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Abstract B
This paper is dedicated to the question of surjectivity of the Cauchy-Riemann operator 9
on spaces EV(£2, E) of C*-smooth vector-valued functions whose growth on strips along
the real axis with holes K is induced by a family of continuous weights ). Vector-valued
means that these functions have values in a locally convex Hausdorff space E over C. We
derive a counterpart of the Grothendieck-Kothe-Silva duality O(C \ K)/O(C) = AK)
with non-empty compact K C R for weighted holomorphic functions. We use this dual-
ity and splitting theory to prove the surjectivity of 0 : EV(Q,E) = EV(Q, E) for certain E.
This solves the smooth (holomorphic, distributional) parameter dependence problem for
the Cauchy-Riemann operator on EV(£2, C).

Keywords Cauchy-Riemann - Parameter dependence - Weight - Smooth - Solvability -
Vector-valued
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1 Introduction

The smooth (holomorphic, distributional) parameter dependence problem for the Cauchy-
Riemann operator 0 := (1/2)(d; +id,) on the space C*(L2) of smooth complex-valued
functions on an open set £ C R? is whether for every family (f,),c;; in C*(£2) depending
smoothly (holomorphically, distributionally) on a parameter Ext' (£, F) in an open set U C R?
there is a family (u,) ., in C*(£2) with the same kind of parameter dependence such that

ou,=f,, Ae€U.

Here, smooth (holomorphic, distributional) parameter dependence of (f)),.,; means that
the map A — f,(x) is an element of C*(U) (of the space of holomorphic functions O(U) on
U c C open, the space of distributions D(V)' for open V C R¢ where U = D(V)) for each
x € Q.
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The parameter dependence problem for a variety of partial differential operators on
several spaces of (generalised) differentiable functions has been extensively studied, see
e.g. [4, 6,7, 16, 31, 32] and the references and background in [3, 22]. The answer to
this problem for the Cauchy-Riemann operator is affirmative since the Cauchy-Riemann
operator

3 C%(Q.E) = C°(Q.E) (1)

on the space C*(£, E) of E-valued smooth functions is surjective if E = C*(U) (O(U),
D(V)) by [8, Corollary 3.9, p. 1112] which is a consequence of the splitting theory of
Bonet and Domarski for PLS-spaces [3, 4], the topological isomorphy of C*(£2, E) to
Schwartz’ e-product C*(2)eE and the fact that 0 : C®(£2) — C*(£) is surjective on the
nuclear Fréchet space C*(£2) (with its usual topology). More generally, the Cauchy-Rie-
mann operator (1) is surjective if E is a Fréchet space by Grothendieck’s classical theory of
tensor products [12] or if E := F; where F is a Fréchet space satisfying the condition (DN)
by [31, Theorem 2.6, p. 174] or if E is an ultrabornological PLS-space having the property
(PA) by [8, Corollary 3.9, p. 1112] since the space O(£2) of C-valued holomorphic func-
tions on £2, i.e. the kernel of d, has the property (£2) by [31, Proposition 2.5 (b), p. 173].
The first and the last result cover the case that E = C*(U) or O(U) whereas the last covers
the case E = D(V)' as well. More examples of the second or third kind of such spaces E are
arbitrary Fréchet—Schwartz spaces, the space S(R?) of tempered distributions, the space
D(V)' of distributions, the space D, (V)" of ultradistributions of Beurling type and some
more (see [4, 8, Corollary 4.8, p. 1116] and [22, Example 3, p. 7]).

In the present paper we consider the Cauchy-Riemann operator on weighted spaces
EV(LQ,E) of smooth E-valued functions where E is a locally convex Hausdorff space
over C with a system of seminorms (p,),cq generating its topology. These spaces con-
sist of functions f € C* (£, E) fulfilling additional growth conditions induced by a fam-
ily V 1= (v,),en Of continuous functions v, : £ — (0,0) on a sequence of open sets
(22,),en With Q = |, .\ £2,, given by the constraint

neN

sup

lome = €0, Pa (0 () v,(x) < 0

y €N Iyl <m

for every n € N, m € N, and a € 2, where (07)ff denotes the partial derivative of f w.r.t.
the multi-index y. Our main goal is to derive sufficient conditions on V and (£2,),cy such
that

3 EVQ.E) > EV(Q.E)

is surjective. We recall the main result of [22], which sets the course of the present paper.

Theorem 1 [22, Theorem S, p. 7-8] Let EV(£2) be a Schwartz space and EV5(£2) a nuclear
subspace satisfying property (£2). Assume that the C-valued operator 0 : EV(2) — EV(Q)
is surjective. Moreover, if

(a) E:= F,’, where F is a Fréchet space over C satisfying (DN), or
(b) Eis an ultrabornological PLS-space over C satisfying (PA),
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VLK) : K L

=

Fig.1 U,(K) for +c0 € K (c.f. [19, Figure 3.1, p. 11])

Si(K)

=

=

K

Fig.2 S,(K)for +o0 € K (c.f. [19, Figure 3.2, p. 12])
then

—E

0 : &V, E) - EV(Q,E)
is surjective.

Here EV(Q) 1= EV(2,C) and £V5(L2) is the kernel of d in EV(Q), i.e. its topological
subspace

EV5(Q) 1= 0(2) N EV(Q)
consisting of holomorphic functions.

We restrict to the case where the sequence (£2,),¢y is given by strips £, 1= §,(K) along
the real axis with holes around a compact set K C [-o0, 0] =: R, ie. forr € R, r > 1, we
define

S,(K) i= (C \ U,(K)) n{zeC|Im@l<r, t>1, and S$,(K) :=S;,(K),

where the closure is taken in C and the open sets U,(K) are given
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U(K) :={z€C |d({z},KnC) < 1/1}

(%) ,KCR,
(t,00) +i(—1/t,1/1) ,0EK, —0 &K,
(o0, =) +i(—1/t,1/1) ,0 &K, —c0 €K,

(=00, =) U (t,0)) +i(—=1/t,1/t) ,+00 €K,

where d({z}, K n C) denotes the Euclidean distance of the sets {z} and K n C (see Figs. 1,
2). We note that UnGN S, (K)=C\K and the definition of S,(K) is motivated by

<C \ U, (@)) N{zeC||Im(z)] <1} = @. As a further simplification we only consider

weights of the form v,(z) := exp(a, | Re (2)|?), z € C, for all n € N for some 0 < f < 1 and
some strictly increasing real sequence (a,),cn. and in combination with 2, := S, (K),
n € N, we fix the notation

(a)(C\K E) :=&VC\K,E) and Sfa)g(E\K):SVg(C\K)

with C := R + iR. In the case § = 1 these spaces are of interest because they are the basic
spaces for the theory of vector-valued Fourier hyperfunctlons see e.g. [13-15, 17, 19, 24].
Looking at Theorem 1, the main obstacle is to prove that 5( )5(C \ K) satsifies property

(£2). In [22, Corollary 14, p. 18] this is accomplished for K = & and sequences (a,,), ey Such
that a, /' 0 or a, /" co. We will use this result and extend it to the case that K C R is a
non-empty compact set.

Let us summarise the content of our paper. In Sect. 2 we recall necessary definitions and
preliminaries which are needed in the subsequent sections. Sect. 3 is dedicated to a counter-
part for weighted holomorphic functions of the Silva-Kothe-Grothendieck duality

O(C\ K)/OC) = AK),

where K C R is a non-empty compact set and .@/AK) the space of germs of real analytic
functions on K (see Theorem 11, Corollary 13, Corollary 15). In Sect. 4 we use this duality
to show that Eﬂ ,(C \ K) satisfies property (£2) under some restrictions on K, or on (a,,),.cn
and f (see Corollary 19). The precedlng conditions on K, or on (a,),ey and g are used in
Theorem 20 to show that 9 : (a )(C \K,E) —» Sfa )(C \ K, E) is surjective if E := F,’)

where F is a Fréchet space over C satisfying (DN), or if E is an ultrabornological PLS-
space over C satisfying (PA).

2 Notation and preliminaries

The notation and preliminaries are essentially the same as in [22, 23, Sect. 2]. We define the
distance of two subsets M, M; C R? w.r.t. the Euclidean norm| - [on R? via

_ [ infien yem, X =1 My, My # 6,
d(M()aMl)'_{oo , My=@orM, =0.

Moreover, we denote by B,(x) := {w &€ R? | [w—x| <r} the Euclidean ball around

x € R? with radius r > 0 and identify R? and C as (normed) vector spaces. We denote the
closure of a subset M C R? by M, the boundary of M by dM and for a function f : M — C
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and K C M we denote by fx the restriction of f to K. We write C(£2) for the space of con-
tinuous C-valued functions on a set £ C R? and L'(£2) for the space of (equivalence classes
of) C-valued Lebesgue integrable functions on a measurable set 2 C R

By E we always denote a non-trivial locally convex Hausdorff space over the field C
equipped with a directed fundamental system of seminorms (p,,),cer- If E = C, then we set
P )een = {l| - |}. Further, we denote by L(F, E) the space of continuous linear maps from
a locally convex Hausdorff space F to E and sometimes use the notation (T,f) := T(f),
fEF,forT € L(F,E). If E = C, we write F’ := L(F, C) for the dual space of F. If F and
FE are (linearly topologically) isomorphic, we write F = E. We denote by L,(F, E) the space
L(F, E) equipped with the locally convex topology of uniform convergence on the bounded
subsets of F.

We recall that a function f : £ — E on an open set £ C C to E is called holomorphic
if the limit

E
<§Z> f(z) := lim Szg +h) = f(zo)

=0 h
heC,h#0

exists in E for every z, € 2. The linear space of all functions f : £ — E which are holo-
morphic is denoted by O(£2, E). For a compact set K C R, 0 < # < 1and a strictly increas-
ing real sequence (a,,),,cny WE Set

< oo}

na

O (€\K.E):=(f € OC\K.E)|[VneN, ac : If|
where

loa := sup pu(f(2)e®! k@l
€8, (K)

The subscript a in the notation of the seminorms is omitted in the C-valued case and we
: S — P

write (’)(an)(C \K) := (’)(a”)(C \ K, Q).

Remark 2 We have (’)fa )(E \K) = é’f )5(6 \ K) as Fréchet spaces by [22, Proposi-

tion 7 (b), p. 11] and [22, Example 6, p. 11].

Throughout the rest of the paper we make the following standing assumptions.

Assumption 3

(i) E1is sequentially complete,
(i) K c R is anon-empty compact set,
Gii) 0<p<y,
(iv) (a,),en 18 a strictly increasing sequence with a,, < 0 for all n € N or a, > 0 for all
n €N, and lim a, =0orlim a, = 0.

n—oo 'n n—oco 'n

3 Duality

We recall the well-known topological Silva-Kothe-Grothendieck isomorphy
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O(C\ K,E)/O(C,E) = L,(<AK), E) )

where E is a quasi-complete locally convex Hausdorft space, @ # K C R is compact,
O(C\ K, E) is equipped with the topology of uniform convergence on compact subsets of
C\ K, the quotient space with the induced quotient topology and @AK) is the space of
germs of real analytic functions on K with its inductive limit topology (see e.g. [29, p. 6],
[11, Proposition 1, p. 46], [18, §27.4, p. 375-378], [27, Theorem 2.1.3, p. 25]). The aim of
this section is to prove a counterpart of this isomorphy for weighted vector-valued holo-
morphic functions and non-empty compact K C R.

The spaces Ofan)(f \ K, E) play the counterpart of O(C \ K, E) for our version of the
isomorphy (2). Next, we introduce the counterparts of e/(K). Let £ C C be open and
f€0(). For z € 2 and n € N, we denote the point evaluation of the nth complex
derivative at z by §"f 1= f")(z).

Proposition 4 Forn € N let
O;f’(Un(K)> ={fe O(U,,(K))nC(Un(K)) [ llgn 2= IfIl, < o0}

where

- p
fllg, :=IFNl, = sup [f(z)|e IR
€U, (K)

and the spectral maps for n,k € N, n < k, are given by the restrictions
Ti: O (U,E)) = O (T, 70af) = fiyinr

Then the following assertions hold.

(a) The inductive limit

O 1= lim O (U, )

neN

exists and is a DFS-space.
(b) The span of the set of point evaluations of complex derivatives
{6)((’;) | xo € KNR, n € Ny} is dense in (9(_;})(1();J if KC R or Kn {xo0} contains no

isolated points in K.

Proof (a) It is easy to see that O;ﬂ (Un (K) ) is a Banach space for every n € N. Further, the

n

: Oa_ny (Un(K )) - O;: ( U,,(K) |, n < m, are injective by virtue of the identity the-
orem and the definition of sets U, (K). Thus the considered spectrum is an embedding spectrum.
Forall M c U,(K)compactand f € B, := {g € (’);ﬂ <Un(K)) | llgll,, < 1} we have

maps ”Vl m

Fllys 2= sup f )] = sup [f(@)]e ! Re@ el RO < qup gl Re@F 17| < sup el RV,
ZEM EM EM EM
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Thus B, is bounded in O(U,(K)) w.r.t. the system of seminorms generated by || - ||;, for
compact M C U,(K). As this space is a Fréchet-Montel space, B,, is relatively compact and
hence relatively sequentially compact in O(U,,(K)).

What remains to be shown is that for all n € N there exists m > n such that «, ,, is a
compact map. Because the considered spaces are Banach spaces, it suffices to prove the

existence of m > n such that (r, ,,(f;));cn has a convergent subsequence in O;ﬁ (Um(K))

for every sequence (f} ), cn in B,,. We choose m := 2n. For € > 0 we set
Q := U, (K)n{z € C||Re(z)| <max(0,1n(e)/(a, — a,))"? +n},

and get

el Re@I
sup

€Uy, (K\Q

sup el @R@F < ¢ 3)

—a Re@lf P
eralRe@P e

Thus condition (RU) in [2, p. 67] is fufilled and it follows analogously to the proof of [2,
Theorem (b), p. 67-68] that every sequence (f;)en in B, has a subsequence (f; ), such that

(7,20 (i, Nien converges in (’)‘ﬂ U,,(K) ), proving the compactness of 7

w.on- Hence the
inductive limit (’) 4 (K) exists and is a DFS-space by [25, Proposition 25.20, p. 304].

(b) We set F = span{é(’” | X € KNR, n € Ny}. Let x, € KNR and n € N,,. It fol-
lows from Cauchy s mequahty that 5(") is continuous on O p (Uk(K )) for any k € N, imply-
ing F C (9 (K)’ As (’) 4 (K) isa DFS -space by part (a), 1t is reﬂexwe by [25, Proposi-
tion 25.19, p 303] Wthh means that the canonical embedding J : (9 (K) (O(a )(K)’ ),

is a topological isomorphism. We consider the polar set of F, i.e.
F°:={ye ((’)(:f)(l(););) |[VT eF : y(T)=0}.
Lety € F°. Then there is f € O;llj)(K) such that y = J(f). For T := 5;(;[) erF
0=y(T) =J()D) = T() =" (x)

is valid for any n € N,,. Thus f is identical to zero on a neighbourhood of x, (by Taylor
series expansion) since f is holomorphic near x, € U, (K). Due to the assumptions every
component of U, (K) contains a point x, € K N R so fis identical to zero on U, (K) by the
identity theorem and continuity, yielding to y = 0. Therefore F° = {0} and thus F is dense
in (’)(_aﬁ (K ), by the bipolar theorem. O

In the case § := land a, := —1/n for all n € N the spaces O(a )
role in the theory of Fourier hyperfunctions and it is already mentioned in [17, p. 469]
resp. proved in [15, 1.11 Satz, p. 11] and [19, 3.5 Theorem, p. 17] that they are
DFS-spaces.

(K) play an essential

Remark 5 If K C R, then O(_aﬂ)(K) ~ AK).
Now, we take a closer look at the sets U,(K) (c.f. [19, 3.3 Remark, p. 13]).

Remark6 Letre R, > 1.
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(a) The set U,(K) has finitely many components.
(b) Let Zbe a component of U,(K). We define a := min(Z N K) and b := max(Z n K) if
existing (in R).

(i) If Z is bounded, there exists 0 <R <1/t such that for all 0 <r <R:
{ze C|d({z},la,b]) <r} CZ

(i) If Zn R is bounded from below and unbounded from above and a exists, there exists
O<R< 1/tsuchthatforall0 < r <R:{z€ C|d({z},[a,0)) <r}CZ

(iii) If Z N R is bounded from above and unbounded from below and b exists, there exists
O<R<1/tsuchthatforall0 < r < R:{z€ C|d({z},(—0,b])<r}CZ

(iv) If Zn R is unbounded from below and above, there exists 0 < R < 1/¢ such that for all
O0<r<RA{zeC|d{z},R)<r}cZz

(v) IfZn Risbounded from below and unbounded from above and a does not exist, then
Z = (t,00) + i(—1/t,1/1).If Z n Ris bounded from above and unbounded from below
and b does not exist, then Z = (—o0, —1) + i(—1/t,1/1).

Proof (a) We only consider the case co € K, —co & K. Let (Zj)jE ; denote the (pairwise dis-
joint) components of U,(K). Then U,(K) = Uje 17 and by definition of a component there
is k € J such that Z, is the only component including (¢, o) + i(—1/¢, 1/f). Furthermore
there exists m € R with Uje J\{k}(Zj NR) C [m, 1] by assumption. For j # k the length
MZ; N R) of the interval ZNnR, where 4 denotes the Lebesgue measure, is estimated from
below by MZNR) > 2/t by definition of U,(K). Since all Z; are pairwise disjoint, this
implies that J has to be finite. The others cases follow analogously.

(b)(i) Since ZN K is closed in R and therefore compact, a and b exist. Hence [a, b] C Z
by the definition of U,(K) and as Z is connected. [a, b] being a compact subset of the open
set Z implies that there is 0 < R < 1/t such that ([a, b] + i(—R, R)) C Z by the tube lemma,
which completes the proof.

() If ZN K N (—o0, 1] # @, then a exists and analogously to (i) there exists 0 < R < 1/t
such that forall0 < » <R

{zeC|d({z},[a,1]) <r} C Z.

By definition of U,K) this brings forth {z€ C|d({z},[a,0))<r}cCcZ. If
ZNKN(—o,t] = @ and a exists, the desired 0 < R < 1/ exists by the definition of U,(K)
sincet € ZN K and Z N K is closed in R, which implies d({¢},Z N K) > 0.

(iii) Analogously to (ii).

(iv) By the assumptions Z N K N [—t, 1] # @. Analogously to (i) there exists 0 < R < 1/
such that forall0 < r <R

{ze C|d({z},[-t1]) <r} C Z.

Like in (ii) and (iii) this brings forth {z € C | d({z},R) < r} C Z.
(v) This follows directly from the definition of U,(K) and as Z is a component of U,(K).
|

Definition 7 Let n € N and (Z)),c; denote the components of U,(K). A component Z; of
U,(K) fulfils one of the cases of Remark 6 (b) and so for a = a;, b= bj (in the cases (i)-
(ii1)), for 0 < r; <R =R (in the cases (i)-(iv)) resp. 0 < r; < 1/n=: R, (in the case (v)) we
define

@ Springer



The inhomogeneous Cauchy-Riemann equation for weighted smooth...

[((zeclaqzntan) <) .z s ),
{ze C|d({z}, [a;, ) < rj} . Z; fulfils (i),
{z€C | d({z}, (=00, b)) < r;} ,Z fulfils (iii),

V’/(Zf) =) {ze Cld({z},R) <r;} ,Z; fulfils (iv),
(1/r;,00) +i(=r;,17) ,Z; = (n,00) +i(=1/n,1/n),
(=00, =1/r)) +i(=r; 1)) ,Zj = (=00, —n) +i(—=1/n,1/n),

where Z; fulfils (v) in the last two cases. By Remark 6 (a) there is w.l.o.g. k € N with
U,(K) = Uy, Z;. We set r = (r;), . and the path

k
yK,n,r = Z y]
Jj=1

where y; is the path along the boundary of Vrj (Z) in C in the positive sense (counterclock-
wise) (see Fig. 3).

Proposition 8 Let n € N and yg ,, be the path from Definition 7. Then the following asser-
tions hold.

(@) F - @is Pettis-integrable along yy ,, . for all F € Ofa,’)(E \ K,E)and ¢ Ei?(jf(Un(K)).
(b) There are m €N and C > 0 such that for all a €A, F € Ofa )(C\K,E) and
pe O;”<Un(1())

(.

(¢) Forall F e Ofa )(E\K, E),pe O;ﬂ(Un(K))and7 = (?j)lgjsk with 0 <7} <R; for
alll <j<k

F(C)(p(C)dC> < ClFellell,

nr

/ F(C)(P(C)dC=/ F(O@(()dS.

YK YknF

(d) ForallFe Ol (C.E)andg€ O, (Un(K))

1
Ty YK nr Tk g - i
s S ——
rif Ira 0

Fig.3 Pathyg, , for oo € K (c.f. [19, Figure 4.1, p. 40])
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/ F(Oe()dd = 0.

YKo

Proof (a) + (b) We have to show that there is ey, . € E such that
e = [ FO0ONE ¢ e
YKnr

which gives ny” ) F(O@@)dS = e, -

First, let V,j (Zj) be bounded for some 1 <j<k. There is a parametrisation
Y [0, 1] — C which has a continuously differentiable extension 7] on (—1,2). As the map
(¢ o(F - @)oy;) - yj’ is continuous on [0, 1] for every ¢’ € E', it is an element of L' ([0, 1]) for
every ¢’ € E'. Thus the map

1
S, E > C, ) i= / (' FO@O)C = / (. (F - @)y, ()] ()d.
Y 0
is well-defined and linear. We estimate

1
@l < [ ok s @@L ¢ er.
0 ZEF-@)(r;(10,1])

=:2(r))

Let us denote by acx((F - go)(yj([O, 11))) the closure of the absolutely convex hull of the set
(F - @)(7;([0, 11)). Since e’'o(F - @)oy; € C!((—1,2)) for every ¢’ € E', the absolutely convex
set acx((F - @)(7;([0,1]))) is compact in the sequentially complete space E by [5, Propo-
sition 2, p. 354], yielding J; € (E)’ = E by the theorem of Mackey-Arens, i.e. there is
¢, €E such that

(¢'.e;) = Tj(e) = / (¢ FQo)de, ¢ eE.

7

Therefore F - ¢ is Pettis-integrable along ;. Furthermore, we choose m; € N such that
(l/mj) <rjand fora € Aweset B, := {x € E | p,(x) < 1}. We note that

Pa</ F(C)(ﬂ(C)dC)
v

(, / F(Oe()dZ)
v

= sup
e¢'eB;,

<Z@p)sup  sup €' (F(2)g(2)]
¢'eB;, zErj([O,l])

- NG p
<ty sup TN supsup Je!(Fe™! gl

wa_,-([O,l]) e’EB; zESmj(K)
(a,—a,, )| Re (w)|?
=) sup 4T IFl,, el
wey;([0.1])

where we used [25, Proposition 22.14, p. 256] in the first and the last equation to get from
Dy 10 sup,cp. and back. If K C R, then all V,f(Zj), 1 <j <k, are bounded and with the
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choice ey, , 1= ZJI.‘:I ej, m 1= max, g m; and C 1= kmax, g £(7;) SUP,eyo.1)) o= Re ()’
we deduce our statement.

Second, let us consider the case oo € K, —oco & K. Let Z, be the unique unbounded
component of U,(K). For g€ N, g > 1/r, > n, we denote by y,, the part of y, in

{z € C | Re(z) < ¢g}. Like in the first part the Pettis-integral

e / FQO)e()d¢
Vg
exists (in E) and fora € A and m;, € N, (1/m;) < r,, we have
pa< / F(§)¢(C)dé) <ty sup RO IEL g,

Vg Wwer,(10.1])

Next, we prove that (¢, ;) 1/, is a Cauchy sequence in E. We choose M := max(my, 2n).
Forq,p €N, g > p > 1/r, > n, we obtain

Pa(ek,q - ek,p)

= sup
¢'EB;,

/ e’(F(c»(p(odc‘
Yig™Vip

q q
< sup </ le' (F(t — ir)o(t — ir,)|dt + / | (F(t + iry)p(t + irk)ldt>
p

¢'EB;, P

q
<2 sup/ e(“"_“’")'ﬂdtle"oﬂM||(0||n
eeB; Jp

a a
— 2/ e(an—aM)tﬂdtlFlMﬂ”(p“n < 2/ e(a”_azn)tﬂdtlF“/La||¢”n
p P
and observe that (/; e(@ =" dr), is a Cauchy sequence in C because

[ sty TOID
0 ﬂlan _a2n|l/ﬁ

where I is the gamma function. Therefore (e,(,q)
e, in the sequentially complete space E and

¢>1/r, 18 @ Cauchy sequence in E, has a limit

€k=/F(€)(p(C)dC-

Yk

We fix p €N, p > 1/r, > n, and conclude that

Pa </ F(()(ﬂ(CMC) S Paler = ey p) +poleg )

Yk

2r(1/p) - G

<\ oty sup TR IE, g,
Bla, — ay,| wer, (0.1D

Consequently, our statement holds also in the case 0 € K, —oo ¢ K and in the remaining
cases it follows analogously.
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(c¢) We note that

<€/,/ F(Oe(£)dd -

YK YKnF

FQOp()de) = / (¢, FOp(0))dL

YK ~VKnF

for all ¢’ € E’. Thus statement (c) follows from Cauchy’s integral theorem and the Hahn-
Banach theorem if K C R. Now, let us consider the case oo € K, —co & K. We denote by
¥, resp. 7, the part of y . resp. yx 7 in the unbounded component of U, (K). It suffices to
show that

/ A FOp@)dl =0, ¢ €E. 4)
Vi~V

Let € > 0 and w.l.o.g. r, <7,. We choose the compact set Q C U,,(K) as in the proof
of Proposition 4 (b). Further, we take ¢ € R such that ¢ > 1/r; and g € U,,(K)\ Q
and define the path Vo [, 7] — C, yoq(t) =q+it. We deduce that for m;, €N,
(1/my) < min(ry, 1/(2n)) and every e’ € E'

T
— N8
< / ()R 1ol oF|
Tk

/ (¢, F(O)@(0))d¢
}’+

0.9

— p
= G r)e = gl I oF,, < G = rllel ¢oF,, e

In the same way we obtain with Yog [T, —1] — C, yo‘q(t) 1= g+ it, that

< (Fk - rk)”(p”nleloFlmke'

(¢, F(O)@(0))d¢
.

q

Hence we get (4) by Cauchy’s integral theorem and the Hahn-Banach theorem as well. The
remaining cases follow similarly. .
(d) The proof is similar to (¢). Let F € (’)fa )(C, E). Again, it suffices to prove that

(€, FOp)ds =0, ¢ eFE.
YKk nr

This follows from Cauchy’s integral theorem and the Hahn-Banach theorem if K C R.
Again, we only consider the case © € K, —co ¢ K and only need to show that

(¢, FO)p()d¢ =0, € eF,
Yk

where y, is the part of yy , . in the unbounded component of U, (K). Let € > 0 and choose ¢
as in (c¢). Then we have with Yogq - [-7. 1] = C, yqu(t) 1= g+ it, that

(¢, F(O)e(0))d¢

Y09

<2rill@ll,le'oFl5,e

for every ¢’ € E’. Cauchy’s integral theorem and the Hahn-Banach theorem imply our
statement. a
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The inhomogeneous Cauchy-Riemann equation for weighted smooth...

An essential role in the proof of O(C\ K,E)/O(C,E) = L,(AAK), E) for non-empty
compact K C R and quasi-complete E (see (2)) plays the fundamental solution
z |—> 1/(xz) of the Cauchy-Riemann operator By the identity theorem we can consider

(C E) as a subspace of (’) (C \K,E) and we equip the quotient space

% (C \ K, E)/ (C E) with the 1nduced locally convex quotient topology (which
may not be Hausdorff see Remark 14). We want to prove the isomorphy

(C\K E)/O;

~ -p
! (C.E)= L0 (K),E)

for non-empty compact K C R under some assumptions on K, £ and (a,),en- Since we have
to deal with functions having some growth given by our exponential weights, we have to
use the adapted fundamental solution z — ¢~%" /(xz) of the Cauchy-Riemann operator.

Proposition 9 Let y,, . be the path from Definition 7. The map
0f, (C\K,E)/O, (C.E) — Ly(O (K),E)

given by

He()(@) = / PO

YKo

for f=[F1€ 0!, (E\K, E)/O)) (C.E) and ¢ € O;f’(Un(K)), n €N, is well-defined,

linear and connnuous. For all non-empty compact sets K, C K it holds that

Hyor @m0l @n = Hx, )

on O/ (K).

Proof In the following we omit the index K of Hy if no confusion seems to be likely. Let
f=[Fle Ofan)(E\K, E)/Ofan)(f, E)and ¢ € O(‘af)(K). Then there is n € N such that
@ E O;ﬂﬂ (Un(K)). Due to Proposition 8 (a) and (d) H(f)(¢) € E and H(f) is independent of
the representative F of f. From Proposition 8 (c) it follows that H(f) is well-defined on
P (K), i forallk € N,k > n, and @ € O~ ﬂ(U (K))rtholds that

H() (@) = HE )Xoy, i) = HE) (7,1(0)).

(a)

For all n € Nthere are m € Nand C > 0 such that
P.H({) (@) < C|F|, lleoll, (6)

for all f=[Fle 0’ €\K.E/O, C.E.pc O;ﬂ<Un(K)> and @ € % by Proposi-
tion 8 (b), which implies that H(f) € L(Oa‘ﬂ(Un(K)>, E) for every n € N. We deduce that
H() € L((’)(_aﬂ)(K),E) by [9, 3.6 Satz, p. 117]. Let

(C\K.E) > (C\K E)/O), (C,E), q(F) :=[F],

(a) (a,)

denote the quotient map. We equip the quotient space with its usual quotient topology gen-
erated by the system of quotient seminorms given by
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K. Kruse

A S b c
1, 2=, dnf 1Fl f € OF, (€\K.E)/O], (C.B),

for/ € Nand a € «. Then the quotient space, equipped with these seminorms, is a locally
convex space (but maybe not Hausdorff). Since (6) holds for every representative F of f, we

obtain for every f € (’)fa )(6 \ K, E)/Ofa )(E, E),ope (’);ﬂ<Un(K)>, n €N, and a € A that
PH() @) <C inf [|F|,,llell,=ClfI, llel,. 7

Feq'(f) ’
Now, let M C O(_aﬂ ,(K) be a bounded set. Since the sequence (B,,),c of closed unit balls B,

of O;ﬂ (Un(K)> is a fundamental system of bounded sets in O(aﬂ )(K) by [25, Proposi-
tion 25.19, p. 303], there exist n» € Nand A > 0 with M C AB,,. We derive from (7) that

sup p,(H(f)(@)) < |AICIf1, .
peM

proving the continuity of H.
Moreover, let K; CR be compact and K; C K. We observe that for every

Feo! (€\K.Ejandpec O;ﬁ(Un(K)), n € N, it holds that

Hy ([FD(o) =/ F(Oe()d¢ = F(O)@()dE = Hy, ([F1)(@)

7K,n,r yl(] T

by Cauchy’s integral theorem and the Hahn-Banach theorem like in Proposition 8 (c) and
(d). This yields to
Ay @\k.my0l, @n = Hx,

on (’)(—aﬁ)(K). O

Now, we take a closer look at the potential inverse of H.

Proposition 10 The map
Ok 1 L0 (K),E) = O, (C\K,E)/O,, (C,E)

given by

(z—)?
0,(T) := |C\K 52— —{T,¢ . TeL(0” (K).E),
27[1 z—- (a,)

is well-defined, linear and continuous.
Proof We start with the proof that the map Oy is well-defined and take a closer look at its

components. For zZ€C we set G :=e¢ @9 and note that
(%G(z, $) =—-2(z—0)G(z,{). We remark that forall z =z, + iz, € Cand alln € N
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The inhomogeneous Cauchy-Riemann equation for weighted smooth...

1GG, M, = sup e R pmalRe@

¢eu, (k)

< sup e—(zl—f:l)2+(z;—€z)2e|anI(1+I51I)
§1+i6eU,(K) 8)
< i =deial g Gl Ha D]

G +HGEU,(K)
< elal+1/n?=zi+la,| ;=(Iz, 1+1a,| /2P +Qlz [ +1a, (12, [ +1a,1/2)

and we deduce that G(z, ) € O;ﬂ(u,,(K)), in particular G(B, ,,(2), ) C O;/’<U,,(1<)). For
(= +i, e U, (K)and h € C,0 < |h| < 1, we observe that
’G(Z+h,C) -Gz 8)

el Re @I

W —(—2z - 0G0

B 672(Z7§)hfh2 1 5 G
= <T_Z+ (z—C)) %)

el Rl

el Re©

= I(—h +h k_z; %(—Z(Z - h)"h"‘2)G(z, )

< Ihl(l + 2 %(2|z -+ 1)k)|G(z, O)|enlRe @V
k=2 """

< ||+ g Re (G0 p=a, | Re (D))

S |h|ez|z|+2|§2|+2|§1 |+le_(11_§1 )2+(ZZ—C2)Ze—a,,|C1 |ﬂ
< |h|€2|z|+(2/n)+1—Zf+(|zz|+1/")2+Ian|e—é“lz+(2|zl|+2+|a,,|)|é“1|

< [R| R4l 1P+, | o=y +1+1a,l 2P+ Cla 424, Dz H141a,1/2) =+ |31 Gy,

yielding to

—(—2(z = )G, )| < kG hjo 0. )

” Giz+h,")—G(z,*)
h

n

We conclude that %G(z, ) =-2(0z-G(z,-) € O;ﬂ (Un(K)> (inequality above and trian-

gle inequality) holds.
Forze C\ Kand ¢ € C\ {z} we define

G(z.0) e~ (@0?
—¢  z-¢

and note that g(z,-) € O(C \ {z}). For z € C \ K there is k = k(z) € N such that

8z, ¢) 1=

d, := d([EBl/k(z), U (K)) >0
and we obtain

1

llgw, )l = sup IGow, O)|ealRe@r < L

G(w, - <
1Gw, 9l < o0
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for all w € B, ,(z). We deduce that g(w,-) € (’);f(Uk(K)) for all w € B, ;1 (z). Moreover,
we observe that

g Gz¢ ¢
0z ’ (Z’C) 1
— =—(2+ — )G
-¢ (z=¢)? < +(Z—C)2> ®0

forall{ € U (K). Leth € Cwith 0 < |h| < 1/k. Then

a —
0_zg(z’ =

1
z+h—é’_z—é’

= S—
@+th-0e-0|~ &

and

n _ Il
@+h-0G-02" &

1( 1 1>+ 1|
hW\z+h-¢ z-¢) @-0?|

for all { € U (K). It follows that

gz+h)—gz¢) o
' 7 —a—zg(Z,C)‘
Gz+h -Gz o 1
_Iz+h—C|’ h PR o‘ ‘_G(Z’C)H +h—¢ ﬂ‘
1 1 1 1
+|G(Z’§)|E<z+h—C_z—C>+(z—C)2
for all { € U,(K), which implies
Hg(z+h,-)—g(z,-) _ 9.
I PR
1|Gz+h) -Gk 0 0 |hl i
<3| =2 - foe +”0—ZG(Z, )H +1GQ-

k

We conclude that % g(z,) € (’)(;f(U (K )) and Lﬁ;gm converges to % g(z,+) in the space
O (T ) as h = 0 by (9). Hence for all T € L(O/ (K), E) the limit
T, h,)) —«(T,g(z,- . h,-)—g(z,-
lim (8GR —(Te@ ) [ 8@t ) —g@I [ 9 ezr)
h—0 h 0z

h—0 h
heC, h#0 heC, h#0

o

exists in E, meaning that (z — —(T —)» e OC\K,E).
Let us turn to the continuity of O. Let n € N. We note that for {;,z; € R

—ay, 18117 + a5, 1P < ag,llz; = §1F < lag,|(1+ 12 = &, D).

It follows that
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The inhomogeneous Cauchy-Riemann equation for weighted smooth...

sup 1G(z, Mg o,e®®eO’ = sup  sup e RGP gmanlReOF gy [Re @I

2€8,(K) 2€8,(K) ¢eU,,(K)
< /@ gup sup e~ @0 —albl e la )
71€ER { ER
< /@ Hlal qup qup e~ @ =6 Hlazllz =] (10)
z1ER { ER

< o1/ @) Haz | gyp p=3Hlaz Ix
x€R

— e(n+1/(2n))2+|a2”|e—(u2”/2)2+a§n/2

s

which yields, in particular, that G(S,(K), ) C O;zﬁ <U2n(K )). Moreover, there is k € N such
that

D, := d(S,(K), Up(K)) > 0.
Again, it follows that g(S,(K),-) ¢ O (Um(K)> with m := max(2n, k). Furthermore, we
observe that M := {g(z, el Re @I |ze S, (K)} C O;ﬂ<Um(K)> and

1
sup ”(p”m = sup ||g(z’ .)”K,meaane(Z)lﬁ S — sup ||G(Z7 ‘)”quneuyJRe(Z)Vi < o,
oM z€8,(K) nk 2€8,(K) (10)

showing that M is bounded in (’)(_aﬂ )(K) by [25, Proposition 25.19, p. 303]. For every a € A
and T € (O (K), E) we have

1 1
O.(D|" <|z> —A(T,2(z- =— T
0D, < |2 2m.( 8(z,")) o Zlelﬁp"( (@)

n.a

and therefore the map O : Lb((’)(_uﬁ)(K), E)— (’)(ﬁa )(6 \ K, E)/Ofa )(6, E) is well-defined,

clearly linear and continuous. a

The map O is sometimes called (weighted) Cauchy transformation for obvious reasons
(see [26, p. 84]).

Theorem 11 IfK C R or K N {+o0} has no isolated points in K, then the map

Hy : Ofan>(6 \ K, E)/Ofan)(ﬁ E) - L,,((’)(_al:)(K),E)

is a topological isomorphism with inverse O .

Proof As before we omit the index K of Hy and O if it is not necessary. As a consequence
of Proposition 9 and Proposition 10 the maps H and © are linear and continuous. First, we
prove that ®oH = id on (’)fa )(E\K, E)/ (’)ﬁl )(C,E), which implies the injectivity of H.
Let peN, p>2. We choosfle n € N such thnat d(Sp(K), U,(K)) > 0. We define the path
L,:=TI_-T,with

I.:R-C, I, :=txip,
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K. Kruse

Further, we choose m € N such that1/m < min, ., r; < 1/nand m > p where r = (1), <<
is from the path yy, , in the definition of H. Due to this choice I, and yy, , are within
S, (K).

(Le)t f=IF1€ 0] (C\K, E)/Oﬁ (C.E) and z=x+iy €S, (K). Let u € R, u#x,
and [1,,1,] C [—p, p] such that the path v, - [t 111 = C, v,(6) :=u+it, is within S,,(K).
The map ¢ — F(§)<
tion 8 (a) and (b) we deduce that it is Pettis-integrable along y, and I w1th [s9,51] CR

*|[s9.5

using [5, Proposition 2, p. 354] and the Mackey-Arens theorem. Then we have

< /VF(C) 7o dC>

u

t
< |€,OF|m / ! Ie—(z—(u+it))2 |e—am|Re (u+in)|? 1 : dr
. o= u— ]

is holomorphic on C \ {z} with values in E and like in Proposi-

2 2 1
< |e'oF| (t; — t,)e” &0 +0-0 e—am|u|" _
| |m( 1 0) Ix _ M|

22 2
< |/ oF |, (1] — 1,)e®= =2 +anl gup ¢~ +Chitla, hw
|)C - Ml weR

= L | oF | (1) — 1g)et D Hanl a1 /2P, D, D,

|x — u| lu|—c0

for all ¢’ € E’. Hence we derive from Cauchy’s integral formula that

' By = 1 F e~ @7 & = 1 F e~ @07 d
“’@»_Zﬁﬂﬂm<e(oi >C——Z;wa<e(0 c>¢

forall ¢’ € E' and z € S,,(K). Thus we have

1 e~ @0?
F(z) = - i F(¢ ) d¢
7 Fp—}’K.u; g
—(z=)2
for all z € S,(K). By (the proof) of Proposition 10 the function g(z, ) = £ Z(_) (a )(K )

forallz € C\ K and

—(z—)?
W:C\K—E W := ﬁH([F])<eZ_‘ > - F(2),

is an element of Of’a )(E \ K,E) since T := H([F]) € L((’)(_aﬂ)(K),E) by Proposition 9. It
follows that

Wi = L - @07 4 1 - - @0?

@_ﬁéwmz%4+ﬁﬁwmm —d¢
N ey (11)

= FOS—5d¢ =2 W)

T 2zi

for all z € S,(K). But the right-hand side W, of (11), as a function in z, is weakly holomor-
phicon §,(@) = {z € C | | Im (2)| < p}, which follows from
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The inhomogeneous Cauchy-Riemann equation for weighted smooth...

, , 1 ~@=¢)
(¢.W,@) = <e%/r FO*— d¢>

1 , (z
= 2—7”./576(17(0)

and differentiation under the integral sign. The weak holomorphy and the sequential com-
pleteness of E imply that W, is holomorphic on S,(@) by [10, Corollary 2, p. 404]. Thus
W is extended by W, to a function in O(C, E) and the extensions for each p € N coincide
because of the identity theorem. We denote this extension by W as well.

Then we have forz=x+iy €5, :={we€ C | |[Im(w)| < (1/n)} C S,,(D)

(¢
¢ d¢, e er,
z—¢

2zl{e’, W)

e @

— _c)Z
2= de
< /oo le'(F(t — 2ni))|wdt+ /oo le (F(t + 2ni))|wdt
—Jo |z = (¢ — 2ni)| o |z = (t + 2ni)|

1 1 oo )2 NP
< + max e—(z—(tiZm)) e—a4n| Re (z—(t+2ni))| dr E,OF
<|y+2n| |y—2n|> /. | o lan

= 2x|(e', Wy, (2))| = '/ ¢(F())
I,

0

00

[o0]
- max/ |e—(z—(t¢2ni))2 |e_a“"| Re (z—(t+2ni))|? dr |e/°F|K,4n'
—00

Moreover, in combination with the estimate

(9]
/ | o~ @ (£2ni))? | o~ Re =20’ ,a,|Re @I 4,

o0
0

o0
- / e~ Re (@ (£2n0)) pa, W —ay, 11 gy < OF20) / e~ glag,llx=tl” g
—00 —00
(o) [~
< l(/m2n7+lay,| / =17 glagllx=tl 4 — 2 (A/m+2n) +lay, |44}, /4 / eldr
—co —lay,1/2

< 2\/;e((l/n)+2n)2+|a4,,|+a§n/4 = C
we get foralla € A

. C|F|
sup po(W(@)e! O = sup sup (e, Wix + iyt ReC+l < ——=ont

) bl
. 1
€81, ¢'€B, 0<ly|<t 7[(211 - —)
n

xeR

yielding to

Wigne = sup pa(W(@)e® RO <max | [Wig, 4 sup p(W(@)es RO | < oo,
2€S,(2) 2ESi/n

Hence W € (’)fa )(E, E) and thus
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(@0H)(f) = [z - %H([F])<e
Tl =

: > - F(z)] +f=IWl+f=F.

i.e. H is injective.
Second, we prove that Ho® = id on L(O(_aﬂ ) (K), E), which implies the surjectivity of H.
Due to the Hahn-Banach theorem this is equivalent to the condition that

¢ (HoO)(T)(9)) = €' (T())
holds for all T € L(O(_aﬂ)(K),E), = O(‘f)(l() and ¢’ € E. As

¢ (HoO)(T)(@)) = (HoO)(e'oT)(¢)

forall T € L(O(_aﬂ)(K), E),pe€e O(_aﬂ)(K) and ¢’ € E', it suffices to show the result for E = C.

Since the span of the set of pomt evaluations of complex derivatives
{6(”) | xo € KNR, n € Ny} is dense in (9 ,(K),, by virtue of Proposition 4 (b), we only

need to show that (HOG)((SZ)‘))((p) (5("), (p) forall x, € KNR,n€Nyand ¢ € (’) (K)
Let x, € KN R and n € N,. Now, we have

()
(Ho®)(3!")(p) = ZL / <6§:’% . >(p(z)dz (12)
0 Tl VK,k,r 0 Z—":

for allp € O g <Uk(K)) k € N. Let us take a closer look at the integral on the right-hand
side of (12). Letm € N m >2. Then " € OB, ,,(xy)) for every z € S,,({x,}). We fix
_forze S ({xo}) and ¢ € By ,,(x). Then we get by Cauchy’s

the notation g_({) :

inequality
0P . e
| g,")(x0)| <n!2m)* max <n!2m)* max  |e @)
CE0B, i (X0) | T — C CEIB, /o) (X0)
for every z € S,,({x}). We deduce that
)P
sup 1" (x| @)
z€S,,({xo )
<n!@Cmy™'  sup max |e_(Z_C)2|e”m|Re(Z)|ﬁ
2€8,,({x}) $€9B1/@m) (o)
<nl@my""  sup max  |e~@ 9 |emaml Re©F par | Re OV gay|Re @l

z€8,,({xy}) $€9B1/am) (o)
S n!(zm)n—l sup e“zm| Re (C)V’ sup ”e—(Z—‘)z ” - },ZmeuWJ Re (Z)|ﬂ < o0,
LE€IB /2 (Xp) z€8,,({xo}) (10)
. . -? — . .
implying (z — (62)‘), “’ZT)) € Ofa J(C\ {x}). This means that the path of the integral on

the right-hand side of (12) can be deformed using Cauchy’s integral theorem (like in Prop-
osition 8 (a) and (b)) and we get with s := mm > 0 forr = (r)
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1 ~(z—)? 1 ~(z—)?
3 / <5§”), ¢ >(p(z)dz =— <5§"), ¢ >(p(z)dz
7i Sy, 0 z— 2rxi OB, (x,) 0o’ 7 —

1 n
=— 8" (xp)e(2)dz
27[l B, (x,) -

-2, .
—in{ # zis

forall p € O;kﬂ <Uk(K )), k € N. The Laurent series of

e~ @07

_ SV
e Y e

and so we have for the nth complex derivative of g, at x

n'

(n) =
gz (XO) ( )n+l

+ h(z, x;)

with an entire function A(-,x,). By Cauchy’s integral theorem and Cauchy’s integral for-
mula for derivatives we have

(Ho®)(8")(¢) = 2i / 8" (xp)e(2)dz
0 Tl B, (x,)

1 / < n!
=— ——— + h(z, x ))lp(Z)dZ
27i Jom (x,) \ (2 = xp)"H! 0

n! o(2)
= — P 4y = oM (xy) = (6™,
2rxi 9B, (x) (z — xp)m*! ¢ =4 o ?)

forall ¢ € O (U,(K) ). k € N. O

Remark 12 1f K c R, then Theorem 11 is also valid for locally complete E because Propo-
sition 8 still holds due to [5, Proposition 2, p. 354].

If K N {+o00} has isolated points in K, e.g. K = {+0}, then we cannot apply the pre-
ceding theorem directly since a counterpart for Proposition 4 (b) is missing. However,
we can make use of the relation (5) if (’)(_aﬂ)(R) is dense in (’)(_aﬂ)(l().

Corollary 13 If (’)(_aﬂ )(@) dense in O(:lﬂ )(K), then the map
S S -p
(’)(an)(C \ K, E)/O(an)(C,E) - Lb((’)(an)(K),E)
is a topological isomorphism with inverse O and
Ox(T) = Ox(T), T € LO (K).E). (13)

Proof Hy and O are well-defined, linear and continuous maps by Proposition 9 and Prop-
osition 10. Hg is a topologlcal isomorphism with inverse O by Theorem 11. The embed-
ding of O 4 (IR) into (’) (K) is continuous and dense, hence defines the embedding of

L(O (K ) E) into L(O (IR) E) (the density of the first embedding implies the injectivity
of the latter one) and we have
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Ox(T) = Ox(T). T € LO (K).E),

by the definition of © and O. Furthermore, it follows from (5) that

H

RI0!, ©\K.B/O, CE) ~ Hy

on O(_aﬂ )(@). We conclude for every f € O(ﬂun)(ﬁ \K,E)/ (’)(ﬂa”)(E, E) that
(OkoHK)(f) = Og(Hk(f) = Ox(Hg(f)) =f
and for every T € L(O(_a’j )(K ), E) that
(Hyo@x)(T) = H(O(T)) = He(Ox(T)) = T
by Theorem 11. Thus Hy is bijective and Oy its inverse. a

Remark 14 Under the conditions of Theorem 11 resp. Corollary 13 it follows that
(C \ K, E)/(’) (C E) is Hausdorff since E and thus Lb((’) (K) E) is Hausdorft. In

partlcular (9 (C E) is closed in Oﬁ (C \ K, E) by [25, Lemma 22 9, p. 254].

Corollary 15 If (a,),cy is strictly increasing, a, < 0 for all n € N and lim,,_,  a,, = 0, then
the map

01 )(C\K E)/O )(C E) - L0, )(K) E)
is a topological isomorphism with inverse O.

Proof We only need to prove that the condition of Corollary 13 is fulfilled. Due to [17,
Theorem 2.2.1, p. 474] (and its correction in [28, Remark, p. 247-248]) the space O(a )([R)

is dense in (’)( )(K) (where (9( )(R) is called £,). a

The isomorphy O(la”)(f \K,E)/ O(lun)(f, E)x~ Lb(O(_aln)(K), E) in Corollary 15 is already
known for special cases like E = C [17, Theorem 3.2.1, p. 480] and Fréchet spaces E [15,
3.9 Satz, p. 41] but the proof is of homological nature. In the special case K = [a, ©], a € R,
and E = C the duality was proved in [26, Theorem 3.3, p. 85-86] and served as an initial point
to prove Corollary 15 for complete E in [19, 4.1 Theorem, p. 41].

4 (Q)for Oﬁ. ;-spaces on strips with holes

In this section we derive sufficient conditions on K, (a,),en and B such that (’) (C \ K)
satisfies (£2). The basic idea is to prove that the strong dual O (K)’ satisifies (Q) Then

we use the duality (9 (C \ K)/ O(a )(C) (K )b from the precedlng section to obtain

(a)

(2) for O (C \ K). Let us recall that a Fréchet space F with an increasing fundamental
system of semlnorms (- ren satisfies (£2) by [25, Chap. 29, Definition, p. 367] if
1

VpeNIgeNVkeNIneN, C>0Vr>0: U, cCrU,+-U,
r

where U, :={x € F | |Ixl, <1}
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We start with a helpful observation concerning the inductive limit O(Zﬂ )(K ), namely, that

the choice of the sequence (1/n),ey for the neighbourhoods U, (K) = U, (K) is
irrelevant.

Remark 16 Let (c,),cn be a strictly decreasing sequence in R with ¢, < 1for all n € N and
lim ¢, =0.Forn € Nlet

O (U1 ) = {f € OW, 1oy ) N C(Ty0 D) 1 W1y, < o0
where

- s
llnrje, = sup_ [f(e)le !
€U, (K

and the spectral maps for n, k € N, n < k, be given by the restrictions

@k:Oj(Um#Kﬂ—an<UmgK»,imVV=ﬁmey

Then
0 (K) 2 1im O (U1 o (K) )
neN
Proof 1t follows directly from Proposition 4 (a) and [9, 4.2 Satz, p. 122]. a

We recall an equivalent description of the property (£2). By [25, Lemma 29.13, p. 369]
a Fréchet space F with an increasing fundamental system of seminorms (||| || )zen Satisfies
(£2) if and only if

VpeNIgeNVkeNI0O<O<1,C>0VyeF : ||y||;scuy||;‘—9||y||;"

(14)
holds where

Iylly == sup{ly@)I | llxll; <1} € RU {co}

is the dual norm.

Lemma 17 There is a strictly decreasing sequence (c,),en in R with ¢, <1 for alln € N
and 1im, ¢, = 0 such that

n—oo “n

Vp.g.k€EN,p<qg<kIC>0VEER, || >1+c":

0 1-6
p .
sup  elRe@V sup  eblRe@I <C inf lReQP
z€C, |z=¢|<c; z€C, |z=¢|<c €C, |z(l=e,

=c,

In(c,/c,)

ith@ := .
wi In(c,/cy)
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Proof Let ¢, :=exp(1/a,) for all n € Nif a, < 0 for all n € Nand ¢, := exp(—a,,) for all
n € Nif a, > 0 for all n € N. Then (c,), ey 18 a strictly decreasing sequence, ¢, < 1 for all

n € Nand lim =0.Let p,g,k € Nsuchthat p<g<kand6 := incy Let{ € R

- 1n(Cp/Ck)'
with |{| > 1+¢;'. For z€C with |z—¢| <c¢,, n€{p,q.k}, we deduce from the
inequalities

[l - IRe ) = ¢I1P < |Re @I’ < (IRe @) = &I+ [ < (¢, + 1)

n— 0o Cn

and
C] = IRe@—¢1 2 ¢l =, 2 1+¢' —¢, 2 ¢, >0
that
inf Ul Re@I > gt (e HIEY
2€C, |z={|<c, -
and
sup ePaxIRe @’ sup o1=0)a, | Re QI < eaakqg|_Ck>ﬁ+(1_9)ap(|¢|_cp)ﬁ,
zeC, |@_C|Sck z€C, |Z_C|SC,,

ifa, <0, as well as

inf %l Re@I 5 pa,(¢1-c,)
z€C, |z—¢|<¢, -

and

sup  PUROF g (1=, Re@F < B (eHIED (-0, e, 4D

2€C, |z={|<¢ z€C, |z={|<c,
if a, > 0. Now, we only need to prove that there is C > 0 such that
LalEl=e +(1-0a,(C1-0) < Coayle eV 4 <,
resp.

eoak(ck+|cDﬂ+(l_9)ap(cp+|§|)ﬂ < Cell,,(|C|—C,,)ﬂ’ a, > 0.

If a, < 0, we observe that

0a,(1C] - ) + (1 = 0)a,(I¢] - ¢,) —a,lc, + ¢
<O0a, (¢l = c,)! + (1 = 0)a, (¢ = ¢, —a, (¢l = ¢, —a,c,+c,)
= (Oa, + (1 — 0)a, —a,)([¢| - c,)! —a,(c, +c,)

and, if a, > 0, that

Oai(ci + 1S + (1 = O)a,(c, + ¢ —a, (¢ - ¢,
< ba(c, + 1K1 + (1= 0)ay(c, + LD = a,llIE] + 1" = e, +¢,l|
< (0, + (1 = 0)a, —a,)(c, + ¢ +a,(c, +c,).

‘What remains to be shown is that
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028a,+(1—-0)a,—aq, (15)

because then we are done with C := exp(laql(cp + cq)ﬂ). Ifa, <0, then

_In(c,/c)  (1/a)~(1/a)  aa,~ay)
Cn(e, /) (a) = /a)  ayla—a,)

and (15) is equivalent to
a*(a, —a,) aa, —a,)
5 &% %) <1 _ u)ap_aq,
aq(ak - ap) aq(ak - ap)
which holds if and only if
0< ai(aq — ap) + (aq(ak - ap) - ak(aq — ap))ap - ag(ak - ap)

_ 20 _ 2 2 _
—ak(aq ap)+(ak aq)ap aq(a,< a, +a, ap)

(az - a(i)(aq —a,) + (a, — aq)(ai - afi)
= (ay —a)ay + a)a, — a,) — (a — a)a, —a,)a, +a,)
asa,(a; —a,) < 0. Since @, — a, > 0 and a, — a, > 0, this is equivalent to
0<(a+a)—(a,+a,)=a —a,
which is true. If g, > 0, then
3 ln(cp/cq) _a,—a,

- ln(cp/ck) B a,—a,

and (15) is equivalent to

a,—a a,—a
0> 2 pak+<1— 1 p)a —-a
a

_ 14 q
P A — 4

which holds, as a; — a, > 0, if and only if

0> (a, - ap)ak + (ak —a, - (aq - ap))ap —(a; — ap)aq

= a,a, — a,a; + aa, — a,a, — aqa, +a,a, = 0.

|

We note that 6 in the lemma above fulfils 0 < 8 < 1 and state the following improve-
ment of [19, 5.21 Lemma, p. 88].

Lemma 18The following assertions hold.
@ vpgkeN p<g<kd0<o<l, C>0Vfe0l U, K):
P
1-6 0
1lle, < CIFILNANG,,

with ¢, from Lemma 17 if K N {+o0} # @ resp.c, :=1/n,n € N,if K C R.
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(b) O(‘aﬂ)(K); satisfies ().

Proof (a) Let p,g, k€N, p<g<k, and f € (’)gpﬂ<U1/Cp(K)>. Considering the compo-
nents of U, /e, (K) we have to distinguish three different cases.

(i) Let Z, be a bounded component of U, /e, (K). By Remark 6 (a) there are only finitely
many components Z, of U, /C,,(K) with Z, C Z,. For every such component Z, we choose
{ € Z,n K, which exists since Z, is bounded. Let Z; be the (unique) component of U, Je, (K)
which contains {. Z, is a proper simply connected subset of C. Thus there exists a biholo-
morphic map ¥ : Z, — B,(0) with ¥ (&) = 0 due to the Riemann mapping theorem (and
Mobius transformation). In addition, z, and B,(0) are Jordan domains (for the definition
see [1, 2.8.5 Lemma, p. 193, 1.8.5 Jordan Curve Theorem, p. 68]) and so there exists a
homeomorphism y : zZ, - B,(0) 1(0) such that Wiz, = 1;/ by [1, 2.8.8 Theorem (Caratheo-
dory), p. 195]. Since 1//(Z ) C w(Z ) = B,(0) and w(Z ) is compact, as Z is compact and y

continuous, there is 0 < r, < 1such that y/(Z ) C [EB (0) Moreover, there exists 0 < r, < I,

such that B, (0) C I//(Zk) since 0 € w(Z,), w(Z,) 1s open by the open mapping theorem
(from complex analysis) and y(Z;) C w(Z,). The functionu :=f o(y 1) is holomorphic on
B,(0) and continuous on B,(0), in particular, lul is subharmonic on B, (0) and continuous on
B,(0). Setting

M(r) :=sup |u(z)], O0<r<l,
|z|=r

we obtain by virtue of [1, 4.4.32 Proposition (Hadamard’s Three Circles Theorem), p. 338]

) < 0 1y 4
In (1/ 9) n(1/r)
and hence
M(r,) < M(r)"M(1)'~?
with 6 : 12873 We note that 0 < 6 < 1because 0 < r, < r, < 1. By the maximum prin-

ciple we have

M(ry) = sup lu(@)| 2 inf IR O sup [y () el Rew @
lzl<r, Izl lol<r,

> 1nf eanRe(w '@l sup |f(2)|e™% [Re (@)

y(Z,)CB, ©) lzl<r, €7,
=:Cy>0

as well as
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M(r)’M(1)'=°
= sup |u(z)|’ sup lu(z)
lzl<

lz]<re

0 0
s ~ B .
<[ sup el Rew @ sup |f (w1 (2))]e~ ! Rew™ @I
lzl<r lzl<ry

1-6 1-0
: <Sup IR @ > (sup lf(l//_l(z))le‘aplRe(w“(zm”>

|19

lzI<1 lz1<1
0 1-0
< sup e%lRew @I <sup oI Rew™ ‘<7>)|">
[az,k(O)cw(Z) [zl<rg lz]<1
o ~ ~
=:C,

0 1-0
| sup lf@)e R sup [f(z)| e~ Re@V
€2 €7,

0 1-6
C,
sup lf(z)le a, |Re(~)|ﬁ <z (sup lf(z)|e—ak|Re(v)|ﬁ> (sup lf(Z)|€_a”|Re(Z)|ﬂ>
’ (16)

€z, 2€Z; €z,

and therefore

G 1-0
< IR I

(@) Let KN {£oo} # @. Let Z, be an unbounded component of UI/CF(K), w.l.o0.g. the real

part of Z, is bounded from below and unbounded from above. Let { € R such that
> 1+c]:l Then we have B, (C) C ([c‘1 o) +i[—c;, ¢; 1) for je{p,q.k} since
;' < c;l Jland ¢ < 1. Applymg Hadamard’ Three Circles Theorem to u := |f|, we

get M(c,) < M(ck)HM(c )1~ with 6 : 15 ﬁ 2 fulfilling 0 < 6 < 1. Like in (i) we obtain
¢/ )
M(c,) = inf IR qup |f(z)|e %I Re@I
|z=¢l=c, le—¢l<e,

and

o 1-0
M(c)’M(c,)' 0 < | sup enlRe@ sup IR
je~l<eq et e,

0 1-6
sup [f@le RO ) [ sup |l IRe@” )
[z=¢1<c, le—¢I<c,

Due to Lemma 17 there is C, > 0, independent of {, such that

=¢)

0 1-0
sup lf(z)le‘“qRe(Z)'”sQ( sup lf<z>|e—”k'R5(Z)ﬁ> < "ol V(Z)le_apmew)

lz=Cl<c, =<, lz=¢l<c

and thus
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sup V(Z)leia'/l Re (2)|” — sup sup lf(z)lefaq\ Re ()|”
zeC (eR i
d(fz}. [+ ¢ o) < ¢, x1+¢!
0 1-0
<G, sup lf(z)le—akIRe(z)lﬁ sup [f(Z)|€_a"|Re(ZW
zeC zeC
d({z}. [1 + ¢!, 00)) < ¢ d(fzh [1+ ¢ 0) <,

< Cz”f”ZH IIfII;;.f.

7
(iii) Let Kn{xoo}#@ and Z, be wlog. like in (i)). We define
Z =Z,n((-o0, 1+ c“) +iR). By Remark 6 (a) there are only finitely many compo-
nents Z of UILC (K)n (( 00,1+ c‘l) + iR) with Z C Z For every such component Z we
choose f€Z N(KU{xeER|x> c“ 1. Let Zk be the (unique) component of
U,/Ck(K) Q((:oo, 1+ c;‘) +iR) which contains ¢. The rest is analogous to (i) and thus
there are C,,, C; > 0 and 0 < 6 < 1 such that

ke C _
sup [f(2)]e RO < E—lllfllz,ckllfllll,,cf- (18)
0

2€Z,

(iv) First, let us remark the following. Let B be a set, ByC B, 0<60,<6, <1,
h:By—[0,0),g:B—[0,00)and & < g on B,. Then

o 1-0, bo 1-6,
<Sup h(Z)) <Sup g(Z)) < (Sup h(z)) (Sup g(Z)) .
ZE€B, ZEB ZEB, ZEB

Now, we take the minimum of all the 8s which appear in (i)-(iii). There are finitely many of

them and denote their minimum again with 6. Take the maximum of the constants C— , Gy
l

and < which appear in (i)-(iii). There are again finitely many of them and denote their
(]

maximum with C. We apply the remark above to B, :=U,, (K), B :=U, /e, (K),
h(z) 1= |[f@)|e" ! Re@ and g(z) := |f(z)|e~%'Re¢@ Then we deduce from (16), (17) and
(18) that

[ 1-6
W llye, < CIFIL LY

(b) We recall Remark 16 and identify both inductive limits. Let p € N and choose g € N,
g>p.LetkeN. If k <p, then we getforany0 < § < land all y € ((’)(;ﬁ)(K);])’ by defini-

tion of the dual norm
% * _ x  1-0 % 0 % 1-0 % 0
L Y e Y Y e M 9

Letk>p.If k < g, wehave forany0 <0 < land all y € (O(_aﬂ)(l();)’ by definition of the
dual norm

* * _ * % 1-0 % 0
I, S Wl = I, I, < Il Ol
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Let k>¢q and y € (O(a )(K)]’J)’. If ||y||;c = oo, then (14) is obviously fulfilled. Let
||y||p . <00 As O(uﬂ)(K) is a DFS-space by Proposition 4 (a), the sets

B, :={f € O, 1, K) | Ifllye, <1}, neEN,

are a fundamental system of bounded sets of O(:lﬁ )(K) by [25, Proposition 25.19, p. 303]
and hence the seminorms

lxll, = sup Ix(f)l,  x € O (KY,
feB,
form a fundamental system of semmorms of (9 b (K)’ Furthermore, (9 b (K) is reflexive
and thus there is a unique [ € (9 (K ) such that y(x) = x(f) forall x € (9 (K ). Then we
obtain by [25, Proposition 22.14, p 256] foralln e N,n > p,

o0 > [Iyll,., ,En Iyl = sup{lyl | lixll, <1} = sup{|x(")I | x € B} }
=inf{t >0 |f €1B,}.

In particular, this means that {r > 0 | f € B, } # @ and thus we have f € O;ﬂ(U]/C"(K)>
as well as

Iyl =inf{z>0[f€B,}=Ifl,.,,

for all n > p. So by part (a), there are C > 0 and 0 < 6 < 1, only depending on p, ¢ and &,
such that

Iyl = Wllge, < CWILNFI,, = ClVIL, 9||y||:,cf.
|

The idea to use Hadamard’s Three Circles Theorem in the proof of Lemma 18 (a) is
taken from the proof of [30, Lemma 5.2 (a)(3), p. 263-264]. If K C R is non-empty and
compact, Lemma 18 (b) is already known. Indeed, the space O(C \ K) satisfies (£2) by [31,
Proposition 2.5 (b), p. 173] and thus the quotient space O(C \ K)/O(C) as well by [25,
Lemma 29.11 (2), p. 368]. Since (£2) is a linear-topological invariant by [25,
Lemma 29.11 (1), p. 368], it follows from (’)(_al:)(K)’ = oK), = O(C\ K)/O(C) by (2)
that (’)(_aﬂ )(K); also satisfies (£2). Combining our duality result with the preceding lemma,
we get a generalisation of [19, 5.22 Theorem, p. 92].

Corollary 19 If

(i) K CR,orKn{xoo}has no isolated points in K, or
(i) K s arbitrary, a, < 0 for alln € N, lim, a,=0andf =1,

n—oo 'n

then Oﬂ (C \ K) satlsﬁes ().
Proof The spaces O (C \ K) and O (E) are Fréchet spaces which is easily checked
(snnllar to [20, 3 7 Proposmon p- 240]) By Theorem 11 in (i) resp. Corollary 15 in (if)

(g )(C \K)/ O (E) is topologically isomorphic to O(_aﬂ )(K)’b, in particular, the quotient is
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a Fréchet space as O(_aﬁ )(K) is a DFS-space by Proposition 4 (a). Since (£2) is a linear-topo-
logical invariant by [25, Lemma 29.11 (1), p. 368], O(ﬂa )(E \ K) /O(ﬂa )(E) satisfies (£2) due
to Lemma 18 (b). The sequence

0— Ofan)(E) 4 Ofan)(E \K) > Ofa“)(ﬁ \ K) /Ofan)(E) -0

is an exact sequence of Fréchet spaces where i means the inclusion and ¢ the quotient map.
O(ﬂa )(C) satisfies (£2) by [22, Corollary 14, p. 18] combined with Assumption 3 (iii)+(iv)
and O(ﬂa )(E \ K)/O(ﬂa )(E) as well, thus O(ﬂa )(E \ K) by [33, 1.7 Lemma, p. 230], too.

O

5 Surjectivity of the Cauchy-Riemann operator

In our last section we prove our main result on the surjectivity of the Cauchy-Riemann
operator on Efa )(C \ K, E). This is done by using the results obtained so far and splitting
theory. We recall that a Fréchet space (F, (Il )ren) satisfies (DN) by [25, Chap. 29, Defi-
nition, p. 359] if

IpeNVKkeENTneEN, C>0VxeF : [xlIf < Clixll,lixl,-

A PLS-space is a projective limit X = lim X, where the X, = lim (XN,H, |||-|||N’n) are
NeN NeN

DFS-spaces, and it satisfies (PA) if

VNIMVYKInYmVn>03kCry>0Vr>rVx eX, :

oot < (ot 5.
where ||-]|* denotes the dual norm of ||-|| and i%, iﬁ the linking maps (see [4,

Sect. 4, Eq. (24), p. 577)).

Theorem 20 Let (a,,),cy be strictly increasing, a,, < 0 for all n € N and 1im, =0.1If

n—oo an

(i) K CR,orKn{+o0} has no isolated points in K, or
(i) Kisarbitraryand f = 1,

and

(a) E:= F;) where F is a Fréchet space over C satisfying (DN), or
(b) Eisan ultrabornological PLS-space over C satisfying (PA),

then
E 4 = B~
0 .5(0)(C\K,E)—>5(a)(C\K,E)

is surjective.
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Proof We only need to check that the conditions of Theorem 1 are fulfilled. & (C \ K) is
nuclear, in particular a Schwartz space, and thus its subspace Eﬁ (C \ K) as Well by [21,

Theorem 3.1, p. 188], [21, 2.8 Example (11) p. 179], [21 Remark27 p- 178-179] and [21,
Remark 2.3 (b), p. 177]. Furthermore, 5( ),(C \K) = (C \ K) by Remark 2. Due to

Corollary 19 the space O (C\K) satlsﬁes (9). The Cauchy-Riemann operator
(C\K)—»Eﬂ (C\K) in the C-valued case is surjective by [23, Corol-

lary 5.6, p- 27] wh1ch follows from [23, Example 5.7 (a), p. 27-28] in the case that K C R
or K N {+o0} has no isolated points in K. If K N {+o0} has isolated points in K, then the
proof that the conditions of [23, Corollary 5.6, p. 27] are fulfilled is verbatim as in [23,
Example 5.7 (a), p. 27-28]. Hence all conditions of Theorem 1 are fulfilled. O

Theorem 20, together with [22, Corollary 18, p. 21] (K = @), generalises [19, 5.24 The-
orem, p. 95] which is case (ii) above.
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