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Abstract
The simulation of complex structures using standard finite element discretiza-
tion techniques can be challenging because the creation of the boundary
conforming meshes for such structures can be time-consuming. Therefore, fic-
titious domain methods are attractive alternatives because the underlying mesh
does not have to conform to the boundary. One fictitious domain method is the
finite cellmethodwhere a structured non-geometry conformingCartesian grid is
created and the geometry is then described by a simple indicator function.When
solving non-linear problems, for example, if large deformations are taken into
account, broken cells are typically heavily distorted andmay lead to failure of the
overall solution procedure. To tackle this issue remeshing is applied to proceed
with the simulation. In previous publications, radial basis functions (RBFs) were
applied tomap the deformation gradient between the differentmeshes.However,
it is not clear whether this is the best way to transfer data during the remeshing
procedure. Therefore, we investigate whether there are alternative methods that
can be used instead. This is then compared to the RBF interpolation and applied
to different numerical examples with hyperelastic materials.

1 INTRODUCTION

Numerical simulation of complex structures can be a challenging task, for example, for foam-like structures. Especially,
themeshing procedure itself can be time-consuming if a boundary conformingmesh is required, where the finite elements
(FEs) have to fulfil certain quality requirements. Therefore, immersed methods, such as the finite cell method (FCM) [1],
CutFEM [3, 4] and CutIGA [5], are appealing because they do not require boundary conforming meshes.
However, in large deformation states, thesemethodsmay also suffer fromhighly distorted broken cells. This is similar to

standard finite elementmethod (FEM)when it comes to a large deformation state—elements are highly distorted andmay
break the solution process. To overcome this, one possibility is to stabilise the iterative solver, see, for example, Garhuom
et al. [6]. Nevertheless, wemay end up at a certain state where we cannot continue the simulation. This is the point where
remeshing comes into play.
Remeshing can improve the mesh quality during the simulation. Typically, this is done after a certain state of possibly

large deformation, where some cells distort heavily. In order to keep track of the deformation history, the predeformation
is stored and transferred to the new mesh. Typically, this predeformation history is stored at the integration points level
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F IGURE 1 Basic idea of the finite cell method. After extending the physical domain by a fictitious domain, mesh creation is
straightforward.

and is not available at an arbitrary point in the structure. However, when creating a new mesh, there are new integration
points that typically do not match the position of old integration points. Thus, the values at new integration points need
to be interpolated from the old values. To this end, radial basis functions (RBFs) are used for the interpolation and have
successfully been applied in [2, 7].
As an alternative approach in the present work, we apply an 𝐿2-projection, to project the deformation gradient into the

FE ansatz space. By doing so, we can evaluate the deformation gradient at any point in the domain by using the shape
functions. One may argue that this is also possible without the projection. However, since we rely on the deformation
gradient w.r.t. the initial configuration, this is only possible for the initial mesh. Moreover, the deformation gradient is not
continuous at element boundaries and, especially for multiple remeshings, all the previous meshes must be kept to do the
inverse mapping through multiple meshes. By projection to the FE-space, we elevate the continuity of the deformation
gradient to be at least 𝐶0-continuous which smoothens possible discontinuities at the element boundaries.

2 THEORY

2.1 FCM

The principle idea of the FCM is to embed the physical domain Ωphys into a simpler shaped domain Ω𝑒 = Ωphys ∪ Ωfict

that can be easily meshed using quadrilateral or hexahedral cells, see Figure 1.
To distinguish between the physical and fictitious domain, an indicator function is introduced:

𝛼(𝒙) =

{
1, for 𝒙 ∈ Ωphys

𝛼0 = 10−𝑞, else,
(1)

where 𝛼0 is a small positive valuewith 𝑞 = 6, 7, 8, …. This indicator function is then used to trim the integral to the physical
domain boundary, see also [8]. Choosing𝛼0 = 0 leads to the solution of the original problem.However, for stability reasons,
we choose 𝑞 = 5.
Due to the immersed interface inside the cells, a discontinuity is introduced. This needs to be taken into account during

integration of system matrices. Different approaches exist, and the most common approaches are the standard Oc-Tree
or Quad-Tree [1, 8] and its derivates, moment fitting [9–11] and non-negative moment fitting [12]. In the present work,
we apply the non-negative moment-fitting scheme for the numerical integration. For further details on this method, the
reader is referred to [12, 13].

2.2 Remeshing

In large deformation scenarios, the solutionmay not converge after a certain deformation state is reached. To continue the
simulation, we apply remeshing on the last converged solution, similar to reference [7]. The kinematic relations are shown
in Figure 2. For simplicity, it is only shown for three deformation states that are involved in a single remeshing procedure.
However, the same holds true for multiple remeshing steps. Starting from an initial configuration Ω0, the structure is
deformed until at deformation state Ω𝑛, where either the solution fails or a remeshing criterion is fulfilled. Then, a new
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F IGURE 2 Kinematic relations and important quantities in different configurations and meshes that are involved in one remeshing step.

mesh is created based on configuration Ω𝑛 and the simulation is continued to deformation state Ω𝑛+1. The simulation
stops either when the final state is reached or another remeshing is initiated.
During this procedure, the total displacement field 𝒅 is split into the partial displacements 𝒅̃𝑖 arising from the different

meshes. Thus, the total displacement at any point of the structure is the sum of the partial displacements, that is,

𝒅 = 𝒅̃1 + 𝒅̃2 +⋯+ 𝒅̃𝑛+1 = 𝒅𝑛 + 𝒅̃𝑛+1 (2)

holds. However, every time a newmesh is created, the previous displacement𝒅𝑛 is not known to the newmesh. To account
for the previous deformation history, the total deformation gradient𝑭𝑛 of the last state is stored as predeformation variable
at the integration points.
To compute the total deformation gradient w.r.t. to the initial configuration, we exploit the chain rule incorporating all

the intermediate configurations. This leads to

𝑭𝑛+1 =
𝜕𝒙𝑛+1
𝜕𝒙𝑛

⏟⏟⏟
𝑭̃𝑛+1

𝜕𝒙𝑛
𝜕𝒙𝑛−1

⋯
𝜕𝒙1
𝜕𝑿

⏟⎴⎴⎴⏟⎴⎴⎴⏟
𝑭𝑛

. (3)

The current deformation gradient w.r.t. the intermediate configuration Ω𝑛 is computed by

𝑭̃𝑛+1 = 𝑰 +
𝜕𝒅̃𝑛+1
𝜕𝒙𝑛

. (4)

To compute the total deformation gradient 𝑭𝑛+1, the partial deformation gradients from previous meshes are required.
As already mentioned, this necessitates efficient data handling and storage of old discretizations and their corresponding
solution fields. Another approach is to interpolate the last converged total deformation gradient from the old integration
points to the new integration points of the new mesh. By doing so, old data can be deleted, once the data transfer is
completed. Thus, the total deformation gradient is approximated by

𝑭𝑛+1 ≈ 𝑭̃𝑛+1(𝑭𝑛), (5)

where  is representing the interpolation scheme.

2.3 Interpolation methods

2.3.1 Radial basis function interpolation

One possibility to perform the data interpolation is the usage of RBFs, similar to references [2, 7]. There exist different
RBFs, see, for example, [14]. We use the inverse multiquadric RBF defined by

Φ(𝑟) =
1√

1 + 𝑟2
. (6)
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To compute the values of a given quantity 𝑓 at a target point 𝒙𝑡, we first solve a system of equations for 𝑁𝑠 source points.
In the present work, we use the 𝑁𝑠 = 50 nearest neighbours for this purpose.

⎡⎢⎢⎣
Φ(𝑟11) ⋯ Φ(𝑟1𝑁𝑠

)

⋮ ⋱ ⋮

Φ(𝑟11) ⋯ Φ(𝑟𝑁𝑠𝑁𝑠
)

⎤⎥⎥⎦
⎡⎢⎢⎣
𝑤1

⋮

𝑤𝑁𝑠

⎤⎥⎥⎦ =
⎡⎢⎢⎣
𝑓(𝒙𝑠

1
)

⋮

𝑓(𝒙𝑠
𝑁𝑠
)

⎤⎥⎥⎦ , 𝑟𝑖𝑗 = ‖𝒙𝑖 − 𝒙𝑗‖. (7)

Once the weights 𝑤𝑖 are compute, the target value 𝑓 at target point 𝒙𝑡 can be computed by evaluating

𝑓(𝒙𝑡) =

𝑁𝑠∑
𝑖=1

Φ(‖𝒙𝑡 − 𝒙𝑠
𝑖
‖)𝑤𝑖. (8)

The benefit of this approach is the straightforward implementation as an add-on solution to an existing FE-code. The
only required interface is the access to integration points. Additionally, the process can be parallelised to increase
the performance.

2.3.2 𝐿2-projection

As an alternative approach, we first map the values from the integration points into the FE-ansatz space of the old mesh
by minimising the error in the 𝐿2 norm. To do so, we solve the following system:

∫
Ωe

𝑵⊤𝑵 dΩ

⏟⎴⎴⎴⏟⎴⎴⎴⏟
𝑴

𝝁 = ∫
Ωe

𝑵⊤𝑓 dΩ, (9)

where𝑵 contains all the ansatz functions. The left-hand side is the standard mass matrix and is computed by numerical
integration. The computation of the right-hand side is also straightforward, since the predeformation data are already
present at the integration points. Once the projection is computed, the predeformation data on the new integration points
are updated by applying inverse mapping of the new integration points into the old mesh. To avoid instabilities during
inverse mapping, we set det (𝑭̃𝑛+1) <= 0 as a remeshing criterion.
In contrast to the RBF interpolation, this approach requiresmore implementation effort. However, we can directlymake

use of the ansatz space to compute values at arbitrary points. Themain computational effort is the solution of Equation (9)
and the inverse mapping between the meshes.

3 NUMERICAL EXAMPLES

In the following, we compare the presented interpolation methods on several numerical examples. All models assume
plane strain conditions. The material is of Neo-Hookean type with the following strain energy density function:

Φ(𝑭) =
𝜇

2
(tr

(
𝑭⊤𝑭

)
− 3) +

𝜆

2
(𝐽2 − 1) −

(
𝜆

2
− 𝜇

)
ln (𝐽), (10)

where 𝐽 = det 𝑭. The first Laméparameter is set to𝜇 = 19.231N∕mm
2 and the shearmodulus is set to 𝜆 = 28.846N∕mm

2.

Evaluation:
To compare the RBF and the 𝐿2-projection approach, the error analysis is carried out as follows:

1. Deform the structure until state 𝒅̄.
2. Create new mesh.
3. Compute error by integrating over the physical domain in the new mesh.
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(A) (B)

F IGURE 3 (A) Geometry, discretization mesh and boundary conditions. (B) Error plot for different polynomial degrees.

(a) Evaluate interpolated deformation gradient (𝐹𝑖𝑗).
(b) Compute the exact value 𝐹𝑖𝑗 in the old mesh via inverse mapping.
(c) Integrate error over physical domain Ωphys

𝑒𝐹𝑖𝑗 =

√
∫
Ωphys

((𝐹𝑖𝑗) − 𝐹𝑖𝑗

)2
Ω. (11)

4. Repeat the same test for meshes of different ansatz orders 𝑝.

3.1 Square plate

In this example, we consider a square plate for which we can create a boundary conforming mesh. Therefore, we can
exclude any error coming from the immersed interface inside broken cells. The geometry as well as the initial mesh is
shown in Figure 3A. Due to the boundary conditions, the deformation state is one dimensional leading to changes only
in 22-direction of the deformation gradient.
As can be seen from the Figure 3b, the error remains constant for 𝐹22 in the RBF approach, whereas the 𝐿2 approach

leads to almost numerically zero error. This can be explained from the fact that the RBF cannot represent a constant func-
tion, and hence, cannot interpolate the given deformation gradient field exactly. On the other hand, the 𝐿2 projection can
represent a constant field. The remaining error is more related to rounding errors during projection and inverse mapping.

3.2 Plate with hole

Now, we consider a model with an immersed interface. This is the well-known perforated plate example under symmetry
boundary conditions. The model and the initial mesh are shown in Figure 4A and the maximum displacement is set to
𝒅̄ = 10mm.
The results are shown inFigure 4B. It is clearly visible that the data transfer does notwork properly for low ansatz orders.

However, for sufficiently high ansatz order, we reach a state of constant error level. We assume that the remaining error
comes from the change of the ansatz space and not the interpolation itself. It should be noted that still the 𝐿2-projection
approach leads to smaller interpolation error in total.

3.3 Foam pore

Single remeshing
As in the previous example, we trigger the remeshing after 𝒅̄ = 5mm. The initial mesh and the error for different poly-
nomial degrees are shown in Figure 5A. As shown, the error decreases for higher polynomial degrees. In case of RBF,
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(A) (B)

F IGURE 4 (A) Geometry, discretization mesh and boundary conditions. (B) Error plot for different polynomial degrees.

(A) (B)

F IGURE 5 (A) Geometry, discretization mesh and boundary conditions. (B) Error plot for different polynomial degrees.

this is caused by increasing number of integration points that are available as source points for the interpolation. In the
𝐿2-projection case, we increase the accuracy by higher order shape functions that are capable to capture the distribution
with increasing accuracy. Even though the differences in the error between the two methods are smaller as compared to
the previous examples, the 𝐿2-approach is always at least as accurate as the RBF interpolation.

Multiple remeshings and displacement field projection
Finally, we show the projectionmethod for multiple remeshings triggered whenever det (𝑭̃) <= 0 is reached. The polyno-
mial degree is fixed to 𝑝 = 5 and the load step size is set to Δ𝒅̄ = 0.2mm. Since we can no longer compute the exact value
of the total deformation gradient to compare it with the exact value, we measure the error in energy norm by evaluating

𝑒𝑟 =

√||||𝑛+1 −𝑛

𝑛

||||, (12)

where 𝑛 and 𝑛+1 are the strain energy in the mesh 𝑛 and 𝑛 + 1, respectively. To investigate the change in the error
during the equilibrium step, the strain energy is computed twice: once directly after the interpolation procedure and once
after the equilibrium step.
Additionally, we use a second 𝐿2-projection to transfer the displacement field to the ansatz space of the newmesh. The

global error of data transfer is then computed by

𝑒𝒅𝑛 =

√
∫
Ωphys

((𝒅𝑛) − 𝒅𝑛)
⊤
((𝒅𝑛) − 𝒅𝑛)Ω. (13)
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SARTORTI and DÜSTER 7 of 8

TABLE 1 Error in displacement and energy norm for multiple remeshing steps triggered at deformation 𝒅𝑛. The 𝐿2-projection approach
is applied for the data transfer.

Mesh 𝒏 𝒅𝒏 𝒆𝒅𝒏
Error in energy norm

[mm] 𝒆
𝐩𝐫𝐞

𝒓 𝒆
𝐩𝐨𝐬𝐭

𝒓

0 6.50 mm 0.0239 1.8% 2.1%
1 10.50 mm 0.0685 0.9% 0.9%
2 13.25 mm 0.1845 2.9% 3.5%
3 16.00 mm 0.1898 4.3% 3.2%
4 16.50 mm 0.0539 2.3% −

F IGURE 6 von Mises stress in the last deformation state.

The results are summarised in Table 1. As can be seen, the remeshing introduces an error in the strain energy, that
is, the method is not energy-conserving. The main driver for the error is the interpolation procedure. The error due to
discretization changes is balanced out in the equilibrium step which is done on the newmesh at same load level as before
the remeshing. Additionally, it should be noted that the number of load increments between remeshings decreases. We
suspect that this is caused by the broken cells, which are prone to self-contact. In addition, the sharp kinks that are present
at the buckled structures show high-stress peaks, compare Figure 6. This indicates a large change in the displacement
gradients within one cell having a negative impact on the stability of the solution.

4 CONCLUSION

The present work shows that the 𝐿2-projection is a reasonable alternative to RBF interpolation during the data transfer
in the remeshing procedure. This is shown for simple as well as for complex examples in 2D and it can be seen that
the proposed method leads to a reduced global error in the deformation gradient interpolation. Moreover, we mapped
successfully the deformation field into the new ansatz space.
The main restriction arises from the inverse mapping where we require that the determinant of the deformation

gradient remains positive to ensure convergence. Typically, this happens in the fictitious domain. We tackle this by
applying remeshing whenever det 𝑭 <= 0, but this may also be circumvented by selecting a better initial guess for the
inverse mapping.
In contrast, the RBF approach works more stable, because the mapping is performed between point sets, that is, the

deformation of the mesh has no influence on the interpolation. In future, the accuracy may be improved by polynomial
extension of the RBF, for example, done in [15].
As a further natural extension, we aim to include self-contact in the problem formulation. Especially, in foam-like

structures, pores will collapse at some point leading to self-contact. This will be investigated in future work.
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