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ABSTRACT
Engineering simulations are usually based on complex, grid-based, or mesh-free methods for solving partial differential equations.
The results of these methods cover large fields of physical quantities at very many discrete spatial locations and temporal points.
Efficient compression methods can be helpful for processing and reusing such large amounts of data. A compression technique is
attractive if it causes only a small additional effort and the loss of information with strong compression is low. The paper presents
the development of an incremental singular value decomposition (SVD) strategy for compressing time-dependent particle simula-
tion results. The approach is based on an algorithm that was previously developed for grid-based, regular snapshot data matrices.
It is further developed here to process highly irregular data matrices generated by particle simulation methods during simulation.
Various aspects important for information loss, computational effort, and storage requirements are discussed, and corresponding
solution techniques are investigated. These include the development of an adaptive rank truncation approach, the assessment
of imputation strategies to close snapshot matrix gaps caused by temporarily inactive particles, a suggestion for sequencing the
data history into temporal windows as well as bundling the SVD updates. The simulation-accompanying method is embedded in
a parallel, industrialized smoothed-particle hydrodynamics software and applied to several 2D and 3D test cases. The proposed
approach reduces the memory requirement by about 90% and increases the computational effort by about 10%, while preserving
the required accuracy. For the final application of a water turbine, the temporal evolution of the force and torque values for the
compressed and simulated data is in excellent agreement.

1 | Introduction

Current and future computational engineering must support
more than just the mere analysis of a given design. Instead, the
procedures should also optimize the design, enhance its robust-
ness against changing operating conditions, and facilitate the
reuse of computed (field) data as a database for machine learning
of various design-relevant input/output relationships.
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The analysis of an engineering design is usually based on com-
plex, grid-based, or mesh-free first-principle simulation meth-
ods, the results of which cover large fields of physical quantities
in many million (discrete) spatial locations and many thousand
temporal points. Processing, that is, reusing such large amounts
of data, which typically result from the numerical solution of
partial differential equations (PDEs), is a challenge. In this case,
data compression of the results, using methods such as proper
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orthogonal decomposition (POD), can effectively save storage
space for large-scale but low-rank datasets. The POD technique
[1] is particularly attractive when it incurs only a small computa-
tional overhead and the loss of information for strong compres-
sion is minor.

POD is generally considered a model order reduction approach
that approximates a given dataset optimally on a low-
dimensional basis [2]. Aiming at data compression, the strategy
usually involves a singular value decomposition (SVD) of a snap-
shot data matrix to derive a reduced basis spanned by the POD
modes. Due to the often very good approximation by a small
number of consecutive initial POD modes, only a few are usually
considered at the expense of a small loss of information. Linear-
ity assumptions limit the use of POD strategies. Nevertheless,
the solution manifold is often sufficiently well approximated by
a low-rank subspace, which recommends the use of the POD
for model order reduction of nonlinear systems [3–9]. This is
especially true for unsteady systems where the data is generated
progressively in time, and the snapshot matrix usually consists
of many more discrete spatial points (defining the length of
the matrix column) than temporal points (defining the number
of matrix columns). SVD procedures are traditionally offline
approaches and thus require storing the entire snapshot matrix
before performing the SVD, which still demands prohibitive
computer memory. To solve this issue, efficient algorithmic
alternatives dedicated to the incremental computation of the
SVD (iSVD) that accompanies the data growth over time have
been developed [10–15].

Focusing on unsteady gradient- and thus adjoint-based opti-
mization methods raises related issues due to the oppositely
directed temporal information transport of the primal and adjoint
PDEs involved. To obtain the gradient of the objective func-
tion with respect to the optimization parameters, one usually
has to solve the forward time-dependent primal problem PDEs
and store all forward solutions for later use when integrating
the backward-directed adjoint PDEs. Naively storing and subse-
quently reading the forward solutions to and from the disk at run-
time is prohibitive in large-scale industrial applications. It calls
for an incrementally processed model order reduction during the
integration of the primal flow.

This paper investigates iSVD as a data compression technique
for particle simulation methods. The goal is to reduce the stor-
age requirements for future time-dependent, PDE-constrained
optimization as much as possible while minimizing the required
computational overhead. Though incrementally constructed
ROMs have recently been used to handle memory limitations for
optimization studies [15–20], the iSVD has never been utilized
for dynamic meshes and meshless methods such as smoothed
particle hydrodynamics (SPH). The challenges and innovations
are considerable and relate to applying an iSVD to particle data
obtained from massively parallel SPH simulations. Three aspects
are particularly important. In contrast to grid-based methods, (a)
the spatial positions of the data vary over time; (b) the snapshot
matrix is irregularly populated because the number of particles
within the domain typically varies over time; and (c) all parti-
cles are only active during a partial period when simulating open
boundary domains.

The paper is organized as follows: Sections 2 and 3 are devoted
to the full-order model (FOM) and the numerical method used
to solve the governing equations. Section 4 briefly outlines the
model reduction strategy and the iSVD. Section 5 addresses the
specifics and challenges of the iSVD in conjunction with an
SPH-based snapshot matrix. Verification and validation examples
are reported in Section 6, emphasizing accuracy and efficiency
aspects for 2D and 3D benchmark flows. They refer to (a) a sim-
ple 2D sloshing in a closed box, (b) a 2D impinging jet featuring
open boundaries, and (c) an unsteady 3D Pelton turbine runner.
Note that although only hydrodynamic applications are shown,
the strategy presented here can also be used for other particle sim-
ulation applications. Conclusions are drawn in Section 7.

In the remainder of the paper, reference properties are usually
marked by an index “0”. Field quantities are defined regarding
Cartesian coordinates denoted by Greek superscripts, and Latin
subscripts distinguish the particles and their spatial position.
Moreover, we employ lower- and uppercase bold letters to denote
vectors and tensors, respectively.

2 | Governing Equations

The section briefly recalls the governing equations for a weakly
compressible, inviscid fluid. The chosen flow model is best suited
for the application of particle methods to the pressure-driven flow
around a Pelton turbine at high Reynolds numbers, whereby fric-
tion losses on the bucket’s surfaces, which are responsible for a
reduction in the machine’s efficiency, are deliberately not taken
into account.

A standard compressible formulation for conserving mass, vol-
ume, and momentum is employed for an inviscid single-phase
flow. With regard to a numerical particle approach, the density 𝜌𝑖,
velocity vi, and volume 𝜔𝑖 of a fluid particle currently located in
the position x𝑖 and transported with the velocity v0

𝑖
follow from

the system of advection, space conservation, mass and momen-
tum equations, viz.

𝑑x𝑖

𝑑𝑡
= v0

𝑖
(1)

𝑑𝜔𝑖

𝑑𝑡
= 𝜔𝑖 ∇ ⋅ v0

𝑖
(2)

𝑑𝜌𝑖

𝑑𝑡
= −𝜌𝑖∇ ⋅ v𝑖 →

𝑑(𝜔𝑖𝜌𝑖)
𝑑𝑡

= −𝜌𝑖𝜔𝑖∇ ⋅ (v𝑖 − v0
𝑖
) (3)

𝑑v𝑖

𝑑𝑡
= −(v𝑖 − v0

𝑖
) ⋅

[
∇v𝑖

]
−

(
∇𝑝
𝜌

)
𝑖

+ g →

𝑑(𝜌𝑖𝜔𝑖vi)
𝑑𝑡

= −𝜌𝑖𝜔𝑖∇ ⋅
[
(v𝑖 − v0

𝑖
)v𝑖

]
− 𝜔𝑖∇𝑝𝑖 + 𝜌𝑖𝜔𝑖g (4)

Here 𝑝 is the pressure, g denotes a gravitational body force per
unit mass, ∇ is the (left) spatial gradient, and 𝑑𝜙∕𝑑𝑡 indicates the
temporal changes of the focal particle properties. Equations (1–4)
refer to an Arbitrary Langragian-Eulerian (ALE) form. For v0 = 0,
the particle does not move, and one obtains the classical Eulerian
description with 𝑑∕𝑑𝑡 → 𝜕∕𝜕𝑡. Moving the particle with the flow,
that is, v0 = v, a Lagrangian description is recovered with 𝑑∕𝑑𝑡 →
𝐷∕𝐷𝑡.
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2.1 | Constitutive Equation

Using a weakly compressible fluid model, the pressure is derived
from a heuristic polytropic pressure–density relation (cf [21]).,
aka. Tait’s relation,

𝑝 = 𝑝0

[(
𝜌

𝜌0

)𝛾

− 1
]

with 𝛾 = 7 (5)

where 𝜌0 is a reference density, and 𝑝0 is linked to an artificial
reference speed of sound using 𝑝0 = 𝜌0𝑐

2
0∕𝛾 . To keep the density

variations below 1%, the speed of sound value is usually obtained
from an estimated maximum flow speed using 𝑐0 ≥ 10|v|max,
which ensures a Mach number 𝑀 ≤ 0.1. The fluid considered in
this work has a reference density of 𝜌0 = 1000 kg/m3.

3 | Computational Model

The Lagrangian SPH method displays advantages over classi-
cal Eulerian flow simulation methods for problems with sub-
stantial temporal changes of the wetted domain. An example
is violent-free surface flows, such as those encountered in
hydraulic machinery simulations. In these cases, grid-based
methods often require dynamic grid refinement and coarsen-
ing, which is not trivial in 3D parallel frameworks. On the con-
trary, SPH approaches are mesh-free and discretize the mate-
rial, that is, it does not require the use or adaption of the
computational grid to a free surface. Nowadays, SPH strate-
gies are successfully applied to a broad range of engineer-
ing investigations, including—for example—free-surface flows
[22–24], multi-continua applications [25], fluid–structure inter-
action [26–28], geotechnical [29, 30], energy harvesting from
water waves and wind offshore [31, 32], and turbine applica-
tions [33, 34]. Recent advancements include addressing volume
conservation in sloshing flows and free-surface conditions [35],
improving consistency and transport-velocity formulations via
reverse kernel gradient correction [36], implicit shifting methods
[37], Quasi-Lagrangian formulations, and energy balance tech-
niques with Riemann solvers have also been introduced [38].
Results of the FOM employed in this work were obtained from
the in-house Andritz solver, ASPHODEL. This section provides
a brief overview of the implemented methods. A more detailed
introduction can be found in [39–42].

3.1 | Numerical Method

Equations (1–4) are discretized in space and time and subse-
quently explicitly integrated in time. For this purpose, the flow
field is first discretized spatially by 𝑁 particles of equal mass
𝑚 and initially equal density 𝜌𝑖(𝑡0) = 𝜌0 and volume 𝜔𝑖(𝑡0) =
𝑚∕𝜌𝑖(𝑡0).

3.1.1 | Smoothed-Particle Hydrodynamics
Approximation

Smooth particle hydrodynamics rely on two fundamental approx-
imation steps: kernel-based mollification and discrete particle
approximation of integrals. The starting point is the identity

𝑓 (x𝑖) = ∫ 𝑓 (x𝑗)𝛿𝐷(x𝑖 − x𝑗)𝑑𝑥𝑗 (6)

with 𝛿𝐷(x𝑖 − x𝑗) being the Dirac function that vanishes every-
where but for the case x𝑖 = x𝑗 . Any physical quantity 𝑓 (x), such
as the density or the velocity, is subsequently approximated by
the convolution of 𝑓 (x) with a smooth, kernel function 𝑊 (||x𝑖 −
x𝑗 ||, ℎ) = 𝑊𝑖𝑗 that mollifies the Dirac function and is numerically
integrated with the help of neighboring particles 𝑗, that is,

∫ 𝑓 (x𝑗)𝑊 (||x𝑖 − x𝑗 ||, ℎ)𝑑𝑥𝑗 ≈ ∑
𝑗∈𝐷𝑖

𝜔𝑗𝑓𝑗𝑊𝑖𝑗 (7)

The isotropic bell-shaped kernel function 𝑊 is usually assumed
to be positive and symmetric to mimic the properties of the Dirac
function. The most crucial feature of 𝑊 is its compact support 𝐷,
which is characterized by the (homogeneous) length ℎ. Similarly,
the SPH approximation of the gradient ∇𝑓 (x𝑖) is derived using
integration by parts and the symmetry relation ∇𝑗𝑊𝑖𝑗 = −∇𝑖𝑊𝑖𝑗 ,
which yields

∇𝑓 (x𝑖) ≈
∑
𝑗∈𝐷𝑖

𝜔𝑗𝑓 (x𝑗)∇𝑖𝑊𝑖𝑗 +
∑
𝑘∈𝜕𝐷𝑖

𝜕𝜔𝑘𝑓 (x𝑗)n𝑘𝑊𝑖𝑗 (8)

The normal vector and the area of the discretized boundary are
denoted by n𝑘 and 𝜕𝜔𝑘. Due to the compact support of𝑊 , the sec-
ond term in (8) is only nonzero if the kernel support intersects the
domain’s boundary. Since the kernel function is a smooth analyt-
ical function, its gradient can be computed analytically, greatly
simplifying the procedure.

The paper adopts an ALE formulation of the SPH method as ini-
tially suggested in [43] and described in [42]. The corresponding
spatially discretized version of Equations (1–4) reads

𝑑x𝑖

𝑑𝑡
= v0

𝑖
(9)

𝑑𝜔𝑖

𝑑𝑡
= 𝜔𝑖

∑
𝑗∈𝑖

𝜔𝑗

[
v0
𝑗
− v0

𝑖

]
⋅ 𝜵𝑖𝑊𝑖𝑗 (10)

𝑑(𝜔𝑖𝜌𝑖)
𝑑𝑡

= −𝜔𝑖

∑
𝑗∈𝑖

2𝜔𝑗𝜌
𝐸
𝑖𝑗

[
v𝐸
𝑖𝑗
− v0

𝑖𝑗

]
⋅ 𝜵𝑖𝑊𝑖𝑗 (11)

𝑑(𝜔𝑖𝜌𝑖v𝑖)
𝑑𝑡

= 𝜔𝑖𝜌𝑖g − 𝜔𝑖

∑
𝑗∈𝑖

2𝜔𝑗

{
𝜌𝐸
𝑖𝑗

v𝐸
𝑖𝑗
⊗ [v𝐸

𝑖𝑗
− v0

𝑖𝑗
] + 𝑝𝐸

𝑖𝑗
I
}

⋅ 𝛁𝑖𝑊𝑖𝑗 (12)

For simplicity, the system of Equations (9–12) is presented with-
out the inclusion of boundary terms in Equation (8). Mind that
the space conservation law (10) has been augmented by the sub-
traction of a term proportional to

∑
𝜵𝑖𝑊𝑖𝑗 on the right-hand

side (r.h.s.), which vanishes in continuous space, to improve
the consistency of the discrete model. Similarly, the continuity
Equation (11) and the momentum Equation (12) have been aug-
mented by the addition of a term proportional to

∑
𝜵𝑖𝑊𝑖𝑗 on the

r.h.s., to support the conservation on the particle level. The super-
script𝐸 indicates interaction values between pairs of neighboring
particles obtained by the solution of a Riemann problem, viz.

v𝐸
𝑖𝑗
=

v𝑖 + v𝑗

2
+
𝑝𝑗 − 𝑝𝑖

2𝜌𝑖𝑗𝑐𝑖𝑗
(13)

𝑝𝐸
𝑖𝑗
=

𝑝𝑖 + 𝑝𝑗

2
+
𝜌𝑖𝑗𝑐𝑖𝑗(v𝑗 − v𝑖)

2
(14)

3
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where the double subscripts in the expressions 𝜌𝑖𝑗 and 𝑐𝑖𝑗 refer to
averaged values of the density and speed of sound of the particles
𝑖 and 𝑗. The interface velocity between these particles reads v0

𝑖𝑗
=

0.5(v0
𝑖
+ v0

𝑗
). The present study employs a constant speed of sound

and a Wendland 𝐶4 kernel [44], viz.

𝑊 (x, ℎ) = 𝜎

ℎ𝑑
𝜃

(||x||
2ℎ

)
(15)

𝜃(𝑞) = (1 − 𝑞)5
+(8𝑞

2 + 5𝑞 + 1) (16)

𝑥𝑛+ =

{
𝑥𝑛 if 𝑥 > 0,
0 if 𝑥 ≤ 0

(17)

Here, 𝑊 (x, ℎ) represents the smoothing kernel function, x is the
distance vector between two particles, and ℎ is the smoothing
length. The parameter 𝑑 represents the number of spatial dimen-
sions in the simulation, ||x|| denotes the Euclidean norm of the
distance vector x. The function 𝜃(𝑞) defines the shape of the ker-
nel as a function of the normalized distance 𝑞 = ||x||∕(2ℎ). The
subscript ()+ represents the positive part, meaning that the func-
tion goes to zero if the input is negative. The normalization factor
𝜎 is given by 𝜎 = 3

4𝜋
in 2D and 𝜎 = 165

256𝜋
in 3D.

3.1.2 | Temporal Discretization

The system (9–12) is discretized by adaptive time steps and
explicitly integrated in time. In the scope of the present paper, we
employ a third-order Runge–Kutta scheme and adjust the time
step to comply with

Δ𝑡 = 𝐾CFLmin
𝑖∈𝐷

ℎ𝑖||v𝑖|| + 𝑐𝑖
(18)

where 𝐾CFL denotes the maximum CFL number assigned to
𝐾CFL = 0.5 in the current 2D studies and 𝐾CFL = 0.3 in the 3D
application.

3.1.3 | Initial and Boundary Conditions

The initially realized particle distance reads Δ𝑥 and is usually
related to the smoothing length of a kernel function ℎ. The
present studies are based upon ℎ∕Δ𝑥 = 1.2, which works well
in practice, cf. [41]. The boundary fluxes are computed with par-
tial Riemann solvers for wall boundaries, while open boundaries
are managed according to a nonreflecting characteristic bound-
ary condition derived from [45].

4 | Model Reduction Strategy

4.1 | Singular Value Decomposition

The singular value decomposition (SVD) is a unique and guar-
anteed to exist matrix factorization, which can provide the best
low-rank approximation of a matrix in the least-squares sense
[46]. A matrix 𝑌 ∈ ℂ𝑚×𝑛 is decomposed into two orthogonal
matrices 𝑈 ∈ ℂ𝑚×𝑚 and 𝑉 ∈ ℂ𝑛×𝑛, along with a diagonal matrix
𝑆 = 𝑑𝑖𝑎𝑔(𝑠𝑖) ∈ ℝ𝑚×𝑛, such that 𝑌 = 𝑈𝑆𝑉 ∗, where ∗ is used to

indicate the conjugate transpose. The columns of 𝑈 are called
left-singular vectors or modes and describe patterns in the origi-
nal data. Additionally, these columns are arranged based on their
ability to capture the variance in the columns of 𝑌 . The matrix
𝑆 contains the singular values of 𝑌 , which are nonnegative and
arranged in decreasing order of magnitude. The magnitude of
these singular values provides a measure of the relative impor-
tance of each mode. The columns of 𝑉 are called right-singular
vectors. These vectors represent how the modes combine, scaled
by the corresponding singular values, to reconstruct the columns
of 𝑌 . The singular values of 𝑌 are also the square roots of the
eigenvalues of the correlation matrix 𝑌 ∗𝑌 (or 𝑌 𝑌 ∗), while the
singular vectors 𝑈 (or 𝑉 ) are its eigenvectors. This explains why
the columns of 𝑈 (𝑉 ) are ordered by how much correlation they
capture in the columns (rows) of 𝑌 [47, 48].

There can be at most 𝑟𝑎𝑛𝑘(𝑌 ) = 𝑟 ≤ 𝑚𝑖𝑛(𝑚, 𝑛) nonzero singular
values. In the case where 𝑚 > 𝑛 and 𝑌 is full rank (i.e., rank(𝑌 ) =
𝑛), the decomposition can be shown as

By excluding the rows of 𝑆 that contain only zeroes and the
corresponding columns of 𝑈 , one obtains the reduced SVD (also
called thin SVD or economy-size SVD). For the rest of this work,
it is assumed that data are real numbers arranged in matrices
where𝑚 > 𝑛. Only the necessary components of the SVD are kept,
hence: 𝑌 = 𝑈𝑆𝑉 𝑇 , 𝑌 ∈ ℝ𝑚×𝑛, 𝑈 ∈ ℝ𝑚×𝑛, 𝑆 ∈ ℝ𝑛×𝑛, and 𝑉 ∈
ℝ𝑛×𝑛. Thanks to the optimal truncation properties of the SVD,
further reduction is possible by neglecting the smallest nonzero
singular values according to a desired criterion and only keep-
ing the 𝑞 most significant singular values. In this case, the SVD is
known as truncated SVD: 𝑈 ∈ ℝ𝑚×𝑞 , 𝑆 ∈ ℝ𝑞×𝑞 , and 𝑉 ∈ ℝ𝑛×𝑞 .

The truncated SVD is the starting point of many algorithms
utilized for dimensionality reduction, data compression, noise
reduction, solving systems of algebraic equations, inverting
rank-deficient matrices, and more [47–51]. Nevertheless, since
the degree of achievable compression depends on the specific
data, no a-priori criteria are usually available to decide how many
modes are necessary to keep. Commonly used methods for trun-
cation include setting a hard threshold for singular values, retain-
ing a specified percentage of the total energy, or analyzing the
singular values to identify an “elbow” or “knee” in their distribu-
tion [47, 52, 53]. It was suggested in [15] that ignoring the first 𝑜
singular values might be beneficial while computing the retained
energy to avoid machine accuracy issues.
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4.2 | Incremental Singular Value
Decomposition

Typical SVD reduction methods require the complete flow field
upfront, leading to significant memory consumption. Incremen-
tal SVD approaches have been developed, addressing this chal-
lenge and allowing the SVD to be updated incrementally with
rank-b modifications. In this work, only the additive modification
to add columns to Y is considered. A brief summary of this spe-
cific incremental SVD approach is provided. For further details,
the reader is referred to [10, 11, 15].

Let us assume that 𝑌 = 𝑈𝑆𝑉 𝑇 is known, and that new data
becomes available. The original matrix 𝑌 and the updated matrix
𝑌 are given by Equations (19) and (20), respectively. The objec-
tive is to compute the SVD of 𝑌 , without having to reconstruct 𝑌
first.

𝑌 =
⎡⎢⎢⎢⎣

y𝟏,𝟏 · · · y𝟏,n

⋮ ⋱ ⋮

ym,𝟏 · · · ym,n

⎤⎥⎥⎥⎦ (19)

𝑌 =
⎡⎢⎢⎢⎣

y𝟏,𝟏 · · · y𝟏,n y𝟏,n+𝟏 · · · y𝟏,n+b

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

ym,𝟏 · · · ym,n ym,n+𝟏 · · · ym,n+b

⎤⎥⎥⎥⎦ (20)

Let the new data be represented by𝐵, the so called bunch-matrix,
of width 𝑏 Equation (28).

𝐵 =
⎡⎢⎢⎢⎣

y𝟏,n+𝟏 · · · y𝟏,n+b

⋮ ⋱ ⋮

ym,n+𝟏 · · · ym,n+b

⎤⎥⎥⎥⎦ (21)

The SVD of 𝑌 is obtained from the following steps, as derived in
[15] from [10, 11]:

1. The QR decomposition of the matrix (𝐼 − 𝑈𝑈𝑇 )𝐵 is com-
puted, where 𝐼 is the identity matrix.

𝑄𝐵𝑅𝐵 = (𝐼 − 𝑈𝑈𝑇 )𝐵 (22)

2. The matrix 𝐾 is built:

𝐾 =

[
𝑆 𝑈𝑇𝐵

0 𝑅𝐵

]
(23)

3. The SVD of 𝐾 is computed:

𝐾 = 𝑈 ′𝑆′𝑉 ′𝑇 (24)

4. Finally, the existing SVD is updated:

𝑉 𝑞 =

[
𝑉 0
0 𝐼

]
𝑉 ′
𝑞

(25)

𝑆̃𝑞 = 𝑆′
𝑞

(26)

𝑈̃𝑞 = [𝑈 𝑄𝐵]𝑈 ′
𝑞

(27)

The index 𝑞 in equations (25), (26), and (27) refers to the trunca-
tion rank of the SVD.

5 | Model Reduction of SPH-Data

In the SPH framework, unique complexities arise from potential
particle (a) deletion, (b) domain entering, or (c) exiting. In the lat-
ter case, the position of the calculation points remains unknown,
resulting in additional fields –{𝑥, 𝑦, 𝑧}– to reduce and store via
SVD. Similarly, particles may lack data prior to their injection or
after their deletion, leading to bunch matrices of irregular row
and column size.

Let 𝑌 ∈ ℝ𝑚1×𝑇 be the matrix containing the values 𝑦𝑖,𝑗 of the field
𝑦 for particle 𝑖 ∈ {1, . . . , 𝑚1} and time 𝑗 ∈ {0, . . . , 𝑇 }. The bunch
matrix is 𝐵 ∈ ℝ𝑚×𝑏 with 𝑚 = 𝑚1 + 𝑚2, where 𝑚2 is the number of
particles injected since 𝑇 and 𝑏 refers to the bunch size. 𝐵 might
present missing (non-existing) values, here indicated by null, due
to the particle not being in the domain at the respective time, as
shown in the following

𝐵 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

y𝟏,T+𝟏 y𝟏,T+𝟐 · · · null null
⋮ ⋮ ⋱ ⋮ ⋮

ym𝟏 ,T+𝟏 ym𝟏 ,T+𝟐 · · · ym𝟏 ,T+b−𝟏 ym𝟏 ,T+b

⋮ ⋮ ⋱ ⋮ ⋮

null null · · · ym,T+b−𝟏 ym,T+b

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(28)

here, the entries y𝑝,𝑡 refer to time instants 𝑡 when a particle 𝑝

was present in the domain and are referred to herein as available
data. We address missing data within B using one of the follow-
ing approaches: if at least one non-null value exists for particle
𝑝 within B, the initial guess for its value at time 𝑡 is computed
as the row mean of all available non-null entries for particle 𝑝

in B; if no non-null values are available for particle 𝑝 in the cur-
rent B, then for each column 𝑡, the initial guess is set to the mean
of the non-null values in that column (referred to here as Mean
Imputation), imputation using the mean of subsets of the matrix
defined by blocks of a given number of columns (referred to as
Block-Mean Imputation), Gappy proper orthogonal decomposi-
tion (GPOD), or a combination of mean and block-mean impu-
tation. The GPOD is typically used to provide approximations for
missing or corrupted data, cf. exemplary applications regarding
noisy PIV measurement [54], inverse design [55], unsteady flow
estimation [56], design optimization [57], or flows with deform-
ing meshes [58]. However, since the missing values in SPH data
refer to time instants when a particle is not in the considered
domain, the approximated value has no physical meaning and
only completes the matrix 𝐵 to compute the SVD. The only
desired property of the imputed values is that they should not
raise the rank of the matrix so that a sound reduction can be
achieved. The basic idea behind the GPOD is to use the SVD
to improve the guessed data for the missing values, initially
applied by [59] and later modified by [60, 61]. According to Gunes
algorithm for GPOD [54, 60, 61]:

1. The temporal mean of the available data within B is used as
an initial guess to replace the gaps.

2. The truncated SVD of this new full bunch matrix is com-
puted.

3. The gaps within the original B are filled using values from
reconstructing the truncated SVD of B; the original data
remains unchanged.
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FIGURE 1 | Matrices distribution for spatially parallel but temporally serial data in processes 𝑃𝑖 with 𝑖 ∈ [0, 𝑝].

4. Repeat these steps until convergence occurs, for example,
the difference between the reconstructed values of two iter-
ations is within a desired tolerance, the rank of the modified
matrix remains unchanged, or a maximum number of iter-
ations is met.

Particles injected past the last update will also miss left-singular
vectors. One approach could be to divide the bunch-matrix into
𝐵 ∈ ℝ𝑚1×𝑏 to add the new columns and 𝐶 ∈ ℝ𝑚2×(𝑇+𝑏) to add the
new rows, which is compatible with the algorithm in Section 4.2.
Adding rows, which corresponds to adding 𝐶 to the SVD of 𝑌 ,
is analogous to adding the columns of 𝐶⊤ to 𝑌 ⊤ = 𝑉 𝑆𝑈⊤. How-
ever, in addition to computing the SVD of 𝐾𝐵 ∈ ℝ(𝑞+𝑏)×(𝑞+𝑏), this
requires a second SVD on 𝐾𝐶 ∈ ℝ(𝑞+𝑚2)×(𝑞+𝑚2). The number of
particles injected between updates is often immense. Consider-
ing that SVD’s need to be computed for each 𝑏 time steps and
their computational effort usually scales with 𝑂(𝑚𝑛min(𝑚, 𝑛)),
the additional efforts of 𝐾𝐶 can become particularly costly. We
decided to substitute the missing 𝑈 -rows for the 𝑚2 new par-
ticles with existing 𝑈 -rows. This does not affect the singular
values as well as the singular vectors of the existing SVD. One
can use any row of 𝑈 . For simplicity, when 𝑚2 < 𝑚1 —which
is the most common case—the bottom 𝑚2 rows of 𝑈 are
utilized:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑢1,1 · · · 𝑢1,𝑞

⋮ ⋱ ⋮

um𝟏−m𝟐 ,𝟏 · · · um𝟏−m𝟐 ,q

⋮ ⋱ ⋮

um𝟏 ,𝟏 · · · um𝟏 ,q

⎤⎥⎥⎥⎥⎥⎥⎥⎦
→

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑢1,1 · · · 𝑢1,𝑞

⋮ ⋱ ⋮

um𝟏−m𝟐 ,𝟏 · · · um𝟏−m𝟐 ,q

⋮ ⋱ ⋮

um𝟏 ,𝟏 · · · um𝟏 ,q

um𝟏−m𝟐 ,𝟏 · · · um𝟏−m𝟐 ,q

⋮ ⋱ ⋮

um𝟏 ,𝟏 · · · um𝟏 ,q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(29)

Mind that adding rows to U is analogous to adding rows to Y.
Opting to replace the missing rows with existing rows, the data
prior to a particle’s injection are copies of data related to particles
that were already active at that time instant of the simulation.
Mind that these values are not physically meaningful and are
discarded during post-processing since the new particle was not
active yet. If the data matrix 𝑌 contains more than one field, the
rows to be used depend on how the data has been organized when
the snapshots were collected. However, for the remainder of this
work, each field undergoes its own SVD and all fields are treated
independently.

5.1 | Parallelization

When dealing with spatially parallel but temporally serial data,
the data matrix 𝑌 and left-singular vectors 𝑈 are distributed
among the CPU/GPU processors. However, the singular values
𝑆 and the right-singular vectors 𝑉 coincide on all processors, cf.
Figure 1.

Suppose the domain decomposition remains constant in time. In
that case, all processors see data from the same amount of parti-
cles during run time, and the left-singular values, as well as the
respective rows in the bunch matrix, are already placed correctly.
However, if the domain decomposition changes, one must care-
fully handle the parallel communications so that𝑈 and𝐵 remain
correctly aligned. Data from the employed SPH solver exacerbate
this issue, as particles might travel between processes even when
the domain decomposition does not change. The two following
strategies could be adopted to circumvent these issues:

1. Particle-Based Row Transfer: As a particle travels, it carries
its respective 𝑈 and 𝐵 rows. In this case, the changes in the
particle’s owner can be seen as a permutation via an elemen-
tary matrix 𝐸 that permutes the rows of 𝑌 and 𝑈 , that is,

𝐸𝑌 = (𝐸𝑈 )𝑆𝑉 ⊤ (30)

2. Fixed Left-Singular Vectors: The left-singular vectors
remain on the process used for the first update. As a par-
ticle travels, it carries its row of 𝐵. Before the next SVD
update, the rows of 𝐵 that are misaligned are sent to their
owner process.

The first strategy risks having communication overhead, as a
particle might travel from one process to another—and even
back before the next update. Furthermore, due to load balancing
issues, new processes are activated if a minimum number of new
particles are added. In this scenario, a large volume of data that
scales with the number of particles, fields, modes, etc., needs to be
sent to the new process. However, with the second strategy, once a
particle is on the correct process, its values are already placed cor-
rectly in the bunch matrix and require no further manipulation.
Additionally, large data transfers to new processes are avoided. In
this work, the fixed left-singular vectors strategy is chosen.

The proposed incremental SVD-SPH strategy is given in
Algorithm 1. Therein, parts related to collecting the data in
𝐵 while ensuring alignment between 𝐵 and 𝑈 are not included,
as they depend on the specific parallelization of the flow solver.
The first step is to determine if there are missing data in the

6 International Journal for Numerical Methods in Fluids, 2025
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ALGORITHM 1 | General parallel incremental singular value decomposition process.

1: if missing data
2: 𝐵 = imputeData(𝐵) // Replace missing data, cf. Section 5
3: if new SVD
4: 𝑈,𝑆, 𝑉 = initialSVD(𝑈,𝑆, 𝑉 , 𝐵) // Compute the initial SVD, cf. Algorithm 2
5: else
6: 𝑈,𝑆, 𝑉 = updateSVD(𝑈,𝑆, 𝑉 , 𝐵) // Update the existing SVD, cf. Algorithm 4
7: emptyBunchMatrix(𝐵) // Clear the bunch-matrix

ALGORITHM 2 | Initial parallel singular value decomposition.

1: if parallel
2: 𝑄,𝑅 = TSQR(𝐵) // Parallel QR decomposition (Algorithm 3)
3: 𝑈𝑅, 𝑆, 𝑉 = serialSVD(𝑅) // Serial SV decomposition
4: 𝑈 = 𝑄𝑈𝑅

5: else
6: 𝑈,𝑆, 𝑉 = serialSVD(𝐵)

ALGORITHM 3 | Parallel tall and skinny QR decomposition.

1: if parallel
2: 𝑄1, 𝑅1 = serialQR(𝐵) // Serial QR decomposition of local 𝐵 block
3: 𝑅̃ = AllGather(𝑅1) // Gather all parts of 𝑅
4: 𝑄2, 𝑅 = serialQR(𝑅̃) // Serial QR decomposition on gathered 𝑅

5: 𝑄̃ = 𝑄2[procId ⋅ 𝐴.cols() ∶ (procId + 1) ⋅ 𝐴.cols(), ∶] // Extract process specific data
6: 𝑄 = 𝑄1𝑄̃

7: else
8: 𝑄,𝑅 = serialQR(𝐵) // Serial QR decomposition of 𝐵

bunch matrix. If this condition is met, an imputation strategy
is performed as described in Section 5. Subsequently, a new
SVD construction or an update is performed. Finally, the bunch
matrix is emptied.

In general, serial and parallel SVD and QR decompositions can
be computed using algorithms from prominent linear algebra
libraries and packages, for example, [62, 63]. However, due to the
specific, distributed matrix structures and the parallelization as
well as communication processes involved, we opt for the paral-
lel implementation of SV and QR decompositions as described in
Algorithms 2 and 3.

Parallel QR decompositions follow strategies of [64–66] for tall
and skinny (TS) matrices, frequently labeled TSQR. The imple-
mented parallel TSQR decomposition is built upon the follow-
ing three steps: (1) A serial QR decomposition is performed on
the matrix’s 𝐵 local blocks, resulting in local 𝑅1 matrices that
are subsequently gathered toward a temporary, global 𝑅̃ matrix,
on which a second (2) serial QR decomposition is performed,
offering the global 𝑅. Finally, local 𝑄 matrices from the first
serial decompositions are (3) multiplied by the local compo-
nents of the second serial QR decomposition to obtain the final
global 𝑄. The procedure minimizes the parallel communication
effort and outperforms, for example, (modified) Gram–Schmidt
procedures. The computation of the parallel SVD involves an
initial parallel TSQR on 𝐵, followed by a serial SVD on the
resulting 𝑅 that provides the global 𝑆 and 𝑉 . Finally, local 𝑈

matrices are obtained by multiplying the local 𝑄 matrices from
the initial TSQR decomposition with the left-singular vectors
of 𝑅.

The procedure to update the SVD is presented in Algorithm 4
and follows [15] with some key differences: (a) Handling miss-
ing rows in 𝑈 , (b) performing the initial SVD on a complete
bunch-matrix rather than a single column vector, (c) neglecting
the specification of a truncation criterion, and (d) using the TSQR
decomposition instead of a modified Gram–Schmidt procedure.
The algorithm starts by checking for a possibly empty local matrix
𝑈 —which would happen if enough particles were injected since
the last update to activate a new process. In that case, the local
𝑈 is initialized as a zero matrix instead of copying left-singular
vectors from other processes, which would require additional
communication effort. The remaining cases with already popu-
lated local left-singular vectors extend 𝑈 depending on whether
the number of additional rows exceeds the number of existing
rows. The global product 𝑈𝑇𝐵 is computed in serial mode and
then made global by parallel summation, cf. [15]. The residual
matrix 𝑃 = 𝐵 − 𝑈𝑀 is orthogonalized using the proposed TSQR
decomposition strategy from Alg 3. An additional orthonormal-
ization step is applied to𝑄, which accounts for a potential numer-
ical loss of orthogonality during SVD updates [11–13, 15, 67,
68]. Following the enhanced itSVD algorithm outlined in [15],
this step precedes the construction of 𝐾 . The global matrix 𝐾

is constructed and decomposed on one specific process to avoid
rounding errors in the singular values. Truncated SVD results are
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ALGORITHM 4 | Update of the incremental singular value decomposition.

1: if 𝑈.𝑟𝑜𝑤𝑠() == 0
2: 𝑈 = Zeros(m, 𝑟) // New process without existing U
3: // m current number of rows of B assigned to this process
4: // r current global truncation rank of U
5: else
6: 𝑚1 = 𝑈.𝑟𝑜𝑤𝑠() // Number of rows of U assigned to this process at last update
7: 𝑚2 = 𝐵.𝑟𝑜𝑤𝑠() − 𝑈.𝑟𝑜𝑤𝑠() // Number of rows to add for this update
8: if 𝑚2 ≤ 𝑚1
9: U = AppendBottomRows(U, m2) // Append bottom m2 rows of U to itself

10: else
11: 𝑖 = round

(
𝑚2
𝑚1

)
// Full copies needed

12: 𝑗 = 𝑚2 − 𝑖 × 𝑚1 // Remaining rows needed
13: U = AppendMultipleTimes(U, i) //Append U to itself i times
14: U = AppendBottomRows(U, j) //Append j bottom rows of U to itself
15: 𝑀 = 𝑈⊤𝐵 // Compute the local matrix M
16: if parallel
17: 𝑀 = parallelSum(𝑀) // Sum M from all processes to make it global
18: 𝑃 = 𝐵 − 𝑈𝑀

19: 𝑄𝑝,𝑅𝑝 = TSQR(𝑃 )
20: 𝑄 =

[
𝑈 𝑄𝑝

]
21: 𝑄𝑞,𝑅𝑞 = TSQR(𝑄)
22: if 𝑝𝑟𝑜𝑐𝐼𝑑 == 0

23: 𝐾 = 𝑅𝑞

[
𝑆 𝑈𝑇𝐵

0 𝑅𝑝

]
24: 𝑈 ′, 𝑆′, 𝑉 ′ = serialSVD(𝐾)
25: if adaptive truncation
26: q = computeTruncationRank(𝑆) //Criteria-dependent truncation
27: else
28: q = constant // Truncation by fixed value
29: 𝑈 ′ = 𝑈 ′(∶, 1 ∶ 𝑞)
30: 𝑆 = 𝑆′(1 ∶ 𝑞)
31: 𝑉 ′ = 𝑉 ′(∶, 1 ∶ 𝑞)
32: 𝐵𝑐𝑎𝑠𝑡(𝑈 ′, 𝑆, 𝑉 ′) // Broadcast truncated results to all processes

33: 𝑅 =
[
𝑉 0
0 𝐼

]
34: 𝑈 = 𝑄𝑞𝑈

′

35: 𝑉 = 𝑅𝑉 ′

then made global through broadcasting, and the SVD matrices
are updated.

All multi-CPU operations are performed with the message pass-
ing interface (MPI) protocol, while the GPU operations are per-
formed with the compute unified device architecture (CUDA)
along with the cuSOLVER and cuBLAS libraries. Serial matrix
operations and decompositions utilize the Eigen library [69].

6 | Validation

The subsequent validation displays different aspects of the recon-
struction. First, the quality of the reconstruction for different
ranks is discussed. To this end, we use the relative reconstruction
error

𝜀(𝜙(𝜏)) = 100 ⋅ max
(‖‖‖‖𝜙FOM(𝜏) − 𝜙ROM(𝜏)

𝜙ref

‖‖‖‖
)

(31)

which observes the maximum difference between Full Order
Model (SPH) and Reduced Order Model (SVD) for a field 𝜙 at time
𝜏, with respect to the maximum absolute value during the com-
plete simulation 𝜙ref, where || ⋅ || represents the absolute value.
The SVD is either adaptively truncated by neglecting all singu-
lar values that are five orders of magnitude smaller than the first
singular value or always truncated at a fixed rank. Second, the
overhead of the procedures is assessed, which involves both the
computational time and the associated storage/memory efforts.
For short-term dynamics with low periodicity and limited tempo-
ral correlations, a segmentation of the time window under con-
sideration for the SVD could be advantageous. The latter is asso-
ciated with separate ROMs for each temporal segment combined
with adaptive truncation criteria. Related computational advan-
tages are, therefore, not guaranteed and will be investigated in
the first case of this study. In this context, we will also examine
the changes in the reconstruction error when moving from one
segment to another.

8 International Journal for Numerical Methods in Fluids, 2025
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FIGURE 2 | 2D Dam Break: Illustration of the initial configuration.
Three height measurement probes (X1, X2, and X3) are highlighted in
red. [Colour figure can be viewed at wileyonlinelibrary.com]

All simulations were conducted on an AMD EPYC 7573X 32-Core
Processor (2 sockets), 512GiB of RAM, and an NVIDIA RTX
A6000 GPU (48GiB memory) for the 3D application.

6.1 | 2D Dam Break

The 2D dam break simulation models the temporal evolution
of an initially rectangular column of water (𝜌0 = 1000 kg/m3)
under the influence of pressure and gravity. The complex slosh-
ing motion involves different wave patterns and splashing as the
water interacts with the walls. The test case is, therefore, fre-
quently used to scrutinize SPH methods, see [70, 71]. The consid-
ered domain refers to a closed box, cf. Figure 2, that is, no particle
can enter and leave the domain. This allows for an assessment of
the incremental SVD, particularly its ability to capture the parti-
cle positions without entering missing data.

The square domain spans 2𝐻 × 2𝐻 , where 𝐻 = 2𝑚 denotes the
initial water column height. The initial width of the water col-
umn refers to 𝐻∕2, and the initial particle spacing is assigned to
Δ𝑥 = 0.02𝑚, which amounts to 5000 fluid particles. The simula-
tion is performed over 20,000 time steps and terminates before
the flow comes to rest, that is, after the waterfront hits the down-
stream wall, goes up, and then comes back down. The Courant
number criterion (18) controls the time step. To preserve a small
Mach number𝑀 ≤ 0.1, the numerical speed of sound is assigned
to 𝑐0 = 100 m/s which is well above an estimated Torricelli speed
of

√
2 𝑔 𝐻 ≈ 6.3𝑚∕𝑠, with g = −𝑔e𝑧 and 𝑔 = 9.81𝑚∕𝑠2. Mind that

the bunch size used for the SVD updates is assigned to 𝑏 = 400 in
this case.

Figure 3 displays the water body at the final time of the sim-
ulation. An FOM solution (blue) and an ROM solution (red)
with varied accuracy are compared in all six graphs. As indi-
cated by the figure, an insufficient number of considered SVD
modes yields poor reconstructions of the particle positions and
the shape of the water body, and reconstructed particles might

even leave the domain (cf. Figure 3a). Conversely, using enough
modes yields a reconstruction that closely matches the original
data. However, results indicate that a sufficient reconstruction of
the body of water can be obtained with approximately 50 modes,
which refers to 0.25% of the theoretically available modes for the
nonsegmented, single-window approach.

A more quantitative assessment of the reconstruction by the
reduced order model is shown in Figures 4–8. The figures com-
pare the temporal evolution of the reconstruction error for the
adaptive rank truncation (orange line) with results obtained
in combination with four different fixed truncation ranks 𝑞 ∈
[50, 100, 200, 400], that would be considered sufficient based on
the visual inspection of the reconstructed water body. Attention
is confined to the error obtained for the density, velocity, and posi-
tion reconstruction. In each figure, two different approaches are
presented. The respective left panels depict the results for a single
window SVD, and the right panels refer to a subdivision into ten
distinct, consecutive time windows that cover an equal amount
of time steps with ten respective SVDs.

In order to ensure efficiency, the adaptive truncation variant is
preferred. When attention is directed to the reconstruction of the
density and positions, cf. Figures 4–6, it appears that the adap-
tive truncation essentially corresponds to a truncation at 𝑞 = 50,
essentially confirming the results of Figure 3. Except for very few
outliers, maximum relative error magnitudes below one per cent
are achievable with the adaptive scheme. The picture changes for
the reconstruction of the velocities, displayed in Figures 7 and 8,
where the adaptive truncation agrees with the fixed-rank trunca-
tion at 𝑞 = 200 or 𝑞 = 400 for a similar error level, which reveals
more complex dynamics of the velocities and a smaller degree
of compression. The large discrepancy of the required rank rec-
ommends separate model reductions for each field considered to
increase the efficiency. Figure 9 depicts the temporal evolution
of the computed water level (height) at the locations X1, X2, and
X3, cf. Figure 2. The figure shows excellent agreement between
the FOM and the ROM results. Note that isolated splashes and
droplets were not taken into account when measuring the height.

Due to the nonperiodic behavior of the dam break flow, more
information is continuously added to the SVD as the simulation
progresses, and the truncation ranks for each field keep grow-
ing, cf. Figure 10a. Having multiple SVDs that handle separate
time windows might help mitigate this problem. Let us consider
two exemplary setups: one option in which a single SVD covers
all 20,000 time steps, and a second option in which 10 separate
SVDs each cover 2000 non-overlapping time steps. Both setups
feature the same bunch width, that is, 𝑏 = 400. Although the seg-
mented SVD approach, in combination with adaptive truncation,
always shows a better agreement between FOM and ROM, there
may be doubts about the associated data effort. For the example
employed above, that is, ten vs. one window, Figure 10b reveals
an average maximum rank for the vertical velocity 𝑤 above 100.
When multiplied by ten windows, this is more than the maximum
rank of the single-window setup indicated in Figure 10a, which
is slightly below 800 and would give the impression that the
10-window setup is less efficient than the single-window setup.
However, the associated data effort for multiple windows is esti-
mated by more than simply adding up the maximum rank for all
windows. Considering that the size of the left singular vector is

9
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FIGURE 3 | 2D Dam Break: Snapshot of the particle positions at the last simulated time step (𝑡 = 2.26s) obtained from the original FOM (blue; SPH)
and the SVD-based reconstruction (red) for six different numbers of considered modes. [Colour figure can be viewed at wileyonlinelibrary.com]

determined by the product of the rank and the number of par-
ticles, the size of the singular values corresponds to the rank.
The product of the number of time steps and the rank deter-
mines the size of the right singular vector. The following equation
therefore gives the compression ratio (CR) for the windowing

strategy 𝐶𝑅𝑤:

𝐶𝑅𝑤 =
∑

Fields 𝑞
1∑𝑁𝑤

𝑖=1
(∑

Fields 𝑞
𝑁𝑤 (𝑖)

) ⎛⎜⎜⎝
𝑁𝑝 + 1 +𝑁𝑠

𝑁𝑝 + 1 + 𝑁𝑠

𝑁𝑤

⎞⎟⎟⎠ (32)

10 International Journal for Numerical Methods in Fluids, 2025
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FIGURE 4 | 2D Dam Break: Temporal evolution of the maximum density reconstruction error in percent obtained with different truncation ranks
𝑞. Left graph shows single window/SVD results and right graph displays results of segmentation into 10 (equally sized) windows/SVDs, both in combi-
nation with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 | 2D Dam Break: Temporal evolution of the maximum horizontal position reconstruction error in percent obtained with different trun-
cation ranks 𝑞. Left graph shows single window/SVD results and right graph displays results of segmentation into 10 (equally sized) windows/SVDs,
both in combination with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 | 2D Dam Break: Temporal evolution of the maximum vertical position reconstruction error in percent obtained with different truncation
ranks 𝑞. Left graph shows single window/SVD results and right graph displays results of segmentation into 10 (equally sized) windows/SVDs, both in
combination with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 7 | 2D Dam Break: Temporal evolution of the maximum horizontal velocity reconstruction error in percent obtained with different trun-
cation ranks 𝑞. Left graph shows single window/SVD results and right graph displays results of segmentation into 10 (equally sized) windows/SVDs,
both in combination with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 | 2D Dam Break: Temporal evolution of the maximum vertical velocity reconstruction error in percent obtained with different truncation
ranks 𝑞. Left graph shows single window/SVD results and right graph displays results of segmentation into 10 (equally sized) windows/SVDs, both in
combination with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 9 | 2D Dam Break: Temporal evolution of the water level (height) at the horizontal locations X1, X2, and X3, obtained from the ROM
with adaptive truncation. Left graph shows single window/SVD results and right graph displays results of a segmentation into 10 (equally sized) win-
dows/SVDs, both in combination with a bunch matrix width 𝑏 = 400. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 | 2D Dam Break: Evolution of the truncation rank over SVD update for (a) one and (b) ten windows. [Colour figure can be viewed at
wileyonlinelibrary.com]

TABLE 1 | 2D Dam Break: Compression ratio for the windowing strategy 𝐶𝑅𝑤 obtained with different number of windows 𝑁𝑤 using 5000 particles
and 20,000 time steps (

∑
Fields 𝑞

1 = 1637).

𝑵𝒘 2 5 10 25 50

𝐶𝑅𝑤 1.31 1.69 1.76 1.56 1.30∑
𝑖(
∑

Fields 𝑞
𝑁𝑤 (𝑖)) 2082 2697 3320 4526 5824

TABLE 2 | 2D Dam Break: Computational overhead 𝑡𝑆𝑉 𝐷

𝑡𝑆𝑃𝐻
in percent for the windowing strategy obtained with different number of windows 𝑁𝑤

and truncation ranks 𝑞 using 5000 particles and 20,000 time steps.

𝒕𝑺𝑽 𝑫∕𝒕𝑺𝑷𝑯 [%] 𝑵𝒘 = 1 𝑵𝒘 = 2 𝑵𝒘 = 5 𝑵𝒘 = 10 𝑵𝒘 = 25 𝑵𝒘 = 50

𝑞 = 50 14.92 14.27 13.7 13.14 11.72 9.31
𝑞 = 100 17.53 16.83 16.14 15.21 12.97 9.31
𝑞 = 200 24.90 23.13 21.70 20.14 16.08 9.31
𝑞 = 400 43.95 39.85 36.45 33.08 24.03 9.31
adaptive 𝑞 27.84 19.05 14.54 12.85 11.07 9.31

In Equation (32), the superscript indicates the total number of
windows: 𝑞1 represents the final rank of a particular field for a
single window, while 𝑞𝑁𝑤 (𝑖) denotes the corresponding final rank
for the 𝑖-th window. 𝑁𝑠 is the total number of time steps, 𝑁𝑝

is the number of particles, and 𝑁𝑤 is the number of windows.
For huge particle numbers that significantly exceed the number
of time steps, that is, 𝑁𝑠∕𝑁𝑝 << 1, the second ratio in (32) is
close to unity. Moreover, the factor in brackets in equation (32)
tends to a (𝑁𝑠∕𝑁𝑝) → 1 for large numbers of windows 𝑁𝑊 ,
while the total number of involved ranks in the denominator
of the first factor increases to much larger values. Note that in
cases featuring open boundaries, that is inlets and outlets, 𝑁𝑝

depends on the respective window and the definition is altered
towards

𝐶𝑅𝑤 =

[∑
Fields 𝑞

1] (𝑁1
𝑝
+ 1 +𝑁𝑠)∑𝑁𝑤

𝑖=1

[(∑
Fields 𝑞

𝑁𝑤 (𝑖)
)(
𝑁

𝑁𝑤

𝑝 (𝑖) + 1 + 𝑁𝑠

𝑁𝑤

)] (33)

Table 1 displays the resulting CR for different numbers
of windows 𝑁𝑤 = 2 − 50 and indicates that the segmented,
piece-wise approach indeed achieves the best degree of compres-
sion due to the small amount of particles and the more signif-
icant number of time steps for 𝑁𝑊 = 10. Mind that 𝐶𝑅𝑤 = 1
refers to the single window approach. Table 2 depicts the compu-
tational surplus (wall-clock time) of the ROM, normalized with
the respective SPH simulation time. The table shows the develop-
ment of the relative computing effort as a function of the number
of windows 𝑁𝑊 and the truncation rank 𝑞. It is seen that the
effort scales almost linearly with the truncation rank for a single
window. Furthermore, a strong positive influence of increasing
window numbers for high truncation ranks is noticeable. While
each new SVD has a constant computational cost relative to the
truncation, the cost of an update does not scale linearly with the
number of retained modes, making the influence of the number
of windows dependent on the rank. As the number of windows
increases, the number of new SVD computations grows, which
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FIGURE 11 | 2D Impinging Jet: Illustration of (a) the initial configuration/domain and (b) the fully developed state for the investigated.

causes the overall cost of the algorithm to converge toward a
limit where only new SVDs are computed, rather than updates
being applied to existing ones. In the limit case, that is, for 𝑁𝑤 =
𝑁𝑠∕𝑏 = 50 windows for the considered case, only new SVDs are
computed, leading to uniform computational cost across all trun-
cations in the last column of Table 2. Note that the computational
overhead with adaptive tuncation for 𝑁𝑤 = 10 windows is less
than the overhead with 𝑞 = 50 for a single window.

The incremental SVD accurately reproduces meshless parti-
cle flow data in agreement with the FOM. While segmented,
piece-wise SVD methods reduce the computational overhead, it
only saves memory in combination with an adaptive truncation.
In the remainder of this paper, truncation is assumed to be adap-
tive, and the application of the windowing strategy is always
specified.

6.2 | 2D Impinging Jet

The second test case concerns the simulation of an impinging
jet. The rectangular domain has a horizontal bottom boundary
corresponding to a flat plate with a length 𝐿𝑝 = 0.18m, and the
height of the domain reads 𝐻 = 0.1m. Particles are injected ver-
tically through a confined, centered area of width 𝐿 = 0.02m
from the top with a velocity 𝑤𝑖𝑛 = −20 m/s and flow towards the
plate along its normal. Figure 11a illustrates the initial particle
configuration that employs a regular Cartesian lattice distance
Δ𝑥 = 0.0005 and amounts to 8000 particles. The speed of sound is
assigned to 𝑐0 = 200 m/s, that is, 𝑤𝑖𝑛∕𝑐0 = 0.1, and the influence
of gravity is neglected.

The simulation is performed over 𝑁𝑠 = 5000 time steps and
terminates in a fully developed state illustrated in Figure 11.
The total number of active particles in the fully-developed
(pseudo-steady) state oscillates around 𝑁𝑝 = 15500.

Following the impact, the fluid is horizontally displaced, even-
tually reaching the domain’s vertical borders and leaving it. Any
particle outside the rectangular computational domain (𝐿𝑝 ×𝐻)
is removed from the SPH calculation. The presence of inlet and
outlet sections distinguishes this case from the dam break case
investigate in the previous section. At the same time, it makes

this case interesting for assessing how imputing/assigning miss-
ing values for the empty positions of the data matrices affects the
accuracy of the reconstruction, the achievable compression and
the computational effort. The section therefore focuses on discus-
sions on the influence of (a) the imputation as well as (b) the
windowing strategy on the accuracy, the compression rate and
the related CPU effort.

All four imputation strategies described in Section 5, that is, mean
(MI), block-mean (BMI), hybrid MI-BMI and gappy POD (GPOD)
are assessed here. The hybrid mean and block-mean imputation,
denoted as ℎ𝑀𝐼−𝐵𝑀𝐼 , refers to a situation, where a bunch matrix
with a standard deviation below unity after the MI is replaced
by BMI. Furthermore, the GPOD approach is assessed for three
different (fixed) iteration numbers, that is, GPOD(i), where 𝑖 ∈
[1, 5, 10].

Figures 12 and 13 display two qualitative comparison of the
reconstructed jet and the full-order SPH data extracted at three
different time instants, with 𝑏 = 250, for the u-velocity field and
dynamic pressure, respectively.

In line with Equation (31), we build an error matrix 𝐸 ∈ ℝ5×5000,
where each row is assigned to one of the five physical fields
stored—here in particular the two components of position, the
two components of velocity, and the density—and each column
corresponds to a particular time step. This matrix’s mean and
maximum values are indicated by 𝜀𝑚𝑒𝑎𝑛 and 𝜀𝑚𝑎𝑥, respectively.
Table 3 shows the final rank 𝑞𝜙 of a field 𝜙, the sum of all field
ranks

∑
𝑞, the error measures 𝜀𝑚𝑒𝑎𝑛 and 𝜀𝑚𝑎𝑥, as well as the rel-

ative computational overhead 𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 ⋅ 100% for all utilized
imputation strategies. Therein, 𝑡𝑆𝑉 𝐷 and 𝑡𝑆𝑃𝐻 refer to the mea-
sured wall clock time of the ROM construction and the flow solver
integration, respectively. The simulations are conducted thrice to
underline the credibility of the measured wall clock time, and
their mean value is reported. Investigations of this first step are
performed for a fixed bunch width of 𝑏 = 250 and no window-
ing was employed. While the different imputation strategies do
not significantly affect the accuracy, the associated number of
modes and computational effort vary significantly. Considering
that the imputation strategies were tested on the same simula-
tion, the number of retained modes directly relates to the com-
pression rate. As expected, the GPOD with 10 iterations achieves

14 International Journal for Numerical Methods in Fluids, 2025
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FIGURE 12 | 2D Impinging Jet: Snap-shot of the particle positions colored by u-velocity field obtained from the original FOM (left; SPH) and the
SVD-based reconstruction (right) at three different time instants. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 13 | 2D Impinging Jet: Snap-shot of the particle positions colored by dynamic pressure field obtained from the original FOM (left; SPH)
and the SVD-based reconstruction (right) at three different time instants. [Colour figure can be viewed at wileyonlinelibrary.com]
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TABLE 3 | Reconstruction of the 2D impinging jet results for 5000 time steps using 6 different imputation strategies without windowing: Compar-
ison of mode counts 𝑞𝜙, mean and maximum reconstruction error 𝜀, as well as relative computational overhead 𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 for the mean imputation
(MI), block-mean imputation (BMI), three Gappy POD methods and the hybrid mean/block-mean ℎ𝑀𝐼−𝐵𝑀𝐼 imputation strategy, from top to bottom,
respectively.

𝒒𝒙 𝒒𝒛 𝒒𝒖 𝒒𝒘 𝒒𝝆
∑

𝒒𝝓 𝜺𝒎𝒆𝒂𝒏[%] 𝜺𝒎𝒂𝒙[%] 𝒕𝑺𝑽 𝑫∕𝒕𝑺𝑷𝑯 ⋅ 100%

MI 856 254 523 480 160 2391 0.071 0.377 31.34
BMI 301 236 593 598 176 1904 0.070 0.235 29.49
GPOD(1) 663 253 515 472 162 2191 0.081 0.373 37.64
GPOD(5) 472 204 511 466 163 1948 0.077 0.376 62.89
GPOD(10) 364 179 509 463 163 1813 0.075 0.374 95.60
ℎ𝑀𝐼−𝐵𝑀𝐼 301 236 523 480 160 1818 0.071 0.377 27.37

TABLE 4 | Reconstruction of the 2D impinging jet results for 5000 time steps using the ℎ𝑀𝐼−𝐵𝑀𝐼 imputation strategy: CR of the reduced-order
mdels measured against a Full-Order Full-Storage approach for different windows 𝑁𝑤 and bunch-widths 𝑏 sizes.

CR 𝒃 = 50 𝒃 = 125 𝒃 = 250 𝒃 = 625

𝑁𝑤 = 1 7.72 7.74 7.80 7.79
𝑁𝑤 = 2 8.78 8.88 8.96 9.03
𝑁𝑤 = 4 8.26 8.38 8.46 8.52

TABLE 5 | Reconstruction of the 2D impinging jet results for 5000 time steps using the ℎ𝑀𝐼−𝐵𝑀𝐼 imputation strategy: Relative computational
overhead 𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 ⋅ 100% of the Singular Value Decomposition against the flow solver’s simulation time for different windows 𝑁𝑤 and bunch-widths
𝑏 sizes.

𝒕𝑺𝑽 𝑫∕𝒕𝑺𝑷𝑯 ⋅ 100% 𝒃 = 50 𝒃 = 125 𝒃 = 250 𝒃 = 625

𝑁𝑤 = 1 50.0 30.4 27.37 37.6
𝑁𝑤 = 2 17.6 13.1 14.8 26.9
𝑁𝑤 = 4 7.60 7.60 10.0 22.1

the best compression and requires the least number of modes. On
the other hand, this example has a CPU overhead that is almost
as expensive as the SPH simulation. The BMI method is algorith-
mically very simple and requires only a moderate computational
effort in the range of 30%. However, it still delivers competitive
compression rates. The strategy can be further optimized slightly
in combination with the hybrid ℎ𝑀𝐼−𝐵𝑀𝐼 . Hence, the strategy we
employ for the remaining investigations is the hybrid ℎ𝑀𝐼−𝐵𝑀𝐼

approach.

In a second step, the windowing strategy is assessed for the
ℎ𝑀𝐼−𝐵𝑀𝐼 . The number of particles included in a given SVD
and the number of time steps assigned to the SVD are influ-
encing parameters on the CR (cf. Equation 33) and the CPU
effort. However, since we also store values for inactive par-
ticles, the CR is measured against a Full-Order Full-Storage
(FOFS) approach. For each time step (𝑛𝑡), one needs to store
one numerical value per field (𝑛𝑓 ) per active particle (𝑛𝑝), allow-
ing for a hypothetical FOFS approach’s storing effort, propor-
tional to approximately 𝑐 nf

∑𝑖=𝑛𝑡
𝑖=1 np(i), where 𝑐 denotes the

required size for storing a number, that depends, for example,
on the underlying single- or double precision metric. Table 4
presents the results for three different windowing configura-
tions and four different bunch-widths. The CR moderately varies
between 7.72 ≤ 𝐶𝑅 ≤ 9.03 and reveals minor benefits for the

single window approach. The relative computational overhead
𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 ⋅ 100% is provided in Table 5. In contrast to the CR,
the computational overhead varies substantially, between 7.6 ≤
𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 ⋅ 100% ≤ 50.0. The overhead lowers as the number
of windows increases for all considered bunch-widths. Addi-
tionally, a larger number of windows seems to favor smaller
bunch widths, as minimal efforts are continuously shifted
towards smaller bunch-widths when the amount of windows
increases.

6.3 | 3D Pelton Runner

The final application examines a Pelton turbine, that is, a
hydraulic impulse machine adapted for high head and low dis-
charge. Its main components are the distributor, the injectors, the
runner, and the housing. Mesh-based methods are well-suited to
deal with the confined flow in the distributor and injectors. How-
ever, the runner and housing are characterized by complex free
surface flow, where SPH is an attractive alternative. The simu-
lated configuration adopts a set-up similar to that described in
a previous study [42]. As illustrated in Figure 14, it refers to a
runner sector comprising five buckets fed with a single water
jet. It employs a symmetry condition in the mid-plane of the
runner.
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FIGURE 14 | Schematic of the initial 3D Pelton runner configuration which consist of the jet and five buckets. The position of the nozzle and the
incoming jet are displayed on the right figure (b). The left figure (a) shows the plane of symmetry. [Colour figure can be viewed at wileyonlinelibrary.com]

Following the approach outlined in [42], the simulation includes
all possibly wetted surfaces and is carried out in a pure
Lagrangian mode, discretizing solely the liquid fluid phase and
the solid bucket model, excluding the air phase. The box-shaped
physical domain has a height of 0.55 m, a width of 0.55 m, and a
depth of 0.068 m. The runner is centered in the x-y plane, and the
runner center is positioned at (0, 0, 0). The buckets are modeled
by (solid) particles with prescribed motion. Fluid particles are
injected with a speed of 44.30 m/s, and the initial particle distance
reads Δ𝑥 = 0.001 m. The speed of sound is assigned to 𝑐 = 443.00
m/s, that is, 𝑣𝑖𝑛∕𝑐 = 0.1, and the influence of gravity is neglected.
The simulation is performed over 𝑁𝑠 = 30, 000 time steps and
terminates when all buckets have interacted with the jet. Based
on the results obtained for the previous test case in Section 6.2,
this application is simulated using the hybrid mean/block-mean
imputationℎ𝑀𝐼−𝐵𝑀𝐼 using𝑁𝑤 = 15 windows and a bunch width
of 𝑏 = 250.

Regarding SVD, the case shares many properties with the
example discussed in Section 6.2, particularly the presence of
input and output boundaries where particles can enter and exit
the domain. However, unlike the previous scenario, no fully
developed state is reached where the number of active liquid par-
ticles remains virtually constant, but the total number of simulta-
neously active particles at the end of the simulation grows to over
620,000. As a result, the reduced system exhibits a fully unsteady
behavior. The 3D test case is also significantly more computation-
ally intensive and is therefore computed using a thread-parallel
approach on one GPU.

Figure 15 displays a visual comparison of the full-order SPH data
(left) and the reconstructed jet (right) extracted at three differ-
ent exemplary time instants. This qualitative comparison shows
an excellent agreement. Note that only the fluid particles are
reconstructed from the SVD and no penetration by the recon-
structed fluid particles into the non-reconstructed/prescribed
bucket region is observed.

The quality of the reconstruction by the ROM is assessed accord-
ing to Equation (31) and shown in Figure 16. Attention is con-
fined to the error obtained for reconstructing the pressure, veloc-
ity, and position fields. Since the pressure and the density are
related according to the algebraic equation of state (5), storing
both fields in the snapshot matrix is strictly speaking not nec-
essary. Figure 16 reveals an excellent agreement between FOM
and ROM, as expected from the visual comparison of the recon-
structed and the simulated water body in Figure 15. With only
a few exceptions, maximum relative error magnitudes inside the
fluid remain below one per cent.

With regard to pressure, however, another detail comes to the
fore, which concerns the solid pressures and their reconstruc-
tion. The solid pressures in SPH are usually determined from the
fluid properties using boundary-specific formulae and the alge-
braic equation of state (5). The pressure levels can quickly be in
the range of several million Pascals in wetted regions, but fall
back to zero Pascal in (temporarily) unwetted solid areas. The
reconstruction of the pressure field by the SVD is therefore more
challenging for the solid than in the fluid particles. In essence,
the snapshot matrix for the pressure of a wall particle resem-
bles a random matrix with many zero entries, and even when
maintaining a large number of modes, it is difficult to maintain
the same accuracy as for the fluid particles. For this reason, the
adaptive truncation approach would lead to storing almost all
the available modes. Therefore, we decided to use a fixed trun-
cation rank for the pressure field, which allows assigning the
degree of compression but not the resulting accuracy. The accu-
racy of the reconstruction is evaluated based on the maximum
and mean error, as well as for the integral quantities force and
moment. Alternatively, analogous to the procedure for the FOM
SPH method, the reconstructed fluid pressure can be determined
in a post-processing step, which appears to be much simpler.
Nonetheless, we obtain the ROM pressure field for the solid from
the SVD of the FOM solid pressures in the present study, to evalu-
ate the forces and torques on the turbine. Mind that only a subset
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FIGURE 15 | Snap-shots of the particle positions colored by velocity magnitude obtained from the original FOM (left; SPH) and the SVD-based
reconstruction (right) of the 3D Pelton runner flow at three different time instants. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 16 | 3D Pelton runner: Temporal evolution of the maximum reconstruction error of fluid field data in percent obtained with adaptive
truncation,ℎ𝑀𝐼−𝐵𝑀𝐼 imputation, employing a bunch width of 𝑏 = 250 and𝑁𝑤 = 15 (equally sized) time windows/SVDs indicated by the dashed vertical
lines. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 17 | 3D Pelton runner: Temporal evolution of the maximum (left) and mean (right) reconstruction error of the solid particle pressures in
percent obtained with three fixed truncation ranks 𝑞, employing a bunch width of 𝑏 = 250 and 𝑁𝑤 = 15 (equally sized) time windows/SVDs. [Colour
figure can be viewed at wileyonlinelibrary.com]

of solid particles interacts with water during the simulation; for
those that do not interact, the pressure value remains zero. Solid
particles are included in their corresponding bunch matrix only if
they have interacted with fluid particles at least once. This avoids
storing irrelevant data. Solid particles are then handled similarly
to newly injected fluid particles, with the distinction that impu-
tation is unnecessary since no data is missing.

Figure 17 depicts the maximum (left) and mean (right) recon-
struction errors obtained for the solid pressure using three differ-
ent (fixed) truncation ranks in the range of 25%–75% of the maxi-
mum possible rank. The irregularity of the snapshot matrix of the

solid pressures mainly concerns the maximum error. The mean
error, however, remains relatively small, which suggests that the
rank truncation primarily impairs the local accuracy of the wall
pressure. The latter is confirmed by evaluating the reconstruc-
tion of integral quantities, that is, forces and torques, as shown in
Figures 18 and 19, revealing an error is in the order of per mille.

The attained CR for the Pelton runner case is evaluated against
the full-order full-storage effort in Table 6. This assessment is
performed separately for the fluid and solid particles and sub-
sequently collectively. The tabulated values for the fluid data
are of the same order of magnitude as those in the 2D cases,
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FIGURE 18 | 3D Pelton runner: Temporal evolution of the reconstruction error of the force in percent obtained with three fixed truncation ranks
𝑞, employing a bunch width of 𝑏 = 250 and 𝑁𝑤 = 15 (equally sized) time windows/SVDs. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 19 | 3D Pelton runner: Temporal evolution of the reconstruction error of the torque in percent obtained with three fixed truncation ranks
𝑞, employing a bunch width of 𝑏 = 250 and 𝑁𝑤 = 15 (equally sized) time windows/SVDs indicated by the dashed vertical lines. [Colour figure can be
viewed at wileyonlinelibrary.com]

TABLE 6 | Compression ratio (CR) of the reduced-order model
obtained for the 3D Pelton runner case normalized with the full-order
full-storage effort. Result were obtained with adaptive truncation and
ℎ𝑀𝐼−𝐵𝑀𝐼 imputation for the fluid, fixed truncation 𝑞 = 0.25𝑁𝑠∕𝑁𝑤 for
the solid, employing a bunch width of 𝑏 = 250 and 𝑁𝑤 = 15 equally sized
time windowed SVDs.

Fluid Solid Total

CR 9.82 3.42 7.55

cf. for example Table 4, and the experienced CR reduction
can be attributed the ROM of the solid pressure. Mind that
post-processing the ROM for the solid pressures from the ROM
fluid data in line with the employed boundary condition could

represent a more efficient strategy. The computational overhead
is 𝑡𝑆𝑉 𝐷∕𝑡𝑆𝑃𝐻 ≈ 7.26% for the considered simulation which agrees
with best practice results obtained for the 2D impinging jet case
depicted in Table 5.

7 | Conclusions

An incremental SVD-based strategy has been developed to reduce
transient SPH results. The approach is based on an existing incre-
mental SVD algorithm that was originally devised for mesh-based
regular snapshot data matrices, and is further developed here
for processing highly irregular data matrices associated with
Lagrangian particle simulation methods.
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The system of equations from the FOM does not influence the
development of the Reduced-Order Model (ROM) itself and
therefore allows its application to other numerical methods char-
acterized by irregular spatio/temporal data. The method has been
embedded into a parallel, industrialized in-house SPH software
(Asphodel) and was successfully validated for a sequence of rel-
evant 2D and 3D test cases. The suggested approach reduces
storage requirements by (90%) with good agreement between
ROM and FOM data while maintaining reasonable computa-
tional overhead in the order of (10%). For the final water tur-
bine application, the temporal evolution of force and torque val-
ues returned by the ROM is in excellent agreement with FOM
recordings.

Various aspects important for accuracy, computational effort,
and memory requirements were addressed, such as an adaptive
rank truncation approach, the imputation strategy for gaps in the
snapshot matrix caused by temporarily inactive particles and the
sequencing of the data history into temporal windows as well as
the bunching of the SVD updates. To ensure accuracy, an appro-
priate threshold was identified from the decrease in singular val-
ues, where the SVD was truncated when the values decreased
by five orders of magnitude compared to the dominant singular
value. Different imputation strategies have been tested for miss-
ing data in the data matrices, and a hybrid mean/block-mean
method has been found to be the most effective approach that
outperforms the gappy POD method. The suggested window-
ing strategy supports the effective management of scenarios with
variable dynamics.
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