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 A B S T R A C T

Viscoelastic constitutive artificial neural networks (vCANNs) leverage neural networks for 
data-driven modeling of the viscoelastic behavior of materials. Here, we propose a ther-
modynamically consistent extension of vCANNs that captures anisotropic, nonlinear, and 
time-dependent material behavior. A key strength of this approach is its ability to incorporate 
arbitrary auxiliary features—such as temperature, microstructural descriptors, or processing 
parameters—directly into neural constitutive laws. We propose an automated computational 
pipeline for the generation and implementation of such constitutive laws within the proposed 
framework into finite element (FE) simulations without manual model design. The proposed 
framework is validated across a broad range of representative material tests, including the 
nonlinear, thermo-viscoelastic response of soft polymers and arterial tissue with fiber dispersion. 
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Hyperelasticity
 

In addition, we demonstrate the accuracy and robustness in FE simulations using benchmark 
problems such as Cook’s membrane. The results underscore the flexibility, physical plausibility, 
and numerical stability of vCANNs as a powerful class of constitutive models for modern FE 
simulations enhanced by machine learning.

1. Introduction

Constitutive models are the backbone of any finite element (FE) simulation, providing accurate representations of the complex 
mechanical behavior of various materials. This pivotal role allows researchers to tailor simulations to a wide range of materials, from 
metals [1] and polymers [2] to biological tissues [3,4]. Despite well-established experimental evidence confirming the nonlinear 
viscoelastic nature of many materials [5–9], most commercial FE software packages offer only pre-implemented linear viscoelastic 
material models [10–13]. This mismatch often forces users to develop, calibrate, and implement appropriate nonlinear viscoelastic 
constitutive models themselves—a process requiring extensive expert knowledge that is time-consuming, expensive, and error-
prone. In response to these challenges, this work establishes a computational pipeline that fully automates all steps of viscoelastic 
constitutive modeling from model discovery to FE implementation.

In recent decades, scientists have developed numerous constitutive models for specific material classes [14,15]. Yet, there is still 
no universally accepted rationale to guide model selection, making it largely dependent on subjective criteria. The emerging field 
of data-driven constitutive modeling promises to address this problem by generating constitutive models in a largely automated and 
less biased manner.

The model-free data-driven approach by [16] formulates computations directly from experimental material data by minimizing 
the distance in phase space between states satisfying conservation laws (compatibility and equilibrium) and a material dataset, 
eliminating empirical material modeling entirely [17]. This framework has since been extended to viscoelastic solids in the frequency 
domain [18].

Symbolic regression aims to find a closed-form mathematical model that best fits a given dataset by minimizing model error 
and controlling complexity through systematic exploration of simple analytical expressions [19–22]. In the specific case of sparse 
regression, expressions are represented as sparse linear combinations of fixed, generally nonlinear candidate terms in a pre-defined 
library [23]. The expressiveness of this library depends on user expertise in selecting appropriate candidate terms. Sparse regression 
is used, for example, in the EUCLID framework [24] to identify material models from full-field data, and has been extended to linear 
viscoelasticity [25]. Recently, [26] systematically paired sparse regression algorithms with model selection criteria to automate the 
discovery process for material models.

Neural networks have become widely used in constitutive modeling due to their strong approximation capabilities [27]. However, 
purely data-driven networks may violate basic physical requirements, motivating physics-informed designs that incorporate theoret-
ical structure. While some approaches enforce these constraints via the loss function [28,29], others enforce them by architectural 
design. Among the latter are Constitutive Artificial Neural Networks (CANNs) [30–32], initially developed to discover strain energy 
functions of anisotropic hyperelasticity and subsequently applied to various problems, including quasi-linear viscoelasticity of brain 
tissue [33] and other biomechanical applications [34,35]. For automated FE integration of anisotropic, hyperelastic CANNs, [36] 
proposed a material subroutine.

Along similar lines, Physics-augmented Neural Networks (PANNs) [37,38], have been extended to small-strain viscoelasticity [39] 
and, more recently, to incompressible finite strain viscoelasticity [40] within the generalized standard materials (GSM) framework, 
with a focus on isotropic materials. Other data-driven approaches to isotropic viscoelasticity within the GSM framework were 
previously proposed, both in the small-strain regime [41] and finite strain regime [42].  More recently, [43] extended this line 
of work to anisotropic viscoelasticity at finite strains, relaxing the convexity requirement on the dual potential. Constitutive 
Kolmogorov–Arnold Networks (CKANs) [44,45] have emerged as a promising approach, combining the flexibility of neural networks 
with the interpretability of symbolic methods through post-processing symbolification. Building upon [44], [46] extended the CKAN 
approach to isotropic finite strain viscoelasticity within the GSM framework.

An approach to anisotropic finite strain viscoelasticity, representing (dissipation) potentials by neural ordinary differential 
equations, was proposed in [47]. Building upon the framework of [48], [49] developed a spline-based approach for isotropic finite 
viscoelasticity in which both the free energy and the creep potential are represented by B-spline interpolants, calibrated through 
Finite Element Model Updating using full-field data, providing an open-source FE implementation for the isotropic setting.

A dedicated extension of CANNs to viscoelasticity—viscoelastic constitutive artificial neural networks (vCANNs)—was introduced 
by [50] to automatically learn nonlinear viscoelastic models from experimental data, demonstrating strong capability in capturing 
the viscoelastic response of synthetic and biological materials across a wide range of loading scenarios. Their formulation is rooted in 
the classical viscoelasticity framework of Simo [51], which has become a standard in computational mechanics. Simo’s foundational 
model has inspired numerous extensions [52–55]. However, several studies have reported non-physical energy growth and finite-
time blow-up in this model family, raising concerns about its thermodynamic soundness [56]. Recently, [57] resolved these issues 
through a thermodynamically consistent reformulation, successfully adopted in [58] and enabling robust FE simulations [59,60]. 
Notably, most existing data-driven approaches to finite-strain viscoelasticity—including [40,42,43,46,47]—rely on the multiplicative 
split of the deformation gradient 𝐅 = 𝐅 𝐅 . In contrast, the theoretical framework by [51,52], and its rectification by [57] avoid this 
𝑒 𝑣
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Fig. 1. Automated vCANN modeling pipeline from time-series experiments to predictive finite element (FE) simulations. Left: experimental 
stress–strain histories are provided as time series, here shown as stress 𝐒(𝑡) versus strain 𝐂(𝑡) in a loading–unloading test for different auxiliary 
feature values 𝒇 (e.g., temperature). Middle: a neural viscoelastic constitutive model (vCANN) is trained and validated on complete loading 
histories to account for history dependence via internal variables ; the learned constitutive law maps the current state 𝐂(𝑛) at time 𝑡(𝑛) together 
with 𝒇 and history variable (𝑛) to the stress response 𝐒(𝑛+1) at time 𝑡(𝑛+1) while enforcing physics-based constraints. Right: the trained model 
is automatically exported to an material subroutine and deployed in FE simulations, enabling predictions of structural stress and displacement 
fields for different feature values 𝒇 .

split entirely, offering well-known advantages in FE implementation efficiency and the rather uncomplicated treatment of anisotropy. 
For a thorough discussion on the advantages and disadvantages of the two modeling approaches, we refer to [57]. 

Despite these advances, no existing framework simultaneously achieves thermodynamic consistency within the rectified formu-
lation of [57], parametrization by arbitrary auxiliary features within this thermodynamically consistent setting, and automated 
deployment into commercial FE codes without reliance on automatic differentiation. Building upon these theoretical advances 
of [57], we therefore propose a thermodynamically consistent extension of the vCANN framework [50]. Beyond ensuring physical 
admissibility, the new formulation allows seamless incorporation of arbitrary auxiliary features—such as temperature, microstruc-
tural descriptors, or processing parameters—directly into the neural constitutive law. This enables a single model family to learn 
highly complex material behavior not only from stress–strain history data but also from diverse data sources, including descriptors 
that are not inherently physics-based.

While the thermodynamically sound formulation of the proposed framework is a key prerequisite for robust FE simulations, 
practical use requires reliable deployment of trained models in standard FE environments. We therefore emphasize the automated 
translation of trained vCANNs—including their learned architecture and parameters—into material subroutines with minimal 
user intervention. To this end, we develop a dedicated interface that enables seamless integration into standard FE codes. 
Unlike approaches relying on automatic differentiation, this implementation is directly compatible with standard commercial FE 
environments and is verified across multiple element formulations, thereby substantially enhancing the practical applicability 
of vCANNs. As a proof of concept, we demonstrate the workflow in Abaqus [10]; importantly, the approach is designed to be 
transferable to any FE code supporting custom material routines.
Objective and outline. In this paper, we (i) present a thermodynamically consistent extension of vCANNs for anisotropic nonlinear 
viscoelasticity that incorporates auxiliary material features, (ii) develop an end-to-end pipeline that learns these models from time-
series data and automatically deploys them as FE material subroutines, and (iii) validate the approach in representative material 
tests and benchmark simulations across different element formulations. Overall, we provide a practical framework for automated 
modeling and predictive simulation of complex anisotropic nonlinear viscoelastic materials. Fig.  1 illustrates the overall workflow.

This paper is organized as follows. Section 2 introduces the necessary background from continuum mechanics and outlines the 
constitutive modeling framework of vCANNs. Section 3 presents its implementation in a machine-learning architecture, and Section 4 
describes the automated modeling pipeline. Section 5 demonstrates the methodology in numerical experiments and on real-world 
data. Finally, Section 6 summarizes the main findings and discusses future directions.
Notation. Throughout this work, lowercase italic letters 𝑎 denote scalars, bold lowercase italic letters 𝒂 denote vectors, and bold 
uppercase upright letters 𝐀 denote second-order tensors. Fourth-order tensors are written with blackboard symbols, e.g., A. The 
standard tensor (dyadic) product of two vectors is given by 𝒂⊗𝒃 = 𝑎𝑖𝑏𝑗𝒆𝑖⊗𝒆𝑗 , where {𝒆𝑖}3𝑖=1 denote Cartesian basis vectors, and the 
Einstein summation convention applies to all repeated indices. The single contraction of two second-order tensors 𝐀 and 𝐁 is written 
𝐀𝐁 = 𝐴𝑖𝑘𝐵𝑘𝑗𝒆𝑖⊗𝒆𝑗 , and their double contraction is written 𝐀 ∶ 𝐁 = 𝐴𝑖𝑗𝐵𝑖𝑗 . The transpose, inverse, trace, determinant, and cofactor of 
a second-order tensor 𝐀 are written 𝐀T, 𝐀−1, tr(𝐀), det(𝐀), and cof(𝐀) = det(𝐀)𝐀−T, respectively. The norm of a second-order tensor 
𝐀 is defined by ‖𝐀‖ ∶= tr(𝐀𝐀T)1∕2. The second-order identity tensor is 𝐈 = 𝛿𝑖𝑗𝒆𝑖⊗𝒆𝑗 , where 𝛿𝑖𝑗 is the Kronecker delta. Following [61], 
fourth-order tensors can be constructed from second-order tensors 𝐀 and 𝐁 by means of two tensor products defined through their 
3 
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action on an arbitrary second-order tensor 𝐂 as (𝐀 ⊙ 𝐁) ∶ 𝐂 = 𝐀(𝐁 ∶ 𝐂), and (𝐀 ⊗ 𝐁) ∶ 𝐂 = 𝐀𝐂𝐁; we note that these definitions 
may differ from those found elsewhere in the literature. This naturally induces the basis {𝒆𝑖 ⊗ 𝒆𝑗 ⊙ 𝒆𝑘 ⊗ 𝒆𝑙}3𝑖,𝑗,𝑘,𝑙=1 for fourth-order 
tensors. For finite element implementations, the component representations of the following tensor products with respect to this 
basis are important: [𝐀 ⊙ 𝐁]𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑗𝐵𝑘𝑙, [𝐀 ⊗ 𝐁]𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑘𝐵𝑙𝑗 , and [(𝐀 ⊗ 𝐁)𝑡]𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑙𝐵𝑘𝑗 , where (⋅)𝑡 denotes the transposition 
of a fourth-order tensor. The double contraction of a fourth-order tensor A in the above basis with a second-order tensor 𝐁 is 
A ∶ 𝐁 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙 𝒆𝑖 ⊗ 𝒆𝑗 . The symmetrization of a fourth-order tensor A is defined as As ∶= 1

2 (A + A𝑡). The symmetric fourth-order 
identity tensor is Is = (𝐈⊗ 𝐈)s = 1

2 (𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) 𝒆𝑖⊗𝒆𝑗 ⊙𝒆𝑘⊗𝒆𝑙, and P ∶= Is− 1
3𝐂

−1⊙𝐂 denotes the Lagrangian deviatoric projection 
tensor. The material time derivative of a quantity (⋅) is denoted ̇(⋅) ∶= d(⋅)∕d𝑡. Partial derivatives of a function 𝑓 with respect to a 
tensor argument 𝐀 are written 𝜕𝑓∕𝜕𝐀. Quantities carrying an overline, such as 𝐅̄ and 𝐂̄, refer to their isochoric counterparts obtained 
via the multiplicative volumetric–isochoric split. Stress and material tangent tensors carrying an overline are also referred to as 
fictitious quantities. Quantities carrying a tilde, such as ̃𝐋𝑟 and ̄̃𝐼𝑟, are associated with the generalized structural tensors introduced 
to characterize material anisotropy. The superscript (⋅)∞ indicates equilibrium quantities and (⋅)neq non-equilibrium quantities. 

2. Theoretical background

2.1. Kinematics

Most soft materials of interest exhibit markedly different responses in volumetric and distortional deformation, especially at large 
strains. To reflect this separation and to conveniently enforce (near-)incompressibility, we adopt Flory’s multiplicative volumetric–
isochoric split of the deformation gradient [62,63]. Starting from the deformation gradient 𝐅 with 𝐽 = det 𝐅 > 0, we define the right 
Cauchy–Green tensor 𝐂 = 𝐅T𝐅 and decompose 𝐅 into a purely volumetric part 𝐽 1∕3𝐈 and an isochoric part 

𝐅̄ = 𝐽−1∕3𝐅 with det 𝐅̄ = 1. (1)

The corresponding isochoric right Cauchy–Green deformation tensor 𝐂̄ is defined by 
𝐂̄ = 𝐅̄T𝐅̄ = 𝐽−2∕3𝐂 with det 𝐂̄ = 1. (2)

We introduce the following useful differentiation relation 
𝜕𝐂̄
𝜕𝐂

= 𝐽−2∕3 PT. (3)

2.2. Material symmetry

To characterize the anisotropy of a material, we introduce preferred material directions represented by the unit direction vectors 
𝒎𝑖 ∈ R3, 𝑖 = 1, 2,… , 𝑛, and define the structural tensors 

𝐋0 =
1
3
𝐈, 𝐋𝑖 = 𝒎𝑖 ⊗𝒎𝑖, 𝑖 = 1, 2,… , 𝑛, (4)

where 𝐋0 is associated with the isotropic part of the material’s constitutive behavior. The preferred material directions 𝒎𝑖 typically 
represent directions of reinforcing fibers embedded in a matrix material in the reference configuration.

By forming convex combinations of the structural tensors 𝐋𝑖 (4), we define 𝑅 symmetric, positive semi-definite generalized 
structural tensors 𝐋̃𝑟: 

𝐋̃𝑟 =
𝑛
∑

𝑖=0
𝑤(𝑟)

𝑖 𝐋𝑖, with
𝑛
∑

𝑖=0
𝑤(𝑟)

𝑖 = 1 and 𝑤(𝑟)
𝑖 ≥ 0, 𝑟 = 1, 2,… , 𝑅, (5)

where 𝑤(𝑟)
𝑖  are scalar weight factors. Using the generalized structural tensors 𝐋̃𝑟 (5), we define the generalized invariants of 𝐂̄ and 

̇̄𝐂 = 𝐽−2∕3 PT ∶ 𝐂̇ [64]:
̄̃𝐼𝑟 = tr[𝐂̄𝐋̃𝑟], ̄̃𝐽𝑟 = tr[𝐂̄−1𝐋̃𝑟], III𝐂̄ = det 𝐂̄ = 1 (6)
̇̃̄𝐼𝑟 = tr[ ̇̄𝐂𝐋̃𝑟],

̇̃̄𝐽𝑟 = tr[(cof ̇̄𝐂)𝐋̃𝑟], III ̇̄𝐂 = det ̇̄𝐂, 𝑟 = 1, 2,… , 𝑅. (7)

The following differentiation relations will be useful throughout the remainder 
𝜕 ̄̃𝐼𝑟
𝜕𝐂̄

= 𝐋̃𝑟,
𝜕 ̄̃𝐽𝑟
𝜕𝐂̄

= −𝐇̄𝑟,
𝜕𝐽
𝜕𝐂

= 1
2
𝐽𝐂−1 with 𝐇̄𝑟 ∶= 𝐂̄−1𝐋̃𝑟𝐂̄−1. (8)

Finally, we introduce the following shorthand notations in terms of tuples:
̄𝑟 ∶=

( ̄̃𝑟,
̇̃̄𝑟
)

with ̄̃𝑟 ∶=
( ̄̃𝐼𝑟, ̄̃𝐽𝑟

)

, ̇̃̄𝑟 ∶=
( ̇̃̄𝐼𝑟,

̇̃̄𝐽𝑟, III ̇̄𝐂
)

, 𝑟 = 1, 2,… , 𝑅, (9)

̄ ∶=
( ̄̃, ̇̃̄

)

with ̄̃ ∶=
( ̄̃1,… , ̄̃𝑅

)

, ̇̃̄ ∶=
( ̇̃̄1,… , ̇̃̄𝑅

)

. (10)

The response of an anisotropic material must be invariant under orthogonal transformations 𝐐 in the symmetry group  of the 
material. Using the generalized structural tensors (5), we define the symmetry group by 

 ∶= {𝐐 ∈ 𝐎rth ∶ 𝐐𝐋̃ 𝐐T = 𝐋̃ , 𝑟 = 1, 2,… , 𝑅}, (11)
𝑟 𝑟

4 
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where 𝐎rth ∶= {𝐐 ∈ R3×3 ∶ 𝐐−1 = 𝐐T} denotes the orthogonal group. For anisotropic materials, described by a free energy function 
𝛹 , the condition of material symmetry is satisfied if and only if the free energy can be represented as an isotropic tensor function 
of arguments containing the structural tensors as [61] 

𝛹 (𝐂̄, 𝐋̃𝑟) = 𝛹 (𝐐𝐂̄𝐐T,𝐐𝐋̃𝑟𝐐T), 𝑟 = 1, 2,… , 𝑅, ∀𝐐 ∈ 𝐎rth, (12)

which can be achieved by formulating 𝛹 in terms of the generalized invariants ̄̃𝑟.
For 𝑅 = 1, the anisotropy class is completely governed by the number of distinct eigenvalues of 𝐋̃1: three distinct eigenvalues 

yield orthotropy, two coinciding eigenvalues yield transverse isotropy, and all three equal yields isotropy. With 𝑅 ≥ 2, triclinic 
and monoclinic symmetries can additionally be described, depending on the relative orientations of the eigenframes and their 
eigenvalue multiplicities; formal conditions are given in Theorem 8.6 of [65]. While 𝑅 = 2 suffices to represent all five anisotropy 
classes, choosing 𝑅 > 2 can be meaningful when individual structural tensors are assigned to mechanically distinct constituents, 
e.g., separate fiber families. Representing further anisotropy classes necessitates higher-order structural tensors [66]

Remark 1.  From the perspective of invariant theory [67,68], the invariant set ̄ utilized in this framework does not, in general, 
constitute a functional basis. Specifically, the invariants tr[𝐂̄𝐋̃2

𝑟 ] and tr[𝐂̄−1𝐋̃2
𝑟 ] are omitted. Furthermore, for multiple generalized 

structural tensors (𝑅 ≥ 2), a functional basis also requires the structural coupling invariants tr[𝐂̄𝐋̃𝑖𝐋̃𝑗 ], 1 ≤ 𝑖 < 𝑗 ≤ 𝑅.
However, within the context of our data-driven formulation, we deliberately omit these invariants for three pragmatic reasons: 

(i) each additional invariant increases the dimensionality of the input space the neural network must map. This is particularly 
disadvantageous in data-driven mechanics, where comprehensive multi-axial experimental data are typically scarce. Restricting the 
inputs acts as an inductive bias that prevents the network from overfitting; (ii) the inclusion of coupling invariants can complicate the 
construction of polyconvex potentials and compromise the numerical stability of finite element simulations; and (iii) this conscious 
omission is justified by established literature, which demonstrates that the remaining invariants are sufficient for accurate modeling 
in practice (e.g., [60,69,70]).

2.3. Constitutive modeling framework

The constitutive modeling framework herein builds on [57] and is developed within the theory of irreversible thermodynamics 
with internal variables. While [57] proposes a thermomechanical theory, we restrict ourselves to the isothermal case to simplify 
the discussion. We introduce internal variables 𝚪𝑟𝛼 , 𝑟 = 1,… , 𝑅, 𝛼 = 1,… , 𝑁 , which are akin to the right Cauchy–Green tensor, and 
collect them in the tuple 𝚪 ∶= (𝚪𝑟𝛼). The meaning of the indices will become clear below. We assume the existence of a total free 
energy function 𝛹 = 𝛹

(

𝐂,𝚪
) that must satisfy the dissipation inequality [71, p. 173], 

 = 1
2
𝐒 ∶ 𝐂̇ − 𝛹̇ ≥ 0, (13)

where  denotes the non-negative internal dissipation density and 𝐒 = 𝐒(𝐂,𝚪) is the total second Piola–Kirchhoff stress. The evolution 
of the internal variables is governed by a set of yet-to-be-determined evolution equations of the form 𝚪̇𝑟𝛼 = 𝚪̇𝑟𝛼(𝐂,𝚪).

The multiplicative split (1) suggests an additive decomposition of the free energy into a volumetric equilibrium part 𝛹∞
vol and an 

isochoric part 𝛹iso, as commonly employed for (nearly) incompressible materials, 
𝛹
(

𝐂,𝚪
)

= 𝛹∞
vol(𝐽 ) + 𝛹iso

(

𝐂̄,𝚪
)

. (14)

Since experimental data suggest that viscous effects in rubber and soft biological tissues are primarily due to isochoric deforma-
tions [72,73], we model the volumetric free energy 𝛹∞

vol as fully elastic and independent of the internal variables. Accordingly, we 
attribute viscous effects exclusively to the isochoric part 𝛹iso. As commonly adopted [74], we further decompose 𝛹iso into equilibrium 
contributions 𝛹∞

iso 𝑟 and non-equilibrium contributions 𝛹 neq
𝑟𝛼 : 

𝛹iso
(

𝐂̄,𝚪
)

=
𝑅
∑

𝑟=1

[

𝛹∞
iso 𝑟(𝐂̄) +

𝑁
∑

𝛼=1
𝛹 neq
𝑟𝛼

(

𝐂̄,𝚪𝑟𝛼
)

]

. (15)

The generalized Maxwell model depicted in Fig.  2 provides an illustrative interpretation of (15): in this analogy, 𝛹∞
iso 𝑟 corresponds 

to an equilibrium spring, and each 𝛹 neq
𝑟𝛼  corresponds to an individual Maxwell element. Thus, (15) represents 𝑅 generalized Maxwell 

models wired in parallel, each consisting of 𝑁 Maxwell elements, which offers wide flexibility in describing experimental data. In 
practice, however, often only a single term (𝑅 = 1) proves sufficient.

Inserting the total free energy (14) into the dissipation inequality (13) and expanding 𝛹̇ via the chain rule yields 

 = 1
2

[

𝐒 − 2
𝜕𝛹∞

vol
𝜕𝐂

⏟⏟⏟
=∶𝐒∞vol

−
𝑅
∑

𝑟=1

(

2
𝜕𝛹∞

iso 𝑟
𝜕𝐂

⏟⏞⏟⏞⏟
=∶𝐒∞iso 𝑟

+
𝑁
∑

𝛼=1
2
𝜕𝛹 neq

𝑟𝛼
𝜕𝐂

⏟⏟⏟
=∶𝐒neq𝑟𝛼

)]

∶ 𝐂̇−
𝑅
∑

𝑟=1

𝑁
∑

𝛼=1

𝜕𝛹 neq
𝑟𝛼

𝜕𝚪𝑟𝛼
∶ 𝚪̇𝑟𝛼 ≥ 0 ∀ 𝐂̇, 𝐂, 𝚪. (16)

Since (16) must hold for all 𝐂̇, standard thermodynamic arguments by Coleman, Noll, and Gurtin [75,76] require the bracketed 
term in (16) to vanish identically, yielding the constitutive relation for the total stress, 

𝐒 = 2 𝜕𝛹
𝜕𝐂

= 𝐒∞vol +
𝑅
∑

𝑟=1

(

𝐒∞iso 𝑟 +
𝑁
∑

𝛼=1
𝐒neq𝑟𝛼

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

. (17)
=∶𝐒iso 𝑟

5 
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Fig. 2. The generalized Maxwell model causes the total isochoric stress 𝐒iso 𝑟: the spring on the left symbolizes the equilibrium free energy 𝛹∞
iso 𝑟

and stress 𝐒∞iso 𝑟; each Maxwell element is characterized by a non-equilibrium free energy 𝛹 neq
𝑟𝛼  and a strain (rate)-dependent relaxation time 𝜏𝑟𝛼

and produces a non-equilibrium stress 𝐒neq𝑟𝛼 .

Here, 𝐒∞vol and 𝐒∞iso 𝑟 denote volumetric and isochoric equilibrium stresses, respectively, and 𝐒neq𝑟𝛼  are non-equilibrium stresses. Other 
stress measures, such as the first Piola–Kirchhoff stress 𝐏 = 𝐅𝐒 or Cauchy stress 𝝈 = 𝐽−1𝐅𝐒𝐅T, follow accordingly.

Introducing the auxiliary non-equilibrium stress 𝐐𝑟𝛼 , the remaining dissipative term in (16) yields the reduced dissipation 
inequality, 

𝑅
∑

𝑟=1

𝑁
∑

𝛼=1
𝐐𝑟𝛼 ∶ 1

2
𝚪̇𝑟𝛼 ≥ 0 ∀ 𝐂, 𝚪, with 𝐐𝑟𝛼 = −2

𝜕𝛹 neq
𝑟𝛼

𝜕𝚪𝑟𝛼
. (18)

In the following, we specify functional forms for the free energy contributions that are suitable for integration into a machine 
learning framework and derive evolution equations for the internal variables that satisfy the reduced dissipation inequality (18).

2.3.1. Anisotropic hyperelasticity
The material response in thermodynamic equilibrium is described by anisotropic hyperelasticity through the equilibrium 

free energy contributions 𝛹∞
vol and 𝛹∞

iso 𝑟. A sufficient condition for satisfying material objectivity [77] and preserving material 
symmetry [78] is that the isochoric equilibrium free energy 𝛹∞

iso 𝑟 depends on the generalized invariants (6) [64]. The appropriate 
functional form of 𝛹∞

iso 𝑟 generally depends on material descriptors such as composition, microstructure, or processing conditions; we 
collect this information in a feature vector 𝒇 . The volumetric contribution 𝛹∞

vol is used primarily to enforce (near-)incompressibility 
in a convenient and largely material-agnostic manner [79]; accordingly, we do not parameterize 𝛹∞

vol by 𝒇 and thus write the total 
equilibrium free energy as 

𝛹∞(𝐂̄,𝒇 ) = 𝛹∞
vol(𝐽 ) +

𝑅
∑

𝑟=1
𝛹∞
iso 𝑟

( ̄̃𝑟,𝒇
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝛹∞

iso 𝑟

. (19)

This means that each 𝛹∞
iso 𝑟 is associated with different structural tensor ̃𝐋𝑟. In view of (17), the total equilibrium stress 𝐒∞ follows 

as 

𝐒∞ = 2 𝜕𝛹
∞

𝜕𝐂
= 𝐒∞vol +

𝑅
∑

𝑟=1
𝐒∞iso 𝑟 (20)

and using (3) and (8)3, the volumetric and isochoric parts can be expressed as

𝐒∞vol = 2
𝜕𝛹∞

vol
𝜕𝐂

= 𝑝𝐂−1, (21)

𝐒∞iso 𝑟 = 2
𝜕𝛹∞

iso 𝑟
𝜕𝐂

= 𝐽−2∕3P ∶ 𝐒̄∞iso 𝑟, (22)

where 𝑝 denotes the hydrostatic pressure and 𝐒̄∞iso is a fictitious isochoric stress. In view of (8)1,2, the latter is given by 

𝐒̄∞iso 𝑟 = 2
𝜕𝛹∞

iso 𝑟

𝜕𝐂̄
= 2

[

𝜕𝛹∞
iso

𝜕 ̄̃𝐼𝑟
𝐋̃𝑟 −

𝜕𝛹∞
iso

𝜕 ̄̃𝐽𝑟
𝐇̄𝑟

]

. (23)

The volumetric contribution 𝛹∞
vol is handled differently for nearly and perfectly incompressible formulations. For nearly incom-

pressible materials, 𝛹∞
vol is typically prescribed as a generic convex penalty function to approximately enforce incompressibility [80,

81], yielding the hydrostatic pressure 

𝑝 = 𝐽
𝜕𝛹∞

vol
𝜕𝐽

. (24)

For perfect incompressibility, 𝛹∞
vol(𝐽 ) = 𝑝(𝐽 − 1) enforces the kinematic constraint with 𝑝 as a Lagrange multiplier [74, Section 8.5]. 

In both cases, the material-specific equilibrium response is fully contained in 𝛹∞ .
iso
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In the undeformed reference configuration, 𝐂 = 𝐈, we require the equilibrium free energy and the equilibrium stress to vanish, 
𝛹∞

|𝐂=𝐈 = 0, 𝐒∞|𝐂=𝐈 = 𝟎, (25)

which is referred to as the normalization condition.
In FE analysis, it is often advantageous that the equilibrium free energy is polyconvex, i.e., convex in 𝐅, cof 𝐅, and det 𝐅, which 

ensures material stability [82]. Two well-known limitations can arise when combining anisotropy with the volumetric–isochoric 
split. First, for nearly incompressible formulations, neither tr(cof 𝐂̄) [81, p. 2776] nor tr[(cof 𝐂̄)𝐋𝑖] [83, pp. 435, 438] is polyconvex, 
and therefore the convex combinations in (6)2 cannot be expected to be polyconvex either. Second, in nearly incompressible settings, 
employing 𝐅̄ in anisotropic free-energy terms may lead to non-physical responses [84]. In the present work, these issues are avoided 
by considering perfectly incompressible materials only [85].

2.3.2. Nonlinear viscoelasticity
Following [59, (2.2)], the non-equilibrium free energy 𝛹 neq

𝑟𝛼 , associated with the 𝛼-th relaxation process, is assumed to have the 
general form 

𝛹 neq
𝑟𝛼 (𝐂̄,𝚪𝑟𝛼 ,𝒇 ) =

1
4𝜇𝑟𝛼

‖

‖

‖

𝐒̄𝑟𝛼( ̄̃𝑟,𝒇 ) − 𝜇𝑟𝛼
(

𝚪𝑟𝛼 − 𝐈
)

‖

‖

‖

2
, (26)

where 𝜇𝑟𝛼 is a constant shear modulus. In analogy to (23), the stress 𝐒̄𝑟𝛼 is derived from a potential 𝛹𝑟𝛼 = 𝛹𝑟𝛼( ̄̃𝑟,𝒇 ), which must be 
tailored to the material under consideration: 

𝐒̄𝑟𝛼 = 2
𝜕𝛹𝑟𝛼

𝜕𝐂̄
=

𝑅
∑

𝑟=1
2

[

𝜕𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟
𝐋̃𝑟 −

𝜕𝛹𝑟𝛼

𝜕 ̄̃𝐽𝑟
𝐇̄𝑟

]

. (27)

Since 𝚪𝑟𝛼 = 𝐈 in the undeformed reference configuration, we ensure the normalization condition 𝛹 neq
𝑟𝛼 |𝐂=𝚪𝑟𝛼=𝐈 = 0 by requiring that 

𝐒̄𝑟𝛼 vanishes in the reference configuration, i.e., 𝐒̄𝑟𝛼|𝐂=𝐈 = 𝟎.
In view of (26), the auxiliary non-equilibrium stress 𝐐𝑟𝛼 (18) read 

𝐐𝑟𝛼 = 𝐒̄𝑟𝛼 − 𝜇𝑟𝛼(𝚪𝑟𝛼 − 𝐈). (28)

In view of (17), and using (3) and (8)3, we compute the non-equilibrium stress 𝐒neq𝑟𝛼  by differentiating (26): 

𝐒neq𝑟𝛼 = 2
𝜕𝛹 neq

𝑟𝛼
𝜕𝐂

= 𝐽−2∕3P ∶ 𝐒̄neq𝑟𝛼 , (29)

where the fictitious non-equilibrium stress is 

𝐒̄neq𝑟𝛼 = 1
2𝜇𝑟𝛼

C̄𝑟𝛼 ∶ 𝐐𝑟𝛼 , with C̄𝑟𝛼 = 2
𝜕𝐒̄𝑟𝛼
𝜕𝐂̄

(30)

By differentiating 𝐒̄𝑟𝛼 with respect to 𝐂̄ and inserting into (30), 𝐒̄neq𝑟𝛼  explicitly reads

𝐒̄neq𝑟𝛼 = 2
𝜇𝑟𝛼

[

𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐼2𝑟
𝜀𝑟𝛼𝐋̃𝑟 +

𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐽 2
𝑟

𝛾𝑟𝛼𝐇̄𝑟 +
𝜕𝛹𝑟𝛼

𝜕 ̄̃𝐽𝑟

(

𝐂̄−1𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼𝐂̄−1)

−
𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

(

𝛾𝑟𝛼𝐋̃𝑟 + 𝜀𝑟𝛼𝐇̄𝑟
)

]

with 𝛾𝑟𝛼 ∶= 𝐇̄𝑟 ∶ 𝐐𝑟𝛼 , 𝜀𝑟𝛼 ∶= 𝐋̃𝑟 ∶ 𝐐𝑟𝛼 . (31)

From (31) it is evident that the constant material parameter 𝜇𝑟𝛼 can be absorbed by the material-specific potential 𝛹𝑟𝛼 . Thus, without 
loss of generality, we set 𝜇𝑟𝛼 = 1 MPa.

Recalling the reduced dissipation inequality (18), we can guarantee non-negative dissipation by the evolution equation for the 
internal variables 𝚪𝑟𝛼 , 

𝚪̇𝑟𝛼 = V−1
𝑟𝛼 ∶ 𝐐𝑟𝛼 = 1

𝜂𝑟𝛼
[𝐒̄𝑟𝛼 − 𝜇𝑟𝛼(𝚪𝑟𝛼 − 𝐈)], (32)

where V−1
𝑟𝛼 = 1

𝜂𝑟𝛼
I𝑠 is the inverse fourth-order viscosity tensor and 𝜂𝑟𝛼 denote scalar viscosities. Evolution equation (32) implies 

an isotropic viscosity tensor, which is in practice often sufficient [60,86,87]. Nevertheless, the non-equilibrium response exhibits 
direction-dependent relaxation amplitudes, since the driving force 𝐐𝑟𝛼 in (28) inherits anisotropy from the potentials 𝛹𝑟𝛼 . A 
generalization to anisotropic viscosity tensors—constructed from structural tensors—is conceptually straightforward but deferred 
to future work: while additional viscosity parameters would likely improve fits, ensuring that this improvement reflects genuinely 
learned anisotropic viscosity—rather than merely increased fitting capacity—requires significantly more experimental data than is 
typically available [88]. The present choice, therefore, prioritizes parsimony.

Since numerous experiments confirm the strain (rate)-dependent viscous character of many important materials, such as 
elastomers [89,90] and soft biological tissues [6,91], we use strain (rate)-dependent viscosities 𝜂𝑟𝛼 = 𝜂𝑟𝛼(̄𝑟,𝒇 ). We can rewrite 
the evolution equations by taking the material time derivative on both sides of (28) and (32), and by combining the resulting 
equations, we obtain 

𝐐̇𝑟𝛼 +
𝐐𝑟𝛼 = ̇̄𝐒𝑟𝛼 , (33)

𝜏𝑟𝛼
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Fig. 3. vCANN architecture: the strain (rate) tensors 𝐂̄ and ̇̄𝐂, and the feature vector 𝒇 are input to the structure block, Fig.  4, where generalized 
structural tensors and invariants are computed. These invariants are fed to the feed-forward neural networks 𝛹iso 𝑟

, 𝛹𝑟𝛼
, and 𝜏𝑟𝛼 , which learn 

the free energies 𝛹
iso 𝑟 and 𝛹

𝑟𝛼 , and the relaxation times 𝜏𝑟𝛼 . The free energies are corrected by 𝛹 𝜎
(⋅), 𝛹 𝜀

(⋅) to ensure a stress- and energy-free 
reference configuration. The internal variables 𝐐(𝑛+1)

𝑟𝛼  are updated using the time step 𝛥𝑡 and the history variables (𝑛)
𝑟𝛼 =

(

𝐐(𝑛)
𝑟𝛼 , 𝐒̄

(𝑛)
𝑟𝛼 , 𝜏

(𝑛)
𝑟𝛼

)

. Finally, 
the updated history variables (𝑛+1)

𝑟𝛼  and the current stress 𝐒̄𝑟 are returned. Unless explicitly stated otherwise, all quantities are evaluated at 𝑡(𝑛+1).

where 𝜏𝑟𝛼 = 𝜂𝑟𝛼(̄𝑟,𝒇 )∕𝜇𝑟𝛼 are non-negative strain (rate)-dependent relaxation times. Additionally, we assume a stress-free reference 
configuration with the initial conditions 𝐐𝑟𝛼|𝑡=0 = 𝟎.

The total stress 𝐒 of the proposed vCANN is summarized in Box 1. For comparison, the total stress of the originally proposed 
vCANN [50] and a brief discussion in the main differences is provided in Appendix  A. Appendix  B provides the model formulation 
for compressible materials.

Box 1: Proposed constitutive modeling framework

𝐒 = 𝐒∞vol +
𝑅
∑

𝑟=1

(

𝐒∞iso 𝑟 +
𝑁
∑

𝛼=1
𝐒neq𝑟𝛼

)

, 𝐒∞iso 𝑟 = 𝐽−2∕3P ∶ 𝐒̄∞iso 𝑟, 𝐒neq𝑟𝛼 = 𝐽−2∕3P ∶ 𝐒̄neq𝑟𝛼

𝐒̄∞iso 𝑟 =
𝜕𝛹∞

iso 𝑟

𝜕𝐂̄
𝐒̄neq𝑟𝛼 = 1

2𝜇𝑟𝛼
C̄𝑟𝛼 ∶ 𝐐𝑟𝛼 , 𝐐̇𝑟𝛼 +

𝐐𝑟𝛼
𝜏𝑟𝛼

= ̇̄𝐒𝑟𝛼 , 𝐒̄𝑟𝛼 = 2
𝜕𝛹𝑟𝛼

𝜕𝐂̄
.

3. Thermodynamically consistent vCANN architecture

Having established the constitutive framework of vCANNs, we now embed it in a neural network architecture that enforces the 
key physical constraints by construction. Specifically, we represent the equilibrium free energies 𝛹∞

iso,𝑟, the auxiliary free energies 𝛹𝑟𝛼 , 
the strain (rate)-dependent relaxation times 𝜏𝑟𝛼 , and—if feature-dependent—the preferred material directions 𝒎𝑖 and corresponding 
weight factors 𝑤(𝑟)

𝑖  by separate feed-forward neural networks (FFNNs). This section describes how these sub-networks are designed 
to satisfy the constitutive requirements summarized in Section 2.3 and outlines the algorithmic update of the internal variables. An 
overview of the resulting architecture is provided in Fig.  3.

Although we do not limit the depth and width of each sub-network, small networks with a single hidden layer and up to 10 
neurons have proven sufficient for most applications. We implemented the vCANN framework using the machine learning library 
TensorFlow [92].

3.1. Equilibrium free energy

Volumetric part. In the neural network architecture, we do not introduce an FFNN for the volumetric contribution 𝛹∞
vol in (19). In-

stead, for nearly incompressible simulations, 𝛹∞ (𝐽 ) is prescribed by a standard convex penalty function from the literature [80,81]. 
vol
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By construction, these penalty functions yield an energy- and stress-free reference configuration, i.e., 𝛹∞
vol(1) = 0 and 𝐒∞vol|𝐂=𝐈 = 𝟎. 

For perfectly incompressible simulations, 𝛹∞
vol represents the kinematic constraint functions and is handled by a numerical scheme, 

e.g., the Lagrange-multiplier method. Thus, only the isochoric part is represented by trainable sub-networks.
Isochoric part. The isochoric material behavior in thermodynamic equilibrium is fully characterized by the free energy contributions 
𝛹∞
iso 𝑟. These are defined by 

𝛹∞
iso 𝑟(

̄̃𝑟,𝒇 ) ∶= 𝛹
iso 𝑟(

̄̃𝑟,𝒇 ) + 𝛹𝜎
iso 𝑟(

̄̃𝑟,𝒇 ) + 𝛹 𝜀
iso 𝑟(𝒇 ), 𝑟 = 1,… , 𝑅. (34)

The strain–energy contribution 𝛹
iso 𝑟 is represented by FFNN and captures the material’s basic constitutive behavior. The FFNN takes 

as input the generalized invariants ̄̃𝑟 and the feature vector 𝒇 . It can be expected to approximate stresses with reasonable quality; 
however, an FFNN cannot, in general, be expected to inherently satisfy the normalization condition (25). To ensure that both stress 
and strain energy vanish in the undeformed reference configuration, we therefore introduce the correction terms 𝛹𝜎

iso 𝑟 and 𝛹 𝜀
iso 𝑟, 

cf. [37]. Notably, these terms are not modeled by an FFNN; instead, they depend on 𝛹
iso 𝑟 and its derivatives with respect to the 

generalized invariants, evaluated in the undeformed reference configuration. Consequently, 𝛹𝜎
iso 𝑟 and 𝛹 𝜀

iso 𝑟 continuously adapt during 
training as 𝛹

iso 𝑟 evolves. They are not computed in a post-processing step, but form an integral part of the network architecture (cf. 
Fig.  3). Details on how to construct these free energies are provided in Appendix  C.

By constructing the isochoric equilibrium free energies 𝛹∞
iso 𝑟 in this manner, we inherently ensure thermodynamic consistency, 

objectivity, material symmetry, symmetry of the second Piola–Kirchhoff stress tensor, and a stress- and energy-free reference 
configuration.

Beyond these constitutive constraints, it is often desirable—especially for robust FE simulations—that the learned equilibrium 
free energy admits a polyconvex representation. We therefore design the invariant-based FFNN such that 𝛹∞

iso 𝑟 in (34) is polyconvex 
for the incompressible setting considered here. Since 𝛹∞

iso 𝑟 is an additive combination of contributions, polyconvexity is preserved if 
each contribution is polyconvex [93]. In Appendix  C, we show that 𝛹𝜎

iso 𝑟 is polyconvex by construction, whereas 𝛹 𝜀
iso 𝑟 is a constant 

and thus does not affect polyconvexity. Hence, it remains to ensure that 𝛹
iso 𝑟 is polyconvex.

To this end, we exploit that, in the incompressible setting considered here, the generalized invariants ̄̃𝑟 are polyconvex functions 
of the deformation and use the composition rule: composing a convex function with a convex, monotonically increasing function 
yields a convex function [94, Section 6.]. Accordingly, it suffices to construct the FFNN representing 𝛹

iso 𝑟 to be convex and 
monotonically increasing with respect to its invariant inputs. We enforce this by constraining all network weights to be non-
negative and by using convex, non-decreasing activation functions in each layer [95]. Specifically, we employ the softplus activation 
𝑦(𝑥) = ln(1 + exp(𝑥)) in the hidden layers and a linear activation 𝑦(𝑥) = 𝑥 in the output layer. Convexity and monotonicity are not 
required with respect to the feature vector 𝒇 ; if needed, the architecture can be adapted to be only partially input-convex [95,96].

3.2. Non-equilibrium free energy

Analogous to the equilibrium free energy contributions 𝛹∞
iso 𝑟 in (34), we define 𝛹𝑟𝛼 by 

𝛹𝑟𝛼( ̄̃𝑟,𝒇 ) ∶= 𝛹
𝑟𝛼 (

̄̃𝑟,𝒇 ) + 𝛹𝜎
𝑟𝛼(

̄̃𝑟,𝒇 ) + 𝛹 𝜀
𝑟𝛼(𝒇 ), 𝑟 = 1,… , 𝑅, 𝛼 = 1,… , 𝑁, (35)

where 𝛹
𝑟𝛼  is represented by an FFNN and 𝛹𝜎

𝑟𝛼 and 𝛹 𝜀
𝑟𝛼 are correction terms to ensure a stress- and energy-free reference configuration. 

Accordingly, 𝛹𝑟𝛼 also fulfills the same important constitutive requirements as 𝛹∞
iso 𝑟 does.

The choice of the number 𝑁 of non-equilibrium free energy contributions 𝛹 neq
𝑟𝛼  used to model a material is critical. While 

increasing 𝑁 can capture more complex viscoelastic behavior, it also raises model complexity and computational cost. We therefore 
initialize the vCANN with an upper bound, i.e., an arbitrary maximum number of Maxwell elements 𝑁max. To balance accuracy and 
sparsity, the vCANN then determines the effective number 𝑁 during training by progressively eliminating Maxwell elements.

Sparsity is promoted via 𝓁1 regularization of the potentials 𝛹𝑟𝛼 , controlled by a sparsity parameter 𝛬. The larger 𝛬, the sparser 
the model. The hyperparameter 𝛬 is optimized iteratively to balance validation loss and model parsimony.

3.3. Relaxation times

We use individual FFNNs 𝜏𝑟𝛼  to separately represent the strain (rate)-dependent relaxation times 𝜏𝑟𝛼 . To ensure positive 
relaxation times, we apply a positive activation function in the last layer, e.g., the softplus function. Using the invariant basis 
̄𝑟 as input guarantees material objectivity and symmetry.

Relaxation processes in viscoelastic materials occur on different time scales [97], often modeled uniformly distributed on a 
logarithmic scale [98]. Therefore, we scale the output of the FFNNs learning the relaxation times by time constants 𝑇𝑟𝛼 which are 
uniformly distributed on a logarithmic scale in the range [𝑇min, 𝑇max]. Scaling the output ensures an equal representation of the time 
scales. 𝑇min and 𝑇max are user-defined parameters based on prior knowledge or heuristic expectations about the expected time scales, 
which can speed up training if appropriately chosen. The time scaling constants 𝑇𝑟𝛼 are not the relaxation times of our model; the 
vCANN will learn relaxation times 𝜏  different from 𝑇 . Please refer to [50, Section 3.3] for details.
𝑟𝛼 𝑟𝛼
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Fig. 4. Structure block related to the generalized tensor 𝐋̃𝑟: The deformation (rate) tensors 𝐂̄ and ̇̄𝐂, and the feature vector 𝒇 are input to the 
structure block. The neural networks 𝒎𝑖

 and 𝑤(𝑟)
𝑖
 learn from 𝒇 the preferred material directions 𝒎𝑖 and weights 𝑤(𝑟)

𝑖 , respectively. From these 
outputs, we compute the generalized structural tensors ̃𝐋𝑟, and the generalized invariants ̄̃𝑟 and ̇̃̄𝑟. The generalized invariants are input to the 
sub-networks of the vCANN in Fig.  3.

3.4. Generalized structural tensors

The generalized structural tensors 𝐋̃𝑟 depend on the scalar weights 𝑤(𝑟)
𝑖  and the preferred material directions 𝒎𝑖. Both 𝑤(𝑟)

𝑖  and 
𝒎𝑖 can differ from material to material. They may also depend on the feature vector 𝒇 . Therefore, for each 𝐋̃𝑟 one FFNN 𝑤(𝑟)

𝑖

learns the 𝑤(𝑟)
𝑖 , and another FFNN 𝒎𝑖

 learns the three components of the 𝒎𝑖, both using 𝒇 as input, Fig.  4. To satisfy the partition 
of unity constraint and the positivity constraint, (5)2,3, we apply the softmax activation function 𝑦𝑖(𝑥𝑖) = exp(𝑥𝑖)∕

∑

𝑗 exp(𝑥𝑗 ) to the 
output of the corresponding FFNNs 𝑤(𝑟)

𝑖
. To ensure that the material directions are unit vectors, we apply the activation function 

𝑦𝑖(𝑥𝑖) = 𝑥𝑖∕(
∑

𝑗𝑥2𝑗 )
1∕2 to the output of the corresponding FFNNs 𝒎𝑖

.
However, if the generalized structural tensors do not depend on the feature vector 𝒇 , the scalar weights 𝑤(𝑟)

𝑖  and the material 
directions 𝒎𝑖 are not outputs of neural networks. Instead, they are incorporated directly into the vCANN architecture as optimizable 
parameters. This approach is demonstrated in Section 5.3, where the vCANN learns the material’s anisotropy from biaxial tension 
tests alone.

3.5. Algorithmic stress update

Implementing the viscoelastic constitutive law into a machine learning architecture—and a FE code—requires an algorithmic 
stress update. Specifically, we must provide an algorithmic update of the auxiliary non-equilibrium stress 𝐐𝑟𝛼 governed by the 
evolution Eq. (33). To do this, we divide the time interval (0, 𝑇 ] into 𝑁 time intervals 𝛥𝑡 ∶= 𝑡(𝑛+1) − 𝑡(𝑛) bounded by generally 
non-equidistant, discrete time points {𝑡(𝑛)}𝑁𝑛=0. Inspired by [51,74], we approximate 𝐐

(𝑛+1)
𝑟𝛼  at time instance 𝑡(𝑛+1) using  the explicit 

scheme 

𝐐(𝑛+1)
𝑟𝛼 = exp

(

𝜉𝑟𝛼
)

𝐒̄(𝑛+1)𝑟𝛼 + exp
(

𝜉𝑟𝛼
) [

exp
(

𝜉𝑟𝛼
)

𝐐(𝑛)
𝑟𝛼 − 𝐒̄(𝑛)𝑟𝛼

]

, 𝜉𝑟𝛼 ∶= − 𝛥𝑡
2𝜏𝑟𝛼

, 𝜏𝑟𝛼 ∶=
𝜏(𝑛+1)𝑟𝛼 + 𝜏(𝑛)𝑟𝛼

2
(36)

which depends on history variables (𝑛)
𝑟𝛼 =

(

𝐐(𝑛)
𝑟𝛼 , 𝐒̄

(𝑛)
𝑟𝛼 , 𝜏

(𝑛)
𝑟𝛼

) evaluated at the previous time instance 𝑡(𝑛). Assuming sufficiently small 
time intervals 𝛥𝑡 (and a sufficiently smooth problem), we approximated the relaxation time during 𝛥𝑡 by 𝜏𝑟𝛼 as the average of 
the relaxation times at the beginning and end of 𝛥𝑡. This algorithmic update is integrated into the upper branch of the vCANN 
architecture, Fig.  3.

For a detailed summary of the algorithmic stress update, we refer to Appendix  E, with the corresponding consistent tangent 
modulus given in Appendix  F.

3.6. Derivatives of feed-forward neural networks

To compute the stress tensor, we require first- and second-order partial derivatives of the free energies 𝛹∞
iso 𝑟 and 𝛹𝑟𝛼 with respect 

to the generalized invariants, cf. (23) and (31). For the algorithmically consistent tangent moduli derived in Appendix  F.1, third-
order derivatives of 𝛹𝑟𝛼 and first-order derivatives of 𝜏𝑟𝛼 are additionally required. During training, all derivatives are evaluated via 
automatic differentiation.

However, automatic differentiation is not available in most commercial or academic FE packages, underscoring the need 
for analytical derivative formulations. Furthermore, automatic differentiation evaluates derivatives through computational graphs 
10 
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whose size increases rapidly—essentially exponentially—with the derivative order [99]. As a result, computing stresses and tangent 
moduli becomes costly. Since these quantities must typically be evaluated millions of times in an FE analysis, computational 
efficiency is essential.

To overcome these limitations, we employ efficient analytical recurrence relations that enable the exact analytical evaluation 
of the derivatives of a trained network’s outputs with respect to its inputs up to third order. These relations are derived in
Appendix  D.

4. Automated modeling pipeline

This section summarizes the automated pipeline that links experimental (or synthetic) time-series data to a trained vCANN and 
its deployment in FE simulations via a material subroutine. The workflow is illustrated in Fig.  1 and consists of four main stages: 
(i) data preparation, (ii) model configuration and training, (iii) export to a material subroutine, and (iv) FE simulation.
Data preparation. The pipeline takes as input time-series data from mechanical experiments (e.g., loading–unloading or relaxation 
tests). Each experiment provides the deformation gradient history 𝐅, the corresponding stress labels 𝐏̂, time history 𝑡, and optionally 
additional 𝑛𝐹  auxiliary features collected in a feature vector 𝒇 . For 𝑛𝐻  loading histories with 𝑛𝑆 discrete time steps each, we use 
tensors of shape

𝐅 ∈ R(𝑛𝐻 ,𝑛𝑆 ,3,3), 𝐏 ∈ R(𝑛𝐻 ,𝑛𝑆 ,3,3), 𝑡 ∈ R(𝑛𝐻 ,𝑛𝑆 ,1), 𝒇 ∈ R(𝑛𝐻 ,𝑛𝑆 ,𝑛𝐹 ).

Training requires a fixed number of discrete time steps 𝑛𝑆 per loading history. Experiments may have different physical durations 
and sampling rates; only the step count must be unified. If an experiment is recorded at fewer (or more) than 𝑛𝑆 time points, the 
user must interpolate and resample the measured quantities (time, deformation, stresses, and features) onto a prescribed set of 𝑛𝑆
time points prior to training.
Model configuration and hyperparameters. The user specifies a small set of high-level architectural and training hyperparameters. The 
most relevant ones are: the number 𝑅 of generalized structural tensors, the number 𝑛 of preferred material directions, the maximum 
number of Maxwell elements 𝑁max, the depth and width (layers/neurons) of the feed-forward sub-networks representing 𝛹∞

iso 𝑟, 
𝛹𝑟𝛼 , 𝜏𝑟𝛼 , 𝒎𝑖, and 𝑤(𝑟)

𝑖 , and (optionally) a sparsity parameter 𝛬 for Maxwell-element pruning. The time-normalization constants 𝑇𝑟𝛼
(Section 3) are selected to span the expected relaxation time scales and can accelerate training when reasonable bounds [𝑇min, 𝑇max]
are available. A dedicated hyperparameter study is beyond the scope of this work.
Training objective. Training minimizes a normalized mean-squared error  between predicted and labeled stress histories 𝐏 and 𝐏̂, 
respectively: 

 = 1
𝑛𝐻𝑛𝑆

𝑛𝐻
∑

𝑘=1

𝑛𝑆
∑

𝑙=1

‖

‖

‖

𝐏𝑘,𝑙 − 𝐏̂𝑘,𝑙
‖

‖

‖

2
. (37)

Unless stated otherwise, experiments at different conditions (e.g., strain rates) are equally weighted in the loss. Since the problem is 
history-dependent and the network is trained on complete stress histories, the stress at any given time point depends on all preceding 
states. Consequently, in each optimizer iteration, the evolution equations must be integrated according to (36) over the entire time 
series, and gradients are backpropagated through these sequential updates. We trained all vCANNs using the L-BFGS-B algorithm, 
that can handle bound constraints. These constraints are crucial to ensure compliance with the physical constraints discussed in 
Section 3, such as polyconvexity.
Sparsification of Maxwell elements. To promote parsimonious viscoelastic models, the pipeline supports pruning of Maxwell elements 
via 𝓁1 regularization. Specifically, the non-equilibrium strain–energy contributions are penalized with an 𝓁1 term, which tends to 
drive unnecessary contributions toward zero. After training, weights below a small threshold 𝜖cut are set to zero and the associated 
Maxwell elements are removed from the effective model.
Handling of auxiliary features in FE simulations. In the current pipeline, the feature vector 𝒇 is assumed uniform across the domain, 
i.e., it takes the same value at each integration point and is exported to the material subroutine along with the network parameters. 
More general use cases with spatially varying features are supported in principle, since the material subroutine is evaluated at the 
integration-point level; spatially varying feature fields can be prescribed, for example, via user-defined fields or temperature fields. 
This enables the incorporation of heterogeneous material information into the constitutive response.
Export to an FE material subroutine. After training, the learned network parameters and architecture metadata are exported into 
a generic Fortran material subroutine template through a single user call. The export inserts the weights and biases of all sub-
networks as well as the relevant dimensions (e.g., 𝑅, 𝑁 , number of layers/neurons per network, number of features) into the 
material subroutine and initializes the corresponding variables accordingly. The exported code consists of two parts: (i) the material 
subroutine implementing the constitutive update and algorithmically consistent tangent modulus, and (ii) a utility module for 
evaluating FFNNs and their derivatives (Jacobian, Hessian, and third-order derivatives) required for stress and tangent computations. 
The utility module is generic and independent of the particular trained model, while the network parameters are material-specific. 
At present, we focus on Abaqus/Standard (implicit).
11 
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FE simulation and evaluation. The exported material subroutine can be used directly in FE simulations by specifying the material 
and (if applicable) the auxiliary fields in the input file. The pipeline thus provides an end-to-end route from time-series data to 
predictive structural simulations. To ensure correctness of the automated deployment, we verify the FE implementation against the 
TensorFlow reference at the single-element level in the next section.

To ensure accessibility and reproducibility, all codes and FE subroutines required to employ the proposed framework within 
Abaqus are openly provided, enabling practitioners to integrate advanced viscoelastic neural material models without specialized 
expertise: https://github.com/KianAbd/vCANN_FEM.

5. Results

This section demonstrates the proposed end-to-end workflow—from time-series training data to FE simulations—and verifies the 
automatically generated material subroutine against the TensorFlow reference before presenting representative structural examples.

Model training was conducted on a desktop workstation equipped with an Intel Core i9-9920X CPU, without GPU acceleration, 
and required approximately 10–30 min depending on the size of the training dataset. The largest dataset included 𝑛𝐻 = 15 loading 
histories, each of which was discretized into 𝑛𝑆 = 1000 time steps. In the absence of strong prior knowledge, we used, unless stated 
otherwise, 𝑅 = 1, 𝑁max = 3, and [𝑇min, 𝑇max] = [100, 102] s, which yielded good results in all examples. These choices can, however, 
be adjusted based on the fit quality and the apparent complexity of the material response. In the present study, we set 𝛬 = 0 and 
disabled regularization; nevertheless, the pipeline supports this option. We refer to [50, Section 3.3] for details and a thorough 
discussion on the 𝓁1 regularization. Table  J.1 summarizes the hyperparameters of all vCANNs from the following examples.

All examples are based on perfect incompressibility, imposed numerically via a Lagrange multiplier scheme, resulting in a two-
field (hybrid) formulation with independent interpolation of the displacement and pressure fields for 3D and plane strain elements; 
an additional stabilization term prevents equation solver difficulties [100, Section 3.2.3]. In contrast, plane stress and shell elements 
are purely displacement-based and enforce incompressibility through internal kinematic constraints [101, Section 2.4] and [102, 
Section 2.2.3]. 

5.1. Single-element verification and feature augmentation

To verify our material subroutine implementation, we simulated uniaxial tension tests using a single element and compared 
the results with the vCANN material point implementation in TensorFlow. We assumed isotropy, and used a hybrid brick element 
(C3D8H) with linear displacement interpolation and an additional constant pressure degree of freedom. Introducing a fixed Cartesian 
coordinate system with basis vectors {𝑬𝑖}3𝑖=1, the deformation gradient reads 

𝐅 = 𝜆𝑬1 ⊗ 𝑬1 + 𝜆−1∕2𝑬2 ⊗ 𝑬2 + 𝜆−1∕2𝑬3 ⊗ 𝑬3, (38)

where 𝜆 denotes the stretch in the tensile direction 𝑬1. The stress-free boundary condition in one of the transverse directions, 
e.g., 𝑃33 = 0, is used to determine the Lagrange multiplier 𝑝 in the Tensorflow-based vCANN implementation. The only non-zero 
stress component is 𝑃11.

Before performing these simulations, we first trained the vCANN using experimental data from Very-High-Bond (VHB) 4905, 
a soft, electro-active polymer. Like many polymers, VHB 4905 exhibits pronounced temperature sensitivity. Consequently, [103] 
carried out a comprehensive thermo-viscoelastic experimental characterization of VHB 4905. Among other tests, they conducted 
uniaxial loading–unloading experiments for three stretch rates 𝜆̇ ∈ {0.03, 0.05, 0.1} s−1, three peak stretch levels 𝜆max ∈ {2, 3, 4}, and 
six temperatures 𝛩 ∈ {0, 10, 20, 40, 60, 80} ◦C and recorded the nominal stress component 𝑃11 in the tensile direction.

For simplicity, we neglect the strain-rate dependence of the relaxation times. To account for the pronounced temperature 
dependence of the stress response, we incorporated the temperature into the vCANN input space via the feature vector 𝒇 = 𝛩. 
Owing to isotropy, the associated generalized structural tensor (44) reduces to 𝐋̃1 = 1

3 𝐈. Accordingly, the following free energy 
functions and relaxation times—represented by the FFNNs described in Section 3—are learned from the loading–unloading tests: 

𝛹∞
iso 1 = 𝛹∞

iso 1(
̄̃1, 𝛩), 𝛹1𝛼 = 𝛹1𝛼( ̄̃1, 𝛩), 𝜏1𝛼 = 𝜏1𝛼( ̄̃1, 𝛩), 𝛼 = 1,… , 𝑁max, (39)

where 
̄̃1 =

( ̄̃𝐼1, ̄̃𝐽1
)

, ̄̃𝐼1 =
1
3
tr[𝐂̄], ̄̃𝐽1 =

1
3
tr[cof 𝐂̄]. (40)

As a quantitative measure of the goodness-of-fit, we report the 𝑅2 values for the training and validation datasets in
Table  1. Fig.  5 contrasts the descriptive performance of the TensorFlow-based vCANN model (black dashed/dash-dotted curves) 
with the experimental training data for VHB 4905 (open markers). The match with the training data is excellent. After training, we 
automatically translated the TensorFlow-based vCANN into a material subroutine and integrated it into Abaqus. We then replicated 
the uniaxial loading–unloading tests using FE simulations, represented by the solid colored curves in Fig.  5. First, the vCANN 
responses obtained in Abaqus and in TensorFlow are indistinguishable, verifying the correctness of the FE implementation. Second, 
the simulations showed no convergence issues—even under sudden load reversals—highlighting the robustness and consistency of 
the algorithmic tangent modulus.

Analogously, Fig.  6 illustrates the predictive capabilities of both the TensorFlow and FEM implementations on the experimental 
validation dataset for VHB 4905. Importantly, the vCANN was not exposed during training to any data at a peak stretch 𝜆 = 3
max
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Table 1
𝑅2 values summarizing the descriptive and 
predictive performance of the vCANN on the 
VHB 4905 dataset, corresponding to the fits 
and predictions shown in Figs. 5 and 6.
 𝛩 [◦C] 𝜆max 𝜆̇ = 0.03 𝜆̇ = 0.05 𝜆̇ = 0.10 
 0 2 – – 0.9791  
 3 – – 0.9842  
 4 0.9972 0.9885 0.9970  
 10 3 – – 0.9571  
 4 – – 0.9995  
 20 3 – – 0.9933  
 4 0.9986 0.9970 0.9988  
 40 2 – – 0.9966  
 3 – – 0.9889  
 4 0.9963 0.9883 0.9950  
 60 2 – – 0.9936  
 3 – – 0.9884  
 4 0.9905 0.9982 0.9990  
 80 2 – – 0.9970  
 3 – – 0.9823  
 4 0.9950 0.9910 0.9975  

Training Validation 

or at a stretch rate 𝜆̇ = 0.05 s−1. Nevertheless, the trained vCANN accurately predicted the material response for both the unseen 
stretch level and stretch rate.

As reported in the literature [40,43], training of neural network-based approaches to inelasticity can be prone to numerical 
difficulties. To mitigate these issues, pre-training strategies have been proposed, e.g., initializing weights to start from a favorable 
point, or training on a subset of the data before continuing on the full stress–strain history and/or complete dataset. While no 
instabilities in the sense of exploding loss values (NaN or Inf) were observed, the model occasionally converged prematurely to a 
suboptimal local minimum. Restarting training one to three times with newly initialized weights typically resolved this issue.

In addition, applying a small 𝓁2-regularization (10−3) to the weights of the free energies 𝛹𝑟𝛼 was found beneficial to suppress 
oscillations in the stress–strain curves, likely caused by the double contraction C𝑟𝛼 ∶ 𝐐𝑟𝛼 . Once training had stabilized after a few 
epochs, this regularization was disabled.

Furthermore, initially training on a reduced number of time steps (here 200) while covering the full strain history proved 
advantageous. After convergence, the number of time steps was increased to the final value (here 1000), optionally including an 
intermediate refinement stage. 

5.2. Cook’s membrane: mesh convergence study

To achieve more realistic FE simulations and demonstrate the material subroutine’s versatility, we analyzed Cook’s membrane 
problem. Cook’s membrane problem is a well-known benchmark for evaluating the combined bending and shear response. The 
boundary value problem involves a tapered cantilever, fixed on the left and subjected to a shear load of 𝐹 = 0.6 N on the right, as 
shown in Fig.  7. The concentrated force is applied by a distributing coupling constraint. This constraint couples the nodes on the 
right side of the cantilever to a rigid body control point to which the load is applied. The force increases linearly from zero to its 
final value over 1 s.

In a mesh convergence study, we analyzed the vertical displacement 𝑢𝑦 of the upper-right edge node A, see Fig.  7. To this end, 
we solve Cook’s membrane problem using several three-dimensional, plane strain, plane stress, and shell element types. We provide 
a detailed overview of all tested elements in Appendix  G. For each element type, we solve the boundary value problem at two 
temperature levels, 10 and 60 ◦C, using increasingly refined meshes of 4, 8, 16, and 32 elements on each side of the cantilever. 
For three-dimensional elements, we considered a single element through the thickness and applied symmetry boundary conditions 
in the X–Y plane. Therefore, we considered only half of the thickness and the shear load in the three-dimensional simulations. 
To describe the material behavior of Cook’s membrane, we used the same vCANN of Section 5.1, which was already trained on 
the uniaxial loading–unloading data of VHB 4905. Exemplarily, Fig.  8 presents the deformed configuration and von Mises stress 
distributions for meshes with 4 and 32 C3D20H elements per side and the temperature levels 10 and 60 ◦C. Consistent with the 
uniaxial test results, for a fixed applied vertical load the membrane exhibits larger deformations at higher temperatures, reflecting 
the temperature-induced softening of the material.

Fig.  9 shows the vertical displacement 𝑢𝑦 of node A, located at the upper right corner, as a function of the number of elements 
per side for both temperature levels, 10 and 60 ◦C. The quadratic elements closely match the converged solution, even when 
relatively coarse meshes are used. In contrast, the triangular plane-strain element CPE3H (linear displacement, constant pressure) 
yields excessively stiff responses, which can be attributed to its poor bending performance and inadequate representation of 
incompressibility. This overly stiff behavior of the CPE3H element is well known and documented in the literature [104]. All other 
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Fig. 5. Descriptive performance of the vCANN on the VHB 4905 training data: nominal stress 𝑃11 versus stretch 𝜆 for uniaxial loading–unloading 
tests at different temperatures 𝛩 (subfigures), stretch rates 𝜆̇, and peak stretches 𝜆max. Solid colored lines denote the FEM implementation, black 
dashed/dash-dotted lines denote the TensorFlow implementation, and open markers indicate the experimental data reproduced from [103]. Both 
implementations yield identical results.

element types approach the same solution upon mesh refinement. For the shell elements, an additional refinement is necessary 
to achieve convergence. Given that the membrane is subjected to an almost plane stress state, except near the clamping, the tip 
displacements for the 3D, plane-stress, and shell models are nearly identical. As expected, the tip displacement increases with 
temperature, Fig.  9. Overall, the observed convergence trends agree with analogous benchmark results based on classical constitutive 
models

To further highlight the viscoelastic behavior of the material, we performed additional mesh-convergence analyses under cyclic 
loading. The membrane was subjected to the force–time profile in Fig.  10 at 𝛩 = 10 and 60 ◦C. For each of the four mesh refinements, 
we tracked the vertical displacement 𝑢𝑦 of node A at both the midpoint and the end of every loading cycle. For clarity, we report only 
the representative convergence behavior obtained with the quadrilateral plane-strain element CPE4H (linear displacement, constant 
pressure). As before, the displacements at the selected time points converge with mesh refinement, and the peak tip displacement is 
larger at the higher temperature. Owing to viscous effects, the membrane does not fully return to its initial configuration at the end 
14 



K.P. Abdolazizi et al. Computer Methods in Applied Mechanics and Engineering 460 (2026) 119080 
Fig. 6. Predictive performance of the vCANN on the VHB 4905 validation data: nominal stress 𝑃11 versus stretch 𝜆 for uniaxial loading–unloading 
tests at different temperatures 𝛩 (subfigures), stretch rates 𝜆̇, and peak stretches 𝜆max. Solid colored lines denote the FEM implementation, black 
dashed/dash-dotted lines denote the TensorFlow implementation, and open markers indicate the experimental data reproduced from [103]. Both 
implementations yield identical results.

of a cycle when the vertical force 𝐹𝑦 is reduced to zero, and this residual deformation is more pronounced at elevated temperatures 
than at lower ones.

As demonstrated by this example, a key strength of the presented approach is its ability to incorporate arbitrary auxiliary 
features—here temperature—into neural constitutive laws, enabling automated generation of advanced material routines for FE 
simulations without manual model design  (for an additional example using Shore hardness-dependent Ecoflex silicon polymer 
data, see Appendix  H). Moreover, although the vCANN was trained exclusively on uniaxial data, the corresponding FE simulations 
ran robustly without convergence issues and produced physically reasonable responses for three-dimensional deformation states. 
While no quantitative statement on the accuracy of these results can be made in the absence of experimental three-dimensional 
stress–strain data, this limitation can be addressed by training on synthetically generated data from a reference material model, as 
demonstrated next.
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Fig. 7. Cook’s membrane problem: initial geometry and loading. All dimensions are in [mm]. The X–Y plane (orange) is the symmetry plane. 
The vertical displacement 𝑢𝑦 of the upper right edge node A is analyzed.

Fig. 8. Cook’s membrane benchmark: von Mises stress distribution on the deformed configuration meshed with three-dimensional hybrid 
continuum elements C3D8H at different temperature levels 𝛩: (a) 4 elements per side at 10 ◦C, (b) 4 elements per side at 60 ◦C, (c) 32 elements 
per side at 10 ◦C, and (d) 32 elements per side at 60 ◦C. The wireframes represent the initial configurations.
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Fig. 9. Cook’s membrane; mesh convergence study at temperature levels 10 and 60 ◦C: vertical displacement 𝑢𝑦 of the upper right edge node A 
versus the number of elements per side: (a) three-dimensional continuum elements, (b) plane stress elements, (c) plane strain elements, and (d) 
shell elements.

Fig. 10. Cook’s membrane under cyclic loading; mesh convergence study of the quadrilateral plane strain hybrid element CPE4H. Left: force-time 
history and time points A–D at which the vertical displacements 𝑢𝑦 of node A are extracted; right: vertical displacements 𝑢𝑦 of node A versus the 
number of elements per side.
17 
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Fig. 11. A material sample reinforced by two mechanically equivalent fiber families 𝒎1 and 𝒎2 is stretched along the principal material directions 
𝒍1 and 𝒍2 by the principal stretches 𝜆1 and 𝜆2. Each fiber family forms an angle 𝜑 with 𝒍1.

5.3. Multiaxial loading of a simplified artery model

In the previous section, we investigated Cook’s membrane problem using a vCANN trained solely on uniaxial tensile data. While 
this demonstrated robust FE performance, it remains unclear how well such a model generalizes to three-dimensional multiaxial 
deformation states. We now address this question and show that accurate predictions can be achieved using only a small number 
of selected experiments. We proceed as follows. First, in silico biaxial experiments are performed using a known ground truth 
constitutive model to generate synthetic training data. Both isotropic and anisotropic ground truth models are considered. A vCANN 
is then trained on these synthetic training data. Finally, the same three-dimensional boundary value problem is solved using both 
the ground truth model and the trained vCANN, and the resulting stress fields are compared.

5.3.1. Ground truth model
We describe the equilibrium response of the ground-truth (GT) model using an anisotropic, polyconvex, isochoric free energy 

function proposed by [105]: 

𝛹∞,GT
iso =

𝑅
∑

𝑟=1

𝜇𝑟
2

[

1
𝛾𝑟 + 1

(

̄̃𝐼𝛾𝑟+1𝑟 − 1
)

+ 1
𝛿𝑟 + 1

(

̄̃𝐽 𝛿𝑟+1
𝑟 − 1

)

]

, (41)

where 𝜇𝑟 ≥ 0 are stiffness-like parameters and the shape parameters 𝛾𝑟, 𝛿𝑟 ≥ 0 control the influence of the corresponding invariants. In 
the GT model, anisotropy is introduced—as a special case of the vCANN framework—by two mechanically equivalent fiber families 
𝒎1 and 𝒎2, with 𝑤(𝑟)

1 = 𝑤(𝑟)
2 , oriented along two distinct in-plane directions, which yields orthotropic material symmetry. The 

principal material directions {𝒍𝑖}3𝑖=1 are defined as the eigenvectors of the associated generalized structural tensor ̃𝐋𝑟; in particular, 
𝒍1 and 𝒍2 coincide with the angle bisectors of 𝒎1 and 𝒎2, while 𝒍3 is normal to the fiber plane, cf. Fig.  11. Letting 2𝜑 denote the 
angle between the two fiber directions, the fiber directions can be expressed in terms of the principal directions as 

𝒎1 = cos𝜑 𝒍1 + sin𝜑 𝒍2, 𝒎2 = cos𝜑 𝒍1 − sin𝜑 𝒍2, (42)

and hence the generalized structural tensor reads [64]:

𝐋̃𝑟 =
1 − 2𝑤(𝑟)

1
3

𝐈 +𝑤(𝑟)
1
(

𝒎1 ⊗𝒎1 +𝒎2 ⊗𝒎2
)

(43)

= 1
3

[

1 + (6 cos2 𝜑 − 2)𝑤(𝑟)
1

]

𝒍1 ⊗ 𝒍1 +
1
3

[

1 + (6 sin2 𝜑 − 2)𝑤(𝑟)
1

]

𝒍2 ⊗ 𝒍2 +
1
3

[

1 − 2𝑤(𝑟)
1

]

𝒍3 ⊗ 𝒍3. (44)

The spectral form of ̃𝐋𝑟 (44) is convenient for prescribing the material symmetry in a numerical model at the material points, when 
the eigenvector basis aligns with the local basis of a curvilinear coordinate system, e.g., circumferential/axial/radial directions in 
cylindrical coordinates, cf. Fig.  12. Note that for the GT model in (41), we employ only single term, i.e., 𝑅 = 1.

The non-equilibrium response was modeled by 𝛼 = 3 Maxwell elements. Following the identical polymer chain assumption [57,
106], the auxiliary free energies 𝛹𝑟𝛼 were assumed to be proportional to the isochoric equilibrium free energy: 

𝛹GT
𝛼 = 𝛽𝛼𝛹

∞,GT
iso , 𝛼 = 1, 2, 3, (45)

where 𝛽𝛼 ≥ 0 are dimensionless strain–energy factors and the associated relaxation times 𝜏𝛼 are assumed to be constant. In Table  I.1, 
we list the numerical values of the material parameters of the orthotropic and isotropic GT models used in the following examples. 
The isotropic case is discussed in Appendix  I.

5.3.2. Biaxial multi-step relaxation tests
Constitutive models fitted to data from a single deformation mode often fail to generalize to multiaxial deformation states, 

which motivates the use of multiaxial stress–strain data. For anisotropic materials, this is commonly achieved with biaxial tensile 
tests [107,108], see Fig.  11. In the following, we align the tensile directions with the principal material directions 𝒍1 and 𝒍2 introduced 
above. For an incompressible material, the deformation gradient thus reads 

𝐅 = 𝜆 𝒍 ⊗ 𝒍 + 𝜆 𝒍 ⊗ 𝒍 + (𝜆 𝜆 )−1𝒍 ⊗ 𝒍 , (46)
1 1 1 2 2 2 1 2 3 3
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Table 2
Common biaxial test protocols. The stretches 𝜆𝑖 are functions 
of the stretch 𝜆. The stretch in the thickness direction follows 
from the incompressibility condition, i.e., 𝜆3 = (𝜆1𝜆2)−1.
 Protocol 𝜆1(𝜆) 𝜆2(𝜆) 𝜆3(𝜆) 
 Equi-biaxial 𝜆 𝜆 1∕𝜆2  
 Strip-x (pure shear) 𝜆 1 1∕𝜆  
 Strip-y (pure shear) 1 𝜆 1∕𝜆  
 Off-x 𝜆

√

𝜆 𝜆−3∕2 
 Off-y √

𝜆 𝜆 𝜆−3∕2 

where 𝜆1 and 𝜆2 are prescribed stretches and 𝜆3 = (𝜆1𝜆2)−1 follows from incompressibility. Although 𝜆1 and 𝜆2 can be prescribed 
independently [109], practical protocols typically impose specific relationships between them, Table  2. The stress-free boundary 
condition in the thickness direction 𝒍3, 𝑃33 = 0, is used to determine the Lagrange multiplier 𝑝 in the Tensorflow-based vCANN 
implementation. The only non-zero (nominal) stress components are 𝑃11 and 𝑃22.

For viscoelastic materials, multiaxial loading alone is not sufficient, because both the equilibrium and the non-equilibrium 
response must be characterized. In this context, (multi-step) relaxation tests are well established [89,110]. In multi-step relaxation 
tests, a deformation is applied during a load phase and subsequently held constant during a hold phase after which the next 
deformation is applied and so forth. Each hold phase provides (i) the transient stress decay that characterizes the non-equilibrium 
response and (ii) for sufficiently long holding times, the asymptotic stress that approximates the equilibrium response at the 
corresponding strain state. By combining several strain levels within a single experiment, biaxial multi-step relaxation tests efficiently 
provide equilibrium information across a range of strain states while simultaneously probing the transient non-equilibrium response.

This structure aligns naturally with the modular architecture of vCANNs, which separates the equilibrium free energy from the 
non-equilibrium contributions. For the single-element tests (Section 5.1) and Cook’s membrane (Section 5.2), we trained vCANNs 
directly on loading–unloading data. Here, to exploit the information provided by multi-step relaxation tests, we adopt a staggered 
training approach: we first train only the equilibrium free energy using the asymptotic stresses of the individual strain steps 
(alternatively, quasi-static data or multiple single-step relaxations with negligible viscous effects can be used). We then fix the 
equilibrium parameters and train the full vCANN on the complete stress–time histories of the relaxation test to identify the non-
equilibrium response. Although this staggered strategy is not mandatory, it makes targeted use of the available data, improves 
interpretability, and can enhance generalizability; therefore, we adopt it for the remainder of this study.

Following the above, for each biaxial loading protocol in Table  2, we generated synthetic training data by simulating multi-step 
relaxation tests using the GT models. In each in silico-test, nine equal stretch steps were applied at a constant stretch rate over a 
loading period of 10 s, followed by a relaxation period of 180 s. Although the stretch steps are equally spaced in stretch space, the 
corresponding generalized invariant pairs are non-uniformly spaced in invariant space due to the highly nonlinear mapping between 
the two. From each test, time series data comprising 1000 data points, non-uniformly spaced in time, were sampled. To capture the 
steep stress increase and decay at the onset of the loading and relaxation phases, respectively, the data were sampled more densely 
in these regions, with decreasing density toward the end of each phase. The final stress at the end of the relaxation period was taken 
as the equilibrium stress for the staggered training strategy.

5.3.3. Boundary value problem
After training a vCANN on the synthetic data, we solve the same boundary problem in Abaqus using both the GT model and the 

vCANN. We consider the boundary value problem of a simplified artery segment model, see Fig.  12. A hollow cylinder, fixed at the 
bottom surface (𝑢1 = 𝑢2 = 𝑢3 = 0), is subjected to an internal pressure of 𝑝 = 0.5 MPa. Additionally, the top surface is displaced by 
𝑢2 = 3 mm in the 𝑬2-direction and rotated by 𝜑2 = 1.5 rad about the 𝑬2-axis. The deformation is applied via a coupling constraint 
between the top surface and the control point B, ensuring that the top surface maintains its original shape and remains parallel to 
the (𝑬1,𝑬3)-plane throughout the deformation. The pressure, displacement, and rotation are increased linearly from zero to their 
prescribed values over a period of 5 s and subsequently reduced linearly to zero during the next 5 s. This loading–unloading cycle 
is repeated twice. The geometry is discretized using 4550 C3D8H elements.

The artery model is reinforced by two helically arranged fiber families, Fig.  12. At each material point, we introduce a local 
orthonormal basis of the cylindrical coordinate system, which coincides with the principal material directions {𝒍𝑖}3𝑖=1 and is aligned 
with the circumferential, axial, and radial directions of the cylinder in the reference configuration. The two mechanically equivalent 
fiber families 𝒎1 and 𝒎2 lie symmetrically in the (𝒍1, 𝒍2)-plane and form an angle 𝜑 = 26.25◦ with the circumferential 𝒍1-direction. In 
practice, the structural parameters 𝜑 and 𝑤(𝑟)

1  can be determined from histological image data or learned from the feature vector 𝒇 . 
However, since the synthetic training data lack such information, we treat 𝜑 and 𝑤(𝑟)

1  as additional optimizable parameters in the 
vCANN and identify them from the mechanical training data alone.

5.3.4. Descriptive performance on training data
We employed a vCANN with a single generalized Maxwell model (𝑅 = 1) associated with the orthotropic generalized structural 

tensor 𝐋̃1 (43). Accordingly, the following free energy functions and relaxation times—represented by the FFNNs described in 
Section 3—as well as the fiber angle 𝜑 and the weight factor 𝑤(1)

1  are learned from the synthetic training data: 

𝛹∞ = 𝛹∞ ( ̄̃ ), 𝛹 = 𝛹 ( ̄̃ ), 𝜏 = 𝜏 ( ̄̃ ), 𝛼 = 1,… , 𝑁max, (47)
iso 1 iso 1 1 1𝛼 1𝛼 1 1𝛼 1𝛼 1
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Fig. 12. Initial geometry and loading of the artery model. All dimensions are in [mm]. The top surface is displaced by 𝑢2 = 3 mm in the 
𝑬2-direction and rotated by 𝜑2 = 1.5 rad about the 𝑬2-axis. A pressure of 𝑝 = 0.5 MPa is applied to the inner surface of the cylinder.

where 
̄̃1 =

( ̄̃𝐼1, ̄̃𝐽1
)

, ̄̃𝐼1 = tr[𝐂̄ 𝐋̃1], ̄̃𝐽1 = tr[(cof 𝐂̄) 𝐋̃1]. (48)

For simplicity, we neglect the strain-rate dependence of the relaxation times and omit the feature vector 𝒇 , since no additional 
information is available to characterize the data.

We trained the vCANN exclusively on the five multi-step relaxation tests, and the results show excellent agreement with the 
training data (Fig.  13). We also analyzed the mean fiber directions and the generalized structural tensor ̃𝐋1 learned by the vCANN. 
To provide a geometric interpretation of 𝐋̃1, we compute the directional anisotropy factor 𝜔(𝑵) = 𝑵T𝐋̃1𝑵 , where 𝑵 is a unit 
vector representing an arbitrary direction, cf. [111]. When plotted over all directions in three-dimensional space, the distance from 
the origin to the surface 𝜔 visualizes the degree of anisotropy as a function of direction. Fig.  14 shows the relative error in 𝜔
between the GT model and the vCANN, evaluated on the surface of the GT model to illustrate the spatial error distribution. The 
maximum relative error is approximately 1%, and it is mostly below 0.5% elsewhere. These results are consistent with the identified 
structural parameters: the vCANN predicts a fiber angle of 𝜑 = 26.41◦, close to the ground-truth value 𝜑 = 26.25◦, and a weight 
factor 𝑤(1)

1 = 0.233, close to 𝑤(1)
1 = 0.23.

5.3.5. Predictive performance in FE simulation
The vCANN was then automatically translated into a material subroutine and integrated into the FE simulation of the anisotropic 

artery model. First, we examine in Fig.  15 the contour plots of relative error in von Mises stress between the vCANN prediction 
and the GT model at the time points of load reversal. Even during critical load reversals, the error does not exceed 5.2%. For 
a comprehensive evaluation, Fig.  16 shows the empirical probability density function and the empirical cumulative distribution 
function of the relative error in von Mises stress. These functions take into account the relative errors in each integration point in 
all time instances. Notably, the cumulative distribution function indicates that in 90% of the cases, the error is less than 1.0%, and 
in 60% of the cases, the error is even less than 0.2%. Finally, we examined the global structural response of the artery model by 
considering the reaction force and moment in the 𝑬2-direction at control point B, Fig.  17. Similarly, the prediction of the structural 
response by the vCANN is in remarkable alignment with the reference, Fig.  17.

In summary, the vCANN generalizes significantly well from just a few biaxial multi-step relaxation tests to the structural level and 
even to the integration point level under complex loading not present in the training data. These results are particularly notable, 
given the artery model was cyclically loaded, but the training data comprised only relaxation tests. In Appendix  I, we analyze 
the same boundary value problem for the artery segment using an isotropic GT model and achieve even stronger performance in 
predicting the material response in the FE simulations.

Improvements can be expected by refining the step size of the multi-step relaxation test in the stretch space. Here, we sampled 
the deformation steps uniformly spaced in the stretch space. However, the highly nonlinear mapping between stretch and invariant 
space results in a non-uniform spacing in the invariant space. In addition, performing biaxial tensile tests with stretch ratios other 
than those listed in Table  2, or pre-stretched biaxial tests, can help to cover larger portions of the invariant space [112, Figure 21], 
providing a complete representation of the mechanical response of the material across different deformation modes.
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Fig. 13. Solid curves denote the vCANN fit; dotted curves denote training data from the anisotropic ground truth model (shown with every tenth 
data point for clarity). Bottom: Stretch histories of the multi-step relaxation tests.

Fig. 14. Relative error in the directional anisotropy factor 𝜔 between the ground truth model and the vCANN. The directional anisotropy factor 
is computed via 𝜔(𝑵) = 𝑵T𝐋̃1𝑵 , where 𝑵 is a unit vector representing an arbitrary direction.
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Fig. 15. Anisotropic artery model: relative error in von Mises stress between the vCANN prediction 𝜎𝑣𝑀 and the ground truth solution 𝜎𝑣𝑀,𝐺𝑇
at the time points of load reversal.

Fig. 16. Anisotropic artery model: empirical probability density function (left) and empirical cumulative distribution function (right) of the 
relative error in von Mises stress between the vCANN prediction 𝜎𝑣𝑀 and the ground truth solution 𝜎𝑣𝑀,𝐺𝑇 . The errors were calculated in each 
time instance in all integration points.
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Fig. 17. Anisotropic artery model: time history of the vertical reaction force 𝐹2 (left) and the torsional reaction moment 𝑀2 (right) recorded at 
the coupling point B. Solid curves represent the vCANN predictions, and dash-dotted curves are the ground truth solutions.

6. Conclusion

Viscoelastic constitutive artificial neural networks (vCANNs) leverage neural networks for data-driven modeling of the vis-
coelastic behavior of materials. Herein, we propose a thermodynamically consistent extension of vCANNs that captures anisotropic, 
nonlinear, and time-dependent material behavior. A key strength of this approach is its ability to incorporate arbitrary auxiliary 
features—such as temperature, microstructural descriptors, or additional state variables—directly into neural constitutive laws. We 
propose an automated pipeline for the generation and implementation of such constitutive laws into FE simulations by way of 
material subroutines. We demonstrated that a staggered training scheme efficiently exploits available experimental data, improving 
the interpretability and potentially generalizability of the models. The automated pipeline minimizes user bias and involvement. 
We validated it across a broad range of representative examples, including nonlinear thermo-viscoelastic soft polymers, and arterial 
tissue with fiber dispersion. Through numerical examples, we demonstrated the ability of vCANNs to generalize from the integration 
point to the structural level. In all examples, the predictions closely resembled the reference stress response, even for complex, 
three-dimensional, anisotropic stress–strain histories not present in the training data. We also demonstrated the feasibility of reliably 
detecting anisotropy from stress–strain data alone, without microstructural information.

Overall, this study provides a largely automated solution to the complex task of deriving a nonlinear viscoelastic constitutive 
law and implementing it in a FE simulation code. By minimizing user involvement and bias, we anticipate that our approach will 
improve the efficiency and reliability of FE simulations in various engineering domains.
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Appendix A. Comparison of the vCANN frameworks

In line with [57, Section 5], we propose two main modifications to the vCANN framework introduced in [50] and summarized 
in Box 2.

The first modification concerns the evolution of the internal variable 𝐐𝑟𝛼 . In the original vCANN, its evolution is driven by 
𝑔𝑟𝛼𝐒∞iso 𝑟, where 𝑔𝑟𝛼 is a strain (rate)-dependent relaxation coefficient. In the proposed framework, the evolution is instead driven by 
the fictitious stress 𝐒̄𝑟𝛼 .

The second modification concerns the relationship between the internal variable 𝐐𝑟𝛼 and the non-equilibrium stress 𝐒neq𝑟𝛼 . In 
the original vCANN, these two quantities are identified directly, i.e., 𝐒neq𝑟𝛼 = 𝐐𝑟𝛼 . In the proposed framework, they are in general 
distinct and are related by 𝐒̄neq𝑟𝛼 = 1

2𝜇𝑟𝛼
C̄𝑟𝛼 ∶ 𝐐𝑟𝛼 , see (30). The two quantities coincide only under the restrictive assumption that the 

auxiliary potential takes the quadratic form 𝛹𝑟𝛼 = 𝜇𝑟𝛼
4 |𝐂̄ − 𝐈|2, which implies C̄𝑟𝛼 = 2𝜇𝑟𝛼Is [57, Section 2.4.4]. Together, these two 

modifications resolve the concerns about the thermodynamic soundness of [51,52] on which the original vCANN [50] was based.
An important consequence of the second modification is its impact on FE implementation. In most constitutive frameworks, the 

stress is obtained from first-order derivatives of a potential with respect to its strain arguments, and the consistent tangent modulus 
requires second-order derivatives. In the proposed framework, however, the non-equilibrium stress 𝐒̄neq𝑟𝛼  involves the elasticity tensor 
C̄𝑟𝛼 = 4 𝜕2𝛹𝑟𝛼

𝜕𝐂̄2 , which is itself a second-order derivative of 𝛹𝑟𝛼 . Consequently, the consistent tangent modulus requires third-order
derivatives of the neural network potential 𝛹𝑟𝛼 with respect to its inputs. For more details, we refer to [50]. 

Box 2: Initial vCANN

𝐒 = 𝐒∞vol +
𝑅
∑

𝑟=1

(

𝐒∞iso 𝑟 +
𝑁
∑

𝛼=1
𝐒neq𝑟𝛼

)

, 𝐒∞iso 𝑟 = 𝐽−2∕3P ∶ 𝐒̄∞iso 𝑟, 𝐒neq𝑟𝛼 = 𝐐𝑟𝛼 ,

𝐐̇𝑟𝛼 +
𝐐𝑟𝛼
𝜏𝑟𝛼

= (𝑔𝑟𝛼𝐒∞iso 𝑟)
⋅, 𝐒̄∞iso 𝑟 =

𝜕𝛹∞
iso 𝑟

𝜕𝐂̄
.

Appendix B. Compressible materials

Here, we briefly summarize the governing equations for compressible materials.

B.1. Material symmetry: generalized structural tensors and invariants

Analogous to (6) and (7), we define the generalized invariants of 𝐂 and 𝐂̇ as 
𝐼𝑟 = tr

[

𝐂𝐋̃𝑟
]

, 𝐽𝑟 = tr
[

(cof 𝐂)𝐋̃𝑟
]

, III𝐂 = det 𝐂 = 𝐽 2, (B.1)
̇̃𝐼𝑟 = tr

[

𝐂̇𝐋̃𝑟
]

, ̇̃𝐽𝑟 = tr
[

(cof 𝐂̇)𝐋̃𝑟
]

, III𝐂̇ = det 𝐂̇, 𝑟 = 1, 2,… , 𝑅. (B.2)

The generalized invariants (B.1) are convex with respect to 𝐅, cof 𝐅, and det 𝐅, and thus provide a suitable basis for formulating 
polyconvex free energy functions [64]. The following differentiation relations will be useful: 

𝜕𝐼𝑟
𝜕𝐂

= 𝐋̃𝑟,
𝜕𝐽𝑟
𝜕𝐂

= 𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟,
𝜕III𝐂
𝜕𝐂

= III𝐂 𝐂−1, with 𝐇𝑟 ∶= 𝐂−1𝐋̃𝑟𝐂−1. (B.3)

Finally, we introduce the following shorthand notations in terms of tuples:
𝑟 ∶=

(

̃𝑟, ̇̃𝑟
)

with ̃𝑟 ∶=
(

𝐼𝑟, 𝐽𝑟
)

, ̇̃𝑟 ∶=
( ̇̃𝐼𝑟, ̇̃𝐽𝑟, III𝐂̇

)

, 𝑟 = 1, 2,… , 𝑅, (B.4)

 ∶=
(

̃, ̇̃
)

with ̃ ∶=
(

̃1,… , ̃𝑅
)

, ̇̃ ∶=
( ̇̃1,… , ̇̃𝑅

)

. (B.5)

B.2. Constitutive modeling framework

In analogy to (14), we assume a free energy function that is additively decomposed into equilibrium and non-equilibrium 
contributions 𝛹∞

𝑟  and 𝛹 neq
𝑟𝛼 : 

𝛹
(

𝐂,𝚪,𝒇
)

=
𝑅
∑

[

𝛹∞
𝑟
(

̃𝑟
)

+
𝑁
∑

𝛹 neq
𝑟𝛼

(

̃𝑟,𝚪𝑟𝛼 ,𝒇
)

]

. (B.6)

𝑟=1 𝛼=1
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The non-equilibrium contribution is defined as 

𝛹 neq
𝑟𝛼

(

̃𝑟,𝚪𝑟𝛼 ,𝒇
)

= 1
4𝜇𝑟𝛼

‖

‖

‖

𝐒𝑟𝛼
(

̃𝑟,𝒇
)

− 𝜇𝑟𝛼
(

𝚪𝑟𝛼 − 𝐈
)

‖

‖

‖

2
, (B.7)

where 𝜇𝑟𝛼 are constant shear moduli. The analogy to the generalized Maxwell model (Fig.  2) still holds. Note for compressible 
materials, an additional invariant, −2𝐽 (with 𝐽 =

√

III𝐂), should be fed into the free energy functions. See [37, (3.2)] for more 
information.

Following standard thermodynamic arguments, (16) and (17), the total stress 𝐒 is the sum of equilibrium and non-equilibrium 
contributions 𝐒∞𝑟  and 𝐒neq𝑟𝛼 , respectively: 

𝐒 =
𝑅
∑

𝑟=1

(

𝐒∞𝑟 +
𝑁
∑

𝛼=1
𝐒neq𝑟𝛼

)

. (B.8)

The equilibrium contributions are defined as 

𝐒∞𝑟 = 2
𝜕𝛹∞

𝑟
𝜕𝐂

= 2
[ 𝜕𝛹∞

𝑟

𝜕𝐼𝑟
𝐋̃𝑟 +

𝜕𝛹∞
𝑟

𝜕𝐽𝑟

(

𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟
)

+ III𝐂
𝜕𝛹∞

𝑟
𝜕III𝐂

𝐂−1
]

. (B.9)

In (B.7), the stresses 𝐒𝑟𝛼 are derived from potentials 𝛹𝑟𝛼 = 𝛹𝑟𝛼
(

̃𝑟,𝒇
)

, in analogy to (B.9): 

𝐒𝑟𝛼 = 2
𝜕𝛹𝑟𝛼
𝜕𝐂

= 2
[

𝜕𝛹𝑟𝛼

𝜕𝐼𝑟
𝐋̃𝑟 +

𝜕𝛹𝑟𝛼

𝜕𝐽𝑟

(

𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟
)

+ III𝐂
𝜕𝛹𝑟𝛼
𝜕III𝐂

𝐂−1
]

. (B.10)

Introducing the auxiliary stress 

𝐐𝑟𝛼 = −2
𝜕𝛹 neq

𝑟𝛼
𝜕𝚪𝑟𝛼

= 𝐒𝑟𝛼 − 𝜇𝑟𝛼
(

𝚪𝑟𝛼 − 𝐈
)

, (B.11)

the non-equilibrium contributions in (B.8) follow as 

𝐒neq𝑟𝛼 = 2
𝜕𝛹 neq

𝑟𝛼
𝜕𝐂

= 1
2𝜇𝑟𝛼

C𝑟𝛼 ∶ 𝐐𝑟𝛼 , C𝑟𝛼 ∶= 2
𝜕𝐒𝑟𝛼
𝜕𝐂

. (B.12)

In the compressible case, the normalization condition (25) likewise applies to the equilibrium free energy part. Additionally, it 
is often required that the equilibrium free energy satisfies the growth condition, ensuring that the energy approaches infinity as the 
material either shrinks to zero or expands to infinite volume [74]: 

𝛹∞
𝑟 → ∞ as 𝐽 → 0+ or 𝐽 → ∞. (B.13)

Appendix C. Normalization and growth conditions

Classical constitutive models enforce a stress- and energy-free reference configuration by carefully constructing and combining 
appropriate basis functions. In contrast, a free energy function represented by an FFNN does not inherently satisfy these require-
ments. Therefore, in (34) and (35), we introduced correction terms for the neural network-based free energies 𝛹∞

iso 𝑟 and 𝛹𝑟𝛼 , 
respectively, to enforce the normalization conditions. In addition, for compressible materials it may be important to satisfy the 
growth condition (B.13). In this appendix, we introduce the required correction terms for the free energy functions. For brevity, we 
focus on 𝛹∞

iso 𝑟; the construction for 𝛹𝑟𝛼 is analogous.

C.1. (Nearly) incompressible case

C.1.1. Volumetric part
For perfectly incompressible materials, 𝛹∞

vol represents the kinematic constraint 𝛹∞
vol(𝐽 ) = 𝑝(𝐽 −1), which is enforced numerically, 

e.g., by the Lagrange-multiplier method. For nearly incompressible materials, volumetric deformations are small (𝐽 ≈ 1) and 𝛹∞
vol

is introduced as a generic, material-agnostic penalty function [79] to approximately enforce incompressibility. This motivates the 
pragmatic choice of prescribing an analytical from the extensive catalog reported in the literature [80,81], rather than representing 
𝛹∞
vol by a neural network. By construction, such penalty functions can be chosen convex and to satisfy the normalization conditions.
As an example, a suitable penalty function and its associated stress contribution read (cf. [81]) 

𝛹∞
vol(𝐽 ) = 𝜅

(

𝐽 2 + 1
𝐽 2

− 2
)

, 𝐒∞vol = 𝐽
𝜕𝛹∞

iso
𝜕𝐽

𝐂−1 = 2𝜅
(

𝐽 2 − 1
𝐽 2

)

𝐂−1, (C.1)

where 𝜅 > 0 denotes the compression modulus and is chosen sufficiently large to enforce near-incompressibility.

C.1.2. Isochoric part
In (34), we defined the isochoric equilibrium free energies 𝛹∞

iso 𝑟 as 

𝛹∞
iso 𝑟(

̄̃𝑟,𝒇 ) ∶= 𝛹
iso 𝑟(

̄̃𝑟,𝒇 ) + 𝛹𝜎
iso 𝑟(

̄̃𝑟,𝒇 ) + 𝛹 𝜀
iso 𝑟(𝒇 ), (C.2)

where 𝛹
iso 𝑟 is a convex, non-decreasing free energy function represented by the invariant-based FFNN, and 𝛹𝜎

iso 𝑟 and 𝛹 𝜀
iso 𝑟 are 

correction terms that ensure a stress- and energy-free reference configuration, respectively. The correction terms are defined below, 
and their derivation follows [37].
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Stress normalization. To determine 𝛹𝜎
iso 𝑟, we first compute the stress 𝐒iso 𝑟 implied by 𝛹

iso 𝑟. In analogy to (22) and (23), we obtain 

𝐒iso 𝑟 = 2
𝜕𝛹

iso 𝑟
𝜕𝐂

= 2𝐽−2∕3

[

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐼𝑟

(

𝐋̃𝑟 −
1
3
̄̃𝐼𝑟 𝐂̄−1

)

−
𝜕𝛹

iso 𝑟

𝜕 ̄̃𝐽𝑟

(

𝐇̄𝑟 −
1
3
̄̃𝐽𝑟 𝐂̄−1

)

]

. (C.3)

In view of (6), the generalized invariants evaluate in the reference configuration to ̄̃𝐼𝑟 = ̄̃𝐽𝑟 = 𝐽 = 1, and hence 

𝐒iso 𝑟
|

|

|𝐂=𝐈
= 𝛥𝑟

(

𝐋̃𝑟 −
1
3
𝐈
)

, with 𝛥𝑟 ∶=

(

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐼𝑟
−

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐽𝑟

)

|

|

|

|

|𝐂=𝐈
. (C.4)

To compensate for this generally non-zero stress contribution, we construct the stress-normalization term 𝛹𝜎
iso 𝑟 such that its associated 

stress, 𝐒𝜎iso 𝑟, exactly evaluates to −𝐒iso 𝑟|𝐂=𝐈 in the reference configuration: 

𝛹𝜎
iso 𝑟(

̄̃𝑟,𝒇 ) = 𝛼̄𝑟
( ̄̃𝐼𝑟 − 1

)

+ 𝛽𝑟
( ̄̃𝐽𝑟 − 1

)

, (C.5)

with 
𝛼̄𝑟 ∶= max(0,−𝛥𝑟), 𝛽𝑟 ∶= max(0, 𝛥𝑟). (C.6)

During training, the non-negative parameters 𝛼̄𝑟 and 𝛽𝑟 evolve, since they depend on 𝛹
iso 𝑟. After training, they are treated as 

constants (for fixed 𝒇 ). Note that 𝛹𝜎
iso 𝑟 is convex and monotonically increasing in its arguments, and therefore admits a polyconvex 

representation whenever its arguments do. The corresponding stress evaluates to 

𝐒𝜎iso 𝑟 = 2𝐽−2∕3
[

𝛼̄𝑟
(

𝐋̃𝑟 −
1
3
̄̃𝐼𝑟 𝐂̄−1

)

− 𝛽𝑟
(

𝐇̄𝑟 −
1
3
̄̃𝐽𝑟 𝐂̄−1

)]

, (C.7)

which indeed cancels (C.4) in the reference configuration. Note that 𝛹𝜎
iso 𝑟 and vanishes in the reference configuration.

Energy normalization. Since 𝛹∞
iso 𝑟 vanishes in the reference configuration by construction, the normalization term to ensure an 

energy-free reference configuration is simply 
𝛹 𝜀
iso 𝑟(𝒇 ) ∶= −𝛹

iso 𝑟(
̄̃𝑟,𝒇 )

|

|

|𝐂=𝐈
, (C.8)

which motivates the structure (C.2) of 𝛹∞
iso 𝑟. Since 𝛹 𝜀

iso 𝑟 is constant with respect to 𝐂, it does not contribute to the stress, 
i.e., 𝐒𝜀iso 𝑟 = 2𝜕𝛹 𝜀

iso 𝑟∕𝜕𝐂 = 𝟎.

Total equilibrium stress. Finally, by adding (C.3) and (C.7), the total isochoric equilibrium stress reads

𝐒∞iso 𝑟 = 2
𝜕𝛹∞

iso 𝑟
𝜕𝐂

= 𝐒iso 𝑟 + 𝐒𝜎iso 𝑟

= 2𝐽−2∕3

[(

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐼𝑟
+ 𝛼̄𝑟

)

(

𝐋̃𝑟 −
1
3
̄̃𝐼𝑟 𝐂̄−1

)

−

(

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐽𝑟
+ 𝛽𝑟

)

(

𝐇̄𝑟 −
1
3
̄̃𝐽𝑟 𝐂̄−1

)

]

, (C.9)

from which we deduce by comparison with  that 
𝜕𝛹∞

iso 𝑟

𝜕 ̄̃𝐼𝑟
=

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐼𝑟
+ 𝛼̄𝑟,

𝜕𝛹∞
iso 𝑟

𝜕 ̄̃𝐽𝑟
=

𝜕𝛹
iso 𝑟

𝜕 ̄̃𝐽𝑟
+ 𝛽𝑟. (C.10)

C.2. Compressible case

Similar to (C.2), we define the equilibrium free energy as 
𝛹∞
𝑟 (̃𝑟,𝒇 ) ∶= 𝛹

𝑟 (̃𝑟,𝒇 ) + 𝛹𝜎
𝑟 (̃𝑟,𝒇 ) + 𝛹 𝜀

𝑟 (𝒇 ) + 𝛹↑
𝑟 (𝐽 ), (C.11)

where 𝛹
𝑟  is a convex, non-decreasing free energy function represented by an invariant-based FFNN, cf. 3.1. The terms 𝛹𝜎

𝑟  and 𝛹 𝜀
𝑟

enforce a stress- and energy-free reference configuration, respectively. The growth function 𝛹↑
𝑟  serves solely to satisfy the growth 

condition and is therefore largely material-agnostic [79]. In practice, 𝛹↑
𝑟  can be prescribed analytically by selecting a suitable 

form from the same catalog of volumetric penalty functions [80,81], for example (C.1), rather than representing it by a neural 
network. Such choices can be made convex (and hence polyconvex) and to satisfy the normalization conditions by construction. With 
these choices, 𝛹∞

𝑟  admits a polyconvex representation; details on the normalization properties and polyconvexity of the individual 
contributions are discussed next.
Stress normalization. In analogy to (B.9), the stress associated with 𝛹

𝑟  reads 

𝐒𝑟 = 2

[

𝜕𝛹
𝑟

𝜕𝐼𝑟
𝐋̃𝑟 +

𝜕𝛹
𝑟

𝜕𝐽𝑟

(

𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟
)

]

+ 2 III𝐂
𝜕𝛹

𝑟
𝜕III𝐂

𝐂−1. (C.12)

In view of (B.1), the generalized invariants evaluate in the reference configuration to 𝐼𝑟 = 𝐽𝑟 = III𝐂 = 1, and thus 
𝐒 | = 2

[

𝛥 𝐋̃ + 𝛾 𝐈
]

+ 2𝛿 𝐈, (C.13)
𝑟 |

|𝐂=𝐈 𝑟 𝑟 𝑟 𝑟
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where 

𝛥𝑟 ∶=

(

𝜕𝛹
𝑟

𝜕𝐼𝑟
−

𝜕𝛹
𝑟

𝜕𝐽𝑟

)

|

|

|

|𝐂=𝐈
, 𝛾𝑟 ∶=

𝜕𝛹
𝑟

𝜕𝐽𝑟

|

|

|

|𝐂=𝐈
, 𝛿𝑟 ∶=

𝜕𝛹
𝑟

𝜕III𝐂

|

|

|

|𝐂=𝐈
. (C.14)

To compensate for this generally non-zero stress contribution, we construct the stress-normalization term 𝛹𝜎
𝑟  as 

𝛹𝜎
𝑟 (̃𝑟,𝒇 ) = 𝛼𝑟(𝐼𝑟 − 1) + 𝛽𝑟(𝐽𝑟 − 1) − 2 (𝛽𝑟 + 𝛾𝑟 + 𝛿𝑟) (𝐽 − 1), (C.15)

where 
𝛼𝑟 ∶= max(0,−𝛥𝑟), 𝛽𝑟 ∶= max(0, 𝛥𝑟), (C.16)

are non-negative constants (for fixed 𝒇 ). Using the differentiation relations (B.3), we obtain 
𝐒𝜎𝑟 = 2

[

𝛼𝑟𝐋̃𝑟 + 𝛽𝑟
(

𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟
)

− 𝐽 (𝛽𝑟 + 𝛾𝑟 + 𝛿𝑟)𝐂−1] , (C.17)

which cancels (C.13) in the reference configuration. Note that 𝛹𝜎
𝑟  is convex and monotonically increasing in its invariant arguments; 

consequently, it admits a polyconvex representation.
Energy normalization. Since both 𝛹𝜎

𝑟  and 𝛹↑
𝑟  vanish in the reference configuration by construction, the correction term ensuring an 

energy-free reference configuration is defined as 
𝛹 𝜀
𝑟 (𝒇 ) ∶= −𝛹

𝑟 (̃𝑟,𝒇 )
|

|

|𝐂=𝐈
. (C.18)

This motivates the structure (C.11) of 𝛹∞
𝑟 . Since 𝛹 𝜀

𝑟  is constant with respect to 𝐂, it does not contribute to the stress, i.e., 𝐒𝜀𝑟 =
𝜕𝛹 𝜀

𝑟 ∕𝜕𝐂 = 𝟎.

Total equilibrium stress. Adding (C.1)2, (C.12), and (C.17), the total equilibrium stress becomes

𝐒∞𝑟 = 2
𝜕𝛹∞

𝑟
𝜕𝐂

= 𝐒𝑟 + 𝐒𝜎𝑟 + 𝐒↑

= 2

[(

𝜕𝛹
𝑟

𝜕𝐼𝑟
+ 𝛼𝑟

)

𝐋̃𝑟 +

(

𝜕𝛹
𝑟

𝜕𝐽𝑟
+ 𝛽𝑟

)

(

𝐽𝑟𝐂−1 − III𝐂 𝐇𝑟
)

]

+ 2 III𝐂

[

𝜕𝛹
𝑟

𝜕III𝐂
+ 𝐽−1

(

1
2
𝜕𝛹↑

𝑟
𝜕𝐽

− (𝛿𝑟 + 𝛽𝑟 + 𝛾𝑟)

)]

𝐂−1, (C.19)

from which we deduce 
𝜕𝛹∞

𝑟

𝜕𝐼𝑟
∶=

𝜕𝛹
𝑟

𝜕𝐼𝑟
+ 𝛼𝑟,

𝜕𝛹∞
𝑟

𝜕𝐽𝑟
∶=

𝜕𝛹
𝑟

𝜕𝐽𝑟
+ 𝛽𝑟,

𝜕𝛹∞
𝑟

𝜕III𝐂
∶=

𝜕𝛹
𝑟

𝜕III𝐂
+ 𝐽−1

(

1
2
𝜕𝛹↑

𝑟
𝜕𝐽

− (𝛿𝑟 + 𝛽𝑟 + 𝛾𝑟)

)

. (C.20)

Appendix D. Derivatives of feed-forward neural networks

We derive efficient recurrence relations to compute the first-, second-, and third-order derivatives of an FFNN output vector with 
respect to its input vector, as required for the FE implementation of vCANNs. These relations are implemented in a Fortran utility 
module that is called by the material subroutine to evaluate the derivatives without relying on automatic differentiation.

D.1. General

Let  ∶ R𝑛0 → R𝑛𝐿 , 𝒙𝐿 =  (𝒙0) denote an FFNN with 𝐿 layers, where the input vector is 𝒙0 ∈ R𝑛0  and the output vector is 
𝒙𝐿 ∈ R𝑛𝐿 . For each layer 𝑙, let the weight matrix be 𝑾 𝑙 ∈ R𝑛𝑙×𝑛𝑙−1  and the bias vector be 𝒃𝑙 ∈ R𝑛𝑙 . We denote their elements by 𝑊 𝑙

𝑖𝑗
and 𝑏𝑙𝑖, respectively. The pre-activation vector 𝒛𝑙 ∈ R𝑛𝑙  and the output vector 𝒙𝑙 ∈ R𝑛𝑙  are defined component-wise as 

𝑧𝑙𝑖 =
𝑛𝑙−1
∑

𝑗=1
𝑊 𝑙

𝑖𝑗𝑥
𝑙−1
𝑗 + 𝑏𝑙𝑖 , (D.1)

𝑥𝑙𝑖 = 𝜎𝑙(𝑧𝑙𝑖), 𝑙 = 1,… , 𝐿. (D.2)

Here 𝜎𝑙 ∶ R → R denotes the activation function in layer 𝑙, applied element-wise to 𝒛𝑙. In the following, we do not employ the 
Einstein summation convention. Whenever summation is required, it is explicitly indicated using a summation symbol.

D.2. Jacobians

We introduce shorthand notations for the first, second, and third derivatives of 𝑥𝑙𝑖 with respect to 𝑧𝑙𝑖:

𝑑𝑙𝑖 =
𝜕𝑥𝑙𝑖

𝑙 = 𝜎′𝑙 (𝑧
𝑙
𝑖), (D.3)
𝜕𝑧𝑖
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𝑑𝑙2,𝑖 =
𝜕2𝑥𝑙𝑖
𝜕𝑧𝑙𝑖

2
= 𝜎′′𝑙 (𝑧

𝑙
𝑖), (D.4)

𝑑𝑙3,𝑖 =
𝜕3𝑥𝑙𝑖
𝜕𝑧𝑙𝑖

3
= 𝜎′′′𝑙 (𝑧𝑙𝑖), (D.5)

where 𝜎′𝑙 , 𝜎′′𝑙 , and 𝜎′′′𝑙  denote the first, second, and third derivatives of the activation function in layer 𝑙, applied element-wise to 
𝒛𝑙.

Differentiating (D.1) with respect to 𝑥𝑙−1𝑗  gives 
𝜕𝑧𝑙𝑖
𝜕𝑥𝑙−1𝑗

= 𝑊 𝑙
𝑖𝑗 . (D.6)

Applying the chain rule to (D.2) and using (D.3) together with (D.6), yields the partial derivatives of the outputs of layer 𝑙 with 
respect to its inputs,

𝜕𝑥𝑙𝑖
𝜕𝑥𝑙−1𝑗

=
𝜕𝑥𝑙𝑖
𝜕𝑧𝑙𝑖

𝜕𝑧𝑙𝑖
𝜕𝑥𝑙−1𝑗

(D.7)

= 𝑑𝑙𝑖𝑊
𝑙
𝑖𝑗 . (D.8)

Layer Jacobian. The layer Jacobian 𝑱 𝑙 ∈ R𝑛𝑙×𝑛0  collects all first-order derivatives of the layer output 𝒙𝑙 with respect to the network 
input 𝒙0: 

𝑱 𝑙 ∶= 𝜕𝒙𝑙

𝜕𝒙0
, 𝐽 𝑙

𝑖𝑗 ∶=
𝜕𝑥𝑙𝑖
𝜕𝑥0𝑗

. (D.9)

By the chain rule, 

𝐽 𝑙
𝑖𝑗 =

𝑛𝑙−1
∑

𝑘=1

𝜕𝑥𝑙𝑖
𝜕𝑥𝑙−1𝑘

𝜕𝑥𝑙−1𝑘

𝜕𝑥0𝑗
. (D.10)

Inserting (D.8) yields the recursion for the layer Jacobian 

𝐽 𝑙
𝑖𝑗 =

𝑛𝑙−1
∑

𝑘=1
𝑑𝑙𝑖𝑊

𝑙
𝑖𝑘𝐽

𝑙−1
𝑘𝑗 , 𝑙 = 1,… , 𝐿. (D.11)

The recursion starts from 𝑱 0 ≡ 𝑰𝑛0 .

Network Jacobian. The network Jacobian 𝑱  is obtained at the final layer 𝐿: 

𝑱 ∶= 𝜕𝒙𝐿

𝜕𝒙0
= 𝑱𝐿. (D.12)

D.3. Hessian

Layer Hessian. The layer Hessian 𝑯 𝑙 ∈ R𝑛𝑙×𝑛0×𝑛0  collects all second-order derivatives of the layer output 𝒙𝑙 with respect to the 
network input 𝒙0: 

𝑯 𝑙 ∶= 𝜕2𝒙𝑙

𝜕𝒙0𝜕𝒙0
, 𝐻 𝑙

𝑎𝑖𝑗 ∶=
𝜕2𝑥𝑙𝑎

𝜕𝑥0𝑖 𝜕𝑥
0
𝑗

. (D.13)

This tensor is symmetric in the last two indices: 𝐻 𝑙
𝑎𝑖𝑗 = 𝐻 𝑙

𝑎𝑗𝑖.

Auxiliary quantities. Define the Jacobian of the pre-activations 𝑧𝑙𝑎 with respect to the network input by 

𝑀 𝑙
𝑎𝑖 ∶=

𝜕𝑧𝑙𝑎
𝜕𝑥0𝑖

=
𝑛𝑙−1
∑

𝑟=1

𝜕𝑧𝑙𝑎
𝜕𝑥𝑙−1𝑟

𝜕𝑥𝑙−1𝑟

𝜕𝑥0𝑖
=

𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟𝐽
𝑙−1
𝑟𝑖 . (D.14)

Using (D.3) and (D.14), the elements of the layer Jacobian can alternatively be expressed as

𝐽 𝑙
𝑎𝑖 =

𝜕𝑥𝑙𝑎
𝜕𝑧𝑙𝑎

𝜕𝑧𝑙𝑎
𝜕𝑥0𝑖

(D.15)

= 𝑑𝑙𝑎𝑀
𝑙
𝑎𝑖. (D.16)

Similarly, by (D.4) and (D.14),
𝜕𝑑𝑙𝑎

0
=

𝜕𝑑𝑙𝑎
𝑙

𝜕𝑧𝑙𝑎
0

(D.17)

𝜕𝑥𝑗 𝜕𝑧𝑎 𝜕𝑥𝑗
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= 𝑑𝑙2,𝑎𝑀
𝑙
𝑎𝑗 . (D.18)

Finally, in view of (D.14), define the Hessian of the pre-activations 𝑧𝑙𝑎 with respect to the network inputs by 

𝐾 𝑙
𝑎𝑖𝑗 ∶=

𝜕𝑀 𝑙
𝑎𝑖

𝜕𝑥0𝑗
=

𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟
𝜕𝐽 𝑙−1

𝑟𝑖

𝜕𝑥0𝑗
=

𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟𝐻
𝑙−1
𝑟𝑖𝑗 . (D.19)

Recurrence. Differentiating (D.16) with respect to 𝑥0𝑗  yields

𝐻 𝑙
𝑎𝑖𝑗 =

𝜕𝐽 𝑙
𝑎𝑖

𝜕𝑥0𝑗
(D.20)

= 𝜕
𝜕𝑥0𝑗

(

𝑑𝑙𝑎𝑀
𝑙
𝑎𝑖
)

(D.21)

=
𝜕𝑑𝑙𝑎
𝜕𝑥0𝑗

𝑀 𝑙
𝑎𝑖 + 𝑑𝑙𝑎

𝜕𝑀 𝑙
𝑎𝑖

𝜕𝑥0𝑗
. (D.22)

Inserting (D.18)–(D.19) gives the recursion for the layer Hessian 

𝐻 𝑙
𝑎𝑖𝑗 = 𝑑𝑙2,𝑎𝑀

𝑙
𝑎𝑖𝑀

𝑙
𝑎𝑗 + 𝑑𝑙𝑎

(𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟𝐻
𝑙−1
𝑟𝑖𝑗

)

, 𝑙 = 1,… , 𝐿. (D.23)

The recursion starts from 𝑯0 ≡ 𝟎.

Network Hessian. The network Hessian 𝑯 is obtained from (D.23) at the final layer 𝐿: 

𝑯 ∶= 𝜕2𝒙𝐿

𝜕𝒙0𝜕𝒙0
= 𝑯𝐿. (D.24)

D.4. Third derivative

Layer third derivative. The layer third derivative tensor 𝑻 𝑙 ∈ R𝑛𝑙×𝑛0×𝑛0×𝑛0  collects all third-order derivatives of the layer output 𝒙𝑙
with respect to the network input 𝒙0: 

𝑻 𝑙 ∶= 𝜕3𝒙𝑙

𝜕𝒙0𝜕𝒙0𝜕𝒙0
, 𝑇 𝑙

𝑎𝑖𝑗𝑘 ∶=
𝜕3𝑥𝑙𝑎

𝜕𝑥0𝑖 𝜕𝑥
0
𝑗 𝜕𝑥

0
𝑘

. (D.25)

This tensor is symmetric in the last three indices: 𝑇 𝑙
𝑎𝑖𝑗𝑘 = 𝑇 𝑙

𝑎𝑗𝑖𝑘 = 𝑇 𝑙
𝑎𝑖𝑘𝑗 = ⋯.

Auxiliary quantities. Using the chain rule, (D.5) and (D.14),
𝜕𝑑𝑙2,𝑎
𝜕𝑥0𝑘

=
𝜕𝑑𝑙2,𝑎
𝜕𝑧𝑙𝑎

𝜕𝑧𝑙𝑎
𝜕𝑥0𝑘

(D.26)

= 𝑑𝑙3,𝑎𝑀
𝑙
𝑎𝑘. (D.27)

By means of (D.19), the third derivatives of the pre-activations 𝑧𝑙𝑎 with respect to the inputs reads 

𝑄𝑙
𝑎𝑖𝑗𝑘 ∶=

𝜕𝐾 𝑙
𝑎𝑖𝑗

𝜕𝑥0𝑘
=

𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟

𝜕𝐻 𝑙−1
𝑟𝑖𝑗

𝜕𝑥0𝑘
=

𝑛𝑙−1
∑

𝑟=1
𝑊 𝑙

𝑎𝑟𝑇
𝑙−1
𝑟𝑖𝑗𝑘 . (D.28)

Recurrence. Differentiating (D.23) with respect to 𝑥0𝑘 yields

𝑇 𝑙
𝑎𝑖𝑗𝑘 =

𝜕𝐻 𝑙
𝑎𝑖𝑗

𝜕𝑥0𝑘
(D.29)

= 𝜕
𝜕𝑥0𝑘

(

𝑑𝑙2,𝑎𝑀
𝑙
𝑎𝑖𝑀

𝑙
𝑎𝑗 + 𝑑𝑙𝑎𝐾

𝑙
𝑎𝑖𝑗

)

(D.30)

=
𝜕𝑑𝑙2,𝑎
𝜕𝑥0𝑘

𝑀 𝑙
𝑎𝑖𝑀

𝑙
𝑎𝑗 + 𝑑𝑙2,𝑎

𝜕𝑀 𝑙
𝑎𝑖

𝜕𝑥0𝑘
𝑀 𝑙

𝑎𝑗 + 𝑑𝑙2,𝑎𝑀
𝑙
𝑎𝑖

𝜕𝑀 𝑙
𝑎𝑗

𝜕𝑥0𝑘
+

𝜕𝑑𝑙𝑎
𝜕𝑥0𝑘

𝐾 𝑙
𝑎𝑖𝑗 + 𝑑𝑙𝑎

𝜕𝐾 𝑙
𝑎𝑖𝑗

𝜕𝑥0𝑘
. (D.31)

Inserting (D.14), (D.18), (D.27), and (D.28) gives the recursion for the layer third derivative tensors 

𝑇 𝑙
𝑎𝑖𝑗𝑘 = 𝑑𝑙3,𝑎𝑀

𝑙
𝑎𝑘𝑀

𝑙
𝑎𝑖𝑀

𝑙
𝑎𝑗

+𝑑𝑙2,𝑎
(

𝑀 𝑙
𝑎𝑗𝐾

𝑙
𝑎𝑖𝑘 +𝑀 𝑙

𝑎𝑖𝐾
𝑙
𝑎𝑗𝑘 +𝑀 𝑙

𝑎𝑘𝐾
𝑙
𝑎𝑖𝑗

)

+ 𝑑𝑙𝑎
(

∑𝑛𝑙−1
𝑟=1 𝑊 𝑙

𝑎𝑟𝑇
𝑙−1
𝑟𝑖𝑗𝑘

)

, 𝑙 = 1,… , 𝐿.
(D.32)

The recursion starts from 𝑻 0 ≡ 𝟎.
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Network third derivative. The network third derivative tensor 𝑻  is obtained from (D.32) at the final layer 𝐿: 

𝑻 ∶= 𝜕3𝒙𝐿

𝜕𝒙0𝜕𝒙0𝜕𝒙0
= 𝑻 𝐿. (D.33)

Appendix E. Algorithmic stress update

Algorithm 1 provides an overview of the algorithmic update of the Cauchy stress 𝝈 for (nearly) incompressible materials. Only 
where necessary to avoid confusion, we indicate whether a quantity is evaluated at time 𝑡(𝑛+1) or 𝑡(𝑛). Unless explicitly indicated 
otherwise by a superscript, every quantity is evaluated at 𝑡(𝑛+1).

Algorithm 1: Computation of the Cauchy stress tensor 𝜎 for (nearly) incompressible materials. Unless explicitly indicated 
otherwise by a superscript, every quantity is evaluated at 𝑡(𝑛+1).

Given: 𝐅, 𝐅̇, 𝛥𝑡, 𝒇 , (𝑛)
𝑟𝛼 =

(

𝐐(𝑛)
𝑟𝛼 , 𝐒̄(𝑛)𝑟𝛼 , 𝜏(𝑛)𝑟𝛼

)

// Generalized structural tensors
1 for 𝑟 = 1 to 𝑅 do
2 𝑤(𝑟)

𝑖
(𝒇 ) and 𝒎𝑖

(𝒇 ): 𝒎𝑖, 𝑤(𝑟)
𝑖 ⊳ Preferred material directions and weights (5)

3 𝐋̃𝑟 =
∑𝑛

𝑗=0 𝑤
(𝑟)
𝑖 𝐋𝑖 ⊳ Generalized structural tensors (5)

4 end 
5 𝐽 , 𝐂, 𝐂−1, 𝐂̄, 𝐂̄−1, ̇̄𝐂
6 for 𝑟 = 1 to 𝑅 do

// Equilibrium stress
7 ̄𝑟 = ̄̃𝑟 ∪

̇̃̄𝑟 ⊳ Generalized invariants (6), (7)
8 𝛹iso 𝑟

( ̄̃𝑟,𝒇 ): 
𝜕𝛹

iso 𝑟
𝜕 ̄̃𝐼𝑟

,
𝜕𝛹

iso 𝑟
𝜕 ̄̃𝐽𝑟

⊳ Network Jacobians (D.11)

9
𝜕𝛹∞

iso 𝑟
𝜕 ̄̃𝐼𝑟

=
𝜕𝛹

iso 𝑟
𝜕 ̄̃𝐼𝑟

+ 𝛼̄𝑟, 
𝜕𝛹∞

iso 𝑟
𝜕 ̄̃𝐽𝑟

=
𝜕𝛹

iso 𝑟
𝜕 ̄̃𝐽𝑟

+ 𝛽𝑟 ⊳ Stress normalization (C.10)

10 𝐒̄∞iso 𝑟 = 2
[

𝜕𝛹∞
iso 𝑟

𝜕 ̄̃𝐼𝑟
𝐋̃𝑟 −

𝜕𝛹∞
iso 𝑟

𝜕 ̄̃𝐽𝑟
𝐇̄𝑟

]

⊳ Fictitious equilibrium stress (23)

// Non-equilibrium stress
11 for 𝛼 = 1 to 𝑁 do
12 𝜏𝑟𝛼 (̄𝑟,𝒇 ) ∶ 𝜏(𝑛+1)𝑟𝛼 ⊳ Relaxation times
13 𝛹𝑟𝛼

( ̄̃𝑟,𝒇 ): 
𝜕𝛹

𝑟𝛼
𝜕 ̄̃𝐼𝑟

, 𝜕𝛹

𝑟𝛼

𝜕 ̄̃𝐽𝑟

𝜕2𝛹
𝑟𝛼

𝜕 ̄̃𝐼2𝑟
, 𝜕

2𝛹
𝑟𝛼

𝜕 ̄̃𝐽2
𝑟

, 𝜕2𝛹
𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟
⊳ Network Jacobians and Hessians (D.11), (D.23)

14
𝜕𝛹𝑟𝛼
𝜕 ̄̃𝐼𝑟

, 𝜕𝛹𝑟𝛼
𝜕 ̄̃𝐽𝑟

𝜕2𝛹𝑟𝛼
𝜕 ̄̃𝐼2𝑟

, 𝜕
2𝛹𝑟𝛼
𝜕 ̄̃𝐽2

𝑟
, 𝜕2𝛹𝑟𝛼
𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

⊳ Stress normalization (C.10)

15 𝐒̄(𝑛+1)𝑟𝛼 = 2
[

𝜕𝛹𝑟𝛼
𝜕 ̄̃𝐼𝑟

𝐋̃𝑟 −
𝜕𝛹𝑟𝛼
𝜕 ̄̃𝐽𝑟

𝐇𝑟

]

⊳ Fictitious stress (27)

16 𝐐(𝑛+1)
𝑟𝛼 = exp(𝜉𝑟𝛼)𝐒̄

(𝑛+1)
𝑟𝛼 + exp(𝜉𝑟𝛼)

[

exp(𝜉𝑟𝛼)𝐐
(𝑛)
𝑟𝛼 − 𝐒̄(𝑛)𝑟𝛼

]

⊳ Update internal variable (36)
17 𝐒̄neq𝑟𝛼 = 2

𝜇𝑟𝛼

[

𝜕2𝛹𝑟𝛼
𝜕 ̄̃𝐼2𝑟

(𝐋̃𝑟 ∶ 𝐐(𝑛+1)
𝑟𝛼 )𝐋̃𝑟 +

𝜕2𝛹𝑟𝛼
𝜕 ̄̃𝐽2

𝑟

(

𝐇̄𝑟 ∶ 𝐐(𝑛+1)
𝑟𝛼

)

𝐇̄𝑟 +
𝜕𝛹𝑟𝛼
𝜕 ̄̃𝐽𝑟

(

𝐂̄−1𝐐(𝑛+1)
𝑟𝛼 𝐇̄𝑟 + 𝐇̄𝑟𝐐

(𝑛+1)
𝑟𝛼 𝐂̄−1

)

18 − 𝜕2𝛹𝑟𝛼
𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

((

𝐇̄𝑟 ∶ 𝐐(𝑛+1)
𝑟𝛼

)

𝐋̃𝑟 + (𝐋̃𝑟 ∶ 𝐐(𝑛+1)
𝑟𝛼 )𝐇̄𝑟

)

]

⊳ Fictitious non-equilibrium stress, (31)

19 end 
20 end 

21 𝐒∞vol = 𝑝𝐂−1 (if nearly incompressible 𝑝 = 𝐽
𝜕𝛹∞

vol
𝜕𝐽 ) ⊳ Volumetric equilibrium stress (21)

22 𝐒∞iso 𝑟 = 𝐽−2∕3 P ∶ 𝐒̄∞iso 𝑟 ⊳ Isochoric equilibrium stress (22)
23 𝐒neq𝑟𝛼 = 𝐽−2∕3 P ∶ 𝐒̄neq𝑟𝛼 ⊳ Isochoric non-equilibrium stress (29)
24 𝐒 = 𝐒∞vol +

∑𝑅
𝑟=1

(

𝐒∞iso 𝑟 +
∑𝑁

𝛼=1 𝐒
neq
𝑟𝛼

)

. ⊳ Total stress (17)
25 𝜎 = 𝐽−1𝐅𝐒𝐅T ⊳ Cauchy stress
26 return 𝜎, (𝑛+1)

𝑟𝛼 =
(

𝐐(𝑛+1)
𝑟𝛼 , 𝐒̄(𝑛+1)𝑟𝛼 , 𝜏(𝑛+1)𝑟𝛼

)

Appendix F. Algorithmic tangent modulus

In this section, we derive the algorithmically consistent Lagrangian tangent modulus for (nearly) incompressible materials.
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F.1. Algorithmic tangent modulus

Only where necessary to avoid confusion, we indicate whether a quantity is evaluated at time 𝑡(𝑛+1) or 𝑡(𝑛). Unless explicitly stated 
otherwise, each quantity is evaluated at 𝑡(𝑛+1).

Based on the additive decomposition of the stress (17), the total Lagrangian tangent modulus C is: 

C = 2 𝜕𝐒
𝜕𝐂

= C∞
vol +

𝑅
∑

𝑟=1

(

C∞
iso 𝑟 +

𝑁
∑

𝛼=1
Cneq
𝑟𝛼

)

, (F.1)

where 

C∞
vol = 2

𝜕𝐒∞vol
𝜕𝐂

, C∞
iso 𝑟 = 2

𝜕𝐒∞iso 𝑟
𝜕𝐂

, Cneq
𝑟𝛼 = 2

𝜕𝐒neq𝑟𝛼
𝜕𝐂

. (F.2)

In the following, we compute each tangent modulus individually.
1. Volumetric equilibrium tangent modulus C∞

vol. It can be shown, cf. [74, p. 254], that 

C∞
vol =

[

𝐽 2
𝜕2𝛹∞

vol

𝜕𝐽 2
+ 𝐽

𝜕𝛹∞
vol

𝜕𝐽

]

𝐂−1 ⊙ 𝐂−1 − 2𝐽
𝜕𝛹∞

vol
𝜕𝐽

𝐂−1 ⊗ 𝐂−1. (F.3)

The user only needs to provide the volumetric equilibrium tangent modulus C∞
vol for nearly incompressible materials. For perfectly 

incompressible materials, Abaqus computes the volumetric tangent modulus internally, consistent with the Lagrange-multiplier 
method used to enforce incompressibility [10].
2. Isochoric equilibrium tangent moduli C∞

iso 𝑟. It can be shown, cf. [74, p. 255], that

C∞
iso 𝑟 = 2

𝜕𝐒∞iso 𝑟
𝜕𝐂

= 2 𝜕
𝜕𝐂

(

𝐽−2∕3 P ∶ 𝐒̄∞iso 𝑟

)

= 𝐽−4∕3 P ∶ C̄∞
iso 𝑟 ∶ PT − 2

3
(

𝐒∞iso 𝑟 ⊙ 𝐂−1 + 𝐂−1 ⊙ 𝐒∞iso 𝑟
)

+ 2
3
𝐽−2∕3 (𝐒̄∞iso 𝑟 ∶ 𝐂

)

[

(

𝐂−1 ⊗ 𝐂−1)s − 1
3
𝐂−1 ⊙ 𝐂−1

]

(F.4)

where the fictitious isochoric equilibrium tangent modulus C̄∞
iso 𝑟 can be expressed as

C̄∞
iso 𝑟 = 2

𝜕𝐒̄∞iso 𝑟
𝜕𝐂̄

= 4
[ 𝜕2𝛹∞

iso 𝑟

𝜕 ̄̃𝐼2𝑟
𝐋̃𝑟 ⊙ 𝐋̃𝑟 +

𝜕2𝛹∞
iso 𝑟

𝜕 ̄̃𝐽 2
𝑟

𝐇̄𝑟 ⊙ 𝐇̄𝑟 +
𝜕𝛹∞

iso 𝑟

𝜕 ̄̃𝐽𝑟

(

𝐂̄−1 ⊗ 𝐇̄𝑟 + 𝐇̄𝑟 ⊗ 𝐂̄−1)s −
𝜕2𝛹∞

iso 𝑟

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

(

𝐋̃𝑟 ⊙ 𝐇̄𝑟 + 𝐇̄𝑟 ⊙ 𝐋̃𝑟
)

]

. (F.5)

3. Non-equilibrium tangent moduli Cneq
𝑟𝛼 . In analogy to (F.4), the non-equilibrium tangent moduli are given by 

Cneq
𝑟𝛼 = 𝐽−4∕3 P ∶ C̄neq

𝑟𝛼 ∶ PT − 2
3
(

𝐒neq𝑟𝛼 ⊙ 𝐂−1 + 𝐂−1 ⊙ 𝐒neq𝑟𝛼
)

+ 2
3
𝐽−2∕3 (𝐒̄neq𝑟𝛼 ∶ 𝐂

)

[

(

𝐂−1 ⊗ 𝐂−1)s − 1
3
𝐂−1 ⊙ 𝐂−1

]

. (F.6)

Consequently, it remains to compute the fictitious tangent moduli C̄neq
𝑟𝛼 . Differentiating (31) with respect to 𝐂̄ yields: 

C̄neq
𝑟𝛼 = 2

𝜕𝐒̄neq𝑟𝛼

𝜕𝐂̄
= 1

𝜇𝑟𝛼
𝜕
𝜕𝐂̄

(

C̄𝑟𝛼 ∶ 𝐐𝑟𝛼
)

= 4
𝜇𝑟𝛼

{

𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐼3𝑟
𝜀𝑟𝛼 𝐋̃𝑟 ⊙ 𝐋̃𝑟 −

𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐽 3
𝑟

𝛾𝑟𝛼 𝐇̄𝑟 ⊙ 𝐇̄𝑟 −
𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐼2𝑟 𝜕
̄̃𝐽𝑟
𝜀𝑟𝛼 𝐋̃𝑟 ⊙ 𝐇̄𝑟 +

𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽 2
𝑟

𝛾𝑟𝛼 𝐇̄𝑟 ⊙ 𝐋̃𝑟

−
𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐽 2
𝑟

[

𝛾𝑟𝛼
(

𝐂̄−1 ⊗ 𝐇̄𝑟 + 𝐇̄𝑟 ⊗ 𝐂̄−1)s + 𝐇̄𝑟 ⊙
(

𝐂̄−1𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼𝐂̄−1)
]

−
𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐽 2
𝑟

(

𝐂̄−1𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼𝐂̄−1)⊙ 𝐇̄𝑟 +
𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

(

𝐂̄−1𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼𝐂̄−1)⊙ 𝐋̃𝑟

−
𝜕𝛹𝑟𝛼

𝜕 ̄̃𝐽𝑟

[

(

𝐂̄−1 ⊗ 𝐂̄−1)s 𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼
(

𝐂̄−1 ⊗ 𝐂̄−1)s

+
(

𝐂̄−1 ⊗ 𝐇̄𝑟 + 𝐇̄𝑟 ⊗ 𝐂̄−1)s 𝐐𝑟𝛼𝐂̄−1 + 𝐂̄−1𝐐𝑟𝛼
(

𝐂̄−1 ⊗ 𝐇̄𝑟 + 𝐇̄𝑟 ⊗ 𝐂̄−1)s
]

−
𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐼2𝑟 𝜕
̄̃𝐽𝑟

[

𝛾𝑟𝛼 𝐋̃𝑟 + 𝜀𝑟𝛼 𝐇̄𝑟
]

⊙ 𝐋̃𝑟 +
𝜕3𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽 2
𝑟

[

𝛾𝑟𝛼 𝐋̃𝑟 + 𝜀𝑟𝛼 𝐇̄𝑟
]

⊙ 𝐇̄𝑟

+
𝜕2𝛹𝑟𝛼

𝜕 ̄̃𝐼𝑟𝜕 ̄̃𝐽𝑟

[

𝐋̃𝑟 ⊙
(

𝐂̄−1𝐐𝑟𝛼𝐇̄𝑟 + 𝐇̄𝑟𝐐𝑟𝛼𝐂̄−1) + 𝜀𝑟𝛼
(

𝐂̄−1 ⊗ 𝐇̄𝑟 +𝐇𝑟 ⊗ 𝐂̄−1)s
]

}

+ 1 C̄𝑟𝛼 ∶
𝜕𝐐𝑟𝛼 .

(F.7)
𝜇𝑟𝛼 𝜕𝐂̄
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Note that C̄𝑟𝛼 in the last term of (F.7) can be computed from (F.5) by replacing 𝛹∞
iso 𝑟 with 𝛹𝑟𝛼 . The derivative 𝜕𝐐𝑟𝛼∕𝜕𝐂̄ can be 

obtained by differentiating the update formula (36): 
𝜕𝐐𝑟𝛼

𝜕𝐂̄
= 1

2
exp

(

𝜉𝑟𝛼
)

[

C̄𝑟𝛼 −
𝜉𝑟𝛼
𝜏𝑟𝛼

(

𝐒̄(𝑛+1)𝑟𝛼 + 2 exp
(

𝜉𝑟𝛼
)

𝐐(𝑛)
𝑟𝛼 − 𝐒̄(𝑛)𝑟𝛼

)

⊙
𝜕𝜏𝑟𝛼
𝜕𝐂̄

]

, (F.8)

where 
𝜕𝜏𝑟𝛼
𝜕𝐂̄

=
𝜕𝜏𝑟𝛼
𝜕 ̄̃𝐼𝑟

𝐋̃𝑟 −
𝜕𝜏𝑟𝛼
𝜕 ̄̃𝐽𝑟

𝐇̄𝑟. (F.9)

F.2. Algorithmic tangent modulus in Abaqus

Implementing a material subroutine in Abaqus requires computing the tangent modulus 

cAbaqus = 1
𝐽
c𝝉𝐽𝑍 . (F.10)

The tangent modulus c𝝉𝐽𝑍 is associated with the Jaumann-Zaremba rate of the Kirchhoff stress 𝝉▿𝐽𝑍 , 

𝝉▿𝐽𝑍 = 𝝉̇ − 𝐰𝝉 − 𝝉𝐰T = c𝝉𝐽𝑍 ∶ 𝐝, (F.11)

where 𝐝 and 𝐰 are the symmetric and skew-symmetric parts of the spatial velocity gradient 𝐥, i.e., 𝐥 = 𝐝 + 𝐰. To express c▿𝐽𝑍 in 
terms of C, we first recall the spatial tangent modulus c relating the Lie time derivative of the Kirchhoff stress tensor v(𝝉) and the 
rate of deformation tensor 𝐝 by 

v(𝝉) = 𝝉̇ − 𝐥𝝉 − 𝝉𝐥T = c ∶ 𝐝. (F.12)

By pushing forward the material tangent modulus (F.1) to the current configuration, we obtain the spatial tangent modulus 

c = (𝐅⊗ 𝐅T) ∶ C ∶ (𝐅T ⊗ 𝐅). (F.13)

Subtracting (F.12) from (F.11), yields

c𝝉𝐽𝑍 ∶ 𝐝 = c ∶ 𝐝 + (𝐥 − 𝐰)𝝉 + 𝝉(𝐥 − 𝐰)T

= c ∶ 𝐝 + 𝐝𝝉 + 𝝉𝐝T

=
[

c + 𝐈⊗ 𝝉 + (𝝉 ⊗ 𝐈)𝑡
]

∶ 𝐝. (F.14)

Since (F.14) has to hold for any 𝐝, we finally obtain in view of (F.10) and 𝝉 = 𝐽𝝈, 

cAbaqus = 1
𝐽
c + 𝐈⊗ 𝝈 + (𝝈 ⊗ 𝐈)𝑡. (F.15)

The implementation of the algorithmically consistent tangent modulus was verified using the automatic differentiation capabili-
ties of the TensorFlow-based vCANN implementation and, additionally, via a numerical approximation described below in Appendix 
F.3, which is also optionally available in the material subroutine.

F.3. Numerical approximation of the algorithmic tangent modulus

We have implemented a numerical approximation technique to compute the algorithmic tangent modulus outlined in Appendix 
F.1. Introduced by Miehe [113], this approach uses a forward difference approximation to replace the computation of the tangent 
modulus with 𝑁 additional stress computations, where 𝑁 = 4 for two-dimensional problems and 𝑁 = 6 for three-dimensional 
problems. For each additional stress calculation, a particular perturbed deformation gradient 𝐅̂(𝑘𝑙), detailed in Algorithm 2, is used. 
Miehe’s numerical approximation refers specifically to the tangent modulus c, which is associated with the Lie time derivative of 
the Kirchhoff stress. Building on this, Sun [114] subsequently derived a numerical approximation for the tangent modulus c𝝉𝐽𝑍 , 
associated with the Jaumann–Zaremba rate of the Kirchhoff stress, which is used in Abaqus, 

c𝝉𝐽𝑍𝑖𝑗𝑘𝑙 ≈ 1
𝐽𝜀

[

𝐽 𝝈̂𝑖𝑗 (𝐅̂(𝑘𝑙)) − 𝐽𝝈𝑖𝑗 (𝐅)
]

, (F.16)

where 𝐽 = det(𝐅̂(𝑘𝑙)) and 𝜀 is a perturbation parameter.
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Algorithm 2: Numerical approximation of the tangent modulus c𝜏𝐽𝑍 in Voigt notation. Unless explicitly indicated otherwise 
by a superscript, every quantity is evaluated at 𝑡(𝑛+1).

Input: 𝐅, 𝐅̇, 𝛥𝑡, 𝐽 , 𝜎, 𝜀, 𝒇 , (𝑛)
𝑟𝛼 =

(

𝐐(𝑛)
𝑟𝛼 , 𝐒̄

(𝑛)
𝑟𝛼 , 𝜏

(𝑛)
𝑟𝛼

)

Output: c𝜏𝐽𝑍
Data: VoigtIndex = [(11), (22), (33), (12), (13), (23)], Eulerian basis  = {𝐞1, 𝐞2, 𝐞3}

1 for 𝐵 = 1 to 6 do
2 (𝑘𝑙) ← VoigtIndex(B) 
3 𝐞𝑘, 𝐞𝑙 ← (𝑘), (𝑙)
4 𝛥𝐅(𝑘𝑙) = 𝜀2 (𝐞𝑘 ⊗ 𝐞𝑙𝐅 + 𝐞𝑙 ⊗ 𝐞𝑘𝐅) ⊳ perturbation
5 𝐅̂(𝑘𝑙) = 𝐅 + 𝛥𝐅(𝑘𝑙) ⊳ perturbed deformation gradient
6 𝐽 = det

(

𝐅̂(𝑘𝑙)
)

⊳ perturbed Jacobian determiant
7 𝜎̂

(

𝐅̂(𝑘𝑙), 𝐅̇, 𝛥𝑡,𝒇 ,
(𝑛)
𝑟𝛼
)

⊳ perturbed Cauchy stress, Algorithm 1
8 for 𝐴 = 1 to 6 do
9 (𝑖𝑗) ← VoigtIndex(A)
10 c𝜏𝐽𝑍𝐴,𝐵 ← 1

𝐽𝜀

[

𝐽𝜎̂𝑖𝑗 − 𝐽𝜎𝑖𝑗
]

11 end 
12 end 

Appendix G. Element types tested in Cook’s membrane benchmark test

Table  G.1 lists all elements tested in Cook’s membrane benchmark test in Section 5.2.
Table G.1
Elements tested in Cook’s membrane benchmark in Section 5.2 [100]. The letters ‘I’, ‘R’, and ‘M’ in the element 
names refer to incompatible mode elements, reduced integration, and modified elements, respectively.
 Element Description  
 3D  
   C3D4H 4-node linear tetrahedron, hybrid with linear pressure  
   C3D8H 8-node linear brick, hybrid with constant pressure  
   C3D8IH 8-node linear brick, incompatible modes, hybrid with linear pressure  
   C3D8RH 8-node linear brick, reduced integration, hourglass control, hybrid with constant pressure  
   C3D10H 10-node quadratic tetrahedron, hybrid with constant pressure  
   C3D10MH 10-node modified tetrahedron,, hourglass control, hybrid with linear pressure  
   C3D20H 20-node quadratic brick, hybrid with linear pressure  
   C3D20H 20-node quadratic brick, reduced integration, hybrid with linear pressure  
 Plane strain  
   CPE3H 3-node linear, hybrid with constant pressure  
   CPE4H 4-node bilinear, hybrid with constant pressure  
   CPE4IH 4-node bilinear, incompatible modes, hybrid with linear pressure  
   CPE4RH 4-node bilinear, reduced integration, hourglass control, hybrid with constant pressure  
   CPE6H 6-node quadratic, hybrid with linear pressure  
   CPE8H 8-node biquadratic, hybrid with linear pressure  
   CPE8RH 8-node biquadratic, reduced integration, hybrid with linear pressure  
 Plane stress  
   CPS3 3-node linear  
   CPS4 4-node bilinear  
   CPS4I 4-node bilinear, incompatible modes  
   CPS4R 4-node bilinear, reduced integration, hourglass control  
   CPS6 6-node quadratic  
   CPS6M 6-node modified,, hourglass control  
   CPS8 8-node biquadratic  
   CPS8R 8-node biquadratic, reduced integration  
 Shell  
   S3 3-node triangular general-purpose shell, finite membrane strains  
   S4 4-node general-purpose shell, finite membrane strains  
   S4R 4-node general-purpose shell, reduced integration, hourglass control, finite membrane strains 

Appendix H. Ecoflex silicone polymer: Shore hardness as auxiliary feature

As an additional example of the benefit of auxiliary features in constitutive modeling, we consider Ecoflex, a commercially 
available silicone elastomer with widespread applications in biomedical engineering, soft robotics, and wearable devices, owing 
to its biocompatibility, thermal stability, and large stretchability. Ecoflex comes in multiple Shore hardness grades, which directly 
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Table H.1
Leave-one-out cross-validation 𝑅2 values across four Shore hard-
ness levels, corresponding to the fits and predictions shown in 
Fig.  H.1. Each row corresponds to one fold, where the withheld 
(validation) Shore hardness is indicated by the fold label. Orange 
cells denote the validation score; blue cells are training scores.
 𝑅2

 Data fold Shore 10 Shore 20 Shore 30 Shore 50 
 Shore 10 withheld 0.9781 0.9973 0.9998 0.9999  
 Shore 20 withheld 0.9991 0.9891 0.9999 0.9999  
 Shore 30 withheld 0.9864 0.9990 0.9755 0.9997  
 Shore 50 withheld 0.9958 0.9998 0.9998 0.9548  

Training Validation 

Table I.1
Material parameters for the orthotropic and isotropic ground truth models. 
 Material parameter Orthotropy Isotropy (Appendix  I) 
 Material symmetry parameters
  Weight factor 𝑤(1)

1  [–] 0.23 0.00  
  Fiber angle 𝜑 [◦] 26.25 –  
 Hyperelastic parameters
  Stiffness 𝜇1 [MPa] 1.00 1.00  
  First shape parameter 𝛾1 [–] 1.45 1.45  
  Second shape parameter 𝛿1 [–] 0.01 0.01  
 Viscous parameters
  Relaxation time 𝜏1 [s] 1.00 1.00  
  Relaxation time 𝜏2 [s] 15.98 15.98  
  Relaxation time 𝜏3 [s] 50.01 50.01  
  Strain energy factor 𝛽1 [–] 0.374 1.241  
  Strain energy factor 𝛽2 [–] 0.332 1.145  
  Strain energy factor 𝛽3 [–] 0.332 0.374  

correlate with its stiffness. The dataset of [115] provides extensive characterization of Ecoflex in uniaxial tensile tests, including 
loading–unloading experiments performed at varying Shore hardness levels.

We analyzed the virgin loading–unloading curves, using the Shore hardness as an additional input to the vCANN. Shore hardness 
values of 𝑠 ∈ {10, 20, 30, 50} and a maximum uniaxial stretch of 𝜆max = 6 were considered. Given the limited size of the dataset, 
a leave-one-out cross-validation (LOOCV) strategy was adopted, in which one Shore hardness level is excluded from training and 
reserved for validation. This experimental design enables an assessment of the model’s ability to interpolate and extrapolate material 
behavior across Shore hardness levels not seen during training.

To account for the pronounced dependence of the stress response on the Shore hardness 𝑠, we incorporated 𝑠 into the vCANN 
input space via the feature vector 𝒇 = 𝑠. Owing to isotropy, the associated generalized structural tensor (44) reduces to 𝐋̃1 = 1

3 𝐈. 
Accordingly, the following free energy functions and relaxation times are learned from the loading–unloading tests: 

𝛹∞
iso 1 = 𝛹∞

iso 1(
̄̃1, 𝑠), 𝛹1𝛼 = 𝛹1𝛼( ̄̃1, 𝑠), 𝜏1𝛼 = 𝜏1𝛼( ̄̃1, 𝑠), 𝛼 = 1,… , 𝑁max, (H.1)

where 
̄̃1 =

( ̄̃𝐼1, ̄̃𝐽1
)

, ̄̃𝐼1 =
1
3
tr[𝐂̄], ̄̃𝐽1 =

1
3
tr[cof 𝐂̄]. (H.2)

Fig.  H.1 shows the descriptive and predictive performance of the vCANNs—implemented both in FEM and TensorFlow—on 
the training and validation dataset, respectively, for each of the four data folds. The match with the training data is excellent. 
Additionally, the vCANNs accurately predict the material response for the Shore hardness levels withheld in the respective training 
processes. Notably, in extrapolating the stress response for the withheld Shore hardness level of 10, precise predictions are achieved. 
As a quantitative measure of the goodness-of-fit, we report the 𝑅2 values of each data fold in Table  H.1. In addition to the 
temperature-dependent VHB 4905 dataset in Section 5.1, this example further demonstrates the ability to incorporate arbitrary 
auxiliary features into the neural constitutive law.

Appendix I. Isotropic artery model

Here, we analyze the same boundary problem as in Section 5.3 using an isotropic ground truth (GT) model (41) with material 
parameters given in second column of Table  I.1.
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Fig. H.1. Training and validation results for Ecoflex silicone polymer data, using a leave-one-out cross-validation scheme. The subplots show 
the nominal stress 𝑃11 versus stretch 𝜆 for uniaxial loading–unloading tests at different Shore hardness levels. In each subplot, one hardness level 
is excluded during training and used for validation. The predictive performance on this withheld data demonstrates the ability of the trained 
vCANN to predict the behavior of a material with a previously unseen hardness level. Solid colored lines denote the FEM implementation, 
black dashed/dotted lines represent the TensorFlow implementation, and open markers indicate experimental data reproduced from [103]. Both 
implementations yield identical results. The 𝑅2 values of the training and validation datasets are provided in Table  H.1.

I.1. Descriptive performance on training data

We employed a vCANN with a single generalized Maxwell model (𝑅 = 1). Owing to isotropy, the associated generalized structural 
tensor (44) reduces to 𝐋̃1 = 1

3 𝐈. Accordingly, the following free energy functions and relaxation times—represented by the FFNNs 
described in Section 3—are learned from three synthetic multi-step relaxation tests: 

𝛹∞
iso 1 = 𝛹∞

iso 1(
̄̃1), 𝛹1𝛼 = 𝛹1𝛼( ̄̃1), 𝜏1𝛼 = 𝜏1𝛼( ̄̃1), 𝛼 = 1,… , 𝑁max, (I.1)

where 
̄̃1 =

( ̄̃𝐼1, ̄̃𝐽1
)

, ̄̃𝐼1 =
1
3
tr[𝐂̄], ̄̃𝐽1 =

1
3
tr[cof 𝐂̄]. (I.2)

For simplicity, we neglect the strain-rate dependence of the relaxation times and omit the feature vector 𝒇 , since no additional 
information is available to characterize the data. Table  J.1 lists the remaining hyperparameters of the vCANN.

For an isotropic, incompressible material, each deformation state can be represented in the invariant plane by an invariant pair 
( ̄̃𝐼𝑟, ̄̃𝐽𝑟). The uniaxial and equi-biaxial tension curves bound the set of admissible invariant pairs. Any other admissible invariant pair 
corresponds to a general biaxial deformation [112], with independent stretches in the two orthogonal loading directions (Fig.  11). 
Fig.  I.1 also illustrates a key limitation of relying on a single experiment to characterize a material: constitutive models fitted to 
one loading mode (e.g., uniaxial tension) are likely to fail when extrapolated to other deformation states in the invariant plane, 
highlighting the need for diverse stress–strain data. Accordingly, the vCANN was trained on in silico uniaxial, equi-biaxial, and pure 
shear (strip-biaxial) multi-step relaxation tests. The resulting fit shows excellent agreement with the training data (Fig.  I.2).
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Fig. I.1. Invariant plane: admissible deformation states of an isotropic, incompressible material lie between the uniaxial and equi-biaxial tension 
curves. The gray crosses denote deformation states in the cylinder simulated with the ground truth model and extracted at the integration points. 
The orange points denote deformation states encountered during the multi-step relaxation tests.

Fig. I.2. Top: solid curves denote the vCANN fit; dotted curves denote the training data from the isotropic ground truth model (every tenth data 
point is shown for clarity). Bottom: stretch histories of the multi-step relaxation tests.

I.2. Predictive performance in FE simulation

The vCANN was automatically translated into a material subroutine and integrated into the FE simulation of the isotropic artery 
model. Fig.  I.3 shows the relative error in von Mises stress between the vCANN prediction and the GT model at the time points of 
load reversal. Even during these critical load reversals, the relative error remains below 1.0%.

The cumulative distribution function in Fig.  I.4 indicates that in 90% of cases the relative error is less than 0.4%, and in 50% 
of cases it is below 0.1%. Similarly, the vCANN prediction of the reaction force and moment in the 𝑬2-direction is in excellent 
agreement with the GT solution, with virtually no observable difference (Fig.  I.5).

Overall, we conclude that, in the isotropic case, the vCANN generalizes remarkably well from three simple multi-step relaxation 
tests to the structural level and even to the integration-point level under complex loading. This is particularly notable because the 
artery model was subjected to cyclic loading, whereas the training data comprised only relaxation tests. Fig.  I.1 shows that the 
training data cover only a limited set of deformation states (orange markers), non-uniformly distributed near the boundaries of the 
admissible invariant space. In contrast, the invariant pairs observed at integration points in the artery simulation with the GT model 
(gray markers) cover a substantially larger region of the invariant plane.
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Fig. I.3. Isotropic artery model: relative error in von Mises stress between the vCANN prediction 𝜎𝑣𝑀 and the ground truth solution 𝜎𝑣𝑀,𝐺𝑇  at 
the time points of load reversal.

Fig. I.4. Isotropic artery model: empirical probability density function (left) and empirical cumulative distribution function (right) of the relative 
error in von Mises stress between the vCANN prediction 𝜎𝑣𝑀 and the ground truth solution 𝜎𝑣𝑀,𝐺𝑇 . The errors were calculated in each time instance 
in all integration points.
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Fig. I.5. Isotropic artery model: time history of the vertical reaction force 𝐹2 (left) and the torsional reaction moment 𝑀2 (right) recorded at 
the coupling point B. Solid curves represent the vCANN predictions, and dash-dotted curves are the ground truth solutions.

Appendix J. Hyperparameters

We list the hyperparameters of the vCANNs trained in Section 5. The choice of activation functions is detailed in Section 3. 
The training was terminated based on early stopping. We initialized all weights using the (positive) variance scaling initializer with 
truncated normal distribution, while biases were initialized to zero.

Table J.1
Hyperparameters and model parameters of all vCANNs trained in this study.
 Hyperparameter Value

 Section 5.1, 5.2 Section 5.3 Appendix  H Appendix  I 
 General  
   Sparsity penalty parameter 𝛬 0.0 0.0 0.0 0.0  
   Number of generalized structural tensors 𝑅 1 1 1 1  
   Number of preferred material directions 𝑛 0 2 0 0  
 Equilibrium free energy 𝛹

iso 𝑟  
   Number of neurons per hidden layer of 𝛹iso 𝑟

{8, } {10, } {8, } {10, }  
 Relaxation times 𝜏𝑟𝛼 & non-equilibrium free energy 𝛹

𝑟𝛼  
   Maximal number of Maxwell elements 𝑁max 3 3 3 3  
   Time normalization [𝑇min , 𝑇max] [100 , 102] s [100 , 102] s [100 , 102] s [100 , 102] s  
   Number of neurons per hidden layer of 𝛹𝛼

{8, } {10, } {8, } {10, }  
   Number of neurons per hidden layer of 𝜏𝑟𝛼 {8, } {10, } {8, } {10, }  

Data availability

To ensure accessibility and reproducibility, all of the codes and FE subroutines necessary for using the proposed framework 
within Abaqus are openly provided at: https://github.com/KianAbd/vCANN_FEM.
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