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ABSTRACT
In the present work the bulk-diffusion problem of
electrochemically inserted solute particles, e.g. hydrogen, in
planar or cylindrical electrodes is treated with a boundary
condition, which considers simultaneously both a sinusoidal
modulation of the particle flux as well as the reaction rate
of particle insertion into the electrode. By solving this
diffusion–reaction model with superimposed modulation
the solute concentration inside the sample as well as the
particle flux is obtained. For application to electrochemical
charging, this flux is related to that which follows from the
Butler-Volmer equation. The phase shift between the
surface solute concentration modulated by electrochemical
means and the bulk particle concentration provides
information whether the particle flux through the electrode-
electrolyte interface is influenced more strongly by the
insertion reaction or the subsequent diffusion inside the
electrode. The spatial and temporal concentration evolution
within the sample is analysed. The present model catches
not only the modulation behaviour in a stationary state but
also the transient behaviour. Furthermore, the faradaic
impedance, derived from the current density across the
interface, intrinsically contains both, the interfacial transfer
resistance and the diffusion impedance. The presented
diffusion–reaction model is not only suitable to study solute
insertion in electrodes and subsequent diffusion
phenomena in the field of electrochemistry, but can also be
applied for other types of loading, e.g. from the gas phase,
and to other measuring techniques, e.g. dilatometry.
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1. Introduction

The kinetics of diffusion-controlled insertion or extraction of a species into or
out of a body, e.g. a solid, with the surface near in equilibrium with the environ-
ment, represents a standard issue of diffusion theory. A research field where this
issue is of primary relevance, pertains to hydrogen in host materials or more
generally to ion-insertion electrodes. The diffusion theory of hydrogen
exchange with electrodes has been elaborated in great detail, e.g. by Montella
[1] and by Lee and Pyun [2].

A powerful variant of studying the solute exchange is by temporal modu-
lation of the equilibrium concentration; on the one hand, because it allows to
apply specific techniques, such as electrochemical impedance spectroscopy
(EIS) (see, e.g. Ref. [1,2]). On the other hand, modulation is inherently associ-
ated with a phase shift between the temporal modulation of the concentration
and the resulting modulated diffusive particle flux. Since the phase shift
depends on both the reaction-rate constant and the diffusion coefficient, it
enables an assessment of the rate-controlling processes for the solute exchange.
Usually, e.g. upon measuring the complex electrical impedance by EIS, only the
stationary state of the modulation is considered.

In the present work, the modulation of particle charging is treated in the
framework of standard diffusion–reaction theory, taking into account the reac-
tion-controlled step by an appropriate boundary condition. In this way also
the transient behaviour upon start of the modulation is described. More impor-
tantly, the spatial and temporal evolution of the solute density, which follows as
the primary result from the diffusion–reaction model, delivers a more detailed
insight in the loading process, just when only the particle current into the
sample is analysed. For applying the diffusion–reaction model to the process of
electrochemical loading, a relation is derived between the particle fluxes follow-
ing, on the one hand, from the Butler-Volmer equation [3], and on the other
hand, from the diffusion–reaction model. Although the diffusion–reaction
model is linked in the present paper to electrochemical loading, the model is
valid also for other types of loading, e.g. from the gas phase.

Viewing the topic of the present work in a broader context, it is worthwhile
to note that the inherent advantage of modulation, namely the access to rate-
controlling steps, is not restricted to the kind of diffusion–reaction model as
presented here, but to other kinds of equilibration processes as well. One of
the authors presented a model recently [4] to derive both vacancy formation
and migration characteristics from length change measurements upon modu-
lated time-linear heating. The modulation amplitude and the phase shift
between modulated temperature and length change is determined by the
ratio of equilibration rate and modulation frequency which yields access to
the vacancy migration characteristics. The modulation amplitude also contains
information on the vacancy formation characteristics.
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The present paper is organised as follows: In the central Section 2, the model
is elaborated. After introducing the geometry, Section 2.1.1, and the relation
between chemical potential, concentration and applied potential, Section
2.1.2, the boundary condition at the electrode surface and the associated par-
ticle flux is derived from the Butler–Volmer equation, Section 2.2, and sub-
sequently the diffusion model with the modulated boundary condition is
presented, Section 2.3, for both planar, Section 2.3.1, and cylindrical electrodes,
Section 2.3.2. In the section Analysis and Discussion, Section 3, the interfacial
reaction kinetics and the resulting current density across the interface,
Section 3.1, the limiting case of entirely diffusion limitation, Section 3.2, the
variation with modulation frequency, Section 3.3, the spatial evolution of the
modulation, Section 3.4, and the relations for the associated electrical impe-
dance, Section 3.5, are presented, followed by a comprehensive comparison
with literature and the discussion of applications potentials beyond, Section
3.6. The key assets of the present diffusion–reaction model are summarised
in the concluding section (Section 4). Since the model is not restricted to hydro-
gen loading, but to loading of, e.g. lithium as well, the general term particle is
used in the present work, besides hydrogen.

2. Model

2.1. Scenario and notation

2.1.1. Geometry
We consider a dilute solution of hydrogen, H, in a solid crystal in contact with a
fluid electrolyte containing protons, H+. Hydrogen occupies interstitial sites in
the crystal lattice, which have a uniform density (sites per volume) rsite. Trap-
ping and detrapping of hydrogen at defects inside the crystal lattice is not con-
sidered. The electrode reaction is that a proton, an electron, and an empty
interstitial site, i, combine to form a hydrogen atom on an interstitial site,

H+ + e− + i ⇆ H. (1)

The solid crystal is taken as homogeneous throughout its bulk and up to the inter-
face. That interface is the location of an energy barrier to the injection and removal
of H from the solution. The phase abutting to the solid crystal, on the other side of
the interface, is either the electrolyte or it is an adsorbate layer, and it is taken to
equilibrate faster than relevant timescales of our experiment and so be at equili-
brium with the electrolyte under all conditions under consideration.

In the solid crystal, a one-dimensional diffusion problem is considered, as sche-
matically presented in Figure 1. The actual hydrogen concentration field at time t
and position x in the solid is designated by r(x, t). The spatial and temporal evol-
ution of r(x, t) is determined by the reaction- and diffusion-limitation of the
process. The corresponding mathematical treatment of this problem is presented
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in Subsection 2.3. All concentrations in this work are defined per volume of the
undeformed solid crystal, even when there is swelling upon H uptake. Further-
more, x is a (crystal-) coordinate in that undeformed referential frame.

For the concentration field r(x, t) of relevance is, on the one hand, the spatial
limiting value, rs(t), of the concentration at the interface, which is approached
from within the solid (see Figure 1(a), upper part). Also of relevance, on the
other hand, is the equilibrium value, req(t), of ρ, which is a time-dependent

Figure 1. Schematic display of the solute density, r(x, t), inside the sample during hydrogen
charging (a) and subsequent modulation (b). (a) Applying a constant electrode potential
U = U0 for a sufficient time interval leads to a homogeneous hydrogen concentration req
inside the sample. Before equilibrium is reached, the difference req − rs results in a current
density js(t), Equation (10), of solutes through the surface, where rs is the time-dependent
density underneath the surface. (b) After reaching equilibrium, the electrode potential U(t),
Equation (2), is modulated with respect to U0 giving rise to an oscillating variation of the
solute density imposed by the surface, req(t) = r0 + r̂ sin (vt), Equation (11). As a result of
the modulation, a time-dependent density profile, r(x, t), inside the sample evolves, which is
determined by the reaction- and diffusion-limitation of the process, Section 2.3. The difference
between req(t) and rs(t) = r(x = l, t) leads again to a current density js(t) of particles through
the surface (Equation (12) and boundary condition according to Equation (14)). (c) In compari-
son to (b) the situation for the entirely diffusion-limited case (boundary condition according to
Equation (16)). Note that figure parts b and c pertain to the special case of the diffusion–reac-
tion model with the initial condition, Equation (18), r(t = 0) = rini0 = r0.
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quantity determined by the electrode potential, U(t), at a particular instant in
time.

Before the start of the experiment, a constant electrode potential is applied
during a time interval sufficient for the composition profile in the solid to
reach equilibrium. This leads to a homogeneous concentration throughout
the solid. The experiment proper consists in imposing a finite mean value,
U0, of the electrode potential, to which a small modulation is superimposed,
so that the time-dependent potential is

U(t) = U0 + Û sin (vt), (2)

with the amplitude Û, the radian frequency ω and the time t.

2.1.2. Relation between chemical potential, concentration and applied
potential
The modulation of U(t) implies a modulation of the solute concentration req in
the solid crystal at equilibrium. Empirical data for the equation of state, m̆(r, T),
for the chemical potential of hydrogen as the function of ρ and temperature T have
been well documented for many metal hydrides. For the example of Pd, as a stan-
dard model system and one of the most extensively studied hydrides, the equation
of state reflects a miscibility gap separating a dilute from a concentrated solid sol-
ution below the critical temperature of ∼ 570 K [5–8]. Here, we ignore the phase
separation and the underlying hydrogen–hydrogen interaction in more concen-
trated solutions and we restrict attention, instead, to situations where the solute
fraction remains within the dilute limit at any position and any time. At equili-
brium, μ and ρ are then related through the dilute solution equation of state [9]

m̆(r, T) = mref + RT ln
r

rref

( )
(3)

withmref and rref the chemical potential and the solute concentration, respectively,
at equilibrium in a suitably defined, dilute reference state.

The equilibrium chemical potential of atomic hydrogen in the solid can be
controlled by the electrode potential, U, according to

meq = mref − zF(U − Uref ). (4)

Here z is the signed valency, z = +1 for protons, F is Faraday’s constant, andUref

is the electrode potential required to maintain the reference state. Equations (3)
and (4) imply

r̆(U, T) = rref exp − zF(U − Uref )
RT

( )
(5)

Ŭ(r, T) = Uref − zF
RT

ln
r

rref

( )
(6)
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as two forms of equilibrium sorption isotherms, in other words, of equations of
state governing the relation between the solute concentration and the electrode
potential at equilibrium.

2.2. Boundary condition at the electrode surface

2.2.1. Current-overpotential equation
We require a rate equation for the flux density, js, of transfer from the electro-
lyte into the solid crystal. As stated above, we assume an energy barrier at the
interface. The rate of transfer across the interface may then be inferred from
kinetic rate theory.

Prior to discussing the kinetics, we find it useful to inspect the nature of the
underlying equilibrium states, presented in Figure 1(a). Consider that electro-
lyte and hydride have been equilibrated during a sufficient hold time at a con-
stant but otherwise arbitrary electrode potentialU0. The bulk of the hydride will
then have reached an equilibrium state, which is at constant composition req.
Specifically, the composition at the surface also satisfies rs = req. In this
state, js is zero (see Figure 1(a), lower part). In other words, and contrary to
simple electrode reactions, there is not a single value of the equilibrium poten-
tial but rather a continuum of possible equilibrium states with combinations of
electrode potential (or chemical potential) and solid solution concentration that
are governed by the bulk sorption isotherm. Non-zero values of the flux js result
whenever the combination of U and rs deviates from the isotherm.

Outside equilibrium, the flux js will be governed by a Butler-Volmer-like
current-overpotential equation (see Sect 3.4.2 in Ref. [3]). That equation
must embody that the rates of injection and extraction scale with the concen-
trations of vacant target and of occupied starting sites in the crystal, respectively
[10]. In other words, the kinetics is affected by the time-dependent concen-
trations of i and H in Equation (1); those concentrations add up to the constant
site density rsite. Furthermore, as discussed above, the equation must also
embody that the flux vanishes at equilibrium at any imposed potential Ueq,
in other words, that js = 0 when rs = req = r̆(Ueq, T). The current-potential
relation may thus be written as

js = jex
rsite − rs
rsite − req

exp −a
zF(U − Ueq)

RT

( )
− rs

req
exp (1− a)

zF(U − Ueq)

RT

( )[ ]
,

(7)

with α the transfer coefficient and jex the exchange current density [3].
As the discussion that leads to Equation (7) imposes no restriction on the

choice (precise value of Ueq or req) of the equilibrium state, one may arbitrarily
select that state as long as it remains within the dilute limit, as supposed above.
In particular, setting either req = rs or alternatively Ueq = U are two distinct
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and valid choices. The former choice leads to the standard form of the Butler-
Volmer equation, namely

js = jex exp −a
zFdU
RT

( )
− exp (1− a)

zFdU
RT

( )[ ]
(8)

where dU denotes an overpotential relative to the equilibrium electrode poten-
tial for the current surface concentration value, dU = U − Ŭ(rs, T). The latter
choice leads to

js = jex
rsite − rs
rsite − req

− rs
req

( )
. (9)

where req is the equilibrium concentration at the current electrode potential
value, req = r̆(U, T). It is emphasised that each of the two Equations (8) and
(9), are equivalent formulations for the flux that embody the same physics.
Since our approach to the diffusion kinetics in the bulk naturally connects to
rs as a key variable in the boundary condition for diffusion, we here choose
the latter expression, Equation (9), as the convenient governing law for the
flux through the interface.

For dilute solutions (r ≪ rsite), Equation (9) can be simplified to

js = jex
req

req − rs

( )
. (10)

This result confirms the linear dependence of js on the surface solute fraction as
derived in [10]. Equation (10) shows that, at any given value of the electrode
potential (as parameterised by the value of req along with Equation (6)), the
flux through the interface is a linear function of the surface composition,
with zero current at equilibrium. Note that the linearity persists even for
finite deviations of the surface composition from equilibrium. Equation (10)
derived above for the time-independent equilibrium (req) holds also for the
time-dependent equilibrium.

2.2.2. Application to experiments with modulated electrode potential and
connection to bulk diffusion problem
In the following, the general form of the current density, Equation (10),
obtained from the Butler–Volmer equation, will be specified to the experimen-
tal situation under consideration, Figure 1(b), in order to determine the bound-
ary condition for the diffusion–reaction model treated in the next Section 2.3.
As stated in the previous Section 2.2.1, the solid is initially equilibrated at a
homogeneous concentration req by holding the electrode potential at a constant
value U0. This corresponds to the situation depicted in the lower part of
Figure 1(a). From t = 0 onwards a small cyclic potential variation of amplitude
Û is superimposed.
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Equation (5) implies that the potential variation entails a cyclic variation of
the equilibrium concentration value around its mean value, r0. If that variation
is small, zFÛ ≪ RT, the exponential can be linearised and one obtains the equi-
librium concentration

req(t) = r0 + r̂ sinvt = r0 1− zF
RT

Û sinvt

( )
, (11)

with r̂ a modulation amplitude.
The modulation of req(t), Equation (11), results in a current according to

Equation (10) (see scheme, Figure 1(b)):

js(t) = jex
r0

req(t)− r(l, t)
( )

, (12)

with rs given by the solution r(x = l, t) of the diffusion–reaction model. In
Equation (12), a simplification has been considered by exploiting
dreq = req(t)− r0 ≪ r0. In fact, replacing the time-dependent req(t) in the
denominator of the prefactor, Equation (10), with the constant r0 affects the
result only by terms in second order (/dreqdrs), which can be neglected.

This result for the current density js of particles through the surface,
Equation (12), provides the surface condition, i.e. the boundary condition for
the bulk diffusion problem. The current density through the surface is linked
to the bulk concentration profile by

js(t) = −D
∂r(x, t)

∂x

∣∣∣∣
x=l

, (13)

where D denotes the diffusion coefficient of the solute in the solid crystal. In the
previous part of this subsection, positive values of js correspond to injection of
solute into the sample, associated with req(t) . r(l, t). In the bulk-diffusion
model with the surface located at x = l, however, a particle current into the
sample according to Equation (13) correspond to negative values of js (see
Figure 1). Taking this into account, one obtains from Equations (12) and
(13) the boundary condition at the electrode surface:

D
∂r(x, t)

∂x

∣∣∣∣
x=l

= k req(t)− r(l, t)
( )

, (14)

where the ratio

k = jex
r0

(15)

describes the reaction rate. Note that the exchange current density jex is
proportional to the mean value of r0 of the cyclic variation of the equilibrium
concentration value, which is well in line with literature (see Section 3.4.1 in
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Ref. [3]). The obtained boundary condition, Equation (14), corresponds to
standard diffusion–reaction theory (Equation (5.45) in Ref. [11]).

With increasing reaction rate, the value r(l, t) more and more approaches
the equilibrium concentration req(t), Equation (11), imposed by the surface,
leading to the boundary condition

r(x = l, t) = r0 + r̂ sin (vt) (16)

in the entirely diffusion-limited regime with the current density according to
Equation (13). The scheme of this boundary condition is shown in Figure 1(c)
for comparison with that in Figure 1(b) for the boundary condition associated
with the reaction rate, Equation (14). As shown in Subsection 3.2, the present
diffusion–reaction model contains the entirely diffusion-limited regime as
special case.

2.3. Diffusion model with modulated boundary condition

In the following section, the bulk-diffusion problem is solved in order to deter-
mine the spatial and temporal variation of the density of diffusion species r(x, t)
and the current density js through the surface (see scheme in Figure 1). In
addition to the planar electrode, Section 2.3.1, the cylindical-shaped electrode
is considered, Section 2.3.2.

2.3.1. Solution for one-dimensional case: planar electrode
The diffusion equation in one dimension for a plate with thickness
2l (−l ≤ x ≤ l) is of interest here. In the bulk it is given by

∂r

∂t
= D

∂2r

∂x2
. (17)

As initial condition within the plate (t = 0, −l ≤ x ≤ l) a homogeneous distri-
bution is assumed:

r(t = 0) = rini0 . (18)

The boundary condition for the surface (x = l) is given by Equation (14), which
reads with req(t) according to Equation (11):

D
∂r

∂x

∣∣∣∣
x=l

= k r0 + r̂ sin (vt)− r(l)
( )

. (19)

Note that the initial condition, Equation (18), is more general than the scenario
depicted in Figure 1(b), where as initial condition, Equation (18),
r(t = 0) = r0, i.e. r

ini
0 = r0, is assumed. Therefore, the present model also

takes into account the transient during which the concentration field
approaches the value r0 with respect to which the modulation occurs. The
special case rini0 = r0 will be considered in the analysis (see Section 3.4).
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The condition of vanishing flux in the midplane of the plate defines another
boundary condition for x = 0:

∂r

∂x

∣∣∣∣
x=0

= 0. (20)

Handling the time dependence by the Laplace transform

r̃(x, p) =
∫1
0
exp (− pt)r(x, t) dt, (21)

the diffusion equation with initial condition is given by:

d2r̃
dx2

− g2r̃ = − rini0

D
with g2 = p

D
. (22)

For the Laplace transform of the boundary condition one obtains with
sin (vt) � v/(p2 + v2):

D
dr̃
dx

∣∣∣∣
x=l

= k
r0
p
+ r̂

v

p2 + v2
− r̃(l)

( )
. (23)

The solution of the diffusion equation (Equation (22)) with the boundary
conditions for x = 0, Equation (20), and x = l, Equation (23), reads (see
Appendix A.1):

r̃(x, p) = L(r0 − rini0 ) cosh (gx)
p(L coshb+ b sinhb)

+ rini0

p

+ r̂
Lv cosh (gx)

(p2 + v2)(L coshb+ b sinhb)
, (24)

with b = gl, b2 = pl2/D, and the parameter

L = kl
D
, (25)

which characterises the ratio between diffusion (/l/D) and reaction (/1/k)
limitation. The retransformation r̃(x, p) � r(x, t) is given in Appendix A.1.

In the following, we are primarily interested in the volume-averaged time-
dependent fraction of loaded species

n(t) = A′

r0A′l

∫l
0
r(x, t) dx (26)

and the particle current density through the surface, which is associated with
the time-derivative of n(t), i.e.

js = − r0A
′l

A′
dn
dt

(27)
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with the electrode area A′. Note the minus-sign since the current density
through the surface at x = l, Equation (13), is negative for dn/dt . 0.1

With r(x, t) as sum of Equations (A3), (A6), and (A9) one obtains

n(t) = 1−
∑1
n=1

2L2

�b
2
n(�b

2
n + L2 + L)

r0 − rini0

r0
− 1

2
r̂

r0

M2�b
2
n

�b
4
n + 1

4M
4

[ ]
exp −D�b

2
n

l2
t

( )

+ 2
r̂

r0

L
M

C���������
A2 + B2

√ sin (vt + f0)

(28)

and

js =
∑1
n=1

2Lk

(b
2
n + L2 + L)

rini0 − r0 +
1
2
r̂

M2b
2
n

b
4
n + 1

4M
4

[ ]
exp −Db

2
n

l2
t

( )

− 2lr̂
Lv
M

C���������
A2 + B2

√ sin vt + f0 +
p

2

( )
,

(29)

with L according to Equation (25), with the modulation-characterising
parameter

M =
�����
2l2v
D

√
, (30)

with the roots bn according to

bn tanbn = L, (31)

and with the phase angle

f0 = arctan
A
B
+ 0 or p (32)

(0 for B > 0 and π for B < 0) with the coefficients

A = L( sinM − sinhM)+M( cosM − coshM),

B = L( sinM + sinhM),

C = coshM − cosM.

(33)

Note that the fraction n(t) is normalised with respect to themean value r0 in the
surrounding.

Both the fraction n(t), Equation (28), and the associated current density js,
Equation (29), are composed of three parts, namely

. the unmodulated part given by the respective term associated with (r0 − rini0 )
in the bn-series, which is identical to that given in textbook (Equation (4.53)
in Ref. [11] as well as Equation (19) in Ref. [2] and Equation (28) in Ref.
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[10]), and which is also in line with measurements conducted with the poten-
tial step method (see Section 3.6 for further details),

. the transient part upon starting the modulaton given by the additional
summand /r̂ in the bn-series, and

. the temporally periodic part associated with the modulation.

An analysis of n(t) will be given in Sections 3.2 and 3.3.
For the sake of completeness we quote exemplary for the one-dimensional

case, how the oscillating boundary condition spatially evolves within the
plate. The dependence of the density of loaded species r(x, t) on t and x is
given by the sum

r(x, t) = runmod(x, t)+ rtransientmod (x, t)+ r
periodic
mod (x, t), (34)

which consists of three parts in an analogous manner to n(t) or js that follow
from r(x, t): the unmodulated part runmod(x, t), Equation (A3), the transient
rtransientmod (x, t), Equation (A6), associated with the modulated part, and the
spatially and temporally oscillating part given by (see Appendix A.1.2)

r
periodic
mod (x, t) = 2r̂L

���������
P21 + P22
R2
1 + R2

2

√
sin (vt + f0) (35)

with

tanf0 =
R2P2 − R1P1
R1P2 + R2P1

+ 0, p (36)

and

m = M
2l
,

P1 = cos (mx) cosh (mx),

P2 = sin (mx) sinh (mx),

R1 = 2L sin
M
2
sinh

M
2
+M sin

M
2
cosh

M
2
+ cos

M
2
sinh

M
2

( )
,

R2 = 2L cos
M
2
cosh

M
2
+M − sin

M
2
cosh

M
2
+ cos

M
2
sinh

M
2

( )
.

(37)

With Equation (37) the amplitude of r
periodic
mod (x, t), Equation (35), can be

written as

(rperiodicmod )ampl. =
��
2

√
r̂L

���������������������������������������������������
cos (2mx)+ cosh (2mx)

2L2( cosM + coshM)+M2( coshM − cosM)
+ 2LM( sinhM − sinM)

√√√√√ . (38)

An analysis of r(x, t) will be given in Sections 3.2 and 3.4.
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2.3.2. Solution for cylindrical electrode
For a cylinder with radius r0 the Laplace transform of the solution of the
diffusion–reaction model corresponding to that of the one-dimensional case,
Equation (24), reads:

r̃(r, p) = L(r0 − rini0 )

p bI1(b)+ LI0(b)
( ) I0 b

r0
r

( )
+ rini0

p

+ r̂
Lv

(p2 + v2) bI1(b)+ LI0(b)
( ) I0 b

r0
r

( )
(39)

with the modified Bessel functions Ii(z) (i = 1, 2), with b = gr0, b2 = pr20/D,
and the parameter

L = kr0
D

(40)

in analogy to Equation (25).
Retransformation r̃(x, p) � r(x, t) (see Appendix A.2) yields in correspon-

dence to the plate, Equation (28), the volume-averaged time-dependent fraction
of loaded species

n(t) = 1−
∑1
n=1

4L2

b
2
n b

2
n + L2

( ) r0 − rini0

r0
− 1

2
r̂

r0

M2b
2
n

b
4
n + 1

4M
4

[ ]
exp −Db

2
n

r20
t

( )

+ 2
r̂

r0

L
M

2 (JRe1 )2 + (JIm1 )2
( ){ }1/2× 1

2
M2 (JRe1 )2 + (JIm1 )2
( ){

+L2 (JRe0 )2 + (JIm0 )2
( )+ML JIm1 (JRe0 − JIm0 )− JRe1 (JRe0 + JIm0 )

[ ]}−1/2

× sin (vt + f0)

(41)

with L according to Equation (40), with

M =
������
2r20v
D

√
, (42)

with the roots bn according to

−bnJ1(bn)+ LJ0(bn) = 0 (43)

(Ji(z): Bessel function), with

bM = 1
2
M(1+ i) (44)
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and with the phase angle

f0 = arctan
L −JIm1 (JRe0 − JIm0 )+ JRe1 (JRe0 + JIm0 )
[ ]−M (JRe1 )2 + (JIm1 )2

( )
L JRe1 (JRe0 − JIm0 )+ JIm1 (JRe0 + JIm0 )
[ ]

+ 0 or p (45)

where 0 or π holds for [JRe1 (JRe0 − JIm0 )+ JIm1 (JRe0 + JIm0 )] . 0 or , 0, respect-
ively. The abbreviations of the Bessel function JRe,Im0,1 denote (Re: real part,
Im: imaginary part):

JRe0 = Re J0(bM)
( )

, JIm0 = Im J0(bM)
( )

,

JRe1 = Re J1(bM)
( )

, JIm1 = Im J1(bM)
( )

.
(46)

In analogy to the plate, the solution n(t), Equation (41), consists of three parts;
the textbook solution (Equation 5.49 in Ref. [11]) of the unmodulated part
(term /(r0 − rini0 ) in bn-series), the transient associated with the modulated
part given (term/r̂ in bn-series), and the temporally oscillating part associated
with the modulation. An analysis of n(t) will be given in Subsections 3.2 and
3.3.

The current density js through the surface follows in analogy to the planar
electrode, Equation (29), from the time-derivative n(t), Equation (41), i.e.
js = −r0pr

2
0l
′/(2pr0l′) dn/dt = −r0r0/2 dn/dt (l

′: cylinder length).

3. Analysis and discussion

The current density according to Equation (12) as derived from the Butler-
Volmer equation represents the central connection between the boundary con-
dition at the electrode-electrolyte interface and the spatial and temporal evol-
ution of the density r(x, t) (or r(r, t)) of loaded species as derived from the
bulk diffusion problem. The interfacial reaction kinetics and the resulting
current density across the interface is discussed in Section 3.1.

In the remaining parts of Section 3, the behaviour of the density r(x, t) (or
r(r, t)) of loaded species, respectively, its volume-averaged value n(t) will be
analysed and discussed. The modulation of the equilibrium concentration
with a frequency f = v/(2p) imposed by the boundary condition, Equation
(19), causes a corresponding modulation of the fraction of loaded species
n(t) (plate: Equation (28); cylinder: Equation (41)) shifted by an phase angle
f0 (plate: Equation (32); cylinder: Equation (45)). For r̂ = 0 the solutions
reduce to those of the respective unmodulated parts which are identical to
those found in textbook [11]. The amplitude of the modulation and the
phase shift are determined by the two characteristic parameters L and M.
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3.1. Interfacial reaction kinetics

The equilibrium sorption isotherms of interstitial solid solutions are typically
characterised by a strong effective solute-solute interaction and, hence, by a
strong deviation from ideal solution behaviour. This is exemplified by H in
Pd, where the sorption isotherm reflects significant contributions from each,
configurational entropy, electronic interactions related to band filling in the
host, vibrational entropy, and misfit strain energy [12–14]. In the consequence,
functional forms of the equation of state, m̆(r, T), for the chemical potential will
typically deviate strongly from simple concepts such as the ideal or regular sol-
ution. In the present work, the analysis of bulk diffusion in a interstitial solid
solution and of its coupling to an interfacial solute exchange reaction is
restricted to a dilute solution in the bulk. This allows us to discuss thermodyn-
amic driving forces in terms of the generic, dilute-solution equation of state for
μ, and to discuss transport in terms of Fick’s laws of diffusion. Those approxi-
mations apply here even for solutions which exhibit substantial solute-solute
interaction and, possibly, a miscibility gap at higher concentration.

Our central expression for the interfacial reaction kinetics in dilute solutions
is Equation (10). In that expression, the interfacial reaction current varies lin-
early with the interfacial solute concentration rs. The linearity is not restricted
to small deviations from equilibrium; instead, it prevails for finite composition
changes. This linear composition dependence is consistent with surface bound-
ary conditions that are commonly considered in the literature on diffusion in
solids [11, Section 5.3.4].

The linear variation of the reaction current with the interfacial solute frac-
tion has previously been demonstrated based on the special case of a ‘Langmuir
insertion isotherm’ for metal hydrides, in other words, of an ideal solution in
the bulk [10]. Our derivation clarifies that the linear law can generally be
expected in dilute solutions, and Equation (10) exposes explicitly that the
underlying Butler-Volmer law implies the current density to be normalised
to the equilibrium concentration. Forward and backward jumps between two
discrete potential values will then not give the identical kinetics. In a more
general context, the asymmetry between insertion and extraction of hydrogen
in or from metals is well documented [2].

A priori, it is not obvious whether the linear composition dependence is also
consistent with the Butler–Volmer law. As a fundamental result of kinetic rate
theory [3], that law provides a generic starting point for investigating reaction–
diffusion processes in electrochemistry. The Butler–Volmer law may be linearised
for small deviation, DU ≪ RT/F, of the electrode potential U from the open-
circuit potential that characterises a specific equilibrium state. That linearisation
underlies an analysis of electrode-potential-modulated diffusion scenarios in [15].
Our analysis considers the small modulation superimposed to a finite jump in U.
The treatment of interfacial reaction kinetics then has to allow for DU ≥ RT/F,
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where the Butler–Volmer law embodies a nonlinear and ultimately exponential
variation of the reaction current js with U. Our analysis in Section 2.2.1 shows
that the nonlinear dependence on U at constant rs and the linear dependence
on rs at constant U are in fact special cases of − and, hence, compatible with −
the same governing equation for the reaction kinetics, namely our Equation (7).

In studies of crystal growth, for instance during solidification, interfacial
reaction rates are often taken as a linear function of the jump in chemical
potential across the interface [16, pp. 48 ff], [17]. This follows from the
notion that levelling gradients in the chemical potential provides the funda-
mental driving force for diffusion [18, 19]. It is readily verified that Equation
(10) is consistent with that notion. To this end, Equation (3) may be solved
for ρ and the result substituted into Equation (10). One thus obtains

js = −jex
ms − meq

RT
, (47)

with ms the solute chemical potential of the electrode at its surface,
ms = m̆(rs, T). Since meq may be seen as an effective chemical potential in a
reservoir of charge-neutral solute abutting the electrode, Equation (47)
confirms, for dilute solutions, the consistency of Equation (10) with the
concept that the driving force for the reaction current must be compatible
with the jump in chemical potential across the interface.

3.2. Parameter L and limiting case of entirely diffusion-limitation

The parameter L (plate: kl/D, Equation (25); cylinder: kr0/D, Equation (40))
characterises the regimes where diffusion-limitation (L > 1) or reaction-limit-
ation (L < 1) dominates. This becomes evident by considering the mean time
t for diffusion- and reaction-limited loading or unloading, which for a plate,
e.g. reads t = l2/(3D)+ l/k = l2/D× (1/3+ 1/L) [20], 2. The contribution
l2/(3D) to this mean loading or unloading time is due to diffusion-limitation;
the second contribution l/k, which arises from reaction limitation, becomes
small for 1/3 . 1/L.

It is worthwhile to mention that – aside from a geometry-dependent pre-
factor – the parameter L agrees with the so-called Damköhler number Da
which defines the ratio of the diffusion (td) and reaction time scales (tr) in
chemical engineering [21]. According to the aforementioned mean time t for
a planar electrode with td = l2/3D and tr = l/k [20], the relation between
the Damköhler number and L reads: Da = (1/3)× (kl/D) = L/3.

The entirely diffusion-limited case prevails in the limit L � 1. In that case,
the phase angle reads for the plate, Equation (32),

f0 = arctan
sinM − sinhM
sinM + sinhM

(48)
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and for the cylinder, Equation (45),

f0 = arctan
−JIm1 (JRe0 − JIm0 )+ JRe1 (JRe0 + JIm0 )
JRe1 (JRe0 − JIm0 )+ JIm1 (JRe0 + JIm0 )

. (49)

The amplitude of sin (vt + f0) in this limit becomes for the plate, Equation
(28),

n̂ =
��
2

√ r̂

r0

1
M

coshM − cosM�������������������
sin2M + sinh2M

√ (50)

and for the cylinder, Equation (41):

n̂ = 2
r̂

r0

1
M

�������������������
2 (JRe1 )2 + (JIm1 )2
( )√
������������������
(JRe0 )2 + (JIm0 )2
( )√ . (51)

The modulated density distribution r
periodic
mod (x, t), Equation (35), inside the plate

reads for L � 1:

r
periodic
mod (x, t) = r̂

��������������������������
cos (2mx)+ cosh (2mx)

cosM + coshM

√
sin (vt + f0) (52)

with

f0 = arctan
sin (m(l− x)) sinh (m(l+ x))+ sin (m(l+ x)) sinh (m(l− x))
cos (m(l− x)) cosh (m(l+ x))+ cos (m(l+ x)) cosh (m(l− x))

+ 0, p.

(53)

Instead of considering the limit L � 1 of the diffusion–reaction model, the
solutions of the entirely diffusion-limited case can be deduced also directly
from the appropriate diffusion model. E.g. for the planar case, the correspond-
ing boundary in this limit is given by Equation (16) (see Subsection 2.2.2),
which has to be used instead of the reaction-controlled boundary condition
according to Equation (19).

3.3. Parameter M and variation with modulation frequency

The parameter M (plate:
��������
2l2v/D

√
, Equation (30); cylinder:

���������
2r20v/D

√
,

Equation (42)) correlates the period T = 2p/v of modulation with the charac-
teristic diffusion time l2/D or r20/D. Long or short modulation periods with
respect to the characteristic diffusion time correspond to small or high M-
values, respectively. In Figure 2, the amplitude and the phase angle are
shown for both geometries in dependence of M for the general case (L = 1,
part a) and for the entirely diffusion-limited case (L � 1, part b). For both
the planar and cylindrical symmetry, the phase shift f0 approaches zero with
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decreasing M (i.e. decreasing frequency for constant D and l or r0), meaning
that the modulation of the fraction of loaded species is in phase with the modu-
lation at the surface. Also the amplitude of the modulation (related to r̂/r0)
follows that at the surface ( � 1). For the planar symmetry, this can be
easily verified by means of Taylor expansion of the coefficients A, B, and C,
Equation (33), with respect to M for small values of M, yielding r̂/r0 sin (vt)
for the sin-Term in Equation (28).

With increasing M, i.e. increasing frequency (for constant D and l or r0), an
increasing phase shift f0 between the modulation of the surface concentration
and the fraction of loaded specifies occurs along with a decrease of the modu-
lation amplitude (see Figure 2(a)). This is due to the fact that for high M, i.e.
high frequencies (v ≫ D/(2l2) or v ≫ D/(2r20)), the oscillation period of the
concentration variation at the surface is short compared to the diffusion
time, meaning that the modulation of the loaded species cannot follow the

Figure 2. Amplitude (related to r̂/r0) and phase angle f0 of the modulating part of the relative
fraction n(t) of loaded species in dependence of frequency-parameterM/ ��

v
√

(plate: Equation
(30); cylinder: Equation (42)) for parameter (a) L = 1 and (b) L � 1 (plate: Equation (25); cylin-
der: Equation (40)). Amplitude of plate: black dash-dotted line, Equation (28); amplitude of
cylinder: black dotted line, Equation (41); f0 for plate: red dashed line, Equation (32); f0 for
cylinder: red solid line, Equation (45); limiting case (b): Equations (48), (49), (50), and (51). Par-
ameters: D = 3× 10−11 m2/s; l = r0 = 10−3 m; k = 3× 10−8 m/s (a), � 1 (b).
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variation of the surface concentration. Again, for the planar symmetry, this can
be directly verified by considering the coefficients A, B, and C, Equation (33), in
the limit for large values ofM (coshM = sinhM = 1

2 expM forM � 1), which
yields amplitude zero and phase shift −p/2.

The variations of the amplitude and phase angle withM are strongest forM-
values in the order of magnitude 100 (see Figure 2(a)), that means when the
diffusion length in one period is in the range of the sample size. The variations
for the cylindrical case are shifted to higher frequencies with respect to the
planar case. This reflects the decreasing mean diffusion length required for
loading or unloading the sample when going from planar to cylindrical sym-
metry. The mean loading or unloading time is shorter for cylindrical than for
planar geometry [20].

Compared to the general case, for the entirely diffusion-limited case, i.e. for
L � 1 due to k � 1, the decrease of the modulation amplitude and the vari-
ation of the phase angle are shifted to higher M-values, i.e. frequencies, due to
the absence of any rate-limitation due to surface reaction (see Figure 2(b) in
comparison to part (a)). The phase shift approaches −p/4 in that case. The
different limiting phase shifts of −p/4 (L � 1) and −p/2 (L = 1) are nicely
visualised by the different rperiodicmod (x, t), as discussed in the next subsection.
The offset between the cylindrical and the planar case occurs for the same
reason as in the general case.

The comparison of Figure 2(a,b) nicely demonstrates the meaningfulness of
modulation, namely that the phase shift, which is associated with the modu-
lation, enables the assessment of the rate-controlling step. For instance, for
the parameter M = 1 for the planar electrode, the phase angle f0 is −33.5◦ in
the regime of both reaction- and diffusion-limitation (L = 1), but substantially
lower, −9.4◦, in the entirely diffusion-limited regime (L � 1). The M-regime
in the order of magnitude 100 is therefore of most relevance for gaining insight
into the kinetics.

3.4. Spatial evolution of modulation

Next, we discuss how the surface modulation spatially evolves into the sample,
considering the case of planar geometry, Equation (34). Figure 3(a) shows the
spatial variation of the relative density of loaded species r(x, t)/r0 at different
times t (vt = 0, p/2, p, 3p/2). Following the scenario outlined above (Subsec-
tion 2.1.1 and Figure 1), a homogeneous density inside the plate in equilibrium
with the surface prior to the onset of modulation (vt = 0) is assumed; the rela-
tive modulation amplitude r̂/r0 is set to 0.1. In figure part a1) the case of neg-
ligible reaction-limitation (L = 103) is shown for two values of M, i.e. for two
different frequencies. A spatial concentration gradient evolves due to the
diffusion limitation when the concentration at the surface (x/l = 1) increases
upon time-modulation (see curves for vt = p/2). The concentration
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modulation evolves in a wave-like manner into the sample as can be seen by the
appearing maximum of r(x, t)/r0 for vt = p and 3p/2 when the surface con-
centration decreases again. With progression, the maximum is damped
(compare vt = p and 3p/2). With increasing modulation period (i.e. lower
M and frequency), the absolute values of the concentration gradients decrease
since the diffusion-controlled modulation of the loaded species can better
follow the variation of the surface concentration (compare black with red
curves). For comparison, figure part a2) shows for the same parameter set the
modulating part rperiodicmod (x, t), Equation (35), exclusively, without the transient,
which corresponds to the evolution in the stationary state. As to be expected,
here, the temporal density variation evolves periodic with time, as seen by the
symmetric shape of the curves for vt = 0 and π as well as for p/2 and 3p/2.

Figure 3(b) compares the cases of negligible reaction-limitation (L = 103),
i.e. entirely diffusion limitation, and both reaction- and diffusion-limitation
(L = 1) for M = 2, which corresponds to a lower frequency compared to
figure part a. For both L = 1 and 103, the same values for D and l are
assumed, but only κ differs (see caption, Figure 3). For L = 103 the gradients

Figure 3. Density of loaded species r(x, t), Equation (34), with respect to r0 in dependence of x
(normalised to the half thickness l of the plate) for various values vt (see legend in part (a1)).
Surface located at x/l = 1. Initial condition rini0 = r0, i.e. homogeneous density inside the plate
in equilibrium with surface. Modulation amplitude r̂/r0 = 0.1. Parameters: D = 3× 10−11 m2/
s; l = 10−3 m; k = 3× 10−5 m/s (for L = 103) or 3× 10−8 m/s (for L = 1). (a1) L = 103: M = 5
(v = 5.4× 10−4 1/s, black colour) and M = 20 (v = 6.0× 10−3 1/s, red colour). (a2) Without
transient part, i.e. rperiodicmod (x, t), Equation (35), exclusively; same parameters as for (a1). (b) M = 2
(v = 6.0× 10−5 1/s): L = 103 (black colour) and L = 1 (red colour). (c) Periodic part rperiodicmod (x, t)
for L = 103 (black colour, with M = 10) and L = 1 (red colour, with M = 5). (Note legend in (c):
solid line corresponds to vt = 3p/4, unlike the other figure parts).
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of r(x, t)/r0 are smaller in comparison to Figure 3(a), since due to the lower
frequency the system can better follow the modulation. For the case of both
of reaction- and diffusion-limitation (L = 1, red curves), the spatial shape of
the profiles are similar to that for L = 103 (black curves), however, the absolute
values of the modulation of r(x, t) are reduced. This is caused by the fact, that
due to the reaction-limitation the modulation of the concentration r(x = l, t)
inside the sample surface is reduced with respect to the modulation at the
boundary. This influence of the reaction-limitation, characterised by κ, can
be discerned when we combine the relations for L (plate: kl/D, Equation
(25)) and M (plate:

��������
2l2v/D

√
, Equation (30)) yielding

k

l
= 2L

M2
v. (54)

WithM = 2, one obtains k/l = 500v for L = 103 and 0.5v for L = 1. For L = 1,
the reaction rate k/l is in the range of the modulation frequency ω, meaning
that within the modulation time the concentration r(x = l, t) inside the
sample surface cannot attain the concentration imposed by the modulation.
For high values of L the reaction rate is high with respect to ω, therefore,
plays no role and r(x = l, t) reaches the imposed modulation amplitude.
This limit of negligible reaction-limitation (L = 103), i.e. entirely diffusion
limitation, corresponds to the boundary condition according to Equation
(16) as schematically visualised in Figure 1(c), compared to the general case
of both diffusion- and reaction-limitation in Figure 1(b).

The spatial variation r
periodic
mod (x, t) in the high-frequency regime shown in

Figure 3(c) nicely reflects the different limiting phase shifts of −p/4
(L = 103) and −p/2 (L = 1). The amount of loaded species corresponds to
the net area under the respective r

periodic
mod − x curve. For the entirely

diffusion-limited case (L = 103), this area maximum is reached approximately
for vt = 3p/4, as can be seen by a comparison of the p/2- and 3p/4-curves.
This means a shift by −p/4 with respect to the sinusoidal maximum at the
surface at vt = p/2. For the diffusion- and reaction-limited case (L = 1), this
area maximum is not yet obtained for vt = 3p/4 due to the additional retar-
dation by reaction, but only approximately for vt = p, corresponding to a
phase shift−p/2. DifferentM-values of 5 and 10 for L = 1 and 103, respectively,
had to used here in order to visualise in each case a state in the high-frequency
regime, but with still noticeable amplitude (compare Figure 2(a,b)).

3.5. Impedance

The particle transport behaviour can be studied by measuring the electrical
current associated with electrode reaction, Equation (1). We restrict the follow-
ing consideration to the oscillating part of the particle current density, Equation
(29), i.e. when the time-exponentially decaying transient part has faded away.
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The oscillating part of the electrical current density for planar electrode,
Equation (29), reads with A, B, C according to Equation (33):

js,mod = −er̂
2lLv
M

C���������
A2 + B2

√ sin vt + f0 +
p

2

( )
, (55)

with e the elementary charge,3 corresponding to the valency z = 1 for protons.
In general, the relation between the oscillating input voltage U = Û sin (vt),

Equation (2), and the resulting oscillating output current density is character-
ised by a transfer function that describes the frequency response of the system.
This transfer function corresponds to the admittance

Y(v) = I0
U0

exp (ifZ), (56)

where U0 and I0 are the current and voltage amplitude, respectively, and fZ the
phase between voltage and current [22,23]. As the admittance Y(v) is the
inverse of the impedance Z(v), one obtains:

Z(v) = 1
Y(v)

= U0

I0
exp (− ifZ). (57)

For the special case of our model

I0 = er̂
2lLv
M

C���������
A2 + B2

√ , (58)

U0 = Û and fZ = f0 + p/2 (for U0 see Equation (2), for I0 and fZ Equation
(55)). The faradaic impedance Zf (v) calculated according to our model is there-
fore as follows:

Zf (v) = Û
er̂

M
2lLv

���������
A2 + B2

√

C
exp (− ifZ). (59)

Figure 4 shows the real (Re(Zf )) and imaginary part (Im(Zf )) of the
complex impedance in the Nyquist-plot presentation. The associated
impedance parameters for the frequency limits v = 0 and v � 1 are summar-
ised in Table 1. The table shows for both frequency limits, the parameters for
the general case of diffusion and reaction limitation, for the special case of
entirely reaction limitation (L � 0) given in the limit of high diffusivity
(D � 1) and, for the special case of entirely diffusion limitation (L � 1)
given in the limit of high reaction rates (k � 1).

The Nyquist-plot, Figure 4, shows the typical Warburg-impedance behav-
iour [22–24] with the slope p/4 of the Im(Zf )-Re(Zf )-curve for large ω. The
intersection of the curve with the real axis in the limit v � 1, which is
denoted the interfacial transfer resistance Rt in the theory of electrochemical
impedance spectroscopy (EIS) [10], is given by Û/(er̂)× 1/k and tends to
zero for high reaction rates κ. In the limit v = 0, the real part becomes
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Û/(er̂)× (1+ L/3)1/k, which corresponds Rt + 1/3Rd [10], with the so-called
diffusion resistance Rd = Û/(er̂)× l/D (with L/k = l/D), which tends to zero
for high diffusivities. In the reaction-controlled limit, the Im(Zf )-Re(Zf )-curve
is a vertical line with the real part Re(Zf ) = Û/(er̂)× 1/k.

With the interfacial transfer resistance Rt and diffusion resistance Rd defined
above, one can interpret the parameter L = kl/D, Equation (25), as the resist-
ance ratio

L = Rd

Rt
. (60)

Figure 4. Real (Re(Zf )/(Û/(er̂))) and negative imaginary part (−Im(Zf )/(Û/(er̂))) of complex
impedance, Equation (59), of planar electrode in Nyquist-plot presentation for various values
of L, Equation (25). The intersection with the real axis, i.e. −Im(Zf )/(Û/(er̂)), marks the limit
v � 1, whereas −Im(Zf )/(Û/(er̂)) � −1 marks the limit v = 0. For easy visualising,
simple values in power of tens are used for the parameters, D (unit: m2/s), κ (unit: m/s), and
l (unit: m). Variation of κ with D = 1 and l = 1: κ = 1 (L = 1, black solid), 10 (L = 10, blue
dashed), 103 (L = 103, blue dashed-dotted); variation of D with k = 1 and l = 1: D = 1 (L =
1, black solid), 10 (L = 0.1, black dashed), 103 (L = 10−3, black dashed-dotted). Relations for
the Zf -values at the frequency limits v = 0 and v � 1 are given in Table 1.

Table 1. Amplitude Z( = U0/I0), real part of amplitude Re(Zf ) and phase fZ of the complex
impedance, Equation (59), and of the phase f0, Equation (32), for v = 0 and v � 1 in the
general case of diffusion and reaction limitation as well as in the special case of either
reaction or diffusion limitation. Planar electrode; L, M according to Equations (25) and (30),
respectively.

v = 0 (M = 0) v � 1 (M � 1)

limitation
Diffusion and

reaction Reaction Diffusion
Diffusion and

reaction Reaction Diffusion (a)

L � 0 L � 1 L � 0 L � 1
D � 1 k � 1 D � 1 k � 1

f0 0 0 0 −p/2 −p/2 −p/4
fZ p/2 p/2 p/2 0 0 p/4
Z/(Û/(er̂))) 1/(lv) 1/(lv) 1/(lv) 1/k 1/k 1/

����
vD

√
Re(Zf )/(Û/(er̂)) (1+ L/3)/k 1/κ l/(3D) 1/k 1/k 1/

�����
2vD

√
(a) valid for M/L = ��������

2vD/k
√ ≪ 1.
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Rd . Rt or Rd , Rt defines the regime of diffusion- or reaction limitation,
respectively, in line what has been discussed in Section 3.2.

For negligible transfer resistance, i.e. in the entirely diffusion-limited regime,
the faradaic impedance, Equation (59), reads:

Zf (v) = Û
er̂

l
D

�����������������������
2( sinh2 M + sin2M)

√
M( coshM − cosM)

exp (− ifZ) (61)

with fZ = f0 + p/2 and f0 according to Equation (48).

3.6. Comparison of modulation with literature and application potentials
beyond

The overall focus of this work is on the effect of an sinusoidal modulation of the
surface particle concentration and the associated variation of particle insertion
on the temporal and spatial change of bulk concentration in the electrode. This
is a very general bulk diffusion problem that occurs, e.g. when charging
materials with particles, like hydrogen or lithium, by electrochemical means,
as treated in this work, or from the gas phase.

We start the discussion by comparing our work with the research area that
comes closest to our model, namely hydrogen absorption and diffusion in elec-
trodes studied by electrochemical impedance spectroscopy (e.g. Refs. [10, 15,
25–30]). In the well-established EIS-models, the hydrogen insertion mechanism
is assumed to be either a two step process, including hydrogen adsorption and
subsequent absorption, or to be directly absorbed in a one step process [24]. In
EIS measurements, an electrochemical system in equilibrium or in steady state
is perturbed by applying a sinusoidal signal, e.g. a voltage, over a wide frequency
range and monitoring the sinusoidal response, e.g. a current, of this perturbed
system [23]. For the special case of hydrogen insertion, the sinusoidal electrode
current response by an oscillating voltage is affected, on the one hand, by
hydrogen reactions at the electrode-electrolyte interface, like hydrogen ad-
and absorption or hydrogen gas evolution at the electrode surface, and, on
the other hand, by the subsequent hydrogen diffusion in the bulk. The resulting
electrode current is usually calculated by adding the current contributions of
these individual steps, which means that the diffusion equation is solved inde-
pendently from the hydrogen reactions at the surface [10, 24].

In this work, we used a different approach to model hydrogen absorption
and diffusion in electrodes, as compared to existing theories based on electro-
chemical impedance spectroscopy. The attractiveness of our model lies in the
way how the particle current density js(t), Equation (29), is calculated. This par-
ticle current density through the electrode-electrolyte interface is obtained
directly by solving the diffusion equation (Equation (17)) with a boundary con-
dition, Equation (19), which includes, on the one hand, the modulation and, on
the other hand, the reaction rate of particle insertion. The thereby derived
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current density js(t) catches not only the modulation behaviour in a stationary
state, as it is the case in the published EIS-models, but also the transient behav-
iour. A transient behaviour arises, on the one hand, since the initial condition is
not restricted to the mean value about which is modulated. On the other hand,
starting the modulation at the time t = 0 also gives rise to a transient (see
additional summand, Equation (A7), in Equation (29)). Such transient behav-
iour for modulation has for instance been treated for heat conduction [31]. One
should note that the present model considers exclusively the direct hydrogen
absorption, but not hydrogen gas evolution as competitive reaction at the elec-
trode surface.

Since in this work the used boundary condition for solving the diffusion
equation includes also the reaction rate (as stated above), the derived faradaic
impedance Zf from the current density js(t) intrinsically contains both the
interfacial transfer resistance Rt and the diffusion impedance Zd (see Section
3.5). For the calculation of Zf the full solution’s transient part, which is time-
exponentially decaying, was neglected. It can be shown that the faradaic impe-
dance given by Montella et al. (Equation (28) in Ref. [10]) agrees with the
present solution, Equation (59), taking into account that the parameter L
characterises the ratio of diffusion and transfer resistance, Equation (60).4 On
the other side, with respect to impedance, the present model exclusively
addresses the faradaic part, which is caused by particle flux through the inter-
face. As already mentioned, the additional faradaic contribution due to the
hydrogen evolution reaction at the electrode’s surface is also not considered
here. Furthermore the charging part of the electrode-electrolyte interface
associated with double layer capacitance is not taken into account, which
explains the absence of a high-frequency arc in the calculated impedance
spectra in Figure 4 as compared to literature [10, 26]. Charging effects of the
electrode’s surface on the bulk diffusion process of the inserted particles, i.e.
ions, can be neglected, as in metals the width of the evolving space charge
region next to the electrode-electrolyte interface is restricted to only 1 Å [32]
due to their high charge carrier density.

Besides the general case of diffusion and reaction affected particle insertion,
various groups focused on entirely diffusion-limited particle transport in elec-
trodes (e.g. Ref. [33–36]). The diffusion–reaction model in the present work
also contains the expressions for the phase angle, Equations (48) and (49),
and the amplitude, Equations (50) and (51), in the limiting case of entirely
diffusion-limitation (L � 1). In this limit, the same faradaic impedance,
Equation (61), is obtained as reported earlier (Equation (25) in Ref. [35],
Equation (24) in Ref. [36]); the same is true for the modulated density function
r
periodic
mod in this limit, Equation (52), which agrees with the results reported by
Ding and Petuskey (Equation (28) in Ref. [34]).

The calculated faradaic impedance spectra given in Figure 4 are not only in
good accordance with theoretical models, but agree also very well with
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experimental data (see, e.g. Refs. [37–39]). In potential regions where hydrogen
evolution plays no dominant role, the electrochemical impedance spectra
recorded by Gabrielli et al. (Figure (2) in Ref. [37]), Yang and Pyun (Figure
(2) in Ref. [38]) and Losiewicz and Lasia (Figure (8b) in Ref. [39]) are in
good accordance with the general case of diffusion and reaction affected hydro-
gen insertion, modeled in this work. The measured spectra show the typical
Warburg-impedance behaviour in the middle frequency range, visible by the
slope p/4 of the Im(Zf )-Re(Zf )-curve, and the purely capacitive line at very
low frequencies and have therefore in the middle- and low-frequency range a
similar shape as the calculated spectra presented in Figure 4. The high-fre-
quency arc in the measured impedance spectra in the literature is caused by
the double layer capacitance associated with electrode-electrolyte interface
charging, which is parallel connected to the interfacial transfer resistance Rt.
This high-frequency arc is missing in the calculated faradaic impdeance
spectra (see Figure 4) due to the neglect of this interfacial charging, as men-
tioned above. The shift of the impedance spectrum on the Re(Zf )-axis of the
calculated spectra presented in Figure 4 is, however, caused by the interfacial
transfer resistance Rt, which is also in good accordance with the literature.

Furthermore, it is worthwhile to mention that the general solution of js,
Equation (29), contains as special case the loading/unloading without modu-
lation (r̂ = 0 in Equation (29)) which electrochemically is monitored by the
potential step method. In fact, this particular textbook solution corresponds
to that quoted by Montella et al. (Equation (28) in Ref. [10]) and Pyun et al.
(Equation (19) in Ref. [2]). Therefore, our more comprehensive model for
direct hydrogen absorption bridges the gap between EIS and the potential
step method.

Related to electrochemical methods, we find similarities of our model also to
other research topics where modulated diffusion processes are considered. Elec-
trochemical impedance spectroscopy of electrolyte-filled porous electrodes of
cylindrical shape reveals a similar impedance response as shown in Figure 4
(see, e.g. Figure 2(a) in Ref. [40]). In this context, the phase shift given in
Equation (45) and shown in Figure 2 corresponds to the scenario of radial
diffusion within the electrolyte in a cylindrical pore, as treated by de Levie
(Figure 5 in Ref. [41]).

Another field of modulation – not related to electrochemical methods – per-
tains to permeation of hydrogen through metallic membranes driven by
different gas pressures on both sides of the membrane [42–44]. Upon slight
modulation of the pressure on the entrance side with elevated pressure, a
modulation of the lower pressure on the down-stream side of the membrane
is imposed with a characteristic phase shift. This phase shift enables conclusions
on the rate-limiting processes (diffusion, permeation or surface processes).
Modelling and measurements are restricted to quasi-steady state, so that the
transient behaviour is not captured. Such kind of studies by gas pressure
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modulation might be extended also to loading (instead of permeation) by
making use of the model outlined in the present work.

The present model appears also highly suitable for studying modulated
loading by measuring changes of the bulk properties of the sample as, e.g. by
dilatometry. As shown in detail in Figure 3, a modulation of the surface concen-
tration leads to a significant change in the bulk concentration profile of the
diffusing particles. As these concentration changes cause the electrode to
expand or contract, also length change measurements by dilatometry [45]
appear attractive for studying modulated hydrogen loading. This would
expand the application potentials of modulated dilatometry which so far
mainly focused on temperature modulation (see Ref. [4] and references
therein). Dilatometry upon electrochemical loading offers the advantage that
it may grasp all three of the aforementioned types of voltage-induced concen-
tration variations n(t), Equation (28), in one measuring run, i.e. the transient
part associated with an initial step-like variation of the voltage, the transient
part upon starting the oscillation, and the periodic part with the modulation
in the quasi-stationary state. By means of the model, specific information on
the kinetics could be derived from the phase shift between modulation
voltage and the length change as outlined in Subsection 3.3.

As mentioned at the beginning (Section 2.1.1) already, trapping and detrap-
ping of hydrogen at defects inside the electrode is – so far – not taken into
account in our modulation model. Diffusion and trapping were initially
treated, e.g. by McNabb and Foster [46] or Oriani [47], although without modu-
lation. With modulation, this more complex scenario of additional hydrogen
trapping within the electrode is considered in some of the aformentioned
studies by electrochemical methods (e.g. [2, 24, 35]) or by gas permeation [43,
44]. The focus in these various studies is on integral characteristic quantities
(current, impedance, permeation) rather than on the spatial evolution of the
diffusing species inside the sample upon loading. An example for taking into
account trapping and detrapping in the diffusion–reaction model has been
given in our recent publication on the mean time of loading without modulation
[20]. In this context, it is worthwhile to add that diffusion–reaction models
similar to those presented here are successfully applied, although without modu-
lation, in the field of positron annihilation studies of defects, namely to describe
the diffusion- and reaction controlled trapping of positrons at extended lattice
defects, such as grain boundaries or matrix-precipitate interfaces [48, 49].

4. Conclusion

In conclusion, the present work treats the bulk-diffusion problem of electroche-
mically inserted particles (e.g. hydrogen) in planar or cylindrical electrodes with
a boundary condition, which considers on the one hand a sinusoidal oscillation
of the particle flux and on the other hand the reaction rate of particle insertion
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into the electrode. The solution of this so-called diffusion–reaction model with
superimposed modulation gives the particle (e.g. hydrogen) concentration
within the sample (see Section 2.3, especially Equation (34)). The most impor-
tant key points and results can be summarised as follows:

. The boundary condition, given in Equation (14), is derived via the Butler-
Volmer equation by using the correlation between the chemical potential,
particle concentration and applied potential (see Subsections 2.1.2 and 2.2).

. The used boundary condition leads to a current density js(t), Equation (29),
which catches not only the modulation behaviour in a stationary state but
also the transient behaviour, which originates in the present work from
two different effects. On the one hand, the transient behaviour results
from the initial condition, since it is not restricted to the mean value
about which is modulated, Equation (A3). On the other hand, starting the
modulation at the time t = 0 also gives rise to a transient, Equation (A6),
which follows only by solving the diffusion equation with an oscillating
boundary condition, as done here.

. The observed phase shift between the surface particle concentration modu-
lated by electrochemical means and the bulk particle concentration, shown
in Figure 2, provides information whether the particle flux through the elec-
trode–electrolyte interface is influenced more strongly by the insertion reac-
tion or the subsequent diffusion inside the electrode.

. The analysis of the spatial and temporal concentration evolution within the
sample Figure 3 yields deeper inside into the loading kinetics then when only
the current at the interface is considered.

. When no modulation is considered, the diffusion–reaction model contains
as special case for the direct insertion mechanism the electrochemical poten-
tial step method.

. By neglecting the transient terms or by waiting long enough until these expo-
nential terms have decayed, the faradaic impedance Zf , Equation (59),
follows. As the used boundary condition includes also the reaction rate,
the derived Zf from the current density js(t) intrinsically contains both the
interfacial transfer resistance Rt and the diffusion impedance Zd (see Subsec-
tion 3.5). The ratio between diffusion and reaction limitation is described via
the parameter L, Equations (25) and (40), which characterises the ratio of
diffusion and reaction resistance, Equation (60). The resulting Nyquist
plots of Zf for different limiting cases (e.g. entirely diffusion-controlled)
are presented in Figure 4.

It is important to state finally once more that the presented diffusion–reac-
tion model is not only highly suitable to study particle (e.g. hydrogen) insertion
in electrodes and subsequent diffusion phenomena in the field of electrochem-
istry. As outlined at the end of Section 3.6, the model can also be applied
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. for other types of loading, e.g. from the gas phase, and

. to other measuring techniques, e.g. dilatometry.

Notes

1. This way of determining js is more straightforward than from the boundary con-
dition, Equations (13) and (14).

2. Remark: In Ref. [20] κ is denoted α.
3. Note that here the electrical and not the particle current is considered.
4. Remark:

���
iu

√
in Equation (28) of Ref. [10] corresponds to M(1+ i)/2 in the present

work, with M according to Equation (30).
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Appendix. Details on determination of density function r(x, t), r(r, t)
(cf. Section 2.3)

A.1. Planar electrode
With the Ansatz r̃ = b1/2 exp (gx)+ b2/2 exp (− gx)+ b3 (bi: arbitrary parameters), the
solution of the diffusion equation (22) with the boundary condition for x = 0 Equation
(20) reads

r̃ = b1 cosh (gx)+ rini0

p
. (A1)

Inserting the oscillating boundary condition, Equation (23), yields Equation (24).
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The inverse of the Laplace transform ỹ = f (p)/g(p) according to textbook is given by
(Equation 2.59 in Ref. [11])

y(t) =
∑n
r=1

f (ar)
g′(ar)

exp (art) (A2)

where ar denote the roots of g(p). The retransformation of the unmodulated left and middle
part of Equation (24) yields the well-known textbook solution [11]:

runmod(x, t) = r0 1− r0 − rini0

r0

∑1
n=1

2L cos (bnx/l)

cosbn b
2
n + L2 + L

( ) exp −Db
2
n

l2
t

( )⎡
⎣

⎤
⎦ (A3)

with b2 = −b
2
(b = ib), with L = kl/D, Equation (25), and with the roots bn tanbn = L,

Equation (31), which determine bn.
For the retransformation of the modulated right part of Equation (24) according to

Equation (A2) the roots (i) p = +iv and (ii) b tanhb = −L of the demoninator
(p2 + v2)(L coshb+ b sinhb) have to considered in the following.

A.1.1. Modulation: root (ii), transient part.
The derivative of the demoninator of the oscillation part of Equation (24) reads

g′(p) = (p2 + v2)
db
dp

(L+ 1) coshb+ b sinhb[ ] + 2p(L coshb+ b sinhb) (A4)

with db/dp = l2/(2Db). For the root (ii) b tanhb+ L = 0, Equation (A4) reads with
p = Db2/l2 = −Db

2
/l2:

g′(p) = b
4 + v2l4

D2

( )
D

2l2b
2 cosb(b

2 + L2 + L). (A5)

Retransformation according to Equation (A2) yields for this root the solution:

rtransientmod (x, t) =
∑1
n=1

1
2
r̂

M2b
2
n

b
4
n + 1

4M
4

2L cos (bx/l)

cosbn b
2
n + L2 + L

( ) exp −Db
2
n

l2
t

( )
(A6)

with M = (2l2v/D)1/2, Equation (30). Equation (A6) represents an additional summand
with the coefficient

1
2
r̂

M2b
2
n

b
4
n + 1

4M
4

(A7)

in the series of Equation (A3). It therefore reflects the transient part associated with
modulation.

A.1.2. Modulation: root (i), periodic part.
For the roots (i) p = +iv, the demoninator derivative, Equation (A4), reads

g′(p) = 2p L cosb− b sinb
( )

(A8)

with b2 = −b
2
. For the inverse of the Laplace transform according to Equation (A2) the
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solution

r
periodic
mod (x, t) = r̂L cos (b+x/l) exp (ivt)

2i(L cosb+ − b+ sinb+)
− r̂L cos (b−x/l) exp (− ivt)

2i(L cosb− − b− sinb−)
(A9)

is obtained, where b+ and b− is given by with

bM = 1
2
M(1+ i), (A10)

with b
2
M = iM2/2 = b

2
− = −b

2
+.

Integration of Equation (A9) according to Equation (26) yields the volume-averaged
fraction:

nperiodicmod (t) = r̂

r0

L exp (ivt)

2ib+(L cotb+ − b+)
− L exp (− ivt)

2ib−(L cotb− − b−)

[ ]
. (A11)

The complex arguments b− = 1
2M(1+ i), b+ = 1

2M(− 1+ i) can be eliminated by making
use of relations for trigonometric functions with complex argument
(cotb− = −( sinM − i sinhM)/( cosM − coshM)) yielding finally the sin (vt +F0)-term
in Equation (28). In an analogous manner, these complex arguments can be eliminated
for r

periodic
mod (x, t), Equation (A9), by making use of, e.g.

cosb− = cosM2 cosh
M
2 − i sinM

2 sinh
M
2 , which yields rperiodicmod (x, t) as given in Equation (35).

A.2. Cylindrical electrode
The retransformation of the unmodulated left and middle part of Equation (39) according to
textbook [11] reads:

runmod(r, t) = r0 1− r0 − rini0

r0

∑1
n=1

2LJ0
bn
r0
r

( )
J0(bn) b

2
n + L2

( ) exp −Db
2
nt/r

2
0

( )⎡
⎣

⎤
⎦ (A12)

with b2 = −b
2
, b = ib, I0(ib) = J0(b), I1(ib) = iJ1(b) (Ji(z): Bessel function), and with the

roots −bnJ1(bn)+ LJ0(bn) = 0, Equation (43), which determine bn.
Integration over the cylinder volume in analogy to Equation (26) yields with the integral∫r0

0
I0(br/r0)r dr =

∫r0
0
J0(br/r0)r dr = r20

b
J1(b) (A13)

the respective unmodulated of n(t), Equation (41), i.e. the term/(r0 − rini0 ) in the bn-series,
reflecting the textbook solution (Equation 5.49 in Ref. [11]).

For the retransformation of the modulated right part of Equation (39) the roots (i)
(p = +iv) and (ii) (−bJ1(b)+ LJ0(b) = 0 (or bI1(b)+ LI0(b) = 0)) of the demoninator
g(p) = (p2 + v2)(bI1(b)+ LI0(b)) have to be considered in the analogous manner as for
the planar electrode.

A.2.1. Modulation: root (ii), transient part.
The derivative of the demoninator of the modulation part of Equation (39) reads

g′(p) = (p2 + v2)
db
dp

bI0(b)+ LI1(b)
( )+ 2p bI1(b)+ LI0(b)

( )
(A14)

with db/dp = r20/(2Db), taking into account I′0(z) = I1(z) and I′1(z) = I0(z)− I1(z)/z. For
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the root (ii) bI1(b)+ LI0(b) = 0, Equation (A14) reads with p2 = b
4
D2/r40:

g′(p) = b
4 + r40v

2

D2

( )
D

2r20b
2 J0(b)(b

2 + L2). (A15)

Retransformation according to Equation (A2) yields for this root the solution:

rtransientmod (r, t) =
∑1
n=1

1
2
r̂

M2b
2
n

b
4
n + 1

4M
4

2LJ0
bn
r0
r

( )
J0(bn) b

2
n + L2

( ) exp −Db
2
nt/r

2
0

( )⎤⎦ (A16)

with M = (2r20v/D)
1/2, Equation (42). Again this additional term /r̂ in the bn-series rep-

resents the transient part of r(r, t) and n(t), Equation (41), associated with modulation.

A.2.2. Modulation: root (i), periodic part.
For the roots (i) p = +iv, the demoninator derivative, Equation (A14), reads

g′(p) = 2p −bJ1(b)+ LJ0(b)
( )

(A17)

with I0(ib) = J0(b) and I1(ib) = iJ1(b). The retransformation of the modulation part of
Equation (39) for these roots p = iv = −b

2
+D/r

2
0 and p = −iv = −b

2
−D/r

2
0 yields

r
periodic
mod (r, t) = r̂LJ0(b+r/r0) exp (ivt)

2i −b+J1(b+)+ LJ0(b+)
( )− r̂LJ0(b−r/r0) exp (− ivt)

2i −b−J1(b−)+ LJ0(b−)
( ) . (A18)

Defining b− := bM (and hence b+ = −ibM) yields after integration over the cylinder
volume the volume-averaged fraction

nperiodicmod (t) = r̂L
r0

J1(− ibM) exp (ivt)

bM ibMJ1(− ibM)+ LJ0(− ibM)
( )− J1(bM) exp (− ivt)

ibM −bMJ1(bM)+ LJ0(bM)
( )

[ ]

(A19)

with bM = M(1+ i)/2, Equation (44).
By means of the power series of the Bessel functions it can be shown that J0,1(− ibM) is

conjugated complex to J0,1(bM) for bM = 1
2M(1+ i), i.e.

J0,1(bM) = Re J0,1(bM)
( )+ iIm J0,1(bM)

( )
J0,1(− ibM) = Re J0,1(bM)

( )− iIm J0,1(bM)
( ) (A20)

(Re: real part, Im: imaginary part). With that the complex argument in Equation (A19) can
be eliminated, which yields after algebraic transformation:

nperiodicmod (t) = −2
r̂

r0

L
M

× M (JRe1 )2 + (JIm1 )2
( )+ L JIm1 (JRe0 − JIm0 )− JRe1 (JRe0 + JIm0 )

[ ]( )
cos (vt)

{
−L JRe1 (JRe0 − JIm0 )+ JIm1 (JRe0 + JIm0 )
[ ]

sin (vt)
}

× 1
2
M2 (JRe1 )2 + (JIm1 )2
( ){

+L2 (JRe0 )2 + (JIm0 )2
( )+ML JIm1 (JRe0 − JIm0 )− JRe1 (JRe0 + JIm0 )

[ ]}−1

.

(A21)

Applying the sum rules for trigonometric functions yields the oscillating part as given by the
Equation (41) along with Equation (45).

680 M. SIMHOFER ET AL.
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