, 1 ∈ ρ(−A). Operators associated with forms that are
accretive, bounded, and closed are m-accretive [110, Prop. 1.22].

We finish the section by recalling a standard result from functional analysis with ap-
plications to semigroup theory.

Proposition 2.17 (Proposition A.3 in [45]). Let X be a Banach space. On bounded subsets
of L(X), the following topologies coincide.

(i) The strong operator topology.

(ii) The topology of pointwise convergence on a dense subset of X.

(iii) The topology of uniform convergence on relatively compact subsets of X.

2.2 Approximation of Semigroups

For many evolution equations of interest, the corresponding semigroup cannot be computed
analytically. Hence, approximating the semigroup often provides the only way to compute
a solution of some evolution equation. Approximation can be performed in space and in
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time. We review central definitions and results concerning both in this subsection, starting
with spatial approximation.

Let X be a Banach space and −A the generator of a C0-semigroup (S(t))t≥0 on X.
The idea of spatial approximation is to choose suitable approximations Am of A such
that −Am also generates a C0-semigroup (Sm(t))t≥0 on X for m ∈ N. The celebrated
Trotter–Kato theorem provides a characterisation of the strong convergence of these ap-
proximating semigroups, which directly implies the desired convergence of mild solutions.
More precisely, it states that convergence of the generators yields strong convergence of
the associated semigroups under a uniform exponential boundedness condition of the ap-
proximating semigroups. We state it in the version of [45, Thm. III.4.8]. Recall that a
subspace D ⊆ X is called a core for A if A|D = A.

Theorem 2.18 (Trotter–Kato Approximation Theorem). Let (S(t))t≥0 and (Sm(t))m∈N
be C0-semigroups on a Banach space X with generators −A and −Am, respectively. Let D
be a core for −A. Assume that there are M ≥ 1 and w ∈ R such that for all m ∈ N,

∥S(t)∥L(X), ∥Sm(t)∥L(X) ≤Mewt (t ≥ 0).

Then the following are equivalent.

(i) For each x ∈ D, there exists xm ∈ D(Am) such that xm → x and Amxm → Ax.

(ii) R(λ,−Am)x→ R(λ,−A)x for all x ∈ X and some/all λ > w.

(iii) Sm(t)x→ S(t)x for all x ∈ X, uniformly for t in compact intervals.

In particular, these assertions hold true if D ⊆ D(Am) for all m ∈ N and Amx → Ax for
all x ∈ D.

Often, the approximating generators Am are obtained by restricting A to suitably
chosen subspaces Xm of X. It is also possible to consider Am on Banach spaces Xm which
are not contained in X, using so-called non-conforming methods. Thus, we suppose that
−Am is generating a semigroup (Sm(t))t≥0 on some Banach space Xm for m ∈ N. To
quantify the convergence of the approximating semigroups (Sm(t))t≥0 on Xm to (S(t))≥0

on X, we need the notion of spatial convergence rates. To this end, for m ∈ N we consider
bounded linear operators Pm : X → Xm and Jm : Xm → X satisfying

(A1) ∃M1,M2 ≥ 0 ∀m ∈ N : ∥Pm∥L(X,Xm) ≤M1, ∥Jm∥L(Xm,X) ≤M2,

(A2) ∥JmPmx− x∥X → 0 as m→ ∞ for all x ∈ X,

(A3) PmJm = Im for all m ∈ N, where Im is the identity operator on Xm.

Definition 2.19. Let Yx ↪→ X be a Banach space and px > 0.

(a) A space discretisation (Am)m∈N of A is said to be convergent of order px on Yx
(w.r.t. the norm of X) for the stationary problem if there exists a constant Cx ≥ 0
and a λ0 ∈ ρ(−A) ∩

⋂︁
m∈N ρ(−Am) such that

∥JmR(λ0,−Am)Pmu0 −R(λ0,−A)u0∥X ≤ Cx

∥u0∥Yx
mpx

for all u0 ∈ Yx and m ∈ N.
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(b) A space discretisation (Am)m∈N of A is said to be convergent of order px on Yx
(w.r.t. the norm of X) for the evolution problem if for all T ≥ 0 there exists a
constant Cx = Cx(T ) ≥ 0 such that

∥JmSm(t)Pmu0 − S(t)u0∥X ≤ Cx

∥u0∥Yx
mpx

for all t ∈ [0, T ], u0 ∈ Yx, and m ∈ N.

We can now present a quantified version of the Trotter–Kato theorem due to Kappel
and Ito [74].

Proposition 2.20 (Propositions 2.2 and 2.3 in [74]). Assume that (A1) and (A3) are
satisfied. Assume that there are M ≥ 1 and w ∈ R such that for all m ∈ N,

∥S(t)∥L(X), ∥Sm(t)∥L(Xm) ≤Mewt (t ≥ 0).

Further, suppose that for some α > 0 the space discretisation (Am)m∈N of A is convergent
of order px on D(Aα) for the stationary problem. Then for any T > 0, there exists a
constant C = C(T, α) ≥ 0 such that

∥JmSm(t)Pmx− S(t)x∥X ≤ C

mpx
∥x∥D(Aβ) (2.2.1)

for all t ∈ [0, T ], β = α+ 2, x ∈ D(Aβ), and m ∈ N.
If, in addition, the semigroup S is analytic, for any ε > 0, there is C = C(T, α, ε) ≥ 0
such that (2.2.1) holds with β = α+ 1 + ε.
Suppose that in addition to analyticity of S, X and Xm are Hilbert spaces for all m ∈ N,
−Am are self-adjoint bounded operators on Xm, and for some λ0 ∈ ρ(−A)∩

⋂︁
m∈N ρ(−Am),

we have ∥Sm(t)∥L(Xm) ≤ eλ0t for all m ∈ N. Then (2.2.1) holds with β = α+ 1.

Lower regularity assumptions (β = α + 1
2) can only be achieved on time intervals of

the form [1δ , δ] for fixed δ > 0 due to singularities at t = 0.
A commonly used approach to choose the operators (Am)m∈N consists of restricting

the form associated with A to subspaces and considering the operators associated with
the restricted form. This idea lies at the heart of finite element methods. We restrict our
considerations to Hilbert spaces X to make sense of the notion of associated forms, and
thus write H instead of X. Let a : V × V → K be a form on a Hilbert space V densely
embedded into H.

Definition 2.21. An approximating sequence of V is a sequence (Vm)m∈N of closed sub-
spaces of V such that distV (v, Vm) → 0 as m→ ∞ for all v ∈ V .

Given an approximating sequence (Vm)m∈N of V and a form a : V × V → K, we say
that the uniform Banach–Nečas–Babuška condition (BNB) is satisfied if

∃β > 0 ∀m ∈ N ∀u ∈ Vm : sup
v∈Vm, ∥v∥V =1

|a(u, v)| ≥ β∥u∥V . (BNB)

It ensures the convergence of Galerkin approximations obtained by considering the forms
am : Vm×Vm → K, am := a|Vm×Vm ; cf. [6, Prop. 2.4]. Clearly, if a is coercive, then (BNB)
is trivially satisfied for every approximating sequence (Vm)m∈N of V .

Since am acts on V but the semigroup S to be approximated acts on H, approximating
generators Am have to be constructed on a subspace of H. For m ∈ N, denote by Hm ⊆ H
the closure of Vm in H. Then Vm ↪→ Hm, and trivially, Vm is dense in Hm for all m ∈ N.
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Definition 2.22. A space discretisation of A associated with a form a consists of an ap-
proximating sequence (Vm)m∈N of V and a sequence (Am)m∈N of operators Am in Hm such
that −Am generates a C0-semigroup (Sm(t))t≥0 on Hm for m ∈ N. If the approximating
sequence used is clear from the context, we also refer to (Am)m∈N as a space discretisation
of A.

The detailed construction of a space discretisation from the approximating forms am
is contained in Subsection 3.2.1, alongside another quantified version of the Trotter–Kato
theorem with conditions on a and (Vm)m∈N directly instead of the resolvents as in Propo-
sition 2.20.

Another fundamental part of the approximation of solutions to a (deterministic or
stochastic) evolution equation entails the temporal approximation of a semigroup by a
time discretisation method. Let X be a Banach space and (S(t))t≥0 a C0-semigroup on X
with generator −A.

Definition 2.23. A time discretisation method for (S(t))t≥0 is a function F : [0,∞) →
L(X) satisfying F (0) = I. It is also referred to as (L(X)-valued) scheme or (L(X)-valued)
time discretisation scheme.

Let F : [0,∞) → L(X) be a time discretisation method for (S(t))t≥0. Then F is called
contractive if ∥F (τ)∥L(X) ≤ 1 for all τ ≥ 0 and stable if there exist M ≥ 1 and λ ∈ R such
that for all N ∈ N and (τ i)1≤i≤N in [0,∞), we have⃦⃦⃦⃦ N∏︂

i=1

F (τ i)

⃦⃦⃦⃦
L(X)

≤Meλ
∑︁N

i=1 τ
i
.

We say that F is consistent if there exists a core D ⊆ X for −A such that

lim
τ→0

1

τ
(F (τ)f − f) = −Af (f ∈ D).

Moreover, F is called convergent if for all t ≥ 0, N ∈ N, and all (τ iN )1≤i≤N such that
τ iN = τ iN (t,N) ∈ [0, t] for all 1 ≤ i ≤ N and maxi=1,...,N τ

i
N → 0 as well as

∑︁N
i=1 τ

i
N → t as

N → ∞, we have

lim
N→∞

N∏︂
i=1

F
(︁
τ iN
)︁
f = S(t)f (f ∈ X).

The close connection between the concepts of consistency, stability, and convergence is
elaborated in Subsection 3.2.2. The following definition allows us to quantify the temporal
approximation behaviour.

Definition 2.24. Let F : [0,∞) → L(X) be a time discretisation method. Let Yt ↪→ X
with Yt ⊆ D(A) be a core for −A, and pt > 0. Then F is called consistent of order pt on
Yt if there exist C ≥ 0 and τ0 > 0 such that for all τ ∈ [0, τ0], we have

∥F (τ)f − S(τ)f∥X ≤ Cτpt+1∥f∥Yt (f ∈ Yt).

Moreover, F is called convergent of order pt on Yt if for all T ≥ 0 there exist CT ≥ 0 and
τ0 = τ0(T ) ∈ (0, T ] such that for all t ∈ [0, T ], N ∈ N, and (τ i)1≤i≤N with τ i = τ i(t,N) ∈
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[0, τ0] for 1 ≤ i ≤ N and
∑︁N

i=1 τ
i = t, we have⃦⃦⃦⃦ N∏︂

i=1

F (τ i)f − S(t)f

⃦⃦⃦⃦
X

≤ CT

(︂
max

i=1,...,N
τ i
)︂pt

∥f∥Yt (f ∈ Yt).

Equivalently, we say that F approximates S to order pt on Yt or that F converges of order
pt on Yt.

In the case of uniform time steps τ i = τ > 0 for 1 ≤ i ≤ N and Nτ ≤ T , convergence
of F of order pt > 0 on Yt means

∥(F (τ)j − S(jτ))f∥X ≤ CT τ
pt∥f∥Yt

for all 1 ≤ j ≤ N and f, T, CT as above. Subsequently, we will omit the index for norms
in the space X.

Remark 2.25. Let Yt ↪→ X with Yt dense in X such that Yt ⊆ D(A) and Yt is invariant
under (S(t))t≥0. Then Yt is a core for −A; cf. [45, Prop. II.1.7]. Note that every core for
−A is dense in X.

Furthermore, consistency and convergence of a certain positive order imply consistency
and convergence as in Definition 2.23, respectively, where stability is needed for conver-
gence. We include a proof of the respective statements.

Firstly, if F : [0,∞) → L(X) is a consistent time discretisation method of order pt > 0
on Yt then F is consistent. Indeed, for f ∈ Yt and τ > 0, we have

1

τ
(F (τ)f − f) +Af =

1

τ
(F (τ)f − S(τ)f) +

1

τ
(S(τ)f − f) +Af,

and therefore for sufficiently small τ > 0, we observe⃦⃦⃦⃦
1

τ
(F (τ)f − f) +Af

⃦⃦⃦⃦
≤ Cτpt∥f∥Yt +

⃦⃦⃦⃦
1

τ
(S(τ)f − f) +Af

⃦⃦⃦⃦
→ 0.

Moreover, if F is stable and convergent of order pt > 0 on Yt then F is convergent.
Indeed, let t ≥ 0, N ∈ N, and (τ iN )1≤i≤N with τ iN ∈ [0, t] as well as maxi=1,...,N τ

i
N → 0

and
∑︁N

i=1 τ
i
N → t as N → ∞, and f ∈ Yt. Then

N∏︂
i=1

F (τ iN )f − S(t)f =

(︃ N∏︂
i=1

F (τ iN )f − S

(︃ N∑︂
i=1

τ iN

)︃
f

)︃
+

(︃
S

(︃ N∑︂
i=1

τ iN

)︃
f − S(t)f

)︃
,

and therefore
∏︁N
i=1 F (τ

i
N )f − S(t)f → 0 as N → ∞ by convergence of order pt on Yt and

strong continuity of (S(t))t≥0. Furthermore,
(︁∏︁N

i=1 F (τ
i
N )−S(t)

)︁
N∈N is uniformly bounded

by stability of F and exponential boundedness of (S(t))t≥0. Thus, F is convergent.

Example 2.26. We review some classical examples of time discretisation methods, which
approximate the semigroup (S(t))t≥0 generated by −A to different orders.

(a) Clearly, the trivial choice F = S yields a stable and consistent and therefore also
convergent time discretisation method of arbitrary order pt > 0 on X. In the context
of nonlinear evolution equations, this is referred to as the exponential Euler method.
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(b) Let λ ≥ 0 such that [λ,∞) ⊆ ρ(−A), and define F : [0,∞) → L(X) by

F (τ) :=

⎧⎪⎨⎪⎩
I, τ = 0,

(I + τA)−1 = 1
τR
(︁
1
τ ,−A

)︁
, τ ∈ (0, 1λ),(︁

I + 1
λA
)︁−1

, τ ≥ 1
λ .

Then F is called implicit Euler method (IE) and is stable and consistent of order 1
on D(A2). More generally, it converges of order pt ∈ (0, 1] on D(A2pt) if (S(t))t≥0

is bounded, see [55, Thm. 1.3] or [90, Cor. 4.4]. If, additionally, S is analytic,
the convergence order pt ∈ (0, 1] is attained already on D(Apt). If −A generates a
contractive C0-semigroup, then λ = 0 in the above and F is contractive.

(c) Let λ ≥ 0 such that [λ,∞) ⊆ ρ(−A), and define F : [0,∞) → L(X) by

F (τ) :=

⎧⎪⎨⎪⎩
I, τ = 0,(︁
I − τ

2A
)︁(︁
I + τ

2A
)︁−1

= (2I − τA)(2I + τA)−1, τ ∈ (0, 2λ),(︁
I − 1

λA
)︁(︁
I + 1

λA
)︁−1

, τ ≥ 2
λ .

Then F is called Crank–Nicolson scheme (CN) and is consistent, but may not always
be stable, as the left shift semigroup on C0(R) illustrates. Provided that F is stable,
it converges of order pt ∈ (0, 2] on D(A3pt/2) for bounded semigroups [90, Cor. 4.4].
If, moreover, S is analytic, Crank–Nicolson converges of order pt ∈ (0, 2] already on
D(Apt). In the absence of stability, the convergence order is lower; it is given by pt
on D(Aβ), where (β, pt) is on the graph of the piecewise linear interpolation of the
points (12 , 0), (1,

1
2), (2,

4
3), and (3, 2); cf. [90, Thm. 1.1 and 4.1] and [128, Ex. 5.10].

Implicit Euler and Crank–Nicolson are instances of a larger, highly relevant class of
methods, so-called rational schemes.

Definition 2.27. Let r : C → C ∪ {∞} be a rational function. We say that a time
discretisation method F for (S(t))t≥0 is induced by r if F (τ) = r(τ ·(−A)) for all sufficiently
small τ > 0, where −A denotes the generator of (S(t))t≥0. Such schemes F are called
rational schemes.

If |r(z)| ≤ 1 for all z ∈ C with Re z ≤ 0 and r(z)− ez = o(z) as z → 0 then r is called
A-acceptable. If |r(z)| < 1 for all z ∈ C with Re z < 0, it is called A-stable.

In particular, considering r(z) = (1− z)−1 and r(z) = (1+ z
2)(1−

z
2)

−1 we recover (IE)
and (CN) from Example 2.26, respectively.

The notions of A-acceptability and A-stability originate from [21] and [41], respectively.
Sometimes, the schemes induced by A-acceptable or A-stable r are also referred to as such.
For schemes induced by A-acceptable r, or, simply put, A-acceptable schemes, for which
there exists p > 0 such that r(z)− ez = O(|z|p+1) as z → 0, it was shown in [21, Thm. 3]
that F is a convergent time discretisation method of order p on D(Ap+1). If X is a Hilbert
space and A is self-adjoint, then F even converges of order p on D(Ap); see, e.g., [124,
Thm. 7.1]. For a more general convergence result, see Subsection 3.2.2.

Contractivity of the semigroup and the approximating scheme play a central role in
Chapter 4 for the approximation of SPDEs. While the contractivity of the exponential
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Euler method is immediate from the contractivity of the semigroup, we state a useful
sufficient condition to verify the contractivity of rational schemes via functional calculus.
A standard assumption is that the scheme F is induced by a rational function r : C− → C
with |r(z)| ≤ 1 for all z in the negative open half plane C−. Clearly, this condition holds for
both A-acceptable and A-stable schemes, i.e., also for implicit Euler and Crank–Nicolson.

Proposition 2.28. Let −A be the generator of a C0-semigroup of contractions on a Banach
space X. Suppose that r : C− → C is holomorphic, |r(z)| ≤ 1 for z ∈ C−, and let F be
induced by r. Then F is contractive.

Proof. This is a consequence of the properties of the boundedH∞-calculus of A as the nega-
tive generator of a contraction semigroup, since F (τ) = r(−τA) is defined viaH∞-calculus.
Note that contractivity of (S(t))t≥0 implies sectoriality of A and thus the fractional powers
Aβ exist for β > 0. The underlying theorem can be found in [72, Thm. 10.2.24].

As a consequence of this proposition, contractive schemes include (IE), (CN), and some
higher-order implicit Runge–Kutta methods such as Radau methods, BDF(2), Lobatto IIA,
IIB, and IIC as well as some DIRK schemes.

2.3 Fundamentals of Interpolation Theory

A common choice for the spaces Yx and Yt in Definitions 2.19 and 2.24 on which a given
space or time discretisation scheme, respectively, approximates S are domains of fractional
powers of the negative of the generator −A. An important property of these spaces is their
embedding into the real interpolation spaces with parameter ∞, i.e., for 0 < α < 1,

D(Aα) ↪→ DA(α,∞). (2.3.1)

Here, DA(α,∞) denotes the real interpolation space (X,D(A))α,∞, which we will encounter
frequently in the convergence analysis of time discretisations of stochastic PDEs. On later
occasions, also the real interpolation spaces (X,D(A))α,2 will be used. Hence, we include
a brief survey of real interpolation theory.

Interpolation theory is concerned with finding suitable spaces Xα, 0 < α < 1, which
interpolate between two given Banach spaces X0, X1 ↪→ Z, which embed into the same
Hausdorff topological space Z, in the sense of continuous inclusions

X0 ∩X1 ↪→ Xα ↪→ X0 +X1. (2.3.2)

Depending on the desired properties of the intermediate space Xα, different interpolation
methods are used. The two primary interpolation methods are complex and real inter-
polation. See [105, 126] or [71, Appendix C] for details on both types of interpolation
spaces. Here, we introduce real interpolation spaces briefly and state some of their elemen-
tary properties based on the aforementioned literature. Real interpolation spaces can be
constructed via the K-method or the J-method. Since they agree for α ∈ (0, 1), we solely
present the K-method. Consider the K-functional

K(t, x;X0, X1) := inf{∥x0∥X0 + t∥x1∥X1 : x0 ∈ X0, x1 ∈ X1, x = x0 + x1}

for x ∈ X0 +X1 and t > 0.
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Definition 2.29. Let 0 < α < 1, 1 ≤ p ≤ ∞, and X0, X1 be Banach spaces over the real
numbers. Define the real interpolation space of X0 and X1 with parameters α and p by

(X0, X1)α,p := {x ∈ X0 +X1 : ∥x∥α,p <∞},

where ∥ · ∥α,p is defined as

∥x∥α,p :=

⎧⎨⎩
(︂∫︁∞

0 [t−αK(t, x;X0, X1)]
p dt
t

)︂1/p
, 1 ≤ p <∞,

ess supt>0 t
−αK(t, x;X0, X1), p = ∞.

This indeed defines a Banach space with the norm ∥ · ∥α,p, which admits the desired
inclusions (2.3.2). In addition, the interpolation spaces can be ordered w.r.t. the parameter
p: For 1 ≤ p0 ≤ p1 ≤ ∞, the embeddings

X0 ∩X1 ↪→ (X0, X1)α,p0 ↪→ (X0, X1)α,p1 ↪→ X0 +X1.

are continuous. If X0 and X1 are Hilbert spaces, the complex interpolation space is ob-
tained for p = 2, i.e., (X0, X1)α,2 = [X0, X1]α with equivalent norms. For sectorial A, the
domains of fractional powers of the operator relate to the real interpolation spaces [105,
Cor. 2.2.3]. More precisely, for 0 < α < 1 and 1 ≤ p <∞, we have

(X,D(A))α,p ↪→ DA(α) ↪→ (X,D(A))α,∞ = DA(α,∞) ↪→ D(A),

where DA(α) := {x ∈ DA(α,∞) : limt↘0 t
1−αAe−tAx = 0}. Real interpolation spaces

allow us to interpolate operators.

Theorem 2.30 (Theorem C.3.3 in [71]). Let X0, X1, Y0, Y1 be Banach spaces and T : X0+
X1 → Y0 + Y1 a linear operator such that T (Xj) ⊆ Yj for j = 1, 2. Suppose that
∥T∥L(Xj ,Yj) = Cj for Cj ≥ 0 and j = 1, 2. Then for all 0 < α < 1 and 1 ≤ p ≤ ∞,
it holds that T maps (X0, X1)α,p into (Y0, Y1)α,p and its operator norm is bounded by

∥T∥L((X0,X1)α,p,(Y0,Y1)α,p) ≤ C1−α
0 Cα1 .

The above theorem is also helpful to interpolate between operators with the same
domain or codomain noting that (X,X)α,p = X.

Embeddings of the form (2.3.1) and properties of DA(α,∞) allow us to obtain decay
rates for semigroup differences as follows. Let (S(t))t≥0 be a C0-semigroup with generator
−A such that ∥S(t)∥ ≤Mewt for some M ≥ 1 and w ≥ 0 for all t ≥ 0. We recall that such
M and w exist for every C0-semigroup; cf. Proposition 2.2. Then ∥S(t) − S(s)∥L(X) ≤
2MewT for 0 ≤ s ≤ t ≤ T . Since

⃦⃦
[S(t)− S(s)]x

⃦⃦
X

=
⃦⃦⃦ ∫︂ t

s
(−S(r)Ax) dr

⃦⃦⃦
X

≤MewT (t− s)∥x∥D(A)

for x ∈ D(A), we have ∥S(t) − S(s)∥L(D(A),X) ≤ 2MewT (t − s). By interpolation as in
Theorem 2.30,

∥S(t)− S(s)∥L(DA(α,∞),X) ≤ 21−αMewT (t− s)α ≤ 2MewT (t− s)α
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for α ∈ (0, 1). Let Y be another Banach space such that Y ↪→ X. Under the assumption
that Y ↪→ DA(α,∞) continuously for some α ∈ (0, 1) or Y ↪→ D(A) continuously, in which
case we set α = 1, this implies

∥S(t)− S(s)∥L(Y,X) ≤ 2MewTCY (t− s)α, (2.3.3)

where CY denotes the embedding constant of Y into DA(α,∞) or D(A). This interpolation
estimate will prove helpful in estimating convergence rates, e.g. in Section 4.4.

Interpolating between two Sobolev spaces can lead to more general function spaces,
such as Besov spaces Bs

p,q or Bessel potential spaces Hp,s, where s ∈ R and p, q ∈ [1,∞].
See [15, Chapter 6.2] for their definition. They are generalisations of Sobolev spaces in
the sense that Hp,N = W p,N as well as Bk

2,2 = Hk for N ∈ N. Similarly to Sobolev
embeddings, certain embeddings hold for these spaces depending on their parameters and
the dimension of the underlying space.

Theorem 2.31 (Theorem 6.5.1 in [15]). Let k, ℓ ∈ R, d ∈ N, and 1 ≤ p1 ≤ p2 ≤ ∞.
Assume that k − d

p1
≥ ℓ− d

p2
. Then for all 1 ≤ q1 ≤ q2 ≤ ∞,

Bk
p1,q1(R

d) ↪→ Bℓ
p2,q2(R

d).

If, moreover, p1 > 1 and p2 <∞, then

Hk,p1(Rd) ↪→ Hℓ,p2(Rd).

The term k − d
p1

appearing in Theorem 2.31 measures the smoothness of the corre-
sponding space. The smaller it is, the less regular the space. This term is referred to as
the Sobolev index.

Bessel potential spaces also arise in the estimation of products in Sobolev spaces that
are not Banach algebras. Likewise, they play an important role in the estimation of
compositions with nonlinear functions, as the following three propositions illustrate. They
will be particularly helpful in the study of stochastic Schrödinger equations in Subsections
4.1.3 and 4.4.4.

Proposition 2.32 (Proposition 2.1.1 in [122]). Let σ ≥ 0, 1 < p < ∞, q1, r1 ∈ (1,∞],
q2, r2 ∈ (1,∞) such that 1

p = 1
q1

+ 1
q2

= 1
r1

+ 1
r2

. Then there is a constant C ≥ 0 such that

∥fg∥Hσ,p ≤ C∥f∥Lq1∥g∥Hσ,q2 + C∥f∥Hσ,r2∥g∥Lr1

for all f ∈ Lq1 ∩Hσ,r2 and g ∈ Lr1 ∩Hσ,q2 .

Proof. We only need to comment on the case σ = 0 not included in [122]. The estimate
reduces to Hölder’s inequality in this case, and any of the two terms on the right-hand side
could be omitted.

Proposition 2.33 (Proposition 2.4.1 in [122]). Let ϕ : C → C be holomorphic. Assume
ϕ(0) = 0 and there is a constant K ≥ 0 such that |ϕ′| ≤ K. Then for σ ∈ [0, 1) and
p ∈ (1,∞), there is a constant C ≥ 0 such that for all u ∈ Hσ,p

∥ϕ ◦ u∥Hσ,p ≤ CK∥u∥Hσ,p .
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Proof. We only need to comment on the case σ = 0. Since ϕ has bounded derivatives, it
is Lipschitz continuous with constant K. Hence,

∥ϕ ◦ u∥pLp =

∫︂
|ϕ(u(s))− ϕ(0)|p ds ≤

∫︂
Kp|u(s)|p ds = Kp∥u∥pLp .

Proposition 2.34 (Proposition 2.6.1 in [122]). Let ϕ : C → C be Lipschitz continuous,
ϕ(0) = 0, p ∈ (1,∞), and d ∈ N. If u ∈ H1,p(Rd;R), then ϕ(u) ∈ H1,p(Rd;C).

2.4 2-smooth Banach Spaces

Our convergence results for the temporal approximation of stochastic evolution equations
in Chapter 4 are stated in 2-smooth Banach spaces. This class of spaces is a generalisa-
tion of Hilbert spaces, which is characterised by a parallelogram inequality instead of a
parallelogram identity.

Definition 2.35. For D ≥ 1, a (2, D)-smooth Banach space is a Banach space X for which

∥x+ y∥2 + ∥x− y∥2 ≤ 2∥x∥2 + 2D2∥y∥2

holds for all x, y ∈ X. We call a Banach space 2-smooth if it is (2, D)-smooth for some
D ≥ 1.

Henceforth, the constantD is reserved for the smoothness constant, and we shall always
implicitly assume D ≥ 1 when working in (2, D)-smooth Banach spaces.

In the realm of stochastic analysis, this class of spaces plays an important role. As
a consequence of the parallelogram identity, it includes all Hilbert spaces with D = 1.
Furthermore, the spaces Lp(µ) are contained in this class for 2 ≤ p <∞ with D =

√
p− 1,

see [113, Prop. 2.1]. Moreover, if X is (2, D)-smooth and A is a closed linear operator, then
D(A) equipped with the graph norm ∥x∥D(A) = (∥x∥2+ ∥Ax∥2)1/2 is again (2, D)-smooth.

2.5 γ-Radonifying Operators

To give sense to stochastic integrals in Banach spaces X that are non-Hilbert, the space
of γ-radonifying operators γ(H,X) is required, where H denotes a Hilbert space. It is
obtained as the closure of a subset of the space of γ-summing operators. In this section only,
let (γn)n∈N denote a Gaussian sequence, i.e., a sequence of i.i.d. standard Gaussian random
variables. We introduce γ-summing operators depending on a parameter p ∈ [1,∞), but
we shall see that the definition is actually independent of p.

Definition 2.36. We call a linear operator R : H → X γ-summing if for some 1 ≤ p <∞,

∥R∥γ∞p (H,X) := sup
(︂
E
⃦⃦⃦ N∑︂
n=1

γnRhn

⃦⃦⃦p
X

)︂1/p
<∞, (2.5.1)

with the supremum being taken over all finite orthonormal systems {h1, . . . , hN} in H
for N ∈ N. The space of all γ-summing operators is denoted by γ∞p (H,X). We set
γ∞(H,X) := γ∞2 (H,X).
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The thus-obtained (γ∞p (H,X), ∥ · ∥γ∞p (H,X)) is a normed space, which is contained
in the space of linear bounded operators L(H,X). The inclusion follows immediately
from considering orthonormal systems {h} consisting of a single element. Furthermore,
γ∞(H,X) is a Banach space. If (2.5.1) holds for some 1 ≤ p < ∞, it automatically holds
for all 1 ≤ p < ∞ and by the Kahane–Khintchine inequalities [72, Thm. 6.2.6], the γ-
summing norms are equivalent for all 1 ≤ p < ∞. This justifies omitting the index p = 2
in γ∞(H,X).

The space of γ-radonifying operators from H to X is now obtained as the closure
of finite rank operators in the space of γ-summing operators. In Section 2.7, we shall
encounter it again as the “correct” space in the context of stochastic integration.

Definition 2.37. Let N ∈ N, hn ∈ H, and xn ∈ X for 1 ≤ n ≤ N and define the
operator hn ⊗ xn ∈ L(H,X) by h ↦→ (hn ⊗ xn)h := ⟨hn, h⟩Hxn. Operators of the form
R =

∑︁N
n=1 hn ⊗ xn are called finite rank operators and the space of all such operators is

denoted by FR(H,X). We define the space γ(H,X) of all γ-radonifying operators as the
closure of FR(H,X) in γ∞(H,X).

As a closed subspace of γ∞(H,X), γ(H,X) is a Banach space with the norm ∥ ·
∥γ(H,X) := ∥ · ∥γ∞(H,X).

Example 2.38. To provide some intuition for the notion of γ-radonifying operators, we
collect some basic properties and common examples.

(a) Trivially, FR(H,X) ⊆ γ∞(H,X). For a finite rank operator R =
∑︁N

n=1 hn ⊗ xn ∈
γ(H,X) with orthonormal {h1, . . . , hN} ⊆ H, the norm simplifies to

∥R∥2γ(H,X) = E
⃦⃦⃦⃦ N∑︂
n=1

γnxn

⃦⃦⃦⃦2
.

(b) In case X is a Hilbert space, the norm of R further simplifies to
∑︁N

n=1 ∥xn∥2. Hence,
by taking the completion, we see that γ(H,X) coincides with the space L2(H,X) of
Hilbert–Schmidt operators for Hilbert spaces X and H. We recall that the space of
Hilbert–Schmidt operators consists of all bounded operators R : H → X such that

∥R∥2L2(H,X) :=
∑︂
i∈I

∥Rhi∥2X <∞,

where (hi)i∈I is an orthonormal basis of H and the norm is independent of the choice
of the orthonormal basis.

(c) An example for a γ-radonifying operator on a non-Hilbert space is given by the in-
definite integration operator IT : L2(0, T ) → C[0, T ] defined by f ↦→ [t ↦→

∫︁ t
0 f(s) ds]

for t ∈ [0, T ].

A property of γ(H,X) frequently used in the following is the (left) ideal property.

Proposition 2.39 (Theorem 9.1.10 in [72]). Let R ∈ γ∞(H,X) and let H̃ and X̃ be an-
other Hilbert and Banach space, respectively. Then for all T ∈ L(H̃,H) and S ∈ L(X, X̃),
we have SRT ∈ γ∞(H̃, X̃) and

∥SRT∥γ∞(H̃,X̃) ≤ ∥S∥L(X,X̃)∥R∥γ∞(H,X)∥T∥L(H̃,H).

If, moreover, R ∈ γ(H,X), then SRT ∈ γ(H̃, X̃).
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For details on the aforementioned and further properties of γ-radoniyfing operators,
the reader is referred to [72, Section 9.1].

2.6 Fundamentals of Stochastic Analysis

In this section, some central concepts of stochastic analysis are reviewed, such as filtra-
tions, different measurability concepts, Brownian motions, conditional expectations, and
martingales. Stochastic integrals with respect to (one-dimensional) Brownian motions are
briefly introduced in preparation for the Banach space-valued stochastic integral in Section
2.7. The selection of topics covered here is by no means exhaustive. Good introductions
to the topic are provided in [71, 114, 137]. We collect selected definitions and statements
from these references, which form the basis of the subsequent sections. The results being
widely known in the context of stochastic analysis, we have referenced the corresponding
statements in the standard textbooks for the convenience of the reader.

Definition 2.40. Let (Ω,F ,P) be a probability space and I some ordered index set. A
family of sub-σ-algebras (Fi)i∈I is called a filtration on this probability space if Fi ⊆ Fj

for all i ≤ j in I. Then (Ω,F , (Fi)i∈I ,P) is referred to as a filtered space.

In the following, we will restrict our considerations to two cases: I = {0, . . . , N} ∩ N0

for some N ∈ N0 ∪ {∞} or I = [0, T ] ∩ [0,∞) for some T ∈ [0,∞], so that the index can
be interpreted as (discrete or continuous) time. Intuitively, the filtration determines which
information about some ω ∈ Ω is available at a certain time i ∈ I: All the information
is given by the values of Z(ω) for all Fi-measurable functions Z. For Banach spaces X
and 1 ≤ p < ∞, we denote by LpF0

(Ω;X) the subspace of Lp(Ω;X) consisting of all F0-
measurable functions. In the case I = [0,∞), the following is a common assumption on
the filtration.

Definition 2.41. Let (Ω,F , (Ft)t≥0,P) be a filtered space. Then (Ft)t≥0 is a normal
filtration if all P-null sets are contained in F0 and the filtration is right continuous. That
is, (Ft)t≥0 = (F+

t )t≥0, where F+
t :=

⋂︁
r>t Fr for t ∈ [0,∞).

For functions on probability spaces, several distinct notions of measurability exist. In
the following, let X always denote a Banach space. In addition to the classical notion of
F -measurability of some function f : Ω → X defined via preimages of Borel-measurable
subsets of X, strong F -measurability plays an important role, since it allows us to employ
approximation arguments.

Definition 2.42. We call a function f : Ω → X F -simple or simple if for some N ∈ N it
can be written as

f =
N∑︂
n=1

1Anxn

for sets An ∈ F and elements xn ∈ X. The function f : Ω → X is said to be strongly F -
measurable or simply measurable for short if there exists a sequence (fn)n∈N of F -simple
functions fn : Ω → X such that limn→∞ fn = f pointwise on Ω.

Strong measurability is equivalent to F -measurability if f only takes values in a sep-
arable closed subspace Y ⊆ X. Identifying functions that are equal almost everywhere
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in the usual Lp way, a vector space is obtained from the set of all strongly measurable
functions f : Ω → X. This vector space is denoted by L0(Ω;X), which is a completely
metrisable space [71, Prop. A.2.4], although not a normed one.
Remark 2.43. We would like to draw the reader’s attention to the difference in the use of
the term strong in the context of stochastic and functional analysis. In functional analysis,
particularly in operator theory, “strong” refers to requiring a certain property to hold with
respect to the strong operator topology. For instance, strong continuity of a semigroup
(S(t))t≥0 on X, i.e. S(t) → I strongly as t ↘ 0, means that S(t)f → f as t ↘ 0 for all
f ∈ X. While this notion is only meaningful for operators, strong measurability in the
stochastic sense (see Definition 2.42) can also be used for functions. As a rule of thumb,
strong measurability shall be understood in the sense of Definition 2.42 in this thesis, unless
stated otherwise.

Two main concepts of measurability are to be distinguished for stochastic processes. We
recall that stochastic processes are families (fi)i∈I of X-valued random variables defined on
the same underlying probability space indexed over a variable i ∈ I often representing time,
i.e., fi ∈ L0(Ω;X) for all i ∈ I. Depending on the context, it can be helpful to consider
stochastic processes as mappings f : Ω×I → X instead of (fi)i∈I with trajectories fi : Ω →
X. Taking another perspective, one can study the paths f(ω, ·) : I → X, which describe
the evolution in time for a specific realisation of the random variable. It is important to
distinguish between adapted stochastic processes and progressively measurable ones.

Definition 2.44. Let (Ω,F , (Fi)i∈I ,P) be a filtered space and (fi)i∈I a stochastic process
with fi ∈ L0(Ω;X). Then (fi)i∈I is called adapted to the filtration (Fi)i∈I if each fi is
strongly Fi-measurable.

Definition 2.45. Let (Ω,F , (Ft)t∈[0,∞),P) be a filtered space. The progressive σ-algebra
P is given by

{A ⊆ Ω× [0,∞) : A ∩ (Ω× [0, t]) ∈ Ft ⊗ B([0, t]) for all t ≥ 0}.

An X-valued stochastic process (ft)t≥0 is called progressively measurable if it is measurable
with respect to the progressive σ-algebra.

Progressive measurability of f : Ω×[0,∞) → X thus means that Ω×[0, t] → X, (ω, s) ↦→
(f |Ω×[0,t])s(ω) is Ft⊗B([0, t])-measurable for all t ≥ 0. The definition extends to functions
from Ω × [0, T ] for some T > 0 in the straightforward way. Henceforth, we will use the
index P to denote the progressively measurable subspace of a given space, as, e.g., in
LpP(Ω;L

q(0, T ;X)) for p ∈ [0,∞), q ∈ [1,∞] and T > 0. Progressive measurability is the
stronger notion in the sense that every progressively measurable process is also adapted
as an immediate consequence of the definition, but not vice versa. In practice, one often
makes use of the following property to show progressive measurability.

Proposition 2.46 (Proposition 4.8 in [114]). Let f : Ω× [0,∞) → X be adapted and have
left- or right-continuous paths f(ω, ·) for each ω ∈ Ω. Then f is progressively measurable.

Proof. Without loss of generality, assume f has right-continuous paths. Fix t ≥ 0. Define
fn : Ω× [0, t] → X by fn(ω, 0) := f(ω, 0) and

fn(ω, s) := f

(︃
ω,

(kn + 1)t

2n

)︃
for s ∈

(︃
knt

2n
,
(kn + 1)t

2n

]︃
,
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where kn = 0, . . . , 2n − 1. For s ∈ (0, t], sn := 2−n(kn + 1)t ↘ s as n → ∞. Thus,
by construction of fn and right-continuity of paths of f , we conclude limn→∞ fn(ω, s) =
limn→∞ f(ω, sn) = f(ω, s) for all ω ∈ Ω. Moreover, limn→∞ fn(ω, 0) = f(ω, 0). Hence,
limn→∞ fn(ω, s) = f(ω, s) for all (ω, s) ∈ Ω× [0, t]. It remains to show that fn is progres-
sively measurable for all n ∈ N, as pointwise limits of progressively measurable functions
are progressively measurable. Indeed, we can write fn as a step function in time

fn(ω, s) =

2n−1∑︂
k=0

1(︂ kt
2n
,
(k+1)t

2n

]︂(s)f
(︃
ω,

(k + 1)t

2n

)︃
+ 1{0}(s)f(ω, 0),

where the random variables Ω → X,ω ↦→ f(ω, 2−n(k + 1)t) are (F2−n(k+1)t)- measurable
for all 0 ≤ k ≤ 2n − 1 due to adaptedness of f .

A particularly well-studied class of stochastic processes are Brownian motions.

Definition 2.47. Let T > 0. A real-valued stochastic process (W (t))t∈[0,T ] is called a
Brownian motion if the following three properties hold.

(a) W (0) = 0 almost surely.

(b) W (t)−W (s) is normally distributed with mean 0 and variance t− s for all
0 ≤ s ≤ t ≤ T .

(c) W (t)−W (s) is independent of {W (r) : 0 ≤ r ≤ s} for all 0 ≤ s ≤ t ≤ T .

Such processes indeed exist [114, Thm. 1.9]. Often, pathwise continuity of (W (t))t∈[0,T ]
is included in the above definition. However, it is already a consequence of the three prop-
erties stated above and Kolmogorov’s continuity criterion [114, Thm. 1.8] that a Brownian
motion has a modification with continuous paths [114, Thm. 1.9], even Hölder continuous
with exponent below 1

2 . That is, there exists a stochastic process (W̃ (t))t∈[0,T ] such that
for each t ∈ [0, T ], W (t) = W̃ (t) almost surely and t ↦→ W̃ (t) is (Hölder) continuous.

In order to formulate, analyse, and eventually approximate stochastic (partial) dif-
ferential equations, stochastic integrals are indispensable. While Chapter 4 will be con-
cerned with infinite-dimensional noise corresponding to the so-called Itô integrals w.r.t.
H-cylindrical Brownian motions, we start by introducing the less technical Wiener inte-
gral w.r.t. a Brownian motion. The main ideas carry over to the infinite-dimensional case
treated in Section 2.7. In particular, a certain isometry already plays a central role.

Definition 2.48. Let (W (t))t≥0 be a standard Brownian motion on a probability space
(Ω,F ,P). The Wiener integral of an indicator function 1(a,b) with 0 ≤ a < b is defined as∫︂ ∞

0
1(a,b) dW :=W (b)−W (a) ∈ L2(Ω).

This definition extends to step functions Φ: (0,∞) → R by linearity. We make a very
useful observation: On the one hand, the definition of the Wiener integral yields⃦⃦⃦⃦ ∫︂ ∞

0
1(a,b) dW

⃦⃦⃦⃦2
L2(Ω)

=

∫︂
Ω
(W (b)−W (a))2 dP = E|W (b)−W (a)|2 = b− a
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recalling that W (b)−W (a) is normally distributed with variance b−a. On the other hand,
of course, we also have

∥1(a,b)∥2L2(0,∞) =

∫︂ ∞

0
12(a,b)(t) dt =

∫︂ b

a
1 dt = b− a.

Thus, the L2-norms in time of the integrand and in randomness of the stochastic integral
agree. Hence, the Wiener integral acts as an isometry from the space of step functions on
[0,∞) to L2(Ω). Consequently, we can extend it uniquely to an isometry from L2(0,∞) to
L2(Ω) by density of step functions. The isometry thus obtained is the famous Wiener–Itô
isometry

JW : L2(0,∞) → L2(Ω), JWΦ =:

∫︂ ∞

0
ΦdW (2.6.1)

defining the Wiener integral for integrands Φ ∈ L2(0,∞) which need not be step functions.
This constitutes the simplest, R-valued case. Extensions to Banach space-valued functions
and integrals w.r.t infinite-dimensional analogues of the Brownian motion are discussed in
the next section.

Another central concept in stochastic analysis are conditional expectations, a special
type of random variables. In particular, they are needed to introduce martingales. For
1 ≤ p ≤ ∞ and a sub-σ-algebra G ⊆ F , we denote by Lp(Ω,G ;X) the closed subspace of all
f ∈ Lp(Ω;X) that have a G -measurable representative. Clearly, Lp(Ω,F ;X) = Lp(Ω;X).

Definition 2.49. Let (Ω,F ,P) be a probability space and G ⊆ F a sub-σ-algebra. Let
X be a Banach space and f ∈ L1(Ω;X). Then we call g ∈ L1(Ω,G ;X) the conditional
expectation w.r.t. G of f if

∀A ∈ G :

∫︂
A
g dP =

∫︂
A
f dP.

We denote E(f |G ) := g.

The use of the word “the” is justified since existence and uniqueness (up to versions
which agree almost everywhere) of the conditional expectation hold true in L1(Ω;X) [71,
Thm. 2.6.23]. It is common to write E(f |h) as an abbreviation for E(f |σ(h)), where
h : Ω → X is another random variable and σ(h) the σ-algebra generated by it. We list
some useful properties that can be found in [71, Sec. 2.6].

Proposition 2.50. Let (Ω,F ,P) be a probability space, G ,H ⊆ F sub-σ-algebras, and
f, g ∈ L1(Ω;X) random variables. Then the following statements hold true.

(a) If g is any version of E(f |G ), then E(g) = E(f).

(b) If f is G -measurable, then E(f |G ) = f almost surely.

(c) If f is independent of G , then E(f |G ) = E(f) is constant.

(d) Taking conditional expectations w.r.t. G is linear.

(e) (conditional Jensen’s inequality) If ϕ : X → R is convex and lower semicontinuous
and ϕ(f) ∈ L1(Ω,G ), then E(ϕ(f)|G ) ≥ ϕ(E(f |G )) almost surely. In particular,
∥E(f |G )∥Lp(Ω;X) ≤ ∥f∥Lp(Ω;X) for all p ∈ [1,∞).
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(f) If g is G -measurable and bounded, then E(gf |G ) = gE(f |G ) almost surely. The same
holds true if f ∈ Lp(Ω;X) and g ∈ Lq(Ω,G ;X) for p ∈ (1,∞) and q such that
1
p +

1
q = 1.

Conditional expectations are, among others, required to introduce the notion of mar-
tingales. Martingales will play a crucial role in later stability and convergence proofs; cf.
Sections 4.3 and 4.6.

Definition 2.51. Let I = {0, . . . , N} ∩ N0 for some N ∈ N0 ∪ {∞} or I = [0, T ] ∩ [0,∞)
for some T ∈ [0,∞], and let X be a Banach space. A martingale is a family of functions
(Mi)i∈I in L1(Ω;X) with respect to a filtration (Fi)i∈I if it is adapted to (Fi)i∈I and

E(Mi|Fj) =Mj (j ≤ i, i, j ∈ I).

Every martingale indexed over I = {0, . . . , N} has an associated (martingale) difference
sequence (dn)n=1,...,N given by dn :=Mn −Mn−1.

For discrete martingales, moments of the maximal value of a martingale up to a certain
time N ∈ N0 can be estimated by a multiple of the moments of the single martingale at
this time N . This estimate known as Doob’s maximal inequality is particularly helpful to
estimate moments of maximal functions, see Section 2.8.

Theorem 2.52 (Doob’s maximal inequality, Theorem 3.2.2 in [71]). Let X be a Banach
space, (Mn)n∈N0 be a martingale in Lp(Ω;X), p ∈ (1,∞), and N ∈ N0. Define the maximal
function M∗

N := max0≤n≤N ∥Mn∥X . Then

∥M⋆
N∥p ≤

p

p− 1
∥MN∥p.

Lastly, we present a useful connection between Brownian motions, conditional expec-
tations, and martingales.

Example 2.53. Let (W (t))t∈[0,T ] be a Brownian motion and (Ω,F ,P) be a probability
space. Then (W (t))t∈[0,T ] is a martingale with respect to the filtration (FW

t )t∈[0,T ] defined
by

FW
t := σ(W (s) : 0 ≤ s ≤ t).

Indeed, adaptedness is an immediate consequence of the definition of FW
t and W (t) ∈

L1(Ω) follows from the definition of a Brownian motion. Linearity of the conditional
expectation and W (s) ∈ FW

s allow us to write

E
(︁
W (t)|FW

s

)︁
= E

(︁
W (s)|FW

s

)︁
+ E

(︁
W (t)−W (s)|FW

s

)︁
=W (s) + E

(︁
W (t)−W (s)|FW

s

)︁
for 0 ≤ s ≤ t ≤ T . Since W (t) − W (s) is independent of {W (r) : 0 ≤ r ≤ s}, it is
also independent of the σ-algebra generated by it, that is, FW

s . Hence, Proposition 2.50(c)
yields E(W (t)−W (s)|FW

s ) = E(W (t)−W (s)) = 0 because W (t)−W (s) has mean zero.
In conclusion, E(W (t)|FW

s ) =W (s) and thus the Brownian motion is a martingale w.r.t.
(FW

t )t∈[0,T ]. From the proof, we can deduce another useful property for 0 ≤ s ≤ t ≤ T and
r ∈ [0, T ] \ (s, t):

E(W (t)−W (s)|Fr) =

{︄
W (t)−W (s), r ≥ t

0, r ≤ s
.
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Recalling that W (t)−W (s) is normally distributed with variance t− s, we further obtain

E(|W (t)−W (s)|2|Fs) = E(|W (t)−W (s)|2) = t− s.

Analogous statements hold true for H-cylindrical Brownian motions, which will be intro-
duced in the next section.

2.7 Stochastic Integration in Banach Spaces

LetH denote a Hilbert space,X a 2-smooth Banach space andR ∈ γ(H,X) a γ-radonifying
operator. Since γ-radonifying operators are separably valued, we can assume separability
of H without loss of generality. For a sequence γ = (γn)n∈N of centred i.i.d. normally
distributed random variables, we write

Rγ :=
∑︂
n∈N

γnRhn, (2.7.1)

where {hn}n∈N is an orthonormal basis of H and the convergence is in Lp(Ω;X) for p <∞
and almost surely (see [72, Cor. 6.4.12]). While the convergence is independent of the
choice of (hn)n∈N, Rγ depends on it in general.

In stochastic integrals appearing in expressions such as (1.3.8), the integrator is an H-
cylindrical Brownian motion rather than a (standard) Brownian motion to take operator-
valued integrands into account. For K ∈ {R,C}, we call a K-valued random variable
Gaussian if it is normally distributed with mean zero.

Definition 2.54. An H-cylindrical Brownian motion is a mapping WH : L2(0, T ;H) →
L2(Ω) such that

(a) WHb is Gaussian for all b ∈ L2(0, T ;H),

(b) WHb is Ft-measurable for all b ∈ L2(0, T ;H) with support in [0, t],

(c) WHb is independent of Fs for all b ∈ L2(0, T ;H) with support in [s, T ],

(d) E(WHb1 ·WHb2) = (b1 | b2)L2(0,T ;H) for all b1, b2 ∈ L2(0, T ;H),

where we include a complex conjugate on WHb2 in case we want to use a complex H-
cylindrical Brownian motion. As a shorthand notation, we write WH(t)h :=WH(1(0,t)⊗h)
for h ∈ H and t ∈ [0, T ].

Consequently, an H-cylindrical Brownian motion can be interpreted as the infinite-
dimensional analogue of a Brownian motion in the sense that (WH(t)h)t∈[0,T ] is a Brownian
motion for each fixed h ∈ H. It is standard if and only if ∥h∥H = 1. In the special case
H = R, this notion coincides with Brownian motions as introduced in Definition 2.47.

A notion closely related to H-cylindrical Brownian motions are so-called Q-Wiener
processes. Subsequently, we will encounter them in the applications to concrete stochastic
evolution equations, such as the stochastic Schrödinger equation. The purpose thereof is
to make our results comparable with existing results in the literature formulated in terms
of Q-Wiener processes.
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Definition 2.55. For a Hilbert space H with orthonormal basis (em)m∈I , we say that
a random variable γ : H → L2(Ω) is Gaussian or normally distributed with covariance
Q ∈ L(H) if γhm is normally distributed with mean 0 for all m ∈ I and E(γhmγhn) =
(Qhm |hn)H for all m,n ∈ I. If Q = I, γ is a standard Gaussian random variable. We refer
to anH-valued stochastic process (W (t))t≥0 withW (t) : H → L2(Ω) as aQ-Wiener process
for an operator Q ∈ L(H) if W (0) = 0, W has continuous trajectories and independent
increments, and W (t)−W (s) is normally distributed with mean 0 and covariance (t− s)Q
for t ≥ s ≥ 0.

The operator Q is in L(H), positive, self-adjoint, and of trace class. One can show that
W is a Q-Wiener process if and only if there exists an H-cylindrical Brownian motion WH

such that Q1/2WH(t) :=
∑︁

n≥1Q
1/2hnWH(t)hn = W (t) for an orthonormal basis (hn)n≥1

of H (cf. (2.7.1)). Note that Q1/2WH(t) is independent of the choice of (hn)n∈N. To
consider a stochastic evolution equation with a Q-Wiener processW instead of a cylindrical
Brownian motion, one can replace the multiplicative noise G : Ω × [0, T ] ×X → γ(H,X)
by GQ1/2 and reduce to the cylindrical case.

Stochastic integrals of suitable functions Φ: (0, T ) → L(H,X) with respect to H-
cylindrical Brownian motions (orQ-Wiener processes) can be defined in the sense of Wiener
integrals. We present the construction for H-cylindrical Brownian motions, but the con-
struction for Q-Wiener processes is similar, see [39]. Compared to the Wiener integral in-
troduced in Section 2.6, we have to take the possibly infinite dimension of H into account,
which makes a second approximation argument by finite rank step functions necessary.
The Wiener integral from Definition 2.48 is recovered for H = X = R.

Definition 2.56. Let 0 ≤ a < b ≤ T < ∞, h ∈ H, x ∈ X, and (WH(t))t∈[0,T ] be an
H-cylindrical Brownian motion. We define the Wiener integral of the finite rank step
function Φ = 1(a,b)(h⊗ x) : (0, T ) → L(H,X) as the random variable∫︂ T

0
ΦdWH :=WH(1(a,b) ⊗ h)⊗ x = (WH(b)−WH(a))h⊗ x ∈ L2(Ω;X).

We can extend the above definition to FR(H,X)-valued step functions, the so-called
finite rank step functions, by linearity. As in the scalar-valued case, an isometry allows us
to extend the stochastic integral to more general functions.

Theorem 2.57 (Itô isometry). Let X be a Banach space, H a Hilbert space, Φ: (0, T ) →
L(H,X) be a finite rank step function, and define

RΦ : L2(0, T ;H) → X, f ↦→
∫︂ T

0
Φ(t)f(t) dt.

Then RΦ ∈ γ(L2(0, T ;H), X) is γ-radonifying,
∫︁ T
0 ΦdWH is a Gaussian random variable,

and we have

E
⃦⃦⃦ ∫︂ T

0
ΦdWH

⃦⃦⃦2
= ∥RΦ∥2γ(L2(0,T ;H),X),

which defines an isometric embedding between γ(L2(0, T ;H), X) and L2(Ω;X) acting as
RΦ ↦→

∫︁ T
0 ΦdWH .
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Itô’s isometry enables us to define the stochastic integral of anyRΨ ∈ γ(L2(0, T ;H), X).
It remains to identify those Φ which can be represented as RΨ for some Ψ: (0, T ) →
L(H,X). This leads to the notion of stochastic integrability.

Definition 2.58. Let X be a Banach space, H a Hilbert space, (WH(t))t∈[0,T ] a Brow-
nian motion, and write (Φh)(t) := Φ(t)h for Φ: (0, T ) → L(H,X) and h ∈ H. We
call an operator-valued function Φ: (0, T ) → L(H,X) stochastically integrable w.r.t. WH

if there exists a sequence of finite rank step functions Φn : (0, T ) → L(H,X) such that
limn→∞Φnh = Φh in measure for all h ∈ H and

∫︁ T
0 Φn dWH converges in probability to

an X-valued random variable as n→ ∞. This limit in probability then defines the Wiener
integral, or, simply, stochastic integral, of Φ.

This definition is independent of the choice of approximating sequence (Φn)n∈N and
the stochastic integrals converge in probability if and only if they converge in Lp(Ω;X) for
some (all) 1 ≤ p <∞.

One final extension of the stochastic integration theory presented thus far is in order to
treat stochastic PDEs on 2-smooth Banach spaces: We want to pass from time-dependent
deterministic integrands to stochastic processes, i.e., time-dependent random variables
Φ: Ω × (0, T ) → L(H,X) as integrands w.r.t. an H-cylindrical Brownian motion. This
leads to the notion of Itô integrals. The extension from Wiener to Itô integrals is not
possible in arbitrary Banach spaces X but requires further structure. We shall only be
concerned with 2-smooth Banach spaces, since central inequalities are only available in
these spaces (see Theorem 2.61 further below). A further extension to so-called UMD
Banach spaces is possible [129] but exceeds the scope of this thesis. To define Itô integrals,
we start by defining it for suitably measurable step processes.

Definition 2.59. Let (Ω,F , (Ft)t∈[0,T ],P) be a filtered space, X a 2-smooth Banach
space, and H a Hilbert space. Then Φ: Ω× (0, T ) → L(H,X) is a finite rank adapted step
process if it can be written as

Φ(ω, t) =
M∑︂
m=1

N∑︂
n=1

1Amn(ω)1(tn−1,tn)(t)
J∑︂
j=1

hj ⊗ xjmn (2.7.2)

for M,N, J ∈ N, where for all 1 ≤ n ≤ N , the sets Amn ∈ Ftn−1 are disjoint for m =
1, . . . ,M , (tn)n=0,...,N ⊆ [0, T ] is strictly increasing, hj ∈ H are orthonormal for 1 ≤ j ≤ J ,
and xjmn ∈ X for all j,m, n in the respective index sets.

Let (WH(t))t∈[0,T ] be an H-cylindrical Brownian motion that is adapted to (Ft)t∈[0,T ].
Then the Itô integral of a finite rank adapted step process Φ w.r.t. WH is defined as∫︂ T

0
Φ(t) dWH(t) :=

M∑︂
m=1

N∑︂
n=1

1Amn

J∑︂
j=1

(WH(tn)hj −WH(tn−1)hj)xjmn.

A possible choice of filtration such that (WH(t))t∈[0,T ] is automatically adapted is given
by the filtration (FWH

t )t∈[0,T ] defined analogously to (FW
t )t∈[0,T ] (see Example 2.53). Un-

less otherwise stated, we use this filtration henceforth. Furthermore, it is useful to note
that the Itô integral from Definition 2.59 is a random variable with mean zero and belongs
to Lp(Ω,FT ;X) for all p ∈ [1,∞).
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Considering the trajectories t ↦→ Φ(ω, t) of a process Φ as in (2.7.2) for each ω ∈ Ω yields
finite rank step functions, for which we have seen the Itô isometry for the corresponding
operators RΦ(ω,·) ∈ γ(L2(0, T ;H), X). As a function of ω, this yields a simple random
variable RΦ : Ω → γ(L2(0, T ;H), X). Having seen the construction of Wiener integrals in
the scalar and the Banach space-valued cases, we would now expect an isometry. Indeed,
for scalar adapted processes and Brownian motions, this is the Itô isometry

E
⃓⃓⃓ ∫︂ 1

0
ΦdW

⃓⃓⃓2
= ∥Φ∥2L2(Ω×[0,1],R)

in its original form due to Itô [73]. For infinite-dimensional X, the norm equality of Itô’s
formula is lost, but bounds in both directions still hold with constants depending only on
X and the order of moments considered.

Theorem 2.60. Let (Ω,F , (Ft)t∈[0,T ],P) be a filtered space, X a 2-smooth Banach space,
H a Hilbert space, and let (WH(t))t∈[0,T ] be an H-cylindrical Brownian motion that is
adapted to (Ft)t∈[0,T ]. Then all finite rank adapted step processes Φ: Ω×(0, T ) → L(H,X)
satisfy

E
⃦⃦⃦ ∫︂ T

0
Φ(t) dWH(t)

⃦⃦⃦p ≃

p,XE∥RΦ∥pγ(L2(0,T ;H),X)

for all p ∈ (1,∞), with constants depending only on p and X.

Hence, the Itô integral extends uniquely to an isomorphic embedding from the adapted
subspace of Lp(Ω; γ(L2(0, T ;H), X)) to Lp(Ω;X). This allows us to define the Itô integral
for those stochastic processes Φ that can be strongly approximated in measure by a se-
quence (Φn)n∈N of finite rank adapted step processes whose Itô integrals converge to some
X-valued random variable in Lp(Ω;X) as n→ ∞ analogous to Definition 2.58.

Further properties of H-cylindrical Brownian motions, Q-Wiener processes, and details
on the Itô integral in Hilbert spaces can be found in [39]. An overview of stochastic inte-
gration in Banach spaces is contained in [130].

To estimate Itô integrals w.r.t. such H-cylindrical Brownian motions, the Burkholder–
Davis–Gundy inequalities are particularly helpful. In case X is a Hilbert space and p ∈
[2,∞), they imply that(︃

E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
g(s) dWH(s)

⃦⃦⃦⃦p
X

)︃1/p

≤ Bp∥g∥Lp(Ω;L2(0,T ;γ(H,X))) (2.7.3)

for some constant Bp > 0 for all g ∈ Lp(Ω;L2(0, T ; γ(H,X))). In particular, one can
take B2 = 2 (by Doob’s maximal inequality [71, Thm. 3.2.2] and the Itô isometry) and
Bp = 4

√
p for p > 2. Indeed, this follows by combining the scalar result of [24, Thm. A]

with the reduction technique in [80, Thm. 3.1] and the simple estimate ∥(ξ2 + η2)1/2∥p ≤
(∥ξ∥2p + ∥η∥2p)1/2 valid for real-valued random variables ξ and η and p ∈ [2,∞). In general
(2, D)-smooth Banach spaces, (2.7.3) holds with Bp = 10D

√
p. This follows as a special

case of the following maximal inequality for stochastic convolutions from [128] based on
earlier works on the contractive case in Hilbert spaces [63], which can be extended to the
quasi-contractive case via a scaling argument.
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We recall that a C0-semigroup (S(t))t≥0 is said to be quasi-contractive with parameter
λ ≥ 0 if ∥S(t)∥ ≤ eλt for all t ≥ 0. The following maximal inequality plays a central role
in the estimation of error terms due to noise in Chapter 4.

Theorem 2.61 (Theorem 4.1 in [128]). Let (S(t))t≥0 be a quasi-contractive C0-semigroup
with parameter λ ≥ 0 on a (2, D)-smooth Banach space X.
Then for every g ∈ L0

P(Ω;L
2(0, T ; γ(H,X))) the process (

∫︁ t
0 S(t − s)g(s) dWH(s))t∈[0,T ]

has a continuous modification, which satisfies, for all 0 < p <∞,

E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)g(s) dWH(s)

⃦⃦⃦⃦p
X

≤ Cpp,D∥g∥
p
Lp(Ω;L2(0,T ;γ(H,X)))

, (2.7.4)

with a constant Cp,D depending only on p and D. For 2 ≤ p <∞ the inequality holds with
Cp,D = 10eλTD

√
p. If, in addition, X is a Hilbert space, (2.7.4) holds with Cp,D = Bp,

where Bp denotes the constant from (2.7.3). In particular, one can take B2 = 2 and
Bp = 4

√
p for 2 < p <∞.

Recall that for p < 1, the expression on the right is only a seminorm of g. Considering
S as the trivial semigroup, we recover continuity of Itô’s isomorphism. For a further
discussion of stochastic integration in R, the reader is referred to the previous section.

Next, we state a special maximal inequality, which will be needed to estimate stochastic
integral terms not involving semigroups. It is the essential ingredient allowing us to consider
arbitrary contractive time discretisation schemes instead of solely the exponential Euler
method in, among others, Subsections 4.1.1 and 4.4.1. similar result with constant of order
log(N) can be found in [128, Proposition 2.7].

Proposition 2.62. Let X be a 2-smooth Banach space and let 0 < p < ∞. Let Φ :=
(Φ(j))Nj=1 be a finite sequence in LpP(Ω;L

2(0, T ; γ(H,X))) and set

IΦN (p) :=

(︃
E sup
t∈[0,T ],j∈{1,...,N}

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦p
X

)︃1/p

.

Then for some Kp,D ≥ 0,

IΦN (p) ≤ Kp,Dmax
{︁√︁

log(N),
√
p
}︁
∥Φ∥Lp(Ω;ℓ∞N (L2(0,T ;γ(H,X)))) if N ≥ 2.

If 2 ≤ p < ∞, this estimate holds with Kp,D = KD := 10D exp(1 + 1
2e), which is p-

independent. If additionally, X is a Hilbert space, this can be improved to Kp,D = K :=
4 exp(1 + 1

2e) ≈ 13.07.

The above result was pointed out to Mark Veraar and the author by Sonja Cox and its
short proof below by Emiel Lorist.

Proof. To prove the result, by approximation, we may assume that each Φ(j) is contained
in L∞(Ω;L2(0, T ; γ(H,X))). We start by showing the statement with explicit constants
for Hilbert spaces X. First, consider pN = log(N) with N ≥ 8. Then using ℓpN ↪→ ℓ∞

contractively, and the Burkholder–Davis–Gundy inequalities with Bp ≤ 4
√
p in X (see

(2.7.3)), we find

IΦN (pN ) ≤
(︃ N∑︂
j=1

E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦pN
X

)︃1/pN

≤ 4
√
pN

(︃ N∑︂
j=1

E∥Φ(j)∥pN
L2(0,T ;γ(H,X))

)︃1/pN
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≤ 4
√
pNN

1/pN ∥Φ∥LpN (Ω;ℓ∞N (L2(0,T ;γ(H,X)))).

Since √
pNN

1/p = e
√︁
log(N), this proves the result for p = pN . To deduce the result

for arbitrary p ∈ (0, pN ) note that by Lenglart’s inequality for increasing functions [52,
Theorem 2.2] and with r = p/pN ∈ (0, 1)

IΦN (p)
p = IΦN (rpN )

rpN ≤ r−r
(︁
4e
√︁

log(N)
)︁pE∥Φ∥rpN

ℓ∞N (L2(0,T ;γ(H,X)))

= r−r
(︁
4e
√︁

log(N)
)︁p∥Φ∥p

Lp(Ω;ℓ∞N (L2(0,T ;γ(H,X))))
.

Taking 1/p-th powers, the result follows. Moreover, for p ∈ [2, pN ) the result with the
stated constant follows after using r−r/p = (pNp )1/pN ≤ (pN2 )1/pN ≤ exp( 1

2e).
If p ∈ (pN ,∞), then using Minkowski’s inequality, we obtain

IΦN (p)
p ≤ E

⃓⃓⃓⃓ N∑︂
j=1

sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦pN
X

⃓⃓⃓⃓p/pN
≤
(︃ N∑︂
j=1

⃓⃓⃓⃓
E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦p
X

⃓⃓⃓⃓pN/p)︃p/pN
≤ Np/pN sup

j∈{1,...N}
E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦p
X

≤ (4e
√
p)p sup

j∈{1,...N}
E∥Φ(j)∥p

L2(0,T ;γ(H,X))
,

where we used (2.7.3) once more. Taking 1/p-th powers and pulling the supremum over j
inside the expectation, the required estimate follows.

For general 2-smooth Banach spaces X, an analogous argument with 4 replaced by
10D due to the different constant value in (2.7.3) yields the desired estimate and constant.

It remains to comment on the case 2 ≤ N ≤ 7. Again by Lenglart’s inequality, it
suffices to consider p ∈ [2,∞). In this case, the triangle inequality and (2.7.3) give

IΦN ≤
(︃ N∑︂
j=1

E sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
Φ(j)
s dWH(s)

⃦⃦⃦⃦p
X

)︃1/p

≤ Bp

(︃ N∑︂
j=1

∥Φ(j)∥p
Lp(Ω;L2(0,T ;γ(H,X)))

)︃1/p

≤ 4
√
pN1/p∥Φ∥Lp(Ω;ℓ∞N (L2(0,T ;γ(H,X))))

≤ 4 exp
(︂
1 +

1

2e

)︂
max{

√︁
log(N),

√
p}∥Φ∥Lp(Ω;ℓ∞N (L2(0,T ;γ(H,X)))),

where the last estimate follows from N1/p ≤
√
7 ≤ exp(1 + 1

2e) for 2 ≤ N ≤ 7.

2.8 A Version of the Burkholder–Rosenthal Inequality

On the fixed probability space (Ω,F ,P) we consider a finite filtration (Fj)ℓj=0, ℓ ∈ N, and
denote by EFj

:= E(· | Fj) the conditional expectation with respect to Fj . For an X-valued
martingale (Mj)

ℓ
j=0 with respect to (Fj)ℓj=0, we denote by (dj)

ℓ
j=1 its difference sequence

defined by dj :=Mj −Mj−1. Furthermore, let the non-negative random variables M⋆
j (for

0 ≤ j ≤ ℓ) and d⋆j and sj(M) (for 1 ≤ j ≤ ℓ) be given by

M⋆
j := max

0≤i≤j
∥Mi∥, d⋆j := max

1≤i≤j
∥di∥, sj(M) :=

(︂ j∑︂
i=1

EFi−1∥di∥2
)︂1/2

,

and set M⋆ :=M⋆
ℓ , d⋆ := d⋆ℓ , and s(M) := sℓ(M).
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We call a mapping V : Ω → L(X) such that ω ↦→ V (ω)x is strongly measurable for
all x ∈ X a random operator on X and a random contraction on X if, additionally, its
range consists of contractions. A sequence of random operators (Vj)j∈N on X is said to be
strongly predictable in case each Vjx is strongly Fj−1-measurable for all x ∈ X.

An adapted X-valued sequence (ξj)
ℓ
j=1 is called conditionally symmetric given (Fj)ℓj=0

if for all 1 ≤ j ≤ ℓ the random variables ξj and −ξj are conditionally equidistributed given
Fj−1, i.e., for all Borel sets B ∈ B(X) it holds that

EFj−11{ξj∈B} = EFj−11{−ξj∈B}.

Recently, in [128, Thm. 3.1] an extended version of Pinelis’s version of the Burkholder–
Rosenthal inequality (see [113]) was proven. An alternative approach based on Bellman
function techniques was found in [146].

Theorem 2.63 (Theorem 3.1 in [128]). Let X be a (2, D)-smooth Banach space. Suppose
that (˜︂Mj)

ℓ
j=0 is an adapted sequence of X-valued random variables, (Mj)

ℓ
j=0 is an X-valued

martingale with difference sequence (dj)
ℓ
j=1, (Vj)

ℓ
j=1 is a sequence of random contractions

on X that is strongly predictable, and assume that we have ˜︂M0 =M0 = 0 and

˜︂Mj = Vj˜︂Mj−1 + dj , j = 1, . . . , ℓ.

Then for all 2 ≤ p <∞ we have

∥(˜︂M)∗∥p ≤ 30p∥d∗∥p + 40D
√
p∥s(M)∥p.

If, moreover, (Mj)
ℓ
j=0 has conditionally symmetric increments, then

∥(˜︂M)∗∥p ≤ 5p∥d∗∥p + 10D
√
p∥s(M)∥p.

This martingale estimate will play a central role in the stability analysis in 2-smooth
Banach spaces in Section 4.3, in particular Lemma 4.18, as well as the convergence analysis
for irregular nonlinearities in Section 4.6.

2.9 Generalised Hölder, Orlicz, and Besov–Orlicz Spaces

Showing optimal and quasi-optimal error estimates on the full time interval in Subsections
4.4.3 and 4.5.3 via maximal regularity estimates involves three types of spaces commonly
used in harmonic analysis: generalised Hölder, Orlicz, and Besov–Orlicz spaces.

We start by recalling the definition of generalised Hölder spaces. Given a non-decreasing
function Φ: [0, T ] → [0,∞) such that Φ ̸= 0 on (0, T ] we say that u ∈ CΦ([0, T ];X) if
u : [0, T ] → X is continuous and

[u]CΦ([0,T ];X) := sup
0≤s<t≤T

∥u(t)− u(s)∥
Φ(t− s)

<∞.

Moreover, we set ∥u∥CΦ([0,T ];X) := ∥u∥L∞(0,T ;X)+[u]CΦ([0,T ];X), which makes CΦ([0, T ];X)
a Banach space. We further need generalisations of both Lp- and Besov spaces.



2.10. Gronwall-type Lemmas 43

Definition 2.64. Let X be a Banach space and (U,U , µ) a σ-finite measure space. A
function N : [0,∞) → [0,∞) is said to be a Young function if it is non-decreasing, left-
continuous, convex, and satisfies N (0) = 0 and limx→∞N (x) = ∞. The Orlicz space
LN (U, µ;X) consists of all f : U → X with finite Luxemburg norm ∥ · ∥LN (U,µ;X) given by

∥f∥LN (U,µ;X) := inf
{︂
λ > 0 :

∫︂
U
N
(︂∥f∥X

λ

)︂
dµ ≤ 1

}︂
.

The measure can be omitted from the notation if the measure used is the Lebesgue mea-
sure. Furthermore, let α ∈ (0, 1), q ∈ [1,∞], I ⊆ R be an interval, and Φ2 : [0,∞) →
[0,∞),Φ2(x) := exp(x2)−1. We define ωΦ2,I(f, t) := sup{∥f(·+h)−f∥LΦ2 (I(h);X) : |h| ≤ t}
with I(h) := {s ∈ I : s + h ∈ I} for h ∈ R and f ∈ LΦ2(I;X). The Besov–Orlicz space
Bα

Φ2,q
(I;X) consists of all f ∈ LΦ2(I;X) such that

∥f∥Bα
Φ2,q

(I;X) := ∥f∥LΦ2 (I;X) + ∥t−αωΦ2,I(f, t)∥Lq(0,∞;t−1 dt) <∞.

Orlicz spaces are Banach spaces and can be seen as generalised Lp-spaces, since the
Lp-spaces are recovered for N (t) = tp for 1 < p < ∞. Besov–Orlicz spaces are Ba-
nach spaces as well. The Besov–Orlicz space Bα

Φ2,q
(I;X) is continuously embedded into

Cr
α| log r|1/2(I;X) for q ∈ [1,∞] and α ∈ (0, 1) [109, Formula (2.12)].

Theorem 2.65 (Theorem 3.2(vi) in [109]). Let X be a separable 2-smooth Banach space,
H a Hilbert space, and WH an H-cylindrical Brownian motion. Then for all T ≥ 0 there
exists a constant C ≥ 0 depending on T such that⃦⃦⃦

t ↦→
∫︂ t

0
f(s) dWH(s)

⃦⃦⃦
Lp(Ω;Bα

Φ2,∞
(0,T ;X))

≤ Cp1/2∥f∥LNp (Ω;Lq(0,T ;γ(H,X))) (2.9.1)

holds for all p ∈ [1,∞), q ∈ (2,∞], and f ∈ LNp(Ω;Lq(0, T ; γ(H,X))), where α =
1
2 − 1

q and Np(t) = tp logp/2(t + 1). In particular, if f ∈ Lp0(Ω;Lq(0, T ; γ(H,X)))
for some p0 ∈ (p,∞), (2.9.1) holds and the norm of f can be replaced by the norm in
Lp0(Ω;Lq(0, T ; γ(H,X))).

Proof. We only comment on the statement concerning p0 and refer to [109] for the proof
of the main statement. Note that for all ε > 0 there is a constant c > 0 such that
logp/2(t + 1) ≤ ctε for all t ∈ [0, T ] due to the growth behaviour of the logarithm. Since
the Orlicz space with Young function [t ↦→ tp+ε] coincides with Lp+ϵ, the last statement
follows with ε = p0 − p.

2.10 Gronwall-type Lemmas

If an estimate of a quantity is only available in terms of an integral or a sum over said quan-
tity, Gronwall-type lemmas provide a useful technical tool to obtain a direct estimate. The
classical Gronwall inequality concerns estimates involving integrals of continuous functions.

Lemma 2.66 (Gronwall’s inequality [58]). Let ϕ : [0, T ] → [0,∞) be a continuous function
and let α, β ∈ [0,∞) be constants. Suppose that for t ∈ [0, T ],

ϕ(t) ≤ α+ β

∫︂ t

0
ϕ(s) ds.
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Then for t ∈ [0, T ],
ϕ(t) ≤ αeβt.

We need the following two variants of the classical Gronwall inequality.

Lemma 2.67. Let ϕ : [0, T ] → [0,∞) be a continuous function and let α, β ≥ 0 be con-
stants. Suppose that for t ∈ [0, T ],

ϕ(t) ≤ α+ β
(︂∫︂ t

0
ϕ(s)2ds

)︂1/2
.

Then for t ∈ [0, T ],

ϕ(t) ≤ α(1 + β2t)1/2 exp
(︂1
2
+

1

2
β2t
)︂
.

Proof. Using the variant (a+b)2 ≤ (1+θ)a2+(1+θ−1)b2 of Young’s inequality for a, b ≥ 0
and θ > 0, we can write

ϕ(t)2 ≤ (1 + θ)α2 + β2(1 + θ−1)

∫︂ t

0
ϕ(s)2ds

for t ∈ [0, T ]. Therefore, applying Gronwall’s inequality from Lemma 2.66 to ϕ2, we see
that

ϕ(t)2 ≤ (1 + θ)α2 exp
(︁
β2(1 + θ−1)t

)︁
.

Taking θ = β2t we obtain

ϕ(t)2 ≤ (1 + β2t)α2 exp(β2t+ 1),

which gives the desired estimate.

In the same way, one can prove the following discrete analogue by using the discrete
version of Gronwall’s inequality instead (see [69, Prop. 5]).

Lemma 2.68. Let (φj)j≥0 be a non-negative sequence and let α, β ≥ 0 be constants.
Suppose that for j ∈ N0,

φj ≤ α+ β

(︃ j−1∑︂
i=0

φ2
i

)︃1/2

.

Then for j ∈ N0,

φj ≤ α(1 + β2j)1/2 exp
(︂1
2
+

1

2
β2j
)︂
.



Chapter 3

Approximation of Evolution
Equations with Random Coefficients

Approximating a random evolution equation rather than a deterministic one raises the
question of how to take the randomness into account when discretising and under which
regularity assumptions the separate rates in space, time, and randomness are preserved for
the full discretisation error. In the case of random coefficients considered here, a possible
answer to the first question consists of using polynomial chaos expansions. Depending
on the smoothness of the argument, we prove polynomial convergence of arbitrary order
for the discretisation in randomness alone. The answer to the second question is more
involved and is given by the main result of this chapter. Suppose that the space discreti-
sation converges of some rate px > 0 on D(Aαz ) for some α > 0, and an A-stable rational
time discretisation method is employed that converges of order pt > 0. Here, −Az is the
generator of a C0-semigroup and is given by a weak formulation involving a form az. Both
depend on the realisation z of a random variable Z with distribution PZ and taking values
in RN , N ∈ N. Under suitable assumptions on the smoothness of the forms (az)z∈RN

and the initial values, for a large class of admissible random variables Z, we obtain con-
vergence of the full discretisation with rates px, pt, and any ℓ ∈ N in space, time, and
randomness, respectively. Provided that, in addition, the form is PZ-almost surely sym-
metric, this holds for initial values in the intersection of L2(RN ,PZ ; D(A

max{α+1,pt}
z )) and

H2ℓ(RN ,PZ ; D(Az)). Without the symmetry assumption, additional spatial regularity is
required for the joint convergence rate to hold, and further assumptions are imposed on
the time discretisation schemes. For more details, the interested reader is invited to read
Section 1.2 of the introduction.

Let us outline the content of this chapter. In Section 3.1, we formally introduce the ran-
dom evolution equations we consider and recall properties of the corresponding semigroups.
Central convergence results required for the separate approximation in space, time, and
randomness are reviewed in Section 3.2, which also contains a novel quantified version of
the Trotter–Kato theorem for form-induced semigroups and quantified error estimates for
multivariate polynomial chaos; cf. Theorems 3.8 and 3.25. We recall space-time discreti-
sation in the deterministic setting in Section 3.3. The main part is Section 3.4, where we
prove the convergence theorem for the full discretisation of a random evolution equation,
including rates. The main results can be found in Theorems 3.74 and 3.75. Section 3.5
illustrates these results for a random parabolic equation with anisotropic diffusion.

45
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3.1 Random Evolution Equations

Let H be a separable Hilbert space and (Ω,F ,P) a probability space. For ω ∈ Ω let
Aω be a closed and densely defined operator in H such that (Aω)ω∈Ω is measurable, i.e.,⋂︁
ω∈Ω ρ(Aω) ̸= ∅ and Ω ∋ ω ↦→ (λ−Aω)−1 ∈ L(H) is weakly measurable for one, and hence

all, λ ∈
⋂︁
ω∈Ω ρ(Aω) ∈ L(H). Note that by Pettis’ measurability theorem [112, Cor. 1.11]

and separability of H this is equivalent to strong measurability of Ω ∋ ω ↦→ (λ−Aω)−1 for
all λ ∈

⋂︁
ω∈Ω ρ(Aω).

We consider the random evolution equation

u′ω(t) = −Aωuω(t) (t > 0), uω(0) = u0,ω ∈ H.

We will study this random family of evolution equations in the following way: Let A in
H := L2(Ω,P)⊗H ∼= L2(Ω,P;H) be the multiplication operator defined by

D(A) :=
{︂
f ∈ H; f(ω) ∈ D(Aω) for P-a.e. ω ∈ Ω,

∫︂
Ω
∥Aωf(ω)∥2H dP(ω) <∞

}︂
,

Af :=
[︁
Ω ∋ ω ↦→ Aωf(ω) ∈ H

]︁
Let NΩ ⊆ Ω be a P-null set such that for all ω ∈ Ω \ NΩ the operator −Aω generates

a strongly continuous semigroup (Sω(t))t≥0 and there exists σ ∈ R such that (σ,∞) ⊆
ρ(−Aω) for all ω ∈ NΩ. Note that the exponential formula then yields that Ω ∋ ω ↦→
1Ω\NΩ

(ω)Sω(t) is strongly measurable for all t ≥ 0. As a consequence of [123, Prop. 2.3.11],
we obtain the following proposition.

Proposition 3.1. Let M ≥ 1, σ ∈ R such that ∥Sω(t)∥ ≤ Meσt for all t ≥ 0 and
ω ∈ Ω \ NΩ. Then −A is the generator of a C0-semigroup (S(t))t≥0 satisfying ∥S(t)∥ ≤
Meσt for all t ≥ 0, and for f ∈ H, t ≥ 0 we have (S(t)f)(ω) = 1Ω\NΩ

(ω)Sω(t)f(ω) for
P-a.e. ω ∈ Ω.

Remark 3.2. In view of Proposition 3.1, we may also adjust Aω := 0 for ω ∈ NΩ to get
Sω(t) = I for all t ≥ 0 and ω ∈ NΩ. For t ≥ 0 and f ∈ H we then obtain (S(t)f)(ω) =
Sω(t)f(ω) for P-a.e. ω ∈ Ω.

We then consider

u′(t) = −Au(t) (t > 0), u(0) = u0 ∈ H.

In order to approximate the solution u, we have to combine three types of approximations,
namely spatial approximations taking care of approximation w.r.t. the space H, temporal
approximations for the time t (typically considered on bounded intervals), and randomness
approximations taking care of the randomness in L2(Ω,P).

3.2 Approximation Methods

In this section, we review the three types of approximations separately. We start with spa-
tial approximations, then turn to temporal approximations, and conclude with randomness
approximations.
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3.2.1 Spatial approximation

Let V,H be separable Hilbert spaces, V ↪→ H with V dense in H so that we obtain a
Gelfand triple V ↪→ H ↪→ V ∗, where V ∗ denotes the antidual of V . Let a be a bounded
form. Then we set A : V → V ∗, Au := a(u, ·) for u ∈ V , and define the operator A in H
associated with a via D(A) := A−1(H) ⊆ H and A := A|D(A), i.e.,

a(u, v) = (Au)(v) = (Au | v)H , (u ∈ D(A), v ∈ V ). (3.2.1)

Additionally, suppose that a is coercive. Then the Lax–Milgram lemma yields that A is
an isomorphism, whence the stationary problem is well-posed, i.e.,

∀F ∈ V ∗ ∃!u ∈ V : a(u, v) = F (v) (v ∈ V ) and ∥u∥V ≤
⃦⃦
A−1

⃦⃦
∥F∥V ∗ .

Moreover, A is m-accretive and therefore −A generates a contractive and (in case K = C)
holomorphic C0-semigroup S : [0,∞) → L(H). Thus, u : [0,∞) → H is a solution of

u′(t) = −Au(t) (t > 0), u(0) = u0 ∈ H

if and only if u(t) = S(t)u0 for t ≥ 0. Furthermore, A admits fractional powers and
0 ∈ ρ(A). We include a proof of this folklore statement for the reader’s convenience.

Lemma 3.3. Let a be a bounded and coercive form and A the associated operator. Then
0 ∈ ρ(A).

Proof. Denote by CV ↪→H the embedding constant of the embedding V ↪→ H. Let κ > 0
be the coercivity constant of a. Coercivity of a yields

∥Au∥H∥u∥H ≥ Re (Au |u)H = Re a(u) ≥ κ∥u∥2V ≥ κ

C2
V ↪→H

∥u∥2H

for all u ∈ D(A). Hence, A is injective and has a bounded inverse.
Let f ∈ H. Since H ↪→ V ∗ and A is an isomorphism, there exists u ∈ V such that

Au = f . Thus, by definition, u = A−1f ∈ D(A) and Au = f , so A is surjective.

Remark 3.4. Let a be a bounded and coercive form and A the associated operator. Then,
for α > 0, also 0 ∈ ρ(Aα) (see e.g. [60, Prop. 3.1.1(e)]). Thus, the graph norm ∥ · ∥Aα of
Aα and the norm ∥Aα · ∥H are equivalent on D(Aα). Indeed, for u ∈ D(Aα), we have

∥Aαu∥H ≤ ∥u∥Aα = ∥u∥H + ∥Aαu∥H ≤
(︁⃦⃦

(Aα)−1
⃦⃦
L(H)

+ 1
)︁
∥Aαu∥H .

Let us now turn to approximation. We recall the notions of approximating sequences
(Vm)m∈N of V and space discretisations (Am)m∈N of A from Definitions 2.21 and 2.22,
respectively. For an approximating sequence (Vm)m∈N of V let Hm ⊆ H be the closure of
Vm in H for m ∈ N. Then Vm ↪→ Hm, and trivially, Vm is dense in Hm for all m ∈ N. Note
that typically (e.g., in applications), approximating sequences consist of finite-dimensional
subspaces, and then Hm = Vm as vector spaces.

Further, let Pm : H → Hm ⊆ H be the H-orthogonal projection of H onto Hm and
Jm : Hm → H the canoncial embedding for m ∈ N. Then JmPm → I strongly. Indeed,
(JmPm)m∈N is uniformly bounded and strong convergence for f ∈ V holds by virtue of
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∥JmPmf − f∥H = ∥Pmf − f∥H = distH(f,Hm) ≤ CV ↪→H distV (f, Vm) → 0. Strong
convergence on H now follows from the uniform boundedness principle.

For m ∈ N, we define the approximating forms am := a|Vm×Vm . Then am is trivially
bounded and coercive for all m ∈ N with the same constants as a. Let Am : Vm → V ∗

m,
Amu := am(u, ·), and let Am be the m-accretive operator in Hm associated with am for
m ∈ N. Further, let Sm : [0,∞) → L(Hm) be the contractive and (in case K = C)
holomorphic C0-semigroup generated by −Am. Then for given initial data u0,m ∈ Hm, the
function um : [0,∞) → Hm is a solution of

u′m(t) = −Amum(t) (t > 0), um(0) = u0,m

if and only if um(t) = Sm(t)u0,m for t ≥ 0. Thus, we obtain a space discretisation (Am)m∈N
of A, which is called the (Bubnov-)Galerkin discretisation.

Coercivity of a implies that the uniform Banach–Nečas–Babuška condition is satisfied,
which in turn yields convergence of the Galerkin discretisation; see also (BNB) in Section
2.2. Our aim is to quantify the order of convergence. Contrary to the quantified version of
the Trotter–Kato theorem in Proposition 2.20, where conditions are formulated in terms of
the resolvent, we derive conditions directly on the form a and the approximating sequence
(Vm)m∈N. This quantifies the form convergence statement of [25, Thm. 3.7].

As a preparation for a convergence theorem, we make use of the following lemma, which
can be found in [144, Thm. 2].

Lemma 3.5. Let a : V × V → K be a bounded and coercive form with constants M ≥ 0
and κ > 0. Let (Vm)m∈N be an approximating sequence of V and let am := a|Vm×Vm for
m ∈ N. For F ∈ V ∗ let u := A−1F ∈ V and um := A−1

m (F |Vm) ∈ Vm for all m ∈ N. Then

∥u− um∥V ≤ M

κ
distV (u, Vm) (m ∈ N).

In particular, um → u in V .

We consider two quantities relating the approximation speed of the approximating
sequence and the properties of the operators A or A∗.

Definition 3.6 (based on (6.6) in [6]). Let X ↪→ V ∗ be a Banach space and (Vm)m∈N an
approximating sequence of V . For m ∈ N, define

γm(X ) := sup
f∈X , ∥f∥X=1

distV (A−1f, Vm) and γ∗m(X ) := sup
f∈X , ∥f∥X=1

distV ((A∗)−1f, Vm).

We say that (γm(X ))m∈N and (γ∗m(X ))m∈N decay at rate p1, p2 ≥ 0, respectively, if there
exist constants Cγ,X , C∗

γ,X ≥ 0 such that

γm(X ) ≤
Cγ,X
mp1

and γ∗m(X ) ≤
C∗
γ,X
mp2

for all m ∈ N.

As an immediate consequence of this definition,

distV (u, Vm) ≤ γm(X )∥Au∥X for all u ∈ A−1X .

We are now in a position to prove a convergence theorem including rate of convergence,
starting with the stationary problem.
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Theorem 3.7. Let a : V × V → C be a bounded and coercive form and (Vm)m∈N an
approximating sequence of V . Let α > 0, p1, p2 ≥ 0 such that (γm(D(Aα)))m∈N decays
at rate p1 = p1(α) and (γ∗m(H))m∈N decays at rate p2. Then there exists a constant
Cx = Cx(α) ≥ 0 such that

⃦⃦
JmA

−1
m Pmf −A−1f

⃦⃦
H

≤ Cx
∥f∥Aα

mp1+p2
.

for all f ∈ D(Aα) and m ∈ N. Moreover, if p1 + p2 > 0, the space discretisation (Am)m∈N
converges of order p1 + p2 on D(Aα) for the stationary problem.

Note that p1 depends on α, and thus the order of convergence scales with the smooth-
ness of the initial value encoded in the domain of powers of A.

The proof is essentially contained in [6, Thm. 6.3]. Note that [6] requires finite-
dimensional subspaces for approximating sequences, which is not needed for [6, Thm. 6.3].

Proof. (i) Let M,κ > 0 be the boundedness and coercivity constants of a. By Lemma 3.3,
we have 0 ∈ ρ(A). Analogously, 0 ∈ ρ(Am) for all m ∈ N.

(ii) Fix f ∈ D(Aα) and let F ∈ V ∗ be defined by F (v) := (f | v)H (v ∈ V ). Let
u := A−1F and um := A−1

m (F |Vm) for m ∈ N. Then u is the unique solution of

a(u, v) = F (v) (v ∈ V )

and, for m ∈ N, um is the unique solution of

am(um, v) = F (v) = (F |Vm)(v) (v ∈ Vm).

Then [6, Thm. 6.3] yields

∥u− um∥H ≤ M2

κ
γm(D(Aα))γ∗m(H)∥f∥Aα (m ∈ N).

By assumption, there exist Cγ,D(Aα), C
∗
γ,H ≥ 0 such that

γm(D(Aα)) ≤
Cγ,D(Aα)

mp1
and γ∗m(H) ≤

C∗
γ,H

mp2
for all m ∈ N.

Thus,

∥u− um∥H ≤ M2

κ
Cγ,D(Aα)C

∗
γ,H

∥f∥Aα

mp1+p2
(m ∈ N). (3.2.2)

For m ∈ N, we define the resolvent difference ∆m in H (restricted to D(Aα)) by

D(∆m) := D(Aα), ∆mg := JmA
−1
m Pmg −A−1g (g ∈ D(∆m)). (3.2.3)

Note that A−1f = A−1F = u and for m ∈ N, we have A−1
m Pmf = um. Indeed, given an

orthonormal basis Bm of Hm, we observe

Amum =
∑︂
φ∈Bm

(Amum |φ)H φ =
∑︂
φ∈Bm

am(um, φ)φ =
∑︂
φ∈Bm

F (φ)φ

=
∑︂
φ∈Bm

(f |φ)H φ = Pmf.
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In conclusion, JmA−1
m Pmf = Jmum = um for all m ∈ N and thus ∆mf = um − u. By

(3.2.2), we conclude

∥∆mf∥H = ∥u− um∥H ≤ M2

κ
Cγ,D(Aα)C

∗
γ,H · 1

mp1+p2
∥f∥Aα .

We now turn to the evolution problem and make use of the quantified versions of the
Trotter–Kato theorem in [74] (see also Proposition 2.20).

Theorem 3.8. Let a : V × V → C be a bounded and coercive form and (Vm)m∈N an
approximating sequence of V . Let α > 0, p1, p2 ≥ 0 such that (γm(D(Aα)))m∈N decays at
rate p1 = p1(α) and (γ∗m(H))m∈N decays at rate p2. Then for all T ≥ 0 and ε > 0 there
exists a constant Cx = Cx(T, ε, α) ≥ 0 such that

∥JmSm(t)Pmu0 − S(t)u0∥H ≤ Cx
∥u0∥Aα+1+ε

mp1+p2
.

for all t ∈ [0, T ], u0 ∈ D(Aα+1+ε), and m ∈ N. Moreover, if p1 + p2 > 0, the space
discretisation (Am)m∈N converges of order p1+p2 on D(Aα+1+ε) for the evolution problem.

Proof. (i) Let M,κ > 0 be the boundedness and coercivity constants of a. By Theorem
3.7, we have

⃦⃦
(JmA

−1
m Pm −A−1)f

⃦⃦
H

≤ M2

κ
Cγ,D(Aα)C

∗
γ,H ·

∥f∥Aα

mp1+p2

for all f ∈ D(Aα).
(ii) Let T ≥ 0, ε > 0, and ∆m as defined in (3.2.3). Then by [74, Prop. 2.2b] (see

also Proposition 2.20), there exists C = C(T, ε, α) ≥ 0 such that for all t ∈ [0, T ], u0 ∈
D(Aα+1+ε), and m ∈ N,

∥JmSm(t)Pmu0 − S(t)u0∥H ≤ C∥∆m∥L(D(Aα),H)∥u0∥Aα+1+ε

≤ M2

κ
CCγ,D(Aα)C

∗
γ,H

∥u0∥Aα+1+ε

mp1+p2
,

where we used (i) to estimate the norm of ∆m.

Convergence under more general smoothness assumptions on the initial value u0 can
be obtained provided that a is symmetric.

Corollary 3.9. Suppose that the assumptions from Theorem 3.8 hold, and additionally
assume that a is symmetric. Then:

(a) For all T ≥ 0 there exists C = C(T, α) such that

∥JmSm(t)Pmu0 − S(t)u0∥H ≤ C
∥u0∥Aα+1

mp1+p2

for all t ∈ [0, T ], u0 ∈ D(Aα+1), and m ∈ N. Thus, the space discretisation (Am)m∈N
converges of order p1 + p2 on D(Aα+1) for the evolution problem if p1 + p2 > 0.
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(b) For all T ≥ 1 there exists C = C(T, α) such that

∥JmSm(t)Pmu0 − S(t)u0∥H ≤ C
∥u0∥Aα+1/2

mp1+p2

for all t ∈ [(T )−1, T ], u0 ∈ D(Aα+1/2), and m ∈ N.

Proof. Note that symmetry of a implies symmetry of am and therefore self-adjointness of
Am for all m ∈ N. The proof then uses [74, Prop. 2.3] instead of [74, Prop. 2.2b] in step
(ii) of the proof of Theorem 3.8, see also Proposition 2.20.

Remark 3.10. Theorem 3.8 and Corollary 3.9 actually state that convergence of the spatial
discretisation for the stationary problem can be turned into convergence of the spatial
discretisation for the evolution problem by slightly increasing the regularity required for
the initial value.

3.2.2 Temporal approximation

Let X be a Banach space and (S(t))t≥0 a C0-semigroup on X with generator −A. Let
F : [0,∞) → L(X) be a time discretisation method for (S(t))t≥0 as introduced in Definition
2.23. We use the setting and notation of Section 2.2.

We first state a version of the well-known Chernoff product formula (cf. [118, Prop. 2.1]),
which states that a stable and consistent time discretisation method is convergent.

Theorem 3.11 (Chernoff Product Fomula). Let F : [0,∞) → L(X) be a stable and consis-
tent time discretisation method for (S(t))t≥0. Then F is convergent, and the convergence
is uniform on compact time intervals.

Note that the Chernoff product formula yields the qualitative statement of convergence.
The statement can be quantified in the sense of consistency and convergence of some
order pt > 0 as introduced in Definition 2.24. More precisely, stability and consistency of
some order pt > 0 imply convergence of order pt provided that the semigroup (S(t))≥0 is
exponentially bounded on Yt. We include a proof of this folklore statement for the reader’s
convenience.

Proposition 3.12. Let Yt ↪→ X with Yt dense in X such that Yt ⊆ D(A) and Yt
is invariant under (S(t))t≥0, and assume that S is exponentially bounded on Yt. Let
F : [0,∞) → L(X) be a stable time discretisation method that is consistent of order pt > 0
on Yt. Then F is convergent of order pt on Yt.

Proof. Let M ≥ 1 and λ ∈ R such that for all (τ i)1≤i≤N in [0,∞) with N ∈ N, we have
∥
∏︁N
i=1 F (τ

i)∥ ≤ M exp(λ
∑︁N

i=1 τ
i) by stability of F and ∥S(t)∥L(Yt) ≤ Meλt for all t ≥ 0

by exponential boundedness of S.
Let T ≥ 0. By consistency of order pt, there exist C ≥ 0 and τ0 > 0 such that for all

τ ∈ [0, τ0] and f ∈ Yt, we have

∥F (τ)f − S(τ)f∥ ≤ Cτpt+1∥f∥Yt .

Let t ∈ [0, T ], N ∈ N, and (τ i)1≤i≤N in [0,min{τ0, T}] with
∑︁N

i=1 τ
i = t. Let f ∈ Yt. Since

N∏︂
i=1

F (τ i)f − S(t)f = F (τN ) · · ·F (τ1)f − S(τN ) · · ·S(τ1)f
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=

N∑︂
i=1

(︃ N∏︂
j=i+1

F (τ j)

)︃(︁
F (τ i)− S(τ i)

)︁(︃ i−1∏︂
j=1

S(τ j)

)︃
f,

we can estimate⃦⃦⃦⃦ N∏︂
i=1

F (τ i)f − S(t)f

⃦⃦⃦⃦
≤

N∑︂
i=1

⃦⃦⃦⃦ N∏︂
j=i+1

F (τ j)

⃦⃦⃦⃦⃦⃦⃦⃦(︁
F (τ i)− S(τ i)

)︁(︃ i−1∏︂
j=1

S(τ j)

)︃
f

⃦⃦⃦⃦

≤
N∑︂
i=1

⃦⃦⃦⃦ N∏︂
j=i+1

F (τ j)

⃦⃦⃦⃦
C(τ i)pt+1

⃦⃦⃦⃦(︃ i−1∏︂
j=1

S(τ j)

)︃
f

⃦⃦⃦⃦
Yt

≤M2C
(︂

max
i=1,...,N

τ i
)︂pt(︃ N∑︂

i=1

eλ
∑︁N

j=i+1 τ
j

· τ i · eλ
∑︁i−1

j=1 τ
j

)︃
∥f∥Yt

≤M2Ctemax{λ,0}t
(︂

max
i=1,...,N

τ i
)︂pt

∥f∥Yt .

So far, the time steps τ i may depend on the particular value t ∈ [0, T ]. In applications,
one typically works with one family of Nk ∈ N time steps τk = (τ ik)1≤i≤Nk

and only
considers times generated by the grid of these time steps. To obtain a finer discretisation,
Nk is increased, which corresponds to larger parameters k ∈ N. That is, for T ≥ 0 and
k,Nk ∈ N a family of time steps is a family τk = (τ ik)1≤i≤Nk

∈ [0, T ]Nk such that τk → 0

and Nk → ∞ as k → ∞ as well as
∑︁Nk

i=1 τ
i
k = T . Then Tk := {

∑︁j
i=1 τ

i
k : j ∈ {0, . . . , Nk}} is

called the grid associated with τk. Moreover, for a time discretisation method F : [0,∞) →
L(X) and t ∈ Tk, we write Fk(t) :=

∏︁Nt,k

i=1 F (τ
i
k), where Nt,k := max{j ∈ {0, . . . , Nk} :∑︁j

i=1 τ
i
k = t}.

Proposition 3.13. Let Yt ↪→ X and F : [0,∞) → L(X) be a convergent time discretisation
method of order pt > 0 on Yt. Let T ≥ 0 and for k,Nk ∈ N let Tk be the grid associated with
time steps τk = (τ ik)1≤i≤Nk

. Then for all k ∈ N, there exist CT ≥ 0 and τ0 = τ0(T ) > 0
such that if maxi=1,...,Nk

τ ik ≤ τ0 then

max
t∈Tk

∥Fk(t)f − S(t)f∥ ≤ CT

(︂
max

i=1,...,Nk

τ ik

)︂pt
∥f∥Yt (f ∈ Yt).

Proof. By convergence of F , for all T > 0, there exist CT ≥ 0 and τ0 ∈ (0, T ] such that for
all t ∈ [0, τ0], N ∈ N, and all (τ̃ i)1≤i≤N in [0, τ0] with

∑︁N
i=1 τ̃

i = t, we have⃦⃦⃦⃦ N∏︂
i=1

F (τ̃ i)f − S(t)f

⃦⃦⃦⃦
≤ CT

(︂
max

i=1,...,N
τ̃ i
)︂pt

∥f∥Yt (f ∈ Yt).

Since t ∈ Tk, we have t =
∑︁Nt,k

i=1 τ
i
k and clearly, maxi=1,...,Nt,k

τ ik ≤ maxi=1,...,Nk
τ ik. Thus,

the assertion follows with from the above with N = Nt,k and τ̃ i = τ ik for 1 ≤ i ≤ Nt,k.

Lastly, we recall from Definition 2.27 the class of rational methods that we are consid-
ering in the following. Examples of rational schemes, including the implicit Euler method
and Crank–Nicolson, are given in the preliminaries; cf. Example 2.26.
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Definition 3.14. Let r : C → C ∪ {∞} be a rational function. We say that a time
discretisation method F for (S(t))t≥0 is induced by r if F (τ) = r(τ ·(−A)) for all sufficiently
small τ > 0. Such schemes F are called rational schemes. If |r(z)| ≤ 1 for all z ∈ C with
Re z ≤ 0 and r(z)− ez = o(z) as z → 0 then r is called A-acceptable.

Numerous classical references have discussed the approximation of semigroups by ra-
tional schemes, such as [21, 35, 65], which has later been treated by a unified approach in
[54, 55]. We collect some key results in the following theorem taken from [128, Thm. 5.6]
based on results from [21, Thm. 4] and interpolating [99, Thm. 4.2] using the stability
result [35, Thm. 5].

Theorem 3.15 (Theorem 5.6 in [128]). Let r : C → C ∪ {∞} be an A-acceptable rational
function and assume that there exists an integer p ≥ 1 such that |r(z)− ez| = O(zp+1) as
z → 0. Let −A be the generator of a bounded C0-semigroup (S(t))t≥0 on a Banach space
X and let F be induced by r. Then F approximates S to order η(p, k) on D(Ak) for all
integers k ∈ {1, . . . , p+ 1} with k ̸= p+1

2 , where

η(p, k) :=

{︄
k − 1

2 , k < p+1
2 ;

kp
p+1 ,

p+1
2 < k ≤ p+ 1.

If the semigroup is analytic and bounded on a sector, then F approximates S to order α
on D(Aα) for all α ∈ (0, p].

An extension to domains of fractional powers and interpolation spaces can be found in
[90], see also the rates for implicit Euler and Crank–Nicolson in Example 2.26.

3.2.3 Randomness approximation

Let (Ω,F ,P) be a probability space, N ∈ N, and Z = (Z0, . . . , ZN−1) : Ω → RN a random
variable. For n ∈ N0, let

PN
n :=

{︄
p : RN → K : ∃(cα)|α|≤n ⊆ K : p(x) =

∑︂
α∈NN

0 ,|α|≤n

cαx
α (x ∈ RN )

}︄
,

be the vector space of polynomials in N variables of order at most n. Note that dimPN
n =(︁

n+N
n

)︁
. Moreover, let PN :=

⋃︁
n∈N0

PN
n be the vector space of polynomials. We will assume

that PN ⊆ L2(RN ,PZ) is dense, i.e., PZ has moments of all orders. Then (PN
n )n∈N0 is an

approximating sequence of L2(RN ,PZ).

Definition 3.16. For n ∈ N0, let Rn : L2(RN ,PZ) → PN
n ⊆ L2(RN ,PZ) be the orthogonal

projection. Then Rnf is called the polynomial chaos approximation, or, for short, PC
approximation, of f ∈ L2(RN ,PZ) of order n.

Remark 3.17. Let f ∈ L2(RN ,PZ) and n ∈ N0. Then Rnf is the best approximation of f
in PN

n . Therefore, ∥f −Rnf∥L2(RN ,PZ) = dist(f,PN
n ) → 0 as n→ ∞.

Let (Z0, . . . , ZN−1) be independent. Then

L2(RN ,PZ) =
N−1⨂︂
j=0

L2(R,PZj ).
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By assumption, P1 is dense in L2(R,PZj ), so we can construct an orthogonal basis (Φjn)n∈Nj

of polynomials Φjn ∈ P1
n of degree deg(Φjn) = n. Here, the index set Nj = {0, . . . , Lj} for

some Lj ∈ N0 in the case of a discrete probability measure with finite support and Nj = N0

otherwise. Due to the assumptions we will impose on the distribution of each Zj in the
following, we can restrict our considerations to the case Nj = N0 for all 0 ≤ j ≤ N − 1.
Let N := N0 × . . . × NN−1 = NN0 . For α ∈ N , let Φα :=

⨂︁N−1
j=0 Φjαj . Then (Φα)α∈N is

an orthogonal basis of L2(RN ,PZ). Thus, it suffices to consider the one-dimensional case
N = 1 and then use a tensor product construction.

Remark 3.18. Let (Φα)α∈N be an orthogonal basis of L2(RN ,PZ) such that Φα ∈ PN
n for

|α| ≤ n, n ∈ N0. Then (Φα)|α|≤n is an orthogonal basis of the closed subspace PN
n ⊆

L2(RN ,PZ), and hence for f ∈ L2(RN ,PZ) and n ∈ N0, we have

Rnf =
∑︂
|α|≤n

1

∥Φα∥2L2(RN ,PZ)

(f |Φα)L2(RN ,PZ)Φα =
∑︂
|α|≤n

f̂αΦα,

where f̂α := ∥Φα∥−2
L2(RN ,PZ) (f |Φα)L2(RN ,PZ) is the generalised Fourier coefficient of f for

α ∈ N , sometimes also called PCE coefficient. The series representation

f =
∑︂
α∈N

1

∥Φα∥2L2(RN ,PZ)

(f |Φα)L2(RN ,PZ)Φα =
∑︂
α∈N

f̂αΦα

converges in L2(RN ,PZ) and is referred to as the polynomial chaos expansion (PCE).

We list the orthogonal polynomials corresponding to common distributions, such as the
standard normal distribution.

Example 3.19 (Classical orthogonal polynomials). Let N = 1.

(a) Let Z be standard normally distributed, i.e. PZ(B) =
∫︁
B(2π)

−1/2e−z
2/2dz for B ∈

B(R). The (one-dimensional) Hermite polynomials are defined as

Hk(z) := (−1)ke
z2

2
dk

dzk
e−

z2

2 (z ∈ R, k ∈ N0).

Then (Hk)k∈N0 is an orthogonal basis of L2(R,PZ) and suppPZ = R.

(b) Let α, β > −1 and Z be Beta-distributed with parameters α and β, i.e.,

PZ(B) =

∫︂
B
1(−1,1)(z)

Γ(α+ β + 2)

2α+β+1Γ(α+ 1)Γ(β + 1)
(1− z)α(1 + z)βdz

for B ∈ B(R). The (one-dimensional) Jacobi polynomials are defined as

Jk(z) := J
(α,β)
k (z) :=

(−1)k

2kk!
(1− z)−α(1 + z)−β

dk

dzk

[︂
(1− z)k+α(1 + z)k+β

]︂
for z ∈ (−1, 1) and k ∈ N0. Then (Jk)k∈N0 is an orthogonal basis of L2(R,PZ) and
suppPZ = [−1, 1]. Note that α = β yields Gegenbauer polynomials, α = β = 0 yields
Legendre polynomials corresponding to Z being uniformly distributed on [−1, 1], and
α = β = −1

2 yields Chebyshev polynomials.
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(c) Let α > −1 and Z be Gamma-distributed with shape parameter α + 1 and rate 1,
i.e. PZ(B) =

∫︁
B 1(0,∞)(z)Γ(α + 1)−1zαe−zdz for B ∈ B(R). The (one-dimensional)

Laguerre polynomials are defined as

Lk(z) := L
(α)
k (z) :=

z−αez

k!

dk

dzk
(zk+αe−z) (z > 0, k ∈ N0).

Then (Lk)k∈N0 is an orthogonal basis of L2(R,PZ) and suppPZ = [0,∞). Note that
the special case α = 0 corresponds to Z being exponentially distributed with rate 1.

Note that, by [102], up to affine transformations, these three distributions are exactly
the probability distributions whose corresponding orthogonal polynomials yield an orthog-
onal basis of eigenfunctions of a Sturm–Liouville differential operator. As these operators
are essential for the proof of error estimates for the PC approximation, we assume the
following.

Assumption 3.20. Let N ∈ N and Z = (Z0, . . . , ZN−1) : Ω → RN be a random variable.
Let (Z0, . . . , ZN−1) be independent and assume that each of them is either standard nor-
mally distributed, Gamma-distributed (with rate 1), or Beta-distributed, explicitly allowing
for different Zj to have a different distribution.

The one-dimensional Sturm–Liouville operators for the respective orthogonal polyno-
mials associated with the distributions are the following.

Example 3.21. Let N = 1.

(a) For k ∈ N0, the Hermite polynomial Hk is an eigenfunction of

Q = − d2

dz2
+ z

d

dz

to the eigenvalue λk = k.

(b) For k ∈ N0, the Jacobi polynomial Jk = J
(α,β)
k is an eigenfunction of

Q = Q(α,β) = −(1− z2)
d2

dz2
+ (α− β + (α+ β + 2)z)

d

dz

to the eigenvalue λk = k(k + α+ β + 1).

(c) For k ∈ N0, the Laguerre polynomial Lk = L
(α)
k is an eigenfunction of

Q = Q(α) = −z d2

dz2
+ (z − α− 1)

d

dz

to the eigenvalue λk = k.

Definition 3.22. Let Yz ↪→ L2(RN ,PZ), pz > 0. The polynomial chaos approximation is
said to be convergent of order pz on Yz if there exists a constant Cz ≥ 0 such that

∥Rnf − f∥L2(RN ,PZ) ≤ Czn
−pz∥f∥Yz

for all f ∈ Yz and n ∈ N0.
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In order to obtain convergence orders, we need sufficient regularity of the corresponding
function. For ℓ ∈ N0, we recall the Sobolev spaces Hℓ(RN ,PZ) consisting of all f ∈
L2(RN ,PZ) such that the distributional derivatives up to order ℓ belong to L2(RN ,PZ).
We recall the one-dimensional convergence orders first and write z for the function z ↦→ z.

Proposition 3.23 (Theorems 6.2.4-6 in [50]). Let N = 1 and ℓ ∈ N0.

(a) Let Z be standard normally distributed. Then there exists C ≥ 0 such that

∥f −Rnf∥L2(R,PZ) ≤ Cn−ℓ
⃦⃦⃦⃦
d2ℓ

dz2ℓ
f

⃦⃦⃦⃦
L2(R,PZ)

for all f ∈ H2ℓ(R,PZ) and n > 2ℓ.

(b) Let Z be Beta-distributed. Then there exists C ≥ 0 such that

∥f −Rnf∥L2(R,PZ) ≤ Cn−ℓ
⃦⃦⃦⃦
(1− z2)ℓ/2

dℓ

dzℓ
f

⃦⃦⃦⃦
L2(R,PZ)

≤ Cn−ℓ
⃦⃦⃦⃦
dℓ

dzℓ
f

⃦⃦⃦⃦
L2(R,PZ)

for all f ∈ Hℓ(R,PZ) and n > ℓ.

(c) Let Z be Gamma-distributed (with rate 1). Then there exists C ≥ 0 such that

∥f −Rnf∥L2(R,PZ) ≤ Cn−ℓ
⃦⃦⃦⃦
zℓ

d2ℓ

dz2ℓ
f

⃦⃦⃦⃦
L2(R,PZ)

for all f ∈ L2(R,PZ) being weakly differentiable up to order 2ℓ such that zk/2 dk

dzk
f ∈

L2(R,PZ) for all k ∈ {0, . . . , 2ℓ}, and n > 2ℓ.

Remark 3.24. Note that the statements in Proposition 3.23 can be formulated for all n ∈ N0

as well by adjusting the constant C, if necessary.

We can now prove an error estimate yielding an order of convergence for the PC ap-
proximation. Denote by JNormal, JGamma, JBeta the set of all those j ∈ {0, . . . , N − 1} such
that Zj is standard normally distributed, Gamma-distributed, or Beta-distributed, respec-
tively. Motivated by the norms appearing in the error estimates of Proposition 3.23, let
ρ : RN → RN be defined by

ρ(z)j :=

{︄
1 j ∈ JNormal ∪ JBeta,

zj j ∈ JGamma.
(3.2.4)

For ℓ ∈ N0, we define Hℓ
ρ(RN ,PZ) to be the set of all f ∈ L2(RN ,PZ) such that f is weakly

differentiable up to order ℓ and ρ(·)α/2∂αf ∈ L2(RN ,PZ) for all α ∈ N with |α| ≤ ℓ. Here,
ρ(z)α/2 =

∏︁N−1
j=0 ρ(z)

αj/2
j ∈ R for all z ∈ RN , α ∈ N . We equip Hℓ

ρ(RN ,PZ) with the norm
∥·∥Hℓ

ρ(RN ,PZ) given by

∥f∥2Hℓ
ρ(RN ,PZ) :=

∑︂
|α|≤ℓ

⃦⃦
ρ(·)α/2∂αf

⃦⃦2
L2(RN ,PZ)

,
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which makes Hℓ
ρ(RN ,PZ) a Hilbert space. Here and in the following, when summing over

|α| ≤ ℓ, the index α is assumed to be in N = NN0 . In case there are no Gamma-distributed
components, the usual Sobolev spaces Hℓ

ρ(RN ,PZ) = Hℓ(RN ,PZ) are recovered. The
weighted Sobolev spaces are those spaces Yz on which the PC approximation converges
of a certain order, as stated in the following main result of this subsection for the scalar-
valued case. It extends [138, Thm. 3.6] to the multi-dimensional case (i.e., from R to RN )
with explicit constants and additionally covers Beta- and Gamma-distribution.

Theorem 3.25. Suppose that Z satisfies Assumption 3.20. Let ℓ ∈ N0. Then

∥Rnf − f∥L2(RN ,PZ) ≤ Cℓ,Nn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ)

for all f ∈ H2ℓ
ρ (RN ,PZ) and n ∈ N0 with constant

Cℓ,N := N ℓ/2
ℓ−1∏︂
r=0

(︂
max

0≤j≤N−1
Cj(2r)

)︂
,

where Cj(2r) is as defined in Proposition 3.29. In particular, the polynomial chaos approx-
imation is convergent of order ℓ on H2ℓ

ρ (RN ,PZ) given that ℓ > 0.

For the proof of Theorem 3.25 we need some auxiliary statements. LetQj be the Sturm–
Liouville differential operator associated with the orthogonal polynomials corresponding
to PZj for j ∈ {0, . . . , N − 1} and denote its k-th eigenvalue by λjk for k ∈ N0; cf. Example
3.21. In higher dimension, we consider Q =

∑︁N−1
j=0

˜︁Qj with ˜︁Qj := I⊗. . .⊗I⊗Qj⊗I⊗. . .⊗I,
where Qj acts on the j-th component.

Proposition 3.29 establishes a quantitative estimate of the ℓ-th Sobolev norm of Qf
in terms of the (ℓ+ 2)-th Sobolev norm of f based on the corresponding one-dimensional
estimates of Lemmas 3.26-3.28. Having rewritten the scalar product of some function f
with the orthogonal polynomial Φα in terms of the scalar product of Qℓf with Φαf in
Lemma 3.30, we can use the Sobolev norm estimates to finish the proof of the PC error
bound. The reader mostly interested in the order of convergence rather than explicit
constants is advised to continue reading at Lemma 3.30.

First, Sobolev norms of Qf are estimated in dimension N = 1 for standard normal
distribution, Beta distribution, and Gamma distribution in Lemmas 3.26, 3.27, and 3.28,
respectively.

Lemma 3.26. Let w(z) := 1√
2π
e−z

2/2 for z ∈ R. Let Q := −∂2 + z∂ and ℓ ∈ N0. Then
for f ∈ Hℓ+2(R, w), we have Qf ∈ Hℓ(R, w) and

∥Qf∥Hℓ(R,w) ≤
√︁

21 + 3ℓ2∥f∥Hℓ+2(R,w).

Note that if Z is standard normally distributed then w is the density of PZ .

Proof. Note that for g ∈ H1(R, w), we have zg ∈ L2(R, w) and

∥zg∥2L2(R,w) ≤ 2∥g∥2L2(R,w) + 4
⃦⃦
g′
⃦⃦2
L2(R,w),
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see, e.g., [106, Lem. 2.1]. Thus, for f ∈ Hℓ+2(R, w), we have Qf = −f ′′ + zf ′ ∈ Hℓ(R, w).
A simple calculation shows that ∂kQf = −∂k+2f + z∂k+1f + k∂kf for k ∈ N0. For
f ∈ Hℓ+2(R, w), we deduce from the above estimate that

∥Qf∥2Hℓ(R,w) =

ℓ∑︂
k=0

⃦⃦
∂k+2f − z∂k+1f − k∂kf

⃦⃦2
L2(R,w)

≤
ℓ∑︂

k=0

3
(︂
5
⃦⃦
∂k+2f

⃦⃦2
L2(R,w) + 2

⃦⃦
∂k+1f

⃦⃦2
L2(R,w) + k2

⃦⃦
∂kf

⃦⃦2
L2(R,w)

)︂
≤
(︁
21 + 3ℓ2

)︁
∥f∥2Hℓ+2(R,w).

Lemma 3.27. Let α, β > −1 and

w(z) := 1(−1,1)(z)
Γ(α+ β + 2)

2α+β+1Γ(α+ 1)Γ(β + 1)
(1− z)α(1 + z)β (z ∈ R).

Let ℓ ∈ N0, Q := −(1− z2)∂2 + (α − β + (α + β + 2)z)∂, ℓ ∈ N0, and Cα,β := α + β + 1.
Then for f ∈ Hℓ+2(R, w), we have Qf ∈ Hℓ(R, w) and

∥Qf∥Hℓ(R,w) ≤
√︂
3
(︁
1 + 4(ℓ+ 1 +max{α, β})2 + ℓ2(ℓ+ Cα,β)2

)︁
∥f∥Hℓ+2(R,w).

Note that if Z is Beta-distributed then w is the density of PZ .

Proof. As in the proof of Lemma 3.26, we calculate the k-th derivatives of Q. Taking the
bounded interval suppw = [−1, 1] and the eigenvalues λk = k(k+α+β+1) of Q given in
Example 3.21(b) into account, for f ∈ Hℓ+2(R, w) we deduce

∥Qf∥2Hℓ(R,w) =
ℓ∑︂

k=0

⃦⃦
(z2 − 1)∂k+2f + (α− β + Cα,β,kz)∂

k+1f + λk∂
kf
⃦⃦2
L2(R,w)

≤
ℓ∑︂

k=0

3
(︂
∥∂k+2f∥2L2(R,w) + 4(k + 1 +Mα,β)

2∥∂k+1f∥2L2(R,w) + λ2k∥∂kf∥2L2(R,w)

)︂
≤
(︁
3 + 12(ℓ+ 1 +Mα,β)

2 + 3ℓ2(ℓ+ α+ β + 1)2
)︁
∥f∥2Hℓ+2(R,w),

where we have abbreviated Cα,β,k := α+ β + 2k + 2 and Mα,β := max{α, β}.

Lemma 3.28. Let α > −1, w(z) := 1(0,∞)(z)
1

Γ(α+1)z
αe−z, and ρ(z) := 1(0,∞)(z)z for

z ∈ R. Let Q := −z∂2 + (z − α − 1)∂ and ℓ ∈ N0. Then for f ∈ Hℓ+2
ρ (R, w), we have

Qf ∈ Hℓ
ρ(R, w) and

∥Qf∥Hℓ
ρ(R,w) ≤

√︁
24α+ 87 + 24ℓ+ 3ℓ2∥f∥Hℓ+2

ρ (R,w).

Note that if Z is Gamma-distributed then w is the density of PZ .

Proof. Let f ∈ Hℓ+2
ρ (R, w). The k-th derivative of Qf contains, among others, terms of

the form ρk/2z∂k+1f as well as ρk/2z∂k+1f , which we have to estimate by ∥f∥Hℓ+2
ρ (R,w).

First, for k ∈ {0, . . . , ℓ}, ρk/2z∂k+1f ∈ L2(R, w) and⃦⃦
ρk/2z∂k+1f

⃦⃦2
L2(R,w) ≤ 2Cα,k

⃦⃦
ρ(k+1)/2∂k+1f

⃦⃦2
L2(R,w) + 4

⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w)
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with Cα,k := (α+ 2 + k). Indeed, we compute by integration by parts∫︂ ∞

0
zkz2

⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz =

∫︂ ∞

0
(α+ 2 + k)zk+1

⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz

+

∫︂ ∞

0
zkz22Re

(︁
∂k+1f(z)

)︁
∂k+2f(z)zαe−z dz

≤ Cα,kΓ(α+ 1)
⃦⃦
ρ(k+1)/2∂k+1f

⃦⃦2
L2(R,w)

+
1

2

∫︂ ∞

0
zkz2

⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz + 2Γ(α+ 1)

⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w).

Second, ρk/2∂k+1f ∈ L2(R, w) and with Mk,α := k + 1 + α, we have

⃦⃦
ρk/2∂k+1f

⃦⃦2
L2(R,w) ≤

2

Mk,α

⃦⃦
ρ(k+1)/2∂k+1f

⃦⃦2
L2(R,w) +

4

M2
k,α

⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w).

Indeed, we integrate by parts to compute∫︂ ∞

0
zk
⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz = −

∫︂ ∞

0

1

k + 1 + α
zk+12Re

(︁
∂k+1f(z)

)︁
∂k+2f(z)zαe−z dz

+
1

k + 1 + α

∫︂ ∞

0
zk+1

⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz

≤ 1

2

∫︂ ∞

0
zk
⃓⃓
∂k+1f(z)

⃓⃓2
zαe−z dz +

2Γ(α+ 1)

(k + 1 + α)2
⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w)

+
Γ(α+ 1)

k + 1 + α

⃦⃦
ρ(k+1)/2∂k+1f

⃦⃦2
L2(R,w).

Thus, for f ∈ Hℓ+2
ρ (R, w) we have Qf = −zf ′′ + (z− α− 1)f ′ ∈ Hℓ

ρ(R, w) and

∥Qf∥2Hℓ
ρ(R,w)

=
ℓ∑︂

k=0

⃦⃦
ρk/2

(︁
−z∂k+2f − k∂k+1f + (z− α− 1)∂k+1f + k∂kf

)︁⃦⃦2
L2(R,w)

=
ℓ∑︂

k=0

⃦⃦
− ρ(k+2)/2∂k+2f + zk/2(z− α− 1− k)∂k+1f + ρk/2k∂kf

⃦⃦2
L2(R,w)

≤
ℓ∑︂

k=0

3
(︂⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w) + 4(2α+ 3 + 2k)

⃦⃦
ρ(k+1)/2∂k+1f

⃦⃦2
L2(R,w)

+ 16
⃦⃦
ρ(k+2)/2∂k+2f

⃦⃦2
L2(R,w) + k2

⃦⃦
ρk/2∂kf

⃦⃦2
L2(R,w)

)︂
≤ (24α+ 87 + 24ℓ+ 3ℓ2)∥f∥2

Hℓ+2
ρ (R,w).

We now lift these Sobolev norm estimates to the multi-dimensional case.

Proposition 3.29. Suppose that Z satisfies Assumption 3.20. Let ℓ ∈ N0 and f ∈
H2ℓ+2
ρ (RN ,PZ). Then Qf ∈ H2ℓ

ρ (RN ,PZ) and

∥Qf∥H2ℓ
ρ (RN ,PZ) ≤

√
N

(︃
max

j∈{0,...,N−1}
Cj(2ℓ)

)︃
∥f∥H2ℓ+2

ρ (RN ,PZ),
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where

Cj(ℓ) :=

⎧⎪⎪⎨⎪⎪⎩
√
21 + 3ℓ2, j ∈ JNormal,√
24α+ 87 + 24ℓ+ 3ℓ2, j ∈ JGamma,√︂
3
(︁
1 + 4(ℓ+ 1 +max{α, β})2 + ℓ2(ℓ+ α+ β + 1)2

)︁
, j ∈ JBeta.

Proof. Note that H2ℓ+2
ρ (RN ,PZ) =

⨂︁N−1
j=0 H2ℓ+2

ρj (R,PZj ). Hence, it suffices to consider
f =

⨂︁N−1
j=0 fj with fj ∈ H2ℓ+2

ρj (R,PZj ) = H2ℓ+2
ρj (R, wj) for j ∈ {0, . . . , N − 1}. From the

Lemmas 3.26-3.28, we deduce ∥Qfj∥H2ℓ
ρj

(R,wj) ≤ Cj(2ℓ)∥fj∥H2ℓ+2
ρj

(R,wj)
for j ∈ {0, . . . , N −

1}. Then

∥Qf∥2H2ℓ
ρ (RN ,PZ) =

⃦⃦⃦⃦N−1∑︂
j=0

f0 ⊗ . . .⊗ fj−1 ⊗Qjfj ⊗ fj+1 ⊗ . . .⊗ fN−1

⃦⃦⃦⃦2
H2ℓ

ρ (RN ,PZ)

≤ N

N−1∑︂
j=0

∥Qjfj∥2H2ℓ
ρj

(R,wj)

N−1∏︂
k=0,k ̸=j

∥fk∥2H2ℓ
ρk

(R,wk)

≤ N
N−1∑︂
j=0

Cj(2ℓ)
2∥fj∥2H2ℓ+2

ρj
(R,wj)

N−1∏︂
k=0,k ̸=j

∥fk∥2H2ℓ
ρk

(R,wk)

≤ N
(︂

max
j∈{0,...,N−1}

Cj(2ℓ)
)︂2

∥f∥2
H2ℓ+2

ρ (RN ,PZ)
.

The second main ingredient for the proof of the error estimate is the relation between
scalar products of f and Qℓf with Φα.

Lemma 3.30. Suppose that Z satisfies Assumption 3.20. Let ℓ ∈ N0, α ∈ N , and f ∈
H2ℓ
ρ (RN ,PZ). Then

(f |Φα)L2(RN ,PZ) =

(︃N−1∑︂
j=0

λjαj

)︃−ℓ(︁
Qℓf

⃓⃓
Φα
)︁
L2(RN ,PZ)

.

Proof. We have Φα = ⊗N−1
j=0 Φjαj with the orthogonal polynomial Φjαj of degree αj to PZj

for j ∈ {0, . . . , N − 1}. Then QjΦ
j
αj = λjαjΦ

j
αj for j ∈ {0, . . . , N − 1}. Thus, for ℓ ∈ N0 we

observe

QΦα =

N−1∑︂
j=0

˜︁QjΦα =

N−1∑︂
j=0

λjαj
Φα ⇒ QℓΦα =

(︃N−1∑︂
j=0

λjαj

)︃ℓ
Φα.

Since f ∈ H2ℓ
ρ (RN ,PZ) yields Qℓf ∈ L2(RN ,PZ) (see Proposition 3.29) and Q is symmetric

in L2(RN ,PZ), we deduce that

(f |Φα)L2(RN ,PZ) =

(︃N−1∑︂
j=0

λjαj

)︃−ℓ
(f |QℓΦα)L2(RN ,PZ) =

(︃N−1∑︂
j=0

λjαj

)︃−ℓ
(Qℓf |Φα)L2(RN ,PZ).

We are now in a position to prove the multi-dimensional PC error estimate for scalar-
valued functions.
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Proof of Theorem 3.25. We follow the proof for the one-dimensional case in [138, Thm. 3.6].
Let f ∈ H2ℓ

ρ (RN ,PZ). By Parseval’s identity and Lemma 3.30, the approximation error is
given by

∥f −Rnf∥2L2(RN ,PZ) =
∑︂

|α|≥n+1

f̂
2

α∥Φα∥2L2(RN ,PZ) =
∑︂

|α|≥n+1

(f |Φα)2L2(RN ,PZ)

∥Φα∥2L2(RN ,PZ)

=
∑︂

|α|≥n+1

(︃N−1∑︂
j=0

λjαj

)︃−2ℓ 1

∥Φα∥2L2(RN ,PZ)

(︂
Qℓf

⃓⃓⃓
Φα

)︂2
L2(RN ,PZ)

.

Further define the lower eigenvalue sum bound

d(n) := min
|α|≥n

N−1∑︂
j=0

λjαj
(n ∈ N0).

Then

∥f −Rnf∥2L2(RN ,PZ) ≤ d(n+ 1)−2ℓ
∑︂
α∈N

1

∥Φα∥2L2(RN ,PZ)

(︂
Qℓf

⃓⃓⃓
Φα

)︂2
L2(RN ,PZ)

= d(n+ 1)−2ℓ
∑︂
α∈N

(︁ˆ︂(Qℓf)α)︁2∥Φα∥2L2(RN ,PZ)

= d(n+ 1)−2ℓ
⃦⃦
Qℓf

⃦⃦2
L2(RN ,PZ)

.

A repeated application of Proposition 3.29 yields that

∥f −Rnf∥L2(RN ,PZ) ≤ d(n+ 1)−ℓ
√
N
(︂

max
0≤j≤N−1

Cj(0)
)︂
∥Qℓ−1f∥H2

ρ(RN ,PZ)

≤ . . . ≤ Cℓ,Nd(n+ 1)−ℓ∥f∥H2ℓ
ρ (RN ,PZ).

Since the eigenvalues λjαj are known; cf. Example 3.21, we have d(n+1) ≥ n for all n ∈ N0.
Hence, the assertion follows.

Remark 3.31. (a) We remark that we can slightly improve the result in Theorem 3.25
by making use of the lower eigenvalue sum bound as in the proof.

(b) Note that for the Beta-distributed components of (Z0, . . . , ZN−1), for the correspond-
ing coordinates, it suffices to have weak derivatives up to order ℓ only; see also
Proposition 3.23.

The error bound for the PC approximation can easily be extended from the scalar- to
the vector-valued case. This extension is required for the joint convergence rate in space,
time, and randomness of Theorem 3.74 in Section 3.4. Note that for a Hilbert space H,
we have L2(RN ,PZ ;H) = L2(RN ,PZ)⊗H.

Definition 3.32. Let H be a separable Hilbert space with an orthonormal basis B and let
n ∈ N0. Then the (vector-valued) polynomial chaos approximation Rnf of f =

∑︁
φ∈B fφφ ∈

L2(RN ,PZ ;H) of order n is given by

Rnf :=
∑︂
φ∈B

(Rnfφ)φ ∈ PN
n ⊗H.
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Remark 3.33. Note that Rn is well-defined. Indeed, let B and C be orthonormal bases of
H, n ∈ N0, and f =

∑︁
φ∈B fφφ =

∑︁
ψ∈C fψψ ∈ L2(RN ,PZ ;H). Then fψ = (f(·) |ψ)H

with the overloaded notation (f(·) |ψ)H := [z ↦→ (f(z) |ψ)H ] ∈ L2(RN ,PZ) and ψ =∑︁
φ∈B (ψ |φ)H φ for all ψ ∈ C, and therefore

Rnfψ = Rn (f(·) |ψ)H = Rn

(︂
f(·)
⃓⃓⃓∑︂
φ∈B

(ψ |φ)H φ
)︂
H

= Rn
∑︂
φ∈B

(f(·) |φ)H (ψ |φ)H =
∑︂
φ∈B

Rn (f(·) |φ)H (φ |ψ)H

by continuity of Rn. Since also fφ = (f(·) |φ)H and φ =
∑︁

ψ∈C (φ |ψ)H ψ for all φ ∈ B,
we conclude well-posedness from∑︂

ψ∈C
(Rnfψ)ψ =

∑︂
ψ∈C

∑︂
φ∈B

Rn (f(·) |φ)H (φ |ψ)H ψ =
∑︂
φ∈B

Rn (f(·) |φ)H φ =
∑︂
φ∈B

(Rnfφ)φ.

Remark 3.34. Let H be a separable Hilbert space with a subspace Y ⊆ H, and f ∈
L2(RN ,PZ ;Y ). Then Rnf ∈ PN

n ⊗ Y for all n ∈ N0.

Analogously to the scalar-valued case, we define convergence orders.

Definition 3.35. Let H be a separable Hilbert space, Yz ↪→ L2(RN ,PZ ;H), pz > 0. The
polynomial chaos approximation is said to be convergent of order pz on Yz if there exists a
constant Cz ≥ 0 such that

∥Rnf − f∥L2(RN ,PZ ;H) ≤ Czn
−pz∥f∥Yz

for all f ∈ Yz and n ∈ N0.

From the scalar-valued case in Theorem 3.25, we deduce the main result of this sub-
section, an error estimate for the vector-valued PC approximation.

Corollary 3.36. Suppose that Z satisfies Assumption 3.20. Let ℓ ∈ N0. Then there exists
C ≥ 0 such that for all separable Hilbert spaces H, we have

∥Rnf − f∥L2(RN ,PZ ;H) ≤ Cn−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;H)

for all f ∈ H2ℓ
ρ (RN ,PZ ;H) and n ∈ N0. In particular, the polynomial chaos approximation

is convergent of order ℓ on H2ℓ
ρ (RN ,PZ ;H) if ℓ > 0.

Proof. Let H be a separable Hilbert space and B an orthonormal basis of H. Let f ∈
H2ℓ
ρ (RN ,PZ ;H). Then f =

∑︁
ψ∈B (f(·) |ψ)H ψ and thus

(Rnf)(z) =
∑︂
ψ∈B

(Rnfψ)(z)ψ =
∑︂
ψ∈B

(︁
Rn (f(·) |ψ)H (z)

)︁
ψ =

(︁
Rn (f(·) |φ)H

)︁
(z)

for PZ-a.e. z ∈ RN . Parseval’s identity, the monotone convergence theorem, and Theorem
3.25 with constant C ≥ 0 then imply

∥Rnf − f∥2L2(RN ,PZ ;H) =
∑︂
φ∈B

∫︂
RN

⃓⃓
((Rnf − f)(z) |φ)H

⃓⃓2
dPZ(z)
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=
∑︂
φ∈B

∫︂
RN

⃓⃓
(Rn (f(·) |φ)H)(z)− (f(z) |φ)H

⃓⃓2
dPZ(z)

=
∑︂
φ∈B

∥Rn (f(·) |φ)H − (f(·) |φ)H ∥2L2(RN ,PZ)

≤ C2n−2ℓ
∑︂
φ∈B

∥ (f(·) |φ)H ∥2H2ℓ
ρ (RN ,PZ) = C2n−2ℓ∥f∥2H2ℓ

ρ (RN ,PZ ;H).

3.3 Approximation of Deterministic Evolution Equations

As a preparation for the approximation of random evolution equations, we review results
on joint convergence rates in space and time for deterministic equations. Symmetry of the
underlying form allows for the treatment of less regular initial values and more general
time discretisation schemes in Subsection 3.3.1 compared to the general case presented
in Subsection 3.3.2. For the convenience of the reader, we sketch the proof of the main
deterministic result in Theorem 3.37, even though the result is standard in the literature;
see [124].

Let V,H be separable Hilbert spaces with V ↪→ H dense. Let a : V × V → K be a
bounded and coervice form, i.e., there exist M ≥ 0, κ > 0 such that

|a(u, v)| ≤M∥u∥V ∥v∥V and Re a(u) ≥ κ∥u∥2V

for all u, v ∈ V .
Let A be the operator associated with a in H and (S(t))t≥0 the contractive C0-

semigroup generated by −A. Denote the graph norm in H by ∥ · ∥A.
Let u0 ∈ H. Consider the abstract Cauchy problem

u′(t) = −Au(t) (t > 0), u(0) = u0.

Its mild solution is given by

u : [0,∞) → H, u(t) := S(t)u0 (t ≥ 0).

Let (Vm)m∈N be an approximating sequence of V and denote the closure of Vm in
∥ · ∥H by Hm. The spatial approximation of a as discussed in Subsection 3.2.1 yields
approximating forms (am)m∈N associated with operators (Am)m∈N. Moreover, for m ∈ N
let (Sm(t))t≥0 be the C0-semigroup generated by −Am.

For m ∈ N, we recall the H-orthogonal projection Pm : H → Hm ⊆ H and the cor-
responding embedding Jm : Hm → H from Subsection 3.2.1. This yields approximate
solutions

um : [0,∞) → Hm, um(t) := Sm(t)Pmu0 (t ≥ 0).

For m ∈ N, let Fm : [0,∞) → L(Hm) be a time discretisation method for (Sm(t))t≥0 as
in Subsection 3.2.2. Fix a final time T ≥ 0. For k ∈ N and Nk ∈ N let τk = (τ ik)1≤i≤Nk

∈
[0, T ]Nk be time steps with associated grid Tk, Fm,k(t) :=

∏︁Nt,k

i=1 Fm(τ
i
k), and Nt,k as de-

fined in Subsection 3.2.2. Temporal approximation with Fm,k then yields the approximate
solution

um,k : Tk → Hm, um,k(t) := Fm,k(t)Pmu0 (t ∈ Tk).
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3.3.1 The case of symmetric forms

In this subsection, we will consider the case where a is symmetric.

Theorem 3.37 (symmetric case). Let a be symmetric, bounded, and coercive, and assume
that the embedding V ↪→ H is compact. Let α > 0 and assume that the space discretisation
converges with order px > 0 on D(Aα) for the stationary problem. Let r be an A-stable
rational function as in Definition 3.14, suppose that the time discretisation methods Fm
are induced by r for all m ∈ N, and let pt > 0 be the order of convergence of the time
discretisations.
Then for all T > 0, there exist CT ≥ 0 and τ0 = τ0(T ) > 0 such that for maxi=1,...,Nk

τ ik ≤
τ0, we have

∥Jmum,k(t)− u(t)∥H ≤ CT

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︂pt)︃
∥u0∥Amax{α+1,pt}

for all t ∈ Tk, u0 ∈ D(Amax{α+1,pt}), and m, k ∈ N.

Note that the single convergence rates for the discretisation in space and time, respec-
tively, appear exactly in the joint rate given sufficient regularity.

Remark 3.38. By the choice of admissible time discretisation methods, we only consider A-
stable time discretisations, i.e., those induced by a rational function r satisfying |r(λ)| < 1
for all λ < 0. The theorem does not cover time discretisation methods for which a CFL-type
condition arises.

We will make use of the following lemma (which does not require any symmetry of the
form) to prove Theorem 3.37.

Lemma 3.39 (cf. [124, Lem. 7.1]). For p,m ∈ N, and v ∈ D(Ap), we have

v = (A−1 − JmA
−1
m Pm)Av +

p−1∑︂
j=1

JmA
−j
m Pm(A

−1 − JmA
−1
m Pm)A

j+1v + JmA
−p
m PmA

pv.

Proof. This merely is a telescopic sum argument, noting that PmJm = Im.

The following lemma is a version of [124, Lem. 7.2] for not necessarily equidistant time
steps, with an analogous proof.

Lemma 3.40 (cf. [124, Lem. 7.2]). Let a be symmetric. Let r be an A-stable rational
function as in Definition 3.14 and suppose that the time discretisation methods Fm are
induced by r for all m ∈ N. Then there exist C ≥ 0 and τ0 > 0 such that⃦⃦

(Fm,k(t)− Sm(t))A
−j
m Pmv

⃦⃦
Hm

≤ C
(︂

max
i=1,...,Nk

τ ik

)︂j
∥v∥H

for all T > 0, m, k ∈ N with maxi=1,...,Nk
τ ik ≤ τ0, t ∈ Tk, v ∈ H, and j ∈ {0, . . . , pt}.

Proof of Theorem 3.37. We follow the proof of [124, Thm. 7.8].
By symmetry of a, A is self-adjoint, and coercivity of a implies that A is (strictly)

positive definite. Compactness of the embedding V ↪→ H yields that A has compact
resolvent.
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For m, k ∈ N, t ∈ Tk, and u0 ∈ Y , we estimate

∥Jmum,k(t)− u(t)∥H ≤ ∥Jm(um,k(t)− um(t))∥H + ∥Jmum(t)− u(t)∥H .

Thus, we have to estimate the single error terms corresponding to discretisation in time
and space.

To estimate the first error term, we observe that ∥Jm∥L(Hm,H) = 1, so

∥Jm(um,k(t)− um(t))∥H ≤ ∥um,k(t)− um(t)∥Hm = ∥(Fm,k(t)− Sm(t))Pmu0∥Hm ,

which we have to estimate controlling the dependence on m uniformly.
Let C ≥ 0 and τ0 > 0 as in Lemma 3.40. Let (φℓ)ℓ∈N be an orthonormal basis of

eigenvectors of A with a corresponding sequence of eigenvalues (λℓ)ℓ∈N. Clearly, φℓ ∈⋂︁
n∈ND(An) for all ℓ ∈ N.

Fix k ∈ N such that τ ≤ τ0 for τ := maxi=1,...,Nk
τ ik. Define uτ := uτ (τ, u0) :=∑︁

ℓ∈N:τλℓ≤1 (u0 |φℓ)φℓ. Note that uτ ∈
⋂︁
n∈ND(An). Then straightforward calculations

using the expansions of u0 and uτ w.r.t. (φℓ)ℓ yield

∥u0 − uτ∥H ≤ τpt∥Aptu0∥H , (3.3.1)
∥Aptuτ∥H ≤ ∥Aptu0∥H , (3.3.2)⃦⃦

Aα+1+juτ
⃦⃦
H

≤ τ−j
⃦⃦
Aα+1u0

⃦⃦
H

(j ∈ {0, . . . , pt − 1}). (3.3.3)

By Lemma 3.39 applied to uτ , we have

(Fm,k(t)− Sm(t))Pmuτ = (Fm,k(t)− Sm(t))A
−pt
m PmA

ptuτ

+

pt−1∑︂
j=0

(Fm,k(t)− Sm(t))A
−j
m Pm(A

−1 − JmA
−1
m Pm)A

j+1uτ (3.3.4)

for all m ∈ N, since PmJm = Im.
Lemma 3.40 implies that for all v ∈ H and all j ∈ {0, . . . , pt},⃦⃦

(Fm,k(t)− Sm(t))A
−j
m Pmv

⃦⃦
Hm

≤ Cτ j∥v∥H . (3.3.5)

For j ∈ {0, . . . , pt − 1} we apply this with v := (A−1 − JmA
−1
m Pm)A

j+1uτ . Together with
the convergence assumption for the stationary problem and (3.3.3), we conclude that for
some Cx ≥ 0,⃦⃦

(Fm,k(t)− Sm(t))A
−j
m Pmv

⃦⃦
Hm

≤ Cτ j
⃦⃦
(A−1 − JmA

−1
m Pm)A

j+1uτ
⃦⃦
H

≤ CCxτ
jm−px

⃦⃦
AαAj+1uτ

⃦⃦
H

≤ CCxm
−px
⃦⃦
Aα+1u0

⃦⃦
H
.

For j = pt we apply (3.3.5) with v := Aptuτ followed by (3.3.2) to obtain

∥(Fm,k(t)− Sm(t))A
−pt
m PmA

ptuτ∥Hm ≤ Cτpt∥Aptuτ∥H ≤ Cτpt∥Aptu0∥H .

Inserting these estimates in (3.3.4), we conclude

∥(Fm,k(t)− Sm(t))Pmuτ∥Hm
≤ Cτpt∥Aptu0∥H + ptCCxm

−px
⃦⃦
Aα+1u0

⃦⃦
H
.
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In view of [21, Thm. 1], the Fm’s are uniformly stable, i.e., there exist M ≥ 1 and
σ ∈ R such that ∥Fm,k(t)∥ ≤Meσt for all t ∈ Tk and m, k ∈ N. Moreover, ∥Sm(t)∥ ≤ 1 for
all t ≥ 0 and m ∈ N. Invoking (3.3.1), this yields

∥(Fm,k(t)− Sm(t))Pm(u0 − uτ )∥Hm
≤ (Meσ

+t + 1)∥u0 − uτ∥H
≤ (Meσ

+t + 1)τpt∥Aptu0∥H ,

where σ+ := max{σ, 0}. Since eσ
+t ≤ eσ

+T , there exists CT ≥ 0 such that

∥um,k(t)− um(t)∥Hm ≤ CT
(︁
τpt∥Aptu0∥H +m−px

⃦⃦
Aα+1u0

⃦⃦
H

)︁
for all t ∈ Tk, u0 ∈ D(Amax{α+1,pt}), and m, k ∈ N.

To estimate the term for the spatial discretisation of the evolution problem, we note
that there exists Cx ≥ 0 such that

∥Jmum(t)− u(t)∥H ≤ Cxm
−px
⃦⃦
Aα+1u0

⃦⃦
H

for all t ∈ Tk, u0 ∈ D(Aα+1) and m ∈ N; cf. Corollary 3.9 in combination with Remarks
3.10 and 3.4 to pass from the graph norm ∥ · ∥Aα+1 to ∥Aα+1 · ∥. Thus, we obtain the
assertion.

3.3.2 The general case

In this subsection, we do not assume that the form a is symmetric. Higher regularity of
the initial values is then required to obtain the same rate of convergence compared to the
symmetric case in Theorem 3.37.

Theorem 3.41. Let a be bounded and coercive. Let α > 0 and assume that the space
discretisation converges with order px > 0 on D(Aα) for the stationary problem. Let the
time discretisation methods Fm be either the implicit Euler method, where pt := 1, or the
Crank–Nicolson method, where pt := 2, for all m ∈ N. Then for all T > 0 and ε > 0, there
exist τ0 = τ0(T ) > 0 and CT,ε ≥ 0 such that for maxi=1,...,Nk

τ ik ≤ τ0, we have

∥Jmum,k(t)− u(t)∥H ≤ CT,ε

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︃pt )︂
∥u0∥A1+max{α+ε,pt}

for all t ∈ Tk, u0 ∈ D(A1+max{α+ε,pt}), and m, k ∈ N.

Proof. This result can be obtained by adjusting the proofs in [49, Thm. 2.7 and 2.14].

3.4 Approximation of Random Evolution Equations

In view of Section 3.1, we consider the random evolution equation

u′(t) = −Au(t) (t > 0), u(0) = u0 ∈ H. (3.4.1)

with multiplication operator A associated with a random family of operators (Az)z∈RN .
We are interested in the approximation of (3.4.1), particularly its approximation in ran-
domness. First, we introduce the setting and the standing assumptions.
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Throughout, let (Ω,F ,P) be a probability space and Z : Ω → RN a random variable
with independent components, whose distributions are either standard normal, Gamma
(with rate 1), or Beta. Furthermore, let V,H be separable Hilbert spaces, V ↪→ H densely.
For z ∈ RN let az : V × V → K be a form and assume that RN ∋ z ↦→ az(u) is measurable
for all u ∈ V .

Assumption 3.42. Assume that (az)z∈RN is PZ-almost surely uniformly bounded and PZ-
almost surely uniformly coercive, i.e., there exist a PZ-null set NZ ⊆ RN and M ≥ 0, κ > 0
such that

|az(u, v)| ≤M∥u∥V ∥v∥V , Re az(u) ≥ κ∥u∥2V
for all u, v ∈ V and z ∈ RN \ NZ .

For z ∈ RN \ NZ let Az in H be the operator associated with az, while for z ∈ NZ we
set Az = 0. For z ∈ RN \ NZ let (Sz(t))t≥0 be the contractive C0-semigroup generated by
−Az.

As introduced in Section 3.1, we consider the multiplication operator A in H =
L2(RN ,PZ ;H) associated with (Az)z∈RN . Then Proposition 3.1 yields that −A gener-
ates a contractive C0-semigroup (S(t))t≥0 on H. The mild solution of (3.4.1) is given
by

u : [0,∞) → H, u(t) := S(t)u0 (t ≥ 0).

Remark 3.43. Let V := L2(RN ,PZ ;V ). Then it is easy to see that V ↪→ H densely. Define
a : V ×V → K by

a(u,v) :=

∫︂
RN

az(u(z),v(z)) dPZ(z),

noting that z ↦→ az(u(z),v(z)) is measurable for all u,v ∈ V. Then a is bounded and
coercive, hence sectorial, and A is the operator associated with a.

The form a gives access to the weak formulation of (3.4.1)(︁
u′(t)

⃓⃓
v
)︁
H

= − (Au(t) |v)H = −a(u(t),v) (t > 0,v ∈ V), u(0) = u0.

To approximate the random evolution equation (3.4.1), an approximation in random-
ness is performed by means of the polynomial chaos approximation Rn of order n ∈ N0

(see Definition 3.32).

Remark 3.44. The straightforward approach of applying Rn to (3.4.1) fails, since

Rnu
′(t) = (Rnu)

′(t) = −RnAu(t) (t > 0), Rnu(0) = (Rnu)(0) = Rnu0

cannot be written as an abstract Cauchy problem for the PC approximation ũn := Rnu
of u. Indeed, in general, −RnAu(t) ̸= −RnAũn(t) = −RnARnu(t) for the right-hand
side. However, an abstract Cauchy problem is required in order to apply the space and
time approximation results from Section 3.3, requiring a different choice of approximation
un ̸= Rnu.

In Subsection 3.4.1, we show how to approximate the mild solution of (3.4.1) with PCE
such that the approximate problem is an abstract Cauchy problem that can equivalently
be rewritten as a coupled system of deterministic equations. Subsection 3.4.2 illustrates
how a joint convergence rate for the semi-discretisation in space and time can be obtained
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therefrom. It remains to estimate the semi-discretisation error in randomness, which is the
subject of Subsection 3.4.3, composed of auxiliary estimates in Subsections 3.4.3.1-3.4.3.3
and the main error estimate in randomness in Subsection 3.4.3.4. This allows us to state
the main result on a joint convergence rate for the full discretisation in randomness, space,
and time in Subsection 3.4.4. The main results are Theorems 3.74 and 3.75.

3.4.1 Derivation of the approximate problem

Our aim is to find an approximate problem to (3.4.1) of abstract Cauchy problem structure
whose solution un is contained in PN

n ⊗ H ⊆ H and can thus be obtained from a finite
number of elements in H depending on the polynomial degree n ∈ N0. In other words, we
want to find a (potentially coupled) system of deterministic evolution equations such that
the approximate solution un can be reconstructed from the solution of the deterministic
system.

To circumvent the issue of the missing abstract Cauchy problem structure, which arises
from a straightforward PC approximation (see Remark 3.44), we start by restricting the
form a to polynomial spaces w.r.t. the random parameters. Consider the restrictions
an := a|(PN

n ⊗V )×(PN
n ⊗V ). Since Rn is an H-orthogonal projection, Rnvn = vn for any

vn ∈ PN
n ⊗ V ⊆ PN

n ⊗H. It follows that for all wn,vn ∈ PN
n ⊗ V , n ∈ N0,

an(wn,vn) = a(wn,vn) = a(Rnwn,Rnvn) = (ARnwn |Rnvn)H
= (RnARnwn |vn)H = (RnARnwn |vn)PN

n ⊗H .

Hence, the restricted form an is associated with RnARn. (To be precise, RnARn is the
operator associated with an on the closed subspace PN

n ⊗ V ⊆ V. We can and will extend
RnARn by zero to H.) Thus, we postulate that un arises as the solution of the abstract
Cauchy problem associated with RnARn.

Definition 3.45. Let n ∈ N0. Define un : [0,∞) → L(H) as the mild solution of the
abstract Cauchy problem

u′
n(t) = −RnARnun(t) (t > 0), un(0) = u0n := Rnu0. (3.4.2)

Note that (3.4.2) is not the PC approximation of the original abstract Cauchy problem,
since we additionally truncate un before applying A on the right-hand side. Naturally, it
remains to verify the well-posedness of (3.4.2). The mild solution exists uniquely, since
−RnARn generates a C0-semigroup. This is a consequence of the following resolvent
bound, which will also be needed for future estimates.

Lemma 3.46. Suppose Assumption 3.42 holds. Then for all n ∈ N0 and λ ∈ C with
Reλ > 0, we have

∥λR(λ,−RnARn)∥L(H) ≤ 1.

In particular, −RnARn generates a contractive C0-semigroup (Sn(t))t≥0 on H for all
n ∈ N0.

Proof. Since a is bounded and coercive as a consequence of Assumption 3.42, also the
restricted forms an are bounded and coercive with uniform parameters. Hence, (an)n∈N0

are uniformly sectorial of angle less than π
2 . Consequently, the negative associated oper-

ators −RnARn are (uniformly) m-sectorial, i.e., satisfy the resolvent estimate stated. In
particular, they are generators of contractive C0-semigroups.
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Abbreviate the index set by N := NN0 and let (Φα)α∈N be an orthonormal basis of
L2(RN ,PZ) such that Φα ∈ PN

n for |α| ≤ n, and n ∈ N0. In contrast to Subsection 3.2.3,
we consider Φα of unit norm in the following. It follows from (3.4.2) that un(t) ∈ PN

n ⊗H,
since u′

n(t) ∈ PN
n ⊗ H. Hence, un(t) can be completely described by finitely many H-

valued coefficients. More precisely, un(t) =
∑︁

|β|≤nΦβ ⊗ uβ for uβ ∈ H to be determined.
Let dn := ♯{α ∈ N : |α| ≤ n}. Note that dn =

(︁
n+N
n

)︁
. Hence, we need dn H-valued

coefficients, and consequently, we can rewrite the random abstract Cauchy problem (3.4.2)
for un(t) as a system of dn deterministic equations, from whose solution un(t) can be
obtained. To derive this deterministic system, we first observe that the restricted forms
can be represented by a finite linear combination using the following notation and a simple
but useful observation in Remark 3.48.

Notation 3.47. To abbreviate, for w ∈ H and α ∈ N let us write

ˆ︁wα := (w |Φα)L2(RN ,PZ) :=

∫︂
RN

w(z)Φα(z) dPZ(z) ∈ H

with a slight abuse of notation. For u, v ∈ V , denote the α-th generalised Fourier coefficient
of a·(u, v) by âα(u, v), i.e., âα(u, v) := (a·(u, v) |Φα)L2(RN ,PZ) for α ∈ N . Further, for
α, β, γ ∈ N , denote

εα,β,γ := (Φα |ΦβΦγ)L2(RN ,PZ) =

∫︂
RN

ΦαΦβΦγ dPZ .

Remark 3.48. Note that εα,β,γ = 0 for all α ∈ N with |α| > |β| + |γ|. Indeed, since
(Φα)α∈N is an orthonormal basis, Φα ⊥ PN

ℓ for all ℓ < |α|. The statement then follows
from ΦβΦγ ∈ PN

|β|+|γ|. Moreover, Φα is R-valued (see Subsection 3.2.3, which is why
the complex conjugates can be omitted in the definition of εα,β,γ and the indices can be
interchanged.

Let wn =
∑︁

|β|≤nΦβ ⊗ uβ,vn =
∑︁

|γ|≤nΦγ ⊗ vγ ∈ PN
n ⊗ V for n ∈ N0. Then a PC

approximation of a·(uβ, vγ) combined with Remark 3.48 results in

an(wn,vn) = a(wn,vn) =
∑︂
|β|≤n

∑︂
|γ|≤n

∫︂
RN

az(uβ, vγ)(ΦβΦγ)(z) dPZ(z)

=
∑︂
|β|≤n

∑︂
|γ|≤n

∫︂
RN

(︄∑︂
α∈N

âα(uβ, vγ)Φα(z)

)︄
(ΦβΦγ)(z) dPZ(z)

(∗)
=
∑︂
|β|≤n

∑︂
|γ|≤n

∑︂
α∈N

âα(uβ, vγ)εα,β,γ

=
∑︂
|β|≤n

∑︂
|γ|≤n

∑︂
|α|≤2n

âα(uβ, vγ)εα,β,γ , (3.4.3)

where in (∗) we were allowed to interchange integration and summation since the poly-
nomial chaos expansion converges in L2(RN ,PZ) and thus the integrand also converges
in L1(RN ,PZ). Motivated by the above observation that an can be evaluated by a finite
linear combination, we define the following deterministic forms.
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Definition 3.49. For n ∈ N0 and β, γ ∈ N we define an,β,γ : V × V → K by

an,β,γ :=
∑︂
|α|≤n

εα,β,γˆ︁aα.
Let Vn := V dn be equipped with the norm ∥(uβ)|β≤n∥2Vn

:=
∑︁

|β|≤n ∥uβ∥2V and define
an : Vn ×Vn → K by

an((uβ)|β|≤n, (vγ)|γ|≤n) :=
∑︂
|γ|≤n

∑︂
|β|≤n

a2n,β,γ(uβ, vγ).

The corresponding quadratic form an : Vn → K is denoted by an as well.

Proposition 3.50. Suppose that Assumption 3.42 holds. Let n ∈ N0. Then⃓⃓
an((uβ)|β|≤n, (vγ)|γ|≤n)

⃓⃓
≤M

⃦⃦
(uβ)|β|≤n

⃦⃦
Vn

⃦⃦
(vγ)|γ|≤n

⃦⃦
Vn
,

Re an((uβ)|β|≤n) ≥ κ
⃦⃦
(uβ)|β|≤n

⃦⃦2
Vn

for all (uβ)|β|≤n, (vγ)|γ|≤n ∈ Vn.

Proof. Let wn :=
∑︁

|β|≤nΦβ ⊗ uβ,vn :=
∑︁

|γ|≤nΦγ ⊗ vγ . From (3.4.3), we deduce

an
(︁
(uβ)|β|≤n, (vγ)|γ|≤n

)︁
=
∑︂
|β|≤n

∑︂
|γ|≤n

∑︂
|α|≤2n

âα(uβ, vγ)εα,β,γ = a(wn,vn). (3.4.4)

Boundedness and coercivity of a allow us to estimate an in terms of ∥wn∥V and ∥vn∥V.
Parseval’s identity yields the desired norm identity

∥wn∥2V =
∑︂
β∈N

∥(ˆ︂wn)β∥2V =
∑︂
β∈N

⃦⃦
(wn |Φβ)L2(RN ,PZ)

⃦⃦2
V
=
∑︂
|β|≤n

∥uβ∥2V =
⃦⃦
(uβ)|β|≤n

⃦⃦2
Vn
.

Note that the above proposition implies sectoriality of an. Having established the
connection between the random form a and the deterministic forms an acting on the
finite-dimensional Cartesian product Vn of the (typically infinite-dimensional) space V ,
the question of associated operators arises. Being a bounded and coercive form, we can
associate an operator An with an. To get a representation for this operator, we start by
considering the operators associated with the building blocks an,β,γ of an.

Lemma 3.51. Let n ∈ N0 and β, γ ∈ N . Suppose that Assumption 3.42 holds. Then
an,β,γ is bounded.

Proof. By Bessel’s inequality, ˆ︁aα is bounded for α ∈ N . As the sum defining an,β,γ is
finite, we obtain the assertion.

By Lemma 3.51, we can associate an operator in H to an,β,γ for n ∈ N0, β, γ ∈ N .
Denote this operator by An,β,γ . An assumption is necessary in order to ensure these
operators are densely defined.

Assumption 3.52. Suppose that Assumption 3.42 holds. Further, assume that there exists
α > 0 and a subspace Dα ⊆ H such that D(Aαz ) = Dα for PZ-almost every z ∈ RN and
the associated graph norms are PZ-almost surely equivalent.
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Remark 3.53. Suppose that Assumption 3.52 holds for some α > 0, and let 0 < α < α.
Then, by interpolation theory, we have that Dα := [H,Dα]α/α = D(Aαz ) for PZ-almost
every z ∈ RN and the associated graph norms are PZ-almost surely equivalent. If α ≥ 1
we abbreviate D := D1.

Lemma 3.54. Suppose that Assumption 3.52 holds for α = 1. Then D(An,β,γ) = D for
all n ∈ N0 and β, γ ∈ N .

Proof. Let α ∈ N and let ˆ︁Aα be the operator in H associated with ˆ︁aα. We show that
D( ˆ︁Aα) = D. This suffices to yield the assertion by definition of An,β,γ as a linear combi-
nation.

Let u ∈ D and v ∈ V . Then 1⊗ u ∈ D(A) and

ˆ︁aα(u, v) = (a·(u, v) |Φα)L2(RN ,PZ) =

∫︂
RN

az(1 · u,Φα(z)v) dPZ(z)

= a(1⊗ u,Φα ⊗ v) = (A(1⊗ u) |Φα ⊗ v)H

=
(︂
(A(1⊗ u) |Φα)L2(RN ,PZ)

⃓⃓⃓
v
)︂
H
.

Thus, u ∈ D( ˆ︁Aα), so D ⊆ D( ˆ︁Aα).
Now, let u ∈ D( ˆ︁Aα). Then u ∈ V and therefore 1⊗ u ∈ V. Thus, for v ∈ V

a(1⊗ u,v) =

∫︂
RN

az(u,v(z)) dPZ(z) =
∫︂
RN

∑︂
α∈N

ˆ︁aα(u,v(z))Φα(z) dPZ(z)
=

∫︂
RN

∑︂
α∈N

(︂ ˆ︁Aαu ⃓⃓⃓v(z))︂
H
Φα(z) dPZ(z)

(∗)
=

∫︂
RN

(︄∑︂
α∈N

Φα(z) ˆ︁Aαu
⃓⃓⃓⃓
⃓v(z)

)︄
H

dPZ(z) =

(︄∑︂
α∈N

Φα ⊗ ˆ︁Aαu
⃓⃓⃓⃓
⃓v
)︄

H

.

Since the polynomial chaos expansion converges in L2(RN ,PZ) and thus the integrand
converges also in L1(RN ,PZ), and since taking scalar products is a linear functional, we
were allowed to interchange series and scalar product in (∗). Thus, 1 ⊗ u ∈ D(A), i.e.,
u ∈ D.

This ensures that an is associated with a densely defined operator.

Definition 3.55. Let Hn := ⊕|β|≤nH = Hdn be equipped with the scalar product(︁
(uβ)|β|≤n

⃓⃓
(vγ)|γ|≤n

)︁
Hn

:=
∑︂
|β|≤n

(uβ | vγ)H

and the corresponding induced norm for n ∈ N0. Define An in Hn via

D(An) :=
⨁︂
|β|≤n

D = Ddn , An((uβ)|β|≤n) :=

(︃ ∑︂
|β|≤n

A2n,β,γuβ

)︃
|γ|≤n

∈ Hn.

Propositions 3.50 implies sectoriality of An. Under the additional assumption of sym-
metric forms az, self-adjointness of An is obtained.
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Proposition 3.56. Suppose that Assumption 3.52 holds for α = 1, and let az be symmetric
for PZ-almost every z ∈ RN , n ∈ N0. Then an is symmetric, and An is self-adjoint.

Proof. Let α ∈ N . It is easy to see that ˆ︁aα is symmetric. Thus, an,β,γ is also symmetric.
Moreover, εα,β,γ = εα,γ,β for all β, γ ∈ N ; cf. Remark 3.48. Hence, an,β,γ = an,γ,β . Thus,
we easily observe the symmetry of an, which directly implies the self-adjointness of An.

Finally, we can now relate the solution un of the random abstract Cauchy problem to
the solution of the coupled deterministic system given by An. We find that the solution
vector of the deterministic system contains exactly the PCE coefficients of order up to n
of un. We recall Notation 3.47.

Proposition 3.57. Suppose that Assumption 3.52 holds for α = 1. For n ∈ N0, let un be
the mild solution of (3.4.2). Define the approximate initial condition

u0n :=
(︁ˆ︃(u0)α

)︁
|α|≤n =

(︁
(u0 |Φα)L2(RN ,PZ)

)︁
|α|≤n. (3.4.5)

Then the coupled deterministic system

u′n(t) = −Anun(t) (t > 0), un(0) = u0n (3.4.6)

is solved by un : [0,∞) → Hn,

un(t) :=
(︁
(un(t) |Φβ)L2(RN ,PZ)

)︁
|β|≤n ∈ Hn.

Proof. We show the initial condition and u′n(t) = −Anun(t) componentwise. Let γ ∈ N
with |γ| ≤ n. Since the γ-th Fourier coefficients of Rnu0 and u0 agree for |γ| ≤ n,

(un(0))γ = (un(0) |Φγ)L2(RN ,PZ) =
ˆ︂(Rnu0)γ = ˆ︃(u0)γ = (u0n)γ .

Abbreviate the PCE coefficients of un(t) by uβ := (ˆ︁un(t))β . Testing the negative right-
hand side of the system with v ∈ V yields

((Anun(t))γ | v)H =
∑︂
|β|≤n

a2n,β,γ(uβ, v) =
∑︂
|β|≤n

∑︂
|α|≤2n

εαβγ âα(uβ, v) (3.4.7)

by definition of un(t),An, an,β,γ , and using that a2n,β,γ is the form corresponding to A2n,β,γ .
For the negative left-hand side, using the definition of un, we rewrite

(−u′n(t))γ = − d

dt
(un(t) |Φγ)L2(RN ,PZ) =

(︁
−u′

n(t)
⃓⃓
Φγ
)︁
L2(RN ,PZ)

= (RnARnun(t) |Φγ)L2(RN ,PZ) .

Testing with v ∈ V , we can use that an corresponds to RnARn and (3.4.3) holds to
conclude (︁

(−u′n(t))γ
⃓⃓
v
)︁
H

=
(︂
(RnARnun(t) |Φγ)L2(RN ,PZ)

⃓⃓⃓
v
)︂
H

= (RnARnun(t) |Φγ ⊗ v)H = an(un(t),Φγ ⊗ v)

=
∑︂
|β|≤n

∑︂
|α|≤2n

âα(uβ, v)εα,β,γ ,

which agrees with (3.4.7) and thus finishes the proof.
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3.4.2 Semi-discretisation in space and time

In Proposition 3.57, we have derived the deterministic abstract Cauchy problem (3.4.6).
Due to its structure, we can now discretise in space and time in the same manner as in
Section 3.3.

Let n ∈ N0 and (Vm)m∈N be an approximating sequence of V . Then, (Vn,m)m∈N
with Vn,m := V dn

m is an approximating sequence of Vn. The spatial approximation of
an as discussed in Subsection 3.2.1 yields approximating forms (an,m)m∈N on Vn,m and
associated operators (An,m)m∈N on Hn,m := Hdn

m , where Hm := Vm
∥·∥H . Moreover, for

m ∈ N, let (Sn,m(t))t≥0 be the C0-semigroup generated by −An,m.
For m ∈ N we recall the H-orthogonal projection Pm : H → Hm ⊆ H and the corre-

sponding embedding Jm : Hm → H from Subsection 3.2.1, which can be naturally lifted to
Pn,m : Hn → Hn,m ⊆ Hn and Jn,m : Hn,m → Hn, as well as

Pn,m : PN
n ⊗H → PN

n ⊗Hm, Jn,m : PN
n ⊗Hm → PN

n ⊗H (3.4.8)

for n ∈ N0. Then Pn,m(
∑︁

|β|≤nΦβ ⊗ uβ) =
∑︁

|β|≤nΦβ ⊗ (Pmuβ). This yields semi-
discretisations

un,m : [0,∞) → Hn,m, un,m(t) := Sn,m(t)Pn,mu0n (t ≥ 0).

For n ∈ N0 and m ∈ N, let Fn,m : [0,∞) → L(Hn,m) be a time discretisation method
for (Sn,m(t))t≥0 as in Subsection 3.2.2. Fix a final time T ≥ 0. For k ∈ N and Nk ∈ N let
τk = (τ ik)1≤i≤Nk

∈ [0, T ]Nk be a vector of Nk time steps such that τk → 0 and Nk → ∞
as k → ∞ as well as

∑︁Nk
i=1 τ

i
k = T for all k ∈ N. For k ∈ N let Tk be the grid associated

with τk. For t ∈ Tk let Fn,m,k(t) :=
∏︁Nt,k

i=1 Fn,m(τ
i
k), where Nt,k := max{j ∈ {0, . . . , Nk} :∑︁j

i=1 τ
i
k = t}. Temporal approximation with Fn,m,k then yields the discretisations

un,m,k : Tk → Hn,m, un,m,k(t) := Fn,m,k(t)Pn,mu0n (t ∈ Tk).

Following the idea of Proposition 3.57, we consider the corresponding element in Hm :=
L2(RN ,PZ ;Hm) with PCE coefficients un,m,k(t). That is, we let

un,m,k : Tk → Hm, un,m,k(t) :=
∑︂
|β|≤n

Φβ ⊗ (un,m,k(t))β (t ∈ Tk). (3.4.9)

Combining the results from Section 3.3 and Subsection 3.4.1, we are in a position to
estimate the semi-discretisation error in space and time. We focus on the symmetric case
corresponding to Subsection 3.3.1 until we can estimate the full discretisation error in
Subsection 3.4.4. We note that also the general case will be treated there (taking into
account Subsection 3.3.2).

Proposition 3.58. Suppose that Assumption 3.52 holds for some α ≥ 1. Further, assume
that az is symmetric for PZ-almost every z ∈ RN and that V ↪→ H is compact. Suppose
that the space discretisation converges with order px > 0 on Dα for some 0 < α < α for the
stationary problem. Let r be an A-stable rational function as in Definition 3.14, suppose
that the time discretisation methods Fn,m are induced by r for all n,m ∈ N, and let pt > 0
be the order of convergence of the time discretisations. Let Jn,m,un,m,k,un, and u0n as in
(3.4.8), (3.4.9), (3.4.2), and (3.4.5), respectively.
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Then for all T > 0 there exist CT ≥ 0 and τ0 = τ0(T ) > 0 such that for maxi=1,...,Nk
τ ik ≤

τ0, we have

∥Jn,mun,m,k(t)− un(t)∥H ≤ CT

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︂pt)︃
∥u0n∥Amax{α+1,pt}

n

for all t ∈ Tk, u0 ∈ H such that u0n ∈ D(A
max{α+1,pt}
n ), n ∈ N0, and m, k ∈ N.

Proof. Note that by Parseval’s identity, we have

∥Jn,mun,m,k(t)− un(t)∥H = ∥Jn,mun,m,k(t)− un(t)∥Hn
,

as (Φα)α is an orthonormal basis. By Theorem 3.37, we conclude

∥Jn,mun,m,k(t)− un(t)∥H ≤ C

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︃pt )︂
∥u0n∥Amax{α+1,pt}

n
,

since an is symmetric by Proposition 3.56.

Rather than estimating the error in H in terms of ∥u0n∥Amax{α+1,pt}
n

, we would prefer to
estimate it in terms of a suitable norm of u0n or u0 directly. However, a further condition
is required to link the graph norm of u0n to a Sobolev norm of u0.

Moreover, we are only considering the semi-discretisation error in space and time in
Proposition 3.58. For an estimate of the full discretisation error, it remains to estimate
the randomness semi-discretisation error ∥un(t) − u(t)∥H in terms of a suitable norm of
u0 with decay at some rate in n.

3.4.3 Semi-discretisation in randomness

Since our approximation un(t) ̸= Rnu(t) (see Remark 3.44), estimating the semidiscreti-
sation error in randomness is more intricate than a simple application of the polynomial
chaos error estimate from Corollary 3.36. This subsection is devoted to establishing an
estimate for ∥un(t)− u(t)∥H, allowing us to estimate the full error in Subsection 3.4.4.

The estimate is established in several steps. In Subsection 3.4.3.1, we present an as-
sumption, which implies a bound for A and its resolvent in suitable norms, as we will
illustrate in Subsection 3.4.3.2. Obtaining these estimates on (subspaces of) H requires
pointwise in z estimates presented in this subsection, which are then lifted to Sobolev sub-
spaces of H via a composition estimate. From the estimates thus obtained, we deduce a
resolvent difference estimate in Subsection 3.4.3.3. Via a modified Trotter–Kato argument
in Subsection 3.4.3.4, this yields a convergence rate for the corresponding semigroups, i.e.,
a convergence rate for the semi-discretisation in randomness.

In the non-symmetric case, the Trotter–Kato argument requires working with fractional
powers of the generator. Within each subsection, we first present the estimates required
for the symmetric case, followed by those for the non-symmetric case.

Henceforth, C, Cℓ, Cℓ,r, etc. denote generic constants, whose values can vary from line
to line and depend on the quantities indexed.
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3.4.3.1 Pointwise (in z) estimates

We recall Assumption 3.20 on the distribution of the components of Z and the definition
of ρ from (3.2.4). In the case where Z has only normally or Beta-distributed components,
ρ can be omitted in the following due to ρ ≡ 1. It is, however, required in the presence of
Gamma-distributed components of Z.

Assumption 3.59. Suppose that Assumption 3.52 holds for some α ≥ 1, and let Assump-
tion 3.20 hold for Z. Assume that for some ℓ ∈ N0, [z ↦→ az(u, v)] ∈ Cℓ(RN ) for all
u, v ∈ V and there exists a constant Cℓ ≥ 0 such that

|ρ(z)α/2∂αz az(u, v)| ≤ Cℓ∥u∥D∥v∥H

for PZ-almost every z ∈ RN and for all u ∈ D, v ∈ V , and α ∈ N with |α| ≤ ℓ.

Recall that then (Az)z∈RN are PZ-almost surely uniformly sectorial as a consequence
of PZ-almost sure boundedness and coercivity of (az)z∈RN .

Definition 3.60. Let θ0 ∈ (0, π2 ) be the PZ-almost surely uniform angle of sectoriality of
(Az)z∈RN such that σ(Az) ⊆ Σθ0 , where Σθ0 := {λ ∈ C : λ ̸= 0, |arg(λ)| < θ0} is the open
sector of angle θ0. Let η0 := π − θ0 and η ∈ (π2 , η0). For r > 0, define the curve γr as
the union of the three curves γ1r , γ2r , and γ3r , where γ1r : (−∞,−r) → C, γ1r (ρ) := −ρe−iη,
γ2r : (−η, η) → C, γ2r (φ) := reiφ, and γ3r : (r,∞) → C, γ3r (ρ) := ρeiη.

Re

Im
γr

r

η

η0

θ0

−Σθ0

Figure 3.1: The curve γr.

We summarise some consequences of Assumption 3.59 in the following lemma.

Lemma 3.61. Suppose that Assumption 3.59 holds for some ℓ ∈ N0. Then all the following
statements hold for all α ∈ N with |α| ≤ ℓ and PZ-almost every z ∈ RN , with all constants
independent of α and z.

(a) We have ∥ρ(z)α/2∂αz Az∥L(D,H) ≤ Cℓ for some Cℓ ≥ 0.

(b) For all r > 0 there exists Cℓ,r ≥ 0 such that ∥ρ(z)α/2∂αz (λ+Az)
−1∥L(H,D) ≤ Cℓ,r for

all λ ∈ γr. For α = 0, the estimate holds with C0,r = 2 + 1
r .
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(c) For all T > 0, there exists CT,ℓ ≥ 0 such that for all λ ∈ γ 1
t

with t ∈ (0, T ],

∥ρ(z)α/2∂αz (λ+Az)
−1∥L(H) ≤

CT,ℓ

|λ| .

(d) For all T > 0 there exists CT,ℓ ≥ 0 such that
⃦⃦
ρ(z)α/2∂αz Sz(t)

⃦⃦
L(H)

≤ CT,ℓ for all
t ∈ [0, T ].

(e) For all T > 0 there exists CT,ℓ ≥ 0 such that for all t ∈ [0, T ],

sup
0≤τ≤t

∥ρ(z)α/2∂αz (τAzSz(τ))∥L(H) ≤ CT,ℓ.

Proof. We start by showing (a). For u ∈ D and PZ-almost every z ∈ RN , we estimate

∥ρ(z)α/2∂αz Azu∥H = sup
v∈V,∥v∥H=1

|ρ(z)α/2 (∂αz Azu | v)H | = sup
v∈V,∥v∥H=1

|ρ(z)α/2∂αz az(u, v)|

≤ sup
v∈V,∥v∥H=1

Cℓ∥u∥D∥v∥H = Cℓ∥u∥D.

By uniform sectoriality of (Az)z∈RN ,

∥λ(λ+Az)
−1∥L(H) ≤ 1 (3.4.10)

for all λ ∈ Ση ⊇ γr with η < η0. This implies (b) for α = 0 via ρ(z)0/2 = 1 and

∥(λ+Az)
−1u∥D =

√︂
∥[I − λ(λ+Az)−1]u∥2H + ∥(λ+Az)−1u∥2H

≤

√︄
22 +

1

|λ|2
∥u∥H ≤

√︃
4 +

1

r2
∥u∥H ≤

(︃
2 +

1

r

)︃
∥u∥H

for all λ ∈ γr, where we have used that |λ| ≥ r on γr and Az(λ+Az)−1 = I−λ(λ+Az)−1.
To show (b) for general |α| ≤ ℓ, we assume without loss of generality that α − e1 ∈ N .
We note that by Leibniz’ rule and iteratively rewriting the derivatives of the resolvent, for
PZ-almost every z ∈ RN , we obtain

∂αz (λ+Az)
−1 = ∂α−e1z (−(λ+Az)

−1(∂e1z Az)(λ+Az)
−1)

= −
∑︂

β≤α−e1

(︃
α− e1
β

)︃
∂α−e1−βz (λ+Az)

−1
∑︂
γ≤β

(︃
β

γ

)︃
(∂β−γ+e1z Az)∂

γ
z (λ+Az)

−1

= . . . = (λ+Az)
−1
∑︂
Pj

[︂ pj∏︂
i=1

Cα,i,j

(︂
∂
βj
i
z Az

)︂
(λ+Az)

−1
]︂

for some Cα,i,j ∈ R. The sum is taken over all partitions Pj = (βji )1≤i≤pj of α such that
α = βj1 + . . .+ βjpj for some 1 ≤ pj ≤ |α| and with βji ̸= 0 for all i, j. Consequently, also

ρ(z)α/2∂αz (λ+Az)
−1 = (λ+Az)

−1
∑︂
Pj

[︂ pj∏︂
i=1

Cα,i,j

(︂
ρ(z)β

j
i /2∂

βj
i
z Az

)︂
(λ+Az)

−1
]︂
. (3.4.11)
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Since as many derivatives (of some order) of Az appear (weighted with the respective
power of ρ(z)) as resolvents of Az, we can estimate the L(H)-norm of each factor in the
product by |Cα,i,j |Cℓ(2 + 1

r ) by part (a) and the sectoriality estimate (3.4.10). Since sum
and product are finite, the estimate α = 0 applied to the first factor in (3.4.11) yields the
claim.

We continue with (c). Let r = 1
t . For α = 0, (3.4.10) yields the claim with CT,ℓ = 1.

For general α, we note that the L(H)-norm of each factor of the product in (3.4.11) is
bounded by Cℓ(2 + 1

r ) = Cℓ(2 + t) ≤ Cℓ(2 + T ). The L(H)-norm of (3.4.11) can thus be
estimated by CT,ℓ∥(λ+Az)

−1∥L(H), where the norm is bounded by 1
|λ| due to (3.4.10).

We pass to the proof of (d). Observe that (d) and (e) are trivially satisfied for t = 0.
Hence, let t > 0 and r = 1

t . The Laplace inversion formula (see Theorem 2.13) yields the
representation

Sz(t)u =
1

2πi

∫︂
γr

etλ(λ+Az)
−1udλ

of the semigroup for all t > 0, u ∈ D(A), and PZ-almost every z ∈ RN . Interchanging
differentiation and integration yields that z ↦→ Sz(t)u is continuously differentiable up to
order ℓ. Furthermore, by part (c) there exists CT,ℓ ≥ 0 with

⃦⃦
ρ(z)α/2∂αz Sz(t)u

⃦⃦
H

≤ 1

2π

∫︂
γr

|etλ|∥ρ(z)α/2∂αz (λ+Az)
−1u∥H dλ ≤

CT,ℓ
2π

∥u∥H
∫︂
γr

|eλt|
|λ|

dλ

for all t ∈ [0, T ], u ∈ H, |α| ≤ ℓ, and PZ-almost every z ∈ RN . It remains to estimate the
curve integral uniformly in t. On γ3r , due to r = 1

t , we obtain∫︂
γ3r

|etλ|
|λ|

dλ =

∫︂ ∞

r

etρ cos(η)

ρ
dρ ≤ 1

r

∫︂ ∞

r
etρ cos(η) dρ =

1

rt

ert cos(η)

|cos(η)|
=

ecos(η)

|cos(η)|
.

An analogous estimate holds on γ1r . The proof of (d) is finished by estimating∫︂
γ2r

|etλ|
|λ|

dλ =

∫︂ η

−η

ert cos(φ)

r
· r dφ ≤

∫︂ η

−η
e1 dφ = 2eη.

Lastly, we show (e). Leibniz’ rule, multiplying by 1, and part (a) yield

⃦⃦
ρ(z)α/2∂αz (τAzSz(τ))u

⃦⃦
H

=

⃦⃦⃦⃦∑︂
β≤α

(︃
α

β

)︃
(ρ(z)(α−β)/2∂α−βz Az)A

−1
z τAz(ρ(z)

β/2∂βz Sz(τ))u

⃦⃦⃦⃦
H

≤ C|α|Cℓ∥A−1
z ∥L(H,D)max

β≤α
∥τAz(ρ(z)β/2∂βz Sz(τ))u∥H .

The coercivity assumed implies ∥Azu∥H ≥ κ∥u∥H for u ∈ D(Az) via the embedding V ↪→
H, and thus ∥A−1

z ∥L(H) ≤ 1
κ . Consequently, ∥A−1

z u∥2D = ∥u∥2H+∥A−1
z u∥2H ≤ (1+ 1

κ2
)∥u∥2H .

Hence, ∥A−1
z ∥2L(H,D) ≤ 1 + 1

κ2
. It remains to estimate the last factor. Again using the

Laplace inversion formula, for r = T−1, (3.4.11) with all partitions Pj of β instead of α
allows us to rewrite

τAz(ρ(z)
β/2∂βz Sz(τ))u =

1

2πi

∫︂
γr

τeτλAz(ρ(z)
β/2∂βz (λ+Az)

−1)udλ
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=
Cℓ
2πi

∫︂
γr

τeτλAz(λ+Az)
−1
∑︂
Pj

[︂ pj∏︂
i=1

(︂
ρ(z)β

j
i /2∂

βj
i
z Az

)︂
(λ+Az)

−1
]︂
udλ.

In the proof of (c), we have already shown that the L(H)-norm of the sum over all partitions
Pj is bounded by some CT,ℓ ≥ 0. We further recall that

∥Az(λ+Az)
−1∥L(H) = ∥I − λ(λ+Az)

−1∥L(H) ≤ 2

by the sectoriality estimate (3.4.10). Hence,

∥ρ(z)β/2τAz∂βz Sz(τ)u∥H ≤
CℓCT,ℓ
π

∥u∥H
∫︂
γr

τ |eτλ|dλ ≤
CℓCT,ℓ
π

(︃
2

|cos(η)|
+ 2eη

)︃
∥u∥H ,

where the last step is obtained from an estimation of the curve integral.

We continue with the non-symmetric case, first collecting some auxiliary statements.
Denote the commutator of two operators A and B by [A,B] := AB − BA on its natural
domain.

Lemma 3.62. Suppose that Assumption 3.59 holds for some ℓ ∈ N0. Then the following
statements hold for all α ∈ N with |α| ≤ ℓ and PZ-almost every z ∈ RN , with all constants
independent of α and z.

(a) ∥(λ+Az)
−1∥L(H,D) ≤ Cκ for some Cκ ≥ 0 for all λ ∈ γr ∪ {0} with r > 0.

(b) For all ν ∈ (0, 1), there is Cκ,ν ≥ 0 such that ∥(λ + Az)
−1∥L(H,D1−ν) ≤

Cκ,ν

|λ|ν for all
λ ∈ γr with r > 0.

(c) For all ε ∈ (0, 1], there is Cκ,ε ≥ 0 such that ∥(λ + Az)
−1∥L(Dε,D) ≤ Cκ,ε

|λ|ε for all
λ ∈ γr with r > 0.

(d) ∥[ρ(z)β/2∂βzAz, A−1
z ]∥L(D,H) ≤ Cℓ,κ for some Cℓ,κ ≥ 0 for all β ≤ α.

Proof. (a) We start with the case λ = 0. Note that ∥Azu∥H ≥ Re az(u, ∥u∥−1
H u) ≥

κ∥u∥H by coercivity, which in turn implies ∥A−1
z ∥L(H) ≤ κ−1. Thus, ∥A−1

z u∥2D =
∥u∥2H+∥A−1

z u∥2H ≤ (1+κ−2)∥u∥2H . For λ ∈ γr for some r > 0, by (3.4.10) we rewrite
and estimate

∥(λ+Az)
−1u∥H = ∥[I − λ(λ+Az)

−1]A−1
z u∥H ≤ 2

κ
∥u∥H .

Together with ∥Az(λ + Az)
−1u∥H = ∥[I − λ(λ + Az)

−1]u∥H ≤ 2∥u∥H , this implies
the desired bound with Cκ = 2

√
1 + κ−2.

(b) This follows by interpolation from the sectoriality estimate (3.4.10) and part (a).

(c) Note that ∥(λ + Az)
−1u∥2D = ∥(λ + Az)

−1Azu∥2H + ∥(λ + Az)
−1u∥2H ≤ 1

|λ|∥u∥
2
D by

(3.4.10) and ∥(λ+Az)−1u∥D ≤ Cκ∥u∥H by part (a). Interpolation yields the desired
inequality with constant Cκ,ε = C1−ε

κ .
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(d) From Lemma 3.61(a), ∥A−1
z ∥L(H) ≤ κ−1, and part (a), we deduce

∥[ρ(z)β/2∂βzAz, A−1
z ]u∥H ≤ ∥ρ(z)β/2(∂βzAz)A−1

z u∥H + ∥A−1
z ρ(z)β/2(∂βzAz)u∥H

≤ CℓCκ∥u∥H +
1

κ
Cℓ∥u∥D ≤ max{Cκ, κ−1}Cℓ∥u∥D.

For the non-symmetric case, a stronger assumption is made, allowing to consider deriva-
tives of the generator in stronger norms than theH-norm. It allows us to show the pointwise
estimates required in the non-symmetric case.

Assumption 3.63. Suppose that Assumption 3.59 holds for some ℓ ∈ N0 and α ≥ 2.
Further assume that there exists a constant Cℓ,D ≥ 0 such that

∥ρ(z)α/2∂αz Azu∥D ≤ Cℓ,D∥u∥D2

for PZ-almost every z ∈ RN and for all u ∈ D and α ∈ N with |α| ≤ ℓ.

Lemma 3.64. Suppose that Assumption 3.59 holds for some ℓ ∈ N0. Then the following
statements hold for all α ∈ N with |α| ≤ ℓ and PZ-almost every z ∈ RN , with all constants
independent of α and z.

(a) We have ∥ρ(z)α/2∂αz Aθz∥L(Dε,H) ≤ Cℓ,θ,ε for all 0 < θ < ε < 1 for some Cℓ,θ,ε ≥ 0.

(b) For all T > 0 and 0 < ν < θ < 1 there exists CT,ℓ,ν,θ ≥ 0 such that
sup0≤τ≤t ∥ρ(z)α/2∂αz (τ1−νA1−θ

z Sz(τ))∥L(H) ≤ CT,ℓ,ν,θ for all t ∈ [0, T ].

(c) If, additionally, Assumption 3.63 is satisfied for ℓ, then for all ε ∈ (0, 1) there is
Cℓ,ε ≥ 0 such that ∥ρ(z)α/2∂αz Azu∥L(D1+ε,Dε) ≤ Cℓ,ε.

Proof. For the sake of readability, we omit the weights ρ in this proof. Splitting ρ(z)α/2

according to the order of the derivatives yields the correct prefactors to apply previous
statements. We start by showing part (a). For u ∈ D, we make use of Balakrishnan’s
formula for fractional powers [60, Proposition 3.1.12]

Aθzu =
sin(πθ)

π

∫︂ ∞

0
Az(t+Az)

−1u
dt

t1−θ
. (3.4.12)

Step 1: Show that K := ∂αz A
θ
z|D ∈ L(D,H). Let u ∈ D. Differentiating (3.4.12),

Leibniz’ rule, the formula for derivatives of the resolvent from the proof of Lemma 3.61(c),
and applying (3.4.12) a second time yield

∂αz A
θ
zu =

sin(πθ)

π

∫︂ ∞

0

∑︂
β≤α

(︃
α

β

)︃
(∂α−βz Az)(t+Az)

−1
∑︂
Pj

[︂ pj∏︂
i=1

Cβ,i,j(∂
γji
z Az)(t+Az)

−1
]︂
u

dt

t1−θ

= (∂αz Az)A
−1
z Aθzu+

sin(πθ)

π

(︃∫︂ 1

0
+

∫︂ ∞

1

)︃ ∑︂
0<β≤α

. . .
dt

t1−θ
. (3.4.13)

Here, we sum over all partitions Pj = (γji )1≤i≤pj of β with β = γj1 + . . . + γjpj for all j
and some 1 ≤ pj ≤ |β| as well as γji ̸= 0 for all i, j. Via Lemmas 3.61(a) and 3.62(a), we



80 Chapter 3. Approximation of Evolution Equations with Random Coefficients

estimate the norm of the first term by CℓCκ∥u∥Dθ . Proceeding analogously for the integral
from 0 to 1 results in the bound

sin(πθ)

π
· 1
θ

∑︂
0<β≤α

(︃
α

β

)︃
2C|α−β|Cκ

∑︂
Pj

[︂ pj∏︂
i=1

2Cβ,i,jC|γji |
Cκ

]︂
∥u∥H

For the integral from 1 to ∞, we estimate analogously apart from the last factor for i = pj .
Instead, we estimate ∥(t+Az)

−1u∥D ≤ Cκ,1

t ∥u∥D by Lemma 3.62(c) for ε = 1. This yields
the additional decay in t for the integral to converge. Altogether, for a suitable constant
Cℓ,κ,θ ≥ 0, we find

∥Ku∥H = ∥∂αz Aθzu∥H ≤ Cℓ,κ,θ(∥u∥Dθ + ∥u∥D) (u ∈ D)

and thus K ∈ L(D,H).
Step 2: Let ε ∈ (θ, 1). Show that

KA−1
z u = A−1

z Ku+Rzu (u ∈ D) (3.4.14)

for a remainder term Rz ∈ L(Dε, H) PZ-almost surely. From (3.4.13), we deduce

Rzu =
sin(πθ)

π

∫︂ ∞

0

∑︂
β≤α

(︃
α

β

)︃
[∂α−βz Az, A

−1
z ](t+Az)

−1
∑︂
Pj

[︂ pj∏︂
i=1

Cβ,i,j(∂
γji
z Az)(t+Az)

−1
]︂

+ (∂α−βz Az)(t+Az)
−1
∑︂
Pj

pj∑︂
r=1

[︂ r−1∏︂
i=1

Cβ,i,j(∂
γji
z Az)(t+Az)

−1
]︂

· Cβ,r,j [∂γ
j
r
z Az, A

−1
z ](t+Az)

−1
[︂ pj∏︂
i=r+1

Cβ,i,j(∂
γji
z Az)(t+Az)

−1
]︂
u

dt

t1−θ
(3.4.15)

To estimate the norm in H of the integral from 0 to 1, we use Lemma 3.62(d) for the
commutators and estimate the remaining terms as in Step 1. This results in an upper
bound in terms of ∥u∥H . For the integral from 1 to ∞, we use Lemma 3.62(c) to estimate
the last factor by

∥(t+Az)
−1u∥D ≤ Cκ,ε

∥u∥Dε

tε
.

Since ε > θ, we have
∫︁∞
1 t−1+θ−ε dt < ∞ and thus the integral from 1 to ∞ in (3.4.15)

can be estimated by Cℓ,κ,θCκ,ε(ε− θ)−1∥u∥Dε . In conclusion, ∥Rzu∥H ≤ Cℓ,κ,θ,ε∥u∥Dε for
a suitable constant for all u ∈ Dε. That is, Rz ∈ L(Dε, H).

Step 3: We show that the closure of K yields an operator K ∈ L(Dε, H). Consider
a sequence (un)n∈N in D such that un → 0 in Dε and suppose that Kun → y in H for
some y ∈ H. By Step 2, un → 0 in Dε implies Rzun → 0 in H. Since A−1

z ∈ L(H,D) by
Lemma 3.62(a), also A−1

z ∈ L(Dε, D), and thus A−1
z un → 0 in D. By Step 1, this implies

KA−1
z un → 0 in H. Rewriting (3.4.14), we deduce

A−1
z Kun = KA−1

z un −Rzun → 0 in H.

Moreover, the term on the left converges to A−1
z y in H by assumption. Consequently,

A−1
z y = 0 and thus y = 0, meaning that Kun → 0 in H. Hence, the closure of K = ∂αz A

θ
z|D
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is a linear and bounded operator from Dε to H. The norm bounds from Steps 1 and 2
further imply the desired norm bound ∥∂αz Aθzu∥H ≤ Cℓ,θ,ε∥u∥Dε , where we have omitted
the dependence on κ in the constant.

We continue with the proof of part (b). By Leibniz’ formula and part (a),

sup
0≤τ≤t

∥∂αz (τ1−νA1−θ
z Sz(τ)u)∥H ≤

∑︂
γ≤α

(︃
α

γ

)︃
C|α−γ|,1−θ,1−ν sup

0≤τ≤t
∥τ1−ν∂γzSz(τ)u∥D1−ν ,

since ∥∂α−γz A1−θ
z ∥L(D1−ν ,H) ≤ C|α−γ|,1−θ,1−ν by Lemma 3.61(a). It thus suffices to consider

the supremum of the graph norm in time. By Lemma 3.61(d), the H-norm of this term is
bounded by sup0≤τ≤t τ

1−νCT,|γ| ≤ max{t1−ν , 1}CT,ℓ. To rewrite the remaining term, we
again use the Laplace inversion formula and the formula for derivatives of the resolvent.
Because ∥A1−ν

z ∥L(D1−ν ,H) ≤ 1 by definition of the graph norm, Lemma 3.62(a) and (b),
and Lemma 3.61(a) result in

sup
0≤τ≤t

∥τ1−νA1−ν
z ∂γzSz(τ)u∥H

≤ sup
0≤τ≤t

⃦⃦⃦ 1

2πi

∫︂
γ1/T

τ1−νeτλA1−ν
z (λ+Az)

−1
∑︂
Pj

[︂ pj∏︂
i=1

Cγ,i,j(∂
δji
z Az)(λ+Az)

−1
]︂
udλ

⃦⃦⃦
H

≤ Cκ
2π

∑︂
Pj

[︂ pj∏︂
i=1

Cγ,i,jC|δji |
Cκ

]︂
∥u∥H sup

0≤τ≤t

∫︂
γ1/T

τ1−ν
⃓⃓
eτλ
⃓⃓

|λ|ν
dλ,

where Pj are partitions of γ. This yields the desired statement, provided that the curve
integrals are uniformly bounded in τ . Indeed, we calculate that on γ31/T ,

sup
0≤τ≤t

∫︂
γ3
1/T

τ1−ν
⃓⃓
eτλ
⃓⃓

|λ|ν
dλ = sup

0≤τ≤t

∫︂ ∞

τ/T

eζ cos(η)

ζν
dζ ≤

∫︂ 1

0

ecos(η)

ζν
dζ +

∫︂ ∞

1
eζ cos(η) dζ <∞.

The estimate on γ11/T is analogous. Lastly, on γ21/T , we estimate

sup
0≤τ≤t

∫︂
γ2
1/T

τ1−ν
⃓⃓
eτλ
⃓⃓

|λ|ν
dλ = sup

0≤τ≤t

∫︂ η

−η
τ1−ν

ecos(φ)τ/T

(1/T )ν
dφ

T
≤ 2eη sup

0≤τ≤t

(︂ τ
T

)︂1−ν
≤ 2eη <∞.

Finally, part (c) follows by interpolation of ∥∂αz Azu∥H ≤ Cℓ∥u∥D by Lemma 3.61(a) and
∥∂αz Azu∥D ≤ Cℓ,D∥u∥D2 by Assumption 3.63 with the constant Cℓ,ε = C1−ε

ℓ Cεℓ,D.

3.4.3.2 Mapping properties of A and its resolvent

From the pointwise estimates for Az, we now derive estimates on A, its resolvent, and the
semigroup generated by −A in suitable Sobolev spaces.

Proposition 3.65. Suppose that Assumption 3.59 holds for some ℓ ∈ N0. Then for all
q ∈ {0, . . . , ℓ}, r > 0, and T > 0 there are constants Cq, Cq,r, CT,q ≥ 0 such that the
following estimates hold for all f ∈ Hq

ρ(RN ,PZ ;H).

(a) ∥Af∥Hq
ρ(RN ,PZ ;H) ≤ Cq∥f∥Hq

ρ(RN ,PZ ;D) if additionally f ∈ Hq
ρ(RN ,PZ ;D). In partic-

ular, ∥Af∥H ≤ C0∥f∥L2(RN ,PZ ;D).
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(b) ∥(λ +A)−1f∥Hq
ρ(RN ,PZ ;D) ≤ Cq,r∥f∥Hq

ρ(RN ,PZ ;H) for all λ ∈ γr. In particular, ∥(λ +

A)−1f∥L2(RN ,PZ ;D) ≤ C0,r∥f∥H.

(c) ∥S(t)f∥L(Hq
ρ(RN ,PZ ;H)) ≤ CT,q∥f∥Hq

ρ(RN ,PZ ;H) for all t ∈ [0, T ].

(d) sup0≤τ≤t ∥τAS(τ)f∥Hq
ρ(RN ,PZ ;H) ≤ CT,q∥f∥Hq

ρ(RN ,PZ ;H) for all t ∈ [0, T ].

We need a lemma to lift the pointwise estimates to subspaces of H.

Lemma 3.66. Let H1 and H2 be Hilbert spaces, ℓ ∈ N0, and F : RN ×H1 → H2 such that
F (z, ·) ∈ L(H1, H2) for PZ-almost every z ∈ RN and PZ-ess supz∈RN ∥F (z, ·)∥L(H1,H2)

<

∞. Further, suppose that F (·, u) ∈ Cℓ(RN ;H2) and for some cℓ ≥ 0,
⃦⃦
ρ(z)α/2∂αz F (z, u)

⃦⃦
H2

≤
cℓ∥u∥H1

for all u ∈ H1, |α| ≤ ℓ, and PZ-almost every z ∈ RN . Let G ∈ Hℓ
ρ(RN ,PZ ;H1).

Then F (·, G(·)) ∈ Hℓ
ρ(RN ,PZ ;H2) and there exists Cℓ ≥ 0 such that

∥F (·, G(·))∥Hℓ
ρ(RN ,PZ ;H2)

≤ Cℓ∥G∥Hℓ
ρ(RN ,PZ ;H1)

.

Proof. By induction, the product rule and the chain rule, or more precisely, their general-
isations Leibniz’ rule and Faà di Bruno’s formula, we obtain the assertion. We sketch the
proof for ℓ = 1, since the induction step ℓ→ ℓ+1 follows analogously using the two rules.
The induction start is an immediate consequence of ∥F (z, u)∥H2 ≤ c0∥u∥H1 for PZ-almost
every z ∈ RN taking u = G(z) ∈ H1. Since by assumption, F (z, ·) is linear for PZ-almost
every z ∈ RN , we obtain ∂2F (z, ·) = F (z, ·) ∈ L(H1, H2) for PZ-almost every z ∈ RN and
higher derivatives vanish. For PZ-almost every z ∈ RN , we can thus find C ≥ 0 such that

∥∂ejz F (z,G(z))∥H2 = ∥∂ej1 F (z,G(z)) + [∂2F (z,G(z))](∂
ej
z G(z))∥H2

≤ ∥∂ej1 F (z,G(z))∥H2 +
(︂
PZ- ess sup

z∈RN

∥F (z,G(z))∥L(H1,H2)

)︂
∥∂ejz G(z)∥H1 .

Multiplying with ρ(z)ej/2 = (ρ(z))
1/2
j ∈ R, from the assumptions we can deduce

∥ρ(z)ej/2∂ejz F (z,G(z))∥H2 ≤ cℓ∥G(z)∥H1 + C∥ρ(z)ej/2∂ejz G(z)∥H1

Integrating in z, noting that ρ(z)0 = 1 and summing over j ∈ {1, . . . , N} yields that, for
some Cℓ ≥ 0,

[F (·, G(·))]2H1
ρ(RN ,PZ ;H2)

≤ Cℓ∥G∥2H1
ρ(RN ,PZ ;H1)

for the seminorm [·]H1
ρ(RN ,PZ ;H2) in H1

ρ (RN ,PZ ;H2). The norm estimate follows from the
induction assumption, i.e., for ℓ = 1 from the induction start.

Proof of Proposition 3.65. All statements are consequences of Lemma 3.66 with F chosen
as below and G = f , which can be applied due to Lemma 3.61(a), (b), (d), and (e),
respectively.

(a) F : RN ×D → H, F (z, u) := Azu

(b) F : RN ×H → D, F (z, u) := (λ+Az)
−1u

(c) F : RN ×H → H, F (z, u) := Sz(t)u
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(d) F : RN ×H → H, F (z, u) := sup0≤τ≤t τAzSz(τ)u

Analogously, we deduce the estimates in subspaces of H for the non-symmetric case.

Proposition 3.67. Suppose that Assumption 3.63 holds for some ℓ ∈ N0. Then for all
q ∈ {0, . . . , ℓ}, 0 < ν < θ < ε < 1, and T > 0 there are constants Cq,ε, Cq,θ,ε, CT,q,ν,θ ≥ 0
such that the following estimates hold for all f ∈ Hq

ρ(RN ,PZ ;H).

(a) ∥Aθf∥Hq
ρ(RN ,PZ ;H) ≤ Cq,θ,ε∥f∥Hq

ρ(RN ,PZ ;Dε) if additionally f ∈ Hq
ρ(RN ,PZ ;Dε).

(b) sup0≤τ≤t ∥τ1−νA1−θS(τ)f∥Hq
ρ(RN ,PZ ;H) ≤ CT,q,ν,θ∥f∥Hq

ρ(RN ,PZ ;H) for all t ∈ [0, T ].

(c) ∥Af∥Hq
ρ(RN ,PZ ;Dε) ≤ Cq,ε∥f∥Hq

ρ(RN ,PZ ;D1+ε) if additionally f ∈ Hq
ρ(RN ,PZ ;D1+ε).

Proof. Due to Lemma 3.64 (a), (b), and (c), respectively, Lemma 3.66 can be applied and
yields the statement of the proposition.

3.4.3.3 Estimate of the difference of resolvents

We now estimate the difference of the resolvents of −A and −RnARn. The convergence
rate obtained for the resolvents will be the key ingredient for the convergence rate in
randomness in the following subsection. To be able to speak of convergence, we henceforth
consider approximation orders n ∈ N rather than n ∈ N0.

Proposition 3.68. Let ℓ ∈ N and r > 0. Suppose that Assumption 3.59 holds for 2ℓ.
Then there exists Cℓ,r ≥ 0 such that for all λ ∈ γr, we have

∥[R(λ,−RnARn)Rn −R(λ,−A)]f∥H ≤ Cℓ,rn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;H)

for all n ∈ N and f ∈ H2ℓ
ρ (RN ,PZ ;H).

Note that convergence of order ℓ requires regularity of order 2ℓ in the sense of f ∈
H2ℓ
ρ (RN ,PZ ;H). Given sufficient regularity in z, the convergence thus is of arbitrarily

high (polynomial) order. We will continue to write Cℓ for constants depending on the
value of 2ℓ rather than ℓ itself. For the proof, we need a lemma on the difference of the
generators as preparation.

Lemma 3.69. Let ℓ ∈ N. Suppose that Assumption 3.59 holds for 2ℓ. Then there exists
Cℓ ≥ 0 such that for all n ∈ N and f ∈ H2ℓ

ρ (RN ,PZ ;D), we have

∥(RnARn −A)f∥H ≤ Cℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D).

Proof. Note that Rn is contractive on H (being an orthogonal projection). Proposition
3.65(a) applied to r ∈ {0, 2ℓ} and the PCE error estimate from Corollary 3.36 applied to
both D- and H-valued functions yield

∥RnARnf −Af∥H ≤ ∥RnARnf −RnAf∥H + ∥RnAf −Af∥H
≤ ∥A(Rn − I)f∥H + ∥(Rn − I)Af∥H
≤ C0∥(Rn − I)f∥L2(RN ,PZ ;D) + ∥(Rn − I)Af∥H
≤ Czn

−ℓ(︁C0∥f∥H2ℓ
ρ (RN ,PZ ;D) + ∥Af∥H2ℓ

ρ (RN ,PZ ;H)

)︁
≤ Cz(C0 + Cℓ)n

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;D).
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Proof of Proposition 3.68. The second resolvent identity and R2
n = Rn imply

R(λ,−RnARn)Rn −R(λ,−A) = R(λ,−RnARn)Rn(A−RnARn)R(λ,−A).

Applying, in this order, Lemma 3.69, Lemma 3.46, and Proposition 3.65(b) for q = 2ℓ
results in⃦⃦

[R(λ,−RnARn)Rn −R(λ,−A)]f
⃦⃦
H

≤ C

|λ|
⃦⃦
(A−RnARn)R(λ,−A)f

⃦⃦
H

≤ C

r
Cℓn

−ℓ∥R(λ,−A)f∥H2ℓ
ρ (RN ,PZ ;D) ≤

C

r
CℓCℓ,rn

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;H).

3.4.3.4 Error estimate in randomness: A Trotter–Kato argument

Finally, we conclude convergence of the approximate mild solutions via strong convergence
of the associated semigroups. In order to show convergence of the associated semigroups,
we prove a suitable adaptation of the quantified version of the Trotter–Kato theorem. It
relates the convergence rate for the resolvents from the last subsection to a convergence
rate for the semigroups. Higher regularity of the initial data is required in the case of
non-symmetric forms. Recall that for n ∈ N the semigroup (Sn(t))t≥0 is generated by
−RnARn.

Theorem 3.70 (symmetric case). Let ℓ ∈ N. Suppose that Assumption 3.59 holds for
2ℓ and that (az)z∈Rn is PZ-almost surely symmetric. Then, for any T > 0, there exists a
constant CT,ℓ > 0 such that

∥Sn(t)Rnf − S(t)f∥H ≤ CT,ℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D)

for all f ∈ H2ℓ
ρ (RN ,PZ ;D), n ∈ N, and t ∈ [0, T ]. In particular, for the mild solutions un

and u of (3.4.2) and (3.4.1) with u0 ∈ H2ℓ
ρ (RN ,PZ ;D), respectively, we have

∥un(t)− u(t)∥H ≤ CT,ℓn
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D) (t ∈ [0, T ]).

Proof. The proof is inspired by [74, Prop. 2.3a] for the deterministic case. Let f ∈
H2ℓ
ρ (RN ,PZ ;D) ⊆ D(A). Consider the error en(t) := [Sn(t)Rn − RnS(t)]f . Then, the

scaled error sn(t) := ten(t) satisfies

s′n(t) = −RnARnsn(t) + en(t)− tRnARn∆nAS(t)f + t□nS(t)f (t > 0), sn(0) = 0,

where we have used R2
n = Rn and set

∆n := ∆n(κ) := R
(︂κ
2
,−A

)︂
−R

(︂κ
2
,−RnARn

)︂
Rn,

□n := □n(κ) :=
κ

2

[︂
R
(︂κ
2
,−RnARn

)︂
RnA−RnARnR

(︂κ
2
,−A

)︂]︂
,

noting that κ
2 is in the respective resolvent sets by coercivity of a and an. Thus, sn is given

by the variation-of-constants formula

sn(t) =

∫︂ t

0
Sn(t− τ)en(τ) dτ −

∫︂ t

0
Sn(t− τ)RnARn∆nτAS(τ)f dτ
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+

∫︂ t

0
Sn(t− τ)τ □nS(τ)f dτ.

Integration by parts in the second integral and division by t result in

en(t) =
1

t

∫︂ t

0
Sn(t− τ)en(τ) dτ −∆nAS(t)f +

1

t

∫︂ t

0
Sn(t− τ)∆nAS(τ)f dτ

− 1

t

∫︂ t

0
Sn(t− τ)∆nτA

2S(τ)f dτ +
1

t

∫︂ t

0
Sn(t− τ)τ □nS(τ)f dτ

=: E1 + E2 + E3 + E4 + E5,

where Ej := Ej(t, n) for j ∈ {1, . . . , 5}. We bound the norm of all five terms separately,
starting with the second one. The resolvent difference estimate of Proposition 3.68 for
r = κ

2 , the boundedness of the semigroup on H2ℓ
ρ (RN ,PZ ;H) from Proposition 3.65(c),

and the generator bound from Proposition 3.65(a) imply

∥E2∥H ≤ ∥∆n∥L(H2ℓ
ρ (RN ,PZ ;H),H)∥AS(t)f∥H2ℓ

ρ (RN ,PZ ;H)

≤ Cℓ,κn
−ℓ∥S(t)Af∥H2ℓ

ρ (RN ,PZ ;H) ≤ Cℓ,κCT,ℓn
−ℓ∥Af∥H2ℓ

ρ (RN ,PZ ;H)

≤ Cℓ,κCT,ℓCℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D), (3.4.16)

where we have written Cℓ,κ for Cℓ,r with r = κ
2 . Using the contractivity of (Sn(t))t≥0 from

Lemma 3.46 allows us to proceed as for E2 to obtain

∥E3∥H ≤ 1

t

∫︂ t

0
∥∆n∥L(H2ℓ

ρ (RN ,PZ ;H),H)∥AS(τ)f∥H2ℓ
ρ (RN ,PZ ;H) dτ

≤ Cℓ,κCT,ℓCℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D). (3.4.17)

To estimate the fourth error term, combining the arguments issued for E3 with the ana-
lyticity estimate from Proposition 3.65(d) yields

∥E4∥H ≤ Cℓ,κn
−ℓ · 1

t

∫︂ t

0
∥τAS(τ)Af∥H2ℓ

ρ (RN ,PZ ;H) dτ

≤ Cℓ,κCT,ℓn
−ℓ∥Af∥H2ℓ

ρ (RN ,PZ ;H) ≤ Cℓ,κCT,ℓCℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D). (3.4.18)

Let 0 ≤ τ ≤ T . Applying, in this order, the triangle inequality, Lemma 3.69, Proposition
3.68, and Proposition 3.65(b), (c), and (a), we obtain the estimate

∥□nS(τ)f∥H ≤ κ

2

⃦⃦⃦
[RnARn −A]R

(︂κ
2
,−A

)︂
S(τ)f

⃦⃦⃦
H
+
κ

2

⃦⃦⃦
∆nS(τ)Af

⃦⃦⃦
H

≤ κ

2
Cℓ,κCT,ℓCℓn

−ℓ(︁∥f∥H2ℓ
ρ (RN ,PZ ;H) + ∥f∥H2ℓ

ρ (RN ,PZ ;D)

)︁
≤ κCℓ,κCT,ℓCℓn

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;D). (3.4.19)

Consequently, we can bound the fifth term by

∥E5∥H ≤ 1

t

∫︂ t

0
∥τ □nS(τ)f∥H dτ ≤ T

2
κCℓ,κCT,ℓCℓn

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;D). (3.4.20)
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To estimate the remaining term E1, we first note that en satisfies the ODE en(0) = 0,

e′n(t) = −RnARnen(t)−RnARn∆nAS(t)f +□nS(t)f (0 < t ≤ T ), (3.4.21)

thus giving rise to the error representation for 0 < τ ≤ T

en(τ) = −(RnARn)
−1e′n(τ)−∆nAS(τ)f + (RnARn)

−1□nS(τ)f . (3.4.22)

Furthermore, the PZ-almost sure symmetry of (az)z∈RN implies that −(RnARn)
−1 is self-

adjoint. Thus, for 0 < τ ≤ T ,

Re
(︁
en(τ)

⃓⃓
−(RnARn)

−1e′n(τ)
)︁
H

=
1

2

d

dτ

(︁
en(τ)

⃓⃓
−(RnARn)

−1en(τ)
)︁
H
. (3.4.23)

As a consequence of the coercivity of an, −RnARn is dissipative and thus also its inverse.
Integrating the scalar product of en(τ) with both sides of (3.4.22), using (3.4.23), the
dissipativity of −(RnARn)

−1, the Cauchy–Schwarz inequality, and Hölder’s inequality, we
deduce for t ∈ (0, T ]

∥en∥2L2(0,t;H) =
1

2
⟨en(t),−(RnARn)

−1en(t)⟩H +

∫︂ t

0
⟨en(τ),−∆nAS(τ)f⟩H dτ

+

∫︂ t

0
⟨en(τ), (RnARn)

−1□nS(τ)f⟩H dτ

≤ ∥en∥L2(0,t;H)

(︁
∥∆nAS(·)f∥L2(0,t;H) + ∥(RnARn)

−1□nS(·)f∥L2(0,t;H)

)︁
.

Dividing by the norm of en and using the estimates (3.4.16) and (3.4.19) yields

∥en∥L2(0,t;H) ≤ 2
√
tCℓ,κCT,ℓCℓn

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;D),

where we have used that ∥(RnARn)
−1∥L(H) ≤ 1

κ , which is an immediate consequence of the
coercivity of an. Finally, with the Cauchy–Schwarz inequality and uniform contractivity
of Sn(t), this implies

∥E1∥H =

⃦⃦⃦⃦
1

t

∫︂ t

0
Sn(t− τ)en(τ) dτ

⃦⃦⃦⃦
H

≤ 1

t
∥Sn∥L2(0,t;L(H))∥en∥L2(0,t;H)

≤ 2Cℓ,κCT,ℓCℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D). (3.4.24)

Combining (3.4.24) with (3.4.16)-(3.4.20) and omitting the dependence on κ, we deduce
the estimate

∥en(t)∥H ≤ CT,ℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D).

Finally, the PCE estimate of Corollary 3.36 and Proposition 3.65(c) give the desired esti-
mate

∥Sn(t)Rnf − S(t)f∥H ≤ ∥en(t)∥H + ∥Rn − I∥L(H2ℓ
ρ (RN ,PZ ;H),H)∥S(t)f∥H2ℓ

ρ (RN ,PZ ;H)

≤ CT,ℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D) + CT,ℓn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;H),

from which the second inequality is obtained for f = u0.
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Remark 3.71. In (3.4.20), the estimate of E5 can be improved to an estimate in terms
of the weaker norm ∥f∥H2ℓ

ρ (RN ,PZ ;H) by using Proposition 3.65(d) to estimate τ times the
second term in (3.4.19). However, this improvement is not possible for the remaining error
terms E1 to E4 and thus not included for the sake of readability.

Theorem 3.72 (non-symmetric case). Let ℓ ∈ N. Suppose that Assumption 3.63 holds for
2ℓ. Then, for any T > 0 and ε ∈ (0, 1), there exists a constant CT,ℓ,ε > 0 such that

∥Sn(t)Rnf − S(t)f∥H ≤ CT,ℓ,εn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D1+ε)

for all f ∈ H2ℓ
ρ (RN ,PZ ;D1+ε), n ∈ N, and t ∈ [0, T ]. In particular, for the mild solutions

un(t) and u(t) of (3.4.2) and (3.4.1) with u0 ∈ H2ℓ
ρ (RN ,PZ ;D1+ε), respectively, we have

∥un(t)− u(t)∥H ≤ CT,ℓ,εn
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D1+ε) (t ∈ [0, T ]).

Proof. Adopt the notation of the proof of Theorem 3.70. Then un(t) := (RnARn)
−1en(t)

solves

u′
n(t) = −RnARnun(t)−∆nAS(t)f + (RnARn)

−1□nS(t)f .

We multiply the corresponding mild solution formula by RnARn and integrate by parts
in the first integral, resulting in

en(t) = −∆nAS(t)f + Sn(t)∆nAf −
∫︂ t

0
Sn(t− τ)∆nA

1−θS(τ)A1+θf dτ

+

∫︂ t

0
Sn(t− τ)□nS(τ)f dτ =: E1 + E2 + E3 + E4,

where Ej := Ej(t, n) for j ∈ {1, . . . , 4}. Observe that symmetry was only used in the
estimate of the first term in the proof of Theorem 3.70. Hence, analogous arguments yield

E1 + E2 + E4 ≤ Cℓ,κCℓ(CT,ℓ + 1 + κTCT,ℓ)n
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D). (3.4.25)

Let ε ∈ (0, 1), 0 < ν < θ < ε. For the remaining term, using contractivity of Sn and
Proposition 3.68 as before, followed by Proposition 3.67(b), (a), and (c) results in

∥E3(t)∥H ≤ ∥∆n∥L(H2ℓ
ρ (RN ,PZ ;H),H) sup

0≤τ≤t
∥τ1−νA1−θS(τ)∥L(H2ℓ

ρ (RN ,PZ ;H))

· ∥Aθ∥L(H2ℓ
ρ (RN ,PZ ;Dε),H2ℓ

ρ (RN ,PZ ;H))∥A∥L(H2ℓ
ρ (RN ,PZ ;D1+ε),H2ℓ

ρ (RN ,PZ ;Dε))

· ∥f∥H2ℓ
ρ (RN ,PZ ;D1+ε)

∫︂ t

0
τ−(1−ν) dτ

≤ T ν

ν
Cℓ,κCT,ℓ,ν,θCℓ,θ,εCℓ,εn

−ℓ∥f∥H2ℓ
ρ (RN ,PZ ;D1+ε)

Altogether, omitting the dependence on κ and setting ν = ε/4 and θ = ε/2, we deduce

∥en(t)∥H ≤ CT,ℓ,εn
−ℓ∥f∥H2ℓ

ρ (RN ,PZ ;D1+ε),

from which the desired estimates are deduced as in the proof of Theorem 3.70.
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3.4.4 Joint convergence rate for the full discretisation error

The last step required for an estimate of the full discretisation error is to relate the graph
norm of u0n to a suitable Sobolev norm of u0 in order to make use of the semi-discretisation
error estimate of Subsection 3.4.2.

Lemma 3.73. Suppose that Assumption 3.59 holds for some α ≥ 1 and ℓ = 0. Let
0 < β ≤ α, n ∈ N0, w ∈ H, and wn := (ˆ︁wγ)|γ|≤n. Set Dβ := D(Aβz ). We distinguish two
cases.

(a) Then for w ∈ L2(RN ,PZ ;Dβ), we have wn ∈ D(Aβn) and there exists Cβ ≥ 0 inde-
pendent of w and n such that

∥wn∥Aβ
n
≤ Cβ∥w∥L2(RN ,PZ ;Dβ).

(b) For general az satisfying Assumption 3.59, we have wn ∈ D(Aβn) provided that w ∈
L2(RN ,PZ ;Dβ+ε) for some 0 < ε ≤ α−β and β < α. Moreover, there exists Cβ,ε ≥ 0
independent of w and n such that

∥wn∥Aβ
n
≤ Cβ,ε∥w∥L2(RN ,PZ ;Dβ+ε).

Proof. (i) We first let β = 1. From D(A) = L2(RN ,PZ ;D), we conclude Rnw ∈ D(A) ⊆ V
and wn ∈ Vn. Let vn = (vγ)|γ|≤n ∈ Vn and define vn :=

∑︁
|γ|≤n vγΦγ ∈ PN

n ⊗ V . Then,
from (3.4.4), an ∼ RnARn, and R2

n = Rn we conclude

an(wn, vn) = an(Rnw,vn) =
(︁
RnAR2

nw
⃓⃓
vn
)︁
H

= (RnARnw |vn)PN
n ⊗H =

(︂
(( ˆ︂RnARnw)γ)|γ|≤n

⃓⃓⃓
vn

)︂
Hn

by Plancherel’s theorem. Hence, wn ∈ D(An) and Anwn = (( ˆ︂RnARnw)γ)|γ|≤n. By
Parseval’s identity twice and Proposition 3.65(a) with q = 0, we conclude

∥Anwn∥Hn
= ∥RnARnw∥H ≤ ∥ARnw∥H ≤ C∥Rnw∥L2(RN ,PZ ;D) ≤ C∥w∥L2(RN ,PZ ;D).

(ii) Let N ∋ m ≤ α. Repeating the argument of step (i), we obtain wn ∈ D(Amn ) for all
w ∈ D(Am) and for some Cm ≥ 0,

∥Amn wn∥Hn = ∥(RnARn)
mw∥H ≤ Cm∥w∥L2(RN ,PZ ;Dm). (3.4.26)

(iii) We prove part (a). Let 0 < β ≤ α and choose N ∋ m ≥ β. Due to symmetry of
the form, An is self-adjoint and thus Amn is m-accretive. A generalisation of the Heinz
inequality [83] then yields the statement for Aβn via interpolation. Note that D(Aβ) =
L2(RN ,PZ ;Dβ).
(iv) Now, consider the setting of part (b). Let 0 < β < α and choose N ∋ m ≥ β. To pass
from (3.4.26) to exponent β, additional spatial regularity is required since Amn is no longer
m-accretive in general. A version of the Heinz inequality for non-selfadjoint operators [88,
Prop. 9.3] implies that for all 0 < ε ≤ α− β⃦⃦

Aβnwn

⃦⃦
Hn

≤ Cβ,ε∥Rnw∥L2(RN ,PZ ;Dβ+ε) ≤ Cβ,ε∥w∥L2(RN ,PZ ;Dβ+ε)

for some Cβ,ε ≥ 0 for all w ∈ D(Aβ+ε) = L2(RN ,PZ ;Dβ+ε) and n ∈ N0.
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We can now state our main result on the joint convergence rate for the approximation
of random evolution equations.

Theorem 3.74 (symmetric case). Let ℓ ∈ N and T > 0. Suppose that Assumption 3.59
holds for some α ≥ 1 and 2ℓ. Further, assume that (az)z∈RN is PZ-almost surely symmetric
and that V ↪→ H compactly. Suppose that the space discretisation converges with order
px > 0 on Dα := D(Aαz ) for some 0 < α ≤ α for the stationary problem. Further, suppose
that the time discretisation methods Fn,m are induced by an A-stable rational function r for
all n ∈ N0, m ∈ N, and let pt > 0 be the order of convergence of the time discretisations.
Let u be the mild solution of (3.4.1) with u0 ∈ H2ℓ

ρ (RN ,PZ ;D)∩L2(RN ,PZ ;Dmax{α+1,pt})
where max{α + 1, pt} ≤ α and, for n,m, k ∈ N, let Jn,m and un,m,k be as in (3.4.8) and
(3.4.9) via time discretisation methods Fn,m, respectively.
Then there exist CT,ℓ, CT,α,pt ≥ 0, τ0 > 0 such that for maxi=1,...,Nk

τ ik ≤ τ0,

∥Jn,mun,m,k(t)−u(t)∥H ≤ CT,ℓn
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D)

+ CT,α,pt

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︂pt)︃
∥u0∥L2(RN ,PZ ;Dmax{α+1,pt})

for all n,m, k ∈ N and t ∈ Tk.

Proof. Abbreviate τmax,k := maxi=1,...,Nk
τ ik. Then Proposition 3.58 and Theorem 3.70

imply that for some CT , we have

∥Jn,mun,m,k(t)− u(t)∥H ≤ ∥Jn,mun,m,k(t)− un(t)∥H + ∥un(t)− u(t)∥H
≤ CT,α,pt

(︁
m−px + τptmax,k

)︁
∥u0n∥Amax{α+1,pt}

n
+ CT,ℓn

−ℓ∥u0∥H2ℓ
ρ (RN ,PZ ;D).

The statement then follows from Lemma 3.73 applied to w = u0 and β = max{α+ 1, pt},
which gives

∥u0n∥Amax{α+1,pt}
n

≤ Cβ∥u0∥L2(RN ,PZ ;Dmax{α+1,pt}).

Repeating the argument in Proposition 3.58 using Theorem 3.41 instead of 3.37, The-
orem 3.72 instead of 3.70 as well as Lemma 3.73(b) rather than (a), we obtain a joint
convergence rate for the non-symmetric case, proceeding analogously to the proof of The-
orem 3.74. As in the deterministic setting, additional spatial regularity is required.

Theorem 3.75 (non-symmetric case). Suppose that all assumptions of Theorem 3.74 hold
true apart from PZ-almost sure symmetry of (az)z∈RN and the compactness of the embedding
V ↪→ H. Let the time discretisation methods Fn,m be either the implicit Euler method,
where pt := 1, or the Crank–Nicolson method, where pt := 2, for all n,m ∈ N. Further,
let ε1 ∈ (0, 1) such that u0 ∈ H2ℓ

ρ (RN ,PZ ;D1+ε1). Moreover, let ε2 > 0 such that u0 ∈
L2(RN ,PZ ;D1+ε2+max{α,pt}), where 1 + ε2 +max{α, pt} ≤ α.

Then there exist τ0 > 0 and CT,ℓ,ε1 , CT,α,pt,ε2 ≥ 0 such that for maxi=1,...,Nk
τ ik ≤ τ0,

∥Jn,mun,m,k(t)−u(t)∥H ≤ CT,ℓ,ε1n
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D1+ε1 )

+ CT,α,pt,ε2

(︃
m−px +

(︂
max

i=1,...,Nk

τ ik

)︂pt)︃
∥u0∥L2(RN ,PZ ;D1+ε2+max{α,pt})

for all n,m, k ∈ N and t ∈ Tk.
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Remark 3.76. Let us comment on the case of deterministic initial values, i.e., u0 ∈ Dβ for
some β > 0. Then u0 := 1RN ⊗ u0 ∈ H2ℓ

ρ (RN ,PZ ;Dβ) for all ℓ ∈ N0 and

∥u0∥H2ℓ
ρ (RN ,PZ ;Dβ) = ∥u0∥Dβ ,

whence we naturally recover the results of Section 3.3.

3.5 Application to Random Anisotropic Diffusion

Let G ⊆ R2 be open, bounded, convex and polygonal, and letH := L2(G) and V := H1
0 (G).

Let (Ω,F ,P) be a probability space, Z : Ω → RN a random variable with independent
components and distribution PZ . Assume that each of the components is standard normally
distributed, Beta-distributed, or Gamma-distributed; cf. Assumption 3.20. Let RN ×G ∋
(z, x) ↦→ az(x) ∈ K2×2 such that az(x) is Hermitian for all x ∈ G and PZ-a.e. z ∈ RN , and
assume there exist κ,M > 0 such that

κ ≤ az(x) ≤M (x ∈ G,PZ-a.e. z ∈ RN ). (3.5.1)

Moreover, let z ↦→
∫︁
G a

z(x)jkh(x) dx be measurable for all j, k ∈ {1, 2} and h ∈ L1(G).
For those z ∈ RN for which the above bound holds, define az : V × V → K by

az(u, v) :=

∫︂
G
az(x) gradu(x) · grad v(x) dx (u, v ∈ H1

0 (G)),

and let az(u, v) = 0 otherwise. Then z ↦→ az(u) is measurable for all u ∈ V and

κ∥u∥2V ≤ az(u), |az(u, v)| ≤M∥u∥V ∥v∥V (u, v ∈ V,PZ-a.e. z ∈ RN ).

That is, (az)z∈RN is PZ-almost surely uniformly bounded and coercive, as required in
Assumption 3.42.

For z ∈ RN let Az be the self-adjoint operator in H associated with az. Note that
[0,∞) ⊆ ρ(−Az) for PZ-a.e. z ∈ RN .

Remark 3.77. Provided that az ∈W 1
∞(G) for PZ-a.e. z ∈ RN , we PZ-almost surely have

D(Az) = H1
0 (G) ∩H2(G),

Azu = −div az(x) gradu.

Hence, we can set D := H1
0 (G) ∩H2(G) equipped with the H2-norm.

To establish the estimate of derivatives of the form in z required for Assumption 3.59
to hold, smoothness of the coefficient matrix is required. We endow K2×2 with the spectral
norm ∥ · ∥2 and K2 with the Euclidean norm. Denote by Div : K2×2 → K2 the row-wise
divergence operator so that Div(b(·)T ) calculates the divergence of a matrix-valued function
b ∈ C1(G;K2×2) column-wise.

Definition 3.78. For ℓ ∈ N0, define Cℓ,1ρ (RN ×G;K2×2) as the space of all f : RN ×G→
K2×2 such that f(·, x) ∈ Cℓ(RN ;K2×2) for all x ∈ G, f(z, ·) ∈ C1(G;K2×2) for PZ-a.e.
z ∈ RN and there is Cℓ ≥ 0 such that for all α ∈ NN0 with |α| ≤ ℓ, we have

PZ- ess sup
z∈RN

⃦⃦
ρ(z)α/2Div

(︁
(∂αz f(z, ·))T

)︁⃦⃦
L∞(G;K2)

≤ Cℓ and
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PZ- ess sup
z∈RN

∥ρ(z)α/2∂αz f(z, ·)∥L∞(G;K2×2) ≤ Cℓ.

Let Cℓ,2ρ (RN ×G;K2×2) denote the space of all f ∈ Cℓ,1ρ (RN ×G;K2×2) such that f(z, ·) ∈
C2(G;K2×2) for PZ-a.e. z ∈ RN and [(z, x) ↦→ ∂

ej
x f(z, x)] ∈ Cℓ,1ρ (RN×G;K2×2) for j = 1, 2.

Analogously, Cℓ,3ρ (RN×G;K2×2) denotes the space of all f ∈ Cℓ,2ρ (RN×G;K2×2) such that
f(z, ·) ∈ C3(G;K2×2) for PZ-a.e. z ∈ RN and [(z, x) ↦→ ∂

ej
x f(z, x)] ∈ Cℓ,2ρ (RN × G;K2×2)

for j = 1, 2.

Assume that [(z, x) ↦→ az(x)] ∈ Cℓ,1ρ (RN ×G;K2×2). Then the graph norms of Az are
equivalent for PZ-a.e. z ∈ RN since there are C, c ≥ 0 such that

∥u∥H2 ≤ c∥Azu∥L2 ≤ C∥u∥H2 (3.5.2)

for all u ∈ D(Az) and PZ-a.e. z ∈ RN . Indeed, the first inequality follows from [57,
Thm. 3.2.1.2 and 3.1.3.1] because G is convex. Since [(z, x) ↦→ az(x)] is continuously
differentiable in x, for u ∈ D(Az), we can rewrite

Azu = −div(az(·) gradu) = −Div
(︁
az(·)T

)︁
· gradu− az(·) : Hessu,

where Hessu is the Hessian matrix of u and B : C =
∑︁2

i,j=1 bi,jci,j is the sum of the
entry-wise product of two matrices B,C ∈ K2×2. By assumption for α = 0 and due to the
definition of Cℓ,1ρ (RN ×G;K2×2), we can thus estimate

∥Azu∥L2 ≤
⃦⃦
Div

(︁
az(·)T

)︁
· gradu

⃦⃦
L2 + ∥az(·) : Hessu∥L2

≤ sup
x∈G

⃦⃦
Div

(︁
az(x)T

)︁⃦⃦
∞∥gradu∥L2 +

(︃
sup
x∈G

max
i,j∈{1,2}

|(az(x))i,j |
)︃⃦⃦⃦⃦ 2∑︂

i,j=1

∂iju

⃦⃦⃦⃦
L2

≤ C0∥ gradu∥L2 + C0

2∑︂
i,j=1

∥∂iju∥L2 ≤
√
6C0∥u∥H2 (3.5.3)

for all u ∈ D(Az) and PZ-a.e. z ∈ RN , where ∥ · ∥∞ denotes the maximum norm in K2.
This yields the second inequality. Consequently, Assumption 3.52 is satisfied for α = 1.
However, we would like to have the assumption satisfied for some α > 1. This can be shown
under additional assumptions on the diffusion coefficients. In case we want 1 < α < 5

4 ,
reasoning as in [61] we observe that for [(z, x) ↦→ az(x)] ∈ Cℓ,2ρ (RN × G;K2×2) we have
Dα = H1

0 (G) ∩ H2α(G) with corresponding graph norms of Aαz being equivalent, i.e.,
Assumption 3.52 is satisfied. In case we want α ≥ 5

4 , further regularity on the coefficients
and, due to the Dirichlet boundary conditions, further assumptions on the traces of the
coefficients may be needed. We will consider the case α = 2. In order to obtain that the
domains D(A2

z) are PZ-almost surely constant, we may assume that [(z, x) ↦→ az(x)] ∈
Cℓ,3ρ (RN × G;K2×2) as well as tr az and trDiv(az(·)T ) are constant for PZ-almost every
z ∈ RN , where tr denotes the trace operator for G. Then, a similar reasoning as above
yields that Assumption 3.52 is satisfied for α = 2, and the graph norms of A2

z can be
compared to the H4(G)-norm.

To verify the form estimate from Assumption 3.59, it suffices to show that there is
Cℓ ≥ 0 such that ⃦⃦

ρ(z)α/2∂αz Azu
⃦⃦
L2 ≤ Cℓ∥u∥H2 (3.5.4)
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for all α ∈ NN0 with |α| ≤ ℓ and PZ-a.e. z ∈ RN . Indeed, for u ∈ D(∂αz Az) ∩H2(G) and
v ∈ H1

0 (G), (3.5.4) implies⃓⃓
ρ(z)α/2∂αz az(u, v)

⃓⃓
=
⃓⃓(︁
ρ(z)α/2∂αz Az

⃓⃓
v
)︁⃓⃓

≤
⃦⃦
ρ(z)α/2∂αz Az

⃦⃦
L2∥v∥L2

≤ Cℓ∥u∥H2∥v∥L2 = Cℓ∥u∥D∥v∥H .

Now, we show (3.5.4). By assumption, [(z, x) ↦→ az(x)] is continuously differentiable in x
(and ℓ times continuously differentiable in z) so that

∂αz Azu = −div(∂αz a
z(·) gradu) = −Div

(︁
∂αz a

z(·)T
)︁
· gradu−

(︁
∂αz a

z(·)
)︁
: Hessu.

Analogously to the proof of the second inequality in (3.5.2), we infer that for [(z, x) ↦→
az(x)] ∈ Cℓ,1ρ (RN ×G;K2×2),⃦⃦
ρ(z)α/2∂αz Azu

⃦⃦
L2 ≤

⃦⃦
ρ(z)α/2Div

(︁
(∂αz a

z(·))T
)︁
· gradu

⃦⃦
L2 +

⃦⃦
ρ(z)α/2

(︁
∂αz a

z(·)
)︁
: Hessu

⃦⃦
L2

≤
√
6Cℓ∥u∥H2 .

In conclusion, Assumption 3.59 is satisfied for α and ℓ ∈ N in any of the following cases:

(i) [(z, x) ↦→ az(x)] ∈ Cℓ,1ρ (RN ×G;K2×2) and α = 1,

(ii) [(z, x) ↦→ az(x)] ∈ Cℓ,2ρ (RN ×G;K2×2) and 1 < α < 5
4 ,

(iii) [(z, x) ↦→ az(x)] ∈ Cℓ,3ρ (RN×G;K2×2) and 5
4 ≤ α ≤ 2 as well as tr az and trDiv(az(·)T )

are PZ-almost surely constant.

As space discretisation, we employ the quadratic finite element method (FEM). More
precisely, we consider quasi-uniform triangulations Gh of G, h > 0, consisting of triangles
with a circumference no larger than h = 2

m . Let

Vm := {u ∈ H1
0 (G) : u|K ∈ P2

2 ∀K ∈ Gh}

be the corresponding quadratic triangular finite element (FE) space. Due to the finite
dimension of Vm, the spaces Hm and Vm coincide. For m ∈ N, Pm is the L2(G)-orthogonal
projection from L2(G) onto Vm. These are not to be confused with the V -orthogonal
projections from V = H1

0 (G) onto Vm yielding the FE approximation uh of u from Vm.
Then the error estimate [19, Satz 6.4]

∥u− uh∥Hr(G) ≤ ChR−r|u|HR(G) (r ∈ {0, . . . , R}) (3.5.5)

holds true for some C ≥ 0 for R = 2, 3 and all u ∈ HR(G), where | · |HR(G) denotes the
standard HR(G)-seminorm. Setting r = 1 and varying R yields

∥u− uh∥H1(G) ≤ Ch|u|H2(G) (u ∈ H2(G)) (3.5.6)

for R = 2 and, for R = 3,

∥u− uh∥H1(G) ≤ Ch2|u|H3(G) (u ∈ H3(G)). (3.5.7)

Since h = 2
m , this implies linear and quadratic decay in m, respectively.
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From these FEM estimates for the stationary problem, we can deduce a spatial conver-
gence rate for the time-dependent problem via Corollary 3.9(a). To this end, we determine
the decay rates p1(α), 0 < α ≤ α − 1, and p2 of (γm(Dα))m∈N and (γ∗m(H))m∈N, respec-
tively. We let α > 1 and start with the latter.

Firstly, az is symmetric PZ-almost surely since we assumed az(x) to be Hermitian for
all x ∈ G and PZ-a.e. z ∈ RN . Secondly, A−1

z H = D(Az) PZ-a.s. by definition of Az as the
restriction of Az to the preimage of H under Az. From the FE estimate (3.5.6) and the
almost sure equivalence (3.5.2) of the H2-norm and ∥Az · ∥L2 , we deduce that PZ-almost
surely

inf
v∈Vm

∥u− v∥H1 ≤ ∥u− uh∥H1 ≤ C

m
|u|H2 ≤ cC

m
∥Azu∥L2

provided that [(z, x) ↦→ az(x)] ∈ Cℓ,1ρ (RN ×G;K2×2). Therefore, the decay rate p2 = 1 is
obtained.

Next, we calculate p1(α) depending on the value of 0 < α ≤ α − 1. Since this implies
α > 1, we are only interested in the cases (ii) and (iii) listed above. Calculating p1(α)
requires establishing an estimate of the form

inf
u∈Vm

∥u− v∥H1 ≤
Cγ,D(Aα)

mp1(α)
∥Azu∥D(Aα

z )
(u ∈ D(Az) with Azu ∈ D(Aαz ) = Dα)

for PZ-a.e. z ∈ RN . Repeating the estimate performed for p2, we obtain p1(α) = 1 for all
0 < α ≤ α − 1 since Dα ↪→ L2(G). However, this estimate does not take the increased
smoothness of u for larger α into account. Provided that α ≥ 1

2 , we can make use of the
smoothness of u ∈ D(Az) such that Azu ∈ D(Aαz ) almost surely to obtain a higher decay
rate.

Suppose that α ≥ 3
2 and α ≥ 1

2 . Then u ∈ D(Az) = H2(G) ∩H1
0 (G) and Azu ∈ D1/2

PZ-almost surely. The higher-order FEM estimate (3.5.7) and the equivalence of the H2-
norm and the graph norm; cf. (3.5.2), imply

inf
v∈Vm

∥u− v∥2H1 ≤ ∥u− uh∥2H1 ≤
(︂ C
m2

)︂2
|u|2H3 =

(︂ C
m2

)︂2 (︁
|∂1u|2H2 + |∂2u|2H2

)︁
≤ c2

(︂ C
m2

)︂2 (︁
∥Az∂1u∥2L2 + ∥Az∂2u∥2L2

)︁
(PZ-a.e. z ∈ RN ). (3.5.8)

In order to estimate ∥Az∂ju∥2L2 for j = 1, 2, we need [(z, x) ↦→ az(x)] ∈ Cℓ,2ρ (G;K2×2). In
particular, az(·) ∈ C2

b (G;K2×2) for PZ-a.e. z ∈ RN . This smoothness allows us to explicitly
compute

∂j(Div(b) gradu) = Div(b) grad(∂ju) + Div(∂jb) gradu

for j = 1, 2, u ∈ H3(G), and coefficients b ∈ C2(G;K2×2). Hence, PZ-almost surely

Az∂ju = −div(az(·) grad(∂ju)) = −Div(az(·)T ) grad ∂ju− az(·) : Hess ∂ju
= −∂j(Div(az(·)T ) gradu) + Div(∂j(a

z(·)T )) gradu
− ∂j(a

z(·) : Hessu) + (∂ja
z(·)) : Hessu

= ∂j(Azu) + Div(∂j(a
z(·)T )) gradu+ (∂ja

z(·)) : Hessu.

By assumption, ∂j(az(·)T ) and ∂ja
z(·) have bounded derivatives, so that an analogous

estimate to (3.5.3) results in

∥Az∂ju∥L2 ≤ ∥∂j(Azu)∥L2 + C∥u∥H2 (u ∈ H3(G), j = 1, 2).
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Thus, with C denoting a generic constant taking different values,

2∑︂
j=1

∥Az∂ju∥2L2 ≤ C
2∑︂
j=1

∥∂j(Azu)∥2L2 + C∥u∥2H2 = C∥ grad(Azu)∥2L2 + C∥u∥2H2

≤ C∥A1/2
z Azu∥2L2 + C∥Azu∥2L2 ≤ C∥Azu∥2

D(A
1/2
z )

,

where in the penultimate inequality we have used the Kato square root property for self-
adjoint elliptic operators [7, Thm. 1] for the first term and (3.5.2) for the second one.
Combining this estimate with (3.5.8) yields p1(12) = 2, and thus p1(α) = 2 for all α ≥ 1

2 .
As a consequence of Corollary 3.9(a), we obtain a spatial convergence rate depending

on the smoothness of the space Yx by summing p1(α) and p2.

Proposition 3.79. (a) Suppose that [(z, x) ↦→ az(x)] satisfies (ii). Then the space
discretisation defined here above converges on Yx = Dα+1 with order px = 2 for
0 < α < 1

4 .

(b) Suppose that [(z, x) ↦→ az(x)] satisfies (iii). Then the space discretisation defined
here above converges on Yx = Dα+1 with order px = 2 for 0 < α < 1

2 and with order
px = 3 for 1

2 ≤ α ≤ 1.

Remark 3.80. Higher values of α > 1
2 do not result in higher values of p1(α) or px. This

restriction is due to quadratic FE spaces being used. To further increase p1(α) for large
α, higher-order FE spaces, such as piecewise cubic polynomials on a quasi-uniform trian-
gulation, have to be used.

Having verified Assumption 3.59 and calculated the spatial convergence rate for our
example, we can apply Theorem 3.74 to obtain a joint convergence rate for the full dis-
cretisation of the abstract Cauchy problem associated with Az.

Theorem 3.81. Let Z : Ω → RN be a random variable satisfying Assumption 3.20.
Suppose that RN × G ∋ (z, x) ↦→ az(x) ∈ K2×2 satisfies (3.5.1) and is contained in
C2ℓ,2
ρ (RN × G;K2×2) for some ℓ ∈ N. Let 0 < α < 1

4 and u = (uz)z∈RN be the mild
solution of

u′z(t) = −div az(x) graduz(t) (t > 0), uz(0) = u0,z

with u0 = (u0,z)z∈RN ∈ H2ℓ
ρ (RN ,PZ ;D)∩L2(RN ,PZ ;Dα+1) for D = H1

0 (G)∩H2(G). For
n,m, k ∈ N, let un,m,k as in (3.4.9), where a quadratic finite element method and implicit
Euler are used for discretisation in space and time, respectively.
Then there exist CT,ℓ, CT,α ≥ 0, τ0 > 0 such that for maxi=1,...,Nk

τ ik ≤ τ0,

∥un,m,k(t)− u(t)∥H ≤ CT,ℓn
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D)

+ CT,α

(︃
m−2 + max

i=1,...,Nk

τ ik

)︃
∥u0∥L2(RN ,PZ ;Dα+1)

for all n,m, k ∈ N and t ∈ Tk.

Theorem 3.82. Let Z : Ω → RN be a random variable satisfying Assumption 3.20.
Suppose that RN × G ∋ (z, x) ↦→ az(x) ∈ K2×2 satisfies (3.5.1) and is contained in
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C2ℓ,3
ρ (RN × G;K2×2) for some ℓ ∈ N such that tr az and trDiv(az(·)T ) are constant for

PZ-almost every z ∈ RN . Let 0 < α ≤ 1 and u = (uz)z∈RN be the mild solution of

u′z(t) = −div az(x) graduz(t) (t > 0), uz(0) = u0,z

with u0 = (u0,z)z∈RN ∈ H2ℓ
ρ (RN ,PZ ;D) ∩ L2(RN ,PZ ;Dα+1). For n,m, k ∈ N, let un,m,k

as in (3.4.9), where a quadratic finite element method and implicit Euler are used for
discretisation in space and time, respectively.
Then there exist CT,ℓ, CT,α ≥ 0, τ0 > 0 such that for maxi=1,...,Nk

τ ik ≤ τ0,

∥un,m,k(t)− u(t)∥H ≤ CT,ℓn
−ℓ∥u0∥H2ℓ

ρ (RN ,PZ ;D)

+ CT,α

(︃
m−px + max

i=1,...,Nk

τ ik

)︃
∥u0∥L2(RN ,PZ ;Dα+1)

for all n,m, k ∈ N and t ∈ Tk with px = 3 for α ≥ 1
2 and px = 2 for α ∈ (0, 12).

As a concrete example, we consider a random anisotropic diffusion. Let Z : Ω → R be
a standard normally distributed random variable (i.e., N = 1). Let G = (0, 1)2 and for
z ∈ R and x ∈ G, consider the coefficient matrix given by

az(x) = f(z) ·
(︃
g1(x) 0
0 g2(x)

)︃
, f(z) =

1

1 + e−z
+ 1, (3.5.9)

g1(x) = 1 + ∥x∥22, g2(x) = 3− ∥x∥22.

We observe that f(z) ∈ [1, 2] for all z ∈ R, g1(x), g2(x) ∈ [1, 3] for all x ∈ (0, 1)2. Hence,
κ ≤ az(x) ≤M is satisfied for κ = 1 and M = 6. It remains to verify that (z, x) ↦→ az(x) is
in C2ℓ,2

ρ (R×(0, 1)2;R2×2) in order to apply Theorem 3.81. Note that f ∈ C∞(R;R2×2) and
thus a·(x) ∈ C2ℓ(R;R2×2) for any ℓ ∈ N. Also, clearly, az(·) ∈ C2((0, 1)2;R2×2). Likewise,
the product structure of az(x) implies ∂ejx a·(x) ∈ C2ℓ(R;R2×2). To establish the bounds
stated in Definition 3.78, we first observe that derivatives of f are bounded in z. Indeed,
as a logistic function, the derivatives of F := f − 1 can be expressed as a polynomial of F .
Since all derivatives of f and F agree, F (z) ∈ [0, 1] for z ∈ R, and continuous functions
are bounded on compact intervals,

cℓ := sup
z∈R

max
0≤α≤ℓ

|(∂αz f)(z)| <∞

for all ℓ ∈ N. Consequently, for all 0 ≤ α ≤ 2ℓ,

PZ- ess sup
z∈R

∥∂αz az(·)∥L∞((0,1)2;R2×2) ≤ sup
z∈R

|(∂αz f)(z)| sup
x∈(0,1)2

⃦⃦⃦⃦(︃
g1(x) 0
0 g2(x)

)︃⃦⃦⃦⃦
2

≤ 3c2ℓ,

where ρ ≡ 1 by choice of distribution of Z. Since for all z ∈ R,⃦⃦
Div((∂αz a

z(·))T )
⃦⃦
L∞(G;R2)

= |∂αz f(z)| · sup
x∈(0,1)2

⃦⃦⃦⃦(︃
2x1
2x2

)︃⃦⃦⃦⃦
2

= 2
√
2|∂αz f(z)|

it also holds that for 0 ≤ α ≤ 2ℓ

PZ- ess sup
z∈R

⃦⃦
Div((∂αz a

z(·))T )
⃦⃦
L∞(G;R2)

≤ 2
√
2c2ℓ.
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Proceeding likewise, we conclude analogous statements to the last two ones for az(·) re-
placed by ∂ejx az(·), j = 1, 2, with constant 2c2ℓ in both cases. In conclusion, the coefficients
belong to C2ℓ,2

ρ (R×(0, 1)2;R2×2). Hence, we conclude convergence of arbitrary polynomial
order in randomness for the random anisotropic diffusion problem. For simplicity, we fix
0 < α < 1

4 .

Corollary 3.83. Adopt the assumptions and notation of Theorem 3.81. Let Z : Ω → R be
standard normally distributed and consider az(x) as in (3.5.9). Then for all ℓ ∈ N there
exist CT,ℓ ≥ 0 and τ0 > 0 such that for maxi=1,...,Nk

τ ik ≤ τ0,

∥un,m,k(t)− u(t)∥H ≤ CT,ℓ

(︃
n−ℓ +m−2 + max

i=1,...,Nk

τ ik

)︃
∥u0∥H2ℓ(R,PZ ;D1+α)

for all n,m, k ∈ N, t ∈ Tk, 0 < α < 1
4 , and u0 ∈ H2ℓ(R,PZ ;D1+α).



Chapter 4

Temporal Approximation of
Stochastic Evolution Equations

At the heart of this chapter are convergence rates for the pathwise uniform error arising
from a temporal semi-discretisation of a stochastic evolution equation. Depending on the
kind of noise, scheme, semigroup, and whether the error is considered in the grid points
only or on the full time interval [0, T ], different rates of convergence are obtained. We
summarise them in Tables 4.1-4.3. The error decay stated is the best one that can be
attained in case of sufficiently regular nonlinearities, noise, and initial values, as well as
schemes of sufficiently high order. For details on the regularity conditions, the reader is
referred to the full statement of the theorem indicated in brackets. In Tables 4.2 and 4.3,
contractivity of the semigroup is assumed and for the rates on [0, T ] that the underlying
space is Hilbert. For a more general introduction, we kindly ask the reader to read Section
1.3 beforehand.

general S, general schemes quasi-contractive S, exponential Euler
error decay (log(T/k))1/2k (Theorem 4.1) k (Corollary 4.4)

Table 4.1: Maximal convergence rates for the linear equation with additive noise

general contractive schemes exponential Euler
error decay (log(T/k))1/2k1/2 (Theorem 4.24) k1/2 (Corollary 4.26)
on [0, T ] (log(T/k))1/2k1/2 (Theorem 4.32) (log(T/k))1/2k1/2 (Theorem 4.32)

Table 4.2: Maximal convergence rates for the nonlinear equation with multiplicative noise

general contractive schemes exponential Euler
error decay (log(T/k))1/2k (Theorem 4.48) k (Corollary 4.49)
on [0, T ] (log(T/k))1/2k (Corollary 4.51) (log(T/k))1/2k (Corollary 4.51)

Table 4.3: Maximal convergence rates for abstract wave equations with multiplicative noise

This chapter is organised as follows. First, we study the linear additive noise case in
Section 4.1 and semigroups that are not necessarily contractive. Results are illustrated for
the linear Schrödinger equation. The nonlinear evolution equation with multiplicative noise

97
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is introduced in Section 4.2, and well-posedness is shown on the whole space and, using
the Kato setting, on a more regular subspace Y . Stability of contractive time discretisation
schemes is obtained in Section 4.3, with two different techniques in Hilbert and 2-smooth
Banach spaces. The first main result on pathwise uniform convergence rates is stated
in Theorem 4.24 in Section 4.4. It also contains optimal error estimates on the full time
interval in Theorem 4.32 based on the novel optimal path regularity result for the solution in
Proposition 4.31. Applications to nonlinear Schrödinger equations and Maxwell’s equations
are included. Convergence rates up to order one are obtained for abstract wave equations in
Section 4.5, as illustrated for examples with trace class, space-time white noise, and smooth
noise. Lastly, Section 4.6 contains the second main result on convergence of temporal
discretisations for equations with irregular Lipschitz nonlinearity and noise as well as rough
initial data. This result can be found in Theorem 4.57 and is illustrated for an irregular
nonlinear stochastic Schrödinger equation.

Notation

Throughout this chapter, we fix a probability space (Ω,F ,P) with filtration (Ft)t∈[0,T ]
and write P for the progressive σ-algebra (cf. Definitions 2.41 and 2.45 for the respective
definitions). Unless otherwise stated, all random variables and stochastic processes con-
sidered are defined on (Ω,F ,P). Moreover, X and Y denote 2-smooth Banach spaces (cf.
Subsection 2.4) and H a Hilbert space, which is used to define the (Ft)t∈[0,T ]-cylindrical
Brownian motion WH . Subsequently, the space of γ-radonifying operators from H to X is
denoted by γ(H,X) (cf. Section 2.5) and the Borel σ-algebra of X by B(X).

Contrary to Chapter 3, we work on a uniform time grid with time step k > 0 and the
letter τ is reserved for stopping times. Let the final time T > 0 be fixed and consider
the uniform time grid with tj = jk for j = 0, . . . , Nk with Nk = T/k ∈ N, and define
⌊t⌋ := max{tj : tj ≤ t} for t ∈ [0, T ]. An extension of the results presented to non-uniform
grids is possible. Working on a uniform grid allows us to highlight the main results and
techniques used to prove them, while keeping the notation concise. Since polynomial chaos
does not enter the stage in this chapter, henceforth, we denote by R : [0,∞) → L(X) a
time discretisation scheme approximating the semigroup (S(t))t≥0. We write Rk := R(k)
for k ≥ 0, and reserve the letter F for nonlinearities. For a given evolution equation,
(U(t))t∈[0,T ] denotes the exact solution and U j the numerical solution approximating U at
time tj for j = 0, . . . , Nk. For f and g in the respective spaces and Z a Banach space, we
write ∥f∥p,q,Z := ∥f∥Lp(Ω;Lq(0,T ;Z)) and |||g|||p,q,Z := ∥g∥Lp(Ω;Lq(0,T ;L2(H,Z))) for p ∈ [2,∞)
and q ∈ [1,∞]. Additionally, we write ∥ · ∥p to denote the norm in Lp(Ω). We use the
notation f ≲ g to denote that there is a constant C ≥ 0 such that for all x in the respective
set, f(x) ≤ Cg(x). To indicate both f ≲ g and g ≲ f , we write f ≃g for short.
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4.1 Convergence Rates for Additive Noise

In this section, we present several results on convergence rates for linear equations with
additive noise. The reason to start with this case is twofold. Higher convergence rates can
be proved in this case. Moreover, it allows us to explain the new techniques in a simpler
setting before passing to the more advanced multiplicative setting of Section 4.4.

Our subject of interest are stochastic evolution equations with additive noise of the
form

dU +AU dt = g(t) dWH(t) on [0, T ], U(0) = u0 ∈ LpF0
(Ω;X), (4.1.1)

where −A generates a C0-semigroup (S(t))t≥0 on a (2, D)-smooth Banach space X with
norm ∥ · ∥, WH is an H-cylindrical Brownian motion for some Hilbert space H, and p ∈
[2,∞). For Hölder continuous noise g ∈ LpP(Ω;C

α([0, T ]; γ(H,X))), α ∈ (0, 1], mapping
into a more regular space Y ↪→ X, we prove rates of convergence for time discretisation
schemes. An improvement of the rate is shown for the exponential Euler method for quasi-
contractive semigroups, motivating the focus on the (quasi-)contractive case in subsequent
sections. Results are illustrated for the linear Schrödinger equation in Subsection 4.1.3.

The mild solution to (4.1.1) is uniquely given by

U(t) = S(t)u0 +

∫︂ t

0
S(t− s)g(s) dWH(s) (4.1.2)

for t ∈ [0, T ]. To approximate it, we employ a time discretisation schemeR : [0,∞) → L(X)
with time step k > 0 on a uniform grid {tj = jk : j = 0, . . . , Nk} ⊆ [0, T ] with final time
T = tNk

> 0 and Nk =
T
k ∈ N being the number of time steps. The discrete approximation

is given by U0 := u0 and

U j := RkU
j−1 +Rkg(tj−1)∆Wj = Rjku0 +

j−1∑︂
i=0

Rj−ik g(ti)∆Wi+1, j = 1, . . . , Nk, (4.1.3)

with Wiener increments ∆Wj :=WH(tj)−WH(tj−1), where we used the shorthand notation
(2.7.1).

4.1.1 General semigroups

Our first result concerns general C0-semigroups (S(t))t≥0. An improvement under further
conditions on S is discussed in Subsection 4.1.2. Below we denote the Hölder seminorm in
Cα([0, T ]; γ(H,X)) by [·]α for α ∈ (0, 1] and, for p ∈ [2,∞) and Y ↪→ X, let

|||g|||p,∞,Y := ∥g∥Lp(Ω;C([0,T ];γ(H,Y ))), (g ∈ Lp(Ω;C([0, T ]; γ(H,Y )))). (4.1.4)

Theorem 4.1. Let X and Y be (2, D)-smooth Banach spaces such that Y ↪→ X. Let −A be
the generator of a C0-semigroup (S(t))t≥0 on X with ∥S(t)∥ ≤Meλt for some M ≥ 1 and
λ ≥ 0. Let (Rk)k>0 be a time discretisation scheme and assume that R approximates S to
order α ∈ (0, 1] on Y . Suppose that Y ↪→ DA(α,∞) continuously if α ∈ (0, 1) or Y ↪→ D(A)
continuously if α = 1. Let p ∈ [2,∞), u0 ∈ LpF0

(Ω;Y ), and g ∈ LpP(Ω;C([0, T ]; γ(H,Y )))
as well as g ∈ LpP(Ω;C

α([0, T ]; γ(H,X))). Denote by U the mild solution of (4.1.1) and
by (U j)j=0,...,Nk

the temporal approximations as defined in (4.1.3). Then for Nk ≥ 2⃦⃦⃦⃦
max

0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤
(︁
C1 + C2

√︁
max{log(T/k), p}

)︁
kα
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with constants C1 := Cα∥u0∥Lp(Ω;Y ) and

C2 :=
Kp,D

√
T√

2α+ 1

(︂
MeλT

⃦⃦
[g]α

⃦⃦
p
+ (2MeλTCY + Cα)|||g|||p,∞,Y

)︂
,

where Kp,D is as in Proposition 2.62, CY denotes the embedding constant of Y into
DA(α,∞) or D(A), and Cα = Cα(T ) denotes the constant as in Definition 2.24.

In particular, the approximations (U j)j converge at rate min{α, 1} up to a logarithmic
correction factor as k → 0.

Proof. Define Sk(t) := Rjk for t ∈ (tj−1, tj ] and let ⌊t⌋ := max{tj : tj ≤ t} for t ∈ [0, T ].
Then the discrete approximations are given by the integral representation

U j = Rjku0 +

∫︂ tj

0
Sk(tj − s)g(⌊s⌋) dWH(s).

Combining this representation with the mild solution formula (4.1.2), the error can be
bounded by

E :=
⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦
p
≤
⃦⃦⃦

max
0≤j≤Nk

∥[S(tj)−Rjk]u0∥
⃦⃦⃦
p

+
⃦⃦⃦

max
0≤j≤Nk

⃦⃦⃦ ∫︂ tj

0
S(tj − s)[g(s)− g(⌊s⌋)] dWH(s)

⃦⃦⃦⃦⃦⃦
p

+
⃦⃦⃦

max
0≤j≤Nk

⃦⃦⃦ ∫︂ tj

0
[S(tj − s)− S(tj − ⌊s⌋)]g(⌊s⌋) dWH(s)

⃦⃦⃦⃦⃦⃦
p

+
⃦⃦⃦

max
0≤j≤Nk

⃦⃦⃦ ∫︂ tj

0
[S(tj − ⌊s⌋)− Sk(tj − s)]g(⌊s⌋) dWH(s)

⃦⃦⃦⃦⃦⃦
p

=: E1 + E2 + E3 + E4. (4.1.5)

We proceed to estimate all terms individually. Since R approximates S to order α on Y ,

E1 ≤ Cα∥u0∥Lp(Ω;Y )k
α. (4.1.6)

For the second term, we note that for s ∈ [tℓ, tℓ+1) for some 0 ≤ ℓ ≤ Nk, the definition of
the Hölder seminorm [·]α implies that almost surely⃦⃦⃦⃦ j−1∑︂

i=0

1[ti,ti+1)(s)S(tj − s)[g(s)− g(ti)]

⃦⃦⃦⃦
γ(H,X)

≤ ∥S(tj − s)∥L(X)∥g(s)− g(tℓ)∥γ(H,X)

≤MeλT [g]α(s− tℓ)
α.

Applying Proposition 2.62 with Φ
(j)
s =

∑︁j−1
i=0 1[ti,ti+1)(s)S(tj − s)[g(s)− g(ti)] followed by

the above estimate then yields

E2 =

⃦⃦⃦⃦
max

0≤j≤Nk

⃦⃦⃦ ∫︂ tj

0

j−1∑︂
i=0

1[ti,ti+1)(s)S(tj − s)[g(s)− g(ti)] dWH(s)
⃦⃦⃦⃦⃦⃦⃦

p

≤ Kp,D

√︁
max{log(Nk), p}

⃦⃦⃦(︂ ∫︂ T

0
max

1≤j≤Nk

∥Φ(j)
s ∥2γ(H,X) ds

)︂1/2⃦⃦⃦
p
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≤ Kp,DMeλT
√︁

max{log(Nk), p}
⃦⃦⃦⃦(︃Nk−1∑︂

ℓ=0

∫︂ tℓ+1

tℓ

[g]2α(s− tℓ)
2α ds

)︃1/2 ⃦⃦⃦⃦
p

≤ Kp,DMeλT
1√

2α+ 1

√︁
max{log(Nk), p}kα+1/2

⃦⃦⃦⃦(︃Nk−1∑︂
ℓ=0

[g]2α

)︃1/2 ⃦⃦⃦⃦
p

= Kp,DMeλT
⃦⃦
[g]α

⃦⃦
p

√
T√

2α+ 1

√︁
max{log(Nk), p}kα, (4.1.7)

where we have used Hölder continuity of g. Analogously, with Φ
(j)
s =

∑︁j−1
i=0 1[ti,ti+1)(s)

[S(tj − ti)− S(tj − s)]g(ti) for E3 we obtain

E3 ≤ 2Kp,DMeλTCY

√
T√

2α+ 1
|||g|||p,∞,Y

√︁
max{log(Nk), p}kα (4.1.8)

using pathwise boundedness of g, i.e., g(ω, ·) : [0, T ] → L2(H,Y ) being bounded for P-
almost every ω ∈ Ω, and noting that by (2.3.3), almost surely⃦⃦

[S(tj − tℓ)− S(tj − s)]g(tℓ)
⃦⃦
γ(H,X)

≤ 2MeλTCY (s− tℓ)
α∥g(tℓ)∥γ(H,Y ).

Likewise, with Φ
(j)
s =

∑︁j−1
i=0 1[ti,ti+1)(s)[S(tj − ti)−Rj−ik ]g(ti) we obtain

E4 ≤ Kp,DCα

√
T√

2α+ 1
|||g|||p,∞,Y

√︁
max{log(Nk), p}kα, (4.1.9)

since R approximates S to order α on Y . The error bound follows from inserting (4.1.6),
(4.1.7), (4.1.8), and (4.1.9) into (4.1.5).

For the exponential Euler method, sometimes also referred to as the splitting scheme, less
regularity of the initial value suffices for the same convergence behaviour. The exponential
Euler method is obtained by setting Rk = S(k) in (4.1.3), i.e., we would solve exactly in
the absence of noise g.

Corollary 4.2 (Exponential Euler). Let X and Y be (2, D)-smooth Banach spaces such
that Y ↪→ X. Let −A be the generator of a C0-semigroup (S(t))t≥0 on X with ∥S(t)∥ ≤
Meλt for some M ≥ 1 and λ ≥ 0. Assume that g ∈ LpP(Ω;C([0, T ]; γ(H,Y ))) and g ∈
LpP(Ω;C

α([0, T ]; γ(H,X))) for some α ∈ (0, 1]. Suppose that Y ↪→ DA(α,∞) continuously
if α ∈ (0, 1) or Y ↪→ D(A) continuously if α = 1. Let p ∈ [2,∞) and u0 ∈ LpF0

(Ω;X).
Denote by U the mild solution of (4.1.1) and by (U j)j=0,...,Nk

the temporal approximations
as defined in (4.1.3) obtained with the exponential Euler method R := S. Then for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ C
√︁

max{log(T/k), p}kα

with constant

C := Kp,DMeλT
√
T√

2α+ 1

(︁⃦⃦
[g]α

⃦⃦
p
+ 2CY |||g|||p,∞,Y

)︁
,

where Kp,D is as in Proposition 2.62 and CY denotes the embedding constant of Y into
DA(α,∞) or D(A).

In particular, if Y ↪→ D(A) and g is Lipschitz continuous as a map to γ(H,X), the
approximations (U j)j converge at rate 1 up to a logarithmic correction factor as k → 0.
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We emphasize that, in the additive case, convergence rates can be obtained even for
rough initial values for the exponential Euler method. This is a distinctive feature of the
additive case and does not carry over to the general multiplicative setting (cf. Subsection
4.4.2).

Proof. We split the error as in (4.1.5). For the exponential Euler method, the terms E1

and E4 in (4.1.5) vanish due to S(tj) − Rjk = S(jk) − S(k)j = S(jk) − S(jk) = 0 and,
likewise, S(tj − ti)−Rj−ik = 0. The error bound follows from inserting the bounds (4.1.7)
and (4.1.8) of the remaining terms into (4.1.5).

4.1.2 Quasi-contractive semigroups

Quasi-contractive semigroups are semigroups for which ∥S(t)∥ ≤ eλt for some λ ≥ 0 for all
t ≥ 0. Considering such semigroups allows us to eliminate the logarithmic factor for the
exponential Euler method. The principle that lies at the heart of our proof is the maximal
inequality from Theorem 2.61, which is used to estimate the stochastic convolutions in
the error term. Depending on the spatial regularity of the noise g, convergence at rate
α ∈ (0, 1] is attained without a logarithmic correction factor.

Theorem 4.3 (Exponential Euler, quasi-contractive case). Adopt the notation and as-
sumptions of Corollary 4.2. In addition, assume that ∥S(t)∥ ≤ eλt for some λ ≥ 0 for all
t ∈ [0, T ]. Then for Nk ≥ 2 ⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ Ckα

with constant

C :=
Cp,D

√
T√

2α+ 1

(︁⃦⃦
[g]α

⃦⃦
p
+ 2CY e

λT |||g|||p,∞,Y

)︁
,

where Cp,D is the constant from Theorem 2.61.

Proof. We bound the error as in (4.1.5), where the first and fourth term vanish as discussed
in the proof of Corollary 4.2. We proceed to bound the remaining terms using the maximal
inequality from Theorem 2.61 instead of Proposition 2.62 to obtain

E2 ≤
⃦⃦⃦⃦

sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[g(s)− g(⌊s⌋)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Cp,D

⃦⃦⃦(︂ ∫︂ T

0
∥g(s)− g(⌊s⌋)∥2γ(H,X) ds

)︂1/2⃦⃦⃦
p

≤ Cp,D

⃦⃦⃦⃦(︃Nk−1∑︂
i=0

∫︂ ti+1

ti

[g]2α(s− ti)
2α ds

)︃1/2 ⃦⃦⃦⃦
p

≤
Cp,D

√
T√

2α+ 1

⃦⃦
[g]α

⃦⃦
p
kα (4.1.10)
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by Hölder continuity of g. Analogously, for E3 we deduce from the semigroup bound (2.3.3)
that

E3 ≤
⃦⃦⃦⃦

sup
t∈[0,T ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[S(s− ⌊s⌋)− I]g(⌊s⌋) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Cp,D

⃦⃦⃦(︂ ∫︂ T

0

⃦⃦
[S(s− ⌊s⌋)− I]g(⌊s⌋)

⃦⃦2
γ(H,X)

ds
)︂1/2⃦⃦⃦

p

≤ 2Cp,De
λTCY

⃦⃦⃦⃦(︃Nk−1∑︂
i=0

∫︂ ti+1

ti

(s− ti)
2α∥g(ti)∥2γ(H,Y ) ds

)︃1/2 ⃦⃦⃦⃦
p

≤ 2Cp,De
λTCY

√
T√

2α+ 1
|||g|||p,∞,Y k

α. (4.1.11)

The final error bound follows from adding (4.1.10) and (4.1.11).

In particular, convergence rate 1 is attained without logarithmic correction factor
for spatially sufficiently regular noise g. General, possibly irregular initial values from
LpF0

(Ω;X) are still admissible, as the following corollary shows.

Corollary 4.4. Let X be a (2, D)-smooth Banach space and let −A be the generator
of a quasi-contractive C0-semigroup on X with parameter λ > 0. Assume that g ∈
LpP(Ω;C([0, T ]; γ(H,D(A)))) is pathwise Lipschitz continuous as a map to γ(H,X). Let
p ∈ [2,∞) and u0 ∈ LpF0

(Ω;X). Denote by U the mild solution of (4.1.1) and by
(U j)j=0,...,Nk

the temporal approximations as defined in (4.1.3) obtained with the exponen-
tial Euler method R := S. Then there is a constant C ≥ 0 depending on (g, T, p, α, λ,X,D(A))
such that for Nk ≥ 2 ⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ Ck,

i.e., the approximations (U j)j converge at rate 1 as k → 0.

4.1.3 Application to the linear Schrödinger equation with additive noise

In this subsection, we study convergence rates of time discretisations of the linear stochastic
Schrödinger equation with a potential and additive noise{︄

du = −i(∆ + V )u dt− i dW on [0, T ],

u(0) = u0
(4.1.12)

in Rd for d ∈ N, where (W (t))t≥0 is a square-integrable K-valued Q-Wiener process (cf.
Section 2.7), K ∈ {R,C}, with respect to a normal filtration (Ft)t≥0, V is a K-valued
potential and u0 is an F0-measurable random variable. Next, we introduce conditions on
the dimension and on the regularity of V . With a slight variation of the methods below,
one can also consider (4.1.12) on [0, L]d with periodic boundary conditions. More general
domains with Dirichlet or Neumann boundary conditions can be treated as well, but for
this, suitable adjustments are needed in the proofs below.

Let σ ≥ 0 and, for this subsection only, write L2 = L2(Rd) and Hσ = Hσ(Rd). We
will also be using the Bessel potential spaces Hσ,q(Rd), which coincide with the classical
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Sobolev spaces W σ,q(Rd) if σ ∈ N and q ∈ (1,∞). For details on these spaces, the reader
is referred to Section 2.3 and [15, 126].

To ensure the well-posedness of (4.1.12), we assume one of the following mutually
exclusive conditions holds.

Assumption 4.5. Let σ ≥ 0, d ∈ N, and V ∈ L2 such that

(i) σ > d
2 and V ∈ Hσ, or

(ii) σ = 0 and V ∈ Hβ for some β > d
2 , or

(iii) σ ∈ (0, 1), d > 2σ, and V ∈ Hβ for some β > d
2 , or

(iv) σ = 1, d ≥ 2, and V ∈ Hβ for some β > d
2 .

In particular, this assumption implies that V u ∈ Hσ for any u ∈ Hσ and ∥V u∥Hσ ≤
CV ∥u∥Hσ for some constant CV ≥ 0 depending on V . This follows from the algebra
property of Hσ in case (i). Note that while (i) is taken verbatim from [2, Prop. 4.1], cases
(ii) and (iv) assume less regularity compared to [2] and case (iii) is new. In the second
case, Hölder’s inequality and the Sobolev embedding Hβ ↪→ L∞ for β > d

2 yield

∥V u∥L2 ≤ ∥V ∥L∞∥u∥L2 ≲ ∥V ∥Hβ∥u∥L2

in the case (ii), see [2, Prop. 4.1]. The case (iii) is covered by Lemma 4.6 below. Lastly,
∥V u∥H1 ≲ ∥u∥H1 in the case (iv) follows from Hölder’s inequality, once with p = 2β and
q = 4β

2β−2 , β > 1, and once with p = ∞ and q = 2. Moreover, we make use of the
embeddings Hβ ↪→ L∞, H1 ↪→ Lq, as well as Hβ ↪→ W 1,2β , where the latter holds due to
β − d

2 = β(1− d
2β ) >

d
2(1−

d
2β ) ≥ 1− d

2β . Altogether, this yields

∥V u∥2H1 ≲ ∥V u∥2L2 + ∥V gradu∥2L2 + ∥(gradV )u∥2L2

≤ ∥V ∥2L∞(∥u∥2L2 + ∥ gradu∥2L2) + ∥ gradV ∥2L2β∥u∥2Lq

≲ (∥V ∥2L∞ + ∥V ∥2W 1,2β )∥u∥2H1 ≲ ∥V ∥2Hβ∥u∥2H1 .

Hence, multiplication by V is a bounded operator on Hσ if Assumption 4.5 holds.

Lemma 4.6. Let σ ∈ (0, 1), d ∈ N such that d > 2σ, and V ∈ Hβ(Rd) for some β > d
2 .

Then ∥V u∥Hσ ≤ CV ∥u∥Hσ for some constant CV ≥ 0 for all u ∈ Hσ(Rd).

Proof. Let q1 = 2d
d−2σ and q2 = d

σ . Then 1
q1

+ 1
q2

= 1
2 and q1 < ∞. By classical Sobolev

and Bessel potential space embeddings (cf. Theorem 2.31), Hd/2 ↪→ Hσ,q2 , Hσ ↪→ Lq1 ,
and Hβ ↪→ Cb(Rd) ↪→ L∞. Thus, an application of the product estimate from Proposition
2.32 yields

∥V u∥Hσ ≲ ∥V ∥Hσ,q2∥u∥Lq1 + ∥V ∥L∞∥u∥Hσ

≲ (∥V ∥Hd/2 + ∥V ∥Hβ )∥u∥Hσ ≲ ∥V ∥Hβ∥u∥Hσ .

Since −i∆ generates a C0-contraction semigroup on Hσ for any σ > 0 [2, Lem. 2.1], its
bounded perturbation −i(∆+V ) generates a quasi-contractive semigroup on the same space
Hσ [45, Thm. III.1.3]. Thus, we are in the setting of Subsection 4.1.2. Global existence
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and uniqueness of mild solutions U ∈ Lp(Ω;C([0, T ];Hσ)) to (4.1.12) in Hσ are guaranteed
provided that p ∈ [2,∞), u0 ∈ LpF0

(Ω;Hσ), Q1/2 ∈ L2(L
2, Hσ), and Assumption 4.5 holds.

Note that since Hσ is a Hilbert space, γ(L2, Hσ) equals the space of Hilbert–Schmidt
operators from L2 to Hσ.

In conclusion, the Schrödinger equation (4.1.12) can be rewritten in the form of (4.1.1)
on X = Hσ with an H-cylindrical Brownian motion WH for H = L2.

For exponential Euler, we recover the error bound from [2, Thm. 4.3], showing conver-
gence at rate 1 in the case of sufficiently regular Q1/2 under less regularity assumptions
on V . Additionally, we obtain an error bound for fractional convergence rates α ∈ (0, 1]
under weaker regularity assumptions on Q1/2 and V .

Theorem 4.7. Let σ ≥ 0, d ∈ N, and V ∈ L2 satisfy Assumption 4.5, and let p ∈ [2,∞).
Assume that u0 ∈ LpF0

(Ω;Hσ) and Q1/2 ∈ L2(L
2, Hσ+2α) for some α ∈ (0, 1]. Denote

by U the mild solution of the linear stochastic Schrödinger equation with additive noise
(4.1.12) and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.1.3) obtained
with the exponential Euler method R := S. Then there exists a constant C ≥ 0 depending
on (V, u0, T, p, α, σ, d) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C∥Q1/2∥L2(L2,Hσ+2α)k
α.

Proof. As discussed above, −A = −i(∆ + V ) generates a quasi-contractive semigroup
on Hσ. Furthermore, setting g = −iQ1/2 allows us to rewrite (4.1.12) in the form of a
stochastic evolution equation (4.1.1). Thus, Theorem 4.3 is applicable with X = Hσ and
H = L2. It remains to check that g ∈ LpP(Ω;C([0, T ]; γ(H,Y ))) for some Y ↪→ DA(α,∞)
and that g ∈ LP(Ω;C

α([0, T ]; γ(H,X))). The latter holds for any α ∈ (0, 1] due to
g being constant in time. Taking Y = Hσ+2α = (Hσ, Hσ+2)α,2 = (Hσ,D(A))α,2 ↪→
(Hσ,D(A))α,∞, the first condition is satisfied as well. Corollary 4.2 yields the desired error
bound.

Furthermore, Theorem 4.1 enables us to extend [2, Thm. 4.3] to general discretisation
schemes R involving rational approximations, at the price of an additional logarithmic
factor. We state it for implicit Euler and Crank–Nicolson.

Theorem 4.8. Let σ ≥ 0, d ∈ N, and V ∈ L2 satisfy Assumption 4.5, and let p ∈ [2,∞).
Let (Rk)k>0 be the implicit Euler method (IE) or the Crank–Nicolson method (CN) and set
ℓ = 4 or ℓ = 3, respectively. Assume that u0 ∈ LpF0

(Ω;Hσ+ℓα) and Q1/2 ∈ L2(L
2, Hσ+ℓα)

for some α ∈ (0, 1]. Let (Rk)k>0 be a time discretisation scheme that is contractive on
Hσ and Hσ+2α. Assume R approximates S to order α on Hσ+2α. Denote by U the
mild solution of the linear stochastic Schrödinger equation with additive noise (4.1.12) and
by (U j)j=0,...,Nk

the temporal approximations as defined in (4.1.3). Then there exists a
constant C ≥ 0 depending on (V, u0, T, p, α, σ, d, ℓ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C∥Q1/2∥L2(L2,Hσ+ℓα)

√︁
max{log(T/k), p}kα.

Proof. This follows from Theorem 4.1 noting that (IE) approximates S to order α on
D((−A)2α) and this fractional domain is given by D((i∆)2α) = [Hσ, Hσ+4]α = Hσ+4α,
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which is chosen as the space Y . Here, [·, ·]α denotes the complex interpolation space with
parameter α. Likewise, (CN) approximates S to order α on D((−A)3α/2), which is equal
to the space [Hσ, Hσ+3]α = Hσ+3α.

Comparing this result to Theorem 4.7 for exponential Euler (EE), it becomes apparent
that lower-order schemes like (IE) need higher regularity of the noise Q1/2 to achieve the
same rate of convergence (L2(L

2, Hσ+4α) compared to L2(L
2, Hσ+2α)). For instance, for

Q1/2 ∈ L2(L
2, Hσ+2), the rates for (EE), (CN), and (IE) are 1, 2

3 , and 1
2 , respectively. If

Q1/2 ∈ L2(L
2, Hσ+3), (EE) and (CN) have the same convergence rates up to a logarithmic

factor, and if Q1/2 ∈ L2(L
2, Hσ+4), so does (IE), all provided that V and u0 are sufficiently

smooth.
Note that in the absence of a potential, the same convergence rates are obtained without

any limitation on the dimension d ∈ N in terms of the parameter σ. An analogue of
Theorem 4.8 can be obtained for other implicit Runge–Kutta methods if the space is
known on which the scheme approximates the semigroup to a given order.
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4.2 Well-posedness

Well-posedness of an equation refers to the existence and uniqueness of solutions to this
equation. Moreover, one is interested in how the solution depends on the initial data.
The equation we shall study well-posedness of is the stochastic evolution equation with
multiplicative noise{︄

dU +AU dt = F (t, U) dt+G(t, U) dWH on [0, T ],

U(0) = u0 ∈ LpF0
(Ω;X)

(4.2.1)

for 1 ≤ p < ∞, T > 0, and −A generating a C0-contraction semigroup (S(t))t≥0 on a
2-smooth Banach space X. In this section, we present progressive measurability, linear
growth, and global Lipschitz conditions on u0, F , and G ensuring the well-posedness of
the above equation. Well-posedness shall be understood in the sense of existence and
uniqueness of mild solutions to (4.2.1) as well as linear growth of the mild solution w.r.t.
the initial data u0. We denote the progressive σ-algebra by P, cf Definition 2.45.

Definition 4.9. A mild solution to (4.2.1) is a function U ∈ L0
P(Ω;C([0, T ];X)) that

almost surely solves the fixed point problem

U(t) = S(t)u0 +

∫︂ t

0
S(t− s)F (s, U(s)) ds+

∫︂ t

0
S(t− s)G(s, U(s)) dWH(s) (4.2.2)

for all t ∈ [0, T ].

First, we show an auxiliary density result.

Lemma 4.10. Denote by E1 and E2 the sets of all adapted step processes ϕ : Ω×[0, T ] → X
and ϕ : Ω× [0, T ] → γ(H,X), respectively. Then the following holds.

(a) E1 is dense in L0
P(Ω;L

1(0, T ;X)).

(b) E2 is dense in L0
P(Ω;L

2(0, T ; γ(H,X))).

Proof. Let n ∈ N, In1 := [0, T2n ], and, for ℓ = 2, . . . , 2n, let Inℓ := ( ℓ−1
2n T,

ℓ
2nT ]. Consider the

partition Dn := σ({Inℓ : ℓ = 1, . . . , 2n}) as the σ-algebra generated by the sets obtained
by dividing each interval In−1

ℓ in half. This defines a filtration (Dn)n∈N. For t ∈ (0, T ),
denote by ⌊t⌋ := max0≤ℓ≤2n{ ℓ

2nT : ℓ
2nT ≤ t} and ⌈t⌉ := min1≤ℓ≤2n{ ℓ

2nT : ℓ
2nT > t} the

left and right interval boundaries of the interval Inℓ containing t.
We start by showing (a). Let ϕ ∈ L0

P(Ω;L
1(0, T ;X)) and define the step process

ϕn := E(Ln(ϕ)|Dn) =

2n∑︂
ℓ=1

1Inℓ
1

|Inℓ |

∫︂
Inℓ

Ln(ϕ)(s) ds, Ln(ϕ) := 1[︁ T
2n
,T
]︁ϕ(︂ · − T

2n

)︂
.

Fix some t ∈ (0, T ). Since ϕ is progressively measurable, in particular ϕ(s) is Fs-
measurable for s ∈ [0, T ] and its left translation Ln(ϕ)(s) is (Fs− T

2n
)-measurable for

s ∈ [ T2n , T ]. By construction, ϕn(t) is (F⌈t⌉− T
2n
)-measurable and thus Ft-measurable, since

⌈t⌉ − T
2n = ⌊t⌋ ≤ t. Furthermore, ϕ(0) = 0 is F0-measurable and ϕ(T ) is FT -measurable

by an analogous argument. Hence, ϕn ∈ E1.
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To show ϕn → ϕ as n→ ∞ in L0
P(Ω;L

1(0, T ;X)), we show convergence in L1(0, T ;X) for
almost every ω ∈ Ω. For the sake of readability, we fix ω ∈ Ω, omit the evaluation in ω,
and use the same notation for the functions acting on L1(0, T ;X) as on L0

P(L
1(0, T ;X)).

We observe that Ln and E(·|Dn) are contractive on L1, since for Φ ∈ L1(0, T ;X),

∥LnΦ∥1 =
∫︂ T

T
2n

⃦⃦⃦
Φ
(︂
t− T

2n

)︂⃦⃦⃦
dt =

∫︂ T− T
2n

0
∥Φ(t)∥ dt ≤ ∥Φ∥1

and, by Fubini’s theorem,

∥E(Φ|Dn)∥1 ≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |

∫︂
Inℓ

∥Φ(s)∥ds dt =
2n∑︂
ℓ=1

∫︂
Inℓ

∥Φ(s)∥ ds = ∥Φ∥1.

Let ε > 0. By density of the continuous functions in L1(0, T ;X), we can choose ψ, ψ̃ ∈
C([0, T ];X) such that ∥Ln(ϕ) − ψ̃∥1 < ε and ∥ϕ − ψ∥1 < ε. Contractivity of Ln and
E(·|Dn) as well as ϕn = E(Ln(ϕ)|Dn) then imply

∥ϕ− ϕn∥1 ≤ ∥ϕ− ψ∥1 + ∥ψ − Ln(ψ)∥1 + ∥Ln(ψ)− Ln(ϕ)∥1
+ ∥Ln(ϕ)− ψ̃∥1 + ∥ψ̃ − E(ψ̃|Dn)∥1 + ∥E(ψ̃|Dn)− ϕn∥1

≤ 2∥ϕ− ψ∥1 + ∥ψ − Ln(ψ)∥1 + 2∥Ln(ϕ)− ψ̃∥1 + ∥ψ̃ − E(ψ̃|Dn)∥1
< 4ε+ ∥ψ − Ln(ψ)∥1 + ∥ψ̃ − E(ψ̃|Dn)∥1 (4.2.3)

for almost every ω ∈ Ω. Continuity of ψ on the compact interval [0, T ] yields that ∥ψ(t)−
ψ(s)∥ ≤ ε

2T uniformly for all |t − s| ≤ T
2n with n sufficiently large. Choosing n such that

also T
2n ≤ ε

2∥ψ∥∞ , we obtain

∥ψ − Ln(ψ)∥1 =
∫︂ T

2n

0
∥ψ(t)∥ dt+

∫︂ T

T
2n

⃦⃦⃦
ψ(t)− ψ

(︂
t− T

2n

)︂⃦⃦⃦
dt

≤ ∥ψ∥∞ · T
2n

+
ε

2T

(︂
T − T

2n

)︂
≤ ε

2
+
ε

2
= ε. (4.2.4)

Continuity of ψ̃ yields that ∥ψ̃(t) − ψ̃(s)∥ ≤ ε
T uniformly for all |t − s| ≤ T

2n with n
sufficiently large, whence

∥ψ̃ − E(ψ̃|Dn)∥1 =
∫︂ T

0
∥ψ̃(t)− E(ψ̃|Dn)(t)∥ dt

≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |

∫︂
Inℓ

⃦⃦
ψ̃(t)− ψ̃(s)

⃦⃦
dsdt

≤
2n∑︂
ℓ=1

ε

T
|Inℓ |

∫︂
Inℓ

1

|Inℓ |
dt =

ε

T

2n∑︂
ℓ=1

|Inℓ | =
ε

T
· T = ε. (4.2.5)

Inserting (4.2.4) and (4.2.5) into (4.2.3) yields ϕn(ω, ·) → ϕ(ω, ·) in L1(0, T ;X) for almost
every ω ∈ Ω, that is, ϕn → ϕ in L0

P(Ω;L
1(0, T ;X)).



4.2. Well-posedness 109

We proceed by showing (b). Let ϕ ∈ L0
P(Ω;L

2(0, T ; γ(H,X))). For m ∈ N, define the
stopping time τm : Ω → [0, T ] as

τm := inf
{︂
t ∈ [0, T ] :

∫︂ t

0
∥ϕ(s)∥2γ(H,X) ds ≥ m

}︂
(4.2.6)

if the infimum is taken over a non-empty set and as τm := T otherwise. Then {τm ≤
t} ∈ Ft for all t ∈ [0, T ], which implies the progressive measurability of 1[0,τm] due to
1[0,τm]

⃓⃓
[0,t]×Ω

= 1[0,τm]×{τm≤t} for all t ∈ [0, T ]. Denote the restriction of ϕ to times until
the stopping time by ϕm := ϕ1[0,τm]. It is progressively measurable and

∥ϕ− ϕm∥2L2(0,T ;γ(H,X)) =

∫︂ T

τm

∥ϕ(t)∥2γ(H,X) dt→ 0, m→ ∞,

as for m large enough τm = T by definition of τm and square-integrability of ϕ. Thus,

ϕm → ϕ in L0
P(Ω;L

2(0, T ; γ(H,X))) as m→ ∞. (4.2.7)

Define the step function approximations ϕmn := E(Ln(ϕm)|Dn) of ϕm for n,m ∈ N anal-
ogously to the proof of part (a). By the same reasoning, ϕmn is an adapted step process
such that ϕmn ∈ E2. For Φ ∈ L2(0, T ; γ(H,X)), the contractivity of Ln and E(·|Dn) on L2

follows from

∥LnΦ∥22 =
∫︂ T

T
2n

⃦⃦⃦
Φ
(︂
t− T

2n

)︂⃦⃦⃦2
γ(H,X)

dt =

∫︂ T− T
2n

0
∥Φ(t)∥2γ(H,X) dt ≤ ∥Φ∥22

and, using Fubini’s theorem and Hölder’s inequality,

∥E(Φ|Dn)∥22 ≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |2
(︂∫︂

Inℓ

∥Φ(s)∥γ(H,X) ds
)︂2

dt

≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |

∫︂
Inℓ

∥Φ(s)∥2γ(H,X) ds dt =

2n∑︂
ℓ=1

∫︂
Inℓ

∥Φ(s)∥2γ(H,X) ds = ∥Φ∥22.

Let ε > 0 and m ∈ N. Analogously to part (a), we can choose ψ̃, ψ ∈ C([0, T ]; γ(H,X))
such that ∥Ln(ϕm) − ψ̃∥2 ≤ ε and ∥ψ − ϕm∥2 ≤ ε. For sufficiently large n such that
∥ψ(t)− ψ(s)∥γ(H,X) ≤ ε√

2T
for |t− s| ≤ T

2n as well as T
2n ≤ ε2

2∥ψ∥2∞
, the translation error of

ψ can be bounded by

∥ψ − Ln(ψ)∥22 =
∫︂ T

2n

0
∥ψ(t)∥2γ(H,X) dt+

∫︂ T

T
2n

⃦⃦⃦
ψ(t)− ψ

(︂
t− T

2n

)︂⃦⃦⃦2
γ(H,X)

dt

≤ ∥ψ∥2∞ · T
2n

+
ε2

2T

(︂
T − T

2n

)︂
≤ ε2

2
+
ε2

2
= ε2.

Choosing n large enough such that also ∥ψ̃(t) − ψ̃(s)∥γ(H,X) ≤ ε√
T

for |t − s| ≤ T
2n , we

obtain

∥ψ̃ − E(ψ̃|Dn)∥22 ≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |2
(︂∫︂

Inℓ

⃦⃦
ψ̃(t)− ψ̃(s)

⃦⃦
γ(H,X)

ds
)︂2

dt
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≤
2n∑︂
ℓ=1

∫︂
Inℓ

1

|Inℓ |

∫︂
Inℓ

⃦⃦
ψ̃(t)− ψ̃(s)

⃦⃦2
γ(H,X)

dsdt

≤
2n∑︂
ℓ=1

ε2

T
|Inℓ |

∫︂
Inℓ

1

|Inℓ |
dt =

ε2

T

2n∑︂
ℓ=1

|Inℓ | = ε2.

Altogether, this yields

∥ϕm − ϕmn ∥2 ≤ ∥ϕm − ψ∥2 + ∥ψ − Ln(ψ)∥2 + ∥Ln(ψ)− Ln(ϕ
m)∥2

+ ∥Ln(ϕm)− ψ̃∥2 + ∥ψ̃ − E(ψ̃|Dn)∥2 + ∥E(ψ̃|Dn)− E(Ln(ϕm)|Dn)∥2
≤ 4ε+ ∥ϕm − ψ∥2 + ∥Ln(ϕm)− ψ̃∥2 ≤ 6ε

and thus ϕmn (ω, ·) → ϕm(ω, ·) in L2(0, T ; γ(H,X)) for almost every ω ∈ Ω. Combining this
observation with (4.2.7), we conclude the convergence ϕmn → ϕ in L0

P(Ω;L
2(0, T ; γ(H,X))

as m,n→ ∞.

The following assumption ensures well-posedness of the stochastic evolution equation
(4.2.1), as we will show in Theorem 4.12.

Assumption 4.11. Let X be a (2, D)-smooth Banach space and let p ∈ [1,∞). Let
F : Ω× [0, T ]×X → X and G : Ω× [0, T ]×X → γ(H,X) be strongly P⊗B(X)-measurable,
where F = F̃ + f and G = G̃ + g for f : Ω × [0, T ] → X and g : Ω × [0, T ] → γ(H,X).
Suppose that F̃ (·, ·, 0) = 0, G̃(·, ·, 0) = 0, and

(a) (global Lipschitz continuity on X) there exist constants CF,X , CG,X ≥ 0 such that for
all ω ∈ Ω, t ∈ [0, T ] and x ∈ X, it holds that

∥F̃ (ω, t, x)− F̃ (ω, t, y)∥ ≤ CF,X∥x− y∥, ∥G̃(ω, t, x)− G̃(ω, t, y)∥ ≤ CG,X∥x− y∥,

(b) (integrability) f ∈ LpP(Ω;L
1(0, T ;X)), and g ∈ LpP(Ω;L

2(0, T ; γ(H,X))).

We would like to point out that F̃ and f act on different sets: while f depends only
on the random input from Ω and time, F̃ also depends on space. This setting allows us
to include temporally less smooth nonlinearities. The same applies to G̃ and g. Moreover,
strong measurability is to be understood in the stochastic sense, see Remark 2.43.

Combining the progressive measurability and Lipschitz assumptions on F̃ and G̃, we
conclude F̃ (·, ·, x) ∈ L0

P(Ω;C([0, T ];X)) and G̃(·, ·, x) ∈ L0
P(Ω;C([0, T ]; γ(H,X))) for all

x ∈ X. Further note that Assumption 4.11 implies linear growth of F and G on X, i.e.,
for all ω ∈ Ω, t ∈ [0, T ], and x ∈ X,

∥F̃ (ω, t, x)∥ ≤ CF,X(1 + ∥x∥) and ∥G̃(ω, t, x)∥γ(H,X) ≤ CG,X(1 + ∥x∥),

where the constant 1 can be left out, but is included for later use in Theorem 4.14.
The index X of the constants will be omitted whenever the underlying space is clear

from the context. Furthermore, for the sake of readability, dependence of u, F , and G on
ω will not be explicitly stated.
We now proceed to show well-posedness of the stochastic evolution equation (4.2.1) in the
sense of existence and uniqueness of mild solutions (4.2.2). The following well-posedness
result is more or less standard [39, Chapters 6,7].
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Theorem 4.12. Suppose that Assumption 4.11 holds for some p ∈ [1,∞) and assume that
−A generates a C0-contraction semigroup (S(t))t≥0 on X. Let u0 ∈ LpF0

(Ω;X). Then
(4.2.1) has a unique mild solution in LpP(Ω;C([0, T ];X)).

Proof. Let δ ∈ (0, T ] to be chosen explicitly later. We show local existence and uniqueness
of solutions first and conclude global existence and uniqueness second by concatenating
the local solutions. Define the spaces Zδ := Lp(Ω;C([0, δ];X)), Z := ZT , ZP

δ as the subset
of all adapted v ∈ Zδ and ZP := ZP

T . For v ∈ ZP
δ , we define the fixed point functional

Γv(t) := S(t)u0 +

∫︂ t

0
S(t− r)F (r, v(r)) dr +

∫︂ t

0
S(t− r)G(r, v(r)) dWH(r). (4.2.8)

The problem of finding local mild solutions of (4.2.1) then reduces to finding fixed points
v ∈ ZP

δ of Γ. The contraction mapping theorem yields the existence of such unique fixed
points, provided that Γ is a contraction that maps ZP and thus ZP

δ into itself. That is,
we have to prove (i) continuity of paths of Γv via maximal estimates for v ∈ ZP

δ as well as
(ii) adaptedness of Γv, and that (iii) Γ is a (strict) contraction on ZP

δ . Lastly, we consider
the evolution equation on [δ, 2δ] with initial value U(δ) and so forth to extend the solution
to larger time intervals in part (iv).

(i) Let v ∈ ZP
δ and fix ω ∈ Ω. Consider each term of Γv individually. Strong continuity

of S implies continuity of t ↦→ S(t)u0.
For the second term, let w.l.o.g. s, t ∈ [0, δ] with s < t. Then⃦⃦⃦ ∫︂ t

0
S(t− r)F (r, v(r)) dr −

∫︂ s

0
S(s− r)F (r, v(r)) dr

⃦⃦⃦
≤
∫︂ s

0
∥S(s− r)∥

⃦⃦
[S(t− s)− I]F (r, v(r))

⃦⃦
dr +

∫︂ t

s
∥S(t− r)∥∥F (r, v(r))∥dr

≤
∫︂ s

0
∥[S(t− s)− I]F (r, v(r))∥dr +

∫︂ t

s
∥F (r, v(r))∥ dr. (4.2.9)

By strong continuity of S and the assumptions imposed on F , the integrand of the first
term vanishes as s→ t. Furthermore, the integrands satisfy

∥[S(t− s)− I]F (·, v(·))∥L1(0,δ;X) ≤ 2∥F (·, v(·))∥L1(0,δ;X)

≤ 2(LF,Xδ(1 + ∥v∥∞,[0,δ]) + ∥f∥L1(0,δ;X)) <∞ (4.2.10)

uniformly in s. Thus, by dominated convergence, the first summand in (4.2.9) vanishes
almost surely as s→ t. Moreover, the second summand in (4.2.9) satisfies∫︂ t

s
∥F (r, v(r))∥dr ≤ LF,X

∫︂ t

s
(1 + ∥v(r)∥X) dr +

∫︂ t

s
∥f(r)∥ dr

≤ LF,X(t− s)(1 + ∥v∥∞,[0,δ]) + ∥f∥L1(s,t;X),

which implies that (4.2.9) vanishes as s→ t. Hence, the deterministic convolution part in
(4.2.8) almost surely has continuous paths.
The existence of a continuous modification of (

∫︁ t
0 S(t − s)G(s, v(s)) dWH(s))t∈[0,δ] is an
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immediate consequence of Theorem 2.61 provided that [Ω×[0, δ] ∋ (ω, s) ↦→ G(ω, s, v(s)) ∈
γ(H,X)] ∈ L0

P(Ω;L
2(0, δ; γ(H,X))). Since Lipschitz continuity of G̃ implies∫︂ δ

0
∥G(s, v(s))∥2γ(H,X) ds ≤ C2

G,Xδ∥v∥2∞,[0,δ] + ∥g∥2L2(0,δ;γ(H,X)) <∞

almost surely, this statement follows from Assumption 4.11. Hence, the stochastic convo-
lution term in (4.2.8) and thus Γv have continuous paths almost surely.

(ii) Let v ∈ ZP and fix t ∈ [0, δ]. We show strong Ft-measurability of all three terms
in (4.2.8) separately. Since u0 is F0-measurable by assumption and thus Ft-measurable,
so is S(t)u0.
For ϕ ∈ L0

P(Ω;L
1(0, δ;X)), Lemma 4.10(a) implies that there are ϕn ∈ E1 such that

ϕn → ϕ in L0
P(Ω;L

1(0, δ;X)). Thus,
∫︁ t
0 ϕn(s) ds→

∫︁ t
0 ϕ(s) ds almost surely. Let Ink , ⌊t⌋, ⌈t⌉

as defined in the proof of Lemma 4.10 with T replaced by δ. Then
∫︁ ⌊t⌋
0 ϕn(s) ds =∑︁2n

ℓ=1 1Inℓ (t)
∑︁ℓ−1

k=1 ϕn
(︁
kδ
2n

)︁
is Ft-simple and

⃦⃦⃦ ∫︂ t

0
ϕ(s) ds−

∫︂ ⌊t⌋

0
ϕn(s) ds

⃦⃦⃦
X

≤
∫︂ ⌊t⌋

0
∥ϕn(s)− ϕ(s)∥X ds+

∫︂ t

⌊t⌋
∥ϕ(s)∥X ds→ 0

as n → ∞. Hence,
∫︁ t
0 ϕ(s) ds is Ft-measurable. Next, we show that ϕ := S(t − ·)ψ ∈

L0
P(Ω;L

1(0, t;X)) for ψ ∈ L0
P(Ω;L

1(0, t;X)). By contractivity of S, the assumption on
ψ implies S(t − ·)ψ(ω) ∈ L1(0, t;X) for almost every ω ∈ Ω. For suitable adapted step
function approximations ξn =

∑︁L
ℓ=1 1(tnℓ−1,t

n
ℓ ]
ζnℓ ∈ E1 of ψ chosen according to Lemma

4.10(a), it holds that
∑︁L

ℓ=1 1(tnℓ−1,t
n
ℓ ]
S(t− tnℓ )ζ

n
ℓ ∈ E1 and

⃦⃦⃦⃦ L∑︂
ℓ=1

1(tnℓ−1,t
n
ℓ ]
(s)S(t− tnℓ )ζ

n
ℓ − S(t− s)ψ(s)

⃦⃦⃦⃦
X

≤
L∑︂
ℓ=1

⃦⃦(︁
1(tnℓ−1,t

n
ℓ ]
(s)S(t− tnℓ )− S(t− s)

)︁
ζnℓ
⃦⃦
X
+ ∥S(t− s)∥

⃦⃦⃦⃦ L∑︂
ℓ=1

ζnℓ 1(tnℓ−1,t
n
ℓ ]
(s)− ψ(s)

⃦⃦⃦⃦
X

vanishes as n → ∞ by strong continuity of S and Lemma 4.10(a). Hence, S(t − ·)ψ is
adapted and thus S(t− ·)ψ ∈ L0

P(Ω;L
1(0, t;X)).

Lastly, choosing ψ = [Ω × [0, t] ∋ (ω, s) ↦→ F (ω, s, v(ω, s)) ∈ X] in the last statement
yields adaptedness of the deterministic convolution part of Γv. To do so, it remains
to show that ψ = [Ω × [0, δ] ∋ (ω, s) ↦→ F (ω, s, v(ω, s)) ∈ X] ∈ L0

P(Ω;L
1(0, δ;X)).

Since f ∈ LpP(Ω;L
1(0, T ;X)) is progressively measurable by assumption, we prove this

for F̃ (ω, s, v(ω, s)) only. Pathwise absolute integrability was already shown in (4.2.10).
Progressive measurability of ψ follows from adaptedness of v, progressive measurability of
F̃ (·, ·, x) for fixed x ∈ X and the condition F̃ (·, ·, 0) = 0. More precisely, by adaptedness
of v we can approximate it by a linear combination of Ft-simple functions 1(t1,t2]1Ax̃ for
t1 < t2 in [0, t] for fixed t ∈ [0, δ], A ∈ Ft and x̃ ∈ X. Since F̃ (ω, s,1(t1,t2](s)1A(ω)x̃) =
F̃ (ω, s, 0) = 0 for s /∈ (t1, t2] or ω /∈ A by Assumption 4.11, we can reduce to the case
s ∈ (t1, t2] and ω ∈ A. However, in this case the assumed progressive measurability of
F̃ (·, ·, x) for fixed x ∈ X implies F̃ (ω, s,1(t1,t2](s)1A(ω)x̃) = F̃ (ω, s, x̃) ∈ Ft × B([0, t]).
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Progressive measurability of ψ follows by approximation because F̃ is (Lipschitz) continu-
ous in the third argument.
Adaptedness of the stochastic convolution remains to be shown. To this end, let ϕ ∈
L0
P(Ω;L

2(0, δ; γ(H,X))). With ϕm, ϕmn ∈ L2
P(Ω;L

2(0, δ; γ(H,X))) and stopping time τm
as in the proof of Lemma 4.10(b), an application of the maximal inequality from Theorem
2.61 yields⃦⃦⃦⃦ ∫︂ (·)

0
(ϕ− ϕmn ) dWH

⃦⃦⃦⃦2
L2(Ω;L∞(0,δ;γ(H,X)))

≤ E sup
t∈[0,δ]

⃦⃦⃦⃦ ∫︂ t

0
(ϕ− ϕm) dWH

⃦⃦⃦⃦2
γ(H,X)

+ E sup
t∈[0,δ]

⃦⃦⃦⃦ ∫︂ t

0
(ϕm − ϕmn ) dWH

⃦⃦⃦⃦2
γ(H,X)

≤ E sup
t∈[0,δ]

⃦⃦⃦⃦ ∫︂ t∨τm

τm

ϕ dWH

⃦⃦⃦⃦2
γ(H,X)

+ C2
2,DE∥ϕm − ϕmn ∥2L2(0,δ;γ(H,X)) → 0 (4.2.11)

as m,n → ∞. Note that, by definition of τm, choosing m sufficiently large yields τm ≥ t,
so that the first term in (4.2.11) vanishes. We conclude

∫︁ (·)
0 ϕmn dWH →

∫︁ (·)
0 ϕ dWH in

L2(Ω;L∞([0, δ]; γ(H,X))). In particular, the stochastic integrals almost surely converge
pointwise in [0, δ]. Because ϕmn ∈ E2, we can write ϕmn =

∑︁L
ℓ=1 1(tnm

ℓ−1,t
nm
ℓ ]ζ

nm
ℓ for some

L ∈ N, a partition {tnmℓ : ℓ = 1, . . . , L} of [0, δ] and Ftnm
ℓ−1

-simple ζnmℓ : Ω → γ(H,X).
Then

t ↦→
∫︂ ⌊t⌋

0
ϕmn (s) dWH(s) =

L∑︂
ℓ=1

1(tnm
ℓ−1,t

nm
ℓ ](t)

ℓ−1∑︂
k=1

(WH(t
nm
k )−WH(t

nm
k−1))ζ

nm
ℓ

is an adapted step process and⃦⃦⃦ ∫︂ t

0
ϕ(s) dWH(s)−

∫︂ ⌊t⌋

0
ϕmn (s) dWH(s)

⃦⃦⃦
γ(H,X)

≤
⃦⃦⃦ ∫︂ t

0
(ϕ(s)− ϕmn (s)) dWH(s)

⃦⃦⃦
γ(H,X)

+
⃦⃦⃦ ∫︂ t

⌊t⌋
ϕmn (s) dWH(s)

⃦⃦⃦
γ(H,X)

→ 0

as n → ∞. Hence,
∫︁ t
0 ϕ(s) dWH(s) is Ft-measurable. Arguing as for the second term,

we deduce adaptedness of ϕ = S(t − ·)ψ for ψ = [Ω × [0, δ] ∋ (ω, s) ↦→ G(ω, s, v(ω, s)) ∈
γ(H,X)] ∈ L0

P(Ω;L
2(0, δ; γ(H,X))) from progressive measurability of g and G̃(·, ·, x) for

fixed x ∈ X, adaptedness of v, (Lipschitz) continuity of G̃ in the third argument and
the condition G̃(·, ·, 0) = 0 from Assumption 4.11. In conclusion, Γv is adapted and thus
Γv ∈ ZP

δ follows from continuity of paths, as shown in part (i).

(iii) Let v1, v2 ∈ ZP
δ and δ ∈ (0, δ0] for δ0 ∈ (0, T ] to be fixed later. Lipschitz continuity

of F̃ and G̃, contractivity of S, and the maximal inequality from Theorem 2.61 yield

∥Γv1 − Γv2∥ZP
δ
≤
⃦⃦⃦⃦

sup
t∈[0,δ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[F̃ (s, v1(s))− F̃ (s, v2(s))] ds

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
sup
t∈[0,δ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[G̃(s, v1(s))− G̃(s, v2(s))] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p
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≤ CF,X

⃦⃦⃦⃦
sup
t∈[0,δ]

∫︂ t

0
∥v1(s)− v2(s)∥ ds

⃦⃦⃦⃦
p

+ Cp,DCG,X

⃦⃦⃦⃦(︂ ∫︂ δ

0
∥v1(s)− v2(s)∥2 ds

)︂1/2 ⃦⃦⃦⃦
p

≤ (CF,Xδ + Cp,DCG,Xδ
1/2)

⃦⃦⃦⃦
sup
t∈[0,δ]

∥v1(t)− v2(t)∥
⃦⃦⃦⃦
p

= Cδ∥v1 − v2∥ZP
δ

for Cδ := CF,Xδ + Cp,DCG,Xδ
1/2. If δ ∈ (0, δ0] is sufficiently small, it holds that Cδ ≤ 1

2 .
Choosing δ0 > 0 in such a way, the above calculation shows that Γ is a (1/2-)contraction
on ZP

δ for all δ ∈ (0, δ0]. Hence, the contraction mapping theorem is applicable and yields
the desired well-posedness statement on [0, δ].

(iv) Lastly, we conclude global well-posedness by concatenating local solutions. Denote
the local solution to (4.2.1) on [0, δ] by u1. Further, consider the stochastic evolution
equation {︄

du2 +Au2 dt = F (t, u2) dt+G(t, u2) dWH on (δ, 2δ],

u2(δ) = u1(δ) ∈ Lp(Ω;X),

which by the same argument has a unique mild solution

u2(t) = S(t− δ)u1(δ) +

∫︂ t

δ
S(t− s)F (s, u2(s)) ds+

∫︂ t

δ
S(t− s)G(s, u2(s)) dWH(s)

for t ∈ (δ, 2δ]. Inserting the formula of the mild solution u1 at time δ and making use of
S(t− δ)S(δ − s) = S(t− s), we obtain

u2(t) = S(t)u0 +

∫︂ t

0
S(t− s)F (s, u2(s)) ds+

∫︂ t

0
S(t− s)G(s, u2(s)) dWH(s)

for t ∈ (δ, 2δ]. Setting u := u1 on [0, δ] and u := u2 on (δ, 2δ] yields a mild solution on
[0, 2δ]. Proceeding analogously, unique mild solutions on [0, T ] are obtained.

In addition to existence and uniqueness, linear growth of the mild solution with respect
to the initial data, f , and g can be shown, as the following a priori estimate illustrates.
We draw attention to the fact that this linear growth is only valid for higher moments of
the mild solution, that is, for p ∈ [2,∞). Indeed, the linear growth estimate does not hold
in general for p < 2 [98, Rem. 4.3]. As a shorthand notation, let

∥f∥p,q,Z := ∥f∥Lp(Ω;Lq(0,T ;Z)), |||g|||p,q,Z := ∥g∥Lp(Ω;Lq(0,T ;L2(H,Z))) (4.2.12)

for p ∈ [2,∞), q ∈ [1,∞], and Banach spaces Z. The notation ||| · ||| is consistent with its
use in Section 4.1 and will be used throughout this work.

Proposition 4.13 (A priori estimate). Suppose that Assumption 4.11 holds for some
p ∈ [2,∞) and assume that −A generates a C0-contraction semigroup (S(t))t≥0 on X. Let
u0 ∈ LpF0

(Ω;X). Then

∥U∥Lp(Ω;C([0,T ];X)) ≤ CXbdd
(︁
1 + ∥u0∥Lp(Ω;X) + ∥f∥p,1,X + Cp,D|||g|||p,2,X

)︁
,

where CXbdd := (1 + C2T )1/2e(1+C
2T )/2 with C := CF,XT

1/2 + Cp,DCG,X , and Cp,D is the
constant from Theorem 2.61.
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As this will be of interest for linear growth estimates on different spaces, we point out
that Lipschitz continuity of F̃ or G̃ is not required for this statement. Linear growth is
sufficient, as the following proof illustrates.

Proof. Let r ∈ [0, T ] and ψ(r) := 1 + ∥ supt∈[0,r] ∥U(t)∥∥p. From the triangle inequality,
Theorem 2.61, linear growth on X, and the Cauchy–Schwarz inequality, we conclude

ψ(r) ≤ 1 + ∥u0∥Lp(Ω;X) +

⃦⃦⃦⃦
sup
t∈[0,r]

∫︂ t

0
∥F̃ (s, U(s)) + f(s)∥ ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
sup
t∈[0,r]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)(G̃(s, U(s)) + g(s)) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ 1 + ∥u0∥Lp(Ω;X) + CF,X

⃦⃦⃦ ∫︂ r

0
1 + ∥U(s)∥ ds

⃦⃦⃦
p
+ ∥f∥Lp(Ω;L1(0,r;X))

+ Cp,D

[︃
CG,X

⃦⃦⃦⃦(︃ ∫︂ r

0
(1 + ∥U(s)∥)2 ds

)︃1/2 ⃦⃦⃦⃦
p

ds+ ∥g∥Lp(Ω;L2(0,r;γ(H,X)))

]︃
≤ cu0,f,g + CF,X

∫︂ r

0
ψ(s) ds+ Cp,DCG,X

(︂∫︂ r

0
ψ(s)2 ds

)︂1/2
≤ cu0,f,g + C

(︂∫︂ r

0
ψ(s)2 ds

)︂1/2
,

where cu0,f,g = 1+ ∥u0∥Lp(Ω;X) + ∥f∥p,1,X +Cp,D|||g|||p,2,X and C = CF,XT
1/2 +Cp,DCG,X .

Here, we used Minkowski’s inequality to pull in the Lp(Ω) and Lp/2(Ω) norms after rewrit-
ing ∥(·)1/2∥p = ∥ · ∥1/2p/2. Ultimately, the version of Gronwall’s inequality from Lemma 2.67
yields the desired result

ψ(T ) ≤ cu0,f,g(1 + C2T )1/2e(1+C
2T )/2.

Lastly, we present a well-posedness result on subspaces Y ↪→ X, which does not require
Lipschitz continuity of F̃ or G̃ on Y but merely linear growth on this subspace. The reader
is referred to Remark 4.15 below for a discussion where we explain why Lipschitz continuity
on Y should be avoided.

Theorem 4.14. Suppose that Assumption 4.11 holds. Let Y ↪→ X be a (2, D)-smooth
Banach space, u0 ∈ LpF0

(Ω;Y ), and assume that −A generates a C0-contraction semi-
group (S(t))t≥0 on both X and Y . Additionally, suppose that f ∈ LpP(Ω;L

1(0, T ;Y )),
g ∈ LpP(Ω;L

2(0, T ; γ(H,Y ))) and F : Ω × [0, T ] × Y → Y , G : Ω × [0, T ] × Y → γ(H,Y )
are strongly P ⊗ B(Y )-measurable, and there are LF,Y , LG,Y ≥ 0 such that for all ω ∈ Ω,
t ∈ [0, T ], and x ∈ Y ,

∥F̃ (ω, t, x)∥Y ≤ LF,Y (1 + ∥x∥Y ), ∥G̃(ω, t, x)∥γ(H,Y ) ≤ LF,Y (1 + ∥x∥Y ).

Under these conditions, the unique mild solution U ∈ Lp(Ω;C([0, T ];X)) to (4.2.1) is in
Lp(Ω;C([0, T ];Y )) and

∥U∥Lp(Ω;C([0,T ];Y )) ≤ CYbdd
(︁
1 + ∥u0∥Lp(Ω;Y ) + ∥f∥p,1,Y + Cp,D|||g|||p,2,Y

)︁
,

where CYbdd := (1 + C2T )1/2e(1+C
2T )/2 with C := LF,Y T

1/2 + Cp,DLG,Y , and Cp,D is the
constant from Theorem 2.61.
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The constant C appears exponentially in the above. In the special case p = 2, LF,Y =
LG,Y = T = 1, and X Hilbert, this leads to CYbdd ≤

√
10e5 ≤ 470.

Proof. Recall that by the contraction mapping theorem for δ ≤ T0 and some T0 ∈ (0, 1]
only depending on p, CF,X , CG,X , and X, one has U = limn→∞ Un in Lp(Ω;C([0, δ];X)),
where U0 = u0 and Un+1 = Γ(Un) with Γ as defined in (4.2.8). Since F andGmap Y into Y
and γ(H,Y ), respectively, we can also consider Γ as a mapping on Z2 := LpP(Ω;L

2(0, δ;Y ))
to eventually show that U is in LpP(Ω;C([0, δ];Y )) ⊆ Z2. Note that for U ∈ Z2, F (·, U)
and G(·, U) are progressively measurable as Y - and γ(H,Y )-valued mappings, respectively
[71, Thm. 1.1.6]. Moreover, we claim that for all v ∈ Z2,

∥Γ(v)∥Lp(Ω;C([0,δ];Y )) ≤ ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) (4.2.13)

+ Cp,D∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) +
(︁
LF,Y + Cp,DLG,Y

)︁
(1 + ∥v∥Z2).

Indeed, since S is contractive on Y , a combination of the maximal inequality, linear growth
of F̃ and G̃ on Y , δ ≤ 1, and the Cauchy–Schwarz inequality implies

∥Γ(v)− S(·)u0∥Lp(Ω;C([0,δ];Y )) ≤ ∥F (·, v)∥Lp(Ω;L1(0,δ;Y )) + Cp,D∥G(·, v)∥Lp(Ω;L2(0,δ;γ(H,Y )))

≤ ∥f∥Lp(Ω;L1(0,δ;Y )) + LF,Y
(︁
δ + ∥v∥Lp(Ω;L1(0,δ;Y ))

)︁
+ Cp,D

(︁
∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) + LG,Y

(︁√
δ + ∥v∥Lp(Ω;L2(0,δ;Y ))

)︁)︁
≤ ∥f∥Lp(Ω;L1(0,δ;Y )) + Cp,D∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) +

(︁
LF,Y + Cp,DLG,Y

)︁
(1 + ∥v∥Z2).

Therefore, (4.2.13) follows, which in turn implies

∥Γ(v)∥Z2 ≤ δ1/2∥Γ(v)∥Lp(Ω;C([0,δ];Y ))

≤ θ(1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) + ∥v∥Z2)

for θ = δ1/2max{1, Cp,D, LF,Y + Cp,DLG,Y }. Choosing δ ∈ (0, T0] such that θ ≤ 1
2 , we

iteratively obtain for n ≥ 1

∥Un∥Z2 ≤ θ(1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y )))) + θ∥Un−1∥Z2

≤ θ(1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))))

+ θ2(1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) + ∥Un−2∥Z2)

≤ . . . ≤
n∑︂
j=1

θj(1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y )))) + θn∥U0∥Z2

≤ 1 + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))) + ∥u0∥Lp(Ω;Y ),

where we have used the finite geometric series formula
∑︁n

j=1 θ
j = θ(1− θn)(1− θ)−1.

In conclusion, (Un)n∈N is bounded in Z2. By reflexivity of Y as a 2-smooth Banach
space, and thus of Z2 by Pettis’ measurability theorem [71, Cor. 1.3.22], there exist a
subsequence (Unj )j∈N and V ∈ Z2 such that Unj → V weakly in Z2 and

∥V ∥Z2 ≤ 1 + ∥u0∥Lp(Ω;Y ) + ∥f∥Lp(Ω;L1(0,δ;Y )) + ∥g∥Lp(Ω;L2(0,δ;γ(H,Y ))). (4.2.14)

Since Un → U in Lp(Ω;C([0, δ];X)), it follows that V = U . Since U = Γ(U), (4.2.13)
and (4.2.14) give that U is in Lp(Ω;C([0, δ];Y )). The same argument can be applied
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on [jδ, (j + 1)δ] using the initial value U(jδ) ∈ Lp(Ω;Y ) for j = 1, 2, . . . to obtain the
statement on [0, T ].

The final a priori estimate follows as in Proposition 4.13, where we note that the
Lipschitz conditions on F and G were not used in the estimate.

Remark 4.15. In applications, one often takes X = L2(O) and Y = H1(O) with O ⊆ Rd,
and F is a Nemytskij operator for a given nonlinearity ϕ : R → R, i.e. F (x)(ξ) = ϕ(x(ξ))
for x ∈ L2(O) and ξ ∈ O. Lipschitz continuity of such mappings holds for F seen as a
mapping from X to X if ϕ is Lipschitz. Also, linear growth holds for F as a mapping from
Y into Y if ϕ is Lipschitz. A less trivial fact is that F is continuous from Y into Y (see
[122, Prop. 2.6.4]), but nothing more can be expected. For instance, Lipschitz continuity
of F : Y → Y would require the estimate

∥ϕ′(x)x′ − ϕ′(y)y′∥L2(O) ≤ C∥x− y∥H1(O).

The latter is true if and only if ∥(ϕ′(x)− ϕ′(y))x′∥L2(O) ≤ C̃∥x− y∥H1(O). This cannot be
expected even if ϕ ∈ C∞(Rd) with bounded derivatives. Indeed, a product of x − y and
x′ needs to be estimated, but this cannot be done in terms of ∥x − y∥H1(O). Similarly,
problems would occur for Y = Hα(O) for other values of α > 0. For a detailed exposition
which estimates can be expected for ϕ(x)−ϕ(y), the reader is referred to [122, Section 2.7].



118 Chapter 4. Temporal Approximation of Stochastic Evolution Equations

4.3 Stability

Before analysing the convergence of temporal approximations to solutions of the stochas-
tic evolution equation (4.2.1) with multiplicative noise, the question of stability of time
discretisation schemes arises. We aim to prove stability of contractive time discretisation
schemes under linear growth assumptions on F and G. Stability refers to the fact that
the sequence of approximations remains bounded as the number of time steps is increased.
This is a necessary but not sufficient condition for convergence of the sequence of approx-
imations. Since we are later interested in pathwise uniform error estimates, stability is to
be understood in the sense of pathwise uniform boundedness of the approximations.

Let Rk : X → X be a contractive time discretisation scheme with time step k > 0
on a uniform grid {tj = jk : j = 0, . . . , Nk} ⊆ [0, T ] with final time T = tNk

> 0 and
Nk = T

k ∈ N being the number of time steps. We consider the temporal approximations
of the mild solution to (4.2.1) given by U0 := u0 and

U j := RkU
j−1 + kRkF (tj−1, U

j−1) +RkG(tj−1, U
j−1)∆Wj , (4.3.1)

1 ≤ j ≤ Nk, with Wiener increments ∆Wj :=WH(tj)−WH(tj−1) (see (2.7.1)) for 1 ≤ j ≤
Nk. The above definition of U j can be reformulated as the discrete variation-of-constants
formula

U j = Rjku0 + k

j−1∑︂
i=0

Rj−ik F (ti, U
i) +

j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1 (4.3.2)

for j = 0, . . . , Nk.
We present two different stability proofs for contractive time discretisation schemes, one

for Hilbert spaces X based on a dilation argument and one for 2-smooth Banach spaces
X based on a martingale argument. Naturally, the latter is the stronger result in the
sense that it implies the former. Nonetheless, the value of including the Hilbert space case
resides not only in illustrating a different method of proof but also in significantly lower
constant values. In view of a possible implementation, e.g., in adaptive time stepping, this
is of considerable importance.

Proposition 4.16 (Stability in Hilbert spaces). Let X be a Hilbert space, p ∈ [2,∞), and
u0 ∈ LpF0

(Ω;X). Suppose that F : Ω× [0, T ]×X → X, G : Ω× [0, T ]×X → L2(H,X) are
strongly P⊗B(X)-measurable, where F = F̃+f and G = G̃+g for f ∈ LpP(Ω;C([0, T ];X))
and g ∈ LpP(Ω;C([0, T ];L2(H,X))). Assume that there are LF,X , LG,X ≥ 0 such that for
all ω ∈ Ω, t ∈ [0, T ], and x ∈ X,

∥F̃ (ω, t, x)∥X ≤ LF,X(1 + ∥x∥X), ∥G̃(ω, t, x)∥L2(H,X) ≤ LG,X(1 + ∥x∥X).

Let (Rk)k>0 be a contractive time discretisation scheme and Nk ≥ 2. Then the temporal
approximations (U j)j=0,...,Nk

obtained via (4.3.1) are stable. That is,

1 +

⃦⃦⃦⃦
max

0≤j≤Nk

∥U j∥
⃦⃦⃦⃦
p

≤ Cstabcu0,f,g,T , (4.3.3)

where Cstab := (1 + C2
eT )

1/2e(1+C
2
eT )/2 with Ce := LF,XT

1/2 +BpLG,X ,

cu0,f,g,T := 1 + ∥u0∥Lp(Ω;X) + T∥f∥p,∞,X +BpT
1/2|||g|||p,∞,X ,

and Bp is the constant from Theorem 2.61.
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The exponential dependence in Proposition 4.16 originates from an application of Gron-
wall’s inequality. Therefore, to make the result suitable for numerical applications, some
optimisation of the constants was necessary. In the special case that LF,X = LG,X = T = 1,
and p = 2, we have B2 = 2 and one can check that Cstab =

√
10e5 ≤ 470, which seems a

reasonable constant for error estimates in applications.
The constant 1 in (4.3.3) can be left out, but is included, since terms of the form

1 + ∥max0≤j≤Nk
∥U j∥∥p will frequently arise from linear growth estimates in Section 4.4.

The same holds true for the subsequent estimate (4.3.10) in Proposition 4.19.

Proof. Let φN := 1 + ∥max0≤j≤N ∥U j∥∥p and N ∈ {0, . . . , Nk}. Then the variation-of-
constants formula (4.3.2) and contractivity of Rk allow us to bound

φN ≤ 1 + ∥u0∥Lp(Ω;X) + k
N−1∑︂
i=0

⃦⃦⃦⃦
max
0≤j≤i

∥F (tj , U j)∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

. (4.3.4)

Invoking linear growth of F̃ and boundedness of f for the second term, we obtain the
bound

k

N−1∑︂
i=0

⃦⃦⃦⃦
max
0≤j≤i

∥F (tj , U j)∥
⃦⃦⃦⃦
p

≤ k

N−1∑︂
i=0

⃦⃦⃦⃦
max
0≤j≤i

(LF,X(1 + ∥U j∥) + ∥f(tj)∥)
⃦⃦⃦⃦
p

≤ k
N−1∑︂
i=0

(︃
LF,X

(︃
1 +

⃦⃦⃦⃦
max
0≤j≤i

∥U j∥
⃦⃦⃦⃦
p

)︃
+ ∥f∥Lp(Ω;C([0,T ];X))

)︃

= C1,f tN + LF,Xk
N−1∑︂
i=0

φi ≤ C1,f tN + LF,Xt
1/2
N

(︃
k
N−1∑︂
i=0

φ2
i

)︃1/2

, (4.3.5)

where we have set C1,f := ∥f∥Lp(Ω;C([0,T ];X)), and used the Cauchy–Schwarz inequality as
well as Nk = tN in the last line. It remains to bound the last term in (4.3.4).

Since Rk is a contraction, by the Sz.-Nagy dilation theorem as stated in Theorem 2.16,
we can find a Hilbert space ˜︁X, a contractive injection Q : X → ˜︁X, a contractive projection
P : ˜︁X → X, and a unitary ˜︁Rk on ˜︁X such that

Rik = P ˜︁RikQ for all i ≥ 0.

Let Gk(s) := G(ti, U
i) and Sk(s) := ˜︁R−i

k for s ∈ [ti, ti+1), 0 ≤ i ≤ Nk − 1. We then deduce
from Theorem 2.61 and the triangle inequality in ℓ2({0, . . . , N −1};Lp(Ω;L2(H,X))) that⃦⃦⃦⃦

max
0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

˜︁Rj−ik QG(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

=

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

˜︁R−i
k QG(ti, U

i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

sup
t∈[0,tN ]

⃦⃦⃦ ∫︂ t

0
Sk(s)QGk(s) dWH(s)

⃦⃦⃦⃦⃦⃦⃦
p

≤ Bp

⃦⃦⃦⃦(︃ ∫︂ tN

0
∥Sk(s)QGk(s)∥2L2(H,X) ds

)︃1/2 ⃦⃦⃦⃦
p

(∗)
≤ Bp

(︃
k

N−1∑︂
i=0

⃦⃦
∥G(ti, U i)∥L2(H,X)

⃦⃦2
p

)︃1/2
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≤ BpLG,X

(︃
k

N−1∑︂
i=0

φ2
i

)︃1/2

+ C2,gt
1/2
N , (4.3.6)

where we have set C2,g := Bp∥g∥Lp(Ω;C([0,T ];L2(H,X))) and used Minkowski’s inequality in
Lp/2 in (∗), see Remark 4.17 for further details.

Inserting (4.3.5) and (4.3.6) in (4.3.4) and estimating tn by T gives the bound

φN ≤ 1 + ∥u0∥Lp(Ω;X) + C1,fT + C2,gT
1/2 + (LF,XT

1/2 +BpLG,X)

(︃
k

N−1∑︂
i=0

φ2
i

)︃1/2

.

Setting Ce := LF,XT
1/2 + BpLG,X and cu0,f,g := 1 + ∥u0∥Lp(Ω;X) + C1,fT + C2,gT

1/2, we
obtain from the discrete version of Gronwall’s Lemma 2.68 that

φN ≤ cu0,f,g(1 + C2
e kN)1/2e(1+C

2
e kN)/2.

This implies the desired statement for N = Nk noting that tNk
= kNk = T .

The “trick” explained in the following remark is used frequently in the following.

Remark 4.17. Working with higher moments p ∈ [2,∞) allows us to pull Lp-norms inside
the square root of a sum of squares in the following way: Let ϕ ∈ Lp(Ω; ℓ2({1, . . . , n};X))
for some n ∈ N. Rewriting Lp-norms of a square root as the square root of a Lp/2-norm,
and vice versa, puts us in a position to apply Minkowski’s inequality in Lp/2(Ω), which
yields⃦⃦⃦⃦(︃ n∑︂

i=1

∥ϕi∥2
)︃1/2 ⃦⃦⃦⃦

p

=

⃦⃦⃦⃦ n∑︂
i=1

∥ϕi∥2
⃦⃦⃦⃦1/2
p/2

≤
(︃ n∑︂
i=1

⃦⃦
∥ϕi∥2

⃦⃦
p/2

)︃1/2

=

(︃ n∑︂
i=1

∥ϕi∥2Lp(Ω;X)

)︃1/2

for all ϕ ∈ ℓ2({1, . . . , n};Lp(Ω;X)). In summary, ℓ2({1, . . . , n};Lp(Ω;X)) embeds contin-
uously in Lp(Ω; ℓ2({1, . . . , n};X)).

We now generalise this stability result to 2-smooth Banach spaces. This requires re-
placing the dilation argument in the proof of Proposition 4.16 by a martingale one based
on Pinelis’ version of the Burkholder–Rosenthal inequalities from Theorem 2.63, which is
the subject of the following lemma. The same martingale argument will later be applied
to deduce uniform convergence of some regularisation error in Section 4.6.

Lemma 4.18. Let X be a (2, D)-smooth Banach space, N ∈ N with N ≤ Nk, and Q : Ω×
[0, T ] → γ(H,X) be such that Qi := Q(·, ti) ∈ Lp(Ω; γ(H,X)) is Fti-measurable for 0 ≤
i ≤ N − 1. Suppose that (Rk)k>0 is contractive. Then⃦⃦⃦⃦

max
0≤j≤N

⃦⃦⃦ j−1∑︂
i=0

Rj−ik Qi∆Wi+1

⃦⃦⃦⃦⃦⃦⃦
p

≤ Bp,D

(︃
k

N−1∑︂
i=0

∥Qi∥2Lp(Ω;γ(H,X))

)︃1/2

,

where the constant is given by Bp,D = 10p2(p − 1)−1Cp,D + 10D
√
p = 10D

√
p(10p2(p −

1)−1 + 1) with Cp,D denoting the constant from Theorem 2.61.
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Proof. The statement follows from an application of Pinelis’ version of the Burkholder–
Rosenthal inequalities from Theorem 2.63 as illustrated in Step 1. The terms emerging
therefrom are simplified in Steps 2 and 3.

Step 1. Define ˜︂Mj :=
∑︁j−1

i=0 R
j−i
k Qi∆Wi+1 andMj :=

∑︁j
i=1RkQi−1∆Wi for 0 ≤ j ≤ N .

Further define dj := Mj −Mj−1 and Vj := Rk for all 1 ≤ j ≤ N . Then ˜︂M0 = M0 = 0 by
construction and (M̃ j)

N
j=0 is adapted because Qi is Fti- and thus also Ftj−1-measurable

and ∆Wi+1 is Fti+1- and thus also Ftj -measurable for 0 ≤ i ≤ j−1. Furthermore, (Mj)
N
j=0

is an X-valued martingale, since it is adapted and for 0 ≤ ℓ ≤ j ≤ N

E(Mj |Ftℓ) =

j∑︂
i=1

RkQi−1E(∆Wi|Ftℓ) =

ℓ∑︂
i=1

RkQi−1∆Wi =Mℓ

by independence of ∆Wi of Ftℓ for all i ≥ ℓ + 1 (see Example 2.53 for details). More-
over, it has conditionally symmetric increments because ∆Wi and −∆Wi are conditionally
equidistributed, as follows from the definition of H-cylindrical Brownian motions; cf. Def-
inition 2.54. Consequently, (dj)Nj=1 is a martingale difference sequence, and Theorem 2.63
is applicable with better constants. It yields the bound⃦⃦⃦⃦

max
0≤j≤N

⃦⃦⃦ j−1∑︂
i=0

Rj−ik Qi∆Wi+1

⃦⃦⃦⃦⃦⃦⃦
p

= ∥(˜︂M)∗∥p ≤ 5p∥d∗∥p + 10D
√
p∥s(M)∥p, (4.3.7)

where d∗ = max1≤j≤N ∥dj∥ and s(M)2 =
∑︁N−1

i=0 E(∥Mi+1 −Mi∥2 | Fti).
Step 2. To simplify the first term, we first apply the triangle inequality and Doob’s max-

imal inequality [71, Thm. 3.2.2] before rewriting the Wiener increments as stochastic inte-
grals to apply Itô’s isomorphism as in Theorem 2.61. Lastly making use of Minkowski’s in-
equality in Lp/2(Ω), contractivity of Rk and the dominated convergence theorem in Lp(Ω),
it follows that

∥d∗∥p =
⃦⃦⃦

max
1≤j≤N

∥Mj −Mj−1∥
⃦⃦⃦
p
≤ 2∥M∗∥p ≤

2p

p− 1
∥MN∥p

=
2p

p− 1

⃦⃦⃦⃦ ∫︂ tN

0

N−1∑︂
i=0

1(ti,ti+1](s)RkQi dWH(s)

⃦⃦⃦⃦
Lp(Ω;X)

≤
2pCp,D
p− 1

⃦⃦⃦⃦(︂ ∫︂ tN

0

⃦⃦⃦N−1∑︂
i=0

1(ti,ti+1](s)RkQi

⃦⃦⃦2
γ(H,X)

ds
)︂1/2 ⃦⃦⃦⃦

p

=
2pCp,D
p− 1

⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

∥RkQi∥2γ(H,X) ds

⃦⃦⃦⃦1/2
p/2

≤
2pCp,D
p− 1

(︂
k

N−1∑︂
i=0

⃦⃦
∥Qi∥2γ(H,X)

⃦⃦
p/2

)︂1/2
=

2pCp,D
p− 1

(︂
k

N−1∑︂
i=0

∥Qi∥2Lp(Ω;γ(H,X))

)︂1/2
.

(4.3.8)

Step 3. Using that the Wiener increments ∆Wi+1 are independent of Fti and have
variance ti+1 − ti = k, we can bound the remaining term ∥s(M)∥p in (4.3.7) by

∥s(M)∥p =
⃦⃦⃦⃦(︂N−1∑︂

i=0

E
(︁
∥RkQi∆Wi+1∥2 | Fti

)︁)︂1/2 ⃦⃦⃦⃦
p
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≤
⃦⃦⃦⃦(︂N−1∑︂

i=0

∥RkQi∥2γ(H,X)E(|∆Wi+1|2 | Fti)
)︂1/2 ⃦⃦⃦⃦

p

=

⃦⃦⃦⃦
k
N−1∑︂
i=0

∥RkQi∥2γ(H,X)

⃦⃦⃦⃦1/2
p/2

≤
(︂
k
N−1∑︂
i=0

∥Qi∥2Lp(Ω;γ(H,X))

)︂1/2
. (4.3.9)

Here, we have used a basic property of conditional expectations from Proposition 2.50.
The statement of the theorem is obtained with Bp,D = 10D

√
p(10p2(p − 1)−1 + 1) from

inserting (4.3.8) and (4.3.9) in (4.3.7), noting that Cp,D = 10D
√
p.

This enables us to extend the stability of contractive time discretisation schemes from
Hilbert to 2-smooth Banach spaces. Later on, we will also apply Proposition 4.19 in case
the space X is replaced by Y in the setting of Section 4.2.

Proposition 4.19 (Stability in 2-smooth Banach spaces). Let X be a (2, D)-smooth Ba-
nach space, p ∈ [2,∞), and u0 ∈ LpF0

(Ω;X). Suppose that F : Ω × [0, T ] × X → X,
G : Ω × [0, T ] × X → γ(H,X) are strongly P ⊗ B(X)-measurable, where F = F̃ + f and
G = G̃ + g for f ∈ LpP(Ω;C([0, T ];X)) and g ∈ LpP(Ω;C([0, T ]; γ(H,X))). Assume that
there are LF,X , LG,X ≥ 0 such that for all ω ∈ Ω, t ∈ [0, T ], and x ∈ X,

∥F̃ (ω, t, x)∥X ≤ LF,X(1 + ∥x∥X), ∥G̃(ω, t, x)∥γ(H,X) ≤ LG,X(1 + ∥x∥X).

Let (Rk)k>0 be a contractive time discretisation scheme and Nk ≥ 2. Then the temporal
approximations (U j)j=0,...,Nk

obtained via (4.3.1) are stable. That is, for all Nk ∈ N,

1 +

⃦⃦⃦⃦
max

0≤j≤Nk

∥U j∥
⃦⃦⃦⃦
p

≤ Cstabcu0,f,g,T , (4.3.10)

where the constants Cstab := (1+C2
eT )

1/2e(1+C
2
eT )/2 with Ce := LF,XT

1/2 +Bp,DLG,X and

cu0,f,g,T := 1 + ∥u0∥Lp(Ω;X) + T∥f∥p,∞,X +Bp,DT
1/2|||g|||p,∞,X

are independent of Nk ∈ N, and Bp,D is the constant from Lemma 4.18.

The stability constants Cstab and cu0,f,g,T are of the same form as those in Proposition
4.16 for Hilbert spaces. However, the appearance of Bp,D instead of Bp leads to drastically
increased constant values. In the special case that LF,X = LG,X = T = D = 1, and
p = 2, Bp,D ≈ 580 and thus Cstab ≈ 8 · 1073259, which is clearly unfeasible for numerical
applications. Even in the Hilbert space case, under the previous assumptions we obtain
Bp,D ≈ 95 using that Cp,D = 2 in this case, which implies Cstab ≈ 7 · 101967. Clearly, the
constant Cstab ≈ 470 from Proposition 4.16 is preferable.

Later on, we will also apply Proposition 4.19 in case the space X is replaced by Y in
the setting of Section 4.2.

Proof. Let N ∈ {0, . . . , Nk} and φN := 1 + ∥max0≤j≤N ∥U j∥∥p. Then the variation-of-
constants formula (4.3.2) and contractivity of Rk allow us to bound

φN ≤ 1 + ∥u0∥Lp(Ω;X) + k

N−1∑︂
i=0

⃦⃦⃦⃦
max
0≤j≤i

∥F (tj , U j)∥
⃦⃦⃦⃦
p
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+

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

. (4.3.11)

Invoking linear growth of F̃ and pathwise continuity of f for the third term, we obtain the
bound

k

N−1∑︂
i=0

⃦⃦⃦
max
0≤j≤i

∥F (tj , U j)∥
⃦⃦⃦
p
≤ k

N−1∑︂
i=0

(︂
LF,X

(︂
1 +

⃦⃦⃦
max
0≤j≤i

∥U j∥
⃦⃦⃦
p

)︂
+ ∥f∥p,∞,X

)︂
= tN∥f∥p,∞,X + LF,Xk

N−1∑︂
i=0

φi ≤ tN∥f∥p,∞,X + LF,X
√
tN

(︂
k

N−1∑︂
i=0

φ2
i

)︂1/2
, (4.3.12)

where we have used the Cauchy–Schwarz inequality in the last step.
To the last term in (4.3.11) we apply Lemma 4.18 with Qi := G(ti, U

i) for 0 ≤ i ≤ N − 1,
which together with the triangle inequality in ℓ2({0, . . . , N−1};Lp(Ω; γ(H,X))) and linear
growth of G̃ yields⃦⃦⃦⃦

max
0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Bp,D

(︂
k
N−1∑︂
i=0

∥G(ti, U i)∥2Lp(Ω;γ(H,X))

)︂1/2
≤ Bp,D

(︂
k

N−1∑︂
i=0

∥g(ti)∥2Lp(Ω;X)

)︂1/2
+Bp,DLG,X

(︂
k

N−1∑︂
i=0

∥1 + U i∥2Lp(Ω;X)

)︂1/2
≤ Bp,D

(︃
(kN)1/2

⃦⃦⃦⃦
max

0≤j≤N−1
∥g(tj)∥γ(H,X)

⃦⃦⃦⃦
p

+ LG,X

(︃
k
N−1∑︂
i=0

(︃
1 +

⃦⃦⃦⃦
max
0≤j≤i

∥U j∥
⃦⃦⃦⃦
p

)︃2)︃1/2)︃

≤ Bp,D
√
tN |||g|||p,∞,X +Bp,DLG,X

(︂
k
N−1∑︂
i=0

φ2
i

)︂1/2
. (4.3.13)

Inserting (4.3.12) and (4.3.13) in (4.3.11) followed by an application of the discrete version
of Gronwall’s inequality from Lemma 2.68 results in

φ2
N ≤

√︁
Cee

Ce/2
(︁
1 + ∥u0∥Lp(Ω;X) + T∥f∥p,∞,X +Bp,D

√
T |||g|||p,∞,X

)︁
with Ce := 1 + L2

F,XtN + B2
p,DL

2
G,XtN , which implies the desired statement for N = Nk

noting that tNk
= T .

Remark 4.20. We point out that Proposition 4.16 and Proposition 4.19 do not require
Lipschitz continuity of F or G. Hence, they are also applicable on spaces Y ↪→ X, on
which F̃ and G̃ are of linear growth. Then (4.3.3) and (4.3.10) hold with the Y -norm of
U j if one replaces LF,X and LG,X by the respective linear growth constants LF,Y and LG,Y
on Y . This is also the reason why the additional constant 1 appears in (4.3.3), (4.3.10)
and the definition of cu0,f,g,T , it is not required in case F̃ and G̃ are Lipschitz continuous.
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4.4 Convergence Rates for Multiplicative Noise

Our aim is to prove rates of convergence of contractive time discretisation schemes for
nonlinear stochastic evolution equations of the form

dU +AU dt = F (t, U) dt+G(t, U) dWH(t), U(0) = u0 ∈ Lp(Ω;X) (4.4.1)

with t ∈ [0, T ] on a 2-smooth Banach spaceX with norm ∥·∥, whereWH is anH-cylindrical
Brownian motion for some Hilbert space H and p ∈ [2,∞). The operator −A is assumed
to generate a C0-contraction semigroup (S(t))t≥0 on X and F and G are assumed to be
progressively measurable, of linear growth, and globally Lipschitz as detailed in Assumption
4.11. Hence, the unique mild solution is given by a fixed point of

U(t) = S(t)u0 +

∫︂ t

0
S(t− s)F (s, U(s)) ds+

∫︂ t

0
S(t− s)G(s, U(s)) dWH(s) (4.4.2)

for t ∈ [0, T ], see Section 4.2.
To obtain convergence rates for temporal discretisations of the mild solution, we assume

additional structure of the nonlinearity F and the noise G. Let Y be another 2-smooth
Banach space such that Y ↪→ X and the semigroup (S(t))t≥0 is also contractive on Y . We
will assume that F and G map Y into Y and enjoy the same linear growth conditions on
Y as on X. Note that no Lipschitz continuity is assumed on Y in contrast to X. This
additional structure resembling the famous Kato setting [84] allows for convergence rates
of temporal discretisations of stochastic evolution equations with such nonlinearities for a
large class of time discretisation schemes, as detailed in Subsection 4.4.1. The quantitative
error estimate in Theorem 4.24 is the main result of this chapter, stating that the additional
structure of F and G suffices to obtain the order of the scheme as the convergence rate
of the temporal discretisations up to a logarithmic correction factor for sufficiently regular
initial data. For the exponential Euler method, the logarithmic correction factor can be
omitted, as illustrated in Subsection 4.4.2. The main error estimate of Theorem 4.24 is
extended to the full time interval [0, T ] for Hilbert spaces X in Subsection 4.4.3. As an
application, we revisit Schrödinger’s equation in Subsection 4.4.4, now with multiplicative
noise, and consider the stochastic Maxwell’s equations in Subsection 4.4.5.

4.4.1 General contractive time discretisation schemes

We now detail the assumptions on the structure of F and G on Y . Note that the assump-
tions also imply that the conditions of Theorems 4.12 and 4.14 hold.

Assumption 4.21. Let X and Y be 2-smooth Banach spaces such that Y ↪→ X continu-
ously, and let p ∈ [2,∞). Let F : Ω× [0, T ]×X → X and G : Ω× [0, T ]×X → γ(H,X) be
strongly P⊗B(X)-measurable, where F = F̃+f and G = G̃+g for f ∈ LpP(Ω;C([0, T ];X))
and g ∈ LpP(Ω;C([0, T ]; γ(H,X))). Suppose that F̃ (·, ·, 0) = 0, G̃(·, ·, 0) = 0, and

(a) (global Lipschitz continuity on X) there exist constants CF,X , CG,X ≥ 0 such that for
all ω ∈ Ω, t ∈ [0, T ], and x, y ∈ X,

∥F̃ (ω, t, x)−F̃ (ω, t, y)∥ ≤ CF,X∥x−y∥, ∥G̃(ω, t, x)−G̃(ω, t, y)∥γ(H,X) ≤ CG,X∥x−y∥,
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(b) (Hölder continuity with values in X) for some α ∈ (0, 1],

Cα,F := sup
ω∈Ω,x∈X

[F (ω, ·, x)]α <∞, Cα,G := sup
ω∈Ω,x∈X

[G(ω, ·, x)]α <∞,

(c) (Y -invariance) F : Ω× [0, T ]×Y → Y and G : Ω× [0, T ]×Y → γ(H,Y ) are strongly
P ⊗ B(Y )-measurable, f ∈ LpP(Ω;C([0, T ];Y )), and g ∈ LpP(Ω;C([0, T ]; γ(H,Y ))),

(d) (linear growth on Y ) and there exist constants LF,Y , LG,Y ≥ 0 such that for all
ω ∈ Ω, t ∈ [0, T ], and x ∈ Y ,

∥F̃ (ω, t, x)∥Y ≤ LF,Y (1 + ∥x∥Y ), ∥G̃(ω, t, x)∥γ(H,Y ) ≤ LG,Y (1 + ∥x∥Y ).

We would like to recall that strong measurability is to be understood in the sense of
approximation with simple functions; cf. Definition 2.42 and Remark 2.43, not in the
topological sense. Condition (b) can be weakened to the existence of some α ∈ (0, 1] such
that

sup
x∈X

sup
0≤s≤t≤T

F (·, t, x)− F (·, s, x)
(t− s)α

∈ Lp(Ω)

and likewise for G, i.e., pathwise Hölder continuity uniformly in x ∈ X is sufficient together
with existence of p-th moments of the Hölder seminorms. For the sake of readability, we
use Assumption 4.21(b) in the following. Assumption 4.21 implies that (4.4.1) has a unique
mild solution.

To bound the error arising from time discretisation of the mild solution, moment bounds
of differences of the mild solution at different time points as in the following lemma are
required. We recall the shorthand notation ∥·∥p,q,Z and |||·|||p,q,Z from (4.2.12). Furthermore,
we introduce the constants

Cu0,f,g,Z := 1 + CZbdd(1 + ∥u0∥Lp(Ω;Z) + ∥f∥p,1,Z + Cp,D|||g|||p,2,Z) (4.4.3)

for Z ∈ {X,Y } with CXbdd and CYbdd as in Theorems 4.12 and 4.14, respectively. Then the
aforementioned theorems imply the estimate

1 +

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)∥Z
⃦⃦⃦⃦
p

≤ Cu0,f,g,Z <∞ (4.4.4)

for the mild solution U to (4.4.1) for Z ∈ {X,Y }. The constant Cp,D = 10D
√
p used in

the following can be replaced by the better constant Bp = 4
√
p for p ∈ (2,∞) or B2 = 2 if

X is a Hilbert space; cf. Theorem 2.61.

Lemma 4.22 (α-Hölder continuity of p-th moments of the mild solution). Suppose that
Assumption 4.21 holds for some α ∈ (0, 1] and p ∈ [2,∞). Let −A be the generator of
a C0-contraction semigroup (S(t))t≥0 on both X and Y . Suppose that Y ↪→ DA(α,∞)
continuously if α ∈ (0, 1) or Y ↪→ D(A) continuously if α = 1. Let u0 ∈ LpF0

(Ω;Y ). Then
for all 0 ≤ s ≤ t ≤ T the mild solution U of (4.4.1) satisfies

(E∥U(t)− U(s)∥p)1/p ≤ L1(t− s) + L2(t− s)1/2 + L3(t− s)α
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with constants L1 := CF,XCu0,f,g,X+∥f∥p,∞,X , L2 := Cp,D(CG,XCu0,f,g,X+ |||g|||p,∞,X), and

L3 := 2CY

[︂
∥u0∥Lp(Ω;Y ) + TLF,Y Cu0,f,g,Y + ∥f∥p,1,Y

+ Cp,D
(︁
T 1/2LG,Y Cu0,f,g,Y + |||g|||p,2,Y

)︁]︂
,

where Cu0,f,g,X and Cu0,f,g,Y are as defined in (4.4.3), CY denotes the embedding constant
of Y into DA(α,∞) or D(A), and Cp,D is the constant from Theorem 2.61.

Proof. Since the conditions of Theorem 4.12 are met, U is pathwise continuous on X. By
Theorem 4.14, the pathwise continuity of U follows on Y as well. Moreover, the bound
(4.4.4) holds.

Fix t, s ∈ [0, T ] with s ≤ t. From the mild solution formula (4.4.2) we deduce that

(E∥U(t)− U(s)∥p)1/p ≤ ∥[S(t)− S(s)]u0∥Lp(Ω;X)

+
⃦⃦⃦ ∫︂ s

0
∥[S(t− r)− S(s− r)]F (r, U(r))∥ dr

⃦⃦⃦
p
+
⃦⃦⃦ ∫︂ t

s
∥S(t− r)F (r, U(r))∥ dr

⃦⃦⃦
p

+
⃦⃦⃦ ∫︂ s

0
[S(t− r)− S(s− r)]G(r, U(r)) dWH(r)

⃦⃦⃦
Lp(Ω;X)

+
⃦⃦⃦ ∫︂ t

s
S(t− r)G(r, U(r)) dWH(r)

⃦⃦⃦
Lp(Ω;X)

=: E1 + E2 + E3 + E4 + E5,

where Eℓ = Eℓ(t, s) for 1 ≤ ℓ ≤ 5. We proceed to bound these five expressions individually.
By the semigroup bound (2.3.3),

E1 ≤ ∥S(t)− S(s)∥L(Y,X)∥u0∥Lp(Ω;Y ) ≤ 2CY (t− s)α∥u0∥Lp(Ω;Y ).

Using (4.4.4) and (2.3.3) as well as linear growth of F̃ on Y and pathwise integrability of
f with values in Y , we obtain

E2 ≤ 2CY

⃦⃦⃦ ∫︂ s

0
[(t− r)− (s− r)]α∥F (r, U(r))∥Y dr

⃦⃦⃦
p

≤ 2CY (t− s)α
(︃
s

⃦⃦⃦⃦
sup
r∈[0,T ]

∥F̃ (r, U(r))∥Y
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦ ∫︂ s

0
∥f(r)∥Y dr

⃦⃦⃦⃦
p

)︃
≤ 2CY (t− s)α

(︃
sLF,Y

⃦⃦⃦⃦
sup
r∈[0,T ]

(1 + ∥U(r)∥Y )
⃦⃦⃦⃦
p

+ ∥f∥p,1,Y
)︃

≤ 2CY
(︁
LF,Y Cu0,f,g,Y T + ∥f∥p,1,Y

)︁
(t− s)α.

Analogously, contractivity of the semigroup, Lipschitz continuity of F̃ on X and bounded-
ness of the mild solution yield

E3 ≤ (CF,XCu0,f,g,X + ∥f∥p,∞,X)(t− s).

For the terms involving a stochastic integral, we apply Theorem 2.61. Additionally using
the bound (2.3.3) for semigroup differences, splitting the integral as in E2, and using linear
growth of G̃, (4.4.4), as well as pathwise square-integrability of g results in

E4 ≤ Cp,D

(︃
E
(︂∫︂ s

0
∥[S(t− r)− S(s− r)]G(r, U(r))∥2γ(H,X) dr

)︂p/2)︃1/p
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≤ 2Cp,DCY (t− s)α
(︃
s1/2

⃦⃦⃦⃦
sup
r∈[0,T ]

∥G̃(r, U(r))∥γ(H,Y )

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦(︂ ∫︂ s

0
∥g(r)∥2γ(H,Y ) dr

)︂1/2 ⃦⃦⃦⃦
p

)︃
≤ 2Cp,DCY

(︁
T 1/2LG,Y Cu0,f,g,Y + |||g|||p,2,Y

)︁
(t− s)α.

For the last term, the contractivity of the semigroup and Lipschitz continuity of G̃ yield

E5 ≤ Cp,D

(︃
E
(︂∫︂ t

s
∥S(t− r)G(r, U(r))∥2γ(H,X) dr

)︂p/2)︃1/p

≤ Cp,D(CG,XCu0,f,g,X + |||g|||p,∞,X)(t− s)1/2.

In conclusion, from the five individual bounds we obtain the statement of the lemma

(E∥U(t)− U(s)∥p)1/p ≤ (CF,XCu0,f,g,X + ∥f∥p,∞,X)(t− s)

+ Cp,D
(︁
CG,XCu0,f,g,X + |||g|||p,∞,X

)︁
(t− s)1/2

+ 2CY
[︁
∥u0∥Lp(Ω;Y ) + (TLF,Y Cu0,f,g,Y + ∥f∥p,1,Y )

+ Cp,D(T
1/2LG,Y Cu0,f,g,Y + |||g|||p,2,Y )

]︁
(t− s)α.

Remark 4.23. Suppose that α ∈ (0, 12 ]. Lemma 4.22 implies α-Hölder continuity of U in
p-th moment. The latter remains true if the pathwise continuity of f and g with values in
Y from Assumption 4.21(c) are relaxed to ∥f∥p,1,Y < ∞ and |||g|||p,2,Y < ∞. Performing
an additional Hölder argument for E3 and E5, the pathwise continuity assumption with
values in X can be relaxed to ∥f∥p, 1

1−α
,X < ∞ and |||g|||p, 2

1−2α
,X < ∞, where we use the

convention 1
0 = ∞. For our purposes, the above version of the lemma is sufficient, since

even pathwise continuity with values in Y is required in Theorem 4.24.

For time discretisation, we employ a contractive time discretisation scheme R : [0,∞) →
L(X) with time step k > 0 on a uniform grid {tj = jk : j = 0, . . . , Nk} ⊆ [0, T ] with final
time T = tNk

> 0 and Nk = T
k ∈ N being the number of time steps. As in the previous

section, the discrete approximation is given by U0 = u0 and

U j = RkU
j−1 + kRkF (tj−1, U

j−1) +RkG(tj−1, U
j−1)∆Wj (4.4.5)

= Rjku0 + k

j−1∑︂
i=0

Rj−ik F (ti, U
i) +

j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1 (4.4.6)

for j = 1, . . . , Nk with Wiener increments ∆Wj =WH(tj)−WH(tj−1).
We recall from Definition 2.24 that R approximates S to order α > 0 on Y or, equiva-

lently, R converges of order α on Y if there is a constant Cα ≥ 0 such that for all u ∈ Y

∥(S(tj)−Rjk)u∥ ≤ Cαk
α∥u∥Y .

Under the conditions of Assumption 4.21 we conclude from Proposition 4.19 and Re-
mark 4.20 that R is stable not only on X but also on Y provided that u0 ∈ LpF0

(Ω;Y ) and
both S and R are contractive on both X and Y . Thus,

1 +

⃦⃦⃦⃦
max

0≤j≤Nk

∥U j∥Y
⃦⃦⃦⃦
p

≤ Ku0,f,g,Y , (4.4.7)
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where Ku0,f,g,Y := Cstabcu0,f,g,T with constants Cstab, cu0,f,g,T as in Proposition 4.19 ap-
plied on Y instead of X. Here and in the following, the better constant values from
Proposition 4.16 can be used for Cstab and cu0,f,g,T if the underlying space is a Hilbert
space.

We are now in a position to state and prove one of the main results of this thesis.

Theorem 4.24. Suppose that Assumption 4.21 holds for some α ∈ (0, 1] and p ∈ [2,∞).
Let −A be the generator of a C0-contraction semigroup (S(t))t≥0 on both X and Y . Let
(Rk)k>0 be a time discretisation scheme that is contractive on X and Y . Assume R ap-
proximates S to order α on Y . Suppose that Y ↪→ DA(α,∞) continuously if α ∈ (0, 1) or
Y ↪→ D(A) continuously if α = 1. Let u0 ∈ LpF0

(Ω;Y ). Denote by U the mild solution of
(4.4.1) and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.4.5). Then for
Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ Ce

(︂
C1k + C2k

1/2 +
(︁
C3 + C4

√︁
max{log(T/k), p}

)︁
kα
)︂

with constants Ce := (1 + C2T )1/2 exp((1 + C2T )/2), C := CF,X
√
T + Cp,DCG,X , C1 :=

L1(
1
2CF,XT

2 + 1√
3
Cp,DCG,X

√
T ), C2 := L2(

2
3CF,XT + 1√

2
Cp,DCG,X

√
T ), C4 := C3,log

√
T ,

and

C3 := Cα∥u0∥Lp(Ω;Y ) + C2,αT + C3,α

√
T ,

C2,α :=
CF,XL3 + Cα,F

α+ 1
+

(︃
2CY
α+ 1

+ Cα

)︃(︁
LF,YKu0,f,g,Y + ∥f∥p,∞,Y

)︁
,

C3,α :=
Cp,D√
2α+ 1

(︂
CG,XL3 + Cα,G + 2CY

(︁
LG,YKu0,f,g,Y + |||g|||p,∞,Y

)︁)︂
,

C3,log := Kp,DCα
(︁
LG,YKu0,f,g,Y + |||g|||p,∞,Y

)︁
,

where L1, L2, L3 are as defined in Lemma 4.22, Ku0,f,g,Y as in (4.4.7), Kp,D as in Propo-
sition 2.62, CY denotes the embedding constant of Y into DA(α,∞) or D(A), and Cp,D is
the constant from Theorem 2.61.

In particular, the approximations (U j)j converge at rate min{α, 12} up to a logarithmic
correction factor as k → 0.

This convergence result applies to schemes such as exponential Euler, implicit Euler,
Crank–Nicolson, and other A-acceptable implicit Runge–Kutta methods such as Radau
methods, BDF(2), Lobatto IIA, IIB, and IIC by virtue of Proposition 2.28. If R commutes
with the resolvent of A, contractivity of R and S extend to fractional domain spaces
and complex interpolation spaces. Hence, contractivity on Y often comes together with
contractivity on X.

The constant Ce appears exponentially in the above. In the special case that CF,X =
CG,X = T = 1, p = 2, and X is Hilbert, one can check that, similarly to Theorem 4.14,
this yields the numerically reasonable value Ce =

√
10e5 ≤ 470.

If R commutes with the resolvent of A, contractivity of R and S extend to fractional
domain spaces and complex interpolation spaces. Hence, contractivity on Y often comes
together with contractivity on X. We recall that contractivity of a large class of schemes
can be deduced from Proposition 2.28.
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Proof. The assumptions of Theorems 4.12 and 4.14 hold, and thus the mild solution U
exists and is pathwise continuous on both X and Y , i.e., the bound (4.4.4) holds.

By definition, U(tj) = U j = u0 for j = 0. Let N ∈ {1, . . . , Nk}. Using the discrete
variation-of-constants formula (4.4.6), the discretisation error can be split into the three
parts

E(N) :=

⃦⃦⃦⃦
max

1≤j≤N
∥U(tj)− U j∥

⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
1≤j≤N

∥(S(tj)−Rjk)u0∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)F (s, U(s)) ds− k

j−1∑︂
i=0

Rj−ik F (ti, U
i)

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)G(s, U(s)) dWH(s)−

j−1∑︂
i=0

Rj−ik G(ti, U
i)∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

=:M1 +M2 +M3

where Mℓ = Mℓ(N) for 1 ≤ ℓ ≤ 3. Since R approximates S to order α on Y , we obtain
with the dominated convergence theorem in Lp(Ω) that

M1 ≤ Cαk
α∥u0∥Lp(Ω;Y ). (4.4.8)

To shorten the notation for the discrete terms, we introduce the piecewise constant
functions F k(s) := F (ti, U

i) and Gk(s) := G(ti, U
i) for s ∈ [ti, ti+1), 0 ≤ i ≤ Nk−1 as well

as Sk(s) := Rik for s ∈ (ti−1, ti], 1 ≤ i ≤ Nk. This allows us to rewrite

M2 =

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)F (s, U(s))− Sk(tj − s)F k(s) ds

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
1≤j≤N

j−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦
S(tℓ − s)F (s, U(s))− Sk(tℓ − s)F k(s)

⃦⃦
ds

⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦
S(tℓ − s)[F (s, U(s))− F (s, U(ti))]

⃦⃦
ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦
S(tℓ − s)[F (s, U(ti))− F (ti, U(ti))]

⃦⃦
ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦
S(tℓ − s)[F (ti, U(ti))− F (ti, U

i)]
⃦⃦
ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦
[S(tℓ − s)− Sk(tℓ − s)]F k(s)

⃦⃦
ds

⃦⃦⃦⃦
p

=:M2,1 +M2,2 +M2,3 +M2,4.

Making use of Minkowski’s inequality in Lp(Ω), contractivity of (S(t))t≥0, and Lipschitz
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continuity of F̃ , we derive the bound

M2,3 ≤ CF,X

N−1∑︂
i=0

⃦⃦⃦ ∫︂ ti+1

ti

∥U(ti)− U i∥ds
⃦⃦⃦
p
≤ CF,Xk

N−1∑︂
i=0

E(i) (4.4.9)

for M2,3. Proceeding likewise for M2,1, we obtain from Lemma 4.22 that

M2,1 ≤ CF,X

N−1∑︂
i=0

∫︂ ti+1

ti

(E∥U(s)− U(ti)∥p)1/p ds

≤ CF,X

N−1∑︂
i=0

∫︂ ti+1

ti

L1(s− ti) + L2(s− ti)
1/2 + L3(s− ti)

α ds

≤ CF,X

N−1∑︂
i=0

(︃
L1

2
k2 +

2L2

3
k3/2 +

L3

α+ 1
kα+1

)︃
= CF,XtN

(︃
L1

2
k +

2L2

3
k1/2 +

L3

α+ 1
kα
)︃
. (4.4.10)

Analogously, uniform Hölder continuity yields

M2,2 ≤
N−1∑︂
i=0

∫︂ ti+1

ti

∥F (s, U(ti))− F (ti, U(ti))∥Lp(Ω;X) ds

≤
N−1∑︂
i=0

∫︂ ti+1

ti

(s− ti)
α ds

⃦⃦
[F (·, U(ti))]α

⃦⃦
p

≤ Cα,F

N−1∑︂
i=0

kα+1

α+ 1
=

Cα,F
α+ 1

tNk
α. (4.4.11)

Using the semigroup bound (2.3.3) together with the assumed convergence rate α of R on
Y , the linear growth assumption and stability as stated in (4.4.7), we obtain

M2,4 ≤
⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

∥[S(tℓ − s)− S(tℓ − ti)]F (ti, U
i)∥ ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦N−1∑︂
i=0

∫︂ ti+1

ti

max
i<ℓ≤N

⃦⃦[︁
S(tℓ − ti)−Rℓ−ik

]︁
F (ti, U

i)
⃦⃦
ds

⃦⃦⃦⃦
p

≤ 2CY

N−1∑︂
i=0

⃦⃦⃦ ∫︂ ti+1

ti

(s− ti)
α∥F (ti, U i)∥Y ds

⃦⃦⃦
p
+ Cαk

α
N−1∑︂
i=0

⃦⃦⃦ ∫︂ ti+1

ti

∥F (ti, U i)∥Y ds
⃦⃦⃦
p

≤
(︃

2CY
α+ 1

+ Cα

)︃
kα+1

N−1∑︂
i=0

(︁
LF,Y

(︁
1 + ∥U i∥Lp(Ω;Y )

)︁
+ ∥f(ti)∥Lp(Ω;Y )

)︁
≤
(︃

2CY
α+ 1

+ Cα

)︃(︁
LF,YKu0,f,g,Y + ∥f∥p,∞,Y

)︁
tNk

α. (4.4.12)

In conclusion from (4.4.9), (4.4.10), (4.4.11), and (4.4.12), M2 is bounded by

M2 ≤
CF,XL1

2
tNk +

2CF,XL2

3
tNk

1/2 + C2,αtNk
α + CF,Xk

N−1∑︂
i=0

E(i)
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≤
CF,XL1

2
tNk +

2CF,XL2

3
tNk

1/2 + C2,αtNk
α + CF,X

√
tN

(︃
k

N−1∑︂
i=0

E(i)2
)︃1/2

, (4.4.13)

where we have used the Cauchy–Schwarz inequality in the last line.
Let ⌊s⌋ = max{ti : ti ≤ s, 0 ≤ i ≤ Nk} for s ∈ [0, T ]. The remaining term M3 can be

split into

M3 =

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)G(s, U(s))− Sk(tj − s)Gk(s) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)[G(s, U(s))−G(s, U(⌊s⌋)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)[G(s, U(⌊s⌋))−G(⌊s⌋, U(⌊s⌋)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
S(tj − s)[G(⌊s⌋, U(⌊s⌋))−Gk(s)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
[S(tj − ⌊s⌋)− S(tj − s)]Gk(s) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0
[S(tj − ⌊s⌋)− Sk(tj − s)]Gk(s) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

=:M3,1 +M3,2 +M3,3 +M3,4 +M3,5.

We bound each term individually. Repeatedly, we use that the norm in Lp(Ω;L2(0, t;Z))
is bounded by the one in L2(0, t;Lp(Ω;Z)) for Banach spaces Z and t ∈ [0, T ]. This indeed
holds true due to

∥h∥Lp(Ω;L2(0,t;Z)) =
⃦⃦⃦(︂ ∫︂ t

0
∥h(s)∥2Z ds

)︂1/2⃦⃦⃦
p
=
⃦⃦⃦ ∫︂ t

0
∥h(s)∥2Z ds

⃦⃦⃦1/2
p/2

≤
(︂∫︂ t

0

⃦⃦
∥h(s)∥2Z

⃦⃦
p/2

ds
)︂1/2

=
(︂∫︂ t

0
∥h(s)∥2Lp(Ω;Z) ds

)︂1/2
, (4.4.14)

where we have used the triangle inequality in Lp/2(Ω) to estimate the norm of h ∈
Lp(Ω;L2(0, t;Z)). This can be seen as the continuous analogue of the estimate discussed
in Remark 4.17. Together with an application of the maximal inequality from Theorem
2.61, the Lipschitz continuity of G̃, Lemma 4.22, and the triangle inequality in L2(0, tN ),
this results in

M3,1 ≤
⃦⃦⃦⃦

sup
t∈[0,tN ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[G(s, U(s))−G(s, U(⌊s⌋)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Cp,D

(︃
E
(︃∫︂ tN

0
∥G(s, U(s))−G(s, U(⌊s⌋))∥2γ(H,X) ds

)︃p/2)︃1/p

≤ Cp,DCG,X

(︃∫︂ tN

0
(E∥U(s)− U(⌊s⌋)∥p)2/p ds

)︃1/2

≤ Cp,DCG,X

(︃∫︂ tN

0

(︁
L1(s− ⌊s⌋) + L2(s− ⌊s⌋)1/2 + L3(s− ⌊s⌋)α

)︁2
ds

)︃1/2
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= Cp,DCG,X

[︃
L1

(︃N−1∑︂
i=0

k3

3

)︃1/2

+ L2

(︃N−1∑︂
i=0

k2

2

)︃1/2

+ L3

(︃N−1∑︂
i=0

k2α+1

2α+ 1

)︃1/2]︃
≤ Cp,DCG,X

√
tN

(︃
L1√
3
k +

L2√
2
k1/2 +

L3√
2α+ 1

kα
)︃
. (4.4.15)

Again invoking the maximal inequality and (4.4.14), we estimate

M3,2 ≤ Cp,D

(︃N−1∑︂
i=0

∫︂ ti+1

ti

⃦⃦
∥G(s, U(ti))−G(ti, U(ti))∥γ(H,X)

⃦⃦2
p
ds

)︃1/2

≤ Cp,D

(︃N−1∑︂
i=0

∫︂ ti+1

ti

(s− ti)
2α ds

⃦⃦
[G(·, U(ti))]α

⃦⃦2
p

)︃1/2

≤
Cp,DCα,G√

2α+ 1

√
tNk

α (4.4.16)

from the uniform Hölder continuity of G. Proceeding analogously for M3,3 and then ap-
plying Minkowski’s inequality in Lp/2(Ω) results in

M3,3 ≤
⃦⃦⃦⃦

sup
t∈[0,tN ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[G(⌊s⌋, U(⌊s⌋)−Gk(s)] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Cp,DCG,X

(︃
E
(︃
k
N−1∑︂
i=0

∥U(ti)− U i∥2
)︃p/2)︃1/p

= Cp,DCG,X

⃦⃦⃦⃦
k
N−1∑︂
ℓ=0

max
0≤j≤ℓ

∥U(tj)− U j∥2
⃦⃦⃦⃦1/2
p/2

≤ Cp,DCG,X

(︃
k

N−1∑︂
ℓ=0

⃦⃦⃦⃦
max
0≤j≤ℓ

∥U(tj)− U j∥2
⃦⃦⃦⃦
p/2

)︃1/2

= Cp,DCG,X

(︃
k

N−1∑︂
ℓ=0

E(ℓ)2
)︃1/2

.

(4.4.17)

Since R is contractive on Y by assumption, the conditions of Proposition 4.19 are fulfilled
not only on X but also on Y . Thus, we can apply the estimate (4.4.7). Together with
the maximal inequality, the semigroup difference bound (2.3.3), Remark 4.17, the ideal
property of γ(H,X) as in Proposition 2.39, and linear growth of G̃, this yields

M3,4 ≤
⃦⃦⃦⃦

sup
t∈[0,tN ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[S(s− ⌊s⌋)− I]Gk(s) dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ Cp,D

(︃
E
(︃∫︂ tN

0

⃦⃦
[S(s− ⌊s⌋)− I]Gk(s)

⃦⃦2
γ(H,X)

ds

)︃p/2)︃1/p

≤ 2Cp,DCY

(︃
E
(︃N−1∑︂

ℓ=0

∫︂ tℓ+1

tℓ

(s− tℓ)
2α ds ∥G(tℓ, U ℓ)∥2γ(H,Y )

)︃p/2)︃1/p

≤ 2Cp,DCY

(︃N−1∑︂
ℓ=0

k2α+1

2α+ 1

)︃1/2 ⃦⃦⃦⃦
max

0≤j≤N−1
∥G̃(tj , U j) + g(tj)∥γ(H,Y )

⃦⃦⃦⃦
p

≤
2Cp,DCY√
2α+ 1

(︁
LG,YKu0,f,g,Y + |||g|||p,∞,Y

)︁√
tNk

α. (4.4.18)
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Applying Proposition 2.62 with Φ
(j)
s =

∑︁j−1
i=0 1[ti,ti+1)(s)[S(tj − ti)−Rj−ik ]G(ti, U

i) to the
remaining term, we conclude that

M3,5 =

(︃
E max

1≤j≤N

⃦⃦⃦⃦ ∫︂ tj

0

j−1∑︂
i=0

1[ti,ti+1)(s)[S(tj − ti)−Rj−ik ]G(ti, U
i) dWH(s)

⃦⃦⃦⃦p)︃1/p

≤ Kp,D

√︁
max{log(N), p}

⃦⃦⃦⃦(︃N−1∑︂
ℓ=0

∫︂ tℓ+1

tℓ

(︂
max

1≤j≤N

⃦⃦
[S(tj − tℓ)−Rj−ℓk ]G(tℓ, U

ℓ)
⃦⃦
γ(H,X)

)︂2
ds

)︃1/2 ⃦⃦⃦⃦
p

≤ Kp,D

√︁
max{log(N), p}

⃦⃦⃦⃦(︃N−1∑︂
ℓ=0

k
(︁
Cαk

α∥G(tℓ, U ℓ)∥γ(H,Y )

)︁2)︃1/2 ⃦⃦⃦⃦
p

≤ Kp,DCα
√
tN
√︁

max{log(N), p}kα
⃦⃦⃦⃦

max
0≤j≤N−1

∥G(tj , U j)∥γ(H,Y )

⃦⃦⃦⃦
p

≤ Kp,DCα
(︁
LG,YKu0,f,g,Y + |||g|||p,∞,Y

)︁√
tN
√︁

max{log(N), p}kα (4.4.19)

using that R approximates S to order α on Y , the ideal property of γ(H,X), linear growth,
and stability of R on Y as in (4.4.7). Combining the bounds (4.4.15) to (4.4.19), we deduce

M3 ≤
1√
3
Cp,DCG,XL1

√
tNk +

1√
2
Cp,DCG,XL2

√
tNk

1/2 + C3,α

√
tNk

α

+ C3,log

√
tN
√︁
max{log(N), p}kα + Cp,DCG,X

(︃
k
N−1∑︂
ℓ=0

E(ℓ)2
)︃1/2

. (4.4.20)

Having bounded each term individually in (4.4.8), (4.4.13), and (4.4.20), we conclude

E(N) ≤ C1k + C2k
1/2 + C3k

α + C4

√︁
max{log(Nk), p}kα + C

(︃
k
N−1∑︂
ℓ=0

E(ℓ)2
)︃1/2

,

noting that N ≤ Nk and tN ≤ T . Thus, by the discrete version of Gronwall’s Lemma 2.68

E(N) ≤ (1 + C2tN )
1/2e(1+C

2tN )/2
(︂
C1k + C2k

1/2 + C3k
α + C4

√︁
max{log(Nk), p}kα

)︂
follows. The desired error estimate is obtained for N = Nk. As k → 0, the terms with the
lowest exponents dominate, i.e.

E(Nk) ≲ k1/2 + k +
√︁

max{log(Nk), p}kα ≲
√︁
max{log(Nk), p}kmin{ 1

2
,α}, (k → 0).

Remark 4.25. The result [32, Thm. 1.1] combines Hölder regularity in the p-th moment
and bounds on the pointwise strong error to obtain a uniform strong error. Their effective
method is based on a sophisticated application of the Kolmogorov–Chentsov continuity
theorem, as well as approximation arguments. Let us refer to this method for obtaining
uniform strong error estimates as the Kolmogorov–Chentsov method. At first sight, one
might think that the result can be used to obtain the convergence rate of Theorem 4.24
up to an arbitrary ε > 0. Below, we point out what can precisely be achieved via their
method.

Suppose that R approximates S to order 1/2, a pointwise strong error estimate of rate
1/2 has already been established, and Assumption 4.21 holds for fixed p ∈ [2,∞) and
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α = 1/2. This means that the fixed data (u0, f, g) is assumed to have certain Lp(Ω)-
integrability. We will check what type of rate the Kolmogorov–Chentsov method yields
for

Ep,∞k :=

⃦⃦⃦⃦
max

0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

,

and compare it to the rate Ep,∞k ≤ Cpk
1/2
√︁

log(T/k) we obtained in Theorem 4.24. We
distinguish between three cases.

(i) Integrability of data in L2(Ω): In this case, the Kolmogorov–Chentsov method does
not apply, so no convergence rate is obtained.

(ii) Integrability of data in Lp(Ω) for a fixed p ∈ (2,∞): the Kolmogorov–Chentsov
method gives Ep,∞k ≤ Cγ,pk

γ−1/p for any γ ∈ (1/p, 1/2).

(iii) Integrability of data in Lp(Ω) for all p ∈ (2,∞): the Kolmogorov–Chentsov method
gives Ep,∞k ≤ Cγ,pk

γ for any γ ∈ (0, 1/2).

In the last case, there is an arbitrarily small difference in the error rate. We can obtain this
error rate under the assumption that the data is Lp(Ω)-integrable for a fixed p ∈ [2,∞). In
the case one has this for all p <∞, one needs to choose a very large p in the Kolmogorov–
Chentsov method to get close to the desired rate, which in turn produces large constants
in the rate estimate.

4.4.2 Exponential Euler method

We analyse the time discretisation error for the special case Rk := S(k) known as the
exponential Euler method or splitting scheme. Trivially, the exponential Euler method is
contractive for contraction semigroups. Furthermore, several terms in the error analysis
vanish for exponential Euler, since S(tj) − Rjk = S(tj) − S(k)j = 0 for all 0 ≤ j ≤ Nk by
the semigroup property. Consequently, the logarithmic correction factor can be omitted
for this scheme.

Corollary 4.26 (Exponential Euler). Suppose that Assumption 4.21 holds for some α ∈
(0, 1] and p ∈ [2,∞). Let −A be the generator of a C0-contraction semigroup (S(t))t≥0

on both X and Y . Suppose that Y ↪→ DA(α,∞) continuously if α ∈ (0, 1) or Y ↪→ D(A)
continuously if α = 1. Let u0 ∈ LpF0

(Ω;Y ). Consider the exponential Euler method R := S

for time discretisation. Denote by U the mild solution of (4.4.1) and by (U j)j=0,...,Nk
the

temporal approximations as defined in (4.4.5). Then for Nk ≥ 2⃦⃦⃦⃦
max

0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ CS,e

(︁
CS,1k + CS,2k

1/2 + CS,3k
α
)︁

with constants CS,e := Ce, CS,1 := C1, CS,2 := C2 as in Theorem 4.24, CS,3 := CS,2,αT +
CS,3,αT

1/2, CS,3,α := C3,α, and

CS,2,α :=
1

α+ 1

(︁
CF,XL3 + Cα,F + 2CY

(︁
LF,YKu0,f,g,Y + ∥f∥p,∞,Y

)︁)︁
,

where Ce, C1, C2, C3,α are as defined in Theorem 4.24, L3 as in Lemma 4.22, Ku0,f,g,Y as
in (4.4.7), CY denotes the embedding constant of Y into DA(α,∞) or D(A), and Cp,D is
the constant from Theorem 2.61.

In particular, the approximations (U j)j converge at rate min{α, 12} as k → 0.
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Proof. Adopt the notation from the proof of Theorem 4.24. Contractivity of R on X
and Y is immediate from contractivity of S on these spaces. Since S(tj) − Rjk = 0 for
any j ∈ {0, . . . , Nk}, the terms M1 and M3,5 vanish. Moreover, the second term in M2,4

vanishes so that

M2,4 ≤
2CY
α+ 1

(︁
LF,YKu0,f,g,Y + ∥f∥p,∞,Y

)︁
tNk

α.

Combining the individual bounds for the remaining terms, the estimate follows from a
discrete Gronwall argument, as in the proof of Theorem 4.24. The logarithmic correction
factor vanishes due to M3,5 = 0.

4.4.3 Error estimates on the full time interval

In this subsection, we will extend the error estimates of Theorem 4.24 and Corollary 4.26 to
the full time interval by using suitable Hölder regularity of the paths of the mild solution.
Since the proof of the Hölder regularity of the paths relies on a dilation argument, this
extension is only valid for Hilbert spaces X.

Example 4.27. Fix N ≥ 1. Below, we construct a process vN : [0, 1] × Ω → R such
that supt∈[0,1] E|vN (t)|p ≤ 1/N , but vN (t) = 1 for all t in a neighborhood of {i/N : i ∈
{1, . . . , N}}. This shows that information on the pointwise strong error does not provide
much insight on the path of vN in general.

Indeed, let Ω = {ωm,i : i ∈ {1, . . . , N},m ∈ N}. For every i ∈ {1, . . . , N} suppose that
P(ωm,i) = 2−m

N . Let IN =
⋃︁
m≥1

⋃︁N
i=1{ωm,i} × ( iN − 1

2N ,
i
N + 1

2N ), and set vN (ω, t) = 1 if
(ω, t) ∈ IN . Then one can check that vN satisfies the required estimates.

The undesired behavior in the above example shows the need for having maximal
estimates on the full time interval, i.e. estimates for ∥ supt∈[0,T ] ∥U(t)− Ũ(t)∥∥p, where Ũ
is the process obtained from the discrete approximation using piecewise linear interpolation.

The following simple deterministic result provides a way to connect the uniform er-
ror on the interval [0, T ] to the error on the grid. It requires generalised Hölder spaces
CΦ([0, T ];X) for some Φ: [0, T ] → [0,∞), as introduced in Section 2.9. We shall be par-
ticularly interested in the function Φ(r) = rα(1 + log(Tr ))

1/2 for r ∈ (0, T ] for some α > 0
and Φ(0) = 0 in the following.

Lemma 4.28 (Decomposition of the error on the full time interval). Let u ∈ CΦ([0, T ];X)
for a non-decreasing function Φ: [0, T ] → [0,∞) such that Φ ̸= 0 on (0, T ]. Let Π ⊆ [0, T ]
be a finite time grid, and denote by ũ : Π → X an approximation of u, which is extended
to [0, T ] by setting ũ(t) := ũ(⌊t⌋Π) for t /∈ Π, where ⌊t⌋Π := max{s ∈ Π : s ≤ t}. Then

sup
t∈[0,T ]

∥u(t)− ũ(t)∥ ≤ Φ(h) · ∥u∥CΦ([0,T ];X) + sup
t∈Π

∥u(t)− ũ(t)∥

for the maximal time step h := supt∈[0,T ](t− ⌊t⌋Π) ≤ 2 supt∈[0,T ] dist(t,Π).

Proof. For t ∈ [0, T ], we can write

∥u(t)− ũ(t)∥ ≤ ∥u(t)− u(⌊t⌋Π)∥+ ∥u(⌊t⌋Π)− ũ(t)∥
≤ ∥u∥CΦ([0,T ];X) · Φ(t− ⌊t⌋Π) + sup

s∈Π
∥u(s)− ũ(s)∥,

which implies the desired result.
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From the above, we see that in order to estimate the uniform error on [0, T ], we need
an (optimal) Hölder regularity result for the mild solution U to (4.4.1). To obtain such a
result, the main difficulty lies in estimating the stochastic convolution. We point out that
γ(H,X) = L2(H,X), since X is assumed to be a Hilbert space.

Lemma 4.29 (Path regularity of stochastic convolutions). Let X,Y be separable Hilbert
spaces such that Y ↪→ X continuously. Let −A be the generator of a C0-contraction
semigroup (S(t))t≥0 on both X and Y . Suppose that Y ↪→ DA(α,∞) holds for some
α ∈ (0, 1/2]. Let q ∈ (2,∞] be such that 1

2 − 1
q = α and let 2 ≤ p < p0 <∞. Suppose that

g ∈ Lp(Ω;L2(0, T ;L2(H,Y ))) ∩ Lp0(Ω;Lq(0, T ;L2(H,X)))

and define Jg : Ω× [0, T ] → X as the stochastic convolution

Jg(t) =

∫︂ t

0
S(t− s)g(s)dWH(s).

Then one has Jg ∈ Lp(Ω;CΨ([0, T ];X)) for Ψ: (0, T ] → (0,∞),Ψ(r) := rα(1 + log(Tr ))
1/2

and there exist constants Cp, Cα,p,p0,T ≥ 0 such that

∥Jg∥Lp(Ω;CΨ([0,T ];X)) ≤ Cp|||g|||p,2,Y + Cα,p,p0,T |||g|||p0,q,X .

By a simple rescaling argument, the result extends to quasi-contraction semigroups.
Moreover, from the proof below, one can see that a certain Orlicz integrability in Ω is
sufficient for g. Note that the above path regularity is optimal for q = ∞. Indeed, Lévy’s
modulus of continuity theorem [114, Thm. 2.7] for a scalar Brownian motion states that
a.s.

lim sup
h↓0

sup
t∈[0,1−h]

B(t+ h)−B(t)√︁
2h log(1/h)

= 1,

which shows that Ψ cannot be replaced by a “better” function.

Proof of Lemma 4.29. For 0 ≤ s < t ≤ T , we can write

∥Jg(t)− Jg(s)∥ ≤
⃦⃦⃦
(S(t− s)− I)

∫︂ s

0
S(s− r)g(r) dWH(r)

⃦⃦⃦
+
⃦⃦⃦ ∫︂ t

s
S(t− r)g(r) dWH(r)

⃦⃦⃦
=: T1(t, s) + T2(t, s).

For T1, we can write

T1(t, s) ≤ ∥S(t− s)− I∥L(Y,X)

⃦⃦⃦ ∫︂ s

0
S(s− r)g(r) dWH(r)

⃦⃦⃦
Y
≤ 2CY (t− s)α∥Jg(s)∥Y .

Therefore, by Theorem 2.61 (with constant Bp because Y is Hilbert), we obtain⃦⃦⃦⃦
sup

0≤s<t≤T

T1(t, s)

Ψ(t− s)

⃦⃦⃦⃦
p

≤ 2CY

⃦⃦⃦⃦
sup

0≤s<t≤T

∥Jg(s)∥Y
(1 + log( T

t−s))
1/2

⃦⃦⃦⃦
p

≤ 2CYBp|||g|||p,2,Y .

For T2, we use the dilation result of [120, Thm. I.7.1] (cf. [63], Theorem 2.16). We
can find a Hilbert space ˜︁X, a contractive injection Q : X → ˜︁X, a contractive projection
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P : ˜︁X → X, and a unitary C0-group (G(t))t∈R on ˜︁X such that S(t) = PG(t)Q for t ≥ 0.
Thus, we can write

T2(t, s) =
⃦⃦⃦ ∫︂ t

s
PG(t− r)Qg(r) dWH(r)

⃦⃦⃦
X

≤
⃦⃦⃦ ∫︂ t

s
G(−r)Qg(r) dWH(r)

⃦⃦⃦
˜︁X = ∥I(t)− I(s)∥ ˜︁X ,

where I(t) :=
∫︁ t
0 G(−r)Qg(r) dWH(r). We recall the Besov–Orlicz spaces Bα

Φ2,q
([0, T ];X)

from Section 2.9 and their continuous embedding into Cr
α| log r|1/2([0,T ];X) (see [109, For-

mula (2.12)]). From this embedding and Theorem 2.65, we conclude

I ∈ Lp(Ω;C |·|α| log(·)|1/2([0, T ]; X̃))

and thus, by boundedness of | log(·)|1/2(1+log(T· ))
−1/2 on (0, T ], I ∈ Lp(Ω;CΨ([0, T ]; X̃)).

Moreover, there are constants cα,T , Cα,p,p0,T ≥ 0 such that

∥I∥Lp(Ω;CΨ([0,T ];X̃)) ≤ cα,T ∥I∥Lp(Ω;Bα
Φ2,∞

(0,T ; ˜︁X))

≤ Cα,p,p0,T ∥G(−·)Qg(·)∥
Lp0 (Ω;Lq(0,T ;L2(H, ˜︁X)))

≤ Cα,p,p0,T ∥g∥Lp0 (Ω;Lq(0,T ;L2(H,X))).

It follows that⃦⃦⃦⃦
sup

0≤s<t≤T

T2(t, s)

Ψ(t− s)

⃦⃦⃦⃦
p

≤ ∥I∥Lp(Ω;CΨ([0,T ];X̃)) ≤ Cα,p,p0,T |||g|||p0,q,X .

Now the required estimate follows by combining the estimates for T1 and T2 to obtain an
estimate for ∥[Jg]CΨ([0,T ];X)∥p and noting that by the maximal inequality from Theorem
2.61 and Y ↪→ X,

∥Jg∥Lp(Ω;L∞(0,T ;X)) ≤ Bp|||g|||p,2,X ≤ BpCY |||g|||p,2,Y .

Remark 4.30. For analytic semigroups on X, the result of Lemma 4.29 even holds if merely
g ∈ Lp0(Ω;Lq(0, T ;L2(H,X))), and even Jg ∈ Lp(Ω;Bα

Φ2,∞(0, T ;X)) (see [109, Thm. 5.1]).
In particular, the space Y and contractivity of S are not needed. We do not know if one
can take p0 = p in Lemma 4.29, even in the analytic case. Also, we do not know if the
above Besov regularity of Jg holds in the non-analytic case.

Sharp path regularity results such as the one of Lemma 4.29 play an important role in
obtaining convergence rates for numerical schemes for SPDEs. In particular, recent other
applications of [109] to numerics include [42, 100, 134, 135]. Below, we apply Lemma 4.29
to obtain additional information on the numerical approximation in the Kato setting, and
it seems to be the first of its kind for hyperbolic equations.

After these preparations, we can now prove the required path regularity of the mild
solution.

Proposition 4.31 (Path regularity of the mild solution). Let X,Y be separable Hilbert
spaces such that Y ↪→ X continuously. Suppose that Assumption 4.21 holds for some
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α ∈ (0, 1/2] and p ∈ [2,∞). Let p0 ∈ (p,∞) and q ∈ (2,∞] be such that 1
2 − 1

q = α, and
suppose that f, g, and u0 additionally satisfy

f ∈ Lp0(Ω;L1(0, T ;X)), g ∈ Lp0(Ω;Lq(0, T ;L2(H,X))), u0 ∈ Lp0F0
(Ω;X) ∩ LpF0

(Ω;Y ).

Let −A be the generator of a C0-contraction semigroup (S(t))t≥0 on both X and Y . Suppose
that Y ↪→ DA(α,∞) continuously. Let Ψ: (0, T ] → (0,∞) be given by Ψ(r) := rα(1 +
log(Tr ))

1/2. Then the mild solution to (4.4.1) satisfies U ∈ Lp(Ω;CΨ([0, T ];X)) and there
exists a constant C depending on (T, p, p0, α, F̃ , G̃, X, Y ) such that

∥U∥Lp(Ω;CΨ([0,T ];X)) ≤ C
(︁
1 + ∥u0∥Lp(Ω;Y ) + ∥f∥p,1,Y + |||g|||p,2,Y (4.4.21)

+ ∥u0∥Lp0 (Ω;X) + ∥f∥p0,1,X + ∥f∥p, 1
1−α

,X + |||g|||p0,q,X
)︁
.

Almost sure pathwise continuity of f and g with values in X and Y as stated in
Assumption 4.21 is not required for the statement of the proposition to hold. It is sufficient
if f and g are sufficiently regular such that all norms on the left-hand side of (4.4.21) are
finite.

Proof. First, we note that

∥U∥Lp(Ω;CΨ([0,T ];X)) ≤ ∥U∥Lp(Ω;L∞(0,T ;X)) + ∥[U ]CΨ([0,T ];X)∥p

and by the a priori estimate from Proposition 4.13,

∥U∥Lp(Ω;L∞(0,T ;X)) ≲ 1 + ∥u0∥Lp(Ω;X) + ∥f∥p,1,X + |||g|||p,2,X .

Second, we consider the Hölder seminorm term remaining. The mild solution formula
(4.4.2) yields an initial value term, a difference of deterministic convolutions, and a stochas-
tic version of the latter. Namely,

∥[U ]CΨ([0,T ];X)∥p ≤
⃦⃦
[S(·)u0]CΨ([0,T ];X)

⃦⃦
p
+
⃦⃦⃦[︂ ∫︂ ·

0
S(· − r)F (r, U(r)) dr

]︂
CΨ([0,T ];X)

⃦⃦⃦
p

+
⃦⃦
[JG(·,U(·))]CΨ([0,T ];X)

⃦⃦
p
.

To the last term, we apply Lemma 4.29 and note that

|||G(·, U(·))|||p,2,Y ≤ LG,Y
√
TCu0,f,g,Y + |||g|||p,2,Y ≲ 1 + ∥u0∥Lp(Ω;Y ) + ∥f∥p,1,Y + |||g|||p,2,Y ,

|||G(·, U(·))|||p0,q,X ≤ T 1/q|||G(·, U(·))|||p0,∞,X + |||g|||p0,q,X ≤ T 1/qCG,XC̃u0,f,g,X + |||g|||p0,q,X
≲ 1 + ∥u0∥Lp0 (Ω;X) + ∥f∥p0,1,X + |||g|||p0,q,X ,

where C̃u0,f,g,X is defined as Cu0,f,g,X in (4.4.3) with p replaced by p0 and we have estimated
|||g|||p0,2,X by Tα|||g|||p0,q,X via Hölder’s inequality. For the initial value term, decay of the
semigroup difference of order α follows from (2.3.3), yielding⃦⃦

[S(·)u0]CΨ([0,T ];X)

⃦⃦
p
≤ 2CY ∥u0∥Lp(Ω;Y ).

Analogously, we can bound⃦⃦⃦⃦
sup

0≤s<t≤T

∥
∫︁ s
0 [S(t− r)− S(s− r)]F (r, U(r)) dr∥

Ψ(t− s)

⃦⃦⃦⃦
p
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≤ 2CY ∥F (·, U(·))∥p,1,Y ≤ 2CY (T∥F̃ (·, U(·))∥p,∞,Y + ∥f∥p,1,Y )
≲ 1 + ∥u0∥Lp(Ω;Y ) + ∥f∥p,1,Y + |||g|||p,2,Y .

For the remaining term, Hölder’s inequality with exponent 1/α and conjugate exponent
1/(1− α) yields⃦⃦⃦ ∫︂ t

s
S(t− r)F (r, U(r)) dr

⃦⃦⃦
≤
∫︂ t

s
∥F̃ (r, U(r))∥ dr + ∥f∥L1(s,t;X)

≤ (t− s)∥F̃ (·, U(·))∥L∞(s,t;X) + (t− s)α∥f∥
L

1
1−α (s,t;X)

almost surely for 0 ≤ s < t ≤ T . Consequently,⃦⃦⃦⃦
sup

0≤s<t≤T

∥
∫︁ t
s S(t− r)F (r, U(r)) dr∥

Ψ(t− s)

⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

sup
0≤s<t≤T

(t− s)∥F̃ (·, U(·))∥p,∞,X + (t− s)α∥f∥p, 1
1−α

,X

(t− s)α(1 + log( T
t−s))

1/2

⃦⃦⃦⃦
p

≲ 1 + ∥u0∥Lp(Ω;X) + ∥f∥p, 1
1−α

,X + |||g|||p,2,X ,

since 1
1−α ∈ (1, 2] and thus ∥f∥p,1,X ≲ ∥f∥p, 1

1−α
,X . Combining the bounds thus obtained

results in the desired path regularity statement.

Consequently, we can now “upgrade” Theorem 4.24 and Corollary 4.26 to estimates on
the full time interval.

Theorem 4.32 (Uniform error on the full interval for general schemes). Suppose that
Assumption 4.21 holds for some α ∈ (0, 1/2], p ∈ [2,∞), and separable Hilbert spaces X
and Y . Let −A be the generator of a C0-contraction semigroup (S(t))t≥0 on both X and
Y . Let (Rk)k>0 be a time discretisation scheme that is contractive on X and Y . Assume
R approximates S to order α on Y . Suppose that Y ↪→ DA(α,∞) continuously. Let
p0 ∈ (p,∞) and q ∈ (2,∞] be such that 1

2 − 1
q = α, and suppose that f, g, and u0 have

additional integrability as X-valued processes

f ∈ Lp0(Ω;L1(0, T ;X)), g ∈ Lp0(Ω;Lq(0, T ;L2(H,X))), u0 ∈ Lp0F0
(Ω;X) ∩ LpF0

(Ω;Y ).

Denote by U the mild solution of (4.4.1) and by (U j)j=0,...,Nk
the temporal approximations

as defined in (4.4.5). Define the piecewise constant extension Ũ : [0, T ] → Lp(Ω;X) by
Ũ(t) := U j for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk− 1, and Ũ(T ) := UNk . Then for all Nk ≥ 2 there
is a constant C ≥ 0 depending on (u0, T, p, p0, α, F,G,X, Y ) such that⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− Ũ(t)∥
⃦⃦⃦⃦
p

≤ C
(︁
1 +

√︁
max{log(T/k), p}

)︁
kα.

Proof. The error bound follows from applying Lemma 4.28 with Φ = (·)α(1+log(T· ))
1/2 in

combination with Theorem 4.24 and Proposition 4.31 to bound the first and second term
obtained from the proposition, respectively.
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Thus, we can conclude that Theorem 4.24 and Corollary 4.26 can be improved to a
uniform error estimate on [0, T ] at the price of a slightly more restrictive integrability
condition on f , g, and u0. Moreover, for the exponential Euler method, an additional
square root of a logarithmic factor appears. Recall from [108, Thm. 3] that already for
SDEs the error has to grow at least as log(T/k)1/2k1/2 for k → 0. Therefore, for α = 1/2,
Theorem 4.32 gives the optimal convergence rate for any contractive scheme on a Hilbert
space.

In the applications given below, we restrict ourselves to the uniform error estimate on
the grid points. By the above result, these statements can be extended to the full interval
[0, T ] with additionally the square root of a logarithmic factor in the case of exponential
Euler by imposing extra integrability conditions on the data.

Remark 4.33. Provided that the semigroup (S(t))t≥0 has a dilation, analogous results to
Theorem 4.32 can be obtained on non-Hilbert 2-smooth Banach spaces. There are two
main cases known in which semigroups on non-Hilbert spaces have a dilation: positive
semigroups on Lp-spaces for 2 < p < ∞ [46] and (analytic) semigroups whose generator
admits an H∞-calculus of angle less than π

2 [48].

4.4.4 Application to the Schrödinger equation

In this subsection, we reconsider the stochastic Schrödinger equation with a potential from
Subsection 4.1.3, now with linear multiplicative noise{︄

du+ i∆udt = −iV u dt− iu dW on [0, T ],

u(0) = u0
(4.4.22)

and its nonlinear variant with ϕ : C → C and ψ : C → C,{︄
du+ i∆udt = −i(V u+ ϕ(u)) dt− iψ(u) dW on [0, T ],

u(0) = u0
(4.4.23)

in Rd for d ∈ N, with a Q-Wiener process (W (t))t≥0, potential V , and initial value u0 as
introduced in Subsection 4.1.3.

Let σ ≥ 0 and, for this subsection only, write L2 = L2(Rd;C) and Hσ = Hσ(Rd;C).
We recall that the well-posedness of (4.1.12) required Assumption 4.5 on σ̃ ≥ 0 and d ∈ N
to hold so that multiplication by V is a bounded operator on the underlying space H σ̃.
For multiplicative noise, this assumption is also required to hold on Y = Hσ+ℓα, where the
choice of ℓ depends on the scheme employed. To facilitate checking the assumptions on Y ,
we use the following equivalent reformulation of Assumption 4.5:

Assumption 4.34. Let σ ≥ 0, d ∈ N and V ∈ L2 such that

(i) σ > d
2 and V ∈ Hσ, or

(ii) σ = 0 and V ∈ Hβ for some β > d
2 , or

(iii) d = 1, σ ∈ (0, 12), and V ∈ Hβ for some β > 1
2

(iv) d ≥ 2, σ ∈ (0, 1], and V ∈ Hβ for some β > d
2 .
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Based on the combination of the different cases of Assumption 4.34 for X = Hσ and
Y = Hσ+ℓα, the following assumption emerges.

Assumption 4.35. Let σ ≥ 0, d ∈ N, α ∈
(︁
0, 12
]︁
, ℓ ∈ (0,∞), V ∈ Hβ for some β > 0

such that

(i) σ > d
2 and β = σ + ℓα, or

(ii) σ = 0, 1 ≤ d < ℓ, α > d
8 , and β = ℓα, or

(iii) σ = 0, d = 1, α < 1
2ℓ , and β > 1

2 , or

(iv) σ = 0, d ≥ 2, α ≤ 1
ℓ , and β > d

2 , or

(v) d = 1, σ ∈ (0, 12), α >
1−2σ
2ℓ , and V ∈ Hσ+ℓα, or

(vi) d = 1, σ ∈ (0, 12), α <
1−2σ
2ℓ , and β > 1

2 , or

(vii) 2 ≤ d < 2σ + ℓ, σ ∈ (0, 1], α > d−2σ
2ℓ , and β = σ + ℓα, or

(viii) d ≥ 2, σ ∈ (0, 1], α ≤ 1−σ
ℓ , and β > d

2 .

For exponential Euler, we recover the error bound from [2, Thm. 5.5], showing conver-
gence rate 1

2 for linear noise in the case of sufficiently regular Q1/2 and V as well as σ > d
2 .

Assuming less regularity of Q1/2 and V , we extend their result to fractional convergence
rates α ∈ (0, 12 ] as well as the novel cases (ii)-(viii) of Assumption 4.35.

Theorem 4.36. Suppose that Assumption 4.35 is satisfied for some ℓ ≥ 2 and some
σ, d, V, β, and α ∈ (0, 12 ]. Further, assume that Q1/2 ∈ L2(L

2, Hβ). Let p ∈ [2,∞) and
u0 ∈ LpF0

(Ω;Hσ+ℓα). Denote by U the mild solution of the linear stochastic Schrödinger
equation (4.4.22) with multiplicative noise and by (U j)j=0,...,Nk

the temporal approximations
as defined in (4.4.5) obtained with the exponential Euler method R := S. Then there exists
a constant C ≥ 0 depending on (V, u0, T, p, α, σ, d, ℓ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2,Hβ)

)︁
kα.

In particular, the approximations (U j)j converge at rate 1
2 as k → 0 if Q1/2 ∈ L2(L

2, Hσ+1),
V ∈ Hσ+1, σ > d

2 , and u0 ∈ LpF0
(Ω;Hσ+1).

Proof. By [2, Lem. 2.1], −A = −i∆ generates a C0-contraction semigroup on both Hilbert
spaces X = Hσ and Y = Hσ+ℓα. Furthermore, setting F (u) = −iV · u and G(u) =
−iMuQ

1/2 for u ∈ Hσ with the multiplication operator Mu allows us to rewrite (4.4.22)
in the form of a stochastic evolution equation (4.4.1). It remains to verify the mapping,
linear growth, and Lipschitz continuity conditions from Assumption 4.21.

Note that Assumption 4.35 implies that Assumption 4.5 from the additive linear case
is satisfied for both σ and σ+ ℓα. In particular, this means that V u ∈ Y = Hσ+ℓα for any
u ∈ Hσ+ℓα and ∥V u∥Hσ+ℓα ≤ CV ∥u∥Hσ+ℓα for some constant CV ≥ 0. More specifically,
it can be shown that CV ≲ ∥V ∥Hβ ; cf. Subsection 4.1.3. An analogous statement holds
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with the same (or a smaller) constant on X = Hσ. Hence, F maps both X and Y into
themselves, and it is of linear growth on Y because of

∥F (u)∥Y = ∥ − iV · u∥Hσ+ℓα ≤ CV ∥u∥Hσ+ℓα = CV ∥u∥Y , u ∈ Y.

Likewise, Lipschitz continuity on X is obtained using the linearity of F .
Set H = L2. Due to

∥G(u)∥γ(H,Y ) = ∥ − iMu ·Q1/2∥L2(L2,Hσ+ℓα)

≤ ∥Mu∥L(Hβ ,Hσ+ℓα)∥Q1/2∥L2(L2,Hβ)

≲ ∥Q1/2∥L2(L2,Hβ)∥u∥Hσ+ℓα = ∥Q1/2∥L2(L2,Hβ)∥u∥Y , u ∈ Y, (4.4.24)

G is of linear growth on Y . To see this, we estimate the operator norm of Mu from
Hβ to Hσ+ℓα using either the Banach algebra property of Hβ , a combination of Hölder’s
inequality and Sobolev embeddings or an argument analogously to Lemma 4.6, as discussed
in Subsection 4.1.3. Likewise, we check Lipschitz continuity of G on X with a multiple of
∥Q1/2∥L2(L2,Hβ) as Lipschitz constant using the linearity of G. Measurability and Hölder
continuity in time are trivially fulfilled due to F and G depending only on u ∈ X. Thus,
Corollary 4.26 is applicable with X = Hσ, H = L2, and Y = Hσ+ℓα ↪→ (Hσ,D(A))α,∞,
yielding the desired error bound.

Furthermore, Theorem 4.24 enables us to extend [2, Thm. 5.5] to general discretisation
schemes R other than exponential Euler at the price of an additional logarithmic factor. We
focus on implicit Euler (IE) and Crank–Nicolson (CN), which approximate the Schrödinger
semigroup to rate α on Y = Hσ+4α and Y = Hσ+3α, respectively (see Theorem 4.8).

Theorem 4.37. Let σ ≥ 0, d ∈ N, and V ∈ L2. Let (Rk)k>0 be the implicit Euler method
(IE) or the Crank–Nicolson method (CN) and set ℓ0 := 4 or ℓ0 := 3, respectively. Suppose
that Assumption 4.35 is satisfied for some ℓ ≥ ℓ0 and for some α ∈

(︁
0, 12
]︁
, β > 0, and p ∈

[2,∞). Further, suppose that u0 ∈ LpF0
(Ω;Hσ+ℓα) as well as Q1/2 ∈ L2(L

2, Hβ). Denote
by U the mild solution of the linear stochastic Schrödinger equation with multiplicative noise
(4.4.22) and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.4.5). Then there
exists a constant C ≥ 0 depending on (V, u0, T, p, α, σ, d, ℓ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2,Hβ)

)︁√︁
max{log(T/k), p}kα.

In particular, (IE) and (CN) converge at rate 1
2 up to a logarithmic correction as k → 0 if

V ∈ Hσ+ℓα, Q1/2 ∈ L2(L
2, Hσ+ℓα), σ > d

2 , and u0 ∈ LpF0
(Ω;Hσ+ℓα) with ℓ = 4 and ℓ = 3,

respectively.

An analogous statement holds for all time discretisation schemes (Rk)k>0 which are
contractive on Hσ and Hσ+ℓα and approximate S to order α on Hσ+ℓα. As in the additive
case, the conditions on the dimension d ∈ N are not required in the absence of a potential.
In most cases, choosing ℓ = ℓ0 is sufficient. However, in the situation of Assumption
4.35(ii) or (vii), choosing a larger ℓ can yield the additional regularity required to solve
Schrödinger’s equation in higher dimensions.
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Proof. We want to apply Theorem 4.24 with Y = Hσ+ℓα for ℓ ≥ ℓ0 ∈ {3, 4} and X,H,F,G
as in Theorem 4.36 for exponential Euler. The proof works analogously, replacing ℓ ≥ 2
by ℓ ≥ ℓ0. It remains to check that (IE) and (CN) are contractive on Hσ and Hσ+ℓα. But
since (IE) and (CN) are defined via A and a scaled version of its resolvent, Rk commutes
with resolvents of A in both cases. Thus, Proposition 2.28 yields the assertion.

When passing to the nonlinear situation as in (4.4.23), showing Lipschitz continuity of
G requires estimates of the form

∥ψ(u)− ψ(v)∥Hσ ≲ ∥u− v∥Hσ , u, v ∈ Hσ,

and similarly for ϕ. However, the best estimate known for σ ∈ (0, 1) and ψ ∈ C2 with
bounded first and second derivatives [122, Prop. 2.7.2] is

∥ψ(u)− ψ(v)∥Hσ ≲ ∥u− v∥Hσ + (1 + ∥u∥Hσ + ∥v∥Hσ)∥u− v∥L∞ .

Since this estimate is nonlinear in u and v, showing Lipschitz continuity of G on Hσ is
currently out of reach for σ > 0. Another reason to restrict our considerations to σ = 0 in
the following is the negative result from Dahlberg [40], see also the survey [17]. It states
that for σ + 2α ∈ (32 , 1 +

d
2), every mapping ψ such that ψ ◦ u ∈ Hσ+2α for all u ∈ Hσ+2α

is affine-linear. Hence, in dimension d > 1, the optimal rate α = 1
2 cannot be expected for

all σ > 1
2 for genuinely nonlinear ψ. In particular, Nemytskij maps are not Lipschitz on

Hσ for any σ > 0. For σ = 0, however, a convergence rate can be obtained.

Theorem 4.38. Suppose that one of the cases (ii)-(iv) of Assumption 4.35 is satisfied for
for ℓ = 2 and for some d, V, β, and α ∈ (0, 12 ]. Further, assume that Q1/2 ∈ L2(L

2, Hβ).
Let p ∈ [2,∞) and u0 ∈ LpF0

(Ω;H2α). Let ϕ, ψ : C → C be Lipschitz continuous and satisfy
ϕ(0) = ψ(0) = 0. Denote by U the mild solution of the nonlinear stochastic Schrödinger
equation (4.4.23) with multiplicative noise and by (U j)j=0,...,Nk

the temporal approximations
as defined in (4.4.5) obtained with the exponential Euler method R := S. Then there exists
a constant C ≥ 0 depending on (V, u0, ϕ, ψ, T, p, α, d, ℓ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥L2

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2,Hβ)

)︁
kα.

In particular, the approximations (U j)j converge at rate 1
2 as k → 0 if Q1/2 ∈ L2(L

2, H1),
V ∈ H1, and u0 ∈ LpF0

(Ω;H1) for d = 1. In dimension d ≥ 2, this is attained for
Q1/2 ∈ L2(L

2, Hβ), V ∈ Hβ for some β > d
2 , and u0 ∈ LpF0

(Ω;H1).

Proof. Let X = H = L2, Y = H2α, and G(u) = −iMψ◦uQ
1/2 for u ∈ L2. From the linear

case, it is already clear that

∥G(u)−G(v)∥L2(L2,L2) = ∥Mψ◦u−ψ◦vQ
1/2∥L2(L2,L2) ≲ ∥ψ ◦ u− ψ ◦ v∥L2∥Q1/2∥L2(L2,Hβ).

Lipschitz continuity of ψ with Lipschitz constant Cψ ≥ 0 implies Lipschitz continuity of G
on X = L2 via

∥ψ ◦ u− ψ ◦ v∥L2∥Q1/2∥L2(L2,Hβ) ≤ Cψ∥Q1/2∥L2(L2,Hβ)∥u− v∥L2 .
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Since from (4.4.24) we can infer

∥G(u)∥L2(L2,H2α) ≲ ∥Mψ◦u∥L(Hβ ,H2α)∥Q1/2∥L2(L2,Hβ) ≲ ∥ψ ◦ u∥H2α∥Q1/2∥L2(L2,Hβ),
(4.4.25)

it remains to estimate the norm of the composition ∥ψ ◦ u∥H2α by a multiple of ∥u∥H2α

to show linear growth of G on H2α. In case α < 1
2 , 2α ∈ (0, 1), and thus, by Proposition

2.33, ∥ψ ◦ u∥H2α ≲ ∥u∥H2α . In the remaining cases, 2α = 1 holds, whence

∥ψ ◦ u∥2H2α = ∥ψ ◦ u∥2L2 + ∥∇(ψ ◦ u)∥2L2 ≤ ∥ψ ◦ u∥2L2 + C2
ψ∥∇u∥2L2 ≤ max{1, C2

ψ}∥u∥2H1 ,

noting that grad(ψ ◦ u) = ψ′(u) gradu1{ψ ̸=0}. In the first inequality, we have invoked
Proposition 2.34. Hence, G is of linear growth on Y = H2α. In the same way, one can
see that F (u) = −i(V u+ ϕ(u)) is Lipschitz on X and of linear growth on Y . Finally, the
statement of the theorem follows by an application of Corollary 4.26.

To estimate the composition in (4.4.25), we required 2α ∈ (0, 1] to apply the compo-
sition estimates. It is an open problem whether such estimates also hold in Hs for s > 1.
For real-valued functions, results have been obtained for s < 3

2 in [18, Thm. 18]. These
estimates being unknown for s > 1 limits us to suboptimal convergence rates for schemes
involving rational approximations, at least for nonlinear Schrödinger equations.

Theorem 4.39. Let σ = 0, d ∈ N, and V ∈ L2. Let (Rk)k>0 be the implicit Euler
method (IE) or the Crank–Nicolson method (CN) and set ℓ0 := 4 or ℓ0 := 3, respectively.
Suppose that one of the cases (ii)-(iv) of Assumption 4.35 is satisfied for ℓ = ℓ0 and some
α ∈

(︁
0, 1ℓ
]︁
, β > 0, and p ∈ [2,∞). Further, suppose that u0 ∈ LpF0

(Ω;Hℓα) as well as
Q1/2 ∈ L2(L

2, Hβ). Let ϕ, ψ : C → C be Lipschitz continuous and such that ϕ(0) = ψ(0) =
0. Denote by U the mild solution of the nonlinear stochastic Schrödinger equation with
multiplicative noise (4.4.23) and by (U j)j=0,...,Nk

the temporal approximations as defined
in (4.4.5). Then there exists a constant C ≥ 0 depending on (V, u0, ϕ, ψ, T, p, α, d, ℓ) such
that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2,Hβ)

)︁√︁
max{log(T/k), p}kα.

In particular, in dimension d = 1, (IE) converges at rate 1
4 up to logarithmic correction

as k → 0 if V ∈ H1, Q1/2 ∈ L2(L
2, H1), and u0 ∈ LpF0

(Ω;H1). For the same regularity
of V , Q1/2, and u0, (CN) converges at rate 1

3 up to logarithmic correction as k → 0 in
dimension d = 1.

This theorem can be generalised to time discretisation schemes (Rk)k>0 that are con-
tractive on L2 and Hℓα, and that approximate S to order α ∈ (0, 1ℓ ] on Hℓα.

4.4.5 Application to Maxwell’s equations

As a second example, we consider the stochastic Maxwell’s equations{︄
dU +AU dt = F (U) dt+G(U) dW on [0, T ],

U(0) = (E⊤
0 ,H

⊤
0 )

⊤ (4.4.26)



4.4. Convergence Rates for Multiplicative Noise 145

with boundary conditions of a perfect conductor as in [28]. It describes the behaviour of
the electric and magnetic field E and H, respectively, on a bounded, simply connected
domain O ⊆ R3 with smooth boundary, whose unit outward normal vector we denote by
n. Here, A : D(A) → X := L2(O)6 is the Maxwell operator defined by

A

(︃
E
H

)︃
:=

(︃
0 −ε−1∇×

µ−1∇× 0

)︃(︃
E
H

)︃
=

(︃
−ε−1∇×H
µ−1∇×E

)︃
on D(A) := H0(curl,O) × H(curl,O) with H(curl,O) := {H ∈ (L2(O))3 : ∇ × H ∈
L2(O)3} and its subspace H0(curl,O) of those H with vanishing tangential trace n×H|∂O.
The permittivity and permeability ε, µ ∈ L∞(O) are assumed to be uniformly positive,
i.e., ε, µ ≥ κ for some constant κ > 0. We equip the Hilbert space X = L2(O)6 =
L2(O)3 × L2(O)3 with the weighted scalar product(︃(︃

E1

H1

)︃ ⃓⃓⃓⃓(︃
E2

H2

)︃)︃
X

:=

∫︂
O

(︁
ε(x) (E1(x) |E2(x)) + µ(x) (H1(x) |H2(x))

)︁
dx,

where (· | ·) denotes the standard scalar product in R3, and the corresponding induced
norm. Furthermore, W is assumed to be a Q-Wiener process for a symmetric, non-negative
operator Q with finite trace. Hence, Q1/2 ∈ L2(H,X), where H = L2(O)6 is equipped
with the standard norm.

As F : Ω× [0, T ]×X → X, we consider the linear drift term given by

(ω, t, V ) ↦→ F (ω, t, V ) =

(︃
σ1(·, t)EV
σ2(·, t)HV

)︃
, V = (E⊤

V ,H
⊤
V )

⊤ ∈ X, (4.4.27)

for sufficiently smooth σ1, σ2 : O × [0, T ] → R. More precisely, we assume boundedness
of σ1, σ2, and their partial derivatives w.r.t. the spatial variables. In particular, let σj be
uniformly Lipschitz continuous in time and let ∂xiσj , σj ∈ L∞(O × [0, T ]) for i = 1, 2, 3
and j = 1, 2. Then F is Lipschitz continuous on X due to linearity of F and

∥F (t, V )∥2X =

∫︂
O

(︁
ε(x)∥σ1(x, t)EV (x)∥2 + µ(x)∥σ2(x, t)HV (x)∥2

)︁
dx

≤ max{∥σ1∥∞, ∥σ2∥∞}2∥V ∥2X =: C2
F ∥V ∥2X , V = (E⊤

V ,H
⊤
V )

⊤,

with ∥ · ∥ denoting the standard Euclidean norm in R3. A straightforward explicit calcu-
lation of the curl operator shows that for E = (E1,E2,E3) ∈ L2(O)3,

∇× (σ1(·, t)E) = σ1(·, t)(∇×E) +

⎛⎝(∂x2σ1(·, t))E3

(∂x3σ1(·, t))E1

(∂x1σ1(·, t))E2

⎞⎠−

⎛⎝(∂x3σ1(·, t))E2

(∂x1σ1(·, t))E3

(∂x2σ1(·, t))E1

⎞⎠ ,

and thus

∥AF (t, V )∥2X =

⃦⃦⃦⃦ (︃
−ε−1∇× (σ2(·, t)HV )
µ−1∇× (σ1(·, t)EV )

)︃ ⃦⃦⃦⃦2
X

=

∫︂
O
ε(x)∥ε−1(x)(∇× (σ2(·, t)HV ))(x)∥2 + µ(x)∥µ−1(x)(∇× (σ1(·, t)EV )(x))∥2 dx

≤ 3 max
j=1,2

∥σj∥2∞
∫︂
O

(︁
ε(x)∥ε−1(x)(∇×HV )(x)∥2 + µ(x)∥µ−1(x)(∇×EV )(x)∥2

)︁
dx



146 Chapter 4. Temporal Approximation of Stochastic Evolution Equations

+ 6max
j=1,2

max
i=1,2,3

∥∂xiσj∥2∞
∫︂
O

(︂ ε(x)

µ(x)ε(x)
∥EV (x)∥2 +

µ(x)

ε(x)µ(x)
∥HV (x)∥2

)︂
dx

≤ 3C2
F ∥AV ∥2X +

6

κ2

(︂
max
j=1,2

max
i=1,2,3

∥∂xiσj∥2∞
)︂
∥V ∥2X .

We conclude linear growth of F on Y := D(A) by

∥F (t, V )∥2D(A) = ∥AF (t, V )∥2X + ∥F (t, V )∥2X

≤ max

{︃
3C2

F ,
6

κ2
max
j=1,2

max
i=1,2,3

∥∂xiσj∥2∞ + C2
F

}︃
∥V ∥2D(A).

As noise G(V ), where V = (E⊤
V ,H

⊤
V )

⊤ ∈ L2(O)6, we consider the Nemytskij map associ-
ated to diag((−ε−1E⊤

V ,−µ−1H⊤
V ))Q

1/2, i.e., for h ∈ L2(O)6 and x ∈ O, we have

(G(V )h)(x) =

(︃
−ε−1(x) diag(EV (x)) 0

0 −µ−1(x) diag(HV (x))

)︃
(Q1/2h)(x) ∈ R6.

(4.4.28)
Since for V1, V2 ∈ L2(O)6,

∥G(V1 − V2)∥L2(H,X) ≤ κ−1∥Q1/2∥L2(H,X)∥V1 − V2∥X ,

G : X → L2(H,X) is Lipschitz continuous on X. In order to show linear growth of G on
D(A), higher regularity assumptions have to be imposed on Q1/2, as discussed in [28, p. 5].
For G : X → L2(Q

1/2H,X) defined via G = GQ1/2 and all β > 3
2 , the estimate

∥G(V )∥L2(Q1/2H,D(A)) ≲ ∥Q1/2∥L2(L2(O)6,H1+β(O)6)(1 + ∥V ∥D(A))

is known [28, formula (7)] provided that Q1/2 ∈ L2(L
2(O)6, H1+β(O)6). Taking into

account that for an orthonormal basis (eℓ)ℓ∈N of H, we can rewrite

∥G(V )∥L2(H,D(A)) =
∑︂
ℓ∈N

∥G(V )eℓ∥D(A) =
∑︂
ℓ∈N

∥G(V )Q1/2eℓ∥D(A) = ∥G(V )∥L2(Q1/2H,D(A)),

this directly implies linear growth of G on D(A). The choice of the coefficient β > 3
2 stems

from the fact that the Sobolev embedding Hβ(O) ↪→ L∞(O) holds for β > d
2 = 3

2 since
O ⊆ R3 [72, Ex. 9.3.4]. Moreover, we then also have H1+β ↪→ W 1,∞(O). Thus, for the
embedding into D(A) to hold, Q1/2 is required to map into H1+β(O)6.

Theorem 4.40. Let p ∈ [2,∞) and F,G as introduced in (4.4.27) and (4.4.28), respec-
tively. Suppose that

u0 ∈ LpF0
(Ω;H0(curl,O)×H(curl,O)) and Q1/2 ∈ L2(L

2(O)6, H1+β(O)6)

for some β > 3
2 . Denote by U the mild solution to the stochastic Maxwell’s equations

(4.4.26) with multiplicative noise and by (U j)j=0,...,Nk
the temporal approximations as de-

fined in (4.4.5) obtained with the exponential Euler method R := S. Then there exists a
constant C ≥ 0 depending on (σ1, σ2, u0, T, p, α, ε, µ, κ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2(O)6,H1+β(O)6)

)︁
k1/2,

i.e., the approximations (U j)j converge at rate 1
2 as k → 0.
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Proof. This is a consequence of Corollary 4.26 with α = 1
2 and Y = D(A). From the above

considerations, it follows that the conditions on F and G are met. It remains to verify that
Y is Hilbert and (S(t))t≥0 is a contraction semigroup on both X and Y . Since Y = D(A)
is a Banach space [107, p. 410] and λ−A defines an isomorphism between D(A) and X for
λ ∈ ρ(−A), it is also a Hilbert space. Furthermore, (S(t))t≥0 is a C0-contraction semigroup
on X, via Stone’s theorem even a unitary C0-group [28, Formula (3)]. By definition of the
graph norm, this implies contractivity of the semigroup also on D(A).

We can extend [28, Thm. 3.3] to schemes involving rational approximations.

Theorem 4.41. Let p ∈ [2,∞) and F,G as introduced in (4.4.27) and (4.4.28), respec-
tively. Suppose that

u0 ∈ LpF0
(Ω;H0(curl,O)×H(curl,O)) and Q1/2 ∈ L2(L

2(O)6, H1+β(O)6)

for some β > 3
2 . Let (Rk)k>0 be a time discretisation scheme that is contractive on L2(O)6

and H0(curl,O) × H(curl,O). Assume R approximates S to order 1
2 on H0(curl,O) ×

H(curl,O). Denote by U the mild solution to the stochastic Maxwell’s equations (4.4.26)
with multiplicative noise and by (U j)j=0,...,Nk

the temporal approximations as defined in
(4.4.5). Then there exists a constant C ≥ 0 depending on (σ1, σ2, u0, T, p, α, ε, µ, κ) such
that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥Hσ

⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L2(L2(O)6,H1+β(O)6)

)︁√︁
max{log(T/k), p}k1/2,

i.e., the approximations (U j)j converge at rate 1
2 up to a logarithmic correction factor as

k → 0. In particular, rate 1
2 is attained for the implicit Euler method and Crank–Nicolson.
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4.5 Convergence Rates for Abstract Wave Equations

In this section, we shall be concerned with rates of convergence for abstract stochastic
wave equations of the form

dU +AU dt = F(t, U) dt+G(t, U) dWH(t), U(0) = U0 = (u0, v0) ∈ Lp(Ω;X) (4.5.1)

on a phase space X = V × V−1 of product structure to be specified later, which takes
different regularities of the first and second components of the mild solution into account.
We achieve the following convergence rates for the pathwise uniform error E∞

k with time
step k > 0 provided that the noise is sufficiently regular:

• E∞
k ≲ kα

√︁
log(T/k) with α close to one (contractive schemes, multiplicative noise);

• E∞
k ≲ k (exponential Euler, multiplicative noise).

Up to a logarithmic factor, these rates are optimal for the given problem. They provide an
alternative proof of [132, Thm. 3.1] for the exponential Euler method under less restrictive
regularity assumptions on F and G and without making use of the group structure of
the semigroup. The latter is crucial in order to extend the convergence result beyond
the exponential Euler method. We extend the convergence result to general contractive
schemes, which, to the best of our knowledge, is novel.

At the heart of our proof lies the higher Hölder continuity of the first component of
the mild solution in V compared to the mild solution vector in X, which emerges from the
product structure of the phase space on which the abstract wave equation is considered.
This allows for better estimates of those error terms depending on the Hölder continuity
of the mild solution. In particular, convergence at rate close to 1 can be achieved even
for multiplicative noise, for which the convergence rate was limited to 1

2 in the setting
of Section 4.4. Incorporating the product structure of abstract wave equations into the
setting of Section 4.4 leads to the main Theorem 4.48 in Subsection 4.5.1. The exponential
Euler method, for which convergence at rate 1 is attained, is covered in Subsection 4.5.2.
An extension of the error estimates to the full time interval is presented in Subsection
4.5.3. The results are illustrated for the stochastic wave equation with trace class noise,
space-time white noise, and smooth noise in Subsections 4.5.4 to 4.5.6.

4.5.1 General contractive time discretisation schemes

Let V be a separable Hilbert space equipped with the norm ∥ · ∥V . Consider a densely
defined, positive, self-adjoint, and invertible operator Λ: D(Λ) ⊆ V → V . For β ∈ R,
define the norm ∥u∥Vβ := ∥Λβ/2u∥V for u ∈ Vβ and, for β ≥ 0, denote the domain of Λ

β
2

by Vβ and equip it with this norm. For negative β, we denote by Vβ the completion of V
with respect to ∥ · ∥Vβ . We can thus interpret Λ as an operator mapping from V1 to V−1,
noting that ∥Λu∥V−1 = ∥Λ−1/2Λu∥V = ∥Λ1/2u∥V = ∥u∥V1 . Furthermore, it holds that
V = V0. In this section, we consider stochastic evolution equations on the phase space
X := V0 × V−1 = V × V−1. More generally, we introduce the product spaces

Xβ := Vβ × Vβ−1 = D(Λ
β
2 )×D(Λ

β−1
2 ) (4.5.2)
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for β ∈ R, equipped with the norm ∥U∥Xβ
:= (∥u∥2Vβ + ∥v∥2Vβ−1

)1/2 for U = (u, v) ∈ Xβ .
Clearly, it then holds that X = X0. Also, note that we restrict our considerations to
Hilbert spaces in this section, since we are concerned with self-adjoint operators Λ.

The stochastic evolution equation (4.5.1) depends on the nonlinearity F : Ω× [0, T ]×
X → X and the multiplicative noise G : Ω× [0, T ]×X → γ(H,X) on the phase space X.
However, the product structure of X considered in this section motivates an interpretation
of (4.5.1) as a system of two evolution equations. We set

A =

(︃
0 −I
Λ 0

)︃
, F(t, U) =

(︃
0

F (t, u)

)︃
, G(t, U) =

(︃
0

G(t, u)

)︃
for U =

(︃
u
v

)︃
∈ X (4.5.3)

with domain D(A) := {U ∈ X : AU ∈ X}. Due to −Λu ∈ V−1 if and only if u ∈ V1, we
find that the domain of A can be rewritten as

D(A) = {(u, v) ∈ X : (v,−Λu) ∈ V0 × V−1} = V1 × V0 = X1.

Likewise, one can show that D(An) = Xn for n ∈ N. To extend this statement beyond the
integer case, we note that for δ ∈ (0, 1), real interpolation theory (cf. Section 2.3) yields

Xδ = D(Λ
δ
2 )×D(Λ

δ−1
2 ) = (X0, X1)δ,2 = (X,D(A))δ,2 = D(Aδ).

This gives rise to the system of evolution equations{︃
du = v dt,

dv = (−Λu+ F (t, u)) dt+G(t, u) dWH(t).

This precisely captures the setting of stochastic wave equations when thinking of v(t) as
the derivative of u(t), thus yielding a stochastic evolution equation for the derivative with
left-hand side u̇(t). The invertibility of Λ is a non-restrictive assumption, because we can
always reduce to this case by writing −Λu+F (t, u) = −(Λ+ ε)u+ (εu+F (t, u)) without
changing the properties of F .

It is not by coincidence that wave equations are commonly considered on the phase
space X = V × V−1. Thinking of the physical interpretation of u as the position and v
as the velocity, i.e., the derivative of the position, it seems natural to assume regularity of
one order lower for the velocity as the second component. But even stepping aside from
the physical interpretation, a deeper mathematical result motivates why the phase space
is the “correct” space: There simply are no “interesting” generators on V × V from a PDE
perspective, as the following theorem illustrates.

Theorem 4.42 (Corollary 3.14.9 (i) and (iii) in [5]). The following assertions are equiva-
lent.

(i) The operator −A generates a C0-semigroup on V × V .

(ii) Λ is bounded.

On the phase space, however, the operator −A from (4.5.3) generates a C0-semigroup
(S(t))t≥0 given by

S(t) =

(︃
cos(tΛ1/2) Λ−1/2 sin(tΛ1/2)

−Λ1/2 sin(tΛ1/2) cos(tΛ1/2)

)︃
, (4.5.4)
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where we use the spectral theorem for self-adjoint operators to define the matrix entries.
Indeed, S(t) → I strongly as t→ 0 due to

lim
t→0

∥ cos(tΛ1/2)x− x∥ = lim
t→0

⃦⃦⃦ ∫︂ t

0
sin(sΛ1/2)Λ1/2x ds

⃦⃦⃦
≤ lim

t→0
t∥Λ1/2x∥ = 0

and, analogously, limt→0 ∥ ± Λ∓1/2 sin(tΛ1/2)x∥ = 0 for x ∈ D(Λ1/2). Strong continuity of
the semigroup follows by the density of D(Λ1/2) and the spectral theorem for self-adjoint
operators [5, Theorem 3.14.11]. It is straightforward to see that (S(t))t≥0 satisfies the
semigroup property and that −A is its infinitesimal generator.

Let β ∈ R. Combining the respective one-dimensional statements with the spectral
theorem, we obtain that sin(tΛ1/2) and cos(tΛ1/2) are contractive on Vβ , sin(0 · Λ1/2) =
0, and that Λ and powers thereof commute with both sin(tΛ1/2) and cos(tΛ1/2). The
trigonometric identity satisfied by sin(tΛ1/2) and cos(tΛ1/2) implies contractivity of the
semigroup, that is,

∥S(t)U∥Xβ
≤ ∥U∥Xβ

. (4.5.5)

Our aim is to derive conditions on F and G rather than F and G under which the
temporal approximations

U j = RjkU0 + k

j−1∑︂
i=0

F(ti, U
i) +

j−1∑︂
i=0

∆Wi+1R
j−i
k G(ti, U

i), 0 ≤ j ≤ Nk, (4.5.6)

converge to the values U(tj) = (u(tj), v(tj)) ∈ X of the mild solution of (4.5.1) in the time
grid points at a certain rate. As will become apparent, rates of convergence exceeding 1/2
can be attained up to a logarithmic correction factor, even for general contractive schemes.
The key aspect of this section’s main theorem enabling this optimal rate, Theorem 4.24,
consists of higher-order Hölder continuity of the first component of the mild solution.

As will be shown, the following assumptions on F and G imply that F and G fall
within the scope of the setting of Section 4.4.

Assumption 4.43. Let Λ: D(Λ) ⊆ V → V be a densely defined, positive, self-adjoint,
and invertible operator on a Hilbert space V . Further, let p ∈ [2,∞), α ∈ (0, 1], and
δ ≥ α. Let F : Ω × [0, T ] × V → V−1 and G : Ω × [0, T ] × V → L2(H,V−1) be strongly
P ⊗B(V )-measurable, where F = F̃ + f and G = G̃+ g for f ∈ LpP(Ω;C([0, T ];V−1)) and
g ∈ LpP(Ω;C([0, T ];L2(H,V−1))). Suppose that F̃ (·, ·, 0) = 0, G̃(·, ·, 0) = 0, and

(a) (Lipschitz continuity from V to V−1) there exist constants CF,V , CG,V ≥ 0 such that
for all ω ∈ Ω, t ∈ [0, T ], and x, y ∈ V ,

∥F̃ (ω, t, x)− F̃ (ω, t, y)∥V−1 ≤ CF,V ∥x− y∥V ,
∥G̃(ω, t, x)− G̃(ω, t, y)∥L2(H,V−1) ≤ CG,V ∥x− y∥V ,

(b) (Hölder continuity with values in V−1) it holds that

Cα,F := sup
ω∈Ω,x∈V

[Λ− 1
2F (ω, ·, x)]α <∞, Cα,G := sup

ω∈Ω,x∈V
[Λ− 1

2G(ω, ·, x)]α <∞,
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(c) (invariance) F : Ω × [0, T ] × Vδ → Vδ−1 and G : Ω × [0, T ] × Vδ → L2(H,Vδ−1) are
strongly P ⊗ B(Vδ)-measurable, f ∈ LpP(Ω;C([0, T ];Vδ−1)), and
g ∈ LpP(Ω;C([0, T ];L2(H,Vδ−1))),

(d) (linear growth from Vδ to Vδ−1) and there exist constants LF,δ, LG,δ ≥ 0 such that
for all ω ∈ Ω, t ∈ [0, T ], and x ∈ V ,

∥F̃ (ω, t, x)∥Vδ−1
≤ LF,δ(1 + ∥x∥Vδ),

∥G̃(ω, t, x)∥L2(H,Vδ−1) ≤ LG,δ(1 + ∥x∥Vδ).

It is important to note that both δ ∈ [α, 1] ⊆ (0, 1] and δ ∈ (1, 2] will be considered.
Since for δ = 2, optimal rates are obtained for the usual schemes, larger values of δ are
not considered. Analogously to the definition of F and G in (4.5.3), define F̃, f , G̃, and g
based on F̃ , f, G̃, and g, respectively.

Next, we show that Assumption 4.43 implies the conditions required for well-posedness
on both X and Xδ for δ as in Assumption 4.43 and thus (4.5.1) has a unique mild solution
on both spaces. Moreover, we verify the conditions for stability of the temporal approxi-
mations obtained via a contractive time discretisation scheme. Adopt the notation of the
proof of Theorem 4.24, replacing F, F̃ , f,G, G̃, and g by F, F̃, f ,G, G̃, and g, respectively.

Setting Y := Xδ for δ as in Assumption 4.43, it is clear from X = X0, invertibility
of Λ, D(An) = Xn for n ∈ N, and the interpolation theory discussed in Section 2.3 that
Y ↪→ X and Y ↪→ DA(β,∞) for any β ∈ (0, δ). Since Vδ is a separable Hilbert space
for δ ∈ R, so are X and Y . Contractivity of the semigroup follows from (4.5.5). Note
that strong P ⊗ B(X)-measurability of F and G immediately follows from the respective
assumptions on F̃ , G̃ due to the structure (4.5.3), and, likewise, that F̃, G̃ vanish in 0. We
are left to prove Lipschitz continuity on X, linear growth on Y , and Y -invariance of F,G,
and continuity of f and g with values in Y . Deducing Y -invariance from Assumption 4.43
is straightforward, noting that

∥f∥p,∞,Y =

⃦⃦⃦⃦
sup
t∈[0,T ]

∥f(t)∥Y
⃦⃦⃦⃦
p

=

⃦⃦⃦⃦
sup
t∈[0,T ]

∥f(t)∥Vδ−1

⃦⃦⃦⃦
p

= ∥f∥p,∞,Vδ−1
(4.5.7)

and, likewise, |||g|||p,∞,Y = |||g|||p,∞,Vδ−1
, where we have used the shorthand notation intro-

duced in 4.2.12. The mapping properties on Y and strong P ⊗ B(Y )-measurability of F
and G follow from Assumption 4.43(c) because Y = Vδ × Vδ−1. Linear growth of F̃ from
Y to Y follows from linear growth of F̃ from Vδ to Vδ−1 as stated in Assumption 4.43(d)
taking the structure (4.5.3) of F into account via

∥F̃(t, U)∥Y = ∥F̃ (t, u)∥Vδ−1
≤ LF,δ(1 + ∥u∥Vδ) ≤ LF,δ(1 + ∥U∥Y )

for t ∈ [0, T ] and U = (u, v) ∈ Y = Vδ × Vδ−1. Analogously, linear growth of G̃ from Y to
γ(H,Y ) is obtained from

∥G̃(t, U)∥Y = ∥G̃(t, u)∥Vδ−1
≤ LG,δ(1 + ∥u∥Vδ) ≤ LG,δ(1 + ∥U∥Y ).

Lipschitz continuity of F from X to X follows from Assumption 4.43(a) due to

∥F(t, U1)− F(t, U2)∥X = ∥F̃ (t, u1)− F̃ (t, u2)∥V−1 ≤ CF,V ∥u1 − u2∥V ≤ CF,V ∥U1 − U2∥X
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for t ∈ [0, T ] and U1 = (u1, v1), U2 = (u2, v2) ∈ X. Analogously,

∥G(t, U1)−G(t, U2)∥γ(H,X) = ∥G̃(t, u1)− G̃(t, u2)∥L2(H,V−1) ≤ CG,V ∥U1 − U2∥X .

Hence, G : X → γ(H,X) is Lipschitz continuous. Via the same argument,

[F(ω, ·, U)]α = sup
0≤s≤t≤T

∥F(t, U)− F(s, U)∥X
(t− s)α

= sup
0≤s≤t≤T

∥Λ− 1
2 [F (t, u)− F (s, u)]∥V

(t− s)α
,

from which, together with Assumption 4.43(b), we conclude α-Hölder continuity of F and,
analogously, of G. Although not required for neither well-posedness nor stability, this will
be of use for the error analysis later.

The above leads to well-posedness of (4.5.1) on X and Y .

Lemma 4.44 (Well-posedness). Suppose that Assumption 4.43 holds for some α ∈ (0, 1],
δ ≥ α, and p ∈ [2,∞). Let Y := Xδ as defined in (4.5.2) and U0 ∈ LpF0

(Ω;Y ). Under
these conditions there exists a unique mild solution U ∈ Lp(Ω;C([0, T ];X)) to (4.5.1) with
A, F, and G as in (4.5.3). Furthermore, it lies in Lp(Ω;C([0, T ];Y )) and

∥U∥Lp(Ω;C([0,T ];Y )) ≤ CYbdd
(︁
1 + ∥U0∥Lp(Ω;Y ) + ∥f∥p,1,Vδ−1

+Bp|||g|||p,2,Vδ−1

)︁
,

where CYbdd := (1+C2T )1/2e(1+C
2T )/2 with C := LF,δT

1/2+BpLG,δ, and Bp is the constant
from Theorem 2.61.

As established in (4.4.4), the well-posedness on Z ∈ {X,Y } implies

1 +

⃦⃦⃦⃦
sup
r∈[0,T ]

∥U(r)∥Z
⃦⃦⃦⃦
p

≤ CU0,f ,g,Z <∞

with CU0,f ,g,Z as defined in (4.4.3). In the abstract wave equation setting, the constant
simplifies to

CU0,f ,g,Z = 1 + CZbdd
(︁
1 + ∥U0∥Lp(Ω;Z) + ∥f∥p,1,Z2 + |||g|||p,2,Z2

)︁
, (4.5.8)

where CZbdd denotes the constant from Lemma 4.44, Z2 := V−1 if Z = X, and Z2 := Vδ−1

if Z = Y = Xδ for δ ∈ (0, 2].

Lemma 4.45 (Stability). Suppose that Assumption 4.43 holds for some α ∈ (0, 1], δ ≥ α,
and p ∈ [2,∞). Let X := X0 and Y := Xδ be as defined in (4.5.2) and U0 ∈ LpF0

(Ω;Y ).
Let (Rk)k>0 be a time discretisation scheme that is contractive on both X and Y , and let
Nk ≥ 2. Then the temporal approximations (U j)j=0,...,Nk

obtained via (4.5.6) with F and
G as in (4.5.3) are stable on both X and Y . That is, for Z ∈ {X,Y },

1 +

⃦⃦⃦⃦
max

0≤j≤Nk

∥U j∥Z
⃦⃦⃦⃦
p

≤ CZstabcU0,f,g,T,Z ,

where CZstab := (1+C2
ZT )

1/2e(1+C
2
ZT )/2 with CX := CF,V T

1/2 +BpCG,V , CY := LF,δT
1/2 +

BpLG,δ,

cU0,f,g,T,Z := 1 + ∥U0∥Lp(Ω;Z) + T∥f∥p,∞,Z2T +BpT
1/2|||g|||p,∞,Z2 ,

where Z2 := V−1 if Z = X and Z2 := Vδ−1 if Z = Y , and Bp is the constant from Theorem
2.61.
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We denote

KU0,f,g,Y := CYstabcU0,f,g,T,Y

= CYstab
(︁
1 + ∥U0∥Lp(Ω;Y ) + T∥f∥p,∞,Vδ−1

+BpT
1/2|||g|||p,∞,Vδ−1

)︁
, (4.5.9)

so that KU0,f,g,Y = KU0,f ,g,Y with KU0,f ,g,Y as defined in (4.4.7).
For future estimates, it is useful to know the decay of differences of the sine and cosine

operators sin(tΛ1/2) and cos(tΛ1/2). We include a short proof for the convenience of the
reader.

Lemma 4.46 ([30], page 210). Let t ∈ [0, T ] and Λ: D(Λ) ⊆ V → V be a densely defined,
positive, self-adjoint, and invertible operator on a Hilbert space V . Then for all α ∈ [0, 1],
we have

∥Λ−α
2 [sin(tΛ1/2)− sin(sΛ1/2)]∥L(V ) ≤ 2(t− s)α,

∥Λ−α
2 [cos(tΛ1/2)− cos(sΛ1/2)]∥L(V ) ≤ 2(t− s)α

for all 0 ≤ s ≤ t ≤ T .

Proof. The statement is trivially fulfilled for t = s. Let 0 ≤ s < t ≤ T . We claim that

ζα(t, s) :=
| sin(t)− sin(s)|

|t− s|α
≤ 2.

Indeed, if |t− s| ≤ 1, then by the mean value theorem ζα(t, s) ≤ ζ1(t, s) ≤ 1. If |t− s| > 1,
then ζα(t, s) ≤ 2. Now let λ > 0. Applying the claim with tλ1/2 and sλ1/2 gives

λ−α/2| sin(tλ1/2)− sin(sλ1/2)| ≤ 2|t− s|α.

Thus, by the spectral theorem for self-adjoint operators and positivity of Λ, we get the
desired statement. The statement for the cosine is proven analogously.

While the mild solution U has at most 1/2-Hölder continuous paths as follows from
Lemma 4.22, the product structure of the stochastic evolution equation results in higher
Hölder continuity of the first component u of U , as the following lemma illustrates. In
particular, u has Lipschitz continuous paths for sufficiently regular F and G.

Lemma 4.47. Suppose that Assumption 4.43 holds for some α ∈ (0, 1], δ ≥ α, and
p ∈ [2,∞). Let X := X0 and Y := Xδ be as defined in (4.5.2) and U0 ∈ LpF0

(Ω;Y ). Then
for all 0 ≤ s ≤ t ≤ T , the first component u of the mild solution U of (4.5.1) with A, F,
and G as in (4.5.3) satisfies

∥u(t)− u(s)∥Lp(Ω;V ) ≤ L(t− s)α

with constant

L := 2
[︂√

2CY ∥U0∥Lp(Ω;Y ) + L1,FT
α+ 2

α+ 1
+BpL2,GT

1/2
(︂
1 +

1√
2α+ 1

)︂]︂
,

where L1,F := CY LF,δCU0,f ,g,Y + ∥f∥p,∞,Vα−1, L2,G := CY LG,δCU0,f ,g,Y + |||g|||p,∞,Vα−1,
CU0,f ,g,Y is as in (4.5.8), CY denotes the embedding constant of Xδ into Xα, and Bp is the
constant from Theorem 2.61.
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Proof. From the structure (4.5.4) of the semigroup as well as (4.5.3) of F and G, we deduce
the following variation-of-constants formula for the first component of the mild solution.

u(t) = cos(tΛ1/2)u0 + Λ− 1
2 sin(tΛ1/2)v0 +

∫︂ t

0
Λ− 1

2 sin((t− r)Λ1/2)F (r, u(r)) dr

+

∫︂ t

0
Λ− 1

2 sin((t− r)Λ1/2)G(r, u(r)) dWH(r).

Hence, the difference can be split up as

∥u(t)− u(s)∥Lp(Ω;V )

≤
⃦⃦
[cos(tΛ1/2)− cos(sΛ1/2)]u0 + Λ− 1

2 [sin(tΛ1/2)− sin(sΛ1/2)]v0
⃦⃦
Lp(Ω;V )

+
⃦⃦⃦ ∫︂ s

0
∥Λ− 1

2 [sin((t− r)Λ1/2)− sin((s− r)Λ1/2)]F (r, u(r))∥V dr
⃦⃦⃦
p

+
⃦⃦⃦ ∫︂ t

s
∥Λ− 1

2 sin((t− r)Λ1/2)F (r, u(r))∥V dr
⃦⃦⃦
p

+
⃦⃦⃦ ∫︂ s

0
Λ− 1

2 [sin((t− r)Λ1/2)− sin((s− r)Λ1/2)]G(r, u(r)) dWH(r)
⃦⃦⃦
Lp(Ω;V )

+
⃦⃦⃦ ∫︂ t

s
Λ− 1

2 sin((t− r)Λ1/2)G(r, u(r)) dWH(r)
⃦⃦⃦
Lp(Ω;V )

=: E1 + E2 + E3 + E4 + E5,

where Eℓ := Eℓ(t, s) for 1 ≤ ℓ ≤ 5. We proceed to bound these five expressions individually.
Lemma 4.46 yields

E1 ≤
⃦⃦⃦⃦

[cos(tΛ1/2)− cos(sΛ1/2)]Λ−α
2

⃦⃦
L(V )

∥Λ
α
2 u0∥V

+
⃦⃦
[sin(tΛ1/2)− sin(sΛ1/2)]Λ−α

2

⃦⃦
L(V )

∥Λ
α−1
2 v0∥V

⃦⃦
p

≤ 2(t− s)α
⃦⃦
∥u0∥Vα + ∥v0∥Vα−1

⃦⃦
p
≤ 2

√
2∥U0∥Lp(Ω;Xα) · (t− s)α

≤ 2
√
2CY ∥U0∥Lp(Ω;Y ) · (t− s)α,

where we have used the embedding Y = Xδ ↪→ Xα in the last line. Using the same trick
of inserting Λ−α

2 , applying Lemma 4.46, and using the embedding Vδ−1 ↪→ Vα−1 as well as
linear growth of F̃ from Vδ to Vδ−1, we obtain

E2 ≤ 2s(t− s)α
⃦⃦⃦⃦

sup
r∈[0,T ]

∥Λ
α−1
2 F (r, u(r))∥V

⃦⃦⃦⃦
p

≤ 2s(t− s)α
(︃
CY

⃦⃦⃦⃦
sup
r∈[0,T ]

∥F̃ (r, u(r))∥Vδ−1

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
sup
r∈[0,T ]

∥f(r)∥Vα−1

⃦⃦⃦⃦
p

)︃
≤ 2s(t− s)α

(︃
CY LF,δ

(︃
1 +

⃦⃦⃦⃦
sup
r∈[0,T ]

∥u(r)∥Vδ

⃦⃦⃦⃦
p

)︃
+ ∥f∥p,∞,Vα−1

)︃
≤ 2L1,FT (t− s)α.

Likewise, for the stochastic integral, we conclude

E4 ≤ 2Bp(CY LG,δCU0,f ,g,Y + |||g|||p,∞,Vα−1)s
1
2 (t− s)α ≤ 2BpL2,GT

1
2 (t− s)α.
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Recalling that sin(0 · Λ1/2) = 0, we can estimate

E3 ≤
⃦⃦⃦ ∫︂ t

s

⃦⃦
[sin((t− r)Λ1/2)− sin(0 · Λ1/2)]Λ−α

2

⃦⃦
L(V )

⃦⃦
Λ

α−1
2 F (r, u(r))

⃦⃦
V
dr
⃦⃦⃦
p

≤ 2L1,F

∫︂ t

s
(t− r)α dr ≤

2L1,F

α+ 1
(t− s)α+1 ≤

2L1,FT

α+ 1
(t− s)α,

and, analogously,

E5 ≤
2BpL2,G√
2α+ 1

(t− s)α+
1
2 ≤

2BpL2,GT
1/2

√
2α+ 1

(t− s)α.

Adding the bounds for E1 to E5 results in the desired statement.

Analogous to the considerations in Remark 4.23, the regularity assumptions on f and g
can be relaxed in this lemma. Having established Hölder continuity of u of order up to 1, we
can derive an error bound attaining the optimal order 1 for sufficiently good schemes and
regular nonlinearity, noise and initial values. The following main theorem of this section
generalises [132, Thm. 3.1] from exponential Euler to general contractive schemes, as well
as more general F and G.

Theorem 4.48. Suppose that Assumption 4.43 holds for some α ∈ (0, 1], δ ≥ α, and
p ∈ [2,∞). Let X := X0 and Y := Xδ be as defined in (4.5.2) and U0 ∈ LpF0

(Ω;Y ). Let A,
F, and G be as in (4.5.3) and let (Rk)k>0 be a contractive time discretisation scheme on
X which commutes with the resolvent of −A. Assume R approximates S to order α on Y .
Denote by U the mild solution of (4.5.1) and by (U j)j=0,...,Nk

the temporal approximations
as defined in (4.5.6). Then for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

≤ Ce

(︁
C1 + C2

√︁
max{log(T/k), p}

)︁
kα

with Ce := (1 + C2T )1/2 exp((1 + C2T )/2), C := CF,V
√
T + BpCG,V , C2 := KCαKG

√
T ,

and

C1 := Cα∥U0∥Lp(Ω;Y ) +
T

α+ 1
(CF,V L+ Cα,F + 2CYKF ) + CαKFT

+
Bp

√
T√

2α+ 1
(CG,V L+ Cα,G + 2CYKG),

KF := LF,δKU0,f,g,Y + ∥f∥p,∞,Vδ−1
, KG := LG,δKU0,f,g,Y + |||g|||p,∞,Vδ−1

, L as defined in
Lemma 4.47, KU0,f,g,Y as in (4.5.9), K = 4 exp(1+ 1

2e), CY denotes the embedding constant
of Y into DA(α,∞), and Bp is the constant from Theorem 2.61.

In particular, the approximations (U j)j converge at rate min{α, 1} up to a logarithmic
correction factor as k → 0.

Possible choices for R in the above include but are not limited to exponential Euler, im-
plicit Euler, Crank–Nicolson, and other A-stable schemes. We recall that the contractivity
of a large class of schemes follows from Proposition 2.28.
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Proof. As derived in the discussion before Lemma 4.44, the conditions of Theorem 4.24
follow from Assumption 4.43. Now, we make use of Lemma 4.47 to obtain decay at rate
α for those terms who limited the rate of convergence in Theorem 4.24 to 1

2 . Adopt the
notation of the error terms from the proof of Theorem 4.24. Contractivity of S, Lipschitz
continuity of F̃ from V to V−1, and Lemma 4.47 together yield

M2,1 ≤
N−1∑︂
i=0

∫︂ ti+1

ti

∥F(s, U(s))− F(s, U(ti))∥Lp(Ω;X) ds

=

N−1∑︂
i=0

∫︂ ti+1

ti

∥F̃ (s, u(s))− F̃ (s, u(ti))∥Lp(Ω;V−1) ds

≤ CF,V

N−1∑︂
i=0

∫︂ ti+1

ti

∥u(s)− u(ti)∥Lp(Ω;V ) ds ≤ CF,V L
N−1∑︂
i=0

∫︂ ti+1

ti

(s− ti)
α ds

=
CF,V L

α+ 1
tNk

α.

Combining this with the bounds for M2,2 to M2,4 from Theorem 4.24 leads to

M2 ≤
(︃
CF,V L+ Cα,F + 2CYKF

α+ 1
+ CαKF

)︃
tNk

α + CF,V
√
tN

(︃
k

N−1∑︂
i=0

E(i)2
)︃1/2

.

Here, we have used (4.5.7) to pass from the Y -norm of f to the Vδ−1-norm of f appearing in
KF and that CF,X , LF,Y , Cα,F agree with CF,V , LF,δ, Cα,F , respectively. For the term M3,1,
an application of the maximal inequality is required additionally. By the same reasoning
as for M2,1, we then deduce

M3,1 ≤ BpCG,V

(︃N−1∑︂
i=0

∫︂ ti+1

ti

∥u(s)− u(ti)∥2Lp(Ω;V ) ds

)︃1/2

≤
BpCG,V L√

2α+ 1

√
tNk

α.

In conclusion from the bounds for M3,1 to M3,5,

M3 ≤
Bp√
2α+ 1

(CG,V L+ Cα,G + 2CYKG)
√
tNk

α +KCαKG

√
tN
√︁
max{log(N), p}kα

+BpCG,V

(︃
k
N−1∑︂
i=0

E(i)2
)︃1/2

.

The final statement follows by summing the estimates for M1,M2 and M3 and then ap-
plying Gronwall’s inequality from Lemma 2.68.

4.5.2 Exponential Euler method

Also in the case of the abstract stochastic wave equation, the logarithmic correction factor
vanishes when the exponential Euler method is used. Hence, we obtain convergence at the
optimal rate.
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Corollary 4.49. Suppose that Assumption 4.43 holds for some α ∈ (0, 1], δ ≥ α, and
p ∈ [2,∞). Let X := X0 and Y := Xδ be as defined in (4.5.2) and U0 ∈ LpF0

(Ω;Y ).
Consider the exponential Euler method R := S for time discretisation. Denote by U the
mild solution of (4.5.1) with A, F, and G as in (4.5.3), and by (U j)j=0,...,Nk

the temporal
approximations as defined in (4.5.6). Then for Nk ≥ 2⃦⃦⃦⃦

max
j=0,...,Nk

∥U(tj)− U j∥X
⃦⃦⃦⃦
p

≤ CS,eCS · kα

with constants CS,e := Ce as in Theorem 4.48 and

CS :=
T

α+ 1
(CF,V L+ Cα,F + 2CYKF ) +

Bp
√
T√

2α+ 1
(CG,V L+ Cα,G + 2CYKG),

where L is as defined in Lemma 4.47, KF and KG are as in Theorem 4.48, CY denotes
the embedding constant of Y into DA(α,∞), and Bp is the constant from Theorem 2.61.

In particular, the approximations (U j)j converge at rate min{α, 1} as k → 0.

4.5.3 Error estimates on the full time interval

In the same way as in the proof of Theorem 4.32, we see that we can extend the error
bound in the grid points from Theorem 4.48 to the full time interval.

Corollary 4.50. Suppose that the conditions of Theorem 4.48 hold for α ∈ (0, 1/2] and
δ ≥ α. Further suppose that V is separable. Let p0 ∈ (p,∞) and q ∈ (2,∞] be such that
1
2 − 1

q = α, and suppose that f, g, and U0 have additional integrability

f ∈ Lp0(Ω;L1(0, T ;V )), g ∈ Lp0(Ω;Lq(0, T ;L2(H,V ))), U0 ∈ Lp0F0
(Ω;X) ∩ LpF0

(Ω;Xδ).

Denote by U the mild solution of (4.5.1) with A, F, G as in (4.5.3), and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.5.6). Define the piecewise constant extension
Ũ : [0, T ] → Lp(Ω;X) of (U j)j=0,...,Nk

by Ũ(t) := U j for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk −
1, and Ũ(T ) := UNk . Then for all Nk ≥ 2 there is a constant C ≥ 0 depending on
(T, p, p0, α, u0, F,G, V, δ) such that⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− ˜︁U(t)∥X
⃦⃦⃦⃦
p

≤ C
(︁
1 +

√︁
max{log(T/k), p}

)︁
kα.

In case we only estimate the first component u, more can be said about the convergence
rate on the full time interval. Under weaker integrability conditions and for general α ∈
(0, 1], we obtain the following.

Corollary 4.51. Suppose that the conditions of Theorem 4.48 hold. Define the piecewise
constant extension Ũ = (ũ, ṽ) : [0, T ] → Lp(Ω;X) of (U j)j=0,...,Nk

by Ũ(t) := U j for t ∈
[tj , tj+1), 0 ≤ j ≤ Nk − 1, and Ũ(T ) := UNk . Let δ1 := min{δ, 1}. Then the following two
error estimates hold.

(a) (general schemes) It holds that⃦⃦⃦⃦
sup
t∈[0,T ]

∥u(t)− ũ(t)∥V
⃦⃦⃦⃦
p

≤ Cδ1k
δ1 + Ce

(︁
C1 + C2

√︁
max{log(T/k), p}

)︁
kα,

where Cδ1 := 2CU0,f ,g,Xδ1
+CU0,f ,g,X with CU0,f ,g,Xδ1

and CU0,f ,g,X are as defined in
(4.5.8) and Ce, C1, C2 are as in Theorem 4.48.
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(b) (exponential Euler) If R = S then⃦⃦⃦⃦
sup
t∈[0,T ]

∥u(t)− ũ(t)∥V
⃦⃦⃦⃦
p

≤ (2CU0,f ,g,Xδ1
+ CU0,f ,g,X)k

δ1 + CS,eCS · kα,

where CU0,f ,g,Xδ1
and CU0,f ,g,X are as defined in (4.5.8) and CS,e, CS are as in Corol-

lary 4.49.

Proof. Since the mild solution is also a weak solution to (4.5.1), writing U = (u, v) ∈
Lp(Ω;C([0, T ];V × V−1)) we see that (u(t) |φ)V−1

− (u0 |φ)V−1
=
∫︁ t
0 (v(s) |φ)V−1

ds for all
φ ∈ V−1. Therefore, u is continuously differentiable as a (V−1)-valued function. Using the
interpolation estimate ∥x∥V ≤ ∥x∥δ1Vδ1−1

∥x∥1−δ1Vδ1
[64, Formula (1.1), Thm. 2.2], we find that

∥u(t)− u(s)∥V = ∥u(t)− u(s)∥δ1Vδ1−1
∥u(t)− u(s)∥1−δ1Vδ1

≤ 2∥u(t)− u(s)∥δ1Vδ1−1
∥u∥1−δ1C([0,T ];Vδ1 )

≤ 2|t− s|δ1∥u′∥δ1C([0,T ];Vδ1−1)
∥u∥1−δ1C([0,T ];Vδ1 )

≤ 2|t− s|δ1∥U∥C([0,T ];Xδ1
)

almost surely. In the last estimate, we have estimated by the maximum of the respective
norms of u and u′ prior to using the a priori estimate (4.4.4) w.r.t. the initial values for U .
Inserting this estimate in the Hölder seminorm, we find that

∥u∥Lp(Ω;Cδ1 ([0,T ];V )) ≤ ∥[u]Cδ1 ([0,T ];V )∥p + ∥u∥Lp(Ω;C([0,T ];V ))

≤ 2∥U∥Lp(Ω;C([0,T ];Xδ1
)) + ∥U∥Lp(Ω;C([0,T ];X))

≤ 2CU0,f ,g,Xδ1
+ CU0,f ,g,X .

By Lemma 4.28, we find that for U j = (uj , vj), we can split the error as

sup
t∈[0,T ]

∥u(t)− ũ(t)∥V ≤ kδ1∥u∥Cδ1 ([0,T ];V ) + max
j=0,...,Nk

∥u(tj)− uj∥V .

Therefore, taking Lp-norms and using the error estimate of Theorem 4.48 we find that⃦⃦⃦⃦
sup
t∈[0,T ]

∥u(t)− ũ(t)∥V
⃦⃦⃦⃦
p

≤ (2CU0,f ,g,Xδ1
+ CU0,f ,g,X)k

δ1 +

⃦⃦⃦⃦
max

j=0,...,Nk

∥U(tj)− U j∥X
⃦⃦⃦⃦
p

≤ (2CU0,f ,g,Xδ1
+ CU0,f ,g,X)k

δ1 + Ce

(︁
C1 + C2

√︁
max{log(T/k), p}

)︁
kα.

To obtain the second estimate, we use Corollary 4.49 in place of Theorem 4.48.

4.5.4 Application to the wave equation with trace class noise

As an example, we consider the classical stochastic wave equation on an open and bounded
subset O ⊆ Rd: {︃

du̇ = (∆u+ F (u)) dt+G(u) dW (t) on [0, T ],

u(0) = u0, u̇(0) = v0,
(4.5.10)

with Dirichlet boundary conditions. In the current subsection, we consider trace class noise
in L2 for any d ∈ N, and in Subsection 4.5.5 space-time white noise in case d = 1.
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It is well-known that Λ = −∆ is a positive and self-adjoint operator on L2(O), which
is invertible. Let (W (t))t∈[0,T ] be a Q-Wiener process with Q ∈ L(L2(O)) so that Q is
positive and self-adjoint. Finite-dimensional noise is included, since Q need not be strictly
positive. Assume

Q1/2 ∈ L2(L
2(O), L∞(O)). (4.5.11)

In particular, this implies Q1/2 ∈ L2(L
2(O), L2(O)) and that Q is trace class. The latter

follows from the Dunford–Pettis theorem in the version of [117, Cor. A.1.2], which allows
us to calculate the trace of Q by integrating over the square-integrable kernel associated
with Q1/2.

We consider the stochastic wave equation (4.5.10) on V := L2(O) and set H := L2(O).
For the nonlinearity and the multiplicative noise, we choose Nemytskij operators F : V → V
and G : V → L2(H,V ) = L2(L

2(O), L2(O)) determined by

F (u)(ξ) = ϕ(ξ, u(ξ)), (G(u)(h))(ξ) = ψ(ξ, u(ξ))Q1/2h(ξ), ξ ∈ O. (4.5.12)

Here, the measurable functions ϕ, ψ : O×R → R are Lipschitz and of linear growth in the
second coordinate, i.e., there is a constant L ≥ 0 such that for all u, u1, u2 ∈ R, ξ ∈ O it
holds that

|ϕ(ξ, u)|+ |ψ(ξ, u)| ≤ L(1+ |u|), |ϕ(ξ, u1)−ϕ(ξ, u2)|+ |ψ(ξ, u1)−ψ(ξ, u2)| ≤ L|u1 − u2|.
(4.5.13)

It is clear that F is Lipschitz from V to V . To see that G is of linear growth, note that by
(4.5.11)

|(G(u)h)(ξ)| = |ψ(ξ, u(ξ))||Q1/2h(ξ)| ≤ Cψ,Q(1 + |u(ξ)|)∥h∥H ,

where Cψ,Q := L∥Q1/2∥L(L2(O),L∞(O)). Therefore, arguing as in [72, Thm. 9.3.6 (3)⇒(4)]
by Riesz’ theorem we can find ku : O → H such that for a.e. ξ ∈ O for all h ∈ H,
(ku(ξ) |h)H = (G(u)h)(ξ), and ∥ku(ξ)∥H ≤ Cψ,Q(1+|u(ξ)|). Therefore, for an orthonormal
basis (hn)n∈N of H, we find that

∥G(u)∥2L2(H,V ) =
∞∑︂
n=1

∥G(u)hn∥2V =

∫︂
O

∞∑︂
n=1

| (ku(ξ) |hn) |2 dξ =
∫︂
O
∥ku(ξ)∥2H dξ

≤ C2
ψ,Q∥1 + |u|∥2V ≤ C2

ψ,Q(|O|1/2 + ∥u∥V )2.

with |O| denoting the Lebesgue measure of the set O. Likewise, we obtain Lipschitz
continuity of G noting that

|(G(u)h)(ξ)− (G(v)h)(ξ)| = |ψ(ξ, u(ξ))− ψ(ξ, v(ξ))||Q1/2h(ξ)| ≤ Cψ,Q|u(ξ)− v(ξ)|∥h∥H .

In particular, F and G satisfy the required mapping properties of Assumption 4.43 for
any δ ∈ (0, 1]. Moreover, the semigroup associated with (4.5.10) is the wave semigroup
(S(t))t≥0.

As an immediate consequence of Theorem 4.48 and Corollary 4.49, this yields the
following convergence estimate generalising [132, Cor. 4.2] to arbitrary contractive schemes
and slightly more general Q-Wiener processes W .
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Theorem 4.52 (Wave equation with trace class noise in L2). Let O ⊆ Rd, d ∈ N, be
a bounded and open set, p ∈ [2,∞), and 0 < α ≤ δ ≤ 1. Let X := X0 and Xδ be as
defined in (4.5.2) with V := L2(O), and let (u0, v0) ∈ LpF0

(Ω;Xδ). Let F and G be the
Nemytskij operators as in (4.5.12) with ϕ and ψ satisfying (4.5.13). Suppose the covariance
operator Q ∈ L(L2(O)) satisfies (4.5.11). Let (Rk)k>0 be a time discretisation scheme that
is contractive on both X and Xδ. Suppose that R approximates S to order α on Xδ. Denote
by U the mild solution of (4.5.1) with trace class noise and by (U j)j=0,...,Nk

the temporal
approximations as defined in (4.5.6). Then there exists a constant C ≥ 0 depending on
(u0, v0, ϕ, ψ, T, p, α,O, d, V, δ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥X
⃦⃦⃦⃦
p

≤ C
(︁
1 + ∥Q1/2∥L(L2(O),L∞(O))

)︁√︁
max{log(T/k), p}kα.

In particular, the approximations (U j)j converge at rate 1 if (u0, v0) ∈ LpF0
(Ω;X1) and the

exponential Euler method R = S is used. The logarithmic factor can be omitted in this
case.

In case δ = 1, for implicit Euler and Crank–Nicolson, we can take α = 1/2 and
α = 2/3, respectively. This is due to convergence at rate α on D((−A)2α) and D((−A)3α/2),
respectively. Using higher-order schemes, we can come as close to rate 1 as we want. In
Theorem 4.54 we show that for smoother noise α = 1 can be reached even for implicit
Euler.

4.5.5 Application to the wave equation with space-time white noise

We use the same notation as in Subsection 4.5.4, but this time with O = (0, 1) and Q = I,
so that (4.5.10) is the classical one-dimensional wave equation with space-time white noise.
The required mapping properties can be checked as in [132, Cor. 4.3]. For convenience of
the reader, we include the details. The functions F and G are defined by (4.5.12), however,
in this subsection, we have to consider G as a mapping G : V → L2(H,V−1).

The eigenvalues of the negative Dirichlet Laplacian Λ = −∆ are λj = π2j2, j ∈ N,
with the corresponding orthonormal basis {ej =

√
2 sin(jπ·) : j ∈ N} of V consisting of

eigenfunctions of Λ. Clearly,

sup
j∈N

sup
ξ∈[0,1]

|ej(ξ)| ≤
√
2, and ∥Λ− ε+1

4 ∥2L(V ) = π−(ε+1)
∞∑︂
j=1

j−(ε+1) =: cε <∞

then hold for every ε > 0. Now let ε ∈ (0, 1]. Using the properties above as well as
self-adjointness of Λ, we conclude that

∥Λ− ε+1
4 G(u)∥2L2(H,V ) =

∞∑︂
i=1

∞∑︂
j=1

|⟨G(u)ei,Λ− ε+1
4 ej⟩V |2

=
∞∑︂
i=1

∞∑︂
j=1

λ
− ε+1

2
j

⃓⃓⃓ ∫︂
O
ψ(ξ, u(ξ))ei(ξ)ej(ξ) dξ

⃓⃓⃓2
≤ 2

(︃ ∞∑︂
j=1

λ
− ε+1

2
j

)︃
∥ψ(·, u(·))∥2V ≤ 2L2cε(|O|1/2 + ∥u∥V )2.
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Hence, G satisfies the linear growth condition of Assumption 4.43 with δ = 1−ε
2 . Repeating

the arguments for Λ−1/2[G(u1)−G(u2)] and using c1 = π2/6 results in

∥Λ−1/2[G(u1)−G(u2)]∥2L2(H,V ) ≤ 2c1∥ψ(·, u1(·))− ψ(·, u2(·))∥2V ≤ π2L2

3
∥u1 − u2∥2V .

The nonlinearity F has already been considered in Subsection 4.5.4. In conclusion, we
obtain the following generalisation of [132, Cor. 4.3] to contractive time discretisation
schemes.

Theorem 4.53 (Wave equation with white noise). Let O = (0, 1), p ∈ [2,∞), and 0 <
α ≤ δ < 1/2. Let X := X0 and Xδ be as defined in (4.5.2) with V := L2(O), and
let (u0, v0) ∈ LpF0

(Ω;Xδ). Let F and G be Nemytskij operators as above, with ϕ and ψ

satisfying (4.5.13). Suppose the covariance operator Q equals I on L2(O). Let (Rk)k>0 be
a time discretisation scheme that is contractive on X and Xδ. Assume that R approximates
S on Xδ to order α. Denote by U the mild solution of (4.5.1) with space-time white noise
and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.5.6). Then there exists
a constant C ≥ 0 depending on (u0, v0, ϕ, ψ, T, p, α,O, d, V, δ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)− U j∥X
⃦⃦⃦⃦
p

≤ C
√︁

max{log(T/k), p}kα.

In particular, the approximations (U j)j converge at rate arbitrarily close to 1
2 if (u0, v0) ∈

LpF0
(Ω;X1) and the exponential Euler method R = S is used. The logarithmic factor can

be omitted in this case.

For implicit Euler and Crank–Nicolson, we can take α = δ/2 and α = 2δ/3, respectively.
Since we can choose δ arbitrarily close to 1/2, this leads to rates which are almost 1/4 and
1/3, respectively.

4.5.6 Application to the wave equation with smooth noise

We have already seen that exponential Euler leads to convergence at any rate α ∈ (0, 1]
depending on the given data. In this section, we show that this can also be attained
for other schemes, such as implicit Euler and Crank–Nicolson, under some smoothness
conditions on the noise. To avoid problems with boundary conditions, we only consider
periodic boundary conditions. Consider{︃

du̇ = ((∆− 1)u+ F (u)) dt+G(u) dW (t) on [0, T ],

u(0) = u0, u̇(0) = v0,
(4.5.14)

with Λ = 1−∆ and periodic boundary conditions on the d-dimensional torus Td = [0, 1]d.
For notational convenience, we will write Hβ = Hβ(Td) =: Vβ for β ∈ R. Note that
∥Λ−β∥L(L2) ≤ 1 for all β > 0. The additional +1 in the definition of Λ is included in order
to ensure invertibility. Of course, F can be suitably redefined so that this is without loss
of generality.

Let δ ∈ (1, 2] and write s := δ − 1. Let

F (u)(ξ) = ϕ(u(ξ)), (G(u)(h))(ξ) = ψ(u(ξ))Q1/2h(ξ), ξ ∈ Td. (4.5.15)
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Here, the measurable functions ϕ, ψ : R → R are Lipschitz with Lipschitz constants Lϕ and
Lψ, respectively, and, contrary to the two previous subsections, do not depend on ξ itself.
The Lipschitz estimates for F and G follow as in Subsection 4.5.4, since we will assume
more restrictive conditions on Q. The growth estimates for F and G as in Assumption
4.43(d) are more complicated. In case δ = 2 the paraproduct constructions from [122] can
be avoided, but we will consider the general case.

By the torus version of Proposition 2.33, for u ∈ Vδ, there is a constant Cs,ϕ ≥ 0 such
that

∥F (u)∥Vδ−1
= ∥ϕ(u)∥Hδ−1 ≤ Cs,ϕ(1 + ∥u∥Hδ−1) ≤ Cs,ϕ(1 + ∥u∥Hδ) = Cs,ϕ(1 + ∥u∥Vδ).

For G, the estimate is still more complicated. In order to estimate the Hilbert–Schmidt
norm of G(u), paraproduct estimates are required, as, for instance, in (4.5.17). These
paraproduct estimates involve Bessel potential spaces Hs,q, which, in general, are not
Hilbert spaces. Thus, γ-radonifying operators are required in this application. Let (γn)n∈N
be an i.i.d. sequence of standard Gaussian random variables taking values in R. Suppose
that Λ

δ−1
2 Q1/2 : L2 → L∞. Then by [72, Cor. 9.3.3], Q1/2 ∈ γ(H,Hβ,q) for all q ∈ [1,∞)

and all β ≤ δ − 1, and

Cq,β := ∥Q1/2∥γ(H,Hβ,q) ≤ ∥Q1/2∥γ(H,Hδ−1,q) ≤ cq∥Λ
δ−1
2 Q1/2∥L(L2,L∞), (4.5.16)

where cq := ∥γ1∥Lq(Ω). Let (hn)n∈N be an orthonormal basis of H and fix N ≥ 1. Let
ηN :=

∑︁N
n=1 γnQ

1/2hn ∈ L2(Ω;Vδ−1). Then ∥ηN∥L2(Ω;Vβ) ≤ ∥Q1/2∥γ(H,Hβ,q) for all β ≤
δ − 1. It follows that

N∑︂
n=1

∥G(u)hn∥2Vδ−1
= ∥ψ(u)ηN∥2L2(Ω;Vδ−1)

.

Next, we estimate ∥ψ(u)ηN∥Vδ−1
pointwise in Ω. By the torus version of Proposition 2.32

(see [1, Prop. 4.1(1)]) and Proposition 2.33, there is a constant Cδ,d,1 ≥ 0 such that

∥ψ(u)ηN∥Vδ−1
= ∥ψ(u)ηN∥Hδ−1 ≤ ∥ψ(u)∥Lq1∥ηN∥Hδ−1,q2 + ∥ψ(u)∥Hδ−1,r2∥ηN∥Lr1

(4.5.17)

≤ Lψ(∥u∥Lq1 + 1)∥ηN∥Hδ−1,q2 + LψCδ,d,1(∥u∥Hδ−1,r2 + 1)∥ηN∥Hδ−1,r1 ,

where 1
q1

+ 1
q2

= 1
r1

+ 1
r2

= 1
2 and q1, r1 ∈ (2,∞] and q2, r2 ∈ [2,∞). Taking r1 < ∞ and

using (4.5.16), we find that

∥ψ(u)ηN∥L2(Ω;Vδ−1) ≤ LψCq2,δ−1(∥u∥Lq1 + 1) + LψCδ,d,1Cr1,δ−1(∥u∥Hδ−1,r2 + 1)

for suitable constants Cq2,δ−1, Cr1,δ−1 ≥ 0. It remains to estimate ∥u∥Lq1 and ∥u∥Hδ−1,r2

by ∥u∥Hδ = ∥u∥Vδ using suitable Sobolev embeddings and choosing q1 ∈ (2,∞] and r2 ∈
(2,∞) suitably. As soon as we have done that, we can let N → ∞ and conclude the
required estimate

∥G(u)∥L2(H,Vδ−1) ≤ K(1 + ∥u∥Vδ).

To obtain Hδ ↪→ Lq1 , we consider two cases. If δ ≤ d/2 (e.g., d ∈ {1, 2}) we can take
q1 <∞ arbitrary. If δ > d/2, then we take q1 = 2d

d−2δ , and thus q2 = d
δ .

To obtain Hδ ↪→ Hδ−1,r2 we consider two cases. If d ∈ {1, 2}, then we can take
r2 ∈ (2,∞) arbitrary. If d ≥ 3, then we set r2 = 2d

d−2 , and thus r1 = d.
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Theorem 4.54 (Wave equation with smooth noise). Let X := X0 and Xδ be as de-
fined in (4.5.2) with V := L2(O), p ∈ [2,∞), and 0 < α ≤ 1 < δ ≤ 2. Suppose that
(u0, v0) ∈ LpF0

(Ω;Xδ). Let F and G be Nemytskij operators as in (4.5.15) with Lipschitz

functions ϕ and ψ. Suppose the covariance operator Q on L2(O) satisfies Λ
δ−1
2 Q1/2 ∈

L(L2(Td), L∞(Td)). Let (Rk)k>0 be a time discretisation scheme that is contractive on
both X and Xδ. Assume that R approximates S to order α on Xδ. Denote by U the mild
solution of (4.5.14) driven by a Q-Wiener process W and by (U j)j=0,...,Nk

the temporal
approximations as defined in (4.5.6). Then there exists a constant C ≥ 0 depending on
(u0, v0, ϕ, ψ, T, p, α, d, V, δ) such that for Nk ≥ 2⃦⃦⃦⃦

max
0≤j≤Nk

∥U(tj)−U j∥X
⃦⃦⃦⃦
p

≤ C
(︁
1+ ∥Λ(δ−1)/2Q1/2∥L(L2(Td),L∞(Td))

)︁√︁
max{log(T/k), p}kα.

The above result is not useful for exponential Euler, since Theorem 4.52 is better in
that case. However, if we specialize to implicit Euler and Crank–Nicolson, then we obtain
rates α = δ

2 and α = min{2
3δ, 1}, respectively. In particular, this leads to convergence of

order one if δ = 2 for many numerical schemes. Note that δ = 2 approximately corresponds
to a noise W that belongs to H1,q(Td) for all q <∞.

Remark 4.55. Theorem 4.54 gives an explanation for the convergence rates obtained in [132,
Fig. 6.1, right figure] from numerical experiments. There, trace class noise determined by
ψ(u) = u and Q with eigenvalues qj = j−β , j ∈ N, β = 1.1 has been investigated. Denote
by (ej)j∈N the orthonormal basis of V and by λj = Cj2 the eigenvalues of Λ as in Subsection
4.5.5 for some constant C > 0. We calculate that

Λ
δ−1
2 Q

1
2 ej = q

1
2
j Λ

δ−1
2 ej = j−

β
2 λ

δ−1
2

j ej = C
δ−1
2 jδ−1−β

2 ej

for j ∈ N. Thus, Λ
δ−1
2 Q

1
2 maps L2 into L∞ if δ ≤ 1 + β

2 . Setting δ := min{1 + β
2 , 2} =

1+1.1
2 = 1.55, we derive convergence at rate δ

2 = 0.775 for implicit Euler and min{2
3δ, 1} = 1

for Crank–Nicolson. Taking numerical errors into account, this corresponds to the numer-
ical convergence rates obtained in [132, Fig. 6.1, right figure].
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4.6 Pathwise Uniform Convergence for Irregular Nonlineari-
ties

As in the preceding sections, our aim is to prove pathwise uniform convergence of discreti-
sations

U0 := u0, U j := RkU
j−1 + kRkF (tj−1, U

j−1) +RkG(tj−1, U
j−1)∆Wj , (4.6.1)

j = 1, . . . , Nk, obtained from contractive time discretisation schemes (Rk)k>0 to the mild
solution of a nonlinear stochastic evolution equation of the form

dU +AU dt = F (t, U) dt+G(t, U) dWH(t), U(0) = u0 ∈ Lp(Ω;X). (4.6.2)

In contrast to Section 4.4, we shall not assume any further regularity in the structure
of the nonlinearity F : Ω × [0, T ] × X → X or the noise G : Ω × [0, T ] × X → γ(H,X).
Instead, we merely assume global Lipschitz continuity and progressive measurability on
X, and impose no further conditions on the images F (Ω× [0, T ]× Y ) for some Y ↪→ X or
even on F (Ω × [0, T ] ×X) being proper and more regular subspaces of X, or γ(H,X) in
the case of G. Moreover, we allow rough initial data u0 ∈ Lp(Ω;X).

Naturally, allowing such irregular nonlinearities and initial data, we cannot expect
convergence of a certain rate. Even in the linear, deterministic case, convergence can
be arbitrarily slow for irregular initial data. Hence, the main result of this section in
Theorem 4.57 is a qualitative pathwise uniform convergence statement in the irregular
setting described above.

Subsection 4.6.1 is devoted to the proof of the main theorem, which relies on martingale
techniques. An example of an irregular stochastic Schrödinger equation, for which none of
the quantified convergence results are applicable, is considered in Subsection 4.6.2.

4.6.1 The convergence result

The following assumption summarises the conditions imposed on F and G. We will later
see that they are sufficient for pathwise uniform convergence. Since no space Y with
additional regularity is required, the space index X is omitted in the constants.

Assumption 4.56. Let X be a (2, D)-smooth Banach space and p ∈ [2,∞). Let F : Ω ×
[0, T ] × X → X and G : Ω × [0, T ] × X → γ(H,X) be strongly P ⊗ B(X)-measurable.
Suppose that

(a) (global Lipschitz continuity) there exist constants CF , CG ≥ 0 such that for all ω ∈ Ω,
t ∈ [0, T ], and x, y ∈ X,

∥F (ω, t, x)− F (ω, t, y)∥ ≤ CF ∥x− y∥, ∥G(ω, t, x)−G(ω, t, y)∥γ(H,X) ≤ CG∥x− y∥,

(b) (linear growth) there exist constants LF , LG ≥ 0 such that for all ω ∈ Ω, t ∈ [0, T ],
and x ∈ X,

∥F (ω, t, x)∥ ≤ LF (1 + ∥x∥), ∥G(ω, t, x)∥γ(H,X) ≤ LG(1 + ∥x∥),
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(c) (Hölder continuity) for some α ∈ (0, 1],

Cα,F := sup
ω∈Ω,x∈X

[F (ω, ·, x)]α <∞, Cα,G := sup
ω∈Ω,x∈X

[G(ω, ·, x)]α <∞.

Assumption 4.56 implies Assumption 4.11 with F̃ := F − F (·, ·, 0), f := F (·, ·, 0), and
likewise for G, whence (4.6.2) has a unique mild solution. Contrary to Section 4.4, we
do not decompose F = F̃ + f or G = G̃ + g in this section, as the main purpose of this
decomposition was to relax the integrability assumptions with values in Y . Since the main
objective of this section is to not impose any conditions on Y , we do not perform this
decomposition. As a consequence, we can no longer impose conditions on the value at
time 0 without loss of generality. Hence, linear growth of F is assumed directly instead of
deducing it from Lipschitz continuity. Compared to Assumption 4.11, only condition (c)
is added. Under these assumptions, we obtain the main result of this section on pathwise
uniform convergence of the temporal approximations.

Theorem 4.57. Suppose that Assumption 4.56 holds for some p ∈ [2,∞) and α ∈ (0, 1].
Further suppose that −A generates a C0-contraction semigroup on both X and D(A), and
let u0 ∈ LpF0

(Ω;X). Let (Rk)k>0 be a time discretisation scheme that is contractive on X
and D(A). Assume R approximates S to order α on D(A). Denote by U the mild solution
of (4.6.2) and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.6.1). Define
the piecewise constant extension Ũ : [0, T ] → Lp(Ω;X) by Ũ(t) := U j for t ∈ [tj , tj+1),
0 ≤ j ≤ Nk − 1, and Ũ(T ) := UNk . Then

lim
k→0

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)− Ũ(t)∥
⃦⃦⃦⃦
p

= 0. (4.6.3)

The main ingredient of the proof of this theorem consists of regularising the nonlinearity,
the noise, and the initial values by

mF := mR(m,−A)F, mG := mR(m,−A)G, mu0 := mR(m,−A)u0 (4.6.4)

for m ∈ N. By construction, mF maps to D(A), mG maps to γ(H,D(A)), and mu0 ∈
Lp(Ω;D(A)), giving the desired additional regularity in structure. Assumption 4.56 also
implies existence and uniqueness of the mild solution mU of the regularised problem

mU +AmU dt = mF (mU) dt+ mG(mU) dWH(t), mU(0) = mu0 ∈ X (4.6.5)

for m ∈ N. It is given by a fixed point of

mU(t) = S(t)mu0 +

∫︂ t

0
S(t− s)mF (mU(s)) ds+

∫︂ t

0
S(t− s)mG(mU(s)) dWH(s).

The following proposition lists useful properties of the regularised quantities.

Proposition 4.58. Let Assumption 4.56 hold and let mF,mG,mu0 be as defined in (4.6.4)
for m ∈ N. Suppose that −A generates a C0-contraction semigroup (S(t))t≥0. Let u0 ∈
LpF0

(Ω;X). Then the following statements hold.

(a) (D(A)-invariance) mF : Ω × [0, T ] × D(A) → D(A) and mG : Ω × [0, T ] × D(A) →
γ(H,D(A)) are strongly P ⊗ B(D(A))-measurable and mu0 ∈ LpF0

(Ω;D(A)).



166 Chapter 4. Temporal Approximation of Stochastic Evolution Equations

(b) (uniform Lipschitz continuity) mF and mG are uniformly Lipschitz continuous with
the same Lipschitz constants as F and G, i.e., for all m ∈ N, ω ∈ Ω, t ∈ [0, T ], and
x, y ∈ X,

∥mF (ω, t, x)− mF (ω, t, y)∥ ≤ CF ∥x− y∥,
∥mG(ω, t, x)− mG(ω, t, y)∥γ(H,X) ≤ CG∥x− y∥.

(c) (linear growth on D(A)) For all m ∈ N, there are constants LF,m, LG,m ≥ 0 such
that for all ω ∈ Ω, t ∈ [0, T ], and x ∈ Y ,

∥mF (ω, t, x)∥D(A) ≤ LF,m(1 + ∥x∥D(A)),

∥mG(ω, t, x)∥γ(H,D(A)) ≤ LG,m(1 + ∥x∥D(A)).

(d) (pointwise convergence) As m → ∞, mF and mG converge pointwise to F and G,
respectively. Moreover, mu0 → u0 in Lp(Ω;X) as m→ ∞.

Proof. (a) Continuity of F (ω, t, ·) : X → X for all ω ∈ Ω and t ∈ [0, T ] follows from As-
sumption 4.11(a), and thus also continuity as a mapping F (ω, t, ·) : D(A) → X. From
the identity AR(m,−A) = I −mR(m,−A) and continuity of the resolvent on X, we ob-
tain continuity of R(m,−A) : X → D(A). Consequently, mF (ω, t, ·) : D(A) → D(A) is
continuous. Hence, strong P ⊗ B(D(A))-measurability of mF : Ω× [0, T ]× D(A) → D(A)
follows from strong P⊗B(X)-measurability as stated in Assumption 4.11. Likewise, strong
P ⊗ B(D(A))-measurability of mG can be derived. Lastly, since R(m,−A) maps to D(A)
and u0 ∈ LpF0

(Ω;X), it holds that mu0 ∈ LpF0
(Ω;D(A)).

(b) First, we recall a folklore result from semigroup theory, which is an immedi-
ate consequence of Theorem 2.8(c): For contraction semigroups, the norm of the re-
solvent R(λ,−A) is bounded by ∥R(λ,−A)∥L(X) ≤ (Reλ)−1 for all Reλ > 0. Hence,
∥mR(m,−A)∥L(X) ≤ m · 1

m = 1 is contractive. Together with this observation, Lipschitz
continuity of F and G implies uniform Lipschitz continuity of mF and mG with the same
Lipschitz constant, respectively.

(c) By assumption, F is of linear growth on X. Linear growth of mF on D(A) with
LF,m = (2m+ 1)LF follows from the identity AR(m,−A) = I −mR(m,−A) via

∥mF (ω, t, x)∥D(A) = ∥mAR(m,−A)F (ω, t, x)∥+ ∥mR(m,−A)F (ω, t, x)∥
≤ ∥m[I −mR(m,−A)]F (ω, t, x)∥+ ∥F (ω, t, x)∥
≤ (2m+ 1)∥F (ω, t, x)∥ ≤ (2m+ 1)LF (1 + ∥x∥).

Linear growth of mG on D(A) with LG,m = (2m+ 1)LG follows analogously.

(d) It suffices to prove thatmR(m,−A) → I in the strong operator topology asm→ ∞.
Since A is densely defined and closed as the negative generator of a C0-semigroup, this
follows from Lemma 2.9.

For a comprehensive discretisation error analysis, we start by investigating the con-
tinuous regularisation error. The following lemma will prove helpful in doing so for
Z ∈ {X, γ(H,X)} and with ψ chosen based on the nonlinearity F or noise G.
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Lemma 4.59. Let Z be a Banach space, ψ : Ω× [0, T ] → Z have continuous paths almost
surely and assume that

sup
t∈[0,T ]

∥ψ(·, t)∥Z ∈ Lp(Ω).

Let Rn, R ∈ L(Z), n ∈ N, be such that Rn → R strongly as n→ ∞. Then

lim
n→∞

⃦⃦⃦
sup
t∈[0,T ]

∥(Rn −R)ψ(·, t)∥Z
⃦⃦⃦
p
= 0.

Proof. By continuity of paths of ψ, the set ψ(ω, [0, T ]) ⊆ Z is compact for a.e. ω ∈ Ω.
Since by assumption Rn converges to R in the strong operator topology, Proposition 2.17
yields uniform convergence of Rn to R on compact sets in Z as n → ∞ for a.e. ω ∈ Ω.
Hence,

sup
t∈[0,T ]

∥(Rn −R)ψ(ω, t)∥Z −−−→
n→∞

0 for a.e. ω ∈ Ω.

Due to the assumed integrability of the supremum of ψ in time, the desired statement
follows from dominated convergence in Lp(Ω).

Lemma 4.60 (Convergence of the continuous regularisation). Suppose that Assumption
4.56 holds for some p ∈ [2,∞). Suppose that −A generates a C0-contraction semigroup
(S(t))t≥0 on X and let u0 ∈ LpF0

(Ω;X). Denote by U the mild solution of (4.6.2) and by
mU the mild solution of (4.6.5) with mF , mG, and mu0 as defined in (4.6.4) for m ∈ N.
Then

lim
m→∞

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)− mU(t)∥
⃦⃦⃦⃦
p

= 0. (4.6.6)

Proof. Let mV := U − mU and τ ∈ [0, T ]. Then mV is given by

mV (t) = S(t)[u0 − mu0] +

∫︂ t

0
S(t− s)[F (s, U(s))− mF (s,mU(s))] ds

+

∫︂ t

0
S(t− s)[G(s, U(s))− mG(s,mU(s))] dWH(s),

which implies

mE1(τ) :=

⃦⃦⃦⃦
sup
t∈[0,τ ]

∥mV (t)∥
⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

sup
t∈[0,τ ]

∥S(t)[u0 − mu0]∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
sup
t∈[0,τ ]

∫︂ t

0
∥S(t− s)[F (s, U(s))− mF (s,mU(s))]∥ ds

⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
sup
t∈[0,τ ]

⃦⃦⃦⃦ ∫︂ t

0
S(t− s)[G(s, U(s))− mG(s,mU(s))] dWH(s)

⃦⃦⃦⃦⃦⃦⃦⃦
p

=: mE1,1(τ) + mE1,2(τ) + mE1,3(τ).

We proceed to bound the terms individually. For the initial value term, contractivity of S,
strong convergence of mR(m,−A) to I on X as obtained from Lemma 2.9, and dominated
convergence in Lp(Ω) yield the existence of m0 ∈ N such that for all m ≥ m0,

mE1,1(τ) ≤ ∥u0 − mu0∥Lp(Ω;X) = ∥[I −mR(m,−A)]u0∥Lp(Ω;X) <
ε

3
. (4.6.7)
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Next, we estimate

mE1,2(τ) ≤
⃦⃦⃦⃦ ∫︂ τ

0
∥F (s, U(s))− mF (s, U(s))∥ ds

⃦⃦⃦⃦
p

+ CF

⃦⃦⃦⃦ ∫︂ τ

0
∥U(s)− mU(s)∥ ds

⃦⃦⃦⃦
p

≤ τ

⃦⃦⃦⃦
sup
s∈[0,τ ]

∥F (s, U(s))− mF (s, U(s))∥
⃦⃦⃦⃦
p

+ CF

∫︂ τ

0

⃦⃦⃦⃦
sup
r∈[0,s]

∥mV (r)∥
⃦⃦⃦⃦
p

ds

using contractivity of S and uniform Lipschitz continuity of mF . The second term is a
multiple of the integral of the full error mE1 from 0 to τ , allowing for a Gronwall argument
after bounding the first term. By Theorem 4.12, U has continuous paths almost surely.
Combined with continuity of F in time and space as derived from Assumption 4.56, this
implies that ψ : Ω×[0, T ] → X, ψ(ω, t) := F (ω, t, U(ω, t)) also has continuous paths almost
surely. Furthermore, linear growth and Theorem 4.12 imply⃦⃦⃦⃦

sup
t∈[0,τ ]

∥F (t, U(t))∥
⃦⃦⃦⃦
p

≤ LF
(︁
1 + ∥U∥Lp(Ω;C([0,T ];X))

)︁
<∞.

Hence, Lemma 4.59 applied to ψ on Z = X with Rn = nR(n,−A) and R = I yields the
existence of m1 ∈ N such that for all m ≥ m1,⃦⃦⃦⃦

sup
s∈[0,τ ]

∥F (s, U(s))− mF (s, U(s))∥
⃦⃦⃦⃦
p

<
ε

3T
.

In conclusion, for m ≥ m1 the Cauchy–Schwarz inequality yields

mE1,2(τ) <
ε

3
+ CF

∫︂ τ

0
mE1(s) ds ≤

ε

3
+ CFT

1/2
(︂∫︂ τ

0
mE1(s)

2 ds
)︂1/2

. (4.6.8)

It remains to estimate the part of the error induced by noise. Via the maximal inequality
from Theorem 2.61, the triangle inequality in Lp(Ω;L2(0, τ ; γ(H,X))), uniform Lipschitz
continuity of mG, and Fubini’s theorem, we obtain

mE1,3(τ) ≤ Cp,D

⃦⃦⃦(︂ ∫︂ τ

0
∥G(s, U(s))− mG(s,mU(s))∥2γ(H,X) ds

)︂1/2⃦⃦⃦
p

≤ Cp,D

⃦⃦⃦(︂ ∫︂ τ

0
∥G(s, U(s))− mG(s, U(s))∥2γ(H,X) ds

)︂1/2⃦⃦⃦
p

+ Cp,DCG

⃦⃦⃦ ∫︂ τ

0
∥U(s)− mU(s)∥2 ds

⃦⃦⃦1/2
p/2

≤ Cp,Dτ
1/2

⃦⃦⃦⃦
sup
s∈[0,τ ]

⃦⃦
G(s, U(s))− mG(s, U(s))

⃦⃦
γ(H,X)

⃦⃦⃦⃦
p

+ Cp,DCG

(︃∫︂ τ

0

⃦⃦⃦⃦
sup
r∈[0,s]

∥U(r)− mU(r)∥
⃦⃦⃦⃦2
p

ds

)︃1/2

.

By the left ideal property of γ(H,X), see Proposition 2.39, the resolvent R(m,−A) extends
to a linear and bounded operator on γ(H,X) for m ∈ ρ(−A). Hence, arguing as for the
nonlinear terms, Lemma 4.59 with Z = γ(H,X) and ψ(ω, t) = G(ω, t, U(ω, t)) yields the
existence of m2 ∈ N such that for all m ≥ m2,⃦⃦⃦⃦

sup
s∈[0,τ ]

∥G(s, U(s))− mG(s, U(s))∥γ(H,X)

⃦⃦⃦⃦
p

<
ε

3Cp,DT 1/2
.
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Hence, for m ≥ m2

mE1,3(τ) ≤
ε

3
+ Cp,DCG

(︂∫︂ τ

0
mE1(s)

2 ds
)︂1/2

. (4.6.9)

Altogether, we deduce from (4.6.7), (4.6.8), and (4.6.9) that

mE1(τ) ≤ ε+ βp,D,T

(︂∫︂ τ

0
mE1(s)

2 ds
)︂1/2

with βp,D,T := CFT
1/2 + Cp,DCG. An application of the continuous version of Gronwall’s

inequality from Lemma 2.67 yields

mE1(τ) ≤ ε · (1 + β2p,D,T τ)
1/2 exp

(︂1
2
+

1

2
β2p,D,T τ

)︂
.

The required statement follows by setting τ = T .

The regularised discrete approximation obtained by applying the contractive time
discretisation scheme as in (4.6.1) to the regularised evolution equation is given by the
variation-of-constants formula

mU
j := Rjk(mu0) + k

j−1∑︂
i=0

Rj−ik (mF (ti,mU
i)) +

j−1∑︂
i=0

Rj−ik (mG(ti,mU
i)∆Wi+1) (4.6.10)

for j = 0, . . . , Nk.
The next error investigated is the numerical discretisation error for the regularised

problem, where we make use of the fact that mF and mG are mapping into spaces with
additional regularity. By means of the regularisation, we are now in the position to apply
the results from Section 4.4.

Corollary 4.61 (Convergence of the regularised discretisation). Suppose that Assumption
4.56 holds for some p ∈ [2,∞) and α ∈ (0, 1]. Further suppose that −A generates a C0-
contraction semigroup on both X and D(A), and let u0 ∈ LpF0

(Ω;X). Let (Rk)k>0 be a time
discretisation scheme that is contractive on both X and D(A). Assume R approximates
S to order α on D(A). Let m ∈ N. Denote by mU the mild solution of (4.6.5) with
mF,mG,mu0 as defined in (4.6.4) and by (mU

j)j=0,...,Nk
the temporal approximations as

defined in (4.6.10). Then

lim
k→0

⃦⃦⃦⃦
max

0≤j≤Nk

∥mU(tj)− mU
j∥
⃦⃦⃦⃦
p

= 0. (4.6.11)

Proof. First, we note that D(A) is a 2-smooth Banach space like X, see Section 2.4. Global
Lipschitz continuity of mF and mG on X, D(A)-invariance, and linear growth on D(A)
as stated in Assumption 4.21(a), (c), and (d) were already proven in Proposition 4.58.
Hölder continuity of mF and mG as in Assumption 4.21(b) follows immediately from the
respective Assumption 4.56(c) on F and G. Lastly, mu0 = mR(m,−A)u0 ∈ LpF0

(Ω;D(A))
due to the regularising property of the resolvent.

Hence, Theorem 4.24 is applicable to mU and its discretisation (mU
j)j=0,...,Nk

with
Y = D(A), nonlinearity mF , noise mG, and initial values mu0. It yields the desired
convergence, even with a rate depending on the Hölder continuity in time of F and G.
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Note that the convergence of the regularised discretisation is not uniform in the regu-
larisation parameter m ∈ N. This leads to additional challenges in proving the main result,
which we now move on to.

Proof of Theorem 4.57. Let ⌊t⌋ := tj for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk − 1, and ⌊T ⌋ := T .
Then⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− Ũ(t)∥
⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− U(⌊t⌋)∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤Nk

∥U(tj)− U j∥
⃦⃦⃦⃦
p

.

Theorem 4.12 implies pathwise continuity of the mild solution U . Clearly, U is also uni-
formly continuous on [0, T ], which together with dominated convergence in Lp(Ω) yields
convergence of the first term to 0 as k → 0. It remains to show convergence of the dis-
cretisation error. To this end, let N ∈ {0, . . . , Nk} and fix some m ∈ N to be determined
later. We further decompose the discretisation error at the first N +1 grid points into the
three parts

E(N) :=

⃦⃦⃦⃦
max

0≤j≤N
∥U(tj)− U j∥

⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
0≤j≤N

∥U(tj)− mU(tj)∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤N
∥mU(tj)− mU

j∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤N
∥mU j − U j∥

⃦⃦⃦⃦
p

=: mE1(N) + mE2(N) + mE3(N). (4.6.12)

Note that mE1(N) → 0 uniformly in N as m → ∞ as a consequence of Lemma 4.60.
Moreover, mE2(Nk) → 0 as k → 0 follows from Corollary 4.61. It remains to bound the
remaining term mE3(N). This will be done in terms of mE1(Nk) and mE2(Nk), which
converge in the desired manner, and E(i), 0 ≤ i ≤ N − 1, which is dealt with via a
Gronwall argument, as illustrated in Step 1. The bound of mE3(N) from the claim below
is obtained in Step 2 of the proof.

Claim. Let ε > 0. We claim that there exist m0 = m0(ε) ∈ N and a constant
C = C(p,D, F,G, T ) ≥ 0 such that for m ≥ m0,

mE3(N) ≤ ε

2
+ C[mE1(Nk) + mE2(Nk)] + C

(︃
k
N−1∑︂
i=0

E(i)2
)︃1/2

. (4.6.13)

Step 1. Suppose that the claim holds true. We show that it implies the convergence of
E(Nk) to 0 as k → 0. Indeed, noting that mEi(N) ≤ mEi(Nk) for i = 1, 2, we conclude
from (4.6.12) and (4.6.13) that

E(N) ≤ ε

2
+ (C + 1)[mE1(Nk) + mE2(Nk)] + C

(︃
k
N−1∑︂
i=0

E(i)2
)︃1/2

.

An application of Gronwall’s inequality from Lemma 2.68 results in

E(N) ≤
(︂ε
2
+ (C + 1)[mE1(Nk) + mE2(Nk)]

)︂
(1 + C2tN )

1/2 exp

(︃
1 + C2tN

2

)︃
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for all m ≥ m0. By Lemma 4.60, there exists m1 ∈ N such that

mE1(Nk) ≤
⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− mU(t)∥
⃦⃦⃦⃦
p

≤ ε

2(C + 1)

for all m ≥ m1 and Nk ∈ N. Hence, for m ≥ max{m0,m1} fixed, we obtain

E(N) ≤
(︁
ε+ (C + 1)mE2(Nk)

)︁
(1 + C2T )1/2 exp

(︃
1 + C2T

2

)︃
.

Corollary 4.61 gives mE2(Nk) → 0 as Nk → ∞ or, equivalently, k → 0. Since ε > 0 was
chosen arbitrarily, we conclude E(Nk) → 0 as k → 0, which proves the desired convergence
statement.

Step 2. We proceed to prove the claim (4.6.13). The error can be divided into an initial
value part, a nonlinear part, and a noise part according to

mE3(N) =

⃦⃦⃦⃦
max

0≤j≤N
∥U j − mU

j∥
⃦⃦⃦⃦
p

≤
⃦⃦⃦⃦

max
0≤j≤N

∥Rjk[u0 − mu0]∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦
k

j−1∑︂
i=0

Rj−ik [F (ti, U
i)− mF (ti,mU

i)]

⃦⃦⃦⃦⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦ j−1∑︂
i=0

Rj−ik [G(ti, U
i)− mG(ti,mU

i)]∆Wi+1

⃦⃦⃦⃦⃦⃦⃦⃦
p

=: E3,1 + E3,2 + E3,3, (4.6.14)

where the dependence E3,ℓ = E3,ℓ(N,m, k) for ℓ = 1, 2, 3 is omitted in the notation. We
bound all three terms individually. First, we observe that by contractivity of Rk and
pointwise convergence of mR(m,−A) → I, there exists m2 ∈ N such that for all m ≥ m2

E3,1 ≤ ∥u0 − mu0∥Lp(Ω;X) = ∥(I −mR(m,−A))u0∥Lp(Ω;X) <
ε

6
. (4.6.15)

Second, we consider the nonlinear part of the error. For 0 ≤ j ≤ N and 0 ≤ i ≤ j − 1, we
estimate

∥Rj−ik [F (ti, U
i)− mF (ti,mU

i)]∥
≤ ∥F (ti, U i)− F (ti, U(ti))∥+ ∥F (ti, U(ti))− mF (ti, U(ti))∥
+ ∥mF (ti, U(ti))− mF (ti,mU(ti))∥+ ∥mF (ti,mU(ti))− mF (ti,mU

i)∥
≤ CF ∥U(ti)− U i∥+ ∥F (ti, U(ti))− mF (ti, U(ti))∥
+ CF ∥U(ti)− mU(ti)∥+ CF ∥mU(ti)− mU

i∥, (4.6.16)

where in the last step we have used uniform Lipschitz continuity of mF and F . The
motivation for splitting the error in this manner is that the difference between F and its
regularised counterpart mF is then evaluated in the values U(ti) of the mild solution at
the time grid points. Since the mild solution has continuous paths, this enables us to
apply Lemma 4.59, as seen in the proof of Lemma 4.60. This yields uniform convergence,
in particular uniformly in the number of time steps. Summing over i, multiplying by k,
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taking the maximum over all j and taking norms in Lp(Ω), we conclude from Minkowski’s
inequality in Lp(Ω) that

E3,2 =

⃦⃦⃦⃦
max

0≤j≤N

⃦⃦⃦⃦
k

j−1∑︂
i=0

Rj−ik [F (ti, U
i)− mF (ti,mU

i)]

⃦⃦⃦⃦⃦⃦⃦⃦
p

≤ CF

⃦⃦⃦⃦
k

N−1∑︂
i=0

∥U(ti)− U i∥
⃦⃦⃦⃦
p

+ CF

⃦⃦⃦⃦
k

N−1∑︂
i=0

∥U(ti)− mU(ti)∥
⃦⃦⃦⃦
p

+ CF

⃦⃦⃦⃦
k
N−1∑︂
i=0

∥mU(ti)− mU
i∥
⃦⃦⃦⃦
p

+

⃦⃦⃦⃦
k
N−1∑︂
i=0

∥F (ti, U(ti))− mF (ti, U(ti))∥
⃦⃦⃦⃦
p

≤ CFk
N−1∑︂
i=0

E(i) + CFT [mE1(Nk) + mE2(Nk)] + T

⃦⃦⃦⃦
sup
t∈[0,T ]

∥F (t, U(t))− mF (t, U(t))∥
⃦⃦⃦⃦
p

.

Analogously to the proof of Lemma 4.60, we derive from Lemma 4.59 that there exists
m3 ∈ N such that for all m ≥ m3,⃦⃦⃦⃦

sup
t∈[0,T ]

∥F (t, U(t))− mF (t, U(t))∥
⃦⃦⃦⃦
p

<
ε

6T
.

Consequently, from the Cauchy–Schwarz inequality, it follows that for all m ≥ m3,

E3,2 ≤ CF
√
T
(︂
k
N−1∑︂
i=0

E(i)2
)︂1/2

+ CFT [mE1(Nk) + mE2(Nk)] +
ε

6
. (4.6.17)

To bound the last term E3,3 in (4.6.14), we make use of the martingale argument from
Lemma 4.18, which we apply with Qi := G(ti, U

i)− mG(ti,mU
i). This yields

E3,3 ≤ Bp,D

(︂
k

N−1∑︂
i=0

⃦⃦
∥[G(ti, U i)− mG(ti,mU

i)]∥γ(H,X)

⃦⃦2
p

)︂1/2
with Bp,D = 10D

√
p(10p2(p − 1)−1 + 1). As for the nonlinear terms in (4.6.16), we split

the term ∥G(ti, U i)−mG(ti,mU
i)∥γ(H,X) in such a way that the difference of G and mG is

evaluated at U(ti) rather than the discrete approximations U i or mU i. After an application
of the triangle inequality in ℓ2({0, . . . , N − 1};Lp(Ω; γ(H,X))), this results in

E3,3 ≤ Bp,D

[︃
CG

(︂
k

N−1∑︂
i=0

∥U(ti)− U i∥2Lp(Ω;X)

)︂1/2
+ CG

(︂
k

N−1∑︂
i=0

∥U(ti)− mU(ti)∥2Lp(Ω;X)

)︂1/2
+ CG

(︂
k
N−1∑︂
i=0

∥mU(ti)− mU
i∥2Lp(Ω;X)

)︂1/2
+
(︂
k
N−1∑︂
i=0

⃦⃦
∥G(ti, U(ti))− mG(ti, U(ti))∥γ(H,X)

⃦⃦2
p

)︂1/2]︃

≤ Bp,D

[︃
CG

(︂
k

N−1∑︂
i=0

E(i)2
)︂1/2

+ CG
√
T [mE1(Nk) + mE2(Nk)]
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+
√
T

⃦⃦⃦⃦
sup
t∈[0,T ]

∥G(t, U(t))− mG(t, U(t))∥γ(H,X)

⃦⃦⃦⃦
p

]︃
.

We recall from the proof of Lemma 4.60 that the left ideal property of γ(H,X) allows us
to apply Lemma 4.59 on Z = γ(H,X). We infer that there is m4 ∈ N such that for all
m ≥ m4, the bound ⃦⃦⃦⃦

sup
t∈[0,T ]

∥G(t, U(t))− mG(t, U(t))∥
⃦⃦⃦⃦
p

<
ε

6Bp,D
√
T

holds. Thus, for m ≥ m4,

E3,3 ≤ Bp,DCG

(︃
k
N−1∑︂
i=0

E(i)2
)︃1/2

+Bp,DCG
√
T [mE1(Nk) + mE2(Nk)] +

ε

6
. (4.6.18)

Inserting the bounds (4.6.15), (4.6.17), and (4.6.18) into (4.6.14) proves the claim (4.6.13)
with C := max{

√
T , 1} · (CF

√
T +Bp,DCG) and m0 := max{m2,m3,m4}.

4.6.2 Application to the irregular Schrödinger equation

To illustrate the convergence results from Subsection 4.6.1, we reconsider the stochastic
Schrödinger equation with a potential and linear multiplicative noise{︄

du+ i∆udt = −iV u dt− iu dW on [0, T ],

u(0) = u0
(4.6.19)

and its nonlinear variant with ϕ : C → C and ψ : C → C,{︄
du+ i∆udt = −i(V u+ ϕ(u)) dt− iψ(u) dW on [0, T ],

u(0) = u0,
(4.6.20)

which we already encountered in Subsection 4.4.4. In Theorems 4.37 and 4.39, we have
obtained pathwise uniform convergence rates for both variants under regularity conditions
on the potential, the covariance of the noise, and the initial data. We aim at relaxing the
regularity conditions imposed on the potential V as well as the covariance operator Q and
allowing for rough initial data u0 while maintaining pathwise uniform convergence.

Let σ ≥ 0 and write L2 = L2(Rd), L∞ = L∞(Rd), and Hσ = Hσ(Rd). We keep the
notation from Subsection 4.4.4 and will also be using the Bessel potential spaces Hσ,q =
Hσ,q(Rd), which coincide with the classical Sobolev spaces W σ,q(Rd) if σ ∈ N and q ∈
(1,∞). For details on these spaces, we refer the interested reader to Section 2.3 and
[15, 126].

We are concerned with covariance operators Q ∈ L(L2) of trace class. More precisely,
we assume that for an orthonormal basis (hn)n∈N of L2, the covariance operator admits
the decomposition

Q =
∑︂
n∈N

λn(hn⊗hn) with
∑︂
n∈N

λn = Cλ <∞, sup
n∈N

(︁
∥hn∥L∞ +∥hn∥Hσ,d/σ

)︁
<∞ (4.6.21)

for some constant Cλ ≥ 0, where we interpret Hσ,d/σ as L∞ for σ = 0. The conditions
(4.6.21) are equivalent to Q1/2 ∈ L(L2, L∞ ∩Hσ,d/σ). While the last condition constitutes
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an additional regularity assumption on Q, a wide range of operators is still covered due
to the Sobolev index of Hσ,d/σ being 0. In particular, Hσ,d/σ-regularity does not result in
any Hölder regularity, not even continuity.

The following theorem on the linear Schrödinger equation covers general σ ≥ 0. More
general nonlinearities can be treated when restricting considerations to only the case σ = 0
(see Theorem 4.63).

Theorem 4.62. Let d ∈ N, σ ∈ [0, d2), and p ∈ [2,∞). Assume that V ∈ L∞ ∩Hσ, d
σ and

u0 ∈ LpF0
(Ω;Hσ). Suppose that the covariance operator Q ∈ L(L2) satisfies (4.6.21). Let

(Rk)k>0 be a time discretisation scheme that is contractive on Hσ and Hσ+2. Assume R
approximates S to some order α ∈ (0, 1] on Hσ+2. Denote by U the mild solution of the
linear stochastic Schrödinger equation with multiplicative noise (4.6.19) and by (U j)j=0,...,Nk

the temporal approximations as defined in (4.6.1). Define the piecewise constant extension
Ũ : [0, T ] → Lp(Ω;X) by Ũ(t) := U j for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk − 1, and Ũ(T ) := UNk .
Then

lim
k→0

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)− Ũ(t)∥Hσ

⃦⃦⃦⃦
p

= 0. (4.6.22)

Proof. LetX := Hσ. The semigroup generated by −A = −i∆ is contractive on bothX and
D(A) = Hσ+2 [2, Lem. 2.1]. We claim that Assumption 4.56 is satisfied for F : Ω× [0, T ]×
X → X, F (ω, t, u) := −iV u and G : Ω × [0, T ] × X → γ(H,X), G(ω, t, u) := −iMuQ

1/2

withMu denoting the multiplication operator associated with u. At first, we show Lipschitz
continuity of F on X. Let q1 = 2d

d−2σ and q2 = d
σ . Then 1

q1
+ 1

q2
= 1

2 and q1 < ∞ because
d > 2σ. By classical Sobolev and Bessel potential space embeddings, Hσ embeds into Lq1
(see Theorem 2.31). Hence, an application of the product estimate from Proposition 2.32
yields

∥F (u)∥Hσ = ∥V · u∥Hσ ≲ ∥V ∥Hσ,q2∥u∥Lq1 + ∥V ∥L∞∥u∥Hσ

≲ (∥V ∥Hσ,d/σ + ∥V ∥L∞)∥u∥Hσ (4.6.23)

for u ∈ Hσ, i.e., linear growth of F . Lipschitz continuity of F follows from the above
considerations, noting that F is linear.

Next, Lipschitz continuity and linear growth of G are to be derived from the trace class
condition of Q. Set H := L2 and write Q =

∑︁
n∈N λn(hn ⊗ hn) with (hn)n∈N and λn as in

(4.6.21). Since Hσ is a Hilbert space, it suffices to consider Hilbert–Schmidt norms. Using
the product estimate from (4.6.23) in the inequality marked with (∗), we calculate

∥G(u)∥2L2(L2,Hσ) = ∥MuQ
1/2∥2L2(L2,Hσ) =

∑︂
n∈N

∥uQ1/2hn∥2Hσ =
∑︂
n∈N

λn∥u · hn∥2Hσ

(∗)
≲
∑︂
n∈N

λn(∥hn∥Hσ,d/σ + ∥hn∥L∞)2∥u∥2Hσ

≤ Cλ sup
n∈N

(︁
∥hn∥Hσ,d/σ + ∥hn∥L∞

)︁2∥u∥2Hσ .

Linearity of G yields Lipschitz continuity of G. In conclusion, Assumption 4.56 is satisfied.
Hence, Theorem 4.57 is applicable and yields the desired convergence statement.
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Note that the convergence can be arbitrarily slow. More precisely, in the general case,
there is no α > 0 such that ⃦⃦⃦⃦

sup
t∈[0,T ]

∥U(t)− Ũ(t)∥Hσ

⃦⃦⃦⃦
p

≲ kα.

Theorem 4.24 is not applicable in the setting of Theorem 4.62. Clearly, rough initial data
prohibits the application of quantified results. However, even for smooth initial data, a
convergence rate is out of reach due to the lack of regularity of the potential V and the
covariance Q. Since the embedding Hσ ↪→ L

2d
d−2σ and the product estimate of Proposition

2.32 are sharp, there is no σ̃ > σ such that F or G are mappings of linear growth on
H σ̃. Consequently, the smoother space Y required for a convergence rate in Theorem 4.24
cannot be found in the setting of this subsection.

To cover nonlinearities as in (4.6.20), we restrict our considerations to σ = 0 for the
same reasons as in Subsection 4.4.4.

Theorem 4.63. Let d ∈ N and p ∈ [2,∞). Assume that V ∈ L∞ and u0 ∈ LpF0
(Ω;L2).

Suppose that the covariance operator Q ∈ L(L2) satisfies (4.6.21). Let (Rk)k>0 be a time
discretisation scheme that is contractive on L2 and H2. Assume R approximates S to
some order α ∈ (0, 1] on H2. Let ϕ, ψ : C → C be Lipschitz continuous and such that
ϕ(0) = ψ(0) = 0. Denote by U the mild solution of the nonlinear stochastic Schrödinger
equation with multiplicative noise (4.6.20) and by (U j)j=0,...,Nk

the temporal approximations
as defined in (4.6.1). Define the piecewise constant extension Ũ : [0, T ] → Lp(Ω;X) by
Ũ(t) := U j for t ∈ [tj , tj+1), 0 ≤ j ≤ Nk − 1, and Ũ(T ) := UNk . Then

lim
k→0

⃦⃦⃦⃦
sup
t∈[0,T ]

∥U(t)− Ũ(t)∥L2

⃦⃦⃦⃦
p

= 0. (4.6.24)

Naturally, the result extends to non-vanishing σ in specific cases where Lipschitz con-
tinuity of F and G on Hσ is known.

Proof. We show that Theorem 4.57 is applicable with F : Ω× [0, T ]×X → X, F (ω, t, u) :=
−i(V u+ ϕ(u)) and G : Ω× [0, T ]×X → γ(H,X), G(ω, t, u) := −iMψ(u)Q

1/2 on X = L2.
Analogously to the proof of Theorem 4.62, we obtain the bound

∥G(u)−G(w)∥L2(L2,L2) ≲
√︁
2Cλ

(︂
sup
n∈N

∥hn∥L∞

)︂
∥ψ(u)− ψ(w)∥L2

≤
√︁
2CλCψ

(︂
sup
n∈N

∥hn∥L∞

)︂
∥u− w∥L2

for u,w ∈ L2, from which we can deduce Lipschitz continuity of G. Linear growth of G
follows from G(0) = 0. In the same way, one can see that F (u) = −i(V u+ϕ(u)) is Lipschitz
and of linear growth on L2. The statement directly follows from Theorem 4.57.
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