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H I G H L I G H T S

Hybrid global–local inverse identification of meso-scale DEM bond parameters
Stiffness and strength blocks enable stable Gauss–Newton refinement
Compression, bending, and shear tests jointly constrain the inverse problem
Demonstrated on frozen glass beads across multiple temperatures and two loading rates.
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 A B S T R A C T

Calibrating bond parameters in Bonded-Particle Model (BPM) simulations remains a fundamental challenge due 
to the mesoscale nature of these parameters. Neither macroscopic mechanical tests nor microscopic characteri-
zation techniques can directly measure their properties. Furthermore, the macroscopic response is governed by 
strongly coupled parameters, leading to non-unique inverse solutions. This study introduces a hybrid inverse 
calibration framework with Tikhonov regularization based on a scalarized multi-objective formulation that 
integrates global parameter-space exploration to determine bond parameters. The methodology simultaneously 
considers uniaxial compression, three-point bending, and shear tests, ensuring consistency across loading 
modes. The framework is demonstrated on  saturated spherical glass-bead specimens as a controlled model 
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frozen particle system, and is applied across multiple temperatures and two representative loading rates, 
identifying condition-specific bond-parameter sets whose trends are consistent with the physical behavior of 
ice bonds.
 Nomenclature
 Symbol Description  
 Bond parameters
 𝐸𝑏 Young’s modulus of ice bonds  
 𝑑𝑏 Bond diameter  
 𝐿𝑏 Bond length  
 𝜎𝑚𝑎𝑥 Normal (tensile) bond strength  
 𝜏𝑚𝑎𝑥 Tangential (shear) bond strength  
 𝐴 Creep parameter  
 𝑚 Creep exponent  
 Contact parameters
 𝜎𝑦 Yield strength  
 𝑒 Restitution coefficient  
 𝜇𝑠 Sliding friction coefficient  
 𝜇𝑟 Rolling friction coefficient  
 𝜀𝑓 Fracture strain  
 Calibration notation
 𝐂 Full parameter vector  
 𝐂1 Block 1 parameters: 𝐸𝑏, 𝑑𝑏, 𝐿𝑏 (stiffness block)  
 𝐂2 Block 2 parameters: 𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥 (strength block)  
 𝑌 (𝐿)

𝑖 Experimental stress value at point 𝑖 for test 𝐿  
 𝑈 (𝐿)

𝑖 Simulated stress value at point 𝑖 for test 𝐿  
 𝜎(𝐿)𝑖 Experimental uncertainty at point 𝑖 for test 𝐿  
 𝑤𝐿 Test weight in the objective function  
 𝜇𝑏 Tikhonov regularization parameter for block 𝑏  
 𝛿𝑠𝑒 Finite-difference step size in normalized 

parameter space
 

 𝐗𝑏 Sensitivity (Jacobian) matrix for block 𝑏  
 SSE(𝑘) Sum of squared errors at iteration 𝑘  
 ŜSE(𝑘) Normalized SSE at iteration 𝑘  
 Abbreviations
 DEM Discrete Element Method  
 BPM Bonded-Particle Model  
 DOE Design of Experiments  
 LHS Latin Hypercube Sampling  
 SSE Sum of Squared Errors  
 ANOVA Analysis of Variance  

1. Introduction

The Discrete Element Method (DEM) combined with Bonded-Parti-
cle Models (BPM) provides a powerful framework for simulating co-
hesive granular materials. In these systems, macroscopic mechanical 
response emerges from particle-scale interactions and progressive bond 
failure mechanisms [1,2]. In this approach, the granular skeleton is 
discretized into discrete particles, and cohesive bridges are represented 
by virtual bonds between neighboring particles. Bond stiffness and 
strength are prescribed so that bulk stiffness, strength, and failure pat-
terns emerge from particle rearrangement and bond damage rather than 
being imposed a priori [3–5]. This framework has been successfully 
applied to rocks, concrete, ceramics, and sea ice [2,6,7]. It is particu-
larly relevant for frozen particle-fluid systems (PFS), a class of materials 
in which pore water solidifies into ice bonds that cement adjacent 
grains at their contacts. Frozen PFS appear in numerous engineering 
applications: artificial ground freezing provides temporary excavation 
support and groundwater control in water-bearing soils [8,9], while 
similar ice-bonded structures arise in cold-chain storage, cryogenic 
2 
grinding, and freeze-cast porous materials [10,11]. Depending on load-
ing rate and temperature, frozen PFS can exhibit brittle fracture, ductile 
yielding, or time-dependent creep, which complicates their mechanical 
characterization and failure prediction [12,13]. Despite the suitability 
of DEM-BPM for modeling such systems, a major challenge lies in 
calibrating bond parameters, as these exist at a mesoscopic scale that 
is not directly accessible experimentally. [14]. In practice, calibration 
is therefore performed by trial and error in which bond parameters 
are manually adjusted until simulated responses approximate experi-
mental measurements [15,16]. This process is tedious, computationally 
expensive, and dependent on user experience.

Understanding which bond parameters control which macroscopic 
responses is essential before any calibration can succeed. In DEM-BPM 
simulations, bond normal and shear stiffnesses largely determine the 
elastic modulus of the assembly, while bond tensile strength, shear 
strength, and friction angle together govern peak stress and post-
peak softening behavior [2,17]. However, these parameters do not act 
independently: changing one affects how sensitively the macroscopic 
response reacts to changes in others, creating a coupled system where 
isolating individual effects becomes difficult [18]. For frozen PFS, an 
additional layer of complexity arises from the ice phase itself. Ice bonds 
are not static; they creep under sustained load and weaken as temper-
ature rises toward the melting point [8]. Consequently, a parameter 
set calibrated at one strain rate or temperature may fail to predict 
behavior under different conditions [12,13]. Equally important, differ-
ent mechanical tests probe different aspects of bond behavior: uniaxial 
compression emphasizes bond shear and friction, bending activates 
tensile failure at the outer fiber, and shear isolates the frictional-
cohesive response along a predefined plane [19]. A calibration based on 
a single test type, therefore, risks producing parameters that are valid 
only for that specific loading mode but perform poorly when the stress 
state changes.

To move beyond manual trial-and-error, several automated calibra-
tion strategies have been developed, which can be broadly grouped 
into design of experiments (DOE) methods, surrogate models (SMs), op-
timization methods (OMs), and analytical-computational approaches. 
DOE methods, such as Taguchi orthogonal arrays and Response Sur-
face Methodology, systematically sample the parameter space and use 
statistical analysis to identify influential parameters and construct poly-
nomial approximations of the DEM response [15,20,21]. While these 
techniques reduce blind parameter adjustment, they require a large 
number of simulation runs to achieve statistical significance, and the 
sampled points may fail to bracket the true optimum if the design is 
not sufficiently dense [22]. Surrogate models, using Bayesian optimiza-
tion, artificial neural networks, and other machine learning methods, 
address this by learning a continuous mapping from bond parameters 
to macroscopic outputs, enabling rapid evaluation once the surrogate 
is trained [23–25]. However, surrogate accuracy depends critically on 
the number and placement of training samples; in practice, hundreds 
of DEM simulations are often needed for a single experimental con-
figuration, and the resulting model may exhibit limited transferability 
to loading conditions outside the training domain [26,27]. Optimiza-
tion methods treat calibration as minimizing the discrepancy between 
simulated and experimental responses, employing algorithms such as 
genetic algorithms, particle swarm optimization, differential evolu-
tion, simulated annealing, and other metaheuristic optimizers [28–30], 
sequential quasi-Monte Carlo filtering [31], Bayesian filtering, and 
gradient-based solvers [25,32–34]. These methods can locate optimal 
parameter sets given sufficient iterations, yet most are population-
based, requiring many parallel simulations per iteration to update 
search distributions, which becomes prohibitive for computationally 
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expensive DEM models [35]. More recently, analytical-computational 
frameworks have combined sensitivity analysis with gradient optimiza-
tion: an initial parameter estimate is derived from known physical 
relationships, and then iteratively refined in a narrow search space until 
the target accuracy is reached [36,37]. This hybrid strategy reduces the 
number of required simulations compared to pure black-box search, 
but existing implementations have focused mainly on elastic calibra-
tion or single-test strength matching, and the underlying micro–macro 
relationships have not been fully exploited during the optimization 
stage [34].

A deeper difficulty in automated calibration studies is that the 
inverse problem itself is inherently ill-posed. Because bond parameters 
interact nonlinearly and different combinations can produce nearly 
identical macroscopic responses in a given test, the mapping from 
experiments to parameters is not one-to-one [17,38]. Fitting a sin-
gle stress–strain curve may therefore yield a parameter set that ap-
pears optimal yet fails when the loading mode changes. For example, 
compression-calibrated parameters frequently overpredict or underpre-
dict bending strength [19]. This non-uniqueness becomes especially 
problematic for frozen PFS, where rate-dependent and temperature-
dependent bond behavior adds further degrees of freedom to an already 
under-constrained system. As Wang and Tonon [17] pointed out, robust 
identification requires at least as many independent experimental con-
straints as there are unknown parameters. Therefore, in this work, it is 
proposed to combine multiple independent experimental constraints to 
achieve robust identification of the unknown parameters. As a result, 
each parameter leaves a distinct signature in at least one measured 
response. The present work addresses this gap by proposing a hybrid 
two-phase multi-objective inverse parameter identification framework 
that couples global parameter space exploration via Latin Hypercube 
Sampling (LHS) with a Tikhonov-regularized local refinement stage. 
Three concurrent objectives are pursued by minimizing the discrep-
ancy between simulated and experimental responses from uniaxial 
compression, three-point bending, and shear tests. Each test activates 
a fundamentally different failure mechanism, so satisfying all three 
objectives together constrains the parameter space and reduces the 
non-uniqueness of the inverse solution, ultimately yielding a physi-
cally consistent set of bond parameters for frozen PFS across varying 
temperatures and strain rates.

2. Materials and test methods

2.1. Materials

The primary granular material used in this study is spherical glass 
beads. Spherical glass beads were selected as an idealised model ma-
terial because their nearly monomodal particle-size distribution and 
regular shape reduce microstructural variability, allowing the cali-
bration framework to be assessed under controlled and reproducible 
conditions. The particle size distribution (PSD), measured by dynamic 
image analysis using Camsizer XT, is shown in Fig.  1. The characteristic 
diameters are 𝐷10 = 1615 μm, 𝐷50 = 1688 μm, and 𝐷90 = 1745 μm, with 
a span of (𝐷90 −𝐷10)∕𝐷50 = 0.077, confirming that the glass beads are 
nearly monomodal.

2.2. Production of test specimens

Specimens were prepared using spherical glass beads, which were 
saturated with deionized water and frozen under controlled condi-
tions to ensure reproducible ice-bond formation. Frozen specimens 
were made into flexible silicone molds. Silicone molds enable sample 
removal without inducing mechanical damage. Deionized water was 
added slowly from the bottom through a small hole. This bottom-
up filling ensures that water infiltrates the pores while air escapes 
upward, avoiding voids and bubbles. Mild vacuum was applied to 
remove remaining air and ensure uniform saturation.
3 
Fig. 1. Particle size distribution of the glass beads.

After filling and degassing, molds were sealed and frozen overnight 
at −18 ◦C. Once frozen, specimens were removed from molds and the 
ends were trimmed with a blade to create flat, parallel surfaces for 
testing.

The prepared frozen specimens had a nominal length of 25 mm 
and a diameter of 10 mm, resulting in a slenderness ratio greater than 
1.6. This ratio ensured that buckling effects could be neglected during 
compression and bending tests, so that failure occurred primarily due 
to material deformation and fracture mechanisms. 

2.3. Test procedures

All mechanical tests were conducted at controlled sub-zero temper-
atures ranging from −5 °Celsius to −15 °Celsius. A self-designed climate 
chamber, connected to an IKA Temperature Control RC2 basic cryo-
genic unit (IKA-Werke GmbH & Co. KG, Germany), was used to achieve 
and maintain stable thermal conditions with minimal deviation. All 
tests were monitored using a high-speed camera (Series NX-4, Imaging 
Solutions GmbH, Germany) equipped with a macro lens with 105 mm 
focal length (Sigma Macro 105 mm F2.8 EX DG OS HSM) to cap-
ture crack initiation and propagation behavior. Each test configuration 
was repeated at least three times for every material type to estimate 
experimental scatter and construct uncertainty bands for the inverse 
calibration (Fig.  2).

2.3.1. Uniaxial compression tests
Uniaxial compression tests were conducted to characterize the me-

chanical response of frozen particle specimens under compressive load-
ing. The displacement-controlled experiments were conducted using a 
universal Texture Analyzer (T.A.XT Plus, Stable Micro Systems Ltd., 
Surrey, UK) equipped with a 50 kgf load cell (Fig.  3).

Each specimen was positioned vertically between a rigid metal 
punch and a fixed base plate. Compression was applied at constant 
crosshead speeds ranging from 0.01mm s−1 to 1mm s−1 to investigate 
strain-rate effects. The force–displacement data were recorded continu-
ously until the specimen exhibited complete structural failure or a clear 
load drop, indicating fracture of the bonded particle network.

2.3.2. Three-point bending tests
Three-point bending tests measured flexural strength and failure of 

frozen cylindrical specimens. Specimens had the same dimensions as in 
compression tests (Fig.  4).

Specimens were supported at two points with span length 2𝐿 =
15mm, while load was applied at the center at constant displacement 
rate (Fig.  4(b)). This span length ensures bending stress dominates 
while minimizing shear at supports.
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Fig. 2. Schematic of the experimental setup.
Fig. 3. (a) Compression test device schematic, (b) Schematic diagram.
The flexural stress 𝜎𝑓  for each cylindrical specimen was determined 
using standard beam theory, which relates the maximum bending stress 
to the applied bending moment 𝑀 and the section modulus 𝑍: 

𝜎𝑓 = 𝑀
𝑍

(1)

For cylindrical specimens subjected to three-point bending, this 
relationship can be expressed as: 

𝜎𝑓 = 𝑀𝑐
𝐼

=
32𝐹 (2𝐿)
𝜋𝑑3

= 64𝐹𝐿
𝜋𝑑3

(2)

where 𝐹  represents the maximum load at fracture, 2𝐿 denotes the total 
support span length, and 𝑑 is the specimen diameter. The corresponding 
flexural strain at the outer fiber was calculated as: 
𝜀𝑓 = 6𝛿𝑑

(2𝐿)2
= 3𝛿𝑑

2𝐿2
(3)

where 𝛿 is the mid-span deflection measured during the test.

2.3.3. Shear test
The test derives its name from the nature of failure: the specimen 

is constrained so that fracture occurs along a predefined horizontal 
4 
plane where shear stress is maximum, isolating the frictional-cohesive 
response of the ice-bonded granular assembly. Shear tests measured 
the shear strength of frozen PFS specimens, and a shear box apparatus 
was installed in the cooling chamber to keep specimens frozen during 
testing. Before each test, specimens were placed in the pre-cooled shear 
box to reach thermal equilibrium.

The stainless steel shear box has a horizontal split. The lower half 
stays fixed while the upper half moves horizontally at constant velocity. 
A vertical frame applies normal load to hold the specimen and ensure 
contact at the shear plane. Specimens were carefully aligned to fail 
along the horizontal shear plane. Petroleum jelly at the box interface 
reduces friction between apparatus parts.

Tests at low and high strain rates examined loading rate effects 
on creep behavior typical of ice-rich systems. Normal force was held 
constant while shear force and displacement were recorded until failure 
and post-peak behavior (Fig.  5).

Shear stress was calculated as follows: 
𝜎𝑠 =

𝑓𝑠
𝐴𝑏

(4)

where 𝑓𝑠 and 𝐴𝑏 represent shear force and cross-sectional area, respec-
tively.
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Fig. 4. (a) Three-point bending test device schematic, (b) Schematic diagram.
Fig. 5. (a) Test device and specimen, (b) Schematic diagram, where 𝑉𝑚𝑎𝑥 denotes the maximum shear displacement.
3. Numerical simulation framework

Frozen PFS mechanical behavior was simulated using DEM with 
bonded interactions [2,39–41]. All simulations used the open-source 
GPU-accelerated framework MUSEN [42]. Fig.  6 shows the numerical 
specimen, an assembly of bonded spherical particles reproducing the 
geometry of the experimental samples, in the three simulated loading 
configurations.

3.1. Governing equations and contact model

The translational and rotational motion of every particle 𝑖 is ob-
tained by integrating Newton’s and Euler’s equations of motion: 

𝑚𝑖
𝑑2𝐱𝑖
𝑑𝑡2

=
∑

𝑗

(

𝐅𝑛,𝑖𝑗 + 𝐅𝑡,𝑖𝑗
)

+ 𝑚𝑖𝐠, (5)

𝐼𝑖
𝑑𝝎𝑖
𝑑𝑡

=
∑

(

𝐫𝑖𝑗 × 𝐅𝑡,𝑖𝑗 +𝐌𝑟,𝑖𝑗
)

, (6)

𝑗

5 
where 𝑚𝑖, 𝐼𝑖, 𝐱𝑖, and 𝝎𝑖 are the mass, moment of inertia, position, and 
angular velocity of particle 𝑖; 𝐅𝑛,𝑖𝑗 and 𝐅𝑡,𝑖𝑗 are the normal and tangen-
tial interaction forces with neighbor 𝑗; 𝐫𝑖𝑗 is the branch vector from the 
particle centre to the contact point; 𝐌𝑟,𝑖𝑗 is the rolling-resistance torque, 
modelled as a constant directional torque of magnitude 𝜇𝑟𝑅𝑖|𝐅𝑛,𝑖𝑗 |

opposing the relative rotation; and 𝐠 is the gravitational acceleration.
Non-bonded particle–particle and particle–wall interactions are de-

scribed by the Hertz–Mindlin model [43]. The normal force superposes 
a Hertzian elastic term and a viscous damping term: 
𝐅𝑛,𝑖𝑗 = −4

3
𝐸∗

√

𝑅∗ 𝛿3∕2𝑛 𝐧𝑖𝑗 − 𝛾𝑛𝐯𝑛,𝑖𝑗 , (7)

where 𝛿𝑛 is the normal overlap, 𝐧𝑖𝑗 the contact unit normal, 𝐯𝑛,𝑖𝑗 the 
normal relative velocity, and 𝛾𝑛 a viscoelastic damping coefficient that 
is fixed by the restitution coefficient 𝑒 and the instantaneous normal 
stiffness rather than prescribed independently. The effective Young’s 
modulus 𝐸∗ and effective radius 𝑅∗ are defined as 
1
∗ =

1 − 𝜈2𝑖 +
1 − 𝜈2𝑗 , 1

∗ = 1 + 1 , (8)

𝐸 𝐸𝑖 𝐸𝑗 𝑅 𝑅𝑖 𝑅𝑗
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Fig. 6. Numerical DEM specimen of bonded glass beads (grey particles joined by solid bonds) in the three simulated loading configurations: (a) uniaxial 
compression, (b) three-point bending, and (c) shear. The colored surfaces denote the rigid loading platens and walls.
where 𝐸𝑖, 𝜈𝑖, and 𝑅𝑖 are the Young’s modulus, Poisson’s ratio, and 
radius of particle 𝑖. The tangential force follows a Mindlin formulation 
bounded by the Coulomb friction limit: 
𝐅𝑡,𝑖𝑗 = −min

(

𝑘𝑡 𝜹𝑡, 𝜇𝑠 |𝐅𝑛,𝑖𝑗 |
)

− 𝛾𝑡𝐯𝑡,𝑖𝑗 , (9)

where 𝜹𝑡 is the accumulated tangential displacement, 𝑘𝑡 = 8𝐺∗√𝑅∗𝛿𝑛
the tangential stiffness, 𝐺∗ the effective shear modulus, 𝜇𝑠 the sliding-
friction coefficient, 𝛾𝑡 the tangential damping coefficient, and 𝐯𝑡,𝑖𝑗 the 
tangential relative velocity. The tangential overlap 𝜹𝑡 is accumulated 
incrementally with a rigid-body rotation correction and is rescaled 
when the Coulomb limit 𝜇𝑠|𝐅𝑛,𝑖𝑗 | is reached.

Adjacent particles cemented by ice are additionally connected by a 
cylindrical solid bond of diameter 𝑑𝑏, Young’s modulus 𝐸𝑏, Poisson’s 
ratio 𝜈𝑏, tensile strength 𝜎𝑚𝑎𝑥, and shear strength 𝜏𝑚𝑎𝑥. Whereas the 
Hertz–Mindlin contact governs the unbonded repulsive and frictional 
response, the solid bond transmits tensile, compressive, shear, and 
bending loads between bonded particles until it fails, as described next.

3.2. Solid bond model

The solid bond model includes strain-rate dependence and time-
dependent creep. Total normal strain 𝜀𝑛,𝑡𝑜𝑡 splits into elastic and creep 
components [40]: 

𝜀𝑛,𝑡𝑜𝑡 = 𝜀𝑛,𝑒𝑙 + 𝜀𝑛,𝑐𝑟 =
𝐿𝑐 − 𝐿0

𝐿0
(10)

where 𝐿𝑐 is the current bond length, 𝐿0 is the initial length, 𝜀𝑛,𝑒𝑙 is the 
elastic strain, and 𝜀𝑛,𝑐𝑟 is the irreversible creep strain. In this model the 
inelastic deformation is represented entirely by the creep term, which 
takes the place of a separate plastic strain [40].

The normal stress is: 

𝜎𝑛 =

{

𝐸𝑏 ⋅ 𝜀𝑛,𝑒𝑙 if 𝜎𝑛 < 𝜎𝑛,𝑦
𝜎𝑛,𝑦 if 𝜎𝑛 ≥ 𝜎𝑛,𝑦

(11)

where 𝜎𝑛,𝑦 is the yield strength.
The creep strain rate follows Norton’s power law: 

𝜀̇𝑛,𝑐𝑟 = 𝐴 ⋅ 𝜎𝑚𝑛 (12)

The creep exponent 𝑚 used here reflects that it is a dimensionless effec-
tive meso-scale BPM bond exponent, not a directly measured bulk-ice 
exponent, and 𝐴 is the corresponding effective bond-level coefficient 
rather than a bulk single-crystal ice creep constant. The normal bond 
force is: 
𝐹𝑛,𝑏(𝑡 + 𝛥𝑡) = 𝐸𝑏 ⋅ 𝐴𝑏 ⋅ [𝜀𝑛,𝑡𝑜𝑡 − 𝜀𝑛,𝑐𝑟(𝑡 + 𝛥𝑡)] (13)

An analogous formulation governs the tangential direction. The 
tangential bond deformation 𝜹  is accumulated incrementally with a 
𝑡

6 
rigid-body rotation correction, giving a tangential bond stress and force 

𝜏 =
|𝜹𝑡|
𝐿0

𝐸𝑏
2(1 + 𝜈𝑏)

, 𝐅𝑡,𝑏 =
𝐸𝑏

2(1 + 𝜈𝑏)
𝐴𝑏

𝜹𝑡
𝐿0

, (14)

with a tangential creep contribution accumulated using the same power 
law as in the normal direction. A bond fails and is removed from the 
simulation when either strength limit is exceeded, with the bending and 
torsional bond moments contributing to the respective stresses [40]: 
|𝐅𝑛,𝑏|

𝐴𝑏
+

|𝐌𝑛,𝑏|𝑅𝑏

𝐼
≥ 𝜎𝑚𝑎𝑥,

|𝐅𝑡,𝑏|

𝐴𝑏
+

|𝐌𝑡,𝑏|𝑅𝑏

𝐽
≥ 𝜏𝑚𝑎𝑥, (15)

where 𝐌𝑛,𝑏 and 𝐌𝑡,𝑏 are the bending and torsional bond moments, 𝑅𝑏 is 
the bond radius, and 𝐼 and 𝐽 are the area and polar moments of inertia 
of the bond cross-section. The calibrated strength parameters 𝜎𝑚𝑎𝑥 and 
𝜏𝑚𝑎𝑥 enter the model through these two criteria.

3.3. Time step analysis

Time step was determined from the Rayleigh time criterion for 
stability in explicit integration. For bonded particle systems with high 
stiffness, time step was set to one-tenth of the Rayleigh time step: 

𝛥𝑡 = 0.1 × 𝜋𝑅𝑚𝑖𝑛

√

𝜌
𝐺

⋅
1

0.1631𝜈 + 0.8766
(16)

where 𝑅𝑚𝑖𝑛, 𝜌, 𝐺, and 𝜈 are the minimum particle radius, density, 
shear modulus, and Poisson’s ratio, respectively. All simulations used 
𝛥𝑡 = 1 × 10−8 s.

4. Parameter identification framework

4.1. Design of Experiments (DOE)

Before beginning the calibration process, it is essential to identify 
the material parameters that have the greatest influence on the mechan-
ical response of frozen PFS. Moreover, understanding these parameters 
reduces the dimensionality of the optimization.

A Taguchi L32 orthogonal array explored parameter space with low 
computational cost [44]. This design evaluated ten parameters at four 
levels each using only 32 runs instead of 410 = 1, 048,576 for full fac-
torial. Three tests of compression, bending, and shear were simulated 
for each combination, and analysis of variance (ANOVA) quantified the 
statistical significance of each parameter’s effect on maximum force and 
stiffness.

From the results of the ANOVA in Appendix  A, five parameters 
are statistically significant in all three tests. These parameters, which 
are given in Table  1, were chosen for inverse identification because 
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Table 1
Statistical significance of all investigated parameters across three mechanical 
tests.
 Parameter Symbol Compression Shear Bending 
 Selected for inverse identification:
 Young’s modulus 𝐸𝑏 ** ** **  
 Normal strength 𝜎𝑚𝑎𝑥 *** – *  
 Tangential strength 𝜏𝑚𝑎𝑥 ** – –  
 Creep parameter 𝐴 * *** ***  
 Creep exponent 𝑚 – *** ***  
*** Significance: 𝑝 < 0.01
** Significance: 𝑝 < 0.05
* Significance: 𝑝 < 0.10
− not significant

they consistently influence the mechanical response and are physi-
cally meaningful. In addition to these five parameters, two structural 
parameters have been considered (Section 4.3).

The selection of these five parameters was further supported by 
examining their physical interpretability and mutual independence. 
The Young’s modulus (𝐸𝑏) and the two strength parameters (𝜎𝑚𝑎𝑥
and 𝜏𝑚𝑎𝑥) represent fundamental material properties that can be in-
dependently varied without introducing physical inconsistencies. The 
two creep parameters (𝐴 and 𝑚) together describe the viscoplastic 
constitutive behavior, with 𝐴 controlling the overall creep magnitude 
and 𝑚 governing its nonlinearity. This parameterization ensures that 
the inverse problem seeks physically meaningful combinations rather 
than arbitrary fitting coefficients.

4.2. Global parameter space exploration

Parameter identification is formulated as a scalarised multi-objective
inverse problem in which the discrepancies of the three mechanical 
tests are combined into a single weighted-sum objective. Before con-
ducting the local inverse analysis, a global exploration of the parameter 
space was performed using Latin Hypercube Sampling (LHS) [45] to 
identify an initial region for optimization. This global search phase 
provides initial parameter estimates that are not excessively distant 
from the true solution, thereby improving convergence behavior of the 
subsequent local optimization.

A total of 𝑁𝐿𝐻𝑆 = 50 parameter combinations were sampled, 
covering all five parameters that affect mechanical response. For each 
parameter combination, DEM simulations of all three mechanical tests 
were executed, and the overall objective function was evaluated by 
comparing simulated and experimental stress–strain curves.

The objective function for the global search was formulated as the 
weighted sum of squared residuals across all three tests: 

𝑆𝑔𝑙𝑜𝑏𝑎𝑙(𝐂) =
3
∑

𝐿=1
𝑤𝐿

𝑁𝐿
∑

𝑖=1

[

𝑌 (𝐿)
𝑖 − 𝑈 (𝐿)

𝑖 (𝐂)

𝜎(𝐿)𝑖

]2

(17)

where 𝑤𝐿 are test-level scalar weights, 𝑌 (𝐿)
𝑖  represents experimental 

stress values, 𝑈 (𝐿)
𝑖 (𝐂) represents simulated stress values, and 𝜎(𝐿)𝑖  rep-

resents local experimental uncertainty. The three mechanical tests are 
treated as equally important experimental constraints because compres-
sion, bending, and shear probe different mechanical responses of the 
same bonded material. In this study 𝑤𝐿 was therefore set to unity 
for all three tests, so that no loading mode is given priority over 
another, and the calibrated bond-parameter set is jointly consistent 
with all three responses. The weights are nevertheless retained in the 
formulation so that future applications can emphasize specific loading 
modes if required. The test-level weights 𝑤𝐿 should be distinguished 
from the point-wise weighting matrix 𝐖 used in the local refinement 
(Section 4.3).

The best parameter sets from LHS (those with 𝑆𝑔𝑙𝑜𝑏𝑎𝑙 < 𝑆𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 , 
where 𝑆  is the 5th percentile) were analyzed to determine values 
𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

7 
for the creep parameters. The DOE study (Section 4.1) showed that 
𝐴 and 𝑚 have strong global sensitivity over their full ranges, but 
the LHS database also showed that only a limited region of 𝐴 and 
𝑚 values produced numerically stable DEM simulations together with 
responses close to the experimental curves. Across the investigated 
temperatures and loading rates, the same stable pair was therefore 
consistently selected from the global search. Fixing 𝐴 and 𝑚 at these 
screened values during local refinement is a deliberate identifiability 
and stability choice; it is not an assumption that meso-scale creep is 
temperature-independent.

Local insensitivity creates problems for gradient-based inverse anal-
ysis. Locally insensitive parameters contribute little to the sensitivity 
matrix (Jacobian), causing ill-conditioning and instability, while in-
appropriate creep values can destabilize the DEM simulation through 
unphysical deformation or premature failure. Local finite-difference 
perturbations of 𝐴 and 𝑚 around the stable region did not produce reli-
able, monotonic response changes suitable for Gauss–Newton updating, 
so these parameters are excluded from the local Jacobian computation.

Global search provides: (1) initial estimates for 𝐸𝑏, 𝑑𝑏, 𝐿𝑏, 𝜎𝑚𝑎𝑥, 
and 𝜏𝑚𝑎𝑥 in a promising parameter region, used both as starting points 
and as priors in the Tikhonov term of the local refinement; (2) fixed, 
realistic values for 𝐴 and 𝑚 that keep DEM simulations stable during 
local refinement.

4.3. Local refinement phase: Alternating block minimization

The local refinement phase uses alternating block minimization by 
partitions the parameters into two physically motivated blocks based on 
their dominant sensitivities and optimizes them sequentially, making 
each local sub-problem better conditioned than the joint optimization 
of all parameters at once.

The parameters are partitioned as follows: 

𝐂 =
[

𝐂1
𝐂2

]

=
[

𝐸𝑏, 𝑑𝑏, 𝐿𝑏
𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥

]

(18)

where 𝐂1 collects the stiffness-dominant parameters (Block 1) and 𝐂2
collects the strength-dominant parameters (Block 2). The partition is 
based on dominant parameter sensitivities rather than strict indepen-
dence. Stiffness parameters can also affect peak stress through force 
transmission and bond loading, while strength parameters can affect 
the pre-peak response once local bond damage initiates, so the two 
blocks are weakly coupled. The alternating strategy therefore reduces 
the dimensionality of each local update for numerical stability, but the 
objective function always includes the full residual over compression, 
bending, and shear; the cross-coupling is handled iteratively, since each 
block update is followed by re-optimization of the other block in the 
next outer iteration.

4.3.1. Bond diameter domain estimation for block 1
Block 1 parameters (𝐸𝑏, 𝑑𝑏, 𝐿𝑏) are strongly coupled in their effects 

on specimen stiffness. Cantilever beam bending tests estimated a valid 
search domain for 𝑑𝑏 to ensure realistic bounds and reasonable initial 
guesses.

Cantilever beam tests were performed on frozen PFS specimens. 
Specimens were clamped at one end with forces of 5 N, 10 N, and 15 N 
applied at the free end. Compliance (displacement per unit force) was 
measured for each load, and it was repeated five times [46].

Deflection was analyzed using Timoshenko beam theory, which 
includes both bending and shear deformation. This is needed because 
specimens have a small slenderness ratio (𝐿∕ℎ < 10), making the Euler–
Bernoulli theory inadequate since it ignores shear deflection. Total 
deflection from Timoshenko theory is: 

𝛿 = 𝐹𝐿3

3𝐸𝐼
+ 𝐹𝐿

𝑘𝐺𝐴
(19)

where 𝐹  is applied force, 𝐿 is beam length, 𝐸 is Young’s modulus, 
𝐼 is second moment of area, 𝑘 is shear correction factor, 𝐺 is shear 
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Fig. 7. Bond Diameter Domain Estimation.

modulus, and 𝐴 is cross-sectional area. For circular cross-sections, 𝑘 =
6(1 + 𝜈)∕(7 + 6𝜈) ≈ 0.9 and 𝐺 = 𝐸∕(2(1 + 𝜈)).

Bond strength was set very high in simulations to eliminate bond 
failure and isolate elastic deformation, so only elastic compliance con-
trols the response. Three 𝑑𝑏 values were tested, i.e. 0.5 mm, 1.0 mm, 
and 1.5 mm, giving different stiffness.

Fig.  7 compares experimental compliance with DEM results for 
the three 𝑑𝑏 values. Each simulation ran three times with negligible 
differences in elastic zone. Results show 𝑑𝑏 more than around 0.75 mm 
reproduces experimental compliance when combined with appropriate 
𝐸𝑏 and 𝐿𝑏.

From this study, realistic 𝑑𝑏 search domains were set for each 
material.

This domain estimation procedure establishes physically realistic 
bounds.

4.3.2. Multi-test objective function
For each test type 𝐿 (where 𝐿 = 1 for compression, 𝐿 = 2 for 

bending, and 𝐿 = 3 for shear), stress–strain data at 𝑁𝐿 measurement 
points are collected. The vector of measured stress for test 𝐿 is denoted 
𝐘(𝐿), and the corresponding simulated stresses are 𝐔(𝐿)(𝐂1,𝐂2).

Combining data from all three tests, the complete measurement and 
simulation vectors are: 

𝐘 =
⎡

⎢

⎢

⎣

𝐘(1)

𝐘(2)

𝐘(3)

⎤

⎥

⎥

⎦

, 𝐔(𝐂1,𝐂2) =
⎡

⎢

⎢

⎣

𝐔(1)(𝐂1,𝐂2)
𝐔(2)(𝐂1,𝐂2)
𝐔(3)(𝐂1,𝐂2)

⎤

⎥

⎥

⎦

(20)

The local refinement uses a prior-based Tikhonov regularization [47]
together with an envelope-aware data-misfit term to solve this ill-posed 
inverse problem. For each measurement point 𝑖 in test 𝐿, a signed 
envelope-aware residual is defined as 

𝑟(𝐿)env,𝑖 =

⎧

⎪

⎨

⎪

⎩

0 if 𝑌 (𝐿)
lower,𝑖 ≤ 𝑈 (𝐿)

𝑖 ≤ 𝑌 (𝐿)
upper,𝑖,

𝑌 (𝐿)
upper,𝑖 − 𝑈 (𝐿)

𝑖 if 𝑈 (𝐿)
𝑖 > 𝑌 (𝐿)

upper,𝑖,

𝑌 (𝐿)
lower,𝑖 − 𝑈 (𝐿)

𝑖 if 𝑈 (𝐿)
𝑖 < 𝑌 (𝐿)

lower,𝑖,

(21)

where [𝑌 (𝐿)
lower,𝑖, 𝑌

(𝐿)
upper,𝑖] is the experimental scatter envelope at point 𝑖

of test 𝐿. The point-wise weighted residual vector used in the local 
refinement is 

𝐫 = 𝐖𝐫 , (22)
𝑤 env
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where 𝐖 is a diagonal point-wise weighting matrix that emphasizes the 
elastic/pre-peak and peak regions and de-emphasizes the more vari-
able post-peak region. Because the three loading modes are weighted 
equally in the present study, consistent with the global objective 
(Eq. (17)) in which 𝑤𝐿 = 1, the test-level weights reduce to unity 
and 𝐖 is the only weighting applied during the local refinement; the 
same matrix premultiplies the rows of the sensitivity matrix 𝐗𝑏, so that 
the Gauss–Newton update (Eq. (30)) remains consistent. This formu-
lation treats all simulations within the experimental scatter band as 
equally acceptable and penalizes only deviations outside the measured 
envelope.

The block-specific objective functions are then 

𝑆1(𝐂1 ∣ 𝐂2) = 𝐫𝑇𝑤𝐫𝑤
|

|

|𝐂2=𝐂f ixed
2

+ 𝜇1(𝐂1 − 𝐂prior
1 )𝑇 (𝐂1 − 𝐂prior

1 ), (23)

𝑆2(𝐂2 ∣ 𝐂1) = 𝐫𝑇𝑤𝐫𝑤
|

|

|𝐂1=𝐂f ixed
1

+ 𝜇2(𝐂2 − 𝐂prior
2 )𝑇 (𝐂2 − 𝐂prior

2 ), (24)

where 𝜇1 and 𝜇2 are block-specific regularization parameters, 𝐂prior
𝑏  is 

the corresponding block estimate obtained from the global LHS search 
of Section 4.2, and the superscript ‘‘fixed’’ indicates parameters held 
constant during that block’s optimization. The Tikhonov term penalizes 
deviations from the global-search prior and stabilizes the local inverse 
problem without biasing physically non-zero parameters toward zero. 
The prior-based Tikhonov term is applied in the same log-transformed 
and normalized parameter space used for the local update so that no 
parameter is artificially favored by its physical scale.

4.4. Inverse method algorithm

The inverse approach determines the unknown parameters by mini-
mizing the discrepancy between simulated and experimental responses 
through a Tikhonov-regularised damped Gauss–Newton procedure [48,
49], where the same step-length damping strategy has been used in 
previous inverse-identification work. Starting from the initial estimates 
𝐂0
1 and 𝐂0

2 obtained from the global search (Section 4.2), which also 
serve as the priors 𝐂prior

1  and 𝐂prior
2 , the algorithm alternates between 

updating Block 1 and Block 2 until convergence is achieved for both 
blocks. At outer iteration 𝑛, the algorithm performs:
Step 1: Update Block 1 (Stiffness parameters)

Fix 𝐂2 = 𝐂𝑛
2 and solve for 𝐂𝑛+1

1  by minimizing 𝑆1(𝐂1 ∣ 𝐂𝑛
2) using the 

Tikhonov-regularized damped Gauss–Newton method. The simulated 
response is linearized around the current estimate 𝐂𝑛,𝑘

1  at inner iteration 
𝑘: 

𝐔(𝐂1,𝐂𝑛
2) ≈ 𝐔𝑛,𝑘 + 𝐗𝑛,𝑘

1 (𝐂1 − 𝐂𝑛,𝑘
1 ) (25)

where 𝐗𝑛,𝑘
1  is the sensitivity matrix containing derivatives of simulated 

stress with respect to Block 1 parameters only: 

𝐗1 =

⎡

⎢

⎢

⎢

⎣

𝐗(1)
1

𝐗(2)
1

𝐗(3)
1

⎤

⎥

⎥

⎥

⎦

, (𝑋1)
(𝐿)
𝑖𝑗 =

𝜕𝑈 (𝐿)
𝑖

𝜕(𝐶1)𝑗
, 𝑗 ∈ {𝐸𝑏, 𝑑𝑏, 𝐿𝑏} (26)

Step 2: Update Block 2 (Strength parameters)
Fix 𝐂1 = 𝐂𝑛+1

1  and solve for 𝐂𝑛+1
2  by minimizing 𝑆2(𝐂2 ∣ 𝐂𝑛+1

1 )
using the same Tikhonov-regularized damped Gauss–Newton method. 
Similarly, the linearization is: 

𝐔(𝐂𝑛+1
1 ,𝐂2) ≈ 𝐔𝑛,𝑘 + 𝐗𝑛,𝑘

2 (𝐂2 − 𝐂𝑛,𝑘
2 ) (27)

where 𝐗𝑛,𝑘
2  is the sensitivity matrix for Block 2 parameters: 

𝐗2 =

⎡

⎢

⎢

⎢

⎣

𝐗(1)
2

𝐗(2)
2

𝐗(3)
2

⎤

⎥

⎥

⎥

⎦

, (𝑋2)
(𝐿)
𝑖𝑗 =

𝜕𝑈 (𝐿)
𝑖

𝜕(𝐶2)𝑗
, 𝑗 ∈ {𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥} (28)
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Sensitivity coefficients are computed using forward finite differ-
ences in the normalized parameter space 𝐂̃𝑏 ∈ [0, 1]𝑛𝑏 : 

(𝑋𝑏)
(𝐿)
𝑖𝑗 =

𝑈 (𝐿)
𝑖 (𝐶̃𝑏,𝑗 + 𝛿𝑠𝑒,𝑗 ) − 𝑈 (𝐿)

𝑖 (𝐶̃𝑏,𝑗 )
𝛿𝑠𝑒,𝑗

, 𝑏 ∈ {1, 2} (29)

where 𝐶̃𝑏,𝑗 is the 𝑗th normalized parameter of block 𝑏 and 𝛿𝑠𝑒,𝑗 is the ab-
solute perturbation step in normalized space for that parameter. Using 
an absolute step in normalized space ensures equal relative resolution 
across parameters with different physical scales and avoids vanishing 
perturbations near zero. The step sizes are selected per parameter based 
on the sensitivity analysis (Section 5.2): 𝜹𝑠𝑒 = [0.05, 0.05, 0.05] for 
Block 1 (𝐸𝑏, 𝑑𝑏, 𝐿𝑏) and 𝜹𝑠𝑒 = [0.05, 0.15] for Block 2 (𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥), 
balancing truncation error against DEM simulation noise.

For each block 𝑏 ∈ {1, 2}, minimizing the respective objective 
function (Eqs. (23) or (24)) with respect to 𝐂𝑏 and applying the lin-
earization yields the prior-regularized Gauss–Newton search direction. 
Throughout, the residual is defined with the sign convention 𝐫𝑤 =
𝐖𝐫env, with 𝑟env,𝑖 as in Eq. (21). The block update is 

𝛥𝐂𝑏 =
[

(𝐗𝑛,𝑘
𝑏 )𝑇𝐗𝑛,𝑘

𝑏 + 𝜇𝑛,𝑘
𝑏 𝐈

]−1[(𝐗𝑛,𝑘
𝑏 )𝑇 𝐫𝑛,𝑘𝑤 − 𝜇𝑛,𝑘

𝑏 (𝐂𝑛,𝑘
𝑏 − 𝐂prior

𝑏 )
]

, (30)

𝐂𝑛,𝑘+1
𝑏 = 𝐂𝑛,𝑘

𝑏 + 𝛼 𝛥𝐂𝑏, (31)

where 𝛼 is a scalar step length introduced for nonlinear globaliza-
tion. After computing the Tikhonov-regularized Gauss–Newton search 
direction, the trial update is multiplied by 𝛼, which is initialized as 
𝛼 = 1 at the start of each inner iteration. If the objective 𝑆𝑏 decreases, 
the update is accepted; if it does not decrease, 𝛼 is repeatedly halved 
(𝛼 ← 𝛼∕2) until a decrease is obtained or a prescribed lower bound on 
𝛼 is reached, in which case the inner iteration is terminated. Thus, 𝜇𝑏
controls the regularization of the inverse problem, whereas 𝛼 controls 
acceptance of the nonlinear update; the two stabilizing mechanisms act 
independently.

The inner iteration 𝑘 continues until block-level convergence: 
‖𝐂𝑛,𝑘+1

𝑏 − 𝐂𝑛,𝑘
𝑏 ‖ ≤ 𝜖𝑏𝑙𝑜𝑐𝑘, (32)

evaluated in the log-transformed and normalized parameter space. 
Block-level convergence is satisfied when all active parameters in the 
block change by less than 1% between two successive inner iterations, 
i.e. 𝜖𝑏𝑙𝑜𝑐𝑘 corresponds to a 1% normalized relative-change criterion 
rather than a tolerance in physical units.

The outer BCD loop alternates between Block 1 and Block 2 updates 
and stops when any of the following criteria is satisfied, all evaluated 
in the same transformed and normalized parameter space:

1. the relative change of every normalized parameter between two 
successive iterations is below 1%;

2. the relative change in the weighted SSE between two successive 
iterations is below 10−3;

3. the weighted SSE itself is below 10−2;
4. the envelope coverage reaches at least 95% for all three tests, 
where envelope coverage is the fraction of simulation points 
lying inside the experimental uncertainty envelope.

The criteria are checked after each outer iteration; satisfying any one 
of them terminates the outer loop.

Several enhancements improve numerical stability. Parameters span-
ning multiple orders of magnitude are transformed to logarithmic space 
(log10) before optimization, improving conditioning. All parameters are 
normalized to [0, 1] using their bounds for dimensionless optimization. 
The data-misfit term uses the envelope-aware weighted residual of 
Eqs. (21)–(22), so that simulation points within the experimental 
uncertainty band contribute zero residual while deviations outside the 
envelope are penalized by their distance from the nearest boundary, 
weighted point-wise by 𝐖.

Each column of 𝐗𝑏 is normalized by its Euclidean norm before 
solving the Tikhonov-regularized update of Eq. (30); this balances pa-
rameters with different sensitivities and reduces the condition number 
of 𝐗𝑇𝐗 + 𝜇 𝐈 by 2–3 orders of magnitude.
𝑏 𝑏 𝑏
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Table 2
Parameter bounds for inverse analysis and LHS.
 Block Parameter Lower Bound Upper Bound Unit 
 
Block 1 (Stiffness)

𝐸𝑏 5 50 MPa 
 𝑑𝑏 0.75 1.5 mm  
 𝐿𝑏 0.01 5 mm  
 Block 2 (Strength) 𝜎𝑚𝑎𝑥 1 50 MPa 
 𝜏𝑚𝑎𝑥 0.1 10 MPa 

4.5. Selection of regularization parameter

The regularization parameter 𝜇𝑏 is not fixed manually. At each inner 
iteration it is selected from the candidate grid 
𝜇𝑏 ∈ {10−4, 10−2, 10−1, 1, 10} (33)

in the log-transformed and normalized parameter space, after Jacobian 
column scaling. Candidate values are tested in turn and the value pro-
ducing the smallest predicted weighted-residual norm is selected. If the 
resulting regularized normal system remains ill-conditioned, defined 
here by cond(𝐗𝑇

𝑏 𝐗𝑏 +𝜇𝑏𝐈) > 1010, the next larger 𝜇𝑏 value from the grid 
is used. Across the calibrations reported here, the selected 𝜇𝑏 values 
remained inside the candidate grid and ranged from 10−4 to 1.

4.6. Parameter bounds

Parameter search space was constrained to physically realistic ranges
(Table  2). For Block 1, bond diameter bounds come from cantilever 
beam tests (Section 4.3.1), while 𝐸𝑏 and 𝐿𝑏 reflect literature values for 
ice at sub-zero temperatures [40].

For Block 2 strength parameters, bounds accommodate variability 
in ice bond strength from temperature, porosity, and microstructure. 
Normal and tangential strength span wide ranges to explore the full 
spectrum of brittle to ductile behavior.

Figs.  8 and 9 present the complete flowchart representation of 
the block coordinate descent inverse analysis algorithm. Fig.  8 illus-
trates the outer alternating minimization loop, showing the global 
search initialization and the sequential optimization of stiffness and 
strength parameters. Moreover, Fig.  9 presents the detailed flowchart 
for the inner Gauss–Newton iterations performed within each block 
optimization.

5. Results and discussion

5.1. Experimental observations: Strain rate and temperature effects

Experimental tests were conducted at two displacement speeds 
(0.01, 0.1, and 1 mms−1) and multiple temperatures to characterize 
the rate- and temperature-dependent behavior of frozen PFS. Two of 
these speeds, 0.01 and 1 mms−1, were used as representative low- 
and high-rate calibration cases in Section 5.3. Fig.  10 shows that 
increasing displacement speed consistently raises both elastic modulus 
and maximum stress across all three loading modes. This trend arises 
because at higher strain rates the material cannot relax fast enough to 
accommodate deformation, so the ice bonds resist more and behave 
more stiffly, requiring higher stress for the same strain and producing 
a higher apparent modulus. At lower strain rates, in contrast, micro-
cracks have time to partially close before propagating, which reduces 
the overall resistance and leads to a softer, lower-strength response.

Temperature acts through a closely related mechanism. As shown 
in Fig.  11, reducing temperature from −5 °Celsius to −15 °Celsius in-
creases both elastic modulus and maximum stress across all test types, 
mirroring the strain-rate trend. At lower temperatures, atomic and 
molecular mobility is reduced. Therefore, atoms vibrate less and re-
main closer to their equilibrium positions, making interatomic bonds 
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Fig. 8. Flowchart of the block coordinate descent.
more resistant to deformation. Together, these two sets of observa-
tions are consistent with viscoplastic behavior of the ice-bonded net-
work. In the present inverse model, however, the creep parameters 
are treated as stability-controlling parameters fixed from the global 
search, while the condition-specific changes are mainly represented 
through the calibrated stiffness and strength parameters; the calibra-
tion framework must therefore account for both dependencies through 
condition-specific parameter sets rather than through a temperature- or 
rate-dependent creep law.

The scatter in the experimental data is notably higher at elevated 
strain rates, where brittle fracture is more abrupt and less reproducible 
than the quasi-ductile failure observed at lower rates. Specimen-to-
specimen variability is further amplified by residual air voids and 
micro-cracks that can remain entrapped during specimen preparation 
despite ultrasonic treatment, promoting premature local failure under 
high-rate loading.

5.2. Simulation parameters sensitivity analysis

Beyond confirming the DOE parameter ranking, the manual sensi-
tivity analysis serves the purpose of selecting the finite-difference step 
size 𝛿  used to compute the Jacobian.
𝑠𝑒

10 
Figs.  12 and 13 show the response when each of the five locally 
identifiable parameters (𝐸𝑏, 𝑑𝑏, 𝐿𝑏, 𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥) is varied individually. 
The response changes smoothly and proportionally with the parameter 
perturbation, which is the condition required for a well-conditioned 
finite-difference Jacobian. Based on these graphs, a step size of 𝛿𝑠𝑒 = 5%
of the normalized parameter range was selected for Block 1 (𝐸𝑏, 𝑑𝑏, 
𝐿𝑏), and 𝛿𝑠𝑒 = 5% and 15% for 𝜎𝑚𝑎𝑥 and 𝜏𝑚𝑎𝑥, respectively, in Block 2, 
balancing the truncation error against the DEM simulation noise. Pa-
rameters with negligible influence, confirmed by the flat overlapping 
curves in Fig.  14, are excluded from the optimization entirely.

5.3. Inverse calibration results

5.3.1. Temperature-dependent calibration
Fig.  15 presents the calibrated stress–strain curves at 𝑇 = −15

°Celsius, showing DEM simulation results alongside experimental mea-
surements. The simulation curves fall within or close to the experimen-
tal uncertainty bands across all three loading modes. Similarly, it was 
obtained at 𝑇 = −10 °Celsius and 𝑇 = −5 °Celsius, as presented in Figs. 
16 and 17.
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Fig. 9. Detailed flowchart for the inner Gauss–Newton iterations within each block optimization (𝑏 ∈ {1, 2}).
To convergence, the SSE at iteration 𝑘 is evaluated as the weighted 
sum of squared residuals across all three tests: 

SSE(𝑘) =
3
∑

𝐿=1
𝑤𝐿

𝑁𝐿
∑

𝑖=1

[

𝑌 (𝐿)
𝑖 − 𝑈 (𝐿)

𝑖 (𝐂(𝑘))

𝜎(𝐿)𝑖

]2

, (34)

where 𝐂(𝑘) denotes the parameter vector at iteration 𝑘, consistent 
with the objective function defined in Eq. (17). The normalized SSE is
then: 

ŜSE(𝑘) = SSE(𝑘)
SSE(1) , (35)

where SSE(1) is the value at the highest value of each phase, so ̂SSE(1) =
1 by construction.

Fig.  18 summarizes the convergence of ŜSE across all iterations for 
each temperature. Two distinct optimization phases are visible in each 
panel. The first is stiffness calibration, located at the left of the dashed 
vertical line, which reduces the elastic mismatch by updating 𝐸𝑏, 𝑑𝑏, 
and 𝐿𝑏. The second one, strength calibration, targets peak stress and 
failure behavior through 𝜎𝑚𝑎𝑥 and 𝜏𝑚𝑎𝑥. At 𝑇 = −15 °Celsius and 𝑇 =
−10 °Celsius, the two-phase procedure achieves total SSE reductions 
of 94% and 95%, respectively, demonstrating efficient convergence. 
At 𝑇 = −5 °Celsius, the reduction is 28%, which reflects the benefit 
of prior knowledge accumulated from the two preceding calibrations. 
Since only temperature differs between cases, the parameters identified 
at 𝑇 = −15 and 𝑇 = −10 °Celsius provide a close initial estimate for 
𝑇 = −5 °Celsius, placing the starting point already near the optimum 
and requiring only a small number of iterations to reach a better 
11 
solution. The smaller percentage reduction at 𝑇 = −5 °Celsius therefore 
reflects that the initial parameter set was already close to the final 
calibrated solution, rather than indicating a poorer final fit. In terms of 
computational effort, the refinement converged within 13, 32, and 14 
optimization iterations at 𝑇 = −15, −10, and −5 °Celsius, respectively 
(Fig.  18), where each iteration evaluates the full three-test objective 
function.

Table  3 lists the optimized bond parameters identified by the inverse 
algorithm for all four calibration cases. These are the parameter sets 
whose corresponding simulated stress–strain curves are shown in Figs. 
15–17 for the temperature variation cases and in Fig.  19 for the 
strain-rate variation case.

As indicated by the table, the creep parameters 𝐴 and 𝑚 were 
selected from the global LHS search and kept fixed during local block 
refinement because they controlled numerical stability and were not 
locally identifiable for Gauss–Newton updating.

5.3.2. Strain-rate-dependent calibration
To examine the applicability of the framework under a contrast-

ing loading speed, an additional calibration was performed at a low 
displacement speed of 0.01 mms−1 at 𝑇 = −15 °Celsius. Together 
with the temperature-variation calibrations performed at 1 mms−1, this 
gives two representative loading rates rather than a full sweep over 
strain rate. Fig.  19 shows the calibrated stress–strain curves against the 
experimental measurements for all three loading modes. The simula-
tion results fall within or close to the experimental variability band, 
indicating that the framework identifies physically consistent bond 
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Fig. 10. Effect of displacement speed on peak stress (top) and elastic modulus 
(bottom) across all three loading modes.

Fig. 11. Effect of temperature on peak stress (top) and elastic modulus 
(bottom) across all three loading modes.
12 
Fig. 12. Force–displacement response when varying each parameter individ-
ually: (a) 𝐸𝑏, (b) 𝜎𝑚𝑎𝑥, and (c) 𝜏𝑚𝑎𝑥.

parameters at low strain rates as well. Because only two loading rates 
were considered, the present results should not be interpreted as a com-
plete characterization of rate dependence; additional intermediate rates 
would be required to identify a continuous rate-dependent parameter 
law.

Fig.  20 shows the convergence of normalized SSE over iterations. 
A total SSE reduction of 69% is achieved within 12 optimization 
iterations, and the remaining residual reflects the same scalarised multi-
objective compromise discussed for the temperature cases.



A. Khosrozadeh et al. Powder Technology 483 (2026) 122838 
Fig. 13. Sensitivity of the stress–strain response to structural bond parameters: 
(a) 𝐿𝑏 and (b) 𝑑𝑏, completing the stiffness block alongside 𝐸𝑏.

Table 3
Identified bond parameters from the two-phase calibration for all four cases.
 Parameter Temperature variation (1 mms−1) Strain-rate variation 
 −15 °C −10 °C −5 °C 0.01 mms−1

(−15 °C)
 Block 1: Stiffness parameters
 𝐸𝑏 (MPa) 10.68 9.68 6.74 5.56  
 𝑑𝑏 (mm) 1.09 0.99 1.04 0.94  
 𝐿𝑏 (mm) 1.03 1.03 1.02 1.35  
 Block 2: Strength parameters
 𝜎𝑚𝑎𝑥 (MPa) 8.6 2.4 2.3 1.44  
 𝜏𝑚𝑎𝑥 (MPa) 0.46 0.55 0.22 0.71  
 Creep parameters (fixed from global search)
 𝐴 (MPa−𝑚 s−1) 1.5 × 10−10 1.5 × 10−10 1.5 × 10−10 1.5 × 10−10  
 𝑚 (—) 1 1 1 1  

5.3.3. Physical interpretation and framework assessment
The merits of the proposed hybrid framework can be summarized 

in three points. First, the global Latin-Hypercube phase provides initial 
estimates close to the optimum and fixes the locally non-identifiable 
creep parameters at numerically stable values, so that the local re-
finement operates on a well-conditioned sub-problem and avoids the 
shallow local minima that trap purely gradient-based methods in this 
strongly coupled parameter space. Second, the prior-based Tikhonov 
regularization stabilizes the inherently ill-posed inverse problem: it 
bounds the Gauss–Newton update, anchors the solution to the phys-
ically screened global prior, and lowers the condition number of the 
regularized normal equations (𝐗𝑇

𝑏 𝐗𝑏 + 𝜇𝑏𝐈) by two to three orders 
of magnitude, without biasing physically non-zero parameters toward 
zero. Third, the strategy is computationally economical, requiring sub-
stantially fewer DEM evaluations than population-based optimizers or 
surrogate-model training, which typically demand hundreds of simula-
tions per configuration.

Across all four calibration cases, the hybrid two-phase framework 
consistently reduces the discrepancy between DEM simulations and 
experiments. The experimental rate and temperature dependence is 
13 
consistent with viscoplastic behavior of the ice-bonded network. In 
the present inverse model, however, the creep parameters 𝐴 and 𝑚
are treated as stability-controlling parameters fixed from the global 
search, and the condition-specific changes in specimen stiffness and 
maximum stress (as established in Section 5.1) are mainly absorbed 
by the calibrated stiffness (𝐸𝑏, 𝑑𝑏, 𝐿𝑏) and strength (𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥) pa-
rameters. Within this fixed-creep formulation the calibration procedure 
identifies a condition-specific bond-parameter set for each temperature 
and loading rate. The calibrated normal strength at 𝑇 = −15 °Celsius is 
markedly larger than in the 𝑇 = −10 and 𝑇 = −5 °Celsius cases, and the 
corresponding 𝜎𝑚𝑎𝑥∕𝜏𝑚𝑎𝑥 ratio is also higher than in the other calibrated 
cases. Because these are effective meso-scale BPM parameters identified 
within a fixed-creep formulation, this difference should be interpreted 
as a compensation effect between stiffness, strength, and the fixed creep 
parameters rather than as a directly measured ice-bond strength ratio.

The reduced identifiability of the creep parameters can be stated 
more precisely. Within the numerically stable region selected by the 
global search, the macroscopic response over the experimental loading 
times depends only weakly on 𝐴 and 𝑚: local finite-difference per-
turbations of these parameters produced weak, non-monotonic, and 
numerically inconsistent changes in the simulated responses, so reliable 
local sensitivity columns could not be constructed for them, and their 
simultaneous local identification was ill-conditioned under the avail-
able tests. Fixing 𝐴 and 𝑚 at the globally screened values therefore 
removes an ill-conditioned direction from the local problem and im-
proves its conditioning. A direct consequence is the compensation effect 
noted above: because the viscoplastic contribution is held constant, 
any temperature- or rate-induced change that the real material would 
accommodate through creep must instead be absorbed by the calibrated 
stiffness and strength parameters. The identified 𝜎𝑚𝑎𝑥, 𝜏𝑚𝑎𝑥, 𝐸𝑏, 𝑑𝑏, 
and 𝐿𝑏 are therefore effective meso-scale quantities that are partially 
entangled with the fixed creep parameters, and derived ratios such as 
𝜎𝑚𝑎𝑥∕𝜏𝑚𝑎𝑥 should be read as effective calibration outcomes rather than 
as directly measured ice-bond properties.

The two-phase structure is central to the observed performance. The 
global search phase eliminates problematic local minima associated 
with the strongly coupled stiffness parameters (𝐸𝑏, 𝑑𝑏, 𝐿𝑏) and fixes 
the creep parameters (𝐴, 𝑚) at numerically stable values, so that the 
local refinement phase operates on a better-conditioned sub-problem 
that is easier to navigate by gradient-based methods. Without this 
prior global conditioning, gradient-based local methods applied from 
arbitrary starting points are prone to becoming trapped in shallow 
local minima, particularly for the scalarised multi-objective formulation 
used here, where the sensitivity signatures of individual parameters 
can partially cancel across tests. The improvement of the total residual 
across the four calibration cases indicates that the block partition 
reduces ill-conditioning without preventing the coupled response from 
being fitted, even though the two blocks are weakly coupled rather than 
strictly independent.

The remaining residual error after calibration is an inherent con-
sequence of the scalarised multi-objective formulation. A single pa-
rameter set must simultaneously minimize mismatch across three tests 
that activate fundamentally different failure mechanisms. Because the 
three objective contributions cannot all be driven to zero by a single 
parameter set, the solution minimizes the aggregate weighted residual 
across the three tests while maintaining physical consistency across 
all loading modes. This is not a shortcoming of the method, but a 
physically correct outcome. The identified parameters represent the 
bond properties that explain all three measurements jointly.

Finally, it is worth emphasizing that the aim of the present frame-
work is not to force a single, strictly unique parameter set, but to 
identify a physically consistent set that is jointly compatible with all 
three loading modes. Because the inverse problem remains non-unique, 
aiming for strict uniqueness, for example by over-fitting a single test 
or by treating the calibrated values as exact material constants, could 
place the solution at an arbitrary point of the admissible region and 
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Fig. 14. Effect of non-significant DEM contact parameters ((a)rolling friction 𝜇r , (b) sliding friction 𝜇s, (c) restitution factor 𝑒) and (d) yield strength 𝜎y on 
normalized peak force. Each curve represents the mean peak force from three replicate simulations, normalized by the value at the highest tested parameter level.
could therefore yield overly optimistic or overly pessimistic predictions 
when the model is applied beyond the calibrated conditions. The 
envelope-aware formulation mitigates this risk, because it accepts the 
family of parameter sets whose responses lie within the experimental 
scatter band rather than committing to one particular point estimate.

6. Conclusions

This study introduced a hybrid two-phase inverse calibration frame-
work for meso-scale bond parameters in bonded-particle model simula-
tions of frozen particle-fluid systems. A Taguchi L32 screening identified 
five significant parameters and fixed the locally non-identifiable creep 
parameters at numerically stable values, after which an alternating 
block-minimization algorithm with prior-based Tikhonov regulariza-
tion refined the stiffness and strength blocks against uniaxial com-
pression, three-point bending, and shear simultaneously. Application to 
frozen glass-bead specimens at three temperatures and two representa-
tive loading rates yielded SSE reductions of 28%–95% per condition, 
with condition-specific parameter sets whose trends are consistent with 
the observed rate- and temperature-dependent response.

The work addresses inverse identification and calibration consis-
tency rather than predictive transfer. We emphasize that the predictive 
capability of the framework beyond the calibrated conditions has not 
been demonstrated: each temperature and loading rate is calibrated 
independently, and the present results do not establish that a parameter 
set identified at one condition can predict the response at an unseen 
condition. Several directions are left for future work, since they require 
additional experiments. For example, the framework could be extended 
to unseen temperatures or strain rates through a hold-out validation 
in which an intermediate condition is predicted from calibrations at 
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the bounding conditions. Moreover, a temperature- and rate-dependent 
creep law could be identified, and the framework could subsequently 
be applied to natural frozen soils.

The three loading modes were weighted equally (𝑤𝐿 = 1) in the 
present study, because compression, three-point bending, and shear 
activate different dominant mechanisms and were therefore regarded 
as equally informative, with no loading mode given priority. This is 
a neutral default, and the calibrated parameter set may change under 
a different weighting. Several principled weighting strategies are avail-
able for future applications: weighting each test by the inverse variance 
of its experimental data, so that more reproducible measurements 
carry greater influence; weighting by the engineering relevance of each 
loading mode for the intended application; or replacing the scalarised 
weighted sum with a Pareto-based multi-objective formulation that 
identifies the trade-off front directly and thereby avoids subjective 
weights altogether. It should be noted, however, that adding further ex-
periments does not necessarily improve parameter identification: a new 
test is beneficial only when it provides information that is complemen-
tary to, rather than redundant with, the existing tests. For this reason, 
the information content of a candidate test can be assessed before 
calibration. For example, Mostafaei et al. [50] applied a data-driven 
principal-component analysis to determine which DEM characterization 
tests carry the most information for the target bulk behavior; the 
same approach can be transferred to the present framework to decide 
whether an additional experiment provides genuinely new information 
for BPM bond-parameter calibration before it is included and weighted.

Within these limits, the framework offers a computationally ef-
ficient and physically interpretable alternative to trial-and-error and 
surrogate-based BPM calibration.
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Fig. 15. Calibrated DEM simulation versus experimental stress–strain curves 
at 𝑇 = −15 °Celsius. The shaded band represents experimental variability across 
repeated tests.
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Fig. 17. Calibrated DEM simulation versus experimental stress–strain curves 
at 𝑇 = −5 °Celsius.
16 
Fig. 18. Convergence of normalized ŜSE during the two-phase calibration at 
the three calibrated temperatures.
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Fig. 19. Calibrated DEM simulation versus experimental stress–strain curves 
at 0.01 mms−1 and 𝑇 = −15 °Celsius. The shaded band represents experimental 
variability across repeated tests.

Appendix A. Analysis of variance (ANOVA) tables from DOE study

This appendix presents the complete ANOVA results from the
Taguchi L32 design of experiments study for the three mechanical tests: 
uniaxial compression, shear, and three-point bending. These statistical 
analyses quantify the significance of each parameter’s influence on the 
maximum force response, providing the basis for parameter selection 
in the inverse characterization framework.

A.1. Uniaxial compression test ANOVA

Table  A.1 presents the ANOVA results for the uniaxial compression 
test.
17 
Fig. 20. Convergence of normalized SSE during the two-phase calibration at 
0.01 mms−1, 𝑇 = −15 °Celsius.

Table A.1
ANOVA table for uniaxial compression test (Response: Maximum Force).
 Source SS df MS F p-value 
 Model 3 321000 28 118600 11.13 0.0039 
 𝐸𝑏 332200 3 110700 10.39 0.0430 
 𝜎𝑚𝑎𝑥 1783000 3 594300 55.75 0.0039 
 𝜏𝑚𝑎𝑥 700400 3 233500 21.90 0.0153 
 𝜎𝑦 8225.43 3 2741.81 0.26 0.8529  
 𝑒 11069.05 1 11069.05 1.04 0.3832  
 𝜇𝑠 16409.33 3 5469.78 0.51 0.7013  
 𝜇𝑟 34537.61 3 11512.54 1.08 0.4755  
 𝜀𝑓 154400 3 51460.60 4.83 0.1143  
 𝐴 213700 3 71233.08 6.68 0.0765  
 𝑚 67401.60 3 22467.20 2.11 0.2780  
 Residual 31 980.83 3 10660.28 – –  
 Cor Total 3 353000 31 – – –  
Fit Statistics: 𝑅2 = 0.9905; Adj. 𝑅2 = 0.9014; Pred. 𝑅2 = −0.0851; Adeq. Prec. = 14.18
Note: Bold p-values indicate statistically significant factors (𝑝 < 0.05)

Table A.2
ANOVA table for shear test (Response: Maximum Force).
 Source SS df MS F p-value 
 Model 3175.18 25 127.01 4.56 0.0331 
 𝐸𝑏 317.23 1 317.23 11.38 0.0150 
 𝜎𝑚𝑎𝑥 168.34 3 56.11 2.01 0.2136  
 𝜏𝑚𝑎𝑥 156.71 3 52.24 1.87 0.2348  
 𝜎𝑦 35.16 3 11.72 0.42 0.7451  
 𝑒 178.35 3 59.45 2.13 0.1973  
 𝜇𝑠 131.35 3 43.78 1.57 0.2914  
 𝜇𝑟 80.02 3 26.67 0.96 0.4711  
 𝐴 993.06 3 331.02 11.88 0.0062 
 𝑚 1114.96 3 371.65 13.34 0.0046 
 Residual 167.20 6 27.87 – –  
 Cor Total 3342.38 31 – – –  
Fit Statistics: 𝑅2 = 0.9500; Adj. 𝑅2 = 0.7415; Pred. 𝑅2 = −0.4229; Adeq. Prec. = 6.28
Note: Bold p-values indicate statistically significant factors (𝑝 < 0.05).

A.2. Shear test ANOVA

Table  A.2 shows the ANOVA results for the shear test.

A.3. Three-point bending test ANOVA

Table  A.3 presents the ANOVA results for the three-point bending 
test.

A.4. Summary of parameter significance across all tests

The ANOVA results consistently identify five parameters as statis-
tically significant or approaching significance across multiple loading 
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Table A.3
ANOVA table for three-point bending test (Response: Maximum Force).
 Source SS df MS F p-value 
 Model 1297.07 28 46.32 11.29 0.0343 
 𝐸𝑏 98.75 1 98.75 24.07 0.0162 
 𝜎𝑚𝑎𝑥 107.30 3 35.77 8.72 0.0543  
 𝜏𝑚𝑎𝑥 33.24 3 11.08 2.70 0.2181  
 𝜎𝑦 9.71 3 3.24 0.79 0.5749  
 𝑒 59.16 3 19.72 4.81 0.1148  
 𝜇𝑠 26.94 3 8.98 2.19 0.2683  
 𝜇𝑟 20.91 3 6.97 1.70 0.3370  
 𝜀𝑓 48.78 3 16.26 3.96 0.1439  
 𝐴 434.66 3 144.89 35.31 0.0077 
 𝑚 457.62 3 152.54 37.18 0.0071 
 Residual 12.31 3 4.10 – –  
 Cor Total 1309.38 31 – – –  
Fit Statistics: 𝑅2 = 0.9906; Adj. 𝑅2 = 0.9029; Pred. 𝑅2 = −0.0695; Adeq. Prec. = 9.52
Note: Bold p-values indicate statistically significant factors (𝑝 < 0.05)
Table A.4
Summary of p-values for all parameters across mechanical tests.
 Parameter Compression Shear Bending  
 Selected parameters:
 𝐸𝑏 0.043** 0.015** 0.016**  
 𝜎𝑚𝑎𝑥 0.004*** 0.214 0.054*  
 𝜏𝑚𝑎𝑥 0.015** 0.235 0.218  
 𝐴 0.077* 0.006*** 0.008*** 
 𝑚 0.278 0.005*** 0.007*** 
 Not selected:
 𝜎𝑦 0.853 0.745 0.575  
 𝑒 0.383 0.197 0.115  
 𝜇𝑠 0.701 0.291 0.268  
 𝜇𝑟 0.476 0.471 0.337  
 𝜀𝑓 0.114 – –  
*** p < 0.01
** p < 0.05
* p < 0.10
Selected parameters show significance in 1–3 tests, with 𝐸𝑏 and creep parameters significant in all tests, 
explaining >95% of response variance.
Table B.1
Complete Taguchi L32 orthogonal array with responses from compression, bending, and shear tests.
 Run Parameter levels Compression Bending Shear

 𝐸𝑏 𝜎𝑛 𝜎𝑡 𝜎𝑦 𝑒 𝜇𝑠 𝜇𝑟 𝜀𝑓 𝐴 𝑚 𝐹𝑚𝑎𝑥 Stiff. 𝐹𝑚𝑎𝑥 Stiff. 𝐹𝑚𝑎𝑥 Stiff.  
 (MPa) (MPa) (MPa) (MPa) (-) (-) (-) (-) (-) (-) (N) (N/mm) (N) (N/mm) (N) (N/mm) 
 1 100 1.0 0.5 5.0 0.1 0.1 0.01 0.01 0.01 0.05 245 1850 182 1425 98 1120  
 2 100 8.0 7.0 10.0 0.3 0.3 0.03 0.03 0.34 0.20 512 2150 395 1680 285 1450  
 3 100 16.0 13.5 15.0 0.5 0.5 0.05 0.05 0.67 0.35 825 2580 645 2050 495 1825  
 4 100 25.0 20.0 20.0 0.7 0.7 0.07 0.07 1.0 0.50 1145 2950 892 2385 715 2150  
 5 200 1.0 7.0 15.0 0.1 0.3 0.05 0.07 0.67 0.50 385 3250 295 2580 215 2050  
 6 200 8.0 0.5 20.0 0.3 0.1 0.07 0.05 1.0 0.35 625 3685 485 2950 165 2425  
 7 200 16.0 20.0 5.0 0.5 0.7 0.01 0.03 0.01 0.20 1385 4150 1085 3380 825 2850  
 8 200 25.0 13.5 10.0 0.7 0.5 0.03 0.01 0.34 0.05 1725 4625 1365 3785 1045 3285  
 9 350 1.0 13.5 20.0 0.1 0.5 0.07 0.03 0.34 0.50 565 5825 445 4650 385 3850  
 10 350 8.0 20.0 15.0 0.3 0.7 0.05 0.01 0.01 0.35 1545 6350 1225 5125 945 4385  
 11 350 16.0 0.5 10.0 0.5 0.1 0.03 0.07 1.0 0.20 1125 6925 885 5625 285 4950  
 12 350 25.0 7.0 5.0 0.7 0.3 0.01 0.05 0.67 0.05 2185 7485 1745 6150 1325 5485  
 13 500 1.0 20.0 10.0 0.1 0.7 0.03 0.05 1.0 0.20 1285 8350 1025 6850 825 5950  
 14 500 8.0 13.5 5.0 0.3 0.5 0.01 0.07 0.67 0.05 1825 8925 1465 7385 1145 6585  
 15 500 16.0 7.0 20.0 0.5 0.3 0.07 0.01 0.01 0.50 2465 9525 1985 7950 1485 7225  
 16 500 25.0 0.5 15.0 0.7 0.1 0.05 0.03 0.34 0.35 2125 10150 1685 8525 485 7885  
 17 100 1.0 20.0 15.0 0.5 0.5 0.03 0.07 0.34 0.35 485 2250 375 1785 295 1385  
 18 100 8.0 13.5 20.0 0.7 0.7 0.01 0.05 0.01 0.50 785 2685 615 2125 485 1725  
 19 100 16.0 7.0 5.0 0.1 0.1 0.07 0.03 1.0 0.05 1025 3125 815 2485 625 2085  
 20 100 25.0 0.5 10.0 0.3 0.3 0.05 0.01 0.67 0.20 685 3585 525 2850 185 2465  
 21 200 1.0 13.5 5.0 0.5 0.7 0.05 0.01 0.67 0.20 745 4285 585 3425 485 2885  
 22 200 8.0 20.0 10.0 0.7 0.5 0.07 0.03 1.0 0.05 1625 4785 1285 3885 1025 3325  
 23 200 16.0 0.5 15.0 0.1 0.3 0.01 0.05 0.01 0.50 1185 5325 925 4350 285 3785  
 24 200 25.0 7.0 20.0 0.3 0.1 0.03 0.07 0.34 0.35 2025 5885 1625 4825 1245 4265  
 25 350 1.0 7.0 10.0 0.5 0.3 0.07 0.05 0.01 0.35 825 7125 645 5785 525 4885  
 (continued on next page)
18 



A. Khosrozadeh et al. Powder Technology 483 (2026) 122838 
Table B.1 (continued).
 26 350 8.0 0.5 5.0 0.7 0.1 0.05 0.07 0.34 0.20 1085 7685 845 6285 285 5425 
 27 350 16.0 20.0 20.0 0.1 0.7 0.03 0.01 1.0 0.05 2625 8285 2125 6825 1685 5985 
 28 350 25.0 13.5 15.0 0.3 0.5 0.01 0.03 0.67 0.50 2985 8925 2425 7385 1925 6585 
 29 500 1.0 0.5 20.0 0.5 0.1 0.01 0.03 0.34 0.05 865 9825 675 8125 285 7285 
 30 500 8.0 7.0 15.0 0.7 0.3 0.03 0.01 0.01 0.20 2125 10485 1725 8725 1385 7925 
 31 500 16.0 13.5 10.0 0.1 0.5 0.05 0.07 1.0 0.35 2885 11185 2345 9325 1825 8585 
 32 500 25.0 20.0 5.0 0.3 0.7 0.07 0.05 0.67 0.50 3585 11925 2925 9950 2385 9265 
conditions. Table  A.4 summarizes the p-values for each parameter 
across all three tests, demonstrating the systematic selection of the five 
most influential parameters.

In contrast, the remaining parameters show no significant effect in 
any test (yield strength, restitution coefficient, sliding friction, rolling 
friction, fracture strain). These parameters can be assigned literature 
values or calibrated separately through simpler auxiliary tests, thereby 
reducing the dimensionality and improving the conditioning of the 
inverse problem.

Appendix B. Complete Taguchi L32 experimental runs

This appendix presents the complete Taguchi L32 orthogonal array 
with all parameter combinations and corresponding response values 
from the three mechanical tests (see Table  B.1).

Data availability

Data will be made available on request.
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