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a b s t r a c t

Extended crystal plasticity theories are well established to study size-dependent hardening of metals.
Surface and inner grain boundary conditions play a significant role for crystals at small scales as they
affect the dislocation activity and, hence, alter strength and strain hardening behavior. Conventional
micro boundary conditions, i.e., microhard and microfree, are unable to capture the underlying physics
as they describe ideal and over-simplified surface/interface conditions. In this work, advanced boundary
conditions for gradient extended crystal plasticity are introduced to map realistic conditions at external
surfaces, interphases, or grain boundaries. They relate the magnitude of plastic slip to surface defect
density and slip directions with respect to the surface normal. Characteristic features are highlighted,
including the effect of surface yielding and size dependent surface strengthening.

© 2017 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In crystalline solids, perfect crystalline behavior ceases to exist
near external surfaces, grain boundaries between two crystals of
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the same phase and interphase boundaries between two different
phases [1,2]. Since the binding of an atom to its neighbors
contributes a negative term to the energy of a crystal, Gibbs free
energy at these surfaces is modified due to inhomogeneities at
the nanoscale, such as altered bonds. This difference in bonding as
compared to the bulk generally causes an extra surface stress [3].
Dislocation dynamics and, thus, macroscopic plastic behavior is
also influenced by the presence of a surface to create size effects on
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Fig. 1. Scanning electron micrograph of nanoporous gold with an exceptionally
high surface-to-volume ratio.
Source: Reprinted from [7].
© 2016, With permission from Elsevier. (Image courtesy of Nadiia Mameka at
Helmholtz-Zentrum Geesthacht.)

yield stress and work hardening. The surface’s influence becomes
substantial once the number of atoms sitting at the surface relative
to those lying within the bulk increases, e.g., in the case of ultra-
fine-grained metals, thin films, nanoporous materials [4].

With its nanoscale porosity and high specific surface area,
nanoporous gold demonstrates extreme chemo-mechanical activ-
ity [5]. Its catalytic activity, electrical conductivity, morphological
properties (e.g., high specific surface area), and mechanical prop-
erties (e.g., reduced stiffness), make nanoporous gold attractive in
numerous applications such as actuation, catalysis, sensors andmi-
crofluids [5–7]. In nanoporous gold the load bearing structure is a
network of ligaments (cf. Fig. 1) with diameters of 5 nm to several
micrometers, depending on the post annealing treatment [8–10].
Although brittle in tension, nanoporous gold shows considerable
malleability, that is, extreme ductility under compressive stress
in the vicinity of crack tips with ligaments occasionally strained
by as much as 200% [11,12]. Microscopic characterization of frac-
ture surfaces indicated that dislocation activity is suppressed in
nanoscale ligament structures while dislocation activity is present
in heat treated nanoporous gold with average ligament diameter
of ≈1 µm [11]. In addition to the effect of suppressed dislocation
nucleation [13], emission and reabsorption of dislocations at free
surfaces is another source of size dependent hardening [14].

In this work, we study the plastic1 deformation behavior of
nanoporous gold in the context of gradient extended crystal plas-
ticity at finite strains. The focus is on novel higher-order bound-
ary conditions reflecting microscopically non-idealized conditions
at external surfaces, grain boundaries, or interfaces. In the vast
majority of analytical and numerical studies, two types of sim-
ple, idealized boundary conditions are adopted, namely microfree
and microhard. The former characterizes conditions with vanish-
ingmicro-stresses, i.e., nomicroscopic force conjugated to geomet-
rically necessary dislocations (GNDs) occurs as a driving force on
the body. Dislocations are free to escape at the surface, hence no
dislocation pile-ups occur. At the other extreme, i.e., for microhard
conditions, plastic slip vanishes at the boundary, preventing any
dislocation escape.

Non-idealized boundary conditions are of interest, for instance,
if the exterior causes additional resistance to plastic deformation
or, in other words, if dislocations are not enabled to move
unrestricted through the surface. Related discussions, including
size effects on the yield stress and work hardening as well as the
impact of surface effects on fracture properties, are found in [16].

1 The influence of surfaces on the elastic behavior is studied in another
work; elastic and plastic Poisson’s ratios of nanoporous gold were investigated
experimentally and numerically in [15].
Oxidation on nanoporous gold films2 is higher than on planar gold
due to increased catalytic activity of the porous network [20,21].
Buckley [17] demonstrated that thin films on the surface of single
crystal Au increased the surface hardness. This was attributed to
increased resistance to plastic deformation by the impeded escape
of dislocations by the presence of the oxide film, referred to as
the Roscoe effect [22].3 Therefore, mechanical properties of small-
scaled samples are related (to some extent) to their surfaces.

Although highly relevant, this aspect of dislocation-surface
interaction modeling has not been studied in the literature for
nanoporous gold. With this work, we attempt to bridge this gap
by presenting computational modeling of advanced higher-order
boundary conditions for Au single crystals. As a demonstrative
example, their impact on the deformation response of a periodic
nanoporous Au microstructure is examined. The chosen geometry
is characterized by a typical microstructural feature with curved
surfaces frequently found in nanoporous metals. This results in
many diverse misorientation angles.

Grain boundary conditions, i.e., inner boundaries in polycrys-
tals, which are physically more meaningful than their idealized
counterparts have been studied by [24–29]. Only very few works
are devoted to a computational framework for surface effects in
single crystals. In these, the formation of surface steps during plas-
tic deformation is taken as an additional source for size-dependent
hardening and strengthening [30,31]. The conditions proposed in
this work are more general and capable of modeling a wide range
of dislocation-surface interactions.

2. Gradient extended single crystal plasticity

2.1. Basic relations

The thermodynamic consistent framework for gradient-
enhanced crystal plasticity is recalled based on [32]. The large de-
formation theory is employed in terms of the multiplicative de-
composition of the deformation gradient F = FE · FP, where FE is
the pure elastic and FP the plastic deformation part. As usual, this
motivates the right Cauchy–Green stretch tensors C = F T

· F and
CE = F T

E · FE. Furthermore, the first and second Piola–Kirchhoff
stress denoted as P and SE, respectively, are of interest. The rela-
tion between these stress measures is given by P = FE · SE · F−T

P .
For the particular choice of a Neo-Hookean hyperelastic material
behavior, the second Piola–Kirchhoff stress yields

SE = µI + [λ ln(J) − µ] C−1
E , (1)

where J = det(FE) is the Jacobian determinant; µ and λ denote
the Lamé parameters.Moreover, theMandel stress is introduced as
ME = CE · SE – the work conjugate to the plastic velocity gradient
LP = ḞP · F−1

P =


α να[sα ⊗ nα] which is defined via plastic
slip rates να on corresponding slip planes sα ⊗ nα . In this respect,
the crystallographic geometry of each slip system α is specified
in terms of slip direction sα , slip plane normal nα , and transverse
slip direction tα = nα × sα . It is further assumed that plastic
deformation is lattice preserving.

2 At temperatures less than 900 °C gold does normally not form a stable oxide
in air or oxygen [17,18]. However, electrochemical techniques allow generation of
oxides on gold surface [19].
3 This scenario is not limited to gold. It is demonstrated in [23] that, on the course

of deformation the oxide films in aluminum causes formation of a layer of edge
dislocation dipoles trapped beneath the surface and reduction of the amount of
surface slip. This reduction is observed to be larger for the increased oxide coating
thickness. Hence, the proposed methodologies in this work have a wide range of
applications although the current application is concentrated on the nanoporous
gold.
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The mathematical model is formulated in consistency with the
second law of thermodynamics. Omitting a detailed derivation for
the sake of brevity, the reduced dissipation inequality reads

Dred =


α


Bi

να [τα + Divi(κα)] dVi

+


∂Bi

νακα · N (b)
i dAi


≥ 0, (2)

where τα = sα · ME · nα is the stress resolved on slip system α,
Divi(κα) represents the backstress associated with GND storage,
and N (b)

i denotes the outward pointing normal vector of the
intermediate area element dAi. Finally, a micro hardening stress4
κα of backstress character is introduced

κα = −l2α |bα|


He

0sα
 t

t0
ġe
iαdt + Hs

0tα
 t

t0
ġs
iαdt


. (3)

Here, ge
iα and gs

iα denote the geometrically necessary edge and
screw dislocation densities, bα is the Burgers vector, and He

0
is the gradient hardening modulus with respect to edge GND
components. Hardening associated with screw GND components
is taken as Hs

0 = [1− ν]He
0 , according to their elastic strain energy

ratio, where ν is the Poisson’s ratio. Finally, lα is the internal length
scale.

2.2. Governing equations

The evolution of edge and screw GND densities is governed by

ġe
iα = − |bα|

−1
∇iνα · sα and ġs

iα = − |bα|
−1

∇iνα · tα, (4)

respectively. The initial GND densities are taken as zero. The
sign convention assigned in Eq. (4)2 defines right-handed screw
dislocations to be positive. Both governing equations for GND
densities are coupled to the displacement problem via stress
measures. Neglecting body forces, the mechanical problem for the
case of quasi-static and isothermal conditions is specified by the
balance of linear momentum 0 = Divi(FE · SE).

The evolution of plastic slip rates is governed by a power law
relation

να = ν0


⟨τα + Divi(κα)⟩

Sα

m
, with ⟨•⟩ =

1
2
[• + | • |] . (5)

In that, ν0 is the reference slip rate, m denotes the rate-sensitivity
exponent, and

Sα = Y0 + H l
0

 t

t0
ναdt (6)

describes the slip system resistance associated with random
trapping processes of statistically stored dislocations (SSDs) by
means of the local hardening modulus H l

0. SSDs are captured by
the resulting slip in the material. Finally, the initial slip system
resistance (critical resolved shear stress) is incorporated via Y0.

2.3. Boundary conditions

Standard micro boundary conditions, known as microhard
(on boundary ∂B

γ

i ) and microfree (on boundary ∂B
g
i ) [24,34],

mimic idealized conditions at the crystal’s surface as illustrated in
Fig. 2(a) and (b). At one extreme, microhard boundaries prevent
any transmission of crystallographic slip through the boundary.

4 In a thermodynamic setting, the free energy acts as a potential for κα [33].
In this case, the boundary deforms with maximum resistance to
plastic deformation such that dislocations are compelled to pile up.
This behavior is typically expressed by the condition ναN

(b)
i · sα =

ναN
(b)
i ·tα = 0 on ∂B

γ

i . At the other extreme,microfree boundaries
prevent any dislocation pile ups along the exterior. Boundaries are
transparent to dislocation motion, leading to zero resistance to
plastic deformation. This situation is described by the condition
ġe
i = ġs

i = 0 on ∂B
g
i .

In spirit of Ekh et al. [25], we postulate advanced microflexible
boundary conditions for single crystals for which themagnitude of
plastic slip at the boundary is related to the microstress:

να = CΓ l2α |bα|He
0


sα · N (b)

i
ġe
iα

tan(ϕe
α)

+ tα · N (b)
i

[1 − ν]ġs
iα

tan(ϕs
α)


on ∂Bi,crystal, (7)

where CΓ = C0(geff
i ) denotes the boundary coefficient (given in

unit area per energy), related to the effective GND density

geff
i =


α

[ge
iα]2 + [gs

iα]2. (8)

Moreover,

ϕe
α = arccos

sα · N (b)
i

 and ϕs
α = arccos

tα · N (b)
i

 (9)

are the misorientation angles measured between the boundary
normal N (b)

i and the flow direction of the edge respectively screw
dislocation, cf. the illustration in Fig. 2(c). Via Eq. (7), the slip rate on
the boundary is associated with the microstress and the angle5at
which dislocations escape through the boundary. Microfree and
microhard boundary conditions are naturally incorporated for
complete alignment andmisalignment, respectively [25]. For cases
in between these extremes, the proposed boundary conditions
result in non-zero boundary dissipation contribution, cf. Eq. (2).
With respect to C0(geff

i ), a natural choice might be

CΓ = C0 exp


sΓ


geff
i − gc


gc


, (10)

in which C0 is the reference boundary coefficient, sΓ determines
the rate of dislocation absorption resp. transmission by the surface,
and gc measures dislocation pile up underneath the surface in
terms of critical dislocation density and acts as a threshold for
the initiation of dislocation transmission and absorption, leading
to changing surface, interface resp. grain boundary conditions.
For geff

i − gc > 0, CΓ starts to evolve, resulting in a softening
effect due to dislocation escape and absorption. This mechanism
represents surface yielding as plastic deformation across the
boundary increases. Furthermore, with decreasing length scales,
this effect naturally becomes reinforced due to stronger interplay
between dislocations and external surfaces as a result of a
change in number of atoms exposed to a surface. In contrast
to ideally smooth and clean grain boundaries, the proposed
concept accounts for inhomogeneities at nanoscale such as surface
coatings or passivation layers [35–37], damage layers induced
by the FIB milling process [38–40], oxide layers [41], and may
also be extended to interfacial effects in metal polymer (nano-)
composites [42].

5 For dislocation flow parallel to the surface area, it follows that 1/ tan(ϕe
α) → 0

asϕe
α → π/2 and, hence, the corresponding contributionwithin the boundary term

vanishes. For dislocation flow perpendicular to the surface, a threshold is required
to ensure numerical treatment of the computation of 1/ tan(ϕe

α) as ϕe
α → 0. Same

holds for ϕs
α .
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Fig. 2. Schematic illustration of higher-order boundary conditions: (a) microhard; (b) microfree; (c) (non-idealized) microflexible boundary conditions. While a hard
boundary does not permit any slip transmission through the boundary, a free boundary is completely transparent to dislocationmotion. The proposed advancedmicroflexible
boundary conditions relate the boundary slip to the defect density and depend on the misorientation angles ϕe

α and ϕs
α . This allows a physically more meaningful modeling.
Fig. 3. (a) 3D FIB tomography reconstruction showing a typical structural feature in nanoporous gold with mean ligament diameter of 420 nm; (b) microstructure built up
periodically by the indicated unit cell (27.5% gold volume fraction); (c) finite element mesh (25536 linear brick elements) of the periodic unit cell.
Source: Reprinted from [44].
© 2016, With permission from Elsevier.
An important aspect of higher-order boundary conditions is the
treatment of the boundary term in the implementation. Due to the
similarity of both GND density equations, we limit our attention to
the edge component. Then, the variational form of Eq. (4) reads

0 = |bα|


Bi

δge
α ġ

e
iαdVi −


Bi

ναDivi

δge

αsα

dVi

+


∂Bi

δge
αναN

(b)
i · sαdAi. (11)

The boundary condition is then implemented via the surface term.
Thus, no additional surface elements are needed.

3. Numerical example: nanoporous gold

We demonstrate the performance of the advanced micro
boundary conditions bymeans of compression tests onnanoporous
gold. Fig. 3(a) depicts a typical structural feature in nanoporous Au
which is considered in the here investigated microstructure,6 cf.
Fig. 3(b). Fig. 3(c) shows the corresponding finite element mesh of
the periodic unit cell consisting of 25536 linear brick elements. The
advanced boundary condition in Eq. (7) is applied to the entire sur-
face, i.e., ∂Bi = ∂Bi,crystal. Furthermore, periodicity is applied with
respect to all displacement and GND density degrees of freedom at
unit cell junctions.

Since dealloying conserves the crystal lattice of the parent alloy,
the single phase ligament network does not accommodate grain
boundaries [12]. Hence, the microstructure is treated as a single
crystal. A single slip configuration is adopted with s1 = [11̄1̄]/

√
3

6 To this end, the surface of the microstructure is formed as a triply periodic
continuous level surface represented by an equation of the form h = α1 f1 +α2 f2 +

ϖ [43]. f1 = cos x + cos y + cos z and f2 = cos x cos y + cos y cos z + cos z cos x
are right-hand sides of the simple level surface approximations of the so-called P
andW surfaces, respectively. The constants α1 = 10.0, α2 = −5.1, andϖ = 9.901
supply a volume fraction of solid in the unit cell of 27.5%. The resulting periodic unit
cell is scaled such that L0 = π µm is obtained for the edge length of the cell and
D0 ≈ 1000 nm is obtained for the mean ligament diameter at the smallest cross-
section. A second microstructure with L0 = π/4 µm, yielding D0 ≈ 250 nm, is also
considered during simulations.
Table 1
Material parameters considered in the numerical computations.

Parameter Symbol Value

Young’s modulus E 79 GPa
Poisson’s ratio ν 0.44
Burgers vector magnitude |bα | 0.288 nm
Initial slip resistance Y0 43.47 MPa
Rate sensitivity parameter m 20
Reference shear rate ν0 10−3 s−1

Local hardening modulus H l
0 10.2 MPa

Gradient hardening modulus He
0 150.7 MPa

Internal length scale lα 1.5 µm

and n1 = [101]/
√
2, resulting in a Schmid factor of 0.4082

for compression along the [001] direction. Edge as well as screw
GND densities are accounted for. The structure is loaded under
displacement controlled conditions along the [001] direction up
to 5% compressive strain and at a strain rate of 10−3 s−1. The rate
of dislocation absorption resp. transmission is set to sΓ = 100.
All material parameters for Au single crystal are listed in Table 1.
The empirical approach for the determination of the initial slip
resistance is adopted from Bargmann et al. [45].

First, themechanical response of themicrostructure is analyzed
for geff

i − gc
≤ 0 being fulfilled during the entire deformation.

The results are shown in Fig. 4 for different magnitudes of C0. The
idealized response in terms of microhard and microfree boundary
conditions are the upper and lower bound of the crystal’s strength.
For C0 = 0, the boundary contains the highest density of defects
leading to minimum plastic deformation. With increasing C0, the
ability to transmit dislocations through the boundary increases.
This, in turn, leads to a softer mechanical response in terms
of increasing plastic deformation. A fully transparent boundary,
i.e., without any resistance to dislocation motion, is achieved in
the limiting case of CΓ → ∞. This is illustrated by the contour
plot inclusions on the right-hand side of Fig. 4 by means of the
accumulated plastic slip distribution γ1 =

 t
t0

ν1dt. Furthermore, a
pronounced effect resulting from a reduction of the characteristic
size, here from D0 ≈ 1000 nm to D0 ≈ 250 nm, is clearly shown
for the particular case C0 = 1 µm2/nJ.

Next, we study the case of an initially impenetrable interface
whose resistance to plastic deformation softens after a critical dis-
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Fig. 4. Stress–strain response for different surface conditions illustrating the impact of the reference boundary parameter C0 if gc
≫ geff

i . The contour plots indicate the
associated impact on the accumulated plastic slip distribution for both idealized cases as well as for the case of non-idealized boundary conditions. As idealized boundary
conditions do not account for the impact of surface effects in a sufficient manner, they underestimate (microhard) resp. overestimate (microfree) the accumulated plastic
slip.
Fig. 5. Impact of a critical dislocation density gc if C0 = 0.01 µm2/nJ. The star icons indicate the initiation of surface yielding associated with stage II of the boundary
conditions, i.e., if geff

i > gc . Moreover, a clear size effect is predicted for both cases if reducing the characteristic ligament size from D0 = 1000 nm to D0 = 250 nm. One can
further observe an increasing surface strength with reducing ligament diameter D0 . The contour plots illustrate the impact on the localized deformation in terms of plastic
slip.
location density is overcome (geff
i > gc). A cut-off value CΓ =

100 µm2/nJ is introduced in order to ensure numerical stability
of the computations during the evolution of the boundary coeffi-
cient. The impact on themechanical response is illustrated in Fig. 5
for different threshold values gc. As shown, dislocation-controlled
surface yielding is obtained at different strain levels as a result of
spontaneous initiation of plastic slip across the surface. After suf-
ficient post deformation, the work hardening slope converges to-
wards the stage of an almost transparent boundary. For a small
ligament diameter of D0 ≈ 250 nm, a drastic increase in surface
strength and strain hardening is obtained. Here, surface yielding is
initiated at a later stage of deformation in comparison to the larger
microstructure. Furthermore, the inclusions on the right-hand side
in Fig. 5 indicate that the characterisitics of localized slip deforma-
tion – as it results for microfree conditions – decline with increas-
ing threshold value. By reducing the size, localized plastic deforma-
tion becomes drastically intensified for the same threshold value.

The results clearly demonstrate the ability of the advanced
boundary conditions to model surfaces whose properties are in-
fluenced by formation of surface films, contamination, fabrication
process, coating, etc. which become non-negligible at the submi-
cron scale.
4. Conclusions

In extension to the microflexible boundary conditions of Ekh
et al. [25] for inner grain boundaries, the advancedmicro boundary
conditions proposed in this contribution capture physically realis-
tic behavior during plastic deformation compared to conventional
boundary conditions. The proposed boundary conditions lead to
non-zero boundary dissipation and allow to model a wide range
of grain boundary behavior, including the effect of surface yield-
ing and size dependent surface strengthening. Additional surface
effects associated with the formation of surface layer, e.g., coating,
passivation, oxidation, or damage, can be accounted for within the
framework of gradient extended crystal plasticity. An appropriate
integration procedure – without the use of additional surface el-
ements – has been applied for a finite element implementation
using linear brick elements. By means of a demonstrative prob-
lem, the impact of the non-idealized boundary conditions on the
mechanical response of nanoporous Au has been illustrated. The
results demonstrate characteristic features of the model. Further-
more, it has been shown that conventional microhard or microfree
conditions are obtained in the limiting cases using the same nu-
merical implementation. An application to polycrystals is straight-
forward.
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