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Chapter 1

Introduction

In this thesis we consider the problem to solve the nonlinear system of equations
F(z)=0

via Newton type-iterations. We introduce a globalization approach to Newton’s method via damp-
ing which is an enhancement of Deuflhard’s natural level function concept, [10, 11]. The natural

level function is defined at an iterate x; by choosing A = F'(x;)~! in

3l AF ()13 (1.1)

Step sizes are determined such that for the next iterate a decrease in the level function is achieved.
The particular choice A = F’(z;)~! from the set of nonsingular matrices A is motivated by the
goal to avoid unnecessarily small step sizes. Such small step sizes are often observed in case that
damping is controlled by the classical level function 3 ||F(z)|3.

A refinement of Deuflhard’s analysis shows that the choice A = F’(z;)~! can be ameliorated
by introducing the projection onto the Newton correction Axz;. We call the resulting level function
-~ Az Azt

1 -1 N2 .
sIPN F' (2) T F ()5, Pw, = AdTAn’

the projected natural level function. We consider the concept of the projected natural level function
not only in the context of Newton’s method. We also transfer it to a context where the Jacobian
is not directly available but at least multiplications of the form w? - F'(z) and F'(z) - d are
computable. These products can be efficiently supplied by Automatic Differentiation techniques,
[15]. By means of the resulting approzimate projected natural level function we provide a damping
strategy for approximate Newton methods. For an algorithmic realization we employ specific quasi-
Newton rank-1 updates. Due to this choice we obtain in the context of quasi-Newton methods an
alternative to Schlenkrich’s globalization approach, [28]. His work is based on the classical level
function 3| F(z)|3.

By means of specific affine invariant Lipschitz conditions on the Jacobian Deuflhard, [11],
provides easy to handle polynomial models for the behavior of the natural level function in the

direction of the Newton correction. If the respective Lipschitz constants are known step sizes are
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determined according to these models. Proceeding in this way it is ensured that the next iterate is
in the same path-connected component of the level set of the natural level function as the current
iterate. In practice the Lipschitz constants are rarely known. They have to be estimated. For
the computation of these estimates the affine invariance property of the Lipschitz conditions is
exploited. We use similar techniques to determine step sizes in our algorithmic realizations of the
approximate and projected natural level function concepts. It turns out that for the considered test
problems our algorithms are as robust as a reference algorithm which is based on the natural level
function. In general, the performance of our algorithm which is related to the projected natural
level function is slightly better than the performance of the reference algorithm. The algorithm
which is related to the approximate projected natural level function turns out to be superior in
terms of run time for the considered problems of higher dimensions.

Inspired by the form of the estimates for the Lipschitz constants we introduce different measures
to describe the nonlinearity of F. These measures, which we call nonlinearity bounds, are closer
related to the estimates than the Lipschitz bounds are. By means of these bounds theory and
praxis move closer together. We also make use of such bounds to prove a refined local convergence
result in the context of Newton’s method. Additionally, we provide a global convergence result for
an approximate Newton’s method where step sizes are controlled by a level function of the form

(1.1) for a fixed nonsingular weight A.

The thesis is organized as follows.

In Chapter 2 we collect some well-known properties of Newton’s method and the Newton
correction to solve the problem F(z) = 0. Also, we provide a brief summary of properties of the
natural level function and discuss the derivation of the polynomial model for the determination of

step sizes.

In Chapter 3 we introduce the projected natural level function. We start with an in-depth-
analysis of the influence of A on the set of step sizes which ensure descent for the respective level
function. It turns out that for the natural level function a nonnegative ‘disturbance’-term arises
which narrows the above mentioned set. This term can be decreased in magnitude already by
means of specific nonsingular weights A and vanishes entirely by introducing the projection onto
the Newton correction, A = Py, F'(z;) 7"

In the course of our analysis of the projected natural level function we substitute Lipschitz
conditions on the Jacobian by the above mentioned nonlinearity bounds and develop adaptations
of the step size controls from [26, 11] and [5, 6]. Furthermore, we extend the concept of the
projected natural level function to the context of least squares problems. Special emphasis is
put on systems which emerge from a multiple shooting ansatz for boundary value problems and

parameter estimation problems in ordinary differential equations.

In Chapter 4 we adapt the concept of the projected natural level function to a situation where
only an approximation of the Jacobian (at least implicitly) is available. We provide an approximate
Newton correction which is a direction of descent for the corresponding approximate projected

natural level function. We monitor the quality of the level function and the correction by means



of the angle between the correction and the transposed negative gradient of the level function and
the angle between the correction and the Newton correction. The first of these is directly available.
For the other we present a reliable estimate.

For our algorithmic realization we assume that an initial approximation of the Jacobian is
explicitly given. We compute further approximations by means of quasi-Newton rank-1 updates.
For this purpose we combine different types of updates. If necessary the purifying updates improve
the quality of the approximation such that the above stated angles stay bounded by some predefined
threshold. Furthermore, a second update provides a direction of descent for the approximate
projected natural level function. Thus, we call it descent update. We show local superlinear
convergence of a sequence of iterates which emerges from an iteration where the corrections are

computed by a recursive application of the descent update.

In Chapter 5 we provide a global convergence result for a damped Newton-like iteration where
corrections are determined using an approximation to the Jacobian. The step size control is based
on a level function of type (1.1) where the nonsingular weight A is kept fixed during the whole
iteration. To ensure that the approximate correction is a direction of descent for the considered
level function we use techniques similar to the ones we already employed in the context of the
approximate projected natural level function. Step sizes are determined via a polynomial model of
the test function in the direction of the approximate Newton correction. This polynomial model
provides a generalization of the affine covariant and affine contravariant models from [11]. Our
convergence result requires sufficiently good approximations to the Jacobian. This is ensured by

the application of generalized purifying updates.

In Chapter 6 we consider various numerical test problems to test out our algorithmic imple-
mentations of the concepts of the projected natural level function and the approximate projected
natural level function. For comparison we also run the test problems for an implementation of the
natural level function concept.

Additionally, we give an outlook on potential adaptations and enhancements of the concepts of

the approximate and projected natural level function.

In the course of this work several Lipschitz quantities and nonlinearity bounds appear. Each of
them is denoted by w or € occasionally provided with accents and/or indices. The actual semantic
of these characters should usually be clear from the context. In case of ambiguity, e.g., if we
compare two quantities, we add the reference number as an index. For example, the Lipschitz
constant w from (2.5) would be cited as w(q.5).

It is always assumed that w or €, respectively, is finite and of best possible choice.
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Chapter 2

Newton’s Method and the Natural

Level Function

In order to solve the nonlinear system of equations
F(x)=0
one may apply Newton’s method
T =+ Ay, Az = —F'(x)  F (). (2.1)

In this chapter we motivate this choice by presenting amiable and well-known properties of New-
ton’s method like local quadratic convergence. Also, we discuss advantageous properties of the

Newton correction in the context of a globalization approach via damping,
Tip1 =2+ NAz;, MN€E (0, 1]7 (22)

like the close relationship of the correction to the Newton path.

Furthermore, we briefly discuss properties of the natural level function
SI1F (@) " F(2)3

and the basic approach from [11] how to determine step sizes by means of this level function. The
approach will be adapted in the next chapter where we will introduce the projected natural level
function. This level function is in close relationship to the natural level function. By providing

properties of the natural level function we will be in a state to compare both functions.

2.1 Properties of the Newton Iteration and Correction

We consider the problem
F(z)=0

for a general nonlinear function F* which fulfills the following assumption.
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Assumption 2.1 F : D — R" is continuously differentiable on D C R™ with D # () open and

CONVET.

There exist several (semi-)local convergence results which guarantee under certain conditions on F'
and the initial guess z( quadratic convergence of the iterates provided by Newton’s method—see
e.g. the classical Newton-Kantorovich and Newton-Mysovskikh theorems in [27], their refinements
in [12, 11] or the results from [16]. For reference purposes we state a respective result in Subsec-
tion 2.1.2. If a given initial guess is not contained in the local contraction domain of Newton’s
method it is a common globalization approach to employ a damped iteration like (2.2). In this
section we collect several statements from the literature, [11, 26], to motivate this approach.

The iterates provided by an application of Newton’s method feature particular invariance prop-
erties w.r.t. affine transformations in the range and domain space of F. We will give a short

explanation of these properties as well.

2.1.1 Affine invariance properties

In the context of solving F'(z) = 0 for general nonlinear F' which fulfills Assumption 2.1 the Newton

iterates have the following invariance properties:

2.1.1.1 Affine covariance

Let A € R™™"™ be an arbitrary nonsingular matrix and consider the transformed system
G(z) = AF(z) = 0. (2.3)

Certainly, F(z,) = 0 & G(z.) = 0. Applying Newton’s method both to the original and the
transformed system starting at the same initial guess oy € D gives the same sequence of iterates
{2} since

G'(2) 7 G(x)) = F'(x) YA AF () = F'(x) "' F(x) VI

According to [11] this property of the Newton iterates is called affine covariance. Furthermore, we
call a problem related quantity affine covariant if it does not change under a transformation of the
form (2.3). An analysis or an approach is said to be affine covariant if it solely deals with affine
covariant quantities.

Obviously, affine covariance also holds for the iterates of the damped iteration if the step sizes

A; are determined by an affine covariant approach.

Remark 2.2 For practical purposes scaling invariance of an algorithm is desirable. This means
that a change of units, say, from em to m or some other general componentwise scaling of variables
should have no impact on the behavior of the algorithm. In an affine covariant setting such a
scaling invariance is obtained if we consider relative quantities in the domain space instead of
absolute ones, cf. [11, 26]. This may be achieved in the following way. Choose a & € D with no

component equal to zero. Then, by transforming the original system via

G(y) = F(diag(2) - y)
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we obtain Ay, = diag(#)"*Ax;. Rescaling in the domain space implies rescaling of & but leaving
Ay, unchanged, hence scaling invariance is obtained. However, to prevent overflow for values close
to zero absolute threshold values are necessary. This may destroy scaling invariance. We come

back to scaling invariance in Subsection 3.4.3. O

2.1.1.2 Affine contravariance

A second invariance concept in the context of Newton’s method applied to the problem F(z) = 0 for
general nonlinear F is affine contravariance: If we apply the transformation By = z to F(x) =0,
ie.,

G(y):=F(By)=0 (2.4)
and let Byy = xo, the Newton iterates are transformed in the same manner as the domain space
since

BG'(y))"'G(y) = BB~ F'(x1) ' F().
Note that the classical level function || F(z)[|3 is invariant under the above transformation. An
analysis for a globalization approach of Newton’s method via damping which takes affine con-

travariance into account is given in [11].

2.1.2 Local quadratic convergence

As an evidence for local quadratic convergence of Newton’s method we present the affine covariant
Newton-Mysovskikh theorem from [11], however, with the slight modification of substituting the
general vector norm ||-|| by the Euclidean norm. In Subsection 3.2.2 we will provide a refinement
of this theorem. The techniques of the proof are similar to these used in [11] to prove the below

given statements. Therefore, we omit a proof at this point.

Theorem 2.3 Let F fulfill Assumption 2.1 and suppose that F'(x) is invertible for each x € D.
Assume that the following affine covariant Lipschitz condition holds:
IF/ (=)~ (F'(y) = F'(2)) (y = 2)|l2 < wlly — 3 (2.5)
for collinear x,y,z € D. For the initial guess xo assume that
ho = w||Axgll2 < 2

where Axq is the Newton correction at xg.

_ Az _
Furthermore, suppose that for the closed ball B(x, p) with p = w it holds that B(zg,p) C D.
— Iy

Then the sequence {x;} of ordinary Newton iterates defined via (2.1) remains in B(wo,p) and
converges to a solution . € B(xo,p) of F(z) = 0. Moreover,
2141 = @illa < jwllar — 2113, (2.6)

1 — 21412

log — 2ol € —F————.
U= Lwflm - wgall

Proof. [11]
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Corollary 2.4 Under the assumptions of the above theorem there exist a k > 0 and an index |
such that for the Newton iterates it holds that

w11 = @ull2 < Kl — 2.3 VI

i.e., the convergence is q-quadratic.

Proof. Let ¢; := 2y — . Since lim;_,o ||Az;||2 = 0 there is an index I such that
0<(1-twAzml)™ <2 VI>10.

Hence, by means of (2.6) and (2.7) and for [ > [,

18zl vl et e
1+1][2 C1+1|[2 C1+1[2 erll2
w|| Azl =2 > -
18l > 2 1aely 2 1aalls * Tormill + lels ~ 1 Ll
implying
el
lim =0.
=00 |ledl2
Also,
‘ _MAzl2| _ llerall2
llexll lledll2
This means that there is an index [ > [; such that
A
Az _ Vsl
llexll2
So finally we obtain
[ Az]3

llerall < 20 Az l2 < WAzl = w llerll3 < 4wleal3 =: wlle]3-

llexl3

Starting far away from a solution the above stated conditions for the quadratic convergence
of the full step Newton’s method may not be guaranteed to hold. We motivate the application
of the damped iteration in this case by providing further advantageous properties of the Newton

correction.

2.1.3 Affine covariant trust region approach

The Newton correction Az; can be interpreted as the solution of the substitute linear problem
L(Ax) := F(x;) + F'(x) Az = 0.

As Theorem 2.3 shows, close to a solution z, of the nonlinear problem F(z) = 0 successively solving
the linearized problem L eventually produces a sequence of iterates which converges to z.. The
trust region approach of Levenberg-Marquardt type considers a lincar model of F' at some iterate
x; even if the iterate is far away from the solution. The idea is to restrict the next correction such

that the iterate x;; is located in a neighborhood of x; where the linearization of F' is supposed to
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be trusted to sufficiently model the behavior of F. This neighborhood is called the trust region.

To determine the next correction the constrained quadratic minimization problem
|F (1) + F'(z;)Az||2 = min st ||Azlls < 4

is considered. How to solve such a problem in a robust way is thoroughly described in [22].

The affine covariant reformulation from [11] of the above problem reads as follows
| F' ()~ (F(2) + F'(2)Az) |2 = min st ||Azlls < 4. (2.8)

This affine covariant problem has a unique solution which we denote by Axz. Consider vectors

uw € R, i =1,...,n— 1, with ulu; = §;; and ulAz; = 0,i = 1,...,n — 1. Then, for certain

a€Rand 3, €eR,i=1,...,n— 1, a decomposition of Az of the form

n—1
Az = alAx; + Z Biu;
i=1
exists. Hence,
. . n—1
[F" ()™ (F (@) + F'(@)Az) |3 = Az — Aw]|§ = |a— 1] - [Az]|3+ Y Biwalls.
i=1

Since Az is the solution of the constrained minimization problem it holds that

. 1 if (51 > ”AI;HQ,
Bi=0, i=1,...,n—1, and a=
0, otherwise,

ie., Az = aAz; leading to a damped Newton iteration where the damping factor characterizes the

radius of the trust region.

2.1.4 Descent properties

Let , € D be a solution of F(z) = 0. A desirable criterion for determining step sizes A; in a

damped Newton iteration would be
|11 — 2| < C - Jy — 2], 0<C <1 (2.9)

Unfortunately, such a monitor or an approximation of it, respectively, may only be at hand if we
are already close to the solution—sece Subsection 2.2.4 and the discussion in Chapter 2 of [11].

A common approach is to substitute the requirement (2.9) by a monotonicity criterion of the
form

T(z; + )\IAIZ) < T(I])

where T': D — Ry is a given test function. Here we consider general level functions defined via

T(e]4) = LAF@)3, A cR™™ (2.10)
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Remark 2.5 To the best of our knowledge general level functions of the above type are defined
in the literature, see e.g. [10, 11, 26], solely for nonsingular A. We extend the classical definition
in view of the projected natural level function which will be introduced in Chapter 3. For a singular
A the property

T(z]A) =0 = z=ua.

cannot be guaranteed in general. This is not necessarily a drawback, however, as it is seen from

the discussion in Subsection 3.2.5. O

Regarding first order information the level functions from (2.10) turn out to be equally suited for
determining step sizes in a damped Newton iteration:
For z € D let
M, :={W e R™" | WF(x) # 0}. (2.11)

Given a current iterate z; € D with F(z;) # 0 the corresponding Az is a direction of descent for
any general level function where A € M, since

d

JT(IZ + AAz|A)r=g = —2T'(x1|A) < 0. (2.12)

Furthermore, for affine linear F' we obtain
T(ay + May|A) ) T(x|A) = (1 — N (2.13)

This means that for affine linear F' there is descent all the way down the Newton direction till the

solution is reached for A\ = 1, regardless which A € M,, is considered.

2.1.5 Relation to the Newton path

In terms of level sets
G(z|A) :={2€D|T(z|]A) < T(z|A)} (2.14)

and the path @; : [0,2] — R", &;(\) := 2; + AAuxy, the relation (2.13) implies for affine linear F'
that
#1(\) € G(z) YA€ 0,2], (2.15)

where
G@)= () GlA). (2.16)
AgRnxn
By definition, G(z) is affine covariant. Usually, (2.15) is not true for nonlinear . However, under
certain conditions on F and by means of G(z) there can be defined a path T; as a generalization
of #; with the amiable property T(Z;(A\)|A) = (1 — \)2T (2] A) for all A € R™", hence fulfilling
71(\) € G(x1) YA € [0,2]. This is revealed by Theorem 2.7 below.

Remark 2.6 In [10, 11] G(z) is defined via

G@):= [ GllA).

AeR™*"

nonsingular
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Since for all singular matrices Athereis a sequence of nonsingular matrices A; such that lim; . {A4;} =

A and since T'(x]A) is continuous in A it is readily seen that

(| G@la)= [ Gld).
ACR™*T AcRnxn
nonsingular
We formally extend the definition of G(x) due to the fact that we consider general level functions

of the type (2.10) where singular matrices are not excluded, cf. Remark 2.5. O
From [11] we obtain

Theorem 2.7 Let F fulfill Assumption 2.1 and let F'(z) be nonsingular for all x € D. For some
nonsingular A e R™™ and o € D, let the path-connected component of G(.T?(]'A\) in xg be compact
and contained in D. Then the path-connected component in o of G(zo) as defined in (2.16) is a

topological path T : [0,2] — R™, the so-called Newton path, which satisfies

F(@N) = (1= N)F(w), @2.17)
T(x(N)|A) =(1- N)2T (0] A),
- z(0) = xo,
T @) P, (©) == (2.18)
2 Z(1) = z. with F(z,) =0,
Do~ —F'(z0) " F(x0) = Ao, (2.19)
where Axq is the ordinary Newton correction.
Proof. [11]
| |

As it is seen from the above theorem, one step of the damped Newton iteration provides an
approximation of first order to the Newton path, the ‘path of virtue’, which leads the way from z(

to a solution x,. We quote [11]:

Even ‘far away’ from the solution point x,, the Newton direction is an outstanding

direction, only its length may be ‘too large’ for highly nonlinear problems.

2.2 The Natural Level Function

If one decides to exert a damped Newton iteration, i.e.,
Tpp1 =@+ NAzy, Az = —F'(z) ' Fay), M€ (0,1], (2.20)

it still remains to determine the step sizes ;. As it is seen from the previous section all level
functions T'(x|A) with A € M,, are basically suitable for this purpose.

In this section we will discuss the choice A = F’(x;)~! at x;, the natural level function, which we
abbreviate NLF. We will provide a brief summary of statements from the literature, [10, 26, 11, 6],

about properties of the NLF and the basic idea how to determine step sizes by means of the NLF.
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Remark 2.8 The concept of the natural level function is not accompanied by a global conver-
gence result since cycles in the iterates may occur—see the example in [2]. In [6] a specific step
size restriction is presented such that 2-cycles can be excluded. However, m-cycles for m > 2 still
may occur, [11]. In [6] it is also shown that under certain conditions global convergence can be

guaranteed if an additional intermediate iteration is executed, i.e.,
Tiy1,0 = 21 + NAxyg (2.21&)
is followed by

Tig1,ie1 = T, + Az

. (2.21b)
Ax; = _F/(w[)il(F(.z‘[*,lyi) — (l — A[)F(?ﬁ,)), i=0,....

The additional steps simply perform a back projection onto the Newton path. However, the
numerical tests from [6] does not indicate that this extended scheme is to be preferred to the basic
one without back projection. In fact, the numerical results from [10] and [26] show that algorithms
based on the concept of the natural level function without back projection perform very well in

practice which gives indeed a justification for applying this concept. O

2.2.1 Polynomial model to determine step sizes

Ideally, the step size \; in the damped iteration (2.20) should ensure a decrease in the NLF for all
A€ (0,7], ie.,
T (@ + Aay|[F'(2) 1) < T (a0 F'(z) 7).

Additionally, it should fulfill
T+ NAz | F () 7") < T2 + My |[F' () 7")

for all A € (0,1] with z; + AAxz; € D. However, in general these demands are not satisfiable in
an efficient way. Thus, an easy to handle approximation is required. The idea is to consider a

polynomial model p;()) of the change of the NLF, i.e.,

T (4 ANz | F' () 71)

T (| F' (1) 1) <)

and to determine a step size by means of this model: Let A € (0, 1] such that z; + AAxz; € D.
With
i(A) i= F'(z) 7 H(F (w1 + MAzy) — F(2) — AF' (2) Azy) (2.22)

we obtain the identity
FI<(L'1)71F((L‘1 + /\All) = (1 — )\)F’(Zl)ilF(iL'l) + Xl(/\).
Assume that the affine covariant Lipschitz condition

[/ (2)" (F'(y) = F'(2)) (y = @)llz < wlly — 23 Va,y e D (2.23)
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holds. Since N
F(z+ M) = F(x) + / F'(z; + sAx;)Axds
Jo

a short calculation shows that

Ix(N)ll2 < gwllAz37°. (2.29)
Thus,
[F7 () 7 F (0 4+ Az |2 < (1= A+ 50l Azg|2A%) - [[F (20) 7 F ()2
and L
T(x; + NAz | F' (2)~
Dot A Pn)T)
T (| (1) 1)
with
pi(A) == (1= A+ Jw]| Az |2A%)2 (2.25)

This polynomial is strictly convex on [0, 1] and has a unique minimizer X; in [0, 1] given via

< . 1
A = min (1, m) . (2.26)

So in terms of this polynomial model the optimal choice for A; is
/\[ = X[.

The step size \; depends on the Lipschitz constant from (2.23) which is in general computational

not available, however, efficiently computable estimates exists, see [26, 11] for details.

Remark 2.9 Assume that the step size strategy \; = ); is applied for the iteration (2.20) and

that the sequence of iterates {u;} is well defined. If it holds for an index [ that
wea Azl <1 and  wes) Azl <2

then the first inequality ensures that \; = 1, whereas by Theorem 2.3 the second inequality implies
that \; = 1, I > [. Hence, under the stated conditions eventually quadratic convergence of the
iterates to a solution z, of F'(z) = 0 is obtained by this step size strategy.

O

The step size strategy \; = A; can also be interpreted in terms of the Newton path: Let Z; be the

Newton path at @y, i.e., 7;(0) = x;. For sufficiently smooth F it follows from Lemma 7 in [6] that
Tl()\) — 2= Nz — X[()\) + O(/\3> (2.27)

Since (2.24) holds we obtain for A € (0, \;] and by means of the triangular inequality the relations

[Z:(A) — @]l

1m0 =l
AllAzy|2

1-5<
2 AlAz 2

1
+0(\?) and <1+ 5t O(N\?).
Neglecting the term of second order this means that up to A; the change of the Newton path is
essentially represented by AAz;. So it is very likely that the next iterate ;41 = x; + Az does

not stray too far from the Newton path Z;(\).
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2.2.2 Relation to Steepest Descent method
The gradient of the general level function T'(z|A) is given via
grad T'(z]A) = (AF(2)) T AF' (). (2.28)
At x; and for A = F'(x;)~! we obtain
— grad T(ay|F' () ) = —(F'(a) ' F(a)) " = Aaf.

Hence, for the natural level function the Newton correction equals the (transposed) negative gra-
dient. So determining step sizes by means of the natural level function this procedure may be
interpreted as a modified Steepest Descent method, utilizing a sequence of level functions and its
associated gradients—see [10].
2.2.3 Local dewarping
Considering a local model of the level function T'(z|A) at x; € D, i.e.,

T (] A) := FIIAF (a7) + AF' (a0) (2 — 1) [3-
The corresponding level sets

Ci(4) = {o € R | TH(2|A) = TF (u1] A)} (2.29)

are ellipsoids where the length of the half-axis are given as the inverses of the square roots of

the eigenvalues of (AF’(ml))TAF'(:tl). It may be the case that the Newton correction is nearly

orthogonal to the corresponding transposed gradient leading to small step sizes. For A = F’(z;)~!

the local model turns out to be

T (2| F'(20) ™) = gl — (21 + A3,
i.e., Cy(F'(x;)~") describes a sphere where the Newton correction equals the transposed negative
gradient pointing to the midpoint of the sphere.

2.2.4 Asymptotic error measurement

Let F' be twice continuously differentiable. Then, by means of a Taylor expansion at a solution
z, € D we obtain for A € R"*"

T(x]A) = gl — .3
—(@—a)"(I - AF'(2.)) (@ —z) + 3| (I = AF' (2.)) (v — 2.) |3 (2.30)

+o(lla = .3).
Hence, for a converging sequence of iterates {z;} to z. we have

T |[F'(20)7Y) = 3z — 23 + oz — z.l3). (2.31)
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Furthermore, if (41| F(27)™1) < T(zy|F'(21) 1) and [|2141 — 242 € 0|21 — 2.]]2) then
w1 = zella < o = sl + o[l — 24 l2)-

Thus, asymptotically a reduction in the NLF implies a reduction in the error. Therefore, it is
justifiable to call a globalization approach based on the NLF error-oriented.

Note that the relation ||a;41 — @.[]2 € o(||z; — 2.||2) is true for | > [ with some [ € N if the
damped iteration turns into an ordinary full step iteration and if the conditions of Theorem 2.3
are fulfilled—see Corollary 2.4.

2.2.5 Comparison to other choices of A in T'(z|A)

The above described relation to Steepest Descent and the dewarping-property of the NLF suggest
that the range of valid step sizes is increased compared to other choices of A. By the term wvalid
step size we refer to some A € (0,1] such that with the Newton correction Az at x; and for given

A it holds that
1+ Nz, €D

and (2.32)
T(x; + sAx|A) < T(x)]A) Vs e (0,A].

From [11] we obtain the following result.

Theorem 2.10 Let F fulfill Assumption 2.1 and let F'(x) be nonsingular for all x € D. For a

given current iterate x; € D with F(x;) # 0 and for the level set G(x|A) defined according to (2.14)

let the closure of the path-connected component of G(xi|A) in x; for some nonsingular A € R ™

be a subset of D. Assume that the affine covariant Lipschitz condition (2.23) holds. Let Ax; be

the Newton correction at x; and define
hy = w||Azy|2, h=M COndQ(AF/(Il>).
Then, one obtains for X € [0,min(1,2/h;)]:
[AF (2 + AAzy) |2 < pi(AA) [ AF (z1)]]2 (2.33)

where
p(AJA) =1 — X+ JhA%

The optimal choice of damping factor in terms of this local estimate is
A(A) := min(1,1/hy).

Proof. [11]

]
This result is a generalization of the model considerations from Subsection 2.2.1 since for p;(\)
from (2.25) and ); from (2.26) we obtain

pr(A) = pf (A[F' ()~ ") and No=N(F(z)7).
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Remark 2.11 In [11] the above statement is given in terms of an arbitrary vector norm ||-||. We
restrict ourselves to the Euclidean norm since we investigate general level functions of the form
(2.10). O

By means of the above result we have
A€ (0,min(1,2/h)) = mpAA) <1

which in turn implies descent, i.e.,

T(x; + MAx|A)

< 1.
T(|4)

Since h; is smallest for the choice A = F'(z;)~! the range of A such that p;(A\|A) < 1 is maximized
for the NLF. However, for a given A the polynomial model p;(A|A) may vastly overestimate the
relative change of T'(z|A) and therefore may only guarantee descent for a small subset of the set
of all valid step sizes. Hence, it is not excluded that there are choices for A such that for the
associated level function the set of all valid step sizes is a superset to the set of all valid step sizes

w.r.t. the NLF. We will see in the next chapter that such choices indeed exist.



Chapter 3

The Projected Natural Level

Function

In this chapter we will introduce the projected natural level function (PNLF). This level function
emerges from an in-depth-analysis of the influence of A in T'(z|A) on the range of step sizes which
provide descent for the respective level function. This analysis will be given in Section 3.1. We will
show that compared to the natural level function (NLF) the PNLF provides descent for a wider
range of step sizes. The PNLF is given via
T

SIPNF () F@)lk, Py, = St
where Az, is the Newton correction at x;. In contrast to other level functions the PNLF is based
on a weight A that is singular. As we will see from the discussions in Section 3.2 this does not

turn out to be a drawback.

In Section 3.3 we will show that the idea of a projected natural level function can be transported
to the context of least squares problems as well. We will provide an analysis of the generalized
PNLF and define refinements of this generalization in case that the least squares problem is re-
lated to a multiple shooting approach to solve boundary value problems or parameter estimation

problems in ordinary differential equations.

The main objective of this chapter is to provide an affine covariant globalization approach
of Newton’s method via damping where the step sizes are determined by means of the PNLF.
Therefore, we will adapt and extend in Section 3.4 existing step size strategies from [26, 11, 5, 6]
to fit into the context of the PNLF. In the course of this a new method to provide a predictor step
size will be derived. This predictor directly exploits the underlying concept of a projected level

function.

Apart from one minor exception, see Paragraph 3.4.1.3 for details, for the complete analysis in
this chapter it is not mandatory to rely on Lipschitz conditions on the Jacobian to describe the

nonlinearity of F. Instead we will use conditions of the form

2| (@) (F(y) = F(x) = F'(2)(y — o)) |2 <wlly — ]} VeyeDCD

17
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and, taking the projection into account, of the form
2| Py (2)F'(2) " (F(y) = F(z) = F'(@)(y — @) |2 <wly — 2|3 Va,yeDCD.

Here Py(z) is the orthogonal projector onto the Newton correction at x or the identity matrix
if F(z) = 0. We call these affine covariant conditions nonlinearity bounds. As we will see these
bounds are more suitable to describe the nonlinearity of F' than accordingly defined affine covariant
Lipschitz conditions on the Jacobian. Also we will show that they are in closer relationship to the
numerical available estimates of the nonlinearity of F' which are employed in the step sizes controls

from Section 3.4.

3.1 In-depth-analysis of the Influence of A in T'(x|A)

The polynomial
pl()\‘A) =1—-\+ %E})\Z

from Theorem 2.10 nicely reflects that one has to take information beyond first order into account
to justify a particular choice of A. This is a direct consequence of the descent properties (2.12)
and (2.13).

To provide an in-depth-analysis of the influence of A, and in particular of A = F’(z;)~!, our
first goal is to find a quantity which provides information about the nonlinearity of F' independently
of A. For the upcoming analysis we will drop the iteration index and assume that z € D, F(z) # 0
and

AeA:={\e(0,1] | z+ NAz € D} (3.1)
holds. Note that since D is convex it holds that A € A = s € A for all s with 0 < s < A.

First, suppose F' to be affine linear. Then, the Jacobian is constant, i.e., F'(z) = J € R**"

and it holds that
AF(z + AAz) — AF(z) = AJ - MAx.

For nonlinear F' we have to introduce a correction to the above stated equation. We choose this
quantity to be related to the domain space of F. As it turns out such a quantity is given by x(\)
from (2.22). We obtain

AF(z + Mz) — AF(2) = AF'(x) - (AMz + x()))
with (3.2)
X(A) = F'(z) ' (F(z + Mz) — F(2) — \F'(z)Az).
Tt is readily seen that x(A) is the unique quantity that fulfills the above identity for any A € R™*™.
First, we will use this identity to develop a refinement of the result from Theorem 2.10. For this,

we write
AF(z + AAz) = (1 — \)AF(z) + AF'(2)x(\).

We introduce the affine covariant nonlinearity bound

201 F (@) (Fy) = F(a) = F'(2)(y — 2)) |2 <wlly - 2|3 Va,y € D. (3.3)
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Then, applying the Euclidean norm, utilizing the triangular inequality and submultiplicativity of
the Euclidean norm we obtain
[AF(z + Az)|l2 < (1= NIAF[|2 + [AF (2) 2] x (V)2
< (L= NIAFl2 + 3 AF (@) 2w Az|3A% (3.4)
< (1= A+ 1 condy (AF(z))w||Az||2A?) || AF |2
for nonsingular A. Certainly, this result also advocates the choice A = F'(x)~!. However, the

range of valid step sizes guaranteed by this model is probably increased compared to the one

provided by Theorem 2.10 since w3 3) < w(2.23) as the following proposition shows.

Proposition 3.1 Let F fulfill Assumption 2.1 and assume that the Lipschitz condition (2.23)

holds. Then, the nonlinearity bound from (3.3) is well defined and one has
W(3.3) S W(2.23)-

Proof. Let z, y € D. Since the Lipschitz condition (2.23) is assumed to hold, F'(x) is nonsingular.
Then,

2| F (@) (Fy) = F(x) = F'(2)(y — 2)) 2

=9 /01 F'(z)~? (F(a: +s(y— ) — Fz) — F’(z)) (y — x)ds

2
<zf (@t (P st ) - P - ) - ) s o

1
< 2/ swizm) [y — zll3ds = wia.03)lly — 3.
0
By definition w(s 3) is of best possible choice, i.e.,

wan =2- sup |[F'(a)" (Fly) - Fl) = F'(2)(y — )|l / |y — 2|3
2,y€D, aty

Hence, because of (3.5) any statement of the form W(3.3) > W(2.23) would lead to a contradiction.
Therefore, W(3.3) < W(2.23)-
u

As a direct consequence we obtain

Corollary 3.2 Under the assumptions of Proposition 3.1 and for z; € D with F(x;) # 0 let the

optimal damping factors

N 2.23) 7= M(F'(z) ") = min(1, 1/w(2.03) | Az 2) and N (3.3) = min(1, 1/wa || Az2)

be given. Then,

AL33) = A2.23)
Remark 3.3 A nonlinearity bound of the form

[F(y) = F(x) = F'(@)(y =) <Ally —2|® Vo,yeD
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is already mentioned in [27] as a substitute for classical Lipschitz conditions in the context of a
local convergence analysis of Newton’s method. However, such a bound lacks affine covariance and
is therefore not suited to serve as a substitute for the affine covariant Lipschitz condition (2.23).

This is corrected by our choice (3.3). O

For our further analysis we reconsider (3.2). In addition to the drop of the iteration index, we
introduce the abbreviations F' := F(z) and J := F'(z). First, we will provide a result regarding

the relative change of T'(-|A) along the Newton direction without introducing estimates.

Proposition 3.4 With the orthogonal projection onto the Newton direction

AzAzT
Py = .
N AT Ax (3.6)
let the quantities () and x 1 () be defined via the decomposition
xX(A) = Pax(A) + (I = Px) x(A) 3.7)
= (N JTF 4+ (V).
Then, for A € M,, with M, defined in (2.11), the ratio
T(z + AAz|A) ) T(z|A) (3.8)
can be written as
T(z + AAz|A) 2 AT (V)3
A (1= A p() P AR
T LT o)
(AR)T  AJxi(V) '
20 =X+ pN) 75— ——=— VAEA
(= A MO R, A
where A is given as in (3.1).
Proof. By the definitions of Az, p(\) and x (A) we obtain
AF(z 4+ MAz) = AF + AJ(A\Az) + AJx(N)
=(1—=NAF + AJx()\)
=(1=X+p(\)AF + AJx ().
Hence, for the numerator of (3.8) we have
T(z + AAz|A) = 3[|(1 = X+ p(N)AF + ATx L (V)3
2
=3 (1= A+ p() HAFHz
+ (1= X+ pu(\)(AF)" AJxL(N)
+ 54T L ]3-
Dividing by T'(z|A) = }||AF(2)||3 and rearranging yields (3.9).
]
We discover that there is some part, namely
(1= 2+ u), (3.10)
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which cannot be touched by the scaling provided by A. We call this term invariant core. For the

choice A = J~! we obtain by definition of x| (\),
(AF) AT () = (7' F) 'xL() =0 YA€,

which implies that (3.9) simplifies to

T(z + NAz|J™h)
T(z|J—1)

2 Ixa I3

=(1-XA+pu(N) +m. (3.11)

Since
I I3/ 1T FI3 =0 YA€ A,

the range of valid step sizes may be increased if we can damp out or even completely get rid of

this term such that solely the invariant core remains.

Remark 3.5 The invariant core strongly depends on the choice of the decomposition of x(\).

That our choice (3.7) is indeed reasonable will be discussed in Subsection 3.2.6. O

Theorem 3.6 Let F fulfill Assumption 2.1 and let & € D such that F(x) # 0 and J := F'(z) is
nonsingular. With the Newton correction Ax at x consider for o with 0 < o < 1
Ao) = US(a)UTJ ! (3.12)
where
(o) := diag(1,0,...,0) € R"*"

and
U= (AI/HAIHQ U), U e R such that UTU = I.

Then, A(c) € M, with M, from (2.11) and for A = A(o) the relation (3.9) reads as follows

T(x + x| A(o)) 2, o e M3
— = = (1= A+ pu(N) ot A2 YAEA. 3.13
T (z|A(0)) ( W) [7=1F ()3 (319
Furthermore,
T(z|A(0)) = T(z|J ") (3.14a)
and
T(z+ AAz|A(0)) < T(z + A\Az|J™") VA €A, (3.14b)
Proof. We abbreviate F' = F(z). It holds that A(o) € M, because
A(0)F = US(a)UTJ'F = U(—||Az]|2,0,...,00"F = J'F #0 (3.15)

by the assumption that F # 0. This result also implies that (3.14a) holds. Furthermore,

(A(0)F)" A(0)] = (T F)TUS(0)U”

= (—|Az]|2,0,...,00U" = (J7'F)T.

(3.16)

Therefore, by the definition of x (\) in (3.7) we have

(A(@)F) A(0)Ix.(N) = (JT'F)"xL =0 VAEA.
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Also,
A(O’)XL:UE(O')UTXL:O"Q] U) ~0 =0-XL
U"x1

since y 1 € img(0U). Hence, for such an A(o) the relation (3.9) becomes

e O)I3
TF[3

T(z + AAz|A(0))

2 2
T(elA@)) =(1-2+p\) +o

which is just (3.13). The inequality (3.14b) is a direct consequence of 0 < o < 1, (3.11) and (3.13).

| |
Even if only nonsingular matrices are considered, as it is done in [10, 11, 26], this result shows
that there are matrices such that larger step sizes are possible compared to the choice J~'. This
improvement is maximal for the choice ¢ = 0, which, however, is related to a singular matrix,
since

A(0) = Px
by the definition of A(s) in (3.12) and of Py in (3.6).

Definition 3.7 (Projected natural level function) Suppose F' fulfills Assumption 2.1. Let
1 € D, F(x;) # 0 and F'(x;) be nonsingular. Then for

Py = AwZAwlT

=L Axpi=—F(x) ' F(),
v v T (x) " F(xy),

being the orthogonal projection onto the Newton correction at x; we call
T(a| Py, F'(20) ) = 5| Pr, F' (20) " F(2)13

the projected natural level function (at z;) or in short PNLF.

3.2 Basic Relations

In this section we will collect several basic aspects related to the PNLF. We will briefly discuss
the advantageous to take affine covariance into account for a globalization approach based on the
PNLF. Also, we will provide a first basic scheme how to determine step sizes in a damped Newton
iteration which is monitored by the PNLF. The step size strategies in Section 3.4 are refinements
of this scheme. Generally, we will follow the idea from Deuflhard, [10, 11], and use a polynomial
model of the behavior of the PNLF to determine step sizes. However, in contrast to Deuflhard’s
approach, our model will be given in terms of an affine covariant nonlinearity bound instead of an
affine covariant Lipschitz condition on the Jacobian. Additionally, we will make use of the concept
of nonlinearity bounds to give a refinement of the affine covariant Newton-Mysovskikh Theorem 2.3.
In Section 2.2 we stated some of the advantageous properties of the NLF like the relation
to Steepest Descent and asymptotic error measurement. In this section we will investigate what
changes occur regarding these properties if instead level functions of the type T(m\A(U)) with A(o)
from (3.12) are considered. Special emphasis will be put on the case o = 0, i.e., on the PNLF.

Furthermore, we will provide an example which illustrates the potential of the PNLF-concept.
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3.2.1 The role of affine covariance

For A(o) as defined in (3.12) and by Theorem 3.6 the relation

T(x + NAz|A(0)) e (VI3

=(1- (N + o2 XA
TaaE) AT+ e

YAeA

holds. Assume that the Newton path T at z, i.e., Z(0) = z is well defined. If we consider T(\)
instead of the correction step « + AAz we obtain from Theorem 2.7 the result
T(@MN)|A(0))

T6law) Y

Hence, p()\) and B(A) := o2 - % characterize the deviation Z(\) — (z +AAz). By definition
() and B(N) are affine covariant. This is a property which also holds for the deviation itself!
Therefore, we think it is reasonable to preserve this property in an analysis of the level function
T(x|A(c)). In case of the PNLF, i.c. o = 0, this means to provide affine covariant bounds for
t(X). Taking affine covariance into account also provides the advantage that reasonable and cheaply
computable numerical estimates of these bounds are available, for details refer to the discussions

of step size controls in Section 3.4.

3.2.2 Polynomial model to determine step sizes

From Theorem 3.6 it follows that for the PNLF solely the invariant core remains to describe the

relative change of the level function, i.e., (re-)introducing indices, we have
_ 2 _
T(x 4+ Mz | Py, F'(2) 7)) = (1= X+ (X)) T (| Py, F' (20) 7). (3.17)

Note that for arbitrary z € R™ it holds that || Py, 2|2 = [Azf z|/||Az||2. So in terms of the affine

covariant projected nonlinearity bound
2|\ Py (@) F'(2) " (F(y) = F(z) = F'(2)(y — 2)) |2 < wlly — 2l Va,y €D (3.18)

with Py (z) being the orthogonal projection onto the Newton direction at z or the identity matrix

in case F(z) = 0 we may estimate for A; 3 A > 0,

"
mA) = — HileHQ F'(ay) " (F (2 + AAxy) — F(xy) — AF (1) Ay)
)3
| P, F () =2 (F (1 + AAwy) — Far) — AF () Aay) |2 3.19
<] = = ( AT e pgyppr (319
g %w A(L’[HQ/\Z

which leads to

Theorem 3.8 Let F fulfill Assumption 2.1 and let F'(x) be nonsingular for all x € D. For a
given current iterate k& € D with F(x;) # 0 let Py, be the orthogonal projector onto the Newton
correction Axy. Furthermore, for the level set G (x| Py, F'(x:)) defined according to (2.14) let the
closure of the path-connected component of G(x1|Pn,F' (1)) in a; be a subset of D. Assume that

the affine covariant projected nonlinearity bound (3.18) holds. Then,

T(2 + My [Py, F' ()71 < (1= A+ %wHAleQ)\Z)ZT(wl\PNZ F'(z)™Y) (3.20)
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for all X\ € Ay with A; according to (3.1). Also, [0, min(1,2X;)] € A; where

- 1
A, = min <1, 7)
WAzl

with w from (3.18) is the unique minimizer in [0,1] of the above polynomial estimate.

Proof. The estimate (3.20) is a direct consequence of (3.17)-(3.19). The polynomial

PO == (1= A+ Lol Az ,22)?

of (3.20) is strictly convex on [0,1] and it holds that p'(0) = —2. If \; = 1/w||Ax||2 a short
calculation shows that p'(\;) = 0. If \; = 1 then p(s) > p()\;) for all s € [0,1) by the strict
convexity of p and p’(0) = —2. So in either case \; is the unique minimizer of p in [0,1]. Tt holds

that p(A) < 1 for all A € [0, min(1,2X;)]. Hence, any statement of the form A € [0, min(1, 2X;)] but
A ¢ A; would either contradict the assumption about the closure of the path-connected component
of G (2| Py, F'(21)) in x; or the estimate (3.20). ]

Remark 3.9 Similar to the strategy which we discussed in Subsection 2.2.1 for the NLF the step
size strategy A, = A; with \; as defined in the above theorem can also be interpreted in terms of
the Newton path. As before let T; be the Newton path at z;, i.e., 7;(0) = ;. Multiplying the
relation (2.27) from the left by Py, yields

P, - (@A) — 21) = Mz — Pyyxi(N) + O(N3).

By means of the definition of x;(\) in (2.22) and by means of the nonlinearity bound (3.18) we
obtain

[PxxiMll2 < g0l Az[|33°
and therefore

,1 < HPNt : (f[()\) - 171)”2
27 AAzl2

1Py, - (Te(A) — 1) |2

1
AAz

1
+0O(A\?) and < 1+§+0(/\2) YA € (0, \].

Let us neglect the higher order term O(A\?). Then, in contrast to the NLF, up to ); it is the change
of the Newton path in the direction of the Newton correction which is essentially represented by
AA‘L[ m}

For Py(x) from (3.18) we have || Py (z)z[|2 < ||z]|2 Vz € R™ which directly leads to an extension of

Proposition 3.1 and Corollary 3.2.
Corollary 3.10 Under the assumptions of Proposition 3.1 and Corollary 3.2 it holds that
W(3.18) S W(3.3) S W(2.23)-

Hence,
Xz,(e,.lg) > Xl,(s.s) = Xz.(z.zs)

where Xl,(g,‘lg) =\ from Theorem 3.8 and Xl,(g,g), X[,(zgg) are defined as in Corollary 3.2.
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If in a damped iteration (2.20) the step size \; is chosen via A\; = Xl,(g.lg) and the iterates converge
to a solution z, of F(x) = 0 with nonsingular Jacobian F’(z,) we may argue in the same manner
as in Remark 2.9 to finally ensure quadratic convergence. However, Theorem 2.3 is not stated in
terms of nonlinearity bounds and no projection is considered. These concepts are introduced by

the following theorem yielding a refinement of Theorem 2.3.

Theorem 3.11 Let F' fulfill Assumption 2.1 and suppose that F'(zx) is invertible for each x € D.

Assume that the following affine covariant projected nonlinearity bound holds:
[Pr () F'(2) "1 (F(y) = F(a) = F'()(y — 2)) |2 < wlly — 13 (3.21)

for collinear x,y,z € D and

Q22T ith Az = —F'(2)"1F(2) if F(z)#0
Py (z) =
I otherwise.

For the initial guess xo € D assume that
ho = w||Azglla <1, Az = —F'(20) " F(x).

Azl

Furthermore, suppose that for the closed ball B(xq, p) with p = 1 it holds that B(wxo,p) C D.

"o 0
Then the sequence {x;} of ordinary Newton iterates defined via (2.1) remains in B(xo, p) and
converges to a solution . € B(xg,p) of F(z) = 0. Moreover,

[wis1 — 22 < wllz — 2113, (3.22)

1 — 242

_ 3.23
= ollz -zl (3.23)

ot — zallz <

Proof. The basic scheme of the proof is adapted from the proof of Theorem 2.2 in [11].
From the definition of p it follows that 21 € B(xg, p). Assume that z; € B(xq, p) for [ > 1. Due

to the definition of the Newton iterates and Py we have
[[Azills = || Py (@) Azile = || Px (@) F' (21) 7 (F(21) = F(aia) = F'(@-1) Az o
Applying the nonlinearity bound yields
[Azi]2 < wlAzi- 13,
ie., (3.22). With the notation h; := w||Az;||2 this inequality leads to
hy < hE . (3.24)

From this and by the assumption hy < 1 a simple induction argument shows that

hp<hig<--<hg<1 and [Awlls < by *|Az]ls for k <L

Hence, repeated application of the triangular inequality yields

B Aas

1 1=k
) 1—
i k
lwrr = zill2 < EkHAIsz < Az, th’k: =lAekle——5— < T3~ (3.25)
J=k J=
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From the case k = 0 it is readily seen that 2,41 € B(wo,p). Therefore, all Newton iterates are
well defined and remain in B(zg, p). By means of hy < 1 and (3.24) contraction of the {h;} is
obtained, i.e., lim;_,o, iy = 0 holds. Hence, by (3.25) {z;} is a Cauchy sequence converging to
some x, € B(wg,p). Since F'(x) is continuous and F’(z.) is nonsingular it holds that F(z.) = 0.
The estimate (3.23) follows from (3.25) by considering the limit [ — co.

| |

In analogy to Corollary 2.4 we may state

Corollary 3.12 Under the assumptions of the above theorem there exist a £ > 0 and an index |
such that for the Newton iterates it holds that

lwt41 = 2ullz <l =23 V=L
i.e., the convergence is q-quadratic.

Proof. Follow the lines of the proof of Corollary 2.4.

Remark 3.13 A further refinement of Theorem 3.11 is obtained if we assume that the nonlin-
earity bound

()" (Fy) = F(a) = F'(2)(y — )|l <wlly - =3, (3.26)
for all z, y € D with y —x = —F’(2) "' F(z) holds which is an adaption of the Lipschitz condition

in [6]. Such a bound also fits into the context of projected nonlinearity bounds since
F'(y)™ (F(y) = F(z) = F'(2)(y — 2)) = F'(y) 7" F(y) = Pn(9)F'(y) 7" F(y)
— Pa()F' () (Ply) - F(z) - F(@)(y - o)
for y — 2 = —F'(z) "' F(z). For this specific way to describe the nonlinearity of I the concepts of

projected and non-projected bounds coincide. O

Remark 3.14 It follows from an argument similar to the one we used to proof Proposition 3.1
that 2 - w321y < w2.5). Hence, by the above theorem local convergence is guaranteed for a wider

range of initial values xy compared to Theorem 2.3. O

In analogy to Remark 2.9 and by means of the above local convergence result we can ensure
quadratic convergence of a damped iteration (2.20) where )\; is chosen as ); from Theorem 3.8 if

the sequence of iterates {z;} remains well defined and if there is an index [ such that
waagArlla <1 and  wan Azl < 1.

Remark 3.15 The above conditions are true if the sequence of iterates reached already the
local contraction domain from Theorem 3.11. We cannot state a global convergence result based
on the PNLF. In analogy to the NLF the occurrence of cycles in the iterate cannot be excluded.
However, for the NLF cycles have not been observed in practical applications, [6], and fortunately
they also do not occur in our numerical tests for the PNLF. No step size restrictions for the PNLF
are considered like they are developed in [6] to avoid 2-cycles in the NLF context. Also, we do
not pursue a back projection strategy like (2.21). The numerical tests in Chapter 6 show that the

PNLF-algorithm performs very well without such supporting techniques. O
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Figure 3.1: Cutout of level sets Cy(A) for A = F'(2;)™!, A= Aj(0) and A = A;(0) = Py, F'(x;)~".
In the limit ¢ = 0 the sphere becomes a plane.
3.2.3 Relation to Steepest Descent method
Recall from (2.28) that for the general level function defined in (2.10) it holds that
grad T'(z|A) = (AF(2))T AF' ().
Introducing indices in (3.12) and by means of (3.15) and (3.16) we obtain
—grad T (21| 4(0)) = — (F'(x)) "' F(w))" = Aaf

which also holds for o = 0, i.e., for the PNLF. So we do not lose the property to deal with a level

function for which the Newton direction locally provides the steepest descent.

3.2.4 Local dewarping

As stated in Subsection 2.2.3 the level set Cj(A) from (2.29) turns out to be a sphere for A =
F'(x;)~!. Choosing A = A;(c) and considering o — 0 the sphere stretches such that in the limit,
i.e., for the PNLF it becomes a plane—see Figure 3.1. This limit may be considered as an optimum

in local dewarping.

3.2.5 Asymptotic error measurement
Since

T (21| Ai(0)) = T(a|F' (1))
we have by (2.30)

T(2iAi(0)) = o — 2.5 + ol — .]3), 0< o<1,

for twice continuously differentiable F'. This means, at the current iterate asymptotically the error
is reflected by the value of the level function, also for the singular choice A;(0), i.e., for the PNLF.

However, such a relation cannot be guaranteed in general for the next iterate z;4; like it is the
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case for the NLF, cf. (2.31). But this is not a drawback concerning a termination criterion. We

can and will make use of

F'(@) " F(41)

to estimate the error. This quantity is zero if and only if ;41 is a solution to F(z) = 0. Since
SIF (@) T F ()3 = T | F/ () ™)

this approach can be interpreted in a way that we use the PNLF to determine step sizes and the

NLF to provide a termination criterion.

3.2.6 General decomposition of x
As the previous section shows the relative change of the projected natural level function at z; € D
with F(x;) # 0 along the Newton direction, i.e.,
T(wl + /\Awl|PN1F’(wl)’1) /T(xl\PNlF’(wl)’])
is described by the invariant core
(1= A+ )

which is based on an orthogonal decomposition of the nonlinearity quantity x(\). Here we consider
a generalized decomposition and discuss the influence of it in terms of level functions whose relative

change is given by the associated invariant core.

We drop the indices and set .J := F'(z) and F := F(z). Assume that V € R"*"~! is chosen

such that
v=(rF V)

is nonsingular. Then, with the decomposition

x(/\):V<1 °T>V*1x<A>+V<° (I’T) Vi)

0 0 0 (3.27)
=: f(A)JIEF + xp(N)
we obtain
AF(z+ Ma) = (1= X+ uX) AF + A xp(N). (3.28)

Since img(V) is a hyperplane in R™ its orthogonal space is given by an one dimensional subspace

of R™. Let w be a basis vector of this subspace. Because of
Xy (A) € img(V) VAeA
the choice A = uw?J~1, u e R™\ {0}, yields

T (z 4+ Az|uw”J =)

- 2
Tlauwr 1)~ (LA
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We reduce the above fraction by dropping common factors of the enumerator and denominator.
For arbitrary a,b € R™ it holds that ||ab”||2 = ||al|2||b]|2. Hence, the above relation can be stated
as
(wT I~ F(x + A\Ax))®
(wTJ-1F)*

Consider the reduced level function at z € D

= (1= A+ a2

D — Ry

Ry, : 5
2z (W' T F(2))"

Its gradient w.r.t. z at x is given via
grad Ry (z) = 2wl J 71 F - w?.

Since both V' and (w V) are nonsingular it holds that w? Az # 0 which implies that grad Ry, (z)-
Az < 0. Particulary,

Z(Az,—grad RI(2)) =0 & w=a -J'F, a#0.

So in order to ensure a steepest descent property of the Newton correction w.r.t. R, and at x
we have to choose w = a- J™'F. Let us opt for this choice. By definition w is a basis vector of

img(V) L. Hence, the decomposition (3.27) implies that
xp(A) = (I = Pn)x(})
and also
AA) = n(A)
holds. This yields our orthogonal decomposition of x()). Thus it is indeed reasonable to opt for

this type of decomposition.

3.2.7 An illustrative example

In order to obtain an impression of the potential of the PNLF-concept compared to the NLF-
concept we provide the following example. It is an adaption of the example which is presented in
Chapter 3 of [5] and also in [6].

We consider for given a € R\ {0} and z = (w(l),w(z))T € R? the problem

F(z)=0, with F(z):= ( Tm 2) (3.29)
a-w@ + 1(wa) —50)
with the unique solution 2, = (0,—625 - a~1)T and for the initial guess zo = (50,1)7. For all
2 € R? and a # 0 the Jacobian J(z) := F’(x) is nonsingular and it is readily seen that the Newton
iteration converges in at most two steps for an arbitrary initial guess. The example from [5, 6] is
given via setting a = 50.
At xo we investigate the behavior of

T(xo + AAzol|A)

Qo(NA) = T(wo]A)

Ae0,1],
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for A € {J(x0)!, Py, J(20) "'} and a € {1/8,1/5,1,50} in terms of valid step sizes.
The Newton correction at zq is Axg = —xg. Also,

F(x+ Mz) — F(z) = M (2)Az = %)\2J’[Aw]2, J' e R2X2x2,

which leads to

0 0
) = A2 , e, at xo: A) = A2 .
x) (%a’l(A.z'(l))Z) o xo(Y) (625 . a’1>

Some calculations show that

625 i oa OB _ 31250\ L,
I - TR Aoz~ \zmor ) @ =AM

~1/4 ~ 156
Hence,
Qo(xs PryJ(20) ™) = (1— A+ £25a710%)°,
Qo(X; J(20) ™) = Qo(Xs Py (20) ™) + Bo(A)-

So in the case a = 50 the influence of the quantities p1o and y is rather negligible leading to a valid
full step for both level functions—see Figure 3.2(a). Setting a = 1 the quantity 8y(\) becomes of
significant magnitude and as a result the range of valid step sizes for the NLF reduces drastically.
On the contrary, for the PNLF the full step is still valid—see Figure 3.2(b). This changes with
further decreasing the parameter a. Due to the influence of ji one is no longer a valid step size. In
fact, for any A € (0, 1] there is an a such that X is no longer valid. However, comparing the two level
functions the range of valid step sizes for the PNLF is still considerably larger—see Figure 3.2(c)
and 3.2(d). Note that for 2o = (50,0)7 we have Azg = —z¢ and Azg L xo(A). Hence, po(A) =0
leading for any value of a # 0 to a valid step size of A = 1 if the PNLF is considered.

3.3 Extension to Least Squares Problems

In this section we will extend the concept of the projected natural level function to the context
of least squares problems. We will give basic ideas such that by means of the stated results an
adaption of the upcoming step size strategies in Section 3.4 will be possible.

Let the nonlinear functions Fy and F, fulfill the following assumption.

Assumption 3.16 F, : D — R" i € {0,c}, are continuously differentiable on D C R™ nonempty,

open and convex and it holds that ng > n > n.. Furthermore,
rank(F/(z)) =n, Va€D. (3.30)
‘We consider the constrained least squares problem

| Fo(a)|} = min!

(3.31)
s.t. Fo(z) = 0.
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Figure 3.2: Comparison of Qo(\; A) for A € {J; !, Pn,Jy '} and various a

To solve such a problem we consider a damped Gaufl Newton iteration

T =+ NAT, Az = —J ()" F(z), M€ (0,1],

with the definitions

oo (@Y o (B
F(z) = <Fc($)>7 J(z) == F'(z) (F/@)) (3.32)

and J(z;)” € R**(mo+ne) heing some generalized inverse of J(x;) such that Az is a solution of

the linearization
Fo(x)) + F{(x;)Az||? = min!
([ Fo (1) o(z) Azl (3.33)

s.t. Fo(x) + Fl(z)Az = 0.
We will first discuss the general problem (3.31). Afterwards we will take care of problems with
special structured F which arise in the context of solving boundary value problems and parameter
estimation problems via a multiple shooting approach.
For local convergence results of the full step GauBl Newton iteration refer, e.g., to [12] and

[5]. These results are special since they take the concept of S-invariance as an extension of affine
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covariance into account. For a problem of the form (3.31) there is always a set S of matrices

c

S = {A c ]Rn{)+77’c><’lu+"c

Ao , '
A= (A , Ag € RMoXnotre - A g RreXnotie i py nl > n,

such that (3.31) and
40P (z) 3 = min

(3.34)
st. A.F(x) =0

have the same solutions. To verify this let us consider the Example 3.1.41 from [5]: Choose

Ao e (lé g;) and A= (0 Cy)

with orthogonal U € R™*™ arbitrary C, € R™0*" (Cy € Rmo—m0Xne and nonsingular C3 €
R"™e*" . Then (3.31) and (3.34) have the same solutions.

Let A € S. Under certain regularity conditions on J(z), [5], it holds that
(AJ(x)) A= J(z)” (3.35)

which means that the iterates Az are invariant under the transformation provided by A. In [5] this
invariance property is also respected in a globalization approach by employing a generalization of

the natural level function, i.e.
T (@] J(21)”) = 3 (@) F(2)]3, (3.36)

at x; to determine a step size ;. In analogy to the Newton case the above natural level function

is a particular instance of the general level function
T(s]4) = YA, AR
Though (3.30) is assumed to be true, it may be that at some z € D the matrix .J(z) is not of
full rank n, i.e., there is some nonnegative ¢ such that
rank(J(z)) = ne + g < n.

We will briefly review the construction of a generalized inverse J = (x;) such that Az = —J~ (2;) F (1)
is the unique solution to (3.33) of smallest Euclidean norm. We will apply techniques from [31].
The idea is to obtain an unrestricted least squares problem by means of some suitable transforma-
tions of (3.33) and to solve the resulting problem by an application of the respective Moore-Penrose
pseudo-inverse. In the following we will drop the dependence on ;.

Let @ € R™*™ be orthogonal and P; € R™*"e a permutation matrix such that
PFQ = (R. 0)

with an upper triangular matrix R, € R™*"<. This matrix is nonsingular due to (3.30). Define

(i) =QTAz, £eR"™, (e€R™ where ng:=n—n,,
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and

B, = PiF, as well as (A B) = FlQ, AecRM<n BeRwxnma,
Then, (3.33) becomes
1o + A€ + B¢l = min!

st. F,+ R.£=0.
The linearized constraints uniquely determine & to be
&€=-R'F..

‘We substitute this result into the above problem. Additionally, let P, € R™¢*"¢ be a permutation

matrix such that we obtain a QR-decomposition QoRy of BP> where the diagonal entries rf? ),

i=1,...,n4, of Ry are ordered such that \r§?)| > |rg2j)\ > > |r$&)nd\. Define

Fy=QFFy, A=Qa, (=Pl
Hence, the unconstrained least squares problem
| Fo — AR;'F. + RoC|3 = min!
S
is obtained. Rank deficiency of J is directly reflected by the rank of Ry. As it is seen from (3.39)
below it holds that rank(Rg) + n. = rank(.J). The pseudo-inverse solution of the unconstrained
problem is
(= —Ri(Fy— ARZ'F,).
Putting things together, (¢7,¢7)T is determined via
0 R 2 - (R
) ! e ) =g Y (3.37)
¢ Ry —RVAR;') \F. F.
which is the unique solution of smallest Euclidean norm to the problem
|1 Fo + A¢ + Ro(||3 = min!
&¢

st. F,+ R.£=0.

The matrix J~ is a generalized inverse of

. A R
Ji= o). (3.38)
R. 0
Taking the above transformations into account we obtain
Qo 0\ -(I. 0 T
J= J 3.39
< 0o Pr 0 Pf < (3.39)

and

ne= g O) (9 O) () o - (0 (3.40)
0 P 0o pn)\r) F. '

where I, is the identity matrix in R™*". Since
[Az]s = (€7, ) Il2

Az is the unique solution of (3.33) with smallest Euclidean norm.
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Lemma 3.17 Let J, J=, J and J~ be given as in (3.37)-(3.40). Then,

JJIT=J" and JTJJT =J (3.41)
This means that J= and J~ are outer inverses to J and J, respectively.
Also,

~ T

YT T=()" and (1) T T=()" (3.42)

Proof. Let A € R**! be some arbitrary rectangular matrix. Then by the definition of the Moore-

Penrose pseudo-inverse, see e.g. [17], it holds that
ATAAT = AT, (3.43)
Furthermore, it is directly seen from a singular value decomposition of A that
(AnTata = (an’. (3.44)

Calculating the products J=JJ~ and J=JJ, respectively, by means of the given decompositions
in (3.37)-(3.40) and exploiting (3.43) for A = Ry yields the first two relations.
To show that the relations (3.42) hold calculate the products (j’)Tj’j and (J")TJ’J7
respectively, by means of the decompositions in (3.37)-(3.40) and employ (3.44) for A = Ry.
| |

Remark 3.18 The relations (3.41) regarding an outer inverse property of J~ and J~ are also
stated and proved in [5]. However, there the relations (3.42) are not considered for the rank deficient
case. We present these relations here because we will make use of them in Paragraph General

decomposition of x(\) below. O

Remark 3.19 In practice ill-conditioning of J is handled by applying regularization methods
to Rp. This is reasonable since small perturbations in Ry refer to small perturbations in J as it is
seen from (3.38) and (3.39). O

3.3.1 Introducing the projection

We turn to an adaption of the analysis which led to (3.13). Recall that we suppose Assumption 3.16
to hold. For z € D we abbreviate: F:= F(z), J := J(z) and Az := —J~ F where J~ is the outer
inverse of J from (3.40). Also, we assume that Az # 0. This means that x is not a stationary
point of the problem (3.31) (cf. Lemma 3.1.18 and Theorem 3.1.31 in [5]). Furthermore, let

A:={X e (0,1] | z + NAz € D}. (3.45)
In analogy to (3.12) we define for 0 <o <1

Alo) ==US(a)UT T~ (3.46)
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with U, X(o) given as in (3.12) though Az being Az = —J~ F. It holds that A(o)F = J~F # 0 by
the assumption Az # 0, cf. (3.15). Furthermore, since J~ is an outer inverse and by the definition
of U and X(o),

A(o)JAzx = ~US(a)UT I~ JJ"F = ~US(o) UL JF = Ax. (3.47)
Define for A € A,
X(A) :=J~ (F(z + AAz) — F — AJAx). (3.48)
Let Pgn be the orthogonal projector onto the Gaul Newton correction Az. With the decomposi-
tion
A) =P AN+ - Pg A
xX(A) = Panx(A) + (I = Pan)x(V) (3.49)
= p(NJF + XL (V)
we obtain
US(@)UTX(\) = p(A)J"F + - x1(N).
Hence, it holds that
A(o)F(z + AAz) = A(0)(F + M Az + F(x + MNAz) — F — AJAx) (3.50)

=(1=X+pN)J F+o-x1(N)
and therefore

Proposition 3.20 Let Fy and F. fulfill Assumption 3.16 and for x € D non-stationary let F :=
F(x), J:= J(x) be defined via (3.32). Furthermore, let J~ be an outer inverse of J of type (3.40).
Then, with A(o) from (3.46), by the decomposition (3.49) and for X € A with A from (3.45), for
0 <o <1 we obtain

T(z + AAz|A(0)) _ T(z + AAz|A(0)) —(- )\Jr#(/\))Q +U2HXL()\)H§

T(z[A(0)) T(z]J) AzlE
Considering the extremal values o =1 and o = 0 yields
T(x -+ AAalJ ") 2 a3
o=1: =(1=X+puN) +
T~ LT AT S
and
T AAz|P, - T ANAz|PonJ ™
oc=0: (z + Mzl C'LNJ ) = (& + I\icN] ) :(17)\4»#()\))2.
T (x|PanJ ™) T(z|J")

This result motivates an extension of Definition 3.7.

Definition 3.21 (Generalized projected natural level function) Let Fy and F. fulfill As-
sumption 3.16 and for x; € D non-stationary let F(x;), J(x;) be defined via (3.32). With J(x;)~
being an outer inverse of J(x;) of type (3.40) and with the orthogonal projector

AmlAac'l"
AleAz, ’

Py, = Azy = —J ()" F(a),

we call
T(x|Pon,J(x1)7) = | Pan,J (z1)” F(=)|l3

the generalized projected natural level function (at ;).
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As the above proposition shows and in analogy to the Newton case there is a good chance that
larger step sizes are possible compared to the generalized natural level function if we employ the

generalized projected natural level function at some iterate x;.

Remark 3.22 Provided (3.35) holds true it is readily seen that the generalized projected natural
level function features the same S-invariance properties as the generalized natural level function.
[m]

Remark 3.23 The results of Proposition 3.20 are obtained by exploiting the outer inverse prop-
erty of J=. So if there is a second outer inverse J~ of J with J~F # 0 we may substitute J~
for J~ in all quantities of Proposition 3.20 which depend on J~ to obtain analogous results to the

stated ones. O

3.3.1.1 Steepest Descent

In our simplified notation it follows from Lemma 3.17 that at x € D,
grad T (| A(0)) = (A(0)F) T A(0)J
= () US@UT I = (JF) g
= (7 F)" = —aa".
So just like in the Newton case determining step sizes by means of level functions of the above

type, which especially includes the generalized natural and projected natural level function, this

procedure may be seen as a modified Steepest Descent method.

3.3.1.2 Invariant core

The term (1— /\+u()\))2 from (3.50) may be interpreted as an invariant core in the following sense.

Let rank(.J) =: n’ < n but still n/ > n.. It can be shown that there is a J € Rrotnexnotne=—n" wigp
img ((J j)) =R™*% and JJ=0.
Also, there is a mapping x : A — Rmotme=n" guch that
F(z+MAz) = F+J- (AMz +x(\) +JY(\) VYA€ A.
Consider weights
Ae M= {W e R™0o+n) | )/([ — JJ7)F =0 and WF # 0}.

A restriction is justifiable: By choosing A € M both first order conditions (2.12) and (2.13) for
the associated level function T" are fulfilled. With the definition

r(NA) =2 [(1 S p))AR)T (ATx L () + ATR(N)
+ (AT ) ATH)] + 14T 13

a short calculation shows that
T(z + AAxz|A)
T(x|A)

2| 4G OIE | rlA)
= (1 =X+ puA + ——= -
(=X u)" =R AR

VA€ A.

It is scen from this relation that (1 — A+ ,u(/\))z cannot be changed by A. Note that A(o) € M
and that r(A|A(c)) =0VA € A
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3.3.1.3 General decomposition of y(\)

In analogy to the Newton case the invariant core (1 7)\+u()\)) ? depends on the choice of decomposi-
tion of x(A). An orthogonal decomposition is again reasonable: Follow the lines of Subsection 3.2.6

until (3.28) and adapt the quantities to fit into the current context. Then we have for A € M,
AF(z + MAz) = (1= A+ G(\)AF + Adxp(A) + ATX ()

where M, J and X are defined as in the above paragraph. Consider the choice A = uw”J~ in
analogy to the one in Subsection 3.2.6. It holds that uw”.J~ € M since ww” J~ (I —JJ~)F = 0 by
means of J~ being an outer inverse and uw” J~F # 0 since w? .J~F # 0 by means of the fact that
V and (w V) are nonsingular, cf. Subsection 3.2.6. Furthermore, it follows from J~JJ~ = J~
and the definition of x()) in (3.48) that

JIxgN)=J"J- (X()\) - [L()\)J’F) =xX(A) = (NI F = xp(N).

Hence,
uw JTF(z + Mz) = (1= A+ ja(\)) uw” J7F.

We continue following and adapting the lines in Subsection 3.2.6. In the current context the

gradient of the reduced level function R, at z turns out to be
grad R, (z) = 2wl JTF - wT I
For the choice w = o+ J~F, o # 0, we obtain by means of Lemma 3.17,
T 7— T (7T 7— T(7-\T T
w J J=a-F (J ) J J=«a-F (J ) =w

which means that Az is a direction of steepest descent for R,, at z and this particular choice of w.

Opting for this choice of w it follows from the same arguments we used in Subsection 3.2.6 that
xp(A) = (I = Pn)x(})

and

holds which reflects our choice of orthogonal decomposition.

3.3.1.4 Asymptotic error measurement

Let 2, € D be a stationary point of (3.33) such that J(xz.) has full rank. For a full rank Jacobian
J(z) it holds that J~ (x)J(x) = I. This follows directly from the decompositions (3.39) and (3.40)
and the fact that Ry has full rank and hence RSRO =1.

Taylor expansion of J~ (z,)F(z) yields

J (x)F(z) =2 — 2. + o]z — 24]|2)-

So it is reasonable in analogy to the Newton case to define a termination criterion based on
J ™ (27) F(2141), continuing the iteration as long as this criterion is not matched, even if the value

of the generalized projected natural level function at the current iterate is zero.
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3.3.1.5 Structured Jacobians from a multiple shooting context

The matrix F/(z) is of special structure in a multiple shooting context. To give a reason why this is
the case we will briefly describe the techniques of multiple shooting in the context of solving bound-
ary value problems (BVPs) and parameter estimation problems in ordinary differential equations
(ODEs). Detailed information on the multiple shooting approach in the aforementioned contexts
may be found in [32, 5, 11]. The special structure of F! is exploited in a condensing algorithm,
[32, 10, 5], to obtain a linearized problem which is of much smaller dimension than (3.33). We will
discuss this approach in terms of a related general inverse of the Jacobian and provide associated

projected natural level functions.

BVPs
Consider the BVP

where both f : R™ — R", the right side of the ODE, and r : R" x R™ — R", the boundary
conditions, are twice continuously differentiable. Assume that the above BVP has a locally unique
solution. If one applies multiple shooting techniques to solve this problem a partition of the interval

la, ] is considered, i.e.,

a=T1 << < Ty =b, m>2

Let s; be estimates of the unknown values of y at the nodes 7;, j = 1,..., m. Then m — 1 initial

value problems (IVPs) of the form
y=fW), yl)=s;, tely,mul, j=1...m-1,

are solved. The solution of the j-th IVP may be denoted by y(t;s;). Since the solution of the

problem (3.51) is continuous the m — 1 matching conditions
hj(sj,8j41) = y(Tj41385) — 801 =0, j=1,....m—1

have to be met. Also,

7(81,8m) =0

has to be fulfilled. Putting things together, by defining n := n4 - m and

(81, 8m)

hi(s1,s2)

Rom—1 (Sm—h Sm)

we obtain the problem
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This problem may be solved by means of Newton’s method. The arising Jacobians are of special

structure, i.e.,

Bl Bm
Gy —I
F'(z) = ) ) (3.52)
Gy —1
with
0 17}
By = ﬂr(sl,sm% B, = asmr(sl,sm)

and the Wronskian matrices
0 .
Gj = TS]U(TJJAQSJ'); j=1....m—1L

Before we will consider the condensing algorithm which exploits the structure of the above Jacobian
we will turn to the problem of parameter estimation in ODEs. The structure of the associated
Jacobians is very similar to the one above, in fact, it is a generalization of it. So condensing may

be discussed in this context also covering the above Jacobian form as a special case.

Parameter estimation in ODEs

Consider the parameter dependent IVP

v =fy,p), ylt)==s

with f : R™ x R"™ — R™ continuously differentiable and p € R"». In the context of parameter
estimations in ODEs p and s; are to be determined such that the solution y(¢; s1,p) is closest to

some given measured data
y o at ti=>t, i=1,...,¢
in a least squares sense which is in the most simple case — neglecting statistical considerations and
assuming complete measures — represented via
B
. =02 — i
E ly(tis s1,p) = 5illz = min!
< s1.p
i=

This problem may be approached via single shooting techniques. However, multiple shooting turns
out to be a lot more robust, see e.g. the notorious test problem 1 in [4]. Hence, we select additional

nodes out of the set of measurement nodes, i.e.,
{T1, ooy Tm} C {1, 8}, 7=t Tm =1,

where usually m < ¢. Accordingly, the additional unknowns so, ..., s, € R™ are introduced. By

means of $1,..., 8,1 we define m — 1 sub-trajectories via

v =fp), y(m)=s, telrmul, j=1..m-1
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With an appropriate index function j : {2,...,0— 1} — {1,...m — 1} and
s1— 91
y(ta; sj(2),p) — 2
r1=r1(81,. .., Sm,p) == :
Y(ti—158j(-1),P) — Ju—1
Sm = Yo

of dimension ny :=¢-ng we are led to the constrained least squares problem

71 (s1.- -, $m, p)[I3 = min!

) (3.53a)
st hy = hj(sj,8541) = y(Tj41385) —$j41 =0, j=1,....m—1
This problem may be further extended by additional constraints
1o =712(81,. 5 8m,p) =0 (3.53b)
with 75 of dimension ny and continuously differentiable.! Define n :=ng - m + n, and
51 T2
: hy Fo(x
e | |er R@e=rn R@=| |, F@= (7). (3.54)
Sm : F.(x)
p hm—1

Hence, the problem (3.53) can be written in the notation of (3.31). The Jacobian .J(z) := F'(z)
is structured, i.e.,

Bip - Bpoap Bap By
By -+ Bmi2 Bmpp  Bpp
J(x) el L s (3.55)

with

and the Wronskian matrices
17} 17 .
Gj = gy(Tjﬂ;Sjvp)» Gplj = afpy(‘rjﬂ;sjsp), j=1,....,m—1
Sj

As it is readily seen the above Jacobian is indeed a generalization of (3.52).

We assume that F(z) is of full rank for all z € D.

1Regarding proper incorporation and handling of inequality constraints we refer the interest reader to [5].
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Remark 3.24  Full rank of F/(z) is definitely guaranteed if no further constrains ro are con-
sidered. Then F/(z) solely consists of the derivatives of the matching conditions from (3.53a),
ie.,
Gy —I Gpl1
Fi(x) = :
G =1 G
By means of the identity matrices in the first super block diagonal full rank of F(z) is ensured for

all z € D. O

The condensing algorithm, [5], consists of three steps:

(I) Run

Algorithm 3.1 (Backward recursion)

1: initialize: wp g = 7k, Pojr := Byjis Emjp = By, for k=1,2.
2: for j=m:—-1:2do

3 wjoak = g T Bjkhi

4 Pioap = Py Byl

5 Ejoae = Bjoae + EjpGj

6: end for

(IT) Solve for As; and Ap the condensed problem

HuerEmAleerApH% = min! )
(3.56)
s.b. uyjp + E1pAsy + PipAp =0

(IIT) Determine the remaining corrections Ass, ..., As,, via

Algorithm 3.2 (Forward recursion)

1: forj=1:1:m—1do
2: Asjiy = GjAsj+ G Ap + hy

3: end for

Remark 3.25 The backward recursion which leads to the condensed problem can be inter-
preted in the following way. Let H. € RU"~D7aX" he the submatrix of F!(z) which contains the
derivatives of the matching conditions and let & := (h,..., AL ). Then, to solve the linearized

problem (3.33) it is necessary that the increment Az fulfills

H. Az +h=0. (3.57)
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Since H,. has full rank the set of solutions to the above linear system is an affine space with an
associated vector space of dimension n — (m — 1) - ng = nq + n,. Because of the special structure

of H. all solutions of (3.57) can be expressed as

Asy ;
b A <Ap> (35%)

for some specific b € R” and A € Rt E.g. for m = 3 we have

0 I 0
b= h and A= | @ G
Gahy + ha C2Gr GaGlpy + Gy
0 0 I

Setting Az to (3.58) and multiplying Az with J(z) resembles the backward recursion. Appropriate
rearranging of terms leads to the condensed problem (3.56). Via this interpretation of the backward
recursion it is readily seen that in case of a unique solution of (3.33) this solution is also obtained

by means of the condensing algorithm. O

The above system (3.56) is dense but of small dimension (n; + n2) X (n4 +n,). The matrix Eyjo

has full rank by the assumption that F(x) has full rank—see Remark 3.26 below. Defining

E P
E, = 1 and Py o= M
Eypp Py

the solution (of smallest Euclidean norm) of (3.56) is given via

Ap - (u
(&)= ()

where the generalized inverse is of the type defined in (3.40). The whole process of determining
all corrections can be stated in terms of a generalized inverse of J := J(x). Therefore, define E;,

j=2,...,m in analogy to Ej. Then, by Lemma 4.1.13 in [5],

JII = LSR (3.60)
with
Lnyyn, —E2 - —En
- In,d-m 7 L= In,d
In,
In,
I, (3.61)
P B I
I, na
S = t ) , R:= Gpu Gy Iy,
I,

Gpim—1 Gm-1 —In,
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Since L and R are nonsingular matrices it follows from basic linear algebra, see also Lemma 4.1.15
in [5], that
rank(J) = rank(S) = rank ((Pl E1)> +(m—1)-ng

which means that rank deficiency of J implies rank deficiency of S.

Remark 3.26 Full rank of F/(z) implies full rank of ( Py E1|2>. This is easily seen by contra-

diction. Let v € R™ \ {0} such that v” (PW E1|2> = 0. Then with 0j being the zero vector in
RF and § = L‘T(OZZI,UT,O{M_l)_"d)T it holds that #7.J = 0 by the above decomposition (3.60).
Furthermore, by the definition of L in (3.61) the vector & may be written as o = (0% , o™, w™)”

for some w € RN, Hence, 97J = 0 implies (v7,w”)F.(z) = 0. This is a contradiction. O

Proposition 3.27 Under Assumption 3.16 let F := F(x) be given as in (3.54) and J := J(x)
from (3.55) via the decomposition (3.60) for some x € D. Then, with

(v 5)

S” = T
Inrl,
and (Pl E1)7 from (3.59) the matriz
J =I1R'S7L7! (3.62)
is an outer generalized inverse of J, i.e.,
JJIT =J.
The correction
Az :=—-J F

is the unique solution of the linearized problem (3.33) such that the subvector (Ap”, AsT)T of Ax

is of smallest Euclidean norm.

Proof. The outer inverse property of J~ is directly verified via the definition of J~, the de-
composition (3.60) and Lemma 3.17 since <P1 E1>7 is a generalized inverse of the type defined
in (3.40). That Az is a solution to (3.33) follows from the fact that the product which defines
Az reflects the condensing algorithm in a matrix vector notation. Uniqueness and the minimal
property of Az are consequences of (3.59) and the forward recursion.

|

Note that the above result is also true for rank deficient J.

Remark 3.28 If there are no additional constrains ry the generalized inverse in (3.59) reduces to
the Moore-Penrose pseudo-inverse of (Pl‘1 Elll)' Furthermore, in the context of solving BVPs
there is no dependence on a parameter vector p and hence (Pl‘1 E1I1> simplifies to Eyj;. L and
R in (3.60) are changed accordingly as well as IT becomes the identity matrix to match (3.52) via

the decomposition (3.60). If J is also nonsingular then J— = J~1. O
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By the above proposition and according to Remark 3.23 an adaption of the results of Proposi-
tion 3.20 to the case where J~ is defined via (3.62) is straightforward. This is also true for the
definition of the generalized projected natural level function from Definition 3.21. However, uti-
lizing the above defined J~ in the definition of A(c) in (3.46) the correction Az = —J~ F is not

necessarily a direction of steepest descent for T'(-|A()) since
—gradT(z|A(0)) = —F'L™"(S")"R™"R'S™SRII".

To gain this property consider the transformation of variables

y:=Rx, R:=RI", (3.63)
which yields
Gly)=F(R™'y), G'(y)=F (R 'y)R'=LS=J, (3.64)
and
Ay:=—J,;Gly) = —SL7'G(y) = RAx (3.65)

where S~ is given as in Proposition 3.27. Define for 0 < o < 1
B(o) :=U,X(o)U} J,
with
S(0) = diag(1,0,...,0) € R™", U, = (Ay/HAyHZ 0,), O, e R s UU, =

and also
T(y|B(a)) = 5| B(0)G(y)]5-
Then,
T
grad T (y|B(o)) = (B(0)G(y)) Blo)J,

=Gy (s s Ls

=Gy LT (57T = —ayT.
So for the transformed system a steepest descent property of the Gaufl Newton correction is

ensured. The projected natural level function associated with the transformed system reads as

follows )
AyAy™

AyT Ay

Undoing the transformation (3.63) gives rise to the definition of a second projected natural level

70150) - |

J; G(y) (3.66)

2

function.

Definition 3.29 (fil-norm related projected natural level function) Let Fy and F, fulfill
Assumption 3.16 and for x; € D non-stationary let F(x;), J(x;) be defined via (3.54) and (3.55),
respectively. Consider the Gaufs Newton correction Ax; = —J~ (x1) F(x;) where J~(2;) is an outer
inverse of J(x;) defined via Proposition 3.27. Let Pen i, be the orthogonal projector onto the Gaufs

Newton correction Ax; w.r.t. the inner product

-
(21,22)j '= 21R] Riz2 Vz1,22 € R™,
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P AzlA.rfleTRl
GN.E AI?‘R;"RZA‘LZ

and let ||| 5, be the norm induced by the above inner product. Then we call

~ Aﬁ[Al‘lTRlTél -

- _ 1
T, (ol (@) = 1P~ @F @I, = 5 |t 2 L ) F )

the R;-norm related projected natural level function (at x;).
Corollary 3.30 For Tf?, (o:|PGNJ’(a:l)) from the above definition its relative change in the direc-
tion of Az and for A € A; is given via

TR! (1‘[ + )\AZ‘I‘P(;N.77<(L'Z))
TR, (II|PGN-]7 (Iz))

=(1-A+an)’
with o
A RIR
and A; defined in accordance to (3.45).

f(A) = J(@)” (F(ar + AAwy) — Far) — M (21)Azy)

Proof. Since J, from (3.65) is an outer inverse of J, from (3.64) and according to Remark 3.23
the results of Proposition 3.20 may be exploited for the level function from (3.66). Undoing the

change of variables (3.63) and introducing indices yields the above result. |

Remark 3.31 A natural level function which is related to the R;-norm is already stated in [10]
in the context of solving BVPs via multiple shooting techniques. In our notation and neglecting

scaling this function is defined at z; via
T (2l (@) = L1~ @) F @)

With the level function from Definition 3.29 we provide a natural extension of the above level
function to the family of projected natural level functions though not only in the context of solving
BVPs by means of multiple shooting but also in the context of parameter estimation problems

approached via multiple shooting methods. Note that
Tﬁit (Z‘Pc]v.]i(ll)) < TR: (Z‘J7 (Zl))

which once again means that it is very likely that larger step sizes are possible. O
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3.4 Step Size Control

In this section we will provide algorithms to determine the step sizes A\; in a damped Newton
iteration

s = a+ NAwy, A= —F' ()" Far), M€ (0,1], (3.67)
based on the concept of the projected natural level function (PNLF)

T (] Pr, F' (@) ™1) = 31| Pw, F'(20) " F ()3,

_ AmAaf (3.68)

— _ 5 -1
PN,, = A‘L}A‘Ll‘ Axl =—F (Il) F(I/)

We give some introductory remarks:

e The algorithms we will present here are related to Newton’s method for solving systems
of nonlinear equations. However, an extension to Gaul Newton methods for solving least

squares problems is straightforward.

e We assume that the Jacobian is computed each step, e.g., by means of Automatic Differentia-
tion techniques. Furthermore, to solve upcoming linear systems we suppose that a reasonable
decomposition of the Jacobian exists such that the complexity of solving these systems is of

O(n?) floating point operations.

e We do not consider any emergency procedures in case F”(x;) becomes rank deficient. By
means of Theorem 2.7 and the change of variable A = 1 — exp(—t) it is readily seen that the
trajectory of the Newton-path T for A € [0,1] can also be characterized by the solution to
the IVP

L P F@), 20 =,
which fulfills
lim z(t) =z, with F(z,)=0.

t—+o0
Hence, the iteration (3.67) may be interpreted as an application of Euler’s method in order
to follow the Newton path which starts at zo—see also [6] for this kind of interpretation.
By definition the Newton path cannot cross interfaces of singular Jacobians so we like our
iteration to behave in the same way. For an iterate z; in the vicinity of such an interface
the related correction Az; is usually of large magnitude resulting in the necessity of rigorous
damping. If our upcoming step size control suggests a step size smaller than some prescribed

Amin We will stop the iteration and abort the algorithm with a convergence failure.

In Subsection 3.2.2 we determined step sizes by means of the global affine covariant nonlinearity
bound (3.18), i.e.,

2| Py (@) F'(2) " (F(y) = F2) = F'(2)(y — )2 < wlly — 2]} ¥z,y € D. (3.69)

However, at some iterate ; we know from (3.17) that the behavior of the PNLF along the Newton

correction is described via

T2 + ANz [Py, F' ()71 = (1= A + m()\))QT(wl\PNlF’(;L-I)’l) (3.70)
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where AT
x
w) = =t
| Az]3

This means, it is the local nonlinearity of F characterized by p(\) which has to be taken into

F' ()" (F(2 + AMAxy) — F(a) — AF (2)Azy). (3.71)

account to determine the step size A;. So we will substitute the above stated global bound by some
appropriate local bounds and will use these bounds as a basis for a step size control. This way we
will obtain local refinements of the polynomial model from Theorem 3.8.

The theoretical framework will be complemented by practically computable estimates of the
locally defined theoretical bounds. These estimates are adaptations of already existing quantities
from [10, 11, 26, 6, 5]. However, they are in closer relationship to our theoretical quantities since
we use nonlinearity bounds instead of Lipschitz conditions on the Jacobian as it is done in the

aforementioned literature.

‘We will present two step size controls.

In Subsection 3.4.1 we will discuss the first approach which is an adaption from the strategies
presented by Nowak and Weimann in [26] and by Deuflhard in [11]. Step sizes will be determined
according to locally defined polynomial models of the behavior of the PNLF and accepted if simple
monotonicity, i.e.,

T () + AAay | Py, F' (1) ™") < T Py F (1) ™)
is fulfilled.

In Subsection 3.4.2 we will consider a second approach which is inspired by the work of Bock in
[5] and Bock, Kostina and Schlder in [6]. Like in the first approach, step sizes will be determined
by means of locally defined polynomial models. However, step sizes have to pass a restricted
monotonicity check which is more demanding than the requirement of simple monotonicity. On
the other hand this check provides a more satisfactory relationship to its theoretical background.
‘We will explain this check in detail in Subsection 3.4.2. The theoretical framework is slightly more
sophisticated than the one for the first approach due to step size dependent nonlinearity bounds.

Though both approaches differ in detail they share common basic concepts. E.g., both step size
controls are based on a predictor-corrector-scheme to determine step sizes. We will describe these
concepts in more detail for the simple monotonicity approach and briefly reconsider them for the

second one.

For the upcoming discussions we abbreviate for a given iterate z; € D,
Fy = F(xy), Jp = F'(x).
In accordance to the definition of A in (3.1) we define
A= {A € (0,1] | 2 + Az € D). (3.72)

Furthermore, some of the upcoming results will require the iterate z; to fulfill the following as-

sumption:

Assumption 3.32 It holds that x; € D with F; # 0 and J; nonsingular. With the associated
orthogonal projector Py, defined according to (3.68) the closure of the path-connected component
Dy of the level set {z € D|T(2|Pn,J; ") < T(ay| P, J; ")} which contains x; is a subset of D.
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3.4.1 Simple monotonicity

‘We will first provide some theoretical background. Our analysis will be based on a local counterpart
of the nonlinearity bound (3.69). Then, we will discuss several aspects of an algorithmic realization
of a step size control based on simple monotonicity: By means of the estimates for the local
nonlinearity bounds a predictor-corrector-scheme will be established to determine step sizes. We
will not only provide adaptations of existing predictors from [26, 11] and [5] but will also introduce
a new one. This new predictor is cheaply available due to the projectional aspect of the PNLF.
We will provide a termination criterion and discuss when an increase of already accepted step sizes
will be considered. In Algorithm 3.5 we will combine all the considered aspects to establish a step
size control based on simple monotonicity. Furthermore, we will analyze the computational costs

of the predictor-corrector-scheme for the several choices of predictors.

3.4.1.1 Theoretical framework
Instead of the global nonlinearity bound (3.69) we assume that for a given iterate z; € D with
Ax; # 0 the local affine covariant projected nonlinearity bound

2| P JH(Fy) = Fi = Dy — 1)) |2 < willy — @[3 (3.73)

for all y € D with y — 2; = Az, A € [0,1], holds. By means of this bound we obtain a local

version of Theorem 3.8.

Theorem 3.33 Let F fulfill Assumption 2.1 and let the iterate x; fulfill Assumption 3.32. Define
Ay as in (3.72) and D; as in Assumption 3.32. Suppose that the local affine covariant projected
nonlinearity bound (3.73) holds and let

ADL = {)\ S [07 1] I z+ Nz € D[}
Then,
T+ Az | Pa, I < (1= A+ Lwrl| Ay | oA2) T (| Pa, T (3.74)

for all X\ € Ay and [0, min(1,2X;)] C Ap, where

. 1
Ai=min (1, ————
: ( wzuAuuz)

with wy from (3.73) is the unique minimizer in [0, 1] of the above polynomial estimate.

Proof. We follow the lines of the proof of Theorem 3.8 and exploit that for A € A;, A > 0, (3.19)
holds with w; substituted for ws 15). Note that the set Ap, \ {0} is not empty since z; € D, D is
open and Az is a direction of descent for T'(z|Py,J; ') at ;.

| |

This theorem gives rise to the following algorithm
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Algorithm 3.3 (Theoretical step size control, a basic scheme)

—

: given: ¢ which fulfills Assumption 3.32

: determine Axq

cset =0

: while [|Az|» # 0 do

determine w; from (3.73)

set \; = A; from Theorem 3.33, i.e., \; = min (1
set 2141 = a1 + N Axy

set l=1+1

oW N

o

1
) wzHAzsz>

determine Az

10: end while

Bounded influence of the local nonlinearity
For z; + Az € D we introduce indices in (3.2) and set A = Py, J; ! to obtain

P, J7VF (2 4+ May) — Py, J7 Fy = Mg + Pyyxa(A) = Mg + o(N)

since Py,Az; = Ax;. Furthermore, by the definition of w; in (3.73) and for given A € (0, ;] with
A; from the above algorithm it holds that

1Pxoxi N2 1Px T (F i+ AAay) — Fy — XAz |2

Az MAz2 (3.75)
1
< Pwil|Azllz < 5
Hence, by means of the triangular inequality we obtain
Py J'F Axy) — Py, J7
1-te 1 Pn, Jy " F (2 + AAay) — Py, Jy il <1il (3.76)

2 A|Azy]|2 2
This means that ); is the maximum step size for which the polynomial model in (3.74) guarantees
that the change of Py, Jle is dominated by the first order term, i.e., AAxz;. The influence of the
nonlinearity is restricted to the second binary digit. Since ||Pn,xi(A)|l2 = |p(A)][|Az||2 in terms

of X and () this relation becomes

[1(A)

<IN VAE0 A

This feature of \; is also reflected by the minimizer-property of A;: Exactly up to A\; the polynomial

model of the relative change of Py, Jle is strictly decreasing in [0, 1]. This means that
0 =N Az € 1/wy (3.77)

is a reasonable choice to characterize the local trust region in an affine covariant trust region
approach of type (2.8) where instead of the weight Jfl the factor Py, Jf1 is considered. Note that
such an approach will still result in a damped Newton iteration. This follows directly from some

basic geometrical arguments.
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With the Newton path Z; at x; we can argue in exactly the same way as in Remark 3.9 to

obtain
1 _ Py - (@) =) 2 1Px, - ((A) — 21) |2 1 2
l-—-<—————————~ "+ 0(\ and ——————2 =< 1+-4+0(A YA € (0, \].
2 NAzl (*) an Al p TOW) VAC(0.A]

Let us denote the step size from Remark 3.9 by A; (3.69)- This step size is based on the nonlinearity
quantity ws.g9). Since w; is a local counterpart of w(s9) and hence not larger, this implies that

Al 2 A, (3.69)- This means the above relation is likely to hold true for a wider range of step sizes.

Conditions for local quadratic convergence

Under the assumption that the sequence of iterates generated by the above algorithm is well
defined and that the bound from (3.21) holds we have w; < 2 - w321y VI. If there is an index [
such that 2 - ws.21)||Az]l> < 1 then by means of the choice of A; in the above algorithm and by
Theorem 3.11 the iteration turns into a full step method and eventually quadratic convergence to

an z, with F(z.) = 0 is achieved.

3.4.1.2 Computable estimates for w; and the simple monotonicity check

The above theoretical considerations motivate to establish a practical step size control which is

based on estimations of the step sizes A; from Algorithm 3.3. To provide such an estimate for \;

means to provide an approximation [w]; of w;. Since wy is related to the nonlinearity bound (3.73)

an obvious choice is given by

[Py, I (F (20 + AAx) — Fy — A Axy) |2
A2 A3

[Wh(\) =2 (3.78)

for some A € A;\ {0}. Substituting I for Py, in the above definition we obtain an estimate [@];(\)
for @; which evolves from w; by the same substitution process. This estimate is employed in the
literature, e.g. [26, 11], as an estimate for several types of affine covariant Lipschitz constants. By
providing a theoretical step size control which is based on nonlinearity bounds we fill a gap between
classical Lipschitz constants and associated computationally available estimates as the following
lemma shows.
Lemma 3.34 Let w; and [w];(X\) be given as in (3.73) and (3.78), respectively. Assume that the
Lipschitz condition

1Pne 7 (I () = ) (= 2) |2 < Qully — a3 (3.79)
for ally € D with J(y) = F'(y), y — 21 = AAxzy, A € [0,1] holds. Then for A € Ay,

WiV Swr <.

Such a relation is also true for quantities [@);(\), @ and Q4 which evolve from the respective above
stated non-tilde quantities by substituting the identity matriz I for the projector Py,.
Proof. The first inequality follows directly from the definitions of [w];(A) and w;. The second one
is obtained by an argument similar to the one we used to prove Proposition 3.1. Arguing in the
same manner also proves the stated relations for the tilde quantities.

| |
To evaluate the estimate (3.78) we need an appropriate step size A. We will exploit this estimate

in a corrector step of a predictor-corrector-scheme to determine \;.
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Assume that an initial guess, i.e. a predictor, \; o of \; from Algorithm 3.3 is given. We will
discuss several choices of predictors in the next paragraph. These predictors are also based on an
estimate for w;. It is not guaranteed that descent occurs and hence it has to be checked.

If no descent occurs we can use A to define a corrector step size by means of the estimate

(3.78). Generally, if A; ; fails to provide descent we define the corrector step size A\; ;11 via

1

BRI (3.80)

ALj+1 =

We will see in Proposition 3.36 that A\; j;1 < A; ;. The corrector is the unique minimizer of the

polynomial model
pi(s: [WhN) = (1 - s+ LWV Az 257, s<0,1], (3.81)

for A = X\ ;. We check whether X\; ;41 provides descent and in case of failure compute a new

corrector via (3.80). This procedure is summarized in Algorithm 3.4.

Algorithm 3.4 (Simple monotonicity check)

—

: given: IQXDI as the set of inner points of Ap, from Theorem 3.33, A; from (3.72),

2: a predictor A\jp € Ay

3 set j =0

4 if Ty + N jAzy|Py, J7t) < T(ay| Py, J;7t) then

5: set Ay = A j

6: return

7: else >N & [\D, --» reduce step size
8: correct the step size by determining a new aspirant A; j11 < A ; according to (3.80)

9: set j = j + 1 and go to line 4

10: end if

The corrector is cheaply available since F'(2; + A, jAz) is already computed for the check in line 4
of Algorithm 3.4. To show that X\; j;1 < A;; we need the following auxiliary lemma which is also
of importance for the considerations in Subsection 3.4.2 where the restricted monotonicity concept

will be discussed.

Lemma 3.35 For one A € (0,1] assume that [w];(\) from (3.78) is well defined and let py (s; [w]i(N))
be defined as in (3.81). Then,

T(a; + M| Py, J; 1) < pr(Ns [wli(V)) - T P, 7).

Proof. The statement follows directly from the relation (3.70), the definition of [w];(\) and the
first estimate in (3.19).

| |
Note that the above result does not necessarily imply descent since it may hold that p(A; [w];(A)) > 1.
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Proposition 3.36 Assume that \;; € (Al \ AD,) # ) which implies that the check in line 4 of
Algorithm 3.4 returns false. Then for N j41 defined via (3.80) it holds that

A1 < 2A (3.82)

Proof. First, we show that g, () := p;(A; [w];(Ar,;)) — 1 has exactly two roots in [0, 1]. One root is
obviously A = 0. Since p; is strictly convex on [0, 1] there can be at most one more root of ¢; ;(A) in
[0,1]. To argue by contradiction let us assume there is no second root. By the strict convexity of p;
and by p} (0; [w]i(A,;)) = —2 the assumption of no second root implies that 0 < p(A; [w];(Ar;)) < 1
VA € (0,1]. So in particular, p(Ar;; [w]i(Ar;)) < 1. But by Lemma 3.35 this implies that the check
in line 4 of Algorithm 3.4 returns true. A contradiction to the assumptions. Hence, there is a
second root of ¢ ; in [0,1]. From the definition of X; ;41 it is readily seen that this quantity is
the unique minimizer of p; in [0, 1]. A short calculation shows that the second root of ¢ ; is twice
the unique minimizer of p; in [0,1], ie., ¢;(2- A j+1) = 0. By the convexity of p; it holds that
pr(N [wli(\ry)) <1 VA€ (0,2 A jp1). So any statement of the form 0 < A;; < 2 Ay ;41 would
lead to a contradiction by the same arguments we used above. Therefore, (3.82) holds true.

| |
This result implies that Algorithm 3.4 terminates after a finite number of steps. Since Az; is a
direction of descent for the PNLF at z; € D the set AD, is not empty and the above reduction

finally yields a step size \;; € ;\Dz terminating the algorithm.

Remark 3.37 The relation (3.82) also holds true in the context of the NLF. Simply substitute
[@]; from Lemma 3.34 for [w]; and the NLF for the PNLF in all instances of appearance. Hence,

the above result shows that a correction strategy of the form

1
Alj+1 i= min <~7 l/\l,,‘>
JH @hOu)l Az
which is applied in [26] and [11] just introduces unnecessary redundancy. O

Define
Azyy = —J7 F(z + \jAm). (3.83)

A short calculation shows that the check in line 4 of Algorithm 3.4 is equivalent to
|Aai Ay, | < || Aw3. (3.84)

We use this form of the check since it is cheaper to evaluate than the one stated in Algorithm 3.4.
To determine the corrector step size A j+1 we also make use of (3.83). By means of the definition

of [w];(A) in (3.78) and the definition of the corrector in (3.80) we to obtain

1 A7 lIAzf3 1

2 [Aa] (Bwyy — (- Ng)An)| 2

Aj+1 = -1 =Ny)

1
A (385
e } e 559

‘ AI?AI}J+

We prefer the second term for actual computing: Since the check (3.84) is already done Az{ Az, 4
and [|Az;||} are available for free. Hence, to determine the corrector only a complexity of O(1)

floating point operations arises!
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Remark 3.38 For a practical step size control in the context of the NLF in [26, 11] a corrector

step size based on [@];(\) from Lemma 3.34 is defined. It is given via

5o 2|1 Az |
L+l "= 5 e .
T2 By s — (1 Ay Al

Direct comparison shows that Xmﬂ < Aij41- So an enlargement of steps by introducing the
projection is also true for the actual computed step sizes. In the context of the natural level

function simple monotonicity is checked via
Bz, ]|z < Az (3.86)

So Ay, ||Azyll2 and Twz]+ are at hand but not the denominator in the definition of the above
corrector. Hence, the computational effort to determine Xl,jﬂ is O(4n) floating point operations.
Our corrector is therefore much cheaper to evaluate. However, to compare the two concepts in
terms of the computational effort for one iteration step, we must also take the calculation of a

predictor into account. This is investigated in the next paragraph. O

3.4.1.3 Evaluating a predictor step size

For an execution of Algorithm 3.4 a predictor step size X; is required. To obtain a predictor
only minor computational effort should arise. This means, the number of floating point operations
should not exceed O(c - n) for some constant ¢ € N. This condition is met by exploiting already
computed quantities from the previous step [ — 1 and the current correction Az; and its norm
[|Az;||2, respectively. Note that making use of Az; and ||Az;||2 does not contradict the demand to
provide a predictor in a cheap way since Az; must be computed anyway. This is also true for its
norm which is necessary for the simple monotonicity check in (3.84). Additionally, it is employed
in a termination criterion—see the next paragraph. Since ||Az;|2 is considered to be available the
crucial point of a prediction step is to provide a reasonable estimate for w;. For the first step,

I =0, the user has to supply an initial step size.

We will present three methods to determine a predictor step size. The first two are adaptations
of classical predictors whereas the third one will be introduced in this work. Additionally, we
will present an analysis of the computational cost of the predictor-corrector-scheme for all three
predictors. For comparison we will also state the costs of the NLF related step size control from
[11].

Simple predictor.
A rather obvious choice of predictor is obtained by employing the latest corrector estimate from

the previous step, i.e., [w];—1(Ni—1),

:= min %
Ao = OWM#NMAWAMM>' (3:87)

A predictor of this type, excluding the projectional aspect, is for example exploited in [6]. Since

there no projection is considered in general our predictor provides a larger step size. From the
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discussion in the previous paragraph about the computational costs of a corrector step size it
follows that [w];—1(N\—1) is computable within a complexity of O(1) floating point operations.
Since ||Az|> is known, the computational effort of determining the predictor (3.87) is also of
order O(1). So it is very cheap to evaluate. However, this estimate is based on an estimation of
the nonlinearity at z;_;. The next two choices are associated with estimations of the nonlinearity

at x;, the current iterate.

Progected Deuflhard’s predictor.

This predictor is an adaption of the one presented in [11]. To provide an estimation for the
nonlinearity at the current iterate by means of the available data a ‘backward looking’ concept is
applied. This means that we deal with the nonlinearity of F' at x; along the direction pointing to
the previous iterate x;_1. To motivate this choice of predictor from a theoretical point of view we
have to introduce a local Lipschitz condition. In the spirit of the prediction strategy in Chapter 3.3

of [11] let us assume that

1B 77 (7 (9) = H)ollz < Sully = aa2jo]l2 (3.88)
holds for all y—x; = —AAz;_1, A € [0, \;_1], and for v ‘not too far away from’ y—=;.2 This condition
may be interpreted as a modified ‘backward looking’ counterpart of (3.79). Again following [11],

we set y = ;1 and v = Az, where
Az = —J\F (3.89)

and therefore obtain an estimate for ; via

1Py It (S = Ji)Barlly || Py (B = Aw)lle g

1)owllz _ )z ey (3.90)
-1 Azi 2]l A2 M- Az 2]l A2 I
So we define \; o, according to
s ; 1 [[Aziyl2 A2
Ao, = min(1, Ajo,), Ao, 1= = = — - -
vow =il o), s = = T B — Aal el o

_ Azl - [Azl>
|AwlT(A:cl - Aml)\

1—1-

Substituting the identity matrix I for Py, we obtain the predictor Xz,oz from Chapter 3.3 of [11],

ie.,

Azl [[Az2

Xz,o = min |1, — -1
: Ba—Aall; [Aaills

(3.92)

It holds that A; o, > Xl_gz. In order to compare the computational effort of determining the two
predictors it is safe to neglect the costs to evaluate [|Az;||2, ¢ =1 — 1,1. For our predictor we need
to take the computation of |Azf (Az; — Az))| = |Az] Az — Az Azy| and |[Azy|| into account.
Since Az Az; = ||Az[|3 this information is essentially for free and hence the computational effort
to determine it can also be discarded. Note that the vector Axz; is available from the previous
step, however, usually not its norm. It is only available if the termination criterion (3.100) was

considered in the previous step—see the below Paragraph Termination criterion. In any case we

2The vague term ‘not too far away from’ is adopted from the respective discussion in Chapter 3.3 of [11].
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also need to calculate the inner product Aa;,TAi:cl. Hence, a computational effort of O(4n) or
O(2n), respectively, arises to determine A;,. Considering Aro, only [|Az; — Axlly needs some
computational effort worth mentioning. Note that |[Az;||s is at hand from the previous step due
to the check (3.86). Thus, X;,g2 can be computed with a complexity of only O(3n) floating point
operations. However, we have to take the whole step into account. Both monotonicity tests (3.84)
and (3.86) introduce the same amount of computational work but recall that our corrector is

available essentially for free whereas the classical corrector needs O(4n) floating point operations.

The theoretical justification for this predictor is based on a Lipschitz condition. This does not
fit very well in our overall context of nonlinearity bounds. We will overcome this disadvantage by

the next choice of predictor.

Projected nonlinearity bound predictor.

This predictor is rather special. To the best of our knowledge there is no classical counterpart
to it. Just like for the projected Deuflhard’s predictor a ‘backward looking’ concept is employed.
However, this concept is not related to a Lipschitz condition but to a nonlinearity bound, hence,
it fits very well into our overall concept how to describe the nonlinearity of F. As a ‘backward

looking” counterpart to w; from (3.73) we assume that
2P J7H (Fly) = i = iy = @) 2 < @rlly — a3 (3.93)

holds for all y with y — 2; = —AAz;_1, A € [0, \;—1]. This bound readily gives rise to the estimate

—9 HPNlJfl(Fl—l — Fi+ Mo JiAz ) |

w)p - - 3.94
e NETATATR oy

At first glance this estimate introduces an unjustifiable amount of work since the product J, lel—l
is not computed yet and takes O(n?) floating point operations. A closer look reveals that due to

the projection we are actually in need of the term A;r,lTJ,’lF,,l which we may compute via the
wy-strategy: I. solve JlTwl = Auxy, II. do the multiplication w,T - Fy. (3.95)

Again, a linear system is to be solved. But the vector w; can also be used for the evaluation of the
check (3.84) and the corrector (3.85) because

A.’L‘}rﬂl]+ = 7’(1}21‘ . F((L’l + )\l,jA:El). (396)

This saves the computation of El]+, an O(n?)-operation which is executed (1 + # of correction
steps)-times. Instead we only need to compute the above multiplication which is of order O(2n)

for each evaluation. Considering the predictor we obtain

5 5 1 1 Ny l1az 3
Aos = min(l, Njo,),  Aios i= — =_. -
(Ao Mow = IRl = 2 TPy (Frx = Fi+ A1 disar 1)l - [aails
1 Ny l1az 3

T2 Wl E o+ [An|i+ N AdT An |
(3.97)
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To determine this predictor O(4n) floating point operations are necessary since w,TFl,l and
Ax}"Axl,l are not known beforehand.

For this approach Hlﬁ_ is never computed. We have to take this into account for our termi-
nation criterion—see the next paragraph. Also, some ‘tweaking’ ideas are not applicable. Refer to
Paragraph 3.4.1.7 for details.

Remark 3.39 Since the predictor (3.87) is also not in need of [|Azy, ;|2 we may apply the
wy-strategy (3.95) and (3.96) in the context of this projector too. O

As a summary of the computational costs of the predictor-corrector-scheme per iteration step based

on which predictor is exploited we provide Table 3.1.

# of floating point operations in O(-)
Az | [|Azill2 | Azf 7" or Az predictor monotonicity check | corrector
2 2%
simple n? 2n " ,+ ) 1 G+1)-2n G+1)
or (j+1)-n?

proj Dflh n? 2n G+1)-n? 4n or (2n)** G+1)-2n G+1)

proj nonlin n? 2n n? + (n?)” 4n (G+1)-2n G+1)
Dflh (NLF) | »? 2n G+1)-n? 3n G+1)-2n G+1)-4n

Table 3.1: Computational costs of the predictor-corrector-scheme per iteration step for different
predictor strategies. The first three rows are related to the PNLF (see above for detailed descrip-
tions). The last row is related to the NLF and the step size control from Chapter 3.3 in [11]. It is
stated for the purposes of comparison. The quantity j reflects the number of corrector steps. The
term (n?)* is related to the additional computational cost if the termination criterion (3.100) is
considered in the current step. See the next paragraph for details. The term (2n)** refers to the

reduced cost of the predictor if (3.100) was considered in the previous step.

3.4.1.4 Termination criterion
Our implementation of a termination criterion is inspired by the criteria in [26] and [11]. Let

XTOL be some prescribed error tolerance. Then each time Ax; is computed we check

[[Az]]2 < XTOL. (3.98)
If this is true we terminate the iteration with the final estimate

Ty 41 = 1 + Ay

Otherwise we proceed with calculating a predictor. If the predictor A; o equals one and the mono-
tonicity check of Algorithm 3.4 succeeds for the predictor step size we also check A; 1 := min(1, A1)

to be one. Additionally, we add the test
[|Az|l2 < V10 - XTOL (3.99)

from [26]. If the considered step sizes are one and the additional test is passed it gives good reason
to hope that we reached the local contraction domain of Newton’s method. The next iterate

2141 = @ + Awy is readily available. However, to apply the error estimate (3.23) of the local
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convergence Theorem 3.11 for the error of z;11 we are in need of Ax;;1. This correction is not
available without further expensive computation. Assume that Az = —J; 'Fiyy is available.
In the spirit of (2.31) we use its norm as a substitute quantity for the norm of the error at z;.
So if
Ao = A =1
and (3.100)
[Azlla < VI0-XTOL  and  [[Azyills < XTOL

we terminate the iteration with the final estimate
Tagyr =2+ Az

If the wj-strategy, (3.95) and (3.96), is applied no Az;y; is determined yet. We have to compute
it separately to be available for the termination criterion (3.100). This will be done only if already
the other conditions of the termination criterion are fulfilled.

If we apply the wj-strategy our numerical tests confirm that due to the above additional test
the quantity Az, is computed only once per run of the algorithm. One still may argue that there
is at least one step (the final one) where both w; and Az, are computed. But recall that for the
wy-strategy every time we need to compute 5z?ﬁ;]+ that this is possible in O(2n) operations. So
for every rejected step size in the course of the algorithm we save O(n?) operations compared to a

scenario where dxy, 4 is evaluated. This means that if there is at least one single rejected step size

during the whole iteration the final additional cost of computing Axz;44 is compensated. Note that
often in the first iteration step of the algorithm there will be rejected step sizes may it be that the

user provided initial guess Ao o is too restrictive or too optimistic, respectively.

3.4.1.5 Increasing step sizes

Let A;; € (0, 1) fulfill the monotonicity check in line 4 of Algorithm 3.4 and let X, j41:=min(1, A j41).
This second step size is the unique minimizer in [0, 1] of p;(A; [w]i(Ar,;)) from (3.81) and therefore
the latest estimate of A; from Algorithm 3.3. If \; ; < Xl,j+1 this suggests that a further decrease
of the level function can be expected for XZ,HI compared to A ;. Also, a larger step size may result
in a faster convergence to a solution. However, checking simple monotonicity for \; ;11 results in
extra computational effort. So we opt for X;.]-H only if a noticeable increase of the step size is

given. This means, we check for prescribed 1 with 0 <n < 1 if
Ay <17 At (3.101a)

holds. We add a second test. For a constant BADTOL with 0 < BADTOL < 1 we demand that
A j+1 fulfills
A j+1 < BADTOL - Apgq. (3.101b)

If both checks are passed we opt for increasing the step size by redoing the monotonicity check for
Xl., j+1- The step size Apqq is initialized each step by some value bigger than 1/BADTOL. Each time
there is some ); ; which fails the monotonicity check we set A\yoq = A;j. The quantity BADTOL
is a safety factor. It reflects the confidence we put into the larger step size A j1 to pass the

monotonicity check.
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3.4.1.6 Algorithmic illustration of the simple monotonicity concept

Summarizing all the above discussed aspects a basic step size control employing the simple mono-

tonicity check, i.e. Algorithm 3.4, looks as follows:

Algorithm 3.5 (Step size control at iterate z; € D, based on simple monotonicity)

1: given: 0 <7 <1,0<XTOL <1, 0 < Amin < 1, Auser € (0, 1], valid\ = false

2 0 < BADTOL < 1, Apaqa > 1/BADTOL

3 x € D

4: determine F; = F(z;), J; = F’(z;) and solve the linear system J;Az; = —F,

5: if ||Azi|]2 < XTOL then > simple convergence test
6 set Ty 141 = a1 + Ay > sufficient approximation for solution found
7 terminate, solution found

8: else if [ > 0 then > predictor step

Ao, from (3.87) or
o choose Ao as Ao = § Ao, from (3.91) or

Ao, from (3.97)

10: else

11: set Ao = Auser

12: end if

13: set A;,o = max(Ar,0, Amin) and j =0

14: determine Flj+ = F(x; + M\ jAz;) and AleElJJr = AleJlel]Jr > trial iterate quantities
15: determine corrector A; ;41 from (3.85) and set A; ;41 = min(1, A1 j41)

16: if \AleH[?H < [[Az||3 then > simple monotonicity check
17: set valid\ = true

18: if j =0 && Ao =A,1 =1 then > check for convergence
19: if [|Az]|2 < V10 - XTOL then

20: if Ao = Ai,0; then > no H,JJr computed yet
21: solve the linear system J[Elj+ = 7Fl]+

22: end if

23: if |\Ez7+H2 < XTOL then

24: set Tup1 = @ +A7AT,ZJ+ > sufficient approximation for solution found
25: terminate, solution found

26: else

27: set Ay =1 and 2141 = 21 + Axy

28: invoke this algorithm for the next iterate z;41

29: end if

30: else

31: set \y =1 and z41 = 21 + Axy

32: invoke this algorithm for the next iterate x;;,

33: end if

34: else if A ; <7 Xij+1 && Aij11 < BADTOL - Apoa then > increase step size
35: set j = j+ 1 go to line 14

36: else > use current step size aspirant

37: set it = Ar; and 141 = @ + N Az
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38: invoke this algorithm for the next iterate z;.
39: end if
40: else if validA then > current step size fails, previous was valid, take it

41: set Ay = A1 and xp1 = 2 + N A

42: invoke this algorithm for the next iterate ;41

43: else if \;; < A\pin then > no descent for smallest step size
44: stop iteration, abort algorithm — convergence failure

45: else > corrector step

46: set Apad = A1 j
470 set Aij41 = max(\j+1, Amin) and j = j + 1 go to line 14
48: end if

Remark 3.40 For each A\; determined by the above algorithm simple monotonicity is ensured.
However, we cannot guarantee that this is also true for all Awith 0 < A < A The numerical
estimates of w; cannot provide this information. Also, we cannot ensure that a bound of the form
(3.75) and therefore of the form (3.76) holds for all A < A;. In the next subsection we will discuss
an approach where at least for the taken step A; bounds of the kind (3.75) and (3.76) can be shown
to hold true—see (3.116) and (3.117). O

Conditions for local quadratic convergence
Assume that the sequence of iterates defined by the above algorithm is well defined and that
2 # x, VI where x, is a solution of F'(x) = 0. Also assume that the bound (3.21) from the local
convergence Theorem 3.11 is given. It holds that
[wli(A)
(@]

Recall that the simple predictor (3.87) depends on [w];(A;). The nonlinearity bound predictor

Sw <2 waay Vi

(3.97) depends on [@];. The quantity w; is related to the step size \; from Theorem 3.33 which we
employed in the theoretical step size control in Algorithm 3.3.

If there is an index [ with 2 - w(z2n)||Azll2 < 1 the predictors (3.87) and (3.97) are equal
to one. The same is true for XL . This means that the predictor passes the monotonicity check
in line 16 of the above algorithm and becomes the actual step size. By Theorem 3.11 the same
results hold true for the indices [ > [. Hence, we obtain a full step Newton iteration and again
by Theorem 3.11 eventually quadratic convergence of the iterates to a solution z, of F(z) = 0
is ensured (if XTOL = 0) or the above algorithm terminates either in line 7 or 25 after a finite
number of steps since also A\;; = 1 VI > [. If the predictor (3.91) is employed and if there is a
constant €} < oo such that (3 < € VI for the Lipschitz constants from (3.88) then we obtain the

same results under the assumption that there is an index [ such that 2- max(uJ(;;_Ql) , Q) [[Azyl < 1.

3.4.1.7 Extensions to Algorithm 3.5

Reducing the step size if z; + AAx ¢ D

The above algorithm implicitly assumes that for all A ; it holds that z;+ A jAz € D, ie., A j € Ay
This is not always true. E.g., a negative argument for an evaluation of log(-) or v/- may arise. In
case of \;j ¢ A; the following algorithm may be exploited
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Algorithm 3.6 (Step size reduction due to \;; € A;)

1: given: A ; € Ay with A; from (3.72)

2: 0 < redfac <1

3: if valid\ then

4: set Ay = A1 and @1 = 2 + N Ay
5: return

6: else

7 while \;; ¢ A; do

8: if A\ j < Amin then

9: stop iteration, abort algorithm, convergence failure
10: end if

11: set Apad = A j

12: set A;; = red_fac- Ay ;

13: end while

14: end if

This algorithm terminates after a finite number of steps since z; € D which is by assumption an

open set.

Employing unprojected predictors

If at step [ the intermediate correction Ax; is available and if the predictor is chosen via the simple
predictor (3.87) or the projected Deuflhard’s predictor (3.91) then in case of a failed monotonicity
check for the predictor we may exploit the respective unprojected smaller counterpart, i.e., (3.87)
with [@];—1(N—1) instead of [w];—1(Ai—1) or (3.92), respectively, for a second check. However, these
are only considered if they are not too close to the failed projected predictor. More precisely,
the next step size will be A\;1 = max(X\;1, \*"?"*7 . PRED_BADTOL) where \“"?"%/ denotes the
unprojected predictor and PRED_BADTOL a constant in (0, 1). Such a tweaking strategy is taken
into account in our algorithmic realization of the above Algorithm 3.5.

An unprojected predictor is not always cheaply available, like it is the case for the nonlinearity
bound predictor (3.97) since Jlel,l is unknown and costly to evaluate. In this situation and
if the projected predictor provides a too optimistic step size we choose the next step size to be
A1 = max(A1, Ao - PRED_RED) for some constant PRED_RED with 0 < PRED_RED < 1.

3.4.2 Restricted monotonicity

Recall from Lemma 3.34 that for the computable estimate [w];(\) from (3.78) and the theoretical

nonlinearity bound w; from (3.73) it holds that
Wh(A) <wi, AEA.

Thorough investigation of (3.70) reveals that there is some theoretical framework which provides

a closer relationship to the estimates [w];. This framework relies on the step size dependent affine
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covariant projected nonlinearity bound
Py, J7Y(F(x) + sAxy) — Fy — sJiAx
w(N) = sup 2” N (F () 1) — F | t)Hz_

s€(0,A] SzHAzl”%

(3.102)

In this subsection we will use this bound to define for 7 € (0, 2) specific step sizes A;,, () which in
turn define a polynomial model for the relative change of the PNLF. Therefore, we will call these
step sizes modeling step sizes. By means of these polynomial models we will see that descent is
ensured for each X in the range of (0, );,, (n)]. Such step sizes are also employed for the step size
strategies in [5] and [6].> However, those step sizes are based on step size dependent Lipschitz
conditions. We will compare our modeling step sizes to the ones from the literature in terms of
magnitude. Furthermore, we will discuss the influence of 1. As it will turn out it is reasonable
for a practical realization to choose \; as an estimate of the modeling step size A;,, (1). The step
size algorithm is based on the same corrector-predictor-scheme as the step size control from the
previous subsection. However, we will combine it with a more demanding monotonicity check
to provide a reasonable estimate for X;, (1). This restricted monotonicity check is an adaption
of the check proposed in [6] to the context of projected nonlinearity quantities. We will give an
algorithmic outline of this check and show that only a finite number of corrections are necessary

to provide a step that passes the check.

3.4.2.1 Theoretical framework
Right from the definition of the quantities [w];(\), w;(A) and wy it follows that

Whi(A) Sw(A) <w; and  sup wi(A) = w;. (3.103)
AEA;

The computable estimate [w];(A) and the theoretical bound w;(\) are in close relationship as the

following result shows.

Lemma 3.41 For given A\ € (0,1] assume that the theoretical bound wi(X) and the computable
estimate [w|;(X) from (3.102) and (3.78), respectively, are well defined. Also, let F be three-times
continuously differentiable on D. Then, it holds that

[wWhi(A) = wi(A) + O(A).

This means that especially in the case where \ is very small the approximation is of high quality.

Proof. Three cases are to be considered:
e Both quantities are equal. And since 0 € O(\) the stated inequality holds.

o It holds that [w];(A) < wi(A) and w;(X) is determined by some § where A > 3 > 0. Then we
have by the triangle inequality
wi(A) = [wh(A)
P g (3P @0 dails + 0(3) — (F" @olda*A+ o) )|,
A3

<

< LIPw I F (@) [Az) 2
o3 | Az]3

(A= 3) + o)) € O(\).

3though they are not explicitly termed as modeling step sizes
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o It holds that [w];(A) < wi(A) but wi(N) is determined via

1P, J7H (F a0+ sAmp) — F(x) — sF' (2) Axy) |2
s2[| A3 '

wi(\) = llilg) 2

By the assumed smoothness of F' this means that

_ 1P T E () [ A

() T8zl

which yields
[P I (BF" () [AziPA + o(V) 2
A3
HPNzJle'”(«’”ZQ)[AM]SHz)\+
| Azl

wi(A) = [wh(M) <

1
< 3 o(A) € O(N).
This concludes the proof.

| |
Next we will employ the bound (3.102) to define and to prove the existence of the modeling step
sizes \;,, () and to show that descent holds for all A € (0,);,, (n)]. The following theorem is an
adaption of a result from [5] to the context of projected nonlinearity quantities. Compared to [5]

the proof is slightly more elaborated.

Theorem 3.42 Let F' fulfill Assumption 2.1 and the iterate x; Assumption 3.32. Let A; be defined
as in (3.72). Then,

T+ Mz Pa I < (1= A+ 2oV | Az [[o2%) T (| Py J7Y) - VA € A (3.104)
If there is a @ < oo such that for the step size dependent nonlinearity bound (3.102) it holds that
w(\) <@ YAel

then there exist for n with 0 < n < 2 step sizes \;,, = Ny, (n) which fulfill

. 7
A, =min (1, ————— | . 3.105
" ( wz(/\zm)HAﬂlez) (3:105)

For all A € (0, \;,,] we have
T2 + Ay P, 7Y < (L= A+ Swr (A, )1 Aa|202) T (20| P I (3.106)

and

L= A+ 2w\, Az ]laA% < 1= A1 —n/2) < 1. (3.107)

Thus, descent holds for these step sizes, i.e.,

T(x + AAay | Py, J7 ) < Ta| Py 7)) YA€ (0,0, ] (3.108)
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Proof. For ease of writing we define
X ={zeD|z=u+ N, A€ \j}.

Since D is open and convex and z; € D, A; and X, are not empty and with A € Ay it holds for all
A with 0 < X < A that A € A,
The relation (3.104) directly follows from (3.70) and (3.19) with w;()) substituted for wz.1s)-

Now we turn to the step sizes \;, . For an arbitrary but fixed € (0, 2) we consider the function

A — Ry
a: 7
A= ———
wi(A)[[Az |2

By definition of w;(A) this function is monotonically nonincreasing and it holds that
a(\) = n/(@]|Azi]l2) >0 VA€ A (3.109)

Hence, two cases may occur. In the first case, there is a A;,, € A; with a(X;,,) = A;,,. Since the
identity map idy, is strictly monotonically increasing there is no other A € A; with this property.
In the second case, no such X, exists. This already implies that there is no A € A; with A > a(\)
because of (3.109). We will show by contradiction that the second case implies that 1 € A;. So let

us assume that for each A € A; it holds that a(X) > A and 1 ¢ A;. From a(A) > A it follows that
L= A+ 2w\ Azll2A? < 1= A1 -1n/2) < 1

which means that X; C D; with D; as defined in Assumption 3.32. Since D; C D and 1 &€ A; is
assumed there exists A € (0,1) such that z; + )A\A.T,, € D\ D;. By the definition of A; we also have
e A; and hence z; + S\Az; € X;. But since (D\ﬁ;) N X; = 0 this is a contradiction. Thus,
1€ Ay and a(1) > 1 which yields X;,, = 1.

Let );,, be determined according to one of the two above discussed cases. The polynomial
estimate in (3.106) is true because w;(\) is monotonically nondecreasing. The first inequality in
(3.107) follows from a(X;,,) = A for all A € (0, ;,,]. The second inequality is a direct consequence
of A € (0,1] and 7 € (0,2). Finally, (3.108) follows from combining (3.104) and (3.107).

| |

Comparison of various modeling step sizes

Here we compare our modeling step sizes to modeling step sizes which are also defined according
to (3.105) but where w;(A) is substituted by some different nonlinearity quantities. Note that
these quantities and the associated modeling step sizes are exclusively defined for the analysis in
this paragraph. The reader does not have to keep these values at the back of his mind for the

subsequent paragraphs.
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We define:
o -1 Az)) —
B\ = sup (I (1 + sAa) — Tl
s€(0.0] sl|Az |2
- 17 (T (20 + sAmp) — ) Az
Q(A) := sup ,
{3 s€(0,A] s||Ax|3 (3-110)

(M) via substituting J;7! by Py, J; " in the definition of ,
@ (A) by substituting the identity matrix/ for Py, in the definition of w;(\)
and for 7 € (0,2) associated modeling step sizes A, (1), i € {€,Q,Q,&}, according to (3.105).

The Lipschitz quantity Qis employed in [6]. Q is defined in accordance to the Lipschitz quantity
in [5].

Lemma 3.43 Assume that for A € (0,1] the quantity 4(\) from (3.110) is well defined. Then,

wi(X) from (3.102) as well as the remaining quantities in (3.110) are well defined too and the

estimates 20
@ ~ o
A) < <) <A
wi(A) a0 1(A) < ()
hold which imply for the modeling step sizes that
AL,
M) = 2 2 0 )2 Mg () V€ (0,2)
Aa.,, (n) :

Proof. Due to the submultiplicativity of the Euclidean norm € (X) is well defined and Q;(A) < ().
Analogously to (3.5) we have for s € (0, \],

5 HJfl (F(Il + sAx) — F) — Se]lAZl)”Q .y HfUS Jfl (J(xl +tAz) — Jl)AzldtHZ

s?[| A3 s2[1 A3 (3.111)
ST tAx) — J))A St~ - ’
<2/ I (e + tAa) - ) z‘”th@/ L Qu(s)dt = Du(s).
0 s%|| A3 0o S

Hence, ©;()) is well defined and @ (A) < Q()).

Since || Py, 2|2 < ||z for arbitrary z € R", it is readily seen that w;(A) and Q;()) are well
defined and also that w;(A) < @(A) and Q(A) < (A) holds. Substituting J; by Py, J;* and
hence €(s) by Q(s) in (3.111) finally leads to w;(X) < Q(N).

The inequalities w.r.t to the modeling step sizes are direct consequences of the above shown
inequalities for the Q- and w-quantities.

|

So by the above lemma and (3.103) we obtain in terms of projected bounds the relation
[Whi(N) < wi(N) < ().

An analogous result is true for the tilde quantities. Thus, by our choice of bounds we may not
only describe the local nonlinearity of F' in a reasonable way as it is seen in Theorem 3.42 but also

provide closer relationship to the computable estimates.
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Choice of

‘We motivate the choice of n =1 from the following perspectives:

Polynomial extremal property

For n € (0,2) we consider the polynomial model

L= A+ 3w (A, () [Azi]22%, X € [0, A, (n)], (3.112)

from (3.106). Its unique minimizer A™™ () in [0, A, ()] is given via

A, (1) for n € (0, 1],

)\7’",1,’",(/,7) =
min (1, 1/w; (A, (7)) [|Azy]2)  for 5 € (1,2).

Therefore, and since w;(\) is nondecreasing and continuous we obtain
(L) = Ag,, (1) 2 A () W € (0,2).

So in terms of the magnitude of the minimizers of the polynomial models the step size A, (1)
provides an optimal choice. A result of this kind is also given in [5, 6]. However, there it is argued
based on Lipschitz conditions instead of (projected) nonlinearity bounds.

Regarding the affine covariant trust region approach (2.8), again with Py, ']l_l substituted for
J; b, the extremal property of )y, (1) makes \;,, (1)[|Azyll2 < 1/wi (N, (1)) a natural choice for d;
giving a refinement of (3.77).

Bounded influence of the local nonlinearity
In analogy to (3.75) we obtain by the definition of w;()) in (3.102) and for given 1 € (0,2) and
A€ (0, A, (n)] the result
1Pxoxi Nz 1Pa T (F i+ AAay) — Fy — XAz |2
MAz] AllAz| (3.113)
< Pz < 3

which yields

0 P P+ AAw) — P J il _
2 = )\“AllHZ = 2

instead of (3.76). Hence, up to A;,, (1) the polynomial model (3.112) guarantees that the influence

1 (3.114)

of the nonlinearity is restricted to the second binary digit. The statements about p()\) and the

relation to the Newton path given on page 49 and 50 also hold true with A;,, (1) substituted for A;.

Conditions for local quadratic convergence

If the bound (3.21) from the local convergence Theorem 3.11 is given then we can choose in
Theorem 3.42 the constant @ as @ := 2 - w21y and thus provide a uniformly bound for w;(X).
Consider a step size control like Algorithm 3.3 where step sizes are defined via A;,, (1) instead of
Ai. If there is an index [ such that @||Azy|j> < 1 then \; = 1 and from Theorem 3.11 it follows
that A\; = 1Vl > [. Also, Theorem 3.11 guarantees eventually quadratic convergence to a solution
x, of F(xz) =0.
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3.4.2.2 Step size control based on restricted monotonicity
In order to identify a computable substitute for \;, (1) we state the following result for the relative

change of the PNLF.
Proposition 3.44 For one A\ € (0,1] assume that [w];(X) from (3.78) is well defined and let
pi(s; [w]i(N)) be given according to (3.81).

I) If X € I, where
Ini=(0,2/ [l (V)| Azi|2)
then
m (/\; [w]l(/\)) <1

which implies that
T(x + Ay [Py, J7) < Ty | Py, I

II) Forn, 7 with 0 <n <7 <2 let
Ai(n,7) = {x € (0,1] [ A = 7/ [wli(N | Aaill2, 7 € [.77]}-

If\e Al(g,ﬁ) then A € I.

Assume that for all X € (0,1] it holds that wi(X) from (3.102) is uniformly bounded by some
constant ® < oo. Then, Ay(n,7) = 0 implies that X € (0, n/[w];(X)[|Azi|l2) C Ix VA € (0,1].
Proof. I) Substituting one A of A? in p;(A; [w];(A)) by the upper bound 2/[w];(A)[| Azl verifies
the first estimate. The second one is a direct consequence of Lemma 3.35 and the first estimate.
II) The first implication follows from the definition of I and A, (ﬂ, 77). Regarding the second
implication we use a contradiction argument. A > 1/[w];(\)[|Az;|]2 would either contradict the
assumption A;(n,7) = 0 or the fact that w;(A) < @ < 0o VA € (0,1].
| |
Motivated by this result we choose as an approximation for \;, (1) a step size A which fulfills for

0 <n < 1<7n <2 the restricted monotonicity check

()\ € Ay(n, ﬁ)) or (/\ =1 and X< Q/[w]l()\)HAz[HQ) (3.115)

A basic scheme how to determine a step size which passes the above check is given by Algorithm 3.7.
This algorithm terminates after a finite number of steps if the conditions of paragraph II) from
Proposition 3.44 are given: By line 22 for the next aspirant A; ;1 it holds that

1 n . _
A1 < 5 <1 + %) Ay if omy >

So reduction of the step size by a factor bounded away from zero is ensured. On the other hand,

if the minimum in line 22 is not given by 1 we have
1 n e
Mg > 5 (1 + é) Ny if m<n

which is an increase in step size also in terms of a factor bounded away from zero. Such a factor

may be arbitrarily small if the minimum is given by 1. But an increase is only considered if n; <7
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and \;; < 1. If in the next iteration step \; ; = 1 does not pass the check (3.115) then line 19 is
executed because

nj—1<7n and 7n; >7.

Generally, line 19 is executed if the above condition is true or this condition with swaped indices
j—1and j. In either way we use a method of Regula Falsi type like King’s method, [18], to

compute an approximation to a root of the function
9N =5 +7) = A N[ Az, A €Dy,
where Dy := [min(A; j—1, Arj), max(\; j—1,Ar,;)]. In line 19 it holds that
g(Mij—1) <0 and g(N ;) >0

or vice versa. Since g is continuous in A either way King’s method will converge superlinearly to
a root of g in D,. We terminate the internal iteration if a A with X € A;(1,7) is found. Since
7 < 7 only a finite number of internal steps is necessary. Summarizing, under the conditions of
paragraph II) from Proposition 3.44 Algorithm 3.7 finds a step size A; which passes (3.115) in a

finite number of steps.

Algorithm 3.7 (Restricted monotonicity check at z; which fulfills Assumption 3.32)

1: given: predictor Ao € (0,1], 0 <75 <7 < 2, left = right = false

2:set j =0

3: while true do

4 determine n; = N - [w]i(Arj)]|Az][2

5 if 7; € [, 7] then

6: set \p = A

7 return

8 else if 7); <17 then

9 if \;; =1 then

10: set \p = A j

11: return

12: else

13: set left = true

14: end if

15: else >ie n; >7
16: set right = true

17: end if

18: if left && right then

19: determine \; via a method of Regula Falsi type like King’s method
20: return

21: else

22: set A1 = min (1, 5(n+7)/[wli (M) [ Az]]2)
23: set j=j5+1

24: end if

25: end while
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Remark 3.45 The check (3.115) is clearly a more demanding condition than just asking for
simple monotonicity. So usually the step sizes \; obtained from Algorithm 3.7 are smaller than or
equal to the ones provided by Algorithm 3.5. This is in contrast to the theoretical quantities \;

from Theorem 3.33 and the modeling step size A, (1) from Theorem 3.42 since there we have

This discrepancy appears due to the fact that step sizes provided by Algorithm 3.5 are solely
guaranteed to pass the simple monotonicity check. Other amiable properties of \; are not taken
into account—see Remark 3.40. Let A\; be defined via Algorithm 3.7. We can guarantee descent
for A; but again not for Awith 0 < A < AL

However, a positive statement regarding the bounds (3.113) and (3.114) is possible: Since )\
passes the restricted monotonicity test there is an 7 > 0 with 4 € [,7] or < n such that
A =10/ [wli(N\)[|Az]]2). Hence, for A; we obtain

[1Pxxa (M) [[2
Al Az

7
= bl Az = 5 (3.116)
and therefore
7
3

_ 0 Py I Ft vAwy) - Py i El
27 Al Az

Though not for all A with 0 < A < A; bounds of the types (3.113) and (3.114) can be guaranteed

1 <14 (3.117)

it is at least the case for the actual step size N;. This is indeed an improvement compared to the
step sizes provided by Algorithm 3.5. So the restricted monotonicity test is to be preferred in case

of extremely nonlinear problems. O

Remarks on an algorithmic realization

We may embed Algorithm 3.7 like Algorithm 3.4 in a step size control like it is given via Algo-
rithm 3.5. An adaption of the letter algorithm is straightforward, so we omit details but give
some remarks instead. According to the restricted monotonicity test (3.115) we consider 7, 77 with

O<np<l<m<2

e To incorporate a minimum step size 0 < A,in < 1 we need to add after the computation of
the corrector in line 22 the statement A j41 = max(A; j+1, Amin). The iteration is aborted if
n; > 7 for A j < Apin, Le., if Ay ; does not pass the restricted monotonicity check and if it is

considered to be too small to provide a reasonable advance towards a solution.

If there is a \; ; ¢ A; we can employ a scheme like Algorithm 3.6 to provide a step size in A;.
The flag valid) is set to true each time it holds that n; < 7. In such a case for the corrector
Al,j+1 it holds that A; ;11 > A;,;. We have to check that the corrector does not provide a step
size bigger than BADTOL - Apqq. If that was the case we would opt for the current A\;; to
become A;. Though this step size does not pass the restricted monotonicity check it provides
at least descent and also (3.116) and (3.117) are true for an 7 < 7.

e As in the case of simple monotonicity for the step size A; o we can choose one of the predictors
(3.87), (3.91) or (3.97). Note that for the predictors (3.87) and (3.97) we still can apply the
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concept of computing w; from (3.95) instead of MZJJr since for the restricted monotonicity
check we compute the main components of the corrector step size which in turn can be
determined by means of wy, cf. (3.85) and (3.96). In the context of projected quantities the
computational costs stated in Table 3.1 do not change, though due to the close relationship
between the check and the corrector, cf. line 4 and 22 of Algorithm 3.7, it is reasonable to
merge their computational efforts. Note that for the last row in Table 3.1 the computational
cost for both checking (restricted) monotonicity and calculating the corrector is reduced to
O((? +1)- 4n). However, the predictor is more expensive due to the need to calculate the

Buclidean norm of Az; which is of complexity O(2n).

The termination criteria established in the previous subsection are applicable in the same

way though we substitute the condition A\ g = Xl,l =11in (3.100) by
Ao=1 and ng < %(E-&-T])A

Although line 22 is never executed if the above is true it would also yield a step size equal

to one. Hence, we have an equivalent step length condition to the one from (3.100) at hand.

To determine step sizes we use the same computable estimates [w];(A), [&]; and [Q]; as in

the previous subsection. So we can argue in a similar way as in Paragraph Conditions for
local quadratic convergence on page 59 to ensure quadratic convergence of the iterates to a
solution z, of F(x) = 0: Let the sequence of iterates {x;} be well defined and assume that
x; # . V1. If there is an index [ such that

2- max(w(g_ZI),fl)HAzin <1

the predictor \; o is equal to one and the restricted monotonicity check is passed since either
no <mnorn<mn < 1due toour choice n < 1. Hence, \; = 1. By means of Theorem 3.11

this is also true for all [ > [. And again by this theorem quadratic convergence is ensured.

3.4.3 Scaling invariance

Recall from Remark 2.2 that scaling invariance is a desirable property of an algorithm, this means
that componentwise rescaling of variables should leave the performance of the algorithm invariant.
Since we work in an affine covariant framework scaling generally refers to the domain space of F,
for a particular exception see the Paragraph Scaling of the linear systems below. First we will
give some basic notes about scaling. These considerations are along the lines of the respective
discussion in [26]. We will also reconsider the computational costs of determining predictors in the
light of scaling and we will discuss the impact of scaling on the w;-strategy from (3.95).

Consider a change of units in the domain space which may be characterized by
yi=8"1z with S :=diag(s11,.--+8nn), S #0, i =1,...,n.

Let & € D with &; # 0,4 =1,...,n, and D; := diag(#). If we consider the relative quantities

el o =l o1 oly el =1 S g-1a .
2" = D x and accordingly y"* = Dyy where g := S™'Z we have

gl — Dz}—ly _ D;lSS’lw _ D;lw ——
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Let G(y) := F(Sy). With the transformed systems
Frel(@el) = F(Dz'®)  and  G™(y)) i= G(Dyy"™') = G(y)
we obtain
[(F) @] =D;'F'@)™" and  [(@™)(y D] =Dy E W)
Furthermore, since G'(y) = F’'(2)S and Dy = S~™' Dy,

G'(y)D; = F'(2)SS'D; = F'(x)D;
or equivalently (3.118)
-1 “1_ p-lgg-1 -1 _ p-t -1
DG (y) " =Dy SSTF (o)~ = D F ()7

Thus,
[(Frezy(mrcl)rl _ [(Grcz)/(yrcz)rl_

Also, Frl(z™®") = F(z) and G™(y"!) = F(x). Hence, at an iteration index ! we obtain for the

corresponding Newton and intermediate corrections

Azl"el _ D;lAzl _ DglAyl _ Ayl,.el

——rel A 1A ——rel

Az =D Ay =Dy Ay = Ay, .
This means that by switching to relative quantities we ensure scaling invariance of our step size
controls discussed in the above Subsections 3.4.1 and 3.4.2. Therefore, an associated damped
iteration (3.67) also features this invariance property. However, note that the change from ab-
solute to relative quantities, which is just a specific type of scaling, does change the behavior of
the algorithm: Instead of scalar quantities like ||Azyl|2, Axf Az, we employ | D;'Aw2 and

_ T .
(D; lAa:l) D3 lAzclJ+ which by no means have to have the same values.

The question arises how to choose #. Note that components of & which are close to zero may
cause overflow if D;l is applied. So we will need some threshold value thrsh > 0 which we will
substitute for critical components of &. This certainly will destroy scaling invariance but will be

inevitable in order to ensure numerical stability.

User provided scaling. An 2"*¢" € D provided by the user is a convenient choice. But usually
this choice requires a user with experience and a good knowledge of the underlying problem.

Formally, we obtain as a substitute for Dj,

Dyser = diag(dy,...,d,) where d;:= max(\iz’fi”], thrsh).

Error-oriented scaling. Thinking in terms of error estimates and termination criteria a theo-

retical optimal choice would be & = z, leading to

D, :=diag(dy,...,d,) where d;:=max(|z, | thrsh).
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By this choice the termination criteria from (3.98) and (3.100), i.e.,

Az} < XTOL
|Az]]2 < V10-XTOL and [|Az]|» < XTOL

turn into

|D7 Azl < XTOL
D7 'Az]l < V10-XTOL  and  ||Dy Az < XTOL

giving us — apart from the applied threshold concept — estimates of a componentwise relative error
instead of estimates for the absolute error. Hence, we do not need to adjust the value of XTOL to
the order of magnitude of the current problem. We may choose a problem independent small value,
e.g. 1075, for it. Unfortunately, D, is usually not available. But we may construct approximations

for it iteratively via the the next scaling concept.

Adaptive scaling. To approximate D, from the above paragraph at iteration step | we may
exploit our latest iterate x; assuming this is our best approximation of a solution so far. Since the
predictor step sizes in the above stated step size controls rely on quantities from the previous step
we do not only take x; but also z;_; into account. We opt for the ‘Solomonic’ choice from [26]
defining for [ > 0,

D, := diag(dy,....d,) where d;:=max B(‘zlflv(i)‘ + \zl,(i)D,thrsh]. (3.119a)

If [ = 0 there is no previous step so we use
Dy := diag(dy,...,d,) where d;:=max(|z ()], thrsh). (3.119b)

Note that adaptive scaling introduces the need of proper rescaling in the course of determining
predictor step sizes. This is due to the fact that from the previous step quantities like DlillAa:l,l
are at hand but to fit into the current scaling scheme D, LAz;_1 must be available. This means
that additional computational effort arises. Hence, we consider a reevaluation of the predictors
from Subsection 3.4.1 in terms of floating point operations. In the course of this we assume that

Dl_lAz'l and its norm as well as a properly scaled version of w} from (3.95), i.e.,
(i) = (D Aay) " Dy () (3.120)

(where necessary) are already available—see the next paragraph for details about how to obtain

these quantities.

e simple predictor:
The predictor (3.87) becomes

1
[W]l—l()‘l—l)‘lDflAIl“Z) ’

So it is still available with a complexity of order O(1).

AiG, = min (1,
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e Deuflhard predictors:
For the predictor (3.91) we obtain
D Aziy o - |1 D] A2

A5¢ = min(1, A\ R \se — _ 7 .
1,05 (1, A06,) 1,02 (D, 8a)™(D; "By — D, Aay)]

-1

and for (3.92),

P VY P o/ I
D Ba - D Awlly Dy Al

X'fy& 1= min SN
We are in need of the rescaling matrix D := D, D; which is available in O(n). Rescaling
applies to Az;_; and Az;. Hence, the respective norms need to be reevaluated. For )\f’%z
also (D] 'Az)T Dy Az is not at hand. Considering Xf%z the norm || D; "Azy — Dy Ayl
must be computed instead. This gives a complexity of O(9n) for AjG, and a complexity of
O(10n) for AjG, .

Progected nonlinearity bound predictor:

In this case the adaption is given by

1 NlI1D7 A 3

2 |(wi)TFio1 + 1D Azl + N1 (D' Azy) "Dy A |

sc P B A5(: AbL’ —
1,05 - = mln(lv/\l,Og)a )\1,03 =

Considerable computational effort arises by determining DlR, applying it to D,illAz/_l,
computing the respective norm and by calculating (wls“)TFl,l and (DflA.z'l)TDflAml,l.

Therefore, a complexity of order O(8n) arises.

As a summary we provide Table 3.2.

# of floating point operations in O(+)
simple | proj Dflh | Dflh (NLF) | proj nonlin
1 9n 10n 8n

Table 3.2: Computational effort to determine predictor step sizes in the context of adaptive scaling.

Costs for evaluating Dl_lAwl, its norm and w;¢ are excluded.

Scaling of the linear systems. To solve the system
JiAz = —Fy, Fy = F(x), Ji = F'(x),

we assume that direct methods are applicable, i.e., the Jacobian J; or a scaled version of it,
respectively, is decomposed in a reasonable way (QR, LU). In order to ensure scaling invariance of

the linear system solution, cf. (3.118), the above system is to be read as
(JiD3) (D7 Am) = —F.

Following an idea from [26], see also [11], we introduce a diagonal scaling matrix D from the left
to achieve scaling invariance of the linear system solver w.r.t. componentwise (re-)scaling of F. So
with

Ji¢ = DpJiDsg
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the fully scaled system reads as follows

Ji¢(D; ' Azy) = —DgFl. (3.121)
A proper choice of Dz may be given by the user. An adaptive choice is provided in [26]: Let m;;,
i,j =1,...,n, be the elements of the matrix J;D;. Then we substitute Dp, for Dy with
—1
Dp, := diag(dy,...,d,) where d;:= [max \mij\] . (3.122)
1<j<n

It is readily seen that this way scaling invariance w.r.t. componentwise scaling in the range of F'
is ensured. Also,
75N < n.

Hence, this bound is also true for the Euclidean norm of J¢. This may be exploited to cheaply

estimate the condition of J7¢ via
cond§™ (J;%) = n - | D5 Ao/ Dy Filo (3123)

Recall that we do not want to proceed with the iteration in case of ill-conditioned Jacobians. So
we may abort the the whole algorithm if cond5* (.J7¢) > CONDTOL for some prescribed bound
CONDTOL.

Remark 3.46 Let J;° be nonsingular but possibly ill-conditioned and let a QR-decomposition of
J7¢ with column pivoting via J?°P = QR be given. Let the permutation matrix P be chosen such
that |r11| > ..., = |ran| where 7, i = 1,...,n, are the diagonal elements of the upper triangular
matrix R. It is an easy task to show that for the so-called subcondition number sc(JF¢) = |r11|/|rnn|
it holds that sc(.J;7¢) < conda(.J;7¢). Therefore,

sc(J;¢) > CONDTOL = condy(J;°) > CONDTOL.

Such an implication cannot be derived for the estimator (3.123). So if there is a QR-decomposition
of J¢ of the above described type at hand the concept of subcondition numbers to monitor ill-

conditioning of J7¢ is to be preferred. O

Via (3.121) the vector D;lAzl is computed. Since this correction is already scaled we can directly
exploit it for the computation of the predictor and the termination criterion. However, recall that
Frel(zmel) = F(x). So we need to undo the scaling of Az to compute F(x; + A\ jAz;) which is

either needed for the system
J°D; Az, = —DpF(w + N jAzy) (3.124)

or for a scaled version of the wj-strategy (3.95) and (3.96). We generalize the definition of wj©
from (3.120) to wi® == (D; ' J; )T D; ' Az in order to cover all three types of domain space scaling

discussed above. To obtain w;® by means of J7¢ the following steps are necessary:
I. solve (ch)T(D;lwls“) =D;'Ax II. undo the scaling DF(Dglwf‘“) = w;.

The scaled version of the product (3.96) is easily available via substituting w;® for w;. No scaling

of F(x; + A jAx;) is necessary.
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Remark 3.47 Every time the system (3.124) is solved, and this is at least once per step,
F(z; + A jAx;) needs to be scaled. On the contrary, the unscaling step in the above evaluation of

sc i o e each s
wi® is always only necessary once each step. O



Chapter 4

Approximate Projected Natural

Level Function

In this chapter we will transport the elaborated concept of the projected natural level function
(PNLF) to a context where the Jacobian (and a decomposition of it) is not directly at hand.
Instead we assume that products of the form w” - F'(x) and F'(z)-d are available. These products
are efficiently computable by Automatic Differentiation-techniques—see [15] for details about this
concept. By means of an approximation to the current Jacobian we will define the approzimate
projected natural level function (APNLF) and a correction da which is a direction of descent w.r.t.
the APNLF. We will also provide sufficient conditions which ensure that the APNLF behaves like
the PNLF in the direction of dz. It is due to the projectional aspect of the two level functions that
we will be able to state these conditions in terms of angles between dz and the transposed gradient
of the APNLF and between dz and the Newton correction. For the latter angle we will provide a
computable estimate. In this way we will obtain an easy to handle monitor for the quality of the
current approximation to the Jacobian.

We will give shape to our approximation idea via employing quasi-Newton techniques: We will
introduce particular rank-1 matrices to improve the quality of the current Jacobian approximation
which we will call purifying updates. Additionally, we will provide an update whose associated
correction fulfills the descent property w.r.t. to the APNLF. We will call it descent update. By
means of the descent update local superlinear convergence of a sequence of associated iterates to
a solution of F(x) will be shown.

We will adapt the step size controls from Section 3.4 and combine them with the above stated
updates and the aforementioned angle monitors to construct a damped quasi-Newton iteration.
By means of the step size controls from Section 3.4 the globalization approach based on the PNLF
is affine covariant. This will also be true for the quasi-Newton approach if the initial Jacobian
approximation A is affine covariant compatible. We call a matrix A affine covariant compatible if
F — MF for nonsingular M implies that A — MA.

Our affine covariant globalization approach in the context of quasi-Newton methods is an al-
ternative to Schlenkrich’s globalization approach from [28]. His quasi-Newton updates are related
to affine contravariance and to determine step sizes he employs the classical affine contravariant
level function T'(x|I) = 3| F(x)|[3.
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4.1 Basic Approximation Idea

We consider a function F which fulfills Assumption 2.1 and an z € D with F(z) # 0 and F’(z)

nonsingular. Let H € R™ ™ be an approximation for F’(x)~! such that

>

2= —HF(z) (4.1)
is available. Also, assume that we can compute
5o I and HF'(z)éx. (4.2)

In the following we will define an approximation to the PNLF in terms of such a matrix H and
provide a corresponding direction of descent dz. As stated in the introduction of this chapter
we will call this new level function approzimate projected natural level function which we will
abbreviate by the term APNLF.

We will see that the approximation quality of the APNLF and of dz w.r.t. the PNLF and
the Newton correction Az at x, respectively, can be monitored by means of the angle between
dx and the transposed negative gradient at x of the APNLF and the angle between dz and Ax.
Without knowledge of Az the angle between dz and Az is usually unknown. But we will provide
an estimate for it.

Two concepts are of crucial importance for our approach to be viable and computationally

efficient.

e Projection:

Dropping the indices, recall from (3.70) that for the relative change of the PNLF we have

N
with
AT
u(A) = —mF’(z)’1 (F(z + AAz) — F(x) — AF'(2)Az). (4.4)

One will see from Theorem 4.5 below that the relative change of the APNLF in the direction
of dz is a structural analogy to (4.3). This analogy will turn out to be fundamental to justify

the aforementioned angles as an approximation monitor—see Theorem 4.7 and Corollary 4.8.

Automatic Differentiation (AD):
As we will see in the course of providing the above mentioned angles or estimates of angles,

respectively, we will need adjoint and direct tangent evaluations, i.e.,
wl - F'(z) and F'(z)-d, w, d € R™.

Applying AD-techniques is an efficient way to obtain these values without calculating the
whole Jacobian. Adjoint terms are computable via the reverse mode of AD and direct
tangents via the forward mode of AD, [15]. So we assume in the following that these modes

of AD are available and hence the above products.
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Remark 4.1 We would like to emphasize that the concept of the APNLF with angle monitors
can be combined with any techniques which aim to provide a better approximation H to F'(x)~" as
long as adjoint and direct tangent evaluations as well as the products (4.1) and (4.2) are available.
It is not mandatory to employ quasi-Newton techniques like we will do it in this work to provide

better approximations to the Jacobian. O

In terms of the approximation I to the inverse of the Jacobian F’(x) and in terms of dz from
(4.1) we define the APNLF in the following way.

Definition 4.2 (Approximate projected natural level function) Suppose F fulfills Assump-
tion 2.1. Let a; € D with F(x;) # 0. Furthermore, let H; € R™" and assume that dz; defined

according to (4.1) is nonzero. Then for

5z07;

52, 8z,

we call
— 1 — .
T(e|PH) = S PHLF(2)]3

the approximate projected natural level function (at z;) or abbreviated APNLF.

According to (2.12) we know that the Newton correction at x; is a direction of descent for the
APNLF. More precisely,

d _ _
ST+ A | ) amo = ~27 (1| FH)). (4.5)

This behavior is not necessarily mimicked by the basic approximation dxz;. In fact, it is not even
guaranteed that 0z; is a direction of descent for the APNLF at z;. To overcome this nuisance we

define the descent approximation

7 _ .
. ox; (I — HF'(x;))0
ox; where a«;:= on L= Bl ) om ( ! (rl)) il

1-ay 57, 0w

#1 (4.6)

oz =

is assumed. Since the descent approximation is based on dz; we denote the correction dx; by the

term basic approximation.

Remark 4.3 The scalar oy may either be determined by employing the direct tangent evaluation
F'(2;)02; (forward mode of AD) or the adjoint tangent evaluation ﬁrﬁ,F’(azl) (reverse mode of
AD). Though the second one is slightly more expensive than the first one in terms of floating point
operations, see [15], we opt for the second evaluation. From a short calculation or (4.16) it is seen
that the adjoint tangent evaluation equals the negative gradient of the APNLF at x. Since one of
our monitors is given by the angle between dz and the transposed negative gradient of the APNLF

at o we need this evaluation anyway. O

The notation descent approzimation for dz is indeed justifiable as the following proposition shows.
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Ax Ax

—grad T(z|PH)" —grad T(z|PH)"

(a) Descent ensured and good approximation to Az (b) Though descent holds approximation quality of dx
is bad

Figure 4.1: Visualization of the descent property of dz. The Newton correction is denoted by Azx.

Proposition 4.4 (Descent property) Let the descent approzimation (4.6) be well defined and

nonzero. Furthermore, let Ax; be the Newton correction at x;. Then the descent property

d
o T(w1 + Aoay | PLH ) = n:*QT(Iz\PzH/)

7d)\ T(x + AAay|PH ) ja—o
holds.

Proof. Differentiation yields

d o
i T(xy + Now|PH ) y—o = (PHF (1)) PHF' ()6
= (FIF(]‘I» ﬁlF/(ﬂCl)(Sml.

Since

— 1 5z, oay - -

oz = —H F(x), = —— L — and b, 0z = 2T (x| P H;)

- 5.1)l HlF/(])l>5TKI
we obtain
(FF(20)) H P (20)63, = —o3; HF' (z;)l 511 52 8z, = 2T (| PIT).

The relation w.r.t. to the Newton direction is just (4.5) which follows from (2.12). | ]

For the following discussion we will drop the iteration index and abbreviate J := F’(z).

The update of dz to obtain dz has a nice geometric interpretation: The above descent property
of dz is accomplished by ensuring that the orthogonal projection of 6z and the Newton correction
Az onto the transposed gradient of the APNLF at the current iterate coincide—see also Figure 4.1.
Certainly, such a property cannot be true if the basic approximation dz and — grad T'(z|PH)" =
(ETHJ )T are perpendicular since the factor 1/(1 — «) is only capable of changing the length and

orientation of a vector. This is directly reflected by the value of a since a = 1 if and only if dx
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and — grad T(z|PH)" = @TFJ)T are perpendicular. If this is true a better approximation to

the inverse of J is required. In the next section we will provide techniques to obtain such better

approximations which can also be used to avoid a situation like the one depicted in Figure 4.1(b).
For éx from (4.6) the following result about the relative change of the APNLF is true.

Theorem 4.5 Let F fulfill Assumption 2.1 and let © € D such that F(z) # 0. Let J := F'(x).
For given H € R™ " suppose that dx from (4.1) is nonzero. Furthermore, let §x be given according
to (4.6). Then for all X € A with

A:={x€ (0,1] |  + Ndz € D} (4.7)

we obtain for the APNLF

T(x + Noz|PH) 2

— =(1=X+7aA 4.8
e = (A ER) (4.8)
with i(\) given as
5T
A(N) i= ——5—H (F(z + \ox) — F(x) — A\Jbx)
ox ox
(4.9)
5 oz
= o1y
ox” ox
where 64 1= —HF(x + \ox).
Proof. We abbreviate F' := F(z). It holds that
PHF(z + \ox) = PHF + APH.J6z + PY(\)
where
X(A) :=H(F(z + X\z) — F — AJéz).
Since ,
1 Sz ow
Lo o (410)
l—a 5 Hisx
and due to the definition of dz we have
i
o Hldw (4.11)
ox 0w

Hence,
PHJSx =6x=—-HF = —PHF.

By the definition of 7z(\) it is clear that

and therefore PY(\) = Ti(A\)PHF. Putting things together, we obtain

PHF(z +Aox) = (1— A+ i(\) PHF
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which implies (4.8). From the definition of 5z, and by means of (4.11) it directly follows that

Remark 4.6  The relation (4.8) provides the basis for the globalization approach based on
quasi-Newton updates which we will discuss in Section 4.4. Due to the structural analogy of f(\)
to pu(A) from (4.4) it is straightforward to adapt the step size strategies from Section 3.4—see
Subsection 4.4.6 for details. 0

Due to the projectional aspect of the APNLF and PNLF and the descent property of dz we obtain
by mans of (4.8) an expression for the relative change of the APNLF which is structurally analogous
to the one for the PNLF, cf. (4.3). However, this does not necessarily imply equal behavior. Due
to a poor approximation quality of H the quantity 77(\) may produce values which are far off from
the ones given by pu(\) of (4.4). We ask for sufficient conditions such that (\) = p(X) VA € A.

An answer is provided by the next theorem.

Theorem 4.7 Let F fulfill Assumption 2.1 and let © € D such that F(x) # 0. Let J := F'(z) be
nonsingular and Az be the Newton correction at x. Define for given H € R"™*™ the approzimation
Sz via (4.1) and let 5z be given according to (4.6). Furthermore, let Ti(\) be as in (4.9) and p(N)
defined via (4.4). Then,

5z =Av and 0 HJ=0oz (4.12a)
implies that

ST T
ox HJ oz (4.12b)

= Az or Y
ox x  and ﬁTﬂ 52750

which in turn implies that

(A =pu(A) YreA (4.12¢)
with A from (4.7).

Proof. We abbreviate F := F(x). If 5z = Az then 6z # 0 since Az # 0. Also,

which implies that

52 ox

and therefore 0= = dx which by the assumptions means that the first part of (4.12b), i.e. dz = Az,
is true. From 0z = oz and oz HJ = 0 it directly follows that the second part of (4.12b) holds.
Now assume (4.12b) to be valid. Since éx is well defined we have dx # 0. Employing the definition
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of 6z and (4.9) we obtain

o
_ ox HJJ 'F(x + Nz 0xT JVF (x + Nox
) = I FPC0n) gy SRR
ox ox roow
T -1
Az’ JF(z + MAz) - (4.13)
AxT Az
U I (F(a+ M) — F — A\JAZ) = p(\)
=~ ATAs x x x) = ().

This concludes the proof.
| |
The condition (4.12b) has a nice geometrical interpretation. We define for y, z € R™ \ {0} the
angle between these vectors via
y'z
llyllz - 11212

] € [0,7].

Z(y,z) := arccos {
With this definition at hand we can state

Corollary 4.8 Let the assumptions and definitions from Theorem 4.7 be given and additionally
P according to Definition 4.2. Then the condition (4.12b) is equivalent to

L(62,Ax) =0 and Z(6z,—grad T(z|PH)") = 0. (4.14)
Proof. We abbreviate again F' := F(x).
First, let (4.12b) be true. From dz = Az it directly follows that Z(dz, Az) = 0. Furthermore,

oxT , 0z
So75n = (1- Q)Z(TT(T' (4.15)
. - x xr

Hence, the second part of (4.12b) implies that

T
mﬁw HJ = éx.

With
—grad T(z|PH) = oz HJ (4.16)

and the fact that (1 —a)? > 0 we verify that the second part of (4.14) holds true.
Now suppose that the condition (4.14) is valid. Then, from Z(dz,Az) = 0 it follows that

0x = BAx for some 3 > 0. By means of Proposition 4.4 we obtain
grad T(z| PH)éz = grad T'(z| PH)Ax.

Hence, the scalar 3 must be equal to one which simply means that dz = Az. By (4.16) and the

second part of (4.14) we know that there is a v > 0 such that
52T = W'ETFJ
Multiplying by dz from the right and exploiting (4.10) yields

-~ o2 ox 1

s (-
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So it holds that -
;T Sr H
(1—apte_ = 2
ox 0w ox ox

which by (4.15) means
oa” 5u T

6aTox 53 sn

This is just the second part of (4.12b).

If F(z) = 0 is a scalar problem, i.e. n = 1, then according to (4.10) the factor 1/(1 — «)
simplifies to (HJ)~! which by definition of §z implies that do = Az. Keeping that in mind,
a short calculation shows that also /(dz, —grad T'(z|PH)T) = 0 holds. However, for n > 2
the descent property of dz does not necessarily imply (4.14). Since Z(dz, Az) is practically not
available we will provide a computable estimate for it. This estimate will be derived from the

following upper bound which takes the descent property of dz into account.

Theorem 4.9 Forn > 2 suppose that F' fulfills Assumption 2.1 and let @ € D such that F(x) # 0
and F'(z) is nonsingular. The Newton correction at x is denoted by Ax. For given H € R™ ™ let

S be defined via (4.1) and different from zero. Assume that dx is given according to (4.6). Let

B = £(6x,— grad T(x| PH)") (4.17)
and suppose that
[0z — Az||s
Trel ' = ————— < L. (4.18)
l[62]2
Then with
Zy(dx, Ax)
defined via

Zy(0z, Az) := arccos (1 — Trel ~sin(‘6)) . H <7‘r€l ' Sin(ﬂ()ﬁ_) 1>
Trel * COS

2
. Trel
= = 4.19
if (n=2) or (B=0) or <ﬂ>0 and () >1> (4.19)
Zy(0z, Az) == arcsin(ry.e;)
otherwise
it holds that
Z(6x, Az) < Zy(dz, Ax). (4.20)

Proof. If r := ||0z — Az||s = 0 then Z(dz, Az) = 0. Such is also true for Z,(dz, Az). Hence,
(4.20) is valid in this case. For the remainder of the proof let r > 0.
The following lines of the proof are based on geometrical arguments. Therefore, we will provide

several figures as part of the proof. For the sake of convenience we identify the symbols for given
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points in a figure like, say, p1 and ps with their respective position vectors. Hence, ||p1]|2, ||p1—p2]|2
and Z(py,p2) are valid vector operations.
We split the remainder of the proof into two parts. First, the case n = 2 is considered, then

the case n > 3. Note that in any case it holds by the descent property of dx that
0<A<E. (4.21)

n=2: W.lo.g. we may choose an orthonormal basis {v1,v2} of R? such that with V = (1;1 v2>

we can write
—gradT(z|PH)" = Vg where g:= (||grad T(IlPF)Hz,O)T.,
dx=Vm where m:= (m(l),m(z))T with  m) > 0 and mz) > 0.

The scalar m(y) is positive due to the descent property of dz.
Note that for arbitrary w € R? there is a unique &, € R? such that

W=V, [wlla = [€wll2- (4.22a)
Also, with an additional z € R? it holds that

Lw,2) = L &o): (1.220)

The descent property of éx implies that Az = myv; + 7vz for some 7 € R. Hence,

Az elnB
where £:={ycR*|y=m+s-(0,1)7, s € R}
and B:={y € R*||ly—ml2 <7}
In order to obtain an upper bound for Z(dx, Az) we consider £ N 9B where B denotes the

boundary of B. This intersection contains only two points py, p2, see Figure 4.2. Clearly,

Z(0x, Az) < max;—q,2 Z(m,p;). Let o := Z(m,p1) and o := Z(m, p2). Since

r/llmllz = rra (4.23)

Figure 4.2: Intersection of 9B and ¢ consists of two points
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(a) my >r (b) meg) <7

Figure 4.3: By the choice of the basis {v1,v2} we either have m) > 7 or 0 <mg) < 7.

and 0 < r.¢; < 1 it holds that
0<a,a<i.

(4.24)

We show now that o/ < a: Either we have mz) > 7 or 0 < m(y) < 7, see Figure 4.3. In both

cases it holds that |[p1|l2 = ||p2||2 since either

13 = llpsll3 + [lps = palls,  llp2ll3 = llpsl3 + [lps — pall3:
>(|ps—ml|3 <llps—ml3
or
3 = lIpsll3 + lps = p1ll3,  llp2ll3 = Ipsll3 + llps = p23
=(lps—p2113

where p3 is given as in Figure 4.3. From the law of sines it follows that

lpall v ) Ipall _ v

sin(r —v)  sin(a) sin(y)  sin(a)”
Since sin(m — ) = sin(y) and ||p1]]2 = [|p2/|2 we obtain

sin(a)
= sin(a’)

which by (4.24) implies that

o <o
To compute o we exploit that ||m||2 can be written as
P22 - cos(a) + 1 - cos(v) = [Iml]2.

Thus,
) _ Imlls —r-cos)
P21l

[[p2ll2 = H7 (COS('Y)> _ <Hm\|2)
sin(y) 0

cos(a

It holds that

2

(mey >7)

(me) <)
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WV

Also, v = m/2 — 8 which implies that cos(y) = sin(3) and sin(y) = cos(). Hence, by means

of (4.23) and (4.24) we obtain
Tret - sin(f) — 1 B
Tret - cos(f3)

« = arccos (1 — Trel * sin(ﬁ)) : '

2

This is just what is stated in (4.19).

: To obtain an upper bound for Z(dz, Az) which takes the descent property of dz into account

only a three dimensional (sub-)space of R” which contains grad T'(z|PH)", §x and Az needs
to be considered. In analogy to the case n = 2 w.l.o.g. we may choose a basis {v, vo,v3} of
the above (sub-)space such that with V = (1;1 vy 7;3) it holds that VTV = I and
—grad T(Z‘Pﬁ)T =Vg where g:= (ngad T(Z‘PF)HLO, O)T,
dr=Vm where m:= (m(l),m(2>7O)T with  m() > 0 and m(z) > 0,

Az =Vv for some v € R®.
Certainly, properties like (4.22) are also true. Let
Bi={y e R [[ly —mll> <r}
and let 9B be the boundary of B. Furthermore, let
C:={tcR|3o>0 st. o-tcdB}

be the cone of tangent vectors w.r.t. B. From geometrical evidence and r.¢ < 1, cf.

Figure 4.4, it follows that
Z(t,m) = const. =ty < § VteC

and
Z(m,y) <oy Yye B\ (CNIB). (4.25)

Thus,
Z(m,v) < ay.

Since Z(0x, Az) = Z(m,v) a first upper bound is provided by a;. By means of Figure 4.4 it
is easy to see that a; can be calculated via
”

a; = arcsin (| ——— | = arcsin(r,.;). 4.26
: (o) = vesintrn) (126)

In the following we will derive to what extent a refinement of the bound «; is possible by
taking the descent property of dz into account.
The intersection C'N @B uniquely defines a plane E; such that C N 9B C E;. Furthermore,
let

Fy:={yeR®| gy =2T(x|PH)}.
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Figure 4.4: Z(t,m) =: a; provides an upper bound for Z(dz, Az)

It holds that m, v € E4. By the definition of E; and E; the intersection E; N Eg =: {14
is a straight line in case § > 0 or the empty set if 3 = 0. In addition, with Eq :=
span((1,0,0)7, (0,1,0)7) the intersection £;q N Ey5 =: A either consists of a single point a if
(£ >0 or is empty in case of 3 = 0, cf. Figure 4.5. Let

a—mls if3>0

diff, ,, 1=
) if 5=0.
Then,
Jge (CNIBNEy) < lyanNdB#0
< AC(BNER)\0 (4.27)
< diff, ,n <7

Refer again to Figure 4.5 for aid to verify this. So if diff,,, < r we cannot exclude that
9 = v. Hence, Z,(dx, Az) shall be equal to o in this case. We show now that this is true.
From diff, ,,, < it follows that 5 > 0. By means of Figure 4.5 we obtain
_ llmllz = [lulls

sin(8)

From Figure 4.4 it follows that [ju||> = [|m/| - cos*(cw) and r = ||m||> - sin(cy). Hence,

diffy 1 = [la —m|2

diﬁ‘a.rn = ”mH2 : (1 _ COSZ(Qt)) =7- Si.n(at)
: sin(d) sn(3)
which means that
X sin(ay) (4.26) Trel
diffy < & - <1 & . <1
e, " sin(3) sin(()

Therefore, by the definition of Z(dz, Az) in (4.19) it indeed holds that Z,(dz, Az) = .

Let diff, ,,, > 7, i.e., one of the cases depicted in Figure 4.5(c) or 4.5(d), respectively, is true.
Then, v ¢ E; but still v € (E4 N B). Hence,

Z(m,v) < Z(m,y). (4.28)

max
y€(BaNIB)
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" span(g)
(c) my <r (d) 0=m <7, ie, =0
Figure 4.5: Influence of the relation between my) and r on ay, # and a
By (4.25) we have
a Z(m,y) < ay.
Yoy £my) <o
In order to determine the maximum in (4.28) we exploit that
0
y € (E4NOB) & Jpe[0,2m) st y=y(p):=m+r-| cos(p)
sin(yp)

We define the function ¢ : [0,27) — [0, 7] via

W(p) = Z(m,y(p)).

This function is well defined since m ;) > 0 and therefore y(p) # 0Vp € [0,27). First, let
(> 0. By means of a computer algebra system it is easily seen that
r2-sin(p) - me) - (m(2) - cos(p) + 1)

P (p) = 7o) where () >0 Vo< [0,27).
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The assumption diff, ,, > 7 is equivalent to m,) < r, see Figure 4.5 for evidence. Thus,
extrema of 1 may only be assumed for ¢ = 0 and ¢ = 7. A discussion of )" shows that

¢ = m is the unique maximizer of ). Therefore,

) = Z(m,y).
Y(m) = max = Z(m.y)
It holds that
0
y(m)=m+r-|-1| € En.
0

Thus, this quantity can be identified with ps from the discussion of the case n = 2 leading to
the same expression for Z;(dx, Az) we already established there. If 3 = 0 then ¢(p) = const.
and any value of ¢ will yield the maximum in (4.28), especially ¢ = 7 leading to the same
result as for 3 > 0.

u
Recall that we assume the product %Tﬁ and adjoint evaluations w”.J, w € R" to be available.
Therefore, 8 from (4.17) is computable. Hence, to provide an estimate for Z;(dz, Az) we have to

provide an estimate for r,.¢; from (4.18). To do so, the following auxiliary result is given.

Proposition 4.10 Suppose that F fulfills Assumption 2.1 and for x € D let F(x) # 0. Further-
more, let the associated Newton correction Az be well defined, i.c., assume that J = F'(x) is
nonsingular. Define for H € R"™ ™ the basic approzimation 5z according to (4.1). Consider a and

dx defined according to (4.6). Furthermore, suppose that
HI - ﬁﬁ.}“z <1 (4.29)
Then, H is nonsingular and one has

oo — Aally _ || — 717)3]
x> = (17 |}17ﬁﬁ]‘|2) =R

(4.30)

The above bound is tight in the sense that dx = Ax implies that the bound is equal to zero.

Proof. We abbreviate F' := F(z) and H := 2~ H. From the Perturbation Lemma and (4.29) it

follows that H.J is nonsingular. Hence, H is nonsingular and we obtain
dx— Az =J'F-HF
=(HJ)"'"(I-HJ)HF = (I — (I - HJ))fl(I — HJ)HF.

Thus,
I8z — Aclla < [[(I — (I = HI) - (I = HI)oas

and therefore

. (1 — HJ)bxl|
ox — Azl € ————F——. 4.31
o = Acly < (131)
Since
1 —
ox = ox
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dividing (4.31) by [|0z| yields (4.30). If 6z = Az then

HJox =HJ  -bu=HJox = HJAx = —HF = b.
Thus, the bound in (4.30) becomes zero.
| |
For the bound (4.30) we need to compute H.Jdx. This is one of the products from (4.2) which
is assumed to be available. Note that Jdz is efficiently computable via the forward mode of AD.
(-1,
which is usually computationally not available. So we will estimate it. Such an estimate should

Unfortunately, the bound (4.30) also depends on an operator norm, namely ‘

introduce only minor computational effort. Recall from Remark 4.3 that the product ﬁTﬁJ was
used to determine o and therefore is available. Furthermore, the bound (4.30) itself provides the
quantity H(I - 1;{?])@“2 /||6z||2. Hence, we define

i i), [ ol

opn, — s —
l[6]l2 l[6]l2

est ‘= Max

<|u-Z=m|,. @2

To determine opn,,, only a computational effort of O(n) floating point operations arises if we do

—_ T .
not take the costs for HJdz and dz~ H.J into account. Assume that opn,,, < 1. Then according

est

to the above proposition we define our estimate 75

for rpe; from (4.18) via

— LY HNSr
)

P

. — (4.33)
1 —opn,, llo2]]2
Note that analogously to the bound (4.30) the estimate ¢! is tight in the sense that dz = Az

est
rel

implies that r¢5) = 0. If 7€) < 1 we substitute it for r,¢; in (4.19) to finally obtain our estimate
Zest(0z, Az) for Z(6x, Ax). For an algorithmic summary of computing 7¢5f and Z.s(6z, Ax) refer
to Algorithm 4.1 and 4.2.

Motivated by Theorem 4.7 and Corollary 4.8 we use the quantities 3 = Z (6, — grad T'(x|PH)™)
and Z.s(0x, Az) to monitor the approximation quality of dz and the APNLF. Basically, we accept

the descent approximation and the APNLF as a substitute for Az and the PNLF, respectively, if

B< ¢ and Lest(0x, Az) < o (4.34)

for predefined 0 < ¢,% < 5. One of these checks may fail to pass due to a bad approximation
est

quality of . Even worth, such an insufficiency of H may lead to opn,,, > 1 or rest

> 1 making
our estimate Z (02, Az) unavailable. Therefore, we need a concept to improve the quality of H.

Our approach is based on quasi-Newton techniques which we will discuss in the next section.
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Algorithm 4.1 (Calculating ¢!
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rel

o

© % N

: given: H, F := F(z) # 0, J := F'(z) nonsingular
. determine 0z = —HF > cf. (4.1)
. if 0z = 0 then

increase approximation quality of H and reinvoke this algorithm

: end if
: determine g = ETF
: determine g = g.J > i.e. —grad T(I|Pﬁ), done by reverse mode of AD
: determine s = g% >ie 2, cf. (4.10)
. determine u = Joz > done by forward mode of AD
. determine 7 = 0z — s - Hu >ie (I - -HJ)ox

st opny, = max |72/ 3ll2, 52" = s glla/57]12) b of. (4.32)

: if opn,,; > 1 then

increase approximation quality of H and reinvoke this algorithm

: end if
. .est _ 1 |72 .
s set TR = T 1521 > cf. (4.33)

if 7€ > 1 then

increase approximation quality of H and reinvoke this algorithm

: end if

Algorithm 4.2 (Calculating Z..(dz, Ax))

: given: g, 6z and 7%t < 1 from Algorithm 4.1

rel
: determine 3 = arccos [ﬁ} > cf. (4.17)
gllz-132]l>
cifn=2 1 =0 (3>0 && rel/sin(B) > 1) then > cf. (4.19)
-1
est g 1
set Zost (0w, Aw) = arccos | (1 — resf - sin(B)) - Trel :m(ﬁ)
rest -cos(®) )|,
: else
set Zest (02, Ax) = arcsin(résh)

: end if
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4.2 Purifying Updates

In the previous section we introduced the APNLF, an approximation for the PNLF, and an ap-
proximation dz for the Newton correction Az at 2 € D in terms of a given approximation H for
F'(2)~'. We also introduced the angle checks (4.34) to monitor the quality of this approximations,
ie.,

(0w, —grad T(z|PH)") < ¢ and  Zew(dw,Az) <o (4.35)

for predefined 0 < ¢,7» < 3. If both angles are zero then by Theorem 4.7 and Corollary 4.8 it
holds that dz = Az and the APNLF behaves equal to the PNLF in the direction of dx. In this
section we will provide techniques to polish up the approximation quality of H if one of the checks
fails to pass or if one of the quantities opn,,, and r¢! from (4.32) and (4.33), respectively, is bigger
than one, which makes the angle estimate Z s (dz, Az) unavailable.

Inspired by the work of Schlenkrich, [28], we will employ specific rank-1 updates to improve the
quality of H which we call purifying updates. We will show that if F’(x) is nonsingular an iterative
application of these purifying updates eventually leads to an approximation H such that (4.12a)
is fulfilled, hence (4.14) and therefore the angle checks in (4.35) are passed.

We will formulate the purifying updates in such a way that they are affine covariant compatible
if the initial Jacobian is affine covariant compatible. Therefore, the inverse of H is affine covariant
compatible as well and hence dz and fz(\) are affine covariant. This means, the basis for an affine
covariant globalization approach is given.

Remark 4.11 Recall from the introduction of this chapter that Schlenkrich’s approach is based
on the classical level function T'(z|I) = 3||F(x)[|3. The gradient of this level function does not
depend on the approximation H. So the purpose of Schlenkrich’s purifying update is to provide
a better approximation w.r.t to Az. Though Az is a direction of descent to T'(z|I) the angle
between Az and — grad T'(z|T)” by no means need to be close to zero. E.g., consider the example
from Subsection 3.2.7. There, for a = 50 and at 29 = (50,1)7 we have Az = —(50,1)7 and
—grad T'(zo|I) = =50 - (1,50) which results in an angle of almost 7/2. It is an inherent weakness
of this approach that usually the correction dz cannot be a good approximation to the Newton
correction and the transposed negative gradient of T'(z|I) simultaneously. Often, this leads to
unnecessary small step sizes. Such a drawback is not existent in the context of the APNLF as it
will be seen from Corollary 4.18 below. O

In the context of improving the approximation quality of H we consider approximations Ay €
R™ "™ to the Jacobian J := F’(z) and formulate the purifying updates as corrections to these
approximations. More precisely, starting with a matrix Ay we will construct a sequence of matrices
{Aj} such that for

Wy i=ker (A — J)T) = {u e R" | uT4) = u"'J}
and (4.36)
Ty, = ker((Ap — J)) = {y e R" | Apy = Jy}
and with

v = dim(7;) (= dim(Wy)) (4.37)

it holds that
v = k. (4.38)
This means for nonsingular J that in a finite number of purifying steps the conditions (4.12a) are

satisfied—cf. Corollary 4.18.
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Remark 4.12  As we will see, for the construction of the sequence {A;} it is of no importance
that the matrix J is the evaluation of F’ at an € D. The process is simply a procedure to
construct to a given fixed matrix J a sequence of approximations such that (4.38) is fulfilled.
Therefore, for following statements we will drop the relation between J and F’ whenever J just

needs to be such a fixed matrix. O

We will introduce in the next subsection three types of purifying updates. All three updates are
of the same basic structure: Let A, € R™*" be the current approximation to J € R"*". Assume
that Ay # J. Then the next approximation Ay is given via

(A;c - .])d;\wE(Ak - J)

A = A, — =
k41 k Wl (A — J)di

(4.39)

We call the above update the basic purifying update. The choice of dj, and wy € R™ depends on
which specific purifying update is considered. But in any case we assume that wf (A — J)dy # 0.

Tt is readily seen that such vectors always exist if Ay # J.

Remark 4.13  Our basic purifying update is the two-sided-rank-one (TR1) update which was
originally introduced in [14] in the context of constrained optimization. Also in [29] it is applied
to stiff ODEs. In the following we stick to the notation basic purifying update to emphasize its

purpose in our context. [m]

In the following we will consider the basic purifying update (4.39) and will exploit its properties
to show that (4.38) holds true and that for nonsingular .J eventually a nonsingular approximation
Ay, exists such that H = A,gl fulfills the conditions (4.12a). Afterwards we will discuss our three
specific choices of purifying updates.

The essential properties of the basic purifying update (4.39) are as follows.

Proposition 4.14 Let Ay, J € R™" be given such that Ay # J. Assume for the vectors wy,
dy, € R™ that wl' (Ax — J)dy, # 0 holds and let Ayi1 be given according to (4.39).

I) With Wy, and Ty, as defined in (4.36) it holds that
Wi, + span(wy) = Wi, Ty, + span(dy) = Tp41 (4.40a)

and also for vy, from (4.37),
Vi1 = vp + 1. (4.40D)

1I) Let f € R"\ {0}.
(a) If A1 and J are nonsingular then
A e & AL f=T'F (4.41)
(b) If Agsq is nonsingular then
(Aklllf)TAl;il EWprt & (A;ilf)T = (Al;ilf)TAklllJ'

1) If Ajyy is singular and ker(Ag41)NTpp1 # {0} or ker(ALL )N\ Wigr # {0} then J is singular.
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Proof.
I) Regarding the statements in (4.40a) we only prove the one related to 7. The relation w.r.t.
W is verified in an analogous way.
For z € R™ we abbreviate ¢ = &(z) = wi (A — J)z /wi (A — J)di. Then we have by the
definition of £ and of Aj1q in (4.39),

2€Th1 & Apriz=Jz Ap(z—&dy) = J(z—&di) & 2z —Ed € Ty, (4.4)
& 2 € span(dy) + 7y. '

The last of the above equivalences may be verified in the following way: The validity of
the implication z — &dx € T, = z € span(dy) + Ty is evident. On the other hand, if
z € span(dy) + Ty, is true then there is a ¢ € R and a 7, € 7}, such that z = (dy + 7. Hence,
&(z) = ¢ which implies that z — &dj, € 7p.

Since (4.42) holds we obtain 7j, + span(dy) = 741 which is just the relation from (4.40a).
Considering (4.40b) it is sufficient to show that dim(7y41) = dim(7j,) + 1:

The assumption w{(Ak —J)dy, # 0 implies that (A —J)dy, # 0. Hence, dj, € Tj,. This means
that
dim (7}, + span(dy)) = dim(7;) + 1

and by (4.40a) we have dim(7j41) = dim(7) + 1.
II) (a) With the assumed nonsingularity of Ay4q and J it holds that

Akt € Topr & A AL = TAL S
o f=Ialg
& 7 = AL S
(b) For nonsingular Ay we obtain
AL ATA ew AL ATAL A = (AL HTAL g
(Aeif) Apr € Wi & (A f) A Ak = (A0 f) A
1 T 1T -
& (A f) = (A d) Ay
III) Assume that M := ker(Ay41) N Tp41 # {0}. Then there is a d € M \ {0} such that
0= Apiad = Jd.

Hence, J is singular. Analogously, if N := ker(A}, ;)N W1 # {0} then there is a w € N\ {0}
with

0= wTA;CH =w'J

which implies that J is singular.
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Remark 4.15  The relations Wy, C Wy and 7 C T4 describe the basic approximation
concept: Preserve the directions for which the approximation behaves like J and add new ones. In
[28] such an aspect of preserving is denoted by the term heredity. We shall adopt this denotation
as well. Note that paragraph I) is a refinement of Lemma 4.1.2 in [28] since here we prove the
equalities (4.40a) instead of just the inclusions Wy, 4 span(wy) € W1 and 7 +span(dy) € Tpqq.
[m]

An iterative application of the basic purifying update results in the following algorithm:

Algorithm 4.3 (Basic purifying process)

1: given: Ag, J € R™*™

cset k=0

: while A, # J do

determine wy, di € R™ such that usz_(Ak — J)dj, # 0 is true

determine Ay from Ay, J, wy and dj, via the basic purifying update (4.39)
set k=k+1

: end while

N g oAe W

This algorithm terminates after a finite number of steps delivering at its end an Ay with Ax = J.

This is the contents of the following proposition.

Proposition 4.16 Let S := {Ay} be the sequence of matrices constructed by Algorithm 4.3 and
let vy be defined according to (4.37).

I) For K =n — vy <n one has Ay, = J, such that S is finite.

II) If J and A; € S, i < K, are nonsingular and if for given f € R\ {0} we have A7' f = J~1f
then for every nonsingular matriz Ay € S with k > i it also holds that A;lf =J7If.
Proof.

I) Aslong as Ay # J it is evident that line 4 of Algorithm 4.3 always yields a wy, and dj, with
the property wf (A — J)Dj, # 0. Since S is constructed by employing the update (4.39)
and by means of (4.40b) from Proposition 4.14 an induction argument shows that it takes
K = n — 1y iteration steps to obtain

VK =n
which is equivalent to Ax = J.
1I) By (4.41) of Proposition 4.14 we have
A7lf=J7f e ATlfeT.
By induction it follows from (4.40a) that 7; C 7}, for K > k > 4. Hence, J~'f € Tp. If A is

nonsingular then this implies that

A =TT e Aftf=J7Mf
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Remark 4.17  If we identify J with F’(z) and f with —F(z) in the above proposition then
paragraph IT) shows that once the approximate correction dz; = 7A;1F(x) equals the Newton
correction that this is also true for the corrections related to subsequent nonsingular approximations
Ay. This is due to the exploited heredity concept.
Note that if
5z = 0w, A7V () (4.43)

holds, i.e., the approximate correction dz; and the transposed negative gradient of the APNLF
for H = A;l coincide, this does not necessarily imply that (4.43) is also true for all subsequent
indices k > i. However, as the first paragraph of the above proposition shows eventually there will
be a subsequent index such that (4.43) holds. O

By means of the results of Proposition 4.14 and 4.16 we obtain

Corollary 4.18 Let F' fulfill Assumption 2.1 and for x € D assume that F(x) # 0 and that
J = F'(x) is nonsingular. Let Az be the Newton correction at x. For given Ay € R™ " define
vy according to (4.37) and consider the sequence of matrices { Ay} constructed by Algorithm 4.3.
Then there is an index

E<n—w (4.44)

such that Ay, is nonsingular and for H:= A;l and 8z = —HF(x) it holds that
So=Ar and 5o HJ =0z . (4.45)

Therefore, there is a second index k with k < k such that Ay, is nonsingular and for given ¢, ¢ >0
the angle checks (4.35) are passed for the choice H := A,—c’l.

Proof. By means of Proposition 4.16 I) we know that Ax = J for K = n — 1. Hence, there is an
index k < K such that A, is nonsingular and

A;l (~F(z)) € T; and [A;l (7F(ac))}TA;] ew;

with 7; and W defined according to (4.36). By Proposition 4.14 II) and the above definition of
H and §z this is equivalent to (4.45). That there is an index k with the stated properties follows
directly from the fact that (4.45) implies (4.12b) which by Corollary 4.8 means that the angle
checks (4.35) are fulfilled for ¢ = = 0 if H = A;l.

| |
Recall from Theorem 4.7 that (4.45) is the sufficient condition (4.12a) from Theorem 4.7 which
ensures that the APNLF behaves like the PNLF for all A € A with A from (4.7).

4.2.1 Three specific purifying updates

The above results are in terms of the basic purifying update (4.39) which depends on the vector
quantities wy and dj. So far the choice of wy and dj, is arbitrary as long as wkT.(Ak. —J)d # 0 is
fulfilled. Next, we will introduce three specific shapes of the basic purifying update. Our choices

are made taking the following concepts into account:
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e maintaining affine covariance compatibility
If A is affine covariant compatible we have to ensure that a purifying update produces
an Ajy1 which is also affine covariant compatible in order to realize an affine covariant

globalization approach.

delayed approximation

From Proposition 4.14 we know that if for
T —1 - 5 —1
ol = [A7 (-F@)] A7t and dy = A7 (-F(@)
and nonsingular F’(z) it holds that
Apdy, = F'(z)dy, and wE Ay, = W F'(z) (4.46)

then the choice I = A;l implies (4.45). Note that the first of the above relations means
that we can express the Newton correction via Ay, ie., —A; 'F(z) = —F'(z)"*F(z). The
second one simply translates to grad T'(z|PH) = (A,;IF(:C))T for H = A"

If (4.46) is not true we construct Ajy; by ensuring that at least one of the two above

properties is true for this next approximation, i.e., Ap4 fulfills
Aprdy, = F'(z)dy  and/or ) A1 = w5 F' (). (4.47)

By means of the above interpretation of (4.46) the first relation of (4.47) may be interpreted
in a way that Agy is hoped to provide a better approximation in terms of the Newton correc-

tion. Regarding the second relation such hope refers to the above given gradient statement.

Note that we cannot provide a result which characterizes our below stated choices for wy, and dy,
as optimal among all possible choices of wy and dj, such that (4.45) or (4.35), respectively, are
fulfilled for a minimum number of iteration steps. However, our numerical tests confirm that our
choices are reasonable. Further details about the application of the upcoming purifying updates
in the context of a damped quasi-Newton iteration where step sizes are determined by means of
the APNLF are discussed in Section 4.4.

We assume that F(x) # 0 and abbreviate F' := F(z) and J := F'(z). Let Aj be given and
affine covariant compatible. Additionally, if A, is nonsingular let 6z, := 7A,:1F. The special case
of singular A, will be discussed in Paragraph 4.2.1.3.
4.2.1.1 The duophilic update

Assume Ay, to be nonsingular. Choose
. 7T ,_ = . —
wg = Elf, ie., w,{ = oz Ay ! and dy :==dg, ie., dp=0dry

in the definition of the basic purifying update (4.39) and assume that

5zy, (I — A7 J)ozy #0. (4.48)
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Then the duophilic update

(A, — J)owiday (I — A7)
Sy (I — Ap 1 J)owy,

App1 = A — (4.49)
is well defined. It is readily seen that Aj44 is affine covariant compatible. The name of the update
is motivated by the fact that both properties from (4.47) are fulfilled. Note that the adjoint
tangent evaluation dxj,A; 'J is already at hand due to the calculation of a from (4.6). If 7¢5¢ from
Algorithm 4.1 was already considered also the direct tangent evaluation Joz is available, cf. line 9
of Algorithm 4.1. This makes this update cheap to evaluate. However, it is not well defined if

(4.48) is not true. Three cases may occur:
)
(I — A7 )y, = 0. (4.50)
In this case it is safe to assume that %Z(I — A7) # 0. Otherwise, the checks (4.35)
would have been passed for H = A,;l and no purifying would have been considered. To

proceed with the purifying process we then employ the update which we will introduce in
Paragraph 4.2.1.2.

1I)
7 .
oz, (I—A; J)=0.
Analogously to the first case, it is safe to assume that (I — A;l.])ﬁk # 0. Otherwise no
purifying would have been initiated. In this case we proceed with the update we will introduce

in Paragraph 4.2.1.3.
III)
_r o
0z, (I — A J)ox =0
but
(I— A )0z, A0 and ap(I— A;'T) £0.
In this case both updates from the next two paragraphs will be applicable. In Section 4.4 we

will present a purifying strategy which determines which of the following two updates will
be used in this case.

4.2.1.2 The gradientphilic update
Assume Ay, to be nonsingular. Choose
wl =T, ie, wl=0m A7l and  dy o= (I — A ) 0wy

in the definition of the basic purifying update (4.39) and assume that dj, # 0. Then the gradient-

philic update

(Ax = )T = A ) Swidmy (1= ALM)
3 (1 = AZ* D)3

is well defined. It is directly verified that Ay, is affine covariant compatible. This update is guar-

Ak+1 = A, — (4.51)

anteed to fulfill only the second relation of (4.47), instead of Ay y1dy, = Jdi, we have Ay 1dy = Jdy.
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Furthermore, the direct tangent evaluation Jdj needs to be computed. This is a quantity which is
necessary to be available solely for this update. Hence, we will consider this update only for some

of the cases where the duophilic update is not well defined—see Section 4.4 for details.

4.2.1.3 The Newton-philic update

Let Ay be given and a nonsingular A,, € R"*". If Ay is nonsingular we set A,, = A. Let dx) # 0

be determined according to

_ —F if Ay is nonsingular
A}C(S(L')C = (452)
0 if Ay is singular
and let

wi = (At (A — J)H;c)T Ayt and  dy = Oy

Assume that
451 (A = T)dzy 2 # 0. (4.53)

Then the Newton-philic update

(Ag — D)oy (A5 (A — T)3a) T AZ1 (A — )

w

A (Ar — J)om 13

A1 = A — (4.54)
is well defined. If A, is affine covariant compatible this is also true for Ax.q. The Newton-philic
update fulfills the first relation of (4.47) if Ay is nonsingular. The second one is not met since
instead of @y A1 = Wy J we have w} Ax+1 = wiJ. Note that the adjoint tangent evaluation
w,{J is required, also the direct tangent evaluation .JJoz is definitely not at hand if Ay, is singular.
‘We will employ this update if Ay is singular or in some of the cases where the duophilic update is
not well defined due to (4.48) not being true, refer to Section 4.4 for more information.

If Ay is singular repeated application of this update may eventually lead to a nonsingular
approximation. If this is not the case, i.e., all subsequent approximations stay singular then due

to heredity there will be an index ks such that Ay, is singular, i.e., Ay dzy, = 0 and (4.53) is

no longer true. But this directly implies that also Joxj, = 0 which means that J is singular, cf.
paragraph IIT) of Proposition 4.14. So there is an opportunity to detect singularity of J via our

approximations.

Remark 4.19 Note that the duophilic and gradientphilic updates may be adapted such that a
singular Ay can be handled as well. Simply define dx, via (4.52) in these cases too and substitute
A (A — J) for (I — A;'J). However, (part of) the purpose of these updates is to deal with
gradient information of the APNLF and such is not well defined for singular A;. So we refrain

from introducing such adaptations. O
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4.3 The Descent Update

For nonsingular J := F'(z), € D, and for F(z) # 0 the purifying updates discussed in the
previous section ensure that there is a nonsingular approximation H for .J~! available such that
0z from (4.6) is well defined and the checks (4.35) are passed or eventually the conditions (4.12a)
hold, respectively.

Assuming that no purifying updates are necessary to pass (4.35) there is at least the approxi-

mation step (4.6) with

and -
5z (I~ HJ)sz
5z ox

executed to meet the descent property from Proposition 4.4.

%:—HF(;E), o= #17

‘We introduce the update

He=|I+—— 0 (I1-HJ)

1 5oz 70| 7
l—a 5375

It is well defined since v # 1 and it holds that

1
— a — 1 — (4.56)

Hence, the descent approximation dx is available via this update too. Therefore, we call the above

update descent update.
Remark 4.20 The descent update is based on an adjoint tangent evaluation, namely
5 H.
This evaluation is efficiently available via the reverse mode of AD. O

For given Hy € R™*™ and x¢ € D let us consider an iterative application of the descent update,

H— H_,, H— H,
=, F(x)— F=F(x), J—J:=F)

o v (4.57)
0z — b1 = —H1F;, ar—aq = %W
ox; dxy
ie., .
H = L 5“’fﬁ (I—H_J)| H_y, 131, (4.58)

11— ﬁl da

with an associated sequence of iterates {z;} constructed via

Tip1 = x + 0xy, Odxyp=—HF;, 1>0. (459)



100 4 Approximate Projected Natural Level Function

In this section we will show that under appropriate conditions on the function F', the matrix Hy
and the initial guess zq the sequence of iterates {x;} converges locally g-superlinearly to a solution

z, of F(x) = 0. Additionally, we will show that asymptotically the conditions (4.12a), i.e.,
L .= T .
’hm ox; — Az =0 and lhm 0z Hy_1J; — dx; =0 (4.60)
are fulfilled which by Theorem 4.7 and Corollary 4.8 implies that

Jim Z(6x,Az)) =0 and lim Z(6z, — grad T(z | P H;—1)") = 0

l—oo

hold where Ax; is the Newton correction at x; and P, given via P; := = .
7] 6ay
Due to these properties the descent update is well-suited to be combined with a globalization

approach based on the APNLF. Such an approach will be addressed in the next section.

Remark 4.21  An intuitive approach how to obtain the descent update (4.58) is given by the
following considerations. Let H;_; be nonsingular. Since a; # 1 is assumed we obtain by means

of the Matrix Determinant Lemma, see e.g. [7],

det(H;) = (1 —oy) ™' - det(H;—y) # 0.

Hence, H; is also nonsingular. With A4; := H 171 the Sherman-Morrison-Woodbury formula, see
e.g. [9], yields
w0,
A=A [T - LI - AT (4.61)
oy 0y

By construction the matrix A; fulfills the following adjoint based property
Sal AL A = a; AL (4.62)
In Definition 4.2 (APNLF), let H; = A,ilr Then,

d _ —T -
—T(@) + Nom|PA ) pmo = —0; Ai_1Ji0m,

d\
W8 T AL A AR (4.63)
= 5z, 501 = —5m|l3 <.
Hence, the descent property of Proposition 4.4 is fulfilled. O

Remark 4.22  From the update formula (4.61) it is directly seen that A; is affine covariant
compatible if this property holds for A;_;. Hence, for an affine covariant compatible choice of Ay
a globalization approach based on the APNLF combined with purifying updates and the descent
update is affine covariant if also the step size control is held in affine covariant terms. This will be

the case for our approach as it is seen from Subsection 4.4.6. O

For the upcoming local convergence results we will consider an iteration of the form (4.59) where

the approximations H; are defined via

T
1 oy

HH»I = I+ (I — HIJH»I) Hl, v € R" \ {0}‘ (464)

1—a1 viy
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with T
v (I— HIJH»I)W

Ot i= T
Note that for v; = dz;41 we obtain the update (4.58). Inspired by the analysis in [8] our proof
of convergence will be performed in two steps. First we will consider g-linear convergence then
g-superlinear convergence. We will show g¢-linear convergence for all sequences of iterates which
are based on updates like (4.64). Like in [8] this will be done by means of a so-called bounded
deterioration property of the approximations H;. For g-superlinear convergence we will show that
an affine covariant version of the Dennis-Moré property, namely,
lim W =0, J.:=F'(z,) where F(z,)=0, (4.65)
(=00 ll62:1]12
holds if the sequence {v;} satisfies an adapted version of the residual property which was originally
introduced by Schlenkrich in [28]. As we will see this property is given for the choice v; = dx4 ;.
All following statements are held in affine covariant terms provided Hy is affine covariant com-

patible and the sequence {v;} is affine covariant. This helps to verify that (4.60) holds.

Remark 4.23 In the following, every time we characterize quantities which depend on the
approximations H; by the terms affine covariance or affine covariant we mean that there is an affine
covariant compatible choice of Hy and an affine covariant choice of v; such that these quantities

feature affine covariance. O

In the course of the upcoming analysis we will suppose that the following assumption regarding

the nonlinearity of F' is valid.

Assumption 4.24 In addition to Assumption 2.1 it holds that F(x.) =0 and F'(x.) is nonsin-
gular for some x, € D. Furthermore, there exists a nonnegative constant w < oo such that the

affine covariant Lipschitz condition
IF (@) (F' (@) = F'(@.)) |2 S wlle — 2.2 (4.66)
holds for all x € D.

This means that we will rely on a Lipschitz condition for the proof of local convergence. This
does not fit into our overall concept of describing the nonlinearity of F' in terms of nonlinearity
bounds. But we believe that there is no appropriate nonlinearity bound that serves the purpose of

providing linear convergence of the sequence {z;} if updates of the form (4.64) are considered.
4.3.1 Bounded deterioration and linear convergence
For given F' which fulfills Assumption 4.24 we consider an iteration of the form

T4 = o+ 0wy, Oxp = —HF, (4.67)

with F} := F(x;) and where the sequence of inverse Jacobian approximations {H;} is recursively
defined via (4.64). With J, := F'(x,) and for the Frobenius norm |-|| we will show that under

appropriate conditions the estimate

(I = Hip) Jlle < (51 = H)elle + Cllais — 2.l (4.68)
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holds for some constant C' > 0. This means that the deterioration w.r.t. J ! of the next approx-
imation H;4q can be bounded by the current deterioration plus a quantity which is proportional
to the norm of the error at the next iterate. To have such an estimate at hand is crucial for
the techniques we will adapt from [8] to provide a result about local g-linear convergence of the
sequence {x;} generated by (4.67).

In order to verify the above estimate we need the following auxiliary lemma.
Lemma 4.25 Let a, b € R" and E € R"*™. Then,
I = abT)E = | B3 — 2 BETa + ||all3 - |57 I3
Proof. With the trace tr(A4) := Y ; a;; of a matrix A = {a;;}ij=1,..» € R™" one calculates
(I = ab™)E|3 =tr[ET(I — ba®)(I — ab”)E]
=tr(ETE) — tr(ETba” E) — tr(ETab” E) + tr(ETba” ab” E)

=IE|I% — 2tr(ETba E) + |lal3 - 167 EII3
=[|Ellf — 26" EETa + ||all3 - 0" E|3.

Hence the stated equality is true.

Now we can prove (4.68).

Theorem 4.26 (Bounded deterioration) Let F' fulfill Assumption 4.24. For x, and x;41 € D
let J. := F'(zy) and Ji41 = F'(x141). For this z141 and for Hy € R™*™ assume that there exist

positive constants § and ¢ such that

1
B2 =T — HiJ |2 <5 < 3 (4.69)
llzisr = 2ulla < ¢ (4.70)
and
Bi=1-(0+(L+6w() > 0. (4.71)
Then for each v; € R™ \ {0} the matriz
Hi o= 14— )| |
141 1= o ofw 1141 1
with
of (I = HiJigr)ur
Q1= =
v v
is well defined and
1+6)2
Eusalle < 1B+ {3 - ol = ol (172)

Proof. The proof is technical. In order not to overload it with clumsy notation we abbreviate

7JlT(I - H]J*)’Ul

Qw2 = T
G

€ =T — Ts.
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Then,
1 vlvlT

Egw=1-H,J,.=1—- |+ —-—
1 s + (1= arg1) vy

(I = HyJiga) | HiJ.

1 vl
=k - ——"HJ.(I - HJ,
SN —ai.) vl vl )
Qs — Q41 UIUZ
_— 7 HJ.(I — HJ,
(lfm*)(lf(ylﬂ) vl o 1)
1 vm)l
_ Hy(Ji41 — J)H J 4.73
= am) oTwr (41 — J)H, (4.73)
1 v;v,
I—— HJ.| E
(1= aus) vl ! !
1 UZTHIJ*J: (]H—l — J ) vlvl HlJ B
(1= ap)(1 = ) of vy vl
1 Ull/l

Ty ura M5 Y Jie1 — J)H ..
1

By the Lipschitz condition (4.66) of Assumption 3.16 and the bounds given in (4.69) and (4.70)

we obtain for oy« and a;4;1 the bounds
apy < || Epll2 <9
and
a1 < Bl + (1 + Bl 2)wleralla < 0+ (14 0)wC,

respectively. Thus,
l-y.>21-0>0

and with the definition (4.71) of 3 one has
1= 21— (64 (1+80)w) =8> 0. (4.74)

Applying norms to (4.73) and using the assumed and derived bounds along with exploiting the

Lipschitz condition (4.66) yields

1 7’17)1 ]
I <= H,J,
IBute < |7 | B
1+6)28 144)2
ﬁ ‘wllerll2 + ( 3 ) “wllerrl2 (4.75)

1+4)?
s el

T
|- e =,
1 7(1[*) 'Ul Uy Ia

To prove (4.72), it only remains to show that

[ ]

Eillp. 4.76
m*)w <IElr (4.76)

Applying Lemma 4.25 to the square of the left hand side of the above claimed inequality leads to

1 vlvl
I——— H,J.| E|
H [ (I —a) ofu } '

2 o HJ.EE v ol HiJ.EELJTH v

(1 al,*)”t v (1 —ag)? v, v

=&l -2 (4.77)
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A closer look at the last two terms on the right hand side reveals that

_ ’U;THIJ*ElElT’w U?HIJ*EZEFJ?H,TU]

(1= ag)vfu (1= au)?0fu
T T
u ElE vy v ( J)E B} v
_ i LY
= o
T, vl y
- T 1 T,
oI EETy (1 - oo HJ.)E El'v
vl vlTv
1T T T T
o LB E] (I = JTH] oy
vl
T L T,
B EMy v (I = =5 HiJ)EE] v
’U;TUI ’U[T’Ul
1T T T
o U HJ.EE} ( Du
T,
'Ul vl

T EENy ol (= o, Hids VEET v
i I/

vl viy
ol BB ( v
vl
ol (T - le)*HlJ*)ElEIT(If Tmars JIHNY
1JlTUl
_ Y EZET'UI
N vl
vlT( *)El 11 )“l
viy
CeEEE 0 e BB
flon13 flon13
Applying the transformation
I ! H,J,. | E ! E\(E, I)
- - - — .,
[~ a. ol ) Br= g BB -,
to the second term yields
i (I = =5 HIDEE =l BB — ou D)3
ul3 flvll3
1 ’UTE1 2 5
< BLEE g — i
(L=o)? [l (4.78)
N .
o (Bl vl Ed
= 2
T—ap. llonll3

< 46 'HUlEl”Z
(1=02 Jul3
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The bound (4.69) implies that 462/(1 — §)? < 1. Inserting the derived results into (4.77) gives

1 vlulT 2 B 5 ||UITEZH§ HWT(I* 1,(1,“‘ H,J,)E3
I- T HiJ.| Ey = HEZHF - 2 2
L—a. vl r floll3 llodll3
452 vl B3 (4.79)
<|ENE - <1 - 7) et
F (1-0)? lloill3
< |BElE

providing evidence of (4.76) and thus concluding the proof.
| |
Next, we will state our linear convergence result. It is an affine covariant adaption of Theorem 3.2 in
[8] tailored to the update (4.64) and the associated bounded deterioration property (4.72). Though
not explicitly stated in [8] the basic idea of the proof is to consider one step of the iteration (4.67)
at 2 as a perturbed version of
T = — J R, (4.80)

It is well-known that an iteration based on this recursion converges locally ¢-quadratically to ..
By means of the bounded deterioration property at least g-linear convergence of the perturbed

iteration (4.67) can be guaranteed.

Theorem 4.27 (Linear convergence) Suppose Assumption 4.24 holds for F. Let J, := F'(z.).

For Hy € R™™ and xy € D consider the iteration

Ty =x+ 0y, 0w =—HF, Fpi=F(), (4.81)
where
Hyp = I+¥-WJ’T(I—HJ Y Hi T = Flwss) (4.82a)
+1 - 1— Y U;T'Ul 1J1+1 1y I+1 - +1)5 .

with v € R™ \ {0} and
of (I = HyJigr)ur

— 482
Q41 UZT'Ul ( )
Then for r € (0,1) there exist positive constants £(r) and p(r) such that for
llzo — z.ll2 < e(r),
1
IEo|lr = Il = HoJullr < p(r) < & (4.83)

the sequence {1} is well defined, converges g-linearly to x, with
lzis = allz < vl — 22
for 1> 0, and {||H,J. |2}, {||J7H 2} are uniformly bounded.

Proof. Let » € (0,1) be given and abbreviate ¢ = £(r). Define with the Lipschitz constant w
introduced in (4.66) the quantities
0 =16(r) :=2p(r)
Bi=1—(0+(1+9) wre).
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Choose ¢ and ¢ such that the following inequalities hold

S+ (1+6)- %5 < (4.84)
8>0, (4.85)

(1+6)2 r )
Top 17 <3 (4.86)

If necessary further restrict € so that the Ball B, := {z € R" | ||z — z.|]> < €} is contained in D.
For ease of writing we use ¢; := x; — z.. In accordance with Ey we let E; := I — H;J,, [ > 1. Since
|Eo]|F < p(r) we have || Eoll2 < ||Eollr < p(r) < §. From (4.83) and the definition of ¢ it follows
that 0 < % Hence,

'S

[[HoJul2 <140 < 3
Furthermore, by the Perturbation Lemma we obtain

1 3

—lg—1
. H <——< -
[ Hy [l 1 5<2

As already stated we consider one step of the iteration (4.81) as a perturbation of (4.80). Thus,

the first step can be written as
@1 =20 + 69 = 29 — J; ' Fo + (7' — Ho)Fy
and accordingly for the error e¢; we get
er=eg—J, ' Fo+ (J; 1 — Ho)Fy

1
— 7/ Jot (F’(w* + seg) — J*)equ
0

1 (4.87)
+ (I = HoJ\)eo + (I — Holy) / J7HF (s + seo) — J.)eods
0
1
= (I—HoJ.)eo — HUJ*/ J;l(F'(z* + seq) — J.)eods.
0
With the Lipschitz condition (4.66) and the upper bound (4.84) we obtain
lledllz < [”Eon + (1 +[1Eoll2)+ HEOHZ} lleoll2
[5+ (1+05)- ] lleolla (4.88)

<rlleglls <re<e.

Thus, x; € B, which implies that 7 € D. The remaining part of the proof is done via an induction
argument. Assume that [|[Ep,||r <J < 3 Land |lemirllz < llemlls <re form=0,...,0—1,1>1
Hence, by (4.85) Theorem 4.26 is apphcable for each m with the choice { := re. Therefore,

(146)* (1+6)2_7.m+1

HEm+1H1* HEmHl‘ 1 — (S)ﬁ WHCNH»IHZ < m

we  Vm.

Summing over the indices m leads to

(1+6)? ro
1Bl < WElle + 0 - e
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And by virtue of (4.83) and (4.86) we have

-
Elr< -+ =0
IEllr <5 +5
In analogy to the case [ = 0 it directly follows that
4
|Hj T2 <1+6 < 3 (4.89)
Also, 0 < % in conjunction with the Perturbation Lemma yields
1 3
JUH < < 5. 4.90
I e < 1 <5 (490)

Now proceeding as in (4.87) and (4.88), replacing 0 and 1 by [ and [ + 1, leads to
llerrallz < rlledls-

This shows g-linear convergence.

4.3.2 Superlinear convergence

In the previous section we showed for F fulfilling Assumption 4.24 and by means of the bounded
deterioration property (4.72) from Theorem 4.26 that the iteration (4.81) with the update (4.82)
converges g-linearly to a solution z, of F'(z) = 0. In order to prove superlinear convergence we will
adapt techniques from [28] and [9] in such a way that they fit into our affine covariant framework.
The key to superlinear convergence is to show that with J, := F’(z,) the relation

lim I = HiJ)ozilla =0 (4.91)
=00 [
holds which is an affine covariant version of the standard Dennis-Moré property from [9]. Our
proof to show that (4.91) is true is based on the assumption that the vectors v; in the update
formula (4.82) fulfill the residual property (4.102). We will show that the sequence {v;} with v; :=
—H Fy,1 = 0wy, satisfies this property. Subsequently, we will discuss the r-order of convergence
for all superlinear convergent sequences {z;} generated by (4.81) where the sequence {v;} fulfills
the residual property.
By means of (4.91) we will show that for the descent update (4.58) asymptotically the correction
Sz and the Newton correction Ay coincide which is just the left statement of (4.60). To prove

the second statement in (4.60), i.e.,
—T —T
lim ox; Hy—1J; —dx; =0
=00
we will exploit an affine covariant adaption of Schlenkrich’s transposed Dennis-Moré property, i.e.,

T

v (I —HJ

i I = HI 2 (4.92)
(=00 lloill2

The original property was introduced in [28] and does not feature any invariance property. We

make use of the above affine covariant property also for our proof of (4.91).

The following theorem shows that (4.92) is indeed true under appropriate conditions.
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Theorem 4.28 (Transposed Dennis-Moré series and property) Suppose Assumption 4.24
holds for F and let J, := F'(x,). Consider the iteration (4.81) with the update (4.82). If {x;} is
well defined and converges to x. with 32w — x.]|2 < 0o and if positive constants & and ¢ exist
such that for all | the bounds (4.69) and (4.70) hold so that (4.71) is true, then the transposed

Dennis-Moré series is bounded, i.e.,

27”% (= Hd )l (4.93)

l[orll2
and consequently the transposed Dennis-Moré property

lim 7”171 (I i )H2

=0 4.94
B, (4.54

holds.

Remark 4.29 Note that if the conditions of Theorem 4.27 hold then also the conditions of the

above theorem are fulfilled. O

Proof. We use the notation as introduced in Theorem 4.26. By the estimate (4.75) we have for
all [,

Bl < | [1 - oy | B+ G5 vl w09
Recalling (4.79) we know that
2
[l o= Z?f,H“’} s, <imip- (1- %) PR s
and
|[z- A T (4.960)
(IT—ar.) vl r

For arbitrary M € R™*™ it holds that || M||r < /n||M]||2. Hence, from (4.69) it follows that

|Ei|lr < V/nb =:6. (4.96¢)

£

Squaring (4.95) and applying the bounds from (4.96) we get

462 lvf E4)13
E E R I Nt e
Bz < IEF — ( (175)2> TIE

< (1+90)?
(1-0)p

For convenience we define the following constants

2 N 2 $\2 2
Clzzlfﬁ, 021:25M~w, ngz[w-w].

(146)2 (497

2
2 e —w| - lell3
+2 T wleall + ({35 0] el

Note that by the assumptions we have § < % and hence C7 > 0. With these constants rearranging

of (4.97) gives
llvi” 213

2 <NENE = 1BallF + Callerllz + Cslleall3-

(&
flvell3
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Summing over the indices [ leads to
7 E1l3 ’“
! Cy ;
Z HIU B 2 (\EO\lp = Ersallf) + = ZHGHIHZ G, ZH@MH;- (4.98)
1=0

By (4.96¢) we have || Eol|% < §2. Dropping the negative term on the right hand side of (4.98) and
for k — oo we obtain

oI B, 52
Z“’ Iz & Zuez+1uz+ Zuezmu (1.99)

13
Since the right hand side is assumed to be bounded this implies

o T
v B
of Bl _
= ldle
and therefore

lim “ g 2z Eill2 =0.
=00 |lugl2

This concludes the proof.

As a direct consequence of this result we obtain for the descent update:

Corollary 4.30 Under the assumptions and with the notation of Theorem 4.28 assume that x; #

x, Vl. Suppose that for the update (4.82) the vectors v; are chosen via v = Sxip1 = —H Fipq,
Fip1 = F(2141), i.e., the descent update (4.58) is employed for the iteration (4.81). Consider
the APNLF from Definition 4.2 for H, := H)_1 and let g = —grad T(z;|PH;1)T, ice., g =
(EZTH,_lJl)T where J, := F'(zy).
Then, o
tim |1 d2l2 | " |, (4.100)
=00 10| lﬂx ||ng2 16|21l

The above result shows that asymptotically dz; is equal to the transposed negative gradient of the
APNLF in length and direction. Hence, the second statement of (4.60) is fulfilled.

Proof. We first show that r
o I~ Hidi)l

I=o0 l[vll2
is true. By the assumptions (4.69) holds and hence [|[H;J. |2 <146 < 3 VI. Thus,

—0 (4.101)

ol (2~ Hidin)lla _ ol (2= Bl [of BT = I )l

l[vall h [[vill2 [[vill2
ol (I — HyJ, _
M )y = 9
[[vell2
ol'(I — HJ, 4 _
< Nl (2 = HiJ.)ll2 == I e
[[vill2 3

Since {x;} — . and the transposed Dennis-Moré property (4.94) holds, (4.101) is verified. Now

we can prove the first statement of (4.100).

— —_— T
_ Womilla = llgellzl _ 192 — gulla _ (102 (I — Hia 21|l

1 L
2~ ol 1321~ glla _ 192, (21
2B 5zl 3zl

18211l




110 4 Approximate Projected Natural Level Function

Since dx; = v;_; we obtain by means of (4.101) the desired result

_ gl
[[d21]]2

lim |1

Regarding the second statement of (4.100) we use the fact that

- N ) i
R AN Baillz ~ 1wl
‘nazlut ‘ lodlz ., 113 = qull
llgull2 (16212 [[61]]2
:‘1_ lgill2 | 1820 (1 = Hia 2o
5@l 5l
< H‘slz (I —Hi 1Jl)||2
I3l

Thus, (4.101) shows that also the second statement of (4.100) is true.

| |
‘We will also employ the transposed Dennis-Moré property to show that the affine covariant Dennis-
Moré property (4.91) holds. Therefore, we require the sequence {v;} to satisfy the following

assumption:

Assumption 4.31 (Affine covariant residual property) For the vectors {v} in the update
(4.82) there is a sequence {§} C R\ {0} such that with J, := F'(xz,) and the corrections dx; given
in (4.81) one has

l&ve — (I = Hid)da|

lim =0 4.102a
A I (1020)

or equivalently

Gu = (I — H[J*)(sl‘[ + 7
(4.102b)
with ||ry]|2 < ¢|dz]|2 and hm ¢ =0.

Furthermore, for our proof of superlinear convergence we will need an affine covariant modification
of Lemma 4.1.16 in [9].

Lemma 4.32 Suppose Assumption 4.24 holds for F and let J, := F'(z.). Then there exist con-
stants v > 0, 0 < k1 < Ka, such that

y—alla < [J7HF@) = F@) 2 < rally — )2 (4.103)

for all z, y € D for which max{||z — z.||2, ||y — z.|l2} <~

Proof. The proof is basically along the lines of the proof of Lemma 4.1.16 in [9]. Note that by
the Lipschitz condition (4.66) it holds that

71 (E () = F2) = July = 2)) ]2 < g(I\T —ullz +lly —zl2)lly — 22 (4.104)
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for all z, y € D. Hence,
I () = F@)ll2 < lly = 2llz + 11 (Fy) = Fa) = Ty — 2)l2
w
<[+ Zlz —zallz +lly = 2.l2)] - lly — 22
S[+elly =l
and therefore ko in (4.103) can be chosen as k3 = 1 4 wy. Furthermore,
I (Fy) = F@)ll2 > lly = 2l = 1 (Fy) = Fz) = Ju(y — )|z
w
2 [1= Sl —zullz + ly = 2.ll2)] - lly — 22
2 [L=w]-lly — 2o

Thus, if v < L the first part of (4.103) holds true with k1 =1 —wy > 0.

Now we can prove superlinear convergence.

Theorem 4.33 (Superlinear convergence) Suppose Assumption 4.24 holds for F and let J, :=
F'(x.). Let the sequence of iterates {x;} generated by (4.81) with the update (4.82) be well defined
and satisfy limy_oo x; = x, with x; # . for all I. Assume that the transposed Dennis-Moré
property (4.94) is valid and that the sequence {v;} has the affine covariant residual property 4.51.
Additionally, suppose that {||H;J. |2} and {||J7 H; (|2} are well defined and uniformly bounded.

Then the affine covariant Dennis-Moré property holds, i.e.,

I—HJ.)5
ti 10— H0T)0mlla (4.105)
l—o0 H(S(LIHQ

which is equivalent to g-superlinear convergence of the iterates {x;} to w..

Proof. We split the proof into two parts I) and II). In the first part we will show that under the
assumptions the transposed Dennis-Moré property (4.94) implies (4.105). To establish this result
we will apply the techniques introduced in [28]. Let e; := z; — .. In the second part we will show

that under the given assumptions it holds that

g R I — HJ,)o.
il _ o o i I F@uslle _ o I = Hid)sals

=0.
1—oo |leg]|2 =00 (1622 =00 [|021]|2

The proof of the latter is completely held in affine covariant terms and is in part inspired by the
proof of Theorem 8.2.4 in [9].
I) For I € N we have by the affine covariant residual property (4.102b),
&wll3 = &of (I = HyJo)éw + 1)
<&l ol (1 = Hido) |2 l8ll2 + &l eillowlz o2
Division by |&] - [|u]|2][02:]|2 yields

| ol ol (0 = Hid)l2
[l = l[orll2

1€

—+ .
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And again by (4.102b),
(1 = HiJ)oml2 _
(2P

Thus, together
I = Hid)owlla _ ol (= Hid.)|l2

+ 2¢;.
f[31]]2 = ffenll2 :

Hence, the transposed Dennis-Moré property (4.94) implies that
I—HJ,)ox
o I 1)0@1]|2

e
First, we will show that
SLR(: I—HJ,)o
o WP Gl o 0 Bdals
=00 [[6z|2 =00 1621 ]|2

From (4.81) we obtain
oz + H[F(:[l) =0

and hence,

—HZJ*J*_lF T = (I — H;J,)dx;
(@41) = ( ) w106)
+ H I F () — Faig) + J.ox).
Suppose limy o0 || J7 L F(2151) [|2/]|02]|2 = 0 is true. Rearrangement of (4.106) leads to
(I = HyJ )b = —H J [T F(w41) + I (F(20) — Flag) + Joow)].
By the assumptions there exist positive constants 1) and 1/; such that for all [,
[ Hy T2 < ¢ (4.107a)
7 H 2 < 9 (4.107b)

Introducing norms and applying the bounds (4.104) and (4.107a) yields

(I — H,J,)0w]|2 |77 F () [l
i <y
N6l

w
ozl + 5 letllz + llerallz) | -

And since convergence is assumed one has

i 10T = )61

=0.
S ol

Now suppose limy_o||(I — H;J,)0x]|2/|d21]|2 = 0 holds true. Suitable transformation of
(4.106) gives

J (i) = —J7 HT NI — HyJ)da + J7H(F(2isa) — Fay) — J.0m). (4.108)
Hence, by (4.104) and (4.107b),

2 F ()12
[[6z1]]2

(L = HiJ.)om |2

<-
ST el

w
+ 5 Uledlz + lleral2)-
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Since lim;_.||e;]|2 — 0, we obtain

17 F (i)l

lim =0.
l—o0 ”511“2
Now we prove
: JIIF
i Mevallz g oy I E @)l
I—oo |leg]|2 =00 [[6z]|2

Assume that superlinear convergence holds true. Then there is an index [y such that for v > 0
it holds that |le;41]|2 < v VI = ly. From Lemma 4.32 it follows that there is a ko = ka(y) > 0
such that

7. (F i) = F(z))ll2 < mallecialls V2 1o.

Additionally, we can assume [y to be large enough that also

llersall2

<1
llexll=

holds for all [ > ly. Therefore, by F(z.) = 0 and the triangle inequality we obtain

_ llerpll
I F ()| o follapll R

ol S Tell = el S 1= Lol

and hence,

. J7MF(z

o I )l
l—o0 ”(SZ]HZ

NI Fig) 2
[0zl

iterates x; to z, and from Lemma 4.32 it follows that there exist k1 > 0, Iy > 0 such that

=0.

We now assume lim;_, = 0 to hold. From the assumed convergence of the

721 (F(zi) = F() |2 = salleralls V= o,

and thus by the triangle inequality,

_ llersall2
177 F (i) [l slleallz el
> =K1
([0l llecillz + lledl2 1+%

from which we conclude
- esallz

i=co|lerll2
This completes the proof.
| |
It remains to show that for the choice v; = dz;,; which characterizes the descent update (4.58)

the sequence {v;} has the residual property from Assumption 4.31.

Proposition 4.34 Suppose Assumption 4.2/ holds for F. Let J, := F'(z.). Consider for H, €
R™™ "™ and x; € D one step of the iteration (4.81). Assume that ;41 € D and that for some positive
constant v it holds that

| Hid 2 < . (4.109)

Then for v := Elﬂ = —HF(x141), Fi41:= F(2141), we obtain

w
lor = (I — HyJ.)baul|2 < 1/’5(\\901 = Tullo + [[zis1 — zall2) [0z 2.
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Proof. We verify that

llve = (I = HiJ)dwilla = | HiFiy + (I — HyJy)om |2
= |HiFiy1 — HiF) — H1J.0wi]|2
= |Hp L (Fry — Fy = Joba)||2

which by (4.104) and (4.109) means that
w
llor = (I = HiJ)dzlls < o5 (e = wellz + llzer = 2al2) 9@ l2-

| |
Thus, by the other assumptions of Theorem 4.33 the sequence {v;} with v; = Sxy4 fulfills the
residual property from Assumption 4.31 with § = 1 VI. This means that the affine covariant
Dennis Moré property (4.105) is valid and the sequence {x;} constructed via (4.81) and the descent

update (4.58) converges superlinearly to ..

Now we can prove that for the descent update asymptotically the corrections dz; and A
are the same. This property is a direct consequence of the transposed and the affine covariant

Dennis-Moré property.

Corollary 4.35 Let the assumptions and the notation from Theorem 4.33 with the choice v; 1=
Swppy = —H F(211), Fiy1 = F(x151) be given. Additionally, assume that for each iterate x; the

corresponding Newton correction Axy := —JZ’IF,, Jp = F'(x)) is well defined. Then,
Az A oz,
lim |1— HJ’HZ =0 and lim Hi —— =0. (4.110)
1500 (16212 =os|[[|Azllz (1622 1l

Analogously to the result of Corollary 4.30 this means that asymptotically the length and direction
of d2; and Ay coincide and therefore the first statement of (4.60) is valid.

Proof. First, we will show that the relations

Az
ll6:[]2

A.T,l (5.7‘,1

1—
[Azillz [|ow]l2

lim

=0 (4.111)
2

= and lim
[

hold. This will be done by the same techniques we used in the proof of Corollary 4.30. So we
will omit some details here. From the affine covariant Dennis-Moré property, the assumption that
{H,J.} is uniformly bounded, the assumed convergence and from

I*HZJI 5.7?1 I— H[J* (5.17[ _
0= Hudamls (= Bl

62212 - ll62:1]12
it follows that
IQ&W =0 (4.112)
Furthermore,
‘1 _ 1Azl | 0w — Aaill2 I - [T H s - I — HiJi)dail2

o] 0] (|02l
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By the assumptions the sequence {[|J;'H; *||2} is uniformly bounded. Also, convergence is as-
sumed. Hence, from (4.112) it follows that the first statement of (4.111) is true. Now we turn to
prove the second statement. It holds that
Az
|r - Loz
ll02:l2

ALE[ o 5;161
[Azilla (1ol

|02 — Azy|2
l[0z:]]2

2

_ e I — H;J;)ozx,
<2 I - Y - IO )0

[[6z2]]2
and hence the second statement of (4.111).

Now we show that dz; and da; are asymptotically the same. Recall from (4.56) and (4.57) that

5I1.

1
dr; =
R 11—
Also,
— — —T
_ [0 (I = Hi—y J1)dw)] < |02y (I — Hi1 )|l
5z, 87, (6112
Since {H;J, } is uniformly bounded and the transposed Dennis-Moré property holds we obtain in
analogy to the proof of (4.101) the result

Jox]

—T
x, (I — H_
lim = 182 (= Hiad)le _
100 l[021l2
Hence,
lim ag = 0.
I—o00

This completes the proof.

4.3.2.1 R-order of convergence

From the previous analysis we know that under appropriate conditions the sequence {z;} generated
by (4.81) with the update (4.82) converges g-superlinearly to z.. Here we will concretize the rate of
convergence by determining the corresponding r-order of convergence. The basis for our analysis
is provided by Theorem 4.2.19 from [28]. This theorem describes the r-order of convergence of
a quasi-Newton method where the sequence of generated approximations {A4;} of the Jacobians

F'(z;) satisfies for some vector norm |[-|| the so-called nonlinear heredity property, i.e.,

I
A; — J.)ox; .
W <CY Jax—a.], 0<j<l, C>0, J.i=F(x). (4.113)
i =
The statement of this theorem reads as follows.

Theorem 4.36 Let ||-|| be some vector norm on R™. Suppose F' : R" — R™ and z,. € R" with
F(z,) = 0. Consider for an zo € R™ and a sequence {A;} C R™™"™ of nonsingular matrices the
quasi-Newton iteration

dxy = —Ale(a:l)

T4 = @ + 0.
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Furthermore assume that F' is Lipschitz continuously differentiable at x. and the Jacobian J. at x.
is nonsingular. If the sequence {x;} converges g-linearly to x, and the sequence {A;} satisfies the

nonlinear heredity property (4.113) then the rate of convergence is q-superlinear with an r-order of

p= lilm inf v/|In|lz; — 2.]|| = pn, (4.114)
where p,, is the positive root of p"(p — 1) = 1.

The proof of this result is long and technical. Therefore, we do not state it here and instead refer
to [28]. For a discussion of the derived r-order of convergence we refer once more to [28]. Since the
nonlinear heredity property is not given in affine covariant terms Theorem 4.36 lacks this property
too. Fortunately, careful study of the proof in [28] shows that Theorem 4.36 may be modified such

that it fits into our affine covariant framework:

Theorem 4.37 Let F fulfill Assumption 4.24 (with ||-||2 substituted by some arbitrary vector norm
|I-|| and the respective induced matriz norm) and let J, := F'(z). Consider for an xo € D and a

sequence {H;} C R™™ of nonsingular matrices the quasi-Newton iteration

oxp = —H F(2)

(4.115)
Tip1 = x + 0.
If
o the sequence {x;} converges q-linearly to .,
o the sequence {H,} satisfies the affine covariant nonlinear heredity property
I = 107.)ou; | 7lgg’5‘j]ﬂ)5”” < C;sz o, 0<j<l, C>0, (4.116)
=i

o and additionally there exists a positive constant 1 such that |J7rH | < v,
then the rate of convergence is q-superlinear with an r-order given by (4.114).

We do not state the adapted proof here. Except for one statement the adaption is straightforward.
Simply substitute ||(A; — J.)dx;|/[|0z;|| by ||(I — H;J.)dx;|/||0x;|| and apply (4.116) instead of
(4.113). The argument in the original proof which requires some additional care relates the rate
of convergence to the decrease of ||(A; — J.)day||/]|0z]]. It reads as follows: There exist an index
lp and él, 02 > 0 such that for all [ > [y it holds that

A I(A = T)dwi|
i1 — 2] < Cr == ([ — | + [l — 2. ]])

o] (4.117)
=, 2
+ Co(lzrer — @l + lar — )"

By means of the additional assumption in Theorem 4.37 that {||J7'H; "||} is uniformly bounded
we are able to establish an affine covariant counterpart of (4.117) based on the affine covariant
term ||(I — HyJ.)ox|| /]| 0|
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Lemma 4.38 Suppose Assumption 4.24 holds for F with ||-||2 substituted by an arbitrary vector
norm ||-||. Let J. := F'(x,). For an xg € D and a sequence {H;} C R"*" of nonsingular matrices
consider the iteration (4.115). If the sequence {x;} converges to x, with x; # x, VI, and if a
positive constant v exists such that HJ;IH,’lH <4 Vi, then there is a > 0 and an index L such
that for all 1 > L it holds that

I(I ~ HF'(2))dol]
s — ool < WEZEE @I 0y 4y —

[0 | K (4.118)
w 2
+ %(Hle — | 4l — a])
Proof. Let ¢; := z; — z,.. From equation (4.108) we obtain by the Lipschitz continuity of F”, cf.
(4.104),

_ - w
[ F ()l < DI = Hidy)ow| + 3 Uledl + llealDllow .
Note that 0z; = €;41 — ¢; and therefore,

B T = HiJ)sa|
T F (s <.l i
[/ Pzl <o el

Since convergence is assumed there exists an index L such that by Lemma 4.32 and the equivalence

w
(lleall + llewsall) + 5 Cllecll + llersal)?. (4.119)

of norms in finite spaces it holds that
Kllec | < U7 F@i)ll V> L

with £ > 0 independent of . Applying this result to (4.119) and rearranging leads to the claimed
statement.

| |
The additional assumption that {||J7*H; ||} is uniformly bounded is not that much of a restriction
if we consider the update (4.82). Because if the assumptions of Theorem 4.27 hold and therefore

g-linear convergence is obtained it also holds that {||.J71H; "||} is uniformly bounded.

It remains to show that under appropriate conditions the sequence {H;} of matrices generated
by the update (4.82) satisfies the affine covariant nonlinear heredity property (4.116). The proof

of this statement is long and technical and therefore can be found in Appendix I.

Theorem 4.39 (Heredity) Suppose that F satisfies Assumption 4.24. Let J, := F'(x.). Assume
that the sequence of iterates generated by (4.81) with the update (4.82) is well defined and converges
to x. with x; # . V1. Furthermore assume that all H; are nonsingular. Let the transposed
Dennis-Moré series (4.93) be bounded and let the sequence {vi} fulfill the affine covariant residual
property 4.31. Additionally, assume that there exists a positive constant 1 such that || HjJ.||2 < ¥

for alll. Then for some constant C' > 0 the estimate

(1 = HiJ.)ows]|»

1
ol <C D ae =2+ ¢ (4.120)
7

k=j+1
is valid for 0 < j < 1. Considering the quantities ¢; it holds that lim;_.o ¢; = 0.

If vj is chosen as v; = 6w 11 = —H;F(x41) then there exists a constant C > C such that

(1 = HiJ. )bz

1
- <CY g — x| (4.121)
[l

J p
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By means of this result the affine covariant nonlinear heredity property (4.116) holds for the
descent update. Hence, from Theorem 4.27, Proposition 4.34 and Theorem 4.37 it follows that the
sequence of iterates generated by the iteration (4.81) in conjunction with the descent update (4.55)
is capable of g-superlinear convergence to a solution x, of F'(x) = 0 with an r-order of convergence
given via (4.114).

4.4 A Damped quasi-Newton Iteration

To solve F(x) = 0 we presented and discussed in Chapter 3 a damped Newton iteration where the
step sizes are monitored by the PNLF. In this section we will provide an approximation to the
sequence of iterates which emerges from this damped Newton iteration. For this, we will combine
the ideas and concepts from the previous sections of this chapter to define a damped quasi-Newton
iteration, i.e.,

T =@+ Noxy, Sy = —AT F(xy), M€ (0,1]. (4.122)

Let F(z;) # 0. To determine the step size \; we will employ the APNLF at z; from Section 4.1,
Definition 4.2. The correction dx; will either be constructed by means of the descent update
from Section 4.3 or it will be a descent approximation (4.6) such that the angle checks (4.35) are
passed. In the latter case we will employ the purifying updates from Section 4.2, if necessary,
to ensure that (4.35) holds. This means that for purifying purposes we will construct from a
given nonsingular matrix A;o intermediate matrices Ay1,..., A4, by means of the douphilic,

gradientphilic or Newton-philic update such that for

_ - . 1
5117,;[ = 7A”%lF(xl) and A= (1- O‘LEI)AIJ?N ie., O0x; = méz,ﬁl
WKt
with "
oz, (I — AL J)om, &
g = RN e (), (4.123)
6x,,,;lt5wl.,;l
and with -
0w, 1,0
Pip=——

and for Az; being the Newton correction at z; the angle conditions

Z(bwy, —grad T(w|Pp, A )T) < ¢ and Lo (6ay, Awg) <4 (4.124)

for given 0 < ¢,9 < § hold. A subsequent step size control will be based on dx; and the APNLF
T (x| P, Al_fcll)' For | = 0 the initial approximation A; to the current Jacobian is provided by the
user and for [ > 0 we will use information from the previous step. If we decide not to purify, i.e.

k; = 0, but instead to employ a descent update based on Ao and El,uy ie.,

5710071,
A= A |1 — =220 (1 A7l ) (4.125)
0w 01,0 ’
we will use )
oz = 8210

1—ao
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and the APNLF T(z\P’l,oAZ[}) for the step size control. The correction dz; results from an appli-

cation of the descent update, however, the actual matrix update will be postponed. A motivation

for this strategy is given in Paragraph 4.4.6.4. How to decide whether purifying shall be applied

will be discussed in Subsection 4.4.2.

4.4.1 Main features and basic algorithmic outline

The main features of the above introduced quasi-Newton approach are as follows:

structural analogy to the PNLF
Recall from (3.70) and (3.71) that the relative change of the PNLF at x; in the direction of

the Newton correction Ax; is described via
2
(1 — A+ m(/\))
with

AaT
,m.][l(F(zz +AAz) — F(x)) — M)A
2

whereas by Theorem 4.5 the relative change of the APNLF at z; in the direction of dz; is

m(A) =

given via
(1= 2+7m)’

with
mA) = —fAl}cll (F (2 + Aomy) — F(zy) — AJdxy) for some k; > 0.

This structural analogy is fundamental for a straightforward adaption of the step size controls

from Section 3.4. We will discuss this adaption in Subsection 4.4.6.

no operations of complexity O(n®)

We will use rank-1 updates to construct our Jacobian approximations A j. If there is a QR-
decomposition of A;, a rank-1 update can be incorporated within a complexity of O(13-n?)
floating point operations, [3]. In [17] an algorithm is presented which incorporates a rank-1
update into an LU-decomposition including a specific pivoting strategy. The complexity is
bounded by O(c - n?) with ¢ € [3,9]. The value of ¢ depends on the number of times where
pivoting is applied. We opt for the latter approach and will discuss it in Subsection 4.4.5.
Note that for the first matrix Ag o a decomposition has to be computed from scratch. Gen-

erally, this takes O(n®) operations. However, this has to be done only once per run of the
iteration (4.122).

affine covariant globalization approach

For an affine covariant compatible choice of Agg, e.g. Ao = Jo, the sequence of iterates
from (4.122) will feature affine covariance. This holds because the purifying updates and
the descent update maintain affine covariance compatibility and the step size strategies are

adaptations of the strategies from Section 3.4.
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e w;-strategy and projected nonlinearity bound predictor
In order to check whether the current purifying index & fulfills the angle conditions (4.124),

and hence may become k;, for both tests in (4.124) the term
—r
S At (4.126)

is required. For the first test this is clear since the negative gradient of T(w\Pl,kAlf,i) at a7
must be calculated which is just the above stated vector. For the second test recall from
Algorithm 4.2 that Z. (dz;, Az;) depends on the quantity r¢5! which by Algorithm 4.1 also
requires the evaluation of the gradient of the APNLF at x;.

If the descent update is considered there is also the need to compute (4.126) for k& = 0, cf.

(4.125). Note that in any case we can use (4.126) to compute oy as well, cf. (4.123).
The term (4.126) is an adjoint tangent evaluation which is available via the reverse mode of
AD. Therefore, we have to calculate the product
P A oo
Gug =0y Ap - (4.127)
This is just the analogon to the quantity w} from (3.95),
wi = Azl gt
Hence, we apply the strategy to evaluate a term of the form
T
6w ) A F (o + Mjom), My € (0,1],
by calculating
0l Fmi+ N jom). (4.128)

Analogously to the Newton case, an O(n?) operation, the computation of A;,:F(.rl + N j027),
is saved. The product (4.128) will be used to evaluate the APNLF at a trial iterate or for
the construction of a corrector step size, respectively. For details refer to the discussion
in Paragraph 4.4.6.2 and 4.4.6.1. Since both quantities (4.126) and (4.127) are already
computed an adaption of the projected nonlinearity bound predictor is directly available.

How to determine the predictor will be discussed in Paragraph 4.4.6.3.

superlinear convergence possible

Provided the sequence of iterates generated by the damped iteration (4.122) converges to a
solution z, we can show under some additional conditions that the convergence is superlinear.
However, these conditions are rather harsh since among other assumptions it is required that
the sequence of all Jacobian approximations {4; ; } converges to a fixed nonsingular matrix A,
and only a finite number of purifying updates are performed. We will state the convergence

result in Paragraph 4.4.6.6.

A basic outline of our approach is described by the following algorithm:



4.4 A Damped quasi-Newton Iteration 121

Algorithm 4.4 (Basic outline of the quasi-Newton approach at step )

11:

© ® T 2 T B

: given: A; ¢ € R™™ nonsingular, dx; = 7Al’yolFl with F; := F(x;) # 0,

o, with 0 < ¢, < §

: Determine whether a descent update (4.125) from A; ¢ and dxy is to be performed or if a

purifying process has to be started

. if use_descent_update then
set k; =0

: else
invoke a purifying process: employ the duophilic, gradientphilic and Newton-philic purifying
updates from Section 4.2 iteratively to find an index & such that the angle conditions
(4.124) are fulfilled for given ¢ and

: end if

use T(Z‘Pl.fczA;};l,) and 6z = (1 — aq5,) "'z, f, in an adaption of the step size controls from

Section 3.4 to determine \; and ;41

: if convergence criterion not met yet then

if k; = 0 then
apply the matrix descent update (4.125) to determine A;
set Ajp10 = A
else
set Ap = (1 —ayp) AR,
set Ajp1,0 = Ayg,
end if
invoke this algorithm for [ 4 1

: else

stop the iteration

return x;4; as approximation for a solution x,

: end if

In the following we will discuss several aspects of the above algorithm.

e We will explain our strategy under which conditions we will skip a purifying process and

instead directly employ the descent update.

e Regarding the purifying process we will discuss when we will apply which specific purifying

update.

e In analogy to the Newton case we will introduce proper scaling to achieve scaling invariance

of the iteration (4.122).

e For the above defined matrices A; ; we will maintain an LU-decomposition. We will convey
the basic principle of the algorithm proposed in [17] which incorporates a rank-1 update into

a given LU-decomposition.
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e For an adaption of the step size controls from Section 3.4 we will define new local (step size
dependent) nonlinearity bounds. By means of these quantities we will see that the adaption
is straightforward. We will also discuss an adaption of the predictors from Section 3.4. Addi-
tionally, we will present a strategy when to reconsider purifying. Furthermore, a termination

criterion will be presented and also a result about superlinear convergence.

Remark 4.40 In Appendix IT there can be found a detailed algorithmic representation of our
strategy how to determine a Jacobian approximation A;j and an associated correction dz; =
(1- atvk)’lﬂl,k which are employed in the adaption of the step size strategies from Section 3.4.
This representation also involves the computation of predictor step sizes. We advice the reader

first to consider the upcoming related explanations in this section, namely

e Subsection 4.4.2

A strategy to decide whether a descent update is preferred to a purifying process

e Subsection 4.4.3

Algorithmic aspects of the purifying process
e Paragraph 4.4.6.3

Adaption of predictors

e Paragraph 4.4.6.4
Post-purifying

before studying the algorithmic representation in Appendix II. O

4.4.2 A strategy to decide whether a descent update is preferred to a
purifying process

If the descent update is recursively applied in a full step iteration we know from the results
of Section 4.3 that under appropriate conditions local superlinear convergence of the sequence of
iterates to a solution z, of F(xz) = 0 is achieved. Furthermore, by means of Corollary 4.30 and 4.35
the angle conditions (4.124) are asymptotically fulfilled for arbitrary nonnegative ¢ and .

For our superlinear convergence result in Theorem 4.33 to hold it is crucial that the transposed
Dennis-Moré property (4.94) is valid. This property in turn is based on the estimate (4.79) which
holds if bounded deterioration of the Jacobian approximations by means of Theorem 4.26 is ensured,

i.e., if the conditions
1
1= A7 Ll <0< 5
[zt —zll2 < ¢

and
1= (0+ (14 0)wes)¢) >0
hold for each index I, cf. (4.69)-(4.71). Recall that the constant w4 g6) is defined via the Lipschitz
condition
1F/ (@)~ (F'(2) — F'(@)) 2 S wla — z.ls Vo €D,
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‘We do not think that especially for w a proper and cheap estimate at an iterate [ is available.
Hence, to decide whether a descent update shall be applied we need different criteria. Our strategy
is based on the angle conditions (4.124) and an estimate of the step size \;. We will explain it in
the following and provide an algorithmic representation of it—see Algorithm 4.5 below.

To determine dx; via the descent update (4.125) we have to compute oy o which is available if
glo = —grad T(w1| PoAry)) = Gl - i (4.129)

with g0 defined according to (4.127) is known. We first check if
11—l <e (4.130)

for some predefined € < 1. If this is the case then A; defined via the descent update (4.125) may

be close to singular since by the Matrix Determinant Lemma
det(A4;) = (1 — ayy) - det(Ag ). (4.131)

We directly opt for purifying in this case. If (4.130) does not hold we compute by means of dzy,

ag0 and g; o the left angle of (4.124), i.e.,
£ (0xy, — grad T(z| PLoA;g)") = £((1 — au0) 010, 91.0) (4.132)
and demand that the angle condition
Z((1 = ago) M0z10,g10) < ¢

is fulfilled in accordance to (4.124).

The vector g; o is also required to compute r7¢ which in turn is needed to determine Z 4 (52, Azy),
cf. Algorithm 4.1 and 4.2. More precisely, g; is employed to compute the estimate opn,,, from
(4.32). With the definition of g; o and introducing indices and setting H = A this estimate reads
as follows
Rt N L i

1-ag0

1,0 .,
opngg; ‘= max — s —
ot [[01,0ll2 021,02

Recall from Algorithm 4.1 that we require opn:’, < 1 in order to calculate r7¢. To determine

Opnle’ft the direct tangent evaluation Jlﬂm must be available. On the other hand, this evaluation
is not necessary if A; is chosen as a descent update of A; . So instead of computing Jiox o and

hereby opné‘gl and Zg (dx;, Axy), respectively, we decide to determine only

—T
1T
H‘SIZ.U - ka,.ogl,oHZ
ajgi = ——————

—— 4.133
ol (4139)

and check the necessary condition

apo < 1.

Our local convergence analysis in Section 4.3 requires a full step iteration, i.e. A; =1 VI, in order

to guarantee local superlinear convergence for a sequence of iterates {x;} where the corrections
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dx; are defined via a recursive application of the descent update. However, the step size \; is
determined after we made the choice whether the descent update is applied or a purifying process
is initiated. Fortunately, if [ > 1 and by means of §; o and g; o we are in the state to compute
a straightforward adaption of the projected nonlinearity bound predictor A; o, from (3.97) which
we defined in Section 3.4 in the context of Newton’s method. We postpone the definition of the
adapted predictor ;o to (4.161) in Subsection 4.4.6 where we will also derive adaptations of the
simple predictor (3.87) and the projected Deuflhard’s predictor (3.91). For the time being assume
that the adapted projected nonlinearity bound predictor is available. If this predictor is one and
additionally A\;—; is equal to one this gives good reason to hope that also A; will be one in case
that dz; is defined via the descent update. Hence, we demand that Ao = A\;—1 = 1 to opt for the
descent update. If I = 0 then no predictor information is available. Instead we check whether the
user provided step size Ao is equal to one.

The above stated conditions to opt for the descent update are summarized in the following

algorithm.

Algorithm 4.5 (Strategy to decide for a descent update or a purifying process at z;)

1: given: A;o € R"*" nonsingular, 0z := 7A,’,01Fl with F} := F(z;) # 0,

2: Ji = F'(x;) (not explicitly given but for adjoint tangent evaluations)

3: e < 1, ¢ from (4.124) with § > ¢,

& Noo if I =0or \_y ifi>0

5: determine 5717:0 = %l,OAl_,gl

6: determine g/ = g/, Ji >ie. —grad T(m,\P,,OAZHI)
7: determine a0 =1 — g?joﬂl‘o/ﬂﬁl_gng >ie. w
8: if |1 — ay | < ¢ then > A; as a descent update of A;( may be close thl; sﬁfgular
9: use_descent_update = false

10: else

11: determine a; o from (4.133)

12 if (Z((1 = au0) om0, 90) < @) && (aro < 1) then > (6w, — grad T(z|PoA;)") < ¢

13: if [ > 0 then

14: if \;_1 =1 then

15: determine the adapted projected nonlinearity bound predictor A; ¢ defined
16: according to (4.160) and (4.161)

17: if A\jo =1 then

18: use_descent_update = true

19: else

20: use_descent_update = false

21: end if

22: else

23: use_descent_update = false

24: end if
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25: else if \gp =1 then

26: use_descent_update = true
27: else

28: use_descent_update = false
29: end if

30: else

31: use_descent_update = false

32: end if

33: end if

4.4.3 Algorithmic aspects of the purifying process

As long as not both angles in (4.124) are zero there is at least one of the three purifying updates from
Subsection 4.2.1 well defined. So if the Newton correction at x; is well defined, i.e. .J; is nonsingular,
and nonzero then by Corollary 4.18 after a finite number of applications of the purifying updates
the angle conditions (4.124) are fulfilled. If already one of the two angle conditions is violated
a purifying process shall be initiated or continued, respectively. Due to the basic outline of our
quasi-Newton approach, cf. Algorithm 4.4, we first check if we will go for a descent update instead

of a purifying process. Recall from (4.129) that for this check we compute
Hzlo =- gradT(zl|Pl,0A;01).

This means that Z(dz;, — grad T'(z|P,,0A; )7) is readily at hand, cf. (4.132). This is not true for
the estimated angle between dz; and the Newton correction Az since the direct tangent evaluation

Jl%l,o is not available yet. This gives rise to the following prioritization strategy:
I) Meet the gradient related angle condition £ (8, — grad T (x| P A; 1)) < 6.
II) If the angle condition in I) is fulfilled then check for Z.q (dz;, Ax;) < 9.

This strategy is further backed up by the fact that for computing Zes (dx;, Azy) it is anyway
necessary that the vector g; 5 defined according to (4.129) is available since the estimated angle
depends on the quantity a;; defined according to (4.133), cf. the discussion in the previous

subsection.

Though we decide to check the two angle conditions from (4.124) in the above stated particular
order, it is still the goal to meet both. The duophilic update aims at providing a correction dx;
which satisfies both angle conditions. So this will be our main purifying update. Recall from the

definition of the duophilic update, (4.49), that the next Jacobian approximation is given via

—_— T —
(Avge = J)8 k0 1 (1 — Ap L)

Ay = Ay — —F =
5wl.k(1 — Al‘k Jl>6$l,k

(4.134)

For Aj 41 to be well defined it is assumed that EZTL (I—A;})day, # 0. In numerical computations

this is practically always the case. However, this term can be very close to zero which may cause
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numerical instability of the duophilic update. We will take care of that problem later on but first
we consider a case of purifying where the duophilic update is definitely applicable:

The angle conditions (4.124) are given in terms of the correction dz; which is a scaled version
of oz, namely da; = (1 — oy ) '0ay . Oy is not well defined if oy, = 1 which means that
an associated descent update is singular, cf. (4.131). As described in the previous subsection a
purifying process is already initiated if |1 — oy 0| < €, ¢ < 1. We will consider this check also for
all purifying indices k > 0 to ensure that dz; is not related to a descent update probably close to
singular. If

[1—apu <e (4.135)

is true we will employ the duophilic update for purifying purposes. Since

—T _ —
6Il'k<l - Aly,i,]l)ézl,k
N =—""_—F —
6wlyk61'l,k

the duophilic update, (4.134), can be written as

_ .
1 _ 00Xy ox
Appr = Avp [T = —— (I = Al bbbk

—r W (T AT )| (4.136)
Ak 021 k|2 1021 k][ b

So if (4.135) is true then

o~ 1

which means that no numerical instabilities are introduced by dividing by a;  in the above update

formula and hence the duophilic update is safely applicable.

Notice from (4.134) that the rank-1 update of the duophilic update only depends on the direction
of ﬁlyk but not on the magnitude of dz; ;. So we do not think it is reasonable to employ a check
like E,Tk(l — Af,: )0z < € for some 0 < €5 < 1 to decide whether a duophilic update shall
be applied. From the product representation (4.136) of the duophilic update it is seen that it is
indeed a better choice to check for

< € (4.137)

since this check is independent of the magnitude of 57’119 Also, it can be directly evaluated since
oy, was already computed for the check (4.135). However, this check may tend to disadvantage
the duophilic update since it does not take the magnitude of the two vectors

0Ty

ET
— 1,k -1
(I— A ) —"— — (T = AL
w2 Bzl
into account which form the rank-1 update in (4.136). In the following we will discuss more sophis-
ticated strategies than the check (4.137) to decide whether a duophilic update or a gradientphilic

or Newton-philic update, respectively, shall be used.
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4.4.3.1 Gradient related angle — duophilic or gradientphilic update
If the gradient related angle condition
£ (61, — grad T(wi| Py, A p)") < 0 (4.138)

is violated it is either the duophilic or the gradientphilic update we will employ to improve the
approximation quality of the next Jacobian approximation. To decide which one to choose one
may refer to the check (4.137). As an alternative approach we present the following strategy:

If (4.138) is not true it is safe to assume that Hﬁfk(l — AZET)|I2/ 11021 1|2 is not close to zero.
Because otherwise it would follow from arguments we used in 'the proof of Corollary 4.30 that the
transposed negative gradient of the APNLF at x; and El,k would be close to each other in terms
of magnitude and direction. Suppose that |ay ;| is small. This may be the case because

I = A T8l
l[6zkl2

is small since p—
(7 = Ay J)dwr k2
lag | € ———=——"—""—
021,12
Hence, in such a case dividing by «; j of small magnitude in the update (4.136) does not necessarily
imply that the rank-1 term ‘blows up’ since it may be outweighed by the magnitude of the left
vector of the rank-1 update in (4.136). Consider the transformed product representation of the

duophilic update

-1 (I- AIT;Jﬁ(SﬂCLk Eljjk (I— A1)
: = o - 1
(7 — A o

A1 = Arg |1 —cos [4(51,1“ (- A;A}Jl)%l,k)}

Sarkll2 1020kl

which is based on the fact that
(1 = A7 TSkl
102,12

Therefore, the Euclidean norm of the above rank-1 update to the identity matrix is given via

g = cos [4 (50, (I — A;;Jl)%,,k)] :

—T
— e 1 8 (= AT
cos {4 (6xl,;c, = Alykl_.ll)éxl,k)] - HtTI—HM
1kl2
The strategy is to consider a gradientphilic update only if
o < €2 and }cos [A(Elyk, (I - Afll Jl)ﬁlyk)} | <e3 (4.139)

hold for some additional 0 < £3 < 1. Clearly, this approach is more in favor of the duophilic
update than just checking the left condition ay < 2. However, additional computational effort
is introduced: Due to our prioritization strategy the direct tangent evaluation Jlﬁlyk is not done
yet when the gradient related angle (4.138) is checked. Though this term may be employed for a
possible subsequent duophilic update the product Alf,iJlﬁl,k is solely needed for the above check.

To avoid possibly unnecessary computational effort we refrain from utilizing the more sophis-
ticated strategy and opt for the simple check (4.135) in our algorithmic realization. However, as
we will see in the next paragraph, an adaption of the above described strategy is indeed justifiable
regarding computational effort, if purifying is considered because the angle condition related to

the Newton correction, i.e., Zeg (02, Azy) < 1) is violated.
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4.4.3.2 Newton correction related angle — duophilic or Newton-philic update

Due to our prioritization strategy the angle check
Lest (0, Axy) < (4.140)

is only evaluated if already the gradient related check (4.138) is passed and hence sufficient gradient
related approximation quality of the current Jacobian approximation is given. So if the above
angle check fails we will either employ a duophilic or Newton-philic update in order to improve
the approximation quality also w.r.t. the Newton correction. By having already evaluated both
checks the duophilic update is extremely cheap to compute since both required tangent evaluations
ﬁlTkAl’,i Jy and J;02, ), are available. On the contrary, for the Newton-philic update we require the
unknown adjoint tangent evaluation ((I — Afkl J/)EL;“)TA;,}_JI, cf. the definition of the Newton-
philic update in (4.54) for A,, = A; ). This is additional computational effort we try to avoid if
possible. Therefore, we will not employ the simple check (4.137) to decide whether a duophilic
update may be applicable but adapt the more sophisticated strategy from the previous paragraph:

For the check (4.140) the term ||(I—A;,i )6y,

rel
est

Algorithm 4.1 and 4.2. If [|(I — A}l J1)0m1]|2/]|0%0.k|2 is not sufficiently small the check fails.

Assume that this is the case. Also assume that |a; | is small. This may be due to a small

|2/||02,1||2 must be available since it is required

for the computation of r’¢ which in turn is necessary for the angle estimate Z.q (dz;, Axy), cf.

magnitude of HﬁlTk(I - AE;J;)HQ/HE“CHQ since

—T _
o] < (67,1 (1 = A7)l
Lkl x — ([— .
' [0z k]2

In analogy to the argument in the previous paragraph this does not necessarily mean that the rank-
1 update to the identity matrix in (4.136) ‘blows up’: In the case considered here the magnitude
of the right vector of the two vectors which form the rank-1 update in (4.136) may outweigh the

magnitude of a; . Since

—T
— Say (I — ATy
Q) = Cos [4 (O":cl.k, (6.’0!’,,‘(1 - A,f,iJz))T)} . 7” l'k(f Lk )l
021,12
the product representation of the duophilic update can be written as

-1

7 -
A1 = Ay |1 — cos [L (6g:l=,€, (8 (1 — Az,kl,Jl))T)]
= =T . (4.141)
1 Aty m Sned = A )
8k S (1~ AR 2

and the Euclidean norm of the above rank-1 update to the identity matrix is equal to
“1 (1 = A )bl

cos [ (T, (atp(0 = i) ol

Hence, we check for

o < €2 and ‘cos [4 (ﬁl,k-, ((TTlTk(I - Al’}}]l))l)” <e3 (4.142)
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and compute a Newton-philic update only if both conditions are true. Analogously to the derived
strategy from the previous paragraph a duophilic update is preferred to a Newton-philic update by
the introduction of the above second check. Compared to the extended check (4.139) the advantage
here is that the second check in (4.142) is readily available since the adjoint tangent evaluation

%,TkAl’,i J; was already computed to evaluate the gradient related angle condition (4.138).

4.4.3.3 A strategy to detect and handle singular or ill-conditioned Jacobian approx-

imations

Even though J; may be supposed to be nonsingular we may run into a singular or ill-conditioned
Jacobian approximation A;j during a purifying process. If we characterize A;j by the term ill-
conditioned we mean that conds(4; 1) is of magnitude close to the reciprocal value of the available
machine precision.

If Ay ), is singular or ill-conditioned and if we are able to detect this by our strategy, which we
will discuss below, we will employ the Newton-philic update (4.54) to proceed with the purifying
process. For the weight matrix A,, we choose the latest nonsingular, not ill-conditioned Jacobian
approximation. Hence, we assume that at least Ao fulfills these properties. For the Newton-
philic update we have to take special care of the determination of ﬁl,k since either Alf,i is not well
defined or a numerical computation of %[,k = —A[;Fl is distorted by an excessive amplification
of rounding errors. '

If Ay is singular then according to (4.52) 6z, will be chosen such that dz; . € ker(A; )\ {0}
Singularity of A;, is directly detectable via its LU-factorization. A;, is singular if and only if at
least one diagonal element w;; of U is zero. Let i be the smallest index such that the respective
diagonal element of U is zero. If we set (al,k)u) =0,7i=14i+1,...,n, and (@17;@)@ =1
then backward substitution for the remaining indices 1,...,7 — 1 in the system UHM. = 0 yields
Sxp € ker(Ayg) \ {0}.

However, in numerical computation A is virtually never singular. Though, it may be ill-
conditioned. If we consider a nonsingular A; ;. to be ill-conditioned by the strategy we will describe
below we define El_yk to be an approximation to a singular vector w.r.t. the smallest singular value
of Ay . To obtain such an approximation we adapt the idea of the LINPACK condition estimator,
see e.g. [3] for an explanation of that estimator, and execute a few steps of inverse iteration for
the matrix A{kAl,k- To solve the associated linear systems we employ the LU-factorization of
Ay . The inverse iteration requires an initial guess for the singular vector. We choose Af_lez for
that purpose. Notice that rank revealing strategies for LU-factorizations are based on complete
pivoting, i.e. on interchanges of rows and columns—see e.g. [20]. The LU-factorizations of the
Jacobian approximations A; are based on partial pivoting since we employ the algorithm from
[17] to incorporate rank-1 updates into a given LU-factorization. Hence, rank revealing properties
are in general not given. However, by the constructed LU-factorizations at least a rough estimate
of the condition number of the underlying Jacobian approximations is available. We will make use

of it in the following strategy:

I) Let the LU-factorization of A; ), be given via PA;j, = LU for some appropriate permutation
matrix P. If one diagonal element u;; of U is zero then A;y is singular and we determine

dx1) € ker(A; ) \ {0} in the above described way.
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II) If no u; is zero then conda(A; ) is finite and it holds that
conds (A ) < conds(L) - conda(U)

since conds(P) = condy(PT) = 1. To obtain a cheaply computable estimate for the above
upper bound we use the eigenvalues of L and U. For both matrices the eigenvalues are given
as the diagonal elements l;; and wu;;, respectively. Let M be L or U, respectively, and let the

diagonal elements of M be denoted by m;;. With

i

condy™ (M) := max
i mggl

we obtain
cond$* (L) < condy(L) and condy™ (U) < conda(U).

Note that (:ondS“’(L) = 1 since all /;; are equal to one. Therefore, our strategy is to check for
conds* (U) > K (4.143)

where K is some large prescribed constant. If the above inequality holds we consider U and
also A; i, to be ill-conditioned. In this case El_ﬁ will be computed as an approximation to a

singular vector w.r.t. the smallest singular value of A;, in the above described way.
Before we construct the Newton-philic update with %Lk defined by the above strategy we check if

4G (Avs = T)dzk]l2

= < Esing (4.144)
021,k ll2

for some positive scalar £,y < 1 holds. If this is the case we deem .J; (nearly) singular and stop

the whole iteration.

Remark 4.41  Notice that we are aware of the fact that conds™ (L) is a poor estimate since it
anyway holds that condz(L) > 1. However, we do not think that in general useful information
about the condition number of L is cheaply available. O
4.4.4 Scaling invariance

Like in the Newton case, cf. Subsection 3.4.3, we will see that scaling invariance is obtained by
switching to relative quantities 2" := D;lz where D; := diag(Z) with & € D and ¢y # 0,

i =1,...,n. Let a change of variables in the domain space of F' again be represented by
yi=S"1x with S :=diag(s11,..-,8mn), S #0,i=1,...,n
which leads to the transformed system
G(y) =0,  G(y) :=F(Sy).
Accordingly, relative quantities are given via

Yl = D;ly where Dy = S7D;.
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As we stated already in Subsection 3.4.3 it holds that

Also, we know from that subsection that for
Frcl<mrcl) = F(Dj;mml) and Grcl<y7~el) = G(Dgyrd> — G(y)
we have
Fral(zrel) _ Grel(yrel) — F(I) <4145)
and
(F!)'(@"!") = F'(2)Ds = G'(y) Dy = (G™)' (y"*"). (4.146)
Let A be an approximation to the Jacobian F’(z) and accordingly B := AS an approximation to
the Jacobian G'(y). If we set
Arl:= AD;  and  B"™:=BDj
as approximations to (F7)’(z"!) and (G"!)’(y™°!), respectively, then
dz7el i= —(Arel)"Lprel (grel) = 7D;1AF(1') = —(BrehyTigrel (yrely = gyl (4.147)
since (4.145) holds and also

B = ASS'D; = AD; = A"

This means that scaling invariance is ensured. Next, we will show that the rank-1 updates we
employ in our quasi-Newton approach do not destroy scaling invariance. We restrict ourselves to
the descent update (4.61). The line of argument for the three purifying updates is done in an
analogous way.

We will see that under the condition A" = B¢ it also holds that Af'l = Bfl where Af'l and
B! emerge from a descent update of A" and B", respectively.

First consider the system

Frel(zrely = g,

We define

<—rel |

ol = —(A") TP (), 2t = D'ey, vy € D with F(wy) # 0.

Then a descent update of A" reads as follows

<—rel <—rel\p
Afl _ Aml I— % (1 _ (Arel)—l(F,-el)/(xzrel)) . (4.148)
(x5,

In case of the system
Grcl (yrcl) =0
. ——rel L oerel
we define in accordance to 0z, the correction 0y, via

<—rel

3y = (B IR (), e = Dy ye, yr = Sy
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Then a descent update of B" is obtained via

el rel
Bl'rel _ Brel I— 6y+'e§§ L?: ([ _ (Brel) (Grel) ( rel)) .
(dy )T6
Assume that A™ = B!, Then
——rel —rel
0x, =0y,

by the definitions of the two above corrections and since (4.145) holds. Also
(Fr'el)/<$$ﬁl> (@ (y 1el)

by (4.146) with z“’] and y“’] substituted for 27 and 27, respectively. Hence, A”’] Bfl which
by an argument like in (4.147) implies that scaling invariance is preserved.
Remark 4.42 Let 0z, := 7A’1F(z+) Since (F"!)(27¢') = F'(z+)D; and F" (27¢!) = F(2)
and by the definitions of A" and Sz’ . the matrix ATEZ can be written as
D 52,0z

Ty . 2 -
oz +D 2ox,
= A+Di.

A = AT~ 21— A'F(zy))| Ds

Since A4 is not invariant under D_;I, a scaling in the domain space of F, a sequence of iterates
constructed via
‘Llrj»ll _ I;el + 5‘,1/‘7&[7 (SINI (Alrel) 1F7cl( rel)

where A;‘El is recursively defined by means of (4.148) does not feature affine contravariance. How-
ever, it does feature affine covariance. This is in contrast to Newton’s method where a sequence
of associated iterates satisfies both affine invariance concepts. For an affine contravariant quasi-
Newton approach which in turn does not feature affine covariance refer to the work of Schlenkrich,
[28]. O

4.4.5 Maintaining an LU-decomposition of the Jacobian approximations

To incorporate rank-1 updates into a given LU-decomposition we employ an algorithm proposed
by Kielbasiniski and Schwetlick in [17]. In this subsection we will explain the basic idea of this
algorithm. Let A € R"*" and u, v € R™ be given. Also, let there be a permutation matrix P such
that

PA=LU

is an LU-decomposition of PA. We seek for an LU-decomposition
PiAL =L Uy

of Py Ay where Ay is defined via
Ay = A+wT

and Py is some appropriate permutation matrix. Therefor, we write A, as

Ay = PTLU + 10" (4.149)
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where 7 is the solution of Lr = Pu. The idea is to transform r to a multiple of the first unit
vector e; in R" via a Gaussian elimination process. This way the rank-1 update contains relevant
data only in its first row and therefore can be safely added to the transformed U-factor, which
due to the Gaussian elimination process becomes an upper Hessenberg matrix. In a second step,
an additional Gaussian elimination process is initiated to transform the upper Hessenberg matrix
back to an upper triangular matrix. During these two Gaussian elimination processes pivoting is
taken into account in a particular way. We will explain the pivoting strategy below. If pivoting
occurs an intermediate step is to be performed to reobtain the structure of the L-factor.

‘We perform the first step of the first Gaussian elimination process to convey how the algorithm
works and in which way pivoting is considered. This explanation is along the lines of the comments
on the algorithm in [28].

Let the GauB-transformation L;(a) € R"*" for a € R be defined according to

I

By I we denote the identity matrix in R¥**. Tt holds that L;(a)L;(—a) = I and multiplying a
vector @ = (1), ... ,m(n))T € R" by L;(a) from the left yields

T
Li(@)z = (20, 1), GZ6-1) + (), L1y - -+ E(n))

L)

Especially, if 2 ;) # 0 we obtain for the choice a = “Fan

T’
Li(a)z = (z), - 2(-1): 0, Z(i41)s - - » T(n))

With a focus on the last two rows we write (4.149) as

L U up_1 uy, 7’
Ap =P [T | 1 . * |+ | Te T
[ S| * T(n)

In [17] pivoting is considered if
‘T(n—l)l < ‘r(n) +lnn—1 'T(wr—l)l- <4150)

For the time being assume that |r(,_y| is sufficiently large and hence no pivoting occurs. With
—). e have
T(n-1)

a=

=pT —a a a rvT
A+*P L~Ln~( )(Ln( )U+L71( ) ) (4151)
= PTL(U + ")

where the matrix L is lower unit-triangular, the last component of 7 is zero and for U it holds that

!
U up—1 un
U= * *

* *
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Though fill-in occurs, it is restricted to the index (n,n — 1).

If for 7(,,—1), 7(n) and l,,,—1 the condition (4.150) is true then pivoting is considered. Therefor,
a permutation matrix P, is applied to swap the positions of 7(,_1) and r(,). Note that Pr=p,.
The permutation P, is also applied from the left to L. This way the new permutation information

is incorporated in the already existent permutation information reflected by P. We obtain
Ay = PT'P, - P,LP,(P,U + Pyrv™).

The right hand side of the above equation reads as follows

L U Up_1 up r’
PPy | 1T 1 ey |- 0 w || v | 0"
.0 1 * * T(n—1)

Due to the permutation the lower unit-triangular structure of L is lost. To regain it L, (a)? with

a = —lun—1 is applied in the following way:

Ay =PT'P, - (P,LP,Ly(a)") - (Lu(—a)"PoU + Ly (—a)" Pyro™)
= P'p, . L(U + 7).

Indeed, L is a lower unit-triangular matrix,

LI
L= 1
T, 01

The matrix U is given as

Again, fill-in is restricted to the index (n,n — 1). The vector r transforms to
~ T
7= (" vy + b1 T(r-1), T(n—1))

To eliminate the last component of 7 the matrix L(a) with

___ Ty
T(n) +lnn-1"Tm-1)

is employed in analogy to (4.151). This yields
Ay = PTL(U + o7

where L is lower unit-triangular, U is of the same structure as U, i.e. no additional fill-in occurs,
and the last component of 7 is zero.
Repeating this procedure all components of r excluding the first one are eliminated. For each

step the pivoting condition (4.150) is adapted to the corresponding indices. Finally, this process
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yields a rank-1 update which can be added to the transformed U, an upper Hessenberg matrix,

without destroying this structure. We obtain the decomposition
A, =PTLU

where P is a permutation matrix, L a lower unit-triangular matrix and U the aforementioned
upper Hessenberg matrix including the transformed rank-1 update. It remains to transform U
back to upper triangular form, i.e., to eliminate the subdiagonal elements s t0 Up,—1. This is
done by the same techniques which are used to transform r into a multiple of the first unit vector

e1. However, this time the process starts in the upper left corner. This finally yields
Ay =PILU. & PiAL =L U,
i.e., an LU-decomposition of Py A, where A, = A + uvT.

The described algorithm can be performed in place, e.g., to store the fill-in components of the

transformed U one may use the storage space of the second to last component of 7. In terms

of required floating point operations a complexity of O(c - n?) with ¢ € [% %] arises. The actual
value of ¢ depends on how often pivoting is considered. If pivoting in every step is considered then

c= % On the contrary, no pivoting at all results in ¢ = % In order to decrease the number of

permutations and therefore increase computational efficiency one may introduce a damping factor
7€ (0,1] in (4.150),

[Tn-1)] < T+ 7@y +lan—1 " Tm-1)|-
In an attempt to comply with both concepts — stability and efficiency — in [30] the choice 7 = 0.1

is suggested. We also opt for this damping factor in our algorithmic realization.

4.4.6 Basics of an adaption of the step size controls from Section 3.4

For an adaption of the step size controls from Section 3.4 we will exploit the structural analogy
of the PNLF and APNLF. Let F} := F(x;) # 0 and J; := F’(z;) be nonsingular for some iterate
x; € D. Recall from (3.70) and (3.71) that for the PNLF and the Newton correction Az; at x; we
have

Tt D0 (1)

T(-TI‘PN!Jlil)
with
Asl
NZ(A) = 772‘]} (F(Ll + )\AL[) — F — /\JZALI)
| Az]3

In the following let A; j be a nonsingular approximation to the Jacobian J; and assume that «y
defined according to (4.123) is not equal to one. By Theorem 4.5 for the PNLF it holds that
T(ll + A(sIl‘P]kA;kl)

2
i = (1= A4\
T(wi| PLiALLY) ( (™)

with
——T
_ . 0y 1
Fp(N) = ——p—A4; (F (2 + Aomp) — Fy — AJyday),
6z[,,€6wl,k
1 — _
dr; = 7(5.77”@ and O‘.Ttlyk = 7Aljlc1F‘l

1—ag
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‘We will first present straightforward adaptations of nonlinearity bounds which we employed in the
Newton case. Based on these adaptations a computable corrector step size is presented. Addition-
ally, we will present counterparts of the three predictors introduced in Paragraph 3.4.1.3. For the
actual computation of predictor and corrector step sizes and the evaluation of the APNLF we will

exploit that the quantities
N =T . _ N _
ity = 61‘1,,‘,.14[1,3 and gl =9y - Ji = —grad T(ml|H,kAly,i))

are available which we already used to compute oy, and the angles in (4.124). Furthermore, we
will discuss a post-purifying process, i.e., purifying after step sizes have been computed and also

state a termination criterion and a result about superlinear convergence.

Remark 4.43 In the following we will discuss the determination of step sizes for a general
purifying index k instead of the final index k; at step I. This is in contrast to our basic outline
of the quasi-Newton approach, Algorithm 4.4. However, there the post-purifying concept is not
taken into account. Due to this concept it may be the case that step sizes are determined for

intermediate purifying indices k as well—see Paragraph 4.4.6.4 for further information. ]

4.4.6.1 Nonlinearity bounds and corrector step sizes

First we will provide the basics of an adaption of the theoretical background of the simple and
restricted monotonicity approaches from Subsection 3.4.1 and 3.4.2, respectively. Then, we will
define an adaption of the corrector step size (3.80). Additionally, providing definitions of adapted
predictor step sizes in Paragraph 4.4.6.3 the crucial elements to carry over the step size controls
from Section 3.4 to the quasi-Newton context are present.

As an adaption of the nonlinearity bound (3.73),
2 Pn, I (Fy) = By = Dy — ) |2 < willy — @il
for all y € D with y — 2; = Mz, X € [0, 1], we introduce
20 PuiApt (Fy) = B = Jily = @) 2 < wially - @l (4.152)

for all y € D with y — x; = Noxy, da; = (1 — al,k)’lﬁl_’k, Ae0,1].

Considering the step size dependent nonlinearity bound (3.102),

P, J;7 (Fa + sAxy) — Fy — sJA
wi(A) = sup 2” I (F ZS ) S P = shAm) |
s€(0.N] s2[|Ax]|3

our adaption is as follows

k() = sup 2 1Pk ALy (F (@ + s6x1) — Fy — sidxy) |2
1k (A) =

(4.153)
s€(0,A] 52\\51'1”5
where 6z = (1 — ay )~ 02 k-

Let
A= {)\ € (0, 1] | x4+ Nox; € D}
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Then by means of (4.152) and (4.153) and in analogy to (3.19) we obtain for A € A,

—T
ox
T(\) = — "1 AT (F (2 + Moxy) — Fy — AJyday)
l[0z1,kl13
| P AL (F (2 + Mowy) — Fy — AJiday) ||
< () = il ) [[0[|222 (4.154)

A6

< 31— oy Tt (V) |02 ]|2A?

PYIEEAP

< 5|1 — ag i okl 22
According to the results of Theorem 4.5 this means that for all A € A; it holds that,

T (@ + Noa| Py Aj )

o (L= A+ 21— g o) [[621]|222)° 4.155
Tl € (1A = aud )] X) (4155)

_ . 202
< (1= A4 311 = agg] w6z ]2A%) . (4.156)

The unique minimizer in [0, 1] of the polynomial in (4.156) is given as

— 11—y
ALk = min <1. ‘ Ok

'wz.kaS-’El”2>

and it holds that .
Tlo MmlPudie) 4y e 0,970 0 A
T(xi|PkAry)
The model in (4.155) is in analogy to the model (3.104) we derived in the Newton case. So if
wi,k(A) is uniformly bounded for all A € A; and if the path-connected component of the level set
{zeD| T(z\P;kAfkl) < T(TI\PMADD} which contains x; is a subset of D then following the lines

of proof of Theorem 3.42 one can verify that there exist modeling step sizes X;,, = A, () € Ay,

1 € (0,2), which fulfill
) 1 —akl-n )
Ay, =min (1, —————————
" ( w0
and it holds that L
T(z; + Nowy| P Ay
(l—l‘l’fl““) <1 YA € (0, A, ]-
T(wl‘Pl,kAl,k,)

Next, we will provide a computable estimate for \; , and )\;,,, respectively. Such an estimate

is available if an estimate for w;; and wy(\), respectively can be derived. Analogously to the

definition of [w]; , in the Newton case, cf. (3.78), we define

B 2|\B7kAf,,3 (F(x + Aomp) — Fy — AJiday) |2

[Wlir(N) = A2[|6 (3

(4.157)

By definition we have
[Wie(A) S wrk(N) <wir

and if F' is three-times continuously differentiable one can verify by following the lines of proof of

Lemma 3.41 that [w];;(\) and wy k() are in close relationship via

Wik (A) = @ik () + O(N).
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The estimate (4.157) requires a step size A > 0. So in analogy to the Newton case we can use this
estimate for the definition of a corrector step size. Let A;; € A; be given. Then we define the

corrector 5
|17(ll,k‘ |17a17k|

Wizl [wlik (M) [0z
Form this definition we see that if A; y is affine covariant compatible the corrector is affine covariant.
By means of (4.154) and the definition of [w];x(\) we see that

c .
1j*

(4.158)

|2

_ - e\l
7)) = 311 — el 7 wloe V) 02ll2A7; = $ (M) ™ ATy

Hence,
¢ _ —1
’\l,j = %('/‘I‘k(/\l,j)l) )\iw

From (4.9) we derive that 7 .. (\;;) can be written as

_r
02 1,071, +

2 (1= )

l[921,1

where
E,ﬁ = 7A;,3F(a:l + A joxy).

Since the quantity g is available and in analogy to the wj-strategy (3.95)-(3.96) in the Newton

7 —

case we can determine the product 6z 0z, 4 by means of
AT

7gly,€F(zl + A j0xy).

Thus, the corrector is cheaply computable via

1 -1
Niy=75- { } DY

4.4.6.2 Efficient evaluation of T(z|P, x4, ) and the simple monotonicity check

— G F (@ + A joan)

— - - (1 - )\lv )
l[61,k[13 !

Since
T(x|PApy) = 51 P F (@)

it holds that
_ ~—T — 2
T(a|PriAyy) = 5 [[020, A F(2)]/[820]2]

Hence,
T(I[ + /\l,jdl'l‘l—)l,kAlT;) < T(ll‘PlkAl_kl)

&
. .
10y, A F (@ 4 M goan)| < [0
The term |alTkAf,}F(xz + Ai,j0z7)| can be efficiently computed by means of §; 5

. )
(8 AL Fa+ A goan)| = |97 (an + M) (4.159)

Notice that the product ¢} F'(z;-+); ;j07;) can be reused for the evaluation of a subsequent corrector

step size.
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4.4.6.3 Adaption of predictors

The predictors Ao we will introduce are of the same structure as the corrector step size (4.158),

ie.,

_ 2
Ao = min (1, M) (4.160)
[w] - [[6z1,]2

but substitute [w]; x(N;,;) with an estimate [w] for the local nonlinearity of F' which is based on
information from the previous step. We will provide an adaption for each of the Newton predictors

from Section 3.4. Since the Newton predictors are of the form

1
AN, = min <1, 7>
b0 [wWIN Az

it is the quantity [w]" we are going to substitute to obtain the respective predictor in the quasi-
Newton context. For comparison we also state [w]V. The index k;_; will denote the final purifying

index from step [ — 1 which may be equal to zero if no purifying was considered in step [ — 1.

e simple predictor

In the Newton case we have
WV = wh-1 (),
cf. (3.87). Hence, the adaption is straightforward by choosing
W] = [who1 5, (Ni-1)-

This quantity is already known from the previous step, so no additional computational effort

is introduced.

Deuflhard-like predictor

From (3.90) we see that for the projected Deuflhard’s predictor the quantity [w]" is given as

v _ P (= Jia) B

[w] =
A1l Az 2| Azl
where Az := —J;_} F;. Owr adaption is the following quantity
1P A (T = Ji—)dai—1 |2
[w] = :

Ni—1l[oz-113

Since 6x1—1 = (1 — oy 1 j,_,) 10,y ,_, and by means of §,  and g, x We can write

- ‘g?jk(;z/—l -(1- 0‘171,1’@,,1)_lﬁfk']l—lazfuc,,l‘
YRR [y [y P

]

An efficient computation of this predictor is possible if from the previous step the direct
tangent evaluation .];,15171%171 is known. However, this is not necessarily the case. If the
descent update was employed in the previous step it may be the case that the angle estimate
Zest(0z1—1, Axy_1) was not computed and hence J[,1%Z,17;17] is unknown. Assuming the
direct tangent evaluation is at hand we still have to compute g{kﬁzl,l and g{ku]l,lﬁl,leI .

Each product introduces additional computational effort of complexity O(2n).
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e nonlinearity bound predictor
Considering the projected nonlinearity bound predictor in the context of Newton’s method,
according to (3.94) the quantity [w]™ reads as follows:
N _oq [Py, I (Ficy — By + N1 JiAz_q) ||
Ay 1Az 13 ‘

]

Straightforward adaption leads to

_y HPl,kAl_,kl.(Fl—l — Fi+ N1 Jidzq) |2
AL 1621113 )

[w]

(4.161)

Using gi,1 and g; ; once more the right hand side can be written as

1953 F1-1 + [1021.k[13 + Mi—19/}021-1)

APy ll0zi1[13 - ([0 k]l

wl=2

The products gfk,Fl,l and g{kdzl,l are unknown but can be cheaply evaluated each with a

complexity of O(2n).

Note that all predictors are affine covariant if this is true for the involved quantities from the

previous step and if A;, is affine covariant compatible.

4.4.6.4 Post-purifying

If the angle conditions (4.124) are only fulfilled for ¢, > 0 there is still a difference between dz;
and the Newton correction Ax; as well as between dx; and the gradient of the related APNLF.
Hence, we cannot guarantee the same behavior of the APNLF in the direction of z; and the PNLF
in the direction of Ax;. If the step size control yields too small step sizes we reconsider purifying.
More precisely, if A; j does not lead to descent and if A; j < Agpresn for some prescribed A¢presn > 0
then we check the angle conditions (4.124) for a more restrictive choice of ¢ and 1. This way we
may enforce the resumption or initialization of a purifying process.

Since it is not a priori known whether purifying after the initiation of the step size control
occurs we refrain from computing the actual descent update (4.125) from A;( right away, if we
opted for it. For the step size control the matrix update is not required, only its effect on F is of
importance and this is already reflected by the factor (1 —ay,0)~! in conjunction with the direction
AR,

4.4.6.5 Termination criterion and providing A;; 1 for the next step
In analogy to the Newton case we terminate the iteration if

l6:1]]2 < XTOL (4.162)
holds for some prescribed tolerance XTOL and use

i1 1= 2 + 01y

as final approximation to a solution z,. Like in the Newton case we provide a second termination

criterion which involves an estimate for the error at the next iterate x;41: Assume that simple or
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restricted monotonicity, respectively, holds for a predictor of magnitude one. This already implies
that ;41 = x; + 0x; and no more purifying will occur, i.e., the current purifying index k becomes
k. In case of simple monotonicity we also assume that min(1, Afg) = 1 with the corrector Af,
from (4.158) holds. Then we check for

4,7 F(zis1)ll2 < XTOL (4.163)

If this is true we return

Tlql =T — A;EllF(le)

as the final estimate. If the check fails the computation of A;%lF(le) is not in vain since we
can use it for the next step: According to Algorithm 4.4, the basic outline of our quasi-Newton
approach, at the next step [ + 1 there must be a nonsingular matrix A;4;, and the direction
Tip10 = 7A17+11,0Fl+1 available. To provide these quantities our strategy is as follows: If the
final purifying index for step [ is bigger than zero, i.e., k; > 0 than we define A;,; 0 = Ak,
and Tjq1,0 = *A;,;llFHl» If k; = 0 then we apply the descent update (4.125) to obtain A; and
define Ajy10 = Ai, Tiq10 = *AleH—l- Doing so the chance is given that there is an index [
such that all A; with [ > [ are defined via a descent update of its predecessor. If additionally the
iteration converges to a solution of x, and the step sizes become one then according to our local
convergence analysis of the descent update there is the chance for superlinear convergence. Under

which conditions we can guarantee superlinear convergence will be shown in the next paragraph.

4.4.6.6 Superlinear convergence

For our result about superlinear convergence it is crucial to assume that the sequence of all Jacobian

approximations {4, } converges to a nonsingular matrix A, and only a finite number of purifying

updates is applied. However, it is not required that A, = () where z, is a solution of F/(z) = 0.

If Algorithm 4.5 decides for a direct application of the descent update, i.e., no purifying process

is invoked, and if no post-purifying is considered the final purifying index k; at step [ is k; = 0 and
it holds that

M—apl>e (4.164)

From the discussion in Subsection 4.4.3 it follows that a termination of a purifying process implies
the above inequality for k; > 0. We will make use of the relation (4.164) in the proof of the
following theorem.

The idea of the proof for superlinear convergence is to meet the conditions of Theorem 4.33
from our local convergence analysis in Subsection 4.3.2. Crucial is to prove that there is an index
such that the damped iteration (4.122) turns into a full step iteration. Furthermore, Theorem 4.33
requires the transposed Dennis-Moré to hold. We will show that this is indeed true.

For the sake of simplicity we will only consider the application of the nonlinearity bound pre-
dictor which is characterized by the choice (4.161). No post-purifying will be taken into account.

Furthermore, a step size )\;; is accepted if simple monotonicity holds, i.e.,

T(a+ Ngdu| P, Ay ) < Tl P, Ay ) (4.165)
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Theorem 4.44 Suppose Assumption 4.24 holds for F and let J, := F'(z.). Additionally, assume

that the affine covariant nonlinearity bound
27 (Fy) - F(a) - F'@)y - 2)lls < @lly - al} Va,yeD (4.166)

holds. Consider the iteration (4.122). The Jacobian approzimations are constructed according
to Algorithm 4.4 and 4.5. Let the step sizes A; be determined by means of the nonlinearity bound
predictor given via (4.161) and the corrector (4.158). Step sizes are accepted if simple monotonicity
(4.165) holds. Assume that the sequence of iterates {x;} generated by the iteration (4.122) is well
defined and satisfies lim;_, oo x; = x, with x; # . for alll. Furthermore, suppose that the sequence
of all Jacobian approzimations {A;}, i € {l,(l,k)}, converges to a nonsingular matriz A, € R"*™.
Then,

1) there is an index | such that \y =1 for all 1 > 1.
If additionally the number of purifying updates is finite then
1I) the convergence is superlinear.

Proof. We abbreviate F; := F(x;) and J; := F'(x;). Since the sequence of all Jacobian approxi-
mations {4;} converges to a nonsingular matrix A, there is an index /; such that 4; and A;j are
nonsingular for I > I, 0 < k < k where & is the final purifying index at step I. Furthermore,

there are constants © and ©, such that
A7 e <©1, U7 All2 < O (4.167)
for all i € {I,(I,k)} with [ > I; and 0 < k < k; holds.
T) Let 0 < k < k;. By means of (4.167) we obtain for El,k and [ > I3
520l < 1AL R Jullz |2 Fa)ll2 < ©1 - |17 F ()2

Since convergence of the iterates to x, is assumed this implies that

lim &z, = 0. (4.168)
l—o0

Analogously, it holds that
llim ox; = 0. (4.169)

Consider the nonlinearity bound predictor

1—op |2
Ao =min | 1, #
[w] - [0y g, |l

where [w] is chosen according to (4.161) as

1P, A (Fiet = By + N1 Jidia) |

APy lloma 3

W] =2
By means of the nonlinearity bound (4.166) and the bounds (4.167) we obtain for [ > Iy,

[w] <O 0.
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1T)

If the predictor is computed the condition (4.164) is fulfilled. Hence,

It —af|? g2

] - 1625, ll2 ~ ©1- @ - 1025, ll2”
Since (4.168) holds this implies that there is an index I > [; such that
Aio=1 VI = 1.

According to the results of Theorem 4.5 we have

T(a + Aézz\PlJ?tAl_v’él)

n = (1= A +75 W)
T(w|P A L) ( 1 (Y)

where
5o
LR AL (F(ay + Moay) — Fy — Aiday).

e (N = 1k

19, 5, 113

By means of the first bound in (4.167), by the bound (4.164) and the nonlinearity bound
(4.166) we obtain for [ > I,

—T
0x; 1. -~

Tirg(\) = 7%&% (F (2 + Aoxp) — Fy — M;dxy)
R

1P, Ay, (Fr + M) = Fy = Ao |2

A2(|0x, 7, |21 6212
<3 = a7 0100 2A?
1

el 0 - B[N = 1062\,

< [P (M= (191|272

<4

Hence, for the relative change of the level function it holds that

T(z; + )\(5.’171‘]1;!/1;];1])

T (1| Py, Ay

— <aN) Vizh (4.170)
Lk

where
@A) = (1= A+ 10)I5a]2%)°.

Since the corrections dx; converge to zero there is an index [ > I such that for all [ > [ the

predictor ;o is equal to one and it holds that
(M) <1
which by (4.170) implies that simple monotonicity is given and hence A\; = X\j o =1Vl > L.

Since it is assumed that only a finite number of purifying updates is performed there is an
index I3 > [ such that \; = 1 and k; = 0 for I > I5. No invocation of a purifying process for
1 > I3 implies that each A; is defined via a descent update of A; o which by Algorithm 4.4 is

given by A;_. Therefore, %l,o reads as follows

dz10 = — AL B
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4 Approximate Projected Natural Level Function

By means of the matrix representation of the descent update (4.

(A F)" (1 — Ay

125) we obtain

2

IT— AL A=
Il 1Al A Al

Since the sequence of Jacobian approximations converges to A, we have

Jim |1 — AL A2 =0

and hence I .
o IATVEDT (= A7 )
I=ee 142 Fllz

Furthermore,

AL )T = A T2 NAZF)T (= AL )l
A Fila 1A Frl2

and by means of the convergence of the iterates to z, we obtain

oo MAZLR)T (T = AL )

=0.
I=o0 4 Filla

+ 61 - [[I = Il

This means that the transposed Dennis-Moré condition (4.94) for the sequences {4;} and
{At:llFl}, I > I3, holds. By Proposition 4.34 the sequence {/-151111‘7}}7 I > I3, also has the

affine covariant residual property 4.31. Hence, all the conditions of Theorem 4.33 are fulfilled

for I > I3 which yields superlinear convergence of the sequence {z;} to z,.



Chapter 5

A Global Convergence Result for

a Newton-like Iteration

There is no global convergence result if one solely employs the natural level function concept to
determine step sizes in a damped Newton iteration. Such is also true for the concepts of the
projected natural level function and the approximate projected natural level function which are
introduced and discussed in this work. This is due to the fact that every step descent is measured
in a different metric and cycles in the iterates cannot be excluded.

However, employing the general level function (2.10), i.e.,
T(x|A) == L|AF(2)||3, AeR™", (5.1)

for a fized nonsingular choice of A global convergence results for a damped Newton iteration are
available, cf. Theorem 3.13 in [11].
In this section we will provide a global convergence result of the type presented in the afore-

mentioned Theorem 3.13, however, for an approzimate damped Newton iteration
T4 =+ oz, dm = —B; 'Fy, F:=F(x),

where the matrices B; are to be considered as approximations to the respective Jacobians J; :=
F'(x;). The basic techniques used in the proof of our global convergence statement are adopted
from the proof of the above mentioned Theorem 3.13. However, due to the fact that we consider an
approximate damped Newton iteration some extra care is necessary. For the proof we will define
a polynomial model ¢;()\) as an estimate for the relative change of T'(z|A) at z; in the direction
of 0x;. By means of this model the step sizes A\; will be determined. For the development of our
polynomial model it is crucial that the approximate correction dx; fulfills

d
T D@+ M| A)a—o = grad Tai] A)om, = (AR)T Agba,

d (52)

= —|| AR

This can be achieved by simple scaling of some given direction dz; provided dxz; and grad T'(z;|A)T

are not perpendicular, cf. the definition of the descent approximation from (4.6) in the context of
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the APNLF. However, as we will see we can also use a generalization of the descent update from
Section 4.3 to obtain a correction dx; which fulfills (5.2). We will combine the generalized descent
update with a generalization of the purifying techniques from Section 4.2 to provide a sufficiently

good approximation quality of the matrices B;.

As a first preparation for our global convergence statement we will develop a polynomial model
p(X) which serves as a basis for ¢;(\). We introduce this second model p(\) also for the reason that
it may be exploited to provide the basics for a broader range of step size control algorithms. E.g.,
we will see that it may be used for a step size control in the context of an approximate natural
level function (without projection)—see Remark 5.3.

The model p(A) depends on a rather general nonlinearity bound:

For nonsingular W, U € R™*" let

2 [W(F(y) - F@) — F'()(y - ) |2 <w|Uly— )|} Va,yeD. (5.3)
As a further generalization W and U may depend on z. If this is the case we
assume that W and U are continuous in = and that W(z), U(z) are nonsingular

for each z € D.

This bound is innately neither affine covariant nor affine contravariant. It depends on the choice
of W and U which concept is favored. For example W = W (z) = F'(2)~! and U = I leads to an
affine covariant bound whereas W = I and U = U(z) = F'(z) to an affine contravariant one. This
is on purpose to ensure compatibility of the polynomial p(\) with both concepts. Furthermore
one may consider the above bound only for an appropriate subset D of D which leads to a locally
defined bound. This way an adaptive choice of W and U is possible—see again Remark 5.3.

The polynomial model p(\) reads as follows.

Theorem 5.1 (Polynomial model) Suppose that F fulfills Assumption 2.1 and let x € D such
that F(x) # 0. Abbreviate J := F'(x). Assume that the nonlinearity bound (5.3) holds. For given
nonsingular A € R™ "™ consider the general level function (5.1). Let B € R"*™ be nonsingular
such that §x := —B~'F(x) fulfills

d .
(a4 A A) o = AP (5.4
Define
JAGB = Dsala - Ly UdslB
= hi=w- || AW B Y B
IAF@ AWl TaF @),
and
A={\e (0,1 |z + Aoz € D}. (5.5)

Then for A € A one has

T(x + Aoz|A) < [(1 S LR LA 4 imAB]T(zm)

(5.6)
=:p(\)T(z|A).

For the polynomial p it holds that
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) pis strictly convex on [0,1] and has a unique minimizer X in [0,1] with 0 < X < min (1, 1/il)

where 1/h := o0 if w = 0.
Proof. Consider A € A. For ease of writing we use
B(N) == A(F(z + M\oz) — F(z) — AJoz).
Since (5.4) holds, i.e.,
(AF ()T AJoz = —(AF()) T AF(2)
and
Béx = —F(x)
we have
(AF(2))" A(B - J)6z = 0.

All three statements are exploited in the following without any explicit reference.

[AF(z + Ao2)|2 = (AF(x + Adx)) " AF(z + Adz)
= (AF(2))" AF (2 + \oz)
+ [A(F G+ 252) — F@)] AP (x4 2ox)
=ta+ b bs.
For a we have
a=(AF(z))TAF (x + \oz)

b

=
5
==
=

( F(x 4 Aox) — F(x) — Jox)
= (AF())" [A(F(a: +A0x) — Fla) — \Jox) + (1— /\)AF(;L')]
(1= X)(AF(2)) " AF(2) + (6(V) " AF(2).

H
[
>
=

For by we obtain
by = A(F(z + \dz) — F(z))
= A(F(x + Xox) — F(z) — AJdz) + ANAJox
= ¢(\) + AAJox
and for bo,
by = AF(z + Mox)
= A(F(x + A\ox) — F(x) — AJdx — Béx + A\J5x)
=¢(\) — AA(B — J)ox + (1 — \)AF(z).
Combining these results and rearranging the terms the sum a + b1 by reads as follows
a+bThy = (1= \)(AF(2))TAF(z) + A(1 — ) (AF(2)) T AJsx
+ (1= N (6W) AP (@) + (6() " AF (@) + (6(0) ()

— N2(AT82) T A(B = J)dx — A(¢(N)TA(B = T)sz + A(o(N) T ATsa.
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Recall that
(AF ()" AJ6z = —(AF()) " AF(2)

and note that
—(AJ52)" A(B = (A(B - J1)o2) " A(B — J)ba.
So with an additional adding and subtracting of A(¢()) )TABM = 7)\((15(/\)) AF () we have

a+b]by = (1= N2(AF (@)  AF(2) + 21 = N)(6(N) " AF(2) + (6(1) ()

) r (5.7)
+ N2 A(B = T)6z)3 — 27 (6(N) T A(B — J)da.

By the nonlinearity bound (5.3) and the definition of % it holds that

6Nz < 3hN°|AF (@)]]2-

Thus, by means of this estimate, the relation (5.7), and by means of the Cauchy-Schwarz inequality
we obtain
[AF (2 4+ 2o2)[5 < (1= N [AF (@) 5+ (1 = MNR|AF()|[3 + $R°AY | AF ()13

WLERDE ol AB=Dinly

According to the definition of 7 and p(A\) and by means of some minor rearranging we can write
the above relation as
[ AF(z + Ad2)|32 < [(1 SO LR LA 4 ﬁnﬁ] | AF(2)|2
= pWIAF ()13
which is just (5.6).

For the remaining part of the proof let A € [0,1]. The first derivative of p at A is
d - - -
ﬁp(A) =2(1— A+ 1A% (=1 + AX) + 20° A + 3hnA2.
Setting A = 0 leads to %p()\)‘)\:[] = —2. From

d2

ﬁp()\) =2(hA = 1) +2h(1 — A+ %iL}\Z) + 2% + 6hnA

we derive that p is strictly convex on [0,1] and £p is strictly increasing on [0,1]. Together with
%p()\)uzo < 0 and h,n < oo this yields a unique minimizer A > 0 of p in [0,1]. Since the term
21°A + 3hnA? is nonnegative for A = 1/h the minimizer is bounded from above by min(1,1/h).

| |

By the quantity 1 the influence of the deviation from the Newton correction is expressed because
n=0 <& dr=—F(2)'F(z).

For an evaluation of 1 the direct tangent evaluation F’(z)dz is required. This can easily be done
via the forward mode of Automatic Differentiation. Note that for n = 0, W = W (z) = F'(z)~!
and U = I the above polynomial simplifies to the the square of the polynomial from Theorem 2.10
if additionally the Lipschitz condition (2.23) is considered instead of the above nonlinearity bound

(5.3) for this specific choices of W and U, i.e. the nonlinearity bound (3.3), and if A is chosen
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as A = F'(x)7'. An analogous simplification is true in the context of affine contravariance for
the choices W = I, U(z) = F'(z) and A = I. To avoid the introduction of new notation just
for the purposes of comparison we omit details here. The interested reader may be referred to
Theorem 3.7 in [11]. Summarizing, the polynomial model p provides a generalization of existing

polynomial models from the literature in the context of both affine invariance concepts.

Remark 5.2 The minimizer A of p in [0,1] can be stated explicitly. We omit the formula here

since it is lengthy and does not provide any readily identifiable further insight. O

Remark 5.3 If we only consider a subset D of D in (5.3), e.g., for given 2 € D let y € D with
y—ax = ANz, A € [0,1], we obtain a local nonlinearity bound. If these bounds are employed
iteratively one may also choose W and U adaptively. Consider for example the context of an
approximate natural level function where Bl is some nonsingular approximation for F’(x;) and
By a second nonsingular approximation for F”(z;) which additionally fulfills (5.2) for the choice
A= B,. Choosing W, = Biatz and U, = 1 opens the door to have meaningful theoretical
quantities available which can also be estimated in a reasonable way, cf. the bound (4.152) and its
estimate (4.157). O
For the upcoming global convergence result we must ensure that the deviation of dx; from the
Newton correction at x; is uniformly bounded. To meet this condition, we will employ an adaption
of the purifying techniques from Section 4.2. Recall that we also have to meet the requirement
(5.2). Therefore, we will use an adaption of the descent update from Section 4.3. Let « € D such
that F(z) # 0 and F’(x) is nonsingular. With the abbreviations F := F(z) and J := F'(z) and

with dzj, determined in analogy to dzy, in (4.52) the updates we are going to use look as follows:
e descent:

F(AR)TA(By, — J)

Brer=Be = =

e Newton-philic:

(Bi — J)8ax (A(By — J)oa) T A(By — J)
[A(By — J)dxi]|3

Remark 5.4 The above updates are in close relationship to Schlenkrich’s residual update

Byy1 = By —

(5.8b)

FFT (S, —J)
Skp1 =Sy — ——m——
o 1713
and transposed tangent Broyden update
T . . .
Sp— J)sk((Sy — J Sk —J —F if Sy is nonsingular

Senn =Sr( v — )5k ((Sk )Sk)z (Sk )’ st £0 55, Spsy = & g
105k = Tz 0 if Sy is singular,

respectively: Applying Schlenkrich’s updates to G(x) := AF (z) and generating approximations Sy i
hereby then the relation AB; = S; holds if AB;o = S;0. Hence, regarding global convergence
one may also refer to the results in [28]. However, the step size control exploited in [28] is not
based on a polynomial such as p(\) from Theorem 5.1. Thus, we provide an alternative approach.
]
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If By is constructed via the descent update then
(AF)TAByy1 = (AF)TAJ (5.9)

and hence for nonsingular By (5.4) is true. Due to heredity all following approximations con-
structed via the Newton-philic update also fulfill (5.9). If such a matrix is nonsingular then (5.4)
is true too. Note that grad T'(z|A) is given via (AF)TAJ and hence does not depend on any of
the approximations By. Therefore, we do not consider adapted versions of the duophilic and the
gradientphilic update, (4.49) and (4.51), respectively. The basic purifying process at an iterate x;

is as follows:

Algorithm 5.1 (Purifying process w.r.t T'(z|A) at ; € D with F’(z;) nonsingular)

1 given: Byg € R"*", F:= F(x;) # 0, J; := F'(x;) nonsingular,
2: set k=0
3: while (B;, singular) || (B nonsingular && B,Tk,lFl #* J,’lFl) do
4: if £ =0 then
5 construct By k41 via the descent update (5.8a)
6: else
7 determine dz;;, # 0 according to
by — —F; if By, is nonsingular
0 if By is singular
8: construct By 41 via the Newton-philic update (5.8b)
9: end if
10: set k=k+1
11: end while

The adapted Newton-philic update (5.8a) is a specific instance of the basic purifying update, cf.
(4.39). Hence, by Proposition 4.16 the above algorithm terminates after a finite number of steps
providing the Newton correction. Also, every constructed approximation B;, fulfills an indexed
version of (5.9), i.e.,

(AR)"ABy. = (AR) Ji. (5.10)

So there will be an index k; such that B, f, is nonsingular and of sufficient approximation quality.
This vague statement will be concretized in the proof of Theorem 5.5. We use B, i to compute
the actual correction dzy, i.e.,
= B (5.11)
ox; = —B; K.
Since the quantities W and U from (5.3) may depend on z and hence on an iterate z; we use
the notation W) and U to indicate that possible dependency. Also, we introduce indices in the

definition of 7, i.e.,
_ 1AB: = 2)dzls

A (5.12)

m:

Verify that
Uy (BT = J7 ) Filla + U I Fille = [Ugydallo-
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Also, it holds that
1T Filla < Uy J; A 2l A2

Hence,

Uy (B = I DA

B = w- AW - + 10T A

g [AF
100 (Bt = T Elle + 10T Fil] (5.13)
Uyox )3 -
> w0 Ay, - L0l

® ARl

So introducing indices in the definition of p(\) we substitute /ﬂl for hy to obtain the polynomial

model ¢;(A) on which the following result is based.

Theorem 5.5 (Global convergence) Suppose F fulfills Assumption 2.1 and additionally let the
Jacobian F'(x) be nonsingular for all x € D. Assume that the nonlinearity bound (5.3) holds.
Consider the general level function (5.1) for nonsingular A € R™*™ and let G(x|A) be the level set
of the general level function at x, i.e., G(z|A) :={z € D | T(z|A) < T(z|A)}. For some xo € D
let Dy denote the path-connected component of G(xg|A) which contains xo. Assume that Dy is
compact. Let By € R™™™ nonsingular and nonnegative constants (1, G2 and (3 be given. Consider

the iteration

Tpy1 =2+ Nbay, Sz = —B]'Fy, F = F(x),
with \; being the unique minimizer in [0,1] of
@V == (1= A+ 2002)° + 02 A% + T A%,

The matriz By is given as in (5.11). The quantities 1, and Ty are defined as in (5.12) and (5.13).
Then for each | with Fy # 0 there exists an index k; < n such that

1) By is nonsingular, hence, dx; is well defined,
II) it holds that

(B " = ;") Filla

B ' — I YE|. < ¢,
W5 = i) Al <G AR

< Gos m<G
where J; == F'(x),
III) N is well defined and Ny > € > 0 with € independent of I,
IV) there is a constant 0 < C. < 1 independent of l such that
T(xy + Nda| A) < qe(M)T (2] A)
< CeT (2] A) < T(x] A).

This implies that the sequence x; converges to some ., with F(z,) = 0.

The constant € depends on Dy and (1, (2 and (3.
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Proof. We define for z; € D the set D; in accordance with Dy.

The proof is by induction. Assume that Fy # 0. Since Jy is nonsingular and by means of
Proposition 4.16 and Algorithm 5.1 there is an index 0 < ky < n such that By, =t Bo is
nonsingular and (5.10) holds. Hence, dzg = —By'Fp fulfills (5.2) for [ = 0. Since also the
nonlinearity bound (5.3) is assumed to hold, we can exploit the results of Theorem 5.1. Introducing
indices in (5.5) and (5.6) we obtain

T(zg + Nzo|A) < po(N)T'(x9|A) VA € Ag.
Recall from (5.13) that ﬁo > hg. Hence, substituting ﬁo for hg in po(A) yields
Po(A) S @o(A) VA€ Ag
and therefore
T(zo + Moxg|A) < qo(N)T(x9|A) VA € Ag.

Also, we may argue like in the proof of Theorem 5.1 that %qg()\)‘)‘:“ = —2 and that g is strictly
convex on [0,1] and has a unique minimizer A\g > 0 in [0,1]. We show by contradiction that
2o + Adxg € Dy for all 0 < X\ < A\g. For this, assume it is not the case. Since D is open and
nonempty and due to the compactness of Dy the set Yj := {0 < A < Ao |xg + Adzg € D\ Dy} is
nonempty. By assumption D is also convex. This means that for any A € Yy we have xg+sdzg € D,
0 < s < A. And for any such s > 0 we obtain by the above stated properties of gy the estimate

qo(s) < qo(0) = 1. Consequently,
T(xo + séxg|A) < qo(s)T(xg|A) < T(xlA), 0<s< A, AeYp.

But from this it follows that zg + Adxg € Dy for all A € Yy which contradicts the definition of Yj.
Thus, we can conclude that zg + Adxg € Dy for all 0 < A < Ag which means that

T(l'(] + )\510‘,4) < T(Io) for all 0 < A < \g.
Hence, in particular
T(x1]|A) < T(xolA)

and therefore
D, C Dy.

We turn to the question whether there is an € > 0 such that Ao > . Recall that W and U in
the nonlinearity bound (5.3) may depend continuously on . If this is not the case then W(z) =
W e R™*™ and U(x) = U € R™™", respectively. Anyway, the compactness of Dy yields for some

positive constants C, Cy and Cf,
max||U(z)F'(z) L F(z)||]2 < C1,
x€Dy
max || AW (z) 7|2 < Co,
x€Dg

max|[U () F'(x) A7 |l < Cs.
x€Dg
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W.lo.g. we can also assume that kg is chosen such that for the given nonnegative constants ¢y, Co
and (3 the bounds
1By =I5 ") Foll2 < Gu,
I(Bo " = Jo ') Foll
[AFy||

o < G3
hold. Hence, by the definition of A in (5.13),
T < wC (G2 + C3)(¢1 + Cy) =: Cy
and for
GA) = (1= A+ 2?2 + GA? + CuGA®

we obtain
() <q(A) VA€ Ao

Since g is of the same structure as py and gy the properties stated in paragraph I) and II) of
Theorem 5.1 are true for g as well. We denote the unique minimizer by ¢ and define the nonnegative
constant C. via

C.:=7q(e) < L.

Exploiting the properties stated in paragraph I) and II) of Theorem 5.1 for go and g some elementary
considerations yield

Ao =e>0.

Also,
qo(No) < C. and hence T(z1|A) < C.T(x0]A).

Assuming for [ > 1 that x; € D with F; # 0 and D; C Dy holds we argue in the same manner as

before to prove that
o there is an index k; such that dz; is well defined,
o 1+ Nox; = 2141 € Dy and Dy C Dy,
e\ =>¢,
o T(x141|A) < C.T(z|A).

With the assumption D; C Dy the second of the above relations implies D1 C Dy. This yields

either convergence in a finite number of steps or
lim x; = @,
=00

completing the proof.
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Chapter 6

Numerical Experiments

In this chapter we will present numerical experiments to test out our algorithmic realizations of
the concept of the projected natural level function (PNLF) and the approximate projected natural
level function (APNLF).

For the latter approach we will use the purifying updates and the descent update from Sec-
tion 4.2 and 4.3, respectively, to obtain an approximation of the Jacobian. This is done in a way
as described in Section 4.4 and implemented along the lines of the algorithms in Appendix II.

Step sizes are either determined according to the simple monotonicity or the restricted mono-
tonicity step size strategy from Subsection 3.4.1 and Subsection 3.4.2, respectively, with the mod-

ifications discussed in Subsection 4.4.6 in case of the APNLF-algorithm.

As reference method for comparison purposes we will use an algorithm which employs the nat-
ural level function (NLF). This algorithm is in its basic functionality very similar to the algorithm
NLEQ1 which is discussed and tested in [26]. We prefer our self written code instead of employing
NLEQ1 directly because the implementation of our NLF-algorithm is identical to the one of the
PNLF-algorithm except that step sizes are monitored by the NLF instead of the PNLF and pre-
dictor step sizes are always computed via the Deuflhard predictor (3.92). This has the advantage
that a different behavior of the algorithms is not related to differing aspects of the implementation
but solely to the fact that different concepts are employed.

The algorithms we will test out in this chapter are designed to solve general systems of nonlinear
equations

F(z)=0

where F' fulfills Assumption 2.1, i.e., F' : D — R"™ is continuously differentiable on D C R" with
D # () open and convex. Least squares problems like they are discussed in Section 3.3 are not

considered.

Algorithmic settings
In the course of their execution the considered algorithms require solutions of linear systems of the
form

My=b, beR", (6.1a)
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where M is a Jacobian matrix or Jacobian approximation, respectively. Furthermore, for the

APNLF-algorithm and also optionally for the PNLF-algorithm linear systems of the form
M =wT, weR", (6.1b)

arise. We employ an LU-decomposition of M to solve the above linear systems. In the case of the
APNLF-algorithm we incorporate the arising rank-1 updates into the current LU-decomposition by
means of the update algorithm from [17] which we discussed in Subsection 4.4.5. Throughout, the
APNLF-algorithm is started with the Jacobian at the initial guess (. This way, affine covariance

is ensured for the iterates provided by the APNLF-algorithm.
To run the algorithms concrete values for several constants are required:

e step size related quantities

As initial step size we choose \g = 1072. The minimal allowed step size A, is chosen
according to
Amin = 1074 (simple monotonicity), Amin = 1076 (restricted monotonicity).

If restricted monotonicity is used the respective check (3.115), i.e.,

(vemmm) o (A=1 wd A<llAml) (62)

with
Ai(n,7) = {x € (0,1] [ A = /[l (N | Azill2, 7 € [n,7]}
is considered for the values
1 P 3
== an =_.
=3 =3
Certainly, in case of the APNLF-algorithm dz; is substituted for Az; and [w];(X) is adapted

accordingly, cf. (4.157).

scaling threshold
If we consider adaptive scaling the scaling matrices from (3.119), i.e.,
D, = diag(dy,...,d,) where d; = ma,x[%(h:l,l,(i)\ + \:cly(,)\),thrsh}, >0, -
Dy = diag(dy, . ..,d,) where d; =max(|zg,], thrsh) (0
are computed for the value thrsh = 1079, Notice that in case of adaptive scaling also range

space related scaling of linear systems as stated in Section 3.4.3 is taken into account.

angle conditions
In case of the APNLF-algorithm a purifying process is terminated if the angle conditions
(4.124), i.e.,

(8, —gradT(mﬂPl,kA,"k%)T) <o and ZLest (81, Azy) < (6.4)
are fulfilled at a purifying index % for

¢:%é3o° and w:lloélsf’.
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For the additional singularity check (4.135),

‘1 - a[,k‘ <e¢g,

we choose € = %

Regarding the decision whether a descent update is performed or a purifying process is
initiated the gradient related angle check and the singularity check are considered for a
P

slightly less restrictive choice of ¢ and e: ¢ = £ =36° and ¢ = %A

error tolerance

For the NLF-algorithm we use the same termination criteria as for the PNLF-algorithm. For

both simple and restricted monotonicity the iteration is terminated if (3.98) holds, i.e., if
|Azi]l> < XTOL (6.5)

is true. Then the final iterate is determined via x, ;41 := x; + Az;. Recall that there is a
second termination criterion: In case of simple monotonicity it is given by (3.100), i.e., if
descent holds for a predictor of magnitude one and also the corrector is one then we check
for

Azl < V10-XTOL  and  |[Azyy1]2 < XTOL. (6.6)

In case of restricted monotonicity the above inequalities are considered if the predictor is one
and the predictor passes the restricted monotonicity test (6.2).
If (6.6) holds we return @, ;41 := ; + Az as final iterate.

For the APNLF-algorithm we apply for both monotonicity concepts analogous termination
criteria where according to (4.162) and (4.163) the checks (6.5) and (6.6) are substituted by

[l0z1]|2 < XTOL

and
HA;,;F(I,H)HQ < XTOL

where k; is the final purifying index at step . The final iterate is x, ;41 = 27 + da; or
Tql =T — Al’;cllF(ale)7 respectively.
In all cases the value

XTOL = /n - 107

is taken.

If adaptive scaling is considered we obtain for the chosen value of XTOL and thrsh an
equivalent termination criterion to the one used in [26] for tests of the NLF-algorithm NLEQ1.
Also, the values for A\g and A,,,;;, (simple monotonicity) are equal to the default values used
in [26].

There are a couple of more constants to be set. E.g., for the decision when to increase step sizes in
case of simple monotonicity or for the decision which kind of purifying update during a purifying
process is performed. For our chosen values of these additional constants we refer the interested

reader to Appendix III.
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Test environment

All algorithms are implemented in MATLAB, [19]. Computations are carried out on a Dell Preci-
sion 380 - Intel Pentium processor Extreme Edition 955 (3.4 GHz, 2x2MB Cache, 1066MHz FSB)
with 8 GB of memory and for MATLAB 7.9.0.529 (2009b). Run times are measured by means of

MATLAB’s cputime-command following the scheme
t = cputime; invoke solver; run_time = cputime — t;
To obtain the Jacobian J := F’(x), x € D, and adjoint or direct tangent evaluations, i.e.,
wl'-J or J-d,

respectively, we either use an implementation of the analytical derivative in MATLAB or compute
these quantities by means of Automatic Differentiation techniques. For the latter approach we
employ version 2.0 of the tool AporL-C, [13, 1]. This tool provides Automatic Differentiation
functionalities in the context of the languages C/C++. MATLAB has the capacity to run functions
written in C/C++. This functionality is provided by the MAaTLAB MEX interface. We provide
a computational description of F' in C++ including the necessary modifications required to be
compatible to MATLAB’s MEX interface. The C++ file is compiled in the MATLAB-environment
by means of the mex-command. An execution of this command requires a C/C++ compiler to be
available. We use gcc 4.3.1.

If we consider the run time of an algorithm derivative information is always provided by means
of ApoL-C.

For the rank-1 update algorithm of a given LU-decomposition from [17] we provide an imple-
mentation in MATLAB and in C++. The latter implementation is compatible to MATLAB’s MEX
interface and can be invoked like a built-in function. We use the C++-implementation if run times
of the APNLF-algorithm are of interest.

Additionally, we wrote in C++ linear system solvers to solve for y and z in (6.1) by means of
a LU-decomposition of M. The solutions are computed by forward substitution followed by back
substitution or vice versa, respectively. Such a functionality is also provided by MATLAB’s built-in
functions mldivide and mrdivide, respectively. We do not use these built-in function since it
turned out that mrdivide is significantly slower than mldivide. Such a drawback does not exist
for our C++ functions. We employ the C++ functions every time run times of algorithms are

considered.

6.1 Test Set

The test problems which we will consider are stated in Table 6.1. The set is a mixture of quite
different problems. There are artificial test problems (1-3 and 7) as well as problems which are
are related to real life applications (4-6). Problem 8 is some kind of hybrid. It is defined via a
discretization of an integral equation, however, the defining quantities are of a rather academical

choice.
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We refer to the problems 1-6 as basic test set. The main purpose of these problems is to test
the robustness of the PNLF- and APNLF-algorithm. We will invoke the algorithms with the
initial guesses from the literature and check for convergence. Additionally, we will compare the
computational efficiency of the NLF- and the PNLF-algorithm. Note that problem 3 has its first
appearance in this work. We will provide an initial guess via (6.7).

The problems 7 and 8 are of variable dimension. We will consider them for rather large values
of n compared to the other problems, i.e., for n € O(10%). The main purpose is to compare the
quasi-Newton approach of the APNLF-algorithm to the Jacobian based approaches of the NLF-
and PNLF-algorithm in terms of run time of the algorithms.

In the context of the projected level functions three predictors are available (simple, Deuflhard-
like and nonlinearity bound predictor). We will perform an additional test for problem 2 to compare
these predictors. As it will turn out the nonlinearity bound predictor performs best in this test.
Therefore, the test problems stated in Table 6.1 are only considered for this choice of predictor if
the PNLF- or APNLF-algorithm is chosen.

No | Name Abbreviation | Dimension n | Reference
1 Example from Subsection 3.2.7 Quadpoly 2 [5, 6]

2 Exponential /sine function Expsin 2 (26, 11]

3 5-spheres function Sspheres 3 T

4 Semiconductor boundary condition Semicon 6 [21, 26]

5 Distillation column — Hydrocarbon 6 Hydro6 29 (23]

6 Distillation column — Methanol 8 Metha8 31 [23]

7 Trigonometric function Trigo variable [25]

8 Discrete integral equation function Discint variable [24, 25]

t: This problem is introduced in this work.

Table 6.1: Test set

Description of problems
In the following we will give a short description of the test problems from Table 6.1. Note that by

2(;) and F{;) we refer to the i-th component of the vector x or F, respectively.

e Quadpoly

Recall from Subsection 3.2.7 that this is a parameter dependent problem given via

2(1)
F(z) = =0.
(’1 ‘@) +ilee - 50)2)

The unique solution is
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Figure 6.1: Ezpsin — The six roots, separated by lines of singular Jacobians (—)

We consider this problem for the initial guess

50
20 =
"1
and for two choices of a given via @ = 50 and a = 1. If the first choice of a is considered we

refer to the problem as Quadpolys,. Accordingly, Quadpoly, relates to the second choice.

Expsin
The system to be solved reads as follows
F(z) = exp(vh) +2y) =3 =0
2y + 2@ —sin(3@a) + @)
Critical interfaces with singular Jacobians are given for the lines
1
3

Ty =) and z(p) = —x)* %arccos(,—) + %ﬂ' -3, J=0,1,2,....

By means of these lines parallel sectors are defined such that for each z inside a sector the

Jacobian is nonsingular.

All six solutions are in the domain
—1.5< T(1)s T(2) < 1.5

and inside a sector as depicted in Figure 6.1. For the basic test set we use the initial guess

0.81
20—
* 7 \os2
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which is also chosen in [26]. Note that this starting value is in close vicinity to two of the

line interfaces where the Jacobian is singular.

e Sspheres
With
) +aly +aly —4 = Ki(2)
(w1 — 2)% + z%z) + xé) —1=: K (x)
(w1 +2)* + 2y +aly) — 1 =t Ko ()
aly + ) + (w03 — 5)? — 25 = Kya(x)
m(zl) + .77(22) + (z(3) +5)* — 25 = K3(v)
we define
Ky(z)
F(z) = | Kaa(z) - Kop(x) | =0.
K3a() - Kap(2)
This problem describes the intersection of five spheres in R3, see Figure 6.2(a). There are
eight roots. Due to the symmetry of the problem these roots are of the form
+a
T..=|+b]|, abceRy.
+c
In Figure 6.2(b) two of the roots are depicted. The eight solutions are separated by interfaces
of singular Jacobians which again due to symmetry reasons turn out to be the planes
Ei:={zeR®|aTe® =0}, i=1,2,3,
where e() is the i-th unit vector in R®. The initial guess is chosen close to two of these
separating planes:
1
zo=[1072|. (6.7)
1074
e Semicon

This problem describes the boundary conditions for a 2D semiconductor device simulation:

exp(a(z@) — x))) — exp(a(z) — 22))) — D/ns

()
F(z) = e —0
exp(al(a@) — x4))) — exp(a(way — 25))) + D/ns
i)~V
T —V
where
a = 38.683, n; == 1.22-10',

V := 100, D :=10".
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2(2) ()

(a) Intersecting spheres (b) Zoom to identify two of the eight roots

Figure 6.2: Visualization of problem 5spheres

In conjunction with the initial guess

this is an extremely nonlinear and sensitive problem according to [26].

e Hydro6 and Metha8
These problems describe the steady state conditions of a k-stage distillation column consisting
of a reboiler, k—2 plates and a condenser. The problems differ in the type of involved chemical
substances and in the number of stages, k = 6 for Hydro6 and k = 8 for Hydro8. The various
equations which define the steady state, i.e., F((z) = 0 and the initial guesses zy can be found
in [23].

e Trigo
Let

F(z):= (F(D(:c))i:l’___’n =0

where

n
Fiy(z) :==n— Zcos(m(j)) +i- (1= cos(z()) — sin(z)).
j=1

A solution to this problem is given by z, = 0 € R™. The Jacobian of this artificial problem

is of special structure, i.e.,

Fl(z)=|: | s@@)"+ D) (6.8a)

where

s(x) == (sin(alc(i)))i:hw71 and D(z):= diag[(i -sin(z(;)) — Cos(x(i>))i:1,...,n]' (6.8b)
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We are interested if this structure can be exploited by the APNLF-algorithm. For the test

runs we consider the problem for n € {2-10%,4-10%} and

- T where To=—-|:| R
o :

1

is the initial guess proposed in [25]. For &y none of the considered methods converges for the
chosen dimensions. Note that in [26] convergence for & and n = 10 is obtained if a special
rank reduction strategy for the Jacobians is applied. We do not consider such strategies in
this work and therefore change the initial guess to guarantee convergence for the considered

methods.

e Discint

We consider the problem

F(z) = (F(i)(x))izl,.mn =0
where
h : -
Fay() = aa) + 5 |-t D_ti(ag) +t+ 1%+t 3 (1=t))(w) +1; +1)°
j=1 J=itl

hi=1/(n+1), tii=i-h, x@) =0=Tq41).
This problem arises from a discretization of the nonlinear integral equation

! 3
u(t)+/0 H(s,t)(u(s) +s+1)°ds=0

where

See [24] for details. The unknowns x(;) represent the function u evaluated at t;, i.e., x¢;) =
u(t;). The function F is differentiable and the Jacobian is dense. According to [24] this

problem has a unique solution z. with

1 .
7§<x*7(i) <0, i=1,...,n. (6.9)
The default initial guess from [24] which is also proposed in [25] is given via
Zo = (Lo,5))i=1,..n with &g, ) = t; - (ti = 1).

We consider this problem for n € {2-10% 4 - 103} combined with

z1,0 = 10? - &g, To0=5-10% - &o.
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6.1.1 FExpsin grid test

We define with A = 0.06 a grid of ‘initial guesses’

I e TN T
0 ~15+5-0)0 7 o

and apply the NLF-, PNLF- and APNLF-algorithm to the problem Expsin for these values. If for
an z[()i'j) the Euclidean distance to any of the critical interfaces is smaller than 10~* we skip this
initial guess. The grid test was introduced in [26] to test out the reliability of the NLF related
algorithm NLEQ1. We use this test to investigate the reliability of the PNLF- and APNLF-algorithm
in general and for a comparison of the three available predictors. As reference method we use our
NLF-algorithm. Additionally, we compare the reference method to the PNLF-algorithm in terms
of required function evaluations (fevals) and Jacobian evaluations (Jevals) to run the test. This is

done for all three predictors.

6.1.1.1 Reliability

‘We consider an algorithm to be reliable for a given initial guess if the iterates which are produced
by the algorithm converge to a root z. such that the Newton path Z at the initial guess is ‘in
relationship with this root’, i.e., T(0) = zq, Z(\) is well defined for A € [0, 1] and Z(1) = ..
Regarding the Exzpsin problem this means that convergence shall only occur if the initial guess
and the root the iteration converges to are in the same sector. If such a convergence occurs we
say that the iteration converges to the ‘correct’ root. Otherwise, if an iteration converges to a root

which is not located in the same sector as the initial guess we call this a ‘misleading’ iteration.

We consider the grid test for no scaling in the domain space of F' and for adaptive scaling
according to (6.3). The number of ‘misleading’ iterations for the considered methods and predictors
in case of simple monotonicity is stated in Table 6.2. The abbreviation nlb refers to the projected
nonlinearity bound predictor, Dflhd-like to the Deuflhard-like predictor and simple to the simple
predictor. For the tuple [|r the left value [ refers to the default values of Ao and A, ie.,
Xo = 1072 and A\pin = 107%, whereas r refers to the more restrictive choices \g = 10~* and
Amin = 1075, The overall performance for all methods is rather satisfying. The PNLF introduces
only a small number of additional ‘misleading’ iterations and only in case of the Deuflhard-like
and the simple predictor. For the nonlinearity bound predictor the same performance as for the
reference method is obtained. The four ‘misleading’ iterations which occur for all methods in
case of the default values of A\g and A, are related to the initial guesses marked by a frame in
Figure 6.3. These are also the same initial guesses the algorithm NLEQ1 in [26] fails for. These
failures occur because simple monotonicity is fulfilled for the (too large) initial step size Ag. It is
this first step which lets the iteration cross an interface, see Figure 6.4(a). A restriction of Ao and
Amin to the values \g = 107* and A, = 1076 eliminates the ‘misleading’ iterations in almost
all cases. Only for the PNLF-algorithm combined with the simple predictor and in case of no
scaling four ‘misleading’ iterations occur. These vanish too if we further restrict Ao and A, to
be \g = 1077 and A\ = 10710,



6.1 Test Set 165

NLF PNLF APNLF
nlb  Dflhd-like simple | nlb  Dflhd-like  simple
adaptive scaling || 4/0 | 4|0 4|0 8|0 4|0 4|0 4|0
no scaling 40 | 4/0 8|0 4|4 4|0 4|0 4|0

I|r: 1 refers to default values of A\g and Ay, i-e., A\g = 1072 and Ay, = 1074

7 to the restricted choices A\g = 10™% and 4, = 1076

Table 6.2: Grid test — # of ‘misleading’ iterations for the stated methods and predictors in the

context of simple monotonicity

Regarding restricted monotonicity no method produces ‘misleading’ iterations for the default
values of A\g and A, except the APNLF-algorithm combined with the simple predictor in case
of adapted scaling. The four arising ‘misleading’ iterations are gone if we choose \g = 107
and A\ynin = 1078, This result nicely shows the potential of the restricted monotonicity step
size strategy. This can also be seen from Figure 6.4(b): The restricted monotonicity step size
strategy sufficiently reduces the default value of Ay to let the iteration stay in the sector. Finally,
convergence to the ‘correct’ root is obtained. However, the safety provided by the restricted
monotonicity concept has its price. As expected the number of fevals and Jevals rises compared
to the simple monotonicity concept. For the NLF- and PNLF-algorithm and both types of scaling
simple monotonicity requires only approximately 92% of fevals and 96% of Jevals compared to

restricted monotonicity to run the test.

Figure 6.3: Result of the grid test for the the PNLF- and APNLF-algorithm combined with the
nlb-predictor and the reference method in case of simple monotonicity. Initial values of ‘misleading’

iterations are marked by a frame.
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(a) Simple monotonicity

(b) Restricted monotonicity

Figure 6.4: Expsin — Behavior near critical interface for default value of g

6.1.1.2 Efficiency
The investigations from the previous section concerning reliability indicate that the nonlinearity

bound predictor is a better choice over the Deuflhard-like and simple predictor. To have a second

criterion available we investigate the number of fevals and Jevals to run the grid test for the

reference method and the PNLF-algorithm combined with all three predictors and for default Ay

and A\in-

We compare the following quantities:

rfa

rJa

rfnl

rdnl

Considering a run of the grid test for the reference method let f; be the total number of
fevals for all sequences which converge to the ‘correct’ root. Accordingly, let fo be the total
number of fevals for all iterations in the context of the PNLF starting at the same initial

iterates. The quantity 7fa is the ratio fo/f; apart from one exception:

In case of simple monotonicity and no scaling we slightly change the definition of 7fa. The
reason for this is that four additional ‘misleading’ iterations occur in case that the PNLF-
algorithm is combined with the Deuflhard-like predictor, see Table 6.2 and Figure 6.5(a).
Considering the associated initial guesses the reference method converges to the ‘correct’
roots. It is not reasonable to take these four iterations into account for comparison. Hence,
we discard the associated initial guesses and run the grid test for the remaining ones for both

methods. We adapt the definition of f; and f> accordingly and therefore the definition of rfa.

Table 6.2 shows that there are also four additional ‘misleading’ iterations for the PNLF-
algorithm combined with the simple predictor in case of simple monotonicity and adaptive
scaling. These iterations need no extra care since the associated initial guesses are in sectors
where no root is located, see Figure 6.5(b). The reference method does not converge for these

guesses. Hence, they are anyway not considered for the ratio rfa.
As above, though the Jevals are counted instead of the fevals.

This ratio is like 7fa, except that only these iterations are taken into consideration where the

convergence for the reference method is nonlocal. Nonlocal means that damping occurs.

Like rfnl, but considering Jevals instead of fevals.
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(a) Deuflhard-like predictor (no scaling) (b) Simple predictor (adaptive scaling)

Figure 6.5: Grid test — Additional ‘misleading’ iterations for the PNLF-algorithm in the context
of simple monotonicity

The results are stated in Table 6.3 and 6.4. For any combination of step size strategy and
scaling type the PNLF-algorithm in conjunction with the nonlinearity bound predictor shows the
best performance. Though there is no significant boost in terms of efficiency compared to the
reference method, there are at least minor improvements.

Summarizing, for the grid test the nonlinearity bound predictor appears to be superior to the
Deuflhard-like and simple predictor in terms of reliability and efficiency. As a consequence, we
will consider the PNLF- and APNLF-algorithm for the problems in the basic test set and for the
problems of variable dimension only in combination with the nonlinearity bound predictor.

simple monotonicity

predictor rfa

rJa rfnl
adaptive scaling nlb 98.65% | 98.51%
Ao = 1072 Dfihd-like | 99.10% | 99.07%

rJnl

98.39% 98.25%

Amin = 1074

98.93% 98.90%
simple 104.97% | 100.36% | 105.92% | 100.42%
restricted monotonicity predictor rfa rla rfnl rJnl
adaptive scaling ulb 98.10% | 98.57%
Ao =102

97.88% 98.30%
98.57% 98.66%

100.97% | 104.32%

Dflhd-like | 98.88%
Amin = 1076

98.30%
101.15%

simple 103.49%

Table 6.3: Grid test — Ratios, adaptive scaling — see page 166 for an explanation of the ratios

simple monotonicity predictor rfa rJa rfnl rJnl
no scaling nlb 98.51% | 98.61% | 98.12% | 98.28%
Ao = 1072 Dfihd-like | 99.25% | 99.12% | 99.06% | 98.91%
Amin = 1071 simple 102.44% | 100.85% | 103.01% | 101.01%
restricted monotonicity predictor rfa rla rfnl rJnl
no scaling nlb 98.04% | 98.61%
Ao =102

97.93% 98.19%
98.88% 99.60%

101.27% | 101.99%

Dflhd-like | 99.64%
simple | 101.17%

Amin = 1076

98.58%
101.62%

Table 6.4: Grid test — Ratios, no scaling — see page 166 for an explanation of the ratios
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6.1.2 Basic test set

The basic test set consists of the problems 1-6 from Table 6.1. We invoke the NLF-, PNLF-
and APNLF-algorithm with the initial guesses zy we stated in the description of the problems
above. We run the algorithms for no scaling in the domain of F' (nosc) and for adaptive scaling
(adapt) according to (6.3). To refer to a problem for a particular type of scaling we use the
notation problem(sctype), e.g., Expsin(adapt). Regarding step size strategies we only consider
simple monotonicity. Compared to restricted monotonicity this is a less safe choice since it is more
likely that ‘misleading’ iterations occur. However, in case of no failure simple monotonicity is
also the more efficient concept since usually less fevals and Jevals are necessary in the course of
the algorithm. We are interested in the performance and robustness of the PNLF- and APNLF-
algorithm in this context.

For all methods we count the number of steps until convergence according to the termination
criteria is assumed. Additionally, for all methods the number of function evaluations (fevals) is
considered. For the NLF- and PNLF-algorithm also the number of Jacobian evaluations (Jevals)
is counted. In case of the APNLF-algorithm we count the number of descent updates (descUpd),
purifying updates (purUpd) and also the number of adjoint and direct tangent evaluations (w? -.J
and J - u).

The results of the NLF-, PNLF- and APNLF-algorithm for the basic test set regarding these
quantities are stated in Table 6.5 and 6.6.

In case of the APNLF-algorithm we are also interested in the performance of our angle estimator
ZLest(0z, Az). Additionally, we check whether the true angle Z(dz, Ax) is greater than the angle
tolerance 1 in case of a descent update where no calculation of Z. (dz, Az) is performed. Such
a situation may arise, see the discussion in Subsection 4.4.2 on our strategy when to consider a

descent update or a purifying process. The angle related results are stated in Table 6.7.

Example # fevals # Jevals # steps sctype
Dim n Abbrev. NLF | PNLF || NLF | PNLF || NLF | PNLF

9 Quadpol 4 4 3 3 2 2 nosc

uadpolys,
PONso |y 11 7 6 6 6 adapt
5 Quadpol 13 5 8 3 7 2 nosc
acpey 23 22 12 13 12 12 adapt
12 13 10 11 10 11 nosc

2 Expsin
13 13 11 11 11 11 adapt
13 10 11 8 11 8 nosc

3 5spheres
13 10 11 8 11 8 adapt
. 13 12 7 7 7 7 nosc

6 Semicon™
13 12 7 7 7 7 adapt
8 8 6 6 6 6 nosc

29 Hydro6
7 7 5 6 5 5 adapt
6 6 5 5 4 4 nosc

31 Metha8
6 6 4 4 4 4 adapt

*: X\op = 10~% and A, = 1078 instead of the default values are used.

Otherwise no convergence occurs.

Table 6.5: Results of the NLF- and PNLF-algorithm for the basic test set
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Example APNLF
Dim n Abbrev. # fevals # descUpd | # purUpd | #wT -J | #J-u # steps | sctype
9 Quadpol 4 1 0 1 0 2 nosc
uadpoly,
POYs0 10 1 3 7 6 5 adapt
5 0 1 2 3 2 nosc
2 Quadpoly;
24 4 9 22 19 14 adapt
14 9 3 14 8 12 nosc
2 Expsin
14 7 5 16 12 12 adapt
14 7 5 15 10 11 nosc
3 5spheres
13 6 8 18 13 11 adapt
12 4 3 9 6 7 nosc
6 Semicon™
12 5 2 8 4 7 adapt
8 0 31 36 36 6 nosc
29 Hydro6
8 0 26 31 31 6 adapt
7 0 19 23 23 5 nosc
31 Metha8
8 0 8 13 13 6 adapt
For each example one Jeval occurs since Ag = F’(z0) is chosen

*: X\op = 1074 and A, = 1078 instead of the default values are used.

Otherwise no convergence occurs.

Table 6.6: Results of the APNLF-algorithm for the basic test set

APNLF
Example .
# Est. Fail. | # £ > 1 and noest sctype
Quadpol 0 0 nosc
uadpoly,
POYs0 0 0 adapt
Quadpol 0 0 nosc
Hacpo 0 0 adapt
) 0 1 nosc
Expsin
0 0 adapt
2 0 nosc
Sspheres
1 0 adapt
. 0 0 nosc
Semicon
0 0 adapt
0 0 nosc
Hydro6
0 0 adapt
0 0 nosc
Metha8
0 0 adapt

Table 6.7:

Z > 1 and noest :

Z(6z, Azx) and Z.q(dx, Az) related results for the basic test set

Est. Fail.: Estimation Failure, i.e.,

Lest(0x, Az) < but Z(5z, Az) >

Zest(6z, Az) is considered

Z(6x, Az) > 1 while a descUpd is

taken where no calculation of
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6.1.2.1 Remarks on the results

The PNLF- and APNLF- algorithm show a very well performance in terms of robustness for all
test problems: Just as the reference method convergence to the unique solution or in case of several
solutions to the ‘correct’ root is achieved. Though we had to reduce the values of Ay and A,ip
to Ao = 107* and Anin = 107 for all methods, this is even the case for the extremely nonlinear
problem Semicon.

The problems Ezpsin(adapt), Hydro6(adapt), Metha8(adapt) and Semicon(adapt) are also con-
sidered in [26] to test the code NLEQL. For the first four problems our reference method shows
nearly the same behavior as NLEQ1. The only difference is that our algorithm requires one less
Jeval for Hydro6(adapt) and Metha8(adapt). According to [26] convergence for the problem Semi-
con(adapt) is obtained if NLEQ1 is restarted with A, = 1078, however, no fevals and Jevals are
stated in [26].

Note that a discrepancy in Jacobian evaluations and number of taken steps as it may appear
for one of the problems in Table 6.5 arises from a termination of the respective algorithm because
(6.5), ie., ||Azi|]2 < XTOL is true. Since this check is done at the very beginning of each step
we do not consider the final step for counting if the aforementioned check holds and therefore the
final iterate is simply computed via z; + Axz; without invoking a step size control.

Considering the efficiency of the reference method and the PNLF-method Table 6.5 shows that
the PNLF-algorithm performs marginally better in terms of fevals and Jevals, even if we neglect
the problem Quadpoly,(nosc). It shall be noted that in general the chosen step sizes for the PNLF-
algorithm are larger than the ones produced by the reference method as it is expected due to the
projectional aspect of the PNLF. However, quite often the difference is very small such that no gain
in terms of less iteration steps is obtained. This gives the impression that it is not uncommon that
the local nonlinearity orthogonal to the Newton correction, i.e., x 1 (A) as defined in Proposition 3.4
is of no substantial magnitude.

By means of the test problem 5spheres an example is given where the larger step sizes of the
PNLF-algorithm lead to a gain in efficiency. Both the reference method and the PNLF-algorithm
rely on damping, however, the step sizes for the PNLF-algorithm quicker reach the 1-level which
in turn leads to faster convergence, see Figure 6.6.

For the problem Quadpolys(nosc) and Quadpolys,(nosc) the reference method and the PNLF-
algorithm perform as expected from the discussion in Subsection 3.2.7. Adaptive scaling has an
interesting effect on this problem. The rise in fevals and Jevals for both methods is not related to
algorithmic aspects, it is a consequence of the underlying natural level function concept:

Recall from Subsection 3.2.7 that for the unscaled problem Quadpoly we have
Azg = —x9 = (=50,1)7
Yo(A) = J(w0) " (F (w0 + AMwg) — F(wo) — M (20)Azg) = A?- (0,625 -a~1)7
which implies that

Arfxo(\) 1 1.5 p
Ho(A) = Az T A Bo(N)

[Ixo L(A)”% —244
= s 156 - a G
[[Azoll3
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and hence
T (xo + Mo | Py, J (z0) 1)
T(Io‘PNOJ<I“)71)
T((L'[] + )\Awg|J(;L'0)*1)
T (o] J (o)1)

Due to the scaling strategy (6.3) the first scaling matrix is Dy = diag(50, 1). This leads to the scaled

~ (1= A+ La1a?)?

~ (1= A+ 1a7N%)2 4156 - a2\%

correction Az’ = Dy 'Azg = —(1,1)T. However, xo(\) does not change, i.e., x§(A) = xo(\).
The scaled counterparts of po(A) and Gy(\) are

usf=312-a7 A7 and G5\ = 9.8 10%a 2\

Hence, a drastic reduction in step sizes is to be expected. That is just what the algorithms do.
Note that in this scaled scenario the ordinary Newton method still converges within two steps.
So by simple rescaling a former prime example for the efficiency of the natural level function
concept turns into a rather disadvantageous example. However, this does not mean that in general
scaling is bad. There are only minor performance changes for the other problems and in case
of Hydro6 and Metha8 considering scaling turns out to be slightly more efficient. Furthermore,
one should not forget that scaling invariance is obtained by the adaptive scaling strategy, see
Subsection 3.4.3. Additionally, the algorithms terminate if an estimate for the componentwise
relative error is small enough. This is especially advantageous if there is a considerable difference
in the order of magnitude of the components of a solution. E.g., the solution to Hydro6 contains

components of order O(107%) as well as components of order O(102).

That the APNLF is an approximation to the PNLF is confirmed by the number of the steps both
associated algorithms require to converge. Throughout, if the APNLF-algorithm needs more steps
the increase is only of small magnitude. This shows that our strategy to monitor angles and apply
purifying updates if necessary works. An illustrative example is depicted in Figure 6.7. There,
the problem Ezpsin(adapt) is considered for the default APNLF-algorithm, i.e., angle checks and
purifying are active and also for the APNLF-algorithm where solely the descent update is employed.

If purifying is considered almost in any case the duophilic update is used. Only for the problem
Quadpoly, (nosc) the one employed purifying update is a gradientphilic update. Throughout, no
Newton-philic update is applied. This also implies that no singular Jacobian approximation or an
approximation we consider to be ill-conditioned arises. Furthermore, no post-purifying occurs.

Except for the problems Quadpoly,(nosc), Hydro6 and Metha8 the APNLF-algorithm finally
switches to the descent update. For Quadpoly, (nosc) after two steps each with step size one the
exact solution is obtained. Regarding the two problems Hydro6 and Metha8 no descent update
at all is employed. The convergence history for Hydro6(adapt) and Metha8(adapt) is depicted in
Figure 6.8. In case of Hydro6(adapt) superlinear convergence is clearly identifiable. This is in
contrast to the problem Metha8(adapt) where convergence occurs but not (yet) in a superlinear
manner. However, Hydro6(adapt) shows that solely applying duophilic updates may also lead
to a superlinear convergent sequence of iterates. Note that for the problems Hydro6(adapt) and
Metha8(adapt) it turns out to be advantageous to apply adaptive scaling if we consider the number

of computed purifying updates. The number is considerably reduced especially in case of Metha8.
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Figure 6.6: Sspheres — Comparison of taken step sizes
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Figure 6.7: Ezpsin — Influence of purifying, iterates compared to Newton path for 2o = (0.81,0.82)7

Table 6.7 shows that our angle estimator Z.q(dz, Az) performs very well. For all problems
except Quadpolys,(nosc) purifying updates are performed and hence Z.q (0, Az) is computed.
There are only three overall estimation failures which occur only for the problem Sspheres. Also,
Table 6.7 shows that if Z.q(dx, Az) is not considered due to a descent update only once the
real angle Z(dx, Az) is above the angle tolerance 1. Regarding the estimation failures in the
Hspheres problem the APNLF-algorithm shows a very pleasant ‘post-compensation’ behavior. In
Figure 6.9(b) and 6.10(b) it is shown that after an estimation failure a purifying process is initiated
in the subsequent step. This way, the approximate correction dz is again aligned to the Newton
correction Az. The curves of convergence history in Figure 6.9(a) and 6.10(a) nicely reflect the
benefit of this ‘post-compensation’ behavior. The curves are rather flat for a step where the
estimator fails. On the other hand, for the subsequent step where purifying is invoked the curves

drop considerably.
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6.1.3 Problems of variable dimension

In this subsection we will consider the problems Trigo and Discint for the dimensions n = 2 - 10°
and n = 4 -10° and in case of Discint combined with two initial guesses. A main purpose of
testing these problems is to investigate the efficiency of the quasi-Newton based approach of the
APNLF-algorithm. Therefore, we measure the run time of the APNLF-algorithm for the two
considered problems and compare it to the run times of the NLF- and PNLF-algorithm. Derivative
information will be provided by the AD-tool ADOL-C. We use our C++ implementation of the LU
rank-1 update algorithm from [17]. Also, we employ our C++ codes which solve linear systems
for a triangular matrix via forward and backward substitution.

Just like for the basic test set we additionally consider the performance of the angle estimator
Zesi(0z, Az) and also the value of the angle Z(dz, Az) if no Zes(dx, Az) is computed. Further-
more, we count the number of performed descent and purifying updates (descUpd, purUpd).

No scaling is taken into account for the two test problems in this subsection. Regarding Trigo

scaling is anyway not reasonable since the algorithms converge to the solution z, =0 € R™.

The results of the run time tests are given in Table 6.8 and 6.10. Angle and descent/purifying
update related data is provided by Table 6.9 and 6.11.

Trigo

Dim n NLF | PNLF | APNLF data
. 7 7 13 steps
2.103 # steps
11.34s | 11.23s 5.7s run time

7 7 13 ste
4.10° # steps
71.43s | 70.2s 29.37s run time

To = % - & with & from [25]

Table 6.8: Trigo — Results of the NLF/PNLF /APNLF-algorithms

Trigo
Dim n || # Est. Fail. | # £ > and noest | # descUpd # purUpd
2-10° 0 0 11 1
4-10% 0 0 11 1

Est. Fail.: Estimation Failure, i.e.,
Lest(0x, Ax) < 1p but Z(dz, Az) > ¢
Z > 1) and noest : Z(dz,Az) > while a descUpd is taken
where no calculation of Z.4 (dz, Az) is considered

To = % - & with ¢ from [25], Ag = ()

Table 6.9: Trigo — APNLF related quantities
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Discint
zg Dim n NLF PNLF | APNLF data
9. 10° 9 9 15 # steps
18.79s 18.9s 9.99s run time
100 - &g
4.10° 9 9 15 # steps
105.58s | 105.86s | 40.99s run time
9103 14 13 13 # steps
29.45s 27.76s 24.16s run time
500- 2 14 13 13 # st
steps
4-103 P
164.42s | 152.45s | 98.61s run time

Zo initial guess from [25]

Table 6.10: Discint — Results of the NLF/PNLF/APNLF-algorithms

Discint
o) Dim n || # Est. Fail. | # Z > 1 and noest | # descUpd | # purUpd
2-10% 0 1 11 8
100 - &g
4-103 0 1 11 8
R 2103 0 0 5 62
500 - o -
4-10% 0 0 5 63

/ > 1) and noest :

Est. Fail.: Estimation Failure, i.e.,
Lest(0x, Ax) < 1p but Z(dx, Azx) > ¢

Z(0x, Ax) > 1) while a descUpd is taken

where no calculation of Z.4 (dz, Az) is considered

Z initial guess from [25], Ag = F'(x¢)

Table 6.11: Discint — APNLF related quantities
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6.1.3.1 Remarks on the results

All methods for all combinations of considered dimensions and initial guesses converge. In case of
Trigo it is the solution z, = 0 € R™ and in case of Discint the unique solution z, characterized
by (6.9).

Comparing the run times of the algorithms Table 6.8 and 6.10 show the efficiency of the quasi-
Newton approach of the APNLF-algorithm. Especially for higher dimensions, i.e., n = 4 - 10% the
run time of the Jacobian related approaches of the NLF- and PNLF-algorithm is dominated by the
linear algebra operations of decomposing the Jacobian each step. Note that the minor difference in
run time of the NLF- and PNLF- algorithm in case of Trigo and Discint with initial guess 100 - Zq

is within MATLAB’s measuring accuracy.

It seems that for the Trigo problem the APNLF-algorithm is indeed able to exploit the spe-
cial structure (6.8) of the Jacobian. Only one purifying update (duophilic) for both considered
dimensions occur. As it is seen from Table 6.9 this appears to be sufficient in order to keep the
angle Z(dz, Ax) < 1) for the whole iteration. The convergence history depicted in Figure 6.11(a)
confirms the dimension dependent r-order of convergence of the descent update which is greater
or equal to the positive root p, of p"(p—1) —1 =0, cf. (4.114) and Theorem 4.37. For n = 2103
it holds that p, ~ 1.0029. This explains the nearly lincar behavior of the error reduction in case
of the APNLF-algorithm. Considering step sizes only marginal differences for the three consid-
ered algorithms appear, cf. Figure 6.11(b). A zoom reveals that the step sizes for the PNLF-
and APNLF-algorithm are slightly larger than the ones for the NLF-algorithm. This confirms the
impression from the basic test set. Even for the larger dimensions considered here it appears to be
sufficient to consider the projected local nonlinearity onto the (approximate) Newton correction to

determine reasonable step sizes.

In Figure 6.12 the taken step sizes for the problem Discint with n = 2 - 10 are depicted. For
n = 4-10° the algorithms show a nearly identical behavior. The chosen step sizes reveal that
the problem Discint is mildly nonlinear in general. However, there is some intermediate local
nonlinearity which enforces a temporary but noticeable reduction of the step sizes. This rise in
nonlinearity appears to be in a vicinity to the solution. Since 500 - & is further away from z, then
100 - & the occurrence of a step size decrease is given for an iterate of higher index compared to
the iteration for the initial guess 100-Zo. Due to the projectional aspect of the PNLF and APNLF
there is less reduction in the taken step sizes of the PNLF- and APNLF-algorithm compared to
the NLF-algorithm. However, it is remarkable that the intermediate rise in local nonlinearity is
detected by the two new algorithms at all. Again, this confirms the impression that still sufficient
information of the nonlinearity of F' is taken into account though only its projection onto the
(approximate) Newton correction is considered for the step size control.

The APNLF-algorithm reacts on the intermediate rise of local nonlinearity not only by reducing
the step size but also by invoking purifying at and around the iterate where the step size reduction
occurs, see Figure 6.13. For the initial guess 500 - &y a considerable higher amount of purifying
updates is applied compared to the initial guess 100 - &y. For the initial guess 100 - Z it takes

only four iterations until the step size reduction occurs. It appears that the Jacobian information
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from the first iterate, recall that Ag = F'(100 - Z¢) is chosen, still provides enough information for
the critical iterates such that only minor purifying efforts are required. On the other hand, for
5002 - & the initial Jacobian is too ‘old’ to provide significant information when the rise in local
nonlinearity occurs. Therefore, purifying has to take care of providing this information.

In case of the initial guess 100 - &y an additional purifying process at the eighth iterate is
invoked. This is due to the fact that at the seventh iterate a descent update was chosen without
checking Zq(6x, Az) but it holds that Z(dz, Az) > ¢ at this iterate, see Figure 6.14(b). This
means like in the example Sspheres ‘post-compensating’ purifying occurs. Figure 6.14(a) nicely
reflects the benefit of this compensation. From the seventh iterate where Z(dz, Az) is not within
the tolerance to the eighth iterate the curve of the convergence history is rather flat whereas
after the ‘post-compensating’ purifying at the eighth iterate the curve drops considerably. For the
subsequent iterates only descent updates are considered. Like for the Trigo problem the curve of
the convergence history reflects the expected r-order of convergence of the descent update.

For the initial guess 500 - &y descent updates are only employed until the first six iterates.
However, superlinear convergence is achieved, see Figure 6.15(a).

Throughout, for both initial guesses and considered dimensions only duophilic purifying updates
are used. No singular Jacobian approximation or an approximation we consider to be ill-conditioned
occurs and no post-purifying is invoked.

The angle estimator Z.q (dz, Ax) shows a very pleasant behavior. As it is seen from Table 6.11
no estimations failures occur at all.

To have an additional evidence of the benefit of the applied purifying concept for the APNLF-
algorithm we run this algorithm without considering purifying, i.e., solely employing the descent
update and compare it to the default algorithm. This is done for the problem Discint with the
initial guess 500 - & and for n = 2 - 10%. The convergence history for both methods is depicted in
Figure 6.16. Results in terms of required steps and run time are given in Table 6.12. An application
of just one descent update per step is very cheap compared to a purifying process. However, the
modified algorithm requires significantly more steps than the default algorithm so that the latter

algorithm is more efficient in terms of run time.

Discint
: APNLF
n=2-10°
xo = 500 2o || purif. applied | no purif.
# steps 13 67
run time 24.16s 28.44s

Zo initial guess from [25]

Table 6.12: Discint — Purifying vs. no purifying (i.e. solely descent updates are applied)
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6.2 Summary and Outlook

For the considered problems of the test set in Table 6.1 the new PNLF- and APNLF-algorithm
perform very well. Convergence is achieved even for highly nonlinear problems. From the Expsin
grid test we see that as expected the restricted monotonicity step size strategy turns out to be
more reliable. However, the simple monotonicity strategy combined with the projected nonlinearity
bound predictor also shows a sufficiently robust behavior as it is confirmed by the problems of the

basic test set.

The basic approximation concept of the APNLF-algorithm to combine angle checks with puri-
fying updates turns out to work very well. A failure of the estimator Z.q (dz, Az) rarely occurs
and if it is the case purifying compensates this failure in the subsequent step. Considering the two
problems Trigo and Discint for higher dimensions the computational advantage of the APNLF-
algorithm comes into play. In this scenario, updating a given LU-decomposition by means of rank-1

updates is more economic than to decompose a Jacobian each step.

The PNLF-algorithm may be seen as a refinement of our reference method which is based on
the NLF. Though there is no significant boost in terms of efficiency for the considered problems
in general, the overall performance of the PNLF-algorithm is slightly better than the performance
of the reference method. The similar behavior of the reference method and the PNLF-algorithm
gives rise to the impression that the local nonlinearity x(A) of F in the direction of the Newton

correction at some iterate z, i.e.,
X(A) = F'(z) "' (F(z + MAz) — F(z) — \F'(z)Az)

is dominated by its projection onto the Newton correction — even for higher dimensional problems.
Certainly, this behavior needs further investigation in order to describe it in a mathematically

satisfying way.

The obtained results give good reason to hope that an adaption of the PNLF concept to the
context of least squares problems (cf. Section 3.3) also provides satisfying results. Note that special
care has to be taken to provide an adaption of the projected nonlinearity bound predictor since

for its computation products of the form
(J (@)™ Fa) T (20)™ (6.10)

must be available where J(z;)~ is some generalized inverse of the Jacobian of F at ; which is used
to define the GauB Newton correction Az = —J(x;)” F(x;). The product (6.10) can be efficiently

computed if J(x;) is decomposed as in (3.39). We omit details here.

Regarding the APNLF-algorithm, for future work the following modifications and adaptations

may be considered:
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In the current implementation the angle conditions
(8, —gradT(a:l|Pl,;cAlf,§ T) <9 and Lest(0zy, Axy) <9

are checked for predefined fixed values of ¢ and v. However, the local behavior of F' may
change considerably in the course of the iteration. A too stringent choice of ¢ and i may
cause an unnecessary amount of computational work per step whereas a too lax choice may
result in too many iterations steps, or even worse, in no convergence. Hence, it sounds

reasonable to develop a strategy for an adaptive choice of ¢ and 1.

Instead of quasi-Newton updates one may consider iterative methods in order to provide an
approximation H; (at least implicitly) to the inverse of the Jacobian at some iterate ;. Note
that for the APNLF-ansatz combined with the above stated angle checks the products (4.1)
and (4.2), i.e.,

Sy = —H,F(x;) (6.11a)

and
&[1 H, and H F' ()02 (6.11b)

must be available.

If we formally substitute the projection onto the Newton correction by the identity matrix
in the definition of the APNLF we obtain

3 IHF ()13

where as above H; is an approximation to the inverse of the Jacobian F’(x;). For this
approximate natural level function we can make use of the results from Chapter 5. With
the choice A = H; the polynomial model from Theorem 5.1 can be exploited to provide the
basics for a step size control. In order to maintain sufficient quality of the approximations
H; this globalization approach can be combined with the purifying updates which we already
employed in the context of the APNLF. As an alternative, one may consider iterative methods
to provide the approximations H;. For this approach to be viable the iterative method only
has to supply
Swyp = —H,F(x;) and H F'(21)01,

compared to the three products (6.11).
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I: Proof of Theorem 4.39

The proof is basically an adaption of the proofs of Lemma 4.2.12 and Lemma 4.2.13 in [28]. Though,
due to our affine covariant framework it requires some extra care. We split the proof into three
parts. In the first part we will show that (4.120) is true for j =1 —1, i.e., I = j + 1 if the sequence
{v;} fulfills the affine covariant residual property (4.102). In the second part we will prove (4.120)
for the remaining indices 0 < j < [ — 1. Finally, in the third part we will show that (4.121) holds
true.

We use the notation as introduced in Theorem 4.26.

I) From the definition of ay41 we derive by the Cauchy-Schwarz inequality

. ol (I — HiJip1)u _ of (I - HZJ) v 7’1 FH(J. — i)
e viy viy vl
i (I — HiJ)u n ol TN (T = Ji)u
’UlTUl UIT’UZ
’UlT<Hl — J*_l)J*.]*_l(.]* — Jl+1)'Ul
vl

T — HJ) of (I — HyJ
< ( 5 o [1+ [lvi ( 1. HZ] 1= ir = J2)]la.
vl [Jve[2

(12)

By the assumption that the transposed Dennis-Moré series is bounded the transposed Dennis-
Moré property (4.94) holds. And since convergence is assumed there exist an index L and

some constant ¢ such that for all [ > L it holds that

vl'E, vl E,
lechtle oy TRl | s = 2 <0 <1, (13)
lloill2 lloillz
v/ Eill2 _ 1
oy < L2tz 14
Jol <2 o
From (12) and (13) it follows that a;41 < ¢ and also,
1 1
[ H 2 < Ov o=
-
For 0 <[ < L —1 we define Cy via
Cy = g nax. ||H,+1Hl Hla-
Thus, together
HHIHHleQ < O3 :=max{Cy,Cs} < oo VL.
Now we show that
I—HjJ)ox, )
L R I S (15)
625112
with lim; .o ¢; = 0 holds if the sequence {v;} has the affine covariant residual property.

According to the definition in (4.82) and by means of the Sherman-Morrison-Woodbury
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formula we obtain for H;, and dx;

(I = Hyjp1J.)ox; = Hj (Hi — J.)ox;

—H, {H*(I—WUJT(I—H-J ))5 1.8 }
= 1 | Hy JJi+l L *0Zj

Ty
v j

j Vi

Hijgy |H7' (T v"UfT(I H;J,) |d J.6
= . — = — Jy x; — Jyox
Jj+1 j oI J J J
v . .
o+ Hyp Hy V2l 1T T (T — ).
’(}] ’U]‘

Since the sequence {v;} fulfills the affine covariant residual property (4.102) there is a &; # 0
and a vector r; € R™ such that v; = (I — H;J,)0x; 4+ r; and

Irlle < cjlda;ll with  lim ; =0. (16)

Substituting &;v; — r; for (I — H;J,)dx; yields

vvl
Hj {H]‘l (17 (I~ HyJ) | 625 — J.da;
v vj
vjuf
=Hj1 [H]fl (5.7,1 — ﬁ(fﬂy — rj)> — J*5mj:|
i Vi
vjvl
=Hjy1 |H | 6ay — &g+ — (T — 2Ly | = Loy
+1 *
i |:](] iVi T T ( ’U;Uj)] i
vl
= Hj [Hj*l (Hjj*éa:j - (17 ’UTLJY')T]> - J*éacj}
3

.
VU

— -1 773

= —HjnH, (I*T)W-

And hence, applying norms and the Lipschitz condition (4.66) we obtain
(7 = Hj1Ju)owslla < Cs(Pwllejallallozslla + lIrjll2)-

Dividing by |dx;]|2 yields (15) because of (16). It remains to consider the cases where
j<l-1.

II) First assume that j + 1 < < L. This is a finite number of cases. Thus, there exists Cy > 0
such that

(1 — HiJ.)dz,]|

1
<Ci Y lexlls + Cae (17)
[l 1

k=j+1

for j+1 < I < L and ¢; as given in (16). Now we consider the cases where j+1 < land ! > L.
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For ease of writing we abbreviate m := 1 — 1. From (4.73) we obtain

1 Vvl
Eyp10z;= | — ———— | E,d0x,
107 (1 — ) v}:,vm mOTj

1 U,

+(1*T Ty (] Hy,J)Endx;
1 O Hyn oI 7 (g1 = J)0m vl
+ . H,,J.E,dx,
(1= am ) —am) ol vm oo, T

1 VUl

S er——t UT"T Hon o J 7 (Tt — Ju) Hyn J 025
(18)
Since m > L we can exploit (14) to obtain the estimate
T
H[ B 1 ) v,T,LUm <1
1—ams VpVm |y
Thus,
H{I* 1 7,,,,1) ]E o
(= am.) vhom M,

1 . E,

+ ‘7-"”” (I — Hp ) Emdz;| < (1+2M>HEMM,H2.
<170‘m,*> Vi Um 2 ” m”

|| < 1. Together with the derived bounds for a1
and o, and with the Lipschitz condition (4.66) we obtain for the norms of the third and
fourth summand on the right hand side of (18) the estimate

1 T Hod J1(, — J)
(1 = am)(1 = @) vl Lo, 5
1 ViV,
| a— '"HJJ J, — J)H,, J. 0x;
0= amy) vLogtm YTt VH., J ,
P23+ )

< 2ﬁ\\em+1\\z\lémlz.

Hence, with

V(3 + P)w

Cys =2
5 1-o

we obtain for ||Ey,+162;[]2 the upper bound

Bt < (1421050 i el o (19)

Set s = max{j + 1, L}. Applying (19) recursively yields
ﬁ(l i 2”% E,Hz)
llo:l2
mtl [m T
llvi Eill2
+C5 1+ 27)
2 {H( oz

k=s+1 Lt=k

[ Emyrd;ll2 < 1 <o

(20)

llexll2ll0x;][2-
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Before we proceed we show that there is a Cg so that

00 1TE
T1(2 2ty <o < oo

1 ol

(21)

It is readily seen that there exists some positive constant C ; such that we can write the left

hand side of (21) as

el T
v Et||2
Coa - (1+2”t7)‘
w11 [[vell2

t=L

For arbitrary but fixed > L we consider the partial product

ﬁ(1 4 oltf Bl

u lerl

Applying the natural logarithm gives

E
(i 2lLEL)
[[vell2

From (14) we have for all t > L that [|[vf Et||2/||ve]l2 < 3 and hence by the natural logarithm

series for In(1 +¢), ¢ € (—1,1), and by the Leibniz criterion we obtain

l[o] B2 ol B2
111(1 +2—= )
Z llvell Z floell2
And for  — oo,

Zln(l Falef Bl Z [ Bl _

ll2 f[oe]]2

by the assumption that the transposed DenmsfMore series is bounded. Hence, there exists a

positive constant Cg o such that

ﬁ(l v lof E1H2) < Cpa.

Defining Cg as Cg 1 - Cg 2 yields (21). Inserting this result into (20) leads to

mt1
[Em105]l2 < Coll Esdaslla + C5C6 Y lexllallom]l2-
k=s+1
If s = j 4 1 we obtain by means of (15),
[ Emi16z;l2 < CsCoc;jld; 12
mt1
+ CsCevwlieja 210zl + CsCe > llexll2llom;])2.
k=j+2
And for s = L from (17),
| Emt1dz]l2 < 03060”59’4\\2
m+1

+ C4Cs Z llexlloll02;]l2 + C5Cs

k=j+1 k=L+1

(22)

(23)

(24)
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Combining the results of (23) and (24) by defining
¢j = C3Cec;, C:=Cs-max{Csiw,Cy,Cs},
dividing by ||6z;[]2 and by undoing the substitution m =1 — 1 finally yields

| Evd,||2

1
H(SQL' HZ <C Z Hek‘|2+éjx 0<j<ld,
J

k=j+1

which is just (4.120).

III) If v; = —H;Fj;; then from (4.102) and Proposition 4.34 it follows that ¢; may be chosen as

w
G = wi(HeJHZ +1lejs1ll2)-
For |lej11]l2 < |ej]|2 we have
&; = C3Csc; < C3Cawlej|2 < Cllejll2

and (4.121) is true for C := C. In the opposed case we define C := C + C3Cg1p% and hence,

I Ewdzjlla _
<O el
[0 Z

This concludes the proof.
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II: Pseudo-codes of some algorithmic aspects of the quasi-
Newton iteration from Section 4.4

Algorithm Al (Determine whether a descent update or a purifying process will be executed)

1: given: A;p € R™ ™ nonsingular, Sz = 7AESF, with F} := F(xz;) #0, J; == F'(x),

2 F< 1, ¢ with T 5> &= ¢ for ¢ from (4.124),
3: Xoo if L =0 or )\1,1 if I >0
4: set Apred = true
5: set Ay, = Ao
6: determine -‘}110 = HII:OAZTUI
7: determine ngJ, = “717;()']1 > ie. —grad T(z|PLoA; )
8: determine hy o = gi0z10
9: determine 1 — ay o = Ry 0/ 0210|3
10: if [1 — g | < € then > descent update of A; ¢ close to singular
11: determine tfo = E;I,‘o — -’ilT,o > ie. 5CLZ U(I — A OJl)
12: determine ;o = J,Hl,o
13: set Y0 =—F;
14: 2o bie. 0z o(I — At s
15: set purswitch, , = duophilic’
16: go to purifying process > Algorithm A.2
17: else
18: determine s;9 = (1 — a;,0) 7"
19: determine a;,0 = ||6z1,0 — s.0900l2/]1071.0]|2
0. if (z(s,pﬁm, gio) < &) && (aip < 1) then
21: if [ > 0 then
22: if \;_; =1 then
.
24 Sie. UlOAzo(Ftl11“;’:?)\11”21&5“ D2
25: determine ;o = min ([u}]z\\gijznil\z 1)
26: > i.e. min (m 1)
27: if A\jo =1 then
28: use_decent_update = true
29: else
30: use_decent_update = false
31: end if
32: else
33: use_decent_update = false
34: end if
35: else if \gy =1 then

36: use_decent_update = true
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37 else

38: use_decent_update = false
39: end if

40: else

41: use_decent_update = false

42: end if
43: end if

44: if use_decent_update then

45: set dw; = ﬁﬁl,n, k[ =0
46: set directang; = false

47 set predtype; = 'nlb’

48: use T'(z| Py gAi0) for step size control

49: go to step size control

50: else

51: go to purifying check > Algorithm A.3

52: end if

Algorithm A.2 (Purifying process at purifying index k)

1: given: all well defined quantities from Algorithm A.1 or A.3, respectively,

2: for current purifying index k,
3: J; and Fp as in Algorithm A.1,
4: large constant K, e4ing < 1, € > & where £ from Algorithm A.1
5: switch purswitch,
6: case 'duophilic’
7: Apgtr = Ak — 7(yl'k7djxk)th
8: >ie. A k1 = Aig — (Al'k;ﬁ)ﬁl'k@r'AtA;éJl)
' 5a; (1= A FJ1)dz 1k
9: case 'Newton-philic’ .
10: Ay = Ak — %
. A= d)57 (AZ (AL J)5Tk) | AS (Aps—J
12: case 'gradientphilic’
13: Al.k+l _ Al,k o (Al,ktll‘.tk’:ﬁé,k)trl.k
14: >ie. Appyr = Ak — (e IO~ AL ) 521551 = Ay L)

52 (1=A7 L1013
15: end switch

16: set k=Fk+1

17: determine an LU-decomposition of A;;: PA; ) = LU

18: let uqq,..., Upy be the diagonal elements of U

19: if at least one w;; is zero then
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21:
22:
23:

25:
26:
27:
28:
29:

44:
45:

determine dxy, € ker(U) \ {0}

set badly_conditioned_or_singular = true

else if max; ; 1%/ > K then

T
determine dx; . as an approximation to a singular vector w.r.t. the smallest

singular value of A; j

set badly_conditioned_or_singular = true

else

determine El,k = *ADJFI

set badly_conditioned_or_singular = false

end if

: if badly_conditioned_or_singular then

determine U = Jl%l,k
determine y; 1, = Ay 0y g

determine ry; = Ay (Yo — wk)
IAL Ak —J)81kll2

if (|1 kll2/ 16 k]l2 < €sing then >ie. s < Esing
set exit_cond = J; deemed (nearly) singular
abort algorithm
else if kK =n then
set exit_cond = too many purifying updates
abort algorithm
else > push towards Newton direction
determine t], = rf} ATV A —rif A >ie. (AN(Anx — 1)z x) TAZ (A, — 1)
set purswitch, ; = 'Newton-philic’
go to line 5
end if
else > current A; j, nonsingular
set Ay = Ak
determine g/, = EIT,CAZ’;
determine g,T,~ = g,q:le >ie. —grad T(zl\lekAlfkl)
determine hy i = gf6x0
determine 1 — ayy, = hyi/||02k 13
if |1 — x| <€ then > descent update of A, close to singular
if k£ <n then
determine t], = 5717; — gl > ie. ﬁfk(l - AZ;JI)
determine u; = Jlﬁlyk
set yik = — I
determine d; = ||6z1 k|3 — huk > ie. ﬁlTk(I — AZ;iJl)El.k

set purswitch, ;, = 'duophilic’
go to line 5
else

set exit_cond = too many purifying updates



61:
62:
63:
64:
65:
66:
67:
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abort algorithm
end if
end if
determine s; 5 = (1 —ay) ™"
determine a; . = [0k — sirgukll2/ |00k
go to purifying check > Algorithm A.3
end if

Algorithm A.3 (Purifying check)

1:

2
3:
4

© »® 1 > o

=

25:
26:
27:
28:

29:

given: all well defined quantities from Algorithm A.1 or A.2, respectively,

additionally, kgqpeq, post_purifying from Algorithm A.4 or A.5 if invoked from there,
0,0, J; and F as in Algorithm A.1,
£9,63 < 1, ¢ from (4.124) with ¢ < b, > ¢ from Algorithm A.1
i < /2 from (4.124)
if (Z(sik 0w, gn) < ¢) && (ar), < 1) then > gradient part good enough
w k= Ji5x
determine 4, = A;;T‘lak
determine 7, = E;;, — syl g >ie (I — mA[ﬁ],)%;;,
if (|7 nll2/10zikll2 < 1) && (Lest(s1,k - 021k, Axy) < @) then
> Newton part good enough
set dx; = l—alu,kal‘k’ =k
set directang; = true
> check where we come from to know what to do
if post_purifying && k = ksaveqd then
> no post purifying necessary though ¢ and ¢ are more restrictive
return
else if A\pred && k = kgqpeq then > predictor was bad, handle it outside
return
else if [ > 0 then > determine a predictor
if use nlb_pred then
determine [@]; from Algorithm A.1, line 23
where the index (I,0) is substituted by (I, k)
determine ;o = min (%, 1)
> i.e. min (WW’ 1)
set predtype; = 'nlb’
else
if directang; ; && use_dflh_pred then > Deuflhard-like predictor
) = lgl oz ==y gy, )7 ol g,

Ne—llSzi—1|13116 k|2
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1Pk AL (Ji=Ji-1)dai—a |2
LA NS ik Y ik
A

ie.
> 1e Py F

> simple predictor

. . 1
1) > i.e. min (Wv 1)

> user given choice for | =0

> if post_purifying was set it shall remain set!

> e 3z 4 (I — AL 0)

> i.e. E]Tk(f — A;}z Jl)ﬁl,k
> ’cos [Z (El,k, (E:k(l - A;,i]z))T)H <e3

bie. (I — A7 DSz,

>ie. ((I— A7 J)we) (1= AL

> Algorithm A.2

> no good gradient
> ie. 32 (I — AL

30:

31: set predtype; = 'qdflh’

32: else

33: determine [w]; = [w];—1(Ni—1)
34: set predtype; = simple’

35: end if

36: determine \; o = min (%
37: end if

38: else

39: set Ao = Ao

40: end if

41: set Apred = true

42: use T'(x| P, Ay) for step size control
43: go to step size control

44: else if kK =n then

45: set exit_cond = too many purifying updates
46: abort algorithm

47 else

48: determine ¢}, = %fk — gl

49: determine d; = [|6z; k|3 — huk

50: if < ey && % < £5 then
51

52: determine 7, = ﬁl,]c — Uy

53: set thjk = rlqjk — r?:kAZ,cl Jp

54: set purswitch, , = "Newton-philic’
55: else

56: set purswitch, , = "duophilic’

57: end if

58: set Y = —F;

59: go to purifying process

60: end if

61: else if k =n then

62: set exit_cond = too many purifying updates
63: abort algorithm

64: else

65:  determine t], = Eljjk — 9%

66: if ;) < e2 then

67: determine w; , = Jit; x

68: set purswitch, , = 'gradientphilic’

69 else

70: determine wu; ), = Jlﬁlyk
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71 determine d y = ||6z; k|3 — huk > ie. ﬁlTk(I — Af_;iJl)ﬁl.k
72: set Yy = —F

73: set purswitch, , = 'duophilic’

74: end if

75: go to purifying process > Algorithm A.2
76: end if

Algorithm A.4 (Failed step size )\ ;, simple monotonicity)

1: given: corrector step size Af; = 1/|1 — ape| " Hwlk (M) 622, of. (4.158),

Lo 4

1 < PRED.BADTOL < 1, 0 < Apin < Arest < 1,
¢ and ¢ from (4.124),

Asafe > if not empty it is a step size which provides descent

set ksqved = k > save current purifying index

if A1 < AMhresh && directang; && —post_purifying && isempty(Asqfe) then

set post_purifying = true

set ¢ = ¢/2, 1) =1)/2 > recover old values after step size control
go to purifying check > if purifying index changes start anew
if A\ j < Apin then > else proceed as usual: next comes line 39

set exit_cond = too small step size
abort algorithm
end if

: else if A ; < Apin then

set exit_cond = too small step size

abort algorithm

: end if

. if —isempty(Asqze) then
set A = Aga fe
terminate step size control (restore old values of ¢ and v if necessary)

: end if

: if Apred && [ >0 then > j = 0, give other predictors a try
set Apad = 1,5
if —directang; then > true implies that £ =0

go to purifying check > if purifying index changes start anew

end if

determine the two predictors A\; and A7y (Deuflhard-like predictor only
if directang;_; is true) which were not chosen to determine ;o

set A=10

if A\ped - PRED_BADTOL > A\; then
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31: set 5\ = )\[
32: end if
33: if Apeq - PRED_BADTOL > A\;; then

34: set A = max (A, Ar7)

35: end if

36: set \j g = max(lnax()\fj. 5\) /\mm)
37 set Apred = false

38: else

39: set A\ jp1 = max(Aﬁj, Amin)

40: end if

Algorithm A.5 (Failed step size )\ j, restricted monotonicity)

1: given: corrector step size Af; = 1/|1 — age| " Hwlie (M) 622, of. (4.158),

2: % < PRED_BADTOL < 1, 0 < Amin < Athresh < 1,

3: ¢ and ¢ from (4.124),

4: set ksgpea = k > save current purifying index
5: if N j < Anresn && directang; && —post_purifying then

6 set post_purifying = true

7 set ¢ = ¢/2, 1) =1/2 > recover old values after step size control
8 go to purifying check > if purifying index changes start anew
9 if A\ij < Apin then > else proceed as usual: next comes line 34
10: set exit_cond = too small step size

11: abort algorithm

12: end if

13: else if \;; < A\pin then

14: set exit_cond = too small step size

15: abort algorithm

16: end if

17: if Apred && [ > 0 then > j = 0, give other predictors a try
18: set Apad = Arj

19: if —directang; then > true implies that k =0
20: go to purifying check > if purifying index changes start anew
21: end if

22: determine the two predictors A\; and A\;; (Deuflhard-like predictor only

23: if directang;_; is true) which were not chosen to determine ;o

24: set A=0
25: if A\poq - PRED_BADTOL > A; then
26: set \ = A1



27:
28:
29:
30:
31:
32:
33:
34:

35:

end if
if Apug - PRED_BADTOL > \;; then
set A = max(\, Ary)
end if
set Ao = max(max(/\;:, ;\), )\mm)
set Apred = false
else
set A jr1 = max(/\fj, Amin)
end if

197
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III: Chosen values of some additional constants for the
NLF/PNLF/APNLF-algorithm

Here we state concrete values of some of the constants which control the behavior of the NLF-,
PNLF- and APNLF-algorithm. For details about the conditions in which these constants appear

consider the references in the following table.

Constant ‘ Value ‘ Context ‘ Reference
1 - -
7 = Increasing step sizes
1 - . P o (3.101)
BADTOL 105 | (simple monotonicity)
PNLF: consideration of
PRED.BADTOL T7o unprojected predictors Paragraph 3.4.1.7
APNLEF: consideration of | Appendix II, Alg. A.4, A5
other predictors
PRED_RED 112 reduction factor if pro- Paragraph 3.4.1.7
jected predictor fails and
no unprojected is available
4.137
) 10719 | decision duo- or gradi- N d(' . 3&1 A3
ent/Newton-philic purify- ppendix 1, Al 4.
ing update
4.142
£3 10710 | decision duo- or Newton- ( )
. s Appendix II, Alg. A.3
philic purifying update
4.143
K 10'* | condition check for U A d(' - A)Al A2
where PA;, = LU ppenarx 1, A 4.
4.144
Esing 10712 | singularity check for A4; ( )
’ Appendix II, Alg. A.2
Athresh Amin | consideration of post- Paragraph 4.4.6.4
purifying

Table A.1: Values of additional constants for the NLF /PNLF /APNLF-algorithm

In case of post-purifying the more restrictive values of ¢ and v for the angle checks (6.4) are chosen

to be one half of the default values.
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