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ARTICLE INFO ABSTRACT

Keywords: This study introduces a computational framework for simulating the self-assembly of diblock
Fourier spectral method copolymers using a novel peridynamic (PD)-enhanced Fourier spectral method (FSM). Diblock
Peridynamics copolymers, composed of two distinct polymer blocks, are capable of forming nanostructured
Stability analysis domains with applications in nanoelectronics, photonics, and advanced membranes. Current
Diblock copoloymers

simulation techniques face challenges in capturing the multiscale dynamics of polymer systems
and are often limited by computational inefficiencies. Our approach combines a phase-field
model with FSM for spatial discretization and leverages a PD-based diffusion operator to
overcome the stability restrictions of explicit time-stepping schemes. This integration allows for
larger time steps, ensuring both stability and computational efficiency. The method’s scalability
is enhanced through parallel implementation using C++ and OpenMP, optimized for multi-core
CPUs. Validation through phase diagrams of copolymer melts and simulations of evaporation-
induced self-assembly (EISA) processes demonstrates the capability of the proposed method
to accurately capture large-scale, dynamic morphologies. Our approach provides a versatile
framework and was found in certain examples to improve computational efficiency by more
than a factor of 6 compared to forward-Euler FSM approach.

Self-assembly

1. Introduction

Polymers, which are long macromolecular chains, have captivated scientists for many years. Advances in polymer systems and
structures have led to sophisticated applications, ranging from block polymers as surfactants to highly functional macromolecular
systems such as porous polyelectrolytes for catalysis and battery fabrication [1,2]. Controlled polymer synthesis allows for elaborate
architectures, such as block copolymers, which are molecules made of distinct covalently bonded blocks. When the repulsion between
different blocks are high enough, the material microphase separates into nanoscopic domains [3-5]. Depending on the architecture,
diblock copolymers melts can form various equilibrium morphologies like lamellae, cylinders, and spheres. Ternary mixtures like
a diblock copolymer solution or a triblock copolymer melt exhibit an even higher variety of morphologies [6,7]. Additionally,
non-equilibrium states can be kinetically trapped [8-10], offering a range of applications from nanoelectronics to photonic devices
and integral asymmetric copolymer membranes for filter applications [8,11,12].
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Recent advancements have significantly improved industrial applications of copolymer membranes. Techniques such as im-
mersion precipitation and non-solvent induced phase separation (NIPS) exploit the macrophase separation of homopolymers and
non-solvents to create coarse, sponge-like substructures with a finer selective layer. Enhancements in these techniques, combining
the NIPS process with evaporation induced self assembly (EISA) of a block copolymer solution, leverage the self-assembly of the
amphiphilic diblock copolymers resulting in an isoporous top layer. By controlling self-assembly through solvent evaporation,
vertical-cylindric morphologies are achieved. Combined with NIPS, this process produces an integral asymmetric membrane with
highly regular surface pores [8,12,13].

The EISA process is well established experimentally. [8,13,14]. However, computer simulations are needed to quantitatively
understand and improve membrane formation [15-19]. The challenge lies in the problem of multiple scales. Polymer systems involve
vast numbers of polymer segments, with dynamics occurring on a much smaller length scale than the overall system size, making
atomistic simulations challenging. Coarse-graining techniques offer a solution by simplifying the problem, making experimental time
scales accessible.

The dynamics of block copolymer melts and solutions can be studied by highly coarse-grained models due to the universality
of copolymer assembly [20]. Two strategies exist for the coarse-graining of polymer systems. Bottom-up coarse-graining lumps
several monomer repeat units into an interaction center. This results in soft interactions of the coarse-grained beads, whose
interaction parameters depend on the microscopic details of the systems. On the other hand, top-down approaches make use of
experimentally measurable parameters, that are invariant under different degrees of coarse graining — scales of length, time and
energy. Such parameters implicitly incorporate the chemical details, are measurable in experiments. Particle-based soft coarse-
grained models can be implemented using dissipative particle dynamics, or by Monte-Carlo Methods [21]. Another large class of
polymer simulations arise from self-consistent field theory (SCFT) [22,23], which is a continuum theory that retains the statistics
of polymer configurations.

Common continuum theories for block copolymer systems have their origin in the random-phase approximation (RPA) of SCFT,
which expands the free energy in powers of the concentration field around the spatially homogeneous reference state. RPA becomes
accurate in the weak segregation limit [3]. The connection between SCFT and continuum models allows for a physical interpretation
of the parameters of the continuum model. There are different strategies to derive continuum models from RPA by describing the
inverse of the collective structure factor of concentration fluctuations [24]. The Ohta-Kawasaki model (OKM) provides a free-energy
functional for diblock copolymer melts [25]. The inverse structure factor is approximated by three contributions: a short- and a
long-range contribution, as well as a constant one to match the order-disorder transition. This approach has been generalized by
Uneyama and Doi to comprehensively treat blends of block copolymers of different architectures [26]. The resulting free-energy
functional — the Uneyama-Doi model (UDM) - is not exact but reduces to the correct limiting cases of single-architecture systems.
It has been successfully used to study the equilibrium phases of copolymer-solvent mixtures [27,28]. Since chemical potentials
are readily available in the continuum theories, these allow to study the time evolution of nonequilibrium systems using model-B
dynamics [29]. Recent applications studied the self-assembly dynamics of amphiphilic molecules in solution [30-32], as well as
structure formation of diblock copolymers upon solvent evaporation [17].

The numerical study of the kinetics of structure formation, predicted by this continuum model, involves several challenges:
First, the resulting set of partial differential equations are highly non-linear. Second, the functional contains convolution terms that
are expensive to calculate in real-space. Third, using an explicit forward-Euler scheme to discretize the equations in time requires
a prohibitive amount of computational cost due to very small time step required. Implicit schemes can handle much larger time
steps, but are very complex to derive and implement. Semi-implicit schemes [17,31,32], which only treat certain terms implicitly,
can act as a middle ground, but become more challenging when density-dependent mobilities are of interest [33].

In this work, we address the aforementioned challenges by employing the Fourier spectral method (FSM) for spatial discretization
and the forward-Euler explicit scheme for temporal discretization, providing a simple yet general framework for tackling the
problem. To enhance computational efficiency, we follow the guidelines of Uneyama and Doi [26,30] for the efficient calculation
of convolution terms. Moreover, to overcome the restrictive time step limitations inherent to the forward-Euler scheme, we propose
using a nonlocal PD-based diffusion operator as a replacement for the traditional spatial gradient or Laplacian-based operators. PD
models, originally formulated in [34], offer a compelling advantage in handling problems involving discontinuities or non-smooth
fields by replacing partial differential equations with integro-differential formulations over a finite interaction radius, known as
the PD horizon. Unlike traditional partial differential operators, which require increasingly fine spatial and temporal resolutions
near singularities or sharp interfaces, the nonlocal formulation mitigates these issues by distributing interactions across a finite
domain, leading to relaxed numerical-stability constraints [35-37]. The nonlocal nature of the PD operator inherently accommodates
the multiscale character of the problem by naturally bridging fine-scale interactions with macroscopic behavior [38]. Moreover,
the capability of PD models to incorporate evolving discontinuities, such as sharp interfaces or fracture-like features, without
requiring explicit tracking, further enhances their applicability in scenarios where conventional methods often fail [39-45]. In
addition, nonlocal diffusion operators, like those applied in reaction-diffusion systems, have demonstrated significant potential in
modeling complex interactions across different scales [46,47]. This study introduces a novel computational strategy by integrating
a PD operator within a FSM. This hybrid approach enables stable simulations with larger time steps while maintaining high
accuracy, significantly enhancing numerical efficiency over conventional explicit forward-Euler schemes or standard convolution-
based implementations. Notably, this combination has not been previously applied to the self-assembly of diblock copolymers,
representing a valuable contribution to computational materials science. We will mathematically demonstrate that employing the PD
operator can substantially increase the maximum time step size compared to the forward-Euler FSM counterpart, thereby enhancing
overall performance. We further detail an efficient parallel implementation of our method on multi-core CPUs using C++ and
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OpenMP directives, ensuring scalability for large-scale simulations. The outline of the paper is as follows. In the next section, the
continuum model is developed and the set of governing equations are derived. The solution strategy is described and justified in
Section 3. The details of the computer implementation as well as a step-by-step solution algorithm is presented in Section 4. The
performance of the model is examined in Section 5. In this section, we first validate the model, using the known phase diagram for
a dicopolymer melt [3,48]. Finally, we investigate the performance of the proposed method in case of an EISA problem. Concluding
comments can be found in Section 6.

2. The continuum model

The Uneyama-Doi model [17,26,31,32] treats the normalized local concentration fields, ¢, (r) as order parameters, where r is
the spatial coordinate and the index ¢ runs over molecular species and their blocks. In this work, we consider one type of diblock
copolymer (blocks A and B with block ratio /4, = 1 — f}) and solvents S, ..., hence ¢ = A, B, S, .... The free energy is expressed as
a functional of the concentration fields:

Fl{.m}] 1 / [ B \/_/ ) ,
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where we introduced a reference polymerization of the diblock copolymer, N, and corresponding mean end-to-end distance, R,,
as well as the corresponding invariant degree of polymerization, N'. kT denotes the thermal energy scale, and A, and C, are
architecture-dependent coefficients. In the free energy, the first term on the right hand side corresponds to the covalent bonding
of the two blocks of the diblock copolymer, giving rise to a long-range interaction, where the convolution kernel G(r) fulfills the
modified Poisson equation, (—V?2 + §Cm)g(r) &(r) for cutoff length scale &, = 2R,. The coefficient matrix is given by:

__9 < f3 _fA2f3> )
RIf2f2\~SaSB i

matching the diblock copolymer structure factor at small wavenumbers. The second term is a square-gradient penalty that enforces
a finite interface width and is derived from the large-wavenumber limit of the structure factor. The third and fourth term describe
the entropy of mixing, accounting for the different molecular weights of polymer and solvents:

N,
C,=-Lforc=3s,... 3)

c
c

while the coefficients, C4, and Cy, are chosen to match the order-disorder transition for the blocks of the copolymer
_ N (f c) - f c

AN AL

with s(f) defined as in the work of Ohta and Kawasaki [25] and approximated by the form:

forc= A, B 4

s(f) = 1.572 = 2.702f(1 - f) X

The fifth term in the free energy corresponds to local binary interactions of segments, quantified by the Flory—-Huggins parameters,
%o and the final term enforces incompressibility via the pressure-like Lagrange multiplier, z(r).

Equilibrium morphologies are conformations, {q&c(r) | ¢ = A, B S, . } that minimize the free energy. In a nonequilibrium
scenario, the chemical potentials, u,(r) =
dynamics [29]. For the A-block of the copofymer the chemical potential yields
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and correspondingly for the B-block by exchanging A < B. For the solvents, ¢ = §, ..., Eq. (1) yields:
(R N R? VZ\/
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where constant terms are omitted.
For the time evolution we take model-B dynamics according to the classification of Hohenberg and Halperin [29], which is
appropriate for order parameter fields that are locally conserved and thus follow a continuity equation. The incompressibility
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constraint is treated explicitly in the free energy and therefore, in the absence of additional constraints, the time evolution reduces
to:

3
M =-V.j@H=V- [Ac(r’t)vﬂc(r’t)] = /1R§V- [(pc(r,,)w]
ot VN kgT ®
RS
A (r, 1) = ¢ (r,1)

VA kT

where j.(r) are the mass fluxes that are proportional to gradients in the chemical potentials. The proportionality factor is the Onsager
coefficient, A (r,7) and the constant 4 can be interpreted as the monomer mobility, which we assume equal for every species. It
defines the simulation time scale, A~1.

Finally, the dynamic equations are readily non-dimensionalized by introducing units of time, A~!, length, R., and energy,
\/ﬁkBT, setting these to unity in the numerical implementation. For better numerical performance near zero densities, Un-
eyama [26] suggested the following change of variable:

v (r, 1) = Vo (r,1) (9)

The new chemical potentials can now be calculated as:

P 0 sF
Al 3= 5@ o) sy e (10

This results in the following expression for the new chemical potential ji,:
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which can also be use to derive ji, by substituting A < B. The remaining chemical potentials fi,,c =S, ... can be derived as:
ﬂc(r)R _ 2N
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The governing Egs. (8) can be rewritten using the new chemical potentials:
Ip(r,) AR i )
= [w. (@, OV i (r,8) — fi(x, )V, (r,1)] (13)
2V N kT

This concludes the continuum model employed in this work.
3. Solution strategy

In this section, we describe the different steps and methods we use to solve the continuum model in the previous section.
Temporal and spatial discretization of (13) and techniques to overcome the inherent difficulties are discussed. Derivation and
application of the PD diffusion operator concludes this section.

3.1. Numerical discretization

We start by temporal discretization of (13) using a forward-Euler time-discretization scheme:

AtARS
() = @r) + ——— Wl @) VZElr) — @)Vl ()] (14)
2V N kT
in which the superscripts » and n+1 are used to denote terms corresponding to time steps, respectively. For spatial discretization, we
use the FSM. FSM usually provides exponential convergence and is rather easy to implement [33]. In this method, the derivatives
are calculated using the characteristics of the Fourier transform [49]. These derivatives are usually much better approximations to
the exact values, compared to local methods such as finite-difference method.

The computational domain is assumed to be a cuboid with dimensions /, x/, x/,, discretized using a Cartesian grid with spacings
Ax, Ay, and Az, respectively. Periodic boundary conditions are applied in all directions, as commonly done in many continuum
models. These boundary conditions are naturally satisfied in FSM, which is highly convenient. For the case of (14) and the chemical
potentials (11) and (12), the sole differential operator involved is the Laplacian, which is straightforward to implement in FSM.
Specifically, we replace V2 f, evaluated at all points of the domain, with the following expression:

FFT~![-|q|> ® FFT[f1] (15)
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in which FFT[.], FFT~![-] and q are 3D fast Fourier transform (FFT), its inverse and the vector of FFT frequencies (or wavevector),
respectively. ® represents the point-wise multiplication operation. To evaluate the above expression, first f is evaluated on all
nodes. Afterwards, a 3D FFT is performed and the result is pointwise multiplied with —|q|>. A 3D inverse FFT will calculate the
approximate values of V2 f in all nodes of the domain [49]. Interested readers may consult [49] for more detail about calculation
of derivatives using FFT.

3.2. Numerical calculation of convolution terms in the chemical potentials

A convolution of two functions, u and v, in 3D space is generally defined as:
(u = v)(r) = / u(r — )o@’y dr’ (16)
R3

Such an integral can be computationally very demanding, especially if the values of the convolution are needed in every point in
the domain, which is exactly the case with the convolution term in (11):

C(r) = / Gr—r') [fB\/&r’)— \/fAfB\@(r’)] dr’ a7

Since the kernel G has finite support, the integration domain is confined to a sphere of radius £, = 2R, around r. As the required
resolution of the grid is approximately R./10, this translates to 33401 evaluation of the integrand for each value of r. An efficient
way to calculate the term for all the points in the domain, is to use the convolution theorem:

W= o)r) = F~{F{u).F (v}} (18)
in which .#{-} and .Z{-}~! denote the Fourier and inverse Fourier transforms, respectively. Accordingly, (r) can be expressed as:

Cr) = F HUTGF([pVba) =T afsVp@)}) (19)

As we deal with discrete values in a numerical code, to evaluate ¢'(r) in all points in the domain, one needs to calculate the following
expression once:

FFT~![FFT[C] ® FFT[f5\/d, — VfafeVosll (20)
Based on the definition of G, FFT[G] can be directly computed as:

FFTIGI@) = ——— (21)
lql” +

2
fcul

which is very convenient, and reduces the needed computational resources compared to other numerical integration methods.
3.3. Numerical regularization

Numerical solutions almost always lead to a deviation from the exact solution, so called error. It can typically be decreased by
finer numerical discretization, at the expense of computational resources, until it is in an acceptable range. There are special cases
where a certain range of approximated values cause additional problems. For example, in the current work, negative densities,
¢.(r) < 0, are physically meaningless, and the chemical potentials are undefined for such values, because of the appearance of
logarithms and square roots. The solution process cannot continue after the first occurrence of such an issue and thus these values
need to be avoided. To alleviate this problem, we introduce a lightweight post-processing step, which is executed after calculation
of the densities in each time step. In this process, negative density values are replaced such that the impact on the physics of
the problem is minimal. The procedure for this regularization step is depicted in Algorithm 2. It avoids the negative densities by
compensating these with mass from higher depth to keep the total mass of the system constant. We have observed that, among
several different schemes tested for regularization steps, those who did not conserve the system mass rapidly lead to numerical
instabilities and invalid results. Another argument for choosing the presented scheme was its optimal memory access. For examples,
schemes that relied on compensating the negatives densities with random neighboring nodes, consumed much more computational
resources due to enormous amount of cache misses.

3.4. Peridynamic diffusion operator

In this section, we provide a brief overview of the nonlocal formulation of PD for diffusion-type problems. By comparing it with
its local counterpart, we aim to replace the diffusion operator in (8) with its nonlocal equivalent, leveraging the unique advantages of
the nonlocal approach. For a comprehensive discussion on the derivation and physical interpretation of nonlocal diffusion problems,
we refer the reader to [39,50]. It is worth noting that, since this section focuses on the PD formalism, we adopt its conventional
notation — for instance, using x to represent the position vector, which is denoted as r in other sections.

To construct the PD model, we consider a region H, (Viz Fig. 1) around each point x in a body R. The neighborhood is typically
a ball in 3D (or a disc in 2D) centered at x. At time 7, a concentration value ¢(x,7) is associated with point x. This neighborhood
defines the points x” with which x interacts nonlocally. These interactions are facilitated through pipe-like conductors called diffusion
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Algorithm 1 Interface detection algorithm

1: forz < 1,...,N,/2 do > The other half is treated in a symmetric manner
2 Opz < 0
3 06, <0
4 fory<—1,...,Ny;x<—1,...,Nx do
St Opz < OpztPaztPp:
6: oG,z < OG,z + pG,z
7 end for
8 if op , > 0, then
9 Zipt < 2
10: return z;,,
11: end if
12: end for

Algorithm 2 Regularization algorithm

1: Call Arcorrtam 1 > Detect the location of the gas interface
2. forz < 1,...,N,/2 do > The other half is treated in a symmetric manner
3: fory«—l,...,Ny;x<—1,...,Nx do

4 if ¢., <0 or z< z, then
5 ¢L‘,z+l « ¢c,z + ¢c,z+1
6 ¢c,z - 0
7: end if

8 end for

9: end for

10: if ¢ n,/» <O then
1 b, <0

12: end if

Hs

R

Fig. 1. Representation of the domain R and the horizon H,..

bonds, transferring concentration among points (buckets). In the bond-based PD formulation, transport along the bond ¢ := x’ — x
is independent of other bonds’ transport. Here, we adopt the bond-based PD formulation for our study. The neighborhood of point
x is defined as:

H,={x'e:|x -x|| <5} (22)
where § > 0 is the PD horizon. Then governing equation of the corresponding nonlocal diffusion is written as:
dp(x,t
‘bf; ) _ / J& . x,0)dVy +5(x,1), X€B.t>0 (23)
Hy

where J represents the kernel of the integral operator or the concentration flow density and s(x,?) is the source term. For a
straightforward homogeneous diffusion, as proposed in [39], J can be taken as:

BEHEN—Px.1)

i PETS DZPXD) >0

JX'.x,t) = { gl el 29
0 llgl =0
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in which « is recognized as the micro-diffusivity. In comparison, the local diffusion equation can be written as:
dp(x,t
% =V - [DV¢(X, D] + s(x,1) = DV2PX, 1) + s(x, 1) (25)
where D represents the diffusion coefficient of the medium (reflecting local Fickian diffusion). The primary objective is to
approximate the Laplacian operator in the local diffusion equation using its nonlocal counterpart from (23), as inspired by (25).
This substitution aims to exploit the advantages of the nonlocal operator in the transient equation of (13), particularly allowing for
larger time steps in time discretization compared to traditional methods, such as the finite difference approach, which approximate
the local operator.
Consider x € H,, where a smoothly varying concentration field ¢(x, ) exists. For distances ||£|| < 8, the concentration field can
be approximated through a Taylor series expansion as:

B, 1) = p(x,1) + (V- &) (x, 1) + %(V - p(x, 1) + O(IEN) (26)

By substituting the preceding equation into the integral term of (23), and employing the Einstein summation convention for repeated
indices, we obtain:

SO0 = pxn) / & ]6¢(x 0, [ / ]azqa(x D,
dv, = dv; o6 27
/ " [ e 4] Tl %] Tax, + OO 27)

noting that here a change in integration variables is applied and thus H denotes the spherical neighborhood with radius § around the
origin. The symmetrical nature of the integration process eliminates all antisymmetric terms in (27), leading to their cancellation. As
a result, the primary contributors to the expansion are the second-order partial derivatives, while the fourth-order partial derivatives
emerge as the next most significant terms impacting the truncation error. In the context of a 3D system, the bond vector £ can be
expressed in spherical coordinates as & = (¢,,¢,.&;) = r(cos 8 sin @, sin 0 sin @, cos ¢). With this representation, the coefficients of the
second-order partial derivatives can be conveniently arranged in a matrix form as follows:

1 2w | cos2o sin? @ sinfcosf sin? @ cosfsingcos @
=3 / / / sin® 6sin” ¢ sin 0 sin @ cos @ | k> sin @ dr d6 dg (28)
symm. cos® @
Because of the integration limits, all off-diagonal elements in the matrix M are zero, resulting in identical values along the diagonal.
By taking the PD micro-diffusivity as follows:

6D
= 2= 29
o4 (29)
the components of M become:
M;; =6,;D (30)

where §;; denotes the Kronecker delta. As the horizon approaches zero, i.e., when 6 — 0, the Laplacian operator linked to local
diffusion is recovered, leading to the following expression:
Pox.n) _ 0PP(x.1)

lim M;; =D 31
50" U ox0x, Ox,0x, (31

There are various methods for spatial discretization in PD [51]. In this study, we adopt a widely-used approach that leverages a
meshfree scheme introduced in [35]. We start by employing the same cuboid Cartesian grid as in the FSM, described in Section 3.1.
In this configuration, each grid node represents a cell with a volume of (4x)>. As shown in Fig. 2, the node x; interacts with all its
neighboring nodes x; within its local neighborhood H, . Since we use periodic boundaries, periodicity is enforced in constructing the
neighborhoods for nodes near the boundaries, where the neighborhood may partially lie outside the solution domain. To evaluate
the integral over each neighborhood, we apply a one-point quadrature rule, with quadrature points at the nodes and quadrature
weights determined by the volumes of the neighboring cells (Viz Fig. 2). The discretized form of the governing equation in (23) can
then be expressed as follows:

ap(x,. 1)
o

Y T XDV + 5, 1) (32)
x/EHxi

where V; is the volume associated with node x;. In light of (32), the PD approximation of the Laplacian of a generic scalar function
f, calculated at node x; can be expressed, taking D = 1 in (29), by:

Vi 3 F&) = £(x)

(33)
ot = lIx; = ;I

J

where this expression is used in the proposed approach to compute the necessary Laplacian operators appeared in (14), as detailed
in the implementation section.
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2 B N

Fig. 2. A schematic representation of the discretization in the PD model, incorporating periodicity in neighborhood construction.

3.5. Stability analysis of the peridynamic diffusion operator

In this section, we perform a stability analysis of the PD diffusion operator and compare it to the traditional CFL condition.
For clarity and simplicity, the analysis focuses on the 1D case. This study highlights the advantages of employing the PD diffusion
operator.

The 1D PD diffusion equation can be expressed as:

X+6
MO~ [ e =) w1 ©9
x=6

in which C(x’ — x) is a coefficient that characterizes the conductivity of a bond. Using the forward Euler method for temporal
discretization and the standard meshfree spatial discretization, the following equation can be derived:

un+l —u" m

S = X Gl —uwlax. €= Clxgyy = x) (35)

j=m

where the superscripts and subscripts denote the time step and the node number, respectively. To ensure a physically admissible
system, we assume:

C,=C;20 (36)

To perform a von Neumann stability analysis, the following ansatz is considered:

uz — Cneipk’ C eC (37)
in which i® = -1, p represents the wave number, and the superscript in ¢” denotes the exponent. Substituting the ansatz into (35)
results in:
m
(Cn+1 _ é«n)eipk — é«nAt 2 Cj [eip(k+j) _ eipk]Ax (38)
Jj=—m

Dividing both sides by e””* > 0, the equation simplifies to:
{—1=4tax Y Ci(e? - 1) (39)
j=—m
Employing the assumption (36), the above equation can be rewritten as:
¢ =1+ Atdx Z (of [%(ei” + ey~ 1] (40)
Jj=—m

Using the definition of the complex cosine function, the equation transforms into:

¢ =1+ AtAx Z C;lcos(pj) — 11 (41)

j=—m

To avoid numerical instability, the condition || < 1 must be satisfied, leading to:

—1 <1+ 4tax Y, Cjlcos(p)) — 1] (42)

j==m
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Simplifying further:

2
At < (43)
Ax Z;":_m C;[1 = cos(pj)]
Since cos(pj) > —1, the stability criterion is satisfied when:
1
A ———— (44)
AxY G

which is the stability condition for (35). To compare this with the CFL condition, we analyze the stability criterion in (44) for a
specific choice of C;. It can be shown that C; can be related to D as [39,50]:

2D — 2D 0
Cj - mzAx2|xk+j—xk| m2Ax3|j| (45)
0 i=0

Substituting C; into (44), the stability condition simplifies to:

1 m?Ax? _ Ax? m?

At < = = — (46)
m 2D m 1 2D 2H,
Ax ij—m WA 4D Zj:l J m
2
where % is the CFL stability condition and H,, denotes the mth harmonic number. It is evident that:
m2
3 >1, YmeNm>1 47)

m

Thus, for any PD diffusion operator with m > 1, the stability constraint is less restrictive than the CFL condition. Furthermore, as
the nonlocality increases:

lim 7 oo (48)
m—oo 2Hm

indicating that the condition becomes progressively more relaxed with larger values of m. Fig. 3 shows the growth rate for 1 < m < 10.

Remark 1. It is important to note that, while (48) suggests that increasing m leads to a less restrictive stability condition, the
time step size At in time discretization cannot be arbitrarily large due to the resulting increase in the local truncation error of
the explicit scheme. Furthermore, a larger m increases the number of nodes within the PD horizon, which can make the approach
computationally more expensive. In this work, we choose m = 3 for two main reasons: (i) To ensure that the nonlocal approximation
does not deviate significantly from the local approximation of the Laplacian operator, and (ii) to minimize the computational cost
of the PD approach, particularly the cost associated with spatial integration.

Remark 2. In this work, we employ the well-established classical PD diffusion operator originally introduced in [39] due to
its simplicity and suitability for uniform grids. However, for simulations involving unstructured grids or complex geometries,
alternative nonlocal operators such as Dual-Horizon Peridynamics (DH-PD) [52], the Nonlocal Operator Method (NOM) [53], and
the Peridynamic Differential Operator (PDDO) [54-56] could be explored. Future studies incorporating these methods may further
extend the applicability of this approach.

4. Implementation

The solver has been developed in standard C+420, and can be compiled on any platform with such a compiler. The code depends
only on two libraries, FFTW for FFT calculations, and HDF5 for (parallel) output of results. Both of these libraries are very well
known among HPC community for real-world, high-performance application, and are available for many different platforms.

We leverage modern multi-core CPUs, by parallelizing the solver using OpenMP. This type of parallelization can be very effective
on multi-core CPUs. However, due to the memory-bound nature of the code a linear speedup is not expected. This is especially true if
the code is run on HPC hardware, which are usually equipped with multiple CPU sockets, each with several cores. We will investigate
this later in Section 5. In C, C++ and Fortran, the parallelization is done by adding OpenMP directives to the loops in the code, which
enable the compiler to generate shared memory parallel machine instructions. As any other type of parallel program, great care must
be taken to avoid data race, a situation in which the results are nondeterministic and depend on the (indeterminate) execution order
of different threads. Such cases can occur for example in reduction operations or when the loop iterations are inter-dependent.

The performance of the solver was tested on a single node in the Strand cluster in Helmholtz-Zentrum, Hereon. The node contains
two Intel Xeon Platinum 8160 CPU at 2.10 GHz and 384 GB of DDR4 RAM, running CentOS 7. Also, g++ 11.1.1 was used to compile
the code. Algorithms 1-4 list the steps taken to solve the various parts of the problem, both for forward-Euler FSM and proposed
methods.
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5. Numerical examples

In this section, we will examine the performance of the proposed method. First, we validate the model using the well-known
phase diagram for a copolymer melt. Secondly, we investigate the performance of the proposed method in case of an EISA process.

5.1. Example 1: order—disorder transition test for copolymer melts

In this example, we validate the proposed method by testing the order—disorder transition of a neat diblock copolymer
melt. Depending on the copolymer’s block composition, f4, and the interaction, y,zN,, the diblock copolymer may distribute
homogeneously in the system or microphase separate. In the latter case, it takes on a number of distinct morphologies, such as
lamellae, cylinders and spheres. Microphase separation occurs when the interaction is high, such that the free-energy decrease
by separating the repelling blocks of the copolymer overcomes the loss in translational entropy. The critical interaction strength,
above which an initially homogeneous system is unstable and phase separates is given by the spinodal lines in the f,-y,5N-phase
diagram. It can be analytically calculated from SCFT using RPA [3]. The here-used free-energy functional [31,32] matches this
spinodal line exactly and is therefore well suited to test the validity of the software. Fig. 4, shows the spinodal line as obtained
by RPA. Below the spinodal line, the fluctuation about the mean concentration are expected to decay in amplitude. Above the
spinodal line, fluctuations, approximately on the length scale of the mean end-to-end distance of the polymer, R., grow in amplitude.
From these, the equilibrium morphology forms, that minimizes the free-energy functional, and the system becomes stationary. The
choice of morphology is the result of the balance of surface tension, proportional to the interface area of each morphology, and
the entropically disfavored stretching of chains associated with each morphology. In principle, lamellae are stable for symmetric
copolymers, f, ~ 0.5, cylinders that arrange in a hexagonal lattice for slight compositional asymmetries, and spheres that arrange in
a bec lattice for strong asymmetries. The detailed phase diagram, as calculated from RPA [3], SCFT [48,57], and for the UDM [26]
involves globally minimizing the free-energy functional. In this work, the time evolution of the concentration field, which locally
conserves concentration, only locally minimizes the free-energy. Hence, the simulations typically get stuck in a local free-energy
minimum - a metastable structure. In this case, morphologies have defects or are unidentifiable which makes a comparison with
the equilibrium phase diagram impossible. Here we restrict ourselves to the weak-segregation region, slightly above the spinodal
line, where free-energy barriers are small and the equilibrium morphology emerges [58].

For a variety of block ratios, /4, we test the phase behavior by initializing a homogeneous morphology with small fluctuations,
P (r,t =0) = fu[1+0,(r)] and ¢p(r,r = 0) = fp[1 + op(r)] where o,(r) and oz(r) are independent random numbers drawn from
the uniform distribution [—-1072, 10~2]. We take a system of size V = 5.542R, x 5.542R, x 1.7R,, on a discrete grid with 56 x 56 x 17
cells and propagate at a time step size of A4t = 2.5 x 107°47! to time t = 504~'. We use 6/Ax = m = 3 for the PD diffusion
operator. At each block composition, we choose two interaction strengths, slightly below and slightly above the spinodal line. The
resulting final morphologies are indicated as data points in Fig. 4. Below the spinodal line, we consistently observe homogeneous
morphologies, as indicated by the hollow circles in Fig. 4. Above the spinodal we observe the lamellar, cylindrical and spherical
morphologies, as indicated by the filled markers. Their location is qualitatively consistent with the known phase diagram for diblock
copolymers, [23,26]. Fig. 5 visualizes the resulting non-homogeneous morphologies for f, = 0.3, 0.45 and 0.5. All simulations start
out with an exponential growth of small fluctuations. Only after these have grown in amplitude and non-linearities gain influence,
ordering into their respective morphology occurs, i.e., spheres for f, = 0.3, cylinders for f, = 0.45 and lamellae for f, = 0.5.
It should be noted that there is no scale separation between the periodicity of the morphology and the width of the internal AB
interfaces for weak repulsion, which simplifies the computation.

5.2. Example 2: self-assembly of diblock copolymers upon solution evaporation

Integral asymmetric polymer filter membranes are functional macromolecular systems that have a wide range of applications
including water purification and catalysis [59,60]. Their synthesis is a two-step procedure consisting of (i) solvent evaporation from
a thin film of diblock-copolymer solution and (ii) solvent-non-solvent exchange, accompanied by a freezing of the self-assembled
top-layer. This NIPS step creates a sponge-like substructure that provides the membrane with mechanical stability. Here, we simulate
the first step, the so-called EISA process, which has been simulated in detail using a range of numerical methods [15,16,18,19],
following the approach in [17], where the UDM was previously used.

This example simulation involves five components, the AB diblock copolymer, a gas phase, that is macroscopically phase-
separated from the solution to mimic a liquid-vapor interface, a volatile solvent that diffuses from the initially stable homogeneous
solution into the gas phase, and a non-volatile solvent that remains in the solution. To mimic the evaporation process, the volatile
solvent is converted into the gas phase at the top of the simulation domain. This leads to a retraction of the liquid-vapor interface
and an enrichment of the non-volatile diblock copolymer at the top of the solution — formation of a polymer skin. The blocks of
the diblock copolymer experience a strong repulsion from each other that is initially mediated by the solvents. Inside the polymer
skin the polymer concentration surpasses the critical concentration for microphase separation and micelles form. As the solvent
evaporates the region where microphase separation occurs becomes larger and the micelles elongate to form cylinders that are
oriented perpendicularly to the interface. This is the case when the minority block, A, has a stronger repulsion towards the gas
phase than the majority block does, as has been shown in [17,19]. Here, we use this principle to choose our model parameters.

11
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Fig. 4. Phase diagram for diblock copolymer melt in Example 1: The diagram indicates the stability of different morphologies — homogeneous (H), bcc spheres
(S), hexagonal cylinders (C) and lamellae (L). The ODT and OOT are calculated by minimizing the free energy per molecule of the respective unit cell. The

dashed line represents the theoretical spinodal for the ODT, as obtained by RPA. The proposed method is tested against this curve by starting simulations from
a homogeneous initial condition and resulting morphologies are indicated as stated in the legend.

To simulate the EISA process, we take a diblock copolymer with block composition, f, = 0.3125. The matrix of Flory—Huggins
parameters is given by

A B S C G

- 32 16 0 100y A
- 0 16 8| B
XNy = -0 o s (49)
- 80| €
G

symm. -

Thereby the blocks of the copolymer strongly repel each other. The minority block, A, has a repulsion towards the volatile
solvent, S, while the majority block, B, has a strong repulsion towards the non-volatile solvent, C. All non-volatile species, A, B,
and C experience a strong repulsion towards the gas phase G, to establish the liquid-vapor interface. In the proposed method for the
PD diffusion operator, we set the ratio §/4x = m = 3. To ensure a fair comparison of performance between the proposed method and
FSM, we select the largest stable time steps for each approach, with Atpp, = 107> 47! for the proposed method and Atggy = 1076471
for FSM. Both methods are used to simulate the same problem up to a specified final time 7.

The simulation results are shown in Figs. 7 and 8. One readily observes the expected self-assembly of the diblock copolymers
at the interface into cylinders that are oriented perpendicularly to the solution-gas interface. In addition, the proposed method
demonstrates a performance improvement, outperforming forward-Euler FSM by a factor of 6.41. This result highlights the efficiency
of the proposed approach and corroborates the conclusions presented in Section 3.5.

To assess the scaling behavior of the proposed method, we perform simulations with varying numbers of OpenMP threads, as
illustrated in Fig. 6. The speedup curve deviates increasingly from the ideal linear trend (represented by the dotted line) as the
thread count rises, indicating that the method is memory-bound. However, the comparison between 24 and 48 threads (i.e. one
versus two CPU sockets) suggests that the memory controller has not yet reached saturation.

6. Conclusion

This work introduces the groundwork for the integration of a PD-enhanced Fourier spectral method (FSM) within continuum-
model frameworks of molecular self-assembly. Here, we used the Uneyama-Doi free energy, [17,27,32], describing block copolymer
blends and solutions, that effectively captures both short- and long-range interactions. Applying the PD-principles to the model-B
dynamics, we demonstrate the numerical viability of the method. We show that the incorporation of a PD-based diffusion operator
allows for larger time steps without compromising numerical stability or accuracy. This overcomes the limitations of traditional
explicit schemes, reducing computational demands and making experimental time scales accessible. The proposed method offers
several key advantages: It improves computational efficiency, achieving performance gains of over sixfold in specific test cases
compared to conventional FSM approaches. Demonstrations of the method’s effectiveness, including the order-disorder transition
and evaporation-induced self-assembly (EISA) process, highlight its versatility in capturing the diverse morphological behaviors.
This framework not only advances the study of polymer systems but also provides a valuable tool for addressing similar systems
with model-B dynamics. Future research could be used to accelerate problems with similar characteristics.
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