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ABSTRACT 

The motion of inertial particles in a fluid is modeled by the Maxey–Riley–Gatignol equation (MaRGE). The MaRGE contains an 
integral term that arises due to the viscous diffusion of vorticity in the fluid around the particle. Because it makes MaRGE difficult to 
solve numerically, the integral term is often neglected or approximated, despite its demonstrated importance for obtaining realistic 
trajectories. There are some studies that propose algorithms to solve the full MaRGE numerically for two dimensional flows fields. 
For simple flows like a vortex, analytical solutions exist that can serve as test cases to verify implementations. However, in most 
practical applications, fluids will be three dimensional. This article extends a multi-step algorithm proposed by Daitche to the 
three-dimensional case. Based on an approach by Candelier et al., it derives an analytical solution for a particle moving in a three- 
dimensional vortex while being subject to gravity. Numerical examples compare empirical and theoretical convergence orders and 
demonstrate order reduction in particular for particles with non-zero relative initial velocity. 
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 Introduction 

odeling inertial particles moving in a fluid is an important prob-
em, arising in the study of, for example, spread of wildfires [ 1 ],
ispersion of COVID-19 virus through spherical droplets [ 2 ],
ultiphase flows [ 3 ], dynamics of prey for feeding marine
nimals like jellyfish [ 4 ], and more. The equation of motion for
 spherical inertial particle of radius 𝑎 and mass 𝑚𝑝 is 

𝑚𝑝 𝒗̇ = 𝑚𝑓 
D 𝒖 

D 𝑡 
−
𝑚𝑓 

2 

[ 
𝒗̇ − D 𝒖 

D 𝑡 

] 
− 6 𝜋𝑎 𝜌𝑓 𝜈( 𝒗 − 𝒖 ) 

− 6 𝑎2 𝜌𝑓 
√
𝜋𝜈

[ 

∫
𝑡 

𝑡0 

𝒗̇ ( 𝜏) − 𝒖̇ ( 𝜏) √
𝑡 − 𝜏

d 𝜏 +
𝒗 ( 𝑡0 ) − 𝒖 ( 𝑡0 ) √

𝑡 − 𝑡0 

] 

− ( 𝑚𝑝 − 𝑚𝑓 ) 𝒈 , (1)

nd was proposed by Maxey, Riley, and Gatignol [ 5, 6 ]. Here,
̇  = 𝒗 ( 𝑡) is the particle’s absolute velocity, 𝑚𝑓 is the mass of the
luid displaced by the particle, 𝒖 ( 𝒙 ( 𝑡 ) , 𝑡 ) is the fluid velocity at the
his is an open access article under the terms of the Creative Commons Attribution Licen
riginal work is properly cited. 
2026 The Author(s). Proceedings in Applied Mathematics and Mechanics published by W
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particle’s position 𝒙 ( 𝑡 ) , D/D 𝑡 is the material derivative, 𝜌𝑓 is the
fluid density, 𝜈 is the kinematic viscosity of the fluid, and 𝒈 is the
gravitational force vector. We ignore the Faxén correction terms
since they are smaller in magnitude than the other forces [ 7 ] but
they become relevant for very large particles. 

The terms on the right-hand side of ( 1 ) model the force exerted
by the undisturbed fluid, the added mass term, the Stokes
drag, the history force due to memory effects of the particle
moving in a viscous fluid and the buoyancy force. The integral
term, also called Basset history term, turns the MaRGE into
an integro-differential equation and makes it challenging to
solve numerically. Therefore, it is often neglected despite both
experimental [ 8 ] and analytical [ 9 ] evidence that its effects are
not negligible, not only for single particles but also for large scale
Lagrangian dynamics and clustering patterns [ 10 ]. 

The local existence and uniqueness of weak solutions to ( 1 ) was
proved by Farazmand and Haller [ 11 ] and later extended to global
existence [ 12, 13 ]. They also show that for zero relative initial
se, which permits use, distribution and reproduction in any medium, provided the 
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 articles are governed by the applicable C
re
elocity, these weak solutions are classically differentiable and
ence become strong solutions. Crisan and Street show that these
wo statements are equivalent and that solutions always lack
lassical differentiability for non-zero initial relative velocity [ 13 ].
ogether with a stiff relaxation towards the flow field velocity for
arge Stokes numbers, this leads to order reduction of numerical
ethods based on the differential form of MaRGE [ 14 ]. 

umerical algorithms have been developed that solve the full
aRGE without approximations. In 2013, Daitche developed
umerical schemes up to order three for 2D MaRGE based on
ulti-step methods [ 15 ]. Moreno-Casas and Bombardelli [ 16 ]
eview methods based on quadrature schemes and variants
f window based approaches. Prasath et al. [ 9 ] proposed an
lternative approach, demonstrating that the full MaRGE can
e reformulated as a dynamic boundary condition of a one-
imensional diffusion equation on a one-dimensional, semi-
nfinite domain. They introduce a numerical algorithm based
n collocation for the transformed problem. Their algorithm
elivers very high precision but is computationally expensive
nd, in some situations, finite difference based approaches can
e more efficient [ 14 ]. Jaganathan et al. [ 17 ] transform the
nherent non-Markovian system of MaRGE into a Markovian
orm, which facilitates efficient numerical integration. While
ll these methods can be extended to 3D flow fields, we
se Daitche’s method here because it is straightforward to
mplement. 

or verification of numerical schemes, testcases with analytical
olutions are indispensable. Candelier et al. [ 8 ] provide a solution
o ( 1 ) when 𝒖 is a simple 2D vortex flow field. Prasath et al. [ 9 ]
erive solutions for a relaxing particle when 𝒖 = 0 with and
ithout gravity and for a particle in a spatially homogeneous,
ime-periodic flow. However, no analytical testcases for 3D flow
ields seem to exist in the literature. In this article, we extend
he method by Daitche to 3D MaRGE and present an analytical
olution for a particle that is less dense than the fluid and subject
o gravity in a three-dimensional vortex flow. 

 Numerical Solution of MaRGE in 

hree-Dimensional Flow Fields 

quation ( 1 ) is in dimensional form where all quantities have
hysical units. In order to find a numerical solution, we
ondimensionalize it by introducing a characteristic time 𝑇, a
haracteristic velocity 𝑈 and a characteristic length 𝐿 = 𝑈𝑇. We
ntroduce the dimensionless length, time, and velocity 

𝑥̄ = 𝑥∕𝐿, 𝑡 = 𝑡∕𝑇, 𝒗 = 𝒗 ∕𝑈, 𝒖̄ = 𝑢∕𝑈. 

he dimensionless form of ( 1 ) 

d𝒗 

d𝑡 
= 𝑅

D𝒖̄ 

D𝑡 
− 𝑅 
𝑆 
(𝒗 − 𝒖̄ ) − 𝑅

√ 

3 

𝑆𝜋

d 

d𝑡 ∫
𝑡 

𝑡0 

1 √
𝑡 − 𝜏

(𝒗 − 𝒖̄ )d 𝜏

− (1 − 𝑅) 𝑮 , (2)

s given, for example, by Daitche [ 15 ]. Here, 𝑅 is the density ratio
arameter, 𝑆 is the ratio of particle’s viscous relaxation time to
, which we call Stokes number, and 𝑮 is the dimensionless
of 6
gravitational vector 

𝑅 =
3 𝑚𝑓 

𝑚𝑓 + 2 𝑚𝑝 
, 𝑆 = 1 

3 

𝑎2 ∕𝜈

𝑇 
, 𝑮 = 𝑇 

𝑈 

𝒈 . (3)

The history term in ( 2 ) is modified using the identity 

∫
𝑡 

𝑡0 

1 √
𝑡 − 𝜏

d 

d 𝜏
𝑓 ( 𝜏)d 𝜏 +

𝑓 ( 𝜏0 ) √
𝑡 − 𝜏

= d 

d 𝑡 ∫
𝑡 

𝑡0 

𝑓 ( 𝜏) √
𝑡 − 𝜏

d 𝜏, 

where 𝑓( 𝜏) = 𝒗 − 𝒖 , which follows by first differentiating and
then using integration by parts [ 18 ]. 

Since we only consider dimensionless quantities from now on, we
drop the overbar from ( 2 ). Daitche [ 15 ] introduced first-, second-,
and third-order schemes based on quadrature schemes and linear
multi-step methods for 2D MaRGE. Here, we extend his method
to the three-dimensional case and also discuss how to treat the
gravitational force vector. First, we rewrite ( 2 ) for the relative
velocity 𝒘 = 𝒗 − 𝒖 of the particle 

d 𝒘 

d 𝑡 
= ( 𝑅 − 1)

d 𝒖 

d 𝑡 
− 𝑅 𝒘 ⋅ ∇ 𝒖 − 𝑅 

𝑆 
𝒘 

− 𝑅

√ 

3 

𝑆𝜋

d 

d 𝑡 ∫
𝑡 

𝑡0 

𝒘 ( 𝜏) √
𝑡 − 𝜏

d 𝜏 − (1 − 𝑅) 𝑮 . (4)

The equation for particle position is 

d 𝒙 

d 𝑡 
= 𝒗 = 𝒘 + 𝒖 . (5)

Let 

𝔾 = ( 𝑅 − 1)
d 𝒖 

d 𝑡 
− 𝑅 𝒘 ⋅ ∇ 𝒖 − 𝑅 

𝑆 
𝒘 − (1 − 𝑅) 𝑮 , 

ℍ = − 𝑅

√ 

3 

𝑆𝜋 ∫
𝑡 

𝑡0 

𝒘 ( 𝜏) √
𝑡 − 𝜏

d 𝜏. 

Integrating ( 4 ) from 𝑡 to 𝑡 + ℎ, where ℎ is the step size, we get 

𝒘 ( 𝑡 + ℎ) = 𝒘 ( 𝑡 ) + ∫
𝑡+ ℎ 

𝑡 

𝔾 ( 𝜏)d 𝜏 + ℍ ( 𝑡 + ℎ) − ℍ ( 𝑡 ) . (6)

The integral term in ℍ is approximated using specially developed
quadrature schemes, which can be written as 

∫
𝑡 

𝑡0 

𝒘 ( 𝜏) √
𝑡 − 𝜏

d 𝜏 =
√
ℎ 

𝑁 ∑
𝑗= 0 
𝜂𝑁 
𝑗 
𝒘 ( 𝜏𝑁− 𝑗 ) +  ( ℎ𝑚 )

√
𝑡 − 𝑡0 , (7)

where 𝑁 is the number of intervals for approximation and the
coefficients 𝜂𝑁 

𝑗 
are calculated using polynomial approximations

according to required order 𝑚 . In Equation ( 7 ), 𝜏𝑘 = 𝑡0 + ℎ 𝑘 and
ℎ = ( 𝑡 − 𝑡0 )∕ 𝑁. The expressions for first-, second-, and third-
order coeff icients are lengthy and can be found in [ 15 ]. Combining
this with one-, two- and three-step Adams–Bashforth methods
to approximate the integral over 𝔾 , and matching these with
the corresponding order quadrature schemes for ℍ , we obtain
first-, second-, and third-order numerical schemes for the full
3D MaRGE. 
PAMM, 2026
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reat
 Analytical Solution for a Particle in a 
hree-Dimensional Vortex With Gravity 

o provide the means to verify any implementation of a three-
imensional MaRGE numerical solver, we derive an analytical
olution for a particle moving in a vortex flow field 

𝒖 = 𝜔

⎡ ⎢ ⎢ ⎣ 
− 𝑦 

𝑥 

0 

⎤ ⎥ ⎥ ⎦ , (8)

ith angular velocity 𝜔while being subject to gravity. The analyt-
cal solution of MaRGE in a 2D vortex flow with assumed initial
o-slip condition is given by Candelier et al. [ 8 ]. We write the non-
imensional MaRGE ( 2 ) with flow field ( 8 ) component-wise as

𝑥̈ ( 𝑡) = − 3 

2 𝛾 + 1 
𝑥 ( 𝑡 ) − 1 

(2 𝛾 + 1) 𝑆𝑝 
(𝑥̇ ( 𝑡) + 𝑦( 𝑡)) 

+ 3 

(2 𝛾 + 1)
√
𝜋𝑆𝑝 

∫
𝑡 

0 

−𝑦̇ ( 𝜏) − 𝑥̈ ( 𝜏) √
𝑡 − 𝜏

d 𝜏, (9a)

𝑦̈ ( 𝑡) = − 3 

2 𝛾 + 1 
𝑦( 𝑡) − 1 

(2 𝛾 + 1) 𝑆𝑝 
(𝑦̇ ( 𝑡) − 𝑥( 𝑡)) 

+ 3 

(2 𝛾 + 1)
√
𝜋𝑆𝑝 

∫
𝑡 

0 

𝑥̇ ( 𝜏) − 𝑦̈ ( 𝜏) √
𝑡 − 𝜏

d 𝜏, (9b)

𝑧̈ ( 𝑡) =
1 − 𝛾

2 𝛾 + 1 

2 

𝐹𝑟 
− 1 

(2 𝛾 + 1) 𝑆𝑝 
𝑧̇ ( 𝑡) 

+ 3 

(2 𝛾 + 1)
√
𝜋𝑆𝑝 

∫
𝑡 

0 

−𝑧̈ ( 𝜏) √
𝑡 − 𝜏

d 𝜏, (9c)

here 𝑋̇ = d 𝑋∕d 𝑡, 𝛾 = 𝜌𝑝 ∕𝜌𝑓 and 𝜌𝑝 = 1∕ 𝑚𝑝 and 𝜌𝑓 = 1∕ 𝑚𝑓 are
he particle and fluid density. Furthermore, 

𝑆𝑝 =
𝑎2 𝜔 

9 𝜈
, Fr = 𝑅2 𝜔 

𝑔 
, (10)

here 𝑆𝑝 is the pseudo-Stokes number and Fr is the pseudo-
roude number. In ( 9 ), the motion along 𝑧 is decoupled from the
otion in the ( 𝑥, 𝑦) plane. Candelier et al. solved the MaRGE
n the ( 𝑥, 𝑦) plane using Laplace transforms. By writing 𝑍( 𝑡) =
 ( 𝑡 ) + 𝑖 𝑦 ( 𝑡) and 𝑈( 𝑡) = 𝑍̇ ( 𝑡) , they write ( 9a ) and ( 9b ) as 

̇
 + 𝐴𝑈 + 𝐵

[ 

∫
𝑡 

0 

𝑈( 𝜏)d 𝜏 + 𝑍(0)

] 

+ 𝐶 ∫
𝑡 

0 

−𝑈̇ ( 𝜏) + 𝑖𝑈( 𝜏) √
𝑡 − 𝜏

d 𝜏 = 0 ,

(11)
here 

𝐴 = 1 

(2 𝛾 + 1) 𝑆𝑝 
, 𝐵 =

3 𝑆𝑝 − 𝑖 

(2 𝛾 + 1) 𝑆𝑝 
, 𝐶 = − 3 

(2 𝛾 + 1)
√
𝜋𝑆𝑝 

. 

(12)

sing Laplace transform, partial fraction decomposition and then
alculating inverse Laplace transform, they get the solution 

𝑍( 𝑡) =
4 ∑
𝑖= 1 

𝐴𝑖 
𝑋𝑖 
exp ( 𝑋2 

𝑖 
𝑡)erfc ( − 𝑋𝑖 

√
𝑡 ) , (13)
AMM, 2026
where 𝐴𝑖 and 𝑋𝑖 are given in the appendices of [ 8 ]. We follow
a similar process to solve the equation for 𝑧-component. Taking
𝑈𝑧 ( 𝑡) = 𝑧̇ ( 𝑡) , Equation ( 9c ) becomes 

𝑈̇𝑧 + 𝐴𝑈𝑧 − 𝐷 − 𝐶 ∫
𝑡 

0 

−𝑈̇𝑧 ( 𝜏) √
𝑡 − 𝜏

d 𝜏 = 0 , (14)

where 𝐴 and 𝐶 are as given in ( 12 ) and 𝐷 is 

𝐷 =
1 − 𝛾

2 𝛾 + 1 

2 

𝐹𝑟 
. (15)

The Laplace transform of ( 14 ) is 

𝑈̃𝑧 ( 𝑠)
(
𝑠 + 𝐴 − 𝐶

√
𝜋
√
𝑠 
)
= 𝐷 

𝑠 
− 𝐶

√ 

𝜋

𝑠 
𝑈𝑧 (0) + 𝑈𝑧 (0) , (16)

where 𝑈̃𝑧 ( 𝑠) denotes the Laplace transform of 𝑈𝑧 ( 𝑡) . Let 𝑉 =
√
𝑠 ,

so that 

𝑈̃𝑧 ( 𝑠) =
𝑈𝑧 (0)( 𝑉

2 − 𝐶
√
𝜋𝑉) + 𝐷 

𝑉4 − 𝐶
√
𝜋𝑉3 + 𝐴𝑉2 

. (17)

Since the flow field ( 8 ) has no velocity in vertical direction and
we have to assume zero relative initial velocity, the particle starts
with the velocity same as the fluid velocity so that that 𝑈𝑧 (0) =
𝑧̇ (0) = 0 . To calculate the inverse Laplace transform of 𝑈̃𝑧 ( 𝑠) , we
need the partial fraction decomposition 

𝑈̃𝑧 ( 𝑠) =
𝐷𝐶

√
𝜋

𝐴2 
√
𝑠 

+ 𝐷 

𝐴𝑠 
+

𝐸1 √
𝑠 − 𝑉1 

+
𝐸2 √
𝑠 − 𝑉2 

, (18)

where 

𝑉1 =
√
𝜋𝐶 +

√
𝐶2 𝜋 − 4 𝐴 

2 
, 𝑉2 =

√
𝜋𝐶 −

√
𝐶2 𝜋 − 4 𝐴 

2 
, (19)

and 

𝐸1 =
𝐷( − 𝐶2 𝜋 + 2 𝐴 − 𝐶

√
𝜋
√
𝐶2 𝜋 − 4 𝐴 ) 

2 𝐴2 
√
𝐶2 𝜋 − 4 𝐴 

, 

𝐸2 =
𝐷( 𝐶2 𝜋 − 2 𝐴 − 𝐶

√
𝜋
√
𝐶2 𝜋 − 4 𝐴 ) 

2 𝐴2 
√
𝐶2 𝜋 − 4 𝐴 

. (20)

Note that we need the condition 𝐶2 𝜋 − 4 𝐴 > 0 , that is, 𝛾 < 5∕8 ,
that is, 𝜌𝑝 ∕𝜌𝑓 < 5∕8 to be satisfied. The inverse Laplace transform
of 𝑈̃𝑧 ( 𝑠) is 

𝑈𝑧 ( 𝑡 ) =
𝐷 𝐶 

𝐴2 
√
𝑡 
+ 𝐷 

𝐴 

+
𝑖= 2 ∑
𝑖= 1 
𝐸𝑖 𝑉𝑖 exp (𝑉𝑖 

2 
𝑡 )erfc ( − 𝑉𝑖 

√
𝑡 ) , (21)

where exp (𝑉𝑖 
2 
𝑡)erfc ( − 𝑉𝑖 

√
𝑡 ) is a special case of Mittag–Leffler

functions 𝐸𝛼( 𝑉𝑖 
√
𝑡 ) with 𝛼 = 1∕2 and, by integrating 𝑈𝑧 ( 𝑡) , we

obtain 

𝑧( 𝑡) = 2
𝐷 𝐶 

𝐴2 

√
𝑡 + 𝐷 

𝐴 

𝑡 +
𝑖= 2 ∑
𝑖= 1 
𝐸𝑖 

×
( 

1 

𝑉𝑖 
exp (𝑉𝑖 

2 
𝑡)erfc ( − 𝑉𝑖 

√
𝑡 ) − 1 

𝑉𝑖 

) 

+ 𝑧(0) . (22)
3 of 6
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FIGURE 1 Flow field 𝒖 (arrows), numerical solution of MaRGE computed with Daitche’s method (blue) and analytical solution (red). The left 
figure is for a particle with density that is smaller than the fluid density, the right for a particle with density greater than the fluid. 
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 articles are governed by the applicable C
rea
he function erf c , also called complementary error function, is
efined as erf c ( 𝑡) = 1 − erf ( 𝑡) , where erf ( 𝑡) = 2 √

𝜋
∫ 𝑡 
0 
𝑒− 𝜏

2 
d 𝜏 is the

rror function. Equation ( 13 ) along with ( 22 ) gives the analytical
olution for 3D MaRGE, but only for particles that satisfy 𝜌𝑝 ∕𝜌𝑓 <
∕8 . 

ote that for velocity fields with a non-zero vertical component
nd 𝑧̇ (0) = 𝑈𝑧 (0) ≠ 0 , the numerator of ( 17 ) can be written as 

𝑈𝑧 (0)( 𝑉
2 − 𝐶

√
𝜋𝑉) + 𝐷 = ( 𝐷 − 𝐴𝑈𝑧 (0)) 

⏟⎴⎴⎴⏟⎴⎴⎴⏟
≡𝐷∗ 

+ 𝑈𝑧 (0) ( 𝑉
2 − 𝐶

√
𝜋𝑉 + 𝐴) 

⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟
denominator factor 

, (23)

hich gives the partial fraction decomposition 

𝑈̃𝑧 ( 𝑠) =
𝐷∗ 𝐶

√
𝜋

𝐴2 
√
𝑠 

+ 𝐷 

𝐴𝑠 
+

𝐸̃1 √
𝑠 − 𝑉1 

+
𝐸̃2 √
𝑠 − 𝑉2 

, (24)

here 𝐸̃𝑖 = ( 𝐷∗ ∕𝐷) 𝐸𝑖 . This can be solved similarly, giving 

𝑈𝑧 ( 𝑡 ) =
𝐷∗ 𝐶 

𝐴2 
√
𝑡 
+ 𝐷 

𝐴 

+
2 ∑
𝑖= 1 
𝐸̃𝑖 𝑉𝑖 exp ( 𝑉

2 
𝑖 
𝑡 ) erf c ( − 𝑉𝑖 

√
𝑡 ) . (25)

 Numerical Examples 

igure 1 shows the flow field ( 8 ) as arrows. The figure on the
eft shows the analytical solution (in red) with a numerical
olution represented by blue crosses for a particle that is less
ense than the fluid and thus rises upwards. The figure on
he right shows the trajectory of particle denser than the fluid,
hich travels downwards under the influence of gravity. In both
ases, the initial relative velocity of the particle is zero and the
reen dot represents its initial position. The particle radius is 1.5
m and times are 𝑡 ∈ [0 , 10] . The fluid density is 972 kg m 

− 3 ,
he particle density for the heavier particle is 1410 kg m 

− 3 and
or the lighter particle, 500 kg m 

− 3 . The kinematic viscosity of
he fluid is 2 × 10− 4 m 

2 s − 1 , as in Candelier et al. [ 8 ]. For the
nalytical and numerical solutions to agree, we need to consider
of 6
the same characteristic values for both which, again following
Candelier [ 8 ], we set to 𝑇 = 0 . 1 , 𝐿 = 0 . 04 and 𝑈 = 𝐿∕𝑇 = 0 . 4 . 

4.1 Positively Buoyant Particle 

Figures 2 and 3 show 𝐿∞ error versus the total number of time
steps 𝑁 for the particle that is less dense than the fluid with zero
(Figure 2 ) and non-zero initial (Figure 3 ) relative velocity and
Stokes numbers 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). For zero relative
initial velocity, the error is computed against the analytical
solution while for non-zero relative initial velocity the error is
estimated by computing the difference to a higher resolution
numerical solution. 

If 𝒘 (0) = 0 , we get first and second order convergence from the
corresponding variants of Daitche’s method as expected. The
third-order variant converges with order somewhere between two
and three but is significantly more accurate than the second-
order variant. If the initial velocity of the particle does not
match the velocity of the flow field at its initial position and
thus 𝒘 (0) ≠ 0 , convergence becomes significantly worse. The first
order variant matches is theoretical order of convergence but
second- and third-order variant converge with an order of only
slightly more than one. Note also that in both cases the errors are
slightly higher for 𝑆 = 0 . 3 compared to 𝑆 = 3 , likely because the
timescale of relaxation toward the flow field velocity is shorter
for a particle with a smaller Stokes number, making the problem
stiffer. 

4.2 Negatively Buoyant Particle 

Figures 4 and 5 show the 𝐿∞-error against the number of time-
steps for zero (upper) and non-zero (lower) initial relative velocity
and Stokes numbers 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). Since the
analytical solution is only valid for particles that are less dense
than the fluid, we always compute the error by comparing against
a higher resolution numerical reference here. 

Again, if 𝒘 (0) = 0 , the first- and second-order variant of Daitche’s
method achieve their theoretically expected convergence order.
PAMM, 2026
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FIGURE 2 Error against the analytical solution versus number of time steps for a particle that is lighter than the fluid for the first-, second-, and 
third-order variant of Daitche’s method. The initial relative velocity is zero, the initial position is (1,0,0) and 𝑡 ∈ [0 , 1] . The Stokes number of the particle 
is 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). 

FIGURE 3 Error against a numerically computed reference solution versus number of time steps for a particle that is lighter than the fluid for the 
first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is (0,0.1,0), the initial position is (1,0,0) and 𝑡 ∈ [0 , 1] . The Stokes 
number of the particle is 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). Order reduction from increasing stiffness as the Stokes number gets smaller is visible for the 
third-order method in the right plot. 

FIGURE 4 Error against a numerically computed reference solution versus number of time steps for a particle that is heavier than the fluid for 
the first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is zero, the initial position is (1,0,0) and 𝑡 ∈ [0 , 1] . The Stokes 
number of the particle is 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). 

T  

a  

v  

o  

w

 

 

P

 16177061, 2026, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.70158 by T

echnische U
niversität H

am
burg U

niversitätsbibliothek, W
iley O

nline L
ibrary on [27/05/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable
he third-order variant is not quite of order three but more
ccurate than the second-order version. A non-zero relative initial
elocity again causes order reduction for the second- and third-
rder variant. As before, errors are slightly higher for the particle
ith Stokes number 𝑆 = 0 . 3 . 
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5 Conclusion 

The MaRGE models the motion of spherical inertial particles
immersed in a fluid. While numerical solvers and analytical
solutions exist for two-dimensional flow fields, for most practical
5 of 6
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FIGURE 5 Error against a numerically computed reference solution versus number of time steps for a particle that is heavier than the fluid for the 
first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is (0,0.1,0), the initial position is (1,0,0) and 𝑡 ∈ [0 , 1] . The Stokes 
number of the particle is 𝑆 = 3 (left) and 𝑆 = 0 . 3 (right). Order reduction from the rapid stiff adjustment due to the non-zero initial relative velocity is 
visible in both cases. 
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 articles are governed by the applicable C
rea
pplications, their solution is needed for 3D flows. We present a
umerical solver for the 3D MaRGe using the quadrature schemes
or solving the history term and Adams–Bashforth methods
roposed by Daitche [ 15 ]. An analytical solution for MaRGE for
 two-dimensional vortex was derived by Candelier [ 8 ], which
e extend to a particles with a small density ratio moving in
D in a vortex while being subject to gravity. We investigate the
onvergence order of our numerical scheme for particles with
ifferent density, Stokes number and with zero and non-zero
nitial relative velocity. Generalizing the analytical solution to
articles of any density would be an interesting direction for
uture research. 
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