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ABSTRACT

The motion of inertial particles in a fluid is modeled by the Maxey-Riley-Gatignol equation (MaRGE). The MaRGE contains an

integral term that arises due to the viscous diffusion of vorticity in the fluid around the particle. Because it makes MaRGE difficult to

solve numerically, the integral term is often neglected or approximated, despite its demonstrated importance for obtaining realistic

trajectories. There are some studies that propose algorithms to solve the full MaRGE numerically for two dimensional flows fields.

For simple flows like a vortex, analytical solutions exist that can serve as test cases to verify implementations. However, in most
practical applications, fluids will be three dimensional. This article extends a multi-step algorithm proposed by Daitche to the
three-dimensional case. Based on an approach by Candelier et al., it derives an analytical solution for a particle moving in a three-

dimensional vortex while being subject to gravity. Numerical examples compare empirical and theoretical convergence orders and
demonstrate order reduction in particular for particles with non-zero relative initial velocity.

1 | Introduction

Modeling inertial particles moving in a fluid is an important prob-
lem, arising in the study of, for example, spread of wildfires [1],
dispersion of COVID-19 virus through spherical droplets [2],
multiphase flows [3], dynamics of prey for feeding marine
animals like jellyfish [4], and more. The equation of motion for
a spherical inertial particle of radius a and mass m,, is
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and was proposed by Maxey, Riley, and Gatignol [5, 6]. Here,

X = v(1) is the particle’s absolute velocity, m, is the mass of the
fluid displaced by the particle, u(x(¢), t) is the fluid velocity at the

particle’s position x(t), D/D ¢ is the material derivative, p; is the
fluid density, v is the kinematic viscosity of the fluid, and g is the
gravitational force vector. We ignore the Faxén correction terms
since they are smaller in magnitude than the other forces [7] but
they become relevant for very large particles.

The terms on the right-hand side of (1) model the force exerted
by the undisturbed fluid, the added mass term, the Stokes
drag, the history force due to memory effects of the particle
moving in a viscous fluid and the buoyancy force. The integral
term, also called Basset history term, turns the MaRGE into
an integro-differential equation and makes it challenging to
solve numerically. Therefore, it is often neglected despite both
experimental [8] and analytical [9] evidence that its effects are
not negligible, not only for single particles but also for large scale
Lagrangian dynamics and clustering patterns [10].

The local existence and uniqueness of weak solutions to (1) was
proved by Farazmand and Haller [11] and later extended to global
existence [12, 13]. They also show that for zero relative initial
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velocity, these weak solutions are classically differentiable and
hence become strong solutions. Crisan and Street show that these
two statements are equivalent and that solutions always lack
classical differentiability for non-zero initial relative velocity [13].
Together with a stiff relaxation towards the flow field velocity for
large Stokes numbers, this leads to order reduction of numerical
methods based on the differential form of MaRGE [14].

Numerical algorithms have been developed that solve the full
MaRGE without approximations. In 2013, Daitche developed
numerical schemes up to order three for 2D MaRGE based on
multi-step methods [15]. Moreno-Casas and Bombardelli [16]
review methods based on quadrature schemes and variants
of window based approaches. Prasath et al. [9] proposed an
alternative approach, demonstrating that the full MaRGE can
be reformulated as a dynamic boundary condition of a one-
dimensional diffusion equation on a one-dimensional, semi-
infinite domain. They introduce a numerical algorithm based
on collocation for the transformed problem. Their algorithm
delivers very high precision but is computationally expensive
and, in some situations, finite difference based approaches can
be more efficient [14]. Jaganathan et al. [17] transform the
inherent non-Markovian system of MaRGE into a Markovian
form, which facilitates efficient numerical integration. While
all these methods can be extended to 3D flow fields, we
use Daitche’s method here because it is straightforward to
implement.

For verification of numerical schemes, testcases with analytical
solutions are indispensable. Candelier et al. [8] provide a solution
to (1) when u is a simple 2D vortex flow field. Prasath et al. [9]
derive solutions for a relaxing particle when u = 0 with and
without gravity and for a particle in a spatially homogeneous,
time-periodic flow. However, no analytical testcases for 3D flow
fields seem to exist in the literature. In this article, we extend
the method by Daitche to 3D MaRGE and present an analytical
solution for a particle that is less dense than the fluid and subject
to gravity in a three-dimensional vortex flow.

2 | Numerical Solution of MaRGE in
Three-Dimensional Flow Fields

Equation (1) is in dimensional form where all quantities have
physical units. In order to find a numerical solution, we
nondimensionalize it by introducing a characteristic time T, a
characteristic velocity U and a characteristic length L = UT. We
introduce the dimensionless length, time, and velocity

x=x/L, t=t/T, v©=v/U, @a=u/U.

-(1-R)G, @

is given, for example, by Daitche [15]. Here, R is the density ratio
parameter, S is the ratio of particle’s viscous relaxation time to
T, which we call Stokes number, and G is the dimensionless

gravitational vector
3m a?
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The history term in (2) is modified using the identity

f( D)dr + f(zo) i f(T)

where f(7) = v — u, which follows by first differentiating and
then using integration by parts [18].

Since we only consider dimensionless quantities from now on, we
drop the overbar from (2). Daitche [15] introduced first-, second-,
and third-order schemes based on quadrature schemes and linear
multi-step methods for 2D MaRGE. Here, we extend his method
to the three-dimensional case and also discuss how to treat the
gravitational force vector. First, we rewrite (2) for the relative
velocity w = v — u of the particle

dw du R
——(R—I)E—Rw~Vu—§w

dt
w(t)
‘/Sn dt/ d - (1 -R)G. 4)

The equation for particle position is

dx
E—v—w+u. (5)

Let

du R
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Integrating (4) from ¢ to ¢ + h, where h is the step size, we get

t+h
w(t +h) =w)+ / G(t)dt + H(t + h) — H(?). (6)

The integral term in H is approximated using specially developed
quadrature schemes, which can be written as

¢ w(®) N N
/ —_dr=x/ﬁj§0nj¥w(m,j)+c9(h TG

to t—1

where N is the number of intervals for approximation and the
coefficients 1;?’ are calculated using polynomial approximations
according to required order m. In Equation (7), 7, = t, + hk and
h=(t—t,)/N. The expressions for first-, second-, and third-
order coefficients are lengthy and can be found in [15]. Combining
this with one-, two- and three-step Adams-Bashforth methods
to approximate the integral over G, and matching these with
the corresponding order quadrature schemes for H, we obtain
first-, second-, and third-order numerical schemes for the full
3D MaRGE.
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3 | Analytical Solution for a Particlein a
Three-Dimensional Vortex With Gravity

To provide the means to verify any implementation of a three-
dimensional MaRGE numerical solver, we derive an analytical
solution for a particle moving in a vortex flow field

-y
u=ow| x |, ©)]
0

with angular velocity w while being subject to gravity. The analyt-
ical solution of MaRGE in a 2D vortex flow with assumed initial
no-slip condition is given by Candelier et al. [8]. We write the non-
dimensional MaRGE (2) with flow field (8) component-wise as

x(8) = = (x(0) + y(1))

5(6) = —=—
T2y +1 2y +1S,

—¥(0) - ¥@)

(2)/+l)\/7TS ./ t—f

T, (9a)

¥ =- () = x(1))

3 - 1
2+ 10 T @y ¥ 1S,
x(7) - y(r)

(2)/+1)\/7TS / [—T

dr, (9b)
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where X = dX/dt,y = p,/p;and p, =1/m, and p; = 1/m; are
the particle and fluid density. Furthermore,

(90)

Fr=—, 10)

where S, is the pseudo-Stokes number and Fr is the pseudo-
Froude number. In (9), the motion along z is decoupled from the
motion in the (x,y) plane. Candelier et al. solved the MaRGE
in the (x,y) plane using Laplace transforms. By writing Z(t) =
x(t) + iy(t) and U(t) = Z(t), they write (9a) and (9b) as

. ‘ "-U@+iU(@)
U+ AU +B [/ U(r)dT+Z(O)] +c/ — —~dr =0,
0 0 Vt—-1
(1n)

where
1 35, —1i
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3
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Using Laplace transform, partial fraction decomposition and then
calculating inverse Laplace transform, they get the solution

4

Z@t) = Z % exp(X?t)erfe(—X; Vo), 13

i=1

where A; and X; are given in the appendices of [8]. We follow
a similar process to solve the equation for z-component. Taking
U,(t) = z(t), Equation (9c) becomes

. -U
UZ+AUZ—D—C/ U@y 2, (14)
0 t—1
where A and C are as given in (12) and D is
1-y 2
D= Sy T1Fr 15)

The Laplace transform of (14) is

U(s)(s+A C\/_\/_>_——C\/§UZ(O)+UZ(O), (16)

where U, (s) denotes the Laplace transform of U,(t). LetV = \/E
so that
U,(0)(V? = Cy/aV)+D

U,(s) = : 17
© —C\/7V3 + AV? w

Since the flow field (8) has no velocity in vertical direction and
we have to assume zero relative initial velocity, the particle starts
with the velocity same as the fluid velocity so that that U,(0) =
2(0) = 0. To calculate the inverse Laplace transform of U,(s), we
need the partial fraction decomposition

U.(s) = + , (18)
Afs  AS \fs-v, As-V,
where
\7C +/Cr —4A 7C —+/C2m —4A
Vi= , V= , (19)
2 2
and
. D(~C?7 +2A — C\/m\/C2r — 4A)
1= s
2A24\/C2 — 4A
: D(C?7r — 2A — C\/m\/C?7r — 4A) @)
2 = .

A2\/C27r — 4A

Note that we need the condition C?7 — 44 > 0, that is, y < 5/8,
thatis, p,/p; < 5/8 to be satisfied. The inverse Laplace transform
of U,(s) is

i=2
DC | 2+ZEV exp(V2terfe(-V, V), (21)

U,(t) =
() AZ\/; i=1

where exp(V;*t)erfc(-V, \/;) is a special case of Mittag-Leffler
functions E,(V; \/E) with o = 1/2 and, by integrating U,(t), we
obtain

2(t) = 2—\/_+—t+ZE

x <Vi exp(V, 2 erfe(=V, /1) - Vi> +200.  (22)
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—— Analytical solution
X Numerical solution
T L e Initial position
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e Initial position

FIGURE 1 | Flow field u(arrows), numerical solution of MaRGE computed with Daitche’s method (blue) and analytical solution (red). The left
figure is for a particle with density that is smaller than the fluid density, the right for a particle with density greater than the fluid.

The function erfc, also called complementary error function, is
defined as erfc(t) = 1 — erf(t), where erf(t) = \if /0[ e~dr is the

error function. Equation (13) along with (22) gives the analytical
solution for 3D MaRGE, but only for particles that satisfy o, /o, <
5/8.

Note that for velocity fields with a non-zero vertical component
and z(0) = U,(0) # 0, the numerator of (17) can be written as

U,(0)(V? = C\/zV) + D = (D — AU,(0))

=D*

+U,(0)(V2 = C\/7V + A), (23)

denominator factor

which gives the partial fraction decomposition

D*Cy/m . D B £,

— + + ,
A AS -V, -V,

where E; = (D* /D) E,. This can be solved similarly, giving

U,(s) = 24

D'C D «
U,(t) = + =+ Y EViexp(V)erfe(-V, VD). (25
AZ\/E A H
4 | Numerical Examples

Figure 1 shows the flow field (8) as arrows. The figure on the
left shows the analytical solution (in red) with a numerical
solution represented by blue crosses for a particle that is less
dense than the fluid and thus rises upwards. The figure on
the right shows the trajectory of particle denser than the fluid,
which travels downwards under the influence of gravity. In both
cases, the initial relative velocity of the particle is zero and the
green dot represents its initial position. The particle radius is 1.5
mm and times are ¢t € [0, 10]. The fluid density is 972 kg m~3,
the particle density for the heavier particle is 1410 kg m~3 and
for the lighter particle, 500 kg m~3. The kinematic viscosity of
the fluid is 2 x 10™* m? s71, as in Candelier et al. [8]. For the
analytical and numerical solutions to agree, we need to consider

the same characteristic values for both which, again following
Candelier [8], wesetto T = 0.1,L =0.04and U = L/T = 0.4.

4.1 | Positively Buoyant Particle

Figures 2 and 3 show L, error versus the total number of time
steps N for the particle that is less dense than the fluid with zero
(Figure 2) and non-zero initial (Figure 3) relative velocity and
Stokes numbers S = 3 (left) and S = 0.3 (right). For zero relative
initial velocity, the error is computed against the analytical
solution while for non-zero relative initial velocity the error is
estimated by computing the difference to a higher resolution
numerical solution.

If w(0) = 0, we get first and second order convergence from the
corresponding variants of Daitche’s method as expected. The
third-order variant converges with order somewhere between two
and three but is significantly more accurate than the second-
order variant. If the initial velocity of the particle does not
match the velocity of the flow field at its initial position and
thus w(0) # 0, convergence becomes significantly worse. The first
order variant matches is theoretical order of convergence but
second- and third-order variant converge with an order of only
slightly more than one. Note also that in both cases the errors are
slightly higher for S = 0.3 compared to S = 3, likely because the
timescale of relaxation toward the flow field velocity is shorter
for a particle with a smaller Stokes number, making the problem
stiffer.

4.2 | Negatively Buoyant Particle

Figures 4 and 5 show the L -error against the number of time-
steps for zero (upper) and non-zero (lower) initial relative velocity
and Stokes numbers S = 3 (left) and S = 0.3 (right). Since the
analytical solution is only valid for particles that are less dense
than the fluid, we always compute the error by comparing against
a higher resolution numerical reference here.

Again, if w(0) = 0, the first- and second-order variant of Daitche’s
method achieve their theoretically expected convergence order.
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FIGURE 2 | Error against the analytical solution versus number of time steps for a particle that is lighter than the fluid for the first-, second-, and

third-order variant of Daitche’s method. The initial relative velocity is zero, the initial position is (1,0,0) and ¢ € [0, 1]. The Stokes number of the particle
is S = 3 (left) and S = 0.3 (right).
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FIGURE 3 | Error against a numerically computed reference solution versus number of time steps for a particle that is lighter than the fluid for the

first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is (0,0.1,0), the initial position is (1,0,0) and ¢ € [0, 1]. The Stokes
number of the particle is S = 3 (left) and S = 0.3 (right). Order reduction from increasing stiffness as the Stokes number gets smaller is visible for the
third-order method in the right plot.
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FIGURE 4 | Error against a numerically computed reference solution versus number of time steps for a particle that is heavier than the fluid for
the first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is zero, the initial position is (1,0,0) and ¢t € [0, 1]. The Stokes
number of the particle is S = 3 (left) and S = 0.3 (right).

The third-order variant is not quite of order three but more 5 | Conclusion

accurate than the second-order version. A non-zero relative initial

velocity again causes order reduction for the second- and third- The MaRGE models the motion of spherical inertial particles
order variant. As before, errors are slightly higher for the particle immersed in a fluid. While numerical solvers and analytical
with Stokes number S = 0.3. solutions exist for two-dimensional flow fields, for most practical
PAMM, 2026 50f6
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FIGURE 5 | Erroragainst a numerically computed reference solution versus number of time steps for a particle that is heavier than the fluid for the

first-, second-, and third-order variant of Daitche’s method. The initial relative velocity is (0,0.1,0), the initial position is (1,0,0) and ¢ € [0, 1]. The Stokes
number of the particle is S = 3 (left) and S = 0.3 (right). Order reduction from the rapid stiff adjustment due to the non-zero initial relative velocity is

visible in both cases.

applications, their solution is needed for 3D flows. We present a
numerical solver for the 3D MaRGe using the quadrature schemes
for solving the history term and Adams-Bashforth methods
proposed by Daitche [15]. An analytical solution for MaRGE for
a two-dimensional vortex was derived by Candelier [8], which
we extend to a particles with a small density ratio moving in
3D in a vortex while being subject to gravity. We investigate the
convergence order of our numerical scheme for particles with
different density, Stokes number and with zero and non-zero
initial relative velocity. Generalizing the analytical solution to
particles of any density would be an interesting direction for
future research.
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